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ABSTRACT 

In ~hDs study unidirectionally controlled solidification of 
AI-2~.CU alloy and the resulting dendritic morphology 1-s/ 
investigated. First general information is given on £.oli­
dificatior, then dendr~tic growth is studied thorough,l:r-. 

In experimental work, Al-2~Cu has bpen solidified under 
controlled laboratory conditions. For this purpose, a 
unidirectional growth furnace and a drive system has been 
designed and constructed. With the aid of this s:rstem, 

desired temperature .gradienttGL) and grcwth ratetR) has 
been obtainea. during the experiments. (Using_a ~L range' 
bety,'ee!l lO-40C'oc/cre and an R range t-etw~,e_n/1-50xlG-3 cm/sec f 

dendritic morpnology has been obtained. The liquid-solid 
interface has been f~ozen during g~owth by 1uenching. r-' ..:.ne 
resulting growth surfaces ha~e been cut perpendjc~lar tc 
and parallel to gr )wth dil:ection, p~otograpped ant: mea-

\ 

sured. The r:leasured pr iILary an 1. secondary arm spacings 
have bee~ correlated to the changes ~n growth conditions, 

" i.e. growth ra.te and temperature gradient • 



-v-

o Z E ~ 
/ 

Bu ~a11vmada Al~2~Cu ala§~n1n kontrollU yonlendir1lm1v 
kat11a~mas1 ve oluoan dendr1t .orfolo~1s1 incelenmiotlr. 
Once katl.laoma Uzer1ne genel bir bilg1 ver1~!v olup lua 
80ura dendr 1 t1kbUyUme etrafll.ca incelenml0 tir." 

~neysel ~a11vmalarda Al-~Cu ala~~mlnln kontrollUlabora­
tuvar vartlar1nda kat11atmas1 ger9~evt1rilm1vt1r: Bu 
ama91a bir yonlend1r1lm1v katllaotlrma f1r1u1 ve hareket 
sistem1 dlzayn edl11p kurulmu~ ve deneylerde 1stenl1en 8l.-

I , 

cakl1k gradyanl.(GL) ve kat11apa bEl.nl.U(R) .parametre ola..: 
rak elcle ed1lmes1 sa~lanml.otU'. 10-40oUl~ arasU1da 81CU­
Ilk graaT~ ve 1-50xIO-'cm/sn arasl.nda hl.s kul1anmak su­
ret1yl,e kontrollU I}artlar al tl.nda katl.la~ma yoluyla den­
dir1 t1k yapl. el~e edilm1otir. Kat11a~a esnasl.nda au ve~· 
rl1erek katl.-sl.vl. bolges1nin sablt kalmasl. sql&nmlvtl.r. 
Daha sonra bUyUme yontine dlk Te paralel kesitlerin m1kro­
yap1 fotolraflar1 ~ekl1erek tiserlnde incelemeler yapmak 
8uretlyle dendrl t 'b1rinc1 ve !kinc1 Kollar1 aras1ndalt1

r 

a­
~l.kll.klar bulunmuVtur. Ol~U1en ac;l.kl1klarla bUyUme oart-
1&r1(GL Te R) arasl.uda korelaeyona Tar1lm10tl.r. 
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1. Introduction 

Dendritic growth is perhaps the wost co:n:ncn fOrI!1 of 8ol'idifi­
cation, especially in m~tEls and other syste~s that freeze 
"dth relatively low entrcpies of tran,siorriation. Dendritic 
or branched growth in alloys generates microsegregati~n and 
c~her internal defects in- casti~gs,ingots and weId~ents. 
Dendritic ~icrostructure may introduce the e~fect of hot . 
cracking, suboptimal th.oughness, and red~ced corrosion re­
sistance. 1~e dendritic microstructure and its effects may 
be modified by kp:bsequent heat treatments, but they are sel-

--dom fully erased. ~heref.ref the understanding and control 
---of dendritic growth in 8.lidi~ic.ti~n process is very impor-

tant in order to achievespeci!ic material 'properties in 
final products. 

The size of the dendrites influences the homogenization ki­
netics and mechanical properties. The fineness of colUTIl1iar 
c.endri tes is usually represented in terms of pri!Ja~yand se­
condary arm si)acings. Various~t".ldies have been done on den-
d.rite prim~ry and" secondary ar::! spacings. '. 
l-~ost reliable data is obtained frem studies retaining UJlidi-:­
rectionally solidified structures gro~~ under controlled con­
di ti cns, i. e. predetermin,ed te!!:pera ture gra~ient and growth 
rate. \. . 

F-reviQus !works have sho~-n that ~endri te arm spacings decrease 
""i th increas ing te'rapera ture _ grc. ::ien t {or gr.cwth. r2 te , I follcw-

\ 
ingthe relationship: '~ 

End a is found to be b£t~een ,- ?5 'I z:: 
"_ • A- - ....... .,.,. EO\':ever t 

are observed bE:t\.;een the I'€ sul~::. 

In the present ~orkf dend=ite =crpnolcgy of Al-2wt.%CU alloy 
Wlill be investigated; The salidilicaticn of the ~lloy is per. 
formed \1nidirectionally under steady state controlled candi~: 
~ien8. A turnace and a drive sYEtemis designed to be able t~ 

control temperature gradient and gro~th rate seperately. The 
"~" change in dendrite primary and secondary a.rms in relation to 

te=perature gracient and growt~ rate is observed. 
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~. THEORY OF SOLIDIFICATION 

The liquid-solid phase tr~sformation takes p~ace in two 

steps: 

1) Nucleation 

2) Growth 

2.1 Nucleation 

Nucleation may be defined as the tmrmation of a. new phase in ,. 
a distinct region of a mat-;er which is seperated from the 

surrounUlng, by a definite bou!t,da.:r,Y." 
;. ~'.'" ._f.· .. -:;-' • ~ ~!~ 6i" 

" ........ ' 

'For nucleation atoms of the moltsll metal must come together ' 

in proper" crystalline cOniiguration to be stable against the 

inherent tendency of the very small crystals to melt. The a-
;' , 

mount of supercooling need.~d depends on the chemistry,crysta: 
/ . 

lography, ,and geonetry of the solid particles in the melt or 

in the solid surface in co~tact with it. The supercoolingne­

cessary for nucleation m'ay vary from a fraction of a deg=ee 

to a few hundred degrees J c€pending on .the nature of nucleati~ 

process. 

vfuen .a solid forms within its o~~ melt without ~heaid of 

foreign rna terials, i-t __ 1s said to nucleate homogenously. Nu clel 

tion in this way requires a large driving force because of thl 
/ - " 

relatively large contribution, of surf~ce energy to the total 

free energy of very s:nall ~rticles. A"c-lassical quantitative 

homogenous nucleation thee::':: treats this problem by consideril 

the free energy change ef ~ s~all regien of nucleus with radii 

"r" upon its transfor:natioL. from 

change has two terms: The Tolume 

ween liquid and solid pha~es for 

cluster of atoms is ~Gv: 

liquid to solid. ?his energ7 
, / 

free energy difference bet-

the formation of a spherical 

~ 6, G
v 

= AG
v

• 4/3-1Tr 3 ________________ . _____________ (1) 
, " 

And the formation of a new phase is associated with the sur­

face free energy, 0SL.. Then total surface energy: 
1:: AGS = l"SI- -, 4Trr2. _______________________________ (2) 

. .. . 
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1: AG (r) :: ~ A G\t ... 2:..6 Gs ____________________ ( 3) 

.6G (..-) = A G y ... 11' r'i ... l'SL 41f,..~ _____________ (4) 
3 

Here, t:a.G v is negative for any spontaneous reaction but rs~'i3 
always positive. AG(r} is obviously a function of radius. 

Regarding the plot,tFig.l) 

\!) 
-<1 
s: 
:8 

"- 6 
61 
~ 
.:s 
s:: 

c...-
o ,. 
fill 
~ 
tal 

i 
u 
v 

Lt 

+ 4-ilr 'Z't 

- A. 1T r1 A€'" 
3 

Fig. 1 

AS 

/ 

It can be observed that criticai radius(r*) corresponds'to 

the maximum free energy. 

d A G(r) I. .= 0 ______ . _______________________ ( 5) 
. . '. . 

dr. t""=~. ..... . . . 

If r.( r., further growth of the crystallite increases the free I 

energy of the ~aterial involved •. The atom or molecul:e g:.-oups 
. , 

of sOlid. which are spatially related to~ach- other and !:ave 

an r (. r~ are called' "e:nbryos". An e~br:To :J8co!!les a nucle~s w.n:Ol"! 

it reaches the critical radius size,r* • 

. ~ G'*{t-)' = ~ G(,-) I • _______________________ (6) 
r= r 

( 
We can obtain r *' from Eq.5: 

• 
• • 

and by Eq.6: 

A G"(..-)i = 

. . , (1) -_._- ---- - ---- ----------- - -----

:I-i!. 11" "sa. _____________________ ~ ___ ( 8) 

3 AS;-" 
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If the liquid is coolet beyo~d the equilibrium temperature, 

i.e. supercooled, 6Gv becomes more negative since: 

.It.Gv = 'USQlid - UtrCJuid - T{ Ssolid - 5 Ii 'I ",01 ) ___________ (9) 

where Ul,;. ,Usue "non-thermal energies" of liquid and solid 

phases resp~ctively per atom 

Ss ,SL are the entropy of solid and liquid 

At equilibrium temperature, TE : 

(.) 

