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1. GENEL BIiLGILER
1.1.Giris

Tez dort bolimden ve eklerden olugmaktadir. Birinci boliim giris ve temel kavramlar
adl1 iki alt boliimden olusan genel bilgiler kismidir. Ikinci béliim ise dort alt boliimden
olugmaktadir. Birinci alt boliimde birinci mertebeden sonlu farklar uygulanarak tiirevlerin
yaklagik degerleri bulunmustur. Ayrica, tiirevin gercek degeri ile yaklasik degeri arasindaki
fark degerlendirilmistir. ikinci alt boliimde ikinci mertebeden sonlu farklar uygulanarak
tiirevlerin yaklasik degerleri bulunmustur ve gergek deger ile yaklagik deger arasindaki fark
degerlendirilmistir. Ugiincii alt bdliimde {i¢iincii mertebeden sonlu farklar uygulanarak
yaklagik ¢oziimler bulunmustur. Ayrica hata i¢in degerlendirme sunulmustur. Dérdiincii alt
boliimde dordiincii mertebeden sonlu farklar uygulanarak tiirevlerin yaklasik degerleri i¢in
formiil verilmistir.

Ugiincii boliim dort alt boliimi icerir. Ikinci mertebeden tiirevler icin sonlu farklar ele

alinmistir. Bu boliimiin birinci alt boliimde e, tiirevler i¢in bazi sonlu farklar uygulanarak

yaklagik formiiller ele alinmistir. Daha sonra gercek deger ile yaklasik deger arasindaki hata

degerlendirilmistir. Devaminda ikinci alt boliimde @_ tiirevler icin bazi sonlu farklar

uygulanarak yaklasik formiiller elde edilmis ve hata igin degerlendirme yapilmustir. Ugiincii

alt boliimde ise «_ tiirevler i¢in sonlu fark yontemiyle yaklagik formiiller sunulmustur ve

hata degerlendirilmistir. Son olarak dordiincii alt boliimde Matlab programi kullanarak test
orneklerde birinci ve ikinci mertebeden tiirevlerin farkli yaklagimlari igin sayisal sonuglar
verilmistir.

Dordiincii ve son boliim, elde edilen sonuglarin ve onerilerin sunuldugu boliimdiir.
Ekler kisminda ise karmasik degerli fonksiyonlarin tiirevlerinin sonlu farklar ile bazi
yaklagimlarinin MATLAB program kodlar verilmistir.

Kismi diferansiyel denklemler i¢in simir deger problemlerinin yaklagik ¢6ziim
yontemlerinden en kullanighist olan operatér yaklagiminin sonlu farklar yontemi oldugu
bilinmektedir. Sonlu farklar yonteminin genel teorisine ve uygulamalarina Samarskii (2001)
kitabinda rastlanmaktadir.

Literatiirde sonlu fark yontemlerinin kismi diferansiyel denklemleri ve denklem



sistemlerinin farkli stnir deger problemleri i¢cin uygulamalar ele alinmigtir. Ama sonlu fark
yontemleri sadece gercek degerli fonksiyonlar icin verilmistir. Karmasik degerli
fonksiyonlar icin farkli sinir deger problemlerinin teorisi ve arastirma yontemlerinin
verildigi kitaplar Muskhelishvili (1953), Vekua (1962), Gakhov (1990), Monakhov(1983),
Wen (1999) mevcuttur.

Bitzadze (1968), Soldatov (1991), Begehr, Hile (1997), Wen (1999), Wen (2002),
Begehr (2005), Begehr, Vaitekhovich (2008), Raeisian (2012), Wen (2013), Babayan,
Raeisian (2013), Wen vd. (2014) c¢alismalarda karmasik degerli fonksiyonlar igin kismi
diferansiyel denklemlerin sinir deger problemlerinin ¢dziim ydntemlerine ve onlarin
uygulamalarina bakilmistir.

Karmasgik degerli fonksiyonlari iceren kismi diferansiyel denklemlerin genis anlamda
onemli uygulamalar1 vardir. Karmasik degerli fonksiyonlar1 igeren kismi diferansiyel
denklemler icin sinir deger problemleri, bir¢ok bilim adam tarafindan kapsamli bir sekilde
gelistirilmistir.

Squire ve Trapp (1998) tarafindan gergek degerli fonksiyonlarin tiirevi i¢in Complex
Step (CS) adl1 yontem teklif edilmistir. Bu yontemde gercek degerli fonksiyonlarin tiirevleri
icin karmagik degerli sonlu farklar kurulmustur. Yontemin performans analizi Kim vd.
(2006) tarafindan ve duyarlik analizi Vatsa (1999), Burg ve Newman (2003), Martins vd.
(2003), Gao, He (2005), Wang, Apte (2006), Jin vd. (2010) tarafindan incelenmistir.

Abreu vd. (2013) ¢aligmada CS yontemin genellestirilmis hali sunulmustur. Ayrica
birinci ve ikinci mertebeden tiirevler i¢in baz1 yaklasim formiilleri verilmistir. Analitik test
orneklerde yaklasimlarin sayisal kararliligi incelenmistir.

Ayrica, Abreu (2013) Doktora tezinde bu yontemin sismik modellerde uygulamalarin
arastirmigtir.

Kiran ve Khandelwal (2014) makalede CS tiirev yaklagimini tekrar gozden gegirmis
ve hiperelastik materyallerin yapisal modellemesine uygulanmasini sunmustur.

Karmagik degerli fonksiyonlar i¢in karmagik tiirevlerin sonlu farklar1 kaynaklarda
bildigimiz kadar hi¢ arastirilmamstir. Tezde alinacak sonuglar bu boslugu dolduracaktir ve

uygulamalara yol agacaktir.

1.2.Temel kavramlar
Simdi bolimlerde kullanacagimiz bazi kavramlari verecegiz. Ayrica, karmasik degerli

fonksiyonlar i¢in karmasik degiskenlere gore kismi tiirevleri, gercek degerli fonksiyonlar



icin Taylor acilimini, ger¢ek degerli fonksiyonlarin birinci ve ikinci mertebeden tiirevlerinin
yaklagik degerleri icin baz1 sonlu farklar agiklayacagiz.

Ik olarak, karmasik degerli fonksiyon icin karmasik degiskenlere gdre birinci ve
ikinci mertebeden kismi tiirevleri ele alalim.

Karmagik sayilarin kiimesini C ile belirleyelim. Q; € C ve Q, c C olmak iizere
w:Qy — Q, karmasik degerli w fonksiyonu ele alalim. Her z=x+1iy € Q; i¢in
o(z)=w(x,y)eQ, ve o(x,y)=u(x,y)+iv(x,y)seklindedir.

z=Xx+iy i¢in z=x-iy degerine Z in karmasik eslenigi denir. Z ve Z

degiskenlerine gore birinci mertebeden tiirevler

1{dow .Ow l{ 0w | .0w
o =———-i—|, o =—| == +i =
©o2( ox oy o2 ox oy

olarak tanimlanir (Muskhelishvili, 1953).

Ornegin x,y€R i¢in homojen olmayan Cauchy-Riemann denklem sistemi

ou Ov ou Oov
g (ny). = h(x,
ox Oy g(x,y) oy " ox (x y)

g+ih

seklindedir (Vekua ,1962). Bu sistemi o =u +iv, f = olmak {izere

seklinde yazabiliriz. z degiskenine gore kismi tiirev

ow 10w . Ow
—=—|—+i— |=0.0=w.
oz 2\ ox Oy

olarak yazilabilir. Ayrica,



seklindedir.
0’w B o’w
ox0y  Oyox

ve z degiskenlerine gore ikinci mertebeden w_, o

zz zz 2

® fonksiyonu tanim bolgesinde kosulunu sagladigini varsayalim. z

@_ ve o_ tirevleri¢in asagidaki

ifadeler dogrudur.

0w 0w ow 0w

| 92 ;99| | 9@ _;0@
_1fo0. 0w )_1 ox o) . \ox oy 1 82a)_2l, o Do
i 4 ox’ oxoy oy’

oo .0w oo 0w

0| ——i— 0| ——i—
1{ 0w, .0w, | 1 ox oy) . \ox oy (0’0 Jw
0,=0, == +i =— +i —| —=+—=
4 ox~ Oy

ox GyJ 1 62a)+2i Do Po
ox’ oxoy oy’

Simdi, gercek degerli fonksiyonlar i¢in Taylor agilim teoremlerine bakalim.

Teorem 1.2.1 (Christensen ve Christensen, 1966) [a,b]c R, x,€(a,b), ne N

ve f:[a,b]—> R surekli tiirevlenebilir bir fonksiyon olsun.

S (1)
f(x)=P,(x)+ (). 2 (x-x)
' (m) ®
p,(x)= f(x0)+f(°)( x0>+%<x—xo>2+---+f o) (2 Zf ) (v x,)f



olacak sekilde x ve x, arasinda bir & vardir.

Teorem 1.2.2. (Christensen ve Christensen, 1966) [a,b]c R, f:[a,b]—> R
fonksiyonu tiirevlenebilir olmak {iizere her ne N ve her xe[a,b] i¢in ‘ f (”)(x)‘SC

olacak sekilde C > 0sabiti var ve x, €[a,b] olsun. O halde, her N eN ve her x €[a,b]

icin

N+1

|x—x0

S
f(x) Z;, %) S(N+1)!

Ozellikle, [a,b] aralig1 smirli bir aralik oldugundan & > 0 keyfi sabit olmak {izere her

x e[a,b] veher N> N igin

N ()
fe-2 ) eyl <e

n

olacak sekilde bir N, € N vardir.
Tamim 1.2.1. (Mathews ve Fink, 1999) Kabul edelim ki % yeterli derecede kiigiik

pozitif bir sayr olsun. N dogal sayr ve g gercek degerli fonksiyon olmak iizere

h
lim M =0 ise g(h) degeri O(h") olarak belirlenir ve N. mertebeden kiiciiktiir denir.

0 BN
Son olarak, (Yang vd., 2005) kitabina gore [a,b] araliginda tamimlanan gercek
degerli fonksiyonlarim birinci ve ikinci mertebeden tiirevlerinin yaklasimi i¢in ileri, geri ve

merkezi fark ifadelerini verecegiz.

Yeterince kiiciik 4 >0 sayisti¢in x,x+h,x—h,x+2h,x—2h €[a,b] olsun.

O halde, f fonksiyonunun x noktasindaki birinci mertebeden tiirevinin degeri i¢in

S+ = f(x)
h

ifadesine O(h) birinci mertebeden ileri fark,

fx=h)-f(x)
h

ifadesine O(h) birinci mertebeden geri fark,



S+ 2+ A D=3/ 4 desine O(h?)
2h

3f(x)—-4f(x—h)+ f(x—2h) ifadesine O(hz)
2h

ikinci mertebeden ileri fark,

ikinci mertebeden geri fark,

Sx+ h)2_hf (=) ifadesine O(h*)

ikinci mertebeden merkezi fark denir.

f fonksiyonunun x noktasindaki ikinci mertebeden tiirevinin degeri i¢in
SG=h)=2f(x)+f(x+h)
h2
—f(x+2h)+16f(x+h)=30f(x)+16f(x—h)— f(x—2h)
12h°

ifadesine O(h*) ikinci mertebeden merkezi fark ve

ifadesine  O(h*) dordiincii

mertebeden merkezi fark denir.






2. YAPILAN CALISMALAR

Karmagik diizlem olan C ’nin alt kiimesi Q ve w:Q — C karmagik degerli
fonksiyon olsun.

Bubdliimde w. ve - tirevlerin degerleri i¢in birinci, ikinci, tigiincii ve dordiincii

mertebeden yaklasik formiilleri ele alacagiz.

2.1. Birinci Mertebeden Dogruluk Sonlu Farklar

Bu calismada u ve v, gercek degerli fonksiyonlar olmak tizere her z=x+iy i¢in
a)(x, y) =u(x,y)+iv(x,y) oldugunu dikkate alacagiz.

Simdi, @., - tirevlerin degerleri igin birinci mertebeden dogruluk sonlu

farklar inceleyecegiz.

2 2 2 2
Q kiimesinde a—u,ﬂ,a—u,ﬂ fonksiyonlar1 sinirl ve siirekli, #, ve A, kiigiik
ox*ox* oy oy’ :

ou ov
pozitif gergek sayilar ve x+iyeQ, x+h+iyeQ, x+i(y+h)eQ  olsun. patrw
X Ox
ou Ov o ) . o
ve 8—,8— kismi tiirevlerine sirasiyla (x, y) noktasinda birinci mertebeden ileri fark
y oy

uygulanirsa; ¢,¢,,d,,d, gergek sayllart x<c,c, <x+h,y<d,d,<y+h, sart1 altinda

olmak tizere
ou u(x+h,y)-u(x,y) 1%

M p)= Lou .
o () I to g (@)

ov v(ix+h,y)-v(x,y) 10%
6_(x,y): ( 1 h) ( )"'EQ(QJ)}E,
1
0 u(x,y+h)—u(x,y) 18
a—;(%)’)z ( ;l) ( )J’_Eg]/;(xadl)hza
2
_ 2
?(x’y):v(x,y+h;l) V(x’y)+%%(x,d2)hz
Y h



ifadeler gecerlidir. Buna gore,

dw o(x+h,y)-o(x,y) 1(%u 0%
a—x(x,y): ( h) ( )+E[§(Cl,y)+l$(czjy)Jh],
1

ow o(x,y+h)-o(x,y) 1(6° 0

5(x,y)= ( ;,) ( )+E[#(x,dl)+l§‘;(x,dz)]h2 (2.1.1)
2

olur.

(2.1.1) kullanilirsa @ _ ’in (x, y) noktasindaki degeri;

1lo(x+h,y)-o(x,y) 1(%u 0%
a’z(x,y)=5{( lhl) ( )+E(§(clvy)+l¥(cz’y)Jhl

o(x,y+h)-o(x,y) 1(8 0
AR (B i E |

(2.1.2)

seklinde hesaplanabilir.

o’u o’v
o (2Y)

@C_Z(Cl’y) SMI, SM4 (213)

<M, |ZY
v

olduguna gore

111 62 Kool (J*u on
ZK§(Q’)}) +l§(62’y)jhl ti [?(x’dl)ﬂy(x’ dz)jhz}‘ (2'1'4)

<My + Moy + My, + M by <M (b +hy)

elde edilir.



(2.1.2) formiilii ve (2.1.4) esitsizligi kullanilarak @_ ’in (x,») noktasindaki

degeri igin

wz(x,y)ziw(anh“y) (—%+#ja)(x,y)—iw(x,y+h2)+0(h1 +h) (2.15)

olur. Benzer sekilde,

a)z(x,y):iw(x+h,,y)—[i+ija)(x,y)+jw(x,y+h2)+O(h1+h2) (2.1.6)

formiiliiniin gegerli olacagi goriiliir.

ou ov ou Ov

, ve , kismi tiirevlerine sirasiyla (X, noktasinda Dbirinci
Ox Ox oy 0Oy Y ( y)

mertebeden geri fark uygulanirsa; ¢,Cy,d,,d, gercek sayilar

x—h <c,c,<x,y—h,<d,,d, <y sart1altinda olmak lizere;

6_u(x’ )_u(x,y)—u(x—h,y)+ 1 du

= h1 5@(%)’)%

xX,p)= 4+
4 I 2 00

?( , )_v(x,J))_v(x_hvy) lazv(cz,y)hp

oy h, 2 0)°

_ _ 2
@(x, )_V(X,y) V(x,y h2)+la_‘2)(x,d2)h2
d h, 2oy

yazilabilir. O halde,



ow o(x,y)-o(x—h,y) 1(6u 0%
a(x,y): ( ) h( )+E(¥(Cljy)+l§(czjy) hla
1

%a, - a)(x,y)_Z(x,y—hz) o (;_u (nd)+ igy—zj(x,dz)]hz (2.17)
olur.

0. (r.y)= ) {w(x,y)—co(x—hl,y)+ ! (T(c )+, y)] "

5 I P ox’
_ia)(x,y) ait” hZ)_il(a Zl(x’dl)+ia_2(x’d2)jhz}
h, 2\ oy
(2.1.8)
1 >y _ ! i
> Al R - h
2h1w(x hl’y){zhl 2h2j (,y)+2h2a)(x,y )
u

seklinde hesaplanabilir.
(2.1.4) esitsizligi ve (2.1.8) formiilii kullanilarak o _’in (x, y) noktasindaki

degeri igin

a)z(x,y)=—iw(x—h1,y)+[i—ijw(x,y)+ia)(x,y—h2)+O(h1+h2) (2.1.9)

olur. Benzer sekilde,

@(x,y)=—iw(x—h,y)+(i+ija)(x,y)—iw(x,y—hz)+O(h1+hz) (2.1.10)

formili elde edilebilir.

10



ou ov
—,— ’nin (x, y) noktasinda birinci mertebeden ileri fark ve a—u,ﬁ’nin (x, y)
ox Ox oy oy

noktasinda birinci mertebeden geri fark uygulanirsa; ¢,c,,d,,d, ger¢ek sayilar

x<c¢,c, <x+h,y—h,<d,,d, <y sart1altinda olmak iizere

ou u(x+h,y)-u(x,y) 10%u
o B)= ( 1hl) ( )+2ax2(c“y)h“

0 v(ix+h,y)-v(x,y) 18
a_v(x’y)‘ ( : ) ( )+ v( 25 )1’

B h 200\
ou u(x,y)—u(x,y—nh 1 0%u
6_( ) )_ ( ) hz( 2)+Ea z(x,d1)h2’
ov v(x,y)—v(x,y—hz) 1 &%
—(x,y)= ———(x,d, ) h
a ( ) h2 26_)}2( 2) 2

0 +h,y)-w(xy) 10 o
aa)( ,y)_ CO(X h )]/11) CO(X y) E(ale(cl’y)+la_2(c2’y)jh"
%‘”(x,y): w(x,y)—Z(x,y—hz) +%(2;_?(x,dl)+i§(x,d2)]h2 (2.1.11)

ifadeleri elde edilir.

(2.1.11) kullamlirsa @_’in (x, y) noktasindaki degeri;

1| o(x+h,y)-o(x,y) 1(6% 0%y
o, (x’y):E ( h) ( )+5(§(cl,y)+z§(cz,y)}ll
1

_ _ 2 2
—ia)(x’y) a)(x’y h2)_il(a_l/;(x’dl)‘i'ia_‘;(x’dzﬂhz}
h, 2\ oy oy

11



=ia)(x+hl,y) (—i—ija)(x,y)ntia)(x,y—hz)

1

& s (@ 0
2| Eenr B ShtnarSraa

seklinde hesaplanabilir.
(2.1.4) esitsizligi ve (2.1.12) formiilii kullamlirsa _’in (x,y) noktasindaki

degeri i¢in;
. (x,y) =iw(ﬁh,y)J{———LJa)(x,y)+ia)(x,y—h2)+O(h1 +h) (2.1.13)

formiilii elde edilir. Benzer sekilde,

a)z(x,y)=iw(erhwy)+(—%+i)a)(x,y)—iw(x,y—hz)+O(h1+l12) (2.1.14)

olur.

ou Ov e . . . ou Ov
—,— kismi tiirevlerin (x, y) noktasinda birinci mertebeden geri fark ve —,—
ox Ox oy 0Oy

kismi tiirevlerin (x, y) noktasinda birinci mertebeden ileri fark uygulanirsa; ¢,c,,d,,d,

gergek sayilart x—h <c,c, <x,y<d,,d, <y+h, sart1 altinda olmak lizere

ou, v u(xy)-u(x—h,y) 10
ax(x,y)— " +26x2(c"y)h“
0 )=v(x=h,y) 18
a_;/(x’ ):v(xy) ‘;ll(x }Hy)_‘_zgz(cz,y)h],
ou Cu(xy+h)-u(xy) 18
ay(x,y)— h +28yz(x,d1)}5,

12



] ’ —v(x,y) 18
v(x,y)z v(x y+h22) (x y)+5§:(x’dz)hz

elde edilir. Buna gore,

0 o(x,y)-w(x=h,y) 1 0
ﬁ—f(x,y)z ( ) h( | )+E£_u(cl,y)+za—;(cz,y)jhl,
1

(2.1.15)

ow o(x,y+h)-w(x,y) 1( 0
(x,y)z( ]212) ( )+E£§(x,dl)+za‘;(x,d2)th

seklinde oldugu goriiliir.
_’in (x, y) noktasindaki degerini (2.1.15) ’1 kullanarak

1| o(x,y)-o(x—h,y) 1(8* 0°
a)z(x’y):5|: ( ) h( 1 )+5(§(Cl,y)+l#(cz,y) hl
1

_ia)(x,y+h2)—a)(x,y)_il
h, 2

2 2
(8 u(x’dl)+i2y—‘2)(x,d2)Jh2:|

o (2.1.16)

1 1 i I

= _ha . T s - ) h

o0 w(x—h, y)+[2h1 +2h2jw(x y) o w(x,y+h,)
2

1[( & 0 [ 0

formiiliine ulasiriz. O halde (2.1.4) esitsizligi ve (2.1.16) formiilii dikkate almirsa @_’in

(x, y) noktasindaki degeri i¢in

. (x,y) =—ia)()c—h1,y)n{iJri]a)(x,y)—ico(x,y+hz)JrO(h1 +h) (2.1.17)

formiilii elde edilir. Benzer sekilde,

13



a)z(x,y)z—ia)(x—hl,y) (i_EJ (5.3) 45 -0(xy+ )+ O + 1) (21.18)

olur.

a_u o*v 0*u o*v

Teorem 2.1.1. Q kimesinde —-,—-,—,
ox*ox* oy’ oy’

— fonksiyonlar1 sinirli ve siirekli, A,

ve h, kiiglik pozitif gergek sayilar ve x+iyeQ, xth+iyeQ, x+i(yih2)e§2
olsun. O halde @, i¢in birinci mertebeden yaklasik (2.1.5), (2.1.9), (2.1.13), (2.1.17)

formiilleri ve «_ ig¢in birinci mertebeden yaklasik (2.1.6), (2.1.10), (2.1.14), (2.1.18)

formiilleri gecerlidir.

