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OZI~T 

331.1 tezde tiirbi.!. kanatlarln ,- ki gcg ici Slcakllk ve g -rilim da@;l­

l~ll1la.:rl. say :tsal olarak incelenmi$tir .... D~9 geometrileri ayn.:t alan 

.akat deg" $ik sogutllia etkinlikl-erine sahip tic;: gctZ ttirbini rotor 

kanad n(j_~ k' slcakl .... k alanlarJ.IlJ..n hesaplanmas lnda S onlll elemanlar 

8ay~sal yontemi k··cllanl1m.l; t;:U:.~. Gegicj.lik etkisinin belirgin 01-

dugu lig bolgede gegici sJ.cakll.k dat3'1.1J.mlarJ. veri1mi~tir. Tez ay­

n'~ zamanda ge;ici' ik stir~ci ~Lqindeki tit;; degi~ik zamana ai t e961 

calc. .... k eg:r'~·.lerini i.gerFlektedir. Ge<;ici slcakllk dagll1.mlarlnln 

ka ~at Ql11rU iizcri_n~ etkisini incelemek igin J.sJ..sal gerilim dag~-

1- mlarl h -'sa _ edilmi§l, hu.n·ln i9in i.r:le sonlu farklar yontemi kul­

lanl.1m:c$t 1):' ~ 

Go . .'5utrn, ... ka.n 1 geometrisi ve l.s1.sal gerilim ~iddetleri' arasl.'nda 

l(ak~n ilt~kiler gortilmektedir 10plam sogutma etkinliginin ya 1-

sJ.ra, yere.l so~~-~ma etkinlj_g'i de onemli til' parametredir. Dir 

J.::a:t .. a ~ ~n bi.\ytik bOlii.mi), iyi bj.:-· $ekilde sogutl.usa bile, az sogutul­

!t1H? bolgelerin va. ..... · . .,..lgl biiytik 9Jcakllk fal:'klll1.klarl.na yol a<;mak 

b··\T. .. 6ce Yllkf3ek lS ~ o'al geril ir.uer yaratrnaktadlrlar 

tilT'btl o erinj gal 'l.ytlrma v J durdurma i$lemleri Slr8.S nda gegi­

Sleal'"l.l.Y:.: da.~Q;llJ.rJlar~ 9 k karma9JJc bir hal almaktadlro Bu Slra­

s~cal<.::ll}r. gracyanJ 1 3]1 kanat boyunca "he 1 de enlem8sine 90k 1)'L1-

bUytik gradya:nlarJ.n olu9masJ. nedeniyle 

lSJ_sal geri. 1.m ~iddetleri de 90k bUyill" -olmaktad.:l_"'~ 
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Today,the continious i crease 1 the costs of fu~l has wade the 

h i g h s pee i fie p 0 \\' n ran d the 1 1. g h the r ro ale .f f i c i e n c y a n e sse n t i a 1 

requirero nt in tile design of gas turbines.But these two parameter 

meal high turbine inlet tewperature as it has been investigated 

und confirwed by roany researchers,They a.e functions of turbine 

inlet teroperatu e and both specific pow r and thermal efficiency 

increase with jlcreasing inlet te~perature. 

HOvJever , the inlet tell'perature l.r~ liwited by the ]; " stricti~")IlS i\1 

ihe ultimat strengths ~ld welting lo~nt of existing ~aterials 

used in the production of gas turbine cowponents,The cooling of 

the turbine bia es is a eng the solutions of the problem,At present 

appro ~ilTlately 1100 °c 
1;<1ith the coole blades in I7,BS 

inlet teroperature has been reached 

turbines.[1J. 

On -:he ot' er anci'l bD sid e s the af re-mentioned advrtntages of high 

\0.7 0 r k i 11 g t e ro per a t u rei n ~ a s t r b i n.e s 1 t h ~ Ion ., tim e r u p t u rea n d cor r 0 

s on behaviour of the heat resistant L ateri~ s depend roainly on 

ten'perature"Especially the ~tart-sh t d.own operations or load fluc­

tuationsof turbin0.s create t ansient tewperature distributions in 

turbine blades and thereon cycl{c therwal stresses appear which 

cause failure due to 10' cycle fatigue in the blades# 

Hen c e ,'t he in v c s ~ i gat ion 0 f gas t u r bin e b 1 ad e sun d e r t ran 5 i en teo n d i 

tions has a two fold importance and the analysis of results should 
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be ~ade with care since it will provide the way of optimizing the 

roaxifl'uTl' workin2 teJllrerature of the ~as tllrbines, 

In the design of" · a ras turbine .. the life estiwation of blades inclu­

des ani lTI P 0 r tan t par t 0 f the T</l 0 r k • G i v e n t ~l e s 11 ape 0 f b 1. a des and 

cooling geolTletry.~he external and internal flow ratios and the heat 

transfer coefficients on the blade surf.1.ccs .::Ire deterfTIined both 

analytically and exreriroeltally,T~enon,the results obtained are used 

as tIle lTIeans tQ determine the teTl'perature and the stress distribu­

tions in the blade se ctions~ The tool to cOlTlpute the steady-state or 

the transient distributon of teIPperatur and ace rdingly the stress 

i see n era 1 1 Y t 11 e n u 111 e ric a 1 a n a 1 .., sis .,;/ i t 1) v a rio usc om put e r pro ~ r a ro s • 

The insight offered b; these calculations enables us to deterIPine 

the perroissable nuwber of cycles t hat ~~c blaJcs can withstand. 

The finite eleroent is one of the nU1Tieric al analysis techniques that 

can be used for above IPentioneJ calculationslThis wethod is adequate 

especially for the proble~s wh ose solution do~ains have irregular 

geometries,In this thesis .t Ile ~as turbi.ne blades vlith their cowplex 

geowetries are thou~ht to be discretisized be st with the finite 

ele!11ents.So,the finite elelllent Inethod is applied to the problenl to 

obtain the teJTIp . ratllrc d istrL buLions ill the blades.The superiority 

oft h e fin i tee t e Tell t ITl e tho d i 1\ t he s t e, d;~ - s t ;} t e pro ole 1 s i <; rut 

for war d b TEn' e r y ani a r s 0 11 • '[ :2 J. Hen ::', .;: ' t a ':. i n ~ t 11 i s f act i n t 0 

consideration,in this study tile space~.ise solution of the unsteady 

problew is o btained by this mcthod l 

On the other hand.in the solution of the retTlaining tiwe dependent 

ordin~ry differantial equation,~uler ~ethod has been utilized,This 

ll1 e t 11 0 dis e x a T1' i ned · 0 I) e t: 1 e 1"1 0 S t ace u rat e III e tho din t i!1' e ro arc h i n g 

problems again by ~~ery and carson,[2 ] .ThiS combined wethod is 

thought to b the roost conv enient · one in solvin~ the governinr; un­

steady equation of till: thesis l 

In the finite elewent [orwulation of the differential equation,the 

method of Galerkin has Decn used.In such forwulations,8enerally 

the classical varirltinual :tleth d is used,But this [TIetlod is not 

applicable to par;'l~olic t 'pc of cguations,liker,Jise the case in tllis 

the sis, Ins u c h -c a s e s ,a qua s i -v a ria t ion a 1 1"11 e tho d can b e uti liz e d a s 

has bee n r r 0 p 0 sed b y Cur tin , [J] . I n f rt C t _ t 11 e fun c t ion a lob t a i ned 
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by Galerkin wethod is just the sa~e as the one obtained by the 

qua s i -v a ria t ion a 1 fr' e tho d , [ l. ] I 

The boundary con'ditions on both the ()uter surfaces an d the inner 

surfaces have been assuroed to be purely convective~In reality.this 

is not the case.~f course,and especially the effect of radiation 

heat transfer can not be neglecteci 4 But.wh en the heat flux eIDwited 

by radiation ont o the b lade is considered and applied to the proble 

the boundary conditions ,)eCO :I~ e I lo,~-lL :l car,l.t is )C1rd to solve the 

problew in t his coroplicatcd forw #T his is the reason for taking the 

boundary conditions to be purely convective.But,besidestin this 

thesis,a convective heat trans fe r coefficien t h. wh ic h is corrected 

for the effect of radiation ~1as been used, [5J ,T his application COll' 

pensates the error that results froro negl ectin g the radiation terro 

in the governing differential equation, 

The external gas teroperature is ll~5 °C,This teroperature rese~bles 

both the highest teroperature that a bla de waterial can withstand 

[ lJ .and the teroperature giving t he hiphes t performance.In a way 

this teroperaturc is the extreroc test tewperature by which it can 

be obtained the severest cond itions that way occur in a blade, 

The therroal analysis of the cooled gas turbine b lades is under-

t a ken a sat W 0 -d i t'(I ens ion a 1 t ran s i e n t pro ;) 1 ID I T h us, the go v ern i n g 

equation of the problero is t wo-difr'cnsinnal transient heat conduc­

tion equation.The t hree -diwensi onal therl1al analysis of gas turbine 

blades under steady-state conditions has been carried out by Carocl 

[6J and the therwal fields deterwined for various blade geowetries 

have been given,The investigation of tllese fieldsshows that neglect 

ing the radial te~perature Jistribution does not Rive rise to se­

rious errors whereas.it si~pliEics the rroblero very rouch.The terope 

rature gradient in radial direction is low enou~h to neglect. 

In a transient problen ,t he tiIDe ranee is also an ill'portant pararne 

The investigations ~ave shown t ha t twenty fo ur seconds is the 

period to reac h the steady-state conditions for all three blades 

used in this t hesis, So ,the ,'1.nalysis h~s been carried out in t his 

period,,1\s the tifl1c increJTlent ,l1t ,of t.ulcr roctllod bt"'COI1'eS sroall. t he 

results conver~e to tl le exact solution . Tbe re fore.the wi.niwu!T' til11e 

increwent allowcd by the CDU ti~e of t~, cnwputer used has been 
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selected~Na~elYtthis value is sixty ~il]iseconds.ln fact.the order 

of ~agnitude of the error due to Eu ler ~ethod of inte~ration is 

proportional to t he square of t l)l;~ ti ~I' Q incre01eht.Thus ,in this par­

ticular case th~ · error due to nuroerical tiroe integration is less 

than one percent, · 

Besides the therwal fields.the analysis of therroal stresses caused 

by these ther~al fields are also included in the thesis.The deter ­

~ination of tberroal stresses has been ~ade by using finite diffe r­

ence ~ethod which is investi~ated and proposed by MUkherjee. [7] 

and Barnes and Fray t [8] . 
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I I~ IJ ITERATUHE SUR TEY 

The coo~.ng of turbine blades is one of the wast i~portant re­

search. e s it todays ~as tt'!rbine technology,sinc ,e it is the lttost 

ap 11 able Qe.n to increase theTtal efficiency " nd spec!f! power. 

In order to ct 1 ~ e the Dost effective cooling @any types of cool­

ed blarle~ h ve been d.ai~ned up to nowgCopvection,fil~.tran8 ira­

t 1! 0 n ;t hr w 0 S Y P h 0 11 and i Din ~ e ~ e n teo 01 1 in g are the most uti liz e d 

b1 de coolinG ethodn and t ey ~re e plained in detail in reference 

[9J nd [6J ,A st d, on the cooling of gas turbine blades which 

cont ins th. investigation of coolin. effect on hl de life has been 

~"u b 1 ish d b 'J H u l' h ~ r. j e e ~ [ 1 ] ~ i n 1 9 71 , Be sid e G cool i n g s t die s ,t her e 

sr. , n, s udi.s ilvestlgating heat transfer ~_ch nis~s on turbine 

hI d s u~ th t"ork done by Muk erjee -Q, d Frei .. [10J tin 197f. in 

Jhlch they easur d temp rature distribution8 on two first-stage 

ai~-coolcd vaneD of ~ gas turbine during the test run,the study 

dOl1 e by 0 n Gig ~ e \l. e 1. • [1 iJ "i n t 9 · 9 1. n w hie h the y 0 b t a in edt h e 

he·t tr ofei .. te distributions on a turbine blade as affected by 

in! M ch u'mber nd free str~ a turbulance level and recent 

sud y do H1! by G r a ;t ian i e t 1/1, ~ 2J • in 1 9 ~ 0 up 0 n t b e he a t t r n 8 fer 

distribution on th~ blades in the vicinity of 9 condary flows have 

particular l~port nees ~s the subject of this thesis is concern d. 

The tudy CQnt ining exper1~ent 1 results of the cooling perfor -

snce of various convection and f11 . cooled turbin~ blade roodels 

in a two-dimensional s~ tionary ca cade dono by Hennecke et al •• 

[SJ.ahould sluo be mentioned, 
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The cooling of blade and h_st transfer on blades studi s are alway 

considered together in ordei to achieve the cst effective cooling 

geo etry,In such cases tte heat tranafer in the blade itself sho·ld 

be known.In past.to sol - "he heat t~Rnsfer in blades.~any analyti­

cal ~ethod have been ap ~ied which ~pproxiwate the blade as 

61~ple geo~etrlcal do~ainpThe studie~ established by Pollroann. ~~ 
in 1.,,41 ~nd _ Pant lee.., ,And .T!'ushitl. ~4J lin 1911. are examplea to such 

pp oachespBut tod~1 SUCl ~ethods ar not used any~ re and so~e 

nu eric 1 ~ethods vhich ap roxiDate blades rouch ~ore ccurately are 

6tudied~Finite ~le ent weth d i one of th ae nu~erical appro,ehea. 

Although it is a new approach in solving the problems governed b: 

differential equations there are nu.erous publications about finite 

elewent et lod in he lite~ tu e,Afte introduced by Z1enkiewicz 

[15 t16] jlthis fi'ethod be,!~ c quite popular .and attefl'pt ht18 . been tl'ad 

to applY I it ~O lwost .~1 fields 6f ~ngineEring4 detailed survey 

of finite elegent ~ethod is giwen by Huebner 6 [4]_An application of 

finite ele ent wetlod to he~t canduc~lon p·oble~s is given by 

W 1 on . n lie ell ~1] ~in 1966 · and this study h B ben u. ed as 

ref. ence in al1cBt ~ll stuiles done after 1966 in thi field,In 

their stu~IIWilGcn nd Nickel lave Bade the tr&nsient heat conduc-

of co~plex ~olids of arbitrary shape with temperature 

boundnry conditions by finite ela ent ~ethod utilizin 

!; y ~i2it i ll- 1 pri.nci Ie" In thil1 study authors discU30 lao various 

se~ and their s oci~ted ~e perature fields for one,two and 

·hre -di enuional bodie~ by syEte~a of simplex ele ents 8 In 1~70. 

