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~ ABSTRACT

The objective of this study is to develop an efficient

~method of routing military cargo planes in war time.

‘A model with a non]inearvobjective functioﬁ ié deve]bped‘
to determine thése routesvwhfch minimizes the makimum mission
time of p]aneé. Based on this model, a solution procedure is
{ntroduced. _Then, a heuristic procedure 1s'sﬁgge5ted to handie'
various airport capacity constraints. As an extenSiQn of the
study, a proposal is made on a‘quE1»which minimizes the total

mission of the planes.

Consequent1y a study is made on the behaviour of the model

~on some special cases.



OZET

Bu calismanin amaci, askeri yiik ucaklarinin savas sira-

sindaki = giizergdhlarim be]iﬁ]eyecek bir metod gelistirmektir.

Bu giizergdhlari belirleyebilmek i¢in en UZun\gﬁreQ
sufesini enkiiciikleyecek Qé»yaddo@rusa] amac 5$}evli bfr model -
gelistirilmistir. \Bu‘mode]e dayandirilarak bir ¢ozim yordam1
tamtilmistir. Daha sonra havaalanlarindaki cesitli kisitlarm
goz ©niine alan bulgusal bir yokdam sunulmustur. Calismanin bir
uzantisi olarak ise tdp]aﬁ gorev siiresini enkiiciilten bir model

one siriilmustur.

Calisma, gelistirilen modelin baz1 ozel sartlar altin-

~ daki davranisin 1ncé1eyerek sonuclandirilmstir.



ASKERT UCAKLARIN INTIKAL PLANLAMASI

Bu calismanin-amaci, askeri yiik ucaklarinin savas sira-

sindaki gilizergahlarin1 belirleyecek bir metod gelistirmektir.

Bu giizergdhlari belirleyebilmek i¢in en uzun gorev sﬁresini
enkiiciikleyecek ve ygddo@rusa]r amag i$1ev{i bir model gelistirilmis-
tir. Bu mode]e»dayand1r11arék bir ¢oziim yordam1 tanitilmistir. Daha
sonra havaalanlarindaki ¢esitli kisitlari goz oniine alan bulgusal bir
yordam sunulmustur. Calismanin bir uzantisi olarak ise toplam gorev
siiresini enkiicilten bir model dne siiriilmistir. |

Calisma, gelistirilen modelin bazi ozel sartiar altindaki

davranislarini incé]eyerek sonug¢landiriimistir,



THE BOTTLENECK ROUTING
- OF
MILITARY CARGO AIRCRAFT

The:objective of this study is to deye]op an efficient
Hééhﬁd of routing military cargo planes in war time.

A model with'a“nanlfnear objective'fUnctfﬁn 15 developed
to determine theée rbutes which m}nihfzes‘the méximum mission time °
of planes. Based éﬁ thiévmode], a solution procedure is introduced.
Then, a heuristic procedure is suggested to handle various airport «
capacity constraints. As an extension of the study, a proposal‘is P

made on a model which minimizes the total mission of the planes.

Consequently a study is made on the behaviour of the model

on some special cases.
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I, INTRODUCTION

1.1 THE DESCRIPTION OF THE PROBLEM

The airfdrce always needs an efficient method of defining
routes and schedules of military cargo planes both in war and in
peace time. Several military airports are located throughout the
country with some of them being the bases of fhose éargo planes and
there are several loads that have to be carried among those airportsu
The baéic_unit of shipment ié one plane load. In ;peace.time, the
‘routing and scheduling process is done periodica]]y.' That is, demands
between éirports'aré generated within a period and these demands‘are
satisfied within the next period. In case of a war, we think of a
one-time operation where cargo planes located at known bases carry edu-
ipment and military personnel in known quantities from supply points
to demand points. Without loss of generality, all demand and supply
nodes are assumed to be the airports. Since swiftness is an essential
ingredient for success in a war, the overall job should be completed
as fast-as possible. That is, the 10ngest mission time of the planes
should be minimfzed. For peace time operations, on the other hand,
the total mission time of all planes should be minimized, since the
Variab]e cost of transportation is assumed to be directly proportional

to distance.



Also there are constraints on servicing planes at the airports.
Each airport has.a given Service'capacity for loading and‘unloading of
the pTanes at any timé. This handling capacity conétraint shou]d be
considered simultaneously with the queue capacity of each airport;
When the handling capacity of an airport is exceeded, then the excess
planes should join the queue at this airport. But somé airpdrt§ can-
not hold more than a given amount of queue, mainly because there are
no available parking space for these planes within that area. But a
more important reason is that, in war time it is not recommended
practice to allow for the accumulation of airplanes above a given
number at any time, since the enemy can attack any one of these air-
ports at any time. So the queue lengths at those ports should not
exceed certain prespecified levels. Therefore, a schedule satisfying
these constraints besides minimizing the mission ti%e is required. .

The problem described above falls within the class of problems
called "the vehicle routing and scheduling problems" in 1iteratufe. A
brief review of these problems will be given in the next section.
1.2 THE CURRENT STATE OF ART IN VEHICLE ROUTING AND

 SCHEDULING |

The routing and scheduling of vehicles and crews is an area
}of both theoretical and pkactica] importance to both operations re- -
searchers and transpbrtation planners. Recentiy, significant progress
has been made in the problem formulations and in the design, analysis,

and implementation of solution procedures.



From a practica]rpoint‘of'view, the ef%ective routing and
scheduling. of vehicles and‘érews can save the state andlprivate
enterprises many millions of TL's a yéér; In addition, these rout-
ingvand scheduling procedures can increase produétivity,kimprove
operations, aid in 1ong-range p]anning, assist contract negotiations,
make the job of the scheduler or dispatcher‘much easier-to’hahd]e,
"'and help to~cohtrol‘the financia1 impact}of adverse weather conditions
on veh1c]e utilization. | |

The Vehicle Routing Problem (VRP) can be stated as- fo]]ows
Given a set of nodes (points) and/or arcs to be serviced by a fleet
of vehicles, find the routes of each vehicle so that tota]Itjme and/or

‘tota] cost of transportation is minimum.' A vehicle route is.afsequence‘
' of pickup and/or delivery points: wh1ch the vehicles must traverse in
v order, starting and end1ng at a depot or dom1c1]e
| Above statement is on]y,one def1n1t1on of vehicle routing
| pkob]ém. -The problem has many extensions to suit the péactica] prob-
1em'éddressed. |

Vehicle Routing Problems can be classified as node routing
problems, arc routing problems, and general routing problems. .The |
prob]em'of‘visiting all nodés in a netWork and returnihg to the
starting point (node routing) while incurr}ng minimal cost is the
Travelling Sa]esman‘Pfob]em (TSP).. Iﬁ node routing problems a collec-
tion of origin/destination_paifs of nodes are givéﬁ and at 1eaét one
vehié]e musﬁ»travel from each origin to its correéponding destination.
EXamp]es of this problem are neWspaper de]iveryjand.dial-a-fide or

messenger Service. The problem of‘covering all arcs in a network



while minimizing total distance travelled (arc routing) is the Chinese
Postman Problem (CPP). In arc rodting prob]ems, a collection of arcs
" in a network has to be covered. Examp]es‘of this probiem are snow
"removal and street sweeping. The General Routing Problem is a genera-
Tization which includes both TSP and CPP as special cases. Here we
seek the minimum cost cycle which visits every prespecified‘node and
‘afc. Examples of such:problems dre‘schoo] bus routing and household
,fefuse co]]ection. The’genericrprob]ems such as TSE'and CPP are not
of practical inferest; but of value for solving VRP and-gaihing insight.
In genera]; node routing problems réquire a set of de]ivery‘

routes from a-central depot(s) to demand points, each having known or
stochastic‘reqﬁirements, in ofder to minimize the total distancé
,covefed by the entire fleet. Vehic]esvhévé known capacities and pos-
siblytmaximumfroute time constraints. All vehiclés start and finisﬁ '
the job at specific depot(s). |

A set of vehicle routes that service 10 demand"boints are
shown in Fig. 1.1.  Each node hés demand of -unity and each vehiclev
has a capacity df thfee units. " |

»Bodin, Golden, and Assad (1981) have summarized various

studies on extension of routing problems in three classes as follows,

"i. "one-to-many" proble:ﬁs:
Such problems have a central depot and many'destinations.
Items are loaded on the vehicles at the depot and delivered to many

destinations.



Route 1: Depot A-1-2-Depot A

" Route 2: Depot A-3-4-5-Depot A
Route 3: Depot B-6-7-Depot B
" Route 4: Depot B-8-9—10-Depot-B

FIGURE 1.1 - Illustration of Routes

ii. ‘"many-to-one" problems:
Also in this,casevthére is a central depot, and many .
pickupApoints.\ Items are collected from theserpoints.and delivered

- to that central depot.

iii. “many-to-many" problems:
Each item to be serviced can have a different pickup

point (origin) énd a different delivery point (destination).

Most of the timé authors talk about the pickup and delivery
locations of items being serviced in “many-to-many" problems énd do
not exp]icif]ylworry aboUt'the garages where the vehicles are stationed.
The deadhedd tjmes'to go fkom the debqts to the Qarages (6r'the times

- from garages to the first stop. on the qutes and the times to the



ga}ages.from the Tast stop on the routes) are generally added toltne

length of the routes after the~foutes are formed and not considefed

a part of the optimization. For many problems, this is a fixed time

since there is only one garage that can house'the vehicles (out of

the depot); in other cases, the routes.might‘be’altered somewhat 1if

" this distance to and from the garage wéré taken into account in the
optimization. _ | .

The Vehicle Scheduling Problems (VSP) can be stated as routing
“problemsvwith additional constraints on fim@s of performing activities.
Each location may require de]ivéry‘within an interyai. THUS the méVe—
ments of vehic]es‘should be followed both in $pacé and time. A vehicle
schedule is a sequencequ pickup and/or delivery points,together with |

"an associated set of arrival and departure times. The vehicle must
travérse the points in the désighated order and at the specified time
intervals.

.' When arrival times at,the-nOdes ard/or arcs are fixed in
advahce,we refer to the pfobiem as a scheduling problem. When the
afrival'times’are.unspecified, then the problem is a straight forward
routing problem. ‘

~ When time windows and/or precedence reiationship exist so that

~ both routing and scheduling functidns need tb be performed, we v1ew
the problem aS a combined routing and scheduling problem. The com-
bined routing and séheduTing problems often arise in practice\and
répresentatives of many>rea14wor1d applications (Boding and Golden,

1981).
Bedin, Go]den and Assad (198]) have described some examples



‘related with this topic as follows,

.1 School Bus‘ Routingkanc-l Scheduiing

There are a nhmber ofrschools and each one has a set of
" bus stops associatedVWith it.  In addition, there is a given number
iof students ‘associated with each bhs stob. Each school has a fixed
starting time and a fixed ehding time Wfth correspehding'time'windows |
for school bus.routing._ The time window before the starting'timerf
‘the'schpo1 involves the time window for the delivery of students to
the school in themdrning and the time window after the ending time of
- the schpr in the afternoon is thehtime window associated with the
pickup of the students.“The phihcfp]e Objectivevwheh uti]izing a
leased fleet of vehie]es‘is to minimize the number of buses required
while servicing a]] the students and sat1sfy1ng all the time windows.
wnen operat1ng a fleet owned by the d1str1ct tne objective is to -
minimize a comb1nat1on of transportat1on costs and the number of
vehicles used. . = | | | - o

. Although most papers related with this topic fecus'primariTy

en the routing component, Bodin and Berman (1979) suggested a proce-
‘dure for forming daily bhs schedules as well.as methods for routing
buses. The reuting component of their suggestion formsia set of
routes fbr each school. Each route is feasib]e with respect to the

max imum ava1]ab1e time for the students and the maximum capac1ty of

buses. The schedu11ng component’ organizes the part1a1 routes for :

each of the schoo]s into da11y schedu]es for the buses




ii. Tractor-Trailer Routing and Scheduling with Full Loads

A ‘common commercial distribUtidn problem is the roq}ing
and sghedﬁ]ing'ofAtractors’or tkactor trai]e%'front ends with full
loads. The term full load means that a trailer is attached to the
tractor and has to be'transported from a.pickub point (the origin) to
a delivery point (the destination). The load of aptrai]er has a unique |
destinaﬁibn and is not to be sp]itramong'different destination loca-
tfons. The capacity of a tractor is one trailer. Since each trailer
is transported from its origin to its destination, the trailer problem
obviously invo]vésvprécedehce cohstraints. |

The demands are specified in terms of the number of trailer

trips between origin/destination pairs. Given this demand data, one

may address the following two»déciéion problems:

~a) Minimize the total distribution cost for handling all

origin-destination demans.

b) Determine the optimal fleet size kequired to service a-
subset of the origih destination -demands given that the

- remaining demand is to be serviced by common carrier.

Love*(]978) suggested a model involving two submodels essen-
tially for the solution of this problem. One of the submodels is the

tractor submode] and the other is trailer submodel.

iii. Tractor-Trailer Routing and Scheduling with Partial Loads

This problem is similar to the full load problem except

that each origin-destination pair need not to have a full trailer



load to be serviced. Consequently, the load on a trailer may be

split among different destinations.

iv. Street Sweeper and Household Refuse Collection

Routing and Scheduling

The pfob]emé of scheduling street sweepers and household

‘refuse Eo]]ecfion vehicles are applications of the Chinese. Postman
Pfob]em. For both of these problems, a set of street segments 15
specified as needing service. The problem is to arrange a set of
vtours (each tour corresponding to a veﬁih]e) covering all such seg-
ments that minimizes fhe’number of vehicles used. ‘A surrogate but
highly correlated objéctive is to minimjze the-tota1 deadhead timé
of the vehicles. Thére are no precedence re]atﬁonships on the entities
to be serviced, and the time w%ndows correspond to the parking reguta-
“tions. |

/ Golden and wong‘(1981)'showed'how capacitated arc routihg

formulations can be applied to these problems.

v. Airplane Scheduling

The scheduling of airplanes for commercial airlines is a
very complicated procedureland is embedded within the process of
generating a time table for the airline. Thé geheration of a time
table has to take into account suéh factors as the expected number .
of passengers travelling between cities, frequency of service desired,

- nonstop versus multiple stop service, etc. Furthermore, this scheduling
takes into account the problems of geherating pairings and bid 1ines

for the crews. Thus, airlines may change their time table and plane
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schedules if a pairing;can be saved. At thisftime, most scheduling
of airplanes for commercial airlines is cérried out on a manual basis
or in an interactive computing mode and 1itt1eva]gorithmic sophistica-
tion is utilized in the process.

| + Soumis, Ferland and Rousseau (1981) and Richardson (1975) had
givén mixed integer pfogramming formulations for both of the plane and

"passenger sides of the problem.

vi. Dial-A—Ride Routing and Scheduling Problems

In recent years, the area of dial-a-ride routing and
scheduling has”received considerable afteﬁfion.' In the dial-a-ride
problem, customers'call in folrequest service. Each customer specifieé-
a diStin;t pickup and delivery point and, perhaps, a desired time for
pickup or de]ivery. If all customers demand immédiate/service, then
routing and scheduling is done in real time and.the prob}em is re-
ferred to as thé dynamic or real time dial-a-ride problem. If ai]
customers call in advance, so that a complete data base of customer
.demand is known before any routing orzschedu11ng is carried out, then
this prob]ém is referred to as the subscriber or static dia]-a;ride
problem. Both dynamic and static did1-a-ride~prob]ems have precedence
relationships since a customer must be pickep up before he is delivered.
In some situatiohs a desired time of pickup or dé]fvery is specified
in advance and the "other service" (either delivery or pickup) must
be carried out within a given number of minutes from either the
desfred or the actual fime of delivery or pickup. ‘In a certain sense

this introduces a two-sided time window on the "other service".
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Psaraftis (1980) and Stein, et.al (1978) have given formula-

tions to various derivatives of the dial-a-ride problem.

1.3 COMPLEXITY OF VEHICLE ROUTiNG AND SCHEDULING PROBLEMS

.- A1l of the prob]emS’mentioned in the previous section are
NP-hafd; Mqreover; the complications in these.prob]ems a}ebsuﬁh that
.exaCt é]gorithmicfapproaches based on mathematical progrémminglformu—
lations have not beenksuccessful for thése problems.

The network problems gre_c]aésified accordiﬁg to a theoretical
scheme based on the ndtions of “po]ynomialiy-bounded“ and "NP-hard"
as'fbi]ows.v The po]ynomid]]y-bounded class Pvis composed of such
‘prop]ems'fbr which‘po]ynomially-bounded a]gbrithms are known. An
algokithm is said to fun in polynomial time if thére exiéts an upper
bound -on the humber of operations, that is a polynomial in n, where
n is an ihpqt parameter which measures the problem size. (such as'the
number'ofinodes)., Thué the computational effort increases only poly-
nomially with broblem siie fn the wbrst qase.“ The problems of fhis
class éan generally be sd]Ved_quite'efficiently ahd their ordér.is
| determ{ned by the highest power of n;in polynomial EXpre$sion.

| But on3thé othéf hand, there. is a Targe class of network and
éombinatorialjprob]ems for which no polynomially-bounded a]gorithm"
- exists. Suéh prob]ems afe caTled NP-hard (NP'stands for nondetermi-
| nistic polynomial). The solution ﬁrocedures deVe]oped'forfsuch prob- -
Tems kequire exponentié] run time. That is tomputafionalveffort

\

| 1nCreases exponentially with the problem size.
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To emphasize the difference, assume that there are two algo-
rithms available to solve a network problem with respective run times

)

are:
£ (n) = 1000n? and f,(n) = 2"

where n is the number of nodes. When n iS,small the second algorithm
will work faster than the first one. But if n is increased a little

: (Let n = 20), then the second algorithm will co]]apSe, although the
first one still fﬁnctions well. The difference between these two
algorithms grow even more as computer technology improves. Ifthé
efficiency of a computer improves by a factor of 100, then the maximum
problem size so]vab]e_by first algorithm in a fixed amount of time
would increase by a factor of 10 whereas the maximum problem size
handled by second a]gbkithm increase by’no more than seven'nodes.

It is obvious that, an a]gorithm,of order n* is preferable
to one of n*, and exponential time algorithms are to be avoided when-
ever possible (Go]den, Ball and Bodin, 1981).

- A1l routing and schedu11ng problems of interest fa]] 1n the
class of NP-hard problems. Apparently minor changes in prob]em
characferistics may result in radical changes in the computational
: comp]éxity of the resulting problems. For ekample both directed and
undirected Chinese Postmaﬁ Problem are in the class P, whereas Mixed
Chinese Postman Prob]em‘(where both directed and undirected arcs are
allowed) is NP-hard. Table 1.1 reviews some aigorithms avai]ab1e for
network prob]ems and compares their behaviour. This table was pre-

- sented at NSF Workshop on Large Scale SystemS'in Lubbock, Texas in

April, 1979.



TABLE 1.1 - Comparison of Different Algorithms

Problem Name’

Heuristic Algorithm

Exact A]gorithm

" Size Handled

" Size Handled

References

NN

N Easily References.v Easi1y
Shortest Path from s to t NN~ 5000 Golden and Ball (1978)
Shortest Path from s to all AN £000 Denardo and Fox (1979),
other nodes , I . Golden (1976), Pape (1974),
Gilsinn and Witzgal1(1973),
Dial, et al. (1979).
 Shortest Paths betueen NN sob.‘  Relton and Law (1978) |
K Shortest Paths NN 500 (K 5) - Shier (1976), Shier (1979)
Minimal Spanning Tree NN | 5000 Kershenbaum and Van Slyke
(1972) <
Gonirg Tree 1000 Kershenbaum (1974) 4  Chandy and Lo (1973)
Transportation Problem NN 3000 Mulvey (1978), Bradley,
' ‘ et al. (1977), Glover,
et al. (1974)
Max Flow. NN 3000 Cheung (1980), Glover,
' et al. (1974)
Min Cost Flow. NN 3000 Bradley, et al. (1977),
| : : Barr, et al. (1974)
~ Matching 500 Cunningham and Marsh(1978),

Derigs (1979), Derigs and
Kazakidis (1979)

-—
w



(Table 1.1 contihued)

Heuristic Algorithm’

Exact A]gorithm'

Problem Name —$7ze Handled

Size Handled

Easily’ - : References -Easi]y References
Travelling Salesman 1000 - Webb (1971), Golden and 100 ’ Liliotis (1976), Miliotis -
Problem! . ) Bodin (1978), Golden, v (1978), Held and Karp (1970),
: ‘et al. (1980) Padberg and Hong (1977),
. Balas and Christofides(1981)
. Vehicle Routing Problem! 750 Golden, et al. (1977) - 300 . Christofides, et a].'(1981)

¢ indicates problem is NP-hakd.

NN indicates neuristic or approximate algorithms are not necessary.

f

14}
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1.4 THE OUTLINES OF THE MODEL DEVELOPED FOR "ROUTING THE
MILITARY CARGO. AIRLINES" |

| The:model deve]oped in this thesis treats the probtem in

. two'stages In the first stage, the routes of the p]anes are de-
':term1ned regardless of the a1rport capac1t1es These routes are
determined such that all 1oads are carried to appropridte locations,
,ahd'the objectite function is minimized. The objective tunctionk

~ can be stated as follows dependthg on the nature of the problem:

i. Minimize the meximUm,job»time.

ii. Minimize the total job time.

‘The fihst prob]em is called the "Bottleheck Routing Problem
(BRP)" and the other is ca]]ed the "M1n1mum Total. T1me Rout1ng Prob]em
l(MTRP)“ '

At the seeond stage,'the schedules of p]anesjare'determined ,
such that the airport capacity constraints are satisfied, with the
g1ven routes of the p]anes | |
| | Nearly in all the prob]ems d1scussed in the previous sections,
ohe of the major obJect1ves is the m1n1m1zat1on of the number of
vehicles required, besides minimization'of teta] trensportatioh costs.
But in m1]1tary applications the number of p]anes that will be ut111zed
is a]ready given in most of the cases and the major ob3ect1ve is the
minimization of max1mum job time. So, th1s nature of the,obJect1ve
function does hot allow hs to uti]ize any of the solution techniques
yet developed for prob]ems w1th linear objective functions. Except

U]usoy (1981) there is no s1gn1f1cant effort on such obJect1ve functions
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in the literature yet.

The military cargo airplane routing problem can be classified
as a “many—tofmany" routing problem in which eéch item to be serviced
can have different 6rigin and destination pOinfS; But the planes are
housed ip one or more of these origin and/or destination points. So
the model takes care. of the initial 1ocatfons of the planes (garagés
~of the vehic]es)'and all the deadhead times .are considered sepekately,
~since there is more than oné airport to house p]aneé initially.

Also the problem is Subject to~precédence constrgints, since
the plane shoﬁid be ioaded before it is un]oédéd. But the load on a
plane is not sp]itaﬁ]é. The demand between any originfdestjnation pair
'is in terms of fu]] plane Toads. |

" Besides the objective function, the basic difference betwéen
| miTitary‘airplane routing probliem and'cléssica] thicle'routihg prob-
Tem i§<the definition of demands. Inﬁyehiéle routing problems, demands -
are located at nodes and should be supplied from a central depot, but

in our case a demand node can be the supply node of another demand node.
Hence items shouid be transferred among them. By this definition of
demands, the problem can be viewed as a dial-a-ride probiem, but in
'dia]—ajride problems .depot location 'is known. .On the other hand, in -
our case the depots have the same characteristics of other nodes of the
system except they have some p]@nes initia11y3 ‘ |

Also the problem have similarities wifh thé tractor—;rai]ef-
routing prob]em’with fu]] 1oads.' In both cases some cargo has to be
shipped.between prespecified points and the cargo is not splitable
.among different locations. But in cése of mi]ftéfy routing there is

no distinction such as tractor and trailer.
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1.5 . SUMMARY OF THE WORK FOLLOWING

Chapter 2 formu]ates the model, summarizes the'éolution tech-.
" nigque suggested by Ulusoy (1981) and introduces the classical Set’

Partitioning Method.
Chapter 3 describes the model developed for bottleneck routing

of cargo planes.

Chapter 4 introduces an heuristic to‘handle‘airport capacity

constraints.

Chapter 5 introduces the transformations suggested for minimum -

" total time routing.
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11, MATHEMATICAL FORMULATION AND
- THEORETICAL BACKGROUND

2.1 MATHEMATICAL FORMULATION OF THE BOTTLENECK
ROUTING PROBLEM ‘

The Bottleneck Routing Problem (BRP) can be stated.a§ follows:
‘Given, L =‘{21,422;...;2M} be the set of all loads that have
to be carried between all airpdrts. Let, y = {Si,}..,SN}«be the set
| of 31] sets, Sy = L. Each S3 defines a set of loads that can~be |
carried by a‘p1ane.— Let-for each SJ, be an associated time figure
: CJ, defining the time réquired fo carry all. loads shown by SJ
| Then, a "set part1t1on1ng" S of L, is any subset of y

obey1ng following ru]es,

oo uosy=l | - (2.1)

i S50 Sy=f ¥ SeS, myd (22

Rule 1_imposesAthat all loads should be covered by that set-
pértitioning of L, and Rule 1ii 1imposes that each load should be

covered exactly once.
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Let the set S is the set of all S, (all set-partitionings
of L) sat1sfy1ng the rules given above.
~ Then, the Bottleneck Routing Problem is to f1nd that set-
partitioning of L, in which the maximum CJ value is minimized.
That is, the maximum time required to finish each job is minimized.

Thus, (0-1) linear programming formulation of the BRP can

- be given as:

Min Z = min [ max (C, )] (2.3)
’ S €5 S é§ v
) i N . ‘- V
_S.t. JE t_inJ =1, i= 1,2,.. ..M . (24)
=1 :
N B ) _
B th‘YJ = Hk, k =1,2,...,RP (2.5)
Jd=1 . o ’ ' _
1,S,¢3. foranyS, e
b J )
¥y = -t R (2.6)
0, otherwise
l'where, } N if load &; €S,
't'iJ ] - _ | (2°7)
0, if load 21 t'SJ; for i=1,...,M
. . Jd=1,...,N
1, ~if plane covering SJ1s or1g1nal]y at
- airport k ,
'.th = (2.8)

0, otherwise, - for J

Tooeusll
k=1,

CRP

nu
—
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and

Cy = f(hdk,SJ): is the time spent by a plane which (2.9)
' is originally at airport k to cover '
all loads in Sy. There are many
possibilities to cover all loads in
.S3. Therefore, Cj must correspond
to that of the shortest among such

routes.
~ Also,
P : is the number of p]anes*!
R : 1is the numbérlof airports
RP: . is the number of airports which have planes initially |
M : is the number of loads
N : s the number of sets in Y
He:o s the initial number of planes at airport k.
Note that, -
RP : ' . ‘
) th=1,- for J = 1,...,N , . (2.10)

k=1

and number of planes is given as:

(2.11)
A Thus, the first coﬁStraint ﬁn the formulation (Eq. (2.4))
imposes the sé-ta]]ed "no-overcovering"'restricfion on the problem.
That 15, each load should be covered exactly once. The second cons-
traint (Eq.'(2.5)) forces the problem to use‘exactTy the prespecified
number of p]aneS'fkom each airport. o |

| The mathematical formuiétion of Mihimum Total Time Routing

Problem (MTRP) differs in the objective function only. That is,
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C,Y, o - o (202)

~—=

" Min Z =

J=1

The constraints are (2.4), (2.5), (2.6) as in the.previousvpkoblem.

