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A B S T R'A C T 

In high speed voiceband modems, \ as ~n many other data 
"' transmission systems, linear distortion and additive noise 

are important degrading factors. The tapped-delay-line equal i-

.zers designed to minimize the mean-sQuare-error cost function 

are commonly used to compensate these undesired,effects. 

Among the several algorithms which minimizes the mean-square

error cost function stochastic gradient al~orithm is the .mdst 

popular because of its simplicity in imp{ementation. However, 

for highly distorted channels stochastic gradient algorithm 

converges slowly and, therefore, a long training period which 

causes a fall in the overall ~erformance of the system is 

required. Instead, more complicated algorithms with faster 

rate of convergence have been developed in the last years: 

Kalman/Godard, Fast Kalman and lattice. algorithms. 

I~ this thesis, the rate of convergence of stochastic 

gradient, Kalman/Godard and Fast'Kalman algorithms are analy-
\ 

'zed and their computational,complexities are examined. The 

analysis is extended to the complex domain in order to cover 

equalization of quadrature-amplitude-modulated signals. Furt

hermore,a computer program package which simulates several 

telephone channels, a quadrature-am,plitude-modulatiqn. system' 

and'the equalization algorithms is written. Them, the perfor

mance of the different equalizatIon algorithms over ~ ~ide 

range of channels are compared~ 



o Z E T 

Ses band1nda ~a11§an yliksek h1zl1 v~ri ileti§im sis

temlerinde kalite dli§lirlicli etkenlerin b~§11calar1 dogrusal 

bozulma ve gUrliltlidlir. lstenmeyen bu etkenlerin giderilmesin

de kullan1lan ayarlanabilir bellek katsaY1l1 dengeleyicilerin 

~asar1m1nda yan1lg1-kaiesi-ortalamas1 maliyet i§levinin enk~

~liltlilmesi ama~lan1r. Bu amaca ula§t1ran algoritmalar i~eri

sinde uygulama basitligi a~1s1ndan en" yayg1n olan1 istatis

tiksel gradyan"yontemidir. Ne var ki ~ok bozuk kanallar i~in 

istatistiksel grady~n yonteminin yak1nsama h1Z1 ~ok dli§liktlir. 

DolaY1s1yla dengeleyici i~in sistemin genel davran1§1bozucu 

uzun bir adaptasyon sliresi gerekir. Son Y1llarda geli§tirilen 

Kalman/Godard, h1zl1 Kalman ve kafe~ algo~itmalar1n1n, daha 

karma§1k olmalar1na ragmen, yak1nsama h1ilar1 ~ok vliksektir. 
\ -

Bu tez ~a11§ma~1nda, istatistiksel" gradyan, Kalman/ 

Godaard ve h1zl1 Kalman algoritmalar1n1n yak1nsa~a h1zlar1 ve 

hesaplama karma§1k11klar1 incelendi. An~liz, dikgen-genlik-mo

dlilasyonunda_dengeleme problemini k~psayacak bi~imde kompleks 

degi§kenler kullan1larak ylirlitlildli~ Ayr1ca, ~e~itli telefon 

kanallar1n1, dikgen-genlik modlilasyon sistemini ve sozkonusu 

dengeleyici algoritm~lar1n1 ger~ekle§tiren bir bilgisayar' 

programlar1 paketi haz1rland~. Son olarak her li~ dengeleyici 

a 1 go r i t m a ~ e § i t 1 i tel e f on . k an a 11 a r 1" li z e r in de s 1 nan d 1 • 
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I N T ROD U C T ION 

As 1S well known, data transmission over the existing· 

telephone networks requires equalization to achieve reliable 
) 

performance in the' presence of linear distortion and additive 

noise. Tapped-delay-line equalizers employing various adjust

ing algorithms for their taps take place in high speed voice 

band modems. As will be mentioned in Chapter I these equali

zation algorithms differ in the operational definition of 

equalization. However, minimization of the mean-squared-error 

of the transmission sy~tem has been proven to be the best 

equalization strategy(1-3).The algorithms 1n this class also 

show differences iri the computational method used .. Among the 

various algorithms the stochastic gradient algorithm is a 

wide-spread technique. There are several works investigating 

the performance of the stochastic gradient adaptiv~ equaliza

tion algorithm amOng which ~ersho's, Widrow's and Proakis's 

~ust be emphasized(l-6). 

The stochastic gradient algprithm, although being very 

popular, has the disadvantage ~hat it has a very slow settl

ing time in some cases. The corivergence rate of the stoc~os

tic gradient algorithm, as demonstrated by Gittlin and 

Ungerboeck depends on the eigenvalues of the input correla

tion matrix, and the number of t~ps of the equalizer. High 

distor.tion causes the eigenvalues of the input correlation 

matrix to deviate from each oth~r and, 'as this happens, it 
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becomes more and more difficult to control the convergence 

rate of the stochastic gradient ai~orithm. Therefore, a long 

training period which constitutes a considerable portion of 

the total transmission time becomes necessary. 
I . 

If the dependence of the equalization .performarice on 

the eigenvalues can be elimin~ted, then the algorithm can be 

accelerated. Toorthogonalize the eigenvalues the signals 

sent during the training period can be chosen orthogona~ to 

each other(7). On the other hand, in the so called Kalman/ 

Godard algori~hm estimating the i~verse of the correlation 

matrix in each iteration results in fast convergence. The 

name of the algorithm is due to its first derivation by 

Godard with the application of Kalman filtering approach to 

the equalization prob1em(l5). The Kalman/Godard algorithm 

uses all the past information available at each step. Thus, 

it is at least intuitively clear that it is expected to give 
-, .. . 

better performance than the convent10na1 stochast1c grad1ent 

algorithm which. uses only the current information. However, 

in the recursive estimation of· the inverse correlation matrix, 

an NxN matrix where N is the number of taps must be computed 

and stored at each recurS10n. Repeatation of such" a large 

dimerisional matrix computation m~ans a considerable complexity 

in both computer simulation and hardware implementation. 

The Fast Kalman. ,lgor{thm is mathematic~lly equivalent 

to the Kalman/Godard algorithm. The difference is only in ~he 

computati~n of the inverse. correlation matrix. The improve~ 

'ment is based on the fact that at each iteration the number 

of new samples entering and the d1d samples leaving fhe 

equalizer is not N but only one. Hence, Fast Kalman algorithm 

gives the .same performance as the Kalman/Godard algorithm 

does while using N-dimensional vectors at most. Consequently 

the Fast Kalman algorithm with its acceptable computational 

complexity and very fast rate of c~nvergence 1S the most 
\ 
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efficient one. 

In t~is thesis the three algorithms' mentioned above 

are analyzed under some assumptions. More detailed mathemat~

cal treatments of the iecursive least squares algorithms can 

be found in the literature, especially in the work of Ljung 

(18). The results of both analyses are almost the same. This 

work also inc1u~es a computer simulation to test the theore

tical results. Various channels with different attenuation 

and group delay characteristics are simulated. The modulation 

scheme used is quadrature-amplitude-modulation which enables' 

two dimensional data transmission. 

Chapter I consists of the statement ~f the equaliza

tion problem, classification of commonly used equalization 

algorithms and the complex domain description of the quadra

ture-amplitude-modulation system. 

In Chapter II the structure of the tapped-delay-line 

equalizer is introduced. The optimum solution for the tap 

coefficients can be found by setting the gradient of the 

mean-square-error performance function to zero with respect 

to the tap coefficient vactor. This chapter also includes the 

derivation of the stochastic gradient algorithm. 

Convergence of ~he stochastic gr~die~t algorithm is 

controlled by a parameter called step-size. In Chapter III 
) . . 

some bounds on the "step-size for the t~p coefficients to 

converge to their optimum values and for the mean-square~ 

error to attain its minimum value are developed. Then, these 

bounds are elaborated to. obtain the fastest convergence 

possible. It should be noted that in some cases to chose the 

best value· for step-size is its~lf a difficult problem. 

Derivation of the Kalman/Godard algorithm and its 
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convergence a~alysis constitutes the subject of ~hapter IV. 

Another derivati~n based on Kalman filtering approach is 

given in Appendix IV. It is seen'that as soon as the number 

of iterat ions exceeds the nu~ber of taps the. mean-square

error falls into a very ~mall value. However the required 

number of multiplications in the Kalman/Godard algorithm is 

so large that this may be a big price for fasr convergence. 

But the recursive matrix inveriion can be modifie~ in a 

simplifying manner. This leads to the Fast Kalman algori~hm. 

which is the subj~ct of Chapter V. 

In Chapter VI the programs in the simulation package , 

are introduced and the characteristics of the simulated 

transmisson system is given. Thischapte~ also includes the 

results of the Stochastic Gradient, talman and Fast Kalman 

ad apt i v e a 1 go r it h m s over s even d iff e rent. t e Ie p h 0 n e c han n e 1 s . 

Finally, the discussion about the simulation results 

takes place in Chapter VII. A manual -for computer programs 

can be found in Appendix 5 •. 
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I. CHANNEL EQUALIZATION 

One of the ma~n degrading factors in data tranmsmissibn 

through the telephone lines is time dispersion caused by the 

deviation of the channel frequency response from the ideal 

characteristics of constant amplitude and liriear phase. In 

order tp provide reliable transmission these nonideal 

characteristics must be compensated by additional ~iltering. 

Thus, equalization constitutes an important part of the data 

transmission. 

1.1. INTERSYMBOL INTERFERENCE AND EQUALIZATION 

In Fig.I.l. a data transmission system is illustrated. 

. iNPUT 
8fT 

~TREAM 

I 

MO ... 

'TELE_ 
PHONE. 

C"RCuiT 

I 

Fig rI.1 J Data 7i-aosmi6sion System 

OEM ,., 

FILTER 
& . 

EQUAlJ 

DECisiON 
DEViCE & 
DECODER 

, 

The input bits are encode4 arid modulated according to 

a certaion modulation scheme. After they are transmitted 

through·the channel the reverse operation takes place. In· 

-otlTPVT 
8fT 

$fREAI'1 
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efficient digital communication ,ystems the effect of each 

symbol'trans~itted ~ver a time dispersive channel ~xtends 

. beyond ehetime interval used to repiesent t~at symbol. The 

over'lap of the received symbols is called intersymbol' inter

fer ence. Al though "in tei symb olin t er f erence ar ises i'n all 

pulse 'modulated systems it is most easily described in the 

. case of pulse amplitude modulation (PAM). 

In Fig. 1.2. a simple PAM system (except encoder/ 

decoder section) is shown. 

{an} 
input: 
Symbols 

...... --.c(w) 

Channel 

Nolse 

Pulse _ Amplitude. M,odu{a60fl SYJtetn. 

. Samw 
and ~l"cer 

The transmitting filtei/channel/receiving. filter cas

cade (TCR) determines the shape of the information carrying 

pulses: 

h(t) 
1 

=2 
00 

J T(W)C(w)R(w)e jwt dw 
-00 

Then, the outp~t 1S 

y(t) = I a(i)h(t-iT) + 'n(~) 
i 

(1. 1) 

(1. 2) 

where T is the sampling time and n(t) is the additive n01se. 

At t=kT + t (to is due to the constant delay in.TCR) the 
o 

sampled output at the receiver corresponding to the desired 

output a(k) is 

\ ; 
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y(kT + t ) = I a(i)h(kT + t - iT) + n(kT + t.) 
000 

1 

Let k denote kT + t , then (1.3) becomes 
o 

y(k) = I a(i)h(k-i)+ n(k) 
i 

Note that the ac~ual output can also be expressed as: 

y(k) I = h (0) { a ( k ) + h ( 0 ) I 
i 

iik 

n (k)"\ 
a(i)h(k-i) + h(O): 

(1. 3) 

(1. 4) 

(1. 5) 

·The gain factor h(O) can be adjusted to unity. Then, 

the first term is the (desired output while the second term 

represents· intersymbol interference and the last term is due 

to noise. Whenever the sum of these two extra terms exceeds 

the quantization interval an error occurs. 

From (1.5) it 1S seen that the intersymbol interference 
, 

1S zero if an~ only if h(k) ~ 0 for all k J O. This means that 

the TCR impulse response must have zero crossings at T-spaced 

intervals. The last r~quirement is called Nyquist first cri-' 

terion and 1S also equivalent to 

H (w)·= constant for \f\ < 2lT . eq 

in the frequency.do~ain, where 

H(w) = T(w)C(w)R(w} 

If the channel trans~er function 

(1. 6) 

(1. 7) 

were known a 

pr10ri, then it would be possible to completely eliminate the 

intersymbol interference by j~si realizing its inverse. One 

method may be to design equalizers based on average channel 

characteristic~. However, the vaii~tions in the character is-
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tics within a 'class of channels1s gerieral~y large. On the 

other hand these characteristics may change in time. There

fo?e, an equalization strategy in which adaptation in~o the 

specific channel characteristics is achieved, becomes 

necessary. 

1.2. EQUALIZATION STRATEGIES 

The tapped-delay-line (TDL) equalizer, whose structure 

~ill be examined in the next chapter can be designed to 

follow many different strategies. 

In the case of zero~fo~cing equalizer the a1m 1S to 

f~rce the output of the equalizer/channel combination to zero 

at all but one of the NT-spaced instants in the span.of the 

equalizer. This equalizer minimizes the peak distortion. 

However, it neglects the noise effects and operates effecti

vely if the peak distortibn before equalization is less t~an 

lDO percent. 

Least~Mean-Square (LMS) equalizers are designed to 

minimize the mean-s~uare-error which is d~e to both inter

symbol interference and noise. The LMS equalizers can.also 

be divided into two classes as automotic and adaptive. In 

automatic equalization a kriown data sequence is sent prior to 

data transmission. During such a tiaining period the equali

zer's parameters are iteratively adjusted to minimize the 

mean square of the error between the tr~ining ~equence 

synchronously generated at the receiver and the output of the , 
equalizer. As long as the channel characteristics are time-

invariant automotic equalization .is adequate. If the channel 
~ } 

characteristics are time varying equalizer must continuously 

adapt it self so as to track these changes. Adapti~e LMS 

eq~alizer operates in this manner. Here, the desired response 
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1S taken to b~ the output of a decision device operating on 

the output of-the equalizer. In other words, in the so called 

decision-directed mode of the adaptive equalizers the error 

is defined between the output of the equalizer and the esti

mate of the transmitted symbol. 

Three types of equalizers mentioned abpve are all 

'linear. On certain channel characteristics nonlinear decision 

feedback equalizers give better performance. The deci~ion 

f~edback equalizers cohsist of a fo~ward path which 1S a 

usual TDL equalizer ~nd a backward path along which the 

decisions made on the equalized signal ar~ fed back. The 

purpose of· the backward part is to eliminate the effects of 

the past symbols during the next steps~ 

Finally the tap spac1ng can be chosen less than the 

sampling time in linear ~DL equalizers. This configuration 1S 

called fractionally ipaced equalizer and has the advantage of 

being less sensitive to the sampling phase. 
'~ 

Finna11y, equalization can be carried out in either 

b~seband (after demodulation) or in passband (before demodu

lation). The subject of this work is restricted by the LMS 

automatic equalization in baseband~ 

1.3. QUADRATURE-AMPLITUDE~MODULATION (QAM) SYSTEMS 

In quadrature-amp1itude-modu1ation" (QAM) two indepen

dent data sequences are used to separately modulate the in

phase and quadrature components of a sinusoidal car~ier. Two 

double-sideband supressed carrier AM signals are superimposed 

on each other at the transmitter and separated at the 

receiver. 'In Fig. 1.3. ~ QAM trans~is~ion system is shown: 



10 -

cos w,t 

G(w) 

Cho(llleL 

Fig- (I.3) QAM Transmission System 

In the system above/the transmitted waveform is 

set) = r a1(n?p(t~nT)coswct - r a 2 (?)p(t-nT)sinw c t 

n n (1.8) 

where {a
1

(n)} and {a
2

(n)} are data sequences to be trans

mitted, liT is the signalling rate, f is the carrying frequ-
. . c 
ency and pet) is the pulse shaped ~y the transmitting filter. 

This signal can also be expressed as: 

·where 

bl(t) = I a
1

(n)p(t-nT) 
n 

b
2
(t) = I a

2
(n)p(t-nT) 

n 

(I. 9) 

Let get) be the impulse response of the channel. Then the 

out~ut 6f the chann~l i~ 

z(t) _ f g(-r)s(t--r)d-r (1.10) 
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or, co '" ., z(t) =, - fg(T)S(t-T)dT (1.11) 
-co 

.., " whereg(t) and set) are the Hilbert transforms of get) and 

set), respectively. It is also possible to write 

z(t) 

Since 

co co", .., 

= -21 f g(T)S(t-T)dT - 1. f g(T)S(t-T)dT ,2 
-co -co 

(1. i2) 

(1.13) 

(1.12) takes the form 

co 

z(t) 
1 

= "2 f g(T)b 1 (t-T)COSWc(t-T)dT 
-co 

co 
1 v . ) - "2 'f g ( T ) b 1 (t - T ) s ~ nw c ( t - T d T 

..,.co 

co 
1 -"2 f g (T ) b 2 ( t - T ) s i nw c ( t - T ) d T 

-co 

1 co", 
-"2 f g(T)b

2
(t-T)COSWc(t-T)dT 

" 

.(1.14) 
-co 

It ~s convenient to rewrite (1.14) as 

z(t) = eoswe t !:tl(t-~)~(T)eOSWeT + ~(T)sinWe~ 
, + b 2 ( t ~ T) ~ ( T ) si nw e T - ~ ( T ) cos W e ~ J ,dT 

- sinwet !:t1(t-T) rg(T)SinWeT + ~(T)COSWe~ 
+ b'2(t-T) [~(T)sinWeT + ~(T)eOSWe~JdT 

(1.15) 
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After the signal z(t) is demodulated and filtered to 

remove frequencies greater than lc the fo11o~ing baseband 

signals are obtained: 

00 

in-phase: !oob 1 (t-T} ~(T)COSWcT + ~(T)sinWc~dT 

00 

.+ !oo b 2 (t;"'T) ~(T)SinWcT - ~(T)COSWc~dT (1.16) 

!: b 2 ( t - T ) [ ~ ( T ) s i nw c T + g ( T ) cos W c ~ d T 

(1.17) 

The two signals to be equalized are those given by 

(1.16) and (1.17). At this point it will be helpfull to use 

complex notation. Let 

and 

and 

It 

a (n). = a
l 

(n) + j a
2 

(n) 

s (t) = s (t ) + j~ (t) 

also 

is 

b (t) 
, 

b'l (t) + jb
2
(t) = 

clear from (1. 8) and 

b(t) ~ I a(n)p(t-nT) 
n 

(1. 9) 

(1.18) 

(I.18) 

(1.19) 

that 

(1. 20) 

Let xl(t) denote the in-phase signal and x
2
(t) denote 

the quadrature signal at the output of the receiver. The 

complex ~ignal x(t) is defined by 

(1. 21) 
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Then, if gl(t) and g2(t) are chosen such that 

gl(t) get) 
or 

= cosw t + g(t)sinw t 
c . c (1. 22) 

g2(t) -get) sinw 
.., 

= t + g(t)cosw t 
c c 

(1.23) 

x(t) becomes 

x(t) = i(t) * bet) 

where 

0.25) 

Thus, although the signals are real using complex 

notation a complex representation of the QAM system is 

obtained. Now the sampled complex input signalx{t) can be 

equalized by a complex equalizer. Then the real eq.ualizer 

coefficients help to eli~inate the intersymbol interference 

in each part of the transmission system while the imaginery 

coefficients counteract the cross interference between two 

parts, caused.by assymmetry Ln the channel characteristics, 

around the carrier frequency. 
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) 

II." STOCHASTIC GRADIENT ALGORIT'HM FOR AUTOMATIC CHANNEL 
EQUALIZATION 

11.1. TDL EQUALIZER 

The tapped-delay-line (TDL) equalizer, illustrated in 

Fig. 11.1. consists of a delay line, (2N+1)-taps and a summer. 

The equalizer input sequence {~(n)} is delayed through the 
( 

line by an amount T and each step, where'llT is the signalling 

rate. Then each su~h delayed ~arnple x(n-m) is multiplied by a 

corresponding weighting coefficient c(m)~ Finally, th~se ' 

terms are summed to form the equalizer output sequence {y(n)}. 

. .. ~ ... )e{n) 
T ... T x (n-H) 

'--_-" yen) 
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The output of the Equalizer 1S 

y (n) = c ~ x (n-'i) 
1 

In matrix notation yen) can be expressed as 

I 

where c and ~(n) are the followin~g (2N+l)-vectors.: 

c 
-N x(n+N) 

c = x(n) = -
c x(n) 

0 

c . 
N 

x(n-N) 

( * ) 
(11.1) 

(11.2) 

The problem is to find the ~oefficient vector c of the 

equalizer in such a way as to minimize the mean-square-error 

(MSE) 

(II. 3) 

where e(n) is the error between the output of the equalizer 

a.nd t.he actual data symbol a(n), i.·e., 

e(n) = a(n) - yen) (11.4) 

The input to the equalizer, or, in other words, the 

output of the receiver can-be expressed as 

x(n) = a(n) * hen) + w(ri) (11.5) 

(*) * denbtes ~omplex-conjug~te-transpose. 
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where {a(n)} and {wen)} are inpu~data and no~se sequences, 

respectively. 