2.2. ikinci Mertebeden Dogruluk Sonlu Farklar

Bu bolimde ., - tirevleri i¢in ikinci mertebeden dogruluk sonlu farklari
inceleyecegiz.

Ou v u v

Q kimesinde —,—,—,—
ox> ox” 0oy Oy

fonksiyonlar1 siirli ve siirekli, 4, ve A

kiigiik pozitif gercek sayillar, x+h+iyeQ , xt2h+iyeQ , x+iyeQ

b

ou Ov ou ov
x+i(yxh)eQ, x+i(yx2h )eQ olsun. —,— ve —,— ’nin swrasiyla (x,
(y hz) (y 2) ox Ox oy’ oy Y ( y)

noktasinda ikinci mertebeden merkezi fark uygulanirsa; c,,c,,d,,d, ger¢ek sayilari

x—h <c,c, <x+h,y—h,<d,,d,<y+h, kosulu altinda olmak iizere

ou u(x+h,y)—u , au h?

a(x:y): ( 1 )2h ( 1 ) ( C,Yy )_7
1

a_v _v(x+h1,y)—v( 1,y) 6v

L (x0)= - e

Z_i(x,y):u(xy+h)2;lu(xy hy) au( d)

Z_v(x’y):v(x , ¥+ h, )2hv(x ,V—h ) o3 v(

d)

14



oldugundan

S

(2.2.1)

elde edilir.

(2.2.1) kullanilirsa @ _ ’in (x, y) noktasindaki degeri;

wz(x,y):%{a’(x+hl,y)2;ll o(x—h, J’) [a Aqy)”%(%ﬂ}ﬁ

oy th)-olny-h) @y (v} + gv(x,dz)]h_f}

2h,

= 41}11 (x+hl,y)—

1(& 83v ) (& 0 )
+5K8§‘(cl,y) i 3(cz,y)jh1 —z[#(x,dl)ﬂg‘;(x,dz)jhz}

seklinde hesaplanabilir.

3

o'u ov
g(c’za)’)

g(cl,y) <M SMz,—3 SM4 (223)

1°

olduguna gore

1
2

u v R (& v n
H@)f (c,y)+i 8x3 (cz,y)jziz(y(x, aﬁ)+z§(x,d2 )]z}

<M+ MyI? + M2 + M2 < MR+ 1)

(2.2.4)

elde edilir.

15



O halde (2.2.4) esitsizligi ve (2.2.2) formilii kullamlarak . ’in (x,y)

noktasindaki degeri i¢in

1 1 ]
. (x,) =Ea)()ﬁhl,y)—ﬁa)(x—hl,y)—ﬁa)(x,y+hz)
2

. (2.2.5)
i
+4—hza)(x,y—h2)+0(hf+h§)
ifadesinin gegerli olacag: gortiliir. Benzer sekilde,
1 1 i
o_(x,y)=—o(x+h,y)-——a(x—h,y)+—ao(x,y+h

———o(x,y—h)+0(h>+h?)
4h,

olur.

ou ov ou ov, . o o
—,— ve —,— ’nin sirasiyla (x, y) noktasinda ikinci mertebeden ileri fark

ox’ ox oy 0Oy
uygulanirsa;  ¢,c,,d,,d, gercek sayilart x<c,c,<x+2h,y<d,,d,<y+2h, sartl

altinda olmak {izere;

ou _—u(x+2h1,y)+4u(x+h1,y)—3u(x»J/) ﬂ ﬁ
o (o) = 2h, o @)
o _ v(x+2h,y)+4v(x+h,y)=3v(x,y) v A
o )= 2h, ta ()
0 —u(x,y+2h, )+4u(x,v+h,)—3u(x, o° h?
a_u(x’y): ( y 2) 251 Y 2) ( y)_l_a_g(x,dl)f,
y A y

— — 3 2
0 )= ey ) ey ) S0e) By g )
y ) y

oldugundan

16



—w(x+2h, do(x+h, 3m(x, Py :
a(x,y)= ( o y)+ 22 +hl y) ( y)+[gx (pr) u 3(szy)]hl_

0w —o(x,y+2h))+40(x,y+h,)-30(x,y ou v h2
a—(x,y): ( ) 2512 ) ( )+[§(x,dl)+l§(x,d2)]?2 (2.2.7)

elde edilir.
(2.2.7) kullanilirsa @ _ ’in (x, y) noktasindaki degeri;

a)z(x,y)——ia)(x+2hl y)+2la)(x+hl y)+[—%+j_h'2} (x.y)

+@a)(x,y+2h2)—éa)(x,y+hz)

+é[(%(cl,y) Z;V(cz,y)]hl [Z; (x.d)+

(2.2.8)

3

(Z‘;(x,dz)]h;}

seklinde hesaplanabilir.
(2.2.4) esitsizligi ve (2.2.8) formiilii uygulanirsa «_ ’in (x, y) noktasindaki

degeri icin;

w.(x,y)= —ﬁa)(x+2hl,y)+2a)(x+hl,y)+(—%+437ij (x,»)

! ' (2.2.9)
+Lw(x,y+2h2)—hiw(x,y+h2)+0(hf+h§)
2 2
formiilii elde edilir. Benzer sekilde,
o_(x,y)= ——a)(x+2h1,y)+—a)(x+h1,y)+(—i—i]w(x,y)
I, 3 4h, 4, (2.2.10)

_ i
4h,
olur.

17



ou Ov

—,— ’nin (x, y) noktasinda ikinci mertebeden ileri fark ve G_M’Q nin (x, y)
ox Ox oy Oy

noktasinda ikinci mertebeden merkezi fark uygulanirsa; c¢,c,,d,,d, gergek sayilar

x<c¢,c, <x+2h,y—h,<d,,d, <y+h, sart1altinda olmak iizere;

ou _—u(x+2hl,y)+4u(x+hl,y)—3u(x,y) Su 2

a(x,y)— o +¥(cl,y)z,
v _ v(x+2h,y)+4v(x+h,y)-3v(x,y) O I
a (x, )_ 2hl a 3 (Cz,y) 6 ,

elde edilir. Buna gore

a_a)(x’ )_ —a)(x+2h|,y)+4a)(x+hla)7)—3a)(x,y) +(63u(cl,y)+ia3—‘;(02>Y)j h12

ox 2% o 6’
(2.2.11)
_ _ 3 3 2
8_@)(x,y)=a)(X,y+}5) a)(x,y hz)+ a—i;l(x,dl)ﬂ—ia—‘;(x,dz) E
¥ 2h, ¥ 6
bulunur.
(2.2.11) kullanilarak _’in (x, y) noktasindaki degeri;
o, (x,y)= —La)(x+2h ,y)+La)(x+h ,y)—ia)(x,y)
: 4h, 1 h, Ul 4n
—jw(x,y+h2)+ja)(x,y—hz) (22.12)
2 2
+LK@(C )il (e y)jhz—i(@(x d)+i2 (x.d )jhz}
2{lax*" o ] ! o)

18



seklinde hesaplanabilir.
(2.2.4) esitsizligi dikkate alinirsa ve (2.2.12) formiilii uygulanirsa «_ ’in (x, y)

noktasindaki degeri i¢in;

1 1 3
o, (x,y)= —Ea)(x+2hl,y)+h—a)(x+hl,y)—ﬂa)(x,y)

1 1 1

. ) (2.2.13)
i i
—@a)(x,y+h2)+4—hza)(x,y—h2)+0(h12+h§)
formiilii elde edilir. Benzer sekilde,
a)f(x,y)z—ia)(x+2h,y)+La)(x+h,y)——a)(x,y)
Z h o V 4 (2.2.14)
i i -
+4—hza)(x,y+h2)—Ea)(x,y—h2)+0(h12+h§)
olur.
ou ov . . ou ov, .
a a ’nin (x,y) noktasinda ikinci mertebeden merkezi fark ve —, — ’nin

(x, y) noktasinda ikinci mertebeden ileri fark uygulanirsa; c¢,c,,d,,d, gergek sayilar

x—h <c,c,<x+h,y<d,d,<y+2h, sarti alinda olmak lizere;

a_u _u(x+h1,y)— (x hl,y) h1

o (1) = 2 t— 3(pr) =

0 +h,y)—

_v(x’y)zv(x y)zhl ( h‘l y) a 3(02’)})}2
a_u(x,y)z—u(x,y+2h2)+4u(x,y+h2)—3u(x,y)+a_3p3;(x,dl)h_22,
oy 2h, dy 6
a_(x, )_—v(x,y+2h2)+4\;(hx,y+hz)—3v(x,y)+8_3\3;(x’d2)h_22
i ) oy 6
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seklindedir. Bu durumda,

ow o(x+h,y)-o(x—h,y) (& ok .
a(x, ): ( hy )2;11 ( h )+(gb3[(cl,y)+la‘;(cz,y)j%,
— _ 3 3 2
001y - 2 2 Aok ) 300N O )|
o) 2h, Yy Yy 6
(2.:2.15)
olur.
(2.2.15) kullanilirsa @ _ ’in (x,y) noktasindaki degeri;
a)z(x,y):%@w(;ﬁhl,y)—iw(x—hl,y)+4%lza)(x,y+2hz)
+hiw(x,y+h2)+j7"w(x,y) (2.2.16)

2 2

3 3 3

1|(& .0 [0 0
+5K6—;(Cl,y)+za—;(c2,y))hf—z(gf(x,d])ﬂg‘;(x,dz)jhf}

seklinde hesaplanabilir.

(2.2.4) esitsizligi ve (2.2.16) formiilii uygulanirsa . ’in (x, y) noktasindaki

degeri i¢in;

a)z(x,y):4Lh]a)(x+hl,y)—iw(x—hl,y)+4%lza)(x,y+2hz) (2 2 17)
+hia)(x,y+h2)+:7ia)(x,y)+O(h12+h§)

2 2

formiilii elde edilir. Benzer sekilde,
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. (x,y) :4tha)(x+hl,y)—ia)(x—hl,y)—fl‘lza)(x,y+2h2) s 18)
. 3. M M
—hia)(x,y+h2)—ja)(x,y)+0(hf+h§)

2 2
olur.

ou ov ou oOv , . o .
—_—, —,— ’nin sirasiyla (x, y) noktasinda ikinci mertebeden geri fark

s~ Ve
Ox Ox oy 0y
uygulanirsa; ¢,c,,d,,d, gergek sayilar x—2h <c,,c, <x,y—-2h, <d,,d, <y sarti altinda

olmak iizere;

ou _u(x—2hl,y)—4u(x—hl,y)+3u(x,y) ﬂ ﬂz
o (00)= 20 ta @)
ov B v(x—2h1,y)—4v(x—hl,y)+3v(x,y) 8_3\; E
o (oY) 20 Yo ()
r _ _ 3 2
a_u(x’y):u(x,y 2h2) 4u(x,y h2)+3u(x,y)+6_z(x,dl)h_2’
Oy 2h, oy 6
@(x,y)= v(x,y—2h2)—4v(x,y—h2)+3v(x,J/)+a_3‘3’( ,dz)ﬁ
oy 2h, oy 6
seklindedir. Buna gore
ow o(x-2h,y)-4o(x—h,y)+30(x,y Su oY h
—(x,y): ( ] ) 2(}11 1 ) ( )+[$(Cljy)+l¥(02,y)lea

(2.2.19)

_ _ _ 3 3 2
a_w(x’y):w(x,y 2h,)—4e(x,y h2)+3w(x’y)+(a—b3l(x,dl)+ia—‘;(x,d2)jh2

2h, 6

bulunur.

(2.2.20) kullanilarak «_ ’in (x, y) noktasindaki degeri;
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1 1 3 3i
a)z(x,y):Ea)(x—2h1,y)—h—a)(x—hl,y)+(ﬁ— 4}; ]a)(x,y)
1 1 1 2

' ' 2.2.20
4;2w(x,y—2h2)+};—2a)(x,y—h2) ( )

Lo 0’ (o &
+§H§<cl,y)+,ax—j(cz,y)jhg_,(ay_z(x,dl)ﬂay_:(x,dz)jh;}

seklinde hesaplanabilir.

(2.2.4) esitsizligi ve (2.2.20) formiilii uygulanirsa @_ ’in (x, y) noktasindaki

degeri igin

1 1 3 3
a)z(x,y)=—a)(x—2h],y)——a)(x—hl,y)J{———lja)(x,y)
h hy Ak (2.2.21)
— L o(x,y=2h)+ @ (x,y— )+ O(h2+h2)
4h, h,
formiilii elde edilir. Benzer sekilde,
1 1 3 3
o_(x,y)=—wo(x-2h,y)-—o(x—h,y +(—+—Ja) X,y
(1:9)= 30 (r=2h0) =0 (e o)+ it o) .
t o (x,y—2h) - w(x, y— ) + O+ h2)
4h, h,
olur.
@,@ ’nin (x, y) noktasinda ikinci mertebeden merkezi fark ve ﬁ_u’@ ‘nin
ox Ox Oy 0Oy

(x,y) noktasinda ikinci mertebeden geri fark uygulanirsa; c,c,,d,,d, ger¢ek sayilar

x—h <c,c,<x+h,y—2h,<d,,d, <y sart1altinda olmak iizere;
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u Cu(x+h,y)-u(x—h,y) &u h
o (5 Y)= 2h, e +(6) 6
ov Cv(x+h,y)—v(x—h,y) v h
o5 )= 2 Yo )

— — — 2
a_u(x’y):u(x,y 2h2) 4u(x,y h)+3u(x y) ou 3(xd)h—2,
oy 2h, 6 6

— — — 2
@(x,y)z v(x,y 2h2) 4v(x,y h )+3v(x y) o'y i (x dz)h—2
oy 2h, 8 6
seklinde olacagindan
ow o(x+h,y)-w(x=h,y ok h
e [ CROI A TO) [

6a)(x,y):a)(x,y—2hz)—4a)2(;zc2,y—hz)+3a)(x,y)J{g; (x.d,)+ 83‘;(x,d2)j%2 (2223

elde edilir.
(2.2.23) kullanilarak _’in (x, y) noktasindaki degeri;

. (5)= g olx+hor) g o(c—hoy) =gl y=2k)

i

4h,
. 3

-l—hia)(x,y—hz)—ja)(x,y) (22.24)

2 2

%Hg:(cl,y) fi(cz,y)jh (Z;u("d) 2;(“%)]4

seklinde hesaplanabilir.
(2.2.4) esitsizligi ve (2.2.24) formiilii uygulanirsa @ ’in (x, y) noktasindaki

degeri icin;
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1 1 j
o, (x,y):4—hla)(x+hl,y)—4—hla)(x—hl,y)—4Lhza)(x,y—2hz) (2 -
+hia)(x,y—h2)—437ia)(x,y)+O(hf+h§)

2 2

formiilii elde edilir. Benzer sekilde,

w_(x,y) :ia)(whl,y)—ia)(x—hl,y)+4+12a)(x,y—2h2)

) Y (2.2.26)
~Lo(x,y—h)+—a(x,y)+O0h>+h2)
h, 4h,
olur.
ou ov | . o . ou ov, .
—,— ’'nin (x, y) noktasinda ikinci mertebeden geri fark ve —,— ’nin sirasiyla
Ox Ox dy Oy

(x, y) noktasinda ikinci mertebeden merkezi fark uygulanirsa; c,,c,,d,,d, gergek sayilar

x—2h <c,c,<x,y—h,<d,,d,<y+h, sart1altinda olmak iizere;

ou _u(x—2hl,y)—4u(x—h1,y)+3u(x,y) Ou

g(x»y)— 2h, +§(Cl’y)%’

hZ
(Cz,y)?l’

_ _ _ 3
e
) X

— _ 3 2
a_u(x,J’) _ulnythy)-ulxy=h) +6—L;(x,d1)h—2,
£y 20, £y 6

oldugundan,
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o(x=2h,y)-4o(x—h,y)+3w0(x,y) (du ok :
= ( ) ( ! ) ( )+[§(Cl,y)+l§(cz,y) %:

(22.27)

h
6

d o(x,y+h)-o(x,y-h) (o 0
0 (r) A2 R0l h) (O )i 2% )

elde edilir.
(2.2.27) kullanilarak «_ ’in (x, y) noktasindaki degeri;

1 1 3
o, (x,y):Ea)(x—zhl,y)—Ew(x—hl,y)+ﬂa)(x,y)
1 1

—4l7za)(x,y+hz)+4l72a)(x,y—hz) (2.2.28)

1|( % Oy [ &u 0%y
+E|:[§(Cl’y) +1 g(CZ,y)Jhlz —l(g(x,dl )+z§(x, dz )J h22:|
seklinde hesaplanabilir.
(2.24) esitsizligi ve (2.2.28) formillii uygulamirsa @, ’in (x,y) noktasindaki

degeri i¢in;

1 1 3
w_(x,y) :—a)(x—2h1,y)—h—a)(x—hl,y)+ma)(x,y)
1 1
(2.2.29)

1

—4Lhza)(x,y+h2)+4Lhzco(x,y—h2)+O(hf+h§)

formiilii elde edilir. Benzer sekilde,

0. (1) = g o(x-2h.3) -0l R+ o(x)

V4 x 4
h], b (2.2.30)
+La)(x,y+h2)—ja)(x,y—hz)+0(hf+h§)
2 2
olur.

ou oOv
—,— ’nin (x, y) noktasinda ikinci mertebeden ileri fark ve ﬁ_u,@ ’nin (x, y)
ox Ox oy Oy
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noktasinda ikinci mertebeden geri fark uygulanirsa; c¢,c,,d,,d, ger¢cek sayilar

x<c¢,c, <X +2h,y—2h,<d,,d, <y sartialtinda olmak lizere

= 2h,y)+4 ,¥)=3
—(vy)= et 2 ) uz(}zﬁhl )l y)+ax (cpy)}g
ov - 2h, 4y ,¥)=3v(x, v 2
e s
%(x’y):u(x,y—th)—4u(x,y—h2)+3u(x,y) ou (xd)é
0y 2h, oy’ 6
v _v(x,y—2i12)—4v(x,y—h2)+3v(x,y) o’y E
2 (x)- o & (xa)
formiillere gore

—o(x+2h,y)+40(x+h,y)-30(x, *u Py o
%w(x’y): o(x+2h,y)+ a;g,l +h,y) =30 y)+[8_3(cl’y)+ v, y)j%

(2.2.31)
x,y—2h,)—4o(x,y— 3o( x, *u By 2
e e [ T TV
alinir.
(2.2.31) kullanilirsa @ _ ’in (x, y) noktasindaki degeri;

a)z(x,y)=—ﬁa}(x+2h1,y)+hlla)(x+h,,y) [_%_5_@} (x,y)

_@a}(xy 2h2)+z (xy—h2) (2232)

1|(0u 0’ , (& 0 )
+E{[a 5 (cl,y) ax‘;(cz,y)Jhl —l(#(x,dl)ﬂa‘;(x,dz)]hz}

seklinde hesaplanabilir.
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(2.2.4) esitsizligi ve (2.2.32) formiilii kullanilirsa @, ’in (x,y) noktasindaki

degeri icin;

1 1 3 3i
w.(x,y) :—Ea)(x+2hl,y)+h—a)(x+hl,y)+(———_l]a)(x,y)

! g A Ah, (2.2.33)
—La)(x,y—2h2)+ia)(x,y—h2)+0(hf+h§)
4h, h,
formiilii elde edilir. Benzer sekilde,
. (x,) :La)(x+Zhl,y)+ia)(x+hl,y)+(—i+i]a)(x,y)
\ h W, (2.2.34)
+——w(x,y=2h, ) ——a(x,y—h)+O(+h2)
4h, h,
olur.
ou ov . ool ) ou
—,— ’nin (x, y) noktasinda ikinci mertebeden geri fark uygulanirsa ve —,
ox Ox Oy

ov, . o S
— ’nin sirasiyla (x, y) noktasinda ikinci mertebeden ileri fark uygulanirsa; ¢,,c,,d,,d,

gergek sayilar x—2h <c,,c, <x,,y<d,,d, <y+2h, sarti altinda olmak lizere;

_ — _ 3 2
a_u(x’y)zu(x 2h1,y) 4u(x hl,y)+3u(x,y)+a_1;l(c“y)_,
ox 2h, ox 6

_ — _ 3 2
0 ) M)l hy) () Sy
Ox 2h, ox 6

_ _ 3 2
a—u(x’y): u(x,y+2h2)+4u(x’y+h2) 3u(x’y)+a_l:(x,d1)h_25
o 2h, o 6

— _ 3 2
@(x,y)z v(x,y+2h, ) +4v(x,y+h,) 3v(x,y)+a_\;(x,d2)h_2
oy 2h, oy 6

elde edilebilir. Buna gore
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P _o(x—2h,y)—4o(x—h,y)+30(x,y) [a” ‘6:(cz,y)Jhl—

a(x,y)— 2h] + g(cl,y)-i-lg

— _ 3 3 2
a_a)(x,y) _ ol 2h)aolny+h)-3o(xy) +(a—f(x,dl)+ia—:(x’dz)]h—2
oy 2h, y 6
(2.2.35)

olur.