2.2 THE SET PARTITIONING PROBLEM

The following two sect1ons about the set part1t1on1ng prob]em

are adopted from Chapter 3 of Chr1stof1des (]975)

2.2.1 The Prob}em Formulation

‘The Set Partitioning Prob]em (SPP) owes its name to the following
set-theoretic interpretation. k
Given a set L = {21,. sy} > and a set S = {Sl, Sy} of

sets SJ'c:L, and a subset 3' = {S ’SJp} of S, such that the

J]’ JZ""
rules given in expressions (2.7) and (2.2)Idefine_§@, then S is

called a "set partitioning of L". 'If the second rule ié dmitted,,

~ then S is'celled a "set-covering of L". That is, when SJ'S within

S, are not pa1rw1se d1sao1nt

L.
To be cons1stent with the definition of BRP def1ne the set
S as the set of a]l‘Sz. Hence S is the set of all set-part1t10n1ngs
-ot L.
If a positive cost CJ is associated with each SJ € S, the
SCP becomes the search for a set-cover1ng of L which has a minimum
cost, the cost of S = {SJ], . S } being 1§ CJ The Set Part1t1oning

Prob]em’(SPP) is defined correspond1ng1y

The SCP can be formu]ated as a (0-1) linear program as follows:
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N , | |
 Min Z: JZ Cyyy - v - - (2.13)
=1
_ N z o v
s.t. J§1 tyy2l,  i=lz.m (2.14)

where, Y3 and tiy are as defined in (2.6) and (2.7) respectively.

* For SPP the inequalities (2.14) become,

ng tigyy=1 =500 (2.15)

’ThévT matrix in Fig. 2.1 shows the binary ke]ationship bet-~

ween SJ and 2..

1 52.. .......... SJ ........... SN.
R ‘
2
21 ~tij =
Iy

FIGURE 2.1 - The T Matrix

2.2.2 A Tree Search‘Algorithm For SPP

The basic difference between SPP and SCP is the existence of
no-overcoming restriction 1n.SPP, »This fact is very adventageous,

while applying a tree search method, since it enables early
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: abandonmenf of poténtia] branches of the trée.

Christofides suggested to reorder sets before getting in the

/ freevsearCh algorithm. This'reofderihg is called blocking. For each
element &, and L, one block is created. Block k contains these sets
which do not'vaér any of the elements numbered 21;";’2k-1; Thué,

vea¢h set SJ can be placed only in one block. For the sake of readi-
bi]ity, these blocks are arfanged in téb]eau fokhat shown in Table 2.1.
Depending upon thé nature of the problem, some blocks can be embty.
| | The tree search algorithm movés on the blocks sequentiallyk

" such that b]ock k is not beingvsearched unless every element 2.,

]:5 i < k-1, has already been covered in a partial solution.

TABLE 2.1 - The Initial Tableau

g, f1m | o
1, | oo
%, Pori] M| 0
2 | Oor1| |11 [etc.
: Oor1})0oril ,
ol

The4sets within each block are arranged heuristically in
ascendihg»drder of their costs. During the course of the tree search
besides the sequential search onn blocks, the_sets‘within each block
are searched seduentia]iy also. Since the .objective is to minimize
total'éoﬁt, search on 10Wef coSt sets will be more promising. Then'

the sets S are renumbered such that the set S, will correspond to

J
the set at: the J'th column of the tableau.
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. While épplying thé é]gorithm current best solution B and its
related cosfvfigure Z is kept and updétéd after evéry improvement,
‘ where'ﬁ is the set of SJ's covered within that best solution. Also
B and Z’are used to repkeSent the current partial solution at hand,
and E shows the e]emenfs of L covered by the partia1'solution B.

- The steps'Of the tree search algorithm can be stated as follows:
/Initialization:

Step‘i : Perform blocking process to set up the initia]ytab]eau
and set fhe‘partia].so]ution B=pP,E=0,72=0, and

]et7 = ©,
Augmentation:

Step 2 : Find Q = min(i|21 e E). Set a marker at the top, i.e.
at the lowest cost set of block Q. If block Q is empty,

go to step 4; otherwise, continue.

Step 3 : Beginning at the makked positioh‘in/biock Q, examine
‘ jts sets Sg'in increasing order of J. '
i) If set Sg is found such that Sg NE=0andZ+ Cg <Z

(Where Cg is the"cost‘of Sg) then put marker on set SS

and go to step 5.
| Q

§i) Otherwise, if block Q is exhausted or a set S] is reached

for which Z + C3_3f7, then remove last marker and go to

step 4,
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Backtrack:

Step 47: " B cannot lead to a better so]htion; IfB=0 (i.e; block
| 1 has péen exhausted), terminate with the optimal solution -
~ B. Otherwise, remove the last set; SE say, added into B,
put Q =‘t, p]ace.a'marker on Set_SE+1, remove previous
marker in block t, set Z = Z - C, updaﬁe E and g@ to
'fstép 3. o
If SE+1 does not exist, then, if t = 1, terminate; else
" go to step 4. |
Test for a new solution: o T
Step 5 :  Update B = B U [Sg]; EzE U,SS, Z=7+ Cg. Remove last

marker. If E = L a better solution has been found. Set

B=B,7= Z and go to step 4. Otherwise, go to step 2.

Since.the search terminates with thé exhaustion of block 1. at
step 4, it would be better to arrange blocks in ascending order
,aécording to the number of sets in each block. This can be achieved
kby renumbering the elements 2;,,..,2M in increasing order of number
of sets in S containing that element, before setting up the initial
iab]eau. | v | o

Chriétofides hés suggested some dominance tests which will
~improve algorithm. Some of these can be stated in short as fcllows:

| Keéb for each value of 'Z = 1,2,...,72 Some (perhaps incomplete)
list of maximal E's which have been achieved for this Z, (where by
maximal- is-meant a set not included ih.qnother set which is also in

the’ljst). These lists E's can then be'used to Timit the search by

BOGAZIGI UNIVERSITES] KUTOPHANES]
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”e11m1nat1ng branches that later on prove fru1t1ess

Chr1sdof1des has also suggested some methods of f1nd1ngs a
Jower bound on the cost of the branches obtained during the course
of the algorithm. But we shall not make use of these bounds -through-
OUt4this study, so we have omitted that part. |

There are also some other methods proposed for solving SPP.
Pierce and'Lasky (1973) give some'modifications to'the above basic

,a1gor1thm, 1nc1ud1ng subs1d1ary use of a Tinear program - Michadu

“-(1972) describes another implicit enumerat1on a]gor1thm which 1is based

on a 11near programm1ng problem correspond1ng to SPP w1th the b]ock
rstructure gi&en above being used in a secondary ro]e.‘/
| Other a]gorithmsAinvo1ving simpTex-type'iterations have been
proposed both primal (Balas and Padberg, ]972) and dua] (Jensen, ]971
and Sa1k1n and Kenca] 1970).
Def1n1ng some der1vat1ves of his prob1em will be of more

“.interest to us and thus we sha]] define some new prob]ems;

2.3 THE BOTILENECK SET PARTITIONING PROBLEM (BSPP)‘

_BSPP d1ffers from c]ass1ca1 SPP only in the form of the
.object1ve function. SPP formu]at1on tries to minimize the tota]
cost of sets within_S.'.But BSPB formulation tries to minimize the
maximum cost within'S. Thus, the formu]afion in Section.2.2.1

]

becomes,

Min Z = _min [ max [c,11 o 4 (2.16)
5,65 S5,
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N o -
s-t. J§1 tidyg =1 s 1,2,...,M | (2.17)
where 2E th and-CJ are as defined in the SPP formulation in Section

S 2.2.1.

2.4.  THE RESOURCE CONSTRAINED SET PARTITIONING
- PROBLEM (RCSPP)

RCSPP is essentially a generalized version of SPP, RCSPP
formulation is buiit upon the SPP formulation by introducing a set
of résource balance constraints.

Resource cbnstraints are imposed as follows. Assume that
éach séi SJ eS consumes exact]y.onevunit of some availablie resource.
Let there be several resource types;and each set can consume only oﬁe

type of resource. That is,

"RP - s ' _
Y hy =1 for J=1,...,N (2.18)
K Jk _
=1- ,
where
1, if set J consumes resource k . ,
hye = | (2.19)
0, otherwise :
and
RP: is the number of resource types.
‘Then, we can formulate RCSPP as follows:
| N | '
Min Z = JE C.yy : - (2.20)
J=1 '
N S |
. s.t. g tig¥g =1 , i=1,2,...,M (2.21)

Jd=1
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N i ’ ‘
I hyyy=Ho k=128 L (2.22)
=1 : _ : .

~Where .Hk: is the available amount of resource type k, and CJ, Ygs

tiJ defined as earlier.

Depending on the vé]ue of RP, we have two cases:

i. WheanP : 1, it means that there.exists only one type
of reSOUFCe. In this case;'RCSPP fokmu]ation:forces
the SPP formulation so that the solution vector S' has
exactiy‘H] components . |

ii. whén RP > ];_then‘the so]utionfvectorf§' is forced to
have exactly ?? Hk cdmponents, and resource.consump-
tion of'tﬁe co;;onents are forced to']eve]s'given in

the resource avai]abi]ity‘vector H.

0f course, there may be cases where the resource COnsumption
'equation is relaxed and equality Sign in the resource avai]abi]ity
cohstraint is replaced by é less than or equal sign.' Théh the
solut1on vector is forced.to have components less than or equal

to the: prespec1f1ed ]eve]s

2.5. THE BOTTLENECK RESOURCE CONSTRAINED SET
PARTITIONING PROBLEM (BRCSPP) |

BRCSPP combines .the characteristics of both'BSPP‘and RCSPP.
- That is, it both forces the solution vector have a prespecified

amount of components and tries to minimize the maximum cost of the
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sets within the so]ution vector instead of minimizing the total cost
of the set- cover1ng

‘Thus, the comb1ned formulation becomes,

Min Z = _min [ max [C;]] | (2.23)
S €5 SJegi , _

| ) .

s.t. J§1 tiyy=1 . i=1,2,...,M (2.24)

N . . . :

J§1 hyYy = Hes k=1,2,...,RP (2.25)

where Vtid, Yj» hy are as defined earlier.

The formulation of BRCSPP is eXact]y equivalent to the mathe-
matical programming formﬁ]ation of BRP, hence if we solve BRCSPP, we
get the solution to BRP. A]so,ithe'formuiation of RCSPP 1is exactly
equiva]ent to the mathematical programming of MCRP, hence the same

statement nolds for that case.

2.6. ULUSOY'S ALGORITHM FOR BRP

For the solution of BRP Ulusoy (1981) has suggested to modify
the SPP algorithm given by Christofides (1975) so that to handle both
the minimax objective funct1on and the resource constra1nts

The 1mpr0vements can be summarized as fo]]ows

i.” The modifications to handle resource constraints.
As 1in the classical SPP, the current partial solution

is. kept by three variables, B, Z, and E. But in addition to these
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‘a new vector G is introduced which keeps track of the current usage
of resourceé, i.e. G is the current amount of resource to be used.
When a new Set fs added to the partfél solution B, the G vector is
.updated, i.e. the current usage of resource type of lately introduced
, set-is increased by one. Similarly when a set is drawn out of the
'partial solution, then the correSponding.compohent of ‘G is decreased.
If the current usagelof resource type k is equal to the avdi]abi]ity
~ of that resource then thé‘setstconsuming_reédurce ktafe disregarded
at sfep é(i) of thefSPP a}g&rithm, i,é; first the resource availa-
bi]ity is checked. If all available resources have been used up, |

then the sets consuming this resource is disregarded at Step 3(1).

| ii. The modifications for minimax objective function. '

The’RCSPP problem is solved by the modified SPP algorithm
with given Sets.f Then, among'the feasib]evsolutions generatedvduring
this solution process, the one whiéh minimizes tﬁe maximum set cost
| isvchosen'without considering the miniﬁum total objective function
value, j.e;,' | |

Z* = min[ max [C;1]

S.e8 SJéSh
Then, the sets in S are scanned and the ones whose cost is

'gkeater than or equal to Z* are deleted. Thus S is reduced and the
routihe is_reinitiated on remaining sets. This pro;ess is repeated
'untf] there is no feasible so]ution on remaining sets with thé 1astv

solution-being an optimal solution to BRP.
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~ Ulusoy (1983) has further improved thiS‘approach in two

aspects:

ii.

An upper bound on the length of mission time is‘provided
by a heuristic procedure. The heuristic procedure pro-
duces a'goodfféasib]e solution to BRP which results in
re]atf?ely reduced number of .paths proéessed by the

specialized set partitioning routine.

The first version of the procedure required the execu-

tion of the set partitioning routiné several times and

- one final complete enumeration. In this version, a new

labelling routine for the paths.hasvbeen introduced
which produces the -exact-optimum by .only a single scan
through the first b]ock,'thus resulting in a large compu-

tational saving.

A further‘imprdvement can bé introduced by the following

suggestion.

Let us suppose, there'is only one type of resource. Then

as it was mentioned earlier the SPP algoritim is forced-to‘get a

given number of components into the solution set.

Now, specifically assume there are 20 rows (M = 20) and only

4 resources (RP = 4) available. Then the problem becomes: choose

4 or less sets so as to cover 20 rows. Now assume a partial solu-

tion B, Z, and E which uses 3 sets, thus consumes 3 resources and

. covers 10 rows. In this situation, SPP. routine 1opks to the unco-

vered rows, chooses the minimum index of uncovered rows at step 2
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and_ehteks that block and searches for a feasible so]utibn at step 3.
But at this pofnt-one can decide whether a feasible solution may éxist
, or:not._ | |
One can look at the remaining sets. If there is no set SJ,
where the number of rows covered by the set_,sJ is greéter thén or.
equal to 10, then, one can conclude that this bfanch'is fruitless.
In that case, there is no poséibi]ity of reaching a feasible solution.
Since one can use only ohe more set, but there is no set which is
coveking at‘ieast 10 rows. If there exists such a set, then there
is alpossibility of reaching a feasibie solution.
Although this fs an exaggarated eXamp]e; most 6f the time‘
similar cases decrease the effiCiehqy of the SPP roufine;v
If there are more than one resource type, then the diffitu]@y

again arises due to the'same reasoning.
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111, THE SOLUTION PROCEDURE DEVELOPED FOR
THE “BOTTLENECK ROUTING PROBLEM”

3.1 INTRODUCTION

With the intent of improving upon the solution prbéedure based

_bn spec1a11zed set part1t1on1ng a]gor1thm a new method is developed
here. The method 1is des1gned to find an exact opt1mum

| The method suggested approacnes to the prob]em'Just in the )
opposite dikection as sompared to the set-partfﬁisning approach In-
stead of e11m1nat1ng the sets from the set ¢ gradua]]y, this techn1que
' starts w1th no set at hand and gradually en]arges o.

~ Before getting in the details of this new method we shall

first concentfate on the calculation of SJ and C‘J vé]ues defined in

~ Chapter 2.

3.2 . THE NETWORK TRANSFORMATIONS REQUIRED TO OBTAIN SJ and CJ

. The oriQina] network of the‘ERP is a fu]]& connected‘symmetric
network, where the nodes of this network represént the airporés. This
network is symmetris since the flight time from airport i to airport J
is practically equal to the fTight‘time from aikportlJ to airport i.

But symmetry is_assumed only for the sake of simplicity. The solution



34

, technique‘is also applicable to the assymmet%ic cases (See Example E)..
Let D be the flight time matrix, where diJ is the flight time from
airport i to airport J. |

From this network a transformed network is formulated in order
to generate the sets (SJ's) and related cost figureS'(CJ's), defined
in Section 2.1. 7 |

In this transformed nétwork, each SJ will be defined by a
unique simple path, and the length of that path will corkespond to
~the related CJ vaTue. "Practically C‘J indicates the time rgquired to
traverse that path (that is the time required to carry all the loads
on the related path) and will bé called as}“path length" from now on.

Okigina11y this netwdrk'transformation is suggested by Ulusoy
(1981) and his suggestion will be introduced inxSection 3.2.4.>

| The transformed network is obtained in two phases. In the-

'first phasé hodes, and in the‘second phase arcs of the transformed

network are generated.

3.2.1 Node Transformations

1

In the transformed network, there is one node for each ofvthe
airports, thch hés planes initially, in the original network, and
there is one node for each of the loads that should be carried, and

there are two artificial nodes. Thus, totally there are,
Y=RP +M +2 (3.1)

nodes. Namé]y,
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Node 1: refers to the artﬁficia] source node.
Nodes 2,‘..., RP+1: correspond to the airports which have_.-
| planes initially. | N
Nodes RP 2,..;,RP+M+1: correspond to the loads 1,2,...,M .
| o kesbectively.

- Node RP+M+2: refers to the artificial terminél node. -

f,'In fhe Example A, there are 4 airports. and 7 loads which
should be transported between these airports. These loads are indi-
cated by arcs in.the original network (See Fig.‘3.1). lOriginalvloca-

tions of the planes are assumed to be the airports 3 and 4.

 Note: Nodes correspond to airports. |
* indicates that planes are available at these airports initially.
The arcs between the airports show the loads that are to be carried

between these airports.

FIGURE 3.1 - Original network of Example A

1~ .30 65 40
2|30 - 65 35
D= | '
Sles 30 - 20
W la0 3 20 -

Note: times taken in minutes;

TABLE 3.1 - Flight Time Data of Example A
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From this original network, tie transformed network is obtained
~with 11 nodes, as shown in detail in Fig: 3.2. In this network nodes

represent the following.

Node 1: The artificial source node.

Node 2: Airport 3.

Node 3:‘ Airport 4.

Node 4: Load 1 (from airport 1 to airport 2)

Node 5: Load 2 (from airport 4 to airport 1)
" Node 6: Load 3 (from airport 2 to airport 4)

Node 7: Load 4:(frdm airport 4 to airport 3)

Node 8: Load 5,(from airport 4 to airport 2)

Node 9: Load .6 (from airport 3 to airport 1)
Node 10: Load 7 (from airport 3 to airport 4)

Node 11: The artificial terminal node.

3.2.2 - Arc Transformations

The transformed network is assyﬁmetric and is not fully
connected. Let the tfme matrix related with this network be W.
This matrix is ¥ by Y and called the "operation time matrix".

It would be better to consider the arc transformations in

far stages.

~ In this stage, the interactions between nodes representing
loads in the transformed network are considered. That is, nodes

RP+2,...,RP+MH1 are considered,'rAil these nodes are fully connected
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to each other and the operat1on times (0, ) between these nodes are

" ca]cu]ated as’ fo110ws

gggg_é: ‘If the ending airport of the initial node (load in
this stage) coincides with thé starting airport of the final node
in the transformed ﬁetwork, then the time requiréd to traverse this
" arc (fromdinitia] node td final node) is, the flight time from starting
airport to ending airport of final node, plus the 1oading time (TL)

Pplus the unloading time (TU) (See Arc A on Fig. 3.2). That is,

Wiy = d[L(z 1-RP),11, [L(e- 1-Rp),2] FTUHTL - 3:2)

VKL = RPHZ,..RPHET , K ;~¢
and TF L q-pe),2 = La-1-rp), 1

where, L. ,: is»the'starting-airport of- load i.

vL'

; 2'; iS‘the énding airport of load i.

Thus, 1s the airport corresponding to starting

(2~ -1- -RP),T
airport of (- 1-RP)'th ]oad, where the (2-1-RP)' th load corresponds

to the 2'th node by the definition in Section 3.2.1.

case b: If the ending airport of the dnitia] node does not
coincide with the starting airport of the final node, then this
means there exists an empty f11ght (a f]1ght in wn1ch the assoc1ated
-_p]ane does not carry any 1oad) between these nodes, and the time re-
quired for that f]]ght should be added to the t1me required to tra-

verse that arc (See Arc B on F1g 3.2). That 15,



38

' = d , )
e [L(k-]-RP),é][L(2-1-RP),1] |

CFTUHTL O (3.3)

+d ’ _ B
' [F(g-1-RP),1]’[L(g-l-RP),g]

V k,% = RPF2, ..., RPMF1, k22

cand i Ly gppy,2 7 Lig-1-pey,1

3.2.2.2 Stage 2: Interdctfons Between the Airports Which Have

In this>stage the'interactions_betwéen thevnodes fepresenting
aikports.which have planes inif%a]]y and the nodes rébresénting loads
are considéred. There éfe arcs from all nodes represénting‘airportsA
to all nodes representing loads, but there are no arcs in the counter

direction. The operation times are calculated as follows:

-case a: If the airport at the initial node coincides with the
starting airport of the final node, then a case similar to Case a of

Stage 1 occurs (See Arc C on Fig. 3.2). That is,~

w,, = dr, . +TU+ TL (3.4)
ke = TTL g1y, 13l (p-1-pp) 2] .
for k = 2,...,RP-
2= RP+2,...,RP+IF]
o | iyth . :
| and if L(z—]FRP),] = (k-1) a1rport which has p]aqes
“initially.
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Case b: If the airport at the initial node does not coincide
with the starting airport of the final node, then a case similar to

Case b of Stage 1 occurs (See Arc D on Fig. 3.2). That is,

w

ke = 9[(k-1)th airport which has] I (go1-rpy 1)
planes 1nitia]1y ' i
' - (3.5)
*do S TU+TL
[k (g-1-rpy, 132k (g-1-rpy 2] |
= 2,...,RP |

for ‘k

% = RP+2,...,RPHMH

and if L( —]-RP)?I 7 (k-"l)th airport which has planes
o “initially

————————————————————————————————————————————————————————

~ The arfificia] source node and the artificial terminal node
is‘%ntroducéd so that to generate a complete network for the réasons
discussed in the next sections.
| A11 arcs between artificial source node and the nodes repre-
senting airports which have initially planes are dummy and their ope-
‘ration times-aré zero. There aré no arcs in opposite direction (See

Arc E on Fig. 3.2). That is,

W, =0 ., for 2= 24...,RPH] ©(3.6)
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Again, all arcs between the nodes represehtihg loads and the

- terminal node are dummy and have zero operation time and no arcs in

‘opposite direction (See Arc F on Fig. 3.2). That is,

3.2;3‘ AnvExamp]e of Network Trahsfdrmations,

The node transformations of Example A is given in Section

3.2.1. The flight time matrix D’given in Table 3.1, and the 1oadiﬁg ’

and unloading times are taken as 10 and 5 minutes respectively. " The
1oad'numbers are indicated on.Fig 3.1. L

, Fo]]ow1ng examp]e computat1ons given to 111ustrate the inter-
act1ons descr1bed in prev1ous sections, and the comp]ete operation

time matrix is given in Table 3.2.

a) Stage l: Case a

+TU+TL

o |
4.6 7 L (6o1-2),11 [ (6-1-2),2

d2,4 + TU + TL

50 minutes

’:since , L]’2 L3 1 |
This computation is related with Arc A on Fig. 3.2.



" b) Stage 1: Case b

w =d v
4,7 7 L g9y ,0205 I (721-2) 1]

g . ‘ £ TU+TL
[Li7-2) 1 1o Mt (70-2) 1]

"~ = 70 minutes

c) Stage 2: Case a

. N d :
2,9 % TLig1-9) 1 15[ (9122 2

80 minutes

Sipce L6,1'= 3

d) Stage 2: Case b /

w3 10 = d

+ TU+ TL

55 minutes

+ TU +
] TU+ TL
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+d .
Sz, o2y, oa-2) 20
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Load 7
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TABLE 3.2 - The Operation Time Matrix Obtained
From the Transformed Network of
Examp]e A

8

@ @ o 110 75 80 55 70 80 - 35
85 55 85 35 50 100 55

8

5w o™
8
8
8

o ® oo ® 90 50 70 85 110 65

5| ® @ 45 w 8 75 90 145 100
6| o o 8 55 o 35 50 100 55
7| o o 110 75 8 = 70 80 35
8|= © = 75 90 50 70 110 65

9o w o 45 95 80 75 o . o 100
10| © o 8 5 8 35 5 100 <«

o O O O O o o o

11 oo -] [=4] © - o c© - o o oo -

3.2.4 The Network Transformation Suggested by U]usby

“Ulusoy (1981) has fprmU]ated the transformed network in .a
slightly different way. | \

According to his formu]ation.there aré (R+M) nodes. That
fs, all airports are placed in this network without caring whether
“they have planes initially or not. He a]so~put one node’for‘each

~ of the loads as in our case.
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" He omitted theAinteractions discussed‘ih Stage 1 case b and
Stage 2 case b. That is, the cases which enable empty flights between
airports are omitted. In order'to.repreéent_émpty flights he has

- defined two set of new interactions.

i) To enable empty flights at the first leg, all nodes rep-
resentihg airports are interconnected with arcs whose
operatibn times equal to the flight times which they

repreSent.

'ii) To enable empty f]ightsrlater in the routes, all nodes
- representing loads are connected to all nodes representing
'qirports, e*cept to the»afrport‘same as the ending airport
fbr that load and the associated f]ight times are assigped
_as the operation times. |

3.3‘ Computation of SQ and CJ .

| Using the transformed network and the operapion tihe matrix
W, we shall obtain SJ and C; by enumératihg a]]f"simp1e paths" froh v
the artificial source ﬁode to artificial terminal node. By a simple
~path between any two nodes of a network, we mean a path with no

repeating nodes. Such an enumaration will lead to paths like:
[S:p22048, 50+ Ry T] | (3.8)

where, S and T represent artificial source and terminal nodes res-

pectively.
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Also,
pe {2,...,RP+1} i.e., p refers to one of the air-
' ports which has planes ini-
‘ tially _ _
and 21 e {RP+2,...,RP+Mr1} i.e., 2.'s refer to the loads

covered by that path

This sequence of nodes is guaranteed for all the simple -
paths since there are no arcs directed from nodes representing
loads to nodes representing airports and to source node. Also
there are nd arcs direCted from nodes representing airports to |
“terminal and source nodes. Node T is forced to be the terminal
node since there are no arcs leaving T; just as node S is forced
td'be the source node. | | |

Therefore, by enumerating a]] the simp]e paths,betweend
nodes S and T over this transformed network, we can obtain all pos-
| sible eombinatipns for S;. That is, all possible combinations of '

Toading a plane withﬁdifferent,groups of loads can be obtained.
iWe'can differentiate between initial airports, since these simple
paths invd]ve initial airports ’ By this way, these paths will
directly g1ve us all SJ and th comb1nat1ons and the1r cost figures
(CJ s) being the time required to traverse that path. That is,
]ength of that path over the matrix W.

In general enumerating a]] the S1mp1e paths in a dense
network is practically 1mposs1b1e due to the tramendous number of
combinations. But in thevcase of the bott]eneek rout1ng we do not
require all the combinations. Only the ones which are shorter than

a prespecified length, dmax’ are needed.
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There are two ways of establishing value of dmax'

1) dmaX can be decided upon a priori as a result of opera=

tional requirements and be given.

{
ii) If no such a priori decision exists, then the analyst
can estimate the latest mission completion time by simply

overviewing the situation.

3.4  ENUMERATION OF SIMPLE PATHS SHORTER THAN A GIVEN
LENGTH |

For enumerating simple paths‘in a graph many techniques have

'been devg]oped. Solving this‘problem is often the first step of
_1mportanf procedures like symbolic‘network analysis 0r tefmina]
reliability éompytations in a communication network (Fratta and
Montari, 1975). A

‘ Tw0'esseﬁtia1]y different téchniqﬁes can be;eXtracted from
the wide literature 6n this problem; the routing technique and the
matrix technique. .

. The routing technique (Lin and Anderson, 1969) and-Kroft;
1967) is useful mainly for enumerating all paths-between a single
pair of nodes.

The matrix‘technique (Danielson, 1968) is based oq’computing
symbolic powers of the graph adjacency matrix. In fact, each ele-
‘ment (i,Jd) of the'm'th power of the}adjacency mafrix contain§ all
paths of Tength m-betWeen nodes i and J. This technique reduces

the combinatorial explosion since it erases nonsimple paths during
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the executionlof thélprocedure.

7 Fratta and Montanari (1975) introduced a path a]gébra and
translated fhe path pfob]em into a system}of linear equations in
this algebra, which they solved by an iterative method. .

In order to enumerate the simple paths in the transformed

network, I have‘choseh the routing technique for the following reasons:

i) Although it is an exhaustive search procedure, it
-requires very little memory. Only the adjacency matrix

needs to be stored besides some negligible control arrays.

ii) It is essentially devoted to the prob]em of enumerating
paths -between given nodes. So, unnecessary effort, such |
455 trying to ‘generate the paths between all nodes is

avoided.

| i11) The procedure séperate]y traces up all nonsimpTé paths up
to the second occurrence of thé first repeated node.
- That is, forms the path by gradually adding new nodes.
This fact is advantageous while generéting paths shorter

“than a prespecified length.