The sequence {hen)} represents the impulse response 

of the transmitting filter/channel/receiving filter cascade. 

Throughout this work {a(n)} and {wen)} are assumed to be 

stationary, ergodic processes. 

Assumption 1: Input ~ata {a(n)} and noise {wen)} 

sequences are ergodic, at least wide-sense stationary 

processes. 

11.2. OPTIMUM SOLUTION 

Under the as~umption bf stationarity the MSE does not 

depend on the time index n, so (11.3) can be rewritten as 

(I I. 6) 

Combining (11.2), (11.4) and (11.6) gives the MSE as 

~2 = E(lla(n) 112} - 2E{a(n)2!*(n)}~ + ~*E{2!(n)2!*(n)}~ 
(II. 7) 

or 
-2 = a 2b*c + c*Ac 

where ~2 stand's for E{ II a(n) 112} and, l:.* and A are the 

following (2N+l)-v~ctor ahd (2N+l)x(2~+I) matrix: 

b* = E{a(n)2!*(n)} 

A = E{x(n)x*(n)} 
/0 -

(11.8) 

In Appendix I these correlation matrices have been 

relat~d to the impulse sequence {hen)}. 
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The input correlation matrix A is Hermitian symmetric~ 

at least positive semidefinite and Toeplitz. Th~ last pro

perty is due to the stationarity of the input sequence {x(n)}. 

In Appendix 2 it is shown that A is positive definite unless 

the channel is identically zero. 

The positive definiteness of the input correlation 

matrix A impli~s that 

(i) A can be inverted 

(ii) All eigenvalues of A are positive 

(iii)- TheMSE performance function is.a convex function 
of the real and imaginary components of the tap 
coefficients (See App.3). 

The last property ~s important s~nce it enables us to 

use the gradient methods in searching the minimum of the 

HSE _ per f ormance f unc t ion. In other wor ds 'any minimum found by 

gr~dient methods will be the absolu~e minimum ~f the convex 

MSE performance function of the tap coefficients. 

Therefore, the optimum solution for c can be found by 

taking the gradient of t~e MSE ~2 _with respect to ~, 

V~2 = -2b + 2A c (*)(11.9) 

and setting it to zero. Then, the op~imum solution ~s 

c 
-op 

(11.10) 

(*)Here, the MSE is a real valued function of the real and 
imaginary components of the elements of the tap vector ~ 
and gradient is taken with respect to real and imaginary 
parts of c. However, the resu~t can be expressed by combin
ing these-two gradient components in complex notatin as in
Eqn (11.9).- Otherwise ~2 is not an analytic function and 
complex differentiation is not possible. 
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This is the well-known Wiener-Hopf equation in matrix form. By 

putting (11.10) into (11.6), the minimum MSE is found as 

-2 . 
t;. =a -bc m1n -op 

(11.11) 

In practice correlation matrices b, and A are not known 

a pr10r1 and therefore stochastic gradient methods must be 

employed by adjusting the tap gains on the basis of measure

ments that ~an be made·at the receiver. 

11.3. STOCHASTIC· GRADIENT ALGORITHM 

The stochastic gradient algorithm, based on the steepest 

descent method updates the estimates for the tap vector 1n 

the direction negative to that of the gradient at that 

instant: 

(11.12) 

The positive scalar a(n) 1S ~alled step-size, which 

will be shown later to play an important role in the behavior 

of the algorithm. 

By definition the gradient 1S· 

Interchanging the gradient and expoctation operator gives 

~~2(n) _ E{-2e*(n)x(ri)} - - (11.13) 

The above expactation is generally not known apriori 

and also difficult to cal~ulate. Insteed, an' unbiased 

approximation to 6t;2(n) may b~ 
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2e*(n)~(n) (11.14) 

Hence, the deterministic a1gori~hm ~n (11;12) takes 

the following usable form: 

~ ( n + 1) = ~ ,( n ). + 2 a ( n ) e * ( n ) x ( n ) (I 1. 15) 
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III. CONVERGENCE OF THE STnCHASTIC GRADIENT ALG0RITH~ 

In this section the following points will be examined.: 

1- Convergence of the tap coefficient 'vector to the 

o'pt imum va 1 ue 

2- Convergence of the ~SE to the minimum value 

3- Quantization ef·fects 

11.1. CONVERGENCE OF THE TAP COCFFICIENT VECTOR 

Let R(n) denote the error between the n th estimate 

c(n) for the tap vector and its optimum value: 

= e(n) - c -op 

By combining (I1.l5) and (II1.l)" 

R(n~l) = R(n) + 2a(n)e*(n)~(n). 

is obtained. On the other hand the output error 

e(n) = a(n) - c*(n)~(n) 

can be expressed in terms of the tap error vector: 

(111.1) 

(111.2) 
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e(n) = e (n) - £*(n)~(n) op 

Accordingly, (111.2) becomes 

~ 

(111.3) 

£(n+l) = £.(n)+2c{(n)e~p(n)!:(n)-2a(n)~(n)x*(n)£(n) (III.4)_ 

Now .s.(n) 1.5 defined as the expected value of £(n): 

Then, the expoctation of both sides of (111.4) gives 

From linear filtering theory(25) it is known that the optimum 

error is orthogonal to the observation spoce, 1..e., 

E{e* (n) x(n)} = 0(*) 
op 

Thus the first term'in (111.5) is zero. 

The second term can be evaluated as 

where the outer expactation is over· all values of' £(n). 

At this point an ~ssumption that simplifies the problem 

1.S to be made: 

Assumption 2: The input data vector at different in-
- ~ 

stantsare statistically indep~ndent of each other. In tither 

words for any vector valued functions f and I 
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is valid for n~m.·This assumption implies that the tap 

coefficient vector £(n) and the input vector ~(n) ~re also 

statistically independent of each other. The last statement 

is based on (11.15). Note that this assumption is not 

~trictly true since every inp~t vector:~(n) contains ele~ents 

both from the prev10us and next ones. However it greatly 

simplifies the problem and will be used in the sequel. 

By Assumption 2 ~(n) and ~(n) are statistically 

independent of each other Therefor~, 

= Aq(n) 

Hence, (III.5) takes the form 

(111.6) 

The system 1n (111.6) 1S stable if the ei~ehvalues of 

the matrix {!-2a(n)!} are less than u~ity in magnitude for 

each n. Since A 1S Hermitian symmetric it can be expressed as 

A = M*AM (111.7) 

where. It l..S the diagonal form of !, 

It = diagO'l' A2 ,···,A 2N+ l } ...,. 

and M 15 the unitary modal matrix of !; 

(* ) Recall that e* (n) = a*(n)-x*(n)c Then op . - -op 
E{~(n)e~p} = E{a*(n)~(n) -,~(n}~*~n)£op} 

= b - A C - -ap 

= b - A ~-1 b - b - b = 0 



/ 
I -1 

M = M* 

- 23-

( 

To make a coordinate transformation primed coordinates 

are defined as 

s' (n) = !:!'*s(n) and sen) = M .<1' (n) (111.8) 

Then the uncoupled form of (III.6) 1S 

s' (n+1) = {I - .2a(n)~).9.' (n) (111.9) 

and, S' (n) converges to zero as n goes to infinity provided 

that 

or 

. ) 

11-2a(n)A ·1<1 
1 

1-o < a(n) < -
A. 

1 

Vn, i: 1,2, •.• ,2N+1 

Vn, i: 1,2, ... ,2N+l 

Hence, the stability re~uirement is 

o < a(n) < A 
1 

max 
Vn 

(III.I0) 

(II1.11) 

where A max 
is the maX1mum eigenvalue of the"input correlation 

matrix A. If this requirement is satisfied, the solution to 

(111.9), 

s'(n) = 
n 
IT 

i=l 
{I - 2a(i)A.}q'(O) 

1 

converges to zero as n goes to infinity whatever the initi~l 

tap coefficient vecto~ setting is.Thus, the tap vector 

estimates are asymptotically unbiased, 1.e., 
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As far as the stability of the algorithm is concerned 

the choice for the step-size a(n) is iimited by the eigen

values of the input correlation m~trix as in (111.11). This 

mea n s t hat the· per form a n ceo f the a 1 go r i t h ni i s af f e c ted by 

the eigenvalue spread of ~. To see this conside~ the mode 

q' (n) with the minimum eigenvalue Am This modes converges 
-m 
with a geometric ratio. 

r = 1 - 2cx(n)A m m 

while the mode q~(n), with the maX1mum eigenvalue M' the 

geometric convergence ratio is 

When the eigenvalues are close to each other then both 

extreme modes c~nverge to their optimum values at approxima

tely the same rate. But if the eigenvalu~ ratio AM/Am is 

high, the choice for cx(n), as imposed by (II1.11) brings a 

slower rate for ~(n) than that for q~(n), thus degrades the 

overall performance of the algorithm. 

111.2. CONVERGENCE OF THE MSE 

As the algor i thm adap t s toward the op.timum va 1 ue s .the 

error e(n) is no more stationary and consequently the MSE 

depends on time: 

Combination of (111.3) with (111.13) gives 
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2 
~min + E{£.* (n) ~ E. (n)} (111.14) 

If the coordinate transformation as Ln (111.8) is 

~pplied to (III.14f it follows that 

2 2 
~ (n) = ~min + EtE.'*(n)l!, £.' (n)} 

or 

2N+1 
C" 2 + L 
C,min 

i=l 
A,E{p~*(n)p! (n)} 

1 L . L 

From the transformed verSLon of (111.4) 

p! (n+1) 
1 

2N+1 
= p! (n)+2a(n)e* .(n)x! (n)-2 (n)x! (n) L, x~ (n)p~ (n) 

1 op L 1 j =1 J J 

i: 1, 2, ... ,2N+1 

is obtained. Since 

x' (n) = M*x(n) 

(I I 1..15) 

(111.16) 

arid M LS the diagona1izing transformation it is clear that. 

E{x!(n')x! (n)} = A,oU-'j) 
L J L 

¥i,j (111.17) 

Then the product E{p!*(n)p!(n)} evolves a.ccording to 
L L 

(I 11.'18) 

for i: 1,2, ... ,2N+1, where 

T = E f'p ! * ( n) p! (n)} 
1,1 L L' 

! SOWle! ONlvERSITEsi KOTUPHANESl 
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. 2 = 4a (nY E{e* (n)e (n)x!*(n)x!·(n)} op op 1 1 

2Nt 1 2Nt1 
= 4a,2(n)E{xi (n)xi(n) L ~ x

J
! *(n)xk(n.)PJ!(n)Pk* (n)} 

j'=l k=l 

= 2d(n)E{e* (n)x!(n)p!*(n)} op 1 1 

= 2a(n) E{x!(n)p~*(n) 
1 1 

2N+1 
L: 

j=l 
x!(n)p!*(n)} 

J J 

Assuming e (n) and x.·(n) (i: 1,2, ... ,2N 1) are not 
( op 1 

only uncorre1ated but also statistically' independent T2 2 , 
becomes 

On the other hand the term T1 2 vanishes if the ortho-, 
gona1ity princi~le arid Assumption 2 is applied. In Tj 3 the , 
cross mUltiplications ar~ zero 1n the mean, so it 1sreduced 

to a single s~mmation and T3 3 beco~es , 

2 = 4a (n) Ai 
2N+i 

L 
j=l 

A • E { P ~ *( n) n ~ (n) } 
J J - J 

Under the same assumptions T2 3 also becomes zero. Finally for , 

= 2a(n)A.E{p!*(n)p~(n)} 
1 1 .L 

; '" fnllnt'L Then (111.18) can be reexpressed as 
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2 2 
-4cl(n)A.E{p!*(n)p!(n)}+4a (n)F,; . A. 

1 1.1 .m1n 1 

i: 1, 2, .•. , 2N+ 1 

(111.19) 

Let e.(n) denote E{p!*(n)p!(n)}. Then for i: 1,2, ... ,2N+l 
. 1 1 1 

or 

e. (n+ 1) 
1 

2N+l 
. L 
j=1 
jt1. 

A.8. (n) 
] ] 

The excess MSE 1n (111.15) can also be written as 

~ 2 (n) = ., ex 
A.e.(n) 

1 1 

or 

(Ill.20a) 

(Il1.21) 
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where ~(n) = 

Then, from (111.20) 6(n) ~s .found to behave as 

22 = R-e(n) + 40. (n) ~ " 
- - min 

where 

R = 

assum~ng constant step-size. 
) 

(III.22) 

The matrix R is real and symmetric, thus all e~gen

values of R are real. Therefore the transient behavior of the 

MSE is not oscillatory. It is known that a matrix whose 

elements are all positive and row sums are less than un~ty 

can have only eigenvalues with magn_~tude less than unity(29). 

For the matrix R the row sums are 

2 
l-40.(n)".+ 40. (n)". 

~ ~ 

2N+1 
-( 

L " .. 
j=l J 

Then the system in e:qn. (II1.22) is stable if 
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- or 

a < 
1 

Trace A (111.23) 

is' satisfied. The bound in (111.23) is less than that 1.n ~ 

(111.11) which is required for the convergence of the tap 

coefficients Although this bound guarantees the convergent~ 

of both the t~p coefficients and the MSE to the desired 

values it does not provide the optimum value for the fastest 

convergence; To obtain this optimum value for the step-size 

an up per b 0 u n'd _ for the ex c e ssM 5 E in (I I I . 20) i s to b e 

considered. For ~m and ~M bein~ the mi~imum and maxinum 

eigenvalues of the matri~ A, respectively the excess MSE at 

the (n+l) th instant is bounded by 

< {l - 4a(n)~ + 4a2(n) ~2 (2~~1)} ~2 (n) 
m - M ex 

2 ,2 ( ) 2 + 4a (n) I\M, 21':+1 t" • "'m1.,n (III. 24) 

By mi~imizing this bound the optimum choice for a(n) can be 

obtained. Taking the derivative of the r~ght hand side of. 

(111.24) with respect to a(n) g1ves 

_~ (2 (n) + 2A 2 (2N+l) ~2 (n) + 2A 2' (2N+1) ~2 (n) 
. m ex M ex M min 

Thus the optimum value for a(n) 1.S obtained by setti~g this 

derivative to zero: 

a (n) = op 

(111.25) shows 

the eigenvalue 

number of taps 

2 
~ ~. (n) m ex 

2~2 (2N+1) 
M 

+ ~2 I 
minI. 

that the optimum'value of a(n) 

ratio of the input correlation 

of the equalizer and (iii) ,i t 

(111.25) 

depends on (i) 

-ma trix, (ii) 

is:a time-varying 
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scalar. But this expression tnclu~es the excess MSEand 

therefore it 1S difficult to handle. In order to find a 

simple bound on a(n) let us express ~2ex(n) in terms of a(n): 

~2 (n) 
ex (111.26) 

Since ~2 (n) is' a positive quantity, the denominator of ex 
(111.26) must be also positive.Cnnse~uently 

a op 
(n) < Am 

2AM2 (2N+ 1) 
(111.27) 

is obtained. In fact as ~2 (n) 1S greater than the minimum 
2 ex 

MSE ~ 011.25) takes the form 
"'min 

a (n) 
op 

(111.28) 

Then 
. 2 

as long as ~ex(n) 1S large as compa~ed with 

~2min the step-size a(n) can be held cons~ant at its maX1mum 

value in (111.25). For the optimum step size in (111.25) the 

excess MSE ~2(n) evolves according to 
ex 

~2 (n+l) 
ex 

2 . 2 
2 {~ ex(n)Am} 

< ~ex(n) - ---.--------

1~2ex(n) + ~2minl ~~ (21HI) 

(111.29) 

or, 

(111.30) 

And, for the constant step-S1ze 1n (3.27) ~he excess ~SE 

d~6ays at an exponential rat~: 
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A 
m 

1. 2 
(2N+l) 

M 

. ~2. (n) 
ex -. 

(111.31) 

2 2· 
On the other hand as ~ en) appr6aches to E. con-ex . . m~n 

stant a{n) will be no more satisfactory. By combining 

(111.25) and (111.39) 

a (n+l) ·op 11-2 a (n) A 10. en) op m op 
2-

" -2"M· (2N+l)a en) m op 

.. 
~s found. After some manipulations it follows .that 

Ci (n+l) <a (n) 
op - op 

1-21. a (n) 
m op 

11-2AM(2Ntl)a (n)111+2AM(2N+l)a (n) I op op 

(II!.33) 

2 . 
In order for ~ (n) to monotonically decrease a (n) 

ex op 
must also decrease as imposed by (111.25). Then, for sOme 

n > n . a ( n ) sod e c rea s e s. t hat (I I I . 3 3 ) t a k est h e for m 
- 0 op 

a (n+ 1) < a . (n . ) 1 
op op ·0 1 + 2AM (2N+1) a (n) op 0 

From (111.34) it ~s found that 

a (n· ) 
a (n) <. 0 

op ~1-+-.~2~"-M~(~2~N~+~1~)~(-n---n~)-a~(~n~) 
. 0 0 

n > n 
o 

(111.34) 

(111.35) 

MSE c-2 (n) Then the excess . ~ . ex also decreases ~n ! fashion. 
n 

In summary the algorithm attains the maximuJ!! rate of 

convergence if the step-size a(ri) is set to the maximum 

value in (111.28) at the beginning and is decreased according 

to (111.35) afte~ the excess ·MSE has been considerably dec-
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For constant a the 2-trans~otm of (111.20) ~s given by 

ze. (2)-ze". (0) 
~ ~ 

e.(z) = 
~ 

- 4 2 2 z 
t a ~. 1...--

m~n ~ z-l 

2 
4a A. 

" ~ 

2N I 
-r 
j=l 
j=li 

Le.(z) 
J J 

.i: 1,2, .. :,2N+I 

2N+l 
r " A. e. (z) 

J 

z 

(z-l) 

j = 1 
j~i 

J 

i: 1,2, ... 2N 1 

Since aiO and 1..=1 is not a~ eigenvalue of the matrix 

R, z=l is not a pole of any term in the equation above Hence, 

lim {(z-l)e.(z)} = 
" ~ z-+l 4 a A. (l-a A . ) 

~ ~ 

2 a 
= ~min l-cxA-

1 

is the steady-state value of ei(n). (i: 1,2, ... ,2N I). Then, 

it follows that 

lim t"2 
"'min n-+oo 

"2N+l aAi 2 
= ~2 + r ~ min l-aA' min i= 1 . ~ 

(111.36) 
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Let A 
ave 

1 
be 2N+l Trace !, then 011.36). becomes 

(2N+1)aA 
lim i;2(n) 'V. i;2. + . ave 2 

'V ml.n 1 -aA i;mn 
ave n+oo 

(III.37) 

Although (111.37) has been derived for constant a it 

gl.ves on approximation for the time-varying step-size. At 

least it indicates that the steady-~tate excess MSE depends 

on the number of taps and a. An icrease iri either of-them 

causes on increase in the excess MSE at steady-state. 

111.3. EFFECTS OF DIGITAL IMPLEMENTATION 

Up to that point all the quantities involved are 

assumed to be anolog. However, adjustable parameters are to 

be quantized when the equaliier is digitaly implemented. 

Consider the algorithm in (11.15) ~s composed to its 

real and imaginary components: 

~R (n t 1) = ~R (n) . + 2a (n) I e * (n) ~ (n) I R 

~ I .( n + 1) so ~ I ( n ) + 2 a ( n ) I e * en) x ( n) I 

where the su b s c r i pt s R and I .deno te 'the rea 1 and imaginary. 

-parts, respectively. Since the variables ~R(n+l) and ~I(n+l) 

are to be quantized, whenever' the up doing. teims are less 

than the least significant digit (LSD) the adaptation tends 

.to stop. In other words whenever 

2~ ( n) I e * (n) ~ (n) I R < LSD 

and (III.38) 

2a(n) le*(n) ~(n)II < LSD 
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happeris, these terms are. truncated.consequently, the adapta

tion stops at an earlier stage. If the equations in (111.38) 

are combined 

(111.39) 

1S found. Then the number of bits and the step-sized,must be 

chosen in such a· way that the above in equality does not come 

into place before the algorithm approach~s to the minimum MSE. 

It is clear from (111.39) that the minimum number of bits 

required for a satisfactory adaptation performance will be 

less when the optimum MSE is hig~. 

Now, expected value of (111.39) 1S approximately 

~2(n) (LSD)2 

2 
E{II~(n)11 

(111.40) 

As the adaptation goes on the· left hand side 6f (111.40) 

approaches to 

2 
~min 1 + 

1 - a/. 
ave 

Thus, the algorithm will not beaffe~ted by quantization if 

the relation 

(2N+ 1) 
2 ave 

co 1 + --=---~--C,mi n . 1 - aA 
ave 

= 
2a 2 E {II ~ (n) 112 

(LSD) 2 

holds. 
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IV. KALMAN/GODARD ALGORITHM 

In Chap. III it has been seen that the convergence 

·rate of the stochastic gradient algorithm is highly affected 

by the eigenvalue spread of the input correlation matrix A. 

