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QZETCE 

Bu tezde dogrusal olmayan devrelerin periodik ~ozlimlinli 

dinamik denklemlerin zamana bag1ml1 ~ozlimlinli gerektirmede2 

bulan bir yontem incelendi. Yontemde gozonline al1nan devre 

bir dogrusal ve birden fazla dogrusal olmayan devreye ayr1§~ 

t1r11d1. Sadecedogrusal devr~nin frekans alan1ndaki ~ozUmU 

aS11 ~ozUmU elde etmek 1~1n yetmektedir. 
~ 

Dog!usa~ devrenin frekans alan1ndaki denklemlerini elde 

etmek i~in kullan1lan Kar1§1k DUgUm denklemlerinin ~e§itli 

§ekilleri devrenin gerilim ve ak1~ grafiklerinin elde edilme

sini a~1klayan yontemlerin tan1t1lmas1 arac111g1 ile a~1klan

d1. 

Sal1n1mlar1n periodunun bilinmedigi durumdaki hata 1§

levinin egimi i~in yen! bir ifade geli§tirelerek Nakhla ve 

Vlach[~ taraf1ndan ~1kar1lanla kar§1Ia§t1r1Id1. 

Yontem ~e§itli U~nekler Uzerinde denendi. Devred~ bu

lunan dogrusal unsurlardaq yararlanarak problemin bliyliklUglin

de onemli ol~Ude indirim sa~land1g1 gozlendi. 
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'ABSTRACT 

A method for finding the petiodic solution of non

linear networks which avoids the time domain solut~oniof the 

dynamic equations has been investigated. In the method, the 

network under consideration is decomposed into one linear and 

several non~inear subnetworks. Only frequency domain solution 

of the linear subnetwork is required. 
! 

Various forms of the Mixed Nodal Tableau equations 

which are u~ed in formulating the lin~ar subnetwork' in the 

frequency domain are explained through the introduction of a 

technique for obtaining voltage and current graphs of a net

work. 

A new express~on for the gradient of the error func

tion in the case that the period T of the oscillations is 

unknown has been developed and compared to the one derived by 

Nakhla and Vlach[~J. 

The method has bee~ tested on several examples. It is 

shown. that considerable reduction ~n the size of the computa

tional problem· is achreved by taking adv~ntage ~fthe linea

rities present ~n the network. 

f 
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I. I NTRODUCTI ON 

One of the most important problems in the computer -

aided design of nonlinear systems is the steady-st,te analy

sisof nonlinear networks with periodic responses • 

. It is al~ways p~ssible to fina the p'eriodic respon,se by 

integrating the differential equations that describe the 

system until the transients have died out and the steady . . , 

state remains. But this approach has been found to be extre-

mely expensive whenever the transients ~re governed by time 

constants that are very much l,arger than theperJ,od of ·the 

_d r i v in g for c e s. I n~ his c a ~.e, c on t i nu 0 us in t: e g rat ion may 

requi~e quite large ambunts of computing time, since the 

tran~ient response .ay be significant for a hundred cycles or 

- mo re . 

Two types of methods have been described to solve this 

problem: th~ harmonic balance method [1], [2J and the "shooting 

methods" [3J - [7]. In the harmonic balance method, the response 

is as'sumed to contain a fu~damental component of a known or 

unknown frequency and several harmonics which are beiieved to 

be dominant. In this way each state variable is represented 

1n the form of a Fourier series expansion. This assumed solu

tion ,is su~stituted into the differential equations and an 

optimization algoritm is used to adj~stthe amplitud~ and 

phase of the harmo~ics, i.e., coefficients of the Fourier 

series such that a mean-square-error function is minimized. 
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Although this method avoids the co~putationally expensive 

~rocess of numerically integr~ting the dynamic eq~ations, it

has a serious limitation 1n the large number of optimization 
I , 

variables. If the system of equations contains N state 

variables and each of them requires 2M+l Fourier coefficients 

for the dc component and M harmonics, then there will be 

N(2M+l) optimization variables. This makes the method im

practical for large systems. 

Shootiri g methods [3J- [7] solve a two-point boundary 

value problem. The basic idea of these methods is to find an 

initial condition ve~tor xeD) such that when the system equa-,... 
tions-i = f(x,t) are in~egrated over one period T, .the state 

_"'* rv·, """" 

'-vector is x(T) = x(D). 

It is obvious that the harmonic balance method as 

originally imp!emented by Baily [l]and Lindenlaub [2] has the' 

advantage ~f avoiding~he computationally expensive numerical 

integration of the system dynamic equations but a main dis

advantage in the large number of optimization variables. 

Nakhla and Vlach [8J. modified the harmonic balance 

method in ~uch a way as to reduce.the number of optimization 

variables by taking full advantage of the fact that consider

able part of the network~is usually linear. In the piecewise 

Harmonic Balance Method proposed by Nakhla and Vlach@), the 

nonlinear network under co~sideraiion is decomposed into a 

minimum pos~ible number of linear subnetworks and a minimum 

possible number of nonlinear ones. The terminals of the 

linear subnetworks are excited by periodic sources in the 

form of Fourier se~ies expansion. Then the linear subnetworks 

are solved in the frequency domain and the coefficierits of 

the Fouiie~ siries are adj~sted .in such a wa~ as to satisfy 

the topological and constitutive relations of each subnetwork 
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as well as the topological equations resulting form the in~ 

terconnection .of t~ese subnetworks by using a suitable opti

mization routin~. 

The Piecewise ~armonic Balance Method proposed by 

Nakhla and Vlach[8] has reduced the number of optimization 

~ariables of the classical harmonic balance method but lead 

to a port~de&cription wliich is not suitable for geneFalized 

c6mputerized applications. 

Goknar and Vlach[9] has ~xtended the Pi~cewise Harmonic 
./ 

Balance Method for most'practically encountered n~nlinearities 

by decomposipg the network under consideration ~nto one linear 

and several_nonlinear parts. In this ~m~thod the port descrip

tion is avoided so that there is no need to decompose the whole 

network into special subnetworks. 

In this thesis, the ~heory of the Piecewise Harmonic 

Balance-Method as developed b~ G6knar and Vlach~] has been 

ex~mined ana the associated computer program prepared by G6k-. 
n·ar.andVlach(9] has been modified in such a way as to solve 

the circuits: containing diodes and transistors as nonlinear 

elementi. S~veral cases of nonlinear periodic circuits have 

been solved. The structure of the .thesis is as follows. 

w 

In. chapter. II the basis of the piecewise Harmonic 

Balance Method is introduced. Constitutive ~quati~~s of the 

various nonlinear elements are discussed. The idea 6f source 

augmenting procedur4 to seperate the network'into one linear 

and several nonlinear parts is explained. The systematjc 

procedure for removing nonlinear elements is presented for 

flux controlled inductors and transistors~ Finally the scalar 

error function to be minimized is defined. 

In chapter III the procedure for obtaining the respons 
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of the linear network is in~roduced. It 1S shown that the 

solution of the linear subnetwork is obtained only once for 

each frequency and for unit augmenting. sources which is suf

ficient for all iterations and for the calculation of the 

gradient. The formulation of the linea~ net~ork_equations 1S 

also introduced in this chapter. The Mixed No~al Tableau 

(MNTf ·formulation of the linear network equations is explained 

in detail. First the importance of the MNT formulation is 

explained i using single graph technique. Then the power of twe 

graph technique is introduced and a systematic procedure for 

obtaining the voltage and current graphs of the circuits is 

investigated separately. Finally the solution of the linear 

network equations obtained using the MNT formulation 1S 

introduced and-an LU deco~position algorithm which applies 

partial pivoting on rows is presented. 

In chapter IV the evaluatlon of the gradient both in 

. fhe case that the period of the oscillations is known and 1n 

the. case that the period is unknown is introduced. In the 

case that'the period T is unknown an original expression for 

the gradient is derived and compared to the one presented by 

Nakhla and Vlach [8] . 

In chapter V the steps of the algorithm uS1ng the 

piecewise Harmonic Balance~Method is given. A ma1n program 

and several subroutines are. presented for the case that the 

) period T of the oscillations isknown~ Some comment~ and 

selection of some important parameters required to start the 

program are also given. 

j 

In chapter VI several examples have been solved by the 

proposed Piecewise Harmonic Balance Method with known period. 

Finally 1n chapter VII'concluding remarks and sugges

tions ,for further study are given. 
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II. BASIS OF THE PIECEWISE HARMONIC BALANCE METHOD 

In t his c na pte r t-h e bas i s 0 f the Pie c e wi s e H a r mo n i c 

Balance Method is introduced. 

Types of the two~terminal and multi-termi~al nonfinear 

elem~nts are described in section I. 

The idea of source augmenting procedure to seperate 
.' ~.-. " .. 

the network into one linear and several nonlinear parts is 

pr~sented in section II. First the method of Nakhla and 

Vlach [8J for s epera t ing thenet,wo rk 'into linea r ard nonlinear 

subnetworks are ~xamined, then their idea is used to explain 

the method extended by Goknar and Vlach [9] . 

The systematic procedure for remov1ng nonlinear ele

ments by'connecting the augmenting sources is investigated 

fox fl~x controlled inductors and transistors in section III. 

Finally in section IV the error function to be m1n1~ 

mized is defined in terms of the complementary variables of 

the augmentinisources. 

, -
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11.1. NONLINEAR ELEMENTS 

In order to apply Piecewise Harmonic Balance Method 

for solving nonlinear networks, a restriction ~s imposed on 

the type of the nonlinear elements that participa~e in the 

given network. It is assumed that all the nonlinear elements 

present in the network have functional constitutive relat ions, 

that is all two-te-rminalelements have- constitutive relations 

controlled by one variable and all multi-terminal e~ement~ 

have a hybrid description where half of the terminal variables_ 

are expressed in terms of the remaining h~lf terminal variables, 

The various types of the two-terminal nonlinear elements and 

their constitutive relations are given in the followi~g • 

Figure 

. A~ 
V - dt. 

1- Two-terminal Nonlinear Element 

-
controlled " VR--fR (\R) Current resistors 

Voltage controlled resistors i", = tG( V6 ) 
.' ,-, 

Charge controlled capacitors 
V:,} = f=> ('to) 

Voltage controlled capacitors 9c = fc (Vc) - I 

F~ux controlled inductors il = f, (4',) 
Current controlled inductors 

¢L: -= fL (iL ) 

(n 
(2) 

(3) 

(4) 

(5) 

(6) 

'Constitutive relation of the voitage controlled capa

citors in Eq(4) can be written as 
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where 

and the c~nstitutive relation of the current controlled 

inductors in Eq(6) can be written as 

.,; 

where 

~ 

(7) 

(8) 

(9) 

(0) 

The most g~neral constitutive relation for a multi-

terminal element is assumed to be in the form 

where x consists of some of the terminal variables and y 
'" ,.., 

consists of· the remai.!ling complementary variables. A two

terminal .and.a multi-terminal element are illustrated in 

Fig.l and Fig.2, respectively. 

" 

+ '"". .!J 12- 1\ + 
v. I V -,.. 

Figure 2- Multiterminal Nonlinear Element 

(1) 
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The basic building bloc for modelling transistors is 

assumed to be of the fdrm given in Fig.3. In Fig.3. the 
.' 

constitutive relations are as follows: 

iR = tR (VB() (12) 
\..' .. , .- . 

iF= ff (Vl)E) _( 13) 

denotes the diode currents. 

(14) 

(15) 

-deno~es the nonlinear para~et~~s of thecontro11e~, sources. 

and 

iDE =- (DE" ( VBE) V~E 
(16) 

.' 
Il)(. - CDC. (VBC-) V~c. (17 ) 

Iii - t .. u~ ( VSE) VeE' . (18) 

.-' , 

· eTC ( Vee) \lsc lie - (19) 

denotes the constitutive relations for nonlinear capacitors. 

Then the basic building bloc's terminal equations take the 

form 
~ 

· tt:( \lBE , Vsc "I V~E) IE 
- (20) 

- . · Ie tc( VSE ' Vee, Vee.) 
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T 
V~J 

Eq(2Q) can be written as 

- 9 -

which is in the form of Eq(ll). 

~> ./ Cj'e. G TC . +j _hi:= ITC _ + 

C C 
+ DE ' DC 

• 1 ~ 
-+ \ E . . 

IbE IDe E c . , ~ \~ 

B 

. 
lc, + 

C 

Figure 3- Basic Building Bloc for a Transistor 

(21) 

(22) 

(23) 

( 24) 

Any other model for a transistor can be built from 

this basic -bloc by adding'ele'ments to the terminals E.B or 

C. Eor tb~m~re complex model obtained by adding elements to 

the terminals. either a descrip~ion of the form(ll) is obtained 

as constitutive relations or the additional elements are 

considered seperately as indiv~dual elements. 
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11.2. SOURCE AUGMENTING PROCEDURE 

/ 

In this section, the idea of source augmenting procedure 

which constitutes the bas is of t'he Piecewise Ha1rmonic Balance 

Method is introduced by decomposing the network under consi

deration into nonlinear and linear subnetworks. Then, the 

procedure is develo;ped in such a way as to "seperate the the 

network into one linear and several nonlinear parts. 

Consider first a simple network which consists of two 

arbitrary subnetworks Sl ·and S2 (Fig.4]. Then, let vet) and 

i(t) be the voltage aid current waveforms, respectively, at 

the terminals A~B. Assume that the subnet.work Sl does not 

contain any sources dependent on currents or voltages in the 

subnetwork S2. Seperate the two subnetworks and au~ment Sl 

by an independ~ntcurrent source with th~ ~aveform i(t)' 

'[Fig.S]. ,If the r,esulting network has a uniquejsolut{on for 

~ll its branch curr~nts and branch voltages', then these 

currents.and voltages will be identical to those of the 

subnetwork S1 in Fig.4. The voltage at the terminals A-B 1n 

the augmented subnetwork is identical to vet). On the other 

hand, if the subnetwork S2 is augmented by an independent 

. voltage source with the waveform v(t), the resulting current 

at the terminals A'-B' will be identical to i(t). 

AI , t) A 
+ 

. Sz V(t) 51 
-• • 

I 

Figure 4- Arbitrary Network 



'. 

.s~ v(t.) 

--11 -

!I 

i(t) 
T' 

V(t) 

Figu~e 5- Same network in Fig~4. seperated into two 
subnetwo~ks each augmented by appropriateso~rce. 

Let us now repeat the same procedure wiCh some 

modifica~ions. We start by augmenting .Sl by an independent 

current.source i1(t)~ i(t). Denote the resulting voltage at. 
~ . 

the term1nals A-B by vl(t). If the subnetworkS2 ~s augmented. 

by a voltage source with waveform v2(t) = vl(t). some current 

i2(t) will flow" in the direction indicated at the- terminals 
. . t . 

A"-B'. Obviously.-/ i.2 (t) :;z! il(t). An error function can be 

a-efined as t..<t)_= i2(t)-:-il(t). If we succeeci. by' a s~t of 

suitablealterat~ons. to make ~(t) = 0 for all t. then the 

. ~ource il(t) which reduces the error function to zero for all 

t is identical-to i(t). I~ the Piecewise Harmonic Balance 

Method· presented here. thew alterations are performed by a 

minimization routine. 

The ideipresentedin the above discussion was gene

r,!~zed by Nakhla and Vlach~] fo~ the deter~inatiQn ~f .the 
I 

. peri,odic 'response of nonlinear networks. ltssuming that an 

arbitrary network S is in the steady state with periodic 

response of period T. then S can be decomposed into a minimum 

possible number of linear subnetwork~ Lii i l ••••• t • and 

,nonl inear s ubne tworks N U i=l ••••• n. All the non 1 inear e lemen ts 
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that exist in S are assumed to be voltage controlled. 

Then, the linear subnetw5rks can be augmented by 

pe~iodic current sources of the form 

where 

[ 
T

~ = ~k and • 

(25) 

Since the linear subnetworks are excited by periodic 

functions, the solution in the frequency domain- can determine 

th~ node voltages of these subnetworks. They can be denoted 

by 

M. 

~ (1:) = ~. ~k(t.) (26) 

k::o 

~~ere . €k(l) is the vector of node voltages corJresponding to -the sources with fll'equency k. Then, the vo}tage sources with 

wa~eformsidentical to those appearing at the respective 

terminals of the linear subnetworks is applied to the nonlinear 
I 

subnetwo~ks Ni as shown i~ Fig.6,b. Sinc~ it is assumed th.t 

th~ nonlinear networks ~ontain only resis~ors and capacitors 

as nonlinear elements whose controlling variables are the 

vol tag e s " .. "t h e. res u 1 tin g t e r min a 1 cur r e n t s will b e fun c t ion s 

of e(t) which is denoted by 
,oJ 

(27) 
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co..) 

'" I . 

'" Figure 6- (a) Arbitrary nonlinear network with periodic inputs. 
(b) Augmentation of subnetworks with appropriate 

, ~ . per1od1c sources. . . 

f 
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For a consistent solution 

for~. (28) 

Thus, the variable~ 1n Eq(25) can be chosen such that 

Eq(28) is satisfied. 

Goknar and Vlach [9] extended the theory ment ioned 
. ) 

above for most practically encountered nonlinear elements 

presented in sectio~ 11.1 by decomposing the network under 

consideration into one linear and several nonlinear parts. 

~onsider the two vectors consisting of the' controlling 

variables of the nonlinear elements 
... 

V~[VJ <T cpT T .JT Vc ~TR (29) ,... ,... 
"- .... 1 

j. = [ ·T 
9~ ·T .JT . 

'R I (30) 
rV 

,., L , ...., 

If the controlling variable of the nonlinear element 

considered is a voltage or a flu~, then a voltage or a flux 

~~urc~ is connected accordingly across the te~minalwhere 

the~ariable is being m~asured. On the cither hand, if the 

controlling variable of the nonlinear element considered is 

a current or a ch~rge.-then a current o~ a charge source 1S 

connected accordingly in series with the terminal where the 
t 

variable is being measuresi. The additional sources connected 
. . 

as explained abov-e are called augmenting sources. Special 

care sh~uld be exercised not to form'loops of vdltage sources 

with or without fl~x sources and cut-sets of current sources 

with or without charge sources in connecting the augmenting 

sources. 

Le·t Us denote the augmenting source variables and £,. 
.~ --

denote the complementary variabies of the augmenting sources. 
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Then, consider the network with four nonlinearities ~hown 

schematically in Fig.7. For this network( Us and ~ are given 
"" - -by the fo'I"low·ing expressions: 

~s=[ VSl Vs,2. 
T 

is:; '\54J (31) 

§=[ 
. 'T-

IsI' Is~ Vs? V$Lt J (32) 

. 'Ill 
. . 
1"'2 IL2 

Tr CAnS is tor 
C 

Given ne.~""ork 

+ B + 
. 

ise. IS1 

Figure 7- Augmenting sources for a transistor, current 
controlled resistor and charge controlled capacitor. 

j Suppose that i~ is possible to choose the augmenting 
I 

'U .... ~ (. ) = u o. (. ) ins u c haw a y t hat EXt) 
~~ ~ 

is source variables 

identically zero for all t. The presence of the augme~ting 

voltage and fl~x sources connected across the nonlinear 

ele)llents whose controlling variables are, respectively, a 

voltage or a flux will not effect the other variables in the 

circuit when the current through them is identically zero 

since they all behave as open circuit elements. On the other 

hand, the pres~nce of the augmenting current and charge 

sources connectei in series with the nonlinear elements whose 

controlling variables are, respectively, a current or a charge 
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will not effect the other variables in the circuit when the 

voltage across them is identically zero since they all behave 

~s short circuit elements. Thus,-"the problem is to find the 

augmenting s~urce variables !s(') such that the complementary 

variables of the augmenting sources ~~) bec~me identically 

zero for all t. 

Let 'LLs( .. ) be arbitrarily selected. Then is 

given by 

(33) 

" where~N consists of the controlled variables of the nonlinear - " elements aid ~~ consists of the variables in the network at ....., 
the terminals where the augmenting sources are connected 

created by the introduction of these sources. 

After augmenting soucres have been introduced and U~} 
-~ 

has been selected,' the variables ~~~)are"not affected by 

the presence of the nonlinear elements anymore. Th.·erefore all 

nonlinear elements can be removed from the circuit as shown 

in Fig.8 and'1L.t-t:) can be calculated from the resulting linear 

circuit by any technique. Note that the charge and flux sources 

havebee~ replaced by the· current sour~e "tt) and voltage 

sou:rce "<P(~t in the 1 ine ar n~ two rk. The res pons e ~ of the 

~6nlin~ar network is obtained by direct substitution of _%(.) ",... 
into the ~quations describing the nonlinear elements. Thus, 

for e a c h s e 1 e c t ion a f ~5 (.) , t: ( • ) is 0 b t a in e d fro m E q ( 3 3 ) and ,... 
it. i s for c edt 0 z era b y a sui tab 1 e 0 p tim i z at i on me tho d , t 0 

obt"ain UO(.) .... S " • 
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/ 

\ . 

Linear' n etwotk 

with 

qU cameniin~ SoLlrc.es 

. ! 

+ 
vLJt 

I 

+ 
0 

+ 
"N4 

Figure 8- Removal of the nonlinear elements from the g1ven 
network. 
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11.3. REMOVAL OF NONLINEARITIES 

In order to avoid suchde~eneracies as loops of voltage 

sources and cut-sets of current sources and to be able ·to give 

a ~ormulation of the nonlinear elements in terms of the 
-~ 

primary variables of the augmenting s~urces, the source 

augmenting procedure has to be done systematically. In this 
" . sect10n the source augmenting procedure for removing non-

linearities due to flu~ controlled inductors and transiitors 

will belexplained in detail. The constitutive equations 

expressing the complementary variables of the augmenting sources 

due to nonlinear elements will be obtained for flux controll~d 

inductors and transistors, respectively. The constitutive 

~quations expressing the complementary variables of the 

nonlinear el~ments other than the flux controlled inductors· 

and. tran~,istors that has been obtained in [3] will. be presented 

directly ~ithout derivation. 

11.3.1. FLUX CONTROLLED INDUCTORS 

In this subsection, Systemat.ic procedure for the removal 

of non1inearities due to flux controlled induc~orswi11 be 

presented· in detail. 

EXAMPLE. ... 1 
Cbnsider the graph of the given network in Fig.9. The 

~ines represe~t flux controlled inductors whil. the dashed 

lines represent the elements other than the flux controlled 

,inductors. . - ,,.....~-

---;,"" .... -~----

,-== ::: - :> " -:: -:. - - - - - - .......... ------....;.,------:a·... : 
, ........ ----- __ 1 , ,,:--' ~ 

J.... ..... ...' I .... 
CP
I
" ... _ . /'; , ..... 

- ".... I ..... 
, ... "c / 

..... "'" ,-\ \ ."" .::- ..... --- -_ ,., F----_----------~ ..... __ ..... f 
;.~~! i) o:<~, /_ ',,' __ ' . .......::::-- _ - - - ..... ___ J . - - - - ---- ------------------~ 
Figure 9- Network with Flux Controlled Inductors. " 
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Figure 10- Network obtained from the one in Fig.9 by open 
circuiting all elements other than Flux Controlled 
Inductors 

Obtain a subcircuit of the given circuit N by open

circuiting all elements other than flux'contro1led inductors. 

,Thi~ is shown in Fig.10. Then choose a forest in this sub

circuit. The forest chosen for this ci rcu i tcons is ts of the 

branches Fumbered from 1 to 7, and augment the subcircuit 

by connec~ing a F~ux Source across each forest branch as 

shown in Fig. 11. 

Ai 
13 . 

Figure 11- Netwo~k obtained from the one in Fig.10. by 
augmenting flux sources across each tree branch. 

In Fig.ll 

CPs, = [4>5i <\:>52 CP~a <PSLi 4l~ erS6 

. ~ (34) <PST] 
:rJ . 

~1F= [ cPF\ 4'Fl 4>f~ ~flj Q>F5 tPF~ 4>f1JT (35 ) 
~ 

~1C= [ ~s <Pc 9 ~10 ~1' k"'1.<PC'\3 ~,Jl (36) 

" 
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denote the fluxes of augmenting sources, of fdrest inductors, 

and of co-forest inductors, respectively. 

The fundamental loop equations associated with augmen

ting source branches of the augmented subc\ircuit are 

~i ~S1 
~2 ~ <PSl. 

~r3= CP~' 
CPF~ = ¢>5~ 

¢FS= ~s 
Q>F~ =. <1>~ 
~-cp 

F"i S':f 

/ 

which can be expressed compactly as 

The fundamental loop equations associated with co

forest branches of the augmented subcircuit are 

. <Pc I~ + ~Sl- 4>5G = 0 

~c14 + ¢Slf - <PSi- -- 0 

(37) 

(38) 

(39) 
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which can be written in matrix form~ as 

<Ps~ 
- <Ps~ -1 \ o. 0 0 0 01 t 0 b 0 0 0 0 ·¢S3 0 o -t 1 0 0 0 0:0 i Q 0 a 0' 0 

4>~4 0 { 0 -I 0 0 a 0:0 a 1 0 0 0 () 0 
0 0 0 -1. 1 0 0:0 0 0 1 0 0 0 ~S5 - 0 
0 0 0 0 -1 I D:O 0 0 0 ~ 0 0 CPSc, 0 
0 () 0 0 0 -l 1 : 0 0 () 0 0 " 0 

<PST 
0 

I 
0- 0 0 0 1 0 -0 0 o· 1 0 0 -1 10 0 

CPC.8 -'-- y .J ~ 
¢C5 -B I c.pC\O 

~l .-." 

<Pelf 
¢CI2. 

(40) 
CPCI~ 
cPCi4 

Eq(40) can be expressed in compact form as 

r 

JJ "~Sl [-B '" -0 -, 
'V 1 '" (41) 

.t ... w • " .... P1C 
or 

'-

-] 4>S1.+ CP1C == 9 ~l 
'"" N 

. (42) 

i Combining the set of equations 1n (38) and (42). the 

fundamental loop equations of the augmented subcircuit are 
obtained as: 

/" 
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-I I 0 
CPSl ,..., 

,.... ,.., 

¢IF - o~· 

-B 0 I '" 
,...., (43) 

__ 1~ - - ¢1C ...., 

/ 

where I and 0 denote the identity and th~ zero matrices ,..., ,..,. 
res p e c t i v'el y ,. 

as: 

The fundamental cut-set equations theri b~come: 

iS1 - iFt _0 ics + iew -0 

iS2 -iFZ + ics - iC9 = 0 . . . . 
1$3 -IF3 + les -lclO = 0 -~ 

iS4 -if4 - iCfi + iC.\4 ' 0 

iS5 - if5 + iC1\ - iC12 = 0 - , . ,. 

1:51) -1F"6 + ICI2 -IC\3 =0 . . .. . 
'S"1--lno + Ic~-lci4==O 

(44) 

The set of. equations in(44) can be put into matrix form 
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lSI 
~ ,0 0 o 0 0 o 1_\ 0 0 o 0 

, . 
o 0 I-i 0 1 0 o 0 0 

o " 0 0 0 0 o I 0 -1 0 o 0 o 0 I ~ _I lQ 0 o 0 0 
o 0 1 0 0 o 0 I 0 0 -t o 0 o 0 : 0 1 -i 0 o 0 0 o 0 1 0 o 0 I -

00 I 0 o·-f o 0 1 0 I 0 0 o -1 0 0 o 0 0 0 ~ 0 0 I 0 0 0 o -1 0 0 I 0 0 0 ~ -f 0' 0 o 0 0 ~ 
I 

o 0 -1 0' 0 CJ 1 -i 0 0 0 0 I 0 0 0 I 0 0 
0'0 000 o i : '0 O' 0 o 0 0 -1.0 () 0 0 0 ~ -i 

152 

!S3 0 

!S4 0 
0 

1"'5 0 
ISG - 0 
· 0 
IS1 0 

'--v-----~ "- 'V' 

I -1 _ST 
. 1 
.-.J rJ ,....,; 

!FI 

IFl · 
!F3 
!F~ 
~F5 

I 
JfC. 

(45) IFf 
· Ie.g 
• 
Ic~ • 
!CIO 
leB 

!Cf1 

ICf~ . 
IC.II4 

Eq(45) can be expressed in compact form as: 
i 

[I _BT ] 
. 

-I INl 
""' --..1 . (46) 

IlF 0 
'" 

,..., . 
11C 

"-

where 

:T ..,-

. iN1 =[is, 
. . . . 

iS1 ] Is~ Is? 1511 Iss 156 (47) 
,..., 
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(48) 

Sc = [ice ic9 iCl• iell ict~i CI~ i"t (49) 

denote the currents of augmenting sources, of forest inductors, 

and of co-forest inductors. respectively. I 
. / 

Using the constitutive relations 

in Eq(46) 

becomes 

and using (43) in (53) 

is obtained. Eq(18) will be written as 

/' 
. f (cp) 

· INl = t Sl 
,..J ..... 1_ 

(50) 

(51) 

(52) 

(53) 

(54) 

(55) 

In the case that there are no loops of flux controlled 

inductors, Eq(55) reduces to the constitutive relations as 

(56) 

-! 
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The circuit obtained from the given one by replacing 

all flux controlled in~uctors by voltage sources as explained 

above will be denoted by N .The voltage function of these' 
1 .~.' 

sources is taken to be VS,1 = cp,. • This is illustrated in 
....., ,..,~l 

Fig.12 for the special network considered in Fig.9,and in 

Fig.13 for any network. Note that the derivation in this 

section is made under the assumption that there exists no 

loops of flux controlled inductors with actual sources present 

in'the orjginal circuit. 

" 'rr" 

,>{ 
, ,\ 

I . I \ 
I \ 

I \ 
\ 

, 
r r 

--- - - -a: =-
"." -,,-

/" 
,,/' , 

" ,," " " ., ,,- , , " , ",-:.: - - - - - - - - - - - ., 

I --- ... 
... I __'" ( "." -----,.,.----- - --- ---------- -,..JI-\ ... _.. .... ............... 

\ -
\ 

.- - --

--- - -- - -

, 
I , 

, . \-

1ST \ I 

\ ( 

1, 
I 

ISG I 
I 

I 

\ 
\ 

Figure 12- The network N, ~btained by r.moving all flux 
controlled indu~tors from the network in Fig;9 • 

. 
IN, 

\ 

Figure 13- Removal of flux controlled inductors. 

BOGAZiGi UNlV€RSHESi Ki;JTUPHANEs\ 
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11.3.2. TRANSISTORS 

In this subsection, systematic procedure for the 

removal of nonlinearities due to transistors will be 

explained in an ~xample by augmenting voltage sources into 

the network, pro~erly. 

EXAMPLE 2 
Obtain a subcircuit of NI by open-circuiting all other 

elements than transistors, voltage sources in N and the 

augmenting sources introduced in 11.3.1. (if neither type of 

sQurces form loops with transi~t~r branches, then the sources 

can also be deleted). Then choose a forest in the subcircuit 

by including as many sources as possible as forest branches. 

Let the subcircuit ot N, obtained by applying the 

- procedure stated above be the circuit sho~n in Fig.14.(The 

forest ~hosen for this example is indicated by heavier lines). 

·In Fig.14. 