AG'" -:: 0 ____ . ___ . ________________________________ .(10) 

or Us - UL ;: TE (55 - Sa.) _~--_----------_________ (11) -
then.: : 

_:: . Us~ U ... · __ .• ___ ~ ______ ~_.;..~ ________ . (12) 

TE 
Since Us - U,- is heat of transformation, i.e. ~H: 

AG~ = -~H + TAH 
TE" 

_____________ .(13) 
/ -

where AT is the amount of supercooling. Thus: 
, , 

2 1S"SL TE - ___________ . ______ ~----- _ .(14) 

'~H AT 

and 
. 3 ~ 

,0 G"'( y) i":. ~ 'rr t; T. '. 
J 

SI- E _________ •• ~ •• _. _ •• ___ ~_:J15) 
. ..( AH ~T)2 

AT 

.~ 
o 

ell. _ 
Fig. 2 

(~ 

( 

Variation of critical r'adius with temperature 

. , 
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r tTL,.) for SMo.rler bT 
6ir)for I~r'tr AT 

AT 

Fig. 3 
Effect of supercooling on the critical radius 

As the supercooling is i!!.crea.sed, the value of b Gv becomes 
more negative{Eq. 13). T~is reduces both the critical radius 

/ 

and the energy barrier for nucleation.(Fig.3) Thus a greater 
probability occurs for the necessary nu~ber of atoms to attain 

, 
the appropriate energy for· nucleation. As a result, a reaction 
which can not nucleate at the equilibrium temperature occurs 
more readily, the greate= the undercooling.' 

Heterogenous Nucleation 

It is known that metals and most other 
cool by more than a few degrees before 

liquids rarely under-
( -- ~. 

beginning t·o cr:rstallize. 
~ 

The c=ystalliza tion begin.s on impur i t:v' ;>article s, i. e., ~'..l clea-
tiftg agents or mold walls and by so doing, avoids the very 
large ther;r:.od~ina~ic barr:'er to h01:logenou s nucleation. 

The si::rolest approach to hete:::ogenous nucleati.on is to consider . \ 

a spherical crystalline cluster of atoms at equili'b=-':t;::J 0::. a 
flat substrate as shown i~ figure 4. 
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Fig. 4: ..... 

,.wherellsL , OS(. ,lfL.c. are the surface, en~rgies of substrate-liquid, 

sUbstrate-c~:istalJ-liquid"':crysta1 interfaces respectively. 

The balance of horizantally resolved surface tensions require: 

r
LS 

,: l"sc. ,.: ~LC coS e -____________ -:- ______________ :- __ (16) 

where e is the angle of contact. I 

In heterogenous nucleation, an additional term comes to the , 
energy equation in Eq.4. For every square meter of growth 'of 

the substrate-cluster interface" there is a changE in free e-' . 
nergy equal to the difference between the 'interfacial energies 
of, sUbstrate-crystal.and liquid-subatr.ate: , .. ' 

. . -;_. ~. :.... '.' .' . ~ ~ ... ",' . .' '. '. . -' " ", - , . '. -. 

r'sc.. ~ lLS-=' - ~LC. c.~s 9,~ __ ~ ___ ~ __ ~ ___ ~ ___ ~~ ___ (17} 

The volume free energy term of heterogenous nucleation> is:, 
. . , ' .'" ,( ,- -' . , 

L AGv = AGyVcrystaL ______________ ~ ___________ (18) 

Total surface energy term is: 

~ AGs': t&.c 5Lc + (lcs - ~L.s) Scs _______________ (19) 

where SL-c.and Sc.s are the aI'eas of ,liquid-cryst'al and crystal­

substrate respectively • 

••• '~' G"et C .... ) :.A6y Vs + ¥'LC'SLC + (res -lSLS) Scs _~ ____ (20) 
, .~ • • ! 

~. •• r 

Since 

d.~Gte.! I 
d..- "y::r* 

:. 0' -.;.,-~-' -:~----:'_~ _____ ~_~ ____ (21) 

and' A 6:
et 

: l:A6he~I ... =r. ___________________ (22) 
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It can be calculated fro~ Eq.17,20.ann 21 that: 

Ll G:et ( r) = 11T ~s~ { (2. -+ COS e) ( t - Co s e):z. J / ~ 6; ___ ( 23) 

.... . 

AGhe.:ot (r):: 0 , complete wetting, no barrier to ___ ( 24) 
nucleation 

'1 
AG~et l ... ):. .!. T If'SL ________________________ (25) 

3 AS'%. v 

* r'1 AGh ..... l ... ) ::. l.E. T SL ______________________ (26) 
-~ 3 ~6~ 

--As seen from above calculations, aa e increases, nucleation 
barrier increases and reaches bG:ei;;~*at .f) ::.180 • 

2.2 Growth 

Once nu cleation occurs, crystal growth begins. ·For the growth 
to proceed, the number of atoms joining the lattice must be . 
more than those leaving it. The undercooling required for the 
incorporation of atoms from the liquid in:to the solid is, 
called "kinetic undercooling". The kinetic undercooling needed 
depends on the shape of the sOlid-liquid interface during 
growth. For a surface convex to the liquid, equilibrium melting 

. te!!!perature is lo\'ler~.ha!!. that of a flat surface; and this 
difference increases as t~e radius of curvature decreases. In 

. ----. 
pure metals, interface ::c::'phology is detTrmi~~~/ by the tempe-
rature gradient in the liquid at the sollaiqu id' interface. 
In alloys ,~the interface :Jorphology is determined b:v the growth 
velocity, temperature gredient in the liquid at the solid-liquid 
interface and the purity level of the melt. 

a.2.1 Growth in Dure metals / 
\ 

wring grO\·;th of pure metals, the temperature distribu tion in 
the melt can take several forms. When the temperature gradient 
in the liquid at the solid-liquid inter~ace is positive, or 
zero(-as seen in Fig.5a and 5b), growth proceeds with a planar 
interface. 
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~/,/ '//'1 L. ,-, 's' L 

1'ao\P. 
1 

-TEMP. I , 
I 

To To I - ,--
I 1;. , i.-, 
j 

t>ISTAN(.E J)1'sT"ANC£ 
( a) (b) 

Fig.5 

The reason for tilis can be unders·tood by observing Fig.5. . -Assume that thete!!l.perature gradient 'is pdsitive, any pe~tur-. ~ ";; 

batil)n which may occur on. the ulanar iutel1face will ·find. 'itse1f 
, '. .... . " 

in a region of higher" temperature than the interface and '~ill 

remel-t.f \L 

'rlhen the temperature gradient i.n the liquid at the liquid-solid 

interface is negative, as seen in Fig.6, then the liquid a...i1ead 
/ . 

of the interfac~ will be t~er~ally undercooled. 

I 
t 
I To _. ___ " __ + ____ _ 

( ~ 
nlSTAwcE. : 

Fig.6 

, , 

- Then any perturbation for:ning at the interface /will find {t-
\ 

self in a.region of greater u~dercooling than the interface. 

fherefore it will have a chance to grow at faster rate than 
.... 

the remainder of the interface. AS a result, the interface 

breaks', down and grows dendri tically. Characteristic of dell­

dritic growth is that the pri~ary arms and side branches grow 

in definite crystallographic directions~a~ 



structure 

fcc 
bcc 
hcp 
bct 
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Dendritic-Growth Directions 

L. 100 "> 
<..100 '> 
(. 1010 > 
< 110) 

2.2.2 Growth in Alloys 

Consider 'a single crystal of alloy Co growing with a plane 
front.(Fig.7) Equilibrium at the solid-liquid interface can 
be attained at tempera~ures be19w the liquidus temperature T~. 
If solicllfication is occuring at temperature T If- , the conditiol1 
of equilibrium at the interface requires tllat .the liquid and 
solid compositions at tbe.interface .C~ and C: ,respectively, 
be fixed by the phase diagram. Compositions away from the inter­
face ma.y be very different but the condition of equilibrium 
at the interface requires that if either T~, c~ or ci is 
s ecified, the other two are fixed by the phase diagram. / 

Cs' (a.) 
Fig.7 

( 
. \ 
'~ 

Pl12.se diagra:::! for tbe solidification of a!l alloy 
wi th equil'i b:riu~ a.t the liquid-solid interface 

In describing solidification un~er t~ese conditions, it is 
convinient to define an: equilibrium parti tion fatio ko , 

where c· , ko -: .~ ____________ . __ ~ ________________________ '__(27) 

C~ 

ko may be either less than one or greater than one. When 
ko <:: 1, solu te addition decrease s the freezing point of the 
solid. This is a more common case than ko)l, where the addition 
, , 
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of solute raises the freezing point of-the solid. The co=po­
sit ion of the forming solid a~d the interface morpholdgy 
depends on the way in which the rejected solute or solvent is 
redistri bu ted in the liquid ahead of the interface. When k D L I, 
solute is rejected by the solid as it forms; and when ko)l, 
solvent is rejected at the solid-liquid interface. 