One method to eliminate the effect of the eigepva1ue spread 

may be to use different step-size for each. mode. Thus, in

stead of the algorithm 

~(n+1) = ~(n) + a(n)~(n)e*(n) 

that one 

~(n+l) = c(n) + ~(n)~(n)e*(n) 

·is suggested. In this case, expected value o~.the tap. 

coefficient err~~ vector evolves according to 

(IV.l) 

-1 
under Assumption 2.If the matrix wen) could be! ' inverse 

of the channel correlation matrix, then the algorithm ~n 
-1 

(IV.l) would converge in a -few steps. Although! is not 

known a priori, it can be recursively estimated. Then these· 

estimates can be used in updating the tap coefficient vector. 

This method ~s also equiva1e.nt to construct the algorithm as 
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(IV.2) . 

whereA(n) and~(n) are the n th estimates of the correlation 

matrices A and b. 

IV.I. DERIVATION OF THE KALMAN/GODARD ALGORITHM(*) 

Given the output of the TDL.eq~alizer as 

yen) = ~*(n-l)~(n) (I V'. 3) 

the problem is the same as stated 1n Chap. II. Let !(n) 

denote the n th estimate of the input correlation matrix A. 

Since the environment 1S taken stationary/ergodic 

1 
!(n) = n 

n 
L: ~(i)~*(i) 

i=l 
(IV.4) . 

is an asymptotically unbiased e~timate for A. From (IV.4) it 

1S seen that 

nA(n) = (n-l)~(n-l) + ~(n)~*(n) (IV.S) 

Similarly, the n the estimate of the correlation vector b is 

taken as 

ben) = .!. n 

n 
L: 

i=l 
a*(i)~(i) 

and evolves according to 

nb(n) = (n-l)~(n-l) + a*(n)~(n) 

Combining (IV.2) and (IV.7) gives 

.( IV. 6) 

(IV.7) 

(*) Another derivation of the algorith~ based on Kalman 
filtering is given in Appendix,4. 

-, 
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'--

/ nA(n)~(n) = ~n-l)~(n~l) + a*(n)~(n) (I V .. S) 

Since the error ~(n) is 

e(n) = a(n) - ~*(n-l)~(n) (IV.9) 

(IV.S) becomes' 

nA(n)~(n) = (n-l)~(n-l)+e*(n)~(n)+~(n)~*(n)~(n-l) 
(IV.10) 

By putti~g A(n-l)~(n-l) instead of ~(n-l) is (IV.10) 

nA (n) £. (n)= (n-l) A( n-l)~ (n-l )+e* (n)~ (n) +~(n )~* (n)~ (n-l) 

(IV.ll) 

is obtained .. On the .otber hand, from (IV.S), it is seen that: 

~(n)~*(n) (IV.12) 

Thus, 

+ x(n)x*(n)c(n-l) - . - -
or 

(IV.-13) 

is found. E(n) is defined as 

(IV.14) 

Hence, (IV.13) takes the form 

~(n) = c(n-l) + E(n)~(n)e*(n) (IV.IS) 
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(1V.5) can be reexpressed as 

D(n) -l = D( )-1 _ n-1 + ~(n)~*(n) 

and using matrix inversion lemma ~(n) can be recursively 

compu te.d as 

~(n) = ~(n-l) -
D(n-1)x(n)x*(n)D(n-1) - - - . - (IV.16) 
1+~*(n)~(n-1)~(n) 

Now, the term ~(n)~(n)i which is called Kalman gain, 1S 

= D(n-1)x(n) 1 ~ - - -
[ 

x*(n)D(n-1)x(n) ] 

- - .. 1+~* (n)~(n-l)~(n) 

= ~(n-l)~(n)/ [l+~*(n)~(n-l)x(n)J 

Consequently, the algorithm can be operated as 

~(n) = ~(n-l) ~(n)/ [ l+~* (n)~(n-l)~(n~ 

D(n-l)~(n)~*(n)~(n-l) 
D ( n ) = _D ( n - l) - ~-..,..-..-:-.........,....-,....,....-.,-..,..,.--
~ 1 +x*(n)~(n-l)~(n) 

yen) = ~*(n-l)~(n) 

e(n)= ain) - yen) 

~(n) = ~(n-l)+~(n)e*(n) 

(1V.17) 

(IV.18) 

(IV.16) 

(IV.3) 

(IV.9) 

(!V.19) 

H"owever, the algorithm has the danger that !(n) c·an be 

singular at ~he beginning of the iteration, but this danger 

can be eliminated by slightly modifying the expression for 

!(n) as 

1 
A(n) = -n 

n 
E ~(i)~(i)* + 01 

i=l 
(IV.20) 
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where 6 is a small positive co~siant. In this case ~(o) is 

initialized as 

D(o) 1 = (S ! (Iv.ill 

and nothing changes in the algorithm. 

IV.2. CONVERGENCE OF THE TAP' COEFFICIENT VECTOR 

According to Eqn. (IV.15) the tap coefficient error 

vector behaves as 

.E.(n) = .E.(n-1) + ~(n)~(n\)e*<,n) (IV.22) 

It is convenient to write Eqn. (IV.22) as 

(IV.23) 

Since e (n) and ~(n).,~re orthogonal and input sample 
op 

vector at different instants are independent (by Assumption 

2) • 

E{D(n)x(n)e* (n)} - 0 
-.- op' 

By the same reasoning 

E {~( n) ~ (n) ~* (n).E. (n'-l ) } = .. ~ E{~(i)~*(i)} -. E{~(n)~*(n 
G 

\~ l' 

~=1 . . 
. . 

.E{.E.(n-1) } 

= G~J -1 ~ .s. (n-1) 

= !.9. (n-1) 
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Then, it follows that 

.s.(n) =[ 1 - ~J~(n-l) (IV.24) 

As n goes to infinity .s.(n) reaches a steady-state, i.e., 

lim sen) 
n-roo 

= lim (1 - ~)q(n-l) 
n -n-roo 

= lim ~(n-l) 
n-roo 

The solution for ~(n) is then 

Thus, 

~Cn) = Cn-l)! 
n! ~(2) 

1 = - q(2) 
n -

lim .s.(n) 
n-rCXl 

= lim ~ q(2) 
n -n-roo 

= 0 -
that is, the estimates for the tap coefficients are asymptoti

·~~lly unbiased for al~ finite initial settings. But the 

convergence of the MSE has not been examined yet. This is the 

subject ___ of the following section. 

IV.3. CONVERGENCE OF THE MSE 

The MSE, as seen" in Chap. III consists of the minimum 

value and the e~cess MSE: 
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The Hermitian form 1n the expoctation 1S 

+ p*(n-1)x(n)x*(n)D(n)A D(n)x(n)x*{n)p(n-1) - - - -- - - -

+ 2 e* (n)x*.(n)D(n)A n(n-1) op - - - L.. 

- 2 p*(n-1)~(n)~*(n)~(n)A E.(n-1) 

- 2 e (n)x*(n)D(n)A D(n)x(n)x*(n)p(n-1) 
op - - - - - - -

The expactation of the above ex~ression t~ansformed 

into primed coordinates is 

where 

T = E { P " * ( n - 1 ) A p' (n - 1 ) } 
1,1 - --

T
22

=E,{e (nJe* (n)x!*(n)D'(n)A _D'(n)_x'(n)} 
, op op - - -

T3 3=E(~'*(n-1)~' <,n)~'*(n)D' (n)~~' (n)~' (n)~'*(n)p' Cn-1)} , . 

T 2=E{e* (n)x'*(n)D'(n)A p' (n-1}} 
1, op - - - -

T =E{e (n)x'*(n)Di(n)A D'(n)x'(n)x'*(n)p'(n-1)} 
2,3 op - - - - - - - -. 

The first term is the excess MSE at the (n-1) st instant: 

-
~!x(n-1) = T1 ,1 = 

2N+l 
L A.E{p~*(n-1)p!Cn-1)} 

.1 111 
1 = 
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For the second term, applying Assumption 2 

2N+l 1 
= ~ ~2 r - E{x!*(n)x!(n)} 

2 min. 1 A. 1 1 
n· 1 = 1 

= -\ ~!in (2N+l) 
n 

1S obtained. With the same reason1ng ~ 

-1 -1 
= E{J:I*(n-l)~1 (n)~I*(n)~ ~ ~ Xl (n)~I*(n)J:I (n-l)} 

1 2N+1. 1 2N+l 2N+l 
= -E { r - x ~ * ( n ) x ~ (n) r x ~ * ( n ) p ! (n - I ) L x I (n) 

2 . I t,. 1 1. I J J k 1· k n ~= 1 J= . = 

.Pk*(n-l)} 

is found.· Unless J = k,the terms x~*(n)xk(n) 1n expactation 

vanish. Thus 

1 2N+l 2N+I 
= 2 E L 

n i=1 j=1 
1 E{x~(n)x!*(n)}E{x!*(n)x!(n)} 

1 1 J J i 

. E{p!*(n-l)p!(n-l)} 
J J 

(2N+I) 2N+l 
= 2 r Ai E pi*(n-l)pi(n-l)} 

n i = 1 

By means of orthogonality principle T1 ,2 and T2 ,3 are zero. 

Finally, 



- 43-

Theref~re the excess MSE adapts as 

~2 (n) = {i - ~ + (2N+i)}~2 (n-i) + 
ex. n. n2 ex 

(2N+l) ~2. (IV.25) 
2 m~n 

n 

Take the limits of both sides of this equation as n goes to 

infinity 

1 im~ 2 (n) 
n-HXl ex 

= lim ~2 (n-i) 
n+CXl ex 

In other words the system in (IV.25) reaches to a 

steady state value, which is 

1. r; - 2N.+D~2 Cn) = 
n. L ,n ] ex 

~2 (n) = 2 ex n 
(2N+i) 2 
- (2N+l) ~min (Iv.26) 

Then, the algorithm would converge to the minimum MSE 

in appro~imateli 2 x (2N+l) steps. 
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VI FAST KALMAN EQUALIZER ALGORITHM 

V.I. COMPUTATIONAL COMPLEXITY OF THE STOCHASTIC ~PADIENT AND 

KAL~AN/GODAD ALGORITHMS . I 

The stochastic gradient algorithm requires 2~ complex 

multiplications where M is the number of taps, i.e.,· M=2N+l. 

Althou~h havin~ very fast rate of convergence Kalman/Godard 

algorithm is computationally complex. Ut~lizing the .Hermitian 

property of the matrix D(n) ~~e needs 3/2 M2+3M complex 
) - . ( 

multiplica·tions in thi~ case. Obviously this is a considerable 

increase in computational cc~plexity. However, in the 

formulation of the Kitman/Goda~d algorithm the property that 

every input vector ~(n) contains only one element different 

than those in the previous one was not used. It is that 

property which enables us to develop a new computation method 

for the Kadman/Godard algorithm', as wilt" be done in the 

following ~ectioh • 

. V.2. DERIVATION OF THE FAST KALMAN ALGORITHM 

The Kalman gain in (IV.S) is 

g(n) = ~(n)x(n) (V.l) 
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Let E(n) denote n~(ri), i.e~_ 

n 
E(n) = L 

i=l 
!(i)~*(i) 

Then, pen) = E(~) and (V.l) can be rewritten as 

~(n)g(n) = ~(n) 

Let ~(n) be x(n+N+l) and ~(n-M) be x(n-N), 

x ( n) = [v ( ~ -1 l] :. 
~(n-M) 

x(n+l) = 
~(n) 

~(n-M+l) 

The extended input vector x (n) is defined as 
-ex 

x (n) = -ex 

~(n) 

x(n) 

x(n+l) 

= 

~(n-M) 

Similarly, the extended correlation matrix W (n) is -ex 

.. W (n) = -ex 
x (i) x* (n) 
-ex -ex 

W (n) can also be expressed in the f6llowing ways: 
-ex 

W (n) = 
-ex 

n 
L ~(i)~(i)* 

i=l 

t n 
I' L ~ ( i) x* ( i) 
I i=l -
J 

---------------------------

n. 
L ~(i)*x(i) 

i=l -

I 

l , 
t 

n 
L x(i)x*(i) 

£:1- -

= 

n(n) : z*(n) 
I 
I 
S 

f 
t , 

zen) • Wen) 
1 

(V.2) 

(V.3) 

(V.4) 

(V.5) . 

(V.6) 
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or 

n n 
L x( i+1 )x* (i +1) L )..1*( i-N)x( i+1) 

i=1- - i=1 -

W (n) = ----------------------------------- = -ex 

n 
L )..I ( i - M) x* ( i + 1 ) 

i=1 -

n 
L l-!*(i-l-:1'))..I( i-M) 

1 i=l 

• ~(n+1) I.. ten) 

t*(n) B(n) 

(V. 7) 

Now, asgume that the gain ve~tor ~(n) 1S known. Then 

the ·problem is to find ~(n+l) satisfying 

~(n+l)~(n+l) = x(n+l) 

As a first step assume that some vector fen) and Scalar 

L(n) are known such that 

W (n) 
-ex 

1 L(n) 

= 
f (n) 0 

and form the extended gain vector as 

)..I(n) I 

------------------------------

Then it follows that 

[0] [1 ] . W (n)g (n) = W (n) -- -W (n) --
-ex..>o.€x -ex .£~n) -ex fen) 

(\'.8) 

(V.9Y 
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.0 ~*(n).£(n) - lJ(n) 

= W (n) ---- - -----------------ex 
.£(n) o 

On the other 

W (n) 
-ex 

o 

~(n) 

o 

.£(n) 

Thus~ combining (V.10) and-(V.ll) 

,~ (n)g (n) = x (n) 
-ex -ex -ex 

i so b t a in e d • 

Secondly, partion ~ex(n) such that 

hen) 

~ex(n) = 
sen) 

(V.10) 

(V.ll) 

(V.12) 

(V.13) I 
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and assume that there exist k(n) and Y(n) such that 

~e x (n): [~~:~] = [~l 
. yen) 1 

(V.14) 

Note that if (v.7) is used 

W(n+l) , 
~~::l 

hen) 

W (n)g (n) = ------ I -ex -"ex 
t*(n) I sen) 

I 

~(n+l)l!.(n) + !(n) s(n) 

(V.IS) 

t*(n)h(n) + S(n)s(n) 

From Eql\.(V.12) 

g (n) is 

is found a different expression for W (n) 
--ex 

-ex 

W (n)g (n) = [~~::~~l -ex -ex 
)J(n-M) 

(V.16) 

Thus, equating (V.lS) and (V.16) 

W(n+l)h(n) + t(n)s(n) = x(n+l) (V.17) - -

is obtained. From (V~14) it- is seen that 

~(n+l)~(n) + !(n)Y(n) = 0 (V.18) 

Thus ten) = -y-l(n)W(n+l)k(n), and putting this value into - --
(V.17) gives 
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-1 . 
W (n + 1 )~ ( n) - ~ (n + 1 ) ~ (n ) Y (n ) s (n) = .! (n +"1 ) 

or, 

(V.19') 

But then by definition 

~(n+1) 
-1 = hen) - ~(n)Y (n)s(n) (V. 20·) 

Then it remains to update the variables len), L(n),~(n) and 

Y (n). 

From (V.6) and (V.S) it is seen that 

zen) + W(n)f(n) - 0 

Since 

zen) = zen-1) + ~*{n).!(n) 

it fo:Hows that 

-On the other hand 

z(n-1) = -W(n-1)!(n-1) 

and thus 

~W(n-1)!(n-1) + ~*(n)~(n~ + W(n)!(n) = 0 
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Using 

W(ri-I) = !(n) - ~(n)~*(n) 

. ".," 

~nd!(n)1.(n) = x(n) 
/ 

wen) I-!(n-I) + '~(n)~*(n)!(~-I) + ~(nh:*(n) + len) ~ = Q 

is obtained. W(n)'il nonsi~gular, t,hen!(n) can b,etrpaated<as' 

fen) = l(n-I) - l.(n) I~*(n) + ~*(n)l(n-:I) I (V.21) 

For L (n), note that 

n (n) + ~*(n)!(n) = r (n) 

from (V.6) and (V.8). Since 

n (n) = n en-l) + l1(n)~*(n) 

and 

n(n-I) = L(n-I) - ~*(n-I) f (n-I) 

L (n) b e come s , 

L(n) = I(n-I)-~*(n-1)f(n-1)+z*(n)£(i)+11(n)11~(n) 

or 

Using (V.21) gives 
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Thus r(n) i~ updated as 

(V. 22) 

The re.aining variables to be updated are ken) and 

yen) in (V.14)-.It is clear that 

W (n) 
-ex 

k (n)' 

yen) 

k(n-l) 

= W (n-l) ------ex 
yen-l) 

Then if follows that 

ken) k(n-l) 

W (n) = W (n) ------
-ex -ex 

yen) Y(n-l) 

Consequently using (V.12) 

ken) 

yen) 

is obtained. 

It may be convenient to modify 

~~:~l 
yen) 

as 

k(n-l) 

- x ~n)x* (n) ------
-ex -ex 

yen-l) 

k(n-l) 

(V.23) 

Y(n-I) 
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, Where ~(n) -1 = Y (n)l:.(n). Then (V.,14) becomes 

~(n) 0 

W (n) = ---- = -------ex 
y-l(n) 1 

(V.24) 

From (V.23), 

yen) = Y(n-l)-s(n) {~*(n+l)l:.(n-l) + '~*(n-M)Y(n-l)} (V. 25} 

It'is also possible to write 

yen) = Y(n-l) Il-s(n)~*(n+l)~(n-l)-s(n)~*(n-M)I 

-1 Then, Y (n) is updated using 

(V .. 26) 

For ken), 

ken) = k(n-l)-~(n)~*(n+l)l:.(n-l)-~*(n)~*(n-M)Y(n-l) (V.27) 

is obtain from (V.23). Multiplying both sides 'by y-l(n) gives 

~(n) = 1~(n-'l)-:~(n)~*(n+l)l:.(n-l)-~*(~)~*(n-}1)Y(n-l) Iy-l(n) 

(V.28) 
I 

Combining (V.26) and (V.28), 

, -1 
. y-l(n-l) Il-s (n)~* (n+l)~(n-l)-s (n)~* (n-M) I 

or 
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men) = I~(n-l) - l:!.(n)~*(n+l)~(n-l) - l:!.*(n)l-1*(n-:-}~) I 
-1 

• Il-s(n)~*(n+l)~(n-l)-s(n)l-1*(n-N)1 

is obtained. 

(V.29) 

Now, at the n th instant ~(n), ~(n+l), !(n-l), L(n-l) 

and _g(n) are known. The first step is to determine g (n) and 
ex 

this requires fen) and L(n-l). Let El(n) be defined by 

(V.30) 

Th en by (V. 21 ) 

(V.3l) 

Also let E2 (n) defined by 

(V.32) 

It 1S seen that 

And 

Than, by (V.22) 

(V.33) 
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Accordipgly the extendid gain vector becomes 

-1 E (n)E 2 (n) 

~ex(n ) = -----------------------
-1 

~(n) + f(n) L(n)E2 (n) 

(V. 34 ) 

/ 
Partion .B. (n) as ex 

1:: (n) 

l:e x (n ) = . (V .. 35) 

s (n) . 

To update g(n) men) is required. Since m(n-l) and 
-1 - - -

Y (n-1) are known from the previous iteration let 

den) = ~(n-M) + ~*(n-1)~(n+1) 

Then 

and I-s(n)\x*(n+1)~(n-1)-~*(n-M)1 = l~s(n)d*(n) 

Thus~ from (V.29) it follows' that 

-1 
men) = 1E!(n-1) - 1::(n)d*(n) \\l-s(n)d,*(n) I 

Finally using {V.20) gives 

£(n+1) = hen) - m(n)s(n) 

and, of course, 

y(n+1) a ~*(n)~(n) 

e(n+1) = a(n)-y(n) 

'~(n+l) _ c(n) + ~(n+1)~*(n+1) 

(\1.36) 

(V.37) 

(V.38) 

(V.39) 

(V. 4 0) 

(V.41) 
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The performance of the fast Kalman algorithm is excetly 

the same as Kalman/Godard algorithm since they differs only 

in computation. However; if e~uations from (V.30) to (V.38) 

are examined, it is seen that only 10M+3 complex multiplications 

are necessary. Therefore, the computational complexity of 

Kalman/Godard .algorithm is considerably decreased. For example/ 

for a IS-taps TDl equalizer required number of complex mUltipli

cations are in the following orders: 

Stochastic gradient: 30 

Kalman/Godard 385 

Fast Kalman 150 
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VI I SIMULATION AND RESULTS 

VI.l. COMPUTER PROGRAMS 

The simulation package cansists. of the followin~ 

computer programs: 

1- Polyf.Ftn: Simulates telephone channels with different 

attenuation and group delay chaiacteristics(*). 

2- De1.Ftn: Simulates a QAH system with specified 

characteristics(*). 

3- Opt.Ftn: Calculates the optimum tap coefficients and 

the min imum MSE. 

4- Help.Ftn: Calculates the eigenvalues and the trace of 

the input correlation matrix. 