(57) 

(58) 

denote the voltages of voltage sources in N that are connected 
• of 

across transilstor branches and the vo1'tages of flux sources 

that are connected -across transistor branches respectiv~ly. 

(59) 

(60 ) 

d~note vo1tages\of voltage sources in N that form loops with. 

transistor branches and the voltages of flux sources that 
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I 
form loops with transistor branches, respectively. 

VSAt + • 

~12 . --+ 
¢S12 

VSAl 
+ 

Figure 14- Network obtained from N1 . ~y open circuiting all ~ 
other elements than trans~stors, voltage sources' 
in Nand the augmenting sources introduced before. 

Augment this subcircuit by connecting a voltage source 

across ea~h transistor branch in the forest. Then the circuit 

in Fig.l~ takes the form shown in Fig.lS. 
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In Fig.15 

y'IA z=. [ \fTA1 

I 

VTA2.J~· (61 ) 

\Ji \ = [. VT11 

T 

VT1Z] (62) 

N 

denote the voltages of transistor branihes which have a 

voltage-source in N across their terminals and the voltages 

of trans {s"tor' branches whi ch have a f lux source acro s s the ir 

terminals, respectively. 

(63) 

(64) 

denote the voltages of transistor branches that are in the 

forest and the voltages of transistor branches that are 

in the coforest, respectively. 

T 

VST=[VSi1 VST2. \is'\"3 V~i'1 VSTS \/<;, .. 6 V~Tf VsTaJ (65) " 
"J 

denote the voitages of augmenting sources connected across 

tr.ansistor branches. 

Th'e fundam'enta1 loop equatl.ons associated with, tran

sistor branches which have a voltage source in N across their 

t·erminals are: 

VSAt + YTA~ = 0 

VSA,/; + YTA2 = 0 (66) 

The fundamental loop equations associated with tran-
I 

sis tor branches which have a flux source across their terminals 

are: 
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. 
4:>Sl~ + VT~1 = 0 

,,/ 
• 
CPS1~ + VT'~ = 0 

The ~und~men~al loop ~quations associated with 

augmenting sources which are connected across transistor 

branches are: 

-VSi,1 + \J~F1 = () 
\ 

-V~T'2.+ VTF2 = 0 
- VST~-I- VTf3 = 0 
- \I:'T~ + VTf4 = 0 

-. \J 5T6"+ VTF'5'= 0 -

..:- V.5TG + Vj F6 = 0 

- VST:J.f- VTF7= 0 

- VSTB + \JTFS = 0 

( 67) 

(~8) 

The fundamental_loop equations associated with .tran

s~storhranches wh~ch are in the co-forest are: 

• 
,- VSA1 + VS"T5 + 'VSTG - ¢s~~ + VTc1 = 0 -. . . 
- ¢. + ¢. + YST6 - V~M + VTC2.==- 0 

, . S'A Si~ 

VSAZ -/ ¢:'1,? + YST'f -VSA? + V,C3 =0 . 
VSAl _. VSiro cPS1,? + VTC4 = 0 
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The Eqs(66),(67),(68) and (69) constitute the funda

mental loop equations of the augmented circuit in Fig.lS. 

" 

Figure lS- Augment~ng a voltage source across each transistor 
branch which is in the foresi in Fig.14. 

The fundamental loop equations can be rewritten in the 

matrix form as: 



-~;A-~T1 -:f>TA -~i' 
r-

, rV5A1 
VSAl . 

VTA1 

VTA1 

VT1. 
VT12 

v,.;f " 
"TF, 

'Yrn 

Vrr/i 
VTf5 

ViFG 

Vrr:; 
VTFB 

'V-rC1. 
V.,..C1. 
Vr" 

t'4'/i I 

r- i 
o 
o 
o 
o 
o 
o 
o 
o 
o 
o 
() 

o 
o 
D 
o 
o L. _ 

.. 

w ..... 

(70) 
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Eq(70) can be expressed in compact form as: 

-1 0 0 0 0 1 - ,w ,... ,.. -
0 -I 0 0 0 0 ,... 

,.J -- ~ - -
0 0 -1 0 0 0 ,., ,.., ,.., ,.., .-

I 

-5 -8 -5' -BTA-B ! 0 . _Til. ,- T1 ,... T -:-. .-T'I -
/ 

or. 

-I () ,.. ~ 

o 
"" 

o 
w' 

o I 
I 
I 

o .0 -I 0 0 ,... ,.., ,.. ,.. ,.... :1 
() 0 -Ie> 0 1"-

I 
I' 

,.., fW .,... N _: 

-R '-,5 -5. -'5 -B ~ 
;::rA T1 T TA T'l I - I'W I'W _ 

0 0 0 "sA 
~ 

,... 
"it 

I 0 / 0 ci:> ... , ,... -,... . .... 
-=0 0 T 0 VST 

,-...I 

,... ,... 
0 0 ! VSA ,-

---• 
ip~, ,.... . 

VTA ,.., 
VT, -
\/TF ,... 

--:;." 

VTc. 
~ 

V':JA ,., . 
cPs, 

=0 ,.... 
~T 

f'J 

,.,. 

VSA ,.., . 
P~l 
VTA 
,.-

VT1 ,.., 

VTf -
VTc. -

(71) 

(72) 
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The fundamental cut-set equations then become: 

i~A,-iTAi-iTC\ = 0 

iSA -' • . 
.a ITAl + ITc :, + IT(;1t = 0 

" . . 
. IS11 -1"'4 -ITe2. = a 
. - ( 

1512. - IT1l.+ iTcl- iTc~ --0 

iNTi - i"fl'"\ = 0 c 

" . 
I NT3 -liF";' = () 

"I -', =0 . NT,. Tf"4 

" . . 
INT5' - '''1='5 + lTC, = 0 

(73 ) 

" . 
'HT6 -ITF6 +iTC1 +iTC2. =0 

iNTI - iTF"J + iTC'3 - 0 

" . . 
INTS -ITI='8 -I~t~ = 0 

-" . 
IrA -I =0 

.:J t TC2. 

IA - i =0 S:z. ,Co . 

-· . -0 Is,?. -ITelf -

The set:of equations in(73) can be put into matrix form 

as: 
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I 
, 00 00 a a 0 0-0 ·0 0 000 00, 

II 
I - .... .. , f ,.I r- r 1- ~ "" IPI ~ 

..... 
l- I- .:: l- I-

" 
. - • '-. 

.--
0_ 00 

0- OJ 
"00 - -

I 
-0 00 I :..-...;. 

00.00 

.0 C> 0 0 

0 000 

00 0° 

0000 

OOOD 

00 0 0 

0 

000 

000 

I- t
~t 

I 

0 0 

0 0 

0 ::::> -
0-0 

0000 D - 00 

000 <:> - - 00 

0.0 0 0 0 0 0-1 
\ 

00 0 <> 0 0 JO 
-

000 0 0 I DO 

000 0 -
1 000 

000 I 0 0 0 0 -. 

00 -I 0 0 0 0 0 a, 0 0 0 0 0 0 

0 0 00 0 

, 
00 0 I 

0, 00 

-0 , 00 

00 ,0 
00 00 

0000 

90,00 

0000 

00.00 

00 0-0 

00 00 

0 0-0 0 ~oo '-_._--"-- 0 0 0 

o 0lO'] 00 
0 0 0 00 0 0 00 0 

0 0 ... 0 00 0 0 0 00 .:> 0 00 -0 

1°,]° 000 
0 0 0 00 0 0 00 0 

,000 00 0 000 0 0 .0 00 <:) 

0000 0 D C) 000 0 0 o o~ 
0000 0 :;> 0 000 0 0 o 0 -0 

. 

0000 00 0000 0 o~o"o 
0000 0_0000 0 0 0-0 Q-O 

, 

00 0 0 00 000.0 0- 00 00 

000 0 00 0 000 - 0 0 0 0 0 

00 0 0 000 00- 00 00 00 

00 0 0 00 0 0-0 0 0 0 0 00 

00 0 0 00 0 --- 0 00 0 0 0 0 0 

0000 00 0 0 00 ~oo 0 0 
, 

0 0 
o~oo 0- 00000 o 00 

0000- 00 0 00 0 o 00 0 0 
1------"'--

ooE~ooo 0 o 0 0 0 0 0 0 0 

00-0000 0 0 0 0 0 0 0 0 0, 

fO -~ 00 0 
0 0 0 0 0 0 0 0 0 0 

0 
0 0 0 C> c> 0 0 0 

0000 0 0 0 

l 

, 
~Io tP. ri-co ... tn~ 
.... 4.. U 11. u. ... u u 
t- l- t- t- l- I- ..... t-.-1-. , -- --I 
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Each one of the fundamental ~~t-set equation"in (73) 

'associa~es with a forest b~anch. Since the aug~ented c~rcuit 

in Fig.1S contains 16 for~st b~anches. there e~ists 16 , 
f?ndamental cut-set equations in(73). -~ 

Eq(74) can be ~xpressed in compact form as: 

"T 

i5A I 0 0 9 Q: -I 0 0 -~TA - ..., -.l ... : ..... - ':'" 
0 0:' ~ 

" 

-B'T'l I 0 0 -I 0 I" -- .., - -. l - ,... ,.. N 

0 0 I 0 0: 0 0'-1 -.5'" · ,... - - - -: I"'T =0 0 0 0 I 0: - - ,.. ,...T 
0 0 0 --l?~A "' N ,.. ,.. - -- - . · 0 

. ,.... 
JSA 0 0 0 !: .... - - - ,...: 0 0 0 -~~-i ,.... - Is, (75) ..... 

iiA ,.,. . 
(T1 .... 
lTF · 
~TC 

or, 

, T . 
I -I 0 0 -~TA ISA I 

" ,I .... ...., ..... ,.... - : 

o _])T · (76) 0 -1 I~, - ..... ,.." ,_,T' ,... 
0 0 -'Pi · I -I " 'NT -0 ~ ,... _i 

~ - "" - 'N" a 0 0 -'f:t ' · - ISA ..... ' ,... ,.. "fA 
Q 0 9 -trTl 

,.... 
~ ,..... is, 

N 

ITA -· In ,.., 
ITF 

':" 

l-rc 
-,.. -

'. " 



( 

where 

- 36 -

.. IT 
15,0..'1::\ 

l 

(77) 

( 78) 

denote the currents through voltage sources in N th~t are 

connected across transistor branches and the currents througK 

flux sourcesth~t are connected across transistor branches, 

respectively. I 

(79) 

(80) 

denote the currents of voltage sources in N that form loops 

with transistor branches and the currents of flux sources that: 
/ 

form 190PS with transistor branches. respectively. 

ITA '. [iT~1 -- "'-
( 81) 

IT, = [iT11 (8i) 

. denote the currents of transistor branches which have a 

voltage source in N across ~heir terminals and ~he currents 

of transistor branches which have a flux source-"across their 

terminals. respectively. 

. 
I . 11=''' (83) 

. (84) 

ITC3 

denote the currents of transistor bran~hes that· are in the 

forest,and the curren~s of transistor branches that are 1n 

the co-forest. 



/ 

'~~?ri(~~ 

',' 

'.-' 3]' -

" \ " , 

INT~ (85) 

• i 
,. '. 

denotes the ~urrents of augmenting sources connected acr~ss 

t ran s is tor' bran ches •. 
" 

.. ' " 
l \' i 

;,'; ; ',;1 t' sholl l'd "b~ ~bt i~ed . th~t 't.h~ ~:i..g'tih"'h~~d side of the 

:~ . ': ~:'l 

cotafficient matr,ix in(76) is s'imply, the'.' tra~sp()';se of the 

ief~-hand- s'ide '~of thec~eifi~1~~'t' ~at~i·x/''i~('7:i>,:. This just:ifies 

that ~nc~ ,the ~undamental loop equations have been derived, 

the,·fundamentalcut';'s~t equations· can: be·,written! very easily. 

T,~~ current s of the augment i1\g sources are obtained 

from the thiTd bloc row of(76) as: 
'. 

Using constitutive relations, 

-. . . . . . 
'iF = fTF ( VTF ., VTC " VTA ,VT1 , ~TF' VIc, "-TA ., "-n) 
rv _ 

i = r ('J iF ., "TC..., "TA, V,., ) VTr:} V'C'I VTA ., VT,) 
,.., TC :t TC "" f"'" - _ - ,... ,.... ,,... 
of the transistor in(86) 

iNT '= f Tf ( ~TF ''jc , 'JA', ~T1' ~F' ~c. , ~TA , ~T' ) -..... ' 

+BT f (V.T~ ,VTC ' VTA , VT" \JTF' VTC,VTA , \in J 
.' _T, TC -.." _ "" /"# rv ,.. ,..., -

,N , 

(86) 

(87) 
; i 

(88) 

(89) 

is obtained. Rewriting the fundamental loop equations in(7l) 
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• 

~n:=~TAYSA + 42T1 ~s, + t>T ~ST + ~iAySA+ ~T' PS1 
are obtained. Differentiating the equations in(90) with 

respect to time 
• • V,A = \/5p..-
,-J .... 

. . ., 
V" = CPS, -

are obtained. Eqs(90) and (91) substituted Ln (89) gives 

. . . 
~T = 1F( ~T '~TA~S'" + ~T' 1'" +J?T ~T + ~TA~~ + I'T' P"'l., 

(90) 

(91) 

• i • • •• ,.... I 

y'SA , fs, ~~ST '~T'" ~~ +~, ~, + ~T ~T + ~TA~A + ~T1 ~" ~A ,~, ! 
. . . 

. + ~ ire ( ~T, ~TA~A +~T11>o1 + ~T 'iST + ~TA Vs ... + Bn cPs, , - ~-. .-. . 

. ~SA' ~s, '~ST '~TA~SA+~T'~S'+~' ~!iT+~A ~A+!2T'~' '~5A' ~s, 
- . . - ~ 

(92) 

( 

Eq(92) will be written as 

• •• ••••• 

1T=tT(~T'~A' ~A?~" .!s,' ~T'~A':'.:"'~"!S') (93) 

-
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It should be noticed that Eq(93) contain double 

derivative of augmenting sources when there exists loop~ of 

flux sources with transistor branches in the subcircuit of 

N, . 
In the case that there are n~ loops ~f transistor 

branches with or without sources' in Nl1 Eq (93) will .reduce 

to th~ constitutive relations 

(94) 

of the trarisistors. 

11.3.3. OTHER NONLINEAR ELEMENTS 

A !ystematic procedure for the removal of nonlinearitie~ 

other than flux controlled inductors and transistors can 

similarly be developed. T~is has already been done in 

reference [9] • Then, the compleme~tary variables of the 

~ugmenting sources associated wit~ nonlinear elements other 

than the flux controlled inductors and t~ansis~ors can easily 

be obtained. The complementary variables of the augmenting:: 

sources associated with these nonlinearities are given as: 

Currents of the augmenting voltage sources connected 

-properly across "the voltage controlled resistors, 
"--

Currents of the augmenting-voltage sourcaa connected 

properly across the voltage controlled capacitors, 

Vo 1 tag-es~ of the augmen ting cha rg e sources connec ted 

pDoperly in':series with charge controlled capacitors, 

Voltages of the augmenting current sources c:onnected properly" 

in series with current controlled resistors and inductors .. 

respectively. 

. ,",' 
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" 

:.; . 

11.4. ERROR FUNCTIONS 

In t his' sec t ion, the e r ro r fun c t ion de fin e d byE q ( 33 ) 

in section II.2.will be presented explicitly, and a scalar 

error function to be minimized will be derived. 

The error function to be made zero, can be defined as: 

· • 
IS1 1, 11-1 ,.... 

"-· · 
1sT INT 

• 
lLT ,... ,... 
"-• • -

I~ (NG ll(:' - :~;:> ,.... 

~c 
..... 

B ~ 
, . 
1& lu;" ~ 

~N-:l . ".., ..... ,.... (95) ..., 
VS:> VN;) ';fL';:) 

.~ ;.# 

,... ..... 
VSR ". 

\JNR Vl.1l. ,..,. . 

'" 'isL. VNL '" 
VI-\" ~ - ,rv 

where Yt. contains the complemen'tar!f variables of the augmenting: 

source; calculated from the 'linear network N, the variables' in 

e(t) corre s-..... ' 

~~ are defined in the previous section. Thus, ..... ' 

pon~s to the comple~entary variables of the augmentin~ sources 

in the original circuit N. 

Defining 

(96) 

and using the expressions derived in section II. 3, :iN can be 

expressed as 
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(97) 

which is given in ref~rence [9] 

Eq(97) are defined as follows: 

The additional variables in 

Vc,"- v. 0 denote. voltages of the augmenting 
_..a , ... Sc., ~lsC _ 

!'.' 

vbltage sources connected properly across the voltage controlle4 

resistorsi voltages of the augmenting voltage sources connected 

properly across the voltage controlled capacitors, and charges 
\ 

of the augmenting charge sources connected ·properly in serie~ 

with the cha~ge controlled capacitors. respectively. 
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• • • 
lSP.'-.!SL ,~:S" denote currents of the augmenting 

current sources connected prop..erly in series liith current 

controlled resistors, currents of the augmenting current . . 
sources connected properly in series 'with current controlled 

inductors, and currents of the current 'sources present in N. 

respectively. Defining 

, : . , 

\ 

(98) 

then 

(99) 

The final expression 

(100) 

d~s6ribing the nonlinear elements is obtained. 

Note that ':3.~ and ~L , therefore t" only depend on the 
-,.. -

waveform selected for U~. Therefore a scalar error function 
~ 

can be defined as: 

P( ~$) " r l(t.) f(t) dl: (101) 

o 

which also only depends on the waveform Us' The prob~em now -becomes to f ind U~ such that P (Us) = O. 
N I'W;;; 

Since it is impossible to optimize over all possible 

waveforms~ and as we are interested in the steady-state 

periodic solution the circuit is assume~ to have a periodic 

solution ~f period T. 

The Us can be taken to be of the form: -
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M. . M " 
1!s(t) = ~ "1k ~o6urkt + L !~-Stnkwt 

k=o "L-1 

(102) 

- "J/C ,,-
where the coefficients 'X" "/...,~" and ~,are to be defermined, 

I f'V) "," 

d uJ Z1T D f· . an =- " e l.nl.ng 
T "." 

X T X'f.T 
,...1"\,...1 . 

T )T 'X'It: . 
." ,..M 

The scalar. error function now·becomes 

o 

(103) 

. (104) 

and the ques~ion is to determine the coefficients ~ such that 
NI 

p (~) = 0". 
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III. CALCULATION OF THE RESPONSE OF- THE LINEAR NETWORK 

In this chapter" first tjle procedure for obtaining ,ther:", 

response of the linear network is introduced. and then th~ -

formulation and solution of the- equations describing linear 

net~ork are presented. 

Consider the Eq(102) which can be written in the 

/ form 

(105) 

.. 
w-here ~o;£ and Re stands for .. real par t of". 

To calculate' ~1. Co\::) fir s t note that ~l. (-I:) is the 
,..; 

response of a li~ear network. Therefore the linear network 

can be solved in f~equency domain for each frequency ~k sepera-. 
tely to give 

~~(t.) . Re \f. 'ljLk ( ~~k) e~IJJl<t.1 (106) 

,- 1<.:0 ,..." 

where ~LkL~usk)denotes the phasor response of the linear ne-t-
N 

work at frequency wk. 

For each fre~uency ~k. the Mixed Nodal Tableau (MNT) 

equations of the linear network can be written as: 
,.' 

(107) 

for k €,to,I,2., .... ,M\ where 
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the MNT, matrix at frequency wk. 

contairis t~~ phasors associated with the complementary 

variables ~f the a~gmenting sources. 

contains the phasors of the other variables (undesired) 

in the network. 

are the phasor values of, the actual sources at wk. 

coefficients of augmenting flux and 'charge sources at 

u)\<. 
:-

coefficients of the other augmenting sources at wk. 

incidence matrix of the augmenting flux and charge 

sources, 

incidence matrix of the augmenting voltage and current 

sources, 

incidence matrix of the actual sources. 

Eq(l07) can be written as: 

(108) 

for kE \O,I,l,,, .. ,M). 
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Def inin.g, a new matrix 6k (~U)k) as 
/ . , 

6k(~Ulk) = [~wk~t ~£1 
which. depends explicitly on ~U)k , and 

.. [~~-j~~] • ~ '" 1· 
'X-k-~~k = "",.., , * 

. 'Xk? - ~ ~k2. . '" ,.. 

as the coefficients of the augmenting sources. Eq (l08) can. b~ ., 

. put into the following form 

(l09) 

To solve for 

proceed as follows: 

~LI«~wk) in (l09) app ly superpos it ion and 

(i) Solve the MNT Eq(l09) for ~k(~wk)=9) Le., solve 

. PIO) 

,Ml, , t l/ 

r 

To obtain the solution matrix , solve 

-



- 47 -

. 
·(,=1, ..... 1'1 

'where N is the number of augmenting sources, and 
I 

§i =[ 0 0 , . , ,0 I 0 . . . . 0] T 
;C 

't.h l coulumn 
Then, the sol ut ion matrix to (110) can be constructed as 

.. 

Yk(~wk) ~~ (~wk) ~a( ~wk) , ~.~ (~w \<) '" k • • • ..... ,y 

't (~lOk) 
,.-.J 

j~kGwk.) 
/ 

~z (Swk) . ~ N (julk) Lk • • . 
"" Lk ,..... L.I< '" "" 

(111 ) 

(112) 

Thus, the cou1umns of ' the matrix \k(~l.&)k)contains the 
,,-oJ. .. 

response of the linear network to unit augmenting sources. 

(ii) The phasor solution due to augmenting sources 

then is 

~. ;:; 9k(~wk) h (~wk) 
r-J k- CXK-~~~ ') (113) - ,.y 

~L (~wk) Y. t wk) '" 
,..., 

..., I< "- LI< J -
Thus, the linear network is solved only once for each 

freq uency and, as 'X.k, X: change the sol u t ion -~Lk(5uJk) is 
'" '" ~ 

obtained ~y scaling (in the case tha~ the period'of the 

os~i11~tions is known). 

(iii) The phasor solution due to actual excitations is 

obtained.from 
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. (114) 

(iv) The desire~ solution is calculated as 

(115) 

or 

,... 

~L (~wk) _ k (116) 

Hence, 

. whic'h simply is the phasor. response of the linear network' at 

frequency wk. -. 

Inserting from (111) into (106) to obtain 

-

~,-G:)= R e. ~ FJ '1~" (~'" 1<) ( ~k - ~ !~) + : Lk ( ~w k ~e~wkJ(l18) 

Eq(118) is the required expression for the response of the' 

linea~ network in the time domain. 

- , I 

., 
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rII.l. TABLEAU FORMULATION OF THE LINEAR NETWOR~ EQUATIO!S 

In t~is section, tableau-formulation of the linear 

network equations is introduced, two different types of MNT 

formulation is presented in detail, their advantages and 

disadvantages are explained on several examples. In the 

f~rst approach, the linear network equations are formulated 

in such a way that all the branch voltages, all the branch 

currents and all the node voltages are appeared to be 

unknowns. In the second method, the number of unknowns is 

decreased in such a way that the equations contain only the 

node voltages and the c~rrents of the elements other than the 

resistors, capacitors, and independent current sdurces. 

Let the ndde-to-branch incidence matrix ~ssociated 

with the graph of a given network be Aa. Then the reduced 

incidence matrix A is obtained by deleting the row· .. 
corresponding to the datum node. 

Let ~')ib. and 1'0 be the node-to-datum voltages, branch 

voltages, and the branch currents of a given network, 

respectively. 

The branch voltages are obtained from the node valtages 

by the equation 

- ..... ,. 
~, ,l l., 

jand,. the branch currents are related to each other by the 

equation 

A I =0 r-'.-6 -." 

( 119) 

(120) 
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The Eqs(119) and (l20) ai~ the Kirchhoff~s voltage 

law (KVL) and ~irchhoff's Current Law (KCL).for the gi~en 
I • 

network. They are independ~nt of the natur~ of the elements 

of the network.' 

The constitutive equations representing ~he behaviour 

of the elements' can be expressed in the form of 

Pb Vb + o.b Ib '!i (121) 
~ ~ ,.....,,... 

I 

.Sdppose that the element being considered is an 

admittance, then choosing W = 0 and Q = -1 Eq(12l) becomes 

(122) 

where Pb repr,esents the admittance. On the other hand, if 

the element being considered is an impedance, then choosing 

W ;: (j and' P = -1 Eq(12l) becomes 

(123 ) 

where Qb "re'pre sen ts the impedance. 

Setting Pb = 1, Qb = 0, W = E the constitutive relation 

Vb = E is obtained for an indep'endent voltage source, and 

Qb = 1, Pb = 0, 'W= Jthe constitutive relation Ib= J is 
-, I 

obtained for an independent current source. { 

In order to be able to solve the system of Eqs(119), 

(120) and (121), obtain Ib from Eq(3) as 
, ,..., 

(124) 

and replace ~ in Eq(124) by Eq(ll~) to obtain 

(125 ) 
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"then multiply both sides of (125) by A to obtain 

(126) 

or, 

" (127) 

I 

The node-to-datum voltages can be obtained from(127) 

if and only if Qb is non-singular. In the case that Qb is a - -
singular ~atrix then the solution for Vn can not be obtained .... 
from(127). To overcome this difficulty Eqs(119),(120) and 

(121) can be put in a system of equations by adding the branch 

voltages" and the turrents as additional unknowns. Rewriting 

(119),(120) and(12l) as follows: 

(128) 

the system of equations to b~ solved can be expressed as 

, 
I T 

Vb 0 I I 0 :-A I , 
r' I ,.oJ I ,.... ~ ,.., 

I , 
_" ___ 1 _____ • _L __ " " "_" , 

~ 
I Q6 

, 
I , 0 !b W I- I .... (129 ) 
I I ,..... , f'"'J I f'"'J , I 

-- -- i- . -- . -. -' . - -... 
0 

I 

A 0 Vn 0 r-- ,... ,.., ,... 

Obtaining the MNT equations in(129) for~a given linear 

ci~~uit will be clarified on an exmap1e in the following. 
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EXAMPLE 3 • 

Consider the circ~it and its graph 1n Fig.16. 

C 61-II 3 

l®~@ Q R,l. 

-t ,. 
C-1o 

Vlt 
VS= fVIf T· J. b 

I- C(Ig R.U g-

( a) 

(b) 

Figure 16 

Th~ reduced incidence matrix A associated with the 

graph in Fig.16 can be written as: 
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-1 1 1 f () 0 0 0 0 0 0 0 0 
~ 

0 o. -\ 0 I . I 0 0 o 0 0 0 0 
- 0 0 0 0 0 -/ \ I 0 0 -0 0 0 (130) 

0 0 0 0 0 0 -\ 0 I 1 I , 0 
() 0 0 0 () 0 0 0 0 0 o -l. I , 

an~ the constitutive equations can be written in accordance 

with(120) as: 

, I I~ -= J; 

- V:2. .} RlI4 = 0 . 

SC3V3- ~:, = 0 

~ ~][~:l~~ :1l~~=[~] 
-,%+5 L 16 = 0 

- I~+ ,G=f-\J.~ = () 

p O][V81 ·-0 ()J~ltsJ [0] 
o '0 V~ _ + l ~ -I)~ = 0 

s·C"oV,.o- 1"0 = 0 

'Ru 111 - v .. ~ =- 0 

Rtz.ln. - V ~z. = 0 

. ~:;~ E\3 

which can be put into the form of (121) as in(132). 

(131) 
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Identifying the matrices !b~andjb in(132), it can be 

seen that the matri~3b i. a singular one since all the 

elements of its 5 th coulumn and 8 th row are zero. Therefore the 

solution ~f the ~ircuit proposed by the Eq(127) becomes 

impossible for this example. Instead of Eq(127), the s~lution 

of the circuit is obtained by using the Eq(129). 

If the constitutive equations(132) of example 3 are 

examined carefully, it will be seen that ,the voltage Vl across 

the independent curre~t so~rce Jl, an~ the volta~e V9 across. 

the dependent current source 19 do not appear in the constitutiv 
. , 

relations since all the el~ments oj 1 st and 9 th coul~mns of the 

matrix !b are ze~o. Similarl~, the c~~rent IS of ihe dependent 

voltage sburce V~ and th~ current 113 of the independent voltage 

source E13 do not appear in the constitutive relations since 

all the elements of 5 th and 13 th coulumnsof the matrix Qb are ..., 
zero. If th~ solution of the above mentioned variables that do 

not enter into the constitutive relations are not desired, 

they can be deleted in the Eqs(129). Since the voltage 

across the 8 th branch and the current through the 4th branch 
, 

~s known to be zero, these variables can also be deleted in 

the Eqs(129). 

In order to be able to perform this job of deleting 

the:undesire~ variables from the Eqs(129), a procedure is 

developed as follows: 

l~ Obtain a V-Graph from t~e graph of the network and 

let~cthe incidence matrix associated with the V-Graph to be 

Av then the KVL becomes 
'" 

(133) 
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2.- Obtain a~~I-Graph from the. graph of th~ network and 

denote ~he incidence matrix associated with the I~Graph as 

AI then the KCL becomes ,...., 

(134 ) 

The V-Graph is obtained as follows: 

1- If the voltage across the branch is zero its edge 
-

is collapsed in the V~Graph. 

2- If the voltage across the branch does not enter 

the constitutiva equations and is of no interest its edge 

is deleted on the V-Graph. 

The I-Graph. is obtained as follows: 

1- If the current in the branch iSrzero; its edge is 

deleted from the I-Graph. 

2- If~the current in the branch does. not enter the 

constitutive equations and is of no interest, its edge is 

co11~psed ~n th~ I-Graph. 

The word "of no interest" imply that the particular 

variable ~i11 not be needed as the solution. Otherwise the P 
I 

edge must be retain~d on the graph. For instance, one is 
., M.~. ... 

generally not interested in the current ~hrough a voltage sourc 

- and a voltage acioss the current source. 

The grap~s of some important one-port and two-port 

elements. a~d their constitutive equations are s~own in Fig.17. 

The current and voltage graphs of these elements can be 

obtained applying the technique stated above. This is shown 

in Fig.18. 
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EXAMPLE 4 

Using the voltage and the. current graphs of the elements 

shown in Fig.1B, the voltage and current graphs of the circuit 

in Fig. 16 are obtained as shown in Fig.19. 

(a) The current graph of the circuit in Figure 16. 

® 
~---+---"-

(b) The voltage graph of the circuit in Figure 16. 

FIqURE 19 

Then, the incidence matrix AI of the current graph of 
'" 

the circuit in EXAMPLE 3 becomes 

A= '" r . 

