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ABSTRACT 

In the present study a finite element Galerkin method is presented for the solution of MHD duct flows. 

The electromagnetic theory is used to derive the body force term in the Navier - Stokes equation and the 
ohmic dissipation term in the energy equation. A computer program is set up to solve the finite element 
formulation of these equations in the case of steady, incompressible, fully - developed flows in ducts with 
arbitrary cross-section. 

In this study, applications to rectangular duct geometries with ideally conducting and insulating boundaries 
are considered. Comparison of the results provides a good agreement with the other approximate and exact 
solutions found in the literature. It is observed that in flow of electrically conducting fluids, magnetic field 

. applied in transverse direction retards the flow, inducing electric and magnetic fields in the fluid_ 

Recommendations towards improvement of the model and for general MHD flow problems are given for 
future research. 



()ZET 

Bu ~ah~mada MHD kanal akl~1 ~oziimleri i~in bir sonlu elemanlar, Galerkin metodu sunulmaktadlr. 

Navier - Stokes denklemlerindeki govde kuvveti ve enerji denklemindeki ohmik yaYllma terimleri, elektroman­
yetik teori kuIlamlarak elde edilmi~tir. Bu denklemlerin sonlu elemanlar ifadeleri, silrekli, slkl~tlnlamaz, til­
miiyle geli~mi~ durumlarda, herhangi bir kesite sahip kanallardaki akl~lar, geli~tirilen kompilter programlyla 
~oziilmii~tiir . 

Bu ~ah~mada, duvarlan miikemmel i1etken ve miikemmel izolator olan dikdortgen kanal geometrilerine uygula­
ma yapllml~tlr. Sonu~larm kar~lla~tlnlmasl Iiteratiirdeki diger ~oziimlerle iyi bir uyum i~inde oldugunu gos­
termi~tir. iIetken slvllann akl~mda enine uygulanan manyetik alanlann akl~1 yava~lattlgl, akl~kanm i~inde 
elektrik ve manyetik alanlar olu~turdugu gozlenmi~tir. 

Modelin geli~tirilmesi ve genel MHD akl~ problemlerine yonelik gelecekteki ara~tlrmalar i~in oneriler veril­
mi~tir. 
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NOMENCLATURE 

a: height of the duct 

B: magnetic field 

c: specific heat at constant volume. 

e: internal energy. 

E: electric field. 

f: right - hand-side matrix. 

h: length of an element. 

H: magnetic field strength. 

Ha: Hartmann number. 

J : current density. 

k: stiffness matrix, height to width ratio of the duct. 

K: nondimensional electric field. 

Ko: permittivity of vacuum. 

L; characteristic length of the duct, natural wordinates. 

n: unit normal to the boundary. 

N: element shape function. 

p: pressure field, charge of a single particle. 

P: nondimensional pressure gradient. 

q": free charge density 

Qem: rate of electromagnetic energy 

T: temperature field 

u: x - component of velocity vector. 

u: average velocity. 

U: nondimensional velocity. 

w: width of the duct. 

Y : height of the duct. 

z : width of the duct. 

/J.: area of an element. 

u: viscosity. 

u: permeability of vacuum. 

t.,: nondimensional coordinates. 

1(..: thermal conductivity. 

¢: conduction parameter. 

tI: electrical conductivity. 

t= density of the fluid. 
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Part I. INTRODUCTION 

Magnetohydrodynamics (MHD) can be regarded as the combination of fluid mechanics and electromagnetism 
with the most essential application in MHD method of electrical power generation which is the direct conver­
sion of thermal energy into electrical energy. Apart from power generation a few examples of applications are: 

1. Electromagnetic pumping of liquid metal coolants in nuclear reactors and metallurgical industries. 
2. Pumping of propellant gases to obtain high specific impulses for interplanetary flight. 
3. Controlled thermonuclear fusion by confining hot ionized deuterium away from walls. 
4. Affect the airstream at hypersonic flights for purposes of thermal protection, propulsion or control. 
5. Magnetically - controlled lubrication by conducting fluids. 

In MHD generators a moving conducting fluid replaces the copper windings in the conventional electrical 
generators. When this conducting fluid is co used to flow in a duct through a transverse magnetic field, and 
if electrodes are placed along the sides of the duct, electrical power can be extracted from the system. 

The conducting fluid for MHD generation may be a liquid metal or a hot ionized gas. The latter method is 
more efficient for the conversion of energy in commercial applications. 

The basic idea of MHD generation was reported about 1830 by Faraday who performed experiments with 
moving mercury streams. The first serious attempt at engineering utilization of MHD was made by Karlovitz 
(1) in the period 1936-1945, while other scientists such as Williams and Hartmann (2) performed simple 
experiments on the flow of conducting liquids in the laboratory. The emergence of MHD is marked by Alfven 
(3) who has discovered Alfven waves. 

The first large MHD generator is designed and put into operation in 1963 by the Avco-Everett Research 
Laboratory, known as Avco Mark V, which produced 32 megawatts of electrical power for a few seconds (4). 

There has been a continued and determined effort to develop MHD generators for both commercial use 
and special applications. In the last decade, several scientists and engineers have been investigating performance 
of MHD generators. Aspnes (5) et al. have simulated an overall MHD steam electrical power generating plant. 
Sodha (6) has investigated factors affecting power output of an MHD generator and discussed boundary layer 
effects. 

Hara (7) et al have optimized the shape of MHD generator channel in relation to its performance by three -
dimensional finite element analysis. 

In MHD generators, the problem of duct flow in a transverse magnetic field is of practical interest, yet a 
difficult analytic problem. It has been formulated by Shercliff (8) in 1953 for two-dimensional fully developed 
flow. In 1961, Chang (9) has formulated and solved MHD duct flow for a parallel sided duct and a perfectly 
conducting rectangular duct. The problem of duct flow with arbitrary conductivity is solved by Ihara (10) 
for circular pipe and by Chu (11) for rectangular ducts. Tani (12) represented an alternative approach based 
on a variational principle, further he obtained boundary-layer-type solutions· by minimization of the variatio­
nal integral. A wealth of investigations have been carried out to reveal various aspects of MHD flows. Some 
of the more outstanding of these are mentioned in the following. 
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Oliver (13) et ai, have examined some phenomena of interest in MHO channel flow at high interaction and 
predicted resulting electrical distributions. Trung (14) studied one-dimensional MHO Faraday generators and 
indicated general trends in operating characteristics. Miyata (15) has performed experiments on performance 

. of linear Hall MHO generators with high interactions. Gherson (16) et ai, have studied analytically the 
efficiency improvement in liquid metal MHO generators by reduction of the electrical and loses. Asinovskiy 
(17) et aI., have investigated the efficiency obtained in converting the chemical energy of a condensed explosi­
ve into electrical energy in a linear explosive MHO generator. Sodha (18) et aI., have evaluated the generator 
performance in the presence of inhomogeneities cdused by growth of ionization instability and velocity I 
temperature boundary layer. The effect of boundary layers was also presented by Scheindlin (19) et aI., 
from the experiments performed with argon-potassium plasma. Kirillov (20), Biberman (21) et aI., and 
Zaporowski (22) et aI., have treated the heat transfer from plasma to the walls of the generator. 

I n the present study, one and two-dimensional MHO duct flows are solved numerically by the finite element 
method. As examples to one-dimensional flows, Hartmann and Couette flows are treated and finite element 
solutions are compared with exact solutions (23). For the two-dimensional cases, square and rectangular duct 
flows are solved and are compared with solutions available in literature obtained by other methods such as 
finite differences (11) and Fourier series (23, 11). 

The continuous and discrete formulations of the problems are presented in the second chapter. The third 
chapter gives a discussion of the results and comparison with available solutions. A detailed derivation of the 
equations with a review of electromagnetic theory and finite element method and the computer program 
is given in the appendix. 

v 



Part II. DESCRIPTION AND FORMULATION OF PROBLEMS 

1. One - dimensional duct flows 

The problems considered are tlte classical examples of MHD flows; steady flow of incompressible. electically 
conducting fluid with uniform applied· magnetic field. Formulations and exact solutions will be given for 
Hartmann and Couette Flows. • 
In the first section. lite magnetohydrodynamic equations will lIe formed and nondimensionalized. and in the 
second section. the equations will be discretized by Galer/lin method. 

a. Continuous formulation 

Consider fully developed fluid flowing in a duct as shown in Fig. 1. 

u 

B 

insulating 

Ill.[========..ull conducting 

Fig. 1. Channel geometry for I-D flows 

,. 