5- Dstoc.Ftn: Realizes the stochastic gr~dient 

algorithm.· 

6- Dkalman.Ftn: Realizes the Kalman/Godard~lgorithm. 

7- Dfast.Ftn:Realizes the fast Kalman algorithm. 

In Appendix 5 detailed explanation to use these 

programs is given. 

(*) These two pro~rams are s~pplied from the MODEM Project 
carried 6ut in Electronic Research de~artment .of Marmara 
Rp~p~rrh institute. 
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VI. 2. SIMULATED COMMUNICATION SYSTEl-l 

A qam transm~ssion system with a signalling r~te of 

1600 baud and 2 bits per symbol is simulated. The carrier 

freq~ency is placed at 1800 Hz. The transmitter consi~is of a 

iaised-cosine filter with an excess bandwidt6 of 25 percent. 

The binary bits for both quadrature and i~-phase components 

are provided from a pseudo random binary sequence. Additive 

noise of variance 0.001 is supplied from a gaussian noise 

generator. The equivalent baseband impulse response of the 

combined transmitter and channel is used to generate the 

input data for the equalizer. It is assumed that the carrier 

phase used for demodulation at the ~eceiver 1S that of a 

pilot carrier transmitted through the channel. 

The simulation results presented· aTe averages over ten 

different training sequences and gaus~ian noise sequences. In 

the Kalman and Fast Kalman algorithms the initial error 

covariance matrix is set to 0.01 times the identity matrix. 

'Since both of them give the same performan'ce oily o~e of the 

outputs 1S illus.trated throughout the work. The initial value 

for all tap coefficients in all of the ~qu,lization 

algorithms are chosen as zero. The simulated TDL equalizer 

has 15 complex taps. 
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V 1. 3. RE S UL T S 

A. Channel A 

For this nearly perfect channel the three algorithms 

are tested with both noisy and noisless data. 

When there 1S no_noise, the optimum tap coefficients 

and the -minimum MSE are: 

(' 

REAL TAP COEFFICIENTS, IMAGINARY TAP COEFFICIENrS. 

-Q.67644266l49l5032D-04 
d.123874851437l620D-03 

-O.22863969548097l7D-03 
0.3983265033319855D-03 

-0.8354ll9l5462l9l6D-03 
0.26689494334954l5D-02 

-0.147540749l80694lD-01 
0.9989985475894537D+00 
0.14944507l0794966D-Ol 

-0.2170329247547206D~02 
0.5693159458682711D-03 

-0.3430506547778394D~03 
0.23960666~5030081D-03 

-0.164627514309-l066D-03 
0.1131275109071906D-03 

m1n1mum achieveable MSE 

0.1101299723561884D-03 
-0.4293756861847678D-03 

0.9692642596640687D-03 
-0.1883l36429397953D-02 

O.3463356227646l82D-02-
-0.7453312858927695D-02 
-0.454752i087l20434D-02 

0.1905480836957972D-01 
-0.3711070832814822D-02 
-0.7791840404899667D-02 

0.33575775l5l53634D-02 
-0.1808895768409438D-02 
0.92280l22l44956~4D-03 

-0.399060998268200lD-03 
0.905493384935562lD-04 

-9 = 0.67xl0 or -91.~2 dB 

sinc~ the distortion 1S low minimum and maX1mum eigen

values are identical: 

0.033. 

TRACE=15.015037l772758799 

MIN.EIG.=0.1000671523563891D+Ol 
MAX.EIG.=0.100l082570684720D+Ol 
RATIO=0.l0004l0771278236D+Ol 

The best choice for the step-size is found to be 
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Fiom Fig. VI.A~3. it is seen that the sto~hastic gra

dient algorithm reaches ta -60 dB-MSE in 200 iterations, while-

the Fast Ka1manCand Kalman) ~lgorithm, as indicated in Fig. 

(VI.A.6) converges to the same value in 25 steps. 

The mi~imum MSE for this channel is so small that the 

stochastic gradient algorithm is expe~ted to be very sensi

tive to truncation errors. When 8-b~ts are used to store the 

tap coefficients adaptation stops at -45 dB MSE (Fig. VI.A.4). 

Unfortunately Kalman and Fast Kalman algorithms are also sen

sitive to quantization erros (Fig. VI.A.7). However with 12 -
I 

bit all the algorithms gives results identical to the infinite 

precision case (Fig.VLA.8, Fig. VI.A.5.). 

When there exists White Gaussian Noise of variance 

0.001 the optimum solutions are as follows: 

RE-AL TAP COEFFICIENTS, INAGINARY TAP COEFFICIENTS. 

-O.6760847034655l62D-04 
0.1237828851520331D-03 

-O.2284328l15l94653D-03 
_ O.39793339260l2845D-03 
-O.8345621856710l75D-03 

0.2666250343944570D-02 
-O.1473930155780100D-Ol 

0.99800l545480443lD+OO 
O.1492964232l16l46D-Ol 

-0.2168198050344665D-02 
0.568762686S028461D-03 

-0.3427027944007074D-03 
0.2393454056153765D-03 

-O.164431281301~852D-03 
O.1129832776907964D-03 

MINIMUN ACHIEVEABLE MSE~ 
0.9980022090035484D-03 

0.11002l0877971589D-03 
-O.4289525585507458D-03 
O.96830757430~7766D-03 

-0.l881271805270l25D-02 
0.3459915822913236D-02 

-O.7445888346929172D-02 
-O.-4542974971599689D-02 

O.1903579210794066D-01 
-O.3717364334468852D-02 
~O.7784051660062102D-02 
0.3354211047625316D~02 

-0.1807075442822463D-02 
O.9218687488595717D~03 

-0.3986561198781168D-03 
O.9045733361495049D-04 

-0.-3000868497433080D 02DB 

TRACE=15.0300371772758807 

MIN.EIG.=0.100079978~862~56D+01 
MAX.EIG.=0.1003080582856481D+Ol 
RATIO=0.1002278973300618D+8l 
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Noise addition changes'on1y the minimum achieveab1e 

MSE. The step-size can be still set to 0.033. Then the 

stochastic gradient algorithm.converge~in 150 step~,but 

with a sma11.bias as imposed by Fig. VI.A.9. However, the Fast 

Kalman algorithm attains a MSE of -27.5 dB in 25 iterations and 

converges to th~ exact minimum MSE in 60 iterations .(Fig. VI. 

A.10). Since the minimum MSE is about 0.001 truncat.ion errors 

do not occurs and 8 bit quantization does not changes the 

per-formance in either case (Fig. VI.A.11, Fig. VI.A.12). 

Fig. 

Fig. 

Fig. 

Fig. 

Fig. 

Fig. 

Fig. 

Fig. 

(VI.A1)- Frequency Response 

(VI.A2)- Impulse Response 

(VI.A3)- Stochastic Gradient Algorithm Infiriite Precisiori 
0:.=0. 033 

(VI.A4)- Stochastic Gradient Algorithm No.of tap 
coefficient bits = 8 0:. =0.033 

(VI.AS)- Stochastic Gradient Algorithm No.of tap 
coefficient b i is =12 0:. =0.033 

(VI.A6)- Fast Kalman Algorithm Infinite Pr.ec is ion· 

(VI. A7)- Fast Kalman Algorithm No.of top coefficient 
bits = 8 

(VI.A8)- Fast Kalman Algor i t.hm No.of top coefficient 
bits =12 

Fig.- (VI.A9)- St~chastic Gradi~nt Algorithm Infinite Precision 
0:. = 0.033, 0 2 = 0.001 

Fig. (VI.A10)- Fas.t- Kalman Algorithm Infinite Precision, 
0 2 = 0.001 . 

Fig~(VI.A11)~·Stothastlc Gradient Algorithm No.~f tap 
Coefficient bits = 8, 0 2 = 0.001 0:. c 0.033 

Fig. (V~.A12)- Fast Kalman Algorithm No.of tap coefficient 
bits = 8, 0 2 = 0.001 



- 61-

i-T 
! 

I 
" " 1 

. 
t 
1 
1 
l ';f 

! :s: 
..:£ 

II ...J 
... 

3' ,-
" 

~ c 
t) 
!S .- rr 

I qJ 
,I, \-,- ~ 
; 
, 

" 

~ f 
r: I : : 

~~=-= l..,_J ..... __ j_LJ_l~_~_~ .. __ .J ~J 
; t i i ~ <l,.} 1 I ~ , 

~ t "! .~/.~ t : f r, f • r 
I ' I~ I ~ , ! ' , , 

L~<" I-----r ,I' t" 1 i ! f I .. 
0; - - it. . i l ; f" I ' 
=-_"':":"":":"'"....r.-.--:-.::-~.=--- 0Ww;: _ ; ~ .. _~---2--JO 

o iii 0 
I 

~ , 
1 

I 
! 

~ 
I 

, t 
j 
1 , 
1 --.....--: 
i 

--I 
I 

. 
co 
.~ 

.~ 

I 
; 

r 
! 
} -I 
t ~ ~ 

t .:l -

o 
~7 .:" 



- 62-

i , 

I : 
~~ 

, 
I 

t 
i. 

f 
t 
I 
I 

.t I 
i 

: t 
I 

/ i ~ -
1 i 
f I 
j I .. __ . ...-.z::::.. 

. -, 
• rt-, 

Q) 

en 
~ ~~ 

o 
p. 
(I) 
Q) 

p::; 

I ,.... 
C"J ~ 

< . 



~~r-r~l"-'-""r'-l--T I I 11 
_.,---- ·· .... ·_·r .. --· ._-- --'---' -_ .... :.,-.. ~ l··.. 1 . ... \" .", f' '. 

. . III t I -.. ~-.~ t~~~·~-I~T . ~ .. ,,~. '-~'-'r ...... ,. '., ,,' .,.- .. ~"". ~-. 
L-.. --.... -.- .. -~ .--.r-..... ·\ 

[ I ' I 
, I I j 

. _ ... ~.l.~--;-,.J ~ -~. . .-.~-" ....... ;- ..... ·1· ............ " .. ". 

~~"f~-I,--_L---L~l_ t_LL_,Ll. ' .. ' " .. I II 

.,'\ l ~.' ,! I t L' I . ·rr .. 1 .... . 1 I .1 . ' • 
, • 1 I . r-\~:-:----1--- L -1--1 I-

I 
~ 1, 
.>'\ '.! :: . II 

'.' \ I :---- (~"-'-'l' .... -~ ; ... " ..... " ... '-._.~.r_ .. _ .•.•. 
'" I 

• I I 

L_-l:\-, L._I __ I___~;-_ ,+---f.--,....l-~I---J---hf: 
'I . I 

.. ·~-r·'1f ·l' .. -··-·~I'~·····- .. -['-·-·r-.. ·"·I-Jr--Ll~!--J " ,I.· .,.~ . ,. 
. j \. I " 

I ·' 1 
. \'J J . ..' . 

·,""';._r ._r.o. ,(._. r-- "" I . -,"' .. --". "'----1--.,.· ... -1. .. --1---, 

. 'jl 
• __ •. I~-••. "--t.~~.-·I-.~-·I-.. - .. I f. 

~ 
-0 ...., I 

I: 

~~Li . \ .\ . I ~r~r-~ 
.l--o----l __ .~ .. ! ..... "_._.\ .. ___ .. l .... " ... -~ :",--0",'" 

UJ . I . . ..1--__ . 
((l \-.~.--r------
:f. !----.-~ \ . :-=P"1' I 

. . - 7'~".~ 
-~~-y-~I·-·l-~·~- .. i. I ~ ,_.-.- , 

., 
.1 

! 
i 

.I ~;..~.;:~: ...... \.· .. ·":.:·===---!=:=:..:::: .. :-F=:::·:-.:....:....·· i j .... _LM .. ~ ... (,O.b .. dl , .. 1 "). 1~. I ... 1:,,-J .. I,.----Ld'J':;,t~,·J 
. . Fig. (VI.A4) Stochastic;GradientA).'gori!tl1mi:<'i Fig.: '( V 1. A 3) S toe has tic ! G r a die n tAl go r i t h t:n 

Infinite'~PteciSion a=0.033 
~ -- _ .... _._- --.. ~-~--., ~ ...... _----' ........ , ..... _--_. - ....... ~ -.- .- ~~.~~-- ... ----

. 1 I ':. No •• 0 f tap C 0 e f ~. i c i en t ~ i t s~-~? ~ig;f'>'; I 
-_ ... - ... -. ..N_ ... O. __ O~3_ ,..: ~. ___ ~:'.~"""..h....2 j ;'L:;'l~~'::::, .', 



---{ __ . ___ : __ ._.I, ____ '--__ ._: ___ -!-___ ~L, ___ ""_ ___ '_~--~---+~--

i 
. ..,--...-J~._.-~--~._t_----.-__ -'.----..:.....-----.':':.:----':----....:,----,.-~--+----

; ~ 

'. 

-:-.. ~'. ,,--,. "., .... ,--"~- _ - _ •.. _____ -__ . ___ . ___ .. -_ -________ 1. ____ ,_-' ,-_, _._: ____ : ____ . , __ +-__ _ ,.... 
\0 

< 
H 
:> 
'-' 

0.0 
--.-I 

or:.. 
0 
\D 

1 

0 .. _ ~_,'" _____ ---"---~--..... _ .. _ ... _._H ____ ~ ___ ,--_ P 
\D 

._----_. -----" ----- _.-.. ---_., .. -_. -~- --- ------'----'---------'~-~ i 

' .. i 
~ -... --~-- .. -. ~-~.'-- . -.' ." .. _- ,--~-,----- ---- ---~ 

,~~i~ __ ~_._ , __ •.. __ ~,~~_ ~_ ~~~ _ '~_~_~, __ ~_, ___ ___'!__---I,.__-_---<-.:.--_'----~ 

I t'! ~ I 
:-~~j--.-------'~--- ----:-----. '-t, ---+-~--+-------~~i 
: 4 ~ t ",=_,,~,~~':' __ ~~_~._'~~~' ~~ ______ ____ • ____ ... ___ -, ... ___ -'-....,.-. __ .----1 

I 



- 65-

i '. ..r., i l....-. ~···I -~! j ,''''c,_ ( "j_ \ . ! ! ! 1 , ............. _--:---
I 

LIJJ . 

, 
'. 

-60. 
o. 

Fig. (VI. ~ 7) 

Fig. (VI ~ AS) 

'. i 

~ , ~r 1-, 
i 

~ i 
; 

600. 

I. 

i 
. I· 

t , , 

\ 
I 

i . 

I .. 
I 
I 
I 

•• -. j 



-~ ._ .~ ~_~_-y-_____ 0 
o 
'-D 

___ ._ ... :_...--, ... ___ :. __ ~l~ • __ ~L~.~ . __ ' ... _ ~_ ~ __ '~_..........j~_""""----I 

~ . . 
. __ . .....". __ .. :,~_..". .. f,..... .. _~~~t,_~~.... ...,: ~"'"'. ::' ___ ~l_..-____ .::. , , i . ,. ~--:----f---f--~ 

t ~ f . , 
. . ,! . 

~~""-"",,,t. __ ~._~~~J ___ l~~----:'::',~-,~·-~----'---+--+---I 

I I 
,-... 

- , 0'\ 
-< 

I 21 -r , ., .~j 
I -.-4 

I 
~ 

• I 

C 

.. , 



~. ~ " - - 'J 
' .'.-'.- ,, ___ "';~.,._ •. ',.' J':"~"~"'~"'':':'''~ ~::~"-"~:_':;-':' " 

!:, . ;. 

- _., .. ,_ \__.;\ cl 

-r-~-t--r---t--+\---t-~~~~.~,-. f.--··--·~'--·~ 

r. 
I, 
t 

_~ ___ -=-.,~_-..-... ~ __ J . ......-~ _____ -----f·--~-· ~-~~~, __ -.'~_---&~-4----1 
.. I 

r . , 
~. ," ,..... : . -~. ~""~-"",,,,,-,-----~;.,-'-~--....----- --.,-~--~.-,", ...... ~-....,-.. ~.,-.... ~-"",. '.~~- .-:. ....... ~-.---.....-...--... ~--~.------'---'---.....I 

, 1 
~ ~. 

--,',-",_ .... y- :~~~,:.,~.--...-.. . ........---~' ~""-""'~'."-""'--'--' 
\ 

,._~._,~ ____ . __ -''-----J-~----I 

I 
I 

-I 
. I 

. ~ 
! 



- 68-

B. Channel B 

Channel B has a considerable amount of phase distor

tion as seen from Fig. (VI. Bl). In the presence of ~hite 

Gaussion noise ~ith variance 0;001 the optimum values for the 

tap coefficients are 

, 
REAL TAP COEFFICIENTS, IMAG.INARY TAP COEFFICIENTS. 

-0.1317478670436228D-Ol 
0.2000786483036919D-Ol 

-0.545l056618375947D~Ol 
0.100487l895560473D+00 

-n.152712272465867lD+00 
0.8785502168761486D-Ol 
0.209095l29l875917D+00 
0.3950745046185402D+00 
0.14085630l4909430D-01 
0.2755989029344683D-02 
0.81427ll099l65590D-03 

-0.7065435480992304D~02 

0.7294822889385953D~02 
-O.6358914165685750D-02 

0.l168063526757725D-01 

-O.l672873586l37986D-Ol 
O.2098693450905405D-Ol 

-O.2l7067469577l306D-Ol 
0.3093l80899305903D-02 
O.8l40008836708339D-Ol 

-0.267325490l208278D+00 
0.2124757257778729D+00 
O.5686060l39069349D-Ol 

-0.l076625183795648D+00 
0.20533822649880l4D-Ol 

-0.l6249088844994l3D-Ol 
0.l40153l861257554D-Ol 

-0.l2l8286486892295D-01 
O.37l7275318306364D-02 
0.9697935803837195D-03 

MINIMUM ACHIEVEABLE MSE = 

0.150071362162l325D-02 
NOISE VARIANCE 

-0.28237021754554l8D 02dB 
= 0.001000000000000 

TRACE 

MIN.EIG. 
MAX.EIG. 
RATIO 

=38.0697948062263903 

= 0.2150j50359488008D-01 
= 0.2680005184413795D-OI 
= 0.12463l0943046460D-01 

The eigenvalue ratio is still ndt much deviated from 

unity, but the best s~ep-size is 0.013 in this cas~. From. 

Figs (VI~B3) and (VI.B4) it is observed that the sto~hastic 

gradient algorithm converges in 150 iterations ~hile the Fast 

Kalman in 30 iterations. 
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Fig. (VI.Bl)- Frequency Response 

Fig. (VI.B2)- Impulse Response 

Fig. (VI.B3)- Stochastic Gradient Algorithm 

Infinite Precision a = 0.013, ,6 2 = 0.001 

Fig. eVI.B4)- Fast Kalman Algorithm 

Infinite Precision 6 2 = 0.001 
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C. Channel C 

In Figs. (VI.Cl) and (VI.C2) frequency response and 

the imp~lse re~ponse characteris~ics for this considerably 

distorted'channels are shown. 

REAL TAP COEFFICIENTS, IMAGINARY TAP COEFFICIENTS. 

O.2l997486l4374745D-02 
-O.2737524883622233D-02 

O.385603965644l366D-02 
-0.5231654967249663D-02 

0.5629ll77l1l50412D-02 
0.4267215549428600D-02 

-O.9346233785074677D-01 
0.8860198920258066D+00 
0.16l42472l0021405D+00 

-0.3437735943892699D-Ol 
0.2026614834955622D-01 

-0.1312005479000683D-01 
0.8677386395320173D-02 

-0.5438287840600732D-02 
0.2790101719472272D-02 

MINIMUM ACHIEVEABLE MSE = 
0.8991309193510100D~03 

NOISE VARIANCE = 
TRACE ) = 
MIN.EIG. = 
MAX.EIG. = 
RATIO = 

0.123l2l2200849068D-02 
-0.4433306322675832D-02 

0.9535l4598l84l520D-02 
-0.177679480470l473D-01 

0.32S088l944l74l83D-01 
-0.64360800l79l4547D-01 

0.129425352l927656D+00 
-0.169927836l537856D+00 

0.11292l8l84058295D+00 
-0.4l657826459839llD-01 

0.1884477225717751D-01 
-0~9002227644476268D-02 

0.2962973186576366D-02 
0.5706406693247695D-03 

-0.2147427252869720D-02 

-0.3046177067541409D 02D8 

0.001000000000000 

16.9064403146612626 

0.1028857087672275D 01 
0.11960353132l624lD 01 
0.1162489~58158l79D 01 

The eigenvalues of the input correlation matrix are 

clo~e to unity and the minimumachieveable MSE is about -30 

dB. With the best value for the step-size (0.033) th~ perfor

mance in Fig. (VI.C3) is obtained. As compar~d with the per

formance of the Fast Kolman algorithm in Fi~. '(VI.C4) the 

stochastic gradient converges ~pproximately3 times slower 

than the later. 
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) Fig. (VI'.C1)- Frequency Response~· 

Fig. (VI.C2)- Impulse Response 

Fig. (VI.C3)- Stochastic Gradient Algorithm 
\ 

Infinite Precision I 

= 0.033, = 0.001 

Fig. (VI.C4)- Fast Kalman Algorithm 

Infinite Precision, Q2 = 0.001 
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D. Channel D 

Channel D whose amplitude and phase distortion is high 
c 

hai on eigenvalue ratio of 5.49: 

REAL TAP COEFFICIENTS IMAGINARY TAP COEFFICIENTS. 