Lin and Anderson (1969) have. given major steps of the

a]gorithm as follows:

Step 1% Define a. fixed ordering of the arcs stdrting from each
node. Let A be the first arc starting from S. Mark S

and T.
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Step 2: Let V2 be the node where A terminates at if V2 is unmarked,

then, if no
then,

else,

e]sg, if V2‘
then,

else,

arcs start from V2,

go to Stép 3

mark V2 and A

rename A with first arc starting from V,
go to step 2

=T,

a simple path between S and T is obtained.
store it |

go to step 3.

go to step 3.

| Step 3: Let V1 be the node where A starts‘from.if A is the last

arc starting from V],

then, if V]
then,

else,

else,

S

stop all paths are generated.

erase mark from V] and A.

rename'A with themarked arc termfnating at V.

go to step 3.

rename A with the successor of A in the ordering

relative to V], go to step 2.

This algorithm is revised to generate SJ's and CJ'Srmore

efficiently. But before describing these, we must mention another

simple transformation

. As it'was defined, arcs leaving the nodes

S and arcs entering the node T have zero time. At this stage a

positive time € assigned to such arcs, since we identify an arc as
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marked or unmarked by looking at its sign in the operation time
matrix W. Thus, due to the structure of the transformed network
all the path lengths will be increased by 2¢. Therefore dmax is

kupdated as (d 2c) before starting the procedure. Also, note

max
_when recording the paths their lengths should be decreased by Z2e.
The routing a]gorithm sUggestslthe use of adjacency matrix.
But by the usé of weighted adjacency matrix, we can still identify
arcs, furthermore store their 1engths. A]so keep marks of these
‘ _afés on this matrix, by keeping track of their signs."Thekefore,
we only need an array to control mark‘of nbdes. We do not need to
write dowh all the arcs starting from each node if we move sequen-
‘tially on the weighted'adjabency matrix.

Flowchart 1 illustrates the steps of the revised form of i

the routing technique.

3.5 PATH ELIMINATION

| Due to the nature ofbpath generation algorithms they gene-
'rate all pehmutatiOns of paths between ngen nodes. 7As an exampie,
assume in Example A if path ],2,9,8,11 will also be generated un-
less their 1ength$ are greater than dmax' But according to our
definition (See Eq. (2.9)) the shorter one should be.képt and rest
should be eliminated. | _

'A]though thé number -of péths does not bring any prob]em
during generation phase,vthe elimination process creates necessity

of keebfng the paths in the memory. It is also possible to make



elimination without storing the paths in the memory, but it will
be very time consuming. . Thepefore, if the number of paths are on
the order of few thousends,-then it would be faster to perform this
task by storing paths in the computer memory. '

In order to speed up this process fo]]ow1ng ideas have
been developed. Assume that the paths obtained after the executioo
of path generat1on routine stored in one of the mass storage dev1ces
of the computer system used. |

The maJor problem elimination process is to 1dent1fy whether
any two .paths cover the same nodes or not. In order to make this
identification easier, every node is assigned a random odd integer,
-as a dummy demand. Then, for each poth, the sum of node demands on
thot path will give the demand of thatrpath. ﬁhus, if any two paths
cover the same nodes, then their demands are'equal;

We can sumnarize the elimination process as follows. Note,
ﬁa shows the first occurrence sequence number of a path'with‘demand

d, in the memory.
‘Step 1: Set i =0 and'ﬁa =0 for all possible d values.

Step 2: Read next path from mass storage. Calculate its demand d.
If'ﬁd z 0 then, 90 to step 4; otherw1se, ‘go to step 3

Step 3: Let J ='5d. Starting from J'th posttion in the memory
check whether there exists any path covering the same nodes,
with last read one. If such a path found, then, select the

shorter, and locate to that position; otherwise, go to step 4.
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Step 4: Set i = i+1. Record the Tast read path, to the memory as

i'th path. Set Dy = i. Go to step 2.

In Flowchart 2 the detailed steps of this process is illus-

trafed.

3.6 SORTING THE PATHS

Algorithms qSed in this thesis for the bottleneck routing
of mj]ifary,cargOIAirplanes reduire the paths to be sorted according
to their 1ehgths in an ascending order. Therefore after the elimi-
natibn proces§ the paths have to be sorted.

For this'purposevtheré'are a variety of methodé"reported
in 11teratufe (Knuth,”1975). Depending upon the‘numbek of paths
generated two methods have been used in this thesis.

If there is a feasonab]e number of paths, then, the well-
established Heapfsort technique is used and all the paths are sorted
in one step; | |

| If the‘number of paths i; ]arge, then, one should resorf to
more sophisticated sdrting techniques. Most common tgchnique is to
‘divide data intd reasonable sized groups. Then, sort eéch group
1ndependent1y and merge thése sorted grdups. ‘Since the UNIVAC 1106
Operating System has a'SORT;MERGE package curfent]y available no
program is developed for sorting large amounts of paths. But thé
prdgram_]istiﬁgs of thé first technique can be seen on Appendix F.
After the‘gnereatioﬁ, e]imfnation and sort 6perations, the

paths aré stored on a sequential access data file on one of mass
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storage devices of the computer, which will be called as "mass storage”

in short from now on.

3.7 THE ALGORITHM DEVELOPED FOR BOTTLENECK ROUTING
"' PROBLEM ‘

. 3.7.1  Introduction to BRP Algorithm

As it was explained at the beginning.of this chapter, this
algorithm approaches the BRP in a different fashion. That is, we
start with no path at hand and eniarge S gradual]y; The sét’of
patis. that are currently avai]ab]e'at haéd'at‘any stage of the
algorithm is called the "path list". Aliso, the term “Joad cardina-
.‘, 1ity" ié used to expresé number of 1oéds covered by the associated

| path.. o

We can briefly summarize the algorithm as fo]Tows,
Step.1: Initialize

Get some paths from mass storage intolthe path Tist until

some conditions are satisfied.

Step 2: Search _
| Search over the path Tist. If there exists a solution then
stop. The solution is an optimal solution to the BRP. ‘

Otherwise continue.

Step 3: Enlarge
| | ‘En]arge the. path 1istrby getting some more paths from mass

storage. Go to step 2.
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The fo110wing\sec£16ns wi]i explain each step in detail while

giving the necessary proofs.

3.7.2  The First Step: Initialize

At the beginning‘of the Initialization step, we have'no paths
at hand and we begin by taking paths into the path 1ist. We sequen-
tially fake fhe paths from mass storage until a CHange in path
length is observéd! When such a change occufs, we shall apply the
foT]owing rules in order to.detect whether the_paths at hand can
give rise to a feaéib]e golution or nat. If so, we sha]] go the
Séarch,step to locate that solution. Otherwise we shall continue

taking paths from mass storage until another length change occurs..

The Stopping Rules:’

A}

Rule 1: Coverage Check

If f]]

list, where

<M, then there cannot be solution in the given path

‘number of times node J occurred in a path
with Toad cardinality i, within given path
list; if d > 1. -

fiq = | - (3.9)

number of disjoint loads on paths w1th
load cardinality i; if J = 1

If the number of disjoint loads covered by the paths whose
load cardinality is one is less than the total number of loads,.

'thenbthe§e cannot be a solution. It is enough to check the paths



whose load cardina]ity ié one in.order to_detect whether all Toads
covered or not by the given path 1ist, due to the following proposi-

tion.

“Proposition 3.1: The first occurrence of every load will be in a
path whose load cardinality is one, if the paths
are ordered\by the procéss defined 1in Sections

3.1 through 3.6.

Proof: :The proof follows from triangu]ar‘inequa11ty which

~ holds, since the Euclidean metric is valid here.
Q.E.D.
The statement of Proposition 3.1 can be generalized as

" follows,

Corollary 3.1:  Any load £ ¢ {1,;f.,M}vcanﬁot appear in a péth_

whose load cardinality is (k+1) before appearing

in a path whose Toad cardinality is k, for k = 1,2,...

Before‘introduéing Rule 2, 3, and 4; let us first make the

following definitions.

Definition 3.1: The configuration vector is the vector which shows

the number of loads assigned to each plane. Let,

M

P

Q= (3.10}

where the operation stands for integer division

and et K be the remainder of this integer division.
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Definition 3.2:  The configuration vector, in which the number of

paths whose Toad cardinalities are large is minimum,.

is called the minimum configuration.

If GmaX = Q+1, where Gmax.ls the largest 1o§d cardinality

in the given path 1ist, then the vector,

T QuQseesls Q.0 ., K> 0 (3.11)
- P-K K

is the "minimum configuration" vector indicating that K planes carry

(Q 1) loads and (P-K) planes carry Q loads.

If K = 0, then the minimum configuration occurs when Gmax = Q B

and indicates that P planes carry Q Toads.
| Total number of Toads hahd]ediby minimum configuration is
M, i.e.,‘ali lToads are carried by the minimum configuration. This

~can be easily shown as follows,

(P-K)Q + K(Q+1) = PQ - KQ ' kP + K

PQ+ K

M

when GmaX = Q+1,kthere are other configurations such as,

C= [0ees0s 015 QL@ (3.12)
PK-1 1 kel o |

But such configurations necessitates more loads to. be covered by

paths of .load cardinality (Q+1) than the minimum configuration.
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‘ As an example, assume that'there aref14v1oéds and 4 p]anes} ‘

(i.e., M= 14 and P = 4). This results in Q = 3, K = 2, and

:E = [3,3,4,4]. Assume that Ghax = 4, then we have to construct

a so]ut1on by utilizing paths of 1oad card1na11t1es of at most 4

'and T is that configuration of solut1ons wh1ch m1n1m1zes the use of

paths of load card1na11t1es 4. For this case, the configuration '

defingd in Eq. (3.12) will be C = [2,4,4,4]. This configuration

utilizes more paths of load cardinality 4 than mihimum‘configuration,‘

Which 1mp1fes that longer paths must be utilized and thus more paths

h must.be processed in the path 1ist. | | '
Thus,_if‘we resort to full enumeration, where we generate’>

paths of 16ad_cardina1ity K on]y,aftér’we have geﬁekated all paths

of 1oéd cardinality (K—]),,theniwe shall first catch a sb]ution wjth’

‘minimum configuration.

Rule 2: Member Size Check
Let, . |

Ml = - - o (3.13)
Q L, if K=0

If G, < M1, then there cannot be a solution Qenérated from
the available pdth list. Since, in that case total loads carried by
P pianes can never sum up to the total’number of loads as can easily
be showh. |

In the previous example, if there is no path with 1odd car-

‘dinality greater than 3, then there cannot be a solution with 4
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~ planes, since the maximum number of loads that can be carried would

‘be 12, whereas there are 14 loads to'be carried.

“Rule 3: Minimum Configuratiothheck v

If Gﬁak = Ml and f 7 < (M1 x K), then, there cannot be

M1,
a solutioh generated fromvthe avai1ab]e path 1list.

| This rule is more strict form of Rule 2. In this case,
we'considef the numEer of disjoint Toads covered by the paths of
Toad cardinality Mi. Sincé no path with load cardina]ify (Q+2)
'have'beeh read from mass storage (GmaX = M), the cbndition for
- minimum configuration 1slsatisfied and we need_at least (M1 x K)
loads coVered by paths 0% load cardinality Mi.

| To 111u$tra£e this fu]e, cdnsider fhe previous examp]é
again. We require at least 8 1oads to be covered by paths of load
cardinality 4, if no path with load cardinalit&‘s have yet occurred.

' This means, we need at least 2 planes be allocated to paths of load

cardinality 4, with disjoint loads.

Definition 3.3: The Worst Load

Let
_ min maximum load cardinality ' f
G ip = overall {'of the paths in which (3.14)
m loads 2 L1oad £ has occurred so far ‘

Then,
W = is the load £ for which the minimum of ex-
pression (3.16) has occurred is called the

wOrst‘Load.
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Rule 4: Worst Load Check
 Let,

REM = Q - 6 . | (3.15)

MI % (KeREM) B (3.16)

- Ml

If 6. =M and fM],1-< M1, then, there cannot be a feasible
»solufioﬁ generated from the available path list.

Note that, this rule doeé not apply when REM + 0.

Since Gmax = MI, there are ho pathé in the path jist whose
~ load cardinality is_(Q+2). Therefore, péths with load cardinality
M1, should co;er more loads in this case. ’Beéause at least one load
should be covered by a path whose load cardinality is less than Q
(i.e., 1oad W should be covered in a path whose load cardinality is
qnin)‘ . :
- This rule says paths with load c@rdina]ity Ml shou]d cover /

- M1 loads.

=l
—
i

M1 x. (K+REM)

M1 x (K+Q_Gmin)
Ml x K+ MI(Q - G .

min)

MI loads should be covered by Rule 3 and (Q - G_. ) is the gap

min
| brought by the situation of load W and this gap should be covered

by paths of load cardinality (Q+1).

' As an example, assume that there are 32 loads and 6 planes

(i.e., M =32 and P = 6). This results Q = 5, K = 2, C = [5,5,5,5,6,6]

and M1 = 6. Also assume Gmax is 6 and largest cardinality of paths
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covering one of the.loads is 3. Thus, G . = 3; REM = 2 and

min
Ml = 6(2+2) = 24. If there exists a solution, then that solution
shou]d,cover one path of load cardinality 3’énd the configuration
will be 5,3,6,6,6,6 s which implies that at least 24 loads should

be covered by paths of -load cardina]ity 6.

Rule 5: Minimum\P]ane Check
This rule applies no matter what the vaiue of Gmax-is' A
10Wer bound on thé humber of planes is established by checking the
' péth list at hand. If this Tower bbund is Tess than the plane avai-
lability, then, there cannot be any solution generated fhom the
path list at hand. | |
| ‘Essentially planes AFe assigned to. paths without checkihg‘
any of the BRP constraints and these assignments'are made on paths
whose load cardinalities are larger (as.far as possible).
It is better to explain the principle of the minimum'pléne
check’on an exémpTé. k | V
Let us suppose that we have 14 Toads to cover and the given
path 1ist has the f011owing charactéristics: -
. 6.7oads are'covered by paths of load cardina]ity 4
4 loads are covered by paths of Toad cardinality 3
3 loads are covéréd by paths of load cardinality 2
1 loads are covered‘by baths of 1qéd'cardina1iﬁylj
Sinée the fo]]owing analysis is for the miﬁimum number of
planes necessary, let us assume. that Toad and path combinations

are such that all the assignments indicated, are possible.
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- Start by assighing one of the planes to a path with load
cardiné]ity 4.' So 4 loads are covered. No two planes can. be
assighed to paths bf load cardinality 4 since this will result to
an infeasible solution to BRP anyhow. The remaining 2 of the 6 |
Toads that should be covered paths whose ]oad'cardinélity 4, in
this case will be covered by paths whose. Toad cardinality 3. By
Corollary (3 1) to Prop051t1on (3. 1), there have to be paths w1th
load cardinality 3 covering these loads. Thus with the additional
2 loads, 6 of the loads aré to be covered by paths with load cardi-
nality 3, now; So, we,méke 2 plane assignments to paths with load
cardinality 3; which makes a total of 10 1oéds covered by 3 planes.
Similarly, one plane is assigned to path‘with load cardina]it} 2
ahd the remaining 2 loads are then covered by paths of load cardi-
. nality 1. . Thus, aitota] of 6 pTaneg are required. If the plane .
availability is less than 6, then, there cannot be a solution with-
in this path list. | o

We can summarize the process as follows,

Step 1: Let ?d the number of loads covered by paths of load

cardinality J, (J = ]”"’Gmax)' (3.17)
Let J = Gmax and T = 0 and go to step 2.
, . ?d
Step 2: Let TT =[—]
. J
and set
T=T+ 1T
3 —J [y - TTx Jd] ; | (3.18)

J-1
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© Step 3: Let J« J-1. If J = 0, then, T is the minimum number of

planes required. Stop. Otherwise go to step 2.

None of the above rules strict]y‘guaranties the existence
‘of a solution within a given path list. Even if a gfven path list
_ passed a]]rof these checks, thefe‘still'may or may not be a solution
“to BRP contained in that path list. But if one of these rules fails,
, Ehen, this implies that the given path 1ist does not contaih any
so]utfon. .The major‘advantage gained by using these rules is tﬁat
they are simple and are very fast in giving an idea gbout the size

of the path 1ist required to achieve a so]ution.

3.7.3 The Second Step: Search .

| At thisvstep our objective is to find é'solution that satisfiés
the constraints of BRP (if such a solution exists). As it will be
proven in Section 3.8 if there exists a éo]ution, then, it will be
the optimal solution to the BRP.

© The procedure deve]oped here intehds to find out a feasible
solution which utilizes P or less p]ane; (1§e.; paths) within given
theAbath'list.‘ As.a result each p]ang.w111 be assigned to a path.
During this Step, a'partial solution is generated and paths are
included in or deleted from this partial solution iteratively until
’a compiete feasib]e solution is obtained or, otherwise the procedure
'sw1tches to the Enlargement Step. ,

The search step can be briefly stated as fo]lows,
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Step a: Resequence the current sorted list of paths, such that the
number of. iterations during the search procedure is minimized.

‘That is, perform so called "Blocking" operation.
Step b: Decide on limits of the search.

Step c: Search to find a féqsib]e path to include in the current
partial solution. If such a path is fqund,‘go to step b.
Otherwise delete last path included in the partial solution

and go to step b.

The details of these steps will be discussed in the following

sections.

This'step 1s.1n princip1e similar to the first step-of the
c1assica1 SPP algorithm suggested by Christofides; namely the
"blocking" steb. That procedure'was'éxplained in detail while"
intkod@cing>thé algorithm. -Since classical SPP does‘nof care how
mahy paths (sets) shop]ﬁ be utilized and tries to minimize total
" objective function value, it directly 6perates on paths which con-
tain uncbvered elements of ]oad.set L. So fhe‘blocking process is
designed to group paths whfch do not cover thersame loads (rows)’
together. But in our case, the number of 1oads'per plane is
crucial. If we choose paths which contain more loads, then, we
: sha11 have more chance to 6bta1n a feasible solutidn which utilizes -
'given or'Tess-number‘of planes, quickly. Sincé we do not care about

the total objective function value.
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- Most of the time there is an unbalanced distkibufion of .

103& frequencies‘ﬁithin the given path Tist. Although some of
the loads coveredkby many paths, some of them are covered by
relatively few paths. Such a situation résu]ts from the geog-
raphical distribution of loads and b]anes initially. If thére
are 1oads far away from the initial airborts of'the available

planes, then too much time has to be spent to carry such loads.
| While, in the mean time loads in the vicinity of the initial
airports of the planes can be covered by several éombinations.
Often the maximum distance to génerate paths (dmax) is set such
thgt these remote loads are just covered. So the b]ocking proce-
dure should enable the search mechanism to focus on such'remote
loads first. |

The'foregoing discussion réveals that' there are two im-

portant decision criteria in the blocking process.

i) The frequencies of loads.

ii) The load cardinalities of paths.

Thus, depending upon the nature of time data of the origi-
nal problem and the informatibn generated while taking the paths ;
from mass storage, two alternate methodS‘for_blockihg can be |
identified. | |

The next two sections will describe the details of these
v methdds."But before getting in them; nofe that as a result of |
b]oéking process the sequence of paths in-the current paths list

is changéd,'that is a new path 1ist will be generated, the search
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for a path to aSsign_a p]éne will start from the bottom.of this new
path 1ist and will gradually move up (See Fig. 3.3). Therefore

critical paths should be forced to the bdttom portion of the new ’

Tist.
path « 1 | TOP OF THE LIST
- no A - '
» ,
ToTTTT TR 4 Direction of
. ___PATHS . ________ - the search
user|_ | BOTTOM OF THE LIST

FIGURE 3.3 - The path list

3.7.3.1.1 Method A: Blocking With Respect to Load

Frequencies

Usually when there are remote Toads to be carried,
there are greatef deviatiohsvin the load frequencies. This typé
of b]dcking fs preferable when there are such'deviatiohs. The
paths covering loads whose frequenc1es are the least, are selected
and located to the bottommost empty pos1t1ons of the new Tist |

sequentially as follows.,

~ Step a: Calculate total 1oad frequencies, i.e.,

Grmax ‘ o
T, = ) f__ L , C(3.19)
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Note, Ty is the total number of times load 2 is covered in

~ the given path 1ist.

~ Step b: Choose an unconsidergd load whose frequency is the least, -

Ties ‘are broken arbitrarily.

Step c: Scan the path list to find out paths which cover the chosen
~ load and not marked yet: If any such path found, then, put
~ them at the bdttommost avai]ab]e ]ocatiohs of the new path

list and mark them on the old path']ist.

Step d: If all loads are cdnsidered, then stop. ‘Otherise go to

- step b.

‘During,the insertion of the paths into the new path list (in
“step'c), we have a]ternativebways to proceéd; since there are in
- general mbfe than one Candidaté paths selected from the path Jist
which cover the same load. The problem is to choose the one which
Wi]]‘be located to‘the bottommost avai]éb]e position in the new path
'1isf; so that the,choseﬁ one will be considered first by the search
méchanism. The best approach appears to be‘to ]oééte the path,whbse
1oad cardinality is the 1argést to the bottommost gvéiTab]e pbsition.
’Ih order tb avoidvthé use of‘additional memory space, a heuristic
rule is adopted when coding the a]gorithm; According to that rule,
the longest path among the candidate paths is located at the bottom-
most position, based on thekgeneration that thé longer the path, the |

larger the number of loads it will cover.
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3.7.3.1.2 Method B: Blocking With Respect to Load

" ‘Cardinalities

This-type of blocking is preferable when there are no
great'deviations.in thetldad frequenéies. Undervsuch circumstances
thé'method’suggested previoué]y woqid'have no significant effect.

Thus, in such cases, it would be better to locate paths which cover
more loads to the bottom_pdrtibns of the new path 1list, so as to

évoid uﬁneceésary iteratjons of the search procedure with paths
covering relatively few loads. This type of blocking can be sumﬁarjzed

as fol]ows;

‘Step a: Set g = Gmax
'Step b: Choose paths from the path 1ist which covers g loads and
locate those paths at the bdttommost availab1e p1aces‘of

_ the new path'list.

Step c: Decrease g by one. If g = 0, then, stop. Otherwise go

to step b.

‘Also, in this type of blocking we have‘altérnative ways to
~ proceed in second step. In this case, the best is to Tocate the

path of least length at the bottommost available position.

3.7.3.1.3 storage Space -for The New Path List

Although a new path 1ist is generated, it is not neces-

sary to store it as a new list. An imaginary path list will be
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- enough. Suoh that only a one-dimensiona]—array can be uti]ized
instead of a new list. The elements of this array are pointers
representing the paths on the new‘list. Each element points to
the pos1t1on of the related path in the old path list. This arkay
is ca]]ed the ADRES array. |

This is an iterative step. Each time the procedure reaches
this step, we have a partial solution which uti]izes 0<KPL<P
planes (KPL being the numoer of planes utilized in that partial
so1otion). After this steo, the procedure will begin to search
for a path to assign the (KPL+1) p]ane Note, the search procedure
will move upwards from bottom search 11m1t to top search limit. Let
us denote the bottom search Timit by KSET and the. top search 11m1t
by KRT. | |

Depending on the number planes (KPL) utilized - in the current

partial solution, the search limits can be established as follows.

A) Assignment of First Plane (KPL = 0)
This means either the process achieves to this.step for the
. first time or one wants to chaoge the path assignment of the first

plane.

a) The top search limit (KRT)
The top search limit varies by the blocking method uti-

1ized. Let us first consider the case for the blocking method A.
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Let SF; be the,path number of the first occurrence of load
‘J in the new path iist (i.e., load J has not been occurred in paths
1ndexed'1,2,;..,(5FJ-1))._ Then, the top search Timit will be, |
KRT = max (SF) = S _(3.20)
Je{l,..,M ' .
Sinée the load which gives rise to the value of KRT, does not.occur
in any -of the paths 1,2,...,(KRT-1), it will be Qse]eSS'to search
~ these paths in order to assign the firSt plane. That is, if we
cannot'aSSign‘the firgt plane to path whose index is gréater than
- or equal to the va]he of KRT, @hen, this implies that we cannot find
a‘solution to BRP. Let us now consider the case of bTockfng'method B.
| Let YF; be thekpath‘number of the first occurrence of path
Awith Toad cardinality J, in the new patH list (1:e},'1oad tardinaﬁ
11t1es ‘of the paths 152,...5(YF;-1) are less fhan-J) Recall that
(M—QxP), which is the number of p]anes requ1red to assign to
vpaths W1th 1oad card1na11ty (Q+1) g1ven ‘there is none w1th load
card1na11tyv(Q+2). Depend1ng on the va]ue“of K, there can be two

.cases.

i. K> 0. Assume that no plane assignments have been

th

rea11zed until (YF +K) path Then exactly K planes

should be aSS1gned to paths 1ndexes (YFM]+K 1), (YF +K-2),..

.5 YF Since a]] paths with load cardinalities (Q+2)

Ml-
are exhausted due to the blocking method B. "Therefore

ass1gn1ng the first plane to. path whose 1index 1ess tnan

- (YF, K—l) will not enable other (K—]) p]anes to be

Mi
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located on that interval and will cause ‘infeasibility.

Thus, the top search limit is determined as,

KRT = YF,

wmt k-1 ‘ (3.21)

ii. K= 0. Similar to the reasoning in the previous case;
all P planes should be assigned,on the interval |
(YFM]+P-]),(YFM]+P-2),...,YFM,41f no plane assignments
has been.rea]ized up to that point. Thus, the top

search limit will be,

KRT = YE,

b) The bottom search 1limit (KSET)
Initially the bottom search 1limit for the first plane °
is the bottommost path. Namely KSET = USET (USET being
the total number of paths in the path 1ist). If the
proéess reaches this step again.sincé kPL = 0, then,
the bottom seafch Timit has to be the path which is
just above the CUrreht bottom search limit, i.e., KSET

is substituted by (KSET-1).

Since the partia] solution set is empty (KPL = 0) at this
stage, no search is performed to assigh the first plane and that
plane is assigned to‘(KSET)th path. Furthermore, the value of KRT
| does not' change (as far as the path 1ist is fixed) throuﬁhout the
iterations when KPL = 0. Let LSET be the value of KRT when KPL = 0
Therefore there are (USET - LSET + 1) posSib]é paths to assign the
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~ first plane. - If (USET - LSET.# 1) passes over this step, result |
without a feasible solution, then, the given path list cannot
contain any feasible solution. We terminate the search-over this

path'1ist, since block is exhausted. We move to the Enlargement

step.

B) Plane Assignments Beyond the First Assignment

(1< KPL < P)

a) The top search limiﬁ "(KRT)
- If some planes have been assigned already, then there

are two candidates for the top search limit.

i. Let; KLD: number of 1oads‘c09éred by KPL planes.

RL = M - KLD: number of uncovered loads.

RP = P - KPL: number of unused planes. .-

Then, YUK = smallest integer > RL/RP (3.23)

YUK is a redefinition of Ml for the reduced problem.
Then it means at least one pTane should be assigned to a path whose
load cardinality 1svét least YUK in order to achieve feasibility.
Hence, one candidate fqr the'top search 1imit will be,

MRT = YFy, | - : (3.24)

That is, (KPT + 1)th plane cannot be assigned to paths 1,...,(MRT-1).
~ Assume (KPL+])th plarie has been assigned to a path KP whose index

- satisfies 1 < KP < MRT% Then, the next plane shou]d‘bé assigned



the path whoée index less than KP. But load cardinalities of all

n

-

those paths are less than YUK. Hénce, there is no way to reach

a feasible éo]ution.

ii.

b)

. The second candidate for the.top'seakch Timit: S

LRT = moa x (SF.) (3.25)
ie[all uncovered toads] :

~ The (KPL+])th plane shou]d cover at least one of the un-

~ covered ]oads; Specifically this plane should either

cover the load whose first océurrence is at the bottom-

most or be assigned to a path below that level so as to

‘enable the next plane to cover the load under discussion.