(2.2.35) kullanilirsa @_’in (x, y) noktasindaki degeri;

1 1 3 3i
w.(x,y) :Ea)(x—2h1,y)—h—a)(x—hl,y)+(—+j]a)(x,y)
2

1 1

+ﬁa)(x,y+2h2)—hia)(x,y+h2)

2 2

3 3

1 0’ 0 (0 0
. K_“(cl,y)ﬂé(cz,y)jhf_,(ay—‘j(x,dl)ﬂay—j(x,dz)]h;} (2.2.36)

E ox®

seklinde hesaplanabilir.
(2.2.4) esitsizligi ve (2.2.36) formiili kullanlirsa @, ’in (x,y) noktasindaki

degeri icin;

1 1 3 3i
o, (x,y)zEw(x—ﬂzl,y)—h—a)(x—hl,y)+(—+_lja)(x,y)

) - oAb, (2.2.37)
+Lw(x,y+2h2)—ia)(x,y+h2)+O(hf+h§)
4h, h,
formiilii elde edilir. Benzer sekilde,
1 1 3 3i
w.(x,y) =—a)(x—Zhl,y)——a)(x—hl,y)+(———l]a)(x,y)
ah, h 4, 4h, (2239)

—4La)(x,y+2h2)+hia)(x,y+h2)+0(hf+h§)

2 2
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olur.

@ v 0’u v

Teorem 2.2.1. ¢ kimesinde S — 5 —
Ox” Ox” Oy Oy

fonksiyonlart sinirh ve siirekli,

h, ve h, kiglik pozitif ger¢ek sayilar, x+h +iyeQ, x+2h +iyeQ , x+iyeQ ,
x+i(yih2)eQ , x+i(yi2h2)eQ olsun. Bu durumda @, i¢in ikinci mertebeden
yaklasik (2.2.5), (2.2.9), (2.2.13), (2.2.17), (2.2.21), (2.2.25), (2.2.29), (2.2.33), (2.2.37)
formiilleri ve @_ i¢in ikinci mertebeden yaklasik (2.2.6), (2.2.10), (2.2.14), (2.2.18),
(2.2.22), (2.2.26), (2.2.30), (2.2.34), (2.2.38) formiilleri gecerlidir.

2.3. Ugiincii Mertebeden Dogruluk Sonlu Farklar

Bu kesirde w,, - tirevler igin ili¢lincii mertebeden dogruluk sonlu farklari
inceleyecegiz.

o'u o'v o'u o'y

Q kiimesinde —,—,—,—
ox* Tox* oyt oyt

fonksiyonlar smirli ve siirekli, 4, ve A, kiiciik

pozitif ~gercek sayilar ve xth+iyeQ , xEt2h+iyeQ , xt3h+iyeQ
i i . ou ov
x+1(yihz)eQ, x+1(yi2h2)eQ, x+1(yi3h2)eQ, x+iyeQ olsun. ERPw ve
X Ox
ou ov

Pt ‘nin (x,y) noktasinda iiglincii mertebeden ileri fark uygulanirsa; c,c,,d,,d,
y oy

gergek sayilart x <c,,c, <x+3h,y<d,,d, < y+3h, sarti altinda olmak iizere;
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a_”(x,y): 2u(x+3h, ) =u(x+2h,y)+18u(x+h,y) 11u(x,y)+5_1:(c]’y)ﬂ’
~ 6hl ox 24
) B 5 i ~11 : :
@(x,y): V(X+3h1ay) 9V(X+ h"y)+ 8V(X+hl,y) V(x,y)—i_a_r(cyy)ﬂ’
= oh Ox 24
By 20054 20) Sy 420l ) ) S B
. oh, oy 24
7 (1)< 2 +30) 00 (o 2 ) 18V (xyh) A v(y) DI
s Y a

5()&',)}): 6h2 +6y_4 X

seklindedir. O halde,

6_a)(x y):2a)(x+3hl’y)_9a)(x+2hpy)+18(o(x+hl,y)—lla)(x,y)
ox 6h,
o'u oA 3
+{§(Cl,y)+l§(cz,y)j?—4,
6_a)(x V)= 20(x,y+3h,) -9 (x,y+2h,)+180(x,y +h,)-11o(x, y)
" o 2.3.1
841/{ 64\/ h3 ( . )
+(§(xad1)+i@}—4(x,d2)J2—Z
elde edilir.

(2.3.1) kullanilirsa w_ ’in (x, y) noktasindaki degeri;

1 {2(0(x+3h1,y)—9a)(x+2hl,y)+18a)(x+}q,y)—lla)(x,y)

o.(xy)=3 6h,

o'u oty n’
(G i Saten
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20(x,y+3h ) =90 (x,y+2h,)+18w(x,y +h,)-11e(x, y)

—1

6h,
[ 0%u N h
_l(y(x,dl)‘f‘ly(x,dz)Jj}

1 3 3
=aa)(x+3h1,y)—ﬁa)(x+2h1,y)+ﬁa)(x+hl,y)

1 1 1

+[—L+ L1 Ja)(x,y)— i w(x,y+3h,)

12h,  12h, 6h, (2.3.2)
L w(x,y+2h,)- 3 o(x,y+h,)
h, 27 2h, :
1 o' 0! (0! o
+E[(axlj (cl,y)+laxj(cz,y)th—z[aylZ (x,d1)+zay—:(x,d2)jh;J
seklinde hesaplanabilir. O halde,
o'u v o‘u o'y
6)6—4(01,_)/) SMPE(CZ’)}) SM2’§(x’dl) SMwy(x,dz) SM4 (233)
olacagi aciktir.
1| 0% o'v K o'u o' K
—| =, y)+i—F(c,,y) | == ti| —(x,d,)+i—(x,d,) | =
2{[@{‘(0‘ y)rigale y)]24 | Grted)rigslnd) 5 (23.4)

<M + M + M+ M <M + 1)

elde edilir.
(2.3.2) formiilii ve (2.3.4) esitsizligi kullanilarak . ’in (x, y) noktasindaki

degerleri i¢in;
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o, (x,y) =éa)(x+3/Ll,y)—%a)(x+2hl,y)+%a)(x+hl,y)

11 11 i 3i
L )= ——(x, 30 )+ w(x, y+2h 235
+[ o +12hJa)(x ) o w(x,y+ 2)+4h2 w(x,y+2h,) ( )

3
_ja)(x,y+hz)+0(hl3 +h23)

2

formiiliiniin gecerli olacag1 goriiliir. Benzer sekilde,

1 3 3
w.(x,y) :Ew(x+3hl,y)—Ea)(x+2hl,y)+ﬁa)(x+hl,y)

1 1 1

11 11 i 3
_ 1 )%,y =3k~ ao(x, y - 21 23.6
+[ o 12hja)(x y)+6h2 w(x,y—3h,) m w(x,y—2h,) ( )

.
+2—hl2a)(x,y—h2)+0(hf+h23)
olur.

a—,a— ‘nin (x, y) noktasinda sirasiyla {glincii mertebeden geri fark
X Ox

2|2

ou
oy
uygulanirsa; ¢,c,,d,,d, ger¢ek sayilart x-3h <c,,c, <x,y-3h, <d,,d, <y sartialtinda

olmak tizere

_ _ _ _ _ 4 3
a—u(x,y)z 2u(x 3h1,y)+9u(x 2h1,y) 18u(x hl,y)+11u(x,y)+a_z:(c]’y)h_1’
Ox 6h, Ox 24

_ _ _ _ _ 4 3
@(x,y)z 2v(x 3hl,y)+9v(x 2h],y) 18v(x hl,y)+11v(x,y)+a_:;(c2’y)h_1’
Ox 6h, Ox 24

_ _ _ _ _ 4 3
6—u(x,y): 2u(x,y 3h2)+9u(x,y 2h2) 18u(x,y h2)+11u(x,y)+a_€:(x,dl)h_2,
oy 6h, oy 24

— _ _ _ _ 4 3
@(x, ): 2v(x,y 3h2)+9v(x,y 2h2) 18v(x,y hz)Jrll\/(Jc,y)_|_6_:;()(,d2)h_2
oy 6h, oy 24
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oldugundan

6_a)(x y) _ —2a)(x—3h1,y)+9a)(x—2h1,y)—18a)(x—hl,y)+1la)(x,y)
ox 64,

64 a4v 3
[ St iian &

B —2a)(x,y—3h2)+9a)(x,y—2h2)—18a)(x,y—h2)+1la)(x,y)

0w
o )= 6h,
. " ” (2.3.7)
+(6 H(xd))+i @”(x d )j24
olur.

(2.3.7) kullanilirsa _ ’in (x, y) noktasindaki degeri;

a)z(x,y)——ia)(x 3h, y)+%a)(x 2h,, y)—ﬁa)( h,y)+(%—llzlhja)(x,y)

, 3 3
+La)(x,y—3h2)—ja)(x,y—2h2)+jw(x,y—hz)

2 2 2

+418[@4(q )+ 2;(62 y)th (%(xad)”g(x’%)jhi] (2.3.8)

seklinde hesaplanabilir.
(2.3.4) esitsizligi ve (2.3.8) formiilii uygulanirsa @, ’in (x, y) noktasindaki

degeri icin;

0. (1.9) == 05 =3h.3) 4 50+ 2h.5)~5-0(3=.)
(1;11 1121/;j (w.3)+ g e(xy=3h) —zw(xy 2h,) (2.3.9)
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formiilii elde edilir. Benzer sekilde,

1 3
o (x.y)= _6_;lla’(x 3h;, J’FEW(X 2h,, y)_zhl o(x=h,y)
111l i 3
+(E+12h2]a)(x,y)—@a)(x,y+3hz)+4—hza)(x,y+2h2) (2.3.10)

3
—z—éw(x,y+h2)+0(hf+hj)

ifadeleri gergektir.
ou Ov

—,— ‘nin (x,y) noktasinda ii¢lincii mertebeden ileri fark ve a—u,@’nin (x,y)
ax’ dx Oy 0Oy

noktasinda igiincii mertebeden geri fark uygulanirsa; ¢,c,,d,,d, gergek sayilari

x<¢,¢, <x+3h,y—-3h,<d,,d, <y sart1altinda olmak lizere;

0 2u(x+3h,y)=u(x+2h,y)+18u(x+h, Ilu(x, o'u h
_u(x’y)z ( 1)/) ( 16yh) ( 1)/) ( y)+a4(cl’y)24
1

@(x y)=2v(x+3hl,y) 9v(x+2h,y)+18v(x+h,y)-11v(x, y) a4

6h, (2’ )
0 -2 3h 9 2h,)-18 h 11 o'u
_u(x,y) u(xy )+ u(xy 6h) u(xy )+ u(.x y)+a4( d)
@(x,y)z —2v(x,y—=3h,)+9v(x,y—2h, )= 18v(x,y—h, ) +11v(x, y) +i4r(x,d2)h—23
5 6h, Y 24
olur. Buna gore,
ow 20(x+3h,y)-90(x+2h,y)+18w(x+h,y)-110(x, )
o )= 6h
0'u oY h3
{ Zan e 2
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6a)( ) —20(x,y—=3h,)+90(x,y—2h,)-18w(x,y—h,)+11o(x, y)
- X,y =
6h
» . \ N (2.3.11)
o T a )i Y () |
oy Oy 24
olur.
(2.3.11) kullanilirsa @ _ ’in (x, y) noktasindaki degeri;
a)z(x,y):iw(x+3hl,y)—%a)(x+2hl,y)+%a)(x+hl,y)—(%+1121hizjw(x,y)
+éa}(x,y—3hz)—%w(x,y—2h2)+;7ia)(x,y—hz) (2.3.12)

2 2 2
4

d'u Oy 5 .[Ou R 5
+%[(§(%J’)“g(c’zd’)j}ﬁ —l[y(x,dl)ﬂy(x,dz)JhZJ

seklinde hesaplanabilir.
(2.3.4) esitsizligi ve (2.3.12) formiilii kullanilarak @_’in (x,y) noktasindaki

degeri icin;

w,(x,y) =éw(x+3hl,y)—%w(x+2lﬁ,y)+%w(x+hl,y)

1 1 1

11 117 i 3i
o Vol —30) - ao(x v 20 23.13
+[ o 12hzja)(x y)+6h w(x,y—3h,) m w(x,y—2h,) ( )

3
+ja)(x,y—hz)+0(hf+h§’)

2

formiilleri elde edilir. Benzer sekilde,

3 a)(x+2hl,y)+ia)(x+hl,y)

1
. - 3 2
w_(x,y) o o(x+3h,y) m o

1111 i 3
- y)—— Ly —3h)+— ,vy—2h 2.3.14
J{ 12k 12h ]w(x y) 6h2a)(xy 2)+4h2a)(xy :) ( )

2

—;)Tia)(x,y—hz)+0(hf+hz3)
2
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olur.

Oou Ov
—,— ’nin (x, noktasinda ti¢lincli mertebeden geri fark ve —,— ’nin ( x,
ox Ox ( y) ¢ 8 oy Oy ( y)

noktasinda sirastyla {iglincli mertebeden ileri fark uygulanirsa; ¢,c,,d,,d, gergek sayilari

x—=3h <¢,c,<x,y<d,,d,<y+3h, sart1alinda olmak lizere;

0 2u(x=3h,y)+%(x—2h,y)-18u(x—h,y)+11u(x, o n
a_z(x’y): ( 1) ( 16;:) (x=h.y) ( y)+a_);l(cl’y)2_14’
1
0 2v(x=3h,y)+9v(x—=2h,y)-18v(x—h,y)+11v(x, o* 3
® (1y)= (x=3h,7)+9v( 16;) (x=h,y)+11v( y)+a_j(cz,y)£,
\ X 24
2 _ _ 4 3
Z_u(x’y): u(x,y+3h2) 9u(x,y+2/612h)+18u(x,y+h2) llu(x’y)JrZ—L:(x,dl)%,
y > y
@(x y)= 2v(x,y+3h2)—9v(x,y+2h2)+18v(x,y+h2)—11v(x,y)+i4v(x y )h_;
oy’ 6h, o' 4
elde edilebildiginden
a—w(x y)- —20(x=3h,y)+90(x—2h,y)-18w(x—h,y)+11a(x,y)
ox 6h,
o'u oaY N
+(8x—4(cl,y)+zy(c2,y)]2—;,
6_a)(x y):2a)(x,y+3h2)—9a)(x,y+2h2)+18a)(x,y+h2)—lla)(x,y)
y 6h,
o . p (2.3.15)
+(y(x,dl)+l.ay—4(x,d2)J2—Z

sonucuna ulagilir.

(2.3.15) kullanilarak o_’in (x, y) noktasindaki degeri;
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o)

+(%+112—1;2ja)(x,) 6]'72 o(x,y+3h,)+ }5 (xy+2hz)—3—h2a)(xy+hz) (2.3.16)

(Bt Jf o St oi it

o (x) = grolv-3h.2)+ o(x=h.y)

seklinde hesaplanabilir.

(2.3.4) esitsizligi ve (2.3.16) formiilii uygulanirsa @, ’in (x, y) noktasindaki

degeri igin;

a)z(x,y)——%hla)(x 3h, y)+%a)(x 2h, y)—ﬁa)(x h,y)

11 11 ] 3
+(E+ 12;2 jw(x,y)—éa)(x,y+3hz)+ja)(x,y+2h2) (2.3.17)

2 2

3
—ja)(x,erhz)JrO(hl3 +h23)

2

formiilleri elde edilir. Benzer yolla,

w-(x,y)= —ia)(x 3h, J’)+%0)(X 2h,, J’)_iw( ~h,)

11l : y
+[E_ 12}; )a)(x,J/)+éa)(x,y+3h2)—jco(x,y+2hz) (2.3.18)

2 2

3i
+Ea)(x,y+hz)+0(hl3 +h23)

2

elde edilebilir.

6_u o'v o'u v

Teorem 2.3.1. Q kiimesinde —-, —
ox* " ox* oyt oy

fonksiyonlar1 simirlhi ve siirekli,

h, ve h, kiiglik pozitif gergek sayilar, x+h +iyeQ, x+2h +iyeQ, x+t3h +iyeQ,
x+i(yth)eQ, x+i(y+2h)eQ, x+i(y+3h)eQ, x+iyeQ olsun. Bu durumda

o_ i¢in liglincli mertebeden yaklagik (2.3.5), (2.3.9), (2.3.13), (2.3.17) formiilleri ve «w_
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icin iiclincli mertebeden yaklasik (2.3.6), (2.3.10), (2.3.14), (2.3.18) formiilleri gecerlidir.

2.4. Dordiincii Mertebeden Dogruluk Sonlu Farklar

Bubdlimde w,, - tirevler i¢in dordiincti mertebeden dogruluk sonlu farklart
inceleyecegiz.

5 5 5
Q kiimesinde 6—” 0 ‘5},6”; o — fonksiyonlar sinirli ve siirekli, 4, ve h, kigiik
o’ ox’ oy’ oy
pozitif gercek sayilar ve x+h +iyeQ , xt2h+iyeQ , x+i(yihz)eQ ,

ou oOv ou Ov
x+i(yx2h )eQ, x+ Q olsun. —,— ve —,— ’nin sirasiyla (x, noktasinda
(y hz) xtiye ox Ox dy " oy Y ( y)

dordiincii  mertebeden merkezi fark uygulanirsa; ¢,c,.d,,d, gercek sayilari

x—=2h <c,,c, <x+2h,y—2h,<d,,d, < y+2h, sart1altinda olmak lizere;

6_u(x y):—u(x+2hl,y)+8u(x+hl,y)—8u(x—h1,y)+u(x—2hl,y)+ (C L n
ox 6h, ox’ 120’
@(x ) —v(x+2hl,y)+8v(x+hl,y)—8v(x—hl,y)+v(x—2hl,y)+65v( ) h'
ox 6h, o 0
6_u(x y):—u(x,y+2h2)+8u(x,y+h2)—8u(x,y—h2)+u(x,y—2h) ou (xd)h4
oy 6h, oy’ 120°

— — — _ 5 4
Z—V(X,y)z v(x,y+2h2)+8v(x,y+h26)h 8v(x,y—hy)+v(x,y 2h2)+%(x,d2)1}12—20
y 2 Y

seklindedir. Buna gore,

ow —o(x+2h,y)+8w(x+h,y)-8w(x—h,y)+w(x—2h,y)
o 52)= 6
hy
o’u 0 !
(Gt Srten i
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o(x,y+2h,)+8w(x,y+h,)—8w(x,y—h,)+wo(x,y—2h,)

L(ny)==
» . N zh (2.4.1)
v
+{6y (x d) Gy (x d )]120
olur.

(2.4.1) kullanilarak o _’in (x,y) noktasindaki degeri;

" ) :%{—a)()ﬁ2h1,y)+8a)(x+h1,y6)};8a)(x—hl,y)+a)(x—2h1,y)

ou Oy N
{GrenniTHen i

_i(—a)(x,y+2h2)+8(o(x,y+hz)—Sa)(x,y—hz)+a)(x,y—2h2)j

6h,

S LA

1 1
:_Thlw(x—i_2hl’y)+£w(x+hl’y)_£w(x h.y)
1 i
- —2h, 2h,)—— h
"o, olx=2h y)+24h2 oy 2h) 3h, i)
+3l72a)(x’y_h2)_ 24l_h2 a)(x’y_th)
1 o’u Oy o’u O (2'4'2)
+%|:{§(Cl,y) 6 (cz,y)th [8}15 (X d ) ays (X,dz)jh;:|

seklinde hesaplanabilir.

85
M, 5j(x,dz)

5

%(x,dl) <

5

5
u <M, (2.4.3)

a 5

<M,,

0
<M, ox :(cz,y)

(cl,y)

olacag aciktir. O halde
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5

1|(&u 0y n o (O 0y e
K (e 0)+i75 (Cz’y)jlzo il(ays (xd,)+1 P (x’dz)leo} (2.4.4)

2o
<M+ Mk + MR+ M < M (B + )

elde edilir.
(2.4.2) formiili ve (2.4.4) esitsizligi kullanilarak e« ’in (x, y) noktasindaki

degerleri igin;

1 1 1
w.(x,y) =——ha)(x+2hl,y)+§a)(x+hl,y)—ﬁa)(x—hl,y)

1 1

1 ,
+ma)(x—2hl,y)+ 2;}! a)(x,y+2h2)—ja)(x,y+h2) (2.4.5)

1 2 2

+3l7za)(x,y—h2)— 24th a)(x,y—2h2)+0(hl4 +h§)

formiiliiniin gecerli olacag goriiliir. Benzer sekilde,

. (x,y):—ﬁa)(x+2h1,y)+iw(x+hl,y)—ia)(x—hl,y)

+La)(x—2hl,y)—

o ! a)(x,y+2h2)+ia)(x,y+h2)

24h, ,

i i
—ﬁa)(x,y—hz)+ﬁa)(x,y—2h2)+O(hf‘+hj) (2.4.6)

2 2

elde edilir.