Zienkiewic~ and Parekh i ~~ &have forwulated the transient field 

pr hI _0 of - he t.pe encountered in het conduction proble~s in 

terws of fini~e ele~ent pwoe.sa usin8 G lerkin approach in a genera 

ized anne'l'IlC~rved t ro~dl ensional and- three-till'Pension 1 isopa,.. 

etric elcroents ha~e been used in a tiwe steppin~ solution and 

v ricu~ ex •• ples are ~lven to lllustr te the applic bility of this 

procedur . Foll0 ins this study ~ EQery nd C rson.[2Jah we discu ed 

the use of finite el€~ent ethod in the computation of te~per ture 

in 1911~They investig4t~d &ccur cy and efficiency of the finite 

Ie ent ethoc in ce~lari50n with the st~nd rd finite difference 

l~oY(ithlPS used, for the c:OGlp t tlan of teU)perature.Again in 1911, 

G llager and Malle~, ~9J .h ve pres~n e syste atic p ocedures for 

reducing the ord~r of a G trix differential equation governing 



r nsient heat co.duetloft iL solidsg!·o-di" ~nsion·l transient heat 

conduction p%'oble h,g been solved for various do ain and results 

a e bee cr ·are with the nalytieal solu.ions by both Bruch and 

Zy"#o.loski ,. [20J and Kohler , nd PittY.' ~ [2~ " in 1974 ~Kohler and Pittr 

have a plied finite elcIDent wethod ·lso to the ti~e dowai , 

Th pplica~ion of finl~e eleroent *ethod to solve heat transfer in 

blades'is given by Hog~e. ~~ .in 1976 0 In hiD study the author 

pre.., . ted the r, a ina 14 ~ Ii. 0 C h ~ g t '" cal e'U 1 ate the r m 11 1 fie 1 d san d s t res 8 -

.8 in cooled urbine hlad'o usioS so-called t mpeTnture and dis­

place ent .,;odels nd cons derin~ all' kinds of heat transfer,even 

the non- inear casefV~rious situations concerning turbine blades 

re lyzed" In 1919!1e T C1 a[ 6 ] used the sa e trtethod to solve 

turbine bIn e heat tr Defer but in his study he has taken the 

roble as s~eady-st te and three-dl~en8ional proble~ .He has 

investigai.ed va ious blades 1 dey favot'able gas rhine conditions. 



IIICI 'rHEOHY 

3,1, TWO-DIME TIONAL TRANSIE T HEAT CO · DueTIO' PROBLEM 

The two-diwentional transient heat conduction problew is governed 

by the fo_lowing differential equation in the doroain,D, 

a ~ aT ) I a ( aT \ - K-- -r-- {k, - J ::: e c a x .)( ax a y \ yay ./ 
~T 

at 

subjected to the conditions on the boundary;S, 

aT 
k -­

>" ax 

on t>O 

aT -!.... ·k - n + h ( T - T ) = a 
'X I Y ay Y 00 • 

and the initial condition, 

at t=O 

on 

( 1 ) 

( 2) 

t> ( 3) 



,;"he re : 

T(x.y,t) is the terflper'ture. 

k k are thermal conductivi ies in the x an y-directions. y. x ' 
e is the density, 

c is the spe ifie heat capacity of the solid 

h is the convective heat tr .1ilsfer coefficient. 

T is the arobient teroperature~ and 
o 

n ,n are ti.e di.rection cosines of the 0 tward norTIlal vector n 
x y 

to the boundarYaS. 

3.2. FI ITE ELEMENT FOR MULATION BY GALERKIN METHOD 

The process by which one might deduce th discretization of the 

difforential equation (1) begins with the assuwption that the un­

~nown exact solution l(x,y.t) may be approxiroated,elewent by e1e­

roent,as(\ 

n 

.L Nj ( X , y) Tj (t ) 
i ::: 1 

whc-e I. are the assumed shape functio,s and T. are the unknown 
L 1 

( 5) 

nodal value c of T(x,y,t),The alternate variational expression of 

equa-ion (1) is obtained by Galerkin wethod,The application of 

Galerkin wet hod to the differential equation (1) yields t 

I:nte g rat ion b y par t s can h e a p p 1 i edt 0 e qua t ion (6) nor d e r t 0 

siL plify it/The siwplified forn' of (6) is ~ 

f ( aN ' aT" aN- aT aT ) i - k ~-"+"k --.L--+N-Qc-~ dxdy-- N}'h{T"-Tcb)dS,=O 
x ax . ax Y By ay j at 

o(e) S1 

( 6) 

( 7 ) 
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Now,inserting the approximate for~ of the unknown variable,T(x,y,t) 

g i v e n bye qua t i o,n (5) in toe qua t ion (7)- 0 n e 0 b t a ins , 

-f(kx~ t 
(e) 1=1 

0 

-f Nj e c (i 
Ole) i=l 

aN - k BNj ~ + ax Yay 

N. __ I dx dy aT· ) 
I at 

\ 
) T-

I 

n 

~ aNi) Ti dx dy 
8y 

i=l 

+j (kx i aN-
N. I n 

J ax x 

S, i=l 

( 8 ) 

o 

The syste~ resulting from equation (8) will consist of n linear 

algebraic equations in n unknowns. Evaluation of the integrals in 

equation (8) will allow the co~plete solution of the problero. 

n such equations appearing in equation (8) can be put into a 

1JJatrix forro as, 

( 9 ) 

where [c Je\ [A ](e) and {F ](e) are eleroent capacitance m8trix,ele1l'ent 

conduction roatrix and ele~eht ther~al force vector.respectively, 

nd their contributions are, 
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ay ) dx dy +f hN· N· 
I J 

S, 

The global forw of equations defin'n~ the whole solution do~arn 

will be cbtn ned by the assembly of the ele~ent equation~ ,T hus 

for the who Ie region it. is obtained that I 

n') 
[ C ](e) [c] = L 

e::-~ 1 

m 
[ ,( e) .[A] r:2 AI 

....J 

e=1 

m [F J( e) {~1=;2: 
(2=1 

( 12) 

( 13) . 

where m is the Du~ber of elements and [CJ&[AJ and {F} are global 

capacitanc~ matrix,global conduction ~atrix and global thermal 

force vecto_trespectivelYpleLce the resultant system of equatio~s 

may be expressed as, 

+ - 0 ( 14 ) 
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3.3, DISCRETIZATION OF SOLUTION DOMAIN 

The finite ele~ e nt ~ethod divides the solution do~ain into sub­

domains~called ELEMENTS an d it defines lo cal approxi~ations to the 

governing equations each of which is valid for only one element, 

Finally,the asseIDblage of these discrete elements gives th e approx­

imated solution domain, 

Even if curved· boundaries of a domain can be represented satisfac~ 

torially by straight-sided elewents,they are best fitted by curvi­

linear ele~ents, Moreover,availability of such ele~ents reduce the 

number of ele~ents in a IDesh by providing enlargement in element 

sizes without lOSing the close representation of boundaries.There ­

fore.in this thesis the gas tur b 1ne blades which were considered 

as the domains to the problem described in section 4,1 have been 

discretisized into c urvilinear eleroents~The finite element meshes 

of the considered blades are given in Fig,ll,Fig,12 and Fig.13, 

Assignment of the nodal points or in other words,selection of 

degree of shape functio ns ~ainly depends on the accuracy needed in 

the solution #As has been inves tigated by EIDery and carson,[2J,the 

co~putation of temperature in the two-dimensional transient heat­

conduction problem tJlay be established best by "quadratic elements". 

Thus,quadratic approxi~ation which is shown in Fig,2 has been pre-. 

ferred in this study, 

3.4. VARIATIO N OF T~MPERATURES IK ELEMENTS 

The behaviour of a field variable in an ele~ent can be represented 

by the functions which are called SHAPE FUNCTIONS in the finite 

ele~ent terroinology,Many types of functions can be used as shape 

functions awong which are the polynowials and the trigono~etric 

functions .but a few are easy to treat,The polynowials are the fI'Iost 

appropriate tools providing an easy and syste~atic ~ethod of gene­

rating shape functions of an) order. 
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If a rectangular elewent ~ith eight nodes shown in Fig,3 is con-

sid ere d i t hOe va ria t ion 0 f· the fie 1 d va r -i a b 1 e T (x • Y , t) is 'qu a. d ra tic, 

In both § and "J-directions,Thereof this elell'ent is called QUADRATIC , ,' 

and the variat ion of field variable r.ay be expressed as~ 

8 
T(s,'7)=T,N1 +T21 2 + ···· · ··+ TS"S=2.. Nj(s,'7)Tj 

. 1 
I =- I 

where N~ are the easily generated quadratic polynowials defined 
1 

( 15) 

in § and 7 ccordinates and T~ are the unknown nodal values 6£ the 
1 

field variable T(x$y.t),The , shape functions of rectangular quad-

ratic elewent are given in Appendix A,The derivation of the shape 

functions and the parti;ular shap e functions for other types of 

eletllents can be found in Zwienkievlicz ~ [l.5J lIErgatouidis et al, II [2~ 
and Hue b n e r ~ [L~J ,1- n d eta i 1 II 

3.5~ ISOPARAMETRIC TRANSFORMATION 

S~nce the domain of the proble~ investigated is not discretisized 

into rectangular elewents but into curvilinear eleroents in the 

globsl Cartesian coordinate systew*it is not possible to 

use the siwple shape functions defined above.direct~y in 

these eleroents to interpolate the field varible.But if it is ,~os-· 

sible to establish a transforwation between the rect~ngular elewent 

() f I? 1 g ~.3 in tot h e d '-I. s tor ted e 1 ew e n t S 0 f Fig {/ 2 • t 11 en the res u 1 tin g 

element equ8Lions for the curve~sided eleroents can be evaluated. 

The coordina e tra,Hsfbrl'flat.ion frow local to lobal as shown in 

Fig,4 can be achieved by expressions siwilar to equation (15) as, 

8 
X :::: 2 f. { 3 , i} x· ( 16 ) I ! 

i=1 
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Y= L f: ( 5 I i) y. 
! I 

(17 ) 

i=l 

In order to roap the nodes of quadratic ele~ent into distorted glo­

bal element of turbine blade.the wapping functi ns should also be 

quadratic and at the sa~e tiw~ the evaluation of the expressions 

(16 and (17) at any nod e s ho uld result in the value of that node. 

A group of functions ~eeting above require~ents are the shape func-

tions of quadrati. elewents used to interpol te the unknown field 

variable,This ~eans tat. 

( 18 ) 

and consequently it ~ s poss·~le to write, 

8 
X= L Nj ( 5 Ii) xi ( 19 ) 

i =1 

8 
Y == L N· ( 5 i) y. ( 20} I' I 

i = 1 

Curve-sided ele.-ents \vhose georretry are defined by the shape func­

tions interpolating "the field variable are called 150PARANETRIC, 

3.6
5 

COORDIl ATE TRANSFORHATIOP IN ELEHE~T }1ATRICES 

When the ele~ent equation of the problero eiven as equation (8) is 

investigated.it is seen that the ter~s of ~atrices are in general 

integrals of the form, 
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aNi ) dx dy 
oy 

( 21 ) 

where n(e) is the area of the curve-sided ele~ent,As wentioned 

earlier Ni are functions of the local coordinates Sand,? and 

_ therefore it is necessary to express dN. /dx,dN./oy and dxdy in 
1 1 

. I 

t e rro S 0 f § and '7 if 

Considering equations (19) and (20) and applying the chain rule 

of dlfferentiation,it can be writte n that. 

aN· aNi~ ~~ .:.:...:L = + ( 22 ) 
a~ ax ~~ By a& 

aN' aNi~ aN· ~ ~ = + --=...:...:J... (23) ai ax S'7 ay a~ 

or in a more co~pact form. 

aN-__ I ax oy aN-__ I aN-__ I 

as as as ax [J] ax 
= = (24 ) 

aN· ax Q)l () N· aN-__ I ..:..:...:L ..:::.:.:L 

8"7 ai a'7 dy 8y 

where [J] is known as Jacobian ~atrix,To find the required global 

derivatives of N _ .equati~.,n (24) is invert ed as. 
1 

aN' __ I aN· ...:..:.:.L 

ax [ J J(-l J 
as 

= (25) 
aN· aNj 
~ 

ay B"7 
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Si~ilarly.the area eleroent can be expressed as, 

d X d Y = d et [J ] d ~ d I 

Now,using equations (19) and (20) in equation (21).it can be 

formed integrals of the forro, 

1 1 f f F(~.i) det[J] d5d7 

-1 -1 

( 27 ) 

as the ter~s of governing eleroent equatio n (9).F is the transformed 

function of f in the above integral~ 

In the mean ti~etapplication of above procedure requires the exis­

tance of the inverse of J matrix for each element.This at the same 

time.means that the coordinate roappinp, fro~ local to global is 

unique,This fact should"be checked strictly in the analysis of 

above kind,Otherwise a ~atheroatically acceptible transfor~ation is 

not possible. 