Note-the proofs of the two candidates are complementary.

Since any vio]atioh‘of these two candidates will cause
infeasibility, the top search ]imit will be the maximum

of them. That is,
KRT .= max[LRT,MRT] - | (3.26)

The bottom search limit (KSET)

. If the last operation is a path addition. Let us first

COnéider the case when blocking method A is used. Let E

be the set of all loads covered by the last p]ane included

" in the partial solution and define,

KZ = max (SF.) : | - (3.27)
iek ‘ o .
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Then, set KSET to KZ-1. This is an 1mblfcit enumeration
.of all the patHs between old and new KSET values. Since
these paths should necessarily contain the load which
gave rise to the value of KZ, the search on these paths

will always be useless.

Let us now consider the case when-b]ockingvmethod,B ié
USed. Let thellast plane assigned to*path KP-, where
KSET < KP < KRT. Then, the new KSET values should be
(KP-1). Thérsearch for the next plane should start just
aftér the path KP. |

ii. If the last operation is a path deletion. |
Let KR be the path number which is deleted. Then KSET-
will be (KR-1). That is, bottom search limit is set to

the ‘path which is just above the deleted path.

After the search limits are determinéd;VWe check whether
KRT < KSET. If so, then, this means the feasible region to assign
(KP!__+1)th plane is’co]lapsed and the current partial solution cannot

lead to a feasible solution anymore. Therefore, we must drop KPLth

‘plane and go back to determine the top and bottom limits of the new
 search for a feasible path. OtherWiseQ we can go on searching'a path
- to assign (KPL+1)th plane between these limits.

In Fig. 3.4, the computation of search limits are illustrated.
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BOTTOM SEARCH LIMIT

Lat

KSET=USET staps

] t
KSET*‘KSET-]l

KSET=max(SF;)-1
iek

KSET=KR-1

KSET=KP-1

KRT:maX(YFyuk amaX(SF.i ) )

~ie{unco-

vered 1oads

\

FIGURE 3.4 - The flowchart of the cqmputation of search limit



3 7.3.3 Search For a Feas1b]e Path

The objective of this step is to assign (KPL+1)th plane to
a path which is betwéen predetefmined Timits. The searchlfok that
path will start from the bottom search 1imit and move up by checking
“each path individually for feasibility. First thing to check is
- whether the candidate path'qriginates from an airportAwhdse planes
have been used already by the current partial solution. If such a
case occurs, then, that path should be omitted and the one just above
it, has to be checked. After the initia] airport constraint, we should
check whether the candidate path covers any of the loads that are al-
ready‘covered by the current partial solution. A]sb, such paths should
be omitted due to so-called "no-overcowerind'.regriction of BRP. So,
© the process gradually moves up to the top search limit. '
"~ . If one of the paths satisfies the constraints given above,
" then, (KPL+1)th p]anevcén be assigned to that path, and that path
can be added to the current'partial solution. Since we have made
the (KPL+1)th assignment, we can set KPL as (KPL+1) and enlarge the
partial solution at hand.-

At this stage, if the total number of loads covered by the
current partia{ solution equals to the total number of loads to be
covered, then, we terminate having found a feasible solution satis-
fying all the constraints This solution is the opt1ma1 so]ut1on
to the BRP. The proof of optimality will be given in Sect1on 3.8.
However, KPL need not be equa] to the total number of planes avail-
able. We .have the possibility of reaching a solution using fewer

planes than available (See Example D).
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| On the other hand{‘lf the total number of 1oads covekéd is
less than‘the total number of loads to be covered, then we must re-
define the searéh Timits for the néxt piane and cohtinue search pro-
cess as defined. . .

Whi1e'searching for‘a‘path, if non of the paths satisfy
the feasibiiity constraints that is, péths,betwéén KSET and KRT
afe‘exhausted;kthen, we have to delete the KPLth plane from the

partial solution and again continue by redefining search limits.

~3.7.4 The Third Step: Enlargement

'if no feasible solution has been found at the end of the
search step (i;e., block one is exhausted), then, we shall take
some mdre_paths'from mass storage into the current path list so
as to enlarge‘the path list. LetHJL0 be the\1ength_ofvhhev10nge§t
path in the path 1i$t in which no feasible solution has been detected.
At thfs point we,know.that the length of paths remaining in
' the mass storage afe greater thanlko, since we must havé taken all
such path’in brevious steps. -Let zl'ge the‘length of the shortest
'path in the mass storage. By thé preyidus dfscussion we knbw 2] > 20.
Then, we should scanAmass stdrage until we gatch a path whose length
is greater thén 215 and welshall-enlargevthe‘path 1ist by taking in
_a11 paths of length 2]. After the enlargement, we switch back to
the béginning of Search step in 6rder to.reihitiate b]oéking process. :
V One must note that the original time data is assumed to be

integer..'So that after every enlargement Qperation, the number of
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paths taken into the path 1ist will not be equal to one most of

the time.

3.8 . THE OPTIMALITY OF SOLUTION_FOUND AT THE SEARCH STEP

While discussing the search step, we have claimed that if
one achieves a feasible solution, then that solution will be the
optimal solution to the BRP. The following proposition will give

the proof of that declaration.

‘ Propositon 3.6: -The feasible solution found by applying the Bottle-

neck Routing Algorithm is the dptimal solution to

the BRP.

Proof: ~ The search step can be achieved from either the

Initialization Step or the Enlargement Step.

In bqth of the,caseé, we have a path list, and let 20 be‘
the length of thé]ongestrpath in this path Tist. In any case
guéréntee that there is no feasible $oiution to BRP in some path
list. Then, we enlarge that péth 1ist by taking all paths of length
‘ 26+€ from the mass Storage.' During tﬁisrprocesé we maké suré that
there is no path of 1en§th 2; such-tﬁat Lo < & < 20+é. Thus, if
we‘ake able to find a éo]utiOn in this enlarged patﬁ ]iSt; then, it
should bé the optimal so]utibn of BRP with the optima1‘ya]ue being
(£0+e).‘ The optimal value of BRP cannot be reduced further. .Since,
if it can be reduced, then; it should be 2,+ But there is no solu-
‘ tion.amoﬁg paths Whose length 15']ess than>or'equa1 to Lq°

Q.E.D.
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3.9 GENERATION OF ALTERNATIVE OPTIMAL SOLUTIONS TO
“BOTTLENECK ROUTING PROBLEM |

-If fhe a1gonithm is not terminated after fihding the optimal
$olution of BRP, then it can genefate‘all other alternative optimal
so]utidns of the problem. This can be achievéd by assuming of

‘feasible (optima])‘solutién atlhand as a partial solutioh. In
this case the algorithm wi]]rterminate>at the point where'a]].the‘
paths that first plane can be assigned'a}e exhausted (i.e. the first
.block is exhausted). In thfs way, the pfocedure will turn to be a
(vfull enumeration process. Since bottleneck objection function value
"v does not}chaﬁge during the procégs. The solutions generatéd_by this
. way will bg a]ternétive optimal solutions to the BRP.

If theré;are more than one load speéjfied betweeh any two"
airports, then fmaginary a]ternatives_Wi]] be produced by the pro-.
~ cedure. | _ |

To illustrate this fact better, note that load 4 and 10 in
ExampTe B refer to 10ad§ to be carried from airports 4 fO'airport
3. The optimal solution found at the end of algorithm éssigns
plane 1 io loads 7,10, and 6 and plane 3 td,]oads 4, 8, 9 and 1.
Thus, if We do not terminate the process, we evéﬁtual]y reach a
solution identical to‘the previous one, except that tﬁé positions

of load 4 and 10. That is, plane 1 will be assigned to Toads 7, 4
and 6 and plane 3 will be assigned to Toads 10, 8, 9, and 1. When
there are manyvloads'in this status (Sée Example F) the number of

imaginary alternatives will blow up.
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3.10 THE ALTERNATIVE OPTIMUM TO  THE BOTTLENECK ROUTING
- PROBLEM WHfCH RESULTS IN.THE MINIMUM TOTAL COST

There are case'where, besides bottleneck objeetive functioﬁ
value,'the va]Ue of the tofaf job time is also impoktant. That is,
~ the first objective is to\mihimize the maximum;job tihe and the
second objective is to‘minimizerfhe total job time.

The SPP approach app]iee by U]usby, by def{ﬁition catches
'the}solution defined above, since the SPP a]gorithm‘fries to hinimize‘
the total cost.

Thelalgorithm developed here can be adopted in the following
manner fof obtaining that so]ution;

Let Z be the total objective function value that corresponds
to the partial solution and Z be best total objectivevfunction Qa]ee
yet reached among alternative optimal so]utfons ef BRP. Initially,
Z is set to jnfihity‘since there is no feasible so]ut{on yet.

While testing path.KP to assign (KPLH)th plane, first check
if Z+(]engtﬁ of path KP) < Z. If so;;continue‘testing. Otherwise,
omit the path KP. o

Continue the process as defjned_ineSection 3.9 until ‘the
first block is exhausted. Thus, the solution obtained in this way
will be alternative optimum to BRP which results in the minimum total
cost. |

| Th1s process cannot implicitly enumerate some so]ut1ons for
undesirable Z values due to the nature of blocking, but computat1onal
exper1ence has shown that the algorithm is not s0 poor compared to

- SPP in that respect
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Example C is chosen to demonstrate the steps of the algorithm.

Most of the stopping rules are inactive in this example.  But the

solution is found easily among 72 paths only.

The maximum distance criterion appTied to the generated paths

is 150 and thié resulted in a total of 163 paths after the elimination

process (See Appendix D).

From the data we get,

M

K=

12, P': 6, RP =2, Q=M/P =2

0, théréfore Ml = 2

N

The nodes of the transformed network represent the following

(referring to the formulation in Section-3.]):‘

J node 2

node
’hode
node
node
node 7
"node 8

node.9

o B w

->

>

node]Oj*

node 11 »-

node]Z-f

node 13~

nqde ]4;

node 15~

refers

refers.

refers

refers’

refers
refers
refers
refers
refers

refers

refers

refers
refers

refers

to
to

to

to

to

to
to
to
to
to
to

to

to

to

airport 3.

airport 4

load .

load
1oad
Toad
load

Tload
Toad

load
load
load
load
load

2
3 (from
4

.

(from

(from

(from
5 (from
6 (from
7 (from
8 (from
9 (from

airport 1
airport 4
airport 2
airport 4
airport 4

airport 3

airport 3

airport 3

airport 2

to

airport 2)

airport 1)

.airport 4)

airport 3)
airpbrt 2)
airport 1)
airpo}t 4)
airport 2) .

airport 1)

10 (from airport 4 to airport 3)

11 (from airport 1 to airport 3)

12 (from airport 1 to airport 4)
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,BRP algorithm starts by reading the paths from mass storage
éequentially and after éach length change it Qoes'on~the stoppping
rules. I ;

Rather than exp]ainjng'each step of the algorithm we shaT]
,_VjustAbriefly summarize the situation (detailed output‘is available
in Appendix D).’ Do |

rd

First note that, node 14 is not covered until 63"C path.

So there cannot be feasible solution up to this point. But we cannot

go on applying stopping rules just after reading 63?d

path. We have
torwait until a length change occurs. Note that the ]ength of path
72 is 120 and length of pathﬂ73 is 125. vThereFore‘we can apply stop-
ping rules at this point with the frequency matrix giveh in Table 3.3.

Since fy, = 12 = total number of Toads. Rule 1 is satisfied.

Since G = 3. Rule 2 is also satisfied. B

~ Rules 3 and 4‘afe‘inéctive since}Gmax > M.
For minimum plane check, note,
5 of loads are covered by paths of load cardinality 3.

| -6 of loads are covered by paths of load cardinality 2.

1 of 1oad$ are covered by paths of']oad cardina]ity 1.

At our best, we can assign a plane to a path of load cardiné—
Tity 3 and 2 Toads will remain to pé%hs of 1oadAcardinality 2. Thus,
8 loads can Be covered by paths of ]oad‘cardinality 2. Sqf at our
best we can handle these loads by 4 planes ahd the last load should
‘be carried alone. Therefore, we need a total of 6 planes. Since we
have already 6 planes, the rule is satisfied and the procedure switches

to the search youtine.
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The blocking step:

In accordance with the earlier analysis "Method A" for
blocking will be adopted here since there exists an unbalanced
distribution of load frequencies.' So, wé first should choose the
Toad which is least covered. That is the load 11 (node 14), it

is covered only by 63rd

path, therefore we should put this path

at the bottommést position of the new list. Namely, ADRES(72) = 63.
‘ | The next candidate load is 12 (node 15) which is covered
only 3 times. Thevpéths covering load 12 (node 15) are:

69: 2 - 15

44: 3 -5 - 15
30: 3 - 15

Therefore, starting from the bottom of both fists we shall locate

these paths. Namely,

'ADRES (71) = 69
ADRES (70) = 44
ADRES (69) = 30

Indeed the genera]ization accepted in Section 3.7.3.1.2 did

h

not hold in this case. It is preferable to locate 44t below the

th path since it covers more loads. But counting the number of
loads in each path and orgéniiing ordering accordingly can be

easily done. ’

Then, depending upon the total frequencies the rest~of the. add

array between two 1ists can be generated as listed in Appendix D.
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The first occurrence of-]Oads and load cardinalities. willvbé
obtained by the process defined in the F]owchart 3 and the/ are shown

in Tab]es 3.4 and 3.5 respect1ve1/

The Search Step:

Since we have 72 paths, KSET is also 72 initially. Since
: node 14 is only cerfed in 72, first.pTané has to be assigned on

'the 72nd path (ﬁamely thé 63rd path inkthe‘original list). There

cannot be any so]dtioh which does not cover that path.

" If path 71 had also covered node 14 then, KRT should be 71
énd the firét plane should be assigned, either f2 or 71. ABut that
is not the case.

As a result first plane is ass1gned to path 72 and at th1s

.point search Timits can be estab]1shed as:

Max SFJ

KSET =  Je[loads covered - 1
' in 72" path]
= {max [72]} -1
= 71
KRT = 69 That is, the point at which node 15 (load 12)

has first occurred. That is, path 69 contains
load 12. Paths 70, 71, 72 may contain load
12 and paths 1,...,68 do not contain Toad 12.

Forma]]yAKRT calculated as follows,
12 -1

RL 1

RP= 6-1z5

“which implies YUK = 3.’
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Thus, MRT = YF, = 12

3 ° .
and LRT = m a.x [SF;] = 69
ie[1,2.3.4,5.6,7,8,9,10 12]

Therefore, KRT = max[]6,12] = 69.

B According to this result only three paths have to be checked
for assigning the‘second plane. Namely, paﬁhs 71, 70, ahd 69. Path
71 involves nodes 2 and 15 ‘which is feasib]e for the current partial

 $01ution. The a]gor1thm dec1ded to a551gn the second plane to the

st

7177 path. It 1mmed1ately fo]]ows that KSET = 68 KSET = SF]5 1.

Then, we have two candidates for KRT as exp1a1ned previously,

12-2=210

RL = =
RP=6-2 =4
“which implies YUK = 3.
Thus; - MRT =_YIF3 =12 |
and,  LRT =  m a x [SF:] = 65

1e[1,2,3,4,5,6]7,8 9,10]
max[65 12] = 65

‘Therefore, KRT

_  Hen¢e; the search limits‘fdr the third plane are esfab]ished
to be 68 and 65. Within this interval path 68 is chosen which results
'. KSEf = 64 and KRT = 58. From this %nterva] path 64 is chosen which
results KSET = 57 and KRT = 52. At this point path 57 is chosen and
N the current partial solution become 72, 71, 68, 64, 57.. But this
resulted KSET = 51 and KRT =_72. Since search 1imits overlap we must
drop path 57 and move ﬁp to search for anotherpath. .Thén, path 55-

will be the path which satisfies the constraints.



contains 72, 70, 68, 64, 35, 22.

Simi]ar]y the process continues until the partial solution
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At this point all 1oads are covered

to achieve a solution which is feasible and so optimal to the bottle-

neck routing problem.

The details of the process are shown in the

computer output at Appendix D;

nd

TABLE 3.3 - The Frequency Matrix After Gett1ng 727" Path
Into the Path List
N od e s
I BRI I R R
Meanings g~ <|{m]| o o N < — —
of nodes Pl v o|lololo|lol oo o o o - | o
. 1 P . (4o [(o] < < o [(+] (3 < [(~] [4+] < [(o]
o o o o (=] (o] (@] (@] O . o (@] (o] (@] o
oo [ | —d o | - e | — -1 o | | ] —J
“Node 2 . ' ' ~
Number 1121 314]5]6 7 819110} 1 12 1 131 14 | 15
(U . :
R 'ig 1f 12 1221221212} 2 2 2 2 2 1 2
B [ . .
S2f1nj20j2a15|7)j9{1219|2{13|MNn 81 12 0 1
o .
_§;3 512131001013 1210 5 2 0 4 0 0
Totals 28 12339 | 7|9 w2495 liwoliz] 1] 3

TABLE 3.4 - First Occurrence of Loads in The New Path List

Load -

First occurrence
Path No.

— o] ot
N—=ODLLCoo~NOTOITRwWwN —~

58
52
32
7
24
65
1
14
43
3
72
69




~ TABLE 3.5 - First Occurrences of Load Cardinalities

in The New Path List

Load Cardinality

First Occurrence

Path No.
| )
2 5
3 12

85 -
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IV, THE AIRPORT CAPACITY CONSTRAINTS

4. INTRODUCTION -

Once the routes of the targo planes have been determined,

the,]dngest mission time is defined by the objective function
value of the ke]ated solution 6f‘the Bott]enéck Routing Problem
(BRP); At this point, the'service facilities at fhe airports should
be,cheéked to see whether they are sufficient not to cause any delay
to any of the f]ights{ The optima]'so]uﬁidn value of the BRP cons-
titutes of deadline for all planes to finiSh their job. It is ob-
vious that’af least one of the p]anes}wj]l comp]eté its job just at
the deadline. Other p]énes wi]]lhave some slack time to complete
their jobs. The slack times can be utilized, if there is demand
for seryice at any airport beyond its capacity.

| As it was méntioned in Chapter i there are two types of;

constraints on service facilities at the d@rports.

i. The number of planes that arefserViéed at a given
airport at any time cannot exceed ‘some predéfined _
Vimit. Let'CAP{ be the maximum number of planes
that caﬁ be serviced (1oéd1ng or un]oadihg) at any"

instant at’airpert 1.
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ii. The planes which have enough E]ack times can join the

| queues at some of fhe afrports, if service facilities
are busy.' But there 1is also a limjt on the sfze of the
queuevat each airbdrt. Let QCAPi be the maximumiqueue

size'at airport i at any instant.

Throuéhout this chapter we shall fry to find ont a schedule
’for planes which satisfies these constraints. |

In this sfudy~the servfce times of the planes at the airports
are assdmed to be constant. That is, these times ake independent of
both'p1anes and airports. The service time of a plane at an airport

has two components.

i. TL: the loading time

ii. TU: the un]oadingvtime.'

Affhough these components‘ofnthe service time ere‘assumed
to be conetant, this is/not a éfrict requirement. They may‘vary
from airport to airport and from,]dad to load. If such a situation
exists,{then‘different times cén be added on arcs defined in the
network formulations. For the eake of-simpiicity in notation and
for\the.sake of memory siZefreqUirement in the compdter app]ieations,
~ service times are assnmed to be independent of loade and airports. |
Befere getting in the,detai]s of thektechnique’deve]oped to

hand]e such constraints, one must note the fo1lowing_definitions.

th

q. MIS; is the mission completion time of the i plane,

if all planes start at the same time and if no- delay



88

‘occurs during that mission times. Their values are
‘obtained from the given solution of BRP. Specifica]Ty,
they are the lengths of paths that. the related planes

are assigned to.
ii. DUE is the longest mission time. That is,
DUE= m.a x (MIS) (4.1)
ie{l,...,P} ,

This DUE is the objective function value of the BRP

~ solution and corresponds to the deadline.

iii. SLACK. o is the amount of remaining slack time for plane

i at any time t and is defined by the equation,
SLACKi’tA=‘DUE - MISi - wAITi,t‘ S (4.2)

where WAITi is the total time spent at queues by‘p1ane

t
i up to time t (i.e., the idle time).

4.2 n-J0B, m-MACHINE JOB SHOP SCHEDULING PROBLEM

The sCheduTing of planes with given fixed routés has great
similarities wfth the n-job, m-machine Jjob shop scheduling problem.
So it will be better to define this problem fifst.

Suppose we have n jobs Jyseevady and m machines?M],...,Mm
which can handle atumost one job at a time. - Job.Ji (i =1,...5n)
"consists of a sequence of n; operations Or’ each of which corresponds

to the processing of job Ji on machine “(Or) during an unihterrupted

processing time of,Pr time units. We seek to find a processing order
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on each machine such that to optjmiie the’ choosen measurefﬁf effec-
tiveness (Conway, Miﬂerran_d Maxwell, 1967). |

"Thié problem is qdite formidab]e. Major difficulties are
computational since fhere are (n!)m poséib]é schedﬁ]ings in general
form.“There:are no efficient exact solution pfocedures known.
C0nway,/Maxwe11 and Miller (T967) Have formulated integer programming
models but computat{onaliresu1ts are not encouraging. ‘

Some heuristic modeTs‘are.used in general job shop scheduling

problem. Most commdn]y hsed procedures anWn as’"dispatchiﬁg‘rules"h
These are sﬁmpTy logical decision criter{a that‘enab1e an analyst
to select next‘job for processing at a machine when that machine
becomes available. Thus, échedu1ing decisions are made sequentially
over fime instead of all ét once. Such propedurés always include.
" the concept of "job priority". A job priority is a”numerica]-attri-.'
bute of‘a job, @efined in such a way‘tﬁat, a.job with the'sma11est
priority is scﬁedﬁled firétg Most of the time these priorities are
assigned heuristically, and most'of timé‘variOus types of informa-
tion available, about the statuélof work centers,.are incorporated-

in these decisions (Johnson and Montgomery, 1974).

4.3 THE RELATIONSHIP BETWEEN PLANE SCHEDULING AND
n-JOB, m-MACHINE JOB SHOP SCHEDULING PROBLEM

The scheduling of'p1anes with fixed routes is a complicated
version of the n-job, m-machine scheduling problem, where the jobs

are the planes énd the machines are the airports. Since the sequence
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of loads that §hou]d be carried by each piane is known, we can easily
'eXtract the sequenéerf airpdrts which ;hould be visited. Thus the
oﬁeration séquenceéAare‘defined,

| The opératioh tihes are defined as ‘loading and unioading
times dépehding Whefher the plane is waiting to load or unload res-
pectively.. ‘ |
" Each plane enters the system exactly once and should comp-
lete its time at time referred to as DUE in Eq. (4.1).. At the énd.of
scheduling process all the planes shdu]d complete their job latest at
this time. Otherwise the objective function value of BRP‘wiTl be .
increased by the maximum dé]ay amount.’; -

- These similarities imp]y that scheduling of planes is not so

il

easy. Furthermore, we have:fo1lowing differences from n-job, m-machine

scheduling problem causing additiona]_difficulties.

~i. We talk about the existence of a sequence dependent.set-
up time, since the planes spend time while flying between airports,

if we represent flight times as set-up times.

ii. Each machine can handle more than one job at any instant.
That 1s'each éirport k is capable of servicing at most CAPk planes

at any instant (See Fig. 4.1).

iii. Queues are limited. That is, each.airpokt k has a queue

capacity of,QLAPk,

_—1v. The sequence of the operations on a job can be altered

Asince’thé}koutes of planes can be changed if they still complete -
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their mission within the optimal value of problem.

J' Arrival of planes

Queue at airport k

Planes are -
being Toadec

or unloaded
at airport k

A Departufevofvplanes
'FIGURE 4.1 - Service mechanism at airports

Fofmu]atingithe p]ane scheduiingrpfob1em as a jbb shop
scheduling problem, establishes that it is very'hafd to deve]ope
an'exadt so}ution pfocedure in heré. Hence we must resort to heu-
'-  rfstic prbcedures,'name1y dispatching ruies.

Once the uSe of job shop schedu]ing~heuristic is accepted
the prob]em is to dec1de what the pr1or1t1es of p]anes shou]d be,
if a queue occurs..

In plane scheduling case thesé priorities should take into
' account the remaining slack times of the planes. The plane which
has the 1east,s]ack time shou]d be schedu]ed f1rst, since the
penalty cost of not sat1sfy1ng the given DUE time is very high,

'name1y that of the rejection of the solution.
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4.4 THE HEURISTIC PROCEDURE DEVELOPED FOR
PLANE SCHEDULING | '

The heuriétic procedure developed for plane scheduling is
a‘generalization of the heuristic procedure used for job shop
schedu]ing/problems.7 The major steps of the algorithm can be

stated as follows: -

Step 1: Initialize Clock

" For each'plane i(i=1,...,P), if the initial airport of
plane i coincides with the starting airport 6f.f1rst load . carried
by that p]ane,.then put plane i to the queue of that airbort and
set 1ts Job completion time to zero. Othersze, éet‘plane i flying
from initial airport to stérting'airport df fitst,loéd and set the-

job completion time to the end of this flight. fGo to step 5.

Step 2: Update Clock .
If all planes comp]éted their mission (1.e.,.d11 loads are
carried to appropriate airports), stop. OtherWise, set the clock

to the minimum of all the job completion times.

Step 3: Update Slack Time

Reduce the slack times of planeé which are waiting at the
queue by the amount of time spent between previous and current C]ock

times. If for any plane the slack time 1is negative, then no feasible

solution exists, stop. Otherwise, continue.
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. Step 4: Update Plane Status

to c]ock{

ii.

iii.

For each of the plane i, whose job completion time equa1$» 

. If plane i finished a flight, then put this plane to
:the queue of the next airport it has arrived at and

set its job completion time to infinity.

If plane i finished loading, then set plane i carrying
that Toad. to appropriate airport and set its job comp-

letion time to end this flight.

If p]ane‘i finished unloading and a 1oad1ng will follow,
then put plane i in the queue of the related airport
and set fts Job completion time to infinity. If plane’

i finished'un]oadingiand an empty flight will follow,

then set this.plane f]yihg to the appropriate‘dirpoft

-and set its job completion time to the end of that

flight.

Step 5: Decide on Prio;ities

For each of the airport J (d = 1,...,R). If unused)service

capacity of airport k is greater than or equal to the'quéue, then

- start processing all planes waitingAat that airport. OtherWise,

select the planes according to the minimum remaining slack time

priority rule. Update all job completion times either to an end

of loading or to an end of un]oading, depending upon the status of

the related plane. - If the queues at any airport exceeds the queue
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éapacity, theh no feasible so]qtion exisfs,‘stop, vOtherwise, go
to step'2 (Note, precessing a plane cén'start only if the related
'JOb completion time equals to current c]ock time.)

In pract1ce one wou]d expect that a plane un]oaded is ]oaded.
without re—enter1ng_the‘queue. But this seperation of jobs is often
useful while scheduling. Ifithe seperatfonkof jobs implies some
add1t1ona1 time (i.e., that of pulling the plane to the queue or
vice ‘versa), then those- t1mes ‘can be added to the qu comp]et1on |

timeé of the planes.

.4.5 THE HEURISTIC SCHEDULING PROCEDURE AND THE
BOTTLENECK ROUTING ALGORITHM

whilerdiscussing the So1utions»of‘the_Bott]eneck Routing
AigOFithm, it has been mentioned that tﬁere are some a]ternatiye .
4vso]ut16ns generated. These so]utions are sequentia]]y'cheéked
»by’the heuristic séhedu]ing broéedure in order to determine
’.whéthe} any-of'them is feasible, i.e., satisfy the capacity cons-
'traints‘of the airports. The heuristic scheduling pr0cedure does
not guarantee a résu]t and it can terminate without a feasible |
solution. But, if a feasible solution is obtained, then we can
vaccept it as a g]obal opt1ma1 solution to the overa]] problem,
since all the constraints are satisfied and the obJect1ve function
value cannot be reduced further.. On the pther hand, if scheduling
.términates without a féa;ib]e'solutioh, other sd]utions for the.

bottleneck routing problem must be-generated and checked.
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‘While checking the solutions of the Bottleneck Routing

Algorithm, following points must be Kept in\mind:

i.

ii.