2,.~.2.1 Solute Redistribution during Plane Front Solidification 

When growth proceeds with a planar interface, the distribu-
--.,. , 

tion profile of solute or solvent rejected at the liquid-
solid interface'may be considered for sev~ral different cases, 

C1.'l 
with ref~rance ~o ,"norI!l2.lsolidilication ~rocess". Norm.al 
solidification iathe term 'used to de,sctib,e, solidification when 
an"entirecharge is mel ted 'and sOlldified'\rl th plane front 

, - .'. '-' > <.' 

troIl',,-one end. This treabent assumes that: 
a) Interface moves at a constant rate R 
b) Compasition is uniform across any section parallel to the 

interface~ . / 
c) No significant undercooliLg occurs before nucleation. 
d) Equilibrium distribution coeff~cient,ko, is invariable with 
composition. 
e) Liquidus slope,m, is constant. 
f) Diffusavity of solute atoms in the liquid(DL ), is indepen­
'dent of concentration." 
g) Equilibrium is achieved at all'''times at the solid-liquid 
interface. 

, , 
/ ---- ----/ 

Even thoug~ the following trea~ent applie~or alioy systems 
whe:-e koL I , it is also applica"ble for ko > 1. 

ti) Equilibrium solidification occurs Duly if the freezi~g rate 
is slo\\'"' enough to permit the diffusio:::l process in the solid 
and liquid to erase any concent-:-ation gradientr/, i. e. cO:lplete 
diffusion in the liquid state 2.~d co=p~ete diffusion i!1 the 
solid state. 

Let us consider the solidification of an alloy of initial cnn­
centration Co. Solidification begins when the, ~e~perature 
reaches Tl, equilibrium liquiduS' temperature. The composition 

of the first form~ng solid is koC o • Since koZl, solute is 
rejected into the liquid from the liquid-solid interface.(Fig.8a) 
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During subsequent cooling and soliditication, both ~he liquid 

and solid ~ecome enriched in solute; at temperature T*, the 
solid of composition C: is forming in equilibrium at the liq~id­
solid interface with liquid of composi tion C~ • Because dinu­
sion in the solid and liquid is complete, the entire solid_ 
becomes of uniform composition, Cs=C; , and the entire liquid 
of uniform composition .cL:C~ .(Fig.8b) At temperature T*', a 
general materials balance is written: 

Csfs + eLf&- -= Co _____________________ -__________ (28) 

where is-and fL are weight fractions of solid and liquid, 

respectively. 
'If:. .. ~" ' 

·c - L- " J-

.. 
C .. : CL ~ CO C ... ~ 

Co Co 
ct:Cs / 

J4.c 
Cs, 

"Jc 

c ~ 
r-----~----~~--~ 1-____ $ __ o_"'"_,_C> _____ ..6L 

:' . 

'-

Cs t-___ C_s_'#_<!.o~--_~_ 

liCe Co . COMPOSITION ....; 

( c.) )( (4) 

Fig.8 
( 

Equilibrium freezing of an alloy with initial concentration C 
a) Solute redistribution at TL-b) Solute redistribution at T* 
cJ Solute redistribution at TS d) Part of the phase diagram 
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Since: 

{s ... fL : t _______ - ----- ------- -- - - --- - - - _(29) 

Eq.28 can be readily solved for fraction solidified at a 

given temperature. 
\ 

At comp'lete solidification, balance may be obtained as below: 
Considering Eq.29 and 21; Eq.28 may be rewritten as: 

~ '~ , 

.f~ Cs + ( f - fs)..£L = Co ______________ :-..: ________ (30) 
.k.o 

At complete solidification no fraction of liquid remains,i.e. 
:tL: O. Then. from Eq. 29, !s:; 1. Eq .,,30 take s up the form: 
" --' 'C*" " , .-eS +(4 -,) 5 = CO _______ ~ _____ .;...-:_ .... _____ (31) 

C: : 'Co' _~ ~,~ __ ~~ ___ ~ _________ ~~.:'~ ______ ;.,~_:~ __ ~--~~ (32) 

(li) Complete mixing in the liquid, no solid diffusion 

A melt of .initial composition Co begins to solidify as the 
temperature falls to TL. • As in equilibrium solidification, / 
the first s~all a~ount cf solid to form has the composition ko~o 
at temperature T~ • 

During subsequent cooling and solidification, the. liquid be­
comes richer in solute and so the solid that forms is of hlghe!' 
solute content at later s~ages of solidification. Since t~ere 
ls no diffusion in the solid state, the composition of the 

. ' ", ~ . . .. .'.:." ... 
Bolid formed at the initial stages of freezing remai~s.~;1inchanged. ' 
At te::nperature T'f-, solid of conposi tion C: is freezingfrQ:l , 

liquid of composi tion C~ a!ld the solute di~::.r[)UtiO:1 alo~:.g 
the length of growing crystal is as shown in Fig.9. A cua~ti­
tative expression is obtai~ed by equating solute rejectec when 
a small amount of solid with the r5sulta~t solute increase 
in the liquid. This balance is: 

~ . ' \ ' ( c'- - Cs ) d fs = l 4 - fs ) d C,- _________________________ (33) 

where fs = fraction af material solidified. 

Substituting the equilibrium partition ratio and integrating 
from C:=koCo at fs: 0 ',yields tllecomposl tion of the solid at 
the liquid-solid interface c: as afunctfon of solid fra~tian': 
..', (f ) (k.- f) ,; " , 

Cs -= koeo ~ -s -·-:..---------------------(34) 
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or in terms of liquid composition and fraction of liquid: 

i;~.~ ·C
o 

f .... ll.o-f) _____ ;._.: _________ -'_.;. _________________ (35) 

-
l!:q .. 34 and Eq.35 are termed nonequilibrium lever rule • These 
equations closely describe solute radistribution in crystal 
growth under a wide range of experimental conditions. 

"Co 

.,.- , 

. ·:.·~n __ , uo_-u_IO'-""';"--.J1 

DlSTANC(­
tal 

L--_____ _ 

o 
OCSTANCE­

Itl 

L 

- ~' -

i 
'~ 

~ 

. '.' :', --', 

. . .. .' 
;.; .. - . 
~~" .. 

~ ~~----~~----
:I o 
U

to 

Fig.9 

c: 
"~"'i-­

o 
D!STANCE -

(til 

L 

/ 

. / 

Solute redistribution in solidification with no solid diffu­
sion and complete diffusion 'in liquid. a)At the start of 
solidificB'tioD. b)At te!!..perature ~ .. c)After solidification 
d)Phase diagram 
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(iii) No solid diffusion, transport in" liquid by diffusion 

only. , 
A~ before, solidification begins with ~he for~ation of a 

solid of composition koCo • Soon a solute diffusion boundary 
layer develops ahead of the interface. If the crystal is 
sufficiently long, steady state is approached, as sketched 
in Fig.lOa 

1 (/ ,...;7 /~'$.cft.;~(cY;-/ /?~ I , .' 
4_ 

~ 
~ 

.! .. 
u 

c:5Iit 
. <:0 

Ic.Co 

'f\iiiCl.l fir'lo.l 
fr1,.I'Isiut inulsitnt .... 
'--~ S're'AIYf ,.. . 

STATE , • • 
! 

:r- .. ., . F 

o 1>ISTANeE ---. 
(b) 

L' 

, . 
CSft\ c.~ 

. eo"""fosaio,,", ~ 
(c.)' 

Fig.lO 
Solute redistribution in sol~dification with li~ited liquid' 
diffusion and no convection.a)Composition\profile during 
steady state sol.ic.ificaticn b)Cor.J.position prifile after soli­
dification c)Ph~e diagra~ 

At this 'steady state, the composition of the solid forming i~ 

exactly of initial composition Co • Equilibriu~/at the, in~er-
face then·requires that the co~position of the,liquid at t~e 
interface be Co/ko and solidification to occur at solidus 

"-

temperature Ts • The solute distr±bu tion in the boundaryr layer 
in the steady state region is given by the differential equa-

t . Coil'll t~J 
~on: 

d 2. C ... 
D1.--- + R -- 0-----------------____ (36) 

cAx' 
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where x' is the distance fro~ the interface into the liquid 
DL is the diffusion coefficient of solute in th~liquio 
R is the rate of move~ent of the interface 

Boundary conditions are: 

CL :: c.o / "'0 at 'f..' ::. 0 

at )(.' = 00 

Also, the requirement of solute conservation ·at the interface 
gives directly the gradient of composition in the liquid at 
the interface: 

..-

(
d..eL )-= -.&. C~ (f - ko) ________________ -: _____ (37) 

rl X, x'=O DL 

Thel! solution to. Eq.36 (:an be obtained by ·the aid of Eq.37; a.s: 

f- ko "e-( R/DL)X') __________ . _____ . (38) 

1<.0 

Here, the quantity D '- /R may be considered a characteristi"C 
distance, the distance at which the quantity C L. - Co falls to 

1/ e of the ~aximurn Co /ko ~Co • 

Solidification processes of this type results in a crystal of 
nearly unifo~~ cornposition,except for the initial and final 
transients, as shown in Fig.IOb. 