-\ 

o 0 0 

000 

o 
-I I 
o -I 

000 

I 0 

I o 

o 0 

o 0 

I 

o 
o 

(135 ) 



- 60 -

and the incidence matrix Av of the vo1taie graph of the same 
...... 

circuit becomes 

0 0 0 0 0 0 0 

A = 
0 0 I 0 0 0 0 0 

(13.6 ) 
r:JV 0 0 0 0 0 -I I I I 0 

0 0 0 0 0 0 0 0 -I 
, 

then the KVL and KCL for the circuit in Fig.16 become 

T 

Vb=Av Vn (137) 
'"" r- "-

AI Ib= 0 (138) 
"''''' ~ 

where 

T 

'Vb =[ V2 V3 Y4 V'S V( \/1 V10 ~t V,2 Vi:'] . (139 ) 
i:) 

t"-

and T 
• 

1",=[ II 1(, 11 Ifs 19 110 1~, IiJ 12 13 
(140 ) 

"" 

The constitutive equations l.n this case becomes 

l~b+ 9-1b= ~ (141 ) 

where .... 
-1 0 0 0 0 '0 0 0 0 0 , 

0 sC;a, 0 0 0 0 6 0 0 D 
0-0 0 0 0 0 0 (j 0 0 

0 0 ~ -1 0 0 0 .() 0 0 

0 0 0 0 -\ 0 () () 0 () (142 ) -p 0 0 0 0 0 ~:; 0 0 0 () ,..... 
~C'O 0 0 0 0 0 0 () 0 0 

0 0 0 0 0 (; () -\ 0 6 

() 0 0 (i 0 0 L.' 0 -I 0 
() U 0 0 0 '.) .:) 0 0 J\ 



- 61 -

and 

1 o 0 0 0 0- 0 0 o 0 

0 Rl 0 0 0 0 0 0 a 0 
/ .-

0 o !"'\ () 0 0 0 0 a 0 
0 0 o SL60 0 0 0 0 0 
0 0 0 o -\ 0 0 0 0.0 

Q= o 0 0 0 0 0 0 0 p 0 
<"--

0 0 0 0 0 0( -\ 0 o 0 
0 0 0 0 C 0 0 -\ 0 0 

0 0 0 0 0 0 0 o ~II 0 

O· 0 0 0 0 0 0 o 0 R\2. 

and 

J:f, -= [J, 0 0 0 0 0 0 0 0 E ]T 
1~ 

Collecting (137),(138) and (141) together 

T 
'Jb-Av V~ =0 
~ /'V _ ,..... 

? Vb + Q. 1b =W 
,..,..,. f'.Jr- ,.... 

AI I6 = 9 ,..., ...... 

are obtained. Fi~a11y the MNT equations become 

: _AT o V "... 1 r-, ,,.., I o 
- 0- _ ..!. _ _ _ _ + _ _ _ 

I 

P : Q.: 0 
r-w ,....: ,...., I\:) = \V 

- - _1- __ . _ , ____ . _ , , 
o : A ' 

I' "I ,....,. ,.., o o 

(143) 

(144) 

(145) 

(146) 
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The MNT equation i~ (146~ obtained by using "the two~/ 

graph technique, c~ntains 25 unknowns whereas the MNT equation 

in(129) obtained by usirig single graph technique contains 31 

unknowns. This explains the power of using two-graph teChnique 

which reduces the number of unknowns. 

In ~he following, a different type of formulation of 

the MNT equations will be presented in 4etail. This formulation - . . 
reduces the n~mber of unknowns in the MNT equation, considerabl] 

/ 

The constitutive equations in(121) can be rewritten 1n 

the form of 

P, ~ + Q1 I" =- ~t 
Ya V2. = I,t 
no ..... ,... 

; 

I~ :=.J 
~ . :!J 

'V 

where Vl and II denote the branch voltages and currents of ,.., ,....-
the elements other than the admittances and the independent 

current. sources, 

, 
~2 and :2 denote the branch voltages and currents of 

the admittance" and 

13 and V3 denote the branch curre~ts and voltages of. 
"..., ,,-~, 

the lndependent current sources, Then the KCL can be written 

as 

~' -..::: 

r~ ,... 

~I1 AI2. 
I"'- ~I. ] 12- 0 

~3 (148) 

f 
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where is the incid~nce matrix of 

the I-Graph, and the KVL can be written as 

'it 
y.2. = r AV1 Av'J. 

" _.... rv 

(149 ) 

[A~1 : Ave. ! AvJ" is the incidence matrix of the V
rvlr-. Ir-~ 

( 

Graph, and Vn denotes the node voltages of the g~ven network. 
N 

Rewriti~g-the Eq(147), explicitly 

0.,1\ I~ + ~r2. !2 t ~I~ 1~ = 0 (150) 

using '(:2. V2.= I;l. 
,..",. rw • ,...., 

and in (150) 

(151) 

or 

(152 ) 

is obtain'e-d. "'Substituting V2.=A~o Yn 
,..J "'''' 

into (152) 

(153 ) 
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I 

is obtained. Inserting(149) into{147). the first equation 1n 

(147) becomes 

Combining (153) and (154) into single equation. the MNT 

equations are ~btained as 

Ax:z. y~ 
T I 

Av~ I 

A~, \In - Al~"3s I 

,- I'V ,.... I 

---
,.... r-... ~ , 

- "- - - - - - - - - - -, - - - - - -------

f"A~. I Q.~ 1 Wi r-,..., ~ - ,.... 

The MNT equation in (155) contains only the node . 

(154) 

(155) 

voltages ~nd the branch currents of the elements other than 

the admittances and the independen~ current sources· as 
~ , 

~nknown variables. Therefore. it is the best one among the . 
MNT equations mentioned h~re. 

In the following two examples. the MNT equations 

governing the linear network under cQnsideration will be 

formulated in the form of Eq(155). 

EXAMPLE 5 

Consider the circuit 1n Fig.20. The current and voltage 

graphs of' the c ircu it in Fig. 20 can be 0 b ta ined as shown in 

Fig. 22 an d 23. 
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(a) I-GRAPH of the circuit in Figure 20. 

® 
(b) V-GRAPH of the circuit in Figure 20. 

FIGURE 23 

The constitutive equations of the circuit become 

Is = Gsvs 
1.o~ ~6 V6 

I"1:::: 61" vT 

Ie, = G'3 v~ 
T ~ \ I 
,-~ ": '=J-a v~ 
.T _"\ 
-~o - U~II 

(156 ) 
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Writing the constitutive equations in the form of(147) 

1 0 0 0 v, 0 0 10 0 I, (157) I 0 
0 0 1 () 

I 
0 Vl. 0 10 Cl 1'1. -- a -----..-:---- + , 

0 0 1 
--- - - --~.-

0 V?J 0 0 
I 

0 0 ~ 1 1 a , 1 

0 0' 0 C v. 0 0 1 

I 0 Tit 1 It I 0 

which is in the form of ~\ V\ + QJ:-t-= ""'~ and 
~,..., ,....,..... -

"I"; : Gs-
0 

Vs 

ic. Go V", 

1.1- :: G1 
\)=/ 

19, 0 Gv. "s (158) 
----

I~ G9 Vo; 

which is in the form of 1 2= Yj;! \j'J. , and 
,... ,... .... 

t , 

I~~ = J~o 
(159) 

which is in the f.orm of 13= Js . 
r- ,.. 

Writing the incidence matrix A associated with the graph of 

the circuit in Fig.22 

I 
'I 

I 
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1 0 0 0 : 1 0 
I 

0 0 0 I 
I I 

0 0 0 1 
I I 

: -1 ,1 0 0 0 
I 
I 

-1 
, I A= 0 1 0 I I 

'-0 -1 1 0 0 
I 
I I 
I 0 1 0 0 I 

0 1 -0 : I ,0 -1 , 
-1 0 0 0: 0 0 0 -1 , l , 

~nd the KCL becomes 

1 0 0 0 11 Q 0 0 0 1-1 
-0 0 0 1 :-1 1 0 DO: 0 
-1 o· 1 0: 0 -1 1 0 0 0 15 _ 0 
o 1 0 0: 0 0 -1 10 0 16 -0 

a 
D 

~1,/~ I 0 0 0 -1 1 0 11 0 
~ L--,..-v---' '-'V"" 1'6 
A~ Az A~ ,..... ~ 1'.1 ....... 

-I 
0 

(160) 
0 

0 
0 

(161 ) 

and the !l' !2' ~3 matrices are defined as shown in (~61). 

Since the normal graph is used for this example, the equations 

(155) can simply be reduced to 

Az. Ya A~ Ai r Vn -A3I?1 (162) 
,... ,... ,... 

.-' l i:- . 
'" ,.... 

I 

- - - - - - - - -:- - - - - --------

~ Ai , 
Q~ I 

W" I ,., ,... , ,.... . N _ ,..., 

/ 
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The submatrices in (162) are obtained by direct 
substitution as 

65 Gs 0 0 0 

A2. Y2 'A~ 
~Gs GS +G6 -G6 0 0 

-
> 0 -_G6 

,.... ,.. ,.... 
~b+Gr -G1 0 

0 0 -G 1 ~T+ G'6 -G B 
0 0 0 -qs G~ -+ G9 

J 

and 

1 0 -1 0 0 

T 0 ·0 0 0 0 ~ A1 -
4 r-

0 0 1 0 . --- -1 
. ,~.. . " . 0 0 0 0 0 

and 

- -
-1 J 

10 
0 0 

-A~13··- 0 J - 0 
"0 -

,..... ""'" 
6 0 

0 () 

(163 ) 

(164) 

(165) 
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Then, the MNT equations become 

Gs -G:s 0 0 0 1 0 0 0 ""\ J-\o 

-Gs GS+G6' -G" 0 0 0 0 0 1 Vnl 0 
0 -Go GG+G~ -~, 0 -1 0 1 0 Vn? 0 0 0 -c G'T- Gl +q6 ....;~'O 0 1 0 0 Vnu 0 a 0 0 -~~ 6 8+69 0 0 :-i 0 ~~? 0 - - - - - - - - - .. - - .. - - ,- - - - - - - - --- - - - - - - - - - - -I 

1 0 -1 0 0 I 0 0 0 0 l~ (.) 
~. (166) 

0 0 0 0 0 '\ 0 0 0 12 \(J , 
1 

0 0 1 D -1 0 0 0 0 I~ :0 
;) 

D D 0 0 0 0 D 1 (; I 10 
Lj 

~ 

. where onl y 4 t he node voltages and the branch currents other 

than the admittances and the independent current s~urces 

are unkntiwns. The tither variables in the circuit can be 

obtained by direct substitution of these variables into 

appropriate equations if desired. 

EXAMPLE 6 

As a second example to the MNT formulation presented 

~n(l55),consi.deI1· the network in Fig.24. 

14''; 01,"-0 ?i.J. 
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The constitutive equations of the circuit becomes 

-1/ 0 a 0 I 0000 Vi SL" 0 0 0 0' 0 0 0 II () I 
-~ 

a -1 0 0 
, 

0 00 0 ~V2. 0 sL~O 0 0 0 0 0 12 0 
, 

0 0 -I 0 I 
0 00 0 V; ~L~ 0 I?/ 0 

~ , 0 0 I 0 0 0 0 , 
o -I '0 0 0 0 

, 
Ilj 0 0,0 , v4 o 0, 0 Slt,1 0 0 0 0 , 

1-
' , 

- - - - - - - - j -, - - - - - -. - - - - - - - - - - __ L ___________ • _ . 
I~ 00 0 o :1 o 0 () Vs 0000:0000 \/k'5 

0 0 o _,u :0 t o ,0 i, 0 0 0 () D 0 0 0 I, vk(, (167) , 
V,. IT Vk;f 0 D 0 u:o 0 1 0 0 0 0 () (; LJ U 0 

" 

0 1 v% 0 0 0 () 0 0 0 0 IB v~, 0 0 0 o ,0 0 

I~ G~ 0, 0 
I 

0 ,0 0 0 0 0 0 v~ I 

liD () G10 0 0 , 0 0 0 0 0 ~o I 0 
I 

I-li 0 0 Gi11 0 , 0 0 0 u () 0 V~I '- I 

142- r:.' I () V 0 C> 0 V12 0 () 0 =l12 I 0 ___________ 1 _________________ . __ 

In 0 
, 

0 () 0 0 Vn 0 () 0 , SCi? U 

I~~\ ,0 -0 '0 . r () 0 0 () V'4 0 0 ' SL.,1~ 

Ii, . 0 0 0 0 , u 0 :;,.Ci5 0 0 0 V6 ' I 

!~b I () u 0 I 0 0 0 :, Cib 0 0 
\ Vtb 

0 , 
(168) I 

.lH\ u () 0 C) , 
0 0 0 D seq 0 

1\J\1 
L JpL .0 0 u 0 0 .~ C;fb 

I 
() " 0 l\J1'II u v 
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which are in the (orm of 
and 

(169) 

which is -in-the form of 13==-J s • Writing the incidence matrix 
"-' ,... 

A associated with the graph of the circuit in Fig. 24 -
0 0 C> Q 0 0 0 0 1 0 0 0 1 0 0 0 0 0 -\ , 0 0 0 0 0 0 0 0 0 () u -\ I 0 0 0 0 0 i 1 -0 0 0 0 -1 0 0 0 0 (J 0 o -1 0 0 0 0 O-D 1 0 0 0 0 0 (; J ;) ·1 0 0 U .r I) ;) 0 , 0 0 -1 1 0 0 ,) (; o 0 () () v 0 (j u i 1 0 (170) A= .0 a 0 -\ ~ () () 0 o Ou (; 0 0 () 0 o 0 0 ,v 0 (J 0 0 ,,) 0 0 (j .... ) .\ U J () \,) 0 I:; ..) -I 0 (> -\ 0 0 0 \ 0 0 0 () 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 'I 1 o 0 ~ 0 0 0 0 0 0 0 0 o· 0 0 () d 0 () -f 0 o 0 1 0 0 0 0 () 0 () 

Then tqe KCL becomes 

0 0 0 0 0 0 6 () ; ,I 0 I) 0 ~ 0 U o () d : -,-I 1\1 '1 0 0 0 () o 0 0 I '"l 0 0 o -\ ~ 0 o 0 6: 0 1 
I . , -1 ~ 0 0 0 o -i 0 , I) 0 0 0 ~ '0 2 I 0 0 000' I 0 'I 0 0 0 0 O,(} 0 • I ~ __ 0 0-1 0 .0 0 1 0 0 , 0 ,,'-, , 

I 14_ 0 0-1 -\ () 0 o () ,0 o 0 0 0 0 u d .( 1 I D T-
, 

_ .. ~ I 0 0 0 -\ 1 0 G o 10 0 0 0 () 0 0 0 0 u,D J~ 
I 

0 () 0 (.1,0 C> 0 'U ,4
1 0 0 () 0 0 0 f \ '. 0 

J 1 I 
0 

I V - , 
0 o (j :0 I = o ~-t 0 0 6 1 o 0 0 0 0 () 0 C> 0 1 0 I'~ I t-" ' 

I 

Oll ) 
0 C 0 q 0-0 1 'I 10 0 1 0 0 0 \) 0 0 016 1~ , 4 0 0 1 0 0 0 0 o 0 CJ -1 ;0 (j () 6 i.> () o 1 0 

I ~u I I '-----V".--.. ---'- v -
I~\ '.~ ...; 

A-1 A-.: A~ 1 \~ 
/ ... .... 

1 13 
1 iLj 

Ii';) 

I H• 

In 

:. i ' l!J~ 
J1~ 
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and the AI ,A2, A?, matrices are defined as shown in(l71) • ,.... - -
submatrices in (162) are obt~ained by 

G5~SCH -':lC,,~ 0 0 0 
-SCi~ SC4~ -t SC"4 0 0 0 

0 0 SC~5 0 0 
a 0 0 ~12. t 5C16 () 

0 0 u 0 '3C11 t ~ c.,~ 

O~ 0 0 0 0 
0 0 

_~L1B '0 0 
0 0 0 0 0 .it> 

0 0 0 0 0 
0 D 0 G1~2 0 

o 0 iJ 0 o () 6 

o 0 -1 0 0 0 0 1 0 G 
o 0 u -1 1 0 CI '0 U 0 

o -0 () 0 - i .\ 0 () c) () 
o o· 0 0 0 1 u 0 iJ (J 

00 o 0 i.J u '-.i! C J 

,I ,j 

(.J 1 -/ 

, 
'0 {I -1 0 0 () 
o u () 0 -0 Q 0 

The MNTequations become 

(173) 

direct substitution 

0 

0 

0 

0 

0 

0 

0 

·0 

u' 
0 

0 r 
0 0 

0 0 0 
0 0 

.... 

0 
0 0 -6'-12-

-5 C. 8 0 0 

0 0 0 

G -f sC-f~ 
~(/ 

0 0 

0 

0 

CJ 

-I 
o 
o 

0 

0 

0 

0 

0 

6.2. 

o 0 
0\ \ () 

v~~= Do 
o 0 
D 
o 
o 

o 
o 
D 

The, 

as: 

(172 ) 

(174, 



, 

f 
0 0 0 o 0 o-~~l r Ji~l 0 0 o : () 0 

G~+ 5CB . - ~Cf!l 0 0 0 0 I 

0 
I o 0 0 Vnl 0 

o : i 0 D 0 0 

-~CB SCB -+ ~CH~ 0 0 0 () 

0 0 0 
I o -f 0 Vn'! () o :-1 0 0 0 

0 a 
0 -D 6C,'5 0 [) () 0 I 

~ 

I 0 o 0 Vh4 I I 0 O-G : 0 0 -1 0 0 

0 0 0 ~12 + SCI~ 0 0 0 0 I" I •• 
0 0 ·0 0 Vt'l'5 I I 0 

0 0 0 0 SC1'T+ SCj6 0 -~I~ 0 0 0 o 0 .-1 
I 1 0 o 0 VnG I 10 

'() 0 0 0 0 0 0 DO () : 0 [) 0 1 . 
CJ 0 0 0 - S C-iB 0 G10-+S~~ 0 0 o : 0 0 o 0 o 0 Cl 0 V(\t I ! 0 

. 
0 

I 1 o 0 Vnfj,1 10 
0 0 0 0 d 0 0 0 o ! 0 -1 o 0 0 

I 
I 

Vn9 
0 0 0 - 0 0 0 ·U o GA. 0 ! 0 0 0 0 0 o ~ 1 0 

- GI2 

• I 

0 0 (> o. 0 0 0 0 G12.: 0 0 0 0 o (; 0-1 Vn~t 0 -..J 

_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ __ • __ • ____ . . . __ '.' . . . . - - . ~ .. - - - - - - - - 7 - - - - - - - - - - - _. - -. - . -- -. -. I .p-

I 0 -I ~ 0 0 0 0 0 0 0: SL\· 0 o 0 0 00(; 14 0 

0 0 -~ () 0 0 1 o ·1 0 SLl 0 0 0 o 0 0 12 0 
0 0 13 

0 0 -i ~ 0 
I o sL, 0 0 o 0 u 0 

0 '0 0 0 0 :0 
I 14 0 

0 0 0 0 -\ 1 0 0 0 o ~o 0 o 5Lif 0 D e 0 
I 

0 0 0 CJ 0 f 0 
I 0 o 0 CJ Ou 15 \Jk5 0 o 0 10 0 

() 0 0 0 D ~ 
I 

0 0 o 0 '0 0 0 o 0 000 I~ \kG 
0 0 -{ I 

0 0 0 0 0 1 0 ; 0 0 o 0 0 0 0 0 IT . Vk1 

0 0 C> 

, 
Q 0 0 0 CJ 1 - { j 0 " 0 00000 Ig 'Jk8 J . ( 175) 



eH 

e l/ 

{3f 

~n, 

- 75 -" 

I II. 2 • SOLUTION OF THE LINEAR NETWORK EQUATIONS: L-U 

DECOMPOSITION 

The MNT equations that have been used in formulating 

the behaviour of the linear network in the previous section 

are solved by using the LU decomposition technique. 

In this section, first the LU decomposition technique 

for solving linear system of equations will be introduced 

.and then the algorithm for obtaining the lower triangular 

matrix'L and the upper triangular matrix U will be -- -
explained. 

Consider the following MNT equation 

(176) 

where T is an (nxn) matrix, and x and bare -- unknown (nx!) 

and known vectors, respectiv~ly. The matrix T can be decomposed 
/ 

into a product of two matrices ~ and 2, Le, lower and upper 

triangular matrices ~hich are defined by 

\l.. 
(177) 

t 

.' .. \J Art 
t:AI\ \:."'2.. 1:..~ ..... ~ .. t~\'\' 

1 Uf2 
V 43 0 

e~2 ~ U2'~" .. \J'l~ -t..'2. ... 1:.'1.1- t.2.~ - .. t 2.n 

-e32 .fs ?> 1 Ij 3t'l t~1 t.~~ -l!>~ .' . t3t\ 
to,· • 

0 I 
I 

~? tn~ 
1.112 . I ;{11:3 !.nn 

lj 
t~l-\ i:\'\~ .. ~ 

nn 



- 76 -

a~d if the product of Land U in(177) 
,.... .J 

is evaluated, 

(178) 

1.. .. 4 . ~"1 'll12. - ~-4 'Lt,((\ 

T= (,1.\ e~4 LL1~ + ell - -'- - - - _ ..... _ ... r • 1.2 ( UAh + ~2.2. 'U~ 
,.., 

. ) . 
\ 

.(ni 1114 ?.l42 + 1.1)2- _ .. _-_ ...... - ----eJ11 U"n + tnz. 2l2n + - - _. -t inn 

is obtained. From the set of equations in(178) the elements 

of the Land U matrices can easily be calculated applying the' -- ,.., 
order indi~ated b~low for obtaining the elements of the Land -
U matrices. 

AI 

1 n+~ \'\+a -) 2.r'I - 1 

~ 21"1 on-~ ~ L!YL-Lj 
3 2n+~ 4n-:, 

~ 

1 r 1 
n ' ~n-2. 5n-b 

Then, the elements of the upper and lower triangular 

matrices become' 

• 1-1 
tlj ~ ~. J.~k UkJ 

'l1.i.j == ____ k_=_1 ____ _ j -::: i +1') 1 + 2., .. 0 .. ) It. 

1.
0

:: 1., 2.., ,. - -- ')fl-f 

(~79) 



and 

1-\ 

fi,j = til -:- L iik Ukj 
k::1 
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, , 

t = j, j +1., j +2.., •• ~ ,n (180 ) 
" 

J. =- 1,Z/ .. - ·)n; 

After the matrices Land U are obtained. Eq(176) becomes 
,.. "'" 

(181) 

Defining 

(182 ) 

Eq(181) beco.mes 

(183) 

or 

,.e,H 
0 ~{ b-\ 

.e2i ' -i 22. ~:l bi' (184) 

63 
.. 

~~1 -eC)2 f33 ~3 
--

.•. , .. , , . 
I 

, 
I 

I 

1..n1 -em. 473 .. --. ' 1.;;(1 'jn 6.,. 
- -

Eq(184) can easily be solved by forward elimination 

and the elements of y can be found as: 

K-1 

bk ,-Z '€kj Yj' 
~ k = __ ~.l=_, __ .. ___ , ___ . 

kc::.f.?""Jn. 
(185) 
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Inserting the elements of y calculated 
'V , 

in(185) into(182) 

1 u,~ Ur~ ---.~- U 111 'X. -~-

1 'd, 

1 u2=) Uln 'X.:z. ~~ 
, 

-' • (186) \ . , , , 

0 1 Un-I,,, ~n-i ~n.'1 

1 I')Cn 'dn 

is obtained. Eq(186) can easily be solved for the vector-x '-by backward substitution as: 

n 

'Xk = ~K - ~ U\<j 'Xj (187 ) 

. j=k+~ 

which are the desired unknowns 1n Eq(176). 

In the -following, an LU decomposition technique which 

applies partial pivoting on rows will be explained on a~ 

example for a 4x4 matrix. This technique which is equivalent 

to the one presented above reduces the MNT matrix into the 

lower and upper triangular matrices, Land U, respectively.-'" .,... 

Consider the 4x4 MNT matrix T in the following. 

-Lt{ ~~a t1?> t~4 

T= 
t.~1 t 2G t.z3 -I:2~ 

(188) 
,.. 

f.3f 1:.:;2 i3~ -1:.34 

1: L;I tL(l t4~ t 4J{ 

/ 
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Find the largest element amo?g the elements of the 

first coulumn. Let the largest element of the first coulumn 

be t". where k is a fixed integer su~h that 1 ~ k ~. Ii = ,4. Then. 

rep lac e the fir s t row wit h the k -i:h row if k 4- 1 and ass u m e 

the matrix take the form in(188). Then divide all the elements 

on the right of t~\ of the firs t row by t,,~ to ob tain 

t~i t),Jt.1\ t~'31 t.." +'''4/ to\A 

l2\ -t.~'l. 'b,~ t.1.4 
(189) 

t.31 t.?ll 1:.213 -l.;~ 

1.4, tq'l 
t 4, t4'1 

',-

Then obtain a new matrix from this one by performing 

the following operations or(189) as 

'. (0 w t. (1) 
t'\\ t. ~'l. t.~3 

{n (4) 44 (),) 

~, tlt. - t'l~ ti2 ' t'n - 1.21 t .r~ t 21t - t'H t'4 
. (~) (4) l~) 

t~~ - t.'34-l1~ 
1.~, ta4 - t.3i \::1'2 t '3>'> - t:.~ -l~3 

6(1) 
L~) (4) 

t~\ i~2 _. 1.£/4 12 t~~- 'b, .. tq -I:4~ -, t4~ -1:"4 

(190) 

I 

, 

which can be rewritten in the form 

(0 (\) (I) 

t~, t.\'l -l,; ~Lf 
(I) (A) (~ ) 

t'2.\ t::t'l. t:l3 Ltl (191 ) 

(4) (-\) ( f) 

t~\ tn t.'tJ;J ·t !..~ 

(0 (4) (A) 

t.lf , lltz t~:.. [4(1 
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In the secon~step. find the largest element among 

/ those elements of the second coulumn that remains after 

deleting the elements above its- diagonal element. Let the 

largest element found be ~~~where k is a fixed integer 

such that 2~ k~ n=4. Then. replace the second row with 

the kth row and let the matrix takes the form prese~ted in 

(19i). Then. ~ivide the elements of the second row to the 

left of the diagonal element by ,the diagonal element of it. 

name ly. t;!) to get 

(~) en (1) 

-lot, -I:~l t.~? t.'4 

t. 2.' 

(I) 
1:(1) / 1:(0 ,(41 / (\) 

t2'Z. 21 2'2 t:2.4 t'l'2. 

t 34 
t (I) ~.' (n tY) 
~2. -\: 0:' 3£4 

t ~, -t (0 
q'l t It) 

- 43 
t. (I) 

1.,4 

Then obtain a new matrix from this one by performing the 

operatio~s indicated below. 

.< 

(,) 
l:n 

(4) 

t..l'l 

(,~ 

-t~'l. 
I (\) 

t/f'l 

1 (t) 
\.i~ 

In 
~'l.Y 

(,) (n (2) 
t~~ -t~l t.2.~ _ 
(I) (.() (2.) 

1:4 '"1 - tq2. 1::14 

(192") 

(193) 
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which can be rewritten as 

t11 i:.('\) t {O (~) 
12 13 -\:1Lt 

-\'1., ~ (41 t(2) {l.'J.) 
2~ :13 24 (194) 

t3' .t;.(q -1/'2.) t 2 ) 
0:1 39 ~~ 

tltl 
*-(1) . tl'l.) ~L') 

42. 4~ 44 

In the third step. find the largest element among those 

elements of the third coulumn that rema1ns after deleting the 

elements above its diagonal element. Let the largest element 

d 
~~ ... 

foun be 1:k3 where k 1S a f1xed 1nteger such that 3~k~n=4. 

Then. replace the 3t-o. row' with the k"th. row if k =f=. 3 and let 

the matrix"tates the form in(t94) after performing the 

operations stated above. 

Then diyide the elements of the third row to the left 

of th.ediagonal element by the diagonal element of it. namely • 
...L (~) 
I:.~!to get 

It" . (\) (~ ) (1) 

t.u if" .. t..\~ 

(~) (2). (2) 
(195) 

t.21 t'l'l. Ii: '2.':, t24 

t~) tJ. ) (z> / (2) \ 

t:6\ t.~l t~~ t:'4 t?3' 

(0 ('2 ) t (2) 
\:",- l~l t4~ 44 

Then obtaia. a new matrix from this one by performing 

the operations indicated below 
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1:"1 
(0 l\) (i) 

t~2. {~J '. tiLl 

t.ll 
t(~)/' i(2) (~) 

(196) 2'1. ~3 -\: 1.4 .,.... en (2.) (3 ) 
t~1 . t?>'.I.. '1:.:~3 t~Lt 

t~\ 
t. (t1 t (1.) (2) t. (2) (3) . 4'2 

4~ t44 - ,L(?i t:~4 

and defining the elements of(196) 

~ In (0 (0 
t.\\ t1~ t~l( 12-

t'l' 
(~) l2) (z) 

(191) -t2:2- t2~ 1.24 

t~1 
l~) flo) (~ ) 

t.~'l 33 t~4 

t~4 
t\~) [ 2) ,{~) \ 

it 1- 4~ 4'1 

is obtained. The matrix in(197) contains the lower and upper 
, 

. triangular matrices. Land 0 respectively. 
{"'\, tv ~ 

The steps of the'LO factorization algorithm is 

summarized as follows: 

1- Copy, cou lumn 1. 

2- In row 1. divide all nondiagonal elements by the 

diagonal element. 

~- For each element (i.j). i> 1 and, j> 1. subtract from 

it the product of (i.1) and (l,j) elements. 
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4- If the order of the submatrix subject to subtractions 

in step 3 is 2_or highe~. refer tQ this submat~ix and. go back 

to step 1. Otherwise. the algorithm is completed. and the 

updated matrix is the desired Q matrix. 
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IV. GRADIENT EVALUATION 

To minimize the error f·unction P, an optimization 

algorithm is used. All efficient minimization routines 

require the knowledge of the gradient vector. In this chapter 

a method is described for the determination. of the gradient ,,(Splat;. 

I 

Both the case in whidh the yeriod T of the oscillations 

is known and/the period T of the ~scillations is unknown are 

investigatea seperately. 

For the case that the period T of the oscillations are 

unknown. the ~erivation performed by Nakhla and Vlach ip[~] 
and a new method presented here will be compared with each 

other •. 

IV~l. GRADIENT EVALPATION: PE~IOD T OF THE OSCILLATIONS IS 

. KNOWN 

To find differentiate(104) with respect to ~k -
(198) 
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is obtained. Differentiating(33) 

(199) 

'dIU 
• • ..IN. 

Cons1der1ng ~ f1rst. from(lOO) 

atX-k ,... 

'd~N d£ ags 'df dit~ of 'au" (200) -- - - + ,'- .... +..- ,., 
01;k- ~~S 'O~k' O~5 'O~~ . 09-5 '01k. 

is obtained. The form assumed for· 'lAf,(t) in(105) gives ,.., 

(201). 

(202 ) 

(105),(201) and ~202) respectively give 

'(203) 

(204) 

(205) 
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" where I denotes the identity matrix. 
"-

~ ! 

(203),(204) and (205) used in (200) yield 

To find differentiate(118) with respect to 

(207) 

Combining (199)-, (206). and (207) 

(208) 

Inse~ting from (208) into (198) obtain 

K€(lQ,i .... .,M) (209) 
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Equation (209) is the required expression for the 

gradient component. 'ap/~'X" . ,.. 