5 5 5 5
Teorem 2.4.1. O kimesinde a—z,a—:,a—f,a_‘;
ox’ ox° 0y> Oy

fonksiyonlar1 siirl ve siirekli,
h, ve h, kiiglk pozitif gercek sayilar, x+h +iyeQ, x+2h+iveQ , x+iyeQ,
xX+i ( yihz)eQ, xX+i ( yi2h2)erlsun. Bu durumda @. igin dérdiincii mertebeden
yaklagik (2.4.5) formiilii ve @_ i¢in dordiincii mertebeden yaklasik (2.4.6) formiilii

gecerlidir.
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3. BULGULAR VE TARTISMA

3.1. w,, Tiirevler icin Bazi1 Sonlu Farklar

2 2 4 6
o _Jo sart1 altinda ve a—u,a—u,
Ox0y  0OyOx oyox® " oy ox’

Q kiimesinde w=u+iv fonksiyonu
4 6
ﬂ,L fonksiyonlar1 sinirli ve siirekli, 4, ve h, kiiglik pozitif gercek sayilar,
oyox’ " oy’ox’
xth+iyeQ , x*t2h+iyeQ , x+3h+iyeQ , x+iyeQ , x+i(yih2)e§2 ,
x+i(y£2h)eQ, x+i(y+£3h,)eQ, x+iyeQ olsun.

ou ov
6_u,@ ’nin (x, y) noktasinda ikinci mertebeden merkezi fark

—> o Ve
Ox Ox oy Oy
uygulanirsa ¢, c,,d,,d,gercek sayilari ve x—h <c,c, <x+h,y—h,<d,,d,<y+h, sarti

altinda olmak {lizere

@(x y):u(x+hl,y)—2u(x,y)+u(X—hl,y)+@( )h_l2
o’ ! o I
2 _ - 3 2
ot _v(x+hl,y) 2v(x,y)+v(x h"y)+ﬂ(cz, )h_l

b

ar 5y)= & o 6

3

o*u u(x,y+h)=2u(x,y)+u(x,y—h Ou h?
2()6,)/): ( 2) (}122 ) ( 2)+$( :d1)?2

o*v v(x,y+h)=2v(x,y)+v(x,y—h o’y h?
£y, )My th) D) vy h) Po
Y h Y

olur. Buna gore,

0> x+h,y)-20(x, x—nh, o’u Oy :
axg;)(x’y)za)( +h J’) 60212 y)+60( h, y)+[_3(cpJ/)+1F(Cz,J7)J%a



0> o(x,y+h)-20(x,y)+o(x,y—h o’ 0 "
@?(x,y): (x.+h) 22 Jro(uy=h) (G (e | (3.1
2

ou
elde edilir. ™ kismi tirevin (x,y+#4,) ve (x,y—h,) noktalarinda ikinci mertebeden
x

merkezi fark uygulanirsa

0 u(x+h,y+h))—u(x—h,y+h) & h?
8—Z(x,y+h2)= (x+h 2)2}11( ! 2)+a—;;(c3,y+hz)€‘,
(3.12)
o u(x+h,y—h)-u(x—h,y—h) & h?
a_;‘(x’y_hz): ( 1 2)2h ( 1 2)+gl3l(c3’y_hz)zl
1

olacak sekilde x-#% ve x+h noktalarm arasinda ¢, ger¢ek sayis1 vardir. Simdi,

2
;}g (x, y) ifadesi i¢in diger degiskene gore yine merkezi fark yaklagimini kullanirsak
X
ou Ou
oy a(x,erhz)—a(x,y—hz) o %
(x,y)= T3 3(x,d3)—
0y0x 2h, 0y Ox 6

(3.1.3)

olacak sekilde y—h, ve y+h, noktalarm arasinda bir d, sayis1 vardir. Sonugta, (3.1.2)

ve (3.1.3) formiilleri kullanilarak

u (xy)= u(x+h,y+h)—u(x=h,y+h)—u(x+h,y—h)+u(x—h,y—h,)
yox ™ 4ih, (3.1.4)
+O(hf+h22)

clde edilir. Benzer sekilde,
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oy (x y): v(x+hl,y+hz)—v(x—lll,y+h2)—v(x+hl,y—hz)+v(x—hl,y—h2)
oyox * 4hh, (3.1.5)
+O(h +h)

almir. (3.1.1), (3.1.4), (3.1.5) formiilleri kullanilarak

w,(x,) =4thza)(x+hl,y) (—2—;12+2L}L22ja)(x,y)+4—;llzw(x—}ﬁ,y)

_ﬁa)(x+}zl,y+h2)+ﬁa}(x—hl,y+h2)+

’h o(x+h,y-h)  (3.1.6)

1 1°72

I 1 1
oy —hy)——— o(x,y+ by )~ — @ (x, y— b )+ OB + 2
S o(x—h,y—h,) o w(x,y+h,) e w(x,y—h)+ (hl + 2)

elde edilir.
Ou v ou  ov, . e .
—> <> Ve —’nin (x, y) noktasinda ikinci mertebeden ileri fark uygulanirsa
ox Ox Oy Oy

¢,¢,,d,,d, gergek sayillart x—h <c,c,<x+3h,y—h,<d,,d,<y+3h, sarti altinda

olmak iizere;

g;_bzt(x’y): _u(x+3h],y)+4u(x+2hl;:z})_Su(x+hl’y)+2u(x’y)+%(pr)?2,
%ZZ(WF —v(x+3hl,y)+4v(x+2hl;:2/)—5v(x+hl,y)+2v(x,y)+Z_;;(Cz’y)?2,
g;_zzt(x’y): —u(x,y+3h2)+4u(x,y+2£}2)—5u(x,y+h2)+2u(x,y)+%(x,dl)%,
gyi\;(x’y): _v(x’y+3h2)+4v(x’y+2}?)_5v(x’y+h2)+2v(x’y)+273‘3}(x,d2)h—622

oldugundan
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62_a)(x y)- —o(x+3h,y)+40(x+2h,y)-50(x+h,y)+20(x,y)

axZ h12
du 0% h’
+($(Cl,y)+l§(cz,y)jz‘,
aza)( ) —o(x,y+3h)+40(x,y+2h)-50(x, y+h,)+20(x,y)
X, )=
o g (3.1.7)
o' oy B2 -
+{$(x,d1)+l§(x,d2)j?2
seklindedir. (3.1.4), (3.1.5) ve (3.1.7) kullanilarak
o, (x,y)=—La)(x+3hl,y)+La)(x+2hl,y)—ia)(x+hl,y)
2z 4h]2 h]z 4h12
1 1 i i
—_— V) — h,y+h —h,y+h
+[2}qu 2h22]w(x ) S o(x+h,y+ 2)+8}11h2 o(x—h,y+h,) o)
. . )
+ m a)(x+hl,y—hQ)—8hjh2 a)(x—hl,y—hz)+4—hzza)(x,y+3h2)
1 5
_Ea)(x,y+2h2)+4—hzza)(x,y+h2)-l—O(hlz+hzz)
formiilii elde edilir.
ou 0
_u,_v ve a—u,a— 'nin  (x,y) noktasinda ikinci mertebeden geri fark
Ox Ox oy 0Oy

uygulanirsa; ¢,c,,d,,d, gercek sayilarn x-3h <c¢,c, <x+h,y-3h,<d,,d,<y+h,

sart1 altinda olmak {izere;

44



o%u —u(x—3hl,y)+4u(x—2h1,y)—Su(x—hl,y)+2u(x,y)+83u h?

o (oY) " @)
0%y —v(x—=3h,y)+4v(x—2h,y)-5v(x—h,y)+2v(x,y) 0Ov n’
y(x,y): ( ) ( hlz) ( ) ( )+$(Cz’y)z],
o? —u(x,y=3h)+4u(x,y—-2h)=5u(x,y—h,)+2u(x, o h?
#(x’y): (x,y—3h,) (x,y hzz) (x.y—="h,) ( y)+a_z‘(x’dl)?z’
2 Y
0? —v(x,y=3h)+4v(x,y—2h)=5v(x,y—h, )+ 2v(x, 0 h?
a_‘z’(x’y): (x,y =3k ) +4v(x,y hzz) (2,9 —hy ) +2v( y)+a_‘3)(x’d2)?2
y h vy
oldugundan
0w —o(x—=3h,y)+40(x-2h,y)-50(x—h,y)+20(x,y)
axZ (x’y): h12
o’u Oy h’
(Gt it
(3.1.9)
0w —o(x,y=3h)+40(x,y—2h,)-50(x,y—h)+20(x,y)
a 2 (x’y): h2
Y 2
o’u 0% h
+(§()€,d1)+la—y3(x,d2)j?2

seklindedir. @_ ’in (x,y) noktasindaki degeri i¢in (3.1.4) , (3.1.5) ve (3.1.9)

kullanilirsa

1 1 5
w,(x,y)= —4—h12a)(x—3hl,y)+h—2a)(x—2hl,y)—wa)(x—hl,y)

1

1 1 . .
4{ _2_}122}0()(’)})_8}117w(x+hl’y+h2)+8hl;hw(x_h“y+h2)

21 d (3.1.10)
i i 1
+ S a)(x+hl,y—hz)—8hlh2 a)(x—hl,y—hz)+4—h22a)(x,y—3h2)

1 5
—?a)(x,y—2h2)+4—h;a)(x,y—h2)+0(hf +1;)

2
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formiili elde edilir.

ou Ov o L ou
—,— kismi tiirevlerini (x, y) noktasinda ikinci mertebeden ileri fark ve —,

ox ox

a—v kismi tlirevlerinin (x, y) noktasinda ikinci mertebeden merkezi fark uygulanirsa
y

¢,¢y,d,,d, gercek sayllart x—h <c,c, <x+3h,y—3h,<d,,d,<y+h, sarti altinda

olmak tizere

0u —u(x+3h,y)+4u(x+2h,y)=5u(x+h,p)+2u(x, y) h}
ax2(x’y)= hZ 63(1’ )6’
1
o%v v(x+3h,y)+4v(x+2h,y)-5v(x+h,y)+2v(x,y) &v h’
gy I s D)ot} ), B
0u —u(x,y=3h)+du(x,y—2h)=5u(x,y—h)+2u(x,y) ou h:
R TS AR NS TREAR TEE WY
2
0*v —v(x,y-3h)+4v(x,y—2h )-5v(x,y—h,)+2v(x,y h;
5 gy I =2 Sy b)), B, B
2
olur. O halde
0w —o(x+3h,y)+40(x+2h,y)-50(x+h,y)+20(x,y)
ax2 (x’y): hZ
|
ou 0% h’
+ b b _1’
(25125 [
o’w —o(x,y-3h)+40(x,y—2h,)-50(x,y -, )+20(x,y)
W(x,y)z %
. . p (3.1.11)
+( (xd) (xd)j
o’ Y’ 6

seklinde yazilabilir. (3.1.4), (3.1.5), (3.1.11) kullanilirsa
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1 1 5
.. ()c,y)=—4h2 a)(x+3h1,y)+h—za)(x+2hl,y)— ~o(x+h,y)

1 1 1

1 1 i ;

1 1 B , "
+£2hf 2h;j“’("’y) g @byt ) gm0 h.y+h)

. . 1
+8hllh2CO(X+hpy—h2)_8hjh2a)(X—}Hay—hz)+4_hzza)(X,y—3h2) (3.1.12)

1 5
_?a)(x,y—th)+4—hza)(x,y—h2)+0(hl2 +h22)

2 2

formili elde edilir.

Ou Ov

—,— 'nin (x, y) noktasinda ikinci mertebeden geri fark ve 6_u’@ ‘nin ikinci

Ox Ox y oy
mertebeden ileri fark uygulanirsa ¢,c,,d,,d, gergek say1lari

x—=3h <c,c, <x+h,y—h,<d,,d, <y+3h, sart1altinda olmak iizere;

Z:: (3,) = —u (x—3h1,y)+4u(x—2h1;:2/)—5u(x—hl,y)+2u(x,y)+%(Cl,y)%’
%(x’y): —v(x=3h,y)+ 4v(x—2h1;:2/)—5v(x—hl,y)+ 2v(x, ) +%(02»J’)h6—12,

Z;Lzl () = —u(X,y+3h2)+4M(x,y+2h/’}2)—5u(x,y+h2)+2u(x,y)+Z;_L3l(x’d1)h6_22’
2;\2; (.3) = —v(x,y+3h2)+4v(x,y+2222)—5v(x,y+h2)+2v(x,y)+gy;\;(x,d2)%

oldugundan
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0w —o(x—=3h,y)+40(x-2h,y)-50(x—h,y)+20(x,y)
axZ (x’y): h2
1
o’u O h’
+(¥(cl,y)+z§(cz,y)]?1,
(3.1.13)
o’w _—0(x,y+3h))+40(x,y +2h, )= 50(x,y+ b, )+ 20(x, )
ayz (x’y)_ h2
2
o’u 0% h
+($(x,dl)+l§(x,d2)j?2
elde edilir. (3.1.4), (3.1.5) ve (3.1.13) kullanilarak
%) (x,y)=—La)(x—3h1,y)+La)(x—2h1,y)—ia)(x—hl,y)
zz 4}112 h12 4}112
1 1 I I
+[W_2_h§Ja)(x’y)_8hlhz a)(x+hl,y+hz)+8hlh2 o(x=h,y+h,)
] 1
hyy—h)———a(x—h,y—h)+—
+8h1h2 o(x+h,y—h,) S o(x—h,y h2)+4h22 w(x,y+3h,) (5.114)
1 5
—Ea)(x,y+2hz)+4h22 a)(x,y+h2)+0(h12+h22)

formiili elde edilir.
o J’w

= sarti altinda ve
ox0y  Oyox

Teorem 3.1.1. Q kiimesinde ®=u+iv fonksiyonu

o'u ou oty o%v

T T>—~- fonksiyonlar1 smrl ve siirekli olsun. 7, ve h, kiiglk
X’ Oy 0x X’ 0y Ox
O0yox” 0Oy Ox” 0OyOx” 0Oy’0.

pozitif gercek sayilar ve x+h +iyeQ, x+2h+iyeQ, x+3h+iyeQ, x+iyeQ,
x+i(yEh)eQ, x+i(y+2h)eQ, x+i(y+3h)eQ, x+iyeQ olmak iizere; w_

icin ikinci mertebeden yaklasik (3.1.6), (3.1.8), (3.1.10), (3.1.12), (3.1.14) formiilleri
gecerlidir.
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3.2. w,; Tiirevler icin Baza Sonlu Farklar

Teorem 3.2.1. Q kiimesinde

u v *u v

oo oy

3’§

fonksiyonlari sinirl ve siirekli olsun. 4,

ve h, kiigiik pozitif gergek sayilar ve x+h +iyeQ, x£2h +iyeQ, x+3h+iyeQ,

x+i(yth)eQ, x+i(y+2h)eQ, x+i(y£3h,)eQ, x+iyeQ olmak iizere;

o (x,y)=

1

2
2

1 1
+—co(x,y+h2)+ma)

1

2

1 1
(O (x,y) = —Wa)(x+3hl,y)+h—zw(x+
1

L[
2h2

1
0z (xy)=-p70
1

L
2h}

1

2hj ()=

1
(x 3hl,y) h (x

1

2h; 4h;

1
a)(x+h1,y)+(— TS ]a)(x,y)+

(x,y—h2)+0(h12 +h22),

2h1,y)——260

1

(x y+3h, )

—45—2a)(x,y+h2)+0(h12 +h)),

2h,y)-

2o (x—hyy)+ O + 1),

4h;

o (x,y)= —iw(wﬁhl y)+—

L[
2h?

3
4h2

i o(xy)
22 | Ty

1

(x+2h1,y)

(x,y=hy)+ O + ),

49

1

(x,y—3h2)+

w(x,y—3h2)+

~o(x—h,y)

1

4h

(x+hl,y)

E a)(x,y+2h2)

1

5
YE a)(x—hl,y)

w(x,y—2h,)

2

(x+h1,y)

a)(x,y—2h2)

(3.2.1)

(3.2.2)

(3.2.3)

(3.2.4)



o (x,y)= —%hlza)(x—%l,y)+hl—2a)(x—2}11,y)—4ihlza)(x—hl,y)

+(W+ﬁjw(x,y)— pTE a)(x,y+3h2)+?a)(x,y+2h2) (3.2.5)

2 2

—%a)(x,y+h2)+0(hf+hf)

2

olur.

. ou ov | | o . ou ov, . ... .

Ispat: —,— ’nin (x, y) noktasinda ikinci mertebeden geri fark ve —,— ’nin ikinci
Ox Ox oy 0Oy

mertebeden ileri fark uygulanirsa ¢y, d, d, gergek sayilart

x—h <c,c,<x+h,y—h,<d,d, <y+h, sart1altinda olmak lizere;

ou u(x+h ,y)—2u(x,y)+u(x—hl,y) Ou h’
)T Fae @)
0%y B v(x+h,y)=2v(x,y)+v(x—h,y) & 2
o )= " e )
o’u u(x,y+h)=2u(x,y)+u(x,y—h,) ou h;
y(x,y): ( 2) (hz ) ( 2)+§('x’dl)?’
2
o*v v(xy+h)-2v(x,y)+v(x,y—h) O n
6y2 (x,y) - hzz + 6y3 (x’dZ) 6
olur. O halde
o w o(x+h,y)-20(x,y)+o(x-h,y) (&u NolY h
ax—z(x,y)= hf + %(Cl,y)_{—lg(céay) ?
o*w o(x,y+h)-20(x,y)+o(x,y—nh o'u Oy "
y()&y)z ( 2) 5122 ) ( 2)+ $(x’dl)+l§(x,d2) EZ (326)
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elde edilir. (3.2.6) kullanilirsa;

wzz(x’y):%{a)(x+hpy)—2a)zzc,ﬂ+a)( —hs y) (a 3(cl,y) 8\;(C2’y)y%
co(x,y+hz)—2a)(x,y)+w(x,y—hZ)J{a3 (vd)+ azv(xc[ )jé
h? e
:4—21260(x+h1,y)+( i_ij ofx, y)+Ea)(x )
+4Lh22a)(x,y+ha)+ﬁa)(x,y—h2)

+i[@l(q,y) f?(cz»y)]w(ay (vd)+ 2;5(""’2)}4

olur.
Teoremin sartina gt')re,
ou ov O’u o’y
y(cl,y) SMI’ g(cz,y) SMZ’ g(x,dl) SM3, y(x,dz) SM4

olacag aciktir.

ou 0’ (e 0
Ka S (cl,y) ax‘;(cz,y)Jhl2 il(@}—?(x,dl)ﬂgz(x,dzﬂhf}

<M I+ MR+ MR? + M2 < M (R + 1)

elde edilir.

|

(3.2.7)

(3.2.8)

(3.2.9)

(3.2.7) formiilii ve (3.2.9) esitsizligi kullanilarak @_’in (x,y) noktasindaki

degeri igin (3.2.1) formiiliiniin gegerli olacag: goriiliir.

ou 8v au v

-, — ‘nin (x y) noktasinda ikinci mertebeden ileri fark uygulanirsa
v

ox 8x oy’

¢,¢,,d,,d, gergek sayilart x <c,,c, <x+3h,y<d,,d, <y+3h, sart1 altinda olmak lizere;
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0u —u(x+3h,y)+4u(x+2h,y)-Su(x+h,y)+2u(x,y
£ M) e 2 S ) B(er) D
1
0%y _—v(x+3hl,y)+4v(x+2hl,y)—5v(x+hl,y)+2v(x,y) oy h
o )= " e e
o’u —u(x,y+3h ) +du(x,y+2h)-5u(x,y+h)+2u(x,y) 0u h?
i o e e ey ) Sy b)) S, g
2
o —v(x,y+3h))+4v(x,y+2h)-5v(x,y+h,)+2v(x,y) &v h;
N TREE A MRS AL TTINTE YR AL
2
elde edilebileceginden
0w —o(x+3h,y)+40(x+2h,y)-50(x+h,y)+20(x,y)
ax2 (x’y): h2
1
o’ 0’ h’
| Sotan T
aza)(x )_—a)(x,y+3h2)+4a)(x,y+2h2)—5a)(x,y+h2)+2a)(x,y)
o T h; (3.2.10)

hZ

{Zy”(xd) 3(xd ))6

olur. (3.2.10) kullanilirsa;

a)ﬁ(x,y) (x+hl y)

)0 20) o
+[2_;f+2¢}fjw<x,y>—4—;;w<x,y+sm+%w<x,y+zm—4—22w<x,y+@> (3219

1 ({0 O Su v ,
+ﬁ(($(cpy) 8x3 (Czay)Jhl +(§(x,dl)+i$(x,d2)]hzj

olur.