0.8716910619748832D-02 -0.3095490391568212D-01 
0.1892773379269005D-01 0.4952672451245298D~01 

-0.6341656059067754D-01 -0.5553047433243273D-01 
0.133002111906088SD+00 0.3206105275624206D-01 

-0.2132112850052661D+00 0.8082070102467632D-01 
0.1256434584145515D+00 -0.3535117867062451D+00 
0.4022709231404664D+OO 0.2935548428124993D+00 
O.2770225212435913D+00 O.1439473371295534D-01 

-0.8369827414741723D~02 -0.4136821640139409D-01 
0.1065130902623207D-01 0.1285909450772121D-03 

-0.6724345267060802D-02 0.2704450818632886D-02 
0.1388108411615949D-02 ·-0.1015641052715729D-02 

-0.2466728074316072D-03 -0.2994237420923816D-02 
0.2039274308917951D-02 0.2121001199369898D-02 
0.1614386369310859D-02 -0.9358695057731815D-03 

MINIMUM ACHIEVEABLE MSE= 

0.2677053713430688D-02 ~0.2572342914874881D+02DB 

/ 

NOISE VARIANCE= 

TRACE= 

MIN.EIG.= 
MAX.EIG.= 
RATIO= 

36.5845290130643235 

O.83862387]0123530D+00 
0.4605974285980999D+01 
0.5492300436746512D+01 

Although the eigenvalue ratio is high7 the Fast ·Ka1man 
algorithm converges to the minimumMSE in almost 50 iterations 
without being affected by truncation errors (Fig.(VI.D3), . 
Fig.(VI,D4)). The stochastic gradient algorithm is operated 
for three different step-sizes. If the step-size is taken to be 
invers1y proportional to the number of taps, that is 0=0.033, 
then the behavior in Fig.(VI.D5) is observed. With this step
size a considerab1~ bias occurs. On the other hand if 0 is 
set.to 0.014 wh{ch is invers1y prop~rtiona1 to the trace of 
the input correlation matrix convergence rate decreases (Fig. 
(VI. D6 ) . 
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Fig. (VI.Dl)-· Frequency Response 

Fig. (VI. D2)- Impulse Response 

Fig. (VI.D3)- Fast Kalman Algoiithm, Infinite Precision, 

Fig. (VI.D4)- Fast Kalman Algorithm, No.of t6p coefficient 
bits = 8 

Fig. (VI.D5)- Stochastic Gradient Algorithm, Infinite 
Precision, a=O.033. 

Fig. (VI.D6)- Stochastic Gradient Algorithm, Infinite, 
Precision, a=O.014. 
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E. Channel E 

This channel has a nearly ideal amplitude characterist

ics abd a parabolic group delay characteristic. In Fig. (.VI.EI) 

and(VI.~2) the frequency response and the impulse response 

is seen. 

REAL TAP COEFFICIENTS. IMAGINARY' TAP COEFFICIENTS. 

0.5500468471424333D-02 
0.9516383624429828D-02 

-0.1576618034280010D-01 
0.2470477551565770D-Ol 

-0.2830437489280395D-01 
-0.3475758521194567D-01 

0.3048338670102445D+00 
0.2007265545216539D+00 

-0.2014545460346599D-Ol 
-0.7171373200642465D-02 
0.2948534093497227D~02 

-0.8699856433437282D-04 
-0.4589004771896555D-03 

0.2261684645152325D-02 

MINIMUM ACHIEVEABLE MSE= 
·0.2790752050254169D-03 

NOISE VARIANCE= 

0.1569672447388412D-02 
-0.4602266745783003D-02 

0.1072220037754939D-01 
-0.2578642792629241D-01 

0.6791875978822463D-01 
-0.1664770837478370D+00 

0.1779206406981214D+00 
-0.4253037313820738D-01 
-0.2028639372586198D-02 
-0.2896074857690417D-02 

0.3261878313721546D-02 
-0.4072283076334833D-02 

0.3804017644342893D-02 
-0.1200456415223284D-03 

-0.3554278747527823D+02DB 
0.0010000000000000 

TRACE= 73.6379536567414422 

MIN.EIG.= 
}lAX. EIG. = 
RATIO= 

0.4461689570635415D+01 
O.50817511705~7266D+Ol 
0.1138974617159110D+Ol 

In Figs.(VI.E3) and (VI.E4) the performarice of the 
stochastic gradient a1getithm with different step-sizes are 
shown. In the first one the step-size a is chosen to be 0.033 
as usual. For this value algorithm converges in approximately 
300 iterations. The second experiment is with a=0.0066 which 
i sO. 5 1/ T r ace A. In t his cas e the a 1 go r i t h m c on v erg e s i'n 5 0 
steps. Since th~ minimum MSE i~ low tru~ication highly aff~cts 
the algorithm and, as show in Fig. (VI.E5) adaptation stops 
at-32. 5 dB MSE if 8 bits for the tap coefficients are used. 
However 12,bit quantization gives t~e same performance as in 
the enfinite p,recision (Fig. (VI.E6)). The Fast Kalman algorithm 
has very fast rate of convergence (approximately 50 iterations 
(Fig. (VI.E7)). Effects of the truncation are shown in figures 
(VI.E8) and (VI.E8). 
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Fig. (VI.El)-Frequency Response 

Fig. (VI.E2)- Impulse Response 

Fig. (VI.E3)- Stochastic Gradient A1g6rithm Infinite Precision 
a= 0.033, 62=0.001 

Fig. (VI:E4)- S.G,A. 
1. P. 2 
a=O.0066, 6 =0.001 

Fig. (VI.E5)- S.G.A. 
No.of top c~efficient bits = 8 
a=0.0066, 6 =0.001 

Fig. (VI.E6)- S.G.A . 
. N.T.C.B = 12 
a=0.0066, 62 =0.001 

Fig. (VI.E7)- Fast Kalman algorithm 
Inf.Pre. 02=0.001 

Fig. (VI.E8)- Fast Kalman Al~orithm 
No. of top coeff.bits = 8, 82 =0.001 

Fi~. (VI.E9)- Fast Kalman A1gorith~ 
No.of top coefficient bits = 12, 02 =0.001 
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F. Channel F 

Among all the channels studied on this has the maX1mum 

eigenvalue ratio (11.9) due to both high amplitude and phase 

distortion. 

REAL TAP COEFFICIENTS, IMAGINARY TAP COEFFICIENTS. 

-0.7695480577590565D-02 
-0.6574662480936086D-02 

0.3l75954240556l26D-01 
-0.6526l5l79l5848l8D-01 

0.1035302l34629024D+00 
-0.130009341470042lD+00 
-0.30J2831664057979D-02 

0.1003063076765069D+Ol 
0.5l9988l02960865lD-Ol 

-0.123032394l83ll60D-Ol 
0.1929627404654420D~01 

-0.1709467940237070D-Ol. 
0.1013738993793820D-Ol 

-0.2634769586924890D-02 
-0.2105537324462474D-02 

MINIMUM ACHIEVEABLE M~E= 

O.152723l853620983D-02 

0.1327085793978889D-Ol 
-0.2489452416636523D-Ol 

0.25200845ll469l02D-Ol 
-0.78894l44l647l895D-02 
-0.·4004758824918638D-Ol 
~.15236225ll7ll665D+00 

-0.4259968937919133D+OO 
0.2252695766768203D+00 
0.1376676l26360804D+00 

-0.7432413784449582D-Ol 
0.290843303552l674D-Ol 

-O.63l99086l8583793D-02 
-0.4785529849189438D-02 

0.7256976778185230D-02 
-0.358l3l806992l975D-02 

-O.281609502639833~D+02DB 

NOISE VARIANCE=O.OOlOOOOOOOOOOOOO 

TRACE=21.1058086375025565 

MIN.EIG.=0.2757488863108780D+00 
MAX.EIG.=0.328687556l588741D+Ol 
RATIO=0.119l98l4457l4030D+02 

~he stochastic gradient algorithm, with the usual 

value 0.033 for a convages in 150 iterations but to a biased 

final MSE (VI.F3). 

If the best value of a = 0.025 for this channel is 

used settling time falls to 225 iterations but to the desired 

MSE. As-expected Fast Kalman reaches to -28 dB MSE in 
. '.. 

approximately 50 iterations. 
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Fig. (VI.F1)- Frequency Response 

Fig. (VI.F2)- Impulse Response 

Fig. {VI.F3)-Stochastic Gradient Algorithm. Infinite Precision 

a =0.033, 02 = 0.001 

Fi&. (VI.F4)- Stochastic Gradient Algorithm Infinite Precision 

~ a =0.025, 02 = 0.001 

Fig. (VI:F5)- Fast Kalman Algorithm Infinite Precision, 

02 = 0.001 
, I 
I ! 
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VI.4. CONCLUSION 

In this work ehree LMS algorithms for automatic 

ba~eband equalizers are compared through analysis and 

simulation. The tap coefficients of the TDL automatic 

equalizers are adapted to minimize the MSE du~ing a traing 

period and then kept constant in the r~st of the data ': 

transmission. The'length of this training period is an 

important factor and it is desired to be as short as 

possible. Stochastic gradient equalization algorithms, 

although being very simple, may require long training 

sequences. On the other hand Kalman/Godard algorithm whose 

start-up is faster is" computationally co~plex. Fortunately, 

with some modification in computation a relatively simple 

algorithm which converges very rapidly can be obtained:.,Fast 

Kalman Algorithm. 

The algorithms have been investigated usin~ various 

statistical assumptions. However, the simulation results were 

found to be in accordanc~ with the theoretical im~lications. 

For all type channels the Fast Kalman algorithm gives 

much better performance than the stochastic gradient algorithm 

does. Especially for highly distorted channels this superiority 

increases since the step-size in the stochastic gradient 

algorithm, c,an be no more related to the number of taps. Thus, 

the best rate of convergence of the stochastic gradient 
...-c' 

algorithm 'can be hardly achieved in highly dis'torted cha.nnels. 

Even in the case where the best step-size is chosen the Fast 

Kalman Algorithm is still much faster th~n the stoch~stic 

gradient algorithm. Consequently, as long as the particular 

application at hand requires fast convergence and the current 

technology is sufficient for implementation Fast Kalman 

algorithm can be used in practical systems. 
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In the simulation it has been observed that all the 

algorithms are sensitive to truncation errors when the minimum 

achieveable MSE is too small. However, if the additive rioise 

of variance 0.001 exists, then the algorithms are not affected 

'by the errors arising from digital implementation~ 

The computer programs in the package have been ~eveloped 

in such a way that they can be separately used. Although the 

equalization programs have been written for QAM transmiss.ion 

system it is possible to use them in other ty~e of modulation 

schemes setting the imaginary components of the complex 

variables to zero. 

Finally, I hope that this work will be a stating 

point for further studies in the field 6f channel equaliz

a t ion. 
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APPENDIX I 
CORRELATtON MATRIcES 

To derive more explicit formulas for b* and A the 

following assumptions for ~ata and noise sequences are to be 

made: 

(i) Input symbols at different instants are uncorrelated, 

i. e • , 

¥n,m 

(ii) Input data and noise sequences are uncorrelated, i.e., 

E{a(n)w*(m)} = E{a(n)}E{w*(m)} Vn,m 

(iii) Noise is zero mean, i.e., 

E{w(n)} ,= 0 ¥n 

(iv) Noise is white, i.e., 

E{w(n)w*(m)} ¥n,m 

The correlation matrix b* consists of elements 

i:n N, ..• ,n, •.. ,n-N 

Then, from Eqn (11.5) 

b ~ = E {a (n) I r a (m) h ( i -m) ; + w ( i) I *} 
1 . m 

is obtained.Taking the expectation into the· summation gives 
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b! = I E{a(n)a*(m)}h*(i-m)-+ E{a(m}w*(i)} 
1. 

m 

The second term is ~ero as a result of (ii) and (iii) Applying 

(i) to the first term g-ives 

b~ 
-2 I o(n-m)h*(i-m) = a 

1. m 

2" h*(i-n) = a 

Then q* becomes 

form 

b* = a 
-2 

?*(N) 
h*(O) 

~*(-N) 

The input correlation matrix A has elements of the 

A .. = E-{\Ia(m)h(i-m)+w(i)\\Ia(k)h(j-k)-+w(j)\*} 
1.J m ' k 

By assumptions (ii) 'and (iii) the cross terms are zero 

and it follows that 

A •• 
1.J 

. 
= I I E{a(m)a*(k)}h(i~m)h*(j-k) E{w(t)w*(j)} 

m k 

= a-2 I -Io(m-k)h(i"-l}l)h*(j-k) + o2 o (i-j) 
m k w ' 

-2 2 = a I h(i-m)h*(j-m) + 0 o(i-j) 
w 

m 
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APPENDIX 2 

POSiTivE DEFiNiTENESS OF THE iNPUT CORRELATioN MATRix ~ 

Let ~ be a (2N+1) complex -valued vector which is 

different than zero 

u i:. 0 

The elements of u can be numbered as 

Th en, " 

u * A u = u· E { x (n) x* (n )} u - - - -

= E {I I ~* (n) ~ I I 2 

Let Y(n) be 11~*(n) ~II , thus the HermitiQn form is 

. . 1T 
1· = 21T f Pyy(w)dw 

-1T 

~.' 

where Pyy(~) is the power spectrum of Y(~) 

The sequence Y(n) can be expressed as a convolution as' 

N 
Y ( n) = L u( i ) x * ( n -.i ) 

i=-N 
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and this implies that 

where 

U(w) c 

N 
r 

i=-N 
( .. ) -jwi u ~ e 

Since U(w) is not zero then the Hermitian form vanishes if 

and only· if P (w), the powe~ spectrum of the equalizer input xx . 
signal is identically zero~But 

P (w) =P (w)IIH(w)11
2 

xx aa 

where P (w) is the power spectrum of the input symbols. aa . 
Therefore the Hermitinn form u* A u is different than zero for 

~ i 0, or , in other word A is .positive definite unless the 

channel impulse response is identically zero. 
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APPENDIX 3 
CONVEXITY OF THE MSE PERFORMANCE FUNCTION OF THE TAP ~ 
COEFFICIENTS 

The MSE performance function of the tap coefficients is 

= a-
2 

- 2 b* c + c*A C 

Let ~l and ~2 be two (2N+1) complex-valued vectors and 

O<A<l be a real scalar. Then, 

That is, 

-2 
=Ala - 2 b*c + c* A c 1 

- -1 -1 - -1 

1 -2 I' + (1-~) a - 2 b* ~2 + ~~ ! ~2 

E,:2LA~1 + (l-A)~21 = AE,:2(~1) + (l_).)~2(.£;) 

Since A is positive definite and O<A<l' 

c-
2 (~) Therefore, <" is a convex function of the top coefficients. 
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APPENDIX 4 
DERIVATION OF KALMAN/GODARD ALGORITHM (I I) 

Given the discrete 1inea~ itochastic system 

~(k+l) = ~(k,k-l)~(k) + W(k) 

and the observation system 

,Where 

Where; 

y(k) = ~(k)~(k) + U(k) 

~(k) : n-dim, state vector 

~(k,k-l) : nxn state transition matrix 

W(k) :, n-dim white Gaussion no~se 'V N(~,Q(k» 

y(k) m-dim observation vector 

M(k) mxn observation matrix 

U(k) m-d im wh ite Gaussion noise 'V N(~'2..(k» 

(1) 

(2) 

and ~(O), {W(k)} , {U(k)} are assumed statist,ically independent. 

Then the minimum variance filter for this system consists 

of the following equations 

~(k+l,k) = ~(k+l,k)x(k,k) (3) 

P(k+l,k) = ~(k+l,k)!(~,k)~*(k+l,k)+Q(k) (4 } 

between observations, and 

(5) 

P(k,k) = !(k,k-l) - K(k) M(k)P(k,k-l) (6) 
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" 

at the observations, where 

(8) , 

Y(k) = {Z(k)'Z(k-l), •.. ,y(O)} 

It is also known that as long as the system is '.--'

uniformly completely controllable and uniformly completely 

observable and p(O) is positive semidefinite the algorithm is 

stable. 

-Now, in the equalization problem, assuming a stationary 

environment, the vectoridquality to be estimated ~op' and, 

c (k+l) = c (k) (1') -op -op 

Thus t(k,k-l) + ! and W(k). + O. From E~n. (IV.3) and (IV.lO) 

e ( k ) = a ( k) - c * ''x ( k ) op -op -

or ,e qui val e.n t 1 y 

a*(k) = x*(k) c + e (k) -op op (2 ' ) 

Since a(k) is known during the training. period, (2') can be 

taken as the observation system. -Then 

M(k) 

Z(k) 

v(k) 

+ x*(k) 

+ a*(k) 

+ e (k) op . 
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,. 

In order to apply the Xalman Filtering to the system 

described by (1') and (2') e (n) musk be white GaussiQn op 
sequence. Since e (n) is too small its ca'n be assumed white op 
Ga us sian .Un der th is as sumpt ion 

~(k) 
2 

-+ ~min 

Therefore, using D(k) ins teed ofP(k) in the Kalman 

filtering system to be consistent with the notation of Ch.IV, 

the filtering equations of the system (1')-(2'), corresponding 

to (3)-(9) are 

~(k+l) = c(k) 

D(k+l,k) = D(k,k) 

D(k,k) = ~(k,k-l) - !(k)~*(k)D(k,k-l) 

(3 ') 

(4' ) 

(5 ' ) 

(6 ' ) 

K(k) = D(k,k-l)~(k)I~*(k)D(k,k-l)~(k) + ~!nl-l (7') 

which are the same as those in Ch.IV e~cept that ~2min takes. 

pl~ce instead of unity in the second one. 



His -

APPENDIX 5 

USER t S MANUAL 

This simulation package has been developed in EI~ctro

nics R~search Department of Marmara Research Institute, One 

copy is also preserved in the Computer Cen~er of BoRazi~i 

University. The programs are only compatible to PDP1I/4S' Sys

tem(8¢K) and the graphics display processor Tektronix 4¢10~1 

connected to it. However, they ca~ be adapted to any computer 

sy.stem by changing a few statem.ents and the graphing programs 

in the package. 

I.Program: POLYF.FTN 

Simulates a telephone channel wlth specified degree of 

impairments of seven type. 

Task: Seven type of linear distortion are defined. The 

attenuation and group delay polynomials related to these type 

of impairments are stored in data file POLY.DAT. the program 

reads these coefficents from the data file and the cor respon

ding degree of impairments are supplied by the us·er. By mul

tiplying the coefficients with the specified degrees forms 

the attenuation and group delay characteristics of the channel 

and stores them 1n data files POLYl.DAT and POLY2.DAT. Res

pectively. 

Data Files Used: POLY.DAT. 

Data Files Open~d: POLY1.DAT.; POLY2.DAT~ 

2. Program: DEL.FTN 

Simulates a QAM transmission system. The u&er must 

supply the. following quantities: 

N= The number of decimation pdints 1n FFT 

Z= The number of signalling .elements s~anned. 
-, 

-----., 

S= The number of samples required per signallirig element. 
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Q2- Carrier frequency. 

Q4= Nyquist frequency of the shap ing filter (Hal f 'the 

signalling rate) 

Q5= Roll-of factor. 

Task: Reads the attenuation and group delay coefficients 

from jiles POLYl.DAT. and POLY2.DAT. generates the complex 

frequency respoRse. of the combined transmit' ting filter (Raised

cosine filter with the specified roll-of facto~) and the chan

nel and takes the inverse Fourier.transform of the frequency 

response seguence using a FFT technique. The impulse response 

samples for the quadrature and inphase ~omponents ar~ expressed 

in complex notation as explained in chapter 1. These impulse 

response samples ar~ then~ecorded into the data file FFTl.DAT. 

DEL.FTN also has routines to display the frequency response 

and the impulse response characteristics of the transmission 

system. 

Data Files Used: POLYl.DAT,POLY2.DAT.' 

Data Files Opened: FFTl.DAT. 

Related. Subroutines: GRID.FTN. 

3. Program: OPT.FTN. 

Finds the optimum tap coefficients and the minimum MS~ 

for a TDL equalizer with g1ven number of taps. 

Task: Reads the impulse response samples of the trans

mission sjstem from the data file ·FFTl.DAT. number of tapi 

and the variance of the white Gaussian n~ise must.be supplied 

by the user. Then, the program'c'ilTctil"atesthe input correla

tion matrix A correlation vector ~. ·Takes the inverse of the 

input correlation matrix and finds the opti~um tap coefficie~t 

and the minimum MSE of the equalizer. 

Data Files Used: FFTl.DAT 

Related Subroutine: MINV.FTN. 

4. Program: HELP.FTN. 

Calculates the minimum and maximum eigen"values and the 
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trace of the input correlation matrix. 