To find diiferentiate (104) with respect 

(210) 

Going through the same steps as for (199) and (200) 

. ~r: t?1jN ,... .---=--
r"J'f.~J/r fd~k 

(211) 

(212) 

are obtained, where 

. (213) 

.. . (214) 

(215) 



~L(t) is still --(106) with respect to 
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as given by (106), and differentiating 

* Xk~. 
'" 

(21,6 ) 

k E~t2)_.-)M1· 

is obtained. Here 1m stands for "imaginary part of II. Finally, 

substituting (213),(214),(215) and (216) into(211) 

(217) 

k €'1 ~) 2, ..... , M 1 
# Inserting from (217) into (210) obtain 

k E 1. L£~ -. -_., M J (218) 

, 

Deno~ing the express10n in the bracets of- (218) by 
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it ean be seen that 

(220) 

as follows from (209) and (218). 

The advantage of the formula (220) is that the gradient 

components can si~ply be obt~ined as Fourier Coefficients of 

the integrand t~rough Discrete or Fast Fourier Transform 

techniques. Thus the gradient is 

(221) 

IV.2. GRADIENT EVALUATION: PERIOD T OF THE OSCILLATIONS IS 

UNKNOWN 

In this part, the gradient of the error function p 

will be evaluated for the case that the periodT of the 

o~cillations unknown. Two different type of evaluation will 

be presentjd in detail. The first one which is proposed by 

Nakhla and Vlach in [8] makes a numerical approximation to 

the error function P before finding the gradient of P, whereas 

the second one presented originally here yields the exact 

expression for the gradient. 

With the period T as an 

vector involves both the term 

additional variable, the gradient 

'dP/"l and the t~rm 'O'P/oT. 
Using the estimate of the period, the first term is computed 

in the same manner as in the case that the period T of the 
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oscillations is known. The second term can be computed in two 

different ways. 

Nakhla and Vlach have approximated the integral' 

T " 

?C ~,T) "---:- f. f T(~IT)f('r,T) dt' (222) 

o 
using a suitable integration method in the form 

where 

T 
N 

, 

<Xi ~'T(i:i,T)E(ti,T) 
("# .... 

(223) 

N is the number of sampling points used to define the 

"integrand t ' 

/" 

and 

of'T. 

~. depends on the numerical integration method used; 
l 

# ..1. 1:, -
i.T 
N 

Differentiating (223) with respect to T 

I 

(224 ) 

. (224) appears because ti is a function The last term 1n 
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~~~rranging (224) 

'O'PI N T'·· 
-=-N "' 0(- [(ii,T) C l-t.i, T) aT ~ Ir- ,... 

., .... ';::1 . 

+2T> O{j.( 'O~ + _i O~)1" ~ (t;,T) 
N i=1 aT N 'dt 

(225) 

T 0 f ~n d d,..£' I""T d' f f . ( 33) . h • 70 ~ erent~ate w~t respect to T 

ro~ 'd~N ~~L ,. ,., ,., 
-=---" -

(226) 

aT roT ~T 

Considering O~7'dT first. from (100) 

. (227) 

(228) 

(229) 

(230) 
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are obtained. Using(l06) 

(231·) 

To find first note that in 

the case that the period of the oscillations is unknown the 

eq ua tions (l09) reduces to 

lk (~wk) 'j (~wk)= ~k (~wk) (~k - ~~:) 
, (232) 

since UA (~Wk)=D for k>o. Rewriting(232) explicitly 
rw, j( "" 

1 (~wk) ~ (~wk) = iJuJk,6l (':kA-1~P +~2 (!t<2-bt~) 
..., N 

(233) 

where 

Differentiating both side of the equation (233) with 

re~pect to T 

(234) 

(235) 
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~~ 

expressing ~ in(235) as '\.I [1" T]T 
~ ::: = lJk ~l~ 

--oy" 
~ ,... 

-oT =_ T-Id~ 
'O~L.k ,!. aT 
aT 

Redefirith,g lk-'· ~Ik 
rw. QT 

as. 

(4)~ ~) 

~-I aTk b.. M Mk : M,( -- - , . k - k - ----r---
/'I 'aT - . ML~): MI?!) 

k I k 
I 

and 

.J Sub s tit u t in g (237) and (238) into 

Cl~L 
. ~ .' (~) ~) to 

~'~. ~ 
. , 

' .. rvl l<, M\<. ~k ,... I< .~.' rrnk, 
. N. 

'aT ,-. N 

'd~L\< 
-- (~) Mt) ('JJ 

M\< ~ - If)\<. 
'aT ,.... ~ 

... 

(236 ) 

(236) 

'. 

(237) 

( 238) 

(239) 
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I 

,from (239) is derived as 

\. , 

Inserting from (228), (229), (230) and (236) into(227) 

(241) 
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Equation(24l) is used to det~rmine the second term of 

(224). For the third term we need d~/dt . Using(33). 

Using(100) , 

Setting 

. ;'., 

; . ~ ; .. -

~Us • 
~=Uc 'Ot,... ... 

" aU· ... 
,.,:J JU 

-= !:> 
.dt ~ 

Differentiating(202) with respect to t 

, 
Differentiating (106) with respect to t 

(242) / 

(243) 

(244) 

(245 ) 

(246 ) 
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Inserting from (201).(202).(145) and (246) into (243) 

(247) 

Combining (241) and (247) the second term of the 

equation (225) can be determined as follows: 
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. o~ i o~ 
the express1.on for - + - ~ becomes 

~T N atj 
~ 

. , 
I 
i 
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Rearranging the terms ~n (24B) o~ +-L ()~ _ 
aT N o-tj -

Inserting from (249) into (224) obtain 

Equation (250) is the required expression for the 

gradient component 'd'P/cn . The summat ion 

(249 ) 

(250) 

(251) 

'j 
j , 
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t!l~e' .. '~nternal summation in the secojnd term of (21,50) 

(252) 
, 

and the internal summation in the third term of (250) 

T N ~ tuk-l: j N?= o(j ~(t.i' T) e (253) 

. 1=1 

are the ~umerical approximations of the integrals: 

(254) 

(255 ) 

and 

T . 'wkt J §(c., T) e~ . dt (256) 

o 

respectively.F'inallYt substituting from (253). (254) and 

(255) into (250) we obtain: 

I ' 
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(257) 

It ca~ easily be observed from(2l9)~ (255) and (256) 

that the integrals to be evaluated for the calculation of the 

gradien t, componen t "Of/a,/; in two cases are 

(258) 

(259) 

(260) 

and 

(261 ) 

It is shown in the equation (257) that the ~dditional 

integrals to be evaluated for the calculation of the gradient 

componen~ 'O'P/aT in the cases in which the period of the 

oscil1.~io~s is unknown are 
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(262 ) 
o 

(263) 

(264 ) 

T 

S (265) 
o 

These integrals have been used by Nakhla and Vlach~) 

for the calculation of the objectiv~ function P and the 

gradien t componen t 0%:t. 

The method of approximating t~e objective function P 

by a numeri~al in~egration algorithm for the calculation of 

the· gradient component 'dP/oT as proposed by Nakhla and· 

Vlach [8] does not yield a reliable expression for'd'P/oT. The 

error introduced in approximating the expression for o~/aT may 

be "am"plified since the approximate expressiqn for P is 

differentiated. This sciuation' can intuatively be " * explained as follows. Let P be a numerical approximation to 

P 1 th~. functi6n to be minimized. 

____ ~----~--------~--------7~ 
Figure 25- Comparison of ~~aT and oP;YdT 
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Suppose that the error function P approximated in the 

form' of P * as illustrated i nF i g • 2 5 • Then. the slope of the . 

approximated function at a sp~cific period t
f 

will considerably 

differ from the slope of the exact value of the objective 

function P ~at tf' This fact· indicates., that the method 

proposed by Nakhla and Vlach[~ for calculating aPi~T is not· 

a reliable one. 

In order to overcome this difficulty and to obtain a 

reliable exp;ession for the value of dP/ol • we propose in 

this thesis to differentiate the exact expression of the 

error function P with respect to T without doing any 

"approximation for p. 

Differentiating (222) with respe~t to T 

(Z6 6) 

Taking the transpose of (241) 

.i 
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· + -;- Re \ 2. i: "lk~ ( ~~ - ~ ~:r ( ?€ fl"k1: l.. 
k=o d'/).!J) ~ 

r. 

M .~. 

+ R (, [ l'3) (4) , (2.)] 11.1.Ik't. 
e l (;;, tlk ~/ ~wk )+ ~k ~LI< (iwk ') + 131< e . 

+ ~ Re f ~ Jwk ~~.(1wk).c e~uJk'C 1 (267) 

Substituting from (267) into (266) 
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Rearranging the terms 1n (268) 

'(269) 

Eq(269) represents the exact expression for 'dP/oT . 
It can beobs~rved that the second and the third terms of the 

exac~expression for ~?/O\ are identical to those derived 

by Nakhla and Vla~h [8J in (257). It is also shown that the 

exact expression for 'aP/'dT includes four additional terLns 

which does riot exist in the expression derived by Nakhla and 

Vlach [8J in (257). 
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This fact indicates that the method proposed by Nakhla 

and Vlach [8J leads us to a v~ry crude approximation for "OP/a,. 

The exact expression in. (269)' for 'O?/'C"T contains four 

additional integrals in addition to those existing in the 

approximate exp~ession in (257). 

These are 

J\(~5 ~('C,T) e~wk1: at 
o N 

T r T ~wk't 
J d'Cl~ ) ~(C::)T)e de 

. 0 . dru.S . 
.• L ..,..., 

...... i T ~wk'L. 

5 ~(.~~ \ f (-::,T) e dl: 
o dlls ) 
. T' r-r ~wk 1: 

)l: £: ( 7:, T ) e) d r.. 
u 

So the cost of the computation is considerably 

increased using.(269) insteaa of (257). 

_', • .wl. >4-

/ 

(270) 

(271) 

(272 ) 

(273 ) 
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" 

V. PROGRAMMING CONSIDERATION 

In this chapter fiist the steps of the method presented 

in chapters II, III j and IV. are collected in a generalalgo

rithm. Then a computer program is presented for the case that 

the period T of the oscillations is known. 

• 4 

The functions of the ma1n program and several other 

subroutines will be explained in detail. The steps of the 

main algorithm and a subroutine that evaluates the error 

. . d' ap. d Th' fl \fUnct10n P and 1tS gra 1ent OX 1S presente. e1r ow-

graphs, and comments about the functions of some important 

parameters areexplaine(d in detail. 
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The steps of the method can be collected in a general 

algorithm which presents the way of solving the problem both 

in the case that the period of the oscillations is known and 

in the case that the period of the~'osci1lations is unknown. 

1) Decompose the network into a linear network and 

nonlinear ~ubnetworks. 

2) Estimate the variables in (103) and T(for the case 

in which the period of the oscillations is unknown) 

3) Solve the linear network described by (109).(110) 

and (114) in the frequency domain to det.ermine 'iLk(~U)\<.) 

and ~LI«~wk) ,Let I...lA~(jU),k)=O (o,r the case that the period of 

the oscillations is unknown such that ~L~(\WK) becomes zero. 

Here M is the~number of harmonics to be considered. 

4) Evaluate (lOS) and '(106) us ing Discrete 

Fourier Transform (DFT) techniques. 

5) Evaluate (104) using t~apezoida1 rule. 

6) If the error function P is less than a prespecified 

small value stop. Otherwise go tb step 7. 

7) Use the DFT algorithm again to evaluate the integrals. 
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and 
r 

T 

) 
() 

if the period of the\oscillat~ons's 1 ... ... a ready kriown. 

In addition to these integrals, calculate 

I 

C> 

if the period of the oscillations is unknown. 

8) ~r.nsfer the error function P and the gradient vector 

as arguments to the optimization ioutine. 

9) Use the correction vector b,ry.. returned by the ,...., 
optimization routine to compute the next estimate of 'X. For -
the case in which the period of the oscillations is unknown, 

use the" incremental change T to rea~just the value of the 

period for the next iteration. 
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10) Go, to step (4) if the period of the oscillations is 

already known, otherwise go to step(3). 

The computer. program associated with the Piecewise Harmonic 

Balance Method for the case that the period T of the oscillations is known 

is prepared so that it can solve the networks containing 

linear and nonlinear elements as long as the required 

su~routines'which define the chara~teristic behaviour of each 

nonlinear ~lementare supplied. A main program which includes 

the preparation of the matrix 'fLkl1uk} in (110) and an additional 
,...; 

subroutine which arranges the interconnection of the variables 

among the subroutines characterizing nonlinear elements should 

also be provided. 

The program which is complied to test some networks 

with nonlinearities is not a general purpose program. It 

permits the network to contain voltage-controlled junction 

diodeswith~a nonlinear junction capacitor, and transistors 

with norilinear junction and diffusion capacitors and dependent 

sources as nonlinear elements ~imultan~ously. In addition the 

network must contain a un1que actual sinusoidal voltage or 

current source. It is also allowed to contain ~ome actual dc 

voltage sources. The preperation of the matrix '!:.LI«~wk)Which 
is stored into the three dimensional matrix CRESP i~ also 

performed in the main program auomatical)y. The only job to 

be done by the user to start tbe runstream after specifying 

some parameters is to read the circuit description. 

V.l~ ~HE ALGORiTHM 

MAIN PROGRAM 

(i) Read-in the circuit description 

L' 
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1) Specify the parameter values which arranges the 

dimensions of the variables in the main program as follows: 

MNNS : number of augmenting sources 

MNNS1:···MNNS + 1 

MNEL : number of elements ~n the linear circuit with 

augmenting sources. 

MQ : dime~sion of the MNT'matrii to be used for the 

solution of the linear network with augmenting sources. 

'MOUTN : number of outputs which are desired i,to be 

computed' in addition to the augmenting source variables and 

to the complementary variables of the augmenting sources. 

MOUTN2 : MOUTN/2 

MOUT MOUTN + 4 

MNHARl NHAMAX + 1 

where NHAMAX is the maximum number of harmonics to be allowed 

for continuing the iteration 

MNPI (NHAMAX + NP1AD) * 2 + 1 

where NPIAD ~s the number of additional points considered in 

calculatin~ eime values. 

MNOPT 

MWORK 

(NHAMAX*2 + 1) * ~1Nas 

(MNOPT + 7) ~ MNOPT / 2 

2) Select the initial number of harmonics (NHAR~. 

number of additional harmonics (NAD), maximum number of 

harmonies (NHAMAX)·to be allowed for co~tinuing the iteration 

the iriitial estimate (XOPTIN) of the vector ~ given by (103). 

In addition; read 

NTR number of transistors 

NDI number of diodes 

NDC number of actual dc sources 

NODE S: number of nodes 
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NEL number of elements 

,ISR o if there LS an actual sinusoidal voltage source 

1 if there is an actual sinusoidal current source' 

in the c i r c u it 

AMP amplitude of the actual sinusoidal source 

FREQ frequency of the oscillations in Hz, and some 

other parameters whose meanings will be explained later. 

3) Read network elements and interconnectiors Ln the 

following order: 

A. Insert the linear elements such as resistors, 

capacitors and inductors etc, 

B. Insert the actual sinusoidal source, 

C. Insert the actual dc source 

the 
"" 

D. Read augmenting voltage sources replaced 

nonlinear elements Ln the following order: 

in 

(i) Insert the augmenting source corresponding to, the 

emitter - base branch of a transistor 

(ii) Insert the augmenting source corresponding to the 

~olricr6r-base branch of the same transistor,continue in this 

manner for all the transistors 

(iii) Insert the diode branches. 

4) Read the parameters defining the characteristics of 

the transistors and diodes respectively. 

5) Read NOUTN, the number of additional outputs which 

are desired to be computed in addition to the augmenting 

source variables. NOUTN'should be an even number, L.e., the 

number of additional outputs desired to be computed is required 

to be even since the time values of the outputs in the network 

are calc~lated by superimposing two function into one (This 

poi n t will be fur the r e 1 a,b 0 rat e d 1. nth e a p pen d i x) • In add i t ion, 
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specify the outputs which are desired to be calculated and 

plotted by introducing the number corresponding to the position 

of tbe unknown in the MNT equations~ 

·6) Also, read 

IXOPT: 0 if there is 'no individual initialization tor ~ , and 

1· if ! is initially specified. 

INP1 : o if the inteJrals are to be evaluated at 2~NP1+l 

points, and 1 if the integr~ls are to be evaluated 

at more· t··han 2*NPl -+ 1 points. 

NPlAD:NuIl}ber of additional points provided for the 

eval uat ion 0 f the integral s· and the time f unc t ions in 

the case that INP1 = 1 

NXOPT: dimension of the vector for the initial estima~es, 

IPRINT: controls printing of the optimization subr~utine, 

MAXFN: an upper limit on the number of iterations to b~ 

performed, 

IWORK: should be equal to NOPT*(NOPT+ 7)/2. 

(ii) From the network description, obtain the linear 

subnetwork by connecting the augmenting sources properly. 

(iii) Sqlve the.linear network as described in chapter 

III for each frequency kID and for unit sources to obtain 

give n by (11 2 r . 

(iv) Using the subroutine FUNCT, evaluate the error 

function P given by (104) and its gradient dP/a~ given by 

(219) for provided XOPT(I). 
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Flow- raph of the main algorithm. 
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(v) Transfer P and 'IP/'a~to the optimization subroutine 

to calculate the new estimate XOPTN(I) of ~ • If 

IXOPT(I) - XOPTN(I)I <. EPS(I) for_~_ I f. \,,2, ... ~.,aNH~R+1 
go to step (vi). otherwise go back to (iv) with XOPT (I) 

XOPTN(I). The optimization subroutine used in this step is 

based on Fletcher's algorithm described in[-\D); 

(vi) If NHAR ~ NHAMAX go to (ix). Otherwise go to (vii). 

, (vii) If P is less than the prespecified value EPS go to 

(ix). Otherwise go to (viii). 

(viii) Set NHAR= NHAR + NAD and the additional coefficients 

~k to zero and go to step (iii) to solve the linear network ,.. 
only for the additional frequencie~. 

(ix) Calculate time values and frequency domain ~esponse 

of the desi~ed variables in the network other-than the ~ariables 

associated with the augmenting sources. 

(x) Plot all the time values that are computed in 

the given network. 

1h~~~ steps of the algorithm MAIN are illustrated in 

the flow graph in Fig •. 26. 

SUBROUTINE FORM 
-...,', . 

This subroutine prepares the MNT equations for the 

linear augmented subcircuit, as explained in section 111.1 

w~en the circuit elements are read as described in the MAIN 

PROGRAM. The' parameters MQ ind MNEL shoud be specified as in 

the MAIN PROGRAM at the top of the subroutine. 
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SUBROUT,INE SOLVE 

This subroutine solves the MNT equations prepared by 

SUBROUTINE FORM. It provides forward and backward substitution 

on the matrices k and y as described in section 111.2. The 

value of the parameter MQ should be specified as before. 

SUBROUTINE LU 

This subroutine creates the matrices Land B as explained 
I 

in section 111.2 from the MNT equations prepared by SUBROUTINE 

FORM. The only parameter that has to be specified is MQ. 

SUBROUTINE FUNCT 

This ~ubroutine takes the values of XOPT (I) provided 

by the pptimiz~tion subroutine and returns to it the function 

value'iP:.:and its gradient -oP/a:6 • It consists of the following 
) 

steps. 

(i).Rearrarige the values XOPT (I) of the vector 
.* 

g i v e n by (10 3 ) to cor res p 0 n d tot h e for m 'Xk - .rXI<-,.... '" 

(ii) Scale the matrix Yl.k'· provided by ·(iii) of MAIN 
'" '--

with the coefficient~s :z.k-j~t to obtain ~L\<. as in (113). 

Then obtain :1LI< as in (115), for k €lO,1, ..... , NHAR I .. 
A. 

. ~ 

(iii) From the pha~or values ~~l< and ~-j~k obtain 

the time values ~L(1:.i) as given by (106) and ~~('f:;>, ~!:t(ti), 
Us(tj) as given b; (203). (204), (205) at the sampling instants 

-l~. The DFT described in the appendix is used in ·this step • 
. , 
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Figure 27-~Flow-graph of subroutine FUNCT. 
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(iv) Evaluate ~N(-ti) using U.:,(tj) 'I U~ (t·) , ;Js(i.j) 
"... ,...,,...,,.,,. 

obtained in step (iii) and,relation (100). 

(v) Form the vector error function E(tj) defined by (33) .... 
and evaluate P('X) using (104). The trapezoidal rule is 

~ . 

selected for the numerical integration of the error function 

P. 

(vi) Calculate the partial derivatives 

af' df -T- (t;) , -T.- (tj) 
of the functions describing the 'dUs a~S 

nonlinearities. The subroutine NONLNR is r~sponsible for the 

evaluation of these derivatives. 

(vii) Evaluate the complex gradient ~k for kc 1Cl ,-1, .... ,Mt 
according to (219) using DFT techniques. 

# 

(viii) Reorder the complex gradient vector. into the real 

gradient vector as shown in (221). 

The flow-graph of the SUBROUTINE FUNCT is ~ll~strated 

in Fig.27. 

SUBROUTINE NONLINEAR (NONLNR) 

The subroutine Nonlinear required by Subroutine FUNCT 

provides the function f in (100) and its partial derivatives 

, .. used in evaluating the gradient. These 

are fitled-in one 2 dimensional and two 3 dimensional matrices 

u~n.ng U:}t) , U (I:) and Us(t) which are already prepared in 
"- "",,5"1 ,.... 

FUNCTand stored in the matrices XS(I.K). XSD(I.K). XSDD(I.K) 

for I ~ ~l.'2 ••••• NNSr and Kc. ~ 1.2 ••••• 2NHAR + It. For.each 

.. 
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I 'and K., XS(I,K), XSD(I,K), XSDD(I,K) provide one with the 

value at the ,time ins.tant tk of the I-th augmenting source 

its first time derivative and second time derivative 

respectively. 

The £Unction f in(lOO) and its partial derivatives 

are filled-in the matrices by the subroutine 

NONLNR as described in the following: 

YS(I,K):containing the complementary variable of the 
, 

I-th augmenting source (in the nonlinear subnetwork) at the 

K-th time instant, 

PAR(I,J,K): containing the partial derivati~e of the 

complementary ~afiable of the I-th augmenting source at the 

K-th time insr.antCi,e. dli (-tl<)) 

~~S) 

PARD(I,J,K) and PARDD(I,J,K) are filled-in as is 

PAR(I.J.K) except that the partial derivatives~are taken . .' 
with respect to Us and respectively. instead of 

..... 

If the nonlinearities 1n the network ~re not dynamical 

(i.e. ~N=£(~S'~A)) ~hen there is no need to 

ev~iuate XSD. XSDD as well as PARD and PARDD; moreover the 

expression for the gradient becomes simpler. Setting ICONTR=O 

in the programme these. unrequired steps are omitted. If 
" . I 

ICONTR=/= O.but US 1S not present the matrix PARDD=,9 must 

be" provided. 

In t~is progra~, the matrices YS(I,K). PAR(I.J.K)/ 

PARD(I.J.K) and PARDD(I,J.K) are provided by subroutine DIODE 

for a junction diode with a nonlinear junction c~pacitor and 
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subroutine TRNSTR for a transistor with nonlinear junction 

and diffusion capacitors and dependent sources. For other 

types of nonlinear elements a sub~~utine providing the 

informatio~ described in the following must be supplied. 

SUBROUTINE TRANSISTOR 

This subroutine provides the complementary yariables of 

the augmenting sources connected across transistor branches, 

and the partial derivatives of the complementary variables of 

the augmenting sources connected across transistor branches with 

respect to the augmenting source variables and the first time 

derivative of the augmenting so~rces, respectively. 

Two different kinds of subroutine describing the 

behaviour of the transistors are used in this program. Both 

of them are 4 based on the same model of the transistor, namely, 

the Ebers~Moll model. In the following, the models that were 

used in the program will be presented, seperately. The Ebers_ , 
Moll model of the transistor is illusirated in Fig.28. 

MODEL I 

., .In t.his model, the equations governing the behaviour 

of the. transistor are g1ven as follows: 

(i) Source Current 

(274) 

where 
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r-~--~~.-------UI--------~~.--'-~--------------~ 
~~ ~tJ~ 

\. 

Figure 28- Ebers-Moll Model of the transistor 

k'~ Saltzman canst. 

YT :. k. TIt) (k/9' = 8.61('4· IO-IJ ) 

(ii) Junction Capacitances 

(275 

(iii) Diffusion Capacitances 

(27E 
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-0 

VT,m, <Px 'Yx and f->f' are some constants, 

"ZF = "I. / (2'Tf tt ) 

= -L - [ C jE ( V E f) + C j c ( V c.f )]; VT 

211ft . let 

if l:'F.( D from above expression 

it is set to zero 

(277) 

I et =0 

lef f=. 0 

(278) 

and {je(Vcf) are calculated according 

to (278) 

if -r-L.,c <0 from abovf;:! expression 

it is set to zero 

·(279) 

.,- VBX/V \,1 
..Ll> e T' (280 ) 

'VT,n I 

The npnlinear transistor model whose describing equa

tions presented above is. linearized for some values of 1.18><. 

in the computer program since the source currents will over

flow for very large or small values of 155X in (274) and the 

j un c t ion ca pac ita n c e s w ill b e un d e fin e d for 1J,~X) <P X in ( 2 7 5 ) 
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In this case, the describing eq~ations of the source 

currents become-· ". 

Ixc =-

where 

1 ----' 
VT-Yrl 

(rubX IVTJ\\ -t X) 
e 

l , V,.1,," 

X :::: t f"i "I () 
(281) 

T a kin g . the de r i vat i ve 0 f ( 2 8 1) wit h res pee t t 0 V5x 

\ V,-. 0'1 

. 
(Vi /VT .", + X ) 

e 

(282) 

are obtained. In (281) the equations describing the source 

currents are linearized for ~~X> V~ and 

such a way that the overflow of the values for soruce currents 

is prevented. In the same m~nner. the diffusion capacitances 

are linearized for ')e,:< > 4x _ .05 ;c.;;-UX as follows~ 

''I- . ')-. 
I.) bx '= '-. X 

(283) 
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Taking the derivative of (283) with respect to '\..1~x 

·is obtained. 

~x= 

linearized as 

4 ("1 rV,..m +x) 
+- e 

'IT' Y\t\ V-1:f '\l Bx. 

'-1,,- !: 'Di:x ~ V" 

(Vl/vT'~ +x) 
__ ~_.e ~X~~ 

(285 ) 
"IT: VY\ 

D iff e r t~ n t i at in g (285) wit h res p e c t to 'VeX 

are obtained. 

'.' 

L'1.Je.x/VT .m+,X) 
e 
(V~ / \IT m -t)( ') e I 
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MODEL 2 

In this model, the equations 'of the source currents and 

capacitances are given as follows: 

(i) Soruce currents 

( 'A \YS)( 
Ixc = 10 e - i ) (287 ) 

where A: i' ... 
in the model 1. 

"T, WI 

(ii) Junction capacitances 

(288) 

(iii), Diffusion capacitances 

(289) 

where K 1S the Boltzman's constant. 

\ 

The equations ,in (287), (288) and (289) are linearized 

in the region \T{)X >V~ and '\JBX ":::'Vl. for the same 

reasons explained" iIi model 1. In this'case, 
I 

the expreSS10ns 

fqr 

I~c. = 

(287), (288) and (289) become 

(0.V1 t X Y (/\ \J" + ><. ) 
IA e ' (ttrr:,x - Vi) + e - I\J 

"L7J5)( d.V2 

(290) 
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"lx C.SXo .J 

----. -- (C\J8x - V~) + 
¢ (1 Vi '_).0 )C + , 
. )( - ~x ! • 

VA L. 'traX , 

(1- (291) 

(292) 

are obtained. 

Taking the derivative of (290), (291) and (292) with 

>cc ('A tr8X T, X ) V2·~ 'lrSx f: V1 - -
)"6X r").e I 

('A~l + X) 
'15e:.: 

\ 

'Ae ' LV: (293) 
- 2. 



~X' C~Xo 

) cf>/ ~ _ ~~ ') i X ·H 

, ~ x C13X., 

dC-ex 

eke 
C\JSl( )"/')(+1 

4 - ¢x 
; 

(}'\]'B)(. 

I 

'0)( Ct)(o (294) 

~( 1- ~: t+~ 

\/4 ~ 1r1~X 

V'2 t 'Vex ~ V" 

are obtained. In the above equations ix ') cPX ) CSXI) 

are some constants, a~nd 'A= 1 
• V,-d'}\, 

The expressions for I ,. " 'dI;(c 'd Cax . X" '-13)(., V\::>,)(, __ , __ _ 

'O\J8)(' ? tJrax 
calculating the com~lementary 

fd CDX . 
and will be used 1n a trax 
variables of the augmenting source variables due to nonlinear 

network, namely, transistors. To find the augmenting source 

currents due to transistors consider the circuit shown in 

Fig.fa • Writing the KCL for the emitter and collect~r nodes 

of the transistor we obtain 
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~ : : 

(296) 

or 

~~ (v., Vz)~) := [ C~E('lT,)+ Cp~ ('\Y, )1-G-, + ~f Iu (tr,) - TEe (l7z ) : 

;2:( OI, 'll"" •• ,)-2.) =- [C e.c (11"2) + CllC (vl3'li-.. + ~/E/ '\Y2.) ~ T cc ( ~ ) 
(297) 

• •• 
Differentiating f ~n (297) with respect to iJY)'\J and rJ"" /V I'V /"oJ 

r Q Cl'l'lJ,) ~ + L ')Ta«\J,) 

?~ cXF fd\Ji 

(298) 

o 

o 
I - (299) 

( 300) 
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are obtained. The values of 

'df 
~ 

'CJ+ 91 
"'" .... , 
• o\T 'Otr ,..., 
~ 

dt\r are stored into YS(I,K), PAR(I,J ,K), 

and (VPARDD(I,J ,K), respectively. 

PARD(I,J ,K) 

SUBROUTINE DIODE 

This subroutine provides the complementary variables 
/ 

of the augmenting sources connected across diode braches. 

The diode model used in this program behaves like voltage 

controlled nonlinea-r resistor with a jun'ction capacitor ,con

nected across itr The diode currents and the value of the 

junction capacit~rs are given as defined for transistors. The 

model of the diode with a voltage source connected across it 

shown ~n Fig. 29. 

+ . J 
'I 

II i 
.... 

-t II - . 
'\r 

l C ::; c.'\)"" 

8 tIT, 

fi gure 29- The Model of the diode with a voltage source 

The cirrent through the diode will be given by 

(301) 
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and th~ nonlinear capacitor is gi ven by 

(302) 

, 
The equations for td and C are linearized. outside the 

region V1 ~'\j~ V
2 

• In this case the equations (301) and 

(302) become 

where,. rx:::- ert To J 

and 

(303) 

I\J £ V2 

(304) 
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.- Differentiating (303) and (304) with respect to '1J ; 

').." e (A"1 -+ Y. ) Vt ~ V-

'd i~ (I\)) (I). \Y -t)<) 
I)e Vz ~ '\J ~ V~ 

~\)' 

I).e 
l'/)V2 + X) -, 

h'l.) ~ V'2. 

(305) 

and 

t(r- ~)='H 

Co 7; 

are obtained. Then the complementary variable of the augmen

ting-voltage source corresponding to the diode model in 
I 

29 can be calculated as: 

This is stored into YS as 

Fig. 