It is further assumed that W'? a so that there is no variation of any quantities along x and z-axis except 
pressure. 
With the above assumptions. Navier - Stokes equations reduce to (appendix A), 

O=;:- (U) 

0=-

0=-

Maxwell's equations become: 

aHz aH. 
-=0 ~=J Jy=O 
ay ay z 

(1.2) 

~= ~=~=O 
ay azay 

(1.3) 

and ohm's law: 

J;= 0'( ~ + U ".,.. ~) (1.4) 

-1-
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From y and z components of Eqs (1.1), it can be shown that: 

a2 p a2 p 
-= - =0 
axay axaz 

• therefore, ap/ax is constant and x-component of Eqs (1.1) are decoupled. Substituion of Eq. (1.4) into Eq 
(1:1) yields: 

0=-

This equation can be cast int'! a nondimensional form by introducing the following variables, 

u = u/IT '1- =y/a 

p= 

/;=x/a 

K= EjliB 
ax ./l IT 

where, Ha is known as the Hartmann number_ Thus, Eq (1.5) becomes: 

(1.5) 

(1.7) 

Hartmann and Couette flows differ with boundary conditions. In Hartmann flow, walls are stationary, 
i.e, 

U(l) = U(-l)=O 

The exact solution to Eq (1.7) with Eq (1-8) is (23); 

p 
U= [-tK] 

Ha 

ch Ha'l. 
[ -1] 

ch Ha 

In Couette flow, the upper wall is moving with a constant velocity Uo as shown in Fig. 2 

--t-f~-'U 
t ... x 

Fig. 2 MHO - Couette flow configuration 

Hence,the solution to Eq (1.7) with 

U (0) = 0 U (1) = 1 

-2-
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(1.9) 

(1.10) 



is as follows (23); 

U==- 2 ( 2 ch I-Ia "l sh Ha 1t 
+ [ 1 + l-Ia2 K I-Ia + P}l 2ch Ha + 2sh Ha 

where, U == u I Uo 

b. Finite Element Formulation 

Applying the Galerkin method to Eq. (1.7) 

d2 U 
f N 1(-2- - UHa2 + C) d"l ==0 

d'l 
where, C == - (K Ha2 + P) 

Integrating the second - order term by parts, 

dN dU 
f (_I - +Ha2 N!-l-CN~dn TO 

d 1) d1J . ( 

Substituting the trial function of the form (appendix B); 
T 

u=t::!.!! 
the following system of algebraic equations for anelement is obtained: 

[k](u)==(f} 0 

Derivation of the equations is given in Appendix C. 

-3-
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2. Two· dimensional Duct Flows 

In the few cases of two-dimensional MHD duct flows found in literature, the cross sec'tions considered are • 
rectangular or circular. In this section rectangular duct flow.~ will be treated and the governing equations 
wili be discretized by Galerkin method. Derivation of the equations can be found in the appendix. 

a. Continuous formulation 

Consider flow through a rectangular channel as shown in Fig. 3; 

T 
y 11:...----=---0-..... 

f-- Z "I 

Fig. 3. Two· dimensional flow configuration. 

Assuming fully-developed flow, the governing equations arc: 

Navier . Stokes equatioris: 

0== -

op 
JzHxfo 0=- -+ oy 

0== -
op 

J~xfo Ol 

Maxwell's equations; 

~-=J 
ill y 

~=J 
ayZ 

oE z= ~ 
rly ill 

and Ohm's law: 

J yEy<T Jz= (I; -IJI.u HlO"' 

ilH 
--y_= 0 
Ol 

From Eqs (2.1)' it can be shown that op/ax is constant. Using Eqs. (2.2). 
a 02U a2 u . ~' 
~-W( -2- + -2) +}oHo" ox j oy ill uy 

-4-
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(2.4) 
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Eqs (2.2) can be combined to give: 

Equations (2.5) and (2.6) can be cast into the following nondimensional forms; 

a 2H a 2H Ha au 
--K + _-21 + 0 
ay2 az l k ay = 

a 2u a2u Ha aHx --+ --+ --=-1 ay2 az2 k ay 

where, 

k = Yo/"{, 
, 

z = z/"{, y = y/Za 

r Z2 (-
ap -1 

u=uJi -)] 0 ax 

2 V (J'. ap-l 
~= HJ ZO -;u:- (-a-)l 

- x 

Ha = HoYoV ;;. 

Assuming constant wall temperature, energy e!1uation can be written as; • 
a

2 
T a

2
T 1 il~ 2 a~ 2 

G( - + -)+ -;;:;- I( ---) +( -)]+ 0=0 
ayl. azl 

v ily az 

where, 

th au 2 au 2 ",=,r ( ay) + ( a;-) 1 

Eq (2.10) can be nondi~ensionalized as; 

a 2 T aHx 2 a I{. 2 iJu 2 au 
-az2 + ( ._) +( ---1 + (-) +( _)2 =0 ay az ay az 

with the boundary condition: 

T=O on S 

where, 

The most general boundary condition on the magnetic field isl : 1T 1; 

a~ + ~ H =0 
an x 

on S 

(2.6) 

{2.7} 

(2.9) 

{2.10} 

(2.11 ) 

(2.12) 

(2.13) 

where, dI is the cQnduction parameter defined as the ratio of fluid conductivity to the wall conductivity. For 
the extreme cases, I.e; ._ 

-5-



Perfectly conducting walls: ~ -+ 0 

on S (2.14) 

Perfectly insulating walls; ¢->oo 

on S (2.15) 

The system of partial differential equations, Eq (2.7) and Eq (2.8) are solved with Eq (2.13) and the no-slip 
boundary condition; . 

u = O· on S (2.16) 

b. Finite Element Formulation 

Applying Galerkin method to Eqs (2.7) and (2.8), 

If!\\ [ 
au 
-1dydz =0 

• ay 
(2.17) 

ilH . 
_x+ 11 dydz = 0 
ay . 

(2.18) 

The second-order terms impose unnecessary continuity requirements. Thus, using Green's theorem, Eqs (2.17) 
and (2.18) become; . 

aN ~-+ ~ aHx_ Ha au al-lx ds =0 JJ ( ~ - N --)dydz-JN (2.19) 
ily ay az ilz k ' ily I an 

aNI au aNI au Ha ilH x au 
(2_20) JJ --+ --- -- N. --- N~ dydz -J N -ds=O 

ily ay az az k ' ily I an 

Eqs (2.19) and (2.20) can be written for every node i: It should be noted that the surface integrals do not 
contribute anything to the governing equation at the internal nodes~ When the node i lies on the boundary, 
then ,the surface integrals will be treated according to the physical boundary conditions: 

case 1 : 

case 2: 

If nodal values of u and H are prescribed at node i , then ith equation in (2.19) and (2.20) 
are not formed, therefore, the surface integrals are not needed. 

If the normal derivatives of H are given at node i, then the surface integrals will be evaluated 
in Eqs (2.19) and (2.20). 

-6-
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For the two cases, from Eqs (2.11), (2.12) and (2.13), the surface integrals will not be needed. Using a trial 
function of the form; 

l\== NJ-IJ u=NpJ 

Eqs (2.19) and (2.20) become; 

[k](H) + [k](u) == 0 

[kHH) + [kY(u) == (f) 

The evaluation of the integrals to form element equations are given in Appendix C. 

Applying the same procedure to energy equation, Eq (2.11) becomes, • 

(2.21 ) 

(2.22) 

.'" 

If ( 
aT aN, --+ -
ay . az 

aT aT 
- -- N, YH'ilH + 'i7u'ilu n dydz - f N,- ds= 0 (2.23) 
az an 

Since the wall temperatures are prescribed, the surface integrals will not be needed. Using Eqs (2.21) with, . 

T == NT J (2.24) 

Equation (2.23) can be written as; b 

[k ](T) == (r) (225) 

where 

(2.26) 

Since the energy equation is decoupled from equation of motion, Eq (2.25) can be solved seperately from 
Eq (2.24) with the known values of u and H. 

-7-



Part III. RESULTS and DISCUSSION , ... 

1. One. dimensional duct flows 

One. dimensional Couette and Hartmann flows have been solved for various Hartmann numbers. 

Fig. 4 shows the calculated velocity profiles of the :~artmann flow for various values of Ha. These profiles 
are constructed by using nondimensional parameters. The non dimensional velocity is expressed in terms of a .' •• 
normalized velocity as u/f (Ha, K, P), where f(Ha, K, P) is a function of Hartmann number, pressure gradient 
and the parameter K, given by Eq (1.12). 

Each profile indicates an excellent agreement between the present finite element solution and the exact 
solution (231 

n 
1.01~~=:::::::----------"""--o -=-ex:':"o:':c::t----, 

0.5 Ho:8 Ho=5 

0.0~=:::::::::::---~------:-1~0------:'0~15 
0.0 0.05 o. . 

Fig. 4. 

u/f(Ha,K,P) 

Normalized velocity profiles for Hartmann flow, as calculated by 
the present method and the exact solution [261. 

The slowing effect of Ha can be easily observe~. This is due to. the f~ct that in fl?w o! co~ducting fluids 
through transverse magnetic field, electromagnetic body force Will act m the opposmg direction and retard 
the flow. 

-8-



Figs: 5 and 6 s~ow t~e velocity profiles of the Couette flow for various values of Ha with zero pressure 
gradient and with different values df the parameter K, corresponding respectively to short And open-circuited 
cases. i . 

! 
The results are in good agreement with the exact·solution as in Fig. 4. 

I . , 

o exact 

9,Ln----~=:~~~n~.n----~----, --~'D 
I U U 

Fig. 5. Velocity profiles for Couette flow with the 
parameters P:O, K:1. Fig. 6. Velocity profiles for Couette flow with the 

parameters P:O, K:O. 

.. ' 

The slowing effect of Ha is again apparent in both cases, but the profiles corresponding to K=l appear to be 
more sensitive to Hi!. i 

i· '. i 
Fig. 7 shows the calculated flowrate of the Hartmann flow as a function of Ha. The nondlmensional flowrate 

. is normalized with the flowrate at Ha=O. It is noted tliat flowrate decreases very rapidly until Ha!:5 and drops 
to negligible proportions for Ha>10. 

-9-
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1.Or-------------.... 

Q/a., 

• 

o.oL~ _ _===~:::::====d 
0.0 10.0 Ha 20.0 

Fig. 7. Normalized f10wrate versus Hartmann number. 
~o is the fiowrate at zero Ha. 
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2. Two-dimensional duct flows 

Results have been obtained for square and rectangular ducts with perfectly conducting and perfectly 
insulating walls for various values of Ha. 