Some of the solutions of‘the'Bottleneﬁk Routing Algorithm
are copies of each other, because of the multiple loads

between the' same airpofts, as discussed in Section 3.9.

Some of the alternative so]ufjons of the BRP aré not
generated’by the Bottleneck Routing A]gorifhm, Because
of the path e]imination-process.' Assume that the path
Pys [Ps2,,2,] is of length t;, and the path PZ’ [p, 2,,
%,] 7is of length t,, and t; < t, < DUE. Since both

paths cover same loads and the initial airports are

the Same; the one’whiéh is longer (namely the second
~one) was eliminated by.the path'e]ihination‘prdcedure.

'So the path P2 cannot appear in any of the alternative

optimal solutions, although it can appear in any of the
soTution.where path P] appéars. That 1is, ifHBRA decides
to assign a plane to path Pys then this implies that

there exists an a]ternative solution in which that

plane can be asSighed;tb path P2' Thus, the sequence.

of airports that should be visited by a plane can be
altered. In case of job shop problem one can view this
phenomenon as changing the sequence of operatiens on a .

job.
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iii. The possibility of reaching feasibility ‘increases when
the S]ack-times of planes increase. The solution a]tere-
natives whose total cost is less will have more slack
time in plane routes since length of longest tour does
not change. Thus, such solutions have higher poesibi- |
lity of having a feasible solution in sense of airport

capacity tonstraints.

By the help of these jdeas the updated version of the Bottle-
neck Routing Algorithm has been des1gned where a heuristic scheduling
procedure has been added to it as a subroutine. Each time a solution

*is‘generated by the Bottleneck Routing Algorithm, that eo]utionnis
_checked by the heuristic scheduiing procedure for feasibilty or air-
port capacity constraints. This solution cannot. be a copy of the
vprevious one, since it has a lower objectfve total function value
and a higheh possibility of cohteining a feasible solution.

Even thohgh all the so]htjons'are checked by this process,
still there is the poséibjlfty of not findingba feasible solution
to the s;heduling brob]em Then, in th1s case, the Bott]eneck
Routing Algorithm is forced to retrieve some more paths from mass
storage and search for solutions on this en]arged 11st of paths

leading to an increase in the objective function value.

4.6 AN EXAMPLE TO THE SCHEDULING OF AIRPLANES

Consider Example G with the capacity data given in Table

4.1.
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TABLE 4.1 -‘The Capacity Data of Example G

arpoRr RS SEMICE ey
1 4 2 1
2 0 3 2

3 0 2 =
4 4 4 1
5 0 1 ]

- The first optimal solution alternative generated by the

Bottleneck Routing Algorithm given in Table 4.2.

- TABLE 4.2 - The Optimal Solution to Example G

| pLaie A RORS LOADS CARRIED M

1 4 14517 -1 305
2 4 15 - 16 - 19 300

3 r | - 6o 300
4 4 2 - 8- 7 290
5 1 3-20 305

6 1 4- 9 285

7 1 5 - 10 280
8 1 18 -13 235

" TOTAL TIME 2300
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If there are no éonstraints and all planes will start at
the same time,_then thé schedule of the_p]anés Qi]l-be as shown
~in Table 4.3. Note that in Table 4.3 at time 129 planes 3 and 8
are in service'atvairport 3, and at time 130 plane 5 arrives for
- unloading. Sincé the service capacity of airport 3 is only 2 planes,
plane 5 has to wait for one of the jobé'to be completed. But the
mission time of plane 5 is‘alreadyvequal to the length of the lon-
gest mission time whith is 135. So at this point scheduling ter- -
minates with no .feasible solution. Note tHat the possibi]ity'of
holding service of‘p1ane 8. is omitted due tq the structure‘of the
heurisfic. Thus, the Second alternative optimal solution generated
‘by the Bottleneck Routing'Algorithm iS'considered which is given
in Table 4.4. | |

Again for this’soTution the schedu]e'wjthout'any constraint
on airbort capacity is shown in Table 4.5. Note that at time 130
capécity cons%raint of airport 3 is violated, since there are three
planes to serVice, nameiy planes 3, 5 and 8. Eut this problem is
So]ved as shown in Table 4.6 by holding operationvoh p]ané 8. In
“this schedule all constraints are satisfied and the bottleneck
objeétive functioh value is miﬁimized. So the solution is globally
optima] for capacity constrained bottleneck routing problem. Note
that this solution is obtained in only 4.3 seconds on UNIVAC 1106

Computer.



20
40

60

86
100
120
140
160
180

200 |-

220
240
260

280 |-

300
305

320

TABLE 4.3 - Optimal BRP Solution to Example G

3

4 -

285
UNLOAD AT1

6 7 8
Y Y 1 1
| EMPTY (1-2) | ewpry (1-3)

LOAD AT4 | LOAD AT4 LOAD AT4 LOAD AT4 ,, | LOAD AT LOAD ATI

45 45 45 45 : 45 45
| | LOAD AT2
FULL (4-2) | FULL (4-2) | FULL (4-3) | FULL (4-2)| | LOAD AT3 FULL (1-4)] FULL (1-3) |
- ‘ ’ : . "85 857

UNLOAD AT2 | UNLOAD AT2 | UNLOAD AT3 | oap AT2 " 95 UNLOAD AT3
105 , ‘ 105 ’ 105 ‘ FULL (2'3) FULL(3"]) UNLOAD AT4 110

LOAD AT2 | LOAD AT2 | LOAD AT3 [ LOAD AT2,s, 125 NLOAD AT] | EMPTY (4-5)
150 150 wsh 150 5o | UNLOAD AT3:q | .o| LOAD AT3

FULL (2-}2 FULL (2-4) | FULL (3-4) | FULL (2-5)1_g EMPTY (3-4) | LOAD ATH LOAD AT5

' : ) ' ’ S 185 -

| UNLOAD ATT | i oap T4 | UNLOAD AT4 | UNLOAD ATS | e FULL (3-2)

205 16 " | R LOAD AT4 _ ©210

LOAD AT1 | LOAD AT4  |LOAD AT4 | LOAD AT5 53, FULL (1-5) | FULL (5-3) | UNLOAD AT2
asol - 2485 245 . } | '

255 | FULL (4-3) |FULL (5-4) |FULL (4-1) 285
FULL (1-2) | FULL (4-5) ***] UNLOAD AT4 UNLOAD AT5 | UNLOAD AT3
UNLOAD AT2 |UNLOAD AT5 | UNLOAD AT3:s | |

66
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TABLE 4.4 - The Alternative Optimal Solution to

Example G

INITIAL ’ MISSION

PLANE| arpporr | LOADS CARRIED TME
1 4 4-17 -1 305
2 4 15 - 16 - 19 300
3 4 M- 6-12 300
4 4 2- 8-7" 290
5 1 3-20 305
6 | "1 : 1-10. 275
7 1 5-13 275
T 18-4 220
TOTAL TIME 2270
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1100
120
140
160
180
200

220

2401-

260
280

300
305

320

TABLE 4.5 - Optimal BRP Solution Alternative to Example G

80 |—

3 4 5 6 7 8
y 4 1 1 S
. o S EMPTY(1-2) -
TOAD AT4 LOAD AT4 | LOAD ATA LOAD ATA | LOAD ATI | LOAD ATI LOAD AT1
: _
4 us _ 45 FULL (3-3) LOAD AT2 45 45 | 45
FULL (4-2 FULL (4-2 ’ _ | FULL (4-2 : : . N FULL (1-3
(4-2) - (4-2) e (4-2),, FuLL (i-5) | FULL (1-4) | PO (F59)
UNLOAD AT2 | ynLOAD AT2 | UNLOAD AT3 | ynioaD AT2 | es| - ®°1 UNLOAD AT3 |
ey 108 105 130f FULL (2-3) " UNLOAD AT41sq ‘
_LOAD AT2 LOAD AT2 LOAD AT3 . LOAD ATZ 130 Lss UNLOAD.ATS ‘FULL (4-3) LOAD AT3.
, , UNLOAD AT3 N ‘ R
150 . 150 , A 145 . 150 155] . LOAD AT55¢] 155
FULL (2-1) ) FULL (2-4),} FULL (3-8) | FULL (25) | gypry (3-4) LOAD AT3 | FULL (3-1)
185 ) . 185 . .
UNLOAD ATT | yNLOAD AT4 | UNLOAD AT4 | UNLOAD AT5 195 195
20 210 . [ LORD AT by (5eg) | UNLOAD AT
LOAD AT1 LOAD AT4 LOAD AT4 LOAD ‘AT5 230 FULL (3-2)
250 255 | 245 . FULL (5-4) FULL (4-1)z2s0 250 .
FULL (1-2) | FULL (4-5) FULL(4-3)2%%| \uL0AD ATA 275| UNLOAD AT3. | UNLOAD AT2
| UNLOAD AT2 ~ | UNLOAD AT5 | UNLOAD AT3 (| | UNLOAD ATT

Lot




TABLE 4. 6 - The Optimal BRP Solution Alternative Which Sat1sf1es CapaC1ty
Constra1nts in Example G

12 3 T 5 6 78
‘ oo . : u 4 A 1 1 ' T , 1 -
0 - L
”0 | | EMPTY (1-2) | |
LOAD AT4 LOAD AT4 LOAD AT4 LOAD AT4 0| | LoAD ATI LOAD AT1 WAIT AT1
40|—: ' ‘ A ' -
66 L5 45 45 45 LOAD AT2 - 45 .45 45
-80 FULL (4-2) | FULL (4-2) | FULL (4-3) | FULL (4-2) FULL (1-5) | FULL (1-4) | LOAD ATI
66 UNLOAD AT2 | UNLOAD AT2 | UNLOAD AT3 | UNLOAD AT2 | 95 20
._120 oS 105 | ' 105 | - FULL (2-3)110 UNLOAD AT4 FULL (]_3) "
LOAD AT3 | LOAD AT2 ‘ : AD AT5 130
140! LOAD AT2 LOAD AT2 13| ynioap arated UM EMPTY (4-3) | WAIT AT3
160 -t " 150 155 | 138] WAIT AT3 **°| yyiopp AT3
i FULL (2-1) | - FULL (3-4) | FULL (2-5) | EMPTY (3- LOAD AT5
180 (2-1) | FULL (2-4),, (3-4),, UALT AT ) | EMPTY (3-4) . LoAD AT37°
28% " UNLOAD |
200 UNLOAD ATT | uyLoap aa | UN-CAD AT& | yyioap ATS® LOAD AT3
' 205 : \ : |
220 210 208\ LOAD AT4 FULL (5-3) 215
- LOAD ATI LOAD AT4 LOAD AT4 | LOAD AT5 23¢ o FULL (3-2) | FuLL (3-1)
o 255 "% FuLL (4-375°| FULL (5-4) | FULL (4-1F° 255 255
280 FULL (1-2) ) FULL (4-5) | “270| UNLOAD AT5 | ,.5| UNLOAD AT3 | UNLOAD AT2 | UNLOAD AT1
" UNLOAD AT2 | UNLOAD AT5 | UNLOAD.AT3 ‘| UNLOAD AT1
305
320

2ol
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4.7  DISCUSSION OF THE HEURISTIC SCHEDULING
PROCEDURE | | ' |

The heuristic schedu]ing‘procedure can be developed further
tovhand1e more a]terndtiVe ways to scheduTing the planes. First of
all, other priority rules can be estab]ished. Secondiy, one can
change the previous priorities; if the queue capacfty of an air;
port is violated. Also one can change.overafl operation seq@ences.
But it is.very hard to impose such changes on these types of heu-
ristics because of the extensive computation time and memory'éize
requirements. Indeed there 1S'no'serious atteﬁpt fo change pre-
vious pribrities or to change opération sequence 1in 1itératuré.A\
But one:could possibly iﬁtroduce some more powerful decision rules.
The decisions can be taken by checking events in future more care;
fully. That 15, the futufe quéues can be estimated and more
re]iéb]e decisions can be taken. Also, priority caﬁ‘be defined 
as a function of not only remaining slack time but also of the .
remaining slack timefand §0me other sfafus'variables such aé

remaining number of operations, remaining processing time,- etc.
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V. A SUGGESTION FOR FURTHER RESEARCH:
"THE TRAVELLING SALESMAN APPROACH '

5.1~ INTRODUCTION

in.thﬁs chapter we sha]] change our dbjective While keeping’
~ the same ébnsfraints.v That 15; we shall ]eavevthe bottleneck ob-
- Jective functidh and focus on minimizing total mi;sion fime.v This
objective function is given by the expression (2.i2) and this type
of routing problem is called the "Minimum Total Time Rduting Prdb-
Tem (MTRP)". - ‘ S | |

Rather than def1h1ng a so]ut1on procedure for MTRP we shall
reformu]ate the prob1em as classical Travelling Sa]esman Prob]em and
_show that MTRP can be soTved by using the TSP approach. The TSP net-
work obtained as a resu]t of this formulation has (2P+M) modes. The
formulated TSP network has some spec1a11t1es which can be ut111zed
while so]ving the prob]em. But no special algorithm has been deve—
loped for this purpdse. Only the well=-known solution procgdures .
“for TSP aré utilized. One can make use of this fact’aad'can improve
the TSP'procedures to solve MTRP more efficiently.

The MTRP differs from BRP-only in objective function. In

the case of BRP it is easy to estimate the longest path length (dmax)’
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but 1nlcase 6f MIRP it is not so éasy to make such an estimate.
~If it is estimated then the estimaté mUst>5e a relaxed one, that
is, it must be Tong enough to enable all possibilities, which will
certainly blow up thé number of pafhs that shpd]d be considered
by our previous approach. So we shall chénge our approach but

still utilize essentially the same network transformation.

5.2 A NETWORK TRANSFORMATION FOR THE MINIMUM
* TOTAL TIME CARGO ROUTING |

In order to formulate MTRP.as TSP, a netwbrk is generated
“which is similar to the one generated in cése‘of BRP. Here agaih,\
some nodes represent the airports which have 1nitia11y planes and
some nodes represent the loads between airports. But arﬁificial
source and terminal nodes aré'omitted. Therefore, the resulting
nétwork has (RP+M) nodes. The time matrix related with this net-
"work is ca]]ed V from now on. In tﬁis network, nodes-1,...,RP
repfesent the airborts whithvhave planes initially; and nodes ‘
(RP+1),Q;.;(RP+M) represent loads. Fig. 5.1 shows this formulation
on Example A. ' '
Interactions between loads and interactions between fhe
airports and the 1oad$ are kept the same. Héncé,,the’meanings
and the 1engths'(j.e. time requifed to traverse these‘arts) of |
these arcs are the same with bottleneck formulation. ~ Interactions

on this network are as follows:
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i, Interactions between.nOdes:representihg loads.

d[L + TU+ TL,

(2-rP),11°LL (2-rp) 2]

= Lia-pey,1 3

i Lik-re),2

sz = < | (5.1)

d .
L (k-rpy, 21 LL(g-ppy 1]
+.dp, +TU+ TL,

(Q-RP),l]’[L(Q—R?),Z]
if L

(k-RP),2 # L(a-rp),1 3

!

¥,2, Kk #%, 2,kec {RP+I,...,RP+M}, where, L, RP, M

and d defined in previous chapters.

ii. Interactions between nodes representing airports and

nodes representing.loads.

-
d[L + TU +‘TF,

(2-rp),112LE (a-pp)y, 2]
if L(Q-RP) ] = [kth airport which has planes in1t1a113

(5.2)

Vi, =4 d . .
ke i kth airport which L,
Lhas initially p]anes]’[ (2-RP),11

d £ U+ TL,
" ey 11 o), 2]

= [kth airport which has p]anés initiall

T Lig-rey,1

el

¥k,2, k= {1,...,RP}, £ & {RP+1,...,RP+M}.
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jii. Interactibns between nodes representing loads and nodes
representing airports.
Previously no such interaction has begn éssumed, but in
this case we include these arcs and assign them zero time.

That is,

Vg, = 0; ¥k,2, ke {RP+1,...,RP+M}, 2 e {1,...,RP}. (5.3)

iv. Interactions between‘nodes representing airports.

Again no meaning has been assigned to such interaction
previously. But in this case we shall connect some of the
airports among each other with arcs of zero time, and not
all airports will be connected to each other instead, de-
pending upon our objective we shall sé]éct thesé to be

connected.

Thé arcs which are discussed in 1hteractions (iii) and (iv)
have no physical meaning. The reason‘for their existence will be
cleared in following sections. |

We shall solve the MTRP over this network by a new approach.
In order to introduce this approach we shall now define the classical-
Travelling Salesman Prob]em’and describé its relation to the vehicle

routing problem.
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® - ®

Load 1 Load 2

(1,2) (4,1)
Airport 3 Load 3 : Load 4
(2,4) (4,3)
Airport 4 Load 5 Load 6
(4,2) . (3,1)
Load 7

(3,4)
FIGURE 5.1 - The transformed network of\Example A

5.3 THE TRAVELLING SALESMAN PROBLEM (TSP) AND ITS
EXTENSION OF MULTI-TRAVELLING SALESMAN CASE (MTSP)

The Travelling Salesman préb]em is a well-known combinato-
rial problem. It can be defined as follows: Given n cities and
a salesman, find the shortest (or least cost) tour such éhatlthe |
salesman visits each city ekact1y-once. That s, he starts from
city 1 and visits each of the other (n-1) éities once and only

once and‘then returns to city 1. Thus the problem can be formulated as:
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n .

Min Z = ]} Z d, .x : (5.4)
121 J=1 id™id

n

Loxg=1 v (5.5)

1=1

. n
J§1 XiJ =1 ,» Vi (5.6)
X=(x54) €S (5.7)

1, if arc (i,d) is in the tour;

X3 (5.8)
0o ., otherwise; ¥ i,d

d is the cost of (or 1ength) going from city 1 to

city J; ¥ 1,4 . S

iJ

The set S can be the set of any restrictions to avoid solu-
tions, satisfying constraints (5.5) and (5.6). Such restrictions
are called subtour elimination constraints. Generally three defi-
nitions for the set S are given in Titerature (Bodin, Golden and

Assad, 1981):

1J)I - X{J_z 1 for every non-empty (5.9)

i. S =
ieQ J¢Q roper subset Q of
F],...,n]}
ii. S = {(x; J)l Z Z X33 2 |Q| -1 for evefy (5.10)

non-empty subset Q
of [2,3,...,n]}
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iii. S = {(Xid)lyi -yytnxgy<n-1 o for (5.11)
2 < iyd < n for some real "
numbers yi}
- The Multiple Travelling Salesman Problem is the generaTi-
zation of TSP to the case where there are m salesmen instead of
one. Initially, all the m salesmen are in one of the cities called
"the depot". They will visit some of the cities and will eventually
return to the depot. The assignment based formulation of MISP is

a natural extension of TSP formulation.

n n
M1n.Z = 151 JE] d; 3% 5 (5.12)
M; if J = 1 (i.e. the depot)
n .
s.t 121 X35 = by = (5.13)
1; ifd z 1.
M; if i = 1 (i.e., the depot)
n
JET xiJ = ai = , (5.]4)
1; if i g 1.
X = (Xid) €S (5.15)
Xig = 0,1 s ¥ i,d i (5.16)

’Any MTSP problem can be converted into an equivalent TSP.

Equivalent TSP formulations of MTSP were derived by Bellmore and
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Hong (1974), Svestka and Huckfeldt (1973), Rao (1970), Hong and
Padberg (1977), Berenguér (1971) and others. The equivalence is
achieved by creating m copies of the depot, each connected to other
nodes exactly as the depot is in the original network and by allowing
no interactions between the M copies of depots (i.e. arcs between them
have assigned infinite lengths). Hence equivalent TSP formulation has
(h m-1) dones. As a resuit of this formulation, an optimal single

TSP tour in the enlarged network will never use an arc connecting
copies of the depot and this.optimal tour can be decomposed into sub-
tours resulting in the optimal solution for MTSP.

For example, in Fig. 5.2.a there are five nodes and two sales-
men at node 1. Then, the expanded network will contain nodes D1, D2,
2, 3, 4, 5. Nodes DI and D2 being the copies of the depot (node 1).
Each salesman is assumed to be situated in one of them. In Fig. 5.2.b
consider the tour {D1-4-3-D2-2-5-D1} and thé 1nterpreta¥ion in the
~ two sé]esmen problem is shown in Fig. 5.2.a. Here the subtours

{1-2-5-1} and {1-3-4-1} represent the tours of the individual salesmen.

FIGURE 5.2.a - Example of a 5 node, 2 salesmen MTSP tour
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FIGURE 5.2.b - Equivalent TSP tour

5.4  MISP IN CASE OF MUTLIPLE DEPOTS (MDMTSP)

Mu]tip]e’TSP can be genéra]ized by assumfng the existence
of more than one depot. Here agéin there are n cities to be visitgd
by m’saleémen. But salesmen are located at several depots.A Let |
there be d depots and each depot.houses prespecified number of sales-
men. In the next secfion We sha]T showvhow this problem can be con-
verted to ah‘equiva]ent TSP. in order to illustrate the meaning 6f
. jMTSP in case of Multi Depot'we shall now define and fbrmu]ate'the
Multi Depot Vehicle Routing Problem. One can view MISP as a specia]
case of Vehicle Routing prdb]em, where vehicles being the salesmen
and some,of the conStraints of VRP are dropped. Also, one can view
MDMTSP as a special caée of Muiti Depqt VRP in the same manner.

The Vehicle Routing Problem (VRP), is to obtain a set of
de]iQery routes from a central depot to various demand points, each
of which has known requirements, so as to minimize total distance
covered by the entire fleet. Vehicles have capacity‘and maximgm route
vconstraints. A1l vehicles start aﬁd finish at the cenfral depot.  The
mathemat}cal formulation of VRP fs‘giveh by Go]den et al. (1977) as

‘follows,



5y Y d

i=1 J=1 k=1

¥y i,d,k - -

number-of nodes

number of vehicles

= capacity of vehicle k

(5.

(5.

(5
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17)

.18)

.19)

.20)

.21)

22)

.23)

.24)

.25)

.26)
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K = maximum time a]]owed'for‘a route of véhic]e_k
Q; = demand‘at node i (Qq = 0, node_lvbeing the depot)
' t? = time required for vehicle k to deliver or'c011ect
at node i’(tk‘= 0) |
t?a = travel time for veﬁic]e K from node i to node J
(t5; =) o
d1J‘= shortest disfance fkom nodg i to node J.

" 1 , if arc (i,J) is traversed by vehicle k
AL ={:0 ,  otherwise » ' |
NV .

X = matrix w1th components X539 © k§1’xid” specifying

connections regardless of vehicle type.

Equations (5.18)'and (5.19) ensufe that each demand node
sefved by exactly one véhic]e. Equations (5.20) represent route
continuity, that is if a vehicle enters to a demand_nqde»then'it
must exit fkom that node. Equations (5.21) are the vehicle capa~
City constfaints énd Equations (5.22) are tﬁé total elapsed time
constraints. Equations (5.23 and (5.24) ensures that the vehicle
- availability is not exceeded. Finally Equatiéns (5.25) are the
-subtour elimination constraints.

The mathematica14programming formu]afibn of vehic]é routing 5
problem fs altered in a minor-way to incorporate multiple depbts. |
Let nodes ],2,..},M denote thé depots. We obtain the’formu1ation |
of Mu]ti—Depdt Vehicle Routing by changing the index in constraints
(5.18) and (5.19) to (J = M+1,...,n) and‘by chénging constraints
(5.23) and (5.24) as follows:
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Pk
X:q <1 (k-
=1 dzM 1 W ‘

| =

TeensllV)  (5.27)

M n

xK < (K= T,... NV (5.28)

! 1
p=1 i=M1 WP~

But in multi—depot case we must redefine choices for subtour

elimination constraints as follows, _ .

P05 = {(x4) D) X:3 21 for every proper (5.29)
JeQ J¢Q T subset Q of V con- '
v taining nodes
[1,2,...,M]}
ii. S = o X1 %3210 -1 for every non-  (5.30)
ieQ JeQ T } , o
empty subset Q of
{MHT, M2,....n}}
1j1. S = {(Xid)ly% SYytnxgg<n-l for - (5.31)

M1 < izd < n  for some
real numbers yi}

If we drop the capacity (5.21) and elapsed time (5.22)
constraints from the formulations of VRP and Multi-Depot VRP,
then we can obtain the mathematfca] programming formulation of
'MTSP and MDMTSP respectivé]y. |

Note that, thé 1nitia1'depots of yehic]és arevirré1evant
in this formulation, also whether the véhic]es to their initial
~depot or not, is not contfol]ed by this formulation. The only
requirement is the'uti}ization of at most the giyen number of

~ vehicles. These points will be discussed in the next sections.
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5.5  THE TRANSFORMATION OF MDMTSP TO AN EQUIVALENT TSP

5.5.1 Introduction

In this section we shall illustrate how a given MDMTSP is
converted into an equivalent TSP. This transformation in principle
similar to that of utilized in MTSP network. After this transfor-
mation an asymmetric TSP network is obtained W1th (2m+n) dones
wheré n is the number of cities and m is the numbe} of salesmen.

The transfdrmation is realized by generating duplicates of
the depots. In the case of MTSP for each salesmen one copy of the
depot is generated. But in this case we utilize two copies of the
related depot for each salesman. The duplicates of the depots are
called "dummy nodes" fkom now on and there are 2m dummy nodes. Each

salesman will begin its tour from one of the duinmy nodes and finisﬁ
it at another dummy node. The first‘dummy node is called the "depar-
ture node" and the second one is called the “"arrival node" for that
‘salesman. The network of MDMTSP is transformed so that, there are
no arcs entering to the departure nodes, but just arcs leaving. In-
deed these arcs are the same arcs leaving the depot on the original
MDMTSP network. Simi]ar]y,‘jdst the converse is true for arrival
nodes.

This way, the salesman will leave the dépot from the arrival

- node. So he will make a subtour starting and ending at thg depot.
In order to enable other salesman tours, an arc put from each arrival
node to next departure node with zero length which directs the TSP
touf to the next départure. Thus, the TSP tour is forced to cover

arcs between dummy nodes, since there is no arc leaving the arrival
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“nodes except the ones that are connected to departure nodes. Since
these arcs have zero length, they do not change the objective func-

tion of solution obtained from the TSP tour.

5.5.2 An Example Transformation

COnsidef the network given in Fig. 5.3.a. There are 10
citiés and 2 depots, D1 and .D2. There are 2 salesmen at depot D1
(called salesman A and salesman B) and 1 sa]esman.at depot D2 .
(cé]]ed salesman C). The distance matrix of this network is given
at Table 5.1.a.

The equivalent TSP network is shown in Fig. 5.3.b and
related distance matrix is given at Table 5.1.b.

The dummy nodes are interpreted as follows:

Node 11: Departure node of Salesman A at Depot 1.
Node212: Arrival node of Sa]esman A at Depot 1.
Node 13: Departure node of Salesman B at Depot 1.
Node 14: Arrival node of Salesman B at Depot 1.
Node 15: Departure node of Salesman C at Depot 2.

Node 16: Arrival node of Salesman C at Depot 2.
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CITIES

Depot D1
Salesman A,B

Depot D2
Salesman C

Q00O
EEEEOE

[at]

FIGURE 5.3.a - Original network of Example 5.5.