( 307) 

..... 
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In addition, 

~f r'() ~~ (rv-) td C(IJ) " 
--;-, + 'lY 
'()'lY _'d17 "OIY (308) 

9J' C. ('lY) , 
"";71) (309) 

~f 
- ". rotr 

a (310) 

are obtained. These are stored in 

~(tk)'- 'PAR(\<.) ( 311) 
~tr 

2£ (tk)= fARD (K) 
• ( 312) 

~'tY 

/d£ (tk}= fARb\)(K) 
f()1Y ( 313) 

V.2 •. COMMENTS 

1- Selection of XOPT(I), EPS(I), MAXFN. 

EPS(I) is required by Fletcher's Algorithm in order to 

stop the optim~ization subroutIne whenever /XOPT(I)-XOPTN(I)/<EPS(I) 

for Ie~1,2, •.. ,2NHAR+l} for two consecutive iterations. I~ was 

observed t~at to choose thiinitial estimates XOPTIN for 

XOPT(I) v~ry small (of the order of 10- 3 or 10-~) w~ll result 

i~ a good convergence when EPS(I) has been chosen very 

small-(of the order of 10- 4 ) and the maximum number of itera

tions (MAXFN) has been limited to a maximum allowable value 

(ot the order of 200) provided the value of CTPER, whose 

meaning andaetermination will be explained later, is selected 

appropriately. The limitation of MAXFN is also important: in 



- 132 -

most of the networks including transistors with nonlinear 

capacit~rs. If CTPER is adjusted appropriately the value of 

the scalar error function P decreases as the number of itera

tions increase. But if the value of the s~alar error function 

decreases very slowly, than it may take so many iteration for 

the algorithm to reach a value that the difference between 

two consecutive 'iterations of the XOPT(I) becomes less than 

EPS(I). In this case, if the algorithm is allowed to get the 

desi~ed small EPS(I) value for the estimation error between 

.two copsec~tive iterations; even the value of the scalar 

error function ~ becomes very small, the algorithm may div~rge 

or the value of P has a very large value (of the order of 

10
20 

in some cases) when the addition~l number of harmonics 

are tried to be estimated in the next step. This is not a 

desir¥ble phenomena since it becomes impossible to obtain 

the esti~ates of the additional harmoni~s (NAD). ~herefore 
MAXFN is limited to a fixed relatively small number, say 200, 

to prevenet Xhe errors due to a large number of iterations. 
\ 

For the initial NHAR, the initial XOP~ (I) are selected 

arbitrarily, but as NHAR is small th~ number of optimization 
( 

variables is also small and to impose a tighter bound on 

X~PT(I)is less costly. After the initial set of iterations 

w~en NHAR is increased by NAD, the additional XOPT(I) are set 

equal to zero and the XOPT(I), of the previous iteration are 

taken as initial guess for th .. e new itreation. Finally, it is 

understood that to choose EPS(I) very sma1~ for the initial 

number of harmonics and to obtain as good an estimate as 

pos.sib1e for ~OPT(I) at the beginning then to increase (or 

keep constant) EPS(I) as NHAR is increased is a good stratgey. 

It is also known that the Fourier coefficients decrease with 

increasing harmonic nu'mber. Therefore a best estimate of 

the first harmonic coefficients followed by zero estimate for 

the ~~ater harmonic coefficients will provide a good initial 

guess;;.whenNHAR is increased. Thus the number of iterations 
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at a costl~er stage of optimization is ~considerably reduced 

when the number of variables are relatively large. 

2- Determination of CTPER 

In some networks the computation ~an not yield an 

estim~~e of the first harmonic coefficients since the original 

value of the scalar error function which is desired to be 

minimiz~d is considerably large. To overcome this difficulty, 

the error function l P and its gradient 'O'?/rarx. a.re multi~lied ... ' 

by a constant CTPER in the computer program. Thus the minimi-

zation of the function CTPER~P corresponds to the minimization 

of ' the error function, P. 

Then the original value of the scaled scalar error 

function CTPER*P can be adjusted by choosing an apropriate 
,-

value for CTPER such that the original value of C'fPER ,P*is 

about 1. It ~s observed t~at there is no iteration when the 

val ue 0 f CTPER is cons ide rab 1y large and the comp uta t ion t,ime 

is not finite., As CTPER is decreased tht} number of iterations 
'\. 

increases and the solution~ are obtairied~ ~inally as CTPER 

approaches to zero, the number of iterations becomes to 

detrease rapidly and the solutions become unreliable for 
, • • I 

these values of CTPER. 

, ,)- Evaluation of the ~rror function P • 

.' 

The trapezoidal rule for evaluating P is applied 

at 2NHAR+l points since all time functions are evaluated at 

2NHARtl tim~ points'. It was observed that P ~ouJd be driven as 

small as desired with 2NHARt1 time points. If P is evaluated 

by applying the trapezoidal rule at a large~ number of points, 

then the value ~ ass~med by P was found to be quite large 

(about 10 times P). But P approaches to P as NHAR increases. 

Therefore the stopping criteria on the main program is based 
-on P. 

\ 
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VI. EXAMPLES 

In this chapter several networks were solved by the 

proposed Piecewise Harmonic Balance Method using the algo~ 

rithm presented in chapter V for the case that the period T 

of the oscillations was known. 

EXAMPLE 7 

In the first example, the proposed method was used to 

determine the periodic response of a square/wave generator 

sho~'lD In Fig~! ~.9. The ne two rk was de compo sed in to ,a 1 inea rand 

a nonlinear subnetwork. Two au~menting' sources were applied 

to the linear subnetwork betwe~n the points E-B and C-B. The 

a 1 go r i t h m' was s tar ted wit h 1 2 h a r.mo n i c san d 3 S sam p 1 in g 

~points. Convergenc~ occured with lS harmonics and 41 sampling 

points. The final value of the error function wasjO.S3181xl03 

• i ~ 
The value 6fCTPER and EPSI chosen for th1s example was 10' 

-S and 10 respectively. The time values of the augmenting 

source variables are shown in Fig. 31 and Fig. 32. The 

excecution time for this example WaS about 10 minutes. In the 

e qui val en t c ire u ito f t he t ran sis tor use d here , the r e. i s no 

nonlinear capacitots. Therefore ICONTRequals to zero. 
--------•... --_ ... '--' --.-.~ 

;.' '., ' 



t.: 135 """' , , 
:.~ .... -., .. --

5D..lL 

0,1 V 

~--~~--•• --fC 

~ 13 
+ 
~O " 

,-------- --------v 
,---\+-t---1 

r 'c Cc 

• 

0.1 V 

co 

- -' 

(b 1 

/\lvNLlr-J£AK 
SUBNErWol{~ 

1K 

-t _ 
~oV 

I 
I 

Figure 30 (a) Square wave generator with input vet) =.~.5.Sin(2TIt)5: 
(b) Transistor replaced by its eq~iva1ent C1rcu1t.· . 

.. 
EXAMPLE 8 

·In·the second example, the Piecewise Harmonic' Balance 

Method was used to determine the periodic response of a class 

C amplifier circuit shown in Fig. 33. The network under 

consideration was decomposed into a linear and a nonlinear 

s ubne twork·. Two a ugmen t ing s)o u r ces we re app 1 ied to the 1 inea r 

subnetwork between the points E-B and C-B. The a!gorithm was 

started with 7 harmonics and 21 sampling.points. Convergence 

occured with 15 harmonics and 37 sampling points. The final 
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value of the error function was O:-74xlO- 2 • Thy-value of CTPER 

and EPSI chosen for this example was l~and lO-4~ respectively. 

The excecution time for this example was 8 minutes. The 

_ augmenting SDurce variables are shown 1n ~ig. 34 and Fig. 35. 
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Lgure 33 (a) Class C amplifier circuit with input v(t)= 2.6 Sin(27T10-t); 
(b) Transistor replaced-by its equivalent circuit. 

l 

EXAMPLE 9 

In the third ~xample. the algorithm was used to deter

mine the periodic response of the, class C amplifier I,circuit 

shown 1n Fig. 36. The network was decomposed into a linear 

and a nonlinear subnetwork. Then tw'o augmenting sources ,.were 

applied to the linear subnetwork between the points E-B and 

~-B. The algorithm was started with 4 harmonics and 21 sampling 
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" points. Convergence occured with 24 harmonics and 61 sampling 
. . -4 

points. The ~inal value of the error function was .182xlO • 

The value of CrPER and EPSI w~s 1 and 10-4 respective~y. The 

execution time was 20 minutes. The transistor model does-not 

contain the nonlinear capacitors in the Ebers~Moll model 

, ther~fore the value of ICONTR is also ze~o for this example. 

The time val ues 0 f the augmen t ing sources and the output are shown 

in Figs. ~7, 38, 39. The time values of the output voltage at 

discrete poin~s was compared 'to the one obtained by Nakhla 
, 

and Vlach[S]. It is found that the soluti'on obtained here is 

a similar waveform to the one obtained by Nakhla and Valch[a] • 

AOOpF O.025)A1-I 

l-p 
~VI:>F 

t 
i;Q.{L 

NoNLIf\leAr< 
5Ut3NltT'lXIOK J< 

+ 

+. 

Figure 36 (a) Class. C amplifier ~ith input J(t)= 0.1 Sin(2nl0
8
t); 

(b) Transistor replaced by its equivalent circuit. 

( 
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VII I CONCLWS ION 

A Piecewise Harmonic Balance Method for finding the 
\. . . . 
per10d1c response of networks both 1n the case that the 

period T of the oscillations is known and in the case that 

the period'T of the oscillations is unknown has been inves

·tigated. 

The method has been tested computationally on s~veral 

problems for the case that the period T of the oscillations 

is known to find the steady-state solution. The advantages' of 

the method can-be summarized as follows: 

(i) No special formulation of network equations 1S 

required. Most of the ~omputer algorithms such as those uS1ng 

the. conventional har~onic balance)technique or shooting met

hods ,requires the formulation of the state equations or some 

differential equation describing the behaviour of the net

work. This ~s not an easy way of formulation for general 
./ 

purpose computer algorithms~ 

(ii) In the' Piecewise Harmonic Balance Method, there 

is no need to so~ve a ·nonlinear, 'algebraic or dynamic 

equation since all the nonlinearities are treated appropr1a

tely. 

(iiiL.Th,.~ linear subnetwork 1S solved only once for 

,ach frequency in frequency domain and the response of the 

linear network is obtained by scaling. Therefore full 
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advantage of '·the"·linearities which constitute larger portion 

of the network have been utilized. 

(iv) Since all the nonlinear branches are replaced by 

augmenting sources the topology of the network is preserved. 

This means that a connected linear ~ubnetwork can Jlways be 

obtained from a given connected network in most of the cases 

except if there exist nonlinear n-ports which can not be 

modeled as n+l terminal element~. 

(v) As the number of harmonics are increased after 

balancing i~itial estimate of the harmonics, the problem 

becomes numerically better conditioned, and the number of 
( 

iterations for the next estimate of the harmonics are con-, 

siderably decreased. 

(vi) Thi value of the error function. to be minimized 

can be mul~iplied by a fixed integer in su~h a way as to 

allow the algorithm be operating. The adjustment of the value 

of the ;~alar error function P to be minimized can be changed 

to obtain better estimates of the initial haimonics. 

(vii) The number of optimization variables in the 

piecewise Harmonic Balance Method is ~educed considerably as 

compared to the optimization variables in the conventional 

harmonic balance method since ~ost of the practical circuits 

contairi more capacitors and inductors than nonlinear elements. 

(viii) The speed of the computation of the gradient ~s 

increa~ed by taking ~he DFT of two functions at a time. 

A new express~on for the gradient evaluation has been 

developed and compared to the one derived by Nakhla and 
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Vlach [8J for the case that the period of the oscillations 1.s· 

unknown. It has been observed that the expression proposed by 

Nakhla and Vlach [8] is a very crude approximation to the 
" gradient whereas the one~' presented in this study is the exact 

one. 
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A P PEN D I X 

AI. GRAPHICAL DEVELOPMENT OF THE DisCRETE FOURIER TRANSFORM 

~onsider the example function h(t) and its Fourier 

Transform H(f) illustrated in Fig (Ala). It is desired to 

mo d if y t his F 0 uri e r. t ran s for m p air ins u c haw a y t hat the -

pair is applicable to digital computer computation. This 

modified pair, called the discrete Fourier transform is to 

approximate ~s closely as possible the contini6us Fourier 

transform. 

To determine the Fourier transform of h(~) by means of 

digital analysis techniques, it_ is necessary to ~ample h(t). 

Sampling is accomplished by mUltiplying h(t) by the sampling 

function sh~;n in Fig (Alb). T~ sampling .interval is T. 

Sampied function ~(t) and its Fourier tiansform are illus

tra~ed in yig(Alc). This Fourier transform pair represents 

:he first ~odification to the original pair which is neces~ 

sary in defining a discrete transformpair.fThe modified 

transform pa1r 1n Fig (Alc) differs from the original trans-

f~~~~a~r only by the aliasing effect which results-from 

sampling. 'If th~ wavefor~ bet) is s~mpled ata frequency,of 

at least twice the largest frequency component of h(t), there 

is no loss oi infotmation as a result of sampling. If the 

function h(t) is not band limited, i.e., H(f)1= 0 for some 

If I > fc ,then sampling will introduce aliasing as illustrated 

jn Fig(A~c). To reduce this error, T should be chosen smaller. 

The Rourier transform pair shown in Fig(Alc) is not suitable 

for machine computation because an infinity of samples of 

h(t) is considered; it is necessary to truncate the sampled 

func~~on h(t) so that onl~ a finite number of points~ say N, 
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Figure AI. Graphical development' of the discrete Fourier 
transform. 
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ar.econsidered. The rectangular truncation function and its 

Fourier transform are illu~trated, in Fig (AId). The product 

of the i~finite se.quence of impulse"'functions representing 

h(t) and \he truncation function yie.lds the finite length 

time fun~tion iltustrated in ~ig (Ale). Truncation introduces 
J 

the second modification of the original Fourier transform 

pair, this effec~ is to convolve th~ aliased frequency tr~ns

form of Fig (AId) with the Fourier transform of the trunca

tion function in Fig (AId); 

As shown 1n Fig (Ale), the frequency transform has a 

ripple to ,it. If the tr~ncation function is increased 1n 

length, then the Sinf/f function in Fig (Ale) will approach 

an impula~; the more closely the sinf/f function approximates 

an impulse, the-less ripple or error will be. introduced by 

th~ corivolution which results from truncation. ~herefore it 

1S desireable to choose the length of the truncation function 

as l~ng as poss~ble. The modified transform pair of Fig,(Ale) 

is ~till not an acceptable discrete Fourier tr~nsform pair 

because the frequency transform is a continious function. For 

machine computation only sample values of the frequency 

function can be computed; it is necessary to modify the 

freq uency trans fo rm by the.f req lien cy s amp ling func t ion 

illustrated in Fig (Alf). The frequency sam~ling interval is 

lIT . 
o 

( 

. The discrete Fourier transform pair of Fig (Alg) is 

acceptable'for the'purposes of digital m~chine c~mputation 

since both the time and frequency domains are represented/by 

~ discrete values. As shown in Fig (Alg) th~ original time 

.function h(t) and the o~iginal 'Fourier ,transform H(f) are 

app~oxim~ted by ~ samples. These' N samples defin~ the discrete 

Fourier transform pair. The sampling in the time domain 
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resulted in a periodic function of frequnec~ and the sampli~g 

in the frequency domain resulted in a periodic function of 

time. Hence the discrete Fourier transfortp requires that both 

the original time and frequency functions be modified such 

that they become periodic functions. 

All. THEORETICAL DEVELOPMENT OF THE DISCRETE FOURIER TRANSFORM 

Consider the Fourier transform pa1r illustrated in 

~ig '(A2a). To discretize this transform pair it is first 

necessary to sample the waveform hCt); the sampled waveform 

can be written as h(t).b, (t) where 
. 0 

(AI) 

k=-Oo 
is the time doma~n sampling function illustrated in Fig (A2b) • 

. The sample interval is T. The sampled fun~tion can be written 

as 

h(\:)6o(t)=~ h(kT) ~(.t-k\) 
(A2) 

k=-- 00 

The result of this multiplication is illust~ated in Fig (A2c). 

The aliasing effect has occured from the choice of T as shown. 
J 

The sampled function is truncated by multiplication with the 

rectangular function x(t) illustrated in Fig (A2d): 

for 

=.0 o the rwise 

T 
'2. 

(A3) 

where it has been assumed that there are N equidistant impulse 

functions lying within the truncation interval, that is, N =22. . . T 
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~. 

j 

Figure A2. Graphical derivation of the discrete Fourier 
transform pair. 
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I 

The sampled truncated waveform and its Fourier trans-

form are illustrated in Fig (A2e). As ~n the explanation of 

graphical development, truncation in the time domai~ results 

in rippling in the frequency domain. The final step in 

m~difying the original Fourier transform p~ir to a discret~ 

Fourier tran~form pajr is to sample the Fourier transform of 

Eq (A4)~ In 'the time do~ai~ this product is equivalent to 

convolving the sampled truncated waveform of Eq (A3) and the 

time function 

00 

(AS) 

as illustrated ~n Fig (A2e). The desired relationship for 
;'V 

h(t) becomes 

(A6) 

SUbstituting Eq (A4) and (AS) into A6) 

h(t) = [f\tkT).\(t~kT)1{r. ~ . ~(t- rTo)1 
. 1<=0 1=- f>o 

= To t [f h(k 1) ~. (t - k T - 'tTc ) 1 
\C - ~ k:1) 

(A7) 

is obtained. Note that Eq (A7) ~s periodic with period T • o 
N 

The continious junction h(t) obtained in Eq (A7) is an 

approximation to the original time f,unction h(t). The choice 

of the rectangular f~nction x(t) as described by Eq (A3) has 
. , /'v 

a special importance. The conv~lution result of ~q (A7) is a 

periodic iunction with period T which consists of N samples. 
. 0 

If.the rectangular function had been chosen such that a sample 

val u e co inc i·d e d wit h e a c hen d poi n t 0 f the r e c tan g u 1 a r 
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function, the convolution of the rectangular function with 

impulses ~paced at intervals 

domain aliqsing. That" is, the 

coincide with the first point 

of T would result in time 
0-· 

Nth point of one period would 

of the next pe~iod T insure 
. 0 

that time domain aliasing not occur, it is necessary to choose 

the truncation interval as illustrated in Fig (A2d~. 

IV 

The "Fourier transform R(f) of Eq (A7) can be developed 

in two different ways. The first method is to use the time 

convolution taeorem. Since the waveform h(t) i~ Fig. (A2g) is 

the convolution of ~(t) with 6
1
(t), its Fourier transform 

becomes 

(A8) 

(A9) 

and 

(AIO) 
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InsertingEqs (A9) and (AIO) into (All) 

, H(n=~h(kT) e~~lIfkT ~ ~({- ~.J 
k=o ' Y':::: - (>0 

(All) 

or, equivalen tly 

H ({) = ~ [>-\(kT) e-jcrnfkT 
Y"'z:-Po k-=o 

(A12) 

is obtained. Using the property of impulse~q (AI2) becomes 

H(n => [5-1 

h(kT) e-~2I\CkrTh] ~a- ~) (AI3) 

r,: - r.o' k = \) . . 

Using l- \ in Eq(A13). 
To N 

A(r) -![~ h(kT)erllT~<dN]~a_~) (A14) 

f'-=:- pO k::. 0 

~s obtained. Eq (AI4) represents the continious Fourier ,.... 
transform of the periodic tim~ function h(t), which is ~ 

, 

infinite sequence of equidistant impulses with amplitudes 

given by 

(AIS) 

The discrete Fourier transform can then be obtained 
~ 'v 

-from the continiou~ Fourier transform H(f) by evaluating H(f) 
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f= .!l To 
into Eq (AI4) 

H( ~. )=) (f h(kT) e~0.rrkj"/~1 ~ 0;. ) 
r= -1)0 k -= 0 

~s obtained. Considering the meaning of 

r.=n 

(AI6) 

(AI7) 

which is the Kronecker delta sequence. Then Eq (Alb) becomes 

-:-).2tt kn/N 
e 

which is the desired 'discrete Fourier transform. 

The s,econd method to obtain the discrete Fourier 

transform can be described as follows: 

It is known that 

hl+) = T. t[f h lkT) ~(t-, kT -\"--10')1 
r':::- Po k::c) 

(AlB) 

. (Al9) 

\ 

is periodic with period To' Since the Fourie'r transform 0/ a . I 

periodic function is a sequence of equidistant impulses 

'HU) =:> 
I' --

A20) 

, 'f'=_oo 

is obtained. Evaluating the continuous Fourier transform i:\at f= n 
i 10 
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(A2l) 

where n is an integer constant. Once more considering the 
I 

Kronecker del ta sequence' in Eq. (Al7) Eq (A22) becoimes 

(A23) 

, 
where ~~S are the Fourier coefficients of the continious 

,..., 
function h(t), and can be given by' 

(A24) 

let r=O, in Eq (A24) since tha integration 1S only over one 

period, then 
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, N-~ , 

- ~ h(kT) e-j'lltkn/N- (A26) 

k=u 

18 obtained. Th~n 

(A27) 

which is identical with the result obtained 1n Eq (Al8). 

From Eq (A27) it is seen that the Fourier transform 
'" ~ ( ~T) i s per i 0 ~ i cas s how n in Fig ( A 2 g). The rea reo n 1 y N 

distinct complex values- computable from Eq (A27). 

Letting n=r where r ~s an arbitrary integer in Eq, 

(A27) 

rJ ( 'r') N-\ . 2nk-r/' 
H NT = L h(kT) eJ 

N (A28) 

k=o 

is obtained. On the other hand, letting n:::'r+N 1n Eq (A27) 
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(A29) 

is obtained. Therefore there are only N distinct values for 

which Eq (A27) can be evaluated; H (n/NT) is periodic with a 

period of N samples. The Fourier transform Eq (A27) can be 
/' 

expres'sed as 

The discrete Fourier transformEq (A30) relates N samples of 

time and N samples of frequencybj means of the continious 

Fourier transform. "If it is assumed that the N samples of the 

original functi-on h(t) are one period of a periodiic waveform, 

the Fourier tran~form of this periodic function is given by 

the N samples as computed by Eq (A30). The notation ~(~~) 
is used to indicate that th~ discrete Fourier traniform 

~btained in Eq (A30) is an approximation to the continious 

Fourier transform. Eq (A30) is written as 

. . N-i 

G(:T)= I 
k-=o 

Since 'the Fourier transform of the sampled periodic fnuction 

g(kT) is identically G(n/NT). 

-.,.---------_._- ., •... 
. i 
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AlII. DISCRETE INVERSE FOURIER TRANSFORM 

The inverse discrete. Fourier transform is given by 

, \<,;::. D).t, . "." . _ )\N- 4 (A32) 
..J. 

Substituting Eq (A32) intoEq (A3l) 
--

(~)= ~i l--I t·1-\ (~\ . b2'\\,k/N1 _~l1th¥:./N G NT L N L G NT) e e 
_ k=o ~~~ 

I N-4 (V- J[ N-j )2nY"k/N .e-.~_r-J:r:;nk/Nl ~ 
=- > G - ,,- e ' . 

- N -.. . N\ L 
r=o k=o . 

(A33) 

is obtained. Using the ~rthogonalityrelationship 

N-i . ) 1« rk/N -~ ~(\ h'¥:./ N N i ( \""-:::: n 

I e e -
k=o 0 ot he (' \Xk::.e 

. (A34) 

1n the Eq (A33), the Eq (A33) becomes an identity. The 

periodicity of the discrete inverse Fourier transform follows 

from the periodic nature of e~2'ITnk/N . g(kT) is actually 

defined on the c0ll!-ple~e set of integers k=())±1,±2.)_ .. _ 
an~ is constraint by the identity 

(A35) 

Then the discrete Fourier transform pair is given by' 

. ( 
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The pair ~n Eq (A36) requ~res both the time and fre

quency domain functions' be periodic, i.e. 

(A37) 

~(kT) == 6 [( r-N;-k)T] r = 0) ;~ ,±.Z J •• - • ° (A38) 

The discrete Fouri~r transform approximates the 

continious Fourier transform~ Validity of this approximation 

is a function'of the wave form being analyzed. 

In th'eofcrllowing, the error introduced in approximat

~ng the Fo!urier transform of a fnuction by means of the dis

crete Fourier transform will be ~xami~ed for two special types': , 
of waveform. 

I 
EXAMPLE 10: BAND-LIMITED PERIODIC WAVEFORMS ~Truncation 

interval equal to period) 

I 
I Consider the .'function h(t) and its Fourier- transform 

illustra~ed in Fig (~3a). It is desired to sample h(t), 

truncate the sampled function to N samples, and apply the 

discrete Fourier· transform Eq (A3l). Rather than applying this 
/ 

equation directly, its applicatio~ will be developed graphi

cally. Waveform h(t) is sampled by multiplication with the 

sampling function illustrated in Fig (A3b). Sampled waveform 

h.(kT) and its Fourier transform are shown in Fig (A3c). It 
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FJgure A3. Discrete Fourier transform ofa band..,.limited 
periodic waveform: truncation interval equal 
to period. 

J 
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should be noted that there exists no aliasing in Fig (A3c) 

for this example and as a result of .Sime domain sampling, ---'the 

frequency doma in has been scaled by the factor l/T, the 

Fourier tran~form impulse has an area of A/2T rather than the 

original a~ea of A/2. The sampled waveform is truncated by 

multiplication with the iectangu1ar fun~tion illustrated in 

Fig (A3d). Fi~ (A3e) illustrates the sampled and truncated 

waveform. ~s shown, the rectangular truncation function is 
I 

chosen so that the N sample value has remained after trunca~ 

tion interval is equated to one period of the original wave

form h(t). The Fourier transform of the finite 'length sampled 

waveform .Fig ~A3e) is obtained, by convolving the frequency 

domain impulse functions of Fig (A3c) and the sinf/f 

function of Fig(A3d). Fig (A3e) illustrated the convolution 

results. A sinf/f function is centered on each impulse of 

Fig (A3e) and the resultant waveforms are additively combined 

to form; the c'o n vol U t\ ion res u 1 t. Wit h res p e c t t' 0 the 0 rig ina 1 

iransform H(f), the convolved frequency function Fig (A3e) is ~ 

~ignificiantly distorted. However, w~en this function is , 
sampled ,by the frequency ~~mpling function illustrated in 

Fig. (A3f) the di'stortion is eliminated. This follows because the equ~

distant impulses of the frequency sampling function are seperated by 

l/To' at those frequencies the convolved frequency. function i~ Fig (A3e) 

is zero except at the frequency ±l/T • Frequency ±l/T corresponds to the 
(..00 

f~equency domain impulses of the original frequency function R(f). Because 

of time domain---tru'l'lcation, these impulses now have an area of ATo/2T 

rather than the original area of A/2. Multiplication of the frequency 

function of Fig (A3e) and the frequency sam~ling function 

~ (t) implies the convolution of the time functions shown ~n 
1 

Fig (A3e) and (A3f). Because the sampled truncated waveform 

Fig (A3e) is exactly one period of the original w!veform h(t) 

and since the ~ime domain impulse functions of Fig ~A3f) are 

seperated by To' then their convolution yields a periodic 

Function as illustrated in Fig (A3g). The time function of , 
Fi~ (A3g) ha~ a m~ximum a~plitude of ATo' compared to th~ 
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original maximum value of A as a result of frequency domain 

sampling. Examination of 'Fig (A3g) i<ndicatek that the original 
( 

time~function is sampled and multiplied by To. The Fotirier 

transform of this function is related to the original frequ

ency function by the factor AT /2T. Factor T is common and o . 0 

can be eliminated. If it is desired to compute the Fourier 

transform by means of the d"iscrete Fourie rt r-ans fo rm, it is , 

necessary to mUltiply the discrete time function by the 

factor T which yields the desired A/2 area for the frequency 

{unction; Eq (A31) then becomes 

(A39) 

This result is expected Sl.nce therelat,ionship (A39) 

is sim~ly th~ rectangular rule for integration of the con-

t inious Fou rile r t ran s form. Thi s examp I e re~ res en ts' the only 

class of waveforms for which the discrete and continious 

Fourier transform are exactly the same withig a scaling cons

ta~t. Equiv~lence of the two-transfo~m~ requires that the 
,-'" l.j "I 

time functionh(t) must be peri6dic ~nd(band-limited, the 

sampling r~te must be at least two times the largest,frequ~ncy 
I 

co~ponent of h(t), and the tru~cation function x(t) must be 
, 

non-zero over exactly one period or integer mu~tiple period of 

h (t). 

EXAMPLE 11: BAND-LIMITED PERIODIC WAVEFORMS (Truncation 

\ interval not equal to period) 

Ifa periodic, band-limited function is sampled and 

tr~nca~ed to consist of rather th~n an integer mUltiple of 

th~ period, the resulting discrete and continious trarisform 

as sho~n in Fig (A4) wi11 differ considerably. This example 

differs from the previous one cnly in the frequency of the' 
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Figure A4. Discrete Fourier transform of a band-limited 
pe~iodic waveform: truncation interval not 
equal to period. 
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sinusoidal waveform h(t). The function h(t) ~s sampled 

[F i g ( 4 A c) ] "'a n d'" t run cat e d [F i g (A 4 e ) J. The sa u{ p led, t run cat e d 
/ 

function is not an integer multiple_of the period of h(t). 

Therefore, when the ~ime functions o~ Figs(A4e) and (A4f) are 

convolved, the periodic waveform of Fig(A4g) results. Although 

this function is ~eriodic, it is not a replica of the o,riginal 
, I 

periodic function h(t). Hence, th,e Fourier transform of the 

't~me waveforms of Figs(A4a) and (A4g) are-not equivalent. 

Fourier transform of the sampled truncated waveform 

of Fig (4Ae) is obtained by convolving the frequency ,domain 

impulse functions bf Fig (A4c) and the sinflf function illus

trated in Fig (A4d). Sampling of the resulting convolution 

at frequency interval~ of lITo' yields the impulses as 

illustrated, in Fig jA4g). These sample values represent the 

Fourier' transfbrmof the peri6dic time waveform of Fig (A4g). 

In Fig (A4g) th~re is an impulse at zero frequency. The 

~emaining fre'quency domain impulses occur ,because the zerQs 

of the sinflf function are n~t!coinciden~ with each sample 

value. The eff/ect of truncation at other than a' multiple of 
" \ 

the period is to create a p~riodic function with sharp,dis-

)continuities as shb~n In ~ig (A4g). The introduction of these 

sharp ,changes in the time domain is a result of the additional 
\ 

frequency components in the frequ,ncy domain~ 
" 

Time domain truncation is equivalent to,the convolution' , 
• • I 

of. a sinflf funct~on Wl.th ~he single impulse representing the 

original frequency function H(f) in the frequency domain. 
I 

Consequently~ the frequency function is no longer a single 

impulse but rather a continious function of frequency with a 

local maximum c~ntered at the original impulse. and a series 
• ./ \... t 

of other peaks which are said sidelobes. These sidelobe~ are 

responsible for the additional frequency components whic~ 

occuriafter frequency domain sampling. 

r 
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AIV. EVEN AND ODD FUNCTIONS 

If h ~) is an even function then h (k) = h (-k) and' 
e e e 

the DFT of h (k) becomes e 

f-j e (T1.) = :rhe (kl e- j 21"nk/N 
k:o 
N-1 k N-1 'k 

.~. h.' e(l<) Cos 21Tn + ~ ~ h (kj' S· 211'n L N J L e \1\ N 
k=o . k ==0 
N-i ' 

~h lk') C s 2if~ - 1\ (\1) LeO N - e (A 40) 
K=a . 

which is an real even function. 