Figs. 8 and 9 show the nondimensional velocity contours and profiles at ce'1ain cross-sections of the duct 
at zero Hartmann number, for square and rectangular ducts, respectively. It can be seen that velocity is 
maximum at the center and decreases·towards the walls. 

Fig. 

A 
I 
C 

I 
B 

• 

8. (a) Velocity contours for square duct 
calculated by the present method 
and the fourier series [23] at Ha:O 
for different mesh sizes .. 

n: 200 
--ne:128 
-.-n: 32 

o fourier series solution . 

cc 

01 0.4 
u 

02 0.4 QD 02 U4 00 
u u 

(b) Velocity profiles at certain cross 
sections of the duct at Ha:O. 

There is a good agreement between the present finite clement solution and the fourier series solution [26], 
the error decreasing with decreasing mesh size, shown in Fig. 8 (a). This is also illustrated in Fig. 10, in which 
the relative error in the Inaximum velocity is plotted versus total number of nodes. It is seen that there is a 
rapid convergence to the· exact solution with increase in the number of.nodes. 

-11-
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" 

"-

c-c to.-to. 

I I 

u:O.o5 

u= 

~ 
.. u:0.10 

•• 

.. 
O.OL------------:"1D~--:....-----"'----~ZD 

no ~ 
I 

Fig. 9. (a) Velocity cont.ours for rectangular duct. 
( 

• 

1.0 

y y 

(1', 

°UlI (lOB OJ} 

u u 

(b) Velocity profile at the certain cross s('ctions.; 
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I Fig. 
i 

.. 

I' 

~O~------------------------------------------------------~ 

•• 

2.0 

1.0 

O.O'----"-----a.---~---'---.--I.------25 75. 17S 175 
node 

Fig. 10. Relative error in maximum velocity versus number of nodes. 

Fig. 11 shows the calculated nondimensional contours and profiles for square duct at Ha=O. Due to symmetry 
of the contours, only one quadrant of the duct is shown. The figure indicates that maximum temperature 
occurs at the center of the duct which is due to the fact that viscous dissipation is maximum at the centerline. 

y 

1.0,......------------...., 

o.~ 

OO~--------~~----~~--~ Oli 

11. (a) Temperature contours at zero Ha. 

cc 

1.0 

y 

ot., 

O~~O~---~O~l---~~-

AA 

1.0 

y 

QO!-=-____ ~'--

OD 0.1 

Results for nonzero Hartmann numhers are presented in two categories corresponding to the extreme cases 
of perfectly conducting and insulating boundaries. . 

-13-
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i. Perfectly conducting walls: 

Figs. 12 and 13 show the velocity contours in one quadrant of the duct at Ha =0.001 for square and rectangu­
lar ducts, respectively. Since the contours are symmetric, only one quadrant of the duct is shown. Also shown 
in these figures are the contours for Ha=O as copied from Figs. 8 and 9. Comparison of profile shapes indicates 
that MHO distortion of velocity profile is riegligible at very small Hartmann numbers. 

v 

y 

1.0r---------------, 
ODS 
0.0738 ----------
0.17 

0.11.75 ------ -- ... _-

0.5 

-- --

"-
"-

" , 
\ 
\ , 

\ 
\ 

\ 

, , , , , , , 
I 
I 

.. . 

Fig. 12. Velocity contours for perfectly conducting square duct 
at Ha: 0.001. Dashed lines are contours at Ha: O. 

r',.--------.:.-------~------I 

,. I'1n (l 

--- 11'1' (1.0(11 

---

'1·,L-------:--:.---~-";;'7"--L--:----L.-L.----1'ilJl 
'r c' 0', 

7 

Fig. 13. Velocity contours for perfectly conducting rectangular duct.' 
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05 
y 

02 5 

u:0020 
II 

u:Cl028 

A 

o fourie 

A lin.dill. 

o • 

U5 1.0 
z 

j • 

c-c 

10r---­

y 

0: 

A-A 

U0I5 
u u 

Fig. 14. (a) Velocity contours for perfectly conducting square duct at Ha: 6 as calculated by the 
present method finite differences and Fouries series [111. 

(b) Velocity profiles at certain cross sections. 

O.l';)f"--__ 
! 

1I~0.005 y 

. . . 
1)- 0.010 

! . . . . 
• (OOrSI' ml'sh 

& .. 

.. .. 

• . 
0 

0." 1.0 OOQO~--~~ __ ~~~~ 
000<; Q010 00 

z. 

Fig. 15. (a) Velocity contours for perfectly conducting rectangular duct at Ha:5. 
(b) Velocity profiles at certain cross sections. 

Figs. 14 and 15 show the calculated velocity contours and profiles at Ha=6 and 5, for square and rectangular 
ducts respectively. Fig. 14 (a) indicates a good agreement between the present finite element solution and 
other solutions by the Fourier series and the finite difference methods [111. 

Comparison of Figures 14 (b) and 15 (b), respectively, with Figs. 8 (b) and 9 (b) illustrates the extend by 
which flow is retarded and profiles are flattened with increase in Ha. ' 
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Figs. 16 and 17 show the nondimensional induced magnetic field lines for square and reCtangular ducts. It 
is seell that the constant magnetic field lines which are the current lines extend all the way to the walls of 
the duct due to the fact that the walls perfectly conducting, so that the current flows through the fluid and 

. returns from the walls. The present solution is again in good agreement with finite difference solution [111 
shown in Fig. 16. • • 
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Fig. 16. Constant induced magnetic lines at l-Ia:6 for perfectly conducting square duct. 
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Fig.17. Constant induced magnetic field lines at. Ha:f) for perfectly conducting 
rectangular duct. 
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Figs. 18 and 19 show the calculated temperature contours at Ha=6 for one quadrant of square and rectangular 
ducts. The maximum temperature still lies on the centerline of the duct and decreases towards the walls. The 
figures :ndicate a decrease in temperatures in comparison to values at Ha = 0 (Fig.11). This is due to the fact 
that viscous dissipation is dominant over the ohmic dissipation for reasonable values of Ha and it decreases 
as the flow is retarded. 
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Fig, 18. Temperature contours at Ha:6 for perfectly conducting square duct. 
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F ' 19 Temperature contours at Ha:6 f,or perfectly conducting rectangular duct. Ig, " 
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(ii) Perfectly insulating walls: 

Fig. 20 shows the calculated nondimensional velocity contours at Ha = 5 for square duct. Since the walls 
are now perfectly insulating, the velocity field is less affected by the magnetic field than in the case of 
conducting walls. This can be seen by comparing Fig. 20 with Fig. 14. The figure also indicates a good 
agreement between present solution and Foutier series solution [261. 
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Fig. 
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20. Velocity contours at Ha:5 for perfectly insulating square duct as . 
calculat.ed by the present method and the method of Fourier series. [231. 
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Perfectly insulating walls cause current lines to from close loops in fluid. 
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Fig. 21. Induced magnetic field contours at Ha:5 for perfectly insulating square duct. 

fig. 21 shows the constant induced magnetic field lines at Ha = 5 for square duct. The contours indicate a 
good agreement between present finite element solution and the fourier.series solution. 

fig. 22 shows the temperature contours at Ha = 6 for square duct. Comparison with fig. 18 reveals that 
the profiles are less affected in insulated duct. 

In fig. 23, temperaturep~ofiles along the centerline of the square duct is shown for various values of Ha. 
flattening of the profiles for increasing Ha is dueto decrease in viscous dissipation. 

Comparison of the results for perfectly insulating and perfeCtly conducting walls is given in figs. 24 through 
29. 
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22. Temperature contours at Ha:6 for 
perfectly insulating square duct. 
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Figs. 24 and 25 show the calculated velocity profiles along the centerline of the channel for various' values 
of Ha, for square and rectangular ducts, respectively. I t is observed that electromagnetic field exerts a 
greater effect in the case with conducting walls. 

0.. 
" 
" \ ' 

.. 

y 
~~" --conduct:ng 

\ , 
\ , - - conc1uc!ing 

_ insulal i ng 
." .. 

Y \\ " - insulating 
, , 

\ \ , 
.... \ 

, 
\ \ , \ , 

\ 
\ \ , 

\ 
, 

'; \ , \ .\. , 
I \ , , , , , , 

OJ<: 
, , , \ I , , I \ , , 

0.5 , , 
\ \ I \ , 

la,S: 25\ s6~ 
, 

~5\ '5 , , \ , , 
I \ I , , 

I 
I 

, 
I , , , 

I 

0.°0.0 0.0£ 
000.0 0.1 02 

ub 

0.12 
u 

Fig. 24. Velocity profiles along centerline of the square duct. Fig. 25. Velocity profiles along centerline of 
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boundaries, i.e. perfectly insulating walls para"el to the magnetic field and perfectly conducting wall perper­
dicular to it are also shown· for comparison. It is seen that there is a rapid decrease in maximum velocity for 
increasing values of Ha. 

Fig. 27 shows the maximum velocities for rectangular duct for the perfectly insulating, perfectly conducting 
and mixed boundaries asin the above. It is observed that the velocities are more readily affected than in square 
duct. The figure also shows that the conductivity of the side walls has negligible effect on the maximum 
velocity unlike the square duct (Fig. 26). 
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Fig. 26. Maximum velocity in the square duct 
lTors% WR,tmann-number for 1. perfectly 
insulating, 2. perfectly conducting walls 
perpendicular to applied magnetic field, 
3. perfectly conducting walls. 
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Fig. 28 ~hows the calculated maximum temperature versus Hartmann number in square duct for perfectly 
insulating and perfectly conducting walls. The profiles are constructed by using temperatures normalized • 
by the maximum temperature at Ha = O. 
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Fig. 28. Normalized maximum temperature versus Hartmann number 
for square duct. 