The initial t!.'ansient ~s formed while the' solute boundary layer 
builds up to its maximum steady state value. Solute redistr,ibu-

. (~~~/ 

tion during initial transient can be obtained ,using the time 
~ 

depencent forn of ~q.36: 

~C&- :: DL ~~C'- + R 3CL ________________________ {39) 
d t . d X'1 ~ )( I 
where t is time. 

/ 
The conservation equation(Eq.3i) applies here as in stead:r 

state solidification, a~d the :oundary conditions fo!.' the 
initial transient are: 

at 

at 

.t; : 0 for If. I > 0 

t' )0 for X' = 00 

,,~ : 
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The solution for this equation for 53all values of ko is: 

C• . C· [ '(' I.) - ( ko R )( / OL ) ( , s:: b 4 - .4-~o e ________________ 40). 

and " . ~ 

C~ '; Co f .! ~:. [I - exp (-~. :. t) J exp ( - :L x').+ 1 J -- --(4-'1-) 
Then the characteristic distance for the length of this tran­
sient isDL/Rko • At this distance, the composition of the 
solid forming has risen to l-{l/e) of its maximum. 

/ 

Fig.ll 
Solute redistribution in initial tra~sient (Ref.5 ) 

The final transient is .much smaller than the 
since it results from the impingement of the 

initial transient 
solu te-boundary 

, , , 

la'Ter on the extremity of the crucible. Once th-e-/st-eady state 
ha~ been achie-ved , it wil: be mainta:'~ed a\~~ng as there is 

sufficient liquid ahead of the inter:ace for the forward dif­
fu sion of the sol:1 te to occur wi tho'\.; t hinderence, and as long 
as the growth rate remains constant. ~he for~er condition 
ceases to be satisfied when the bouncary of the(liquid is 
approached and the concentration of the solid that is formed 
beg~nB to rise above Co in order to accomodate the excess 
solute which may all appear in thete~minal region. ~he length 
of the transient zone is the order of the characteristic 'dis­
tance of the solute boundary' layer, or D ~ /R. Fig .10b· shows 
a schematic representation of this final transient. Solute con­
centratiOn in final transient rises from'Co to CE at the ingot 
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2.2.2.1.1 The Effect of Chan~ing R 
Knowing the characteristics of the solute distribution in 
both the liquid and the solid, it can be understood that 
increasing or decre.asing the speed o~ growth produces 
transverse bands of higher or lower concentration.CL is 
given by ~q.3g for any growth rate R. When R is constant, the 
amount of solute carried forward ahead of the interface is 

proportional to characteristic distance DL fR and is inverse~y 
proportional to the rate of solidification R. 

If growth rate is increased, eXI!-0nential curve gets steeper. 
The characteristic distance is less for the increas'ed ·growth 
velocity. Thus, the excess solute that was initially in the 

. boundary layer must appear as a solute ricl1 band in the vici­
ni ty of the region where velocity change has occ.ured. \fuen 
the distribution comes again to steady state at a new growth 
rate, the concentration at the interface must again be Co f~o. 
If R decreases, the amount of solute entering the solid iSI 

temporarily reduced • 

. ~~.~Z! UOUIO 

Con. 1---";'. 

Co 

o 
. O:S":".1NCE. J. 

(0) t : O. STEADY STATE AT c;;:F.)WTH 
RATE RI FU.TE NOW IN'".J'IEASEO TIl Rz· 

01 STt..'lCE, ~ 
!:r LATER ToME ;GROWTH 

RATE CC."iSTANT :.T P.z. 

Fig.12 

Colk 

. .,. 
1 DISTANCE, • 

(c:) LATER TIME, STEADY STATE AGAIN 
REACHED (NOW AT RZi 

Solute-riCK band resulting from increase i. solidification 
veloc.i ty. 

.f 
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2.~.2.1.2 Effect of Convection 
In most real cases of crystal growth, some convection is 
present. The solute redistribution in these cases has been 
treated by various workersS1-1,C6lBurton,Prim.TJl and Slichter t:.'TJ 

treated the problem as' follows: A diffusion boundary layer 
of thickness S is assumed, outside which liquid composition 
is 2aintained uniform by convection and inside which mass 
transport is by diffusion only. tFig.13) 

%lli~;03 l..'OUlO 

ct M t ,.-

'-- z 
0 
i= "' ii """'-i:. i i~O ~, '. .... ". 

0 u 

c: -

OISTANCL •• 

/ 

Fig.13 
Solute profile in the li~uid for solidification with convectic~ 

If solidification is taking place in a very large liquid bath, 
the bulk liquid composition is not altered by the solid fo~­
ming and remains constant at Co • At steady state: 

( C "~Ik. - Cs ) R + DL '~ . -= 0 
CtJi 

0-1: ~~ = 0 ____ ~.:.. ______ (42) 

and the differential equation(Eq.36) applies with thebou~dary 
( '----- ---' 

condi tions: '\~ 

\If 
Cl~Cl. at 

c.L. : Co C.t 

x": 0 '.' 

\ 

x' :. ~ 

Thus 2t interface: ( 

,,- . 
C~ - Cs 

Cbu'" - C: 
RS Ipa.. . t43) 

= e --------------------.-------:::----

For convenience, an effective partition ratio, kE ,which is 
the. solid composi tion fo~ming C; . divided by the bulk liquid 
composition is defined. ~ubstituting in Eq.43: 
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ko _____ ~ _____ .:.. ________ ~44) 
"0 ... (f - k. 0) e. -l R i IDa.) 

This expression may be used to .descri~e solute redistribution 
in cruclb~es of finite length, provided that the thickness 
of the boundary layer is small compared to the length of the 
crucible. When this condition is satisfied, a d~a~ic equilub­
rium is attained between the bulk melt and growing solid and 
,equations identical to Eq.34 may be derived; only now ko 
is replaced by kE ; to obtain "normal segregation equation": 

C: = ke-- Cb \41k (f - fs) kE-f ___ : _____ ~ .. _~--.---- ~ _____ (-;5) 

CL :. Cbl.4t" fa.. Jc.E - 4 _____________ . ____ ~ ____ -:_::.. _______ ~ J 46) 

here, CL is the bulk liquid cOJiposition and k£= ct Ic .. 

t 

~"t.;:.. __ --

o 
DISTANCE, ~ 

Fig.14 I 

Final solute distribution for solidification wIth linited liquid 
diffusion and' various amounts of~onvection 

Fig.14 shows so~e calculations of solute for the alloy of 
pre ccedi'ng examplE s, taking k E = k 0, u::.i ty a~d' an arbitrary 
value between the minimu::\1.:o) and m::-:d::mm(l). pts seen fro:!! Eq .43, 

the mini:num valu'e occurs when R S IDL.« l,i.e. at· slow growth 
rate,high diffusivity and maxi~xn stirring. The naxim~m value 
of kE (equal. to unity) is obtained for R& IDL ),)1. Under these 
conditions, any convection present has negligible effect on 
solute distribution. 
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2_..2 .2.2 Instability of tt.e Planar Interface 
In real cases of crystal growth, the liquid in contact with 
a planar liquid-solid i~terface generally has a composition 
that differs from the bulk liquid composition. As a result, 
the equilibrium liquidus te~perature of the liquid in con­
tact with the interface is lower than that of the liquid 
away from the interface. (Fig.15) 

c. 
Solid 

. . r Con q .... t fQ'rrc;:() 
" . 
Col Ito 

/ 

Fig.15 
Variation of concentration and liquidus temperature ahead of 
the interface. a)Variation of concentration b)Relationship 
oetween concentration a~d liquidus temperature c)Variation 
o~ liquidus temperature. 

In such cases, the interfa.ce morphology is determined by the 
.---~. 

actual temperature dist:-i bu tion in the liquid at the inte!:'­
.face, GL • If GL. is lower than the gradik~!/of-/theeqUilib­
r iU!!l l"iqu idu s te;::::err:.. tU::'e 8 t the in terface, then a VOltlr! e of 
liquid ahead of the inte::,face will be "constitution2lly 
supercooled." (i~Fig.16) 

Consequently, a p~anar i:-.terface ,dll be u!lstfible since tbe 
growth rate will be inc:-eased i~ any localized-region that 
advanced ahead of the gEneral interface •. The prOjection con­
tinues to grow by rejecting solute or solvent lateralli and 
long~tud~nally until a steady state growth·cond1tion is reached. 
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..--... 
• [) \ S1'JI\1.K£ fD4" uns ........ c.E. 

f , 
<'b) 

Co~, w"oono.tty 
. S.J~~O\C:d 
, ~~o" 

'\ST~ ~ '" T<5&Fk5. ~ 

iig.16 
Constitutional supercooling of liquid ahead of a planar liquid­
solid interface; a)Fart of the phase diagram b)~olute redistr~ 
Q~ti9n c) Constitutionally supercooled region / 

\ . / 

Assuming steady st&.te planar growth conditions, the extend 
, 

of constitutional supercooling and the length of constitutio-
nally supercooled. zone can be calculated.c~l The s·olute distri­
bution was given in Eq.38. The equilibrium temperature T£ 
:nay be obtained fiom the e1uilibrium diagram as: 
-. .. - .~- : . 