If hoek) is an odd function then h (k)=-h (-k) and o 0 " 

the DFT of h (k) becomes 

H.{n) = :t 0h.(!<) e-Je'fl'nk/N 
bo· 
N-i • N-1. . 

. == '2 h,(k) COS z~nk - j.2 h.lk) Sin GNnl< 
. k-::o I1=D 

N-1 . 

j. ~. ho(k) Sin 2~nk = 1 1
0
(1"). 

which is an i~~~inary function. 

AV. WAVEFOHM DECOMPOSITION 

(A 41), 

An arbitrary function h(k) can be decomposed into an 

even and an odd function by ~tding and subtr.cti~g the common 

function h(-k)/2. 

h(k)=[~ + h(-k) 1 -t-- [ h(k) - h~'-k)l 
2. 2, 2 2-

(A 42) 

Terms in brackets satisfy the definition of an even and an odd 

function, respectively. Since h(k) is periodic with period N then 

(A 43) 
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and 

h (k) h(k)_ 
e· 2 l-

h(N-k) y 

(A 44) 

(A 44) 1S the desired relationship for decomposition 

of the disc'rete periodic functions. From (A.40) and (A 41) 

/ the DFT of (A 42) is 

(A 45) 

where 

and Ho(n)=jI(n) . (A 46) 

AVI I COMPLEX TIME FUNCTIONS 

The D F T 0 fa, com p 1 ext i me f up c t ion h ( k) ~ h r ( k) + 
jh. (k), where, h (k) and h .\k) are respectively' the real and 

1 . r 1 

imaginary p~rt of the complex time funetion h(k), becomes 

H(h)=·:t [hr(k)+ ~hl(k)]ej~lT1\% 
. k::o' ' 

~ [h (k)Cos 2i'(nk -I-.h-(k) Sin 2nnk l 
L r . '. N I N .J 
k=o . 

, . ~ h (I) c, ~ !Ill <: - h· (k ) C 0$ 
'- [, . ~ I . 21rnk] 

- ~ L-' I <. ~lll N I , N 
(A 47) 
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'The first expression of (A 47) is R(n), the real part 

of the DFT, and the second expressioa is I(n), the imaginary 

part of the DFT. If h(k) 

(A 47) 
N-i 

is real, 

Re(n) == L hI" (k) Co~ 
k-=() 

N~i 

then h(k) = 

e'TT' nk 
N 

Un) = - ~ > hr(k) Sin 2.;k 
k:D 

, 

h (k), r . and from 

(A 48) 

(A 49) 

,where R(n) is an even function, and I (n) is an odd function. 
e 0 

If h(k) is purely imaginary, then h(k) = jh. (k), and from 
1. 

(A 47) N-1 

Ro(n) = L hj(k) Sin 2'rrl'l k 
N 

1<.::0 
N-1 

Lhj(kJ 
k=o 

Cus 2rrnk 
N 

(A 5'0) 

(A 51) 

,where R (n) is an odd function and I (n) is an even function. 
o e' 

AVI I I COMPUTATION OF THE DFT OF Th'O REAL FUNCTIONS 

SIMULTANEOUSLY 

To compute the DFT of the real time functions 

g(k) form th.e complex function 

~ (k)- = h (k ) + ,~j( k ) 

From the 1 inearity property the DFT of y(k) is g1ven 

h(k) and 

(A 52) 

by 
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I, 

(A 53) 

Using the frequency domain equivalent of (A 42) we decompose 

both R(n), the real part of Y(n), and I(n), the imaginary 

part ofY(n), into even and odd components 

yen) = [-R(n) +R(N-f\)] + (11(n) __ R(N- It) ], 
2 ?. l, ( 2-

+ ~ [~l.. + I~-n) J +~[ It - I~-n) J 

FromEqs (A 48) and (A 49) 
, \ 

H(n)== Re(n) + ~ Io(n) 

f'R.(n) 'f\(N-ll) ] or I(n) I(~~-t\) ] 
=- -+ .- +1 --

L 2 2.. z.' 2.. 

Similarly fr.om Eqs ~ (A 50) and~ (A 51) 

or 

G(n) = Ie(r\ ') - ~ Ro (n,,) 

=,[r~)r I(~-!l}J -~ l ~\~ _ R~-tt)] 

(A' 54) 

(A 55) , /"'- i 
! 

,I 



, - 176 -

Thus,if real and imaginary parts oL.the DFT of a complex' 

time function are decomposed according to Eqs (A 55).and 
\ 

(A 56), then the simu}taneous discrete transform of two real 

time functions can be a~complished. 
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O<~.::~~:[OB}'tAt(-3Xj61 'f .OJS-,8).._ '._ ... ._ 
O---IFfTYPE(Kt.EQ.lo) VALljE(KI=ldVALUE(.Kr 
·:·.'::==:S~t.L=::E..Q~ 1'1:-.=:::=,: __ .. : . Bcf'-a o-=-rfiT-: t:~::: ==::.:c:==-= C:.C'."'. co 

o~[;~~w_ R. m:ET~' 8~1'=~~-'-~I~:f3.JtJ-l~'1~::~Z~~.'.j~="c .. . 
r:-----=== FOR MA T (SX ,'-B-V,-12 ,- q=u,-OTs;o ) 
~~¥j.:c~:,LR EA: ()I(~s,:9JI=r-I~J ~T=R(lN? ~:: 1-' PJ~_or:~:cr R.E B-~J'~:'=-==-~::~L~ 
B ----- FO R M AT (2T2,D rc)'-;-oT-- - --- --- ------- ---- . 
-==:-=o:=- - W R I T E C6-- --9 9 )--:-I-1'-WA N S -- t ~l; 0 T":- C T P E R- :-=cc=-~==::::_-=--::-== c: -==_- --- =-::=:,-:-_=-.::-=- -=c:.--=-:.=~~-=_~~==-_ 
-9-=: -=c- - FOR MAT ci -, =- ==-1 T-R AN 5-'-= --=, t1l-=-, ' -1 P t 6 f-::;:f=;- ~-r=-i=; , ---c-'(Pe:-FF= ,-;D-i-'o=;"LJT-
:6:6~fi- ~-E-~.~ Xi:-~~~~?y~\~NOH:T!~t: ( ~~=I~~~~)~ ;ct;:)_'}4~:Wr~~~=-~-~~=~~f:'~~~~~~;;~==~~:~X~~=~~i~ :~~~ 

:o1tt~itt~~~c~~·i tf-gg:!:~h~~WI·=~J_~;L~~=~=¥:-rI~t··~·6t ;.~B::~:1:..~~:~~i~j-~f~~~:~~::::~;;= --J~~~j;~~:;-~~~~~~f\~~ 
'~-=-:=~:c:=IfLn"TR-~j;:tI.:O.)···GO_--:ToC:=[2';::'=:~:~~::C=:~:~:'-~=_::-.:~~.'" 
:====·C:It:(tiR-ANS:;·;:()-:-9S:·~9cS""~cr6=-=·=·C:===--:"-=:::-:::: 

~5::-,==:="';::;=j=N :r R T 2:;::~ F? ·NT R:E ~~:.::: E;~= =.c~~~=:~:=,~_~t§'C=~~i:..:{j==¥Jg-~=::~-f:==::=c::~I~_:::-·· 
-- -----R E-A-O (S;-8~T- ( A-r R ( I TiT=-r,-N TRT2T -.--------------

·'ic::-=·.=:t~d~~~~~:q~:i;~:W~~C)···~:.-:' .::-C:::. -.. :::: .. -~~~:~~2~f~::=~~~:~::;:=~~~ ::::z~~t 

;7=. WRITE-(6,88) It'\TR(_U:-t:ATR(NTR+l-r,AT:~,(2-.~NJR.t2.I-l) IATR(2~NTR+2!j~t)A 
*R ("* NT R+ 2 * I· .. r), II TR (tt-NT R+2.n I ATR (6-·NTR+ 2*1 ""1 ) tATR f6 .NT R+2. 1 r.--ATR-
.a.NT R+2 * l"l I, A TRIa jj>NT R+2*U, IITJtU:O._~:JR +2 *1"_LhATRTIO* NT R +-2.J=r::::-:=-=::~:=: 

:8 .' -:F OR M AT (II/,» i. * '" TRA N 5 1ST orU;6X=~:'Q' .~q,6 X'. ' pKRAMET E R S. *.,. ~iy,::ic:::cE AM-
• A ::: j, 0 11,ljJ6X ,~I S:::: '·,D It.tt.!.' R E;=:;;c= '-1 DJjl~,tt, 6 X ,'R C :-_:=~iOl=r?-..~~'Y~ 
... 'F E '..= ~tD 11, '1 ,l,x,' F c~ -='i D 11 • 'f ; /,' V 1- ":::' ,On, tt ,6 X-;'V 2---='--.0 

'_:C_*. ,; 'f , I .~_.C BE.=-=:C.E_:k.D.L1 ~lf ,~x ,'.e BC --=* t D 11'iq t Ir'-~~I3-fC~·:~:.='yDl:t!:".~-:~:-tt~,R . 
• =',DlliLfr--

GO .. · TO :.:: 12::,:c '. 
~- ~TRi~~2~.~TR 
;.;;:.;,~R E A 0 (S,8l1 )·.J.A=T~·(l),I=rtl'tTR25 )-:~ . 
-'::::::--:::WRITE(6{97TTATR( n, 1=1 ,NTR2ST 
'7_ ..... fORMAT(1X,D1S.8J<=::'-'-_,-- ------
:2 ~- ,:' .l·F (ND I. EQ. a )"GO- To -13:--::::=:'- =: 

NO 17 ;:: 7 .. N D 1:::-'== ~ c .. ::-;:~, .•.•... _:=~~=::.-..::: 
REAO(s,OLf) (-ADT( 1),1=1 ,NOT71 
DO~c8 9-1= 1 ,=N 01::-:: --:.:: :-:. ... :=-::.='=::=.-- ----
itt ___ -" • ~ __ - ,-: r - ,," ..... ··f y:-::-\":~-a -n-,-·:,,-::u-r.;:-·,,-:i. ",,"., . -. A .t'\---~ ·-j-·-~-::"-::-:';-I-"~~-: .":-.--=-~-.=--:-~-a- n--':;-::;.-:·=--·~.::-=;'·-:;~~~-~-=:':::-;":·-:: ~_:.:.:.'_;....'- ~ --, · ... ·-7 .- ~t 



'oj D }1·'~ ,I , 6 X :~~c'~J $,~l:.~c:.~~,~~~.D_~1~i~~~'f:~):,6: X':,.'!~¥=t;=0~~.::~':c ~D Ii 1.;:It·t!:~'~~*:~~§t~~::;~:~~:;:~Ti'· I) 
• t 1. '1,/, 6X ,'Vi·······:·, O·11~·4-~-·i,6x,; V·[_··_· ;'-oti ;.'1./, 6X ' cJ =,~.? 11., 

.• 'I ) .. .. _ ... . .. : ;=~.;.~-,. ~:;:;:::"::;==';~;'::::."::::'="7~:;:: .. ::. ... ~ . 

3 ' W R I T E ( 6;· rl.3-) ... I"ips,· Ix:d·PT-=:'Y~ipcci:~-N:P'i A D., NX 0 P r 'X 0 P r IN, 0 E; e.S ..... _:.,..._ ."_.:" 
3~:c 1:0 R HAl (l//I·E:=:':It:B:S£~:::cl::f~=t=.::t:X(,.p..:.t ='~ ··rl=:C':lN~i?:'-lT:i:;;==:tf':::!.:;~N ~:-'::AO='::'-"I2t·,~ ..•. ·",X 

• 0 p T ='; 12 -~"=XOPT jN';:'t',D l(f!Y~"::"D:EPS';::, 0'10; 3)- _.:.:c.l... , ...... - ~------' ..... :-. ] 

,VlRI lE( 6,t t> N I-ii'l R ,NAp::,:NH;E'g~~t~NPPE S-,N EL,'t:JT 8-,!i~ t ,:~_D.c·,"::-fP R LN T .. -; I{i\~~ [.1\1, I W 0 
.RK, I CONTR,I SR, AHP ,FREQ;-O·cH1EG·;-NH·AR, NPl, Ep·SC- -.-~--- ,-- ~ . ... . . 

l~:c:c .... FPRM AT(II [r': .N ItA ~=, '12·',;~Jmr;E:~I,IJ"~::NHAI~A:~::l:;~:?~t\;-::H~:D:~§~=}{~:I2Jf:?E LE. 

.:.~.~:~.~ .. ~.~ .. ~.: t~~J~~:~=.~:.~ .. ~ ~ .lL~~~.~.V~;~-;:-~;i~.! :' l~~c~f:-~.}~!;;A~~.~. !·,~~~'i~+icz·:~;;~~~·J 
: ~~ ~~; ~:D 21: ~ ~;~i: ,0 M ~~ ~s~c;. ~~~~~~:~~f!.~;~; ~ll;._,,~: #I H A.~ M ON I Cs =, I 3 • I # H j 

it •••••••••••••• <It •••• Iii * * ... * ••• -.;. ••• -; .•• -•• _ •• !If •••• I. •••••••••••••• * •••••••• 
. ...... T HE ',·RE S Po NSrC ~RES PCI',I, K)~og{:IJt!E~;f~TI~EAR\N§i~~oRI<.~ZfbACTUAt::'~=-SO~UIU:E S~ 

... ++ ++ + + ... + + ++ + + + + + + + + + + + + + + ++ + + ++++++.++.~-~+-!! ... + + + ... + ++ +++ ++ +.+ + + + ++ ... ~.~ ++ + +, 
, •• 1 S ~;: ODE NOT E5. ACT LJ.A LccV OLT AGE::e,S.O .... L! fLC~-==-~::.:::=, ..... ··'0':.·.. . ... 

os 

fF ( 1 SR. EQ, 0) GOTa r' ...... ----.-.-.... _-_ ... - .... . 

B ( 1 ) ;: O. DO' ... 
.. . 

GO TO 2 
B (N"'NNS"'NDC)=O,PO . 
003I=l,NNS 
B( N .. N N S + Lt;: 0 • DO 
N FRCl'l ;; ~JFR Q +1 . 
00.0 306 ·K;: h NFRQl 
00-305 I;:j;N' 

DO.c:30SJ=l,N=__ ._ .... .. . .. 
Y'<T,J) =G( I,J) +DeMpCX( o. DO, DOMEG.e K .. l ) ).e (I, J) 
eA~li'.:-:I..U LYiDETt1AT, N)·· . ... .. .. ... ... .. 
CACLSOl:VE(Y,B.X,N) 

__ _.0 0:' 307~ I ou 1= 1.',NOY TN .. 
07·0UT (lOUT, 1,-1<) =~x (NOUn lOUT» 

DO'.tj' 1= l-tNN 5 • ..... .... .. 
CRESP ( I, 1,K )=x (N"'NNS+ I) 

-1 F (IS R .EQ. O)'G OT 0 5 . 
'B (1 )=M1P·· 
G O::T 0.6 - . ': 
·B(N .. NNS~N~C)~~~~ 
DO .7 1:; 1 ,Noe 
Be N .. NNS .. NDC+ 1);:0. DO 

cO 6 CON TIN U E - ~ . _ _ .. ~ - - .. -- .. __ _ _~ ..~ .... _.._, 
: .... -•••••••• ill. * ....... lit •• * ...... !Ii •• 'f ...... !It ............. ill ••••••••••••••••••••• 

NNS1;:NNS+l 
NHARl=NHAR+l 

• I F ( I S R ,E Q, 0 ) GO To 8 
······6(1);:0.00 

.GO T09 . . _ 
B(N~NNS~NOt);:OtOO 

11< =T· -
CONTINUE 

: ~ ........... tldl .... .,.. ....... Ii! .. * ... * .... ill "ill ........................ : •••••• * • III; ............. . 
:- THE RESPONSE CRtSp(I,J,K) of THE LN TO UNIT AUGMENTING SOURCES. 
:+++++++++++++++++++++++++++++t+++++++++++~~++~+~+++++++~++++~++~+~~+~ 

13.0 

B(N .. NNS+ll=\,DO 
00 32't.L=7.,NNSl . 
00325 l<;:lK,NHARl 
DO 330< 1;: 1 ,N 
DO 330- J;: 1 , N 
Y( I,J) ;:G( I, J ).Oct'1PLX (0.00 t DOMEGiI! (K .. l ".C( I • J) 

. C A L.L· L U (y ,0 E Tt1 AT, N ) .. 
'. CAl.. L:"'S 0 L V E (Y , f3, X , N ) 
,O'oe 326 rOUf::l, NoUTN 

126::<:OUr(JquTjl.,Kr;:~ (NOUT(! oUJ) ) 



~--- -----

:~;;~;~;~~;r~i~~~~~~~~ 
0: CA LL : coo RD· r x C() R D=';':Jlr'~~E:¥:~=:=:-~=,==-'=-~~~~~~~====;:-i:i~~~~{:F~;: _;-;--=-_-=~~~-=:~==:::=fl~~~~~:;:;iJ~~~~~:~:-:c:;:I=:: 

CAL L Q N MIN G ( Xb P T,GR-A D-;-E-PS-,-N-cfP'r;-P-~-D FW;UN IrB. I P R I NT, ~1 A X FN , IE R , H • 
.. • I Vi 0 R 1<, FUN C T _I.:·. ·:L::~::.~====~-=-::,:~~~~-=:==.=:~~~~~-c::~~-':'-C:=='·:fcc~~~c~." ..... =~==-===.~t"-~~~2::=:'::::::;c~~:,=:~:=,=:==:::,?.-:::,~~~~.~·c-. 

• - ~ .• rUN C T ION E V AL U AT I oN -w nH--HO-RE--PcfYNTS-,To pfs K I prE: D---F-o-R--t'{~IA-R;;O ,-
.~~. ~ ~.~~. i : ~ ~ i·~··~· -GQ·::To~m2pI~~i~~~i~¥;~cf=C:=~~cf~fIic~;cc::~:A~~~=~~~~~1~¥/T''-:~>~·_ ..... 
CALL C a a R D IX CoRD ,-ffp}:)-:-~~;=:~-c~:-:~;=:f=I~:i;~~~~~;.:;~~:Y::=.:.":~=.c=:.--j: . ':=::::=~:::: ... ::==':': .. : .•.. '::'._:::::::. 
CALL FUNCT (NOPT ,X6PT 'F~GR-ADT---··-·-··-··------····· .- ...... --.. . 

- WRITE(6,3S0) F···.····· 
s 0 FOR MAT (' FOP T::' , 1F E • 

r~ ~ ~ ~ ~ ~:C T : ~ ~. ~ ~ ~~: ... ~ g~~§2rF?~~f~=~~~~~~~~~-:=;~~~~~~:c~;~~-
n,INCREASEINHARMONlcS -.'. 
zH CONTINUE· .-

- ,NOPT::N2 HAR1*NNS 
I I< ;:; N H A R 1+ 1 

~~c:::;''=::'L'':NlcL:: N H AR *N N 5 .. -- .-
:::,.::==c-c-NT2=NNS*(NHAR 1 "'NA{) +NI 1 + 1· 
:=-c~~::~c:.:.~ntr3::: N NS • N HA R 1· 

NOpn =NOPT+l 
='==;~:~~~~l)~O~~t23~~-:-~I=ljN 11- . ._ 
Z"':f.c:-:"X-OP=fTNT2 ... n :: X oP T ( NO P T 1 ... I ,-

" ..... ~:::::::.=:NJ2ENNS*[N2HAR 1 +NAO)' _. ~--~~~-:~~·N"i·:r-:=~fNs-·.frA--D ... --.-. ---.-~------.-