Fig. 29 shows the flowrate normalized with the value at zero Ha, as a function of Hartmann number. 
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Part IV. CONCLUSIONS and RECOMMENDATIONS 

A computer program has been developed to solve MHD duct flows by the finite element method. 

The applicability of the model has been shown by solving a few example problems, the results being in good 
agreement with other exact and approximate solutions. 

The problems considered were one and two - dimensional fully developed duct flows under transverse 
magnetic fields that have practical importance in applications such as MHD generators. From the results of 
the model, following conclusions can be drawn: 

1. In flow of electrically conducting fluid under transverse magnetic fields, the magnetic body force retards 
the flow. . 

2. The velocity profiles flatten as Hartmann number increases due to electromagnetic body force. 

3. Temperature of the fluid is increased by viscous and ohmic dissipations. HO\VJlver, as Hartmann number 
increases, viscous dissipation dominates over ohmic dissipation. Thus, as the flow is retarded, temperature of 
the fluid decreases with decrease in viscous dissipation. 

4.ln all cases the applied magnetic field affects the flow. However, the effect increases as the wall conductivity 

Following can be recommended for future work on MHD flow solutions; 

1. In the present applications, the walls of the ducts were either ideally conducting or ideally insulating. 
However, for a more realistic problem, walls with finite conductivity should be considered. 

2. The model can be extended to solve flow over bodies or developing duct flows. In this case a modification 
should be done to include the nonlinear terms in the governing equations. A simpler solution to this difficult 
problem can be obtained when the induced field effects are negligible in comparison to applied magnetic field. 

3. For applications involving high velocities such as ion accelerators or electrical propulsion e.t.c., 
compressibility effects should be considered. In this case, Navier - Stokes and energy equations are coupled. 

4. A three - dimensional analysis should be carried out for applications such as hypersonic flights. Because 
of the high speed of the missile or reentry vehicle in the atmosphere, the air may be heated by the boundary 
layer to a temperature at which the gas is ionized. By applying magnetic field, skin - friction can be affected. 

5. The accuracy of the finite element solution can be improved by using a finer mesh structure. However, 
this will require a larger computer storage. 

6. In order to generalize the computer program, an automatic mesh generation scheme [29] should be adopted 
so that the model can be applied to irregular geometries more easily. 
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APPENDIX A 

Review of Magnetohydrodynamics 

MHO differs from ordinary hydrodynamics in that the fluid is electrically co~ducting. It is not magnetic but 
it affects a magnetic field by electric currents flowing in it. The fluid conducts because it contains free charges 
(ions or electrons) that can move indefini!ely, but it may also be a dielectric and contain bound charges 
which can only move a limited extent under electric fields. As a consequence of this ability to conduct •• 
electricity, the electromagnetic field will give rise to two principal effects: Body forces acting on the fluid 
will be created and energy will be exchanged with the fluid. Then, for an incompressible fluid, Navier --Stokes 
and energy equations are; 

Ov 
p --- == ~'ilp + JJ. 'il2 J. + £ 

Ot / 
(A.1) , 

o 1 
; ~ (2-.Y:Y + e) == - ~'9- + Qem + visco (A.2) 

where, 

!;gravitational and electromagnetic body force field. 

Qem; rate at which electromagnetic field is dOinl; work on the charges. 

In deriving the additional terms in equations (A.1) and (A.2),' the electromagnetic theory is to be reviewed. 
Since the velocities are much smaller than the speed of light, nonrelativistic theory will be discussed. 

A charged particle is mainly subjected to three kinds of forces; 

1. It is repelled or attracted by other charged particles, the total force on the particle per unit of its charge due 
to all the other charges present being the electrostatic field E~ From Coulomb's law, 

curl €,== 0 (A.3) 

therefore, it can be expressed as the gradient of an electrostatic potential, . 

E== -'ilCP -, ~ 
(A.4) 

It follows that in regions where there is a net charge q per unit volume [24); 

div €,== q/Ko (A.5) 

where, Ko is the permittivity of vacuum. 

2. Charged particles in motion produce the phenomenon of magnetism which is described by the magnetic 
field ~.If a particle is moving with a velocity u, that it will be exposed to a magnetic force, .[8 per unit of 

its charge; 

(A.6) 
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3. If the magnetic field is changing with time, then per unit of its charge, a particle will be subjected to an 
additional force Ii, the induced electric field, defined by; '. 

divI,=O 

and by Faraday's law; 

curl E,=-

The latter implies that 

or 

a . 
-(div B) =0 at .,... 

div ~ = C 

Actually there is a stronger condition on ~ [23] ; 

div B = 0 

The combined electric fieldE, is then given as; 

It follows that, 

curl ~ = 

div E= q/Ko 

The total force field is obtained by superposing electric and magnetic fields; 

f=E+uxB - --- ,..., ,...., 

This is called the Lorentz force. 

(A.7) 

(A.8) 

.~ 

(A.9) 

(A.10) 

(A.ll) 

(A.1'2) 

(A.13) 

(A.14) 

To describe the situation where there is a spatial distribution of moving charges we need another vector J. 
the current density, which includes the net flow of all charges. For nonmagnetic materials the magnetic fieW, 
current density and electric field are related by Ampere - Maxwell law; 

aE 
curl B/u.= J + Ko a-'"' ,. ~ . t 

where}Jt. is the permeability of yacuum. 

(A.1S) 
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The last term in Eq (A.1S) is Maxwell's contribution. 

Consider a conducting material containing positive and negative charged particles. Let a'particle of charge p 
have a velocity!!. Then net charge (free and bound) per unit volume is given by 

~p=q (A.16) 

and the net current density is given by 

~p.!!= 1 (A.17) ," 

Since the Lorentz force on a particle is p (E + uxB), the total force per unit volume is given by - -- . . 

Fem=qE+JxB 
~ -~--

(A.18) . 

In a stationary conductor, free charges drifting under the action of Lorentz force are also subjected to a drag 
force. due to collisions e'lual to ky, where k is .some constant for each particle. Neglecting inertia, force 
balance on each particle leads to 

Summing over the free charges in the element of conductor one writes; 

or 

where, 

E + txB/q = ~ ku/q 
,.., ,..., -' ,v 

Ic: conduction current due to drift of free charges 

q ; net free charge per unit volume. 

The right hand side of Eq (A.20) has been shown to be proportional to I [24], 

where,a' is the electrical conductivity of the material. 

(A.19) 

(A.20) 

(A.21) 

The term in Eq. (A.21) due to B is refered to as the Hall effect. If the free charges are electrons with charge -e 
and number density n; 

.s -Jx~/ne = lJrI (A.22) 

The Hall effect is due to the transverse magnetic force on the drifting free charges, which is negligible for low 
magnetic fields [26]. 
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when the conductor is moving at a' velocity J" the velocity of a particle is ,Y+!!. Summing ovet all charges, 

J = ~p (v+u) - ~~ 

where, J v ; convection current: q v 
1 c : conduction current dU';; to free charges 
lp : polarization current due to bound charges aE 

andf is dipole moment [23]. 
; 

Then the balance of forces on a free charge leads to Ohm's law; 

and due to motion of bound charges 

J = qv + (f (E + v x B) + -,- ..... - ,..., 

M H D A pproximatiol1s 

3f 
at 

at 

Order of magnitude analysis for low - frequency electromagnetism and MHD leads to; 

(A.23) 

(A.24) 

i. The ratio, curl ~/Jlo :Ko 3E/at in Eq (A.15) isof order B/Jlo d:KoEf (if Band E are typical magnitudes 
and d and f are length scale andfrequency), then using Eq (A.8); 

where, 

Curl f}/ J.1.o 

Ko 3£:/3t 

B/P-o d 
Ko Ef 

This ratio is very large and the Maxwell term (Ko aJ;/ilt) in Eq (A.15) is negligible unless the frequency is 
very high. 

Therefore Eq (A.15) reduces to: 

curl f}/jJ~ = ! (A.25) 

and furthermore, 

div 1 = 0 (A.26) 

Eqs (A.25) and (A.26) are Ampere's law and Kirchhoff's first law respectively. 
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iLlt is noted in Eq (A.13) that total charge de,nsity q is of order,­

q ~ Ko E/d - 1<0 Bv/d,-

thus the convection current is of order 

while from Eq (A.25), the total currentis of order 

consequently, 

and thus it can be neglected. 

Furthermore, the polarization current is also of the order of Ko aJ;:/at [231, therefore, the conduction current 
in Eq. (A.23) can be replaced by the total current: 

(A.27) 

iii. The relative order of magnitudes of the electric and magnetic components of the body force in Eq (A.18) 
are as follows: 

q~ 

JxB 
~ -

therefore, qE in Eq. (A.18j'can be neglected. 