Tc -:: T" ~ M,-C,- -..:-.;..:. ---.;.. ---- -~--------=- ---_____ (47) 

where To~ melting point of the pur0 metal ( . 
. " / 

:::1
L

': slope of the li·:ruidus line, assu:n-e-d constC'.nt. 

?hu s t~e equili bri.um tem;e:oa t'ure at an.y point p.'~ the interface 

is gi~en by: 

T" -r- C [Ji + IE:' 10 - t'Y\L " , 4 ~~ exp (- :L )(')] ( --------(48) 

Actual te~perature ahead:of the interface may be expressed as: 

T '::. To - .,,~ ~o+ Ga.. x' _____________ - _______ :J49) 
o . 

where To-mLCO/ko is tha temperatur~ at ~he interface and G~ 
is the temperature gradient in the liquid • ....... 
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Constitutional supercooling is existant when: 

(50) dT ... 1 L 
dJt' ){'=o 

d.. T tl.c.fuD.l 

dx' 
-----------------------

and the extend of constitutio~ally supercooled zone is·the 
point of intersection other than X'KO. 

, Thu s for T = T E : 

~ _ exp (- ~ Xl) - G... )(' ____________ (51) 

a. L, M ... CO ( I ~~. ) 

By Eq,50 and Eq.5l, it can be shown that constitutional auper-
cooling is existant only when: 

. ---
G~ L _ rr1 ... Co l-t - k,,) _______ ..:. ______ ~ ________ J52) 
~ OL .... Jc.o -.' - • 

. . 
Instability of the planar interfac~ leads eventually to the 
dev~lopment of dendritic growth. The transition structure is 

cellular. 

For c:.-ystals growing into stirred melts,C.~\he conditions 
stability may be found using the s~e reasoning: 

',. 

~ ?!. rYI&,. Cb\oL,1c, (f';' k A ') ___________ ,;.(5'3) 

R bL r ko + ( 4 ..;. "0) exp ( - R ~/I>L) 
for very efficient mixing t as R S /Dt- approaches zero, stabi­
lity condition may be expressed as: 

. . 
f'YI'- Col ~ - ~.) 

'DL 
(54) 

~------------- - ----- - -
• - I 

"lnstabili ty develops i~ti tially to cellular :norpholo.gy \rlhich 
\ . 

th!3,n transforms into dencri tic stru::!ture. ~ . 

2.2.2.3 Cellular Growth 

The nature a!ld growth conci tic~s of cellular su'bstj.':,ucture has 
been investigated in detail ~41.,rll~(ca)i(91)~\Olt"1- :'l'Hese .structures 

a:re colU!:1nar in the direction of growth and hexagonal in 
cross section, with the cell bou!ldaries being richer in ~olute 
in comparison with the cell centers. 
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Fig.17C~1 
Development of cellylar interface 

Experiments on transpare.nt organic liquids have shown en) that 

~ planar interface first becomes, gently undulatory when it 
, . 

becomes unstable, then the protrusions later develop into 
fully formed cells. The ac~umulation of solute around the base 
of the perturbance retards solidification in this region and 
consequently perttirbance can not expand laterally. The convex-

/ ' 

ity caused thereby in regions such as P andQ in Fig.17 trig-
gers the development of similar proturbances around the origi­
nal one and the result is an array qf cells which have approx­
imately "closed packed" structure, most cells having six , .~ . 

neighbors. 

As growth couditions depart from those required for plane front 
a nU5ber of 'transition· structures were observed before well 
'developed' hexagonal cell~.ri:\l',~,~\~;': The structures 'oDtained, 

depends also, on crystallographic directio~s. w1 tli Pb-Sn a;tloys C,ll.J 
. ~ , 

J..' t ,,'!'> c: Oh e<e"l"vpd th at ; n tl, e cr~rQtal "-""CW; '1"\ L'" ; n /'llO)"';"I"e"''' ; on .... -- i..,...;; - - .... -... .;'"'" 5- - ..... 0 _ .. '" L~_ --~_ , 

elongated cells developed with the segregate concent~ated in 
the }'ila~ar intercellular regio!:s. In the crystal grOidng in 
(100) d:.rection, the segI'ega te was found to be concer. tra ted 
in roughly cylindrical regions termed nodes. The liquid-solid 
interface for the two orientations discussed above is shown 
schematically in Fig.IS. These structures are metallographic 
sections of ~olidified specimens. 

" 
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< 110) . 

0.. Fig.18 (11.1 b 
Schematic representation of developing perturbations for two 
solid-liquid interface orientations a)(IIO) growth direction 
(elongated cells developed) b) {100') growth direction £ ~ noc.es 
developed) The relative locations of regions near a tIll} 
on the perturbations are shown by short ar.rows. 

An alternative \'/ay of studying cellular strugtures is to decant 

the bulk liquid during solidification. t.1 '!IJ, t:1~n example of a 

structure obtained in this way is sho~~ in Fig.19 . 