J'-Oc.=::r2~fc~=~ .. I=h NIL 
cXnpTH~ I 3+ .lr::iXop{Ir-t 

~:..'Fc::=~~.K 0 fJ-TtN :1~2 .. t=1 ~E,=::XoB'L 1 N:::c,'" 
==="=~iHA R~~jHAR+HKD ~= .. c:: -=::-:: 

~~~~":.=.~.~.~ 1~-~~~~~~W-! ~'-l~:fI1R,~~ci~:~::~~~t~:-,::~:~~::~g~~~::~c:'--cL~~: :--~c==::=.--~~~i~~~ff~=.:i~~~g~g~~~cC~~~~E~~E;~': 

~.::=-~:-=-:-~::t~ PJ.= N 2HA.R:r=:~.==c,:~c~:'::::: .. { .. c::.~"'~==;:~::::_:._ .-'..=:==,,-:==::::-::=.:.~~.sf,==';:'c-===~:==,~.~ ~~=;M=.~1:'~~~~J~~~~:tJJ~= ,:; 
:;~~=-iNC R-E ASE- IN':':;- He .... ~Il) M B E R ·-0 F'-- Po 1 NT S-N f'l-- -._--

:;~;~~~5L~~:~' ~.~: l ;-~.Q:i:~=£~~ ~~l~::rt ~ .. ~r~:~..:;t~~~;~:c-~'!=i:~~~=:~~J~~:s:~]:~~:;~~f=t=f~~:~~~i~~=~;;~:::=~I~ci;~~~~~-c~~': 

;~:.~~~g}1r~~t;~:~l~:!~~;~~J:~:~:O~:==-~~.~~~~~::-=::-~: 
~i::ii~~·6~+~~~:~:~i:~:-~a~¥-
'Z-1:::'::':::i1'~b:~'=W;E; ~~?cl~--:_~_ :_,~c;:·· :: __ ..:: ...... -:::.. .. 

q. EX I'T::=:F:ROr'l c BAkANcE .... 
lCONTINUE ..... -

•• ,OU.T PUTS)T1r'1E., V_A LU ES,M A (jNIT U q.E:= AN~,f'.~ ~_~.E •• ·" •••• !:~.~.-! ••. ~ .... * ."!=.'~~:.~f' 
- N F RQt=-N F R Q +' 1--------- ..- . . ..... 

DO<700~1<:: 1,NFRQl=.: ___ ~_~~ -
o 0 -70 0 I =f , N Cl U TN 
CO U Tll ; I< 1 ::0 urn ,1,K::) 
b 0 i a 0- J== r~ NN'S·- "-=-. - - . ... .. 

OD~. C au T( I.-I<)=:; CO.U tl .. l"KJ .. + au T (!tfJ ~.l~,KJ~ cx (J ,K'.::.: 
--- ~i F R Q 2 f NF'RQ+ i :=- =--:- - ::-'.. .. . . -- . ..---

.. ,,-::: .. e:.:::·.·: N H A Rl=NHAR ... ·1 .. :~~~~~~~~3=:S-:::_::~~~:.:;:.:
·66"70 i·: K=NFRQ t;-~iHAfrr _.-
D0701l::1,t~OUT.N;~~~-=::: --

- _. .cOUT( 1 ,1<)=DCMP(X(O~DOtO.DO) • 
- .. : -- . DO 70 1--:J ::! t ~NS -: ___ -=; ~~ . ~-~ .. ::.=~-.... _ ::___ _ _ .:-_- _--
'01- - c::: CQUT ( 1 ;-1<) :=:coutT(,K r+ our1T;-J+T, K) -ex (J, K' . -

~:NOUTN2}:~.N9u·rJ~·l_2-~_:_.:-~~·~- -- --_._-
- - •...• .,--.--.-:--;..=-: 



c 0·Qc·.·7 0 3: C~l·~··l·:;NQ·OJifi;;'=~~~~:':~:~~~~~~:~~:=.~:~t::t:~~~~=::;;:~=-"~~-:=H:~~~:~:¥::~=:;c~:':::~l::~f~=c.::~~~~:::::~;~=t:~~: 
C O~ T X (·1 _.1. )=coUT,r;Tj -+D-cHpLxTri~-D-() ,t~·DOT!_(o_~iO_ ... ~~·lliJ12·,iL _____ cc~ ___ :.:. _ . 

J~~ ~~uf ~~ 
uS ·COUT X ( 1-, NP1 .. NHAR+J) =OCONJGTCO-Un I, NHA-R· .. ;~r;·i;2 1'--·-·----·- -----

!+OCMflLE( 0,00 d" DO).OCOf'.l:JG::tCO:UTC(I+J'ICyUj}4iW-ffHAR.. 2~)~.~~~~~~~~~~~~·~{c;:; . DO 706·1=1 ,NoUTNZ- .--.----------- .... -- - -----

PAUX f (l,=tauTX(l'lj':ccc::C'c:: • .=':~:::::..:::c:~:=:::C=:::.::=i::":' 
DO 707 J;:2, Nf i .. . 

07.P A U Xl ( J ) =c aU T x H, J 1/2 ~ott:E:::~~cc~I==-,,:===:c~~:: 
CALL 0 F T F ( X COR D , P A U X 1 , P AD x 2 . NP1T 
00708 J=r,tJP 1:: .. _ ... __ 
OUr X( 1+ N 0 U T N 2 , J ,. == D I MAG'( PA U X 2 ( » 

g ~:.. . .. g ~ ~~. ~.~ 0 ~)'.i DR ~AL(PAUc~ t(J) J-::..:~{'~:~-~';-:?S~~~=~:_- .. 

09 

DO 7 0 9 I = I , N N 5 • C:~~::~.i8~~~~~{~tf~;:.::~~T~~t{~k~·~}~~~·~~~iJ 
'00 709 J=l,NP I 

aUTX (1 +NOUTN, J);:YL(J,J):_ 
OUTX( I+NQUTN+NNS,-J)=XS( l,J)'· 

:=007101 = h NNs -
Do 710 J=1,NHARl 
COUT ( l+NOIJ.T.tl.,Jt=CYL,(I t Jr 

10' COUT( I +NOUTlI+NNS, J) =cx (e, J) .- . 

.eNS S=NOUTN +2*NNS ·.· ... c.-.··_ 
00- If 6 5 I 1 ~ i -, N S S ,- 1 0 ... 

.. : W R In: ( 6 L/.f 5 5) _.~ .. 
55--- FORMAT("ltlMEVALUES~) 

~ __ .. I -2 _~- I -I +: 9 _ . _. ~ __ -_~:_ ~- ~ 

.. ·--1 FTI2; GT .NSS"12=NSS 
VIR I TEl.£' "17S)~(rI;: r1 ; 12). ... .. ..... ....... .. - . -

75 FORMAT-(/lt' OUT::',12.9IT2) 
···D 0 /.f6 11 ;: 1, N P 1 _ 

61 -' WR I TE(6, '1701 (OUTX (J;n t J=1 (,12) 
70 ·.FORMAT(1 P 1.OE:12t'+)~::._ -
65 CONTINUE 

00 
.- DO 500 NN=T,NPl 
ITM(NN);:F[6Ai(NN~1) 
DO 501 JJ= 1 • NSS 
DO 502 NN:;:; 1 ,Npl 

02 IVAN(NN)=our~JJJiNN) .. . 
01 CALL·GRAPH~ ( 11 ~,9~ ,NPl /rtM. 1 VAN r 

o~ 

Ott 

• W RI T E ( 6 , '! 0 3) 
FtiRMAT('lFREQUENCy DOMA)N=RtSPONSE') 
DO if 3 0 I 1 ;: 1 , N 5 5 ,5 
12=Il+tt 
IF(12. GT.NSS) IZ=NSS 
WRITE(6,"Iott) (1,1=11.12) 
FORMATlII' OUT;:'tl12,/.fl2't) 
WRliE(6,/.f06) (SREAL,SIMAG,~=lltI2) 

06 FORMAT(101DX,Att» 
W R I T E (6 I I.j OJ)'· (C 0 U T ( J , 1) I J= 11 t I 2 ) 

01 FORMAT(' DC:',lP 10E12,Q) 
DO '130 le4,r~HARl . 

IMlel ... ! . . .~c'· 
1JoWRITE(6,"I02)IMl,(COUT(J,I),J=Il,12) 
'02 _. Fa Rt1A T ( 13 , , : ~,1 P 1 DE 12 ,"I) 

.00 .. /.f 50 1 = J , N 5 5 

DO/.fSOJ=l,NHA R1. . ••••••.. - ...• 
t 5 ti . co-un i t J) = D C M P l. X ( CD A B 5 (e a U T(I ,J ) ); 0 AT AN ( 01 MAG ( C oTlT ( 1 ; J) ) 

··~JDREAL_(COU.Tt t,JJ ) n .... . -



IF: ( I 2iG h: N ?S)J:2 = N 5S '~:,::c:=: c-:: -=:; c:c:-:tcc~-_~=-~==:}:~~~~t=L~:~~=~~~1~~0:~~~~~~~~~~~~ 
W R I T E(6 , It 0 ttl -( I ;-i=l'i, ft-' - -- :::: 
VI R IT E (6 ,ll 06J:~(SI1:hG;,~S=A~B-§:n:~;E1=:t)'?l)I::T-=-::~::C~-'~L~~f~:E'-¥i~~c::",-::=-: ~-- ------=---.t~___2=__--~~~~#c?-=T: 
WRITE f 6. tt 01) -- --I C 6 u=f(J-;T )-;-J::-rr,-I 2)----------------~---~---

DO tf6QI=2,rHif\ 
I N 1 = I .. 1 

~ ~ ~ ~ E (6 , ~ 0 2) I t1 r,: (tiR~~IM~~~!I)~ji~~~}i4~ ;~!~~!~-==-=:c __ 
END 



· '~'.' ~.~ ~ :·~~;l~~~~~~~~~:!!::!:~:=~·~·~!~:~:·~=~;~~~~··~;~::::::;: .. ; 
f ........................ ;-•• -.... --*~ •• ;.--••• ~.-•••••• -.-; .-. .. • .. .. ... .. .. • • • • • .. • • • • • • • .. • • .. • • • I 

~EAT:E SOT HE.- f'1A':TWIS~iS_5~§AttD;:~~C~K:t-IJ~_=fJ:!E~~-RT~Hflj~~b;c-?,rD-E::-='{~::G'T-=-O-~f:~~(f11~~:tRig)i~cON~-:O, 
- IMP LI t I T-REA[ .-0 CA~H;(f;ZT--------------- -.- - --- --- - -- . -. ~ __________ . i 

REA ~. 13) ~ T Ci, Q ,VAtc:~ E;:~'?':;YHCt;,=:YL~G~-=~=-~~:}I¥c~~:"~~::::;-=~~:::::c:~~~Z~::;~~~c~:=;:==~~B~:Ofo~~:;~~-=:.c::::1} __ _ _ ___ i 
COM ~1 0 N I MAT R I G(:MQ-; MQr;tTr"Q~,~MQT, In ~1 Q f. N-, -N OJ) E-S--~-~ -_- ----~_=~-_~_~~ _____________ I 
IN T EG ER: TYRE·-: :NO lN 0 2-=:N-O-3--'--~N'otr:C'NELr-:::N - -rvtt--::fJ}/t~c.NR_o:Sc::-=~::;~~-=-=='--~~~~;::==-::~~~::E-:-:-.-1 
COM t16N i I N POT; VAL U E fM NEt {:=-iYP=[ (M NE Li, N OT( ~.~JE:_~l~i _N~ 2T~~~~~T:_!~oiL~N~:~) ,.1 

:_::~~~~b~~~L)~N_El -- --r - - ::~:,=J=:}=2~\-:;:t¥:-=~}",:=~,=~:~-=c~~c~~~:~'H~~::;=-:=':~:~:"~1 

'TN I_T~~L! ~E I~ ~;'~1~ ATRICE S:A:ND=~J:-t-rE~S_P-=Y.R~g~YEtT O.R~cc:;~ .......• 1 

-B(I)==~O.Dn: I 
DO 10 J=l ;NQ· . 
G ( I, J )==O'DD==

l C(I,J)=O'DO 
DO 330 K=l,NI;:L_ 

·KJ=TYPE(K) 
I =N 01 (K ) c 

IP=N02(K) 
·J=N03( K): 

. . J P :;; NO If ( K ) 
V=YA L U E (I< ) ,__ . .____ 
Go TO-- (30, 6Cl,90 ,llfO,1 50 ,-2bo;22if,-25(f.~joO--;-2-0)-~-KJ 

.ENTE R':-RE-S+ST:Ar~ c; e c_~~=-::-__~ _: __ :-----.:::::::-: 

CaNT fNUE-- - ....... . 
' •••. ENTEW-CoNDUCTANCL 
J IF(I .-E Q • 0 !-e; OT 0 

:G( 1,1I=_G t I.-L)+. V 
rF'(IP~E Q;O r-ejo To 5 

.•.. -::.~(:Ij:IP:).=G (~b:H~t .. y··· 
G ( IP,l) =G (fP;x );;;,V 

L~,~'-=GnejI p )=GJIP-,IP)+ v 
) ... GO- To 330 1.-.. E NT ER- . c: A PA f:JTANC L:~.- *)i •• ,.:l!I •.•.•••• .- .- •• .-.- .llll_.-.:.: •• -•• '."'.-.. .- ••••• .-. _.*: 
)- IFH,EQ.O) Go TO 7£1 ... ~ - ..- - .. ( 

(t,-1+=" C !IY1t+V--:. -----. 
IFf 1 P ~ E Q, 0) --G 0 To B 0 
C(I , If) =C(hd P) ... V 
C(I P ,I ) = C ( I P-~T) ... v . 

)- . .ClIP., 1 P) =c ( I P,IP)+V 
)::-: GO:TO-330- ... 

' ...... ENTER V CT • Ih ••• .-.- .- •• .- ... ~ •• :*.- • .- ••••• .- • .- .~.-*-.*_.-•• ~~~.-*: •• .--.--.: •••.•• .- •• 
rCIF(J.EQ.O) -GO TO 110 .. ---~--. .. - --- -----.. . 

IF (hEQ.O) Go TO 100 . ---
G-( J , I ) = G ( J • I) + V 

)0 ·IF(IP,EQ.OJGO To 110_ 
G(J,I~)~ G(J,IP)-V 

10 IF (JP.EQ,O) GO To 130 
IF (l~EQ,O) Go TO 120 
G ( J P ,I) =G ( J P, I) - V 

20- 1 F (I P • E Q • 0 )-G 0 To 130 
G(JPHP)= G(JPIIP)+V 

30 CONTINUE 
'* 0: GO T 0-3 3 0 .. . .. . 
••• *c ENTERVVT ••••••••• * •••• ~ ••• c.*~ ••••• ~.* ••• .-;..~ •••••••••• *._ •• * •• 
:;0 N=N+ L- .. 

iF TT~EQ t a )(;0 To 160 
·;=':='=:,_=-G(NIlT=.GrN, I )+V 
!>O:-"--IFc(lp.E(r~O) GO To 170 
···c __ ~G(W"Jf'J:; .. y+G(NjJ PJ ..•. _ 

- . ------ ---- '- -<-- -------- . - - - - - - - -
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G ( N , J p ) ::.1. • 0-0 + G eN ~ JP )---- ----- .. .- I 

190 
G (JP ,1':1)::,"; hD 
GO TO 330 

~~T~~.~~~~~N~S~~~~~~~~~ c •••• 
200 

210 
B ( I ) = B ( I t-V: _-~=;~~~=:==~:::::::~.'=.:_=~~:-=~=-:~,:":::::,, 
IF t iP;EQ.O) GO To-j-:fo--~-

B (IP ) = B ( I pj+v · .. .=f)~;~~~~~~~~~~~~~~~~~~:\-t~{ 
GOTO 330 ... 

c •••• ENT~R VO~rkGE 
220 N;::N+l 

-230 

IF(I~EQ'-O) Go 
G(Ntl)= l~DO 
G(l.N)=l.DO 
If (lP~EQ.O) GO To 
GTN , IP) = ~l • Do 
G( 1PiN)= ... 1,00 

:.2LfO B( N ) = V' 
------- G~O- -TO 330 

=-c: .. * •• :Ef'! T ERA No PER A T ION AL.:..At1 ~LJ FIER'.*ctl!~_fc!~.~!~t-.=~~*~~ __ ~!c~~.~-.~.~.'-~::* ••••• ~ ·-256"·· ·N:fN": 1 . .. . .. 

,,~VAl U E( K ) = O. 0 a 
··V=IT~DO 

·'~Ir::':J=I=:tE~.o) 'Go ~T0260'.c 
--G(N'~r-f=- 1 • DO· 

26 D:c~:=-:~:~~:,t~I~~c--rF~1'~ ! 0 ~O_~T 0 .. 27D::;H{~ 

r--

~-- ~- - - - - -270:If::::c=LJ,EQ.O):.,==-GO·TO_28D- - -. --._. ___ --- ----

c ===.=. ,;;~~:~~i:~-:;-~·· ~:~~~-g§~=f'~:~~:)=_ .. ~~c= __ ... _... -... ,==~~:=~====ccc~=:_:::~::_:~-1 
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f;~~~:~ .. ~: ~+~-V: ~-[i-~g§~~~.~:t~;7~'~¥~~~i=~~:~~j .:cc~[~ - =::=~~}~;:=-~-=:~t~=-~=~~ii~::f~=~~-:~~0:~l=~ 
...• ·c=:::==cc:.·.c·. ___ . __ .. :. '·:=,=:=:,:.c::c_===--==.c=::====-::-=,::,:::,,,,,cJ 

.c:~~cc~2~i~=C~ Ft=.:r#~~j~:§·'g i;~t~c~J~2.:~c~~~::=~~\;F§~ -~ -~--~==~~=::~=:~~:==-~-=;; ·• .. =-=·=:==c:~-.~~~~~'_-~~~::~~-::-=:l 
:..'='.;-..::=.G (N,I PI;:;: bD Q-~f~~~1c:~=-r=£:==~ 

-'-320'--"-Cft\r, N) =v-- .. =- i 

-'_=-G 0E:~=r()=:~:} 3()c:"'::=-':'=-..:~~:::=:-.~~~~:=-~-::_~.=;~%=~~ 
3 3b=-c otHTf{UE 

R E:TcU RN-,.= 
END-
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10 

20 
,3D 

40 
so 

"~ ~ ~ ~: ~~~T)~~~~~tB~J)\;2'~I.()~f~T~1=~~~~=:~:-~~::::~~~f:c~~L==i~~~~~i~~=~~i~f~J~j:.~G~~~I;;.~~:~~,:,' 

COM M 0 N / f.oRCUtt PoTfITCMQT~~~i~~·'-:':'''::Z~-'L<. _ 
COM P loE X*16 . Y( M Q, M Q-,;1: (t1 QT,-)q11Q j ;SU H,DE T 
E8L~"8::B(MQ)j 8R tMQf-

0010 1="1,N 
K= 1 POI NT (IF
BR(l)=B(Kf 
D,0:'30: I=l;N 
1M 1 = I -1 -
SU~l=BR (I) .. , . _" . 
If· (1111 ;EQ.O) GOT030 

. 0 0 2 0 J = r ,11'11 . 
5Ur-l=SuM";'Y ( I ,J) .·Z (J) 

Z (1)= 5 U r-1/ YC< J ;I l,'. -.-: 
DO SO tPl=:l,N- ...... . 

I·: IP:t .. 1 
SUM=Z (N,;;,n 

.... IFTT.EQ.OL~GOTOsO 
0-0 LtO jPl = 1, 1 

·.J;::JP1';;·1. • 
SUt1~ sur,,- Y (N':' 

. X(N"" I) =5U/-l c 

RETURN 
END 
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PROD = 1 • DO·· . - -------~-~--------- --------.- . 

, Do 10 1= 1, N 
IPOINT(I)= I 
DO 80.tl=2,N 
MN1=M .. l 
IND=MI11 
POINT = CDABS(Y(MN1;~Ml) 
DO 2 0 L = 1·1 , N .-cce- _ ,:=.:c~cc_c-.:~~_ .__.:.::-c===-=--~==_'C~=-=;=,=,:,-:=:~:== 
IF ( CD A B S ( Y ( L , t~~' 1 ) )~-l. E; POI NTI:'GB::f 6:-=-io-:-=-C::--~---==':---

_____:c:-~ I N D = L .. 
::-::-::===:.:c'--F'oTNT=COABS (Y (L ,Ntl1 ) f 

:20.,:.-=-::= 'CON TIN U E 
:'-:::: ~-:~~~Yf:tMM i. It Q. I NO, GO TO -LID 
;L~:::~c~:::L=,;U=:-U1J1:l~ ii~ E .J NO) pRo D = - PRo D .... 
:-:=-=--'-::Rp:'Tpo.--tN T (IH11 ) - .. . 

....... ::=:-_:=.1 POJ'NJ( "Hlt ) =1 PoINT( I NP)..::: 
--'-"==C:YfiC'=YNT( i N b) =K P ::-.:: 

_:=Do.~:3D~c':'~!-=hN ...... : , .. 
-:-y DN-:': y ( ~m r-,llY:: 

ff~lF~~ft};~~LF?A-~::=tt-f~=~i~~~[)I:~ 
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CO~IPL.EX·16S11rr;-KnJpTT;-FTN-pT) • A (NP 1 ) 

10 
20 

0020 L.. 
S U 11::: ( 0.0-0 I 

J ::: L. \.,; .. 1 <_ . __ 
- 0 0 1 0 - I ::: 1 ,NP 1 
J<~l± MOO t .:1_.(1 .. 1 
SDM~s0M~iti)(X(~) 

:.f(LL):::SUN 
Rf:TURN 
END,: 

-----•• _ .. -===-=:_=."'-
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S U BR 0 U'LJ N ~. _DEIC..::'.LX.,cA:il~';1~P::t!'1~~t-_:~-: _---- ::.::-__ .::_ ::::-~:::=~~=-:;-c::-:':::_ 
COMPlEXiiC6···SUn~XC(-NP-IT,-p(trp-n'A-rNP-I-T--.:_~~~0.0~~~~~~~~~~~J~~~~= 
NP2=NP1±J:'c 
o 0 2 0 1.1..::: 1 ,N 1 

----

SUM=lo •. DO;OiD )~.~~~~~~~~~~~~~~~~~~~~~~~~~~2 
J=NP2..,U.· . 
DO 10 1=1. N P1 
K=l+MOD(J.( 1"1) ,Npi 

lOS U M = S U t'1 .... F ( I ). X ( K ) ·.~~~~~~~~~~~~~~~~~~~~~f;~:~i~:-,~~j;;:5~--=;~~;~~1~::~~~~t~: 
20 A(LL)=SUM/NP1" 

RETURN 
END 
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CO t-1 P LE X. F6~CQ E Xp~-,CX~{1'fPt¥'tif)~C~f':tRlc:>{~L=- -- -, -:..:~:c_::= 

-- Z =6.28 3TSS3 0717 95 S6DOTDFCO-fnlilp-l> 
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X( 1 )=CDEXP(DCMPCX(O;OO--;-Z*( i~l») _ 
RETURN~: 
END 
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. Y X=X E X p ... Y 5 0 ( 11 ) 

=XXO=VI.;(M) .XEXp 
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~,-~. ~.~ ~.~ ~IV~ ~ :~]~~~~Tl~aI?£i~J~-r~Rj;:~~?pB:'~W.rY1s-;:rU{RT~A~P~):::~=~:~c,c~=cii~;~~o=~::S===J~=~ 

_.: .•. ~.! ~;; ~ , i~~~I~telJW~~~~~T~;!~mJC[;}2Q=HT~ ~~f~II-~;-'''?~L~~WjJ~J:!~;e~~J~~~~~~;H~mT;
C OM t1 0 N I tlA]NT~. /CURX-:i~J7t}~i[EJ~~{~i~}fi __ ~)(.~·(HH=irT: (~rr;;:sttFf:Hf(~ocf:I~"2:)~~B1{1~(~ri~ij 

• EN U ( 1 , ? ) , BE F (1 ) ;BER-( 1 ) , F T ( 1 ) f C I F ( l ) t V E_F ( 1 ) t V C F ( I ) t BE M A X ( 1 ) 1 

...• IAU?AT.(lJ,UJ-c1?t2J~~~LI'?J~m:-~:E~:BJ)~Gtt2r 
CALCULATED, •• T R AN 51ST ORP-A-R-ANETERSTE H IT T E R ) ••• 

:ClJ~ ( 1)=1 • ()"" 6- - - c-.... ,,~::::~:==;--~~=::t=:~==:~.13==.~~~:~;~C~~~~~~~~~~:~~5f' 
CO En 1 ) == 1 , D D 
EXP (1)="6.DO 
V 1" (1 ) =~ 2 5 8/1 9 2D~-i .. 
E~l(l);::l.DO . 
CJO(l,l)=O.DD 
CJO(I,2)=0.00 
PHI ( 1 , 1 )=.7 S 0 0 

- . PHI (1,2 ) = .79 DO< 
ENU ( 1 f 1 ) =~q6jDO 
ENU(1,2)=~q89DO: 
BEF(1)=l,D2 
BE R ( 1 , = 1 • DO 
FT(l )=3.D9 

-·.C IE(1) = .700': 
V E F ( 1 ) = • 78 DO 

. V:CFU ) =_"'3. D1 
BE M A X ( 1 ) =1 • 02 
TAUSAT(L) 53"tO"7 
-Ul( 1 ,1) =.7DO 

. Ul (r.2T='7DO~ 
U2r1'l)=-.7DO, 

- U 2(1 , 2 )= .... 7D D 
. U3 (1, n =';-70g 
-.U3U.2H::8:7~[)0_ .. :_:--'=': .. _'. . 

TAU=l ,DOl (6.-2a318S3071795S-6*FT(M» 
.. TAU=TAU-( lOW (~ln*CJ.O( 1-1.1 ,. (VEF (M) "U3( r1 ~-l)L)/}PHTrW,i).-=:(i; DO':;U 

- . - - -, _.- -- - _. - - - - - '.. - ...... - -- .,.." . *, 1>1 PH I ( ~1 ,1 ) , !Ii" ( E N U ( M ; 1 ) + 1 ~ DO ) ) + ( C J 0 ( M , 1 ) I ( 1 ~ DO;" U 3( t1 , 1 ) / PH I ( N • 
• c •• XN U ( ~, , 1 ), )~+_LC J 0 (H,2 'I(r.D O .. V C F ( f1 ) I P H I(~' , 2» •• E NU_ff-1 ,2)').*V T ( M )f 
*'1 F( ~, ) 

ALFF=l,OlDD 
ALFR=2.DO· 
VTM=1.PO/3l3.9DO· 
X="6-. OO*DLOG(lD ~ DO) 
I ;: 1 

'1D--CONT INUE 

10 

0015 K=l, NP l·· 
V=XS (I, K) . 
IFJV,GE,Ul (t'l, I» v=Ul (M,I) 

• I F ( V • L E ~ U 2 ( r~ f I » v = U 2 ( M , I ) 
CURCC=DEXp(V1VTH+Xt~CUR(~' 
OICCDV~(CURCC~CUR(M) )/VT~ 

TAU=O.PO 
CDE=TAU*PICCDV
OCDEDvcCDE/VTM 
VCAPJcXS( I,K) 
IF(VCAPJ.GE.U3(t1, r» VCAPJ=U3(I'l,I) 
C J E = C J 0 ( M, I ) I ( ( 1 • DO" V CA P J Ip HI (H t I ) ) * .. E N U ( I" , I n 
PCJEOY=( ENU (M. II .CJE) I (PH I (H, I-L-(l ,DO .. V~APJ/PH I (M,l» f-
IF' ( V ~E~ , X S ( I , K » GOT 0 10 .. .' 
CURCC;:CURCC~DICCDV·(XS(t,K) .. ~) 
CDE~cbt~OCDEDV·(XS(I,K)~V) .. 

. 1 F (VCAPJ,E(,h Xs ( I, K U GOTO 20~;_ 
cji~iJE~DCJEb~.(X~(l;K)~VC~PJ) 

-. G 
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~ ~ ~. ~!T~:'T~:~<': ~'~ii2§tE~9Y:!~t B:S~~~~c~itBPP=~:!1Cc~Jtt~~~J!£L=1~1~~~-=~~;:~:-=,~_~=_c::=~~~~2:C 

~~~~!ff~~~{~~~~~ -~-~~ ~ 
C A L-C U LATE D<, i iT. R -,.,- N S. 1-S-TijR01?:-A]rEtlE'1E]{S;E~(f~t~~:JjjR-T,'~=~==::-=:= __ -=:c.:c;:;:E~~~c::~';:L':::~~i~~~-==~~-=' 

TAU = ( TAU SAT (tl) .-(r~Do-+ BERTMr+ BElfA)Cn.,n)S E MAX (M);;.------------ -.-

• T AU .. (1 ,00 +BE R (r·l),H)}LJ~gF.=c(:ltl-=~~~~~:::".:.=.=::=:.~l~H:\~):::: :~=.:-=g~~=:~~~~~,~~=~f~::~Hit~=:~:~:~# 
IF ( TAU ~ L T ~ 0; DO) TA-I) =-(f;DO-~----~---- ----

c ••• A LLO CAT ION - I NT 0 - Y 5 ,·:~A~K~~11~r~;i~~~~~:~~~~~~~:!:;?;i,~~~:~f~~~~~~~~~F~~t::: 
1 = 1 + 1 
GO T015 

30 YS(ltK)=YS(1,K)~C0~~ 

-~-~ ~ ~ i : ~: ~ ~ ~ ~ b I; ~ ~ ~·~f"~=*=EY.:~$C-f{(~C ~1:~~i~!l~j.?=I¥!~i;;l<-=t;~~~~~~:~ 
PAR(2,2, K). =Al.FR.O 1 CCD:V:""t~~:JE[)y'~&qf>E~-VJ1lf~~_?rHH~-t;~r~=~ 
PAR D ( 2, 2 , K I = C J E + CD E - --- - -- -------------- - -- -

PARDtli 2 ,K'=O.DO 
PARD(2,1,K)=O.DO 

- . IF(K,EQ~NP1) I=I+r 
-rs-- -CONTINUE 

~:=:~=~Y~:;.Wt~ G ~ ~~ !2) GOT 0 ~ O=. 

~~:'~~--:-'-:.:.:.=::=E:f'4 D~=; _ - - -

-'.-
---

-,'--.":':. 

- -'-'-'---' .. --.--
- -'- -- _ .. -



'\ ., , I V \ ,. , • oJ v I..J " '-, 

~"~"m~~~~t~!:~~~1~~1~~~;;~~~!ij~~;~~~0!~;~1fgi}114I~::=::~·; 
c •• -•• - •• _ * _ •• .; itt ** *iii;-.-.-•• * .-••• -.-.-.-•••• -.- ....... .-•••••• _ •••••••••••• ~ .! __ "!_._!~_., 

1 -:-

2 ... 

7 
8 

_ _ I H PLI _CJ~ Tc-~~~R EA~~.-~(:}[~H~,'_Q~:ZJ==_-:==~~=--=-i¥~~~'~=~~f~=-, :I'~~'=-~:=:-==~c,:=-~~~~;:~;;~~~~--';~~~~_:~::::t~ 
--- REA L* 8~_S( N ~ S;-N_P~~)_;? S~(~NNS~~r:fPT!~;XSD-(_N~-S;~N~}T; _XSD D-(-N_N~:c~_~!L~-'. __ ~.,=_=.~=j 
··PAR (·.NNSdtN 5 -,N P.l.):' .. Pdd~D~H!N~:'l'lN~:JNgl •.• ):;::P:A·RO[).(~=tJ.~-t~N,N~,'\~lHJ:::':::=C-=c':-.c.:::'~~==-~=:.'=:'i 
~ Q X 5 (M N N S-,-M N Pl ) , QX 5 OTr~NNS-t-11~fPY'-;Q X 5 (jOfMN NS, MNP 1 ) , . . J 

-_- •. Q'lS (··t1NNStMNP1:).:OP=AR_(MtU{~{,'fI1_fIRS,}_~INPJ~(~tQeKB{).l(Jl.NNs·;;tt-HJf~fJJHP~~)~~~~J¥::~~:~-:l 
_: w Xs (NNPlr,WXS D fNN Pi r,-w~-=~.~~_I~~~:_~=_~!wY~S-(r4N P 1 ) t WPA R ( M NP 1) Wp A R D ( MN~t}] 
-- c 0~1 H 0 N 1M AI.N 0 N I N T-R . N D -l.=c=-=-=·::c.-=== .... , cc:~ =-- .. -1 .. oo"t-K;;i ,f~pl···· -.,. - ...... =~====."--c:~'-:=="--... '--J 

Do~cl 1= l,N N S~l 

:: ~ ~. R~I ~ .. ~ ! ~t~ ~.~ .• 0 O~':"'c .,~ .•. .;: =:-=~_=.:.:.:o:::=--=-====:::~?=:~:~____ ---=-=c=-=.=-:.--~-- :... _____ ~-:.:.-.:.::-=..~:.==...-c-=.--~.:=---::=.~~, J 
PAR D ( 1, J I K )=0 ,-0 0 .=:~c=.-="~.="c:o~==.:-=cc= ______ -: ___ c_-:-:-=_~_~~_-- I 

. P A- ROD ( I:,. ,.~ , ~IS:) =:~O~-~_-0 _~~~--=;=- _=:.~ - --=---~;~~~~~~:===~~~~~~=~~=t~;~~_~~~~~~-:~-=t~I~~i~--~~~~=~ S~~~~~~~~~~-
IF(NTR.-EQ~OTGOT()--5 • 
DO t.t~1= I,NJR 
DO 2 1=1,2 
J=I t2_ (t1"'1) •. 
00 2 K = 1, NPl 

. QXSTI , K) =XS (J,K) 
QXSD(1,K)=X5D(J,K) 

_ Q XS 0 D{hK)= X 5 DD{J, K)~------ _:---_;,:-~=.:-=~-::::~:f:-::: .. :=:=-=:::}~=:~='-;~:c:~::--~;~.:.~::~=-..~~ 
CALL ·rRNS T R ( M ,c QX S t Q X 5 D, QX 5 DO, NPT ;-Q Y 5-; -QP),R---QPARO) 

_DO -"11\= 1, Nfl· 
-OO--3T= r, 2----

. J;:q+:2if( ~l""lT· 
. YS~JtK)~QYS(I;Kl 

·:PA R LJ,.-J ,cKt=Q_PARTI.I ,K)~E=::--=::c 
PARD (J, J,K) =.Q PAR D ( I , 1 , K r 

----- J = 2 •• ( H-l'r· :c:=.===:.:_:.~._=:_-'-. -::- ____ -._=-=.-::=-::==--_=c--
PAR n + J. i:"-=J IK~r';QP AR(1;'-2,'Kf"--

f'ARt2 + Jl+ J:; K)=_QPA RJ2],K=L:': 
- .. -'. ... - - . . -, - . - -----

PAR D( 1 +J , 2+J ,K ,::; Q PA R D( '1-,2-, Kf 
-PAR D (2 ",J,l:" JiK) = Q PA RO r 2',:V'fK:)-=--~'> 
IF(N01.Er~,o)Go TO 8--- . ..----

.. 0 o~ I t-l =l-;N DT::/.:c=" -
N'=2.-NTR·+f1 
00 6K ;: 1 ,1'lPl . 
WXS(K)=XS{N,K) 

.. \'IXSD (I<) =XSO(N.K)-. 
WX 5 D D ( K I;: X 5 0 0 ( N , K'-) .. 

CALL 010 PEl N ,W X S ,\'I X 5 D dVXSD_D,Nfl hl'/Y 5 .\fJPA R,-WeAR Drcc:_~-~___--·· 
. D 0 i ':'K ;: 1 , N P 1- .... - . .- ... ... .. -- ---

YS(N t K ) =)'Jys-( K) 

PAR(N,N,K)~WPAR(K) 

PARD(N,N,KI=WPARD(K)· 
RETURN· . 
END .• 

'.---"- .- i .--
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I ~1 P L ICTT~R EAL -0 :tASfIj3'~()~~~Er~===-~~~=::::-:~.j::C=-=~=~:H:~:¥~~~:~,':I~==-=,~- --:'-::S~£;b~~::fEf.=::~~::::~:::::~;=:~f 
COli P LEX. r 6 C X, CY L-, CR-E-S-P-.-XCQR D,-otl·1 PIX ;-P A_U 1 ( H N P n-;PATJiTMtrp-l).- - -

• e Y L X·( 11 N N S ,MN fllr,.C-~{)~x:gB~Xm1:1Nl:l.~;t::'11f'lP11~)~'--,~JNJ n1:N NS~;'MN:f:I::XD~~:~~:-~~(~c,~::~~:-::~~:C~::j'=:.:-2 
.CAD (MNHAR 1'-, (ALDf(MNtfArfil-,-CB(n1NHART" CBEGA(MNH-A~R-l-)~------~- ----- -~-

• C l I GR. ( M N N S 1.·, 11 N H A Rl)gf:_Q;.B:N[)=EMNJfSfHlNHARr )-:cl~:::~:::I-c~:'~~E-;:-~~~~:::t:~.:.;_ _ ..._ .. _~~ ~--:--': 
REA l. *8 X d P T ( N'O P T) I -GFfADTNOPrT ;-(p-S-NFHU M Wp-i )~-Xs-~YC;D R-E At: :o-j MAG, 0 a ME G 

* PA R ( M N N S ,M N N S , ~1 N PT[{R[6.RQ:'l:t1NJ'JScd1t-!N::~:,:tJ_N~iD~-;~f:AROD}( __ t-1Nlf~?"t:_t:tHNs}~N P:Ff;~~~: 
• A ( M N N S , M N H A R 1 ) , B ( 11 N N S; M N HART) -; AI.~TA--( M ffNS-;-M NHA R 1 ) , BET A ( M N N S I M N H A R 1 ) 
• C( MN N 5, I1N HA R 1·) , D U1NN S-;::~'.~.ttARJ::.t~1:'LA:!11\::It1t111J$ft1RJ:UfRt)J;~DE-TA(t{NNS~~~~:NBABjtg 
.YS (MNNS, HNP 1 ) , XSO( MNNS-,-MNP-f r.XSODTHNWS-;-MNPTf, VEP-S(MNNS,MNP 1) , 
•. A I NT ( M N N S ,. M t ~ P 1· ) : ~c:--:::===c~;~~~-=-:::"':~~c.:=:=-'~:~~f=-:=: :"~~==-=-~:'=:.2~-=~'=~ ~ .. 

CO 11 M 0 NIT RAN SiC RES P ( 11 N N S , MN NS f~-MN HA Rl Y ;)cCO-froTMN P ) I _ 

• e X( MN N 5,1'1 N H A R 1 ),C'fLl I1JUj?,\r1NHARJ~htA~:JJ1Nt-I:?f;H11'4 ~1J'-,::'(U tHNt-lS, M N P IJ, __ ~ 
• 0 0 11 E G , N PI, N N S t N H A R~ N F RQ;TccfN TR -;-eT P-e;-R- -------~---~------- -- - -- -- - --

G .. ,,-, •••••••••••• TP E R = 2 PII: D-~ M E-G •••• iIi.:~~_!:.~if .... ~tIt~:i:~0~~~:~f~'~H~ 
C . T PER =6,2 B 31 8S 30717958610 a MtG-------- -------------

. J~ER=6 .28~ 18530717:,9S86 .. CTPER~ (.- .-•••• -.' • .-* •• -. * .......... !It t) _ • .- ...... 1. •••••• 

=~c:::~~c:~:NJLSF=N NS + 1 . . . - .c.··. ... ~.~ ... :~cc~,=---=~,-:::::~~c~C:-=::~~~:;::':-:,_-=::::-: .. ,--::-.=-,,:-,c:c-='-.'C 
c-';:.Jur~p- FORDe OPERATING POI NTI (NHAR=O) 
:,:.:.:,:::::::~.::=tf-J:Nti--'l'tRc.EQ, 0) GO TO ::2[5 c ..... -~.::~-:.: .. , 

c •••• *.::.:* •• -'-.: ... q*. lit. III •• * •••••• -•••••• -••• -••• .--. •• *.-.. • ••• ;. ••••• * * ••••••••• 
~::----: ... :=::: .. ~::::~-==,::=~-=-':: :: ::~:-o.::C::O--M :-J1Al--:1 . ::~=~'-=':::':::----:-"--':;::::~:::::==:;:-===_~=-:'-;;:::'=:-==C'3-=::_-
c--:e-='CoN VERT SrliE VARIA BLE S=Xb PTc}) OF:O PT 1M I ZAYfoN- FRO M A - R~E-A-C- VA L UE C 

:~.+.++};~~~}~'l-~; ~~lrl~~:~,·~·~-~~-~:f$4~'~~·~~· ~~~~~ .. : :-:iJ~!-ti-l}i~Ni~r;~Y??:~lt-rff1:-::!~~¥~ 
:~---:i~~~~~~~3~:rfc~t{~~:~YrJr:~:-::~~;E: .. 