As the result of substitutions given in equations (25) and (26). 

the element equations (10) and (II) becoJ11e 

1 1 

[ C ](e) = ff e C Nj N j d e t [J ] d S d i ( 28 ) 

-1 -1 

[A](e)=flk 
aN · aN' ...::.:J- ..:::.:.::L 

+ f h Nj Nj dS1 
as [ J ]H)T [J ]H) as 

d etC J ] d S d i ( 29 ) 
aN' aNi 
~ 

-1 -1 a'? at S1 

3.7, INTEGRAT IOl TECHNIQUES 

Even though the transformations perfor~ed provide simple integra-' 

ticn limits,the transfcr~ed function F i s generally not a sirople 



intcgralior is ItiJizec.i in sueil ca s es fl in tilif:> t:lesis as ,t he n urre-

r ic a l integration is used& 

tJ hen t 11 e: fin i tee 1 e TI1 e i. t for ill t 1 1 a t ion . 0 E t <JJ 0 - d i Tfi ens i na -' t:- a n s i e n t 

heat and u c t ion e qua t i () Ii 'It} i the 0 1 v ee t i v e ( ~ leu 11 ' ann) t ; ' p. 0 f b ~ u n dar y 

can d i t i ("l n sis i n v cst i r~ at e d ~ i t i. S 0 lJ s e r v C' d t h (l t sur f ; eel 11 r cd s 

exist in tbe dODain of space,and line integrals aT"pear on its :)oun -

daries 5 ln the ~at ri x o r n~ 0 f t 11 c 3 b 0 v e f 0 ... ITI U I a t i (1 n • sur f ace 1. n t e ~ -

rals are el2IT nts f heat conduction and he at capacitance wa trices 

and lin e in(e~rals are ele~ .ilts of convection ~alrices, 

In til finite ele~ent solu t ion of the eq ua tions.the surface in te?-

r a 1 s are e val u ate d b y 1 U rr e ric ali n t e ~ rat ion t e c h n i 1 ue \</; ere <l s the 

1 i n e i n t e ?; r a 1 s are t a c 1: l ed a n a 1. y tic all yin t his t 1; e sis ~ :) i nl p s ~) n f s 

rule is utilized as the nUll1erical integration echnique~ S irrpson' s 

rule is one of the siroplest tecllnill. ES to a~"lv t , • i1 this particular 

case~Two-di~ensio a1 Siropson's rule is a nine point aprroxi~ation 

per £ 0 r [1l e d b ;./ the val lj '-! S 0 f t It c i n t e g r , Ii J £ l). net i 0 11 ,t t L I ~ :3 e poi n t s • 

But. ina nyc as e e i g Ii t (I f the s e ? 0 in t s are 0 b t a i ned to h {; use din 

the fin i teL 1. e l!1 e n tan a 1 y sis ~ So . 0 11 yon e a d d ' t i 011:11 ;' 0 in::: _ (~:'1 r 1 (' t e s 

the uata needed for Silvpsor ~s rule of integrati0D&FutllerT!'Ore,the 

i)l t e g rat jon s a I" pro x i ITt ate d · b Y t r.,.: 0 - d i l' C n s ion a 1 S i 1"£1 ? son's r u 1. C con v erg e 

to thei. exact values provi ed that 

t L' r·,1 S r.1.:r: eat IT' 0 S toE sec 0 n d 0 r d c r I! [ 2 L~ c I n 0 u r ca s e , the l' i ~; b est 0 r d e r 
'...J 

is W 0 fo r t h ·" ex i s tin gin t e? r a 1 t c r fTI s 'I So) b Y us in p, S i 11' n SO il 1st U 1 e 

tIle additional erl.or rlue to nlJ.'tle~icrtl lntc? ration is reduced to 

zero pc cent!!, 11 inte~rations ill tlle analysis are carried ou t in 

t h 1 0 cal coo r din a t' e s y s t e 1'[1 and t 11 e n t ran s for 111 e din t) (y lob a 1 , 

TLe elel11ents of h e at conduction and beat ca pa citance TI'atrices 3re 

a p pro x iIi' ate d by t VI 0 -d 1.111 ens i on a 1 SilT' P son's r u lea S J11 en t i O'n cd be for e • 

In the local coordinate y s ten' , con sid e r .1 a s are \; ion i n t "Iv 0 - d i nl e n -

siona l E~clidian space with points (§~7).Let M be R re~ion co~ rosed 

of t~.,ro subr e~.~ ions I and J -]here both r egi ons are in one-diTfl"l1sional 

Euclidean space \,T i t 11 po ints (~ ) and (~;) J r es p e c t i vel y , The ~ b Y taking 
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• 

I and J as rand p-point rules of integration over I and J.respect­

i vel y • it can be , e x pre sse d. that, 

r 

= L R· f (g.) -I I -
i =, 
-p 

J = L P: f (,.) -
J J 

j =, 

Thereon.the product rule 

flO) dI ~i E I 

I . f f ('7) dJ '7. ~ J 
J 

J 

gives the result as. 

-f f I (S,7) dA 

A 

(30) 

( 31 ) 

( 32 ) 

Returning now to the particular problew considered in the thesis 

the do~ains on which the integrations are carried out,are the 

finite ele~ents in the local coordinates,In this case.IxJ designat~s 

the rect angular region where, 

c 

Since the three-point rule of inte~ration in both directions is the 

~ost convenient one together with quadratic ele~ent having eight 

nodes,consideration of the product of two three-point Si~pson's 

rules yields. 

f f tts, "l) dA 

A 

.~ ~~ {f(O,C) + f(o,d) + f(b,c) + f(b,d) + t. [f(a,h) + f(g,c) 

+ f(b,h) .. f(g,d)] + 16 f(9,h)} ( 33) 



where. 
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e = b - c 

f = d - c 

9 = _1_ (a+b) 
2 

h= _'_(c+d) 
2 

( 34 ) 

More particularly,if M is the square region of any elewent used 

in the local coordinate syste~ where, 

Then, 

and, 

f f f (Ul dA -

A 

-1 ~ ~ L 

(35) 
-1 £ 7 £ 

e = 2 

f = 2 (36) 

9 = h = 0 

-'- {f(-l,-t) + f(-l.1) + f(t,-l) + f(l,1) + L. [f(-l,O) + f(O,-l) g . 

+ f!1,OI + f(O,ll] + 16f(O,OI} ( 37) 

Equation (37) is the one used to a~proxi~ate all integral ter~s 

existing in the heat capacitance and conduction roatrices, 
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Th~ line integrals that are introducec to ha dIe the boundary condi­

tic .1 sex i s t a s the e 1 e Jl1 e n t s 0 f con vee t ion 11' a t r i x and the r Jll a 1 for c e 

vector in ~he governing watrix equation,To siroplify the inte~ration 

a 1 0 n g the b 0 un dar Y t S } a s bee nus e d a s t h '- 0 0 r din ate d ire c t 1. 0 n. a s 

shown in Fig~5-a.As it can be observed in Fi8~5.in forwing the ele­

ment convection rratrix and thrrmal force vector the integral liJllits 

beco~e 8 1 and s~ for each ele~ent boundary, 

On the other han tthe shape f nctions for such a curved eleroent 

boundary can be obtainEd by using Lagrange interpolation functions 

for a quadratic element in one-d:mensional for~.Coniidering s as 

the v'riable and the ter~inology of FiglS-bpit can be written that, 

~,I 
( 5 - 52){S. -~ (s - s 2 }(s-~ 

( 38 ) \I 1 - ------ --
( s 1 52 )(5, -53) S2 5 3 

( s· - S )( 5 n_ S ) '(sHs- s 3 
) 

N,) - _..;..-=:L_~ __ 
== ( 39 ) 

L.. 
(S _ - S i }(s 2 - 5, ) (S2)( s2 -53 ) 

N"J 
($-~ }(S-~ (s)(s-~ 

(40) == == --- --
..J 

{53 -51 )(53 -S2) (S3}(S3 -52) 

~ow it is conve ient to investigate the ter~s of cOlvection matrix 

and thermal ferce ~ector.As it is also given in Appendix B,all 

terms of both pa:ts contain only shape functions as variables,Then 

in~e ~tiO'1 of et:!.uatio ,s (313) ~ (39) and (40) into these terrl'S forro5 

line 'ntegrals that can be easily calculated analytically~The 

results of these calcu ations are also giv~n in Appendix B in terros 

of lengths 52 and 8
3 

>;,'<'hose defini.tions are given in Fig"S-b but the::: 

values are unknown# 



The second stage of . he line intf.::: ral evte,ludtio C In ains the cal-

ell tion of 52 and 53 values.But this operation ~ive r' se to a ne r..; 

p r ,b 1 err t bet a c k 1 e d ~ Sin c e t b e bell a v i 0 u r 0 f ~) 0 . n Jar i esC' f c 111 pIe .' 

surfaces considered is not specified,it is lot p _ss ible to <11culate 

s 2 and s 3 val u e san .a 1 v tic <1 I 1~' .:l n cl set hen II [T\ C rIc ,~, 1 ., r n r ( :: i rn .1 t i (' n 

appc,qrs .~s tlle Tl'ost probablE.; estlTT'ation of these. values,Th refore, 

i nth i s the sis a n U rl' C. r ..:. cat a p pro x i w a t i. technifjue vhich uses the 

finite ele~ent wethod as a tool as been _.e vised for the calcula 

tion of these values. 

According to th~ techni ue devis~d,all boundaries are assu~ed to 

be coropoEed of isoparawetric l~ne ele~ents in quadratic for~s and 

the .:[;( ~araITIet.ri.c transforl1" tion sho'l'"JTI in Fir-;,.b is considered_The 

s11ape func tiors for such an ele~e t can again be obtained by utili­

zing Lagrange in e *polat.ion fu nction.s and in t lis particular case 

h a vet h e for IT' S ~ 

N 
1 

(1/2) (S -1 ) ( 4 1 ) 

;~ 2 ( 1 - S) ( 1 + )') (42) 

N (1/2) "( 1 + ~) f ( 43) 3 ...J 

.As was x r 1 a 1 ned ins e c t ion 3, 5 , the ~ 1 b a. 1 co, r II ina t e s 0 f d n" 

point on this line ele~ent can be obtained by the isorar~~etric 

tr.ansformation \,]hich is expres. eel. '1S , 

x r. IX I + N
2

x
2 

U
J

x
3 f 1'1 11' f x i ~ (44) 

[ ~~ } T 
,., ') 

y N1Y 1 ~2Y2 N3Y3 t Y i I (45) 

where x and yare the coordinates of any point ane x, and .... are 
1 . 1 

the C orJi -rl ates of {,-odal points on the line element in ~l()hal co­

ordinates,respectively~ 

t~ 0 W con sid e r the a p pro x i. IT! a t ion 0 f 1 in eel e fI"I en thy t h t:: COlI' bin at ion 

of a grolp of line segfl"lents as shown in Fi~. 7.The len~ths of line 

serrpents shor..·7n i'n Fi:::.,7·-b can be evaluated easily if tile coordi-

nates of points froro 0 e to fiv are k now 11 , and the irs U IPTIl a t i (".I n 
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gives 8 2 and s3 values accurately.The coordinates of points 1,2 

and 3 are known fro~ finite eleroent data~Only the coordinates of 

points 4 and 5 re~ain to be found 6 Thereon,equations (44) and (45) 

will be used for this purpose. Evaluation of equations (44) and 

(45) at points. 

5 - - 0.5 

S = 0.5 

provides the particular equations that can be used in the calcula­

tion of the coordinates of points 4 and 5.For point 4 the expres­

sions (44) and (45) beco~es, 

0.375 xl + 0.750 x2 - 0.125 x3 (46 ) 

Y4 = 0.375 Y1 + 0.750 Y
2 

- 0.125 Y3 ( 47) 

and for point 5 the equations are. 

X5 = - 0.125 Xl + 0.750 x2 + 0.375 x3 ( 48 ) 

Ys = -0.125Y
1 

+ 0.750 Y
2 

+ 0.375 Y
3 

(49) 

Then.~he following relations can be written, 
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( 50) 

( 51) 

(52 ) 

( 53) 

Hence,5 2 and 5) values can be evaluated as, 

( 54 ) 

( 55) 

Consequently.the substitution of s2 and s) values into the expres­

sions of the ter~s of convection ~atrix and therroal force vector 

calculated before and given in Appendix B gives the nu~erical 

values of these ter~s. 

3.~. FORMATION OF GLOBAL SYSTEM 

The asseroblage of global ~atrices is based upon a sirople suroroation 

procedure~Application of this procedure on conduction ~atrix [A] 

and ther~al force'~ector (FJ is given in Fig.8 sche~atically.Accord­
ing to this procedure,the local node nurobers specifying the ter~s 

of eleroent ~atrix are replaced by global node nu~bers and these 
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ter~s are added to the terws of the global @atrix specified by 

these new nu~be~s.As an exa~ple.the ter~ a
33 

of the ele~ent conduc-

tion roatrix given in Fig,8 is changed to a and then added to the 
pp 

corresponding ter~ of the global conduction @atrix.A ,The procedure . • pp 
is the sa@e for ther~al force vector as can be seen in Fig.8 ,. 

~In the for~ation of the qlohal syste~. the asse~blage of global 

~atrices is followed by the boundary condition corrections,In this 

thesis,for the ele@ents having convective type of boundary condi­

tions this operation is not applied because the governing differen­

tial equations have been derived as to include such boundary con­

ditions/Jhe ther@al force vector [FJ is cot1'lposed of those ter@s. 

But if prescribed tet1'lperature (Dirichlet) type of boundary condi­

tions are i~posed on the ele~ents.then the global ~atrices need to 

be corrected for the boundary nodes of those eleroents.The sche~atic 

ex p I a nat ion 0 f t his p roc e d u rei s g i v e n in Fig. B, .• 

In this procedure,first the coluron corresponding to the node that 

is selected to be corrected is carried to the right hand side of 

the global roatrix equation by subtracting it froro the right hand 

side vector.nat1'lely the ther~al force vector.As an exa@ple,the 

coluron p in Fig.~,can be considered.Then its eleroents and the 

elet1'lents of the row which is the transpose of this colu@n.for 

exawple row p in Fig,a,which is the transpose of coluwn PI are 

equated to zero.The procedu~e is finalized by assigning a value of 

one to the ele~ent corresponding to the node with prescribed te~pe­

rature.likewise the node pp in Fig,a\in the global roatrix and by 

assigning a value of the prescribed teroperature to the eleroent of 

the ther~al force vector corresponding to the corrected node 4 This 

procedure is repeated for all nodes on which prescribed te~perature 

type of boundary conditions are i~posed. 

3 3 9 1 INTEGRATION IN TIME DOMAIN 

T~o of thenaany P?pular procedures for solving the linear differen­

tial equation (14) for T values are Euler ~ethod and the one 
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di~ensional finite ele~ent ~ethod.ln this thesis the forwer is used 

since it needs less progra~~ing work and it is as accurate as the 

latter. [25J • 

Assu~e that two points at ti~es to and tl on a curve are given and 

the derivative at the pointt(t+~At),is required where, 

and, 

as illustrated in Fig, 9. 