(3.2.9) esitsizligi ve (3.2.11) formiilii uygulamirsa @_’in (x,y) noktasindaki
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degerleri igin (3.2.2) formiilii elde edilir.

ou Ov ou ov, . o .
—,/— ve —,—’nin (x, y) noktasinda ikinci mertebeden geri fark uygulanirsa
Ox Ox oy 0Oy

¢,¢,,d,,d, gergek sayilart x—-3h <c¢,c, <x,y—-3h,<d,,d, <y sart1altinda olmak lizere;

o’u —u(x—=3h,y)+4u(x—2h,y)-5u(x—h,y)+2u(x,y) ou h?
) e D) S ) 2u) P
1
0y —v(x=3h,y)+4v(x=2h,y)-5v(x—h,y)+2v(x,y) & h’
) 2 o) oo s) By, I
o’u ~—u(x,y=3h)+4u(x,y=2h)—5u(x,y—h,)+2u(x,y) &u p h
y()ﬁy)_ h22 +$(X, I)Z’
0% —v(x,y=3h)+4v(x,y-2h)-5v(x,y—h,)+2v(x,y) &v h?
¢ o BBy =)o) B 1
2
elde edilir. O halde
62a)(x )=—a)(x—3h1,y)+4a)(x—2h1,y)—5a)(x—hl,y)+2a)(x,y)
ox’ Y h}
N 0’ h’
+(67L;(cl,y)+i67‘;(cz,y)j?l,
az_a)(xy)_—a)(x,y—3h2)+4a)(x,y—2h2)—5a)(x,y—h2)+2a)(x,y)
2 b} - 2
o 3 3 h22 (3.2.12)
0 .0 h
+[ay—z(x,dl)+z@}—‘;(x,d2)j?2

seklindedir. (3.2.12) kullamilirsa;
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a)zz(x,y)——ia)(x 30, y)+}: o(x—2h, y)—aa)( )

1 1
Jr(zh1 2},2] o(x,y)- W o(x,y— 3}72)+}5a)(xy 2}5)—%50( ~h,y) (3.2.13)

+1(gj?(q’y) Z;(cz,y)jhf (f; (d))+ 2;3(x’d2)jh§J

olur.
(3.2.9) esitsizligi ve (3.2.13) formiilii uygulanirsa @_’in (x,y) noktasindaki

degerleri i¢in (3.2.3) formiilii elde edilir.

8u 8\/ Ou 0Ov
‘nin (x y) noktasinda ikinci mertebeden ileri fark ve. —,— "nin ikinci

o ox dy " oy
mertebeden geri fark wuygulanirsa ¢,c,,d,,d, ger¢ek sayillan x<c,c, <x+3h,

y—=3h,<d,,d, <y sartialtinda olmak iizere;

ou _—u(x+3hl,y)+4u(x+2hl,y)—5u(x+h1,y)+2u(x,y) o'u n
x> (x,y)— hlz +(3x3 (Cl’y) 6 >
0%y —v(x+3h,y)+4v(x+2h,y)-5v(x+h,y)+2v(x,y
) DBl ) SR ) B
0u —u(x,y—=3hy)+4u(x,y—2h,)—5u(x,y—hy))+2u(x,y) u h?
i) Ay =) Sy 2) B g
2
0% —v(x,y=3h)+4dv(x,y=2h)-5v(x,y—h,)+2v(x,y) &’ h?
£, - I ey D) S ) B
> y
oldugundan
0w —o(x+3h,y)+40(x+2h,y)-50(x+h,y)+20(x,y)
a_z(x’ )= =
o’u Ry h’
+($(cl,y)+z§(cz,y)jzl,
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62a)(x ): —a)(x,y—3h2)+4a)(x,y—2h2)—5w(x’y_h2)+2w(x,y)

& . N hhz (3.2.14)
v

+(8y (xd) 83()661)]6

olur. (3.2.14) kullanilirsa;

a)f(x,y)——La)(x+3hl y)+ L (x+2h,y)- S o(x+h,y)

- 4h 7 an
h. U L L olx I 3.2.15
[%+%}< >4,L2 (ysmhz ofer-2h)- Sofeyn) (3219

elde edilir.

(3.2.9) esitsizligi ve (3.2.15) formiilii uygulanirsa @_’in (x,y) noktasindaki
degerleri i¢cin (3.2.4) formiilii elde edilir.

ou Ov

—,— 'nin (x, y) noktasinda ikinci mertebeden geri fark ve 6_u’@ ‘nin ikinci
o ox oy 0y

mertebeden ileri fark uygulanirsa ¢ ,c,,d,,d, gercek sayilan x-3h <c,c, <x,

y<d,,d, < y+3h, sart1 altinda olmak iizere;

azu(x y):—u(x 3h,y)+4u(x—2h,y)=5u(x—h,y)+2u(x, y) o*u

ax2 h2 (l’y)
0%v —v(x=3h,y)+4v(x=2h,y)-5v(x—h,y)+2v(x,y av hl
e TP ) S B} () B 0

6214( )= —u(x,y+3hy)+4u(x,y+2h,)=5u(x,y+hy )+ 2u(x, y) 8u
xX,y)=

d hy
ayZ h2 ( )
0%y —v(x,y+3h,)+4v(x,y+2h,)=5v(x,y+h, )+ 2v(x,y 8v
az(x’y): ( ) ( h2) ( ) ( ) ( d)

elde edilir. Buna gore
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azw(x »)- —o(x=3h,y)+40(x-2h,y)-50(x—h,y)+20(x,y)
ot h

0’ 0 h
+(8_3;l(cl’y)+l§_x‘;(cz’y)J_l’

6
(3.2.16)
0w —o(x,y+3h)+40(x,y+2h,)-50(x,y+h,)+20(x, y)
F(x,y)z e
Y 2
3 3 2
+(%(x,dl)+i%(x,d2)]%
Y
seklindedir. (3.2.16) kullanilarak;
o (x,y)=- - (x—=3h y)+La)(x—2h y)- 2 o(x—hy,y)
zz > 4h12 1 hlZ 1° 4h12 1
+ : + ! w(x,y)- ! w(x,y+3h )+L(u(x y+2h,)
2h  2h} ’ 4h? ’ R : (3.2.17)
5
—Wa)(x,y-i-hz)
2

1 o’u 0%y 0’ Wk
+ﬂ[[ax3 (Cl,y)+z§(cg,J’)jhl2 +[ay—b3l(x,d1)+zay—‘;(x,d2)jh§]

elde edilir.
(3.2.9) esitsizligi ve (3.2.17) formiilii uygulamirsa @_’in (x,y) noktasindaki

degerleri i¢in (3.2.5) formiilii elde edilir.

3.3. w4 Tiirevler icin Baza Sonlu Farklar

2 2 64 u aGu
sart1 altinda ve ——,———

oxdy  Ovox ovox’ tax’’

Q kiimesinde w=u+iv fonksiyonu

oty o%v

——,—5- fonksiyonlar1 sinirh ve siirekli, 4, ve h, kigiik pozitif ger¢ek sayilar,
o0yox™ 0y Ox

Xth+iyeQ, x£2h +iyeQ , x£3h+iyeQ, x+i(yih2)eQ, x+i(yi2h2)eQ,

x+i(y*3h,)eQ, x+iyeQ oldugunu varsayalim.
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Ilk 6nce (3.1.1), (3.1.4), (3.1.5) formiilleri yardimiyla

1

1 1 1 1
o (x,y):Wa)(x+hl,y)+(—ﬁ+2—hzja)(x,y)+ma)(x—hl,y)
2

- N w(x+hl,y+h2)_8hllh2 a)(x—hl,y+h2)—8hllh2 o(x+h,y-h) (3.3.])
! 1
T T

ikinci mertebeden yaklasik formiilii elde edilir.

Ikinci olarak, (3.1.4), (3.1.5) ve (3.1.7) formiillerini kullandigimizda ikinci

mertebeden yaklasik formiil

o (x,y) :—4—;1260(x+3hl,y)+%a)(x+2hl,y)—4ihlza)(x+hl,y)

1

1 1 i i
A ! h _
-{th 2h22ja)(x,y)+8hl}5 o(x+h,y+h) S

i

o(x—h,y+h,)

1
h,y—nh —h,y—h —_ , 3h
8h1h2a)(x+ LY 2)+8 hza)(x LY 2)+4h22w(xy+ ) .
—%a)(x,y+2h2)+%w(x,y+h2)+O(hf+h22)

2 2

seklinde olur.

Uciincii olarak, (3.1.4), (3.1.5) ve (3.1.9) kullanilirsa
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1
(x y) 2a)(x 3h1,y)+ﬁa)(x 2hl,y) 2a)(x hl,y)
1 1 1
1
— - |o(x,y)+ o(x+h,y+h)- o(x—h,y+h
1
_Shjhz o(x+h,y h2)+8hjh2 a)(x—hl,y—hz)+@a)(x,y—3hz)
1 5
——zw(x,y—2h2)+4—hza)(x,y—h2)+0(hf+h22)
2 2

ifadesi elde edilir.

Dérdiincii olarak, (3.1.4), (3.1.5), (3.1.11) kullanilirsa

o (x,y)=- e w(x+3h"y)+h o(x+2h,y)- TE a)(x+h1,y)

1 1 1

1 1
+(2h2_2h] & y)+8h1h2w(x+h"y+h) sa T h) (334

1772

h h, h h, 3h
8hlh2w(x+ Y= )+8h1h2w(x LY = )+4h2 (x,y—3h,)

—h—a)(x y—2h )+4h (x,y—=h,)+O0(hl +h))

2 2

bulunur.

Son olarak, (3.1.4), (3.1.5) ve (3.1.13) kullanilirsa

a)zz(x,y)——iw(x 3 y)+ ;Z o(x— 20, y) 422a)(x—hl,y)

1

1 1 i [
J{th 2h2]w(x’y)+8hlh2 a)(erhl,erhz)—SWZ2 o(x=h,y+h,)

| (3.3.9)
Shh (x+hly hz) 8hlh (x—hl,y—hz)+4—hzza)(x,y+3h2)
—a)(x,y+2h2)+4ihza)(x,y+h2)+0(hf+h22)

yaklagim formiiliine ulagilir. Buna gore, asagidaki teoremi yazabiliriz.
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2 2
Teorem 3.3.1. Q kiimesinde w=u+iv fonksiyonu 0w 0w sart1 altinda ve
Ox0y  OyOx

o'u  u v %
dyox® " oy'ex’ " oyox®” dy ox’

fonksiyonlar1 sinirli ve siirekli olsun. 4, ve &, kiiglik pozitif

gergek sayilar ve xth +iyeQ, xt2h +iyeQ, xt3h+iyeQ, x+i(yth)eQ,
x+i(y+2h,)eQ, x+i(y+3h,)eQ, x+iyeQ olsun. Buna gore w_ icin ikinci

mertebeden yaklasik (3.3.1), (3.3.2), (3.3.3), (3.3.4), (3.3.5) formiilleri gegerlidir.
3.4. Sayisal Analiz

Bu boliimde ikinci ve iigiincii boliimlerde bahsedilen karmasik degerli fonksiyonlarin
sonlu farklar ve onlara karsilik gelen tiirevlerin hata analizi yapilmistir. Test 6rneklerde

tiirevlerin gercek ve sayisal degerleri
Q={z=x+iyeC |—1Sx£1,—1£y£1}

karede MATLAB programini kullanarak hesaplanmistir.

2 2
h, = h, Y, olmak iizere

Q, ={zh =z, =X+, |x, =kh,y, =mh,k=0,.. ,N;m =O,...,M}
grid noktalar kiimesini ele alalim. Q, grid noktalar kiimesinde karmasik degerli o' (z” ) ,

o (zh) , @ (zh) mesh fonksiyonlar1 tanimlayalim. Yaklasim degerlerini c?)h(zh) ,

o (zh), @’ (zh) ile gsterecegiz.
Yaklasim hatasi i¢in;

= max
Q, kel ,meJ

= max

h ~h
a); — 0
Q, kel ,meJ

h ~h
a)z - a)z

normlarmi  kullanacagiz. Burada S ={0,1,...,N},Q ={0,1,...,M} olmak {izere
(2.1.5)—(2.1.6) icin I =S—{N},J = Q —{M}: (2.1.9)=(2.1.10) icin I =S — {0},
J=0Q —{0}; (2.1.13)—(2.1.14) i¢in I =S —{N},] = Q — {0}; (2.1.17)—(2.1.18) igin
I=5-{0}, J=0Q—{M}.

Sayisal ornek i¢in @(z)=z’Z +cosz+sinZz alindi. O halde

ve ‘ a)E (Zk,m)_a)? (Zk,m)

a)z (Zk,m ) - a)z (Zk,m )
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w.(z)=2zz —sinz,0.(z)=z"+cosZ

olur.

(2.1.5)-(2.1.6) ,

formiillerle birinci mertebeden tiirevlerin birinci dogruluk

hesaplamalar N=M farkli 10,20,40,80,160,320 degerleri i¢in Tablo 3.4.1-3.4.4°de

(2.1.9)—(2.1.10) ,

(2.1.13)—(2.1.14) ,

(2.1.17)=(2.1.18)

sonlu farklarma gore

gosterilmistir.

Tablo 3.4.1. (2.1.5)—(2.1.6) formiillerle birinci mertebeden tiirevlerin  birinci
mertebeden dogruluk sonlu farklarina gore hesaplamalar

Yaklasim | N=M=10 |N=M=20 |[N=M=40 |N=M=80 |N=M=160 | N=M=320

(2.1.5) ol 0.5612 0.2892 0.1468 0.0739 0.0371 0.0186

(2.1.6) w? | 0.5432 0.2849 0.1457 0.0737 0.0370 0.0186

Tablo 3.4.2. (2.1.9)—(2.1.10) formiillerle birinci mertebeden tiirevlerin birinci
mertebeden dogruluk sonlu farklarina gére hesaplamalar

Yaklasim N=M=10 | N=M=20 | N=M=40 |[N=M=80 | N=M=160 | N=M=320

(2.1.9) w? 0.5134 0.2771 0.1437 0.0732 0.0369 0.0185

(2.1.10) w2 | 05324 0.2816 0.1448 0.0734 0.0370 0.0186

Tablo 3.4.3. (2.1.13)—(2.1.14) formiillerle birinci mertebeden tiirevlerin birinci
mertebeden dogruluk sonlu farklarina gére hesaplamalar

Yaklasim N=M=10 | N=M=20 |N=M=40 |[N=M=80 |[N=M=160 | N=M=320

(2.1.13) w2 | 0.5005 0.2741 0.1430 0.0730 0.0369 0.0185

(2.1.14) w? | 0.5432 0.2849 0.1457 0.0737 0.0370 0.0186

Tablo 3.4.4. (2.1.17)—(2.1.18) formiillerle birinci mertebeden tiirevlerin birinci

mertebeden dogruluk sonlu farklarina gore hesaplamalar

Yaklasim N=M=10 | N=M=20 | N=M=40 |N=M=80 | N=M=160 | N=M=320

(2.1.17) w? | 05134 0.2771 0.1437 0.0732 0.0369 0.0185

(2.1.18) w?* | 0.5324 0.2816 0.1448 0.0734 0.0370 0.0186
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(22.5)-(2.2.6) igin 1=S—{0}, J=Q—{0}; (22.9)—(2.2.10) icin I =S—{N},
J=Q—-{M-1,M} ; (22.13)-(22.14) igcin I=S—{N}LJ=0Q—-{0}
(22.17)=(2.2.18) i¢in I =S — {0}, ] = Q — {M}; (2.2.21)—(2.2.22) i¢in I = S — {0,1},
J=0Q—-{01}; (2225-(22.26) igin I =S —{0}, ] = Q —{0,1}; (2.2.29)—(2.2.30)
igin I =S —{0,1,N},] = Q — {0};(2.2.33)—(2.2.34) i¢in [ = S —{N}, ] = Q — {0,1, M};
(22.37)—(2.2.38) i¢in I =S —{0,1,N}, ] = Q — {M}.

(2.2.5)=(2.2.6),(229)—(22.10), (2.2.13)-(2.2.14), (2.2.17)—(2.2.18) , (2.2.21) = (2.2.22) ,
(2.2.25)—(2.2.26) , (2.2.29)—(2.2.30) , (2.233)-(2.2.34) , (2.2.37)—(2.2.38) formiillerle

birinci mertebeden tiirevlerin ikinci mertebeden dogruluk sonlu farklarina gore
hesaplamalar N=M farkli 10,20,40,80,160,320 degerleri i¢in Tablo 3.4.5-3.4.13’de

gosterilmistir.

Tablo 3.4.5. (2.2.5)—(2.2.6) formiillerle birinci mertebeden tiirevlerin ikinci mertebeden
dogruluk sonlu farklarina gére hesaplamalar

Yaklasgim | N=M=10 | N=M=20 |N=M=40 |N=M=80 | N=M=160 | N=M=320

(2.2.5) wl 0.0354 0.0090 0.0023 0.5665 0.1419 0.3551
x 1073 x 1073 x 107*

(2.2.6) wh 0.0076 0.0022 0.0006 0.1465 0.0371 0.0935
x 1073 x 1073 x 107*

Tablo 3.4.6. (229)—(22.10) formiillerle birinci mertebeden tiirevlerin ikinci mertebeden
dogruluk sonlu farklarina goére hesaplamalar

Yaklasim N=M=10 | N=M=20 |N=M=40 |N=M=80 | N=M=160 | N=M=320

(2.2.9) a)g 0.0727 0.0182 0.0045 0.0011 0.2843 0.7108
x 1073 x 1074

(2.2.10) a);-l 0.0195 0.0049 0.0012 0.0003 0.0754 0.1883
x 1073 x 1074
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Tablo 3.4.7. (22.13)—(2.2.14) formiillerle birinci mertebeden tiirevlerin ikinci mertebeden
dogruluk sonlu farklarina gére hesaplamalar
Yaklasim N=M=10 | N=M=20 | N=M=40 |[N=M=80 | N=M=160 | N=M=320
(2.2.13) 0 | 0.0261 0.0071 0.0018 0.4661 0.1176 0.2952
x 1073 x 1073 x 1074
(2.2.14) w? | 0.0550 0.0140 0.0035 0.8917 0.2236 0.5597
x 1073 x 1073 x 1074
Tablo 3.4.8. (2.2.17)—(2.2.18) formiillerle birinci mertebeden tiirevlerin ikinci mertebeden
dogruluk sonlu farklarina gore hesaplamalar
Yaklasim N=M=10 | N=M=20 | N=M=40 | N=M=80 N=M=160 | N=M=320
(2.2.17) w? | 0.0280 0.0073 0.0019 0.4694 0.1180 0.2957
x 1073 x 1073 x 107*
(2.2.18) w? | 0.0554 0.0141 0.0036 0.8929 0.2237 0.5599
x 1073 x 1073 x 107*
Tablo 3.4.9. (2.2.21)—(2.2.22) formiillerle birinci mertebeden tiirevlerin ikinci
mertebeden dogruluk sonlu farklarina gére hesaplamalar
Yaklasim N=M=10 | N=M=20 | N=M=40 | N=M=80 | N=M=160 | N=M=320
(2.2.21) o | 0.0692 0.0177 0.0045 0.0011 0.2835 0.7098
x 1073 x 1074
(2.2.22) w? | 0.0142 0.0042 0.0011 0.0003 0.0739 0.1865
x 1073 x 1074
Tablo 3.4.10. (2.2.25)—(2.2.26) formiillerle birinci mertebeden tiirevlerin  ikinci
mertebeden dogruluk sonlu farklarina gére hesaplamalar
Yaklasim N=M=10 | N=M=20 | N=M=40 | N=M=80 | N=M=160 | N=M=320
(2.2.25) ol | 0.0268 0.0071 0.0018 0.4663 0.1176 0.2952
x 1073 x 1073 x 107*
(2.2.26) w? | 0.0554 0.0141 0.0036 0.8929 0.2237 0.5599
x 1073 x 1073 x 1074
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Tablo 3.4.11. (2.229)—(2.2.30) formiillerle birinci mertebeden tiirevlerin  ikinci
mertebeden dogruluk sonlu farklarina gére hesaplamalar

Yaklasim N=M=10 | N=M=20 | N=M=40 |N=M=80 | N=M=160 | N=M=320

(2.2.29) a)g 0.0272 0.0072 0.0018 0.4675 0.1177 0.2954
x 1073 x 1073 x 107%

(2.2.30) w? | 0.0560 0.0142 0.0036 0.8942 0.2239 0.5601
x 1073 x 1073 x 1074

Tablo 3.4.12. (2.2.33)—(2.2.34) formiillerle birinci mertebeden tirevlerin ikinci
mertebeden dogruluk sonlu farklarina gére hesaplamalar

Yaklasim N=M=10 | N=M=20 | N=M=40 | N=M=80 | N=M=160 | N=M=320

(2.2.33) wl | 0.0727 0.0182 0.0045 0.0011 0.2843 0.7108
x 1073 x 107*

(2.2.34) 0 | 0.0195 0.0049 0.0012 0.0003 0.0754 0.1883
x 1073 x 107*

Tablo 3.4.13. (2.2.37)—(2.2.38) formiillerle birinci mertebeden tiirevlerin ikinci
mertebeden dogruluk sonlu farklarina gére hesaplamalar

Yaklasim N=M=10 | N=M=20 | N=M=40 | N=M=80 | N=M=160 | N=M=320

(2.2.37) wh | 0.0714 0.0180 0.0045 0.0011 0.2840 0.7105
x 1073 x 107*

(2.2.38) w? | 0.0175 0.0046 0.0012 0.0003 0.0747 0.1875
x 1073 x 10~*

(23.5)-(23.6) igin I=S—{N—1,N},J=Q—{M—1,M}; (23.9)—(2.3.10) igin

I=5—-{012}, ] =Q—{01,2}; (23.12)—(2.3.13) i¢in I =S — {N — 1, N},

J=0—-1{0,12} (2.3.17)-(2.3.18)i¢in I =S —{0,1,2}, ] = Q — {M — 1, M}.
(23.5)-(2.3.6) , (2.3.9)—(2.3.10) , (2.3.13)=(2.3.14) , (2.3.17)—(2.3.18) formiilii

ile birinci mertebeden tiirevlerin iiclincii mertebeden dogruluk sonlu farklarma gore
hesaplamalar N=M farkli 10,20,40,80,160,320 degerleri i¢in Tablo 3.4.14-3.4.17°de

gosterilmistir.
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Sayisal sonuglardan ikinci mertebeden dogruluk sonlu farklarin birinci mertebeden

dogruluk sonlu farklarindan daha iyi sonuglar verdigi goriilmektedir.