DEPOTS CITIES

Depot DI

- Salesman A
Departure 1

Salesman A
Arrival 12 /-

Salesman B
Departure 13

Salesman B )
Arrival 14 /-

Depot D2

Salesman C
Departure 15

Salesman C
Arrival 16

FIGURE 5.3.b - Equivalent TSP network of Example 5.5.2

® @ ©® ® ©
® ® 0 ©

©



, 119
TABLE 5.1.a - Original Distance Matrix of Example 5.5.2
Dl D2 1 2 3 4 5 6 7 8 9 10

Dl *» w3 4 2 ®© oo ® ® © o o
“ D2 o [ o o 7 0 5 oo 8 oo oo 0

1 3 ® © 20 5 10 5 8 7 3 2 1

2l 4 ® 20 o 6 9 12 16 5 13 18 13
3] 2 7 5 6 « 111917 7 9 10 8
4 @ © 10 911 ~ 142015 7 6 8
50 ® 5 5 12 19 14 « 8 10 13 9 7
6f «© ®© 8 16 17 20 8 « 5 8 16 17
7l « 8 7 5 71510 5 « 6 12 14

8 © e« 313 9 7 13 8 6 = 15 13
9 ® o 2 1810 6 9 16 12 15 =« 9
100 = « 113 8 8 7 17 14 13 9 =

N

Now, let us consider the following tours in TSP network and

try‘to construct the related subtours in MDMTSP network.
Tour 1: Let a TSP tour be

{11-2-4-1-12-13-3-14-15-5-6-8-10-9-7-16-11}.
Then the ‘corresponding subtours in MDMTSP network are,
Salesman A: D1-2-4-1-Di
Salesman B: D1-3-D1
Salesman C: D2-5-6-8-10-9-7-D2.
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TABLE 5.1.b - Equivalent Distance Matrix of Example 5.5.2
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A- A B B C C _

Dep Arr Dep Arr Dep Arr 1 2 3 4 5 6 7 8 9 10
© © © oo o o 3 4 2 © oo o oo o o o
o ) 0 ) o © ® o o © © © © o ©
o o © © © © 3 4 2 @ ® © o © © o
o © ) o 0 © ® & o o w ® o w o ©
© o o © © o 7 o © © 5 © 8 © o
0 © c© © o © © © © © © 0 © © © ©
® 3 ® 3 o o 20 5 10 5 8 7 3 2 1
® 4 ® 4 @ © 20 o 6 912 16 5 13 18 13
© 2 2 © 7 5 6 « 11 19 17 7 9 10 8
© o oo o) oo o0 10 9 11 o 14 20 15 7 6 8
® @ ® o o 5 51219 14 810 13 7 7
© © o © © o 8 16 17 20 8 © 5 8 16 17
© ® ® ® o 8§ 7 5 7 1510 5 « 6 12 14
© @ o o o -3 13 9 7 13 8 6 « 15 13
® © o ® o ® 21810 6 9 16 12 15 o 9
® ® ® ® © o 113 8 8 717 1413 9 =
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Tour 2: Let a TSP tour be,

{1]—2-14415-3—12-13-1—4-5—6-8-]049-7f16?11}.
Then the corresponding subtours in MDMTSP network are;
Salesman A: D1-2-D1 |
Salesman B: D2-3-D1
- Salesman C:rD1-1-4-5-6-8-10-9-7-D2.

5.5.3 Analysis of Transformation Suggested

As indicated in the previous section, the initial depot of-
salesman is always controllable in- this suggested network transfor-

mation. But We have two possibi]itiesrfor final depot. They are;

j. The initial and final depots of salesmen are the same,

what is expected.

ii. The initial and final depots of salesman can be different;
which may be'desirébTe or not depending upon fhe parti-
cular application. This transformation enables such
tours, but in case of routing planes, it wiillbe shown

" that there is no vio]ating effect.

In Section 5.5.1 it has been suggested that each arrival

!

node should be connected to the next‘departure node. Without loss.
of generality we can restate this transformation as follows: each

arrival node should be connected to one or more arrival nodes by an

¢

arc of zero length.
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5.5.4 Number of Salesmen Utilized in MDMSTP

If we connect the departure node of a salesman to its arrival

-node by an arc of zero length, then we will create for the TSP tour

the possibi]ity of not utilizing that salesman @t‘alT.

A solution which does not utilize some of the salesman can .

'be explained as follows;

i.

ii.

There are alternative optimal solutions which utilize

different number of salesmen._

Utilizing extra salesmen may effect objective function

in two ways. If it decreases the objective function

- value, then TSP algorithm automatically selects that

"~ solution. The intereSting case is the next one in which

utilizing extra salesman may increase the objective func-

tion value although extra salesmen do not incur any cost.

The major reason for,thisxisfthe'alteraiion of triangular

‘fnequa1ity in the distance matrix. For exmaple, in Fig.

5.4, such a case for a single depot with two salesmen is:
shown. In this»case optimal §o]ution with one salesman
will be the tour {D-3-4e2;1—D} with the objective funtf
tion value 35. Any so]ﬁtion which utilizes more than

one salesman will generaté higher objective function

“values.



FIGURE 5.4 - Example of a single depot two salesman
' problem .

5.6 THE MULTI DEPOT MULTI SALESMEN TSP WITH FIXED COSTS

5.6.1 The Single Depot Case

Aithough in some‘applications, exactly m salesmen aré
reqdired; there are cases Where there is a cost of éach salesman
and it is desirable to utilize as few as possible salesmen due to
that cost. That is, using r saiesmen (where 1 < r < m).

- Hong and Padberg (1977) define this»prdb]em as: "By
assigning the ith salesman to a tour, one incurs a fixed charge
fi, which is independent of his tour. For travelling from city i
to city J, oﬁe 1ntufs a cost c%J that does not depend upon which
salesman makes that particu]ar trip. The problem is to find the
number of salesmen to be employed an& their respectivé routes SO

as to minimize total cost."

The MTSP subject to fixed charges is abbreviated as MTSPF.

Bellmore and Hong (1974) and Rao (1980) and Discenza (1981) have

shown poésib]e transformations to include fixed costs to the MTSP

formulation.

123
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Bellmore and Hong (1974) have shown thai asymmetric MTSPF«
in (n+1) cities, one being the depot, with m salesmen is equivalent.
to standard asymmetric TSP on (n+m-1) cities. Their transformation
is as fo]]owsz

For the sake of simplicity in nofatibn,'note that the depot
node is called node 0 and the n remaining‘cities are to be visited
by'm salesmen.

| Let nodes 1abelled -1, -2, ..., -(m-1) denote the addifiona]
nodes put to convert an MTSP to a TSP. | '

Therefore nodes 0, -1,...,-(m-1) represeht the copies of
the origina]ldepot{ |

Let D be the original distante matrix and D' be the expanded
’distancé matrix. Then; the e]ement of D', d%d are expressed in terms

d1.J and fi‘as fo]}qws;

d'(i,J) = d(i,J) | i

n
—
-
"
=
-
[«
t
-—
-
"
=
L)
(8]
w
N
~—

d'(-1,0) = d(0,0) + 0.5F, 4= 0,1,...,(n-1)
R - (5.33) |
d'(3,-1) = d(3.0) + 0.5F,  J = 1,2,....n

d'(-i,-(i-1)) = 0.5f,_ = 0.5f, i =1,2,...,(m-1) (5.34)
Figuke 5.5 shows an,examp]é of this transformation on a 5
cities, 3 salesmen problem. Numbers on arcs represent distance of
that arc. Now, consider the tour (0,1,4,-2,-1,2,3,0). fo is added
'as_one'half along arc (0,1) and as one half along (3,0). 0.5f1 are

added along (-2,-1) and (-1,2). 0.5f, are added along (4,-2) and
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subtracfed along (-2,-]), thus cancelling each other.

This tour can be interpreted as:

Salesman 0 visits cities 1 and 4.
Salesman 1 does not visit any city.

Salesman 2 visits cities 2 and 3.

Hong and Padberg (1977) have shown that a symmetric MTSPF
" can be transformed to a standard TSP by using (n*m+4) nodes. Later

Rac (1980) has proven that this can be done by using only (n+m-1)

nodes.
" Fig. 5.5.a - An example of MTSPF on 5 cities
Following theorems will prove that these transformations
are valid.

THEOREM 5.1: (Rao, 1980) For every r tour on MTSPF network for

1 < r<m, there is a tour on equivalent TSP network

I

satisfying,

u
t~1s
N
~
-+
o~
—h
o



where Z is the distance matrix of the. tour on TSP network, Zk is

h

the distance of the Kt cycle in the r-tour on HTSPF network and

fk is the cost associated with some salesman k.

FIGURE 5.5.b - The equivalent TSP formulation

THEOREM 5.2: (Rao, 1980) For every tour on TSP with distance Z,
there is an r-tour (utilizing r salesmen) on equiva-
lent MTSPF network for some r (1 < r < m) such that,

%‘ . ‘Y‘i'l
7 < Z + f
k=1 k- k=0 k

h

where 7, is the distance matrix of the k cycle in r-tour, and

fo,_<_ f] < f2 <o £ fm_1.

126



127

The proofs are easy. They are essentially proved by trating

salesmen in both the MTSPF network and the'equivalent TSP network.

5,6.2 The Multiple Depot Case,

Thelideas developed for the singIe dépot case can be applied
to mu]tip]e—depot‘case if there exists fixed charges of utilizing
sé]esman.' Reader should noté here thaﬁ the distance matrix of the
MDMTSP network should be compatible with fixed costs of the salesman.
Then, introduction of fixed costs can be accomplished by adding fixed
cost f of,u%ilizihg salesman i to all arcs leaving from departﬁre
node 6f salesman i. But in this case the dUmmy arcs definéd in
Section 5.5.4 should be put in the network so to enable not utilizing
salesman 1. | | |

If salesman i is utilized, then the solution should cover
exactly one of the arcs leaving from the related departure node,
thus fixed cost of uti]iiing salesman i is added to the objective
function value. On_the dthér hand, if sa]esman’i is not utilized,
then this means the arc between departure and arrival nbdes of sales-
man i is covered by that solution and no fixed cost related with this
| saTesmaﬁ incurred. |
| " Let us consider the same network as in Section 5;5.2; Assume
‘that salesmen A,B,C have fixed costs fa’ fb, fc respectively, and let
,,théir values are 10, 20; 30. The cost matrixvobtajned as a result of

this transformation is given at Table 5.2.
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Example 5.5.2 With Fixed Costs

A A B B C ¢ | |

Dep Arr Dep Arr Dep Arr 1.2 3 4 5 6 7 8 310
) 0 o oo o oo . 13 14 13 o o © o ) oo )
© o 0 o © © o o © .06 © o o o o ©
o . © 0 © © 23 24 22 © © © © © s ©
o o o) o0 0 e © o oo oo © © o0 00° oo o)
© o oo © © 0 © © 37 P 35 co 38 o o
0 (o] [e o] o0 [oe] (o] e o] (o] [eo] [s0] 'oo [e o] [¢¢] o] o] o0
© 3 ® 3 o o © 20 50 5 8 7 3 2 1
© 4 w 4 w o 20 ©° 6 9 12 16 5 13 18 13
® 2 ® 2 ® 7 5 6 = 111917 7 9 10 8
@ © ® @ o ® 10 9-11 14 2015 7 6 8§
w ® ®» o o "5 51219 14 « 8 10 13 9 7
0 oo <) e o [ 8 ]5 17 20 8 0o 5 8 16 ]7
® ® o @ o 8 7 5 7 1510 5 = 6 12 14
® ® @ ® @ o 313 9 7 13 8 6 « 15 13
© o © @ o o 2 18 10 6 9 16 12 15 = 9
® ® ® © o o 113 8 8 717 1413 9

{11-12-13-1-2-4-3-14-15-5-6-7-10-9-8-16-11}

The interpretation of this tour on original network is,

Now, consider the tour in this network, -
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Salesman A: not utilized,
Salesman B: D1-1-2-4-3-D1,
Salesman C: D2-5-6-7-10-9-8-D2.

Since non of the arcs (11-1), (11-2) and (11-3) is covered,
the fixed cost of Salesman A is not incurred. Fixed cost of Salesman
B is incurred on arc (13-1) and fixed cost of Salesman C is incurred

on arc (15,5)."

5.7  THE FORMULATION OF MINIMUM TOTAL TIME ROUTING
~AS AN MDMTSP |

After discussing how MDMTSP can be solved, we can formulate
Minimum Total Time Routing'Problem'as an MDMTSP. In this section.we
sha]]\uti]izé the network devéloped in Sebtion 5.1 as the original
network of MDMTSP."within that network; assume. that nodes represent-
ing airpdrfs which have planes initially as depots, nodes representing
loads as cities, and planes as salesmen. Thus we héve RP depots, M
' cities and P planes available. Therefore after transformation to
TSP network we shall have (2P+M) nodes. -

Fig. 5.6 shows the MDMTSP,nétwbrk of Exaﬁp]e A. After ther
transformation to TSP we shall obtaihvthe'time matrix (it was referred
to as the distance matrix in MDMTSP transformation, but in this case,

that matrix correspond to the operation time matrix defined in Chapter

3) given at Table 5.3.
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TABLE 5.3 - The Equivalent TSP Matrix of Example A
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FIGURE 5.6 - MDMTSP formulation of Example A

2 3 4 5 6 7 8 9 10 N
® o ® 110°75 8 55 70 8 35
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0 o 0 =« 90 50 70 8 110 65
0 ®© 0 45 » 80 75 90 145 100
0 o 0 8 5 <« 35 50 100 55
0 e« 0 110 75 8 o 70 8 35
0 © 0 75 90 5 70 «» 110 65
.0 w- 0 45 95 8 75 90 = 100
0 =« 0 8 55 8 35 50 100 o
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5.8 EVALUATION

Our aim in this chapter is to suggest a formulation to minimum
tdta] time cargo routingvprobTem and to suggest a transformation on
MDMTSP network to obtain an equivalent TSP network. There are heuris-
tic and exact methods available to solve TSP. Little et al. (1963),
He]d and Karp (1970), Miliotis (1976), Crowder and Padberg (1980) |
suggesfed exact procedures whereas Rosentkrantz et al. (1977), Clarke
and Wright (1964), Norback and Love (1977), Kim (1975), Christofides
(1976), Lin (1965) have suggested heuristic procedures. However, in
our case the final TSP matrices have some pkoperties Which can be
utilized in the solution of TSP. It is certain that all TSP tours
will cover arcs defined between arrival and departure nodes. Then
~there is no need to carry on an optimization process on these arcs.
If one resorts to methods available for TSP, then one has to make un-
neceésary calculation on such arcs. Several authors (Russel, 1977)
have worked on such TSP cost matrices and suggested techniques to
solve them. But still there is need to define a more powerful solu-
tion algorithm for the TSP matrix defined in this chapter.

- Since we have expressed MTRP as a MDMTSP all arguments about
MDMTSP hold. That is, we can connect the departure of a plane to its

arriva],'so as to create the optibn of not utilizing that plane at
“all. This fact is applied to previous problem. Although it utilized
again two planes, the load assignments to planes have cha;ged. Thus
we caught an alternative optimal so]utibn to the problem.
We can also assign fixed costs to planes and add these costs

to appropriate arcs, if we define operation time matrix in terms of
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monetary units.

Since in case of MIRP we do not care whether the planes are
returning to their initial depots or not, interactions between nodes
representing loads and nodes representing airports are put in this
formulation in order to build up a complete network without affecting

the value of the objective function.
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VI ’CONCLUSIONS AND EXTENSIONS;OF RESEARCH

6.1  REAL LIFE CASES AND CONCLUSIONS

The relative effectiveness of the algorithms énd formula-
" tions developed within this thesis are tested on the sample prob-
1 lems gjven in'Appehdix A. These problems are designed to illustrate
the prihcip]es of the suggested methods. -But in this section we
shall fbcusvon some realistic cases and discus; their characteristjés.
Most’common feature of a regional war is thét»it will take
place through some bodndary of'the cbuntry at hand and thé material
should be transferred to the locations of action from other barts
’of the country. In such situations, for a particular'item somé of
the points serve as demand points-and others as source points;_and
most of the time the dikection of the material flow is between
' §ource and demahd points. Tﬁe'sourCe points are the bases of thé
:airforce throughout the‘couﬁtry and demand points are either the'
aifporté in the Viciﬁity of action area or open areas on which ’
material can be landed by some means. | b‘
» We shall analyze the behaviour of the suggested techniques
when such a flow pattern exists and try to see the responses when

this strict flow pattern is altered in several ways on some example
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prob]ems’throughdut this section. While applying these ideas we
shall try to-so]vé another strategical problem, which is whére to
allocate available planes initially.

For each of the example problems Qe'shal1 discuss, the
difficulties appearing while appTying the sﬁeps 6f the BRP Algorithm
given in Chapter 3, namely the Path Generation, Elimihation, and
Search Steps. Before getting in depth ana]ysisréf the results
obtained it would be bgttér to make some definitions.

Note that the mgximum number of paths that can.be generated
Lwith load cardiha]ity r is.]imited. Let us have M loads. Then
these M loads can be permutéd at most MPr ways. That is, there
cén be at most Mpr ﬁaths generated wjth load cardinality r, where,

P - o (6.1)
(M- r):
Also, one could generate at most MﬁR path;.with load éardina]ity
-less than ortequal to R, where,
oo | WP | (6.2)
r=1 - _
Similar results are obtained when we consider the maximum number
of paths after the elimination process. Since the problem is fhen:
In how many ways one can select r loads among M loads? 'This time
the number of possible combinations MCr is the maximum number of

possible paths with load cardinality r, where,

Mo = — M , (6.3)

PLM = )
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Then, the«MCR is the maximum number of paths after elimination
process with load cardinality less than or equal to R.. The combi—
ndtion and permuﬁatioh Va]uerf some critical M and r values are
shown in Appendix B. ‘

If there exists ﬁoré than one airhort (say RP) which have
~planes initially, then the above figures should be mut]iplied by
the number of aVai]ab]e,airportS, in_order to get the number of |
possible paths. ‘ |

Now, it would be better to define the foi]owing,in order

to avoid repetitions later in the text.

P] ~ : is the number of paths generated.
P, : is the number of paths after elimination.
LCmaXf'is the maximum load cardinality -obtained among

generated paths
Pmax : is the maximum number of paths that can be obtained .
after the elimination process, and can be expressed

as follows:

. C
Py RP X (ML C

; (6.4)

max)

: is the number of paths after the elimination process
whose time requirement is less than or equal to

§

optimal value of the given BRP.

" The test network designed to apply above conditions has 6
" airports with 3 of them being demand points and rest of them being

supply points. It is assumed that there are only 4 planes available.
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The flight times between these airports given in Table 6.1 and

time of 1Qad1ng and unioading are taken as 10 and 5_mihutes res-

pectivé1y. |
TABLE 6.1 - The Flight Time Data of the 6 Airport Problem

1 2 3 4 5 6 7

1| - 2 45 5 75 90 90
2 | 20 - 25 45 75 80 . 50
3{4 25 - 6 95 95 55|
45 4 65 - 40 35 30
5175 75 95 40 - 40 60
69 8 95 35 40 - 40
717 50 55 30 60 40 -|

EXAMPLE 6.1: This first pfob]em is designedlto 111u§tfate the strict
flow patterh. That is, all the 12 loads have to be carried from
source points to demand points. In Fig. 6.1 these lToads are drawn
and.it is assumed that the action takes place in the vicinity of |
airports 1, 2, and 3. The airportsi5 and 6 are assumed to be the
basés with some planes ihitia]iy and airport 4 is a base with no . |
planes initially. Note that in order to get quick results in the
test runs, the total number of available planes is limited rather
than limiting the number of planes at each airport. |

Assuming the maximum job time is 490 minutes, the'paths

generated have following characteristics.
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11

FIGURE 6.1 - The flow pattern given in

P. - 2168 P, = 572 LC

max
note, RP = 2, M=12, and P-

The maximum number of poss%b]e paths with load

Example 6.1

3
4

cardinality less

than or equal to 3 is 596 (Pmax = 596). Hence the search proce-

dure should scan nearly all the possible combinations. The alter-

native optimal solutions of this problem are obtained as follows.

SOLUTION 1:
Plane Initial airport Loads carried Time (in minutes)
1 6 7-12-3 435
2 . 6 M- 4- . 430
3 6 5- 1-2 435
4 6 10-.6-9 420

TOTAL: 1720
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SOLUTION 2:
Plane | Initial airport Loads carried Time (in minutes)
1 6 o 7-6-12 435
2 6 - 10 . 4 -8 430
3 6 5-1-2 435
4 6 M-3-9 430
TOTAL: 1730
SOL UTi' ON 3:
Plane Initial airport Loads carried Time {in minutes)
1 6 7-6-12 | 435
2 6 10-4-8 | 430
3 6 ' 5-1 -2 | .435
4 6 3-9-11 435
TOTAL: 1730

Note i* = 435 minutes and Py = 352 which means that even if we do
know the optimal yaiue of the problem and seek the optimal solution,
we still have to scan 59.06% of all possible combinations. This
analysis illustrates us how the computational effort will grow up

as the problem size gets larger. This phenoménon is the most common
feature of NP hard cTaés of problems. In BRP problems a‘féctoria]
function namely Pmax governs the computational effort that has to

be spent. The ke]ationship between problem size and Prax Will be

analyzed later in this section.
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IQXAMPLE 6.2: This example is designed to alter the flow pattern
‘given in Example 6.1 by dintroducing two loads, dne between source
points and the other between demand points. The resulting loads

shown in Fig. 6.2.

FIGURE 6.2 - The flow pattern given in EXamb]e 6.2

Using the same initial airports and maximum time constraints

as in Example 6.1, the generated paths resulted in

P] : 6388 P2 = 1361 LCmax =5 and the a]ternaf

tive optimal solutions are obtained as follows; -

SOLUTION 1:
_ Plane Initial ajrport Load cafried Time (in minutes)
R 6 12-2- 10 460
2 6 5-1-8 456 -
3 ‘ 6 7-9-13-3 445
b - 14 - 11 445

4 5 6 - 4
- ’ TOTAL: 1805
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10 -13 - 6

Plane Initial airport 'Ldads'carfied _Time (in minutes)
1 s 2-4-8-13 460
2 5 1-14-5-9 460
3 6 | 7-3-10 460
4 5 6 -12 - 11 455
| TOTAL: 1835
SOLUTION 3:
- Plane Initié] airport Loads carried Time (in minutes) ’
] 5 2-4-8-13 460 |
2 5 1-14-5-9 460
3 6 . 7-3-10 460
4 5 2-6-11 450
TOTAL: 1830
SOLUTION 4:
Plane | Initial airport Loads carried Time (in minutes) .
1 B 5-6-9-13 455
2 . 5 14 -12 -4 -8 450
3 6 M-1-3 460
4 6 7 -2-10 460
TOTAL: 1825
SOLUTION 5:
| Plane Initial airport Loads carried Time (in minufes)
1 | 6 12-1 - 8 445
2 5 2-4-14 -5 450
3 6 7v- 3.-11 : 4§0
4 -6 -9 460

TOTAL: - 1815
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SOLUTION 6:

Plane Initial airport Loads carried Time (in minutes)
1 5 14-7-4-9-13 460
2 6 12 - 2 -10 v460
-3 6 . 5-3-28 455
4 5 - . 1 -6-1 . 445
TOTAL: 1820

Note that z* = 460 minutes and Py = 1073, although the
_number'of Toads increased by less than 15%. The number of paths
that has to be consideked during seérch phase is tripled. The
- major reason for this'exp1osion‘is/the arbitrary configuration

of 1oaqs’13 and 14.

EXAMPLE 6.3: This example is designed to see the effect of the
existence of counter loads, that is,vfhe loads from demand points |
to source points. To achieve‘this, load 15 is added between air-
ports 1 and 5 and all other aspects of the problem are kept the
same. The paths generated in this fashioh yield the fo]lbwing

results:

P

1

= 12719 P, = 2437 LC. =5 . |

and the optimal solution is obtained as follows:

Plane  Initial airport Loads carried . = Time (1nAminute;)
1 6 12-2-10 460
2 6 5-1-8 455
'3 6 7-9-13-15-3 1460
4 5 6 -4-14-11 445

TOTAL: 1820
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Note z* = 460 minutes and P, = 1909. The optimization on
.this data is’done'on purpose to get the path reqUireménts and one
counter load nearly dodb]ed’the number of paths that has to be con-
sidered. Indeed there is no need to carry on optimization on this
data if we know the opt1ma1 solution of the previous problem. The
optimal solution of the Examp]e 6.2 resu]ted in several empty flights
between airports 1 and 5‘50 as to carry 1oads between 5 and 1, as
expected. ‘Note fhat, in the first alternative so1ution'of~the pre-
vious problem, plane 3 has an empty flight between 1 and 5, and has
15 minutés slack time which is equal to loading plus the unloading
time of a sing\é load. So, this plane can cover a load between these
éirports without violating the optimal value of the problem.

This discussioﬁ directs us some interesting resu]fs; If
there exists éome counter loads, then these équnter loads will imﬁe— |
diately blow up the numbef of paths that has to be considered. In
case of their existence, the best thing to do is drop them first and
solve the reduced problem and then try to bu11d up a solution to the
original problem.utilizing the minimum total cost alternative solution
»of the reduced problem. - Now,{assume that the worst cése had happened
and after solving the reduced problem we gbt a unique optimal so]ption
in which there exists no plane Qith some slack time. But, if there -
are emptyjflighfs covering counter loads, then we can still bui]d up
a godd solution to the original problem, since the objective function
- value of‘the problem will be increased at most by z, where,

(number of empty flights on)] x [TU + TL] (6.5)
i=1,..,p the route of p]ane j

"
| oy}
=
<]
x

z
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Under such circumstances we can make the following proposal
and claim that the solution at hand is still optimal to the original

problem.
PROPOSAL 6.1

If‘the empty flights of the reduced prob]ém vaers all the
dropped Counter loads of the original problem, thén one can build
up a solution for the original problem uti]izing}the minimum total
cost alternative solution of the feduced problem, and this solution
»wi]l be the optimal solution for the original problem.

In order to prove this claim, assuhe that we have solved the
original problem and this time we dropped.the same loads to get a
solution for the reduced problem. But this so]utioﬁ cannot be better
~ than the so]utfon obtained purely for the reduced problem. Since %f
it is so, then we should have found it while optimizing reduced prob-
" Jem. Hence the only difference in objective function values of the
two problems can be caused from 1oading aﬁd unloading times which is
ihdependent‘of(the routes of-.the planes, and in any case the mission

times of planes are governed by their routes.

- EXAMPLE 6.4: In order to ana]yze the effect of loads between the
same kinds ofbpoiﬁtstetter, this time we have assigned a ]oad between
airports\z and 1 and kept all other properties of the problem the same
as in Example 6.3.

This load exploded the number of paths in generation phase
(P] = 27708 LC_.. = 6) and we did not execute the further steps of

the BRP algorithm because of this huge number. One of the major
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reasons for this explosion is that airpokes 2 endll are very close -
to each other with respect to the other flights. |

| The existence of loads which require respectively shorter
:fTight'time brings troubles when number of paths generated consi-
dered. Let loads a, b, and ¢ fequire more or less the same flight
time and load d require re]atiVe]y~1e§S flight time. Also Tet dmaX
be‘the maximum mission time given to generate paths. Ndw consider
‘the following case. Let time to carry loads a and b < d___. Under

‘ » max
" such a situation it happens most of the time that time to carry

loads a, b, and ¢ > dmax’ but on the other hand usually time to carry

loads a, b, and d S-dmax' So, just a sing]e load generates lots of
,combinations to be considered..

Now cons1der Just the oppos1te case. Thét is, assume that -
load d requires relatively longer flight’ t1me This case helps in
all phases of the so]ution‘procedure. Since load d appears dn]y on
a small number of paths, the number‘of.paths tﬁat have to be generated
-decreases. Also the‘search procedure automatically selects Method A
for'blocking, due to the unbalanced distribution of load frequenciesf
Thus, the number of paths”in the first block decreases while computa-

tional effort'during search procedure decreases.