With these simplifications, the resulting equations are; 

cUrl!}/)1o =.1 (Ampere's law) 

J = cr(E + v xB) (Ohm's law) 
I"w ,... ...... ,.... 

and the body force on the charged particles; 

Fem = J x B 
~ ~ ~ 

Hence, Navier - Stokes equations in the absence of gravitational forces becomes; 

Dv 
P .~ =- Vp +)..IJ v + JxB Ot . -.J /. V"oI _-

(A.28) 

(A.29) 

Since charges within a material move under the action of electromagnetic forces, colliding and exchanging 
energy with the rest of the material, electrical work can be done on or by the material. A single particle of 
charge p, moving with a velocity u, experiences the Lorentz force, p(~+.!!x]), which does work on it at a rate: 

dW . 
- = p{u.E) + pu. (uxB) 
dt rJ - - --

(A.30) 
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The second term vanishes because the force is perpendicular to the motion. Then, summing over such charges 
in an element, the electromagnetic field does work on the charges at a rate • 

Qem = (~p~). g 
(A.3l ) 

per unit volume of the element. From Ohm's Law, Eq (A.27) 

(A.32) .. 
Hence, 

Qem'= J.J fa' - J.(vxB) -.-.... ,..., ,....-
(A.33) 

= J.J fo'+ x. (JxB) ,........ -- ....., 

The first term is the Ohmic dissipation and the sec~nd term is the rate at which electromagnetic force does 
work. ' 

Substituting Eq (A.33) into Eq (A.2), overall energy equation becomes: 

D 1 6 f . . 
0- (-v.v + e)= -V.q-rJ.J 0"'+ v.lxB + VISC. 

I Dt 2 -- ~- -~ ~ ~ 
(A.34) 

Multiplying Eq (A.29) with~, the mechanical equation is obtained: 

Dv 
~.( p -= +V p) = v. OxB) + v.v 2 V 

Dt - - - ~ 
(A.35) 

Subtracting Eq (A.35) from Eq (A.34), thermal energy equation is obtained: 

De 
p - = <P - V·q +1.J/ 0' 

Dt - - -
(A.36) 

where <I> is the viscous dissipation. 

Using perfect gas relation and Fourier heat conduction law, 

De DT 
= c -

Dt v Dt 
(A.37) 

q = -c~T (A.38) 

and defining magnetic field strength 

(A.39) 

and from Eq (A.25) 

J = curl BfJlo = cu~1 !:! 
.- -

one obtaines, 
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(A.40) 

b' 

Hence governing equations for MHO are derived which are summarized below· 
" , 

Navier· Stokes equations; 
•• 

(A.41) , 

Energy equation; 

Ohm's law: 

J = CJ' (E + v x 8) 
,.-.J - - -

with the Maxwells relations; 

curl t! = 1 
div t! = 0 

curl E = - a~ fat 

div g. = qfKo 

, ; 

(A.42) 

(A.43) 

(A. 44) 

The last equation is not riecessary for solving MHO. flow problems since charge distribution is of no interest. 
However, in some applications the effect of q should be. included [24]. In the present study, it will be 
ommitted. 
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APPENDIX B 

Finite Element Methods 

In the finite element methods the continuous problem is divided into finite number of elements such that 
the dependent variables are approximated over each element and hence over the whole domain. Thus the 
continuous problem is transformed into a discrete problem, solution of whtch yields an approximate solution 
for the domain [27,28]. 

The elements that discretize the domain are classified most generally into one, two and three - dimensional •• 
categories. In all these categories, a general trial function can be represented over an element as; 

u=Nu 
,-:J~ 

(B.1 ) 

where N is the shape function matrix and u is the element nodal vector. 

For a Lagrangian element there is only one degree. of freedom, i.e. one unkrown per node, and hence Eq 
(B.1) can be written as; 

u = [NIN~ ...•....•...•...•. Ns] • r~~ 
Us 

where 1,2, ................. s are node identifiers and s is the total number of nodes 

1. One - dimensional elements 
Let the solution domain discretized by linear elements, 

I 
U' 

x 

Fig. 30 One - dimensional element 

the trial function u will have the form over each clement 

where c and c .are constants. Evaluating Eq (B.3) on each node of an element; 

u1 =Ci+ C2 X'l 

u2 = C 1 + c2 Xz 

solving for crnd c2 

-A.8-
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c = ~~_llL~. 
X 2 - Xl' 

c= (8.4) 

Substitute Eq. (8.4) into Eq. (8.3) and rearrange, 

(8.5) 

Eq. (8.5) is of the form .. 
(8.6) 

where, 

(8.7) 

choosing a coordinate system peculiar to an element such that L I = 1 at X = Xl and LI =0 at X = x 2, 
namely natural coordinates, 

~ ____________ ~_________ x 

Fig. 31. Natural coordinates in one-dimension 

Hence, the approximation u across the element e can be interpolated as, 

Comparing Eq. (8.8) with Eq. (8.6) shows that the shape functions NI and N 2are given by 

The following relation is valid for natural coordinates 1281; 

J ",, L b 
"1 2 

a! b! ( ) dx = X - X 
(a+b+l)! 2 1 
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2. Two - dimensional elements· 

. Consider a typical triangular element with nodes j, j, m, 

y 

~ _______________________ x 

Fig. 32. A triangular element. 

The trial function for the element will be; 

(B.ll ) 

evaluating at each node of an element, 

(B.12) 

\ 

um= c1 + \~ xm+ c3Ym 
! 

The system of equations (B.12) will have a unique solution for c provided the determinant of the coefficient 

matrix does not vanish, i.e. ; 

1 x, Y, 
2 b.= 1 xJ YJ 

1 xm Ym 

'*0 

Solving for c 's from Eqs (B.12) 

1 
cr= 2b.(a, u,+ aJuJ+'\num) 

1 ' ) 
c2= 2b. (b, u, + bJ uJ + bm lln 

1 
c:f' . 2b. (c, u, + Cj u J + 'in um) 

where, 

others are obtained by cyclic permutation of the indices. 
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(B.13) 

(B.14) 
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Substitution of Eqs (B.14) into Eq (B.ll) results with the trial function: 

u= 

Comparing Eq (B.15) with Eq (B.l) 

1 
N, 2~ (a,+b,x+c,y) .. 
NJ 

1 . 
~ (a J+ bJ x + c JY) (B.16) 

N = m 
1 f 

~ (am+b",x+cmy) 

Introduce natural coordinates in two - dimensions, which are referred to as area coordinates; 

y 

x 

Fig. 33. Area coordinates 

the approximation u across an element becomes, 

(8.17) 

therefore, for the triangular element 

N1 = L 1; N2 = '-2; N3 = '-3 (8.18) 

it can be shown that the relation between cartesian and natural coordinates is given by [28] ; 

(8.19) 

Similar to Eq (8.10), the following relation holds for area coordinates: 

f ~ L~ L~ dO 
a! b! c! 2~ 

. (a+b+c+2)! 
(8.20) 
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3. Residual Finite Element Methods 

Consider a governing differential equation in the domain D which involves one dependent variable u and 
several independent variables x; " ' 

£ (u'x ) = 0 , J ' 

• 
Substitution of an approximate solution u will result an error, or residual R: 

by Eq (8.21)' 

(8.21 ) 

(8.22), • 

(8.23) 

In residual methods, the residual R in Eq (8.23) is required to be small, or the weighted integral over the 
domain is required to 

J w£{u;xddD=O (8.24) 

where w is the weighting function. 

Depending on the choice of the weighting function, different approaches can be rediscovered [27]. 

Galerkin Residual Methods 

In this method, the,weighting functions are taken to be the interpolation functions which leads in general to 
the best approximation among other Residual methods [25]. 

I I 

Galerkin method forces the residual to be zero by making it orthogonal to each member of a complete set of 
functions, i.e; 

IN, .C{u;xJdD =0 (8.25) 
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APPENDIX C 

Derivation of the element equations. 

Finite element discretization of the governing differential equations, lejlds to a set of algebraic equations 
Hence, for a particular element, 

[kJ(u) = (f) (C.l ) 
•• 

In the above equation, the stiffness matrix k and right hand-side f would contain domain integrals which 
could be easily evaluated by certain analytic expressions. 

In the one-dimens'ional formulation, the element equations arc of the form Eq (C.l), where, 

k = f( dN, 
dn 

f = C J N pn 

dN 
_1_ + Ha2 ~f\,j) dn 0 

dn 

Using linear interpolation functions, Eqs (C.2) and (C.3) pecome: 

k = J ( 
dL, 

dn 

Performing the integrals in Eqs. (CA) and (C.5) by using Eq (BolO), 

1 ' 
k 

h 

h 
f=C 

2 

where, h is the length of the clement. 

-1 + Ha
2
h

2 /6-1 

1+Ha2 h2 /3 

(Co2) 

(C.3) 

(CA) 

(C05) 

(C6) 

(C.7) 

For the two-dimensional formulation, a similar procedure can lie carried out. Eqs (222) can be combined 
in a single matrix equation for an clement; . 

[kJ(~) = (r) (C.8) 

where, 

( e.9) 
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and, 

f . = JJ 

ilNI aN, + aNI aN, 
f( (- ---' ~)dydz 
. ay ay az ilz 

Ha 
-JJ 
k 

N dydz 

Using linear interpolation functions and by Eq (B.20); 

i = 1,2,3 

f =.- 6/3 i = 1,2,3 

For the temperature field, we have a similar equation; 

where, 

[k1l (T) = (rt 

rf' JJN I[ HVNJVNJH +uV N?Nju[dydz 

= (c i cml·" b,J (HI Hm + U. U~,) /12/\ 

In the above, summation convention has been used. 
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APPENDIX D 

Computer Program 

The flowchart ot the computer program to solve the'system of differential equations (Eqs 2.7,2.8 and 2.15) 
is given with description of the subroutin'es in the following: 

INPUT: 

SMATR: 

EMATR: 

TEMP: 

TELM: 

OUTPUT: 

LEOTIF: 

Fig. 34. Computer program flowchart 

Reads input data and initializes the program. 

Calcu lates necessary coefficients to evaluate clement matrices, assembles element matrices 
calculated through subroutine EMA TR and finally inserts natural boundary conditions. 

Calculates clement matrices. 