Tablo 3.4.14. (2.3.5)—(2.3.6) formiilii ile birinci mertebeden tiirevlerin Tigiincii
mertebeden dogruluk sonlu farklarina gore hesaplamalar

Yaklasgim | N=M=10 | N=M=20 |N=M=40 |N=M=80 | N=M=160 | N=M=320

(2.3.5) a)g 0.0032 0.4502 0.5842 0.7438 0.9384 0.1178
x 1073 x 1074 x 1073 x 107° x 107°

(2.3.6) a);-l 0.0035 0.4666 0.5941 0.7499 0.9422 0.1181
x 1073 x 1074 x 107> x 107 x 1076

Tablo 3.4.15. (2.3.9)-(2.3.10) formiilii ile birinci mertebeden tiirevlerin Tigiincii
mertebeden dogruluk sonlu farklarina gore hesaplamalar

Yaklagim N=M=10 | N=M=20 |N=M=40 | N=M=80 |N=M=160 | N=M=320

(2.3.9) a)g 0.0030 0.4256 0.5668 0.7323 0.9310 0.1174
x 1073 x 107% x 1073 x 107° x 107°

(2.3.10) a);-‘ 0.0027 0.4077 0.5564 0.7260 0.9271 0.1171
x 1073 x 107% x 1073 x 1076 x 107°

Tablo 3.4.16. (2.3.13)—(2.3.14) formiilii ile birinci mertebeden tlirevlerin Tigiincii
mertebeden dogruluk sonlu farklarina gére hesaplamalar

Yaklagim N=M=10 | N=M=20 |N=M=40 | N=M=80 | N=M=160 | N=M=320

(2.3.13) a)g 0.0027 0.4081 0.5564 0.7260 0.9271 0.1171
x 1073 x 107% x 1073 x 1076 x 107°

(2.3.14) a);-‘ 0.0030 0.4260 0.5669 0.7323 0.9310 0.1174
x 1073 x 107% x 1073 x 1076 x 107°
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Tablo 3.4.17. (2.3.17)—(2.3.18) formiili ile birinci mertebeden tlirevlerin ii¢linci
mertebeden dogruluk sonlu farklarina gére hesaplamalar

Yaklasim N=M=10 | N=M=20 | N=M=40 |[N=M=80 | N=M=160 | N=M=320

(2.3.17) a)g 0.0036 0.4661 0.5940 0.7499 0.9422 0.1181
x 1073 x 107% x 1073 x 1076 x 107°

(2.3.18) a);—‘ 0.0033 0.4498 0.5841 0.7438 0.9384 0.1178
x 1073 x 107* x 1075 x 107 x 1076

Sayisal sonuglardan ti¢lincii mertebeden dogruluk sonlu farklarm birinci ve ikinci

mertebeden dogruluk sonlu farklarindan daha iyi sonuglar verdigi goriilmektedir.

Simdi  (2.4.5)-(24.6) i¢cin I=S-{0,1,N}, J=0Q —{0,1,M} olmak iizere
(2.4.5)—(2.4.6) formiili ile birinci mertebeden tiirevlerin dordiincii mertebeden dogruluk

sonlu farklarina gore hesaplamalar N=M farkli 10,20,40,80,160,320 degerleri i¢cin Tablo
3.4.18’de gosterilmistir.

Tablo 3.4.18. (2.4.5)—(2.4.6) formiilii ile birinci mertebeden tiirevlerin dordiincii
mertebeden dogruluk sonlu farklarina gore hesaplamalar

Yaklasgim | N=M=10 | N=M=20 | N=M=40 |N=M=80 | N=M=160 | N=M=320

(2.4.5) wl 0.4564 0.3810 0.2691 0.1781 0.1144 0.7253
x 107* x 107> X 1076 x 1077 x 1078 x 10710

(2.4.6) wk 0.6323 0.4458 0.2986 0.1935 0.1232 0.7776
x 107* x 107° x 107° x 1077 x 1078 x 10710

Sayisal sonuglardan dordiincii mertebeden dogruluk sonlu farklarin birinei, ikinci ve
ticlincii mertebeden dogruluk sonlu farklarindan daha iyi sonuglar verdigi goriilmektedir.

Simdi ikinci mertebeden tiirevlerin yaklasik degerlerine gegelim.

||(1)£lz - agz”C(O.h) = kg[l’?n)éj |wzz(Zk,m) - @z(zk,m)la

||‘ng' - agz'llc(ﬂh) = nax, |wzz(zk,m) - @z‘(zk,m)l ve

ks = @l g, = max oz () — @z
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normlarini kullanacagiz. Burada S = {0,1, ..., N},Q = {0,1, ..., M} olmak iizere

Yaklasim hatasi igin
(3.1.6), (3.2.1), (3.3.1) icin I =S—1{0}, J=0Q —{0}; (3.1.8), (3.2.2), (3.3.2) icin
[=S—{0,N—1,N}, J=Q —{0,M —1,M}; (3.1.10), (3.2.3), (3.3.3) icin I =5 —
{0,1,2,N}, ] = Q — {0,1,2,M}; (3.1.12), (3.2.4), (3.3.4) icin [ =S —{O,N —1,N}, J =
Q —{0,1,2}; (3.1.14), (3.2.5), (3.3.5) icin =S —{0,12}, J=Q —{0,1,2, M — 1, M}.

Sayisal érnek igin w(z) = z2Z + cosz + sinZ alindi. Bu halde

Wy, (2) =2Z—cosz,w,;(z) = 2z, wzz(z) = —sinzZ

olur.
(3.1.6)—(3.1.8) —(3.1.10)—(3.1.12) —(3.1.14) formiilii ile ikinci mertebeden

tiirevlerin ikinci mertebeden dogruluk sonlu farklarina gore hesaplamalar N=M farkl

10,20,40,80,160,320 degerleri icin Tablo 3.4.19-3.4.23 de gosterilmistir.

Tablo 3.4.19. (3.1.6) formiilii kullanilarak w,,’in ikinci mertebeden tiirevlerin ikinci
mertebeden dogruluk sonlu farklarina gére hesaplamalar

Yaklagim N=M=10 | N=M=20 |N=M=40 |N=M=80 |N=M=160 | N=M=320

(3.1.6) a)gz 2.0208 1.3891 9.103 5.8264 3.7012 3.8944
x 1073 x 107° x 1078 x 107° x 10710 x 10~11

Tablo 3.4.20. (3.1.8) formiili kullanilarak w,,’in ikinci mertebeden tiirevlerin ikinci
mertebeden dogruluk sonlu farklarina gore hesaplamalar

Yaklagim N=M=10 | N=M=20 |N=M=40 |N=M=80 | N=M=160 | N=M=320

(3.1.8) a)gz 5.4973 8.1312 1.1051 1.4403 1.8383 2.322
x 1073 x 1074 x 1074 x 1073 x 1076 x 1077
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Tablo 3.4.21. (3.1.10) formiilii kullanilarak w,,’in ikinci mertebeden tiirevlerin ikinci
mertebeden dogruluk sonlu farklarina gore hesaplamalar

Yaklagim N=M=10 | N=M=20 | N=M=40 |N=M=80 |[N=M=160 | N=M=320
(3.1.10) o | 4.8116 7.6059 1.0688 1.4164 1.823 2.3125
x 1073 x 1074 x 107% x 1075 x 107 x 1077

Tablo 3.4.22. (3.1.12) formiilii kullanilarak w,,’in ikinci mertebeden tiirevlerin ikinci
mertebeden dogruluk sonlu farklarina gore hesaplamalar

Yaklasim N=M=10 | N=M=20 N=M=40 N=M=80 N=M=160 | N=M=320
(3.1.12) w?z 5.4973 8.1312 1.1051 1.4403 1.8383 2.3219
x 1073 x 1074 x 1074 x 1072 x 107° x 1077

Tablo 3.4.23. (3.1.14) formiilii kullanilarak w,,’in ikinci mertebeden tiirevlerin ikinci
mertebeden dogruluk sonlu farklarina gére hesaplamalar

Yaklasim N=M=10 | N=M=20 | N=M=40 |N=M=80 | N=M=160 | N=M=320
(3.1.14) o | 4.8116 7.6059 1.0688 1.4164 1.823 2.3124
x 1073 x 107* x 107* x 107° x 1076 x 1077

(3.2.1) - (3.2.5) formiilii ile ikinci mertebeden tiirevlerin ikinci dogruluk sonlu

farklarina gore hesaplamalar N=M farkli 10,20,40,80,160,320 degerleri i¢in Tablo
3.4.24-3.4.28’de gosterilmistir.

Tablo 3.4.24. (3.2.1) formiilii kullanilarak w,;’in ikinci mertebeden tiirevlerin ikinci
mertebeden dogruluk sonlu farklarina gore hesaplamalar

Yaklasim N=M=10 | N=M=20 N=M=40 N=M=80 N=M=160 | N=M=320
3.2.1) a)gz- 3.7836 1.0386 2.7231 6.9732 1.7644 44378
x 1073 x 1073 x 1074 x 1073 x 1073 x 107°
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Tablo 3.4.25. (3.2.2) formiilii kullanilarak w,;’in ikinci mertebeden tiirevlerin ikinci
mertebeden dogruluk sonlu farklarina gore hesaplamalar

Yaklasim N=M=10 | N=M=20 N=M=40 N=M=R0 N=M=160 | N=M=320
(3.2.2) a)gz- 3.6372 1.0849 2.9187 7.5712 1.9282 4.8655
x 1072 x 1072 x 1073 x 107% x 1074 x 1075

Tablo 3.4.26. (3.2.3) formiilii kullanilarak w,;’in ikinci mertebeden tiirevlerin ikinci
mertebeden dogruluk sonlu farklarina gore hesaplamalar

Yaklasim N=M=10 | N=M=20 N=M=40 N=M=80 N=M=160 | N=M=320
(3.2.3) a)gz- 3.1141 9.9763 2.7957 7.4085 1.9072 4.839
X 1072 x 1073 x 1073 x 1074 x 1074 x 1075

Tablo 3.4.27. (3.2.4) formiilii kullanilarak w,;’in ikinci mertebeden tiirevlerin ikinci
mertebeden dogruluk sonlu farklarina gére hesaplamalar

Yaklasim N=M=10 | N=M=20 | N=M=40 |[N=M=80 | N=M=160 | N=M=320
(3.2.4) a)gz- 3.6372 1.0849 2.9187 7.5712 1.9282 4.8655
X 1072 x 1072 x 1073 x 107% x 1074 x 1075

Tablo 3.4.28. (3.2.5) formiilii kullanilarak w,;’in ikinci mertebeden tiirevlerin ikinci
mertebeden dogruluk sonlu farklarina gére hesaplamalar

Yaklasim N=M=10 | N=M=20 | N=M=40 |[N=M=80 | N=M=160 | N=M=320
(3.2.5) wh, | 3.2331 9.9763 2.7957 7.4085 1.9072 4.839
x 1072 x 1073 x 1073 x 1074 X 1074 x 107°

(3.3.1)-(3.3.5) formiilii ile ikinci mertebeden tiirevlerin ikinci dogruluk sonlu

farklarina gore hesaplamalar N=M farkli 10,20,40,80,160,320 degerleri i¢in Tablo
3.4.29-3.4.33’de gosterilmistir.
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Tablo 3.4.29. (3.3.1) formiilii kullanilarak wz;’in ikinci mertebeden tiirevlerin ikinci
mertebeden dogruluk sonlu farklarina gore hesaplamalar

Yaklasim N=M=10 | N=M=20 N=M=40 N=M=80 N=M=160 | N=M=320
(3.3.1) w% 2.0214 1.3897 9.1034 5.826 3.6963 3.5176
x 1073 x 1076 x 1078 x 107° x 10710 x 10”11

Tablo 3.4.30. (3.3.2) formiilii kullanilarak w;z;’in ikinci mertebeden tiirevlerin ikinci
mertebeden dogruluk sonlu farklarina gore hesaplamalar

Yaklasim N=M=10 | N=M=20 N=M=40 N=M=80 N=M=160 | N=M=320
(3.3.2) w% 5.5046 8.1349 1.1053 1.4404 1.8384 2.322
x 1073 x 1074 x 1074 x 1072 x 107° x 1077

Tablo 3.4.31. (3.3.3) formiilii kullanilarak w;;’in ikinci mertebeden tiirevlerin ikinci
mertebeden dogruluk sonlu farklarina gére hesaplamalar

Yaklasim N=M=10 | N=M=20 | N=M=40 |[N=M=80 | N=M=160 | N=M=320
(3.3.3) 0k | 4.8053 7.6025 1.0686 1.4163 1.8229 2.3124
x 1073 x 107* x 107* x 107° x 1076 x 1077

Tablo 3.4.32. (3.3.4) formiilii kullanilarak w;;’in ikinci mertebeden tiirevlerin ikinci
mertebeden dogruluk sonlu farklarina gére hesaplamalar

Yaklasim N=M=10 | N=M=20 | N=M=40 |[N=M=80 | N=M=160 | N=M=320
(3.3.4) w | 5.5046 8.1349 1.1053 1.4404 1.8384 2.322
x 1073 x 1074 x 1074 x 107° x 1076 x 1077

Tablo 3.4.33. (3.3.5) formiilii kullanilarak wz;’in ikinci mertebeden tiirevlerin ikinci
mertebeden dogruluk sonlu farklarina gore hesaplamalar

Yaklasim N=M=10 | N=M=20 N=M=40 N=M=R0 N=M=160 | N=M=320
(3.3.5) w% 4.8053 7.6025 1.0686 1.4163 1.8229 2.3122
x 1073 x 1074 x 107% x 1073 x 1076 x 1077
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4. SONUCLAR VE ONERILER

2 2 2 2
1. Q kiimesinde 6—2‘,8—‘2},8—]/2‘,8—‘2} fonksiyonlar sinirlt ve siirekli olsun. 4, ve
ox~ ox° 0Oy~ Oy

h, kiigiik pozitif gercek sayilar ve x+iyeQ, xxth+iyeQ, x+i(y+h,)eQ olmak
lizere @ fonksiyonunun z ve z degiskenlere gore birinci mertebeden tiirevlerin . (x, y)

ve . (x,y) degerleri i¢in birinci mertebeden dogrulugu olan yaklagim formiilleri

kurulmustur.

3 3 3 3
2. Q kiimesinde 6_1,;’6_\3/,8_21,6_\3/ fonksiyonlar sinirli ve siirekli olsun. 4, ve A,
ox’ ox’ oy’ Oy

kiigiik pozitif gercek sayillar ve xxh+iyeQ , xE2h+iyeQ , x+iyeQ ,

x+i(yxh)eQ , x+i(y+2h)eQ olmak iizere @ fonksiyonunun z ve z
degiskenlere gore birinci mertebeden tiirevlerin @, (x,y) ve w.(x,y) degerleri igin
ikinci mertebeden dogrulugu olan yaklagim formiilleri elde edilmistir.

o'u o*v o'u o'v

3. Q kiimesinde —,—,—,— fonksiyonlar smirli ve siirekli olsun. /4, ve
ox" ox" oy' oy

h, kiigik pozitif gergek sayilar vex+h +iy e Q, x+2h +iyeQ, x+3h +iyeQ,
x+i(yxh)eQ, x+i(y+2h)eQ, x+i(y+3h)eQ, x+iyeQ olmak izere ®
fonksiyonunun z ve z degiskenlere gore birinci mertebeden tiirevlerin @, (x,y) ve
. (x, y) degerleri i¢in liglincli mertebeden dogrulugu olan yaklasim formiilleri ifade
edilmistir.

OSu 0°v u v

4. Q kimesinde —,—,—<,—<
ox’ ox’ oy’ oy

fonksiyonlar smirli ve siirekli olsun. 4, ve

h, kicik pozitif gergek sayilar ve xth +iyeQ, xt2h +iyeQ, x+i(yih2) eQ,
x+i(y+2h,)eQ, x+iyeQ olmak iizere @ fonksiyonunun z ve z degiskenlere gore

birinci mertebeden tirevlerin w, (x,y) ve . (x,y) degerleri i¢in dordiincii mertebeden

dogrulugu olan yaklasim formiilii elde edilmistir.



o*u ou o' 0%

T T35 T, —5= fonksiyonlar smirli ve sirekli
Oyox” Oy’Ox” Oyox” Oy 0Ox

5. Q kiimesinde

olsun. s, ve h, kigiik pozitif ger¢ek sayilar ve x*th+iyeQ , x+2h+iyeQ ,
xE3n+iyeQ, x+iyeQ, x+i(yth)eQ, x+i(y£2h)eQ, x+i(y+3h)eQ,
x+iy € Qolmak lizere @ fonksiyonunun z degiskenine gore ikinci mertebeden @_ (x,y)
tiirevleri i¢in ikinci mertebeden dogrulugu olan yaklasim formiilleri kurulmustur.

ou 0v du v

—>=5>=5» -5 fonksiyonlar smirli ve siirekli olsun. /4, ve
ox’ ox’ oy Oy

6. Q kiimesinde
h, kigik pozitif gergek sayilar ve x*h +iyeQ, xx2h +iyeQ , xx3h +iyeQ,
x+i(yth)eQ, x+i(y£2h)eQ, x+i(y+3h)eQ, x+iyeQ olmak iizere ®
fonksiyonunun z ve z degiskenlerine gore ikinci mertebeden w_(x,y) tiirevleri i¢in
ikinci mertebeden dogrulugu olan yaklasim formiilleri elde edilmistir.
o'u  u v %
dyax® " oyex® ayox® T oyex’

7. Q kiimesinde fonksiyonlar smirli ve siirekli

olsun. h, ve h, kigiik pozitif ger¢ek sayilar ve x*th+iyeQ , xt2h+iyeQ ,
x£3h +iyeQ, x+i(yth)eQ, x+i(y+2h)eQ, x+i(y+3h)eQ, x+iyeQ
olmak {izere @ fonksiyonunun z degiskenine gore ikinci mertebeden @-_(x,y)

tiirevleri i¢in ikinci mertebeden dogrulugu olan yaklasim formiilleri kurulmustur.

8. Tezde kullanmlan yontemler ile karmasik degerli fonksiyonun z ve z
degiskenlerine gore iist mertebeden tlirev degerlerinin yaklagimlarini arastirmak onerilebilir.
9. Tezde elde edilen sonuglar1 sinir deger problemlerine uygulamak 6nerilebilir.