.. . 
r" ......... ~ ..... ~~ . 

~~~c,~ •• ~,,~\.~.:~,.~.~~~~~ 
. '-,' t61 ~-. rt_. > 

Fig.19 . 
Dec~nted . interface Qf cellularlysoli'diffed: Pb'-Sn alloys 

In germanium crystals, dtiringdevelopm~nt: ot. _cellularstruc­

ture, ,the interface was first, found to \b~smoothlY rippled 

and subsequent development of facets were observed when 

portions of the :Luterface reached the orientation of a (1111 
plane' • 

... ~.:.~, 
ELONGATED CELLS WHIOi FORM WhEN 
GROWTH DIRECTiON IS < 1I0>.FACETS ON. 

• CELL SIDES ARE {Ill} PLANES INCLINED 
• AT 54·· 74' TO THE GROWTH AXIS. FACETS 
, ON CELL 00$ ARE {Itt} PLANES 
. PARALLEL ntE GROWTH AXIS.' 

. ., " 

REGULAR CELLS WHICH FORM 
.' WHEN THE GROWTH DIRECTION 

IS < 100>. FACETS ON CELL. 
FACES ARE {III} PLANES" ,I. 

. 35°46' TO .THE GROWTH. ,'" 
DIRECTIONS .. '. . 

~ ~"l • 

t5chematic iltustration OfF~~if0~~~;ho{:~gy in. - '.-
alloys. 
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A probable explanation of this growth characteristic is given 
as :c6J In the case of 1..100') growth direction in cubic I!letals, 
a perturbation on the interface will have four symmetrically 
placed regions of {Ill} orientaticn; for this is the cloeest 
packed plane and is expected to be slowest growing. Thus, 
these four slow grov;ing regicins "guide" the shape of pertur·­
bation to be of roughly equal d~mensions transverse to the 
heat flow direction. ~he relatively small amount of segregate 
in dilute alloys with high Gl/R then concentrations in the 
low~st positions of the interface as nodes. In the case of 
[llOJ oriented crystal. a perturbation \'Iill have. two such 
slow growing planes, guiding the interface morphology to a 

~urrowed structure and leading to elongated cells. 

Various studies have been done to test whether the breakdown 
of planar interface into a cellular one occurs at the onset 
consti tu tional supercooling ahead of the planar interface. c. \olJC\Sl. 

C(6))C."JJt\iJ/t·\9,J. ~or growth into quiescent melts, at steady 
state, breakdown wz.s fo-.;nd to occur at a critical value of 
Gt./R for agi ven solute concentration Cc. as predicted by , 
the criterion of Eq.52. Two ty?ical examples ar~ shown in 
Fig.2l and Fig.22 

Results forPb-Sn, 

. / .. Cells \ 
:~.aell" clf~s~p~aring 
f'P6x . 
oNo -eells 

.5 . ,. I (" &.0 

GL I fl. DC, se.t./Uitl. Jt t03 

Fig. 21~\o:l . 
plotted as D. vs. GL/R for oell formation 



1 

" 
S 

Co ,. 
'11/0 A! 

)( to"'t '1 

1 

• ----. 

• ,t· 

• 

CELLS / 

I . 
~l 

NO CELLS 
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G,./~ ·C It.t Is", 
Fig.22tT~1 

Results for Pb-Ag alloys, plotted as Cove. GL/R for cell for­
mation. 

Fo~ growth into st~rred melts, the actual temperature gra~ient 
in the liquid just ahead of the interface is calculated by 

. t'S') 
the condition of conser'Yation of heat flux in the interface: 

where L:. Latent heat 

KL, ,K S ': Thermal 
tively 

Y -= Density of 

of solid 
co~ductivity of liquid and so~id respec­

( 
\ 

the solvent .~ 

Constitutional supercooling "'ill be avoided if the actual 
te:npera ture gradient in the licuid is equal to, or ~eater 
than the equilibrium li~uidu5 tem?erature,i.e.: 
d~ ,( 
d)( J )(:0 ::: G1. ---------------------------.. ---- t56). 

Using Eq.55'and Eq,56: 

ks C;, - L f R' _ h1L R CL (f - k~) .. ,'o'. 

~L -: b {ko": C4-ko)e)Cp(-R$/DL.)1---------i57) 

The effect of the solute distribution is to give a gradient 
of supercooling(dSjdx} away from the interface. The magnitude 
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of the effect can be expressed by tdS/d~)'X:O which is: 

( rlS) I : _ ,M&,.R.CL (4-~) "sGs- LfR (58) 
ci,c )( -:. 0 I I>t. { ko .... If -ko) LXp (-R ~/ D .. ) - kL 

h d 1 6D4/3 f/6 -I/i -w er e =. L '\) lJJ 

~: kinenatic viscosity of melt 
w ~ stirring rate 

(dS/dx)x:O increases as R increases. 

Expressed in the terms of Cs , Eq.58 becomes: 

~S J 0 = ML. R Cs (04- ~) _ ks Gs - Lf R ___________ (59) 
Ul)C . It:: __ bL ko ka.. 
which is independen.:t of stirring rate. 

,-
Assuming a fixed, cri tical value of supercooling at the inter-
face 1s required to initiate cell formation, then at slow 
growth rates Eq.59 may be rewritten as: 

In C3 :: -I.-t R' + I., ~{(ddS) C,. + ks G, ____ ~ ______ (60) . 
pI 11 x=o "L / 

for alloys with constant pi:: -mL- (~-k.g) 
"-0 

When p' is variable, 

f., Cs p' ::. I." R + In b L f (dtiS ) c ... + ks Gs J -:..---- __ {61) 
. ,,)1:.0 ,kL 

Accordingly, the plots of both€:l!;q. 6'0 and Eq. 61 is expected 
to give straight lines with slopes of -1. Experimental resu),:ts 

, . th t C.'~JJi5~ - 1 f .• 1 . f· t· agree w~ eory. ~wo examp es 0 exper~menva var~ ~c~ ~on 

are sho ..... 'n in Fig.23 and 24. 

# j 
I : 
~ I 

~ -I 
v I 
• 0':-
-- ! v I ... ' 

eelh 

oj 
'~Ol~-----~~-------~~--~ 

, cao.nt .ATE ., cal.,. rP 

Fig. 23 C,li'l 

---

Conditions for planar-cellular transition in Sn-Pb alloys 
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. ' 

CELLS 

lo 

- NO CELLS 
'-"- . 

1.0 

O.i ....... ---_____ ---' __ .&....-_---' __ _ 

0.' c.1.. o. ~ (..0 Z-c 

Gro\U+k rClte. ~ C-lNtlseL 

Fig.24 em / 
Graph of p t 0 for 't!hich cellular growth cO:!L!1enced as a function 
of growth rate R. 

, ' 

Attempts have been made to test the consti~ltional supercooling' 

criteria quantitatively, by cOmparing the DL va!ues which are 

obtained by Eq.52,60 and 61 ~ith those measured experimentally. 

The results are shoWn. in Table I. It can be observe~ that 
, ' I . 

whether ko is greater or less than unity ,D,", values estinated 

by. constitutional su:;,ercooling cri terion a~ees _well with the 
\ -

experimental results. • ~. 

Table I 
A comparison between D1- values obta~ned through 
consti tutional supercooling criteria and thos'e 
obtained by direct measure=ents. 

/ 
I, 

Solvent -Solute D~ by O.S. criteria 
cdZsecxlO-Ji 

. 
D'i m~sured Referen.ce 
cmZsecxlO-s 

SD. Pb 1.7 2.1 10 
Pb Sn 7.2 1.7 17-' . 
Fb Ag 5.4 ,'- f 

If(;: 
SD. Pb 7.6 2.1 rEt 
SD. Bi 9.1 0.9 16" 
~1 eu 3.:0 18" 
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,2,.2.2.4 Cellular/Dendritic G~owth 

:During cellular growth, if t!le temperature gradient is reduced 
and/or rate of growth is inc=eased, dendritic structure de~ 

[.1'2.) 

velopes. The steps of t~ansfo=mation are illustrated in Fig.25 , 

,,;, 

, -
: ;.V{:~ tjf;e;~""'- :., ~ .. 
CROSS':_~<;':: '.' ;; 'SECTION"'C' ~ • 
~ , ~ ~ .... t--. .~ ........ .l~.,. ... · 

f.' , ;,'(0) T (bl. 

Fig. 251: 12..1 

Sketch of the changing shape of growth structure as grovnh 
velocity is increased. a)Reg-Jlar cell growing at low velocity 
b )Regular· cell growing in (lOJ), dendrite direction c )Flanged 
cell d)Dendrite exibit.in€ the start of perioric lateral branching 

The transition,is orien-:ation dependent, when (100) and ~110) 
are near the direction of heat flo\..,. the cells join to form, 
almost continuQus parallel plat~8 ,rather than a' row of indi-

, vidual dendrites. Nea.r. a (l.ll), periodic 'sidebranches form 
. . 

rather than a continuo"J.s flange, and the transi tion __ ,starts at 

this direction first. ~~almer3CSlintroduced the term "cellular­
dendrite" for the tvpe ~-~ich !las characteristic cell t,ips ' . \ ---
wi th square pyraoidal s~~pe and form a squar.e array to diffe-
rentiate it from the mo::'e rod.-like'branched dendrites observed. 
during free dendritic growth of undercooled melts. 

Various attemps have bee~ mad.€ to establish a relationsh~~ 
between the growth conditions and cellular/dendri tic transi­
tion. The earliest one was that of Tiller and Rutter. tIT

] 

These workers studied a series of lead crystals conta'-ining tin 
concentrations ranging from 0.25-2.0% by'we;ght. Accordil!.g to 
the ~xperimental results, CO VB. Gt..lR~ was graphed.(Fig.26) 

and a relation was found in the form of: 
Ao Co = G

L 
/ R ./2. ____________________ ~ __________ (62) 



where A::. a constant for a pa.rticular growth direction 

l-~ 

CELLS 
,- AND 
DEN~ITES 

t 
IA ! \-0 
~ • 

" o-i 
o 

t,) 

.', CELLS-

o -\00 & 0 12.0 \&0 l.O<J 240 

Gl. I e II%. ·c / c-w. '/z I sec. 1ft.. 
LITl / 

Fig.26 ' 
Growth conditions for cellular/den~itic transition 

Holmes et.al.t~lfound results ~n good agreement-with that of 

Tiller and Rutter.(Fig.27) They proposed, that the cel,lular/ 

dendri tic transi tion ~s dependent upon the quantity of solute 

in the liquid at the interface prior to the breakdown of 
--" planar interface. 

( ~ ~. 

On the other hand, the :::'esults reached b'y Flaskett end -.-:i!le-
t"l . ~ gard d~saE7eed with 't!le abcve two calculations ° \'!orki~g with 

Sn-Pb,Sn-Bi,Sn-Sb they c8served that the transition fro~ cells 

to dendrites when plottec.l as } .. /R'1'a. vs. Co /kg \'t'aS not li!1ear 

an'd showed no dependence on orientaticn.(Figo5B) However,they 

observed that a linear relationship is possible for the 

plots of: 

cit' Co '-Vs. 
-"-0 

A ______ ... ___ ~ __ ... __ ~ __ ...... ~ __ (63) 
R lIt. 
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where dt=cell size at ~ransition 
A _ a constant 

. 6i 

I CELLS 

. -. 

.• AND 