In this case the following assu~ptions are possible, 

and, 

QL ( t + 0< ~t) -
dt 

T(t+Atl-T(tl 
M 

T ( t + O<!J.t) = (1 -0() T (t 1 f- 0( T( t... M) 

(56) 

( 57) 

( 58 ) 

( 59 ) 

Using eq~ation (14) together with equations (58) and (59) ,at ti~e 

(t+~~t) it is obtained that. 

_ F ( t + ~ t) + C (t+ 0( Llt ) . T( t) (60) 

°0 
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and also, 

T ( ) T ( t + O,!lt ) t +!It = - + (, - ) T(tJ 0, ( 61 ) 

where, 

°0 = llt ond 01 = , for 0< = 0 
(62 ) 

°0 0( fl.t ond. 0, = 0( for 0< =1= 0 

But on the ether hand,since e,A and F are independent of ti~e and 

if L~ is assigned the subscript 1 to the values obtained at ti~e 

(t+~t) and the subscript 0 to the values obtained at tiroe (t) ,the 

equations (60) and (61) can be obtained to forro the equation, 

(!let + D( A ) ( T, - TO) - F ( t + 0< fl.t) - A TO ( (3) 

This discretization forroula is so-called Euler forroula with tiroe 

step ~ll.t)JA family can be forroed by using Euler forroula with dif­

ferent ~ values,In this faroily, 

0(= 0 corresponds to the explicit Euler scheroe 

0(= 1/2 corresponds to the trapezoidal rule 

O(a 2/3 corresponds to the Galerkin scheroe 

0(= 1 corresponds to the pure iroplicit Euler scheroe 

The selection of the value of ~ owes to the type of the problero 

considered.In the probleros where short tiroe accuracy is needed the 

Galerkin scheroe roay 

pure iwplicit,Euler 

trapezoidal rule roay 

be used.If long tiroe steps are required,the 

scheroe and if long tiroe solution is needed the 

be use d, [26] ' 
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For any linear relation.likewise the syste~ of equations obtained 

in this thesis.in for~t 

dT + AT _ 0 
dt 

where A is a constant ,the stability criteria is, ~6J, 

1 - (1- 0( ll~tl\ 

1 + o<t\M 
L 

This expression leads to the following results: 

a) for 0( ~ 1/2 the sche~e is unconditionally stable 

b) for o<.L 1 the sche~e is stable provided that. 

2 
?I(1 - 20<) 

Using the trapezoidal rule to discretisize the ti~e do~ain _ ~ 

equation (60) takes the for~, 

which reduces to the collected for~, 

But if the follow~ng definition is used, 

( 64) 

( 65) 

((;6) 

(67) 
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( G9 ) 

- the final forro of governing equation becoroes, 
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IV. THERhAL S11RESS ANALYSIS 

4.1. THERMAL STRESS CALCULATIONS 

Whert the tewpernture gradients in a body are highathen considerable 

ther@al stresses appe~r in that body which are frequently an 

i~portQnt factor in deterwining material life,In cooled gas turbine 

bladeD also,especially during start and shut-dou~ opcrations,high 

temperature gradients exist on blade sections,This fact m~y be 

observed in section VI of this thesis and in Pig.16,17 Dnd lB. 

n en c e ) t 11 e n,l a 1 s t 1" e s s· ana 1 y sis b (! C O'TfI e san una v 0 ida b 1 e ttl 11 t t e r , . , 
Both·analyticol and nuwerical methods cnnbe used to predict thermal 

stresD distributions in an elastic body with the temperature dist-

ributions given.The various aspects of analytical methods are dis­

cus.sed in Boley et al ~ [27J and Gatewood, [28J ,There are also roany 

nuwericel approaches applied to therwal stress calculations one 

of whi.eh it; inveBtigated by Doherty et a1 ~ [29J 

On the other hand~ in this thesis only order of roagnitude analysis 

of therroal stresses is considered to be important and a much 

siDpler wean of calculating blade therwal stresses has been tak2n 

into considsration. 

Assu@ing that there i~ no longitudinal tewperature variation but 

there is only cross-sectional temperature v~riations in gas' turbine 

blades and s~ppoBing constant wadulus of elasticity.E.the ther@al 
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stress on anyone fiber of the unloaded blade at a particular 

section is , 

0-. = E ( E· - Cl(. T· ) 
I I I I 

- where,T i and Ei are local te~perature rise and strain.respectively 

and ~i is the coefficient of linear expansion.Depending upon the 

geo~etry definitions given in Fig.lO,the force and moment balance 

equations about principal axes are expressed as, 

n 

~ A· Cf"-I I = 0 

i=l 

! A· II: x· I I I = 0 (72 ) 

i = 1 

! A- Q; y. 
I I I = 0 

j = 1 

where Ai ~i and (xi,Y i ) are the area,stress and coordinates of ith , 
fiber ele~ent.respectively and n is the number of elements. 

Now,assuming that plane sections re~ain plane,we can write, 

a + b x' + C y' I I 

where a is the strain at the origin 0 and, [7J 

A- ex· T­I I I 

a - ~j~=~l----------

n 

~ A· I 
D(. 

I 1-I 

b ::. i = 1 
n 

~ Aj x? 
j = 1 

x' I 

( 73) 

(74 ) 
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n 

~ A- 0(' 1-1 1 I Yi 

C = i = 1 
n ( 74) 

L A· 1 Y? 
j = 1 

Thus.corobining equations (71).(73) and (74) yields, 

n n n 

L A- o<·l 
1+1 L A. C<. T· 

1 I I x· I L A· 0(. T· y. 
I I I I 

(t = E ( i = 1 ~ x, j = 1 
+ Yj i = 1 0(.1- ) (75) 

I n I n n I I 

L A· L A· x2 L A. y.2 
I I I I I 

j = 1 j = 1 j =1 

In above analysis centroid 0 of the blade section is the origin 

of the principal axes and so, 

n 

L . A· X· 
1 I - 0 

j=1 

n 

L A. y. - 0 
I 1 (7 G) 

j =1 

f Aj Xj Yj - 0 

i =1 

On the other hand,for a si~pler analysis the coefficient of 

therroal expansion can also be taken ~s temperature independent as 

roodulus of elasticity E~Then equation (75) reduces to the for~, 

n n n 

L AT- L A. T· x· L A. T. y. 1 I I I I I I I 

(f: EC<'( i=1 +xi i=l 
+Yi 

i =1 -I n n n 

L A· L A.x~ LAiYf I I I 

( 77 ) 

i=1 i = 1 i=l 

In this thesis.equation (17) is used, 
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5~1 VARIOUS CHARECTERISTICS OF INVESTIGATED TURBINE BLADES 

In order to clarify the Dubjccts investigated in this thesis and 

to obtain the neccsBllry data that will be utilized in analysing 

various aspects of cooled gas turbine bladespthree different 

blades have been selectedoTwo of these aTe cooled blades with 

different cDoling georoetries and one is B solid blnde reserobling 

the extrewe cBse~The existance of the solid blade in analysis is 

,useful since it will provide the weans to be coropared with in the 
, 
analysis of the cooling process in blades. 

In the design of turbine blades the degree of the effectiveness of 

cooling geometry is deterwined by the shape factor Z whose expres­

s ion can beg i v ~ n as. [3 ~ 

f. S c )1.; / A r- ) 
Z = \~[ ~-?"'-

(-

(78) 

is the chord length of the blade and S and A are the 
c c 

perimeter Bnd area of cooling passages~respectively~The Z values 

bet~een 150 and 250 are requi~ed for good cooling. 

In the selection of the turbine blades wentioned above,this fact 
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was taken into consideration and each blade was selected from a 

different classeAri'ong the selected bladen~BLADE-A (solid blade) 

is with zero Z factor.BLADE-B (pedestal blade) is with Z factor 

of 120 and the Z factor of BLADE-C (blade with elliptical cooling 

passages) 10 above 200~ 

The detailed geo~etries of the selected blades including the 

cliscretizatioDS- into eleDcnts are given in Fig~11~Fig.12 and Fig.l3. 

The discrctizations of the blades A,B and C are wade of 33 quadratic 

cleroents with 122 nocieo,29 quadratic elewents with 127 nodes and 

31 quadratic elements with 129 nodes,respectively. 

The type of the blade material was assumed to be the sawe for all 

blades andit was taken as Inconel 600.Soroe properties of this 

I"D ate!' i u 1 aJG g bYe n inA l' pen d i 7. C ,- 'f a b 1 e 1 • A 1 tho ugh the the r III a 1 

expansion coefficient and therwal conductivity are given as 

teiilperature. depend(~nt properties in Table 1 ~these pararoeters were 

assufrled to be constants in the calculations. The reason for this 

assumption is to wake the calculations siropler.Essentia11y.it does 

Dotgive rise to serious deviations frow the exact solution.This 

f act has bee n in v est i gat e d 11 n d pre sen ted by Hog g e, [22J ' The 

constant values of coefficients of therwal expansion and therroa1 

"conductivity a:re taken to be 1.44><105 
lTIW/(TllW"OC) and 19.18 

Joules/(sec "<'CxtDj $respectively. 

The external (gan to blade) heat transfer coefficient is georoetry 

dependent and the variation of this coefficient with respect to 

blade georoetry is given in Flg.l~.This distribution has been 

de r i v e d f r OI'Il ref e1' en c e" [;1 Jan d [lOJ 11 S tot a k e the t" Il din t ion 

effect into consideration.Fig a 14 is valid for all blades considered 

in this thesis because the external geo~etries are the saIDe in 

all three cases,The tewperature of the gas flowing at the outer 

surfaces of the blades is 1145 °C,The characteristics of the 

convective exchange at the cooling passages for both .cooled blades 

are given in Table 2. 
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VI. RESui/rS AND ])ISCTJSSION 

The co~puter progra~ FINEL solves the governing differential 

equBtion of the p~oblem explained in Chapter I by using the finite 

ele~ent method and gives the temperature values at the nodes 

specified by the finite ele~ent weshes of the blades.The nodal 

temperatures have been calculated at 0,06 second tiwe increroents. 

The results of the co~puter progra~ are utilized to exaroine the 

transient temperature behaviour at the stagnation point~roid point 

and trailing edge end of the blDdes~which are representative 

points8s regards to stress~ 

In Figs15~the transient tewpe~ature distributions of the stagnation 

pointlwid point and troiling edge end of BLADE-A have been shown, 

It is seen that the stagnation point terope~ature increases at a 

dcc~easing rate.The tewperature increase is roughly 400°C/sec 

at O~6 second and 110 DC/sec in the first two seconds of the start 

operation~This value decreases to 60°C/sec after four seconds and 

11 °C/sec after twenty seconds. 

The trailing edge end teroperature shows the saIDe behaviour 85 the 

stagnation point doe~ but the rate of change in tewperature is 

very different at this point especially at early tiroes.At the 

trailing edge end the average rate is about 650°C/sec in the 



38 

first 0,6 second.This rate decreases to 125 QC/sec at tWQ"secdnd~ 

ond it is BO °C/sec at four seconds,It -reaches approxiroately t~ 

2.5 °C/sec between tventy aud twenty four secouds,At twenty fdu~ 

seconds the temperature of this point is 1135 OCt 

On the other hand)at the mid point~the temperature is not chaftging 

for 0 4 6 second and it is rewBining at the initial temperature .of 

20 °C,Thls is an expected result and the reason for it is th~t the 

inside part of the solid blade does not receive the effect of 

boundaries iDweciiately,The diffusion of heat into the blade takes 

some time and only then the mid pottit temperature begins to riSe •. 

After 0.6 second~B linear variation of te~perature is observe~ 

up to eight seconds.The rate of te~perature ~ncrease is constant," 

63 °C/sec,ln the interval of two and eight seconds,The rate 

decreases to 12°C/sec betveen twenty and twenty four seconds, 

At twenty four seconds the tewperature of the wid point is 960°C. 

In the IDean time,the maximuw teropernture differences between 

these three points are observed to ~p~ear at around four seconds. 

The temperature differences between the stagnation point and roid 

point"and between ~id point and trailing edge end are about 34noC 

and 630DC~respectivelYoat this tiroe.These values reduce to 90~C 

ahd lBO°C at twenty four seconds. 

In Fig.16 1 thc transient temperature distributions of the stagnati6n 

pointo~id point and trailing edge end of BLADE-8 have been illus­

trated.It is seen from this figure that the behaviour of tewpetnture 

diutribution oftbe Gtagnation point is siwilar to the one of 

8LADE-A~Tlle te~perature Again increases at a decreasing rat~~~ut 

in this c&ge~the rate of increase is 125 cC/sec at two seconds. 

75°C/sec at four seconds and 5 QC/sec between twenty and twenty 

fOllY s€conds~Vhen twenty feur seconds of tiwe is reached,the 
. ° Gtagnotion point te~perature reaches to the value of 1010 C. 

In contrast to the trailing edge end the temperature dist-

ribution of BLADE-A~the tewperature distribution of the correspond­

ing point of BLADE-B is not so gradual,At the tiwes of 0.6 tone 

two.four and eight seconcis,the rates of increas~ in tewperature 

are 1160 °C/scc~830 °C/SCC,qO °C/sec?7 °C/sec and 0 °C/sec 

respectively,According to these values at the trailing edge end 
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of B1.ADE·:'B~thc tert'perilt".n'e is at the steady state condit,i.On 'a"ftcr 

eight seconds~The steady state teropera~ure of this point i; 915~c. 
SurprisinglYothis teroper~ture is below the te~perature oft~e 

stagnation point temperature after twenty four seconds.This faci 

Is surprising because if the geowetries of the leading edge ~~~ 

trailing edge are considered;with its swall thickness and laTg~ 

heat transfer 5urface,the trailing edge should be at a hi~het· 

t ere per a t U 1" D e v en in!> t ~ n d y s tat e con d I t 10 1i S " W her e as, the '. f i h~ 

cooling passage placed at the trailing edge whose cooting eflect~ .. 

iveness io higher thon the cooling passage at the leadin~ ed~e 

compensates the effect of large he~t flux.It even keeps the te~pe~ 

rature at this location under the leading edge temperature i~ 

steady state conditions. 