EXAMPLE 6.5: This time in order to i11ustrate the explosion caused
by counter loads better we have introduced another load between air-
ports 1 and 5 as load 16 in addition to loads in Examp]e 6.3. This

resulted in P] = 21622 and LCmaX = b, By the use of the Proposal 6.1,

we can byild up the solution for this problem. Thus we did not carry

on optimizetion. .
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EXAMPLE 6.6: Similarly, this example is designed for the same purpose
‘as Example 6.5 and based on Example 6.1. Following counter loads are

added to that problem.

Load 13 from airport}B to airbort 5.
Load 14 from airport 1 to airport 5.
“Load 15 from airport 1 to airport 5.

Load 16 from airport 3 to airport 6.

This data resulted in Py = 12769 and LC_ . = 5. But this time we
cannot app]varoposal«G.T since none of the empty flights of~Examp1é
6.1 covers load 16. So, we have to solve the problem without dropping

1oad>16'oncé again;

EXAMPLE 6.7: This example is designed to ana]yzé the effect of a;

~ central initial airport. This time all p1anes‘are assumed to be
Tocated at airport 4 initially andAthe other airports are assumed to
be bases with no p1ahes‘initia11y. ~This initial configuration of
planes applied to 12 loads in Example 6.1. But'maximum mission time
to generate paths is increased to 495 minutes in this case. The

results obtained are as follows;

= 264 LC =3

P, = 1034 P, o

The alternative optimal solutions are as follows:
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SOLUTION 1:

Plane Initial airport Loads cafried Time (in minuteﬁ)
1 4 7-12-3 470
2 4 5- 1-2 470
3 4 4- 8-10 460
4 4 9 - 6-11 » 455
| TOTAL: 1855
SOLUTION 2: |
Plane  Initial airport ~ Loads carried Time (in minutes)
1 4 7-3-6 460
2 4 5-1-2 470
3 4 9 -12 -11 460 |
4 4 g - 8-10 460
TOTAL: 1850 -
SOLUTION 3:

Plane Initial airports _ Loads carried Time (in minutes)

1 4 4-8-10 : 460
2 4 5-1- 2 470
3 4 9-3-1 465
4 4 7-6-12 . 470

TOTAL: 1865

'?* = 470 minutes and’P3 = 198.

Although there are loads starting from central airport 4,
most of the loads start from airports 5 and 6, so planes at airport
4 should make an empty flight at firsi']eg of their mission whiéh

naturally increases the .optimal value of_the prob]ém.



147

The other example problems behévea similarly under this diffe-
rent initial configuration, and the increase in their objective func-
tion values are parallel to the increase in thfs case. In rea1 life,
there are other jmportant factors which effect the choice of initial
configuratian in military applications. Although these factors are
areas of interest in Operations Regearch,‘they are not related to our
topit, SO we haVe omitted these factors.

On the other hand, I want to emphasize on another facton
which governs the‘efficiency df the solution procedure developed in
this thesis, when the times Eéquired to carry loads are close each
other. | |

Let there be M loads and P planes. Since times to carry each
load do not‘vary much, most of the time the optimal solution of such
problems results in minimum configuration. fhat is,lﬁ loads are
assigned to eachbplane (where M = Q + 1 and Q is defined by Definition
., 3.1). Since flight times are close each other, the times required to
carry each set of M loads are c]osevto}each other. Hencé, nearly
all paths with load cardinality less than or equal to M have to be
enumerated to catch an optimal solution. Thus, the minimum nymber of

paths that have to be considered in the path list is P where,
F=l(], ) xRIxa, O<acxl (6.6)
r=1

‘P is the minimum number since there may be paths with load
cardinality > M and time requirement < dmax‘ a is the ratio of paths
“with load cardinality_i'ﬁ and whose time requirement > dmax' As the

times reduired to carry the loads approach each other, o tends to 1.
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But the converse is not true, i.e. 1ncreasﬁng raﬁge of mission times
does not imply that o ~ 0. We are only trying to estimate the humber
of pafhs that have to be considered during optimization under different
problem characteristics ahd we can simply assume o = 0<5.

In all cases the problem gets much harder as M enlarges as
compared with enlargements in M. We can follow this in Table 6.2 in

detail.

TABLE 6.2 - Increase In Problem Complexity

M P R W 7
10 s 13 1750
20 4 1 5 | 21699
20 6 1 4 61950
15 5 1 3 5750,
30 10 1 3 45250,
30 5 1 6 768211
60 20 1 3 360500
60 10 1 6 560490570,

6.2 GENERAL RESULTS

A computerized optimization for military cargo airp]ané
routing is studied in this thesis. First the problem is formulated
“as a (0-1) linear program. Then two suggestions are given for two

types of'problems.' Namely, the Bottleneck Routing Problem and the
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_Minimum Total Time Routing Problem. For the first problem a Comp]ete »

exact soTution procedure is defined. But for the second one only a

' transformation~is gi?en. Both of these approaches aided to find out
the-routes of planes without taking into account the capabilities of
o service faci]ities'at aﬁrports. In Qrder to handle such constraihts

~a heuristic procedure is suggested.

The algorithm developed for BRP is tested on- various problems.

These problems are relatively small problems as compared with real
life problems. But the technique developed necessitates extensive
"~ computer usage. A]though to_obtéjn such facilities wide ehough is
a great problem in academic life, this is not the case in military
applications. So 1h real life applications problems of reasOnéb]e
size (See Table 1.1) can be solved. |

There are several special cases of mifitary airplane routing
whith are not exp]icitiy discussed throughout the text, They are
 summarized as follows:

Most bf the time theArouting proéess is done upon essentially
sfmi]ar‘netwokks, and thevboring pért of the procedure défined is the
geheratibn, e]%minafion andvsorting»of paths on these networks. In
order to évoid this cumbursome business, the best thing to do is to

estimate a representative network, which includes all airports and

all possible loads between these airports. If generation, elimination

and sorting processes are done on this network beforehand and resuTting

paths are stored somehow, then these paths can be utilized whenever

necéssary by eliminating the ones which are not desirable. This

approach can be used while making sensitivity analysis over the so]ution#
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That is, one can increase or decrease number of planes available
or Toads to be carried and can solve the problem just reinitiating
the Bottleneck Routing Algorithm.

There can be cases where loads have to be transferred to
points where no airports exist. In such cases, either thevpiane
lands on an open area or simply drops the 1oad:l In any case the
only difference is in the service times. One can assume any loading
or unloading area as an airport, but uti]izé'variable service times.
The manipulation necessary to handle variable service times are
exp]ained throdghout the text.

In real life apb]ications, one important problem is, unit of
shipment is not all the time a plane load. ‘If that is the case, oné
must either develop a éomp]éte]y different approach or solve the prob-
lem by approximating all 1oads to unit plane foads, then analyze the
solutions to get a sb]ution to his original problem. |

Commanders'can state time windows. As an example, some loads
_should be carried between prespecified time intervals. The procedure
iﬁ principle is not designed to handle such casés. But some modifi-
cations can be made at the search step of BRA in order to solve such
problems. | |

- The point that we héve reached in this thesis is encouraging
for further research. One can approach the problem in a totally,
different way. That is, one could develop a formulation which does
not petessitate the generation of simpie paths at 611. Some tour
building techniques can be utilized instead of the set-partitfoning

approach.' Also improvements on the algorithms developed within this.
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study are possible. The stopping rules can be enlarged, so that one
can}bé more}sure about the feasible region.

The most valuable extension of this research would be
designing a powerful technique which can handle splitable loads.
A]so one could attack so]viﬁg military BRP in one step rather than
first éo]ving the routing prob]em and then satisfyihg the airport

. cabacity constraints.
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APPENDIX A

The formulations discussed in various chapters of this thesis
‘are applied to some test problems, and these problems are solved with

| the techniques suggested.

We can summarize these formulations as follows:

i. . FORMULATION I:

Set-theoretic formulation of BRP, solved. by the algorithm

’suggested in Chapter 3.

ii.  FORMULATION II:

Set-theoretic formulation of BRP with minimum total cost-

" requirement solved by the a]gorithm suggested in Chapter 3.

iii. FORMULATION III:

MDMTSP formulation of MCRP by using exactly the given number

of planes, solved by Little's Branch and Bound algorithm.

iv.  FORMULATION IV:

MDMTSP formulation of MCRP by using less than or equal to the

given number of p]dnes, solved by Little's Branch and Bound algorithm.
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v.  FORMULATION V:

MDMTSPF formulation of MCRP with fixed costs of planes, solved
by Little's Branch and Bound algorithm.

Following format is used to express results:
Plane number: Initial airport: Loads carried: Time
NOTES: i) ™" sign besides total times indicates that, that results.
cokrespond to the one which is obtained at a reasonable

time on‘UNIVAC 1106. Further improvement possible if a

better TSP algorithm occupied.

i) The unit of time is taken as minutes.



EXAMPLE A

11 - 30 65
2 130 - 30
D= ’ A
3165 30 -
4 140 35 20
LOADS: .
Starting Ending
Number airport airport
1 1 2
2 ! 1
3 2 4
4 4 3
5 4 2
6 3 1
7 3 4
 FORMULATION I
Plane 1 : 4: 4-6-1 160
Plane 2 : 3: 7-5-3-2 190
TOTAL 350
FORMULATION II
Plane 1 : 4: 4-6-1 160
Plane 2 : 3: 7-5-3-2 190
TOTAL 350

10

35
20

Loading time

Unloading time:

161

: 10

5

INITIAL LOCATIONS OF PLANES:

- Airport. N;TgﬁgSOf
1 0
2 0.
-3 1
4 1

Minimum Total Flight: 245

Total Load Unload

+ 105

Minimum Total Time : 350
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FORMULATION III

Plane 1': 3: 7-4-6-1 : 195
Plane 2 : 3: 5-3-2 : 155

- TOTAL 350

FORMULATION IV

Plane 1 : 3: 6-1 - : 125
Plane 2 : 4: 4-7-5-3-2 : 225

TOTAL 350 .
FORMULATION V
a)  Given: Airport Fixed Cost of a plane
3 100
4 100

Plane 1: 4: 4-7-5-6-1-3-2 : 380
- TOTAL 380
Thus, Total cost: 480

b) Given: Airport Fixed Cost of a plane
. 3 200
! 100

Plane 1: 4: 2-1-3-4-7-5-6 : 380
TOTAL 380
Thus, Total cost: 480



c) Given: ~ Airport Fixed Cost of a plane
3 - 100
4 200

Plane 1: 3: 6-1-3-4-7-5-2 : - 385
TOTAL 385
Thus, Total cost: 485

© DISCUSSION

163

Although formulations III and IV have the same objective func-

t1on values, the resulting optimal solutions ass1gned planes to dif-

ferent set of loads, that is due to the branching nature of Little's

- Branch and Bound algorithm on similar cost matrices. Also, cases a

and b of formulation V are different because of the same reason.

fn-

~deed same phenomenon 1is observed in most of the examples but will not

be discussed from now on.

- Also note that, there is only one alternative optimal solution

to BRP So, formulation I and I1 yielded the same results.
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Same D matrix as in Example A. Load and unload times are

also the same.

LOADS:

Number  HEICNS aiveort
S 1 2
2, 4 1
3 2 4
4 4 3
5 4 2
6 3 1
7 3 4
8 3 2
9 2 1
0. 4 3
FORMULATION I
Plane 1: 4: 7-10-6 : 170
P]ane 2: 4: 5- 3-2  : 155

Plane 3: 4: 4- 8-9-1 : 170

-TOTAL

495

INITIAL LOCATIONS OF PLANES:

Airport NngﬁgSOf
1 I 0
2 0
Same as 3 0.
Exagp}e 4 3

Minimum Total Flight: 325 .
Total Load Un]bad 1150
Minimum Total Time : 475
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FORMULATION I1

Plane 1: 4: 7-10-6 1170

Plane 2: 4: 5- 3-2  : 155

Plane 3: 4: 4- 8-9-1 : 170
TOTAL 495

FORMULATION III

Plane 1: 4: 2 : 55

‘Plane 2: 4: 4-8-9-1-6 : 280

Plane 3: 4: 5-3-7-10 : 190 . -
TOTAL 525 +

FORMULATION IV

Plane 1: 4: 4-7-10-8-9-1 : 240

Plane 2: 4: 2 . 55
Plane 3: 4: 5-3-6 : 200

TOTAL 495

‘FORMULATION V

Given fixed cost of plane at port 4 1is 100.
Plane 1: 4: 2-8-7-10-8-9-1-3-5-6: 545

Thus, Total Cost: 645+
DISCUSSION

Although the optimal so]utionrto formulation IV is found with 3

p]anes,‘formu1atioh III failed in»achieving this result in a reasonable
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time. If run had hot been terminated then, formulation IIT would
eventually reach that solution also. In several examples such a
case occurred, which indicates that Little's Branch and Bound

algorithm functioning better on formulation IV.

EXAMPLE C

Same D matrix as in Example A and B. Load and unload times

are also the same.

LOADS : INITIAL LOCATIONS OF PLANES:
AT pirpore  Mumber of
1 1 2 1 0
2 4 1 ' 2 0
3 2 4 3 2.
4 4 3 4 4
5 4 2 eample
6 3 1 B
7 3 . Minimum Total Flight: 430
8 3 2 | - ~Total Loéd Unload : 180
9 2 1 Minimum Total Time : 610
10. 4 3
1 B 3

—
N
-—t
S
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FORMULATION I

Plane 1: 4: 11 120

Plane 2: 4: 2-12 : 110
Plane 3: 4 10- 6 : 15
Plane 4: 3: 9- 1 : 120
Plane 5: 5- 3 : 100
Plane 6: 3: 7- 4-8  : 115

TOTAL - 680

FORMULATION II

c 11 . 120 ‘ o

Plane 1: 4

Plane 2: 4: .2-12 : 110

Plane 3: 4: 10- 6 : 115

Plane 4: 3: 9-1  : 120

Plane 5:°4: 5- 3 : 100
»yP]ane 6: 3: 7- 4-8 :_llé
| TOTAL 680

FORMULATION III

~Plane 1: 3: 8-3-10 : 130
Plane 2: 4: 6-11 - : 180
Plane 3: 4: 5 : 50
Plane 4: 4: 4-7 . 70
Plane 5: 4: 2-1 | | : 100
Plane 6: 3: 9-12  :_130

660+
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FORMULATION IV

Plane 1: 4: 4-6-11-8-9-12-10-7-5-3-2-1 : 610
Thus, Total Cost: 610

FORMULATION V-

a) Given cost of a plane at airport 3 is 100.

Given cost of a plane at airport 4 s 100.

Plane 1: 3: 6-11-8-9-12-10-7-4-5-3-2-1" 630
Thus, Total Cost : 730 +

b)  Given cost of a plane at airport 3 is 100.

Given cost of a p]anevat airport 4 is 200.

" Plane 1: 3: 6-11-8-9-12-10-7-4-5-3-2-1: 630 —
Thds, Total Cost : 730 +

¢
c) Given cost of a plane at airport 3 is 200.

Given cost'of a plane at airport 4 is 100.

Plane 1: 4: 4-6-11-8-9-12-10-7-5-3-2-1: 610
Thus, Total Cost : 710 .

- d) Given fixed cost of a plane at airport 3 is 5.

Given fixed cost of a plane at airport 4 is 10.

B

“Plane T2 3 6=11- a G- 12- 10-7-4-5- 3"f,
o Thus,'Total Cost: 635 +
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e) Given fixed cost of a plane at airport“3 is 2.

Given fixed cost of a plane at airport 4 is 2.

Plane 1: 3: 6-11-8-9-12-10-7-4-5-3-2-1: 630
Thus, Total Cost  : 635 +

DISCUSSION

- 1In this case, formulation IV resulted with an optimal solution
of value 610 and using only one plane. But again formulation III
faj]ed in achiéVing the optima1'solution in a reasonable time. The
optimal solution to fdrmu]ation IIT has to have a value greater than
or equa]_to 610 as discussed in Chapter 5. In this case we can built
up the optimal so]ution‘to formu]ation;IiI by/simp1y splitting the

route obtained as a result of formulation IV as follows:

4 : 35

Plane 1: 4
Plane 2: 3: 6-11  : 160
~ Plane 3: 3: 8-9-12 : 145
Plane 4: 4: 10-7 : 70
Plane 5: 4: 5-3 : 100
Plane 6: 4: 2-1 : 100
~ TOTAL 610

By this way the optimal solution to formulation III has been
obtained with optimé] value 610. In the following example sjmilar

decomposition are applicable.
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EXAMPLE D

Same D matrix as Examples A, B, and C. Load and unload

- times are the same.

LOADS: o INITIAL LOCATIONS OF PLANES:
Number SErtIRd Mipont nirport Mumber of
1 2 1o
2 4 | I 2 0
3 2 4 | 3 3
4 . 3 4 4
5 g 2
-6 3 1 Same as _ )
7 3 4  Fxemple Minimum Total Flight: 510
8 3 2 Totai Load Unload : 225
9 2 1. Minimum Toté] Time : 735
10 4 3 |
Y 13
12 1 4
13 3 2

14 3 2
15 3 4.



FORMULATION I

- Plane 1: 4:

2-11  : 135
Plane 2: 3: 106 : 135
Plane 3: 4: 5-12  : 135
Plane 4: 3: 13-9-1 : 135
Plane 5: 3: 8—3;4 - 13D
Plane 6: 4: 7-14  : 120
Plane 7: 4: 156 :_55
"  TOTAL 845
FORMULATION 1T
,.Plane T: 4: 2-11 - : 135
Plane 2: 3: 6-12  : 135
Plane 3: 3: 13-9-1 : 135
Plane 4: 3: 15-5-3 : 135
Plane 5: 4: 7-10-8 : 135
Plane 6: 4: 4-14 : 80
| TOTAL - 755
~ FORMUTAION I
Plane 1: 3: 7 35
‘Plane 2: 3: 6-1-11 : 235
Plane 3: 4: 13 . : 85
Plane 4: 4: 2-5-3-10: 220
Plane 5: 3: 8-9-12 : 145
* Plane 6: 4? 14 65
Plane 7: 4: 4-15 70
TOTAL -

845+
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_FORMULATION 1V

Plane 1 3: 6-11-15-10-14-9-12-5: 425 °

Plane 2: 4:_2-1 _ : 100
Plane 3: 3: 7-4-13-3 : 165
Plane 4: 3: 8 | Q__gg

TOTAL 735

FORMULATION V

a) Fixed cost of a‘p]ané at airport 3 is 100.

Fixed cost of a plane at airport 4 is 100.

Plane 1: 32\Gf]]‘15510-]4'9-]2-5—]3-3'2‘]'7’4;83 795
Thus, Total Cost : 895+

: | A : v
b)  Fixed cost of a plane at airport 3 is 200.

Fixed cost of a plane at airport 4 isv100.

Plane 1: 4: 6-11-15-10-14-9-12-5-13-3-2-1-7-4-8: 815
Thus, Total Cost : 915+

DISCUSSION

Note that the optimal solution to formulation II utilizes
only 6-p1dnes, although we have 7 available. This case is mentioned
in Chapter 3. Thét'ﬁs, we can reach to the optimalvso]ution to BRP
by using‘]eSS than the given number of planes while applying the

- algorithm developed in this thesis.



' EXAMPLE D WITH THE PLANE AVAILABILITY AS FOLLOWS :

TOTAL

805+

| Airport Nngﬁgsof
1 ‘ 0
2 0
-3 2
4 4
‘FORMULATION I
Plane 1: 4: 2-11 : 135
Plane 2: 3: 6-12 : 135
P]aﬁe 3: 3: 13—9f] : 135
Plane 4: 4: 5-3-10 : 135
Plane 5: 4: 4-15-8 : 135
- Plane 6: 4: 7-14 : 120
| | TbTAL 795
. FORMULATION III
Piane T: 3: 14-9-12 : 145
Plane 2: 4: 6-11 : 180
Plane 3: 4: 4-13-3-7-10 : 220
Plane 4: 4: 2-1-8 : 175
Plane 5: 4: 5 50
Plane 6: 3: 15 35

173



FORMULATION IV

Plane 1: 3: 6-11-15-10-14-9-12-5: 425

Plane 2: 4: 2-1 ’ : 100
Plane 3: 3: 7-4-13-3-8 = : 230

TOTAL 755+

FORMULATION V

a) Fixed cost of a plane at airport 3 is 100.

Fixed cost of a plane at airport 4 is 100.

Plane 1: 3: 6-11-15-12-14-9-12-5-13-3-2-1-7-4-8: 795
Thus, Total Cost : 895+

" b) Fixed cost of a plane at airport 3 is 200.

* Fixed cost of a plane at airport 4 is 100.

" Plane 1: 4: 6-]1-]5—10—14—9-]2—5-]3—3—2-1—7—478: 815
Thus; Total Cost : 915

EXAMPLE D WITH THE PLANE AVAILABILITY AS FOLLOWS:

Airport ‘NngﬁQSOf _
! 0
2 -0
3 ]

174



FORMULATION 1

¢ 2-11

Plane 1: 4 : 135
Plane 2: 3: 6-12  : 135
Plane 3: 4: 5-9-1 : 135
Plane 4: 4: 10-8-3 : 130
Plane 5: 4: 13-14 : 140
Plane 6: 4: 4-7-15 : 125
TOTAL 800

EXAMPLE D WITH THE PLANE AVAILABILITY AS FOLLOWS:

Airport

TOTAL

1
2
3
4
FORMULATION I
Plane 1: 4: 2-11 : 135
Plane 2: 3: 6-12 : 135
Plane 3: 3: 13-9-1 : 135
’ Plane 4: 4: 5-3-10 : 135
- Plane 5: 4: 4-15-8 : 135
Plane 6: 3: 7-14 : 100

r————

775

Number of

planes

0
0
3
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EXAMPLE E
1) - 30 6 40 90
2 130 - - 30 35 60 Loading time : 10
D= 3(65 30 - 20 20|  Unloading time: 5§
sla0 3 20 - 35
513 60 20 - 35 -

Actually airport 5 is added to Example A, A
LOADS : _ INITIAL LOCATIONS OF PLANES:

umber *iFoore _airport pirport,  Muber of
1 1 2 1 0
2 4 1 2 0
3 2 4 3 0
4 4 3 4 5
5 4 2 5 2
o s 1 g ,
7 3 o Minimum Total Flight: 560
8 .3 2 * Total Load Unload : 255
9 2 1 Minimum Total Time : 815
10 4 3
T 1 3
12 1 4
13 3 2
14 3 2
15 3 4
16 5. 1
17 5 3



FORMULATION I

" Plane 1: 4:

Plane 2: 4:
Plane 3: 5:
Plane

Plane

(=2 DR &2 BRSO

"Plane

B T &2 B S

~J

Plane

FORMULATION

2-11
10-6
16-1-9

: 5-12

: 4-13-3
: 17-7-8
: 15-14

TOTAL

Plane 1:

s B

Plane

Plane

oW N
o

Plane

Plane

(8]
[ I s R

Plane 6:

=

‘Plane 7:

: 2-1N
: 10-6
: 16-1-9
: 5-12
: 4-13-4

17-7-8

: 15-14

TOTAL

: 135
: 115
: 135
: 135
: 130
: 135
: 120

905

: 135
: 115
: ]35
: 135,
: 130
: 135
: 120

905

177



 FORMULATION III

Plane 1: 4: 4-13-3-10 : 165

Plane 2: 4: 6-1-11 : 255
Plane 3: 4: 7 i85
Plane 4: 4: 2-5-14-9-12 : 320
Plane 5: 4: 8-15 : 130
Plane 6: 5: 16 | . : 45
Plane 7: 5: 17 . 35

TOTAL 1005+

 FORMULATION IV

.2 : 55

Plane 1: 4

Plane 2: 5: 16-12-5 . 150

Plane 3: 5: 17-15-10-13-3-7-6-11-14-9-1: 570

Plane 4: 4: 4-8 | : 80
TOTAL 855+

- FORMULATION V

-a) Given: Airport Fixed cost of a plane
4 100

5 100

Plane l; 5: 17-16-12—5—13—3—6-]1—15-12—14—9—1-7—244-8:-955
Thus, Total Cost :1055+

178



d)

Given: Airport Fixed cost of a plane
4 200
5 100

179

Plane 1: 5: 17-16-12-5-13-3-6-11-15-10-14-9-1-7-2-4-8: 955

Thus, Total Cost

Given: - Airport Fixed cost of a plane
4 100
5 .200

: 1055+

Plane 1: 4: 6-1-7-2-4-15—]0-]4-9-1]—17-16-12—5-]343-8: 995

Thus, Total Cost

Given: Airport Fixed -cost of a plane
4 : 10
5 5.