DENDRITES 

. ·.nLo~er .Breakdown" 
~ .~, , 
~ 
"!-

oJ 

'E ,cit -- ~ 
.< 

• ~\J .ez 

',l..O ~o 'C) 'Co 100 ,~ 

G-'..sj. • C-( o.-n 
t: C4'n I :LQ..c.3'/a.. 

t. -.01 
Fig.27 

Cell/dendrite transition tAg as a solute in Pb) 

' .. 5.0 

'~ 4.0 

eft. 
ii 3.0 

o 
~ 

~2.0 
u 

1.0 

o 

~~ ~.:: - '-. : " . . 

Dendtesj 
_. l(--

L~ -
1 I I 

I 

7.. • " 

,'.--:: . '. 
.~~ ";." .1<~ .. :~, 

V 

cell~-t -

A OtnClritfS .. 
.. 1 rrtglllGr cells 
• HUQ\I;,noI ttl 

• r . I 
Is 

o 100 200 300 400 500 

i 

'G/R 1
/ 2 

°C!CfD'l2 secVl. 

('''1 Fig.28 

( 
~. 

( 

/ 

Growing conditions for cell/dendrite transition in Sn-Pb alloys 
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No theoretical justification was giyen in developing Eq.63. 
Recent measurements of Coulthard and Eiliott C 2.')have not been 
able to varify this relation. These '.<r'orkers concluded that 
both G\./R and G ... ;Rh- give curved reS1llts when used ~lith Co/ko 
to d~fi~e cell~lar/cellular-dendritic transition as seen in 
Fig.2S,lO and 3J; and suggested a relationship in the general 
form: 
a; ..f!.... 0< G-L ______________ ... ____________ (64) 

"-0 fa 
for the prediction of the transition. Here, dt is the cell 
size at transition for .a grain of orientation t. 

. .> 

• 
tOO _ 

G/AItz, -c .. "'" I ~ 
~ - cz.a3 

Fig..2!· . 
Dotted curve drawn by Coulthard and Elliott asa possibl~ ~urve , 

,. 
; 

t 

'f I & 

6 

~ ,100 
GIIIIIQ2, ec .. -I. 

~i 
I 

I 
/: 

I 
I 

I 

\ 

Fig.So C. ul . ' 

The relationship between Ot) a.nd.~/R't~for Sll,Pb alloys. Curve 
A is Coulthard and Elliot·s; B is Plaskett and Winegard's. 
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The relationship between Co/ko and G~/R1.1 for 
F".lll lines are Tiller.and Rutter g::-aph. 

the Pb-Snsyste~. 

Even though the argu~ents continue about the criteria of 

cellular /dendri tt-c transition , it is clear that reduced. ,tem­

perature gradients a..n:-the liquid and increased ,growth::-ate 

and solute contents (i.e. conditions which produce increased 

constitutional supercooling) favor the cellular/dend::-itic. 

transition. 
. \ 

j -

.2.3 - ABpects of Dendritic Growth 

Condi tions that lead to \-/el1 developed cellular or cel:''.llar/ 

denc.ri tic rlorphologies also lead to severe segre€c.tio!"~ of 

solute or solvent to the cell walls or interdendritic r€gio~~. 

CS1,tl.2.3,l'2.31J-UOConsequently, the tip terepera ture of de'1dr i te s i ~ 

greater than that of the planar interface fro::n ,,;hieh c.e!lc..ri "t'?s 

develop. ~he dendrite" tip temperature may be defined as: 

where~Tk'::' kin~ tic undercooling 
-' 

6T~:. ~:mrvature undereooling 

bT~ -= solute 'undercooling 
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'( 

everal theoretical' treatments of dendrite tip. temperature are 

vailable. 4 particular one. is that of Eli-amer, Bolling and Tiller ~24 
he workers defined the effective distribution at the tiP,'k~, 
~S : 

,-t: ki ' 'T' ~E" 0;:. ~---,;/::' __ - _____ • _________________ ' ______ (66) 
rna. Co 

rhere AT = Tm-Ta.. 
~=mel ting point of the pure solvent 

To...=actuamtemperature at the tip of the cell 

, 1:. ,:: ' " '. " nd observed that k£ approaches ko . 'for lower ,'v.aluesof GI- /RCo 
Lnd "incre~ses towards unity at hig'tler values of this "parameter. 

iharp and Hella,,;ell .o'btained,'similar ~e;f3ult~~wi th t~eir study. 
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~ramer et.al. results for measured relationship between cellu­
lar/dendri te tip temperature and growth conditions. (Sn-Pb) , 

Fig.;}' 
Results for 41-Cu alloy. 
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(;2.53 
On the other hand, Backerud and Chalmer's have sho\l.'!l evidence 
by temperature measurements of some femaining constitutional 
supercooling at the dendrite t1ps in the ingot castings of 
~l-Cu alloys. They. also demonstrated ~hat, assuming zero gradiBnt 
in the liquid ahead of the interface, solute undercooling.at 
the dendrite tips increase with increasing R and Co • (Fig.34) 

~,:,. 

" '''SCi - "' 

,.-
" 

"J 
-~. 

,0; 

0 'so v 

" ' ~ ', ..... 

g 
J "T 

"40 
() '0 '2.0 

~ ~dT/d~)s (·C/~i") 

Fig.34 _ 
Measured relationship betweendendri tetip temperatur,e and, 
growth conditions during ingot solidificatimn 

(24] 

/ 

Burden and Hunt made a clarifying s~udy in AI-Cu systems and 
concluded that at high te:nperature grac.ients and lo\~ velocities 
the tip te:nperature increases with increasing velocity, but 

; for high' enough velocit~es the temperature decre2ses with in-

• creasing veloCity and then beco3es independent ~f the gradient. 
For a zero gradient, the, interface temperature decreases from 
liquidus temperature for increasing growth rate. The under­
cooling incre.ases with increasing solute content. 

Burden and' Bunt explain. thel;..ncon~istencies of previous workelis 
to be due to the effect of temperatUre gradient. Although high 

/ 



-35-

temperature gradients were p=esent in the work of Kramer et.al. 
and Sharp and H.ellawell, they were not present in the, \'I0:=:,k 

of Backerud and ehalmers and Doherty and Feest. Fig.35 illus­
trates the results of Burden and Hunt vs. the results of 
Backerud and Chalmers. Fig.16 illustrates the, mea~Jred relati­
onship between dendrite tip temperamre and growth conditions 
during unidirectional solidification for an Al-Cu system. 

., 
\J 
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0 '0 
,t/ ~,~ ...... ~ .. ,.e .c.(U.l~' 

Fig~'35 C2.4'l 

Variation of pl~teu temperature for pure Al ~nd Ai-Gu alloys 
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Heasured relationship betileen. dendrite tip te:nperature and' 
grovlth coridi tions during unidir~ctional 'solidification of Al-Cu 
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Dendrite Growth Models 

A:fter it was demonstrated that dend:r-ites !'epresent the most ad­
vanced stage of interfacial instability i~a wide class o:f ma­
terials, a multiplicity of theeries arose attempting to describe 
dendritic growth. 

The steady state dendritic heat transfer problem is to be solved 
in the solid and liquid regions subject to two boundary condi-

~27J . 
tions at the surface of the dendrite:-
1) Te~perature at each point on the solid-liquid interface e­
quals the local equilibrium freezing temperature which is de-

. termined by the local interface curvature K. 
. -.. 

2) The latent heat released at the interface during solidifica-
tion is constantly conducted away through -the adjoining solid 
and liquid phases. 

However, both conditions are incompletely defined since the ca­
pillary condition as well as the no:r-Jlal co:nponent of the tem­
perature gradient in the energy conservation condition must ~e 
calculate~ from the dendrite geometry. The shape of the dend~ite 
is not known a priori, and must be determined as part of·the 

, 
solution to the diffusion proclem. To eliminate the nonlinear 
aspects of this free boundary probleJl,the boundary conditions 
given above w~re usually simplified or d~hdrite shapes predeter-
mined by assumption. In .the first dendritic' growth models, \ 

branching of the dendrite was ignored and dendrites w~re assu~ed 
- to be paraboloidal needles wi thou t b=anches, \'Ihich' grew ~t . a 

constant rate-.and-, iii: a' shape preserving rnannert~Jp.l1~~l~h~ tip 
speed was assumed to reach a ffiaxirnu~ for G f,iven undercooling. 
This maximum speed that is asS"' .... :ned to COYltr-ol dendritic growth 

(25J 
is given by Ivantsov as: 

20(. .n. 
V ~(k)( ~ 'i - - - - -- - - -- - -- - - - - - - - - - - - -. - - - - - -- - - - - - - - -- (67) . 

w!1ere 0(:. thermal diffusivi ty of liq~::d 

~:~ constant depending on bath supercooling and thermal 
properties of liquid and solid 

J :radius of curvature of dendI i te tip 

The modified Ivantsov and Temkin models also yield similar re­
t:~et·ln 

suIts in the form of: 
~' . . 

~e= Pee eE1 CPi) + Age .;~----~----~---------------(6S) 
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where be =~TCe; dimensionless supercooling 
C p.-::. '- heat capacity of the ~liquid phase 

L :' heat of fusion 
E,(f>e1: exponential integral function ( S-Pi (e-u-/L4 )dc,\.) 
, Pe ·,::..~p../Upeclet number at the dendrt te tip 

dendrite tip radius 
a term reflecting the influence of capillary 
(Gibbs-Thor;:son)effect and is a function of 
V and R. 

Equation 68 reflects two major physical effects.The point effect 
, 
~VR:constant) is the solution to the thermal diffusion model 
with an isothermal interface, in which ~.O is a.ssumed and con­
sequently A8'SO.On the other halid, ..... if'{#),then the Gibbs-Thomson 
effect lo\t;ers the interface equilibrium temperature by T,.., 'lll-/L 

which effectively reduces by the same amount the supercooling 
available to "drive" the thermal diffusion. This reductimn :i,.n 
supercooling prevents dendrites growing increasingly fast as 
R app:.-oaches zero, as would be required by the point effect. 
Ge~erally, capillary limited theory in the form of Eq.68 only 
li~it3 the growth velocity to ~eing no larger than an upper 