The roid point tewperature distribution in BLADE-B has the lo~est 

tcroperature values at all tiwes as it is in BLADE-A.Ho~evei~ in 

this CllSe: the in1tie.l behaviour of this point is not sitTIilar tp 

the cne in case of BLADE-A.The tiwe at which the effect:of heat 

flux· diffusing into the blade is recehred~i5 so sfl\all that i~ i's 

not possible to observe it on the curve.This also means that .thi~ 

value is even less than tlwe incregent value(O.06 second).The 

i: e r,' p ,~ t" a t In' e .'1 t t his poi n t g r ll. d u alt. yin c rea s est 0 

',0 uaximu~ of ~lO·C at twenty four seconds.The te~peratu~e 

changes ~are or less linearly up to three ~econds nnd the rate 

in thi~ interval is 110 DC/sec.At four seconds.this value 

clecreases to 75 GC/sec and between twenty and twenty four secondg 

it is 2.5 °C/sec.The temperature differences between th~se three. 

point~ a~e ~uch severer in ~bis case.At two seconds the teroperature 

difference between' ~id point Dnd trailing edge end is about 

700°C and this is the waxiwu~ difference that occurs.At ~hls 

particular ttwe the temperature difference between the stagnati6n 

Doint and the ~id point in 200°C,On the other hand~whilethe 

difference between the st~gnation point and wid point remains 

constant in tiwc~after two seconds the difference between the ~id 

point and the trailing edge end. dec~eDses continiously in tiwe oOd 

reaches to a value of ISO°C at twenty four seconds. 
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The transient tel1'pc:rature.s at the three locations t the .&t,a~l\·atfon. 

point 9the mid point.and the trailing edge end,in BLAQE~C ~~e' 

given In FIg ft 17.It foll~vs frD~ the figure that the stagn~ti~n 

pol n t t e Il' p e :c a t u r eke e psi t 5 g !' a d u a 11 y' (n ere a sin g b e h a vic u:r' 'w'i tb . 

a decreasing rate in cas'S',!' of BLADE-C,too.But in this case.C;he·re. 

is one point differing frem the previous cases that ~~e s~a~nation' 

tewperature seews to reach the steady state at sixteense~ond6.I~ 

BLADE-C the rates of i.ncrense of the stagnatlon point te·T!".pel:'ature 

are 3~O °C/sec,200 °C/sec,125 DC/sec and 70°C/sec at the til1'e~· 

O.6,one,twD l snd four sGcondstrespectively.The rate is zeTo betwe~~ 

twenty and twenty four secondo whi~h means that in this fnterval 

the temperature reaches to the steady state value of 

In nLADE-C,the trailing, edge end tefi'perature behaves as in c~ase '.; 

of BLADE-B.A rapid inciease in temperature is observed {irs~ and 

then suddenly the te~perature reaches to the steady state ~alue~ 

Up to O~6 second a linear increase in the temperature exists at 

this point with the rate of increas? of 950 °C/sec_Thenon,at ~imi 

one second the rate is 700 °C/sec.at tirl1e two seconds the rate ·is 
125°C/sec and at ti~e four seconds the rate is 30 cC/~ec.After 

ten seconds the rate of te@perature increase is zero and the 

temperature reweins at this steady state value of l055°t. 

When the wid point tempefature variation in. ti~e is observed in 

Fig.l7,ot the beginning, the existance of a portion with an 

increasing rate is dcteruined.This fact is due to the tiDe elapsed 

until the heat tronoferred into the blade is received by this 

point.Dut unfortunately it is not possible to deterwine t~ls tiwe 

interval in this case a.s clear as in caGe of BLADE-A.After this 

point,the transient temperature curve of the wid point is s~oothly 

increasing but snoin decreasingly as in two previous cases.The 

tewper6ture increase rates are 70 °C/sec,90 °C/sec.75 °C/sec and 

2"5 °C/sec betveen zero and ona,one and two.ot four seconds and 

between twenty and twent~ four s~conds,respectively.The wid point 

tewperature at twenty four seconds is 150 ~C.The ~axl~uw te~pera~ 

ture difference between the wid point and the trailing edge end 

seems to occur at tw~ seconds in Fig.17~This value is about 710o~. 

On the other hand!at this particular ti~e the teIDperature differ-
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ence between the Did point and the stagnation point is 290°C, 

According to Fig.17 08 tiw~ paD5e5~thc temperature difference 

between the Did point and tile trailing edge end reduces continiously 

while the difference between the mid paint and the stagnation point 

incren~es to 300 c c first and then deereases continiously.At twenty 

four seconds the differences are 310°C between the wid point and 

.trailing edne end and 170 0 e between the mid point and the stag­

nation point. 

If the tewperature io taken as the only design para~eter and if 

the result analysis given above is cansidered,it is easy to 

observe that BLADE~ can not be used under the specified condi­

tions of the Cilcsiu.Thls is based on the fact that in this blnde 

the tewpcrature is changing at all points continiously in ti@e up 

to the external gas temperature and as it vas ~entioned before the 

external gas temperature has taken to·be the ultiwnte te~perature 

that the blade ~aterlal,IncDnel 600}can withstand.On the other 

hand~in the cooled blades Band C the te~perature is ~uch lower 
I 

than the external gas te~pcrDture at wast p~rt of the blndes when 

they reach the steady Gtate~Only at the traili~g edge of BLADE-C 

the t~IDperaturD is critical and it (5 ~ust lOOce less then the 

external gas temperature,At the treiling edge end of BLADE-B this 

',value ia about 115°C and at any other point at the trailing edge 

of BLADE-B,this te~peratur~ difference is higher in cowparison to 

the corresponding points of BLADE~~The overall cooling effcctive­

DeUB of BLADE-C is the highest but at the trailing edge the cooling 

is less in cDPparisoD to the trailinz edge of BLADE-B,Thus.it can 

be concluded that although the ovrall cooling effectiveness is 

higher in nLADE-C,the local cooling effectiveness of its trailing 

edge georoetry is less thsn a fil~ io~ling geometry as it is con­

tained in BLADE-Bwkt the leading ed~e 2nd wid port!on,the cooling 

pro~es5 is much ~ore effective in BLADE-C than in BLADE-B as it is 

concluded frD~ the results,At the leading edge~the tewperature is 

about 250 cC in BLADE~ while it is about ISOaC in BLADE-B. 

In figureD IB~19 Gnd 20 the isoterws in blade sections are pre­

sented at the tiDes i.S,12 ond 22 seconds.respectively,In Fig,l~ 

the teDperature" distributions in sections of blades A~B Bnd C at 

the ti~e 1,5 secondscare shown~A~cordinB to thio figurctut the 
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leading edge and ~id portion of BLADE-A the te~perature is a little 

higher than 300oe~These portions are surrounded by the lOOoe iso­

ter~ just inside the blade boundary except a portion of the pressure 

side.On the pressure side the te~peratures are lower than the suc­

tion side teroperatures and on this portion of the boundary it is a 

little higher than 200oe~As one goes inwards the te~perature reduces 

gradually and the lowest isoterw is reached near the ~id portion. 

Th{s isoterro hi~ a value of 60oe.Be~{d~s,at the trailing edge,the 

te~perature is rather high and lOOoe isoterro is followed by 3S0oe 

400 0e and soooe isoterros as it is coroe near to the trailing edge, 

On the other hand.in blades Band e the variations of the isoterws 

are not as clear as the ones in BLADE-A. Only it can be talked about 

the general trends~The reason for such a behaviour is the cooling 

of these blades~By th~ cooling process on various portions of 

these blades.different cooling conditions are ireposed.Together with 

the external heat transfer coefficient distribution,these condi~ 

tions distroy the siwplicity of the teroperature distributions 

inside the blades~ 

In both blades the suction sides are hotter than the pressure sides 

as it was in BLADE-A.In BLADE-B,just inside the boundary 400~e 

isoter~ takes place and it extends fro~ quite above the stagnation 

point to the trailing edge~On ~ost of the pr~ssure side the i50-

ter~s are below 300 0e l This li~it is exceeded on the leading edge 

and on the portions of the wid part near the trailing edge.As one 

coroes near the trailing edge end higher isoter~s appear which 

extend'transverslly and reach to the fflaxi~u~ of ~OOoe.The coolest 

parts are the regions between the first and the third cooling 

passages, In this region the te~perature is around 200 oe, 

In BLADE-e the large portion of the suction sidd is at4000e nnd 

400 0 e isoter~ extends fTO~ above the stagnation point to the trail­

ing edge.But in this blade there is one exceptional region on which 

the te~perature even exceeds soooe on the suction side of the lead­

ing edge,Th~ trailing edge te~perature distribution is si~ilar to 

the correspondinp, part of BLADE-B but in this case the hot region 

is rather large;In this region the isoter~s begin with soooe and 
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end with ~OO°C~One other i~portant point that should be ~entioned 

here is the existance of a lar~e cool region in the ~id portion 

of BLADE~tln this region the te~perature is below 200°C and there 

is even a re~ion in which te~perature is below 120oC. 

The te~perature distributions in the sections of blades AtB and C 

at the tiwe twelve seconds are presented in Fig 3 l9.In this figure 

it;. can be seen._.that in BLADE-A the hot trailing edge region is 

diffusing towards the ~id portion. Therefore the cooler isoter~s 

extending fro~ the leading edge to the trailing edge at ti~e 1.5 

seconds now surrounds only the ~id portion~The hottest region is 

the trailing edge.At this location the isoterws are between 900°C 

and lO~O°C~The coolest region is in the ~id part of the blade and 

it is surrounded by 650°C isoter~.In BLADE-B the isoter~s are 

clearer at this instant of ti~e.Now they are long longitudinal 

lines.900oC isoter~ surrounds a large portion of the blade,includ­

ing ~ost of the leading edge and all of the wid portion.Only the 

trailing edge is excluded by this isoter~.At the leading edge there 

. is a region hotter than 920 oC.On the otherhand.the coolest regions 

are again the ones between the first and the third cooling passages. 

750°C isoter~ seeros to bound the coolest region in BLADE-B.At the 

trailing edge,9S0°C isoter~ is the ~ost significant one 6 The te~pe­

rature is 96~oC near the trailing edge end.In BLADE-C the co~pli­

cated behaviour of isoter~s re~ains at this instant.Approxi~ately 

the distribution of isoter~s is the sa~e as in Fig.l~.The hot 

region on the suction side above the stagnation point is still 

there and it is now bounded by 900°C isoter~,The ~id portion is 

still the coolest region and the te~perature of this region is the 

lowest a~ong all three b1ades~This region has a te~perature of 

650°C as the lowest .. The trailing edge distribution is alsol the 

8a~e except the change in the ~agnitudes of isoterws,In this region 

the isoterws take the values between 900°C and 1040°C as one pro­

ceeds towards the trailing edge end. 

In all three sections the pressure sides are cooler than the suc­

tion sides,This fact is the conse~uance of the heat transfer dist­

ribution on the blade surfaces~The distribution considered in this 

the~is is given. in FiS,14~In this figure it is observed that the 
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suction side heat transfer rate is generally higher on every loca­

tion corresponding to that of the pressure side.This steros fro~ 

so~e aerodynaro(c pheno~enon existing in the cascades,as de~onstratjd 

recently by Graziani et al~ 21 .Consigny et al. 2~ and by ~any 

others in past_ 

Fig.20 contains blades A,B and C with their teroperature distribu-. 

ti~ns at the t!~e twenty two seconds. After this time the te~pera­

ture distributions are expected to reach the steady state.The 

.istribution of isoterws in BLADE-A at this instant is exactly'the 

sa~e as the distribution in the tiwe of twelve seconds.given in 

Fig~l9~Only the ~agnitudes are different and they are higher in 

this case~At the leading edge l020°C isoter~ is the highest.The 

coolest region of this blade is again in ~id portion a~d it is 

bounded by 950°C isoter~.The enlarge~ent of the h~t trailing edge 

region see~s to stop which ~eans that the steady state values are 

close.In the trailing edge the isoter~s are between l060°C.and 

ll)OoC.ll30°C is very close to the external gas tewperature which 

is l145°C. 

In BLADE-B and BLADE-C enlargeroents in cool portions of the wid 

part are observed,This also roeans that both blades have al~ost 

reac~ed the steady state~In BLADE-B the coolest region is surround­

ed by ~50°C isoter~ while in BLADE-C the te~perature in the saroe 

region is about 150°C.at a large portion.The highest leading edge 

isoter~s are 990°C and 900°C in BLADE-B and BLADE-C,respectively. 

The hot region appearing on the suction side of BLADE-C above the 

stagnation point at ti~es 1~5 seconds and twelve seconds does not 

exist any@ore.At the trailing edge of BLADE-B the isoter~s are all 

longitudinal now and the highest is 9~O°C isoter~.But at the saroe 

location of BLADE-C the co~plicated behaviour of isoter~s\ re~ains 

and the hi~hes~ temperattlre is above l040 0 C in this case, 

The results of the ther~&l s£ress analysis that has been carried 

out in this thesis are presented in the sawe order as the therroal 

field analysis~Therefore the first illustrations belong to the 

transient ther~al stress distributions~Figures 21.22 and 23 

illustrate the transient ther~al stresses in blades A,B and C. 
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Fig e 21 contains the calc~l~tcd-stress distribution~ in BLAOE-~ 

during the starting operation for the stagnation point,wjd :poJrit 

and the trailing edge end q I-t r,'sy be foll-o'Wed froro the fi-gure ot.hiit· 

there ire two curves behoving siwilarly and only diff~rLng in 'w~g~ 
. . 

nitucieQThese curves are the ones that belong to the ~tagnatlmn'Pbint 

and the tt'ailing edge end~Both curves have their max'ini·a at.:the ~t~'w~ 

equal to two secondsaThe wagnitudes are -195 MPa for the 5tagriati6n 

point and -310 MPa for th~ trailing edge end~The third curv~is 

i ll'~ s t rat in g t h 'c the rrtl a I' 'S t res s va ria t ion 0 f the w id poi n t • T h b; 

curve also has its maxirouw at about two seconds.Thii' i~ a very~x~. 

pected wanner because as it was wcntioned in the previous tberro~r 

field resultsgtwo seconds is the tiIDe at which the tewpera~tiTegra-, 

d"1 en t s r e n c h t 11 e i r wax ill" Uftl va .1 u e s • Jus t a s the t e ID pet' a t \1 red is t r i hu­

t ion, the rat e 0 f c h an g e 0 f 's t res sis h i g h at the beg inn in g 'il n ,d, ' it 

decreases in tiroe.The IDoxiwuw differcbce in stre~5es of the thre, 

points is at two secondscThe difference is 450 MPa between the IDid 

point and the trailing edge end~This difference decre,ases to 6'0 M"P,a 

at twenty four seconds a~d the tendency to decrease continues.Ld 

spite of the high rate of change in stress at the beginning th~ 

distribution of stresses is quite sIDooth. 