Numerik hesaplamalar icin MATLAB kodlar1 yazilmastir.
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6. EKLER

6.1. Ek 1. (2.1.5)- (2.1.6), (2.1.9)-(2.1.10), (2.1.13)-(2.1.14), (2.1.17)-(2.1.18)
formiilleri icin MATLAB Program Kodlar1

function w2 1 1(N1,N2)

% grid points

h1=2/N1;h2=2/N2;
z=zeros(N1+1,N2+1);r2=zeros(N1+1,N2+1);r3=r2;
for k=1:N1+1; x(k)=-1+(k-1)*hl; end;

for m=1:N2+1; y(m)=-1+(m-1)*h2; end;
for k=1:N1+1;

for m=1:N2+1;

z(k,m)=x(k)+i*y(m);

w(k,m)=wz(z(k,m)); ww2(k,m)=wz2(z(k,m));
ww3(k,m)=wz3(z(k,m)); end;

end;

sz=0;sza=0;

for k=1:N1;

for m=1:N2;
s1=1/(2*h1)*w(k+1,m);s2=(-1/(2*h1)+i/(2*h2))*w(k,m);
$3=-1/(2*h2)*w(k,m+1);

s=s1+s2+s3;

r2(k,m)=abs(ww2(k,m)-s);
s1=1/(2*h1)*w(k+1,m);s2=(-1/(2*h1)-1/(2*h2))*w(k,m);
s3=1/(2*h2)*w(k,m+1);

s=s1+s2+s3;

r3(k,m)=abs(ww3(k,m)-s); end;

end;

d2=max(max(r2));d3=max(max(r3));
d=[d2,d3]

function wl=wz(z)
wl=z*z*conj(z)+cos(z)+sin(conj(z));
function w2=wz2(z)
w2=2%*z*conj(z)-sin(z);

function w3=wz3(z)
w3=z*z+cos(conj(z));

function w2_1 2(NI1,N2)

h1=2/N1;h2=2/N2;
z=zeros(N1+1,N2+1);r2=zeros(N1+1,N2+1);r3=r2;
for k=1:N1+1; x(k)=-1+(k-1)*h1; end;

for m=1:N2+1; y(m)=-1+(m-1)*h2; end;

for k=1:N1+1;



for m=1:N2+1;

z(k,m)=x(k)+i*y(m);

w(k,m)=wz(z(k,m)); ww2(k,m)=wz2(z(k,m));
ww3(k,m)=wz3(z(k,m)); end;

end;

sz=0;sza=0;

for k=2:N1+1;

for m=2:N2+1;
s1=-1/(2*h1)*w(k-1,m);s2=(1/(2*h1)-i/(2*h2))*w(k,m);
s3=1/(2*h2)*w(k,m-1);

s=s1+s2+s3;

r2(k,m)=abs(ww2(k,m)-s);
s1=-1/(2*h1)*w(k-1,m);s2=(1/(2*h1)+i/(2*h2))*w(k,m);
$3=-1/(2*h2)*w(k,m-1);

s=s1+s2+s3;

r3(k,m)=abs(ww3(k,m)-s); end;

end;

function w2_1 3(NI1,N2)

h1=2/N1;h2=2/N2;
z=zeros(N1+1,N2+1);r2=zeros(N1+1,N2+1);r3=r2;
for k=1:N1+1; x(k)=-1+(k-1)*h1; end;

for m=1:N2+1; y(m)=-1+(m-1)*h2; end;
for k=1:N1+1;

for m=1:N2+1;

z(k,m)=x(k)+i*y(m);

w(k,m)=wz(z(k,m)); ww2(k,m)=wz2(z(k,m));
ww3(k,m)=wz3(z(k,m)); end;

end;

sz=0;sza=0;

for k=1:N1;

for m=2:N2;
s1=1/(2*h1)*w(k+1,m);s2=(-1/(2*h1)-1/(2*h2))*w(k,m);
s3=1/(2*h2)*w(k,m-1);

s=s1+s2+s3;

r2(k,m)=abs(ww2(k,m)-s);
s1=1/(2*h1)*w(k+1,m);s2=(-1/(2*h1)+i/(2*h2))*w(k,m);
s3=-1/(2*h2)*w(k,m-1);

s=s1+s2+s3;

r3(k,m)=abs(ww3(k,m)-s); end;

end;

function w2_1 4(NI1,N2)

h1=2/N1;h2=2/N2;
z=zeros(N1+1,N2+1);r2=zeros(N1+1,N2+1);r3=r2;
for k=1:N1+1; x(k)=-1+(k-1)*h1; end;

for m=1:N2+1; y(m)=-1+(m-1)*h2; end;
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for k=1:N1+1;

for m=1:N2+1;

z(k,m)=x(k)+i*y(m);

w(k,m)=wz(z(k,m)); ww2(k,m)=wz2(z(k,m));
ww3(k,m)=wz3(z(k,m)); end; end;
sz=0;sza=0;

for k=2:N1;

for m=1:N2;
s1=-1/(2*h1)*w(k-1,m);s2=(1/(2*h1)+i/(2*h2))*w(k,m);
s3=-1/(2*h2)*w(k,m+1);

s=s1+s2+s3;

r2(k,m)=abs(ww2(k,m)-s);
s1=-1/(2*h1)*wz(z(k-1,m));s2=(1/(2*h1)-1/(2*h2))*wz(z(k,m));
$3=1/(2*h2)*wz(z(k,m+1));

s=s1+s2+s3;

r3(k,m)=abs(ww3(k,m)-s); end; end;

6.2. Ek 2. (2.2.5)- (2.2.6), (2.2.9)-(2.2.10), (2.2.13)-(2.2.14), (2.2.17)-(2.2.18),
(2.2.21)-(2.2.22), (2.2.25)-(2.2.26), (2.2.29)-(2.2.30), (2.2.33)-(2.2.34),
(2.2.37)-(2.2.38) formiilleri icin MATLAB Program Kodlar1

function w2_2 1(N1,N2)

h1=2/N1;h2=2/N2;
z=zeros(N1+1,N2+1);r2=zeros(N1+1,N2+1);r3=r2;
for k=1:N1+1; x(k)=-1+(k-1)*h1; end;

for m=1:N2+1; y(m)=-1+(m-1)*h2; end;
for k=1:N1+1;

for m=1:N2+1;

z(k,m)=x(k)+i*y(m);

w(k,m)=wz(z(k,m)); ww2(k,m)=wz2(z(k,m));
ww3(k,m)=wz3(z(k,m)); end; end;
sz=0;sza=0;

for k=2:N1;

for m=2:N2;
s1=1/(4*h1)*w(k+1,m);s2=-1/(4*h1)*w(k-1,m);
s3=-1/(4*h2)*w(k,m+1);s4=1/(4*h2)*w(k,m-1);
s=s1+s2+s3+s4;

r2(k,m)=abs(ww2(k,m)-s);

s=s1+s2-s3-s4;

r3(k,m)=abs(ww3(k,m)-s); end; end;

function w2 _2 2(N1,N2)

h1=2/N1;h2=2/N2;
z=zeros(N1+1,N2+1);r2=zeros(N1+1,N2+1);r3=r2;
for k=1:N1+1; x(k)=-1+(k-1)*hl; end;
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for m=1:N2+1; y(m)=-1+(m-1)*h2; end;
for k=1:N1+1;

for m=1:N2+1;

z(k,m)=x(k)+i*y(m);

w(k,m)=wz(z(k,m)); ww2(k,m)=wz2(z(k,m));
ww3(k,m)=wz3(z(k,m)); end; end;
sz=0;sza=0;

for k=1:N1-1;

for m=1:N2-1;

s1=-1/(4*h1)*w(k+2,m); s2=1/h1*w(k+1,m);
$3=(-3/(4*h1)+i*3/(4*h2))*w(k,m);
s4=1/(4*h2)*w(k,m+2);s5=-1/h2*w(k,m+1);
s=s1+s2+s3+s4+s5;

r2(k,m)=abs(ww2(k,m)-s);
sl=-1/(4*h1)*w(k+2,m); s2=1/h1*w(k+1,m);
$3=(-3/(4*h1)-1*3/(4*h2))*w(k,m);
s4=-1/(4*h2)*w(k,m+2);s5= i/h2*w(k,m+1);
s=s1+s2+s3+s4+s5;

r3(k,m)=abs(ww3(k,m)-s); end; end;

function w2_2 3(NI1,N2)

h1=2/N1;h2=2/N2;
z=zeros(N1+1,N2+1);r2=zeros(N1+1,N2+1);r3=r2;
for k=1:N1+1; x(k)=-1+(k-1)*hl; end;

for m=1:N2+1; y(m)=-1+(m-1)*h2; end;

for k=1:N1+1;

for m=1:N2+1;

z(k,m)=x(k)+i*y(m);

w(k,m)=wz(z(k,m)); ww2(k,m)=wz2(z(k,m));
ww3(k,m)=wz3(z(k,m)); end; end;

sz=0;sza=0;

for k=1:N1-1;

for m=2:N2;

s1=-1/(4*h1)*w(k+2,m); s2=1/h1*w(k+1,m);
s3=-3/(4*h1)*w(k,m);
s4=-1/(4*h2)*w(k,m+1);s5=1/(4*h2)*w(k,m-1);
s=s1+s2+s3+s4+s5;

r2(k,m)=abs(ww2(k,m)-s);
s1=-1/(4*h1)*w(k+2,m); s2=1/h1*w(k+1,m);
s3=-3/(4*h1)*w(k,m);
s4=1/(4*h2)*w(k,m+1);s5=-1/(4*h2)*w(k,m-1);
s=s1+s2+s3+s4+s5;

r3(k,m)=abs(ww3(k,m)-s); end; end;

function w2_2 4(NI1,N2)

h1=2/N1;h2=2/N2;
z=zeros(N1+1,N2+1);r2=zeros(N1+1,N2+1);r3=r2;
for k=1:N1+1; x(k)=-1+(k-1)*h1; end;
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for m=1:N2+1; y(m)=-1+(m-1)*h2; end;

for k=1:N1+1;

for m=1:N2+1;

z(k,m)=x(k)+i*y(m);

w(k,m)=wz(z(k,m)); ww2(k,m)=wz2(z(k,m));
ww3(k,m)=wz3(z(k,m)); end; end;

sz=0;sza=0;

for k=2:N1;

for m=1:N2-1;

s1=1/(4*h1)*w(k+1,m); s2=-1/(4*hl)*w(k-1,m);
s3=1/(4*h2)*w(k,m+2);
s4=-1/h2*w(k,m+1);s5=3*i/(4*h2)*w(k,m);
s=s1+s2+s3+s4+s5;

r2(k,m)=abs(ww2(k,m)-s);

s1=1/(4*h1)*w(k+1,m); s2=-1/(4*h1)*w(k-1,m);
s3=-1/(4*h2)*w(k,m+2);
s4=i1/h2*w(k,m+1);s5=-3*1/(4*h2)*w(k,m);
s=s1+s2+s3+s4+s5;

r3(k,m)=abs(ww3(k,m)-s); end; end;

function w2_2 5(NI1,N2)

h1=2/N1;h2=2/N2;
z=zeros(N1+1,N2+1);r2=zeros(N1+1,N2+1);r3=r2;
for k=1:N1+1; x(k)=-1+(k-1)*h1; end;

for m=1:N2+1; y(m)=-1+(m-1)*h2; end;

for k=1:N1+1;

for m=1:N2+1;

z(k,m)=x(k)+i*y(m);

w(k,m)=wz(z(k,m)); ww2(k,m)=wz2(z(k,m));
ww3(k,m)=wz3(z(k,m)); end; end;
sz=0;sza=0;

for k=3:N1;

for m=3:N2;

s1=1/(4*h1)*w(k-2,m); s2=-1/h1*w(k-1,m);
$3=(3/(4*h1)-1*3/(4*h2))*w(k,m);
s4=-1/(4*h2)*w(k,m-2);s5= i/h2*w(k,m-1);
s=s1+s2+s3+s4+s5;
r2(k,m)=abs(ww2(k,m)-s);
s1=1/(4*h1)*w(k-2,m); s2=-1/h1*w(k-1,m);
$3=(3/(4*h1)+i*3/(4*h2))*w(k,m);
s4=1/(4*h2)*w(k,m-2);s5=-i/h2*w(k,m-1);
s=s1+s2+s3+s4+s5;
r3(k,m)=abs(ww3(k,m)-s); end; end;

function w2_2 6(NI1,N2)

h1=2/N1;h2=2/N2;
z=zeros(N1+1,N2+1);r2=zeros(N1+1,N2+1);r3=r2;
for k=1:N1+1; x(k)=-1+(k-1)*h1; end;

for m=1:N2+1; y(m)=-1+(m-1)*h2; end;
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for k=1:N1+1;

for m=1:N2+1;

z(k,m)=x(k)+i*y(m);

w(k,m)=wz(z(k,m)); ww2(k,m)=wz2(z(k,m));
ww3(k,m)=wz3(z(k,m)); end; end;
sz=0;sza=0;

for k=2:N1;

for m=3:N2;
s1=1/(4*h1)*w(k+1,m);s2=-1/(4*h1)*w(k-1,m);
s3=-1/(4*h2)*w(k,m-2);s4=i/h2*w(k,m-1);
s5=-3*i/(4*h2)*w(k,m);

s=s1+s2+s3+s4+s5;

r2(k,m)=abs(ww2(k,m)-s);

s=s1+s2-s3-s4-s5;

r3(k,m)=abs(ww3(k,m)-s); end; end;

function w2_2 7(NI1,N2)

h1=2/N1;h2=2/N2;
z=zeros(N1+1,N2+1);r2=zeros(N1+1,N2+1);r3=r2;
for k=1:N1+1; x(k)=-1+(k-1)*h1; end;

for m=1:N2+1; y(m)=-1+(m-1)*h2; end;
for k=1:N1+1;

for m=1:N2+1;

z(k,m)=x(k)+i*y(m);

w(k,m)=wz(z(k,m)); ww2(k,m)=wz2(z(k,m));
ww3(k,m)=wz3(z(k,m)); end; end;
sz=0;sza=0;

for k=3:N1+1;

for m=2:N2;
s1=1/(4*h1)*w(k-2,m);s2=-1/h1*w(k-1,m);
$3=3/(4*h1)*w(k,m);
s4=-1/(4*h2)*w(k,m+1);s5=1/(4*h2)*w(k,m-1);
s=s1+s2+s3+s4+s5;

r2(k,m)=abs(ww2(k,m)-s);

s=s1+s2+s3-s4-s5;

r3(k,m)=abs(ww3(k,m)-s); end; end;

function w2 2 8(N1,N2)

h1=2/N1;h2=2/N2;
z=zeros(N1+1,N2+1);r2=zeros(N1+1,N2+1);r3=r2;
for k=1:N1+1; x(k)=-1+(k-1)*hl; end;

for m=1:N2+1; y(m)=-1+(m-1)*h2; end;

for k=1:N1+1;

for m=1:N2+1;

z(k,m)=x(k)+i*y(m);

w(k,m)=wz(z(k,m)); ww2(k,m)=wz2(z(k,m));
ww3(k,m)=wz3(z(k,m)); end; end;
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sz=0;sza=0;

for k=1:N1-1;

for m=3:N2+1;
s1=-1/(4*h1)*w(k+2,m);s2=1/h1*w(k+1,m);
$3=(-3/(4*h1)-3*i/(4*h2))*w(k,m);
s4=-1/(4*h2)*w(k,m-2);s5=1/h2*w(k,m-1);
s=s1+s2+s3+s4+s5;
r2(k,m)=abs(ww2(k,m)-s);
s1=-1/(4*h1)*w(k+2,m);s2=1/h1*w(k+1,m);
$3=(-3/(4*h1)+3*i/(4*h2))*w(k,m);
s4=1/(4*h2)*w(k,m-2);s5=-i/h2*w(k,m-1);
s=s1+s2+s3+s4+s5;
r3(k,m)=abs(ww3(k,m)-s); end; end;

function w2_2 9(NI1,N2)

h1=2/N1;h2=2/N2;
z=zeros(N1+1,N2+1);r2=zeros(N1+1,N2+1);r3=r2;
for k=1:N1+1; x(k)=-1+(k-1)*h1; end;

for m=1:N2+1; y(m)=-1+(m-1)*h2; end;
for k=1:N1+1;

for m=1:N2+1;

z(k,m)=x(k)+i*y(m);

w(k,m)=wz(z(k,m)); ww2(k,m)=wz2(z(k,m));
ww3(k,m)=wz3(z(k,m)); end; end;
sz=0;sza=0;

for k=3:N1+1;

for m=1:N2-1;
s1=1/(4*h1)*w(k-2,m);s2=-1/h1*w(k-1,m);
s3=(3/(4*h1)+3*i/(4*h2))*w(k,m);
s4=i/(4*h2)*w(k,m+2); s5=(-i/h2)*w(k,m+1);
s=s1+s2+s3+s4+s5;
r2(k,m)=abs(ww2(k,m)-s);
s1=1/(4*h1)*w(k-2,m);s2=-1/h1*w(k-1,m);
$3=(3/(4*h1)-3*1/(4*h2))*w(k,m);
s4=-1/(4*h2)*w(k,m+2); s5=i/h2*w(k,m+1);
s=s1+s2+s3+s4+s5;
r3(k,m)=abs(ww3(k,m)-s); end; end;

6.3. Ek 3. (2.3.5)-(2.3.6), (2.3.9)-(2.3.10), (2.3.13)-(2.3.14), (2.3.17)-(2.3.18) i¢cin
MATLAB Program Kodlar

function w2_3 1(N1,N2)

h1=2/N1;h2=2/N2;
z=zeros(N1+1,N2+1);r2=zeros(N1+1,N2+1);r3=r2;
for k=1:N1+1; x(k)=-1+(k-1)*h1; end;

for m=1:N2+1; y(m)=-1+(m-1)*h2; end;

for k=1:N1+1;
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for m=1:N2+1;

z(k,m)=x(k)+i*y(m);

w(k,m)=wz(z(k,m)); ww2(k,m)=wz2(z(k,m));
ww3(k,m)=wz3(z(k,m)); end; end;

sz=0;sza=0;

for k=1:N1-2;

for m=1:N2-2;

s1=1/(6*h1)*w(k+3,m); s2=-3/(4*h1)*w(k+2,m);
s3=3/(2*h1)*w(k+1,m);
s4=(-11/(12*h1)+11i/(12*h2))*w(k,m); s5=-i/(6*h2)*w(k,m+3);
$6=3*1/(4*h2)*w(k,m+2); s7=-3*1/(2*¥h2)*w(k,m+1);
s=s1+s2+s3+s4+s5+s6+s7;

r2(k,m)=abs(ww2(k,m)-s);

s1=1/(6*h1)*w(k+3,m); s2=-3/(4*hl)*w(k+2,m);
s3=3/(2*h1)*w(k+1,m);
s4=(-11/(12*h1)-11i/(12*h2))*w(k,m); s5=1/(6*h2)*w(k,m+3);
$6=-3*1/(4*h2)*w(k,m+2); s7=3*1/(2*h2)*w(k,m+1);
s=s1+s2+s3+s4+s5+s6+s7;

r3(k,m)=abs(ww3(k,m)-s); end; end;

function w2_3 2(NI1,N2)

h1=2/N1;h2=2/N2;
z=zeros(N1+1,N2+1);r2=zeros(N1+1,N2+1);r3=r2;

for k=1:N1+1; x(k)=-1+(k-1)*h1; end;

for m=1:N2+1; y(m)=-1+(m-1)*h2; end;

for k=1:N1+1;

for m=1:N2+1;

z(k,m)=x(k)+i*y(m);

w(k,m)=wz(z(k,m)); ww2(k,m)=wz2(z(k,m));
ww3(k,m)=wz3(z(k,m)); end; end;

sz=0;sza=0;

for k=4:N1;

for m=4:N2;

s1=-1/(6*h1)*w(k-3,m); s2=3/(4*h1)*w(k-2,m);
$3=(-3/(2*h1))*w(k-1,m); s4=(11/(12*h1)-11*i/(12*h2))*w(k,m);
s5=1/(6*h2)*w(k,m-3); s6=(-3*i/(4*h2))*w(k,m-2);
s7=(3*i/(2*h2))*w(k,m-1);

s=s1+s2+s3+s4+s5+s6+s7;

r2(k,m)=abs(ww2(k,m)-s);

s1=-1/(6*h1)*w(k-3,m); s2=3/(4*h1)*w(k-2,m);
$3=(-3/(2*h2))*w(k-1,m);
s4=(11/(12*h1)+11*1/(12*h2))*w(k,m); s5=-1/(6¥h2)*w(k,m-3);
s6=(3*i/(4*h2))*w(k,m-2); s7=(-3*1/(2*h2))*w(k,m-1);
s=s1+s2+s3+s4+s5+s6+s7;

r3(k,m)=abs(ww3(k,m)-s); end; end;

function w2_3 3(NI1,N2)

h1=2/N1;h2=2/N2;
z=zeros(N1+1,N2+1);r2=zeros(N1+1,N2+1);r3=r2;
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for k=1:N1+1; x(k)=-1+(k-1)*h1; end;

for m=1:N2+1; y(m)=-1+(m-1)*h2; end;

for k=1:N1+1;

for m=1:N2+1;

z(k,m)=x(k)+i*y(m);

w(k,m)=wz(z(k,m)); ww2(k,m)=wz2(z(k,m));
ww3(k,m)=wz3(z(k,m)); end; end;

sz=0;sza=0;

for k=1:N1-2;

for m=4:N2;

s1=1/(6*h1)*w(k+3,m); s2=-3/(4*h1l)*w(k+2,m);
s3=(3/(2*h1))*w(k+1,m);
s4=(-11/(12*h1)-11*1/(12*h2))*w(k,m); s5=1/(6*h2)*w(k,m-3);
s6=(-3*1/(4*h2))*w(k,m-2); s7=(3*i/(2*h2))*w(k,m-1);
s=s1+s2+s3+s4+s5+s6+s7;

r2(k,m)=abs(ww2(k,m)-s);

sI=1/(6*h1)*w(k+3,m); s2=-3/(4*h1)*w(k+2,m);
s3=(3/(2*h1))*w(k+1,m);
s4=(-11/(12*h1)+11*i/(12*h2))*w(k,m); s5=-1/(6*h2)*w(k,m-3);
$s6=(3*1/(4*h2))*w(k,m-2); s7=(-3*1/(2*h2))*w(k,m-1);
s=s1+s2+s3+s4+s5+s6+s7;

r3(k,m)=abs(ww3(k,m)-s); end; end;

function w2 3 4(NI1,N2)

h1=2/N1;h2=2/N2;
z=zeros(N1+1,N2+1);r2=zeros(N1+1,N2+1);r3=r2;

for k=1:N1+1; x(k)=-1+(k-1)*h1; end;

for m=1:N2+1; y(m)=-1+(m-1)*h2; end;

for k=1:N1+1;

for m=1:N2+1;

z(k,m)=x(k)+i*y(m);

w(k,m)=wz(z(k,m)); ww2(k,m)=wz2(z(k,m));
ww3(k,m)=wz3(z(k,m)); end; end;

sz=0;sza=0;

for k=4:N1;

for m=1:N2-2;

s1=(-1/(6*h1))*w(k-3,m); s2=3/(4*h1)*w(k-2,m);
$3=(-3/(2*h1))*w(k-1,m);
s4=(11/(12*h1)+11*1/(12*h2))*w(k,m); s5=(-1/(6*h2))*w(k,m+3);
s6=(3*i/(4*h2))*w(k,m+2); s7=(-3*1/(2*h2))*w(k,m+1);
s=s1+s2+s3+s4+s5+s6+s7;

r2(k,m)=abs(ww2(k,m)-s);

s1=(-1/(6*h1))*w(k-3,m); s2=3/(4*h1)*w(k-2,m);
$3=(-3/(2*h1))*w(k-1,m);
s4=(11/(12*h1)-11*i/(12*h2))*w(k,m); s5=(i/(6*h2))*w(k,m+3);
s6=(-3*1/(4*h2))*w(k,m+2); s7=(3*1/(2*h2))*w(k,m+1);
s=s1+s2+s3+s4+s5+s6+s7;

r3(k,m)=abs(ww3(k,m)-s); end; end;
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6.4. Ek 4. (2.4.5) formiilii icin MATLAB Program Kodlari

function w2_4 1(N1,N2)

h1=2/N1;h2=2/N2;
z=zeros(N1+1,N2+1);r2=zeros(N1+1,N2+1);r3=r2;
for k=1:N1+1; x(k)=-1+(k-1)*h1; end;

for m=1:N2+1; y(m)=-1+(m-1)*h2; end;

for k=1:N1+1;

for m=1:N2+1;

z(k,m)=x(k)+i*y(m);

w(k,m)=wz(z(k,m)); ww2(k,m)=wz2(z(k,m));
ww3(k,m)=wz3(z(k,m)); end; end;

sz=0;sza=0;

for k=3:N1-1;

for m=3:N2-1;

s1=(-1/(24*h1))*w(k+2,m); s2=1/(3*h1)*w(k+1,m);
$3=(-1/(3*h1))*w(k-1,m);

s4=(1/(24*h1))*w(k-2,m); s5=(1/(24*h2))*w(k,m+2);
s6=-(1/(3*h2))*w(k,m+1); s7=(1/(3*h2))*w(k,m-1);
$8=-(1/(24*h2))*w(k,m-2);
s=s1+s2+s3+s4+s5+s6+s7+s8;
r2(k,m)=abs(ww2(k,m)-s);
s1=(-1/24*h1))*w(k+2,m); s2=1/(3*h1)*w(k+1,m);
$3=(-1/(3*h1))*w(k-1,m);

s4=(1/(24*h1))*w(k-2,m); s5=-(i/(24*h2))*w(k,m+2);
s6=(1/(3*h2))*w(k,m+1); s7=-(1/(3*h2))*w(k,m-1);
s8=(1/(24*h2))*w(k,m-2);
s=s1+s2+s3+s4+s5+s6+s7+s8;
r3(k,m)=abs(ww3(k,m)-s); end; end;