Subprogram to calculate the temperature field. 

Forms clement matrices of the energy equation. 

Prints out the results. 

Solves system of linear algebraic equations. 

The listing of the computer program is given in the following. 

-A.15-
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c 
C 
C 
C 
C 
C 
C 

c 
c 
c 

... 
.... 

I 

---... ---~-~. - - .? "'-.. -_. . ... . .. ------ ··----···--··-·-··----·-·-·------,..--~-··-·-·i-·-·-'----~--

PARl\fvlETERN:;::6, M=3, ~JlJ=242, NrOI N:121, ~·JF~EM=20 a ' '. t 
Co.MMo.N/INP/NOD(NELFM,~)'X(NPOIN),Y(NP~IN),NPT(NN),NMP(NN)'VA~CNN) 
Co.Mfvl0N/El;EMT ISTE U'l[LEM rI-J, N) , SM (NN, NN) i, RR' (NELEM, N> , R( NN) , 
COMMON/SYST/ACM),8(M),C(M),UELTA 
C o.MMON/SYST2/BB (I-.JEU::t'1, jl.1) , CC (NELErll1, M) , DEL< NELEM) , 1\1\ ~ NELEM, t-l) 
COMMONI INP21 IPLOT' IPR IrJT, LIN, NElJMN, NpRES rT, 1-1 (10) ,NH 'HA, KCALL 
COMMON/EL2/H~(M),U(M) , . 
Co.MMON I TEMP. 
DIMENSIo.N WKAREA(NN) '[ , 
*********************************~.*** 
PROGRAM TO. SOLVE tvlHO FLOW PHOBLEMS8y 
FINITg ELEMENT MEtHODS 
* ********** **** .t*+ ***·f:+::.t *:+:* ** **,.. * ****,'f 

A, • 11 

INITIALIZE PROGF<AM A II 

CALL INPUT 
DO. UO I=i,NH 
KCALL:;O 
HA:H (,I) 

G.ENERt\TE STIFFNESS 1~IA1RIX 
i ; 

CALL SMATR 
IF (~IN-l) 60,50,50 

50 Co.NTINUE' 
I 

SOL¥ESYSTEM OF EQUI\TIONS 

CALL LEQT1F, 
GO TO. 70 

(SM, 1, NI'J, rm, R, 0, ~KARE~' IER) 
. , I 

60 CALL >ITERN 
70 CONTINUE 

CALL OUTPUT 

! ' 

IF (ItEMP.EO.O) Go. TO UO 
KCALL:'l 
CALL TEMP I ' 

80 CONTIN.U~ 
- --,.',-·-s-.'(op-·,-----:-· 

END 
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c 
C 
C 
C > 

C 
C 
C 
'c , 
c 
c 
C 
c 
c 
c 
C 

. , 
:. ;". :' ' 

, 

_._--- ..... - -~.---'--.. --

SUBROUTINE I'~PUT . '-.---: . 
PARAMETER N=6, M:::3, NI·J=2.£+2, NPOI N:::121 rI~ELErvl:t20 a , 
COMMON/INP/NOD(NELEM'N)'X(NfOlN)'Y(NPOIN)'NPT(NN)'NMP~~N)'VAL(NN) 
COMMON/INP2/IPLOT'IPRINT'LI~'NEUM~'NPRES'T'H(10)'NH'HA~KCALL 
COMMON ITEMP .:. ., ;' 
INTEG~R HEADG(80) 

READ~ ~NQ PRINTS INPUT DATA 

HEADG=HEAD I NG OF T HE PROGf~AM 
NDIM::DIMENSIOr~ OF THE PHOl3LEM 
LIN=1 IF PROULEM IS LINEAR 

:\ !, 

. ITEM~=iF I~O~~~~~~~TURE FIE~D IS- TO-U-F soJiTED -
IPLOT=1 PLOTS THE RESULTS i A 

... • J 

IPRINif::l ELEMENT STIFFNESS I).1ATRIC!:::S ARE PRII~TEO 
NEUMNpNODES ~JHER[, FLUX IS SPECIFI~D 
NPRES=NUM8ER OF PRESCRIBED NODES I 

~;~~1~~rN~oN~~g~~ RA Tl 0 OF_ ~HE _Due Tt~ __ ._. ___ .. 

READ(5,160) (HEADG(I),I=1,80) 
READ(5,lO) NDIM,LIN,ITEMP,IPLOT,IPRINT,NEUMN,NPRES 
READ(5,15) NH,T,(H(l),I=l,NH) , 
READ(5,20) (~, (NOD(l,J) ,J=l'M) d=1'I\jFLE/II1~ 
READ,(5,30) <Y(I),X(I>rI=l,NPOIN)' 
READ'(5,40) (NPT(r> ,VAL(!) rlFl,NPRES) 
REJ,\D q~.!110) (NMP ( I ) ,r =1' NEU~N) . I: 

I, 

C I: . A ' 

c... 8RINT!'OUTDATA .. I 
c •.•....••... ~~~i~,~~:~~~: (HEAOG (I l , 1=1, 8q-) , -----· .. -11-.- -:----- -- ------.- --~.--.------

WRI.TE(6'5.D) NPOIN '[ ! .•.• 
WRITE(6,60) NELEM 
WRI TE'( 6, 25) NDIM, L I r J ~ I TErvlp, I,PLOT 'iIPH I NT, NEUMN, NPRES 
WRITE(6,70)I I r I I 
WRITE.(6,80) , 

.. WRITE(p, 90) <I, x (I) , Y (r> d=t, NPOIN) 
WRITE1(6'100) - I , Ii 
.WRITE~6'110) . " - I, . 
WRITE;(6'120) (I,(I'JOO(~'J);J=1'M. )rI~l'NELEM) • 

...... , WRITE(6'130) il 
WRIT~!~'140)' .. I· 
~RITEj6J150) (NPT(J),VAL(I)'I=l,NPR ~) 

.. ,10 FORMAT(715) 
15' FORMAT (13, F7. 3, lOF5. 2) 
20 FORMAT(24I3)Cj 
~25 FORMAT(/1'5X~715) 1 

. ! 

30 FORMAT(22F3.1) t 
40 FORMAT(7(13,F7,2» , 

·50 FORMAT(/II/,lX',NUM~Ek OF N DES"I~) 
~b ~ORMA~(l*'~NUMBER of ELEMENTS,I5) 

,;:7.0 FORMAT( II/', lX; , x Ar,JU Y COORDI NA TES" /) 
80 FORMAT (lX, 17H NOD[ X Y, 2 (21H !'I' 

I . ~. j 

(-') 
-A. 1-7-
f i'/ 

NODE x 

I . 

y) ) 



" 

C 
C 
C 

i 
90 

100 
110 
120 
130 
140 
1~0 

160 
170 
lao 

FOHlVlf,T( (lX, 13,Fc).2,F7 .2.,~~( It",F8.2,F7 .2») 
F Of<fv\J\T(li\1,111/,1X"TriL [L01EIHS J\ND TIll11<' IJODES"/) 
FOfd.tJAT(lXdSHEU:<j·.£ J l"lr .. )(1611 LlJ::f'.~ I J r.1» 
F Of< iVlA T ( 1;\ , I:), 14 , 21:,> , Iu , 1 t\ , 21:3 , I (), 14 , ? 1:z, , I G , 14 , 2 1 2> ) . 
F OkMI\T(lHl,III/II'l/;,,!;(;\IES 1")ITII Pf?Lc,CF:If3Cn Vi\LULS,) 
FUHI"lAT (1 X, 1211 I~OUL V f\[_U[ d (1 ~H : Jo;jF.: v I\L.lJf.» 
FUKMJ\T«lX,I3,Fy.3,j(lb,F9.3») 
FOkfVl/\T (SOA1) 
FORfvlAT(1615l 

- . _ .. ------- ._-- . 

FOrdIl\AT(lHl,I/I/,lX"FL:LLO\r,JIhG IS TIlL HHJl1r TO FE:·1 Pf<OG~I\M Flil{ "Il 
f·H:TUHr~ 
EI-JU 

SUbfWUTlflE SM/\Ti;> 
PAH/IMETER N=6, M=:), t 11'1='>.14.f.~, I lPU I IJ= 121 ,hFLpJl=2 0 (J 
C o fvl 1"1 0 1 U 11 JP I 110 D <i tEL Fi'l , i . ) , x (',jf)O HI ) , Y (j 'iPO lit) ,! PJ T ( II!) , I'iflilt) (fll,) , v /,L ( Ill) 

C Vj\llfvlOiV EL;Eivl TIS T l ( 1 w.l_E i"l , it, 1 J) , SVi ( IJN , fill) , fU{ ( I'i[ LevI, [d , r~ (I\Jf I ) 
COj\til'·10i~/~:,y'ST I A (M) , l) (!,j) , C (['IJ) , LJ[L T f, 
C ° iVl f\i1O lUI r J P 2 I I P LeT , 1 i) f C, : jI , L T h , I J E U ,'/11 '1 , ; ~ p R F ~) , T , I I ( 1 (J) , II H , 111\ , K C t, L L 
COivjf'.iOI U[L~UIIX (M) , U ( I,d 
C Vjll\fliWI US Y S T 21GB (I JEU:.i'-l, 'f\l , CC It JELL "1, "11) , DE L ([I[Lei';,) ,1\/\ (~,EL[ i,i, \:) 
(jIMEI~SIOrJ [6UfHi'J~)Orrl'itt);jlrJl ,XX(fIIj) ,YY ('.1) 
01 fvlENS I ON lIT ([ JI'J ) , 

(). 