Fig922 is the figure pres~nting transient stress distribut{pns in 

PLADE-B at the stagnation point,roid point and trailing edge ~nd. 

The strasD variation at the mid point of this blade is exictly the 

sa~e as in nLADE-A~evcn in ~agnitudeGTherefore there is no need 

to dlsc~GO this curve~nut on the other hand.the behaviours of the 

other two pointscthe stagnation point and the trailing edge end,are 

quite different~At the trailing edge there is a very sudden jncr~~se 

in striss in a co~prc5sive @8nDer in the first second and in this 

period the stress reaches a value of -390 MPa,Then a rapid ~ecre~se 

in stress at this point is observed and it reaches ~ value of 

-100 MPa at four oecapds and a yulue of 0 MPa at eight second~;Froro 

tllst tlwe onwards the stress at this point is tensile and has a 

waxi~uro of 40 MPn.ln contrastgthe rate of change of stagnation point 

stress:is rather sros11 and at this point the stress reaches to its 

waxiwuw,uawely -75 MPa,at about two ~econds,FroID thereon,it is 

observed that the streos increases Bt this point and it reaches.~ 

value of OMPs at fifteen seconds,At later tiIDes the stress' has a 
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constant value of l1 HPa~T,lfe ti'8xir,'uri' stress differenc~?-p·I.l,e·ar!f:. ag:d,tl 

bett>'een the !\lid point and the trailing e.dge end Ilt about.t~o· ~eco.tias. 

and its magnitude is sao, ~p~~ ': .. . . 
The transient stress distTibutions of. the stagnation poin,t'irt.id~oi,rit' 

and the t r ail in g e d gee n d (, f B LAD E -C fa e g i v e n in Fig', 2 3 , The' b e h ,n '­

viour of stress at the wid. point is again the SBwe as it is. iri two 

previous blades.In this case onlj its uagnitude is higher~Duri~~' 

the start operation ,at th'e trailing edge la sudden increa's'e il1 stt,es·s 

appears also in this bllde;The otress is in coti'pre5si~e ~atrner bu~ 

it is higher cowpared to ~he stresses at the corresponding~6in~s 
.. 

of the oth~r two blades,It has a value of -400 MPa,Besides,ihe r~te 

of change of stress is not as high as in other two cases, aftertbe' 

peak value.The stress decteases 510'-l1y up to -200 ~1Pa ithich .is' at 

n tiwe of seventeen secorids and then it increases again.Atth¢ 

stagnation point ~an :i.ncr~q.se in stress with rather low rates·' ~f 

change up to fifteen seconds.. F::oIJl thereon~an i.ncrease ,in s.tress· is 

observed at this point,too. 

In fig.24)Fig.25 and Fig.26 the stress distributions in blades AI.B 

and C are presented at th'€! tirt"es 1.5,tr.lelve and twenty t~"o s'e.cond\i 

respectively.According to these figures in all three 'blades and at 

all ti~es there are central portions surrounded by neut~al stress 

contours. Inside these contours one observes tensile, str~ss~s~Where~s 

8n one proceeds towards the skin of the blades the stresses ~beco~e 

compressive. This observation Is valid at all ti~es.However.thi~ ·f~ct ' 

is expected because the skin tewperatures of all three blad~~ .are 

always higher than the inner tewperatures,Thus ehe outer fibers of 

the blades have more tendency to extend than inner fibers.So,while 

outer fibers exert tensile stresses on inner fibersJinner fibers 

exert coropressive stresses on outer fibers of the blades. 

On the other hond~there is another fact that generally on the pres­

sure sides of the blades tensile stresses exist.But on the suction 

sides it is always observed that the stresses a~e co~pTessiv~.This 

is alao an expected behaviour.As it is observed in tewp~ratur~ 

analysis of blBdes~the suction side temperatures are always high~r 



than the pressure side tCDperatures.But this means that·the ~uction' 

side fibers of the blad~s t~nd to extend wore than [h~ ~ressure 

s!.de' fibers~aence)t.'hil.e the suction side fibers excrttel'isi.le stl.".ess­

es on the pressure side fibers,they exert co~p~essiv~ ·~tres5BS ort 

the suction side fibers of the blades. 

Besides these general trends in the blades,individual .vaiiations 

ar~ also observ~d.FDr instance.at the trailing edge ofBLADE-B.~t a 

tiwe of 1.5 seconds high coropressive stresses are observed.B~t these 

stresses disappear at a time of twelve seconds and they reach valu~s 

having the order of r:tagnitude of 30 NPa. Fyofil thereon they 'rewttin 

cons'tant.~jhe·~eas in BLADE-C ;high cOlj\~Hessive stresses always exist 

at the trailing edge w1~h the order of magnitude of -300 MPa.The 

1 end in g 'c d g e and the U' i d p () r t ion 0 f the b lad e s h a v e ft' 0 reo r 1 e 5 S 

the saue BtresseS:.Qt all tiroes,The,reoson for theexista~ce of high 

stresses~~lthcr tensile or compressive,is the high tewperature 

gradients existing an different portions of the blades.Fo% 'instance 

in BLADE-C,the gradient is 3~O °C/sec at the stagnation point 

950 °C/aec at the trailing' edge end and 70°C/sec at th~ wid p6int 

at ~46 second.This obviously gives rise to large tewperaturedif'fer­

ences betveen these portiDn~ in a very s~nll period of ti~e.ln f~ct 

at two seconds the tewperature difference between the mid pbint ahd 

~hc trailing edge end is 710°C.Thio very high difference i~ the 

cause of a very high thermal stress. 

As it is followed frow the tewperature analysis.the coolest and th~ 

hottest regions are observed in BLADE-C,Therefore the highest 

ther@Bl stresseD appear in this blade.In order to eliminate these 

stresses either the, cool regiDns ~ay be warroed up or the hot regions 

way be cooled down_The existance of the cool regions are desirable 

end they aze the goals of cooling process by which the material of 

the blade is saved.ThuD~the hot, regions should be cooled down,This 

solution can be achieved by choosing B wore effective cooling 

geowetryparticularly for these regions,When the cooled blades of 

this thesis are investigated it is seen that the leading edge and 

the wid portion of BLADE-C are cooler thun the corresponding portions 

of BLADE-B_Butin contrary~the trailing edge of BLADE-B has roore 

effective coolin~ geo~etry than the siwilar portion of BLADE-C, 
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Consequently,the co~bination of the various cooling geo~etries of 

the two blades which are the ~ost effective geo~etries ~ay create 

the roost convenient blade,Depending upon the preceeding analysis 

and above conclusion.it can be proposed that BLADE-C with a fil~ 

cooled trailing edge will be the ~ost convenient 6 An exa~ple of such 

a blade is given in Fig.27.In this blade since the temperature 

_gradient between the ~id point and the trailing edge end will dec­

reas~ the ther~al-stresses will be reduced.ln the roean time,pre­

suroably the ~axirou~ temperature of the trailing edge in BLADE-C 

will also be reduced.In such a case,the lowest difference between 

the blade temperature and the external gas temperature will be of 

the order of magnitude of 250°C.This means that even if the gas 

with temperature high~rlthan the allowable material temperature is 

used the blades of the turbine will not be destroyed due to high 

te~perature effect 6 



In this theois features of the transient te~perature.dl~tribution 

in tu:cbinc blades >;'Jere e:(~Ht,;_ned, in 'detail ,uning finite elel'llent 

method.The followinB waD concluded: 

l~ Finite eleDBnt weth6d' solves heat transfer probieros accurately 

even if the geoDutry is very cowplex.Hence~it is one of ' the bent 

~ethods to selve heat transfer in blades when very ,co@pJex, ge~roetrie8 . 

of cooled blades are considered. 

~. In B transient heat conduction problew~application ~f finite 

ele~eDt roaChed to space coordinates Bnd finite difference @ethod 

to tiDccoordinate eSCcblishes DO easy and accurate co~binat{on. 

3. Cooled blade is a powerful tool in cases where one has to in-
-

crease the external ,3DS te~perDture as high 85 possible and to keep 

blade tewperature ~s low as possible,But in the design of 'cooled 

blades~therwal stresses ~U9t always be taken into considerBtion,~or 

Dooe cooled blades tllerDal stress problew is very serio~s event hough 

they have high cooling effectivenesscs.This is the case for BLADE-C 

investigated in this thesis, 

4. Besides overall coaling effccti~eness~local cooling effectiveness 

is nlso an if;lpot"tant Pllt'l.H .. eter,Even if li10st of the blade is, effect­

ively cooledtexis~Bnce of less cooled parts causes probleros by 

giving rise to high teroperature differences in the bl~de end so, 



creating high therwal siiesse~.Thi9 fact was r6alized in the ~na­

lysis of BLADE-C, 

5. During start and ohut-d~~n o~erations of gas turbines tran~ten~ 

tewperature distributions bec'oiLle very con'piicated.ln these .p.er"lod.s 

tewperature Bradient5arc:vir~ high both in chordwis~ dite~tiDn 

and between the skin oDd coie region of s blade.Becnuse of the,~ 

h~.gh gradi{mts !I'tlgnitud~s ·.of theY'!lal stresses in b'lades are also 

very high in theue peri~d~. 
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FIG~l- Solution Do@ain for General Two-diwensional Heat 

Conduction. 
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FIG.2- A typical quadratic ele~ent used in the thesis. 
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FIG,5- One-di.ensional quadratic finite ele~ent and the 

terroinology used in line integrals. 



y 

s 3 -5 
~ 

\.. 

L. 2 5 3 
e 0 e e 0 "'5 :>- " 

-1 - 0.5 0 0.5 

FIG.6- Isopara~etric transforwation of one-di~ensional quadratic finite ele~ent. 

... X 

c.r: 
ex: 



r-
y 
A 

y 

..•. ~~-. '-. --" 

" 

~-----------------~~~~ X 
(0 ) 

----~----------------~~--~O-x 

(b) 

~--------------"~----~-----------

FIG.1- App~oxivD~ion of 0 curve by line seg~~n~5. 

~ ~------- ----------~------~-------------j 



1 

2 

i 

• 

• 

• 

1 
• 

• 
p 

..... -- -

all ai, all. 

all a J, a." 

a,. a,., a" 

~I 
L... 

" ", 
"-
" ~i'.: 

- an 
~ • _0. 

"-
" -

"-" 
" " ~ -- ., 

a'l , 

ali 
I I I I I 
I I • I I 
I I I I I 

• • - I I I I I 

-
a ls 

8.gg 

-

-1' 

a" 

a'b 

" "-

a." 
I I I 

I I I 

I I I 
I I 

I I I 

60 

1,?,3,4,5,G,7,8 are local node numbers, 

i,j,k,l,ID,n,o,p are f:lobal node numbers 

of ele!lient~ "e" • 

• p' 

a l} 

-

a'1 

"-
"-

an 
I :" • I I 

I I 

I I 

f, 

• 

f., · 
• 

f 

o 

• 
• 

• 
• 

• • 

J 

FIG.8- Assewblage of global @atTices~ 
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T= f(t) 

~~----~~---------------Pt 
to t, 

FIG.9- Integration of field variable T in ti~e do~ain. 
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FIG#10- The blade section defining geo~etry used in ther~ai 
stress calctllations where 0 is the centroid and 

x and yare principal axes. 
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APPENDIX 8 

.. -----=---------- ---------.--------------
IN 'l'H:': !lJ.IAI,Y~IS ~ 

.L 

IIT'l':8Gl=tAT ION In;~~m:/l'S IJINE 

V) 

~ 
<Y-
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1-

z 
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l-
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w 
> 
z 
o 
',J 

(.r.tJiE0;,?i\iIOI.) LI/·AITS: 0'-S3') 

(1,3) f IJ,j /--13 JS:.:f SjS-SLY- (S-.5.;,J_ d5 
s2- (SJ) (Sr:'2) 

( ) 
r 5':11 

---- ---------------------------~------------------------~ 

(1,1) J ~J1. Nil ds == J IJ,J U2. ds 

(3,1) f tJ3 }J-lJ.s :=/IJ A tJ 3 J5 

I----+I----------------------------~----·------------------~ 

('3,2 ) f [,) 3 "J 2 cb=-r }J:1 [')3 d S 
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S:~ ( ~)31 L 

2 b S2 

~ __ ~ ________ • ___ .~ ____ . __ .... _. _____ .. I1_a,.,. 
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DESIGN '-ION HARDNESS Modu!u. UTS 0 .~ Ex ansion .lou!es/mOCsec 
J ,-\ I I enSllY I 

___ .BHN -l ~~~c _~~ ~g(~3 ~F~:~ 2~C ~Cl 

L-I nc onel 500 187 MQ~. L=1 l 550 8~~ 1.4,10
5 1.5,1(j'5~5:G 24.aJ 

TABLE 2: INTERNAL r-- ---------. 
I BLADE"';B BLADE-C - ~ 

P T (OC ) 
? I DUCT T (OC 1 I~ h (v~/m~OC) 

I 1 
1 500 0.021. 8 . 1-2--3 500 

2-3 500 0.0265 L,-5-6 500 0.0265 

l. I -700 0.0232 7-8-9 700 0.0232 I 
~----------~ ------- , 

» 
u 
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rn 
z co 

I 
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APPENDIXD 

GOHPUTER PROGRAH FIHEL 

The following fortran program is to solve two-diwensional transient 

heat conduction problero given in Chapter III.The boundary conditions 

considered in the pro8rB~ are both prescribed tewperoture (Dirichlet 

type) and convective beat trrinsfer{Neuroann) type of conditions. 