bound value of V(V .... ~) at a given supercooling ~Q. Unique re-

, 
la tior-ships for V vs. b,B and R vs. 68 are therefore lacking in· 

.• CII) • " 
these models. q.ll.cks:nan et. al. performed experl.ments to te5:t 
these these theories and found that the results do not fit the 
theoretical calculations;(Fig.37) 

• 
, 5 Utc.lNCl'UTbt.E 

• 
• . SuP~(.QOU~& ". 

CII1 
Fig.37 

--. 

Free dendritic growth VB. 
supercooling 
Theory I-Ivantsov 
Theory 2-Trivedi 
~heory 3-Nash and Glicksman 
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(311n21; 
In. later studies, ~~..; it was _observed that the basis solu tion 
(the optimized Temkin needle dendrite) used in these analyses 
was incorrect since the opti~ized Temkin dendrite does not 
have large perturbations near the tip and has perturbations 
only away from the tip, c.ontrary to tha~ of a real dendrite. 

01) 
In search of a new needle dendrite, Oldfield recoenized the 
need for the dendrite tip to achieve a stable condition so 
that its steady state growth could be ensured. According to 
this hypothesis the basis dendrite for branching stability a­
nalysis should be the on~ with the stable~tip. Based on this 
concept, several stability criteria for dendrite tips have been 
developed: _ / 

ijOldflell! ..• model: The stable size of a '.dendri te tip is de­
termined, based on the idea that the destabilizing force due 
to thermal diffusion is equal to the stabilizing capillary 
force. The temperature gradient in front of a dendrite tip pro­
pagating at a steady velocity V C~"l be expressed as: [.:.\) 

LV 
G( Cpo 

·-·C 6 . _______________________________ ~_ 9) 

where G~~ temperature gradient nor~al to 
~ . the dendrite tip 

And the 3tability criterion is stated as: 

cr"-= 2cCdo/YR~ = O.02._..: __________________ -' ______ t70) 

where ~'=stabiliti criteric!l. constant· 
do=capillary length cefinec. as T",,~ Cr/L:L ___ . 

ii-tPlanar interfa.ce moC!el :In this :ilodel(lt~ihe de~dri te tip is 
first considered to be a point lying on 0 planar interface 
which propagates 8.t the axial dend:=itic growth velocity,V(Fig.31 
According to l'1ullins and beke!"ka, for a crystal with a plana~ 
interface tu grow stably, the wavelength of perturbation must 
re~ain smaller than 

As = 2T J2ced
o
/V _______________________________ (71) 

where ~.s ori tical perturbatic:nwavelength 

Relating ~~to the size of dendrite tip such that 

R ~ AS ---- -----------~. ___ . __________ ~-------- ___ (72) 
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Then the criterion of Eq.7l beco~es ~ 

(5"s :. 2 oC. do / V R1. ::: J.... ~ 0.0253 ______________________ ,( 73 ) 
4tr'1. 

.' 

Fig.38 
che~atic showing the planar interface model for estimating 

~ endri te tip stabili t~na)before pertc1rbation is considered --... 
D)the m?.rginally stable condition,at which II~ .... R and ~=d"'(\5 

iii)Spherical model:ln this ~odEl, ~~e stability criterion of 

the dendrite tip is assumed to bs identical to that of a snhe=e 
w~ich describes the local total cu=vature of the dendrite tiu 
2/R. Since the growth of a" sphere is a nonsteady state probl~~, 

to simulate the steady state growth of the dendrite tip, stead;r 

state conditions must be imposed on the growing sphere. The 
absolute stability condition for a growing sphere with an in­
stantaneou"s radius R has been give~~t-?~y: 
GL .'u- :. T"" 'n ... 2.) {.2n +-1) _________________________ (74) , 

I .p" e.. '- fIt'1. " /' 
where n:: spherical har:lonics 'order 
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Under the mentioned "steady-state- condition, the te~perature 
gradient around the sphere'is equal to LV/d.Cp. Then Eq.74 

becomes 

cr"ft ~ 20< cio / VR!.,= ,Cn-+-l.) :2.n-t-4) ________ --------------(75) 

Selecting n~6azn to be consistent with the assumption used in 
the planar model that the, ,dencri tic tip radius approximates 
the perturbation wavelength, Eq.75 takes up the form' 

cr~:: !J..oI.. do / VRt :: 0.0192 _':.. ________________________ (76) 

/ 

, " ,Fig.39 , 
chematic showing the spheric~linterface model at a marginal 
tabili ty condl tion with harrlonics n CI 6 but ~ o. ' i 

--- ' 

i v)Langer and l1i..iller-L-umbhaar(LM-Kf~heory:In this'theOry, 
rigorous mathematics and an: extensive numerical CO!!lp''.itation 
were used to study the inte:!:':~ce beh2vior of the \"hc·le dendrite 
The procedure used by LM-K started with the derivation of a 
linear integro-diffe=e~tial e~uation to describe the dis~lace-

, ' 

ment of the dendrite surface away from the unJErtur~ed b~s€ 
paraboloid. The e~u2tion of iotion was derived Makin~ a quasi­
stationary approxim~tion for the ti~e dependent diff~sio~ 
field. Also in the derlvatio!l,therma.l diffusion in the solid 
phase was neglected and perfect material isotropy assumed. At 
the limit: Fe ~ 0, an equation o,f motimn was obtained which 
contains the stability para.!!leter G as the only system-depen­
dent quantity. The equation of motion had no 'exact solution 
when ~O and was' studied nu:::erically by an eigenvalue analysis. 
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If the dendrite shape displacement had an exponentisl time­

dependence, then the eigenstate found W2S such that when 

o-f:- 0::: ~o{eto / V~'Z. : 0.025 ± 0.007 __________________ (77) 

all the unstable modes at the dend~ite tip vanished. 

huang and Glicksman~] performed experiments to determine the 
validity of the above stated theories and concluded that: 
l)A complete steady state dendritic growth' theory should in 
the main includecboth the heat transfer and consideration of 
dendrite tip stability. / 
2)Ivantsov's_simple solution to dendritic heat transfer prob­
lem is substa~tially correct. Accordingly~ the capillary ef­
fects must be trivial since dendrites grow with tip dimen~i 
sions about 100 times larger than the critical radius for 
nucleation. Also, the assumpti'bn of a needle dendrite shape 
see:ns consistent with the experi!!le::ltally c~served axial gro'n'"th 
ki:letics at the tip. / 
3)The stability criteria developed in seve~al models assuming 
VR1=constant agrees with the rneasuremente. 

The above conclusions are reached for free dend~itic growth. 
J .TI.Hunt C';3) made an analysis to put forward an exp~e[sion to 

aescribe tee growth p~ocess in alloys and commercially pUfe 
materials which freeze with a cell1:lar or dendrite growth -..... 

front. Assuming a cell or dendrite tip may be approximat~d by 
a snooth steady state shape, the diffusion ermation that must 
be solved for steady state i~terfa:e s~ape, usin; ccordinats5 
moving with the tip is: 

. (78) ------ ---- --- - -- - ------ - ------ ---

v:here c:= co:nposi tion in atom fract: on 
V ~velocity of interface in x-cirection 

The continuity of matter equation ~Jst be satisfied everywhere 

on thesol"id-liquid interface: 

V~ C C~"- C; ) + 0 ~~:: O· _______ '. ______________ (79) 
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where V~:velocity normal to interface 
I = interface ,L, S liquid and solid respectivelY 
~=concentration gradient normal to interface 
'an 

Fi~.40C:~~1 
Schematic dendrites:the dotted line shows the s~ooth shape 
assumed in Hunt's model;the figure also shows the definiti:" 
ons of x r ~ and L. " 

A.lso ~ anC-equation "which" rela:tes~ temperature,; OQIapoci tion": and 

cu:::.-vature must be satisfied in solid-liquid interface. Neg- , 
lecting kinetic undercooling: .. 

AT.-~ &.TD + ~T~ ___ ~ __ . ____________ -:~. ____ ~ __ .::,-_(80)" 

whereAT"";' Ta-T: 

6Tt>=m( Co -C%,) 

~T4. ... e(R~'- R~\) 

1 " 

T~ and Uo are t€~per2ture a~a composition of the starting 
alloy at equilibrium on a flat solid-liquid interface respec­
ti ye~y, .H. \ and R2,. pr i~cipC' 1 rad.ii of curvature, e is curva ture 
u~~ercoolin& constant at co~stant li~uid co=~osition .. 

The volume element ti::!es the r2te of ch'ange of compos! tion 
:rust be equal to the difference in the material diffusing in 
auG. out of theelement,plus that _rejected into the element 

. 
due to freezing. Considering Fig.41: 

.. 



-43-

d C ~ [ I> 9~ ':Jc / d x j + C Ck 
91.. ~ ~ ~x . 81 Y 

.. ----- -~ 'I 

'Where gL. = fraction of liquid 
-o c:: l.verage liquid cO::l;;osi tion, as.sumed to equal to 0 

'chematic view of 
us liquid in the 

... 

--,". ---"--" ... .:;;..= ..................... ""-"'~--t-+--

- . 41(33) 
~~g. . 

hypothetical dendrite growing withhomogen- 1 

r direction but some diffusion in x direction 
" .' . " , 

. \ 
. , 

Assuming the temperature gradient in. the liquid (Gt;) 'is con--

stant and integrating Eq.81 between the boundary conditions 

C =0.,. at g~'::.l and C:. O~ at gl..= g\. ; 

g(k.-i)_ c, (4-k..) -t ( D6a.../t'YlV) -------~--~----------(B2' 
'- - C,.. C -i - ~ ) + l t> GL I ~ V ) . . 

Relating el.. to r, and (\ fro::. Fig.41, an expression eiving the 

h:.:-pothetical shape of dendI' 2. te is obtained, which gro ..... 's with 

the liauid ho:nogeJ;,ou s in .r di::-ection bl1 t ".;1 th some diffu sion . -
in the x direction. Near the tip, the liquid is not ho~ogene­

ous in the r direction