Plane 1: 5: 16-12-5-6-11-14-9-1 : 475

Plane 2: 5: 17-15-10-13-3-7-4-8-2 :_425
TOTAL 900
Thus, Total Cost: 910+

¢ 1095+



—
[eo]

" EXAMPLE F .
1] - 30 65
21 30 - 30
3] 65 30 -
D =
4] 40 35 20
5( 90 60 20
6| 85 95 100
LOADS ;-
Starting Ending
Number airport airport
1 1. 2
2 4 1
3 2 4
4 4 3
5 4 2
6 3 1
7 3 4
8 3 3
9 2 1
10 4 3
1 1 3
12 ] 4 .
13 3 2
14 3 2
15 3 4
16 5 1
17 5 3
6 1

90

40

35 60
20 20
- 35
35 -
65 110

85
95 | Loading time
100 Unloading time:
75
110

180

: 10

5

INITIAL LOCATIONS OF PLANES:

Airport N;TgﬁgSOf
1 0
2 0
3. 3
4. 2
5 2
6 0
Minimum Total Flight: 705
Total Load Unload :_270
Minimum Total Time : 975
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FORMULATION 1

Plane 1: 4: 18 . : 175

Plane 2: 3: 15-16 : 175
Plane 3: 5: 14-11 - : 175
Plane 4: 3: 6-2 -2 375
‘Plane 5: 4: 5-12-4 : 170
Plane 6: 5: 17-8-9-1 : 170
‘Plane 7: 3: 7-10-13-3 : 165

‘ | TOTAL 1205

FORMULATION IT

Plane 1: 4: 18 o 175
Plane 2: 3: 15-16 : 175
Plane 3: 5: 14-11 : 175
Plane 4: 3: 6-2 : 175
Plane 5: 4: 5-12-4 - £ 170
Plane 6: 5: 17-8-9-1  : 170
P]ané 7: 3: 7-10-13-3 : 165

TOTAL 1205
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FORMULATION III

Plane 1: 3: 6-2-4-14  : 295
Plane 2: 5: 16-11 : 185
Plane 3: 3: 8-9-1-3-13 : 250

Plane 4: 4: 18-12 : 230
Plane 5: 4:-10 : 35
Plane 6: 3: 7-5-15 : 150
Plane 7: 5: 17 | 35

TOTAL 1180+

FORMULATION IV

Plane 1: 3: 7-5 . -+ 85
Plane 2: 5: 16-11-14-9-] 320
Plane 3: 4: 2 - : bb
Plane 4: 3: 6 : 80

Plane 5: 5: 17-15-18-12-10-13-3-4-8: 510

TOTAL 1050
FORMULATION V
a)  Given: Airport Fixed cost of a plane
3 100
4 | 100
5 . 100

| Plane: 1: 5: 17-16-11-15-18-12-10-14-9-1-7-5-13-3-6-2-4-8: 1230
Thus, Total Cost o 1330+



b)

d)

Given:

Plane

Given:

Plane

Given:

P]ane
Pléne

Plane

- Plane

Plane

183

Airport  Fixed cost of a plane

3 100
4 . 200
5 100

~

1: 5: 17-16-11-16-18-12-10-14-9-1-7-5-13-3-6-2-4-8: 1230

Thus, Total Cost : 1330+

Airport-__ Fixed cost of a plane
3 100
4 100

5 - 200

1: 3: 7-4—13—3-]7-16-1]—15-18-]2-10-14-9f1-6-2-4-8: 1245

(3] e w . N
[&] w o W

Thus, Tota] Cost : 1345+

Airport - Fixed cost of a plane
3 | 0 |
4 5
5 0
32 - 75

: 7-5 | .85

: 16-11-14-9-1 1320

: 6 _ - 80

. 17-15-18-12-10-13-3-4-8: 510

TOTAL 1070
Thus , Total'Cost: 1090+



EXAMPLE G

LOADS:

Number

S W N

Starting Ending
airport

30
40
50

65

30

55
35
25

airport

40

55

30

70

W O ~N O P& w N -

O W 00 NN O O B W N —= O

-—

B = NN RD WS PP o= NNDOOW =W N R

—_ 0 W = NN N W W WO S DR =W N

(3]

50

35
30

20

.65

25
70
20

184

Loading time : 45

Unloading time: 25

INITIAL LOCATIONS OF PLANES:

Airport NngﬁESOf'
1 4
2 0
3 0
4 4
5 0

Minimum Total Flight: 780
Total Load Unload. : 1400
Minimum Total Time : 2980




FORMULATION I

TOTAL

Plane 1: 4: 14-17-1
Plane 2: 4: 15-16-19
Plane 3: 4: 11-6-12
Plane 4: 4: 2-8-7
Plane 5: 1: 3-20
Plane 6: 1: 4-9
Plane 7: 1: 5-10
Plane 8: 1: 18-13

- FORMULATION II
Plane 1: 4: 14-17-1
Plane 2: 4: 15-16-19
Plane 3: 4: 11-6-12

' Plane 4: 4: 11-6-12
Piane 5: 1: 3-13
Plane 6: 1: 9-10
‘Plane 7: 1: 5-20
Plane 8: 1: 18-4

TOTAL

: 305
:. 300

SN

: 300
: 290
: 305
: 285
: 280
2300

: 305
: 300
: 300
: 290
: 280
¢ 275
1 240
}_ggg

2210

185



FORMULATION ITI

Plane 1: 1: 5-16  : 225

~ Plane 2: 1: 18 : 110

 Plane 3: 4: 12-13-17 : 325

Plane 4: 4: ]1—6—19 : 290

. Plane 5: 4: 14 o 105
Plane 6: 1: 9-10-4 : 385k

7: 1:1-3-16 : 385

. Plane

Plane 8: 4: 2-8-7-20 : 410

TOTAL  2235%

FORMULATION IV

P1ané 1: 1: 1 - . : 10d
Plane 2: 4: 2-3 1 230
Plane 3: 4: 11-4-5-14-16-20-18-13-8: 990
Plane 4: 4: 12-6-15-17-9-7-19-10 : 860

TOTAL 2180
FORMULATION V
a)  Given: Airport  Fixed cost of a plane
1 . 100
s 100

186

Plane 1: 1: 1-3-19-10-15-17-9-7-14-16-20-18-13-8-12-6-11-4-5-2: . 2260

Thus, Total Cost

: 2360

+

|
|
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b)  Given: Airport  Fixed cost of a plane
1 : 200
4 100

Plane 1: 4: 2-]-3—11-4—5-12-6-15-17—9-7-14—]6-20-18-13-8—]9—f0: 2260
Thus, Total Cost : 2360+




10
1
12

13
14

15

16.
17

18

19

20
21
22
23
24
25
26
27

28

- 29
30
31
32
33

APPENDIX B
Combination Values of M-and r
1 2 3 4 5 6
10 45 120 210 252 210
1 55 165 330 462 462
12 66 - 220 495 792 924
13 78 286 715 1287 1716
14 9 364 1001 - 2002 3003
15 105 455, 1365 3003 5005
16 120 560 1820 4368 8008
17 136 680 2380 6188 12376
18 153 816 3060 8568 18564
19 171 969 3876 - 11628 27132
20 190 1140 4845 15504 38760
21 210 1330 5985 20349 54264
22 23] 1540 7315 26334 74613
23 253 1771 8855 33649 100947
24 276. 2024 10626 42504 134596
25 300 2300 12650 53130 177100
26 325 2600 14950 65780, 230230
27 351 2925 17550 80730 296010
28 378 3276 20475 98280 376740
29 406 3654 23751 118755 475020
30 435 4060 27405 142506 593775
31 465 4495 31465 169911 736281
32 496 4960 35960 ~ 201376 906192
33 528 5456 40920 237336 1107568

188
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6375600

Permutation, Values of M and r~

M/r 1 2 3 4 5 6
10 10 90 720 5040 30240 151200
11 11 110 1990 7920 55440 332640
12 12 132 1320 11880 95040 665280

13 13 156 1716 17160 154440 1235520
14 14 - 182 2184 24024 240240 2162160
15 15 210 2730 - 32760 360360 3603600
16 - 16 240 3360 43680 524160 5765760
17 17 272 4080 57120 742560 8910720
18 18 306 4896 73440 1028160 13366080
19 19 342 5814 93024 1395360 19535040
20 20 . 380 6840 116280 1860480 27907200
21 . 21 420 7980 - | 143640 2441880 39070080
22 22 462 9240 175560 3160080 53721360
23 23 506 10626 212520 = 4037880 .~ 72681840 .
24 24 552 12144 255024 5100480 96909120
25 . 600 ]3800 303600 127512000

189
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APPENDIX C

C.1  SIMPLE PATH GENERATION,

C.1.1 Definitons

~

a) NN: number of nodes
b) S the source node

c)’ T: the terminal node

©d) length of arc (I J), if dones I and J are
i directly connected by an arc.
W(I,Jd) = v
@ | ; otherwise.
e) » 1; if node I is unmarked.
MARK(I) =

0; 1if node I is marked.
f).KTH Current path ceunter shows the numbef of simple paths
yet generated.
g) DMAX: Max1mum distance to generate paths
h) LEN : Length of current partial path.
i) PATH: Array that contains éurrent partial path.
J) LBOY: Number of elements on current paftiel path.
k) A(])f Starting node of current arc.

1) A(2): Ending node of current arc.



C.1.2 Flowchart 1

- STEP 1

Get the‘input dafa
READ; NN,DMAX

READ; ((N(I,J),Jd=1,NN),I=1,NN)

Set: LEN=0
KTH=0 .

© MARK(I)=1 for I=1,... NN

:

FOR I=1 to NN
(overall nodes)

\

.~<(::w(s,1) > DMAX

‘

\

PG

Check if there is an a
N H(S,T) <

N Y

Set = A(1)=S
A(2)=I
MARK(S) ,MARK(T)=-1
LBOY=1
PATH(LBOY)=S
LEN=LENH(S,1)
~ ELEN=LEN

191
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| ‘STEP 2 :

Set V2zA(2)

MARK(V?Zii///,f

Y

FOR I=1 to.NN
(overall nodes)

| .

Check if there is an arc™,. 5
abs(W(V2,1)) < = |

5 Y
Check dméx _ VY -
abs(W(V2,1))+LEN > DMAX : o
N - R

Set: ELEN=LEN

* LEN=zabs (W(V2,1))+LEN
'MARK(V2)=-T1
W(A(T),A(2))=-W(A(1),A(2))
LBOY=LBOY+1 |
PATH(LBOY )=V2
A(1)=V2
A(2)=1

®
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' Check if a simple Agi\\\\N
path obtained
. | V2=T ,/”/

N Y

LBOY=LBOY+1
. PATH(LBOY)=T
KTH=KTH+1 S

record path KTH as another
simple path

 LBOY=LBOY-1

LEN=LEN-W(PATH(LBOY),T)




STEP 3

5

Set V1=A(1) |

FOR I=A(2)+1 to NN‘

/

< ELEN*W(V1,I) > DMAX >——Y

N

X

Set LEN=ELEN+W(V1,I)
A(1)=V1 '
A(2)=1

NEXT I

/

194

i | ' o
< W(V1,1) > 0 AND W(V1,I) <>“N
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PRINT

"Path generation
| completed"” |

FOR I=1 to NN

N

< W(I,V1) > == AND W(I,V1) i

Y

Set: A(1)=1
A(2)=Vi ,
MARK(V1)=1
WCA(T),A(2))=abs (H(ACT) ,A(2))
LBOY=LBOY-]

| LEN=0
: ‘ N ¥
| FOR J=2,B0Y |

Y ~ ! ,
AL - | LEN=LEN+abs (W(@bs(PATH(J=1),PATH(J)))

ELEN=0

LEN=0

A/

ELEN=LEN

—pana—




C.2

C.2.1

196

ELIMINATION | | ' -

Definitions

~a) MC : Counter of paths eliminated.

b) PATH : Path currently read.
c) LBOY': Number of elements on current path (the load cardinality).
d) LEN : Length of currént path.
e) NAIR : Initial airport of current path.
f) SUM : Demand bf current path.

- g) TDMAX: Maximum path demand.

h) ADJ : Arfay containing paths which are eliminated and
stored in memory.

i) KLEM : Array containing number of elements of paths iﬁ}ADJ.
Jj) DIS : Array containing lengths of path in ADJ.

k) AIR : Array containing the initial airports of paths‘in ADJ.
1) PDEM : Array containing demand of paths in ADJ.

m) CONT : 0¢currence of path demand control array.
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C.2.2 Flowchart 2. Elimination of Paths

MC =0

FOR P = 1 to KTH
(overall simple paths generated)

R L

Get Path P from mass storage \\\

READ; LBOY, LEN, NAIR, (PATH(J), J=1,LBOY) l

N

Calculate demand of Path

SUM: Sum of demands of nodes on path P
and demand of airport

V.

SSUM = SUMp

SUM = TDMAX

| CONT(SUM)= MC+1

<:::;ONT(SUM)= 0

g

N -



¢

FOR PP=CONT(SUM) to MC

Check demands
PDEM(PP)=SSUM

N
5| NEXT PP

AN A -

| Yo
\ _
%heck initial airports N
AIR(PP)=NAIR - NEXT PP
’ Y
X N
. Check member s1z§ NEXT PP
, KLEM (PP)=LBOY
\ Y

CONU(J)=0, J=1,NN
CONU(PATH (d))=1, J=1,LBOY

FOR J=1, to LBOY
(overall nodes on Path P)

’ N
< CONU(ADJ(PP,J))=1

N\

VIR

NEXT J

198
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< LEN > DIS(PP)

ADJ(PP,d)=PATH(J),J=1,LBOY
DIS(PP)=LEN

\ | _
( NEXTD _

\

Path P is not repeated, record it
Set MC=MC+1
ADJ(MC,J)=PATH(J), J=1,LBOY
DISC(MC)=LEN
AIR(MC)=MAIN
KLEM(MC)=LBOY
PDEM(MC)=SSUM

\

( NEXT P

Record all paths in ADJ
MC is the number of paths

after removal

STOP
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{
\

C.3  BRP ALGORITHM

C.3.1 Definitions

a) R : the number of airports.

by M : the 'number of loads.

c) P : the number of p]aﬁes.

d) RP : the number of airports with p]ahes initially.

e) MAIR : Plane availability at airpokts initially
| - MAIR(I): number of planes at airport I initia]iy.
f) TOTAL : Total frequency array |
, TOTAL(I): total frequency of load I in path list.

}g) GMAX  : Maximum number of members per path for the paths
within the path list. _

h) USET : Number of paths in the path 11st
i) LSET : Top search limit for the first plane.
j) KSET : Bottom search limit.

k) KRT : Top search limit.

1) KPL : Current number of planes used in partial ﬁo]ution OPT.
m) KLD : Current number of loads covered by partial solution OPT.
o) D : Airport-to-airport flight time matrix.

D(I,Jd): Time required for a non-stop f11ght from
- a1rport I to airport J.

The following variabies and arrays are expressed'in terms of

the nodes 1in the transformed network:

a) AIRMAX : Plane availability at airports initially

AIRMAX(I): number of planes at airport I initially.
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b)- AIRMED : Current p]ane’usage from each airport.
AIRMED(I): ﬁumber of planes used from airport I.
c) PATH : Ith path taken from mass storage.
d) LBOY : Number of Toads on Ith path (member size).
e) LEN : Length of Ith path.
f) NAIR : Initial port of Ith path.
‘Ig) AADJ . : The sorted path 1ist.

“h) KLEM  : Array containing number of loads on paths within
: “the path list.

i) DIS : Array containing 1éngth of path within the path list.

Jj) AIR : Array containing starting airpokfs of paths within
the path Tist.

k) ADRES : The address table between the path lists.
1) FRE : The frequéncy matrix

FRE (I,d) = number of times node J occurred on
' paths with load cardinality i in
the path list; if J > 1.

number of disjoint loads on paths
with load cardinality i within the
path 1ist; if J = 1.

m) FIRST : The first octurrence matrix.

FIRST (I,d) = Path number of first occurrence of
node J occurred on paths with load
“ cardinality i in the path list; if J > 1.

Path number of first occurrence of a
path with load cardinality i within
the path list; if J = 1.

n) YFIRST : Firs occurrence of members in the new list. -

YFIRST(I) = first occurrence path number of a path
with load cardinality i in the new list.
0) SFIRST : First occurrence of loads in the new list.

SFIRST(I) = First occurrence path number of load
‘ I in the new list.
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COVER : Indicates whether loads are covered by current
partial solution or not.

COVER(I) = 1 ; if Toad I is covered.

-0 otherwiée.
OPT : Current partial solution.

OPT(I) : shows the number of paths in old list
assigned to Ith plane in current partial
solution. ‘

I membered path J: The path J (i.e. set SJ) which covers
T I loads (I rows).
node J : The meaning of nodes are kept the same as in the
network formulation in Section 3.1: Except,
source node (node 1) and terminal node (nbde T)

have no meaning furthermore.



C.3.2

Flowchart 3

Get the Input Data ‘\\\\\j
Read, R h

Read, MAIR(I), I = 1,R
Read, M

Read, LOAD(I,1),LO0AD(I,2), I = 1,M

] Calculate:

R | :

P= I MAIR(I) and RP
I=1 -

Q = M/P

K = M-Q+P

_ Q+1 , ifFK>0
Ml =

) 1Q , if K =0

. Set: AIRMAX(I) to maximum plane availability

in airport I

Set: GMAX = 0
ELEN = O

LS = 2+RP

LB = HRP M
FRE(I,J), FIRST(I,J) = 0, I = 1,MMAX

J = 1,HRP+M

203
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)

Q

I=1+1
PRINT
R - ‘There cannot  be
<<::?s the end of mass storage any solution
achieved? ' among paths 1in
' the mass-storage"
N

|Get a new path from mass-

storage and related para-
meters

READ; LBOY,LEN,NAIR,
: " (PATH(J)),J=1,LBOY)

4

,//Eaéck for a length changé\\\ N .><:E:>
J/// .

\\\\ LEN > ELEN

Y
|
ELEN=LEN .
USET=I-1
Does the “"search" step eXEE:>——-——-Y
executed?
\ . .
N
GO SUB: FEASIBILITY CHEC
T
<::;?an there be a so]utioEi::>v~ N_ ><E{>

Y
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GO SUB: BLOCKING

\’

GO SUB: SEARCH

4

Is there a solution? -
<15 the r >

GO SUB: RECORD l

"The optimal

solution

to
"
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SUBROUTINE: RECORD

"Record the I'th path
read from mass storage
to path 1ist"

< LBOY > GMAX N .
o Y

GMAX=LBOY
FIRST(LBOY,1)=1

FRE(LBOY ,NAIR)=FRE(LBOY ,NAIR)+1

|

< FIRST .(LBOY ,NAIR)=0>J——

Y

FIRST(LBOY,NAIR)=I l
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* FOR J=1, LBOY
(overall loads on
path I)

NOD=PATH(J)
FRE(LBOY ,NOD)=FRE (LBOY ,NOD)+1

l

FIRST (LBOY,NOD)=0 :::>=—1L—-——

N

FIRST(LBOY,NOD)=1I

FRE(LBOY,1)=FRE(LBOY,1)+1

NEXT J

RETURN




SUBROUTINE: BLOCK

Ca1cu1ate Total

Load Frequencies:

FOR J=1,M
(Overall loads)

N

TOTAL(J)=0

FOR G=1, GMAX
(Overal] member sizes)

y

TOTAL(J)=TOTAL(J)+FRE(G.J+1+RP)

( Next G )»
( Next J )

I TCOUNT=USET
: ¥

. Is there an unbalanced distribution >~
of Toad frequencies?

A

Choose Method A l Choose Method B

208
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Blocking with-
Method A:

FOR KKK=1,M
(0vera11 loads)

Choose the unconsidered load with
least frequency:

TOTMIN= min - [TOTAL(KK)]
KK=[1,..,M]

TOTL: the load KK where TOTMIN
occurred '

A
FOR J=USET, FIRST(];TOTL+1+RP),-]
- (Over paths covering TOTL)

\ ‘ | i
Check Path J ever located . |

p AIR(J) < 0O

N

FOR KK=1, KLEM(J)
(Overall loads on path J)

Check .the path J covers load TOTL N Next KK
ADJ(J,KK)=TOTL+1+RP 4
Locate path J(i? the new list .

AIR(J)J= -AIR(J .

ADRES (TCOUNT)=J | ___@

i TCOUNT=TCOUNT-1
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{ Next KK )

Next J

TOTAL(TOTL)= =

Next KKK )

N

AIR(J)=-AIR(J), J=1,USET |
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BTocking with
Method B:

" FOR G=GMAX, 1, -1
(Overall member sizes)

l

FOR J=USET, 1, -1
(Overall paths)

Check if path J covers G loads :
KLEM(J)=G

Y

Locate Path J in the new list
ADRES (TCOUNT)=J
TCOUNT=TCOUNT-1 ‘ \

Next J

L

21
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Calculate First
Occurrance Arrays
on new Path List:

| YFIRST(G)
SFIRST(J)

0, G=1,GMAX
0, J=1,1+RP+M

N

— N
<:::EMAX=MMA%_“:::>

g Y

l YFIRST(G)=USET, G=GMAX+1,MMAX

FOR J=1, USET
(Overall paths)

\

KK=ADRES(J) o
KM=KLEM(KK)

N

Check number size KM yet occurred N
YFIRST(KM)=0

N

Y - |
‘YFIRST(KM)=J
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Check if path J has only one mem;;;\\ N
< Kit=1 i

Y

\
<::::%heck the 1oad covered by Pathji::> N \//Ji>

- yet occurred ’
SFIRST(ADJ(KK,1))=0

Y

SFIRST (ADJ(KK,1))=d

A

Next J

)
: ( RETURN > :
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SUBROUTINE: SEARCH

Initialize for
v Search:

CRT(J)=SFIRST(J), J=1,M

N

Method A Method B
< Blocking Method Used?

Y N

LSET= max [SFIRST(J)] - K=0
' J=2+RP,. ., 1+RP+M

—

LSET=YFIRST(M1)+P-1] | YFIRST(M1)+K-1

e

NNN=USET-LSET+1
MMM=0, KPL=0, KLD=0
COVER(J)=0, J=1, 1+RP+M

AIRMED(J)=0, J=1,P
KKSET=USET

©
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- Determine Search
Limits:

MMM=MMM+1 1 REML=M-KLD
REMP=P-KPL
YUK=REM/REMP
heck number of : Y
passes over first N /,/’”"A B
plane assingment < YUK*REMP=REML
MMM > N
N
Y
YUK=YUK+1

PRINT
“There cannot be

any solution in

the given path Tist"

| MRT=YFIRST(YUK)
RETURN LRT= max  [CRT(J)]

- J=1,..,M
KSET=KKSET ’ " KRT=max[MRT,LRT]
KKSET=KKSET-1

KRT=LSET

M)
NS
R

Y .~~~ Check inconsistency N
— KSET > KRT -




Search for a
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Feasible path:

FOR J=KSET,KRT-1
(Overall paths between
search limits)

KADR=ADRES(J)

{(Overall loads covered by path J)

PORT=AIR(KADR)

W

Check number of planes used from PORT @
AIRMED(PORT)=AIRMAX(PORT) :

N

FOR LL=1, KLEM(KADR)

i

NOD=ADJ( KADR,LL)

4

Check Toad NOD covered by partial
solution

COVER(NOD)=1

N .
( Next LL )
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Include path J
to partial solution:

KPL=K§L+1

OPT(KPL)=J
ATIRMED(PORT)=AIRMED(PORT)+1
KZ=0

FOR LL=1,KLEM(KADR)
(Overall loads or path J)

v

KLD=KLD+1 .
NOD=ADJ ( KADR,LL)
CRT(NOD)=0
COVER(NOD)=1

SFIRST(NOD) > K

KZ=SFIRST(NOD)

Next LL

PRINT
"Optimal

Check if all loads cover%' oap Lang 0
KLD.EQ.M |




Method A

KSET=KZ-1 |

®

- . Method B
Blocking Method Used?:::>——————-—-—

Delete the last
path added to

partial solution: .

A\
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'KSET=K-1

4

KK=OPT(KPL)

KADR=ADRES (KK)
PORT=AIR(KADR)

ATIRMED(PORT )=AIRMED(PORT)-1
KPL=KPL~1

FOR LL=1, KLEM(KADR) .
(overall loads on deleted path)

|

KLD=KLD-1

NOD=ADJ (KADR,LL)
CRT(NOD)=SFIRST(NOD)
COVER(NOD)=0

Next LL

%KSET=KK—]

®
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SUBROUTINE: FEASIBILITY CHECK
Check Coverage  \_ v \<:E:>'
FREQ 1) <M~

\ .
Check member size \_ Y ‘:Q:E:)'
GMAX < Ml ///

.
- GMAX=M] ' }—-@

A

- Minimum Configuration chec
FRE(M1,1) < MI*K e
¥

Select WORST Set GMIN=
Load:

AN N N

N

FOR J=1,M
(Overall loads)

¥

FOR G=1,GMAX
(Overall member sizes)

E(G,J+1+RP)=0">

FR

GG=G-1

GG=GMAX




-

REM=Q-GMIN

It

<

Worst Load Check
FRE(MT,1) < M1*(K+REM)

Calculate
minimum plane
requirement:

TPLANE=0
CON(3)=0, J=1,M
LEFT=0 -

220
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1 4

FOR G=GMAX,1,-1
(Overall member .sizes)

LLEFT=0

A

FOR J=1,M
(Overall loads)

h )

VN

<<:T CON(J) =1

CON(J) =1
LLEFT = LLEFT+]

! Next d

LEFT=LEFT+LLEFT
TT=LEFT/G
TPLANE=TPALEN+TT
LEFT=LEFT-TT*G

N

Next G

Y

- Y

221
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’,//’ Check Minimum Plane Requiremeif::>>____ji__;(:::)
N\ TPLANE < P

Y

PRINT -

'Al11 feasibility checks
passed, there may be
' a feasible solution' -

"There cannot be any
solution in the given

PRINT J
path Tist®
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C.4 SCHEDULING
C.4.1 . Definitions

a) USE(I) : number of planes serviced at Ith airport at
given time. |
b) QUSE(I) : number of planes waiting at Ith airporf at |
given time. ’
c) QUE(I,J) : indicating Jth plane waiting at Ith airport.
d) COMPT({) : completion time of current job of plane I.
e) POINT(I) ; indicates the sequence number of load that
| plane I currenf]y deals.
f) STATUS(I) : status of plane I.
= 1; if plane I f]y%hg empty.
= 2; if plane I flying full.
= 3; if plane I loading.
= 4; if plane I unloading.

= 5; if plane 1 waiting for loading.

i
[*)]
-

. if plane I waiting for unloading.

7; if plane I finished the job.-

g) KPL : number of planes used in given BRP.
h) RUT(I) : indicates the path with Ith plane assigned.

i) TAIR : array to transform meaning of airports.
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C.4.2 Flowchart 4

INITIALIZE

For K = 1 KPL

(Overall planes)

Set: POINT(K) = 1
ORIG = TAIR(AIR(RUT(K)))
DES = LOAD(ADJ(RUT(K),1),1)

N
\
STATUS(K) = 1 4 QUSE{ORIG)=QUSE(ORIG)+1
COMPT(K) = D(ORIG,DES) QUE(ORIG,QUSE(ORIG)=K
‘ STATUS(K) = 5
COMPT(K) = w
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UPDATE CLOCK

FOR K=1,KPL

<L STATUS(K)=;5\\\ N

Y

Next K '} o ' _ o

\

PRINT

"The feasible
solution found'

0 CLOCK=CLOCK

CLOCK= min  GCOMPT(K)]
K=1,KPL




UPDATE SLACKS OF PLANES

WAIT=CLOCK-0CLOCK

1
FOR K=1,NPORT
(Overall airports)

226

. 4 1 Y
< Check if there is queue
QUSE(K)=0 :

\
FOR KK=1,QUSE(K)

(Over planes in queue of
port K)

LPL = QUE(K,KK)
SLACK(LPL) = SLACK(LPL)-WAIT

————

PRINT
"Plane LPL cannot

SLACK(LPL) < 2/),

Next KK

finish job due
to que at airpor
kll
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UPDATE PLANE STATUS (:;;)

FOR K = 1,KPL
(Overall planes)

y
Check if job completion
time of plane K equals

, clock

COMPT(K) = CLOCK

POS = POINT(K)
LPOS = ADJ(RUT(K) ,P0S)

\

| Is it end of a full flight ;::;,_______.
\ STATUS(K) = 2 .

DES = LOAD(LP0S,2)
QUSE(DES) = QUSE(DES)+1
QUE(DES,QUSE(DES) )=K
COMPT(K) = =

STATUS(K) = 6
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.,//>Is it end of loading j::>__&______
N\ STATUS(K) = 3
Y

{ORIG = LOAD(LPOS,1)
{USE(ORIG) = USE(ORIG)-1
JDES = LOAD(LPOS,2)
JcoMP(K) = CLOCK+D(ORIG,DES)

< Next K > l -
. fs it end of unloading
STATUS(K) = 4

N\

ORIG = LOAD(ADJ(RUT(K),P0S),2)
USE(ORIG) = USE(ORIG-1

Y
,\\\\POS = MMAX
N
LLPOS = ADJ(RUT(K),P0S+1)
Y

STATUS(K) = 7

( Next K }»



229

o

DES = LOAD(ADJ(RUT(K).P0OS+1),1)
POINT(K) = POS+1 :

ORIG = DES

QUSE(DES) = QUSE(DES)+1 COMPT(K) = CLOCK+D(ORIG,DES)
QUE (DES ,QUSE(DES)) = K STATUS(K) = 1

| COMPT(K) =

| STATUS(K) = 5

N

DES(LOAD(LPOS,1)
COMT(K) = = '

STATUS(K) =5
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DECIDE ON PRIORITY

FOR K = 1,NPORT | ’
(Overall airports)

Y :
<@ >

,///;5 capacity enough to handle queue? N
\ CAP(K) - USE(K) > QUSE(K)
Y

A 4
FOR KK = 1,QUSE(K)

LPL = QUE(K,KK)
. QUE(K,KK) = 0
, USE(K) = USE(K)+1 | K
QUE(K) = QUE(K)-1
)/ Is the plane KPL waiting'for.loadjE§E>*—--N
‘ STATUS(KPL) = 5 A
JTT = TL : TT=TU
STATUS(LPL) = 3 ' , STATUS(LPL) = 4

%‘ COMPT(LPL) = CLOCK+TT k_____
!

Next KK
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) Y

N
J

MIN = =«

l

“FOR KK = 1,QUSE(K)

LPL = QUE(K.KK)

l. Y .
<<§EEFK(LPL) < MIN | MIN = SLACK(LPL)
: CK = KK

N

: 3
( Next KK )
3 :
LPL = QUE(K,CK) ,
=0

QUE(K,CK)
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FOR KK = CK+1,QUSE(K)

¥

QUE(K,KK-1)= QUE(K,KK)

Next KK

QUSE(K) = QUSE(K)-1
| USE(K) = USE(K)+1

. ' 1

Y /7 Is the plane KPL N
waiting for loading
STATUS(K) = 5

TT=TU
STATUS(LPL)=4

TT=TL |
STATUS(LPL)=3

COMPT(LPL) = CLOCK+TT




FOR K = 1,NPORT
(Overall airports)

\

<

Check if the que capacity
is violated

>

QUSE(K) > QCAP(K)

233

PRINT
| "Queue capacity
of airport K
is violated"
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