:-c~_ NJ U M P;:N HAR*-N Ns:::::',:" ,-::-=-:::,::::::-:-::,_.:::.·.C:::=:::-::':C::-==-:c-_:-, 
-N HAR f;;N WAR+:l' _c::_,-: 

_: DO:::: r 0 :K =:2.,tl HAR1:.==' .•.. -, ... :-:,==c:=::=====-~:c~:_;:=c.~if~~~~:?~~~=~~{:: 
--- -. ---------- '.;) KB= (K~T ) lioN NS== -

-~- .• JKe;= K=.:NN~~~=:':::,:,:=-'~3·::;-:::;; - --'-::,-==.==:====:-:.:-::-:.-- '\~~~~~~=~~;-=ii;~-:i{:~~~';)~~~~~~~~~~~~~~~<~ --=--:'''--:J K-'B P r-::"J-K B-~-:-f ---::~~-=:: =--=-~---=::::-~~-:--=- .. - - -_. :._:=======-=- .- :~: 

:: ciC:"~='-· D0. :; 1:0'=..-:'-' =;4 K B Pc' 1 ,_-.JI<~7::=:--,~:::jcC=::~~==:~=:=-~=::f-'C::: E~ ,-,=:-=;::-:¥;~,~~~=:~c;~=~-::::;t~~~::~=-- -.;;~-=&c:~:~~===~-=~~~-;;~~ 
10C-~--::-: c XT:J~::JI<B~,cK r= 0=C!1 pex Y-X:(fp:TTi):~-";Xo pn N;;J U N p+J rr-------------- -----------~---~-----

~!~:~r!~:4~~r~:~:~:~~~r!f~~~;:!!;~~-~;~~~::~:-:;;_;1~:!~~~~~~ 
C .. :--::::S-t-Al..t:S-'-t HE:cRis-PoNsE::erntsPTi'-;-J;- K)-O F'~"-HCl:rNEAR NET\lJQlrKTO----O NiT-

:eo--" ...:=:s OU R~GES:-=i'Jr r:H=tH E :ccoM f[ E'~~~~VkR 1 =AB~t E:S,? C')C(~-;:~}~-=:=':::~ .. .~:=,-,:.:.:.j:~=:~~;=S-~::=~-=-;.:~:'=::~ 
c-~-cY\.:.·(-r-tK)-=--coNTAn~s -THE-RESPONSE--oF--rHCLTNEAR- NETWOR~K IN W ... DOMA IN 

:C AJ:T-HC'AlIGMENTlNG -~!50l!R_CES~: ._-:_:,:=::c::=:=_: .. .. _: .:~- ___ -~:-= 
. e ++ ... + +++++++ +=++ + ++ +-++ ++ ++ + + ++ +++ +++ +-+++ +,.:-+-++ ++ + + + + +++,.; +-+;.: ++ +;:.. + + + + ++ + + + 

N fJ~Ql =NfR Q-1' 1.. .. _ 
DO 15K::; I. NFRQ1' 
Do 15:J= 1, N N S,_:=
C Y 1.,;. (Ii K)= eRE 5 pll'tt,K )-

-DO, 15::,J.= 1 ,N 1'-15::: ':,,:::::::'=::~:j:::-,,-::- • . .. :: ...... : ... ~~ _ 
IS CYLlI;KT=c YL:(I, I< '-+CRESP (I. J+ 1 ,Kl'-C X (J, 1<) 

CONTINUE - -
N F-R Qz:=H(R Q+i~e . 
N HAR J;::tJ HA RfT::.::.'c: ____ .. 

. : D020 c
Ki:iNFRQ2. NHAI~l 

-0020: I ;:L.tH~S,:--c.:~::"c __ ~-::.---
.. t-n:-( I ,K) =DCf'rpCXfo.DO""O.cOO),,~C:'::' 

. D02 oj =J;cN HS-_.:::=~:::::==--:.~::_~:..;._ ~:c::.:=:--:~~'~-=.:~~:::::, ·:c:,:c::_.~:=:;~±~~~~:t,':._-:C==--::=~:.:;-~. ___ ~ . 
:20--~- C Y 1.:,-( I',K-)='-CYl.;- fT~:K'r+CR E S P'(:I-=;--J +r, K)-lIt CX-('J,K r--c~--------~.- -~----
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, 1"\ U 1'1 t' r1 M ;) U 1"\ V A L. U t. ::) 1..." \ 1 , .,J I Po I'! V L' .... \ 1 t oJ I , l'~;) , Po 1'1 , /'I N t:. U U :> v A I- U t:. ., 
. XS. ( .•. I .. J,..;J .1,: Qf:Tl:le~:'NI,):@J1,t;~.T=JN.§~gSO QFic ESlc~K~ :o.=.::/(J~::rI;'t.Jt:=~Of,:~:~fFfE~,~OIJ:T~P.UW~Se:::-~:~:"~~ 
. ARE cis T A IN E D·R-e:-SP [-(fiVE CY·-usir,:jG-·fN'/ER S·E -D F T; ..... ..... .... . ... -.-..... ----. 

~~1(~~~ 
.. . D 0 F' Lf Occ I =r~;~ N N Sj·. -. .~.:~==;=c~1~::=~~f~c~~~ .. ~: c: :~ . .:.=c=~==:.~=~= ~':.c=':=~:¥t·~~'¥=~~¥:~-=:==~~'==-~:~::::.=:~',-=.:i 
qO CYl,X (1,1) =cxn, f) +DCMpt:XrO;D-rf;r~Do·) ·.cy·LcT;·ff-·-·-·-------··---·-·--

... :>D 0 I.f S ... 1= 1 iNNS .... 
DO I.fSJ=2,NHA~1 _ 
C Y L X (I,JF=C X( h J)+ D Cl1 pt:~~(:(t~D~dft;l=.OO):.t:Yj:}~f~.~·J)~:=~~? .. '.' 
DO "50. -t ;:"1 ~ N N 5 - - -- ----------- -- - ------- -- -. 

~5 

DO :·S 0 J = l,N HA R :-. ==::=.:: :,==.c~~~=~· 
50 C Y L X ( I , N P 1;" N H A R + J I = 0 CON JG (C XfT;·~iTrA R ~ J +:2 » .. ~~: ~ ~ ~ : :! ; ~.~ ~ :O:.:~Ol. 0 coJ,J G((wl~d!li~S~"-;JiiU'jj;'=~~~~~~,,~'=~.i .... Cj 

DO 60 J=2,NPll 
P A U 1 ( J ) = C Y ~ X(hJ») 2.D0 1 

~~~E~;~dH~::~:;~: ;PAU2 •. _____~ ~__ . C~~~ .. ~~ 
6 S xs (1, J ) = DR t: A l.. ('e A U2 ( J. r I.::'· ..::~~~~~~,~:=:=.:'.=:::,=:::=-c-.c;~~=~.::=.:;~~.~::.::~~:~~::.~~~-~::~~.:-=::~::=:.:.=:=::=:~:. ........ . 
5S CONTINUE 

; ~ :.: ::!~I! ~. ~ ~.!=.:.;:;~ I:! ~ :.!~ ::.i.:.~:~:~;;~~~:;::::.:::~~::;::.:::.:~;:~!~;~:~~ 
c . . FIRST· AN P 'Sf. C o~lD Oe;RI VAT I V E 5 . X SO(I,K LAND.~KSDD(r,K':iQf~·il!EE:;~~S::·~ 
C AUGMENTIN~SOURCES ARE OBTAINED USING INVERSE OFT. . 

c:~ +! ":+~6t;; t f ~ r;·~~;+,..·+:t + + + +.+:";~}+ + !"tj' + ++:tt+ :t"++'t+f,±;f"ttt~t,{t+,+t.i'tifl¥=f~j.}:~t:fi 
00·':70 .K= t;r~p1=':=::::::'= -

7 a . C D X DO x ( 1, 1<) = Ddl p L X To • DO , 0 ~D 0 r 
··:0.0,7S ·I=l,:NNS·:.: .... 

Do 7 5 K = r', N HAR 1 

7,5: ·.CDXD OX (L,K r=DcJ1 PLX(O.OO; DO MEG).( K"'l ) • CX(I;Kl.: 
... 0 C M P LX ( 0 ~no·, 1~ DO ) III ( '(K";' () .D 0 ~1 E G) • .; 2 ) • C X ( I , 1<) . 

80 

90 

DO 80 I=l;NNS ... 
Do 80 K=l,NHAR 
CD XOD X (1 ,I~ P 1: .. N H A rl+ K ,~OC:O N JG ( DC r~p l; X (0.00 tOO.ME:G '.:::::::i·:· 

III (NHAR ... K+l ).CX ( I, NHAR-K+2 If'':DCMPLX (0. DO t l,DO) *ocON;,JG·· 
111.( .-.(+00 r1E G. (NHAR "'! K +1:» •• 2)II!CX(I ,NH A R~ K+t"· ):.::, 
'00 8S I~'1 ,NNS· . - ..... .. 

. flAUJ(l) =CDXDDX( h 1 ) .. : 
'0090 K=2, NP 1 
PAUl:( K)=CpXDDXU, K )l2~DO 
CALL DFTF(XCbRD,PAU1~PAU2~~Pl) 
o 095/<'= l,NP 1 
XSDD(I ,K)=DIMAG(PAU20q) 

9S .XSD tIt K) =DREAL (·PAU2 (K) ) . 
8S CONTINUE 

. I 
- 1 

C .... * .......... ., II! !If fl. · .... · . III • • III ••• * til .............. -lit .............. I; ............. ! 
86 cONnf'lUE . ...... . 

c~ •••••• * ••••••••• ~ ••••• *CALL TO NONLINEARITIES •••••••••••• ~~~ ..... ! •• ~1 
. '. CALL ·NOI'H.NR(NNS, Ys,XS,XSD,XSDD,NPl ,PAR,PARD,PAROD) ! 

C til •• "", •••••••.•••• Ill •• til .................. c._ ................... ! ...................... ! 
C ..... -.. cOHr1AT S 

CCALClJLATEST~E- VECTOR ERROR .VEPS( l,J)=YS(l,Jt .. YL( ItJ)~HE:RE_YS.(.I,! 
CHAS· TO BE' PROVIOED FRo~l THE NONl.INEARITIES BY DIRECT ?UBSTITUTlq 
C . Jr·ALSO .CALC~LATES ,THE SCALAR ERROR F:(ORfl)BLINTEGR·AlING·.NOR~ 
t SQUARED "0 F VE PS ( I , j) ·US·1 NG-i' HE T RAPE ~o 10 AL RULE~· .. . ... ... ..................... - .. 

f'. +. "'''' + .. ;+:+:+.++++ ++ +++ '++ + +++ ++++,.; .... ++ ++ ++"+ ++++++;.; + ++ + +++ +++c+ ++.+++++ .. +~++ +:..+ 011 



uu 

05 

10 

V Co r.;;) \ 1 , " I :;; I ..J \ 1 , 1\ I .. T \.. \ l , 1\ I 

o O~105=t K;::l,~N :l;;~~;§~~~~;~i~~~~~~~~~~~~~~~~~~~~~~~~fu~ 
EPSNRI1 (K )=0. DO 

DO · .. 10 5 l~r;N Ns::£:t~2-f{~~~~=~~~ll.,"ft::~~~~~~-=:c~~~%'c;::¥~,:::~~::=:'~~-==-==:---I§~=:-~:;'::'=-~-O~-==-2=-¥~i£,:~;C:;':1 
E P S N RM( K T =E P SON Rf.1(Xf-+VtP-STT~IO •• -i---------·----------------------·-·--.----... - - .... 

F;::O.e 00:- _ ... _ 
DOl 10K = 1 , NP 1 
F = F + E P S N R 11 ( K) --:=::::::-,;,,~-==:::~c:~--:::--=:,:~==:=~..::~~:;::c:--
F =T PER. F I D F LOA T (r,j'p-l=-'':-===·=-=:'==::cc,::=:=====::-'=='cc:-:.: .. 

: •• '., •• * ••••• *.IIt ........ * .-"-*, ... ~.=.:".~'.*njt~iL~~~-.:.'[i.~~.: •••.• -'-;:.:;~!~.c.=*'.=~.=.~.-• .-~.--;.:: •.••••• :~ 
: ••• .;. * •••• .-.,. .... it ••• .; ••• -; ••• -; ... -;;-; ••• -.. ; •.•• *-.~;.;;. ~-.;-;-.-~~;-• .-* ~ ••• ;. * ••• 
:- . ." -7~?~:;::=:~~~-'=~tf~=lM-=-'=11~g=':TcfC:~-:6%~~c:~::C:~=:=c/:::l:~~?c~c,,::-=:cc~~-::'==:~::::~l:= :;= ::-::-=Ec'\J 

CALCULATES THE REA L - A N DIM AG INART-PArffs-,(fF'INt-&-V [ps(T: tf) E-XP (J\~t<f)~ 
AND OF I NT&PAR ( hr'L~NYV~F1S'I~I.t,lfIE:Q:g~(~-,~!<,=Im~c:Jt?JN.GQR:T~_:-_" ••... -.: :=::-C-=:C:C'.'::::-
THESE ARE TO BE I,J SED TWrRf--E V-ACUATrON--OF--fHE'GR-.i\Di ENT ~ 
PAR ( I ,~1 , N ) 1 S TO B E~~~O vrp EDt==~_,(~~L~E~J'LOJIJ~~Hj Ec~_81:IrES.c :-

:+ + + + + ++ + + + ... + ... ++ + + + + + + + +,.; + ++++ +'+++ ++-++++++++-';++ +++-+++'++-+ + + + ++ + ... + ... 

.l5. 

DO lIS K=1,NNS 
DO 115 -J=r,NPl 
AtNT(K,J):::O,OO 

-DO 120 K~=l,NNS 
. cc:-D 0 n2 0- J;:: 1 , N P 1 
:-:'::::-60-120 I:; 1 , NNS 

lZ 0:= Acl-N n K J) = Al NT (K J)+ P II R( 1 K J). V E P S(=r=Jr:=======-::.:::'~=-·.=:=··.c. .. ·_:,:::c:" 
::">-':=C~-:-D-O:=T:2:S':K;:: i, NNS ':' " .... = .. '--'. '.: ... -- ---'-' <.~:::::-=~~====.===::.--" 

,-,.:·::~DO=:~[25-=.=,_J = 1 , N Pl. . .....: ._ 
(25::":'" C I f'fTTK'tJ ) =DCMpLX (A I NT (K-, J) ,VEPSlK,J) ). 

· .•• ,~:=:=DO~'-=t30;c:~J= 1 ,N N s=-
.. 'C" '::r>'b:: (3-5 K = 1, NP 1 . . ...... --

1- 3 5 . ~~.'._ :-:.~~-A_U.2~~t K)~~ <;.-l-N~T- "(. J-~, K:·r-:;:_-~ __ -==-.:_-:::: ~ __ =~~~ .~~~ __ ~ __ .::: __ 
.. ' :'--C'Att==5 F' TC(XC-O RD,PAnr,PA U2-i-N PI 
::~:~:A~( cJ~.T)~£B EIi·~DR E AL(PA Ul'tb1~I):>=~tL~:~:=': c .. : _ .c .. 

::'-:::Drrirr=TPER*~n I-lAG (PAU-rfn ) ..... --.. 

.. . '~O 0;:1-L40::~"':=::~F.~N WA 8J~~c .~~'~:::';:::::'~~::.::.':-=;:~~-=-::--..==..~~~::' ~~~~=~:~~~~~~~~:,~;~~,,::c.c:-.:=::'~:::':=~ 
=-':c A b (J r=, 50'O tqpE R* (PAU fr~.r,,+p-A u rrNPl-;';;"J+2 ) 

- - -.-c-~~~~_~ ~~ 5 ~::~-b~~ ~~~~ ~~ b~ ~1--~ ~~ U .. C(;~-l~~~ .. ~!~Ji!~l- .. =R+l )It -=-=~~~~~~~:=-~~" --=- _;..;:'~=~i-~_--"_ 
-D kt-.J r;:;()Jr-1A_(j~Lc~AD(:J) )::':==:~...;-...:.:==~ 
A I.:FAf (;c=J);ii.;. D-':1 ~fA GTt A L DE=(-;;JT( 

f~g:~~~~~;~~~l~~~~~~J~~~~~~~ 
E~!:~:!1'C)f1:f~b~~~;2~:·61~·~.·~·6~=r6~i~ti~~t,r~.~~.~#o~~~_!~ !~:!.~~~~~r~::~~~~!:~f£!.~*c~_~-~-fJ~~~~.1I 

.~.'~":-~:.~!:-:;;'.~.~:'.:~: :':~~~~~~~~~!!1:;~::!';~;~:::: ~:~:;!:~!~~.~~: 
t- ·-txp (=.:,JWKTTs·I\No OFt NT(,PARDD-rr'-11;N rVEp-s'fI,-N)EXP (JWKT) $ .. US I NG D~T. 
C THESEARCTO BE. USED -IN JHE EVAl;.::~ATctON._OF THE GRADtEN:r.~r=A·~D(b'I(J; 
CA NO PARDD (I. ~1t Nr A RETO-BEPRO VIDE DB Y THE NONL I NEAR I TIES. ...---. 
C++ + + ++ ... + +++++++ + + + + ++ ++++++++++:,t+-+:+±±j:+ .... ++++++ ++ ~_++-":+++ + ++ ... + ... ++++:+:+':'+}};j OOlLjSK;: 1 ,NNS . '.-.:: ..... ---------- ... . --_. ..----

,0,0- 1'f5 J =1, NP 1 >c. . 
1 LJS C 1 NT (K ,J) ~TO=. DO~ o~ DO) ... 

001 SOK= l,NNs .c': 

Dtj "-1"5"0 'J~-I~',:NPi'--' -._---- .. -.-
: Do' 150·1 = l·,N.NS:.=cc: "~~~-: -'-.. . - -:.: .~.~. . . . 

1 SOC I N T (K, J) = C 1 N ri K, Jf + 0 C M P ex ( P fi'R -0 (1 , K , J ) .: 
·~:-c.·:: _c. - VE PS(h J" PARDO(JjK~J}* V Ef;'S(I:;-J)J 
-c.:-:- . - 00(60 I'= 1~NN5-"-· ... -" .... 

DO .'165 _ K :::l', I'J P l':':c,':~ " ' 
. "165': PAU2 (K) =0 NT(I .:1<)-

' ... CAL L D FT C(X}:'p RJ~t P'A\J1, P AU 2,J'l Pl=) ~ 
·:=-8(1, I) = O'R EA L(pAU lfn C). T PER::=-:-

elL It = D-!t'1 A G{ P A U1H:) ) II! T PE.R~: . 



61CONT~INUE 

iii ••.•• -........... * .... .' ~ * *. '.-. *. .Ijf ....... *...... ." ....... lit .................... .. 
c ~.'. ~~.~~ .'.~ .• _c ;...:- --,~;~cif:c:l:{!i=:':tf~t1"-Nl~J;:~'~-: 8:C:.)~f:}:-$I~fJ=:f.::tL~J~R~t~=~'=~~-:::'-':~~';7~~f.~-='-··~~:c:~' 

~~ ~ PRO V I () E S THE CO 1'1 P L E X-G RA-O-(E-NT~-t G R ti o(.,.f~ K )-F ROM --1'H E-OATA --PFfEP A R-E 0 -
~~~~~:~ c_ ~ INCOt;l ~1 AT 6A N D CO ,-1 MAT7~f.;:;:=~~~~.;::. ~:~.-.·l:~:·?~t~~~¥-l=--~'-::-~=~~i~-:"~=c=J 
+ ++ ... + ...... ++++ + ++ ++,j. + ++..: + + + + ++-++++++++-..:-++ oj; ++:..-+ ;++ ++ + + + + ++~++++~-+-+-++-++ +-..:-... -:.. +-~1 
= - D 0 ~ 1-7 5· J;: 2 - N N S~ 1· ~ ~ .. ~ ~~ ~ ~ -~~ ~ - .. ~ ~~.~ _ - -~:~ .. ~ ~.~ I ' .~ ~ - ~ ~~ --- ~~ ~~ --

CL.IGR (J d);:CRES~ (1. J, 1) >it (1,1) ~~ I 
~ 66(~~;·i~~~~!'~N~O~TO .17S.:'-~ ~~ ___________ ~_. ____ ~~ __ ~_~~~ ___ .. --1 

-~~ ~ - ~~~~~~ ~4jtl1=C.L 1 GR(J'):):c+-f~f:::S~c:t·I~~:'==-l.==n!&Ktj::l;)l~~C::~=.~Z,,-g=I~I~) 

•••. !~1.~.~ f:~ ~ !~l:iF i~' t~~.1 '.I.D.(I.K_~=f~~!:O;D~:P~~!~E~Kl.~ •. I· ...c .. c-~_j 
81 C L. I G R ( J, K) ;: eLI G R (J ,K ) + C RES pn~J ,-IQ-.-roT1; Ki ;;;OC M P L X ( 0 ~ Do 
80· ~~C.ONTINUE: -- .~~,.~~:~~:_:.". 

~~R~~~~I !~;~~~.~ ~D*(A(rt U ... C~IClRU+b~l~U==~ .~J 135 
001901 i::(tNNS - ~ ~~ - -- ~-- I 
00-190 K;::2,1~HAR1- _- _ - _ -_---:.~-~-~-: __ ~_:- - _---_~ -~~~~.~ 
C G R A 0 ( I , K ,- = 2 • DO .. ( A ( I , I< ) + DC M P LX ( 0 • DO , A L. FA ( 1 , I< r ) .. eLl G R ( I + C, K ) ) --I 90 

·~~6.tr~ ~H}~ic:;~ ~~) ~.§ 0;:: T O_:~ gcP~5~~:~~:-~c/.: .. :c 

0019 5~ ;: 2, N HNR1~: :. .':C:-:-:::< ~ ~ .=c=~==':==-=-c-::c:~-:===:=.~-..-~-.~:.__> 
C G R A 0 ( I , K ) =C; G R A D ( (; K ) + 2 ~-Dci-' ( 0 eM P I.. X( 0 ; 00-, 0-0 MEG) <If ( K':'1 ) *" BI 1 t k ) - . 

. ) ~ ~ : j 
• DO~lEG. ( K"'1 ) * ~EI Ac( I ,K) ... (DOMEG.( K"'1) '" *2. ~(JiKF+~~~~~(:':' ~. 1 
*DCMPLX(O:~DO'(DOMEG.(K_i '--) •• 2).GA-NA( 1,1<» . 

,·95 CONTINUE -:~.-j 
~oo:cONTl NUE- 1 

: ••• "' ••••••••••••• : ••• * •••••• I!I.!*".-~ •••••••••••••••• ~~·.!.-.~-.-t!.f •. * iIt •••••••• J 

:i~ •••••• i ••• *~.~.~ .. *~-'.i.~~i~~~i-' •••••••••••••••••••••••••••••••••••• 1 

:.. j ~~~~.:- ~_ ~~ .~~~.~ •• CJr.:_M NAT ~.9 ~~~':':., .-•. :;:--:~'-~.;: •. :.::: ~ •. '_~~: ~ 
CONVERTSTHE-COt·1Pl.,EXGRADTENTCGRAD( I ,K)~-lN ARR-"y FOR~l INTO A REA: 

~~GRA.oIENr~RADn)lNSTRING.:FORM. ~ ~ .. ~ ~ . ~-::-:~ .~ ~.~ -~ -~ I 

:+ '+ ++ ++ ++ ++++ ++..: +++'';+++++ ++ ... +:+~+++ + +++ + + ++ ++ + +"+ + + + ++ +++++:.. ++++ + ++ + ++ + + -...~: 
: DO 205 K;:1 ,NHARl ~~~~=~-= I 
- IS =( k;., 1 ) • N N 5+1 

lE=K·NNS 
~ DO 20S l=lS,lE 

20 S-. G R A 0 rt ) = D REA L. ( C G R A 0 ( I .. 1 S +J, K» 
~ ~ - to 021 0 K;: 2 , N H A R 1 

15;:(NHAR+(K~1» .Nt-JS+1 
1 E= (NHAR+K) *NNS' 
Do 210 I = IS , IE _ _ 
GRADll);:P i-f1AG( CGRAD(I -I 5+1 t 1<) ) ~ 210 

C * .......... '" * ••• t'.I *' • lit ••• ;(I. ••• '" • '" •••••••••• '" ••• * ... -: .... it •••••••• * .••••••• * .••• - ~RETUR~~- ~~.. .~.. .-- . 

C, •• oPERAT[NG PotNT.EVALUATION (NHAR=o) 
215- Dozier 1=1 ,NNs 

~YL. (ltl);:CRESP(l , 1 ,J) 
. 0 0 - 2 2 ti J ='1 , N N s· ~ 

220c:~:YL(hl)=YL (1,1) +CRESP (l ,J_+l,-YX*XOPr (J) 
--- ~·DO-2 25 'I;: 1 ,N NS--.-- ~~~.~~~.~~~- .. ~~~ ~~~~ ~~ 

-- • x~c; IT ~:I) =X n p~ T~~(T ). . __ ~ - __ _ 

i 
_ i 



~O 

3S 

CALL NONLNR(NNS.YS,XS,XSDtXSDDtNelt~ARtPARDtPAKOD) 
f = O'D 0 =:,-"_< 

~.~. P ; fft~:~~~!~y~ti~IIJf~~"Y:c~-J*.ttt~~;::~:~~c~~I~~~:~~::-::~::~~~-=:~:::::~~: ~=======~===--=-::-:::=-=--==-=-====C~~C=_~_~~;;cj 
~~~;~~~~~~~!;~~~~~-~~'I! 
GRAD(I)=O,DO 
DO 23 S J = 1, N N s:::::~:::;:;~~=~~==-'==':=:::-k~~!=~~:::::::.:-::: __ -_ __ -::-::::=:~===~~..=:.::-==--=~-=-:.:-:=;;.c=::c==:-:=:-c_---:::_~ 
G R A D ( 1 ) = G R A 0 ( I ) + 2 ;-0 6-.-fP-ARTJ-T-;1-T;"--CR ES P i J ' 

_RETURN 
END 



Mo(1).SUB12 .. 

!~!!i!!!iii;J~iiiiii~i~i;;~~7:~';~:=~=!~:!~;~:~~w~~ 
. C A!. LF)t~5 Ln~ ~ 
. IF ( F • Lr; FEST 
· N F N S r:; L: ~c.c~ 
ITN=O 

: S T E P.=1.DOc::: ~ 
.. IDX="N-· ..-..... 

10 G=N+!{ . ~~ 

IH=IDG+N 
· 1 F(.NOT. UNITH) .. ~OTO~cr 

I Jet H +1 -
· DO 21 =1,N 
· D02J;;'f,r~~ 

.~~ H ( IJ) = 0 • Do 
IF(I,EQ.Jl HtIJ)=l~DO 
IJ=IJ+l 
CONV=.TRUE. 
'lEXIT=2 
IF(lf~~EQ;~AXit) GOTO 99 
GDX =0.00. 
00-3 1=1, N 

·· ••. Z=oiDO~· .••. ~ .... 
... I J = IH + 1 .. ~ 

··~JF( I.EQdJ·GQ"TO 21~~ 
I 1':=1 ~1 : ~ ~ .. . 

DO'tJ= h I.L. 
Z =Z';H( rJ ).G\J) 
I J=lJ±N~J':~: \::: 
DO SJ=ltf~ ....... . 

.. .... Z=Z ... H n J·HtG (.,I) 
·IJ=IJ+1 .. ~ 

~l F ( 0 A B SJZ )~Gh~ ~ S11 »~:c.c:c 0 N V="fA L S E. 
H(IDX.j.I)=Z~ ......._. 

GDX;:iGDX+Gfn-z·· 
IF(LPRINT)GO TO·6 
1 [( Moot 1 TN,lPRINTl' NE.O) GO:~:TO 6 
P-RIN·T-·13D~-rTN.-- r"fFl~s,-F- . --.--

. 30 FOR!1AT (/IX,'Tn~=',Is,S~t'NFNS=" IS.sX.'F:::t.,GX~".s) . 

7 

P R I NT 13 1 ,t X ( n ,l~::: i, N )~- ... ..... . 

FOR MAT t 1 X, ' X( 1)',1 0 Gl 2 • ttL 
P R 1 NT 1 3 2 ,t G ( I ) ,I = 1 • N ) ~~- . 
FORMAT (lX, 'GIl) 't! oG 12 .. '1): 
IEXli=o - . 
I F( CONY k GO T099 
IEXIT=l 
IF ( G D X ! G E • 0 • DO l. Go TO 99 
Z=l.DO 

• 1 F ( IT N. L T~ N • AND; U IH T H) Z =5 T E P . 
W=2~DO·(FEST~F)/GDX 

IF(W,LT.Z) Z=w 
STEP=Z 

.. GO X =(l_D~* Z, 
D 0 7 ::::T= 1 ., N 

· H( IOX:;-l)= H rn> x + 1> *Z 
XCI )=x ( 1 ) ... H ( 1 D X + I I 
.CALt..TUN_~T (·NiX. FP, H) 
IF (F·P;l,T.FEST l GO TO 98 



nl IIJ U .... ll-nl' / ... \;11 '/ 

~ .. ~ ~~':~~:~-8~~!~~6-~tJl1~~¥D~,*-c"jX~)~~~{C~~l~~~===-~~~~~:~:c ~~===::;-cc'=C~C:_:--___ ~ 

1 F I f .GT IF P .. 0:-. dOOTDO:-*-:G DX:F:::-"Gbc~cT-0-:==9.::=:'==~:="-==:-=-~-- =---=--==~~=-- --,-':~:'::--=--=:::".:=::_~~::::C:~ 
I E X IT =:3-- ::-:: :.:=:-:---,-:-::,-:---=-:::=---=-:::,::-::~- ==:-:==c...c.:::==-;::::.":===:::C~.=:::=:::'~ . .::"'-<=- ------ -- - :==:~--:::::: 

i ~ ~':~. ~ ~' .. ~ ~:~~:;::~~~~.:~~=-~~~~-tR!L~Jt:~J~~~~o~:-!~~¥}2~y~~~~~~-:-~~~~~~';.?=:~:~~::i~';;~E:~~i;~~~~=::=j 
w = 0 5 Q R T(l~ DO-G Q-xtZ-_~~(;Ett~--,t~cZ-:l~~J:5~'l§lsJ-g£li:B::L~~:~ 
z;: 1 • 0_0"1 Gp 0 X+-V/;'; Zr;(DGDX + 2 ;-D ciivf'----------- -
IF (Z.L Tn i OO)'Z;:"l ~~~~~~~~~~~~~~~~~~~f~~~_~~~~~~~l:~~~~~~~='.-:'~~tj~~) 

j . 
DO 10 I=I,N --
XII )=XI I ) .. HI 10X"'1 
GO TO 11 
F=Fp 
Do 12 1=1, N 
G(l )=HII) 
IF(OGDX.GT. 0.00) 

. GPX=GPDX 
Z='t.Do 

1::-:: _ .. - STEP=Z*STEP 
. -

GO to 13 
~. '"~~~~-~~:~--~ I __ -E rG P Q X ,_ LT· •• 500 .. G D·X]~~·-;·$ T. E ~-_~_Z-_,{lO~'~S~fr~~l~~-~~-;;~~~·:?J~~~~~~~~¥~~-~~~-~-~--:~-}~~-f-~f~~~ -- -... ---- - -----·ffG-HO--G:: O-~ 0-0 -- - - .. - ------~---------------~-~----.-.--- .. - .-.-- ... "- .. ---- .. 
~-"~::C::=~cDO.::~=tS:1 = 1 , N 
-c:~-=:-':Z=O::~DO c. . . 
:c.::c.=:c~l~J~=I:t-I~f~l':,:· 
~~=:-:-..:.:===rf::(T·; E-(f.l) GO· T 0 

c~~-=::~:c~J-l~T~~lc:-':-~ "C 

- --'-::=-D O::={g-j = 1 ,- I 1 

",:,: .':,o:~:~ZEZ+I1Tt;:,l '.HJIOG+ J 
of> -.- .. ~-'':- ·-:':f:;:.f~'T';T+-N ;;;'j-:::'''-=''=-- --.--.--::=:: :: .. ' -- :: __ :_:.::~'-._:c .• c: ___ c __ :: --:: 
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