6.5. Ek 5. (3.1.6)-(3.2.1)-(3.3.1), (3.1.8)-(3.2.2)-(3.3.2), (3.1.10)-(3.2.3)-(3.3.3),
(3.1.12)-( 3.2.4)-( 3.3.4), (3.1.14)-( 3.2.5)-( 3.3.5) icin MATLAB Program
Kodlari

function w3 1 1(N1,N2)

h1=2/N1;h2=2/N2;
z=zeros(N1+1,N2+1);r2=zeros(N1+1,N2+1);r3=r2;r4=r2;
for k=1:N1+1; x(k)=-1+(k-1)*h1; end;

for m=1:N2+1; y(m)=-1+(m-1)*h2; end;

for k=1:N1+1;

for m=1:N2+1;

z(k,m)=x(k)+i*y(m);

w(k,m)=wz(z(k,m)); ww2(k,m)=wz2(z(k,m));
ww3(k,m)=wz3(z(k,m)); ww4(k,m)=wz4(z(k,m)); end; end;
sz=0;sza=0;
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for k=2:N1;

for m=2:N2;
s1=1/(4*(h172))*w(k+1,m);s2=(-1/(2*(h1/2))+1/(2*(h2"2)))*w(k,m);
$3=1/(4*(h172))*w(k-1,m); s4=(-1/(8*h1*h2))*w(k+1,m+1);
s5=(i/(8*h1*h2))*w(k-1,m+1); s6=(i/(8*h1*h2))*w(k+1,m-1);
s7=(-i/(8*h1*h2)*w(k-1,m-1)); s8=(-1/(4*(h2"2)))*w(k,m+1);
s9=(-1/(4*(h2"2)))*w(k,m-1);

s=s1+s2+s3+s4+s5+s6+s7+s8+s9;

r2(k,m)=abs(ww2(k,m)-s);
s1=1/(4*(h172))*w(k+1,m);s2=(-1/(2*(h1"2))-1/(2*(h2"2)))*w(k,m);
s3=1/(4*(h172))*w(k-1,m); s4=1/(4*(h2"2))*w(k,m+1);
s5=1/(4*(h2"2))*w(k,m-1);

s=s1+s2+s3+s4+s5;

r3(k,m)=abs(ww3(k,m)-s);
s1=1/(4*(h172))*w(k+1,m);s2=(-1/(2*(h1/2))+1/(2*(h2"2)))*w(k,m);
$3=1/(4*(h172))*w(k-1,m);s4=i/(8*h1*h2)*w(k+1,m+1);
$5=-1/(8*h1*h2)*w(k-1,m+1);s6=-1/(8*h1*h2)*w(k+1,m-1);
s7=1/(8*h1*h2)*w(k-1,m-1); s8=-1/(4*(h2"2))*w(k,m+1);
$9=-1/(4*(h2"2))*w(k,m-1);

s=s1+s2+s3+s4+s5+s6+s7+s8+s9;

r4(k,m)=abs(ww4(k,m)-s); end; end;

d2=max(max(r2));d3=max(max(r3));d4=max(max(r4));
d=[d2,d3,d4]

function wl=wz(z)
wl=z*z*conj(z)+cos(z)+sin(conj(z));

function w2=wz2(z)

w2=2*conj(z)-cos(z);

function w3=wz3(z)

w3=2%z;

function wd=wz4(z)

w4=-sin(conj(z));

function w3 1 2(N1,N2)

h1=2/N1;h2=2/N2;
z=zeros(N1+1,N2+1);r2=zeros(N1+1,N2+1);r3=r2;r4=r2;
for k=1:N1+1; x(k)=-1+(k-1)*hl; end;

for m=1:N2+1; y(m)=-1+(m-1)*h2; end;

for k=1:N1+1;

for m=1:N2+1;

z(k,m)=x(k)+i*y(m);

w(k,m)=wz(z(k,m)); ww2(k,m)=wz2(z(k,m));
ww3(k,m)=wz3(z(k,m)); ww4(k,m)=wz4(z(k,m)); end; end;
sz=0;sza=0;

for k=2:N1-2;

for m=2:N2-2;

s1=-1/(4*h1"2)*w(k+3,m); s2=1/(h1"2)*w(k+2,m);
$3=-5/(4*h1"2)*w(k+1,m);s4=(1/(2*h1/2)-1/(2*¥h2"2))*w(k,m);
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$5=-1/(8*h1*h2)*w(k+1,m+1);
s6=1/(8*h1*h2)*w(k-1,m+1);s7=i/(8*h1*h2)*w(k+1,m-1);
$8=-1/(8*h1*h2)*w(k-1,m-1); s9=1/(4*h2"2)*w(k,m+3);
s10=-1/(h2"2)*w(k,m+2); s11=5/(4*h2"2)*w(k,m+1);
s=s1+s2+s3+s4+s5+s6+s7+s8+s9+s10+s11;
r2(k,m)=abs(ww2(k,m)-s);
s1=-1/(4*h172)*w(k+3,m);s2=1/(h1"2)*w(k+2,m);
s3=-5/(4*h1"2)*w(k+1,m);
s4=(1/(2*h172)+1/(2*h2*2))*w(k,m);
s5=-1/(4*h2"2)*w(k,m+3); s6=1/(h2"2)*w(k,m+2);
s7=-5/(4*h2"2)*w(k,m+1);

s=s1+s2+s3+s4+s5+s6+s7;

r3(k,m)=abs(ww3(k,m)-s);

s1=-1/(4*h172)*w(k+3,m); s2=1/(h1"2)*w(k+2,m);
$3=-5/(4*h1"2)*w(k+1,m);s4=(1/(2*h1/2)-1/(2*¥h2"2))*w(k,m);
s5=1/(8*h1*h2)*w(k+1,m+1);
$6=-1/(8*h1*h2)*w(k-1,m+1);s7=-1/(8*h1*h2)*w(k+1,m-1);
s8=1/(8*h1*h2)*w(k-1,m-1); s9=1/(4*h2"2)*w(k,m+3);
s10=-1/(h2"2)*w(k,m+2); s11=5/(4*h2"2)*w(k,m+1);
s=s1+s2+s3+s4+s5+s6+s7+s8+s9+s10+s11;
r4(k,m)=abs(ww4(k,m)-s); end; end;

function w3 _1 3(NI1,N2)

h1=2/N1;h2=2/N2;
z=zeros(N1+1,N2+1);r2=zeros(N1+1,N2+1);r3=r2;r4=r2;
for k=1:N1+1; x(k)=-1+(k-1)*hl; end;

for m=1:N2+1; y(m)=-1+(m-1)*h2; end;

for k=1:N1+1;

for m=1:N2+1;

z(k,m)=x(k)+i*y(m);

w(k,m)=wz(z(k,m)); ww2(k,m)=wz2(z(k,m));
ww3(k,m)=wz3(z(k,m)); ww4(k,m)=wz4(z(k,m)); end; end;
sz=0;sza=0;

for k=4:N1-1;

for m=4:N2-1;

s1=-1/(4*h172)*w(k-3,m); s2=1/(h1"2)*w(k-2,m);
$3=-5/(4*h1"2)*w(k-1,m);s4=(1/(2*h1"2)-1/(2*h2*2))*w(k,m);
$5=-1/(8*h1*h2)*w(k+1,m+1);
s6=1/(8*h1*h2)*w(k-1,m+1);s7=1/(8*h1*h2)*w(k+1,m-1);
$8=-1/(8*h1*h2)*w(k-1,m-1); s9=1/(4*h2"2)*w(k,m-3);
s10=-1/(h2"2)*w(k,m-2); s11=5/(4*h2"2)*w(k,m-1);
s=s1+s2+s3+s4+s5+s6+s7+s8+s9+s10+s11;
r2(k,m)=abs(ww2(k,m)-s);

s1=-1/(4*h1"2)*w(k-3,m); s2=1/(h172)*w(k-2,m);
$3=-5/(4*h1"2)*w(k-1,m);s4=(1/(2*¥h1"2)+1/(2*h2"2))*w(k,m);
$5=-1/(4*h2"2)*w(k,m-3);

s6=1/(h2"2)*w(k,m-2); s7=-5/(4*h2"2)*w(k,m-1);
s=s1+s2+s3+s4+s5+s6+s7;

r3(k,m)=abs(ww3(k,m)-s);
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s1=-1/(4*h1"2)*w(k-3,m); s2=1/(h172)*w(k-2,m);
$3=-5/(4*h1"2)*w(k-1,m);s4=(1/(2*¥h172)-1/(2*h2"2))*w(k,m);
s5=1/(8*h1*h2)*w(k+1,m+1);
$6=-1/(8*h1*h2)*w(k-1,m+1);s7=-1/(8*h1*h2)*w(k+1,m-1);
s8=i/(8*h1*h2)*w(k-1,m-1); s9=1/(4*h2"2)*w(k,m-3);
s10=-1/(h2"2)*w(k,m-2); s11=5/(4*h2"2)*w(k,m-1);
s=s1+s2+s3+s4+s5+s6+s7+s8+s9+s10+s11;
r4(k,m)=abs(ww4(k,m)-s); end; end;

function w3 1 4(N1,N2)

h1=2/N1;h2=2/N2;
z=zeros(N1+1,N2+1);r2=zeros(N1+1,N2+1);r3=r2;r4=r2;
for k=1:N1+1; x(k)=-1+(k-1)*hl; end;

for m=1:N2+1; y(m)=-1+(m-1)*h2; end;

for k=1:N1+1;

for m=1:N2+1;

z(k,m)=x(k)+i*y(m);

w(k,m)=wz(z(k,m)); ww2(k,m)=wz2(z(k,m));
ww3(k,m)=wz3(z(k,m)); ww4(k,m)=wz4(z(k,m)); end; end;
sz=0;sza=0;

for k=2:N1-2;

for m=4:N2;

s1=-1/(4*h1"2)*w(k+3,m); s2=1/(h1°2)*w(k+2,m);
$3=-5/(4*h1"2)*w(k+1,m);s4=(1/(2*h172)-1/(2*¥h2"2))*w(k,m);
$5=-1/(8*h1*h2)*w(k+1,m+1);
s6=1/(8*h1*h2)*w(k-1,m+1);s7=1/(8*h1*h2)*w(k+1,m-1);
$8=-1/(8*h1*h2)*w(k-1,m-1); s9=1/(4*h2"2)*w(k,m-3);
s10=-1/(h2"2)*w(k,m-2); s11=5/(4*h2"2)*w(k,m-1);
s=s1+s2+s3+s4+s5+s6+s7+s8+s9+s10+s11;
r2(k,m)=abs(ww2(k,m)-s);

s1=-1/(4*h1"2)*w(k+3,m); s2=1/(h1°2)*w(k+2,m);
$3=-5/(4*h1"2)*w(k+1,m);s4=(1/(2*h172)+1/(2*h2/2))*w(k,m);
$5=-1/(4*h2"2)*w(k,m-3);

s6=1/(h2"2)*w(k,m-2); s7=-5/(4*h2"2)*w(k,m-1);
s=s1+s2+s3+s4+s5+s6+s7;

r3(k,m)=abs(ww3(k,m)-s);

s1=-1/(4*h172)*w(k+3,m); s2=1/(h1"2)*w(k+2,m);
$3=-5/(4*h1"2)*w(k+1,m);s4=(1/(2*h172)-1/(2*h2"2))*w(k,m);
$5=1/(8*h1*h2)*w(k+1,m+1);
$s6=-1/(8*h1*h2)*w(k-1,m+1);s7=-1/(8*h1*h2)*w(k+1,m-1);
s8=i/(8*h1*h2)*w(k-1,m-1); s9=1/(4*h2"2)*w(k,m-3);
s10=-1/(h2"2)*w(k,m-2); s11=5/(4*h2"2)*w(k,m-1);
s=s1+s2+s3+s4+s5+s6+s7+s8+s9+s10+s11;
r4(k,m)=abs(ww4(k,m)-s); end; end;

function w3 _1 5(N1,N2)

h1=2/N1;h2=2/N2;
z=zeros(N1+1,N2+1);r2=zeros(N1+1,N2+1);r3=r2;r4=r2;
for k=1:N1+1; x(k)=-1+(k-1)*h1; end;
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for m=1:N2+1; y(m)=-1+(m-1)*h2; end;

for k=1:N1+1;

for m=1:N2+1;

z(k,m)=x(k)+i*y(m);

w(k,m)=wz(z(k,m)); ww2(k,m)=wz2(z(k,m));
ww3(k,m)=wz3(z(k,m)); ww4(k,m)=wz4(z(k,m)); end; end;
sz=0;sza=0;

for k=4:N1;

for m=4:N2-2;

s1=-1/(4*h172)*w(k-3,m); s2=1/(h1"2)*w(k-2,m);
$3=-5/(4*h1"2)*w(k-1,m);s4=(1/(2*¥h1"2)-1/(2*h2"2))*w(k,m);
$5=-1/(8*h1*h2)*w(k+1,m+1);
s6=1/(8*h1*h2)*w(k-1,m+1);s7=1/(8*h1*h2)*w(k+1,m-1);
s8=-1/(8*h1*h2)*w(k-1,m-1); s9=1/(4*h2"2)*w(k,m+3);
s10=-1/(h2"2)*w(k,m+2); s11=5/(4*h2"2)*w(k,m+1);
s=s1+s2+s3+s4+s5+s6+s7+s8+s9+s10+s11;
r2(k,m)=abs(ww2(k,m)-s);

s1=-1/(4*h1"2)*w(k-3,m); s2=1/(h172)*w(k-2,m);
$3=-5/(4*h1"2)*w(k-1,m);s4=(1/(2*¥h1°2)+1/(2*¥h2"2))*w(k,m);
$5=-1/(4*h2"2)*w(k,m+3);

s6=1/(h2"2)*w(k,m+2); s7=-5/(4*h2"2)*w(k,m+1);
s=s1+s2+s3+s4+s5+s6+s7;

r3(k,m)=abs(ww3(k,m)-s);

s1=-1/(4*h1"2)*w(k-3,m); s2=1/(h172)*w(k-2,m);
$3=-5/(4*h1"2)*w(k-1,m);s4=(1/(2*¥h1"2)-1/(2*h2"2))*w(k,m);
s5=1/(8*h1*h2)*w(k+1,m+1);
$6=-1/(8*h1*h2)*w(k-1,m+1);s7=-1/(8*h1*h2)*w(k+1,m-1);
s8=1/(8*h1*h2)*w(k-1,m-1); s9=1/(4*h2"2)*w(k,m+3);
s10=-1/(h2"2)*w(k,m+2); s11=5/(4*h2"2)*w(k,m+1);
s=s1+s2+s3+s4+s5+s6+s7+s8+s9+s10+s11;
r4(k,m)=abs(ww4(k,m)-s); end; end;

function w3 1 6(NI1,N2)

h1=2/N1;h2=2/N2;
z=zeros(N1+1,N2+1);r2=zeros(N1+1,N2+1);r3=r2;r4=r2;
for k=1:N1+1; x(k)=-1+(k-1)*hl; end;

for m=1:N2+1; y(m)=-1+(m-1)*h2; end;

for k=1:N1+1;

for m=1:N2+1;

z(k,m)=x(k)+i*y(m);

w(k,m)=wz(z(k,m)); ww2(k,m)=wz2(z(k,m));
ww3(k,m)=wz3(z(k,m)); ww4(k,m)=wz4(z(k,m)); end; end;
sz=0;sza=0;

for k=3:N1-1;

for m=3:N2-1;

s1=-1/(48*h1"2)*w(k+2,m); s2=1/(3*h1"2)*w(k+1,m);
$3=(-5/(8*h172)+5/(8*h2"2))*w(k,m); s4=1/(3*h1"2)*w(k-1,m);
$5=-1/(48*h1"2)*w(k-2,m);

$6=-1/(8*h1*h2)*w(k+1,m+1);
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s7=1/(8*h1*h2)*w(k-1,m+1);s8=i/(8*h1*h2)*w(k+1,m-1);
$9=-1/(8*h1*h2)*w(k-1,m-1); s10=1/(48*h2"2)*w(k,m+2);
s11=-1/(3*h2"2)*w(k,m+1); s12=-1/(3*h2"2)*w(k,m-1);
s13=1/(48*h2"2)*w(k,m-2);
s=s1+s2+s3+s4+s5+s6+s7+s8+s9+s10+s11+s12+s13;
r2(k,m)=abs(ww2(k,m)-s);

s1=-1/(48*h1"2)*w(k+2,m); s2=1/(3*h1"2)*w(k+1,m);
$3=(-5/(8*h172)-5/(8*h2"2))*w(k,m); s4=1/(3*h1"2)*w(k-1,m);
s5=-1/(48*h1"2)*w(k-2,m);

s6=-1/(48*h2"2)*w(k,m+2); s7=1/(3*h2"2)*w(k,m+1);
s8=1/(3*h2"2)*w(k,m-1); s9=-1/(48*h2"2)*w(k,m-2);
s=s1+s2+s3+s4+s5+s6+s7+s8+s9;
r3(k,m)=abs(ww3(k,m)-s);

s1=-1/(48*h1"2)*w(k+2,m); s2=1/(3*h1"2)*w(k+1,m);
$3=(-5/(8*h17"2)+5/(8*h2"2))*w(k,m); s4=1/(3*h172)*w(k-1,m);
$5=-1/(48*h1"2)*w(k-2,m);

s6=1/(8*h1*h2)*w(k+1,m+1);
s7=-1/(8*h1*h2)*w(k-1,m+1);s8=-1/(8*h1*h2)*w(k+1,m-1);
$9=1/(8*h1*h2)*w(k-1,m-1); s10=1/(48*h2"2)*w(k,m+2);
s11=-1/(3*h2"2)*w(k,m+1); s12=-1/(3*h2"2)*w(k,m-1);
s13=1/(48*h2"2)*w(k,m-2);
s=s1+s2+s3+s4+s5+s6+s7+s8+s9+s10+s11+s12+s13;
r4(k,m)=abs(ww4(k,m)-s); end; end;

d2=max(max(r2));d3=max(max(r3));d4=max(max(r4));
d=[d2,d3,d4]

function wl=wz(z)
wl=z*conj(z)+z"2*conj(z)"2+z"3*conj(z)"3;

function w2=wz2(z)

w2=2*conj(z)"2+6*z*conj(z)"3;

function w3=wz3(z)
w3=1+4*z*conj(z)+9*z"2*conj(z)"2;

function wd=wz4(z)

w4=2%*7"2+6*7z"3*conj(z);
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