CALCULATES S ,(STD'l c;T 11- r~IJESS 

DO 1U I=l,i'lr>OIN 
1 0 I~SUI\ ( r , 1) =0 

00 30 1=1, f~ELEM 
DO 20 J=l, Iv) 

LK=I~Ul) ( I , J) 

r~SUR ( LK , 1 ) =16UR ( LK , 1 ) I- 1 
LL=r'6UR (LK, 1) + 1 

20' NSUR(LK,LL)=I 
30 COi-lT I I~Ul 

DO 90 I=lr1JELEM 
DO 40 J=l,M 
l'lOu (I, J+M) =,JOD ( 1 , J) 
LK=I'JOD ( I , J) 
H"«J)=R(LK) 
U(J),=R(LK+I~POINj 
XX(J)=X(LK) 

40 YY(J)=Y(LK) 

CALCLJLATE I\rl3,oC 

uO BO J=l, i,,1 
LK=J+l 
LL=J+2, 
IF (LK-M) 70,bO,~G 

~O Lt<=l 
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---: .. ·-TL··Z··--···--r-· 
1 • 

i ' 60 LL=1 . I 

I 70 A(J)=XX(LK)*YY(LL)-XX(LL)*~Y(LK) 
B(~)=YY(LK)-YY(LL) 

80 C(J)=XX(LL)-XX(LK) 
o ~.LT A =~~.:( 3 ~ * t3 ( ? ) - C ( c )1.t 8 ( 3 ) ) 12 • 

IF (KCALL.EQ.l) GO TO 81 
C 
C CALCULATE ELEMErn STIFFIJESS MATlUCES 
C 

'C 

CALL EMATR(l) 
GO TO 82 tJJ· 

81 CALL TELM ( I )' 
GO TO 90 

82 CONTINU[ .... 
DO 86 K=l,NEUMN 
IF (I.NE.NMP(K» Co tu 86 
ICALL=l 
DO 85 J=l,M 
AA(I,J>=A(J) 
BU(I,J)=B(J) 

85 CC(I,J)=C(J) 
DEL{I)=DELTA 

86 CONTINUE 
90 CONTII\jUE 

100 
110 

130 

140 

DO 110 I=l,I'JI'J 
DO 100 ~=l'I'JN 
SM(I'J)=O. 
R(I):::O. 
IF (KCALL.EQ.l) ICALl=O 
IF nCAll.EO.l> CALL IJE3CS 
DO 230· NODE=l, NI'~ . q 

IF (NODE-NPOIN) 1311rl3C!.'1 L.O 
ND=NODE 
GO TO 1~0 
ND=NODE-NPO~N 

g .1NsERTeOUNDARY ·C OI·)OI:1 OI~S I 

150· CONTINUE 
DO 155 I=l,IJPRES 
IF (KCALl.EQ.l) GO TO lS4 
IF' (NOQE-NPT(I» 1 ciSdfJ0r15!:) 

.,t 154 NT (1) =NPT (I) -UPOItJ 
IF (NODE.EQ.NT(I» GO TO 160 

155 CONTINUE 
GO TO 170 

160 SM(NODE,NODB)=l. 
R(NODE)=VAl<I) 
GO TO 2:)0 ' 

170 CONTINUE 
IE=NSUR(ND,1) 
IEL=IE+l 
DO 220 ITEl=2,IEl 
lEL=NSUR(ND,ITEl) 

-.=A.19~ 
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i , : 
! 

, -

.-
, 
I 

I I 

C 
C 
C 

C 
C 
C 

-DO -1.s-6-I i"i/.M ------.... -----------.- 1------------ -,.. ------
lR=l , I 

IF (NODE.GT.NPOIN) IR=IH+~ 
IF (NOD(LEL'I)-ND)lBO'200~180 

180 CONT'lNUE 
WRlTE(6,190) . 

190 FORMAT(//',5X, ,EF~HuR III NUMBERING, 'I?, ) 
GO TO! 2LtO 

200 

210 

220 
230 
2LtO 

ASSEMBLE ELEMENT MATRICES TO FORM SYSTEM MATRIX 

CONTINUE,,-'-
I 

DO 210 IC=1 d-J 
lCO=NOO(LEL,IC) i 
IF (IC.GT .. M) ICO=ICO+fJPOHl 
SI'4 (NODE, 1CO) =SM (I~0DE' I CO) +STE (LEL, I k, I C) 
R (NODE) =R (NODE) -tfW ( IlEL, I r~ ) 
CONTINUE 
CONTHJUE 
RETURN 
ENlJ 

S0~Rb~TINE EMATR(I) I . 
PARAfvlETER 1'1=6, M=3, I,JIJ=242, NPOIN=121, IJFLEfVl=20U 
COMMON/ELEMT/STE(~JFLH1,N'N) 'SM<l'JI'I,NI'J) ,HR(NELEM,N) ,R(NIJ) 
COMMOI-.J/INP2/IPLOT, I HRI NT, LIt~, NEUMN, NrJRES, T, I·d 10) , Nil, Hf" KCilLL 
COMMOIJlEL2/HX (M) , U (M) I ' 1 

COMMOI:l/S YST IJ.\G M) , U «(VI) , C (t4), DEL TA " ' 

CALCULATES ELEMENT STIFFNES~ MATRICES 

DO 10 J=1,3 
RR ( I , J ) =0. I 

DO 10 K=1,3 
S T E (, I , J , K)_ = ( ~ ( ~ ) * ~ ( K ) + B ( u )1 '* U ( K) ) I ( 4 • II * DEL T A ) 

10 STE(I,J+3'K+3)-STE(~,J,~). . 
DO 20 J=1,3 
DO 20 K=4,6 
STE(I,J,K)=-(HA/(6.*T) )*C(K-3) 

20 S~E(ItJ+3'K~3)=STE(r'J,K) 
DO 30'J=1,3 

30 RR(l,J+3)=DELTA/3. 
IF (IPRINT.EQ.O) Go TO 50 
WRITE(6,40)q I, «STE(I,J,K) ,K=1,o) ,J=l ,6) 

40 FORMAT(//'1X, ,ELElvlENT, r1X'I3'(/~6(5X,F7~4» 
50 RETURI~ -' 

END 
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C 
C 

• I C , 

C 

SUlJfwuri :'Jt::: TE,vlP !-! 

P/\K/\,'-I\[TEr~ IJ=b, M=5, r .. l, J=2'+2, i'~PO I ;J=121 , 'WL[fvt=20 U , 
COj'vIM01JlHJP/IJOl')(iJELF,-t"d ,XHJPOrNI ,Y(IJPOpJl ,rJi'>T('JI\J) , N[".P(NI,Jl 'VAL('~,,1 
COMf''101J/ INP21 I flUH , I iJH 1 NT, L I l'-l, r~EUMI"-l' I JPHES, T, H ( 101 , Nil' 1-11\, KC tLL ' 
CO/lliflllOf'JISYST I /\ (M) ,13 PJl) , C (['>1) , uEL T 1\ 
COMMOIJ/EL2/dX (M) , U (:j,) 
C OiVijV\ON/lLEi."r / STE (l\lF Le"l , N, N) , 9" (IJN ~ [\li'J) , Rf~ (r'lf LEM , f'.J) , R (f'~h ) 
COjvHIIION/Sy ST21dB (iJLL EM dl,) , CC (f'.!EL[M, [VI) , DEL (I J[L-EI") , A/\ (f.iEL[[\l, ;\1) 
DIlv'jEt'JSION Tr'1<:JPOrl'J,\'JPOrN) ,RtIS(NflOrfJ) 
D I iVl E I'J ::; ION W K M< E /\ ( Ii P () I j j ) 

CALCUL/\TE SYSTEl'-t r"i/\lHIX FOR T[MPERt\TI)I~E Flf-LD 
I 

CJ\LL SMATR 
DO 2 r=1,NP01IJ 
DO 1 J=1,NPOIIJ 

1 TM(I,J)=SM(I,J) 
2 kiiS ( I ) =H ( I ) 

CALL LE liT 1 F <r:I), 1 , I If.' () Iii, tJflO I i'-l, j{IIS , 0 , J' K AR [/\ , '1 L.R ) 

wru TE. (b, 10) 
vJl~ I T E ( 6 , 2 (j ) (I, h /l~) ( 1 ) , 1 = 1 , ~ I F) 0 IN) 
RETUF{IJ 

10 FOkfvll\T (lJ-tl, I I, lOX" TE.,"lf::>Ek/~TURE, , I I, j X' 13H NODE 
11"-lUU[ V /\LUL » 

20 FOkMJ\ T< ( 1 X, 13, E 12.!J, 3 ( 10, E 12.5) ) ) 
£I'JU 

SUbf<OUT I NE TELtv1 ( I ) 
PAKMH::TER ~J=lil M:.:~"I' ['.!I ::.:2L~2, NPO HJ= 121, ('wLrtvl=20 Ll 

VALUE, ~s ( 19t-t 

C 01\'11\'10 I JI (L EIVI f 1ST E (j"lFLH1 , r\J rfJ) , 91< NN "If I) rr~H ( I'J[LE.fv1 d,J) , H (;''-IN ) 
COIIIIMOiUEL2.1 r IX (M) , U (1"1) 

COMMON/SYSTII\(M) rl\(~~) ,C(,M) ,DELTJ\ 

C C/\LCULATES ELEMENT MATRICES FOR TE.~PFR/\TUR[ 
C 

DO 10 J=1,3 
fH« I , J) =0. 
0'0 1(;: K=l ,3 

.. • S T E ( 1 , J , K ) = ( C ( J ) t C ( K ) t i) ( J ) H) ( K ) ) I (L~ • (J H) [L T Id 
10 CONTINUE 

DO 47 J=l, fill 
DO 46 K=1,M' 
DO 4'0 L=l, M 

46 Rk( I,J)=RR( I,J) t(C(Ll-tC(K) tb(Ll.t:B(K}) *(HX(Ll*IiX(K)+U(Ll +U(K» 
47 Rk(l'J)~RR(I'J)/(l?.UELT/\) 

RETUHN 
EI"-lD 
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-i -~-------- ·sut3R-6uTii~E 'OUTPUT-- -. I ------.-- -.. -.--- ··--·~--T 
PARAt~ETER N=6, M=3 'r'JIJ=242, NPOIN=121, 1"iF:LEM=200 .. 