',DESCRIPT.ION OF 'fHE COl'IPUTER COD1~ 

This pr~graw is adequate for the roesbes with roaxirouID 130 nodes. 

In the progrB~tthe lo~al coordinates of the nodes of elewents and 

veighting factors of integ~ation belonging to these nodes are 

recorded sa data in statewen~s 8-13~In stateIDcnts 14 and 15 the 

numbers of ele~entG and nodes,and the nuwbcr of nodes under 

prescribed te~perature ~ondition are read under na~es NEL;NNODS 

and NCT,respectiveli. 

The stateroentn 16-21 are for the loops initializing the global 

conduction watrix,glohal capacitance watrix,global therwal force 

vector and unknown tewpcrature vector by setting all their terw6 

equal to ze1'0 6 
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After reading in the necessary. dataijcalculation of the v~lueG of 

both shape functions Bnd firit· derivatives' of these functions 

with respect to the local coordinates ~ and 7 at each node of an 

elewent.is calculated and stored in the loops between state~ents 

30-67~CDlculation of the elewen~ watrices ~nd their assemblage 

into global ones be~in with the statewent 68 and end with the 

statewent 126.The details of the procedure follewed are as below: 

1-) Loop 7 and q (statewenta 70-75) These. loops initialize the 

elewent conduction watrixand elewent c~pacitance ~atrix b~ 

setting their terms equal to zero, 

2-) Loop 13 (statewents 76-115) : This loop is used to for~ the 

Jucob~an lpatrix and ele~entroatrices ~entioned in step 1. 

2~1-) Loop 9 (state~ents 81-90) : The terwB of Jacobian 

wotrix are forroed in this step. 

2,2-) Loop 11 (statewents 100-102) The ter~s of elewent 

capacitance ~atrlx are calculated in this loop. 

2.3-) Loop 12 (stnte~ents 103-109) This loop calculates the 

ee~ws bf elewent conduction wB~rix. 

2.4-) L~DP 13 (state~ents 111-115) Thi~ loop calculates the 

ter~s of elewent convection watrix. 

'3-) Loop 15 (state~ents 120-125) : In this loop,the assewblage 

of elewcnt conduction watrix and element capacitance ~atrix into 

global conduction matrix and global capacitance matrix i~ realized. 

This PB~t of the prograw together with section 3.D of the thesis 

illustrates the assc~bly process iri finite ele~ent wethod. 

The tiwe integration da~Q,the ti~e increwent and the nuwber of 

tiwe iDcre~ents are read in state~~nt 127 under names DT and NT. 

Initial condition data~initial te~perature values of all nodes, 

TIN(I) are input in statewent 129.8y using these data,the Roverning 

roatrix equation is rearranged sud a siropler equation is establised 

which has the forw? 



Now,the governing ~atrix equation is ready to be ~odified for the 

boundary conditions Loop 17 is for this-purpose and its first 

state~ent nu~b~red 137 inputs the boundary condition data.In state­

~ents fro~ 143 to l64.the governing equation is roodified for the 

prescribed temperature boundary conditions and in state~ents from 

165 to 212 convective heat transfer boundary conditions are appli­

ed to the governing equation. 

In solving the systero of e~uations obtained LU deco~position is 

used,[3~ .The state@ents fro~ 214 to 273 contain the steps of 

this solution procedure. 

The preparation of input data of the proble~ to be solved by using 

progra@ FINEL should be ~ade according to the format statements 

275-2~7,The progra~ prints the calculated values of the unknown 

variable at the end of the progra~ according to an output control 

data read in statements 236-239~ 
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( 8 8 } 

( S'l'lill'l' ) 
~ 

Set Iilatrix arrays. 

~ 
Read number of system nodes and elements. 

~ 
Initialize matrices. 

- ~ 
Read an(~ print nodal point coordinates. , 

Compute shape function derivatives in local coordinates and shape 
function values at nodal points. 

~ 
Begin with first element 

-v 
Head element mesh topology and Illaterial properties. , 

Perform Jacobian matrix to use in transforming 

local coordinates to global. 

~ 
Compute element ll;[l tric es. 

,~ 
Add element matrices to plobal matrices. 

1 
No Are all elelllents as s embl ed ? ::::... -

> 

1Yes 

Read and print time increment and number of time increments. 

~ 
Eead initial condition data. , 

Perform the neVI matrix equation containing time effect. 

~ 
Begin v'li th the first element bOlmdary. 

., 

FLOW CHART OF THE PROGRAM "FINEL'!. 



\ 0::1] 

I 
-i 

Read type of boundary condit j on, node numbnrs 
on the boundary and boundary conditions. 

1 ~ 

Check if B.C. convective ? Yes -== 
TNO 

- fiiodify system equations to account for 
0_ constant temperature L.C. 

Evaluate line integrals on the boundary. 1 
r 

~ 
}'.odify systew equations to account for 

convective b.C. 
I 
1 

No Are all boundaries accounted ? =-

TYes 

I~orlll LU d ecompos it ion of system matrices 
to use in sol vinp: system equations. 

~ 
begin time integration. 

I 
-v 

Form right-hand side vector at time t+!:It. , 
Solve system equations , 

for nodal point teLliperatures at t+!:It. 
- J 

Print results. . 
1 --No Is the time intep:ration limit !~eached .1..- ==---
TYes 

( STOP ) 

(Continued) 
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PBOGHAH }?INEL 
...... --.--...... ----. .- .. --.-~-

,---------------------------------------~----------~----------------------
1 Ii 
') 
j" \I 

.3 0 

'I ~ 
50 
6~ 

79 
8. 
9 0 

1 0 ~ 
1 1 ~ 
l 1.0 
13 Q 

l '1 c 

! S II 
t b () 
! 7 (l 

t 8 (I 

191> 
20;, 
21 " 220 
23~ 
? 11 ~ 
25& 

2fl o 
?? ., 
'J n 
~_!o# • 

2:-; e 

30 c 
~! 9 

320 
~P'l 
3}t Q 

J5 t 

36(l 
37 9 

38 0 

3 9,~ 
/.Hl,§ 

~T,t 
112'9 

'I :3 ~ 
!\Ij ~ 

it5iJ 
'-16, 
Ifi" 
181,\ 
~9o 

:iDe 
51 \I 

521> 
53'. 

514" 
5S, 
So" 

, 

REAl. JAK 1 i ,JAI<2? JAI(J 9 .. JAt~q 1 I JAK 1, I J~\K2 p I JAIO, I JAK~I 
DIMENSION WR(9)pXLOCC9~~YLOC(9)9DNxSrt9,8).DNETA(9JB).VALN(9 
D I 1'1 ENS iON C S A B ( 1:3 ~ 8 ) e A 1\ \ 8,~ B )' ~ NOD S ( a i 9 B i ~ 0 8 ) t B T ( 8 , 2 ) e C X ( S ) , ( v (! 

DIMENSION A(130~130),C'130~130J,BS(!30~~T(130)~X(130).y(lJO) 
DIMENSiON 5(S)~SMAT<393)~SVEC(3),lGXt3"TINF(J)tNOD(3), rSWC(! 
D[NENSION l'IN( 1501 ,BSAEI( l50) eBSUB( lS0) ;K:<00(500; ,.NOD'T( 150) 
DiN r: N s ION 'f M ( 1 30 ) ~ X I-H 1 30 ) : 
DATA XLOC/~lq090QOoloOel.0plo0,O.Oavl~O~-1~O.OtOI 
D A t J\ Y i_ 0 C I'" 1 ~ 0 ~ '" 1 ~'o ~ ." 1 9 0 V 0 ~ 0 • ! ~ 0 t 1 »,0 t 1 G a ~ a ~,o p u " a I 
D A t j\, WR/l ~ 0 v L} e 0 1 1 ~ 0 ? l.j 0 o'~ 1 .0 p ~ .09 1 'J 0 g ~l 0 0 , 16 ~ a I 
DA'iA ISWC/O,O,l.Odl 
DO 1 Ic~~cl 
WH( 1 )::;:WHll )/9 9 0 
REA DCS t !OlJNEL?NNQDS 
READ(5,!1'1)NCT 
DO 2 {::;1 ~NNODS 
BS~%)cO~O 
rn);;:20s 
DO 2 J~l,NNOD$ 
f. I I ~,J»'\:OIlO 

2 qt~J):?lO~O 
READ(50102)(X(!lfy(1)~1~1,NNODS) 
IF~J~WC(I)~EQ~l) Go T03 
WRiT EC6 t 10 3'CXIX'eY(I)plpi,NNODS) 

.3 CON'nNIJ~ 
DQ'1.j l>::!I,NNOOS 
;q I )cx!! )l!O~ 

't Y{ I > p Y ( i 5 1 ~ 0 (l 

00 5 x;q t 9 
xs J l'liq~O(, \ I) 
EH,t:>¥LOC {l) 
SAea~:! "OwE.r;\ 
SA82m:l "Oi'ETA 
SAB3;-:1 ~O<~/~SI 
5ABlj~1 dHXSi 

. Sfl,8S r'OeS*EYA 
SAB6co~25c}E"iA 
SI\B7~~o",S{,>xS! 

sAa8~o~25~X5l . 
DNX5!(! ~11~(SAB7~SAB6)~SABl 
ONXSlrlt2)~~XSl·SABA 
DNXSlil&31=CSAB7~SAB6).SAB1' 
DNX51(t,ql=O,S~SAB50ETA ' 
DNXSI t! ~Si!=\SAi:17{-~{\B6)i'WSAB2 
D 1,1>; srI! f6 ~ r~ "" X S ; .( S i\ B 2 
D N X S r < ! t 7 ) n, ( S ~\ f3 7'.5 A 8 6 ) <Z S I~ e ~ 
DNXS!II~B)~-OQ5~SAB5~ETA 

DNETA(I;l )=(SA05 6 SABB)oSAB3 
DN~TA(lp21r-~D~S~SAB7~XSl 

DNETA(I~~)·(SABS~SAB8JoSAB~ 
DNE:TA( i Iln="f.'fA~~SABI1 
DNETA(I~5)c(SAB5·SAB8'.SABq 

DNETA(I.6t c O.S N SAB7-XSJ 
ONETA(I~71=(SABSwSA88).SAB3 
DNtTA(l~~)a-ETA.SAB3 
VALN(!J!) •• SAB1~SA03~(SAB6.5ABB·O~2S). 
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. . 
'S7 e 
S8~ 
5 CJ e . 

V At N ( I , :2 ) :: S A (1 1 ¢ ( 0 ~ .s ~ S 1\ a 71) ;< s 1 )" 

60~ 

'6! Q 

62~ 
63 ~ .. 

6 'I, 
(l5 o 

66 c 

b7~ 
691> 
6_9 ~ 

700 
. .., 1. ~. 

72i 
73~ 

7'1 r-
75 c 
~/6 f 

77i 

.\·VA'N(IJ3J~qSABI&SABq~(SAe6"SABB·Oo2S): 
VALN(1,ql=SAPq.(O,S-SAa5~E1A) 

VA~N(J,51=SAB2·SAB0~(SAB6+SA8B~Oq2S) . 
V' II i, N ( ! • (, ) :::: 5 1\ i3 2 .., ( 0 ~ 5'~ S A a 7 !) X 51" I . 
VA'N(J,7)a5Aa2·5A~3~iSAB6.SABa~Oq2S2 .. 
.VALN(I~O);SAP3.(OwS-SAB5.ET~) '. . 

5 CONTINUE . 
in~S\'iC(2)iEQ,IOi,GO yo b 
rJ R ! T E: ( 6 , 1 1 1 ) ( ( D N X S I' \'1 • J ) t J.;> 1, Btl! ;:J·t 19' 

~ CONTINUE . 
DO"H> f(:;l~NEl. 

. R E ~\ P ( 5 ~ 1 a 11 ) t NOD 5 ( ~I r ~ J I: it, 8 h t 0 NO ~ ~\ L P!-fA . 
DO 7 l.,·! ~ 8 

DO 7 ,p."! dl 
" C~MI( r "J):::(),O 

DO C 1=1.8 
DO 8 '):::lrO 

B AK(!~J):;O~O 

DO 13 L:l!J9 
·.·.lf~l{lI:'OoO 

18, JAK2~O~O 

79 9 JAK3cO~O 

SO~ '. JAK'I~OQO 
~t. DO 9 1'1:::1,"8 
a2~ N~NODS(M) 
~3, XVALa~(N) 

8q~ YVAL:::Y(N) 
es-? Dl;;{)NX5tH.,tvl), " 
a6~ DZBDNETA(LtM) 
~7~ JAK1~JAKI.D1GXVAL· 
a8 Q JAKZ=JAK2.DluYVAL 
89 t JAKJmJAK3+D2 D XVAL 
90~ 9JAKq=JAK~+D2eYVAL 

9'1 9 DET~JAKI·JAK~~JAK2~JAKJ 

92Q tJAK!gJAK~/DET 

93 0 IJAK2~~JAK2/DET 
9~o JJAK3m~~AKJ/OET 
95~ IJAKij=JAKI/DET 
96 0 WRiTE(6.I06)JAKJ~JAK2~JAK39JAK~,DET 
970 IFCISWC(3)gEO.I. Go TO 10 
90i 10 coNTINUE 
99 0 CO~ST=DfT.WR(~).AL~8A 
DO~ - DO il I;n~8 " 
IJ.\~ Do ~l lJ;'1~o8. 

. c. 

G2& II CSAB{I~JI~VA~N(L~JJuVALN(LII)D(ONST·CSAB(IIJr 
03 p 00 t2 M"d ~a . 
Qq~ D!~DNXSI!~9M) 
Q5~ D2~DNC{A(L~fo1) 
D6~ 8(tvM):<D!;)i.JAKI·~b2QIJllI<2 
D7p B(~7MI=Dl.IJAK3+D2.IJAKq 
DBe BT{M p l/BB(19 M) 
09~ 12 BT(H,2)~B(2&M) 
!O~ (P~ST.DEToWR(L).COND 

11. DO 13 I~1~8 
12Q DO 13.,1:.::1,8 
I~~ SUM~BT(I:l)·B(1~Jl+BT(I,2IDB(2tJ) 
fLl. AK<I,J)::>AK(lt~JI':'CONST(>Slm 

.t5 Q 13 CONTINUE' 
16 G IftlSwC(q)qEQoO) GO TO lq 
I 7 • W R ! T E \ 6 • 1 () 6 ) ( ( C 5 A B ( I 1 J ) » J to: 1: t 8 ) , I to: X I a ) 
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X'22o 
t 23<) . 

l2lt t 

~2S9 
'26, 
12.7 q 

i2 8 • 
i29 Q 

1 :Ql f 

1 3,1 q . 