Task: Reads the impulse response samples of the trans

mission system from the data ~ile FFTl.DAT. number of taps of 

the TDL equalizer and the variance of the white Gaussian noise 

must be supplied by the user. 

Data Files Used: FFT1.DAT. 

Related Subroutines: EIGEN.FTN 

5. Program: DSTOC.FTN. 

Realizes and equalizer algorithm based on the stochastic 

gradient method. 

Task: Reads the impulse response samples of the trans

mission system from the data file FFT1.DAT. Generates a pseudo 

random binary ,sequence. Encodes ~he binary seque nce for four 

point QAM to form the training analog signals. Convolves them 

with the impulse response sequence. As each input sequence 1S 

generated it is used to update the tsp coefficients. 

User must specify the number of taps. The var1ance of 

the white Gaussian noise an~ the step-size. 

In desired, t~e tap coefficient can be stdred as quan-

tized. 

Program also displays the MSE during the adaptation 

process. 

Data fil~s, used: FFT1.DAT. 

Related Subroutines: GRID.FTN. 

GANOS.FTN. 

6. Program: DKALMAN.FTN. 

Realizes,an equalization algorithm based on the Kalman/ 

Godard method. 

Task: The same as DSTOC.FTN. does except that with a 

different method. 

User must specify the number of taps. The variance of 

the white gaussia~ noise and the initial value for the error 

covariance matrix.' J 
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Data Files Used: FFTl.DAT. 

Related Subroutines: GRID.FTN. 

GANO~.FTN. 

8. Subroutine: GRID.FTN. 

Scales the displaying area. 

9. Subroutine: GANOS.FTN. 

Generates Gaussian noise of desired length with spec~

fied mean and' vari~nce. 

10. Subroutine: MINV.FTN (From scientific subroutines package 

of PDP-II System). 

Calculates the inverse of a real matrix of ,given dimen-

sion. 

11. Subroutine: EIGEN.FTN. (From scientific subroutines package 

of PDP-II System). 

Calculates the eigenvalues of a real symmetric' matrix 

of given dimension. 
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',::::'DIMENSION P(-11LRE(ff)~XI(ln/. :'::)':'::::<:';;<F 

. ~"DOUBLE' PREC rSIOH . A~ B~C'~ D::E~·G,. H .. :RE~·XI<~ ."',:' . ·:'-:~:":··~-::f~{f:: 
··IHTEGER p," .. ,,~.- ,- > • .';';:.' • , • ..".,',- ~~,.-;;-::~~.;·f-~;d 

CALL ASS IGN (3~,~DK 1 : POLY. DAT~) .. '::'::~,:;.:] 
CALL ASS IGN (L ~ DK 1: POL YI. DAF) .. :..-' ,c' 

CALLASSIGN(2~~DK1:POLY2.DAT~) 
LJR ITE (6~ 1130) 

100 FoRMAT(10X.·READ IN THE DEGREE OF EACH OF THE IMPAIRMENTS GlVEW ~/ •. ' 
D.10X~~BELOW:A~B.C.D~E.~~/) 
READ(6;11B)(P(J)~J=1~5) 

1113 FoRMAT(51) 
, LJRITE(6", 120) .,".. 

128 FORMAT( 10X. • ENTER 1 FOR G L OTHERWISE 0. ~~ /) 
READ(6.130) P(6) 

13B FoRt1AT( 1). 
LJR ITE (6~ 140) . 

·.140 FORt10,T( 10X~ ~ ENTER 1 FOR G2~ OTHERWISE 0. ~ ~ /) 
READe6.13B) P(7) 
LJRITEe6~ 150) 

150 FoRMATC10X.·ENTER 1 FOR G3~OTHERWISE 0.~~/) 
READ e6~ 131:)) P (8) 
WRITEe6.16B) . 

160 FoRt1ATC 18X. ~ ENTER 1 FOR H L OTHERWISE 0.' .() 
READ(6.130) P(9) 
URiTEe6.170) 

173 FOR~'iAT( U3X •• ENTER FOR H2. OTHERt.JISE0 ••• /) 
READ (6. 138) P (10) 
LJRITE(5.172) (POL 1=1. lED 

; --!,! 
. : 

172 FoRMRT(/.6X.·R 8 CD E Gl G2 G3 HI H2'./,5X.I2.1X.I2.1X.12.1X. 
DI2. lX~ Ii.IX. i2. 1><. 12. iX. 12.IX. 12. lX. I2.//) 

READe3.180; (eAeLJLJ=L 13), 1=1.2) 
READC3. 180) C eBe LJ) .J=1. 18), 1=1.2) 
READ(3.188) (CeLJ)'J=!. l(3L 1=1.2) 
READ (3,,188) (CD (L J). J= L t@). I = L 2) 
EADC3,.180) (E( 1.J) .J=1. 10) .• 1=1.2) 
READe3. 188) C (G( 1.])'J=1. 10). I=1.6) 
READe3.18ED (CHCLJL·J=1. 10), 1=1.4) 

18B FORi1ATC5D) 
C t1ULTIPL'l" THE COEFF IC IEHTS 8Y THE RESPECTIVE DEGREES OF Ii1PA IRI1EtH. 

DO 38 J=1. 10 
DO 10 1(=1.2 
P. (!<. J).=p (1) *A (I<. J) 
B (1(, J) =P (2) *3 (1(, J) 
C eK. J) =P (3) *c 0(, J) 
Del(.J)=PC4)*DCK.J) 
E (IC J) =p (5) *E (K. J) 
G(I(.J)=P(6)*GCK.J) 

10 H(K.J)=p(9)*HeK.J) 
DO 20 \(=3.4 

"''''G (K; J)"=P (7r*G'CI<;'j) ;""""-'-":,,,-.~-.. .,,:"., :,,,""~", " , .... ~'"'. ;,.;.,;" .. , .. .'.,," .. , .... ~ ...... 

20 HeK.J)~p(10)*H(K.J) 
G(5.J)=P(8)*G(5.J) 

30 'G e6. J) =P (8) *G (6 .• J) 
DO 40 J=1.10 . 
RE eJ)';A e 1. JH8 (L JHC (1. J)+D e 1. JHE (1.JHG C L JHG (3. J) -~G (5. J) +H (L 

DJHH(3.J) 
XI eJ) =A (2. JH8 (2. J) +C (2. J) +D (2. JHE (2~ JHG (2. J) +G (4. Jl+G (6. J) +H (2~ 

DJ)+H(4~J) ; . 
. 40 CONTINUE 

RE (11) =EI. B 
Xl( 11) =B • EI 
WRITE( L 19EI) (RE( n ~I=l~ 11) 
LJRITE(2.190) (Xl(I). 1=1. 11) 

190 FoRMATCD) 
LJR ITE (5.200) (0. RE (1). XI( 1) L 1 = 1. 10) 

~' : 



C 

:DOU8LEPREC ISIOH AT~GD .. Q2 .. Q4 .. a5 .. H 
. DIMEHSIOH PLOT(32B) 

D IMEHS ION SS (128) ~ W(128) .. A (128) ~ R (128) .. XC 128) .. PP (1B0ED. 
D IMEHS ION 00 ( 1080) ~ 8 (128) .. T( 128) .. H (2 .. 2(3) .. AT( 1 1) ~ GD (11) 
CALL ASSIGN(1 .... DKl:POLY1.DAT .. ). 
CALL ASSIGN(2 .... DK1:PoLY2.DAT .. ) 

I CALL ASS IGN(3 .... DKl: FFTl.DAT") 
PI=3.1415926535898932384626433832795028841972 

0-, .• " 

WR ITE (6 .. 100(3) . . .. , .. .. 
101313 FORMATe 10X .... N=NUM8ER OF TIME AND FREQUENCY SAMPLES" .. / .. 10X .... Z=TOTAL 

\D ELEI'1ENT DURATION OF IMPULSE RESPONSE .... / .. laX .... S=HUMBER OF SAt1PLES 
DPER ELEMENT INTERVAL" .. / .. 10X .. "Q2=CARRIER FREQUENCY" .. / .. 1BX .. "Q4=HYCUI 
DST FREQUENCY (HALF THE MODULATION RATE) .... /~IBX .... 05=SPECTRUMSHAPIN 
DG ROLL-OFF FACToR .... /)· 

WRITE(6 .. 11B0) . 
1108 FoRMAT(5X .... ATTENTIoN ••• N.Z.S=INTEGERS .... / .. 17X ... 02 .. Q4 .. Q5=REALS .... /) 

READ (6 .. 12(0)N .. IZ .. IS .. Q2 .. Q4 .. 05 .' . 
1200 FoRI'1ATe3 r.. 3D) 

WRITE(5.1225H1. IZ .. I5 .. 02.Q4 .. 05 
1225 FoRf1ATV / .. l0X •• N=Nur1BER OF TIME AI~D FREQUENCY SAMPLES .. =" .. 14 .. / 

D .. l0X.· Z=TDTAL ELEt1!;}IT DURATION OF If1PULSE RESPoNSE= .... 14 .. / .. 10X .... S=N 
Dur'1BER OF 5At1PLES PER ELEt1ENt mTERVAL =' • 14. / .. lElX .... Q2=CARR IER F 
DREQUEi'lCY =' .. F? 2 .. /. lOX." Q5=NYOU 1ST FREQUE~ICY 
D = .... F?2./ .. 10X.·SPECTRUM SHAPING ROLL-OFF F 
DRCToR =·.F?2.///) 

03=4.*04 
06=04*( 1. +05) 
Q7=04:!« 1. -05) 
Cl=02+04 
C2=Q2-04 
08=05*04 
IS:=, rS/2 
XH=N 
X5=IS 
>~Z= 12 
~Il =ti 
N2=N*2 
1-13=1-:*3 
1-14=1-1*4 
READ IN ATTENUriTIOH CO:~GTANTS CDB). 
READe L 12513) (ATe I). 1=1.. 11) 

1250 FORI1ATeD) 
C READ IN GROUP DELAY COSFF IC IENTS ((''is). 

READ(2.1250) (GDCI)' !='1...11) 
(JRITEe6.1252) 

1252 FORMAT(5X .. ~PRINT-OUT OF AIT. AND GR.DELAY COEFF.1-0~~/) 
READ(6.1254)IP 

~o':'"'T254'-,:nRMAt{IJ - .. ,_ .. ,' 

. IFeIP.EQ.B) GO TO 45 
WR ITE (5~ 1260) 

1260 FoRMATV/ .. 2X. ~ ATTENUATIOfHDB) AnD GROUP DELAYCMS) COEFF IC!ENTS~ .. /) 
DO 4 !=1. 11 .' . 

4 (JRITE(5.12?B)I .. AT(I)~GD(r) 
1270 FORMAT(I .. 2D) 

C SPECIFY FREQUENCY SAMPLES. 
45 Q9=Q3/N 

DO 50 J=1.N 
50 SSeJ)=Q9*e]-1) 



,.~.~~~~:;.~"~::";:,:,~~,,.:.~.~-':"~~~~'-~':':-:--':{; .. 

.. ~-C "'--CA'LCUCATEGR6ii~"DEL~~' OF CHANNEL~":" 
D06 I=l~N . ' ,,' 

C 

C 

C 

C 

c 

c 

'A l';'GDC 1) 

D0'5 J=2~ 10 
5 Al =A 1 +GD (J) *SS (1) **CJ-'D 

Al=A l+GD e 11)*SSC I)**C 10) 
NP4=N4+1 
PLOTCNP4) =1'11 

6 CONTINUE 
CALCULATE PHASE RESPONSE OF CHANNEL.' 
DUM=-2.*PI/(10.**3.) 
DO 10 JJ=1. 10 
J=II-JJ 
XJ=J 

18 GDeJ+1)=GDeJ)*DUf1/XJ 
CALCULATE AND CORRECT FOR PHASE AT CARRIER FREQUENCY. 
GD e 1) =0. 

,DO 20 J=L10 
20 GD (1) =GD e 1) -GD (J,+1) *(Q2*~J)' 

ADJUST PHASE RESPONSE TO OBTAIN NYQUrSTTIMING SAMPLES. 
Fl=0. 
F2=8. 
DO 30 J=2.,11 
F 1 =F 1 +GD (J) ;1<CC l**(J- D) 

, 30 F2=F2+GD (J) *(C2;1::!<(J~ 1)) 

P= (F I-F2) /(2. *p 1) 

IFCP.EO.B.) GO TO 40 
PABS=ABS(P) 
P=PA8S/P*(PABS- INTCPABS)) 

40 GD ( 1) =GD ( 1 HP*2. ;f:P I*Q2/(2. *04) 
GD (2) =GD (2) -Plj(2. *P I/(2. *Q4) 
SPECIFY SHAPING FILTER. 
DO 68 I = L N 
A (I) =0. 
D1=Q2-05 
D2=02+Q5 
D3=Q2-Q7 
D4=02+Q7 
[F(SSel) .LE.D!) R(!)=0. 
!F(SS~I).GE.D2) R(I)=8. 
IF((SSCI) .GE.D3) .AND. (SS(!) .LE.D4)) R(D=!. 
IF«SSCI) .GT.D!) .AtID. (SS(!) .LT.D3)) R(!)=lJ2.*(1.+srNCP!/2.~:«SSCI 

D)-C2)/08)) 
IF«SS{f) .GLD4) . At'lD. (SSCI) .LT.D2)) R(!)=lJ2.*(1.-SINCPI/2.*(SS(! 

D)-C2)/08)) 
60 CONTII~UE 

SPEC IF!" H1PA IRM::NT. 
DO 80,1=1.0/'1 
Rl=ATCD 
Al ;GD (1) 

DO 78 J=2~18 
R 1 =R 1 +ATCJ) *SS (I) **(J-l) 

70 Al =A 1 +GD (J) *SS (f) **CJ-1) 
Al =A 1 +GD ( 11) *SS ( !) *'~ ( 10 • ) 
CONVERT DB TO GAIN AND CASCADE IMPAIRMENT AND FILTER. 
R ( I) ;:: 10. :!Gl« -R 1/20) *R (I) 

NP3=N3+i 
IF(~(I).LE.0.0) GO TO 75 
PLOTCNP3)=20.*RLOG10CRCI)) 
CO ~o :'S 

75 PLCTCNP3) =-50. 
76 Cot~TINU= 

, ; , , 

.1 



- - ,~~~.,.:.~_c "-'~AliY;;Ao('I' )+AT-~~~:'-'--::';~~- ~L-'<;.i-:c,c._·:c='-'"-'-,""--~·_c~-;--_-,~'--

IF(SSCD.GT.4000.) ACI)=0-. 
IF (550) . GT .4000.) R (D=0. 

J; -80 CONTINUE 
C PRINT OUT CHANNEL FREQUENCY RESPONSE. 

IJRITE(6.1300) 
1300 FORMATe lElX •• ENTER (1.) TO 08TA IN FREQUENCY RESPONSE.OTHERIJISE (0.) 

D.' • /) 
READC6, 1400) IJ? 

14B0 FORMATeF) 
DO 90 K=LN _ 
XCK)=R C/O *S IN (A (K) ) 

90 IJCK)=RCK)*COSCACK» 
IFCW?EQ.El.El) GO TO lee 

.- ~ . 

WR ITE C5. tell) . 
101 FORMAT V /. 2X •• FREQUENCY(HZ) • MAGN lTUDE. PHASE~ ATTENUATION (DBLDELAY( ; 

Dt1S).'./) 
100 COI'lTINUE 

DO 102 I=LN -
tiP 1 =N 1 +1 
NP2=N2+1 
NP4=N4+I 
NP3=N3+I 
PLOTC I) =SS (!) 
PLOTCHP 1) =R( I) 
PLOTCHP2) =A ( D 
IF CW7 .EQ. 8.) GO TO 162 
IJRITE(5.103)PLOTCI).PLOT(HP1).PLOTCNP2).PLOTCHP3).PLOTCHP4) 

102 CONTINUE 
103 FORMRTC5F14.8) 

WRIE(5.104) 
l.JR IE (5. 1(4) 

CRLL IN ITTC95fD 
IPL=1 

91 GO TO(92,93,94,95.98). IPL 

><:-IA><=480B. 
IJ>~=5B0 • 
Yl1Hl=0. 
Yl'1AX=2. 
D'(=().2 
HP1=Hl+l 
NP=t'l1 
CALL nJIHDO C8. 475. 400. (50) 
GO TO 96 

93 '!"l1 Ili =-5 • 
Yl1AX=+5. 

.<,.. 

\ 

~\ 

I 
DY=1; _, _, " -,,~ :: ',~.~ .. -'. NP 1 =N2+ 1 

, ~ __ • ';"~:~:-~ ~~-.~._." ~~':;_"-' ___ ~ • ..:"" ~-, :".., ... _".",-: :'" .... -: •• , -.-,..,,~...;:..,. ... ;. ...;., .. _",,,-c'h - "';;;:':'--f.~.- ~ ". 

NP=H2 
CALL TWINDOC525.1000.400.(50) 
GO TO 96 

94 Yl1Iti=-5r:r. 
YllAX=0. 
DY=5. 
CALL TWINDO(0,475,0,350) 
NP1=N3+1 
NP=N3 
GO TO 96 

9::L Yi1iH=0. 

.. 

, , -

1 ' 

: i 
, 

, : 
, 

!'- ~ I 

. I 



," 

DY=1. "" . """ .. 
CALL TWINDO (525 .. 100IL"0 .. "3S0) 

·NP1=N4+1 
NP=N4 . 

96 CALL DWIt~DO eXMIN .. >'..MAX .. YMIN .. YMAX) '. 
CALL GRIDeXMIN .. XMAX .. DX .. YMIN .. YMAX .. DY) 
CALL MDVEAeSSel) .. PLOTeNP1)) 
DO 97 I=2 .. N 

97 CALL DRAWAeSSCI) .. PLOTeNP+I)) 
IPL=IPL+l 
GO TO 91 -

9B COHTII-lUE 
READe6 .. 1450) DR 

14513 FORMATCF) 
C ADD ARBITRARY. PHASE SHIFT TO CHANNEL. 

DO 2813 ID= 1.. IS 
XQ=IQ 
DUM= (XIV2. +1. - eXQ-l.) /XS) *2. *P I/Q3 
DO lie £=1..N 

liB B(I)=Aeil-DUM*eSSCI)-Q2) 
C CALCULATE REAL AND IMAGINARY PRRTS OF FREQUENCY RESPON 

DO 1213 J=Lt-I 
X(J)=R(Jl*SINeBeJ)) 

128 W(J) =R C-J) ll;COS (8 (J) ) 

C FAST FOURIER TRAHSFORr1." 
IG=ALOG 18 O(iD /ALDG Ie e2.) +13.5 
P=2. *p I/~-<H 
DO 150 LL= L IG 
L=LL-l 
IG 1 =2. **( IG-L-l) 
1-1=0 
L2=2:;(:::L 
DO 150 I=LL2 
D 1 =t-1/IG 1 
D2=8. 
DO' BEl K= L IG 
D3= IHTCD 1/2.) 
D2=2.*(D2-D3)+Dl 

138 D1=D3 
D4=C05 ep;!(D2) 
D5=S ItHP*D:2l 
DO 14El J=1.. IGl 
D6 =LJC 11+ IG 1 +1) *D4-X(M+IG 1+1) *D5 
D?=LJ(r1+ IG 1 +1) *D5+}(eM+ IG 1 +1 )*D4 
W(M+IG1+1)=W(M+l)-D5 
X(M+IG1+1)=xeM+l)-D7 
xeM+1) =xe~1+1)+D7 

"-'." -:weM+l f=weM+l) +D6 ." ....... ~: .. ,., 'V~_"~'''":";;",:.,., .. ·,.:;;.'._; •. " ... ," ••. 

1413 M=I'l+l 
1513 r1=r1+IG 1 
1613 CONTINUE 

DO 180tN=LN 
I=IH-l 
Dl=l 
D2=0. 
DO 1713 1(=1.. IG 
D3= INTCD 1'/2.) 
D2=2.*(D2-D3)+Dl 

1713 Dl=D3 
" ID2=D2 

TFCID2.GE;I) GO TO 1813 

"':: .,,: -. -

) " 

i 
! 



,-

.. ; .WCI+1)=WCID2+1) 
W(ID2+D =D3-
D3=XCI+D '. 
X( 1+1) =X(ID2+D 
XCID2+D =D3 

. 180 CONTINUE 
C CALCULATE REAL AND I11AG 1NARY PARTS OF IMPULSE RESPONSE • 

DO 190 IN=I.H 

C 

I = IN-I 
U=1*2.*PI*02/Q3 
T( 1+1) =2. *W( 1+1) *COS (U) +2 .*X(l+1) *SIH (U) 

190 8 (1+1.) =2. *W(r+D *S1N (u)-2. *X( I+Dll:COS (U) 

INTERLEAVE I11PULSE RESPONSE Si=lMPLES. 
JS=IS*N-IS+IQ 
DO 21313 I=IO.JS.IS 

:IK=(I-IQ+IS)/IS 
PP (I )=T( IK) 
OQ (D =B CIK) 

2130 CONTINUE 
11 =XS/2. *XN+XS-XZ*XS 
I2=XS/2. *XN+XS+XZ*>~S 
CALL IN ITT(9513) 
XMIN=~7. 
Xf-:AX=+7. 
DX=I. 
Yf'1if'1 = - 1 • 
,{11Ai~=+ 1. 