, ' 

, I 

C 

COMMON/ELEMT/STE(NELEM,N'N)'SM(NN~NI~)'RR(NELEM'N) ,R(NN) 
COMMON/INP2/IPLOT'II~RINT'LIN'NEUM~'NPRES'T'H(lO)'NH'HA!KCA~L 
COMMON/PLT/VEL(20'2d),MAG(20,20) i I 
REAL MAG' I 

C PHINTS OUT THE F~ESIJL TS 
C 

.IF(IPLOT.EQ.O) GO TO 5 
READ ( 5,60) IIU, N2 

5 CONTINUE 
W~lrTE(6'lO) 
WRITE~6'70) HArT 

-WHITE(6,50) 
WRITE(6,20) 
WRrTE(6'30) (I,R(!),I=l,NPOINl 
w HIT E ,( 6 , 't 0 ) 
WRITE(6,20) 
WRITE(6,30) (I-fJPOIIJrI{(I) ,I=NPOIl~+ltf"N) 
IF(IPLOT.EO.O) GO TO U 
DO 1 J=1,N2 
L=N2-J+l ! 
00'1 I=1,N1 
K::(J-1)*Nl+1 
MAG( I·, L) =R ( K ) _ .. ; 

1 VEL(I,L):R(K+NPOIN) i . 
10 FORMAT(lH1,///'10 X,JSOLUTION UY FINITE ELEMENTS,,/) 
20 FORMAT(r,lX,13H. NOO[ VALU~,~(~9H ,I NODE VALUE» 
30 FORMAT«lX,I3,E12.~,3(Ib,El~.~») , 
40 FORMAT(//,10X"VEloCITy,,/,9 
50 FORMf,\T(//,10X"r,U\brJLT1C INTUJSITY,,/) 
bO FORMAT(213) . _. 
70 FORMAT(9X, fHA, ,qX, ,1' ,/,BX,r7.4,4X,F:'lo]) 

END ' 

-A.22:-
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Sampl:! Input / Output 

In· preparing input data to computer program, the domain is to be discreiized into elements and numbered. 
An example of triangularization is given below: 

Fig. 35. Finite Element Mesh Structure 

Following is input formats and a sample input/output for the mesh structure of Fig. 35, for the two - dimen-
sional computer program: ' . 

Variable 

HEADG 

NDIM, LIN, ITEMP, IPLOT, IPRINT, NEUMN, NPRES 

NH,T,H{I) 

K, NOD (I, J) 

Y (I), X{I) 

NPT{I),VAL(I) 

NMP (I) 

-A.23-

Format 

80 A1 

715 

13, F7.3, 10F5.2 

2413 

22F3-1 

7 (13, F72) 

1615 

.' 
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1\IUivld[l{ OF I'~JL)L.S :':'1 
NUMU[K OF lLL,v,Lhl~ 1":0 

1 (; 

X AiJD '( CGGI\L,lNI\l to:':-

i~OuE. X y .• u~!L X 
1 ~l.llU 1.0u 2 -. 7~) 
L~ -. ~:) 1 • l; Ll :) .GO 
7 .~LJ 1 • L lJ 0 • 7:, 

10 -1. yu · ':~ 1 1 -.7:) 
13 -.c~ · -;~; til .GO 
.i.6 .::.u .7~ 1 

, 
.7~ I 

l~J -l.UU • :) u ~l.I -. 7~) 
22 -.2:' • :> \j c:.'::' .011 
~5 • ~Li • Sl: I ,.: () • 7 ~i 
2b -1.00 .. l:::~ (:: 'oj -.7:) 
.:)1 -,2!:) · ~~; j2 • (j 0 
.:)4 .:'0 '" • c_ .. , .) :., .7':) 
j7 -1.00 • (J U .. ~o -. 7~) 
4[,) -.2':J • li l- L, 1 .co 
"+3 • :)u • U \..1 

q Ii .7:) 
'+6 -1.0U -.~~ ,;(' -.7:' 
'i-) - .~~ -. 2~) ~u .CU 
~2 • :) LJ . -. C: J _~ .J • 7~) 
~~ -1. UlJ -.:;u :JC) -.7:' 
Sd - • .2~ - • :qJ ')(j .Co 
u1 .~u -. ~u: :J2 .7tJl 
by. -1.U0 -.7: j li :) -.1':J 
0" - .2~ - • 7 ~J () !) .eu : 

70 h" • ..,u - • I~) n • -1~ 
73 -1.0l; -1 .uu 74 -.7':; 
10 -.2~ -1 • lJ L' 

on .LiO 
I,) .~G :-1 • U l, 

, :, .7':; .JU 
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~ " ,) L. 

'( 

1.LO 
1. 0 CJ 

1"" U 
.7':.) 

· 7'':J 
.75 
• :,U 

· :,(1 

• ~.:d.J 
")L. . 

• I' .... .J · ;.\~) · ,::) 
.liO 

"".0 
.cc 

- • ~~:> 
' i{.:. · , .J 

-.c~ 

-. ~)U 
- • ~)O 
-. ~!L 
-. 7~) 
-. 7~J 

-. 'i~ 
-1. i.J G 
_1 ,'U ~ . 
-1. ,J\J 

;,uD[ X y 
.'S -. ~(I 1 • (j 0 
(J ') L' · '-._) .1 • (I (I 
C) 1.00 1. (i ':; 

12 -.:'0 • 7~) 
:~ 

..L .. ) 2~-
• :J • -nj 

1 ~j 1.00 .7:) 
:C:l -. :)(\ • ,"'\C 
c',4 .'j '" · '- ... ~ • t, C; 
~', 7 1 . 00 • .,(j 
.:ilj -.~() ,- ~~) 
~; ~l ,")'" .. 

.<-J I. :"1 ~} 
.:b 1.UO · :,...':) 
::i'} -.':JO • IJ 0 
t; ') 
'<-

'H 
• L .) '/10 

lj :, 1.uO ·nU 
lib -.SC! -.;:> :i 
~1 

,. c: 
.~J -. ?~) 

~II 1 .00 _ .? t) 

~7 -.SO -. ' ... 0 
l)(j '-J~ 

• <'-.) -. ~(~ 
u~~ 1.UO -. ,\u 
Go -. :)0 -i. 7,') 
ug ~(' 

• c~ .) -·7:) 
-f 'c: , 

.00 -. ?~) ~ 

7 :) -.~G -l'(llJ 
7b • C',:I -1 • r~ li 
~) 1 1.lCt -1 • 1-: l; 

.1 



4f' 

, 

i::LrJVI 
1 
~ 
'J 

13 
17 
21 
2!:J 
29 
.:)3 

37 
41 
45 
49 
::'3 
'J7 
01 
uS 
09 
"13 
17 
U1 
US 
(j9 
93 
'-)7 

1(;1 
105 
1(;9 
113 
117 
121 
1 t:::~) 

1 ~ [\i 

2 1 10 
. ~J j 12 
6 :; 14 
b 7 1t) 

11 1U 19 
1'; 12 21 
15 14 !23 
17 16 2~ 
20 llJ 20 
22 21 jO 
24 2::> ';2 
20 2:; ::>4 
29 2d 37 
31 3U 39 
.)3 32 til 
.)~ 3Li 4..) 

.)0 37 '-to 
40 3'-) IW 
42 41 !~O 
-+4 4j ::>2 
47 4b 'J~) 

49 40 'J-I 
51 50 ~)9 
:;3 52 01 
56 'J5 uLI 

~5 :;7 uo 
GO 59 on 
02 61 7(; 
05 b4 7:5 
Q7 60 7~) 
0':J UBi?7 
71 70 7lJ 

Ie 
14 
It 
2<:: 

du 
lJu 
')4 ! 
90 

IGC:' 
10 L, 

1111 
lIlt 
j 1. (j 

1 c~2 
1':::0 

1 ..J 1\1 
<:: 10 11 
q l~~ 13 
(, J q 1 ~) 
o J u 17 

l.1 1') ;~u 

I.:. c..1 22 
1~ c..::J eLi 
1/' ,:~ 20 
20 ,:13. 29 
e::c~ .)0 31 
eli .)2 33 
L: L, .)y ::, s 
~"J ~') 7 ..)g 
.) 1 .) -J LI- G 
j,) '~l q 2 
.)J LI,j ,4 tl 

~J'j '-it, Lt 7 
4 u Lt 0 LI (j 

Lj ~~ :. u S 1 
'-t l ..... :..)'~ ~3 

LI I ~):~ :; 6 
tj') ':II 5B 
~l :)9 bO 
~..'J 01 02 
~)U uq (J~) 

~t) l) (l () 7 
L,(. liti ~9 

u'::: iG 71 
l)~ 1j 7tt 

u l I:) 76 
o~ 77 7U 
7 1 i'J ul) 

i 
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~u :s5 lltt 
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