1':; 2 ~ 
t.J3 0 

L3l..} 'J 

g 35 ~ 
136 0 

l 3., 0 ' 

! 38 r.' 
i :3 -:; (> 

i '10'0 
l'11 .. 
ii;2~ , 
t Ii 3 ~ 
i't't~' 

1 ~·s fi 
1/:1 b. 
t'f1o 
~l1aQ 

P19~ 
~so~ 
a 5 i 0 

fs '7. 0 

153 Q' 

~ S I~ t 

lSs 41 

i 56 ~ 
i57 e 

~5Bf 
i5'1, 
let) e 

t id ~ 
l620 
~63o 
i 6 ti o· 

165 9 

i {, 6 0 

A670 
i68 Q 

169~ 
1-7 0 ~ 
! (1 ~ 
i 72'0 
1 '7.3 g 

17'-1Q 
li5, . 
!76 q 

P7()­
i.78 Q • , 

. ' W R 1 T E ( 6 • t D6 ) j { A K' ( 1, ~ J j. ~ _.II'-':! t ,8' ), .1'-.; 1 f S Y' 
1"1' CONTINUE 

DO 1S !el 9 8 
t.,;;NODS(l)' 
DO ,A5 ~I~!;B 
!'1:::.:NODS{JY 
A(L~M)~A!L~MI.AK\JrJI 

l.S, c ( (, r 1'1 ) ~ \: {-l_ ~ t·, ~ 0} C 5 A.8 I (0 J J 
To;. caNT 1 NU;:: . : .' . 

, Ix E A 0 { 5 ~ 1 D'n ) D T ~ N f . 
\'/RnE(6,l,!6)DT;~n, . ',-
'RE~D(Sf2tB,) tTJN·(L~ rl,..:::i tNNODS'1 

DO 23 L~1'.NNOD5 

'DO 2~ .11;:::,NNODS 
CONST=2pQ;Dr ~ 

~ ASAa~c!"M)DCONST·~{L~M' 
: . c: I ~: , 1·1 ) ;;: C { L ~ /1 ) 1)' C 0 t~·s 'f'~ A ( t t f1 r 

23 A(~?li);':f\SA6 
. '1'1.:.-:0 

. , 

" 

'. 

l? Rt::ADfs o lO.7) 1!~OD':NODl ~NODivNOD3:9 TI~'JfS.l·t'!NF2~T!'NF3~H 
TINf(l)~tlHFI . 
... N F , 2 ) {1:,"f 1 N F i 
r l ~! f ( J ) ~ :( HI F 3 
IfiIKoO,{QgDI Gq to 22 
l' f ~ Z K 0 D d~Q ~ ~ ) . G Q 'HI n 9 
f" 1:: f-l 0/. 1 " 

. (-I £ ~; "'''''' 1 
t~Ji::r1';'2 . 

'f-.JODT (11) :::NOD! 
.NODT(I'1!~;.:NOD2 

~ NoDT (t·:-.I) ~NOD3' 
'NoDe s );::NOPl 
NoDi2)cNOD2 
NOD'3)I!:NOD3. 
! Jt: 3 

!r~ lKOD~NE(ll i GOTQ 1·9 
'- 1.)',:2 

19 CONT!NUE 
Do-ns J~lel'; 
Do 18 1"q1NN'ODS 
NoOECNOti LJ) 
B S ( I ) ~ B S ( I ) ., A ( Z ~ N () D £ ) (; T Hi f (.,J ) 

I~(! oNODE)~fLlO 

1. 0 1\ \ ~ ODE: 3 1 ~ ,~: 0 g [) 

/\ (NODE ~ NODE ~ ~ 1 >,0 
1 iB :t3SlJ8\NoDt~;::rINrCJ) 

GO YO 17 '. 
ill? CONTiNtJ!:: 

( X ~ 1 I :. X \ 1,1 0 D 1 ) 
CX~;.1):~X(N002) 

'" 

..... 

CXHd:1:X(NOD3) 
C~'2)mOo3?S·C~(1)~Oo7SQCX(3)AOo125DCX(5) 
CX(~)=~09125·CX(1).Oc75·CX(3)·O.375·CX!5) 
CY(l):.:Y(NOPii . 
(Y(J)r:;Y(NQDZ) 
CY¢SlAY~NnD3) . 
C Y ( 2 ) .: 0 ~ :.17 5 (l C Y ( 1 J ~. 0075 fi\ C Y I ~ I '" 0 9 1 2 5 t) C Y( S ) 
C Y ( ~! i ::: "" 0 9 1 2: S G C Y ( !') ,> 0 q (S ill C '( ( 3 ) + 0 ;375 c C y ! S .) 
S(t):-::O~O 
SSll/-1=O 9 0 
OQ 20 J:;: h I, 

" 



P9~ , 
~ 8 d Q 

181 ~' 

1"82 ~ 
18.3 ~' 
1.B'i, 

185= 
iB6 q 

l' 87 9 , 

laB\> 
189 ft 

1, '? 0 0 

£,9-1 .,' 
197,0 
193., 
1 ii, Ii • 
195.0. 

i'96 \) 
1'9 7 ~ 

~ 9 8 ~ 
199 ~ 
200,. 
20l u 

202 t 

?:03' , 
20£1 ~ 
?05 q 

20b ~ 

20 I' & 

208 P 

209ft 
2 1 O~, 
2 l II! 
n 2 0 

~ 13 ~ 
~ 1 Lj "f 

'" q 59 
?! 6 ~ 
~ 17 ~ 
~ 1 a ~ 
: t 9 \I 

~ 20,. 
~ 2 III 
:,220 
~ <? ~ e 
~ ;Ui, 
~ 25 9 
I ~, • t: 0 , 

~ 2 70 
~ 7. 8 " 
~ 2 9., 
~ ~o t 

~ .3 1 ~ 
~.::. 2 ~ 
!.3 3 0 

!3li', 
~.3 S II 
!.3 6, 
~ 37 t' 
~.3 8 9 

~ 39,0 

93 

I to ,J~' I 
11 \.. 1 :.-: C xiI ) .~'c"X! .J ) 
A L. 2 ~. C Y ( i , :" C 'f( J ) , 
SSUM=SSUM~SQRrIAll~a~·A~2e·2i 

';20S(11:::sSUH 
SA""S (:d 

50=5(5) 
Sl\2=Sp'{,ISA" , 

5621.158"'58 , . 
S B :3 ::: S B 2 ,.',S·6 ' 

O· 

SAHBc5A~5B .. 
SMAT(lo1)~~B3/IJO~OoSA2)~sriilt6AO.~A'.~Bj3~O ' 
SMAT~I ~2)cCSB3.SB/~J08D.SA2)~SB3/t12~OOSA) 1/5~HB 
5", A T ( 1" f3 ) ;: ( 513.3 I ( 20 0 005 A') '" 5 B 2;6 I> 0 ·1-5 A'") 5 81 6 : ° ) IS A 1-1 B 

. -S M A "'f l 2 ~ ! ) r.: S 1'1 A °f·( 1 t ? ) ,. 
St·, /1 T ( 3 , 1 I :;, S t1 A T ( 1 , '3) ,. 
SMA T ( 2 f 2 j .. S B 3 z> s!.) 2 / ( .3 0 ~ DoS A 2,(> SAM B <IS p, N Bl , 
SMATC2,3J~(SB3aSB/r20~o.gA)-SB3/12QDJ/!SAMB~Q2) 
5 PI I)" T ( 3 ~ 2 ) p stl A r ( 2 • 3 ) . , ' 

'. ' 

SHAT(J~3)=[SBJ/S.O~5A.SB2/2qO~5A2oS~jj·C;/(SAM8 •• ~1 ~ 
SVEC(1)~SB/2QO~SB2/(6~O.SA)' " 
SVEC(2J~'-SD3/(6nO.~AQSAMB) 
SVEC(JJ~CSA.SB.O.§-SB2!3~O)!S~~e 
IG7:(l):::NODl 
I G X ( 2 ) ::> N·O D 2 
IGX!31:.: NO D3 
D021 I;::l~J 

IGl!:IGX.ill . ,. 
f3S{ 1 Gi'''BS( JG) •• H-TiNF( I )<lSVEC{ t') 
DO 21 Jx:! ~3 . 

JG:: t Gx \ ",) 
C(IG~JGJ~ctIG~JG)p~.S~A~(I~J) 

21 A(IGgJGJ=AIIGfJG)+HaSHAT(I,J'· 
GO TO 17 

7.2 CONTi.NVE 
N;NNODS 
Nl=N"l 
DO ~Jo IJ=~~N , 

'130 A(iJdi~AllJd);Aqd') 
DO·'.320 KI:2vNl 

330 

.3 o·! 

302 

NARA::;K'~l 

NBAS;:K",q 
DO 330 .1:::K$N 

iOPSAr=O,o 
DO 3'0 IP:::1. 1 NARA 

TOPSAT=TOPSAT·A(~~IP)~A(lPtJ) 
AjK~J)=A(K,J)~TOPSAT 
DO 350 l;:NBAS,N 
'fOFKOV':O ~ 0 
D 0 :3 6 0 1 P :;: t ~ N f\ R I' 
TOPKOLaTOPKOL+AII~IP)·A(iPtK)' 

ACl,K)~'A'JoKJ.TOPKOL)/A(K1KI 
cot~TiNUE 
'fOPL(IM'=O.O 
OO~?o II:::J,Nl 
TOPLAH~TOPlAM.A(N,lI)DA(II,N) 
A(NpN)=A(N,NI.TOPLAM 
DO 301 l;':l~NT 
!<KOD(I)"'U 
DO 302 Jr.:l,N'f~S 
KKOD(J)nl 

.. 



: LjD" 

:'il t' 
: I.j 2:~ 

: I~ 3 ~ , 

: '1 'i " 
:1.15 <)" , 

! !lb·,. " " 
! 'i 7 • 
~ /.j 8". ' , 
~'''I9 0 

~5 d ~ 
! 5·1 c 

?52 -? 

25-J. 
Z,Slh, 
Z~ 5,,,, ' 

2S6~ 

257" 
~S 8 ~ . 
Z59,;. 
2"60 $ 

2 b lQ 
~b2i 
263 Q 

26A. 
265 0 

7.r...6~ 
267~ 

268(, 
169. 
~ 7 0 i!> ' ' 

:t!7l e 

272'1' 
273 g 

27'/'1. 
27S.., 
2i~6., 

i 77
0

, 

478~ 
;! 79. 
2 8 0 9 

281 t 

.2 82'0 

283~ 
;~ 8!! • 
285~ 

2B6" 
~! 8 7 ~ 
2B8~ 
(8g e 

?-90~ 

DO 30 I<K;:! .NT 
DO \2t! l-rqtNNODS 

, B S U ~'1:; 0 ;; 0 
D 0 2 II t·l f! 1 ; 'rJ NOD 5 

, 2 Ii '8 ~ U 1-1.-: C ( \, , f-i ) '~T.! N ( 1'1 I -} 6 S U.~l' 

1 2,'" 8 S A B ! L ) t: 8 S I) N·· 2 0 01\ B 5 ( l- ) 
!f(NCToEQQO) GO TO 225 
DO 125 I~lt'NCT 

Jv=NODTlli, 
125, BSAB(JI-BSUB(J) 
;2 2 S c ntH ! N U E 

NX1=o 
HI(!} .:BSA6' 1) 
DO 3'12 J=Zt N 
TOPAL=O~(J 

DO 3 7 /'\ K ;;:: 1 ~'I E 1 
j 'I tj TOP 1\ L::: TOt' A!~ ,~ A ( I t K ) ',,\ YH ( K· i 
312 YM(l)=BS~B(I)~TOPA~ 

, X M ( N ) :: yrl i,N ) I A { N ; N) 
Do JaG t:::2~N 

'fOPAL=09 fJ 

.J~N··!·'l 
IBt\S:::J+l 

," .. 

DO 3 8 2 1(::JBAStN . 
,3 8,2 TOP A L /l: 'f 0 P A t- v A t J I K ) ~'X N ( 10 

,380 XHCJ)~(YMCJt~TOPAL)/A(J~J) 
DO 29 ,j=1~NNOD5 

(.9 T!N(.J):1;U1(J) 
[f(KKOD\KKJ9 EQoOJ GO TO 128 
WRITE(b,109)NIT 
WRITE(6~II0)(TIN(J,~J~liNNODS) 

126 corn I NUt: 
30 cot~T r NUE 

WRIT£'6~110)(TiN(J),J=liNNODS) 
tOl fORNATt2!1·1) 

. ,1 o;l F 0 i, 1,1 l\ Til 8f L} 0 1 ) • 

" 

t 0 3 FoR flal. T ( I I I ~,3 ( 7 ( F (, ~ 1 ~ 2 X ~. r 6 0 1 9 2 X ) , I ) ) 
104 FORMATIBI3~,2FI0.6) 

l06 FORM~TIIOXIBF12.6) . 
107 FORMAT'12~3!3tF7olw2F6¥1~F6oqJ 

'. 'I 

IDS FORMAT'F~v2,13) 
(09'FORMAT(IIIIIOX~2qH NUMBER OF ITERATIONS 
110 FORMATIIH?IOX~3{7'EI2,5,2X) rIll 
ll} FORt-l/>.TI///o(/)lO)\39FlO Q 3)} 

,I l.j, /I 

11~ FOR!<1/Q(13} 
116 ,FonMATI1Hl~IOK~PTIME INCREMENT ~ ,,~qi21111XtiTOTAt rIME ~ 
2~(\ 'FormAI{ l('F~Q 1) 

If(ISWCiSi~EQ.ll Go, TO 100 
100 STOP 

f~ND 

. 
I ' 

t ' 
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