-D,(=B.2 
CALL TW!NDOC15B.10B0.50.700) 
CALL D~JINDO (XMUL XI1AX. YMIt-L YiiAX) 
CALL GR ID O(I'1!N. >(f'~AX. D><. YfiI1'I. Yr1A~~. DY) 
IR=0 
X2= 15:;<2 
ID=~(S/2. *:<N+XS 
DO 2113 I=II. 12 
XI=i-ID 
XI( 1 ::>~ 1 /:<2 
><L 1 :PP (1+1) /?? (ID+1) 
IF OR. LT. 1) CALL l'iD'v'EJl 0(,(' L XL 1) 

iR=2 
CALL DRALJA 0(1( 1. ~~L 1) -

, 210 COHTIHUi: 
IR=0 
DO 220 I = I L I2 
Xl=I-ID 
XI( I =Xl/X2 
Xli1=OOC I+l)/PP( ID+D 
IFC IR.LT.D CALL r10\;'EA(~<KI.XMt) 

IR=2 
CALL PO INTi=! (XI< L XMt) 

- -' ~'.. : .. 

- ."-

-j 
c 220 CONTINUE -~--- ,.-- .>.' '--'r~-"C_-- c·i·-""-~~~'·. : .... ;l..;~<,...-i:::;.~~-::-"", ..... ,-" , 

C 

REi=lD(6.U;5B) DR 
~JR ITE C6. 15(30) 

151313 FORMATC10X.· DO YOU WANT A PR INT OUT OF 
D/.IBX.·ENTER (1.) OR (13.).'./) 

READC6.140B) W8 
PRINT OUT OF IMPULSE RESPOHSE. 

2313 DO 2513 I=Il~I2 
Xl=I..:..ID 

- XK1=Xl/X2 
XL1=PPCI+l)/PPCID+1) 
XMl=OQCI+l)/PPCID+l) 

II1PULSE RESPONSE SAMPLES. >: 



" 

IF (W8. EO. 0.) GO TO' 240' ".', '.' 
,WRnE(5~170E}) XKLXLLXMl 

, 240 IF CIHTCXKD .NE.XKD GO TO 25El< . 
KIPB=XK1+B. ., , , 
HCLKIPB)=XLl 
H(2.KIPS)=><Ml 

,'250 CmniNUE 
DO 260 J=16.20 
H (L J) =3. 

260 H(2.J)=0. 
WR ITE (5. 1600) 

16130 FOR~1ATC lElX. ~ THE COMPLEX IMPULSE RESPON"SE SAMPLES 
DX.·REAL·.13X'·IMAGINARY~./) 

17130 FORr~T(5X.3F14.8) 
WRlTE(3~ 18BEI) «HCI .. J) .. J=1 .. 2B) .. I=1 .. 2) 

., 1800 FORMATC5D) " 
DO 270 J=L20 

270 WRITE(5.1900)j~H(1 .. J) .. H(2.J) 
19013 FORMAT(lElX.!5.2D) 

EHD FILE 1 
EHD FILE 2 
EHD FILE 3 

CALL FIfHTTCB.767) 
CALL E>aT 
aID 

.; ,: .. -.. .-

C ~J:':l~:!o:Cl<*'!o!<*******,).(',f.."****,{ry,.:*******-"+~*******,f~!~r.,*,!~~,*,!cl< 

C * * 
C 
C 
C 
C 
C 

c 
C 
C 
C 
C 
C 
C 

* 

* 
* 
* 

* 

CALCULATES THE OPTI~JM TAP COEFFICIENTS 
~lND THE I1IN IMUI1 t"iEAH-SOUARE-ERROR FOR 
AH ADAPTIVE TDL EQUALIZER. 

~10DULATI OH: DAM 

SUBRJUTINES USED:MIHV 

* tlOE: D It'EHS Iot-l STATEt1Et-lTS IS TO BE CHRNGED * 
* f-1CCORD IHG TO THE D Ii-ja:s ION OF THE PROBLE/1. * 
* . * 
***,')I<****:i~:!C")1C1(*;;:'~*;I:*;j:*:K*:i<:!:**;!<'I(***********JI.')\<',f(*********W-';'-:** 

H'IPLICIT DOUBLE PREcrSIDN"'(A-H);CO-Z). . . 
D il1EHS ION R ( 15.15) • XI (15~T5);j·f(2~'15) .A(30~ 30)~ 8 (2. 15)" 
D Il'EHS rot-! c (2. 15), '1"(2.30), AMItH (30) , AM1t-l2 (30) 
CALL RSSIGN(1.·DK1:FFT1.DAT'.12~1ER) 
t1=.15 ' 
FIR=0. 
RE':;D(~, 1) (CHCLJLJ=L20L 1=1.2) 

1 FO~~RT(5D) 

!./JR liE (5, 2) 
2 FORi'1RTC10;-(, • HorSE VAR 1At{CE') 

3 

4 
C 

R=(~D (5 .. ·3) S ! G~';q 
FORi'FlTCF) 
L.lR IE (6. 4) S IGI'iA 

. FORi~l~T( 18~<~ "NOI~!: VARIANCE='.F) 

..•.. 



DO 5 J=: 1. M 
I1=1+MAX0(LJ) 
12=M+MINIH 1..J) , 
DO 5 N=Il. 12 
R (L J) =R (L J) +H( 1,N,-D*H (1, H:::'J)+H(2,H-D*H(2, H-J) 

.. ~<I ( r, J) =XI (I, j) +H (1,1'1- I) *H (2, N-J) -H (2,H-!) *H (1, H-j) 
5 

6 

7 

8 
C' 
C 
c 

conTINUE 
DO 6 1= 1, 11 
R ( L D =R ( L 1) +5 I Gt1A 

, DO ? 1=1. 20 
F IR=F iR+R ( L 1) 
LJR ITE (6, 18) 
LJR ITE (6, 8) F 1 R 
FORt'1ATC5X,' TRACE=', F,/) 

INVC:RT MriTR D<: R 

DO 9 1= t, 11 
I2=i:*2: 
12Ml = !*2-1 
DO 9 J= 1;11 
j2=]*2 
J2i'l1 =J*2-1 
A (I2~iL J2(11) =RC L J) 
ACI2Ml,J2)=XICI,]) 
ACi2.J2Ml)=-XICI.j) 

9 ~(:2.J2)=R(I.j) 

c 

c 

C(4:"'~ !"'iIJ:~/(n .. I2 .. Dur1 .. AI1IN1 .. f1MIN2) 
DO i8 I= 1 .. :-1 
12,11 '" 1;::2- 1 
DO 10 J=LI1 
J2i'il = J;;.:2-1 

L!;; ~ T:: ( 6.. 18) 
U?IE(S,12) 
F02:;~T(5X>'REr~~ TF1? COEFFICIEHT5,IMAGINARY TAP COEFFICIENTS.',,... 
DO 14 1=.1.11 
DO 13 J=1.11 
C (L D =R (L J)*8(1, j) -XI (I, J) *B (2,J)+C(LIL. 0 '0 0'0', ' 0 ;. ••• "-.',. ,,~.,' 
C (2, !) =-R (L J) *8 (2, J) -XI (L J) *8 (1.:J) +C (2,1) 

13' CmlTU;u::: 
LJ~ I TE ( 6.. 15) C ( L D • C (2, D 

14 CO~'!Tn!UE 
15 FORi1AT(~>~)O 2!)) 
C 
C CAL.CULATE I1IN I!1UM MSE. 
c 

L.RITE(6,18) 
DO 161=LM 

16 El=El-8(1.I)*C(1.1)+B(2.1)*C(2.I) 

17 
18 

El=1.+El 
E2=10.*DLOG10(El) 
U~ITE(6,17~ El.E2 
FORr"iATC5X, 'MItHt1Ui1 ACH IEVEABLE MSE=', /, D. 5X, D, 'DB') 
FORi'lrl T (5X, ' *:X:\C~********.J-,****,,Jc!<*******************,,Jc!<*******' ) 



c 
c 
c 
c 
c 
C 
C 
C 
C 
C 
C 

* 
* 
* 
* 
* 
* 
* 
* 
* 
* 
* 

MATR IX. 

FINDS THE RATIO OF THE MAXlMU~ EIGENVALUE 
TO THE MINIMUM EIGE~VALUE. 

~10DULATIOH: QAM 

SUBROUTINES USED:EIGEN 

NOTE:DIMENSION STATEMENTS IS TO BE CHANGED 
ACCO~D iHG TO THE D H'IENS ION OF THE PROBLEM. 

C *****~I<**').<****>k****:K***>!C..fOf'->fr~****,,f<**~l~*************',f..~ 
C 

IMPLICIT DOUBLE PRECISION (A-H), (O-Z) 
DIr1ENSION RC15, 15LXIC15, 15LHC2, 15),A(3B,3ED 
DIMENSION SOR(30,30),EIG(465) 
CALL ASSIGN(1,~DK1:FFT1.DAT',12,IER) 
t1= 15 
FIR=Q. 

FOR 11A T ( 1 B >~ .. ' H Q I S == V rl R I Po NeE =' ) 
REP':l ( 5 " 2) 3 r G ~!A 

2 F02tiAT(F) 

5 

l,.'R ! T~ (6., :::) S I:;' ';1 

:. 0 - ~i~· ·. ' 

~~ ~ ~. j. ::: .. ( :., j) "-!1" 1 .. i~- : ) i:-! 1 ~ ~ ... '1 -";) ~.~ (2 .. N- r) ~-H ( 2" !'j - J) 
t '. = ~ = s ... ~ ~~ =:~:: ~ =.' _-) .:·H ~ ~ " ! {- ! ) I. ~ : I ~ 2 ,. ~ ~ - J) - H ( 2 .. r~~ - ! ~ ~::H . 1 .. ! ; - J ) 
- - •• - , r -. 
\JJ . I _t' ~ 

L:;;! = ,-:: ( l5 .• !;-') 

~:-; : 1 ~ ( = . 8) ": ~ :: 

DJ 9 j:::' .. 11 
32=_*2 
J2!11 =J*2-1 
14(1211' ,]2!'j 1)=RCLJ) 
A ( I 21'11 .. J 2) =:-< r ( I ~ J ) 

1J 10 I=1.. 15 
!..CJ :0 J=1.. 15 
502 C L J) =R (L J) 
SO~(I~j+15)=X!(I~J) 
SG?(r+15 .. J) =-XI(_~J) 

S:~(I+15~J+15)=R(I~J) 

t:!'~=2:i-:f'1 

In 1. r = L fJI 
DO 11 J= L ! 
K=i*cr-l)/2 
EI;(K+j)=SO~(J,I) 

11 C o:~ T ! N U E 

,. 
>f 
)f 

~: 



~·~··:····-~jrJj~;E:~~~~::::I:~1 )~l:~~' ..... ; '··"·;"'i:,,:~·tJ~V·· 
14 

15 

; 
16 
17 

c 
c 
C 
c 
c 
C 
C 
C 

C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 

1 

2 

3 

4 

5 

6 

7 

8 

EMIN=EIG(l) i / 
DO 14 I=1~465 I 
EMIH=DMIHlCEMIH.EIG( Il) ;,c·.1 
L.JRITE(6~ 17) . 
L.JRITE(6.15)EMIH~Et1AX r 
FORMATe lEJX .. ~ MIN. E IG. =# .. oD~ /~ lex .. -"~MAX.EIG .--="'·~D) ;' 
RATIO=EMAX/EMIH . I 
WR ITE (6~ 16) RATIO i . 
FORI1AT(lBX~~RATIO=~ ~D) -" ,-
FORMAT( lBX. ~ *****************') L • _1 " .::-" 

END FILE 1 ! 
CALL EXIT " I 
END 

* * STOCHASTIC GRADIENT ALGORITHM 
* CALCULATES THE TAP COEFFICIENTS AND THE 
* MIN I11Ufi r1EAH-SQUARE-ERROR OF AN ADAPTIVE EQUALIZER. 

* * PULSE SAMPLES ARE FROM DATA FILE FFT1. DAT 

* 
* 
* ... 

. '" 
,', ." 

* 
* 
* 
* 
* 

f~O I SE : WH r TE GAUSS I AN WITH. ZERO~r'iEAN 
110DULAT ION: QAM 
INPUTS: 
t'l: l'lO OF TAPS 
H: IfiPULSE RESPOHSE S8l'lPLES 
ALPHA:STEP-S!ZE 
S IGt18: NO ISE VAR IAf-lCE 

OUTPUTS: 
C:TAP CO~FFrCIENTS 

* 
* 
* * * 
* 
* 
* 
* 
* 
* 
* 
* 
* 
* .,-
r,'> 

* 
* 

)j:**,,"*,!'..:r.:*:l<*********:!::K********iI-.'*********-,****'I-¥*****'lOl'******:-:'",).clo~* 
D r~IEHS IO~1 H (2. 20). X(2. 20). C (2; 20). J (18).D (2. 20L yP (1208), DD (2) 
D rt'EHS IOH G (2~ 4) ,GUR (60S) 
DOUBLE PRECISION H 
CALL ASSIGN(3.·DKl:FFTl.DAT') 
DATA 3/1,0,1.0, L{L 1.0. LB. LB~ 1~0, L0~ LEV 
DATA G/3.-1.-1~-3,1.3.-3.1/ 
WR ITE (5. D 
FORr1AT( HlX. ~ NO OF TAPS. ALPHA=?' ~ /) 
READ tS'~2) N, ALPHA ... ' . ,',,..,;.,'.,.. .. >.; •• ".~,<,.; 

FORMAT( r. F) 
WRITE(6~3)N~ALPHA 
FORMAT( HlX~ ~NO. OF TAPS=~, I2~/.1!3X.·ALPHA=·~F10.4~/) 
WR ITE (5, 4) 
FORi'IAT( 10X. ~ AVE LIli.' ~ /) 
READ(5,5)LIM 
FORf1AT( 1) .' 

[J;;: 1 iE (5. 38) 
READ (5, 31) SEED, S I Gr1A 
lJR ITE (5.32) S I Gl1Fl 
SrGMR=SQRT(SIGM~) 
WRITE(5.6) 
FORf'iATe 10X,' DO YOU I,HCLUDE aUAHTIZATION ERRORS?~) 
WR ITE (5, 7) 
FOR:-:ATC IBX~_' YES= 1 HO=El') 
READ (5, 8) ra 
FORMATe!) 

-' 

;. 
-.~-

~~. F' -. 

, 
<'.',."." 



" 

-' 

.:12.··· 

C 

13 

C 
C 
C 

14 

c 

CONTINUE .~,~ 

M=IHTC8.±(H;;'LJ/2.') '. .... . 
GAUSSIAHHOISEGEHERATIOH : 

. 'GUR (1) =SEED' '. . . 

CALL' GANOS(GUR. 61313. 13 .• ; SIGMA) 
READ(3,13)(HCI~L).L=1.20),I=1.2) 
FORMATC5D) 
BNN1=2*.t:N1 

IMPULSE RESPONSE 

DO 14 I=LN 
X( L l) =0. 
X(2. n =13. 
C (1. !) =13 •. 
C(2.D=13. 
D( L D =13. 
D(2.l)=13. 
CONTINUE 
P=13. 
L=0 
JK=0 
CALL If1 ITT(950) 
YI1IN=-6r:l. 
Y~1AX=O • 
XM1N=0. 
:<t1AX=600. 
DX=50. 
DY=5. 
CALL T!:JIHDO (0. 5130. 0.7513) 
CALL DLl1I~DO (XMIN. >-''MAX. Yl'lIN. YMAX) 
Cr:lLL GR ID (XIiII-!. XtiAX. DX. YiiIN. YI1AX. DY) 

c r1A~tl LOOP 
C 

DO ! 0(38 l( = 1. 608 
C ?RB3 GENERATION 

DO 15 1=1.2 

15 
16 

C 
C 
C 

17 
C 
C 
C. 

C 

J( D =1 
IF ((J (6)+J (10» .NE. 1) J C 1) =8 
DO 15 1T=1.9 
ITT= 10- IT 
J ( ITT·f-1) ;'J ( ITT) 
COtH If~UE 
DD (1) =J C 1) 

It~X=DD (2) +DD ( 1) *2+1 
DC!. 1) =G ( 1.It-lX) /3 • 
D (2. 1) =G (2 ... IHX) /3. 
X( L 1) =13 • 

. X(2.H=13.... . ...• 

CONVOLUTION 

DO i? 1=1.20 
X'CL 1)=>~(L l)+HCL D*DCl. D-H(2. D*D(2. 1) 
X(2. 1) =X(2. l)+H (L 1) *DC2. I)+H C2. !) *D (1.1) 

NO ISE ADD ITION 

XCl.l)=X(1.1)+(GURCK)/1.41421356) 
X(2. 1) =X(2.D HGUR (K) /1. 41421356). 
IF(K.LT.M)GO TO 22 
Yl=0. 
Y2=13. 
OUTPUT 
DO 213 I=1.N. 
IFCIQ.EQ.0)GO TO 18 

. . 

' .. -,'(-. 

'-' ' 



~. 

18 

19 

28 
C 
C 
C 

C 

Al=INT(C( L 1) *BNH 1+8 ;5) i13NNl 
A2= INTCC(2. 1) *BNN 1+8 .5) /BHtH 
GO TO 19 
A 1 =C (L 1) 

A2=C (2, D 
CONTINUE 
Y1=Yl+Al*XC!. D+A2*XC2. D 
Y2=i'2+A!*XC2.I)-A2*X(1.I) 

ERROR 

E1=DC1.M)-Y! 
E2=D(2.M)-Y2 
P=P+E1*El+E2*E2 
El=E1*ALPHA 
E2=E2*ALPHA 

t EQUALIZATION 
C 

DO 21 1=1.11 
(1. 1)=C(1. D+El*X(1. D+E2*XC2. 1) 

2 r C (2. D =C (2. IHE 1:I<X(2. I) -E2*X( L D 
C 
C S!-! IFTII-1G 
C 
22 DO 23 IS=I.N 

ISS=H+I-IS 
XC!. 13S+1) =X( L ISS) 

. ;«(2. ISS+1) =X(2. ISS) 
23 CONTINUE 

24 

DO 24 is=.LN 
!SS=!Hl- IS 
D (L IS5+1) =D (L ISS) 
D(2,. ISS+i)=D(2. ISS) 
IF(K.LT.~DGO TO 25 
IF(L.LT.U;'DGO TO 26 
JK=Jl(+l 
:<:!"=L 

25 P.=0. 

25 
1880 

,27 

=28 

29 

L=J 
L =L. +! 
CONTII-lUE 
CALL 110VEA (0., YP (D) 
DO 27 I=LjK 
XP= (.!-!)lI1. rM 
CALL "'DRAWA (y~; yp-C I)) ,-~ ...... -... -
CONTINUE 
tJRlTE(6.28) 
FORMATC48X,~TAP COEFFICIEHTS~~/) 
tJRlTE(6.29)(C(1.I)~C(2~I)~I=1.H) 

FORMAT( 4BX.F 1,2.8. 1 ex. F 12.8. /) 
32- FORI"'IATC 10X.' ::EED. fm ISE VRR IAf~CE') 
31 FORMAT(2F) 
32 FORf1ATCl0X;'f-lOISE VARIANCE=" .F) 

• CALL FIHITT(B.?6?~ 
EHD 

';" I 
; 

" 0-<';--,"., 



....... 

: . ..,. 

" 

t.. 
:.'!.:... C 

C 
'" C 

C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 

,lI< KALM.ClN/GODARD ,ALGOR ITHM * ... ~ 

'* * 
* "CALCULATES THETAPCOEFFIC:IENTS' * * AHD THE MINIMUM MEAN-SQUARE- * 
* ERROR FOR AN ADAPTIVE EQUALIZER. * *' * * NOISE:WHlTE GAUSSIAN WITH ZERO-MEAN .* 

* * 
* MODULAT I ml : DAM * 

'* * 
* IMPULSE RESPONSE SAMPLES ARE * 
* FROM DATA FILE FFT1.DAT. * 
* * 
* INPUTS: * 
* H: il1PULSE RESPONSE SAI1PLES * 
* N:HO. OF TAPS * 
* S I Gt1A : NO I SE liAR lANCE * 
* ' ALPHA: ESTII1ATED MSE * 
* * * OUTPUTS: * 
* C:TAP COEFFICIENTS * * * **.;cr."!Ol<'),c~:****:lC~***:I(****,l.(:IcI<****,,r,,jo!(',f..,**~~l\C-l<"',!ok'¥)!<***** 
D IMEf'lS IDH H (2 .. 2(3) ~ X(2. 20), C (2. 2m, J (18), D (2. 20). YP( 1200), DD (2) 
DIiiE!-lSIOf-l G(2 .. 4LGUR(600) 
DIMENSION GA!N(2.20),T(2,20),VAR1(20,2~),VAR2(2B,2D) 
DOUBLE PRECISION H 
CALL ASSIGH(3.'DK1:FFTl.DAT') 
DATA J/1.0, LCL LB, 1.0. 1.0. 1.0. L0. 1.0, 1.0/ 
DATA G/3,-l,-1.~3,l,3,-3.1/ 
l:..I~ ~TE (5.1) 
FO~~AT(10X.·NO OF TRPS.RLPHA=?',/) 
R=:;:.) (5 .. 2) N.~ [..;LPHA 

4 ' FO;:i;<AT( 15K. ~ nvc: L Ir1.· ,/) 
REi:l!) (5 .. 5) L Ir~l 

5 FOR!1AT( I) 

6 

7 

9 

~JR ITE (5, 37) 
READ(5.38)SEED~SrGMA 

WRITE(5.39)S!GMR 
S !G!-~q'-'SrRT(S !GMA) 
W~I·f=(5.6) 

FO~;-F,T( 10:<..·· DO YOU INC!,.UDE QUANTIZATION ERRORS?') 
WR IT:: C5. 7) 
FORt-IATC l@X.'YES=l 
READ(5.8) ro 
FORMAT( 1)< 

. IFCIQ.EQ.El)GO 10 12 
, WR ITE ( 5 , 9 ) 

1'10=0') 

FORMAT( l0X.' NO OF TAP BITS?') 
READ(5,lEJ)Hl 

10 FO~r1AT( n 
t.JR I IE (5, 11 Hll 

11 FORi-1AT(10~<,'HO.oF TAP BiTS=',I2) 
12 CO:'jTIt-iUE 

11= ~HT(.3. +cr~-1.) /2.) 
C 
C GAUSSIAN NorSE GENERATION 
C 

13 

GUR(I)=SEED 
CALL GANOSCGUR,600,0.,SIGMA) 
RERD(3.13)«H(I,L),L=1~26)~I=1~2) 

FORI1AT(SD) 
I _ .. " 

i 
I 

I 

., : 

'! 



, .. 

- ,> .,-....... , .. 

14 

15 

16 

17 

c 
c 

c 

·c 

'C(L D=0. 
C(2.1)=B. 
DCL D=0. 
D(2. D =0. 

,"CONTINUE'" 
DO 15 I=LH 
TCL D =0. 
T<2. D =0. 
GArtH!. n=0. 
GA IN (2.D =0. 
cornwuE 
DO 16 I=L~1 
DO 16 JJ=LH 
VARICI.JJ)=El. 
VAR2 (I. JJ) =0. 
DO'17 1= 1. H 
VAR 1 C L D = 1 JALPHA 
P=0. 
L=0 
J:(=0 
CALL HI ITT<95(J) 
Yt1IN=-50. 
Yi1Fr~=B • 
:<1-j It·j = [J • 
X!1AX=680. 
D>~=50 • 
D/=5', , 

, 

\ 
\ 

\ 
\ .. 

\. 

CRl..L TWIt-1DOW. 5130. 0. 750) 
CP.!:.!:. DL.JI!:DO C<:1IN .• >~r1p.(~, Yf1rM. YMA>O 
L,:iL.L GR ID O<t1HL ><!1r:!:-~, D;~. Yi1IN. YI1AX, DY) 

DO 19 !=L2 
j (.1) = 1 
IF(CJCSHJ(1{3)) .NE.DJ(l)=fl 
DO 18 IT=L9 
ITT=iO- IT 
J (ITT+l)=] (ITT) 

.. ,' .. -

l 
./ 

~18 COHTINUE 
19 . DD ( D =J (1) 

c 
C 
C 

20 
C 
C 
C 

c 
c 

rl~:<=DD (2) +DD"C 1) *2+1 
V ( L tl ";G ( L IH>6 /3. 
DC2. l)=G(2~ IHX)/3~ 
XC L i) ':'0. 
X(2. ,1 )=0· •. ':'~~---'""'""-'--<""~; 

CD.H\iOLUTIOH , -: .......... 
.... '- ........ . , ' 

DO 20 I=1 .. 213 _- \ 
XC1.. !)=::~(L 1)+HCL D~D(L D-H(2. D*D(2. n-' 
X(2. D =:«2. I)+H (L D *D (2. I)+H (2.1) *D (L 1) 

NO ISEADD ItICN 

XCI. D=:~(L l)+(GURC!()/1.41421356) 
X(~.I)=X(2.1)+(GUR(k)/1~41421356) 
IFCK.LT.M)GO TO 29 
Yl=0. 
Y2=0. 

OUTPUT 

., 
---' ~. .' .. 



" 

, 

23 
C 
C 
C 

C 
G 
C 

24 

25 

". ·GO.TO 22 . 
"Al=C(LD" 

A2=C(2.1) 
COkrrHUE "/ • 

. r: 

. Yl=Yl·Hll*Xci.D+A2*XC2.H· 
Y2";Y2+A-l*XC2. I) ";A2*X,cl. 1) 

ERROR 

El=DCLM)-Yl 
E2=D (2~ 11) -Y2 
P =P+E l*E 1 +E2:t-E2 

EQUAL rZATIot~ 

DO 24 r=l~H 
TC L I) =13. 
TC2~D=e. 

- . ' .. , '~, .. '.. . 

.: ;" 

DO 24 JJ=l~H' . 
TC 1. n =TC 1. D+VARH LJJ)*X( 1~JJ)-VAR2( I~JJ)li<X(2~JJ) 
TC2~ D =T(2~ D +VAR 1 ( L JJ) *X(2~ JJ)+VAR2 C I ~ JJ) *XC 1. JJ) 

. 51=0. 
52=0. 
DO 25 1= 1 ~ I-I . 
51=51+X(1. 1)*1(1. D+X(2. D:H(2. I) 
52=52+X(L D*TC2. D-XC2. D*TCL D 
51= 1. +5 1 
8011=51*51+52*52 
51=5VBOM 
52=-S2/Bot1 
VO 26 I=l~N . 
GArtH L D =TC L D*51-TC2. !)*S? 

26 G·AItH2. D·=TCL D*S2+TC2. D*51 
DO 27 J=LN 
D02? JJ=LN ',' 
5S! =GR ItH L D :1:1( L JJ) +GA HH2. D *1(2. JJ) 
5S2=GAitH2. D*TCLJJ)-GAIN(L D*TC2.JJ) 
VARl(I.JJ)=VARleI.JJ)-SSl 

27 'lAR2(LJJ)=VAR2(I.JJ)-SS2 
DO.28 1=I.N . . 
C c!. I) =C (L 1) +GA 11-1.( L I) :i:E 1+GA IN (2~ 1) *E2 

28 C(2~ D =C(2. I)+GAEfH2~ D*El-GAIN( L D*E2 
C .. 
C SHIFTHIG 

·t 
29 DO 30 15=LH 

IS5=N+l- IS 
X(l.ISS+l)=X(l.ISS) 
XC2.I5S+11=X(2.ISS) 

30 CONTII~UE 
,,",.c,·"···-DO ·31·rS=LHc .. _. 

, IS5=I-I.+l- IS 
31 DCL1SS+1)=DCLISS) 

32 

33 ~ 
1000 

DC2.IS5+11=DC2.!SS) 
, IFCK.LT.M)GO TO 32 

IF (L. LT. LIM)·GO TO 33 
JI~=JK+l 
XL=L 
ypeJK)=10.*ALOGI0(P/XL) 
Pl=Y?(JK) 
P=El. 
L=0 
L=LH 
COHTIr~UE . 
CALL MOVEAC0 •• YP(1)) 

Db 34 f;t.JK 
XP=(l~lj~LIi1 . 

............ Vi 
i 

. ". " .. -. 



37 
38 
39 

C 
C 
C 
C· 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 

, C 
C 
C 

. FORliAT( 10X,' SEED,NO ISE VAR lANCE') 
FORMATC2F) . . . 
FORMATC10X,'N01SE VARIANCE=',F) 
CALL FINITT(8.?6?) 
am 

***>!<***~~~*~"'*******"''************** * FAST KALt1AN ALGOR ITHM * 
* CALCULATES THE TAP COEFFIC rENTS AND- * 
* MEAH-SQUARE-ERROR FOR AN ADAPTIVE * 
* EQUALIZER. * 

-* * 
* NO ISE: t..,'H IrE GAUSSIAN WITH ZERO ME!=IN * 
* * 
* H1PULSE RESPONSE SAt-lPLES !=IRE FROM DATA * 
* FILE FFTl.DAT * 
* * 
* MODULATION QAr1 * * * * I!-!PUTS: * 
* H: IMPULSE RESPOf-lSE· SAMPLES * :l< N:HO.OF TAPS * 
* S IGI'1:i: NO rSE VARIAf-lCE :I< 

* ALPHA: ESTIl'iATED r'iSE *-
* * *- OUTPUTS: * ::< C:TAP COEFF IC IE:-lTS * .* * 

\ 

\ 
\ 

\ 
\ 

DIMENSION H(2.2C).X(2,20),C(2.20),J(18).D(2,20),Y?~120a).DD(2) 
DIM~NSION G(2.4).GUR(6BB) 

DAm 3/:_.[1- 1..0_. LO. LB .. L0.1.0, La, 1.0.1.0/ 
DATR [/::;.-1.-1..-3.1.3.-3.1/ .-
LJRITE(S.1) 

1 F02MAT(!0X.'ND OF TAP5.RLPHA=?·./) 
REHD(S.2)H.f-lLPHA 

2 FO~M8T(r.F) 
[,.!~ IT~(6. 3) H. ALP!-~A_ 

3 FORi1RTC 10>~.~·:-10 OF TAPS='. 12, /.10X,· ALPHA::' ,F lEL 4. /) 
URI"T"E(5.4) 

5 

6 

? 

8 

9-

10 

11 
12 

c. 

READ (5. 5) L It'1 
FORt-jAT(D. 
li.!2 ITE (5,39) 
REliD(5~ 40) SEED. SIGMA 
UR !TEC6. 41) SiGr'1A ___ / . 
S IG:"{!;;'SQ?TCSIGMrD '-
!';j~ITE(5.6) 

FORr'iAT(10:< .. ~L\Ci t/GU 
LJ;;! lTECS. 7:. 
FORI1AT ( 1-0":><, 'YES= 1 
Rc::;D(5.8) IO 
FORUATC I) 
IFCIQ.EQ.0)GO TO 12 
WRITE (5. 9) 

INCLUDE QUAf-lTIZATION 

NO=0' ) 

FO:::MATC lm<.' :'iD OF TAP -8 ITS'?') 
RE(-lD (5, 10HI1 

. FORI1AT ( r) 
WR IrE (6. 11) N 1 
FORMAT( 10:<;' HO. OF TAP B ITS=' , 12) 
COHTINUE 
M= INTeS, +eN.., 1.) a-,J 

. ! • '. 

ER~ORS?~ ). 

I 
! 

I 

.' 

. -- ,-



14 

15 

C 

8NNl=2**Nl 
DO )4 I=LN 
X(LO=0. 
X(2. D =0. 
C (L {) =0. 
C(2)D =0. 
D(1. 1)=8., 
D(2.I)=0. 
C01'1TII':UE 
DO 15 I=LN 
F (L 1) =0. 
F(2,l)=0. 
GA HI ( L 1) =0. 
GAJIH2. I? =0. 
8(1.D=0. 
8(2,{)",0. 
GEX( 1. D =:0. 
GEX(2. n';0. 
XDLD( L D=0. 
XOLD (2. I) =0. 
RES1=ALPHA 
RES2=0. 
P::0. 
L=Cl 
JK=O' 
CALL IH ITTC95[)) 
ti(': I f{=-60 . 
Yr~1rl><:::3 • 
>(~lIN=8 . 
~<i'1A?<=680 • 

, D><=5:3. 
D'/=5. 

....... -:-. 

CALL TWINDOC8.580.0.758) 
rC" I :',' '7"'~'O 'C">""" vi·-o'.!' v'1 P ·1 YM' "".1) ....... :...._ o-~·.~.'.;.IP)· ;·.Il .... i~('w l •.• ()" ,It .. 11.- JMI'~, 

'/ 

C(.l:';L G~ ED C:<m:L ~<;·1Fl;\. D>~. '(i'lIt!. ,(i'l:iX~ !J'f) 

C it:; In LOOP 
C 

C 
C 
C 

16 
17 

C 

DO !OED !(=LGOD 

PRBS GENERATION 

DO 1? 1= 1. 2 ' 
J(1)=1 
IF «(J (5)+J (1(3)) • NE .1).J (1) =0 
DO 16 IT=L9 
ITT=lO-IT 
J ( ITT +1) =J CITT) 
CONTIliUE 

.~~~: ~;~ ~ ~~DD'(i )*2+'1-'''''' -J- i .. ,.":;.,,,.~-: 
]HL D=GCL IH:·O/3. 
D(2. U'=G(2. IN~'O(3. 
X(1.1)=0. 
X(2. 1) =0. 

<-.-.. 

C CO:f/OLUTIm~ 
C. 

18, 
C 

,C' 
C 

,DO 18 1=1.20 
X( L 1) =X( L 1)+H (L D*DC L D-HC2. D*D(2, D 
X(2. 1) =>~(2. 1) +H (L 1) *D (2. D+H (2. D *D (L 1) 

liOiSE ADD.ITION 

X(1.1)~X(1.1)+(GUR(K)/1.41421356) 
X(2. 1) =X(2.,D HGUR (K)/l .41421356) 
FOR1=X(1,1) , 

\. 
\ 
i 

1 

; 
. i 

I 

i 

i 
\<--

i 
\'" , , 



. 20 

21 

22 

.LI,U .:;.U l-L~I1. 

· FCL 1) =FCL n+GArHC1 .. -n*FOR1+GAIN(2~ D*FOR2 
F(2 .. D=F(2 .. D+GAIH(2 .. D*FOR1-GAINCL D*FOR2 
PFORl=l~ . . 
PFOR2=0. 
DO 21 I.=LN . 
PFOR1=PFORI-GfHNCL nli<XOLDCL D-Gf:lIHC2. D*XOLDC2. 1) 

PFOR2=PFOR2-GA IN ( 1.. n *>~OLD(2. I) +GA IN (2. !) *><OLD ( 1. I) 
DUM1=PFORl . . _. 
DU~12=PFOR2 
PFOR1=DUM1*FOR-l-DUM2*FOR2 
PFOR2=DUM1*FOR2+DUI'12*FOR 1 
RESl=RES1+PFORlli<FORl+PFOR2*FOR2 
RES2=RES2+PFOR2*FORI-PFORl*FOR2 
S!=RESl*RE51+RE52*RES2 
551 =RES l/!) 1 

. SS2=-RES2/S 1 . 
GEXCl.l)=PFOR1*SSl-PFOR2*SS2 
GEX(2. 1) =PFOR 1:!<SS2+PFOR2*SS 1 
DO 22 1=2.11+1 
GEX( L 1) =GAIfH L 1-1)-FCl. 1-1)*-GEX( L D+F(2. I-l)":!-'GEX(2.D 
GEX(2. D =GA ItH2. r- D -F C L 1-1) *GEXC2. D -F (2 .. 1-1) :!<GEX( 1. 1) 
SAC 1 =:-mLD ( ! • I'D . 
BRS2 =~(DLD (2 • Ii) 

· DO 23 1= L!-I 
en::: :=sriC l-BC L D :!<X( L D -8 C2. I):t:X(2. D 

23 BAC2=BAC2-B(L D:K~(2. D+BC2. I);;:XCL D 
1/1:= 1 • '::'G~X( L tl+D :l~SAC I-GEf~(2. N+!) *BAC2 
V2=-G::X(2 •. H+l) :i:8AC 1+GEXC L 1-1+1) :;:BP.C2 

1,11 ='/1/ .... .1\' 
1.12;;'-'./2/,-/\,/ 
DO 24 I=Lt-l 
B( 1 .. ,~) =8(1 .. I)+S~>~( 1 .. I)~~3r~C!+S~X(2 .. I)~:~2HC2 -... 
B (2 .. I) =5 (2 .. D +8E:-«2. 1) *3~lC l~GE:-~( 1. i) ;:(3f~S2 
U·1 = 8 ( 1 .. I) ~!~\ll-8 ~ ~. !) ~:<\l2 
U2.;,a (1 .. I:i *V2+a (2. I) *111 
B (L n =Ul 
B (2 .. I) =U2 

24 Cm1TIH~E 
DO 25 I= 1.1'1 
GAUl(L D=GE>~(L 1)+8(1. D*GEXCl.!'!+1)-'B(2. I):;:GEX(2.N+1) 

25 'GA It! (2 .. 1) ::GE>~(2. t) +8 ( L D :!(GEX(2. tHl)+8 C2. 1) *GEX( L 1-1+ 1) 

y'1=0. 
Y2=O. 

C 
C OUTPUT 
C 

.. ·····c 
c 
c 

DO 28 I=LH 
IFCIQ.EQ.0)GO TO 26 

. QUAHTIZATION OF TAP VALUES 

Al = IHTCC (L 1) *BNI-I1 +0.5) /8NH 1 
A2=IHTCC(2. D*BNN1+0.5)/8NtH 
GO TO 27 

26 (41=C(L1)' 

27 

28 
C 
c· 
c 

A2=C (2.1) 
· COt-lTHlU~ . 
·l'l=Yl+Al*X(1. D+A2*XC2. 1) 

Y2='l'2+R 1*XC2, 1) -A2*X( L I) 

ERROR 

El=D( LM)~Yl 
E2=D (-2.11) -'1'2 
P=P+El*El+E2*E2 

-' 

\ 

.',' .: 



~. 

. 

'. 

C 
.'. C 

29 
C 
C 
C 

30 
31 

32 

J"" 

. EQUAL IZATIo!~ 

DO 29 1=1.1'1 ..' 
C(L D=C(1. D+El~AIN(L!)+E2*GAIN(2;n 
c (2~I) =C (2 .• 1) +E l*GAIN (2. 1) -E2*GA IN ( 1.1)· 

SH IFTIHG 

DO 38 I=LH 
>mU)( L I) =><C L I) 
XOLD (2,.1) =X(2. 1) 

PO 32 IS=L!oI
ISS=H+1-IS 
XC L 155+1) =xe L ISS) 
X(2. ISS+l)=X(2. ISS) 
CmlTINUE 
DO 33 1S=LN 
15,5=1'1+ 1- IS 
D«(.1SS+l)~D(l.ISS) 
D(2. ISS+l)=De2. ISS) 

33 COf'lTIHUE 

.. 

34 

35 
U300 

36 

37 

38 
39 
413 
41 

IFCL.LT.LIM)GO TO 35 
jK=JK+l 
XL=L 
YP (jf() =·Hi. *ALOG 10 (P/XU 

. PI ='(? (jU 
paS. 
L=O 
L=L+! 
cmln !'IU::: 
CALL l'm'/::A CO •• YP ( 1) ) 
DO 35 I~.1 • JK . 
XP = C 1- 1 ) *L 1['1. 
CALL DRAWAexp,YPCI» 
,CONTINUE 
WRlTEe6.37) 
FORMAT(40X,'TAP COEFFICIENTS',/) 
~~ITE(6.38)(C(1.I).C(2.I).I=1.H) 

FOR~~T(40X.F12.8.10X.F12.8./) 
FO~i~1.qT( lQ>~ .. ~ ~:EE~-, HO rSE \lAR I~NCE") 

CALL FIN!TT(0.?67) 

, 

\ 



,"-" 

'-

- IY~63S(YMRX-YM1~)/DY+~_ 
[jei :.1' r=l~. I'll' 

,,~~ALL til '-j' I E~' .;. ':.' "11- " . I I", 
• to_ 'l :1 l 

•• (":'. J"i: ~ ," _ 

D P A ~JA< ;,~ t'l A};, ~'::<. 

" .. : . .1·'J-'=.Y+D',' 
.. :::{~ ;:{t'; .1-r·~' 

IX=A8S(XMAX-XMIN)/DX+1. 
DO 2 l=1. lH 
CALL MOVER(X.~MIN) 

.2 i{::";:{+ D ~<. 
-r;,:ETUPN" 

EN[) 

" .. -

'of:':': + >I::+: :f: :t: :,~ . .;.::-t: *:+::+: :f::+: ',f: >t:*:-t: >+-~: >to :';">t:,:';: >I< :t:* :-t: >1<:-1: :of::-+;:7::-;::+: :-t::;.::-t: >+: * :-+::-f:;-t: 

GP~SSIBN NOlSEGENERA70R 

SJBROUTIN~GRN05(X.~,~QRT,SIGMA) 
D !J'iE}JS I,D~'~ 
: !~= ::.:: ~~. ~L ) 

.J~J=-;-:;(:t.) 

DO :1~ 1=1_. lt1 
;:'~;::;=~~~fi~·i < I L! ... J.!J) 
["::::; 2" 1=1 .. t·] 
;";;<",1 )=:~"R·r-J-< ]IJ.t ~Jtl) ; . .'. 
C, T !'-1 ::: 'J *: ';>" 'L .. ,." t=,'~ . ~ ~ t ". __ ."' _.0......,. .. L ....... : 

:;'~A=51 Gf'lA*5G)RT<2. ).:", 

" 

. J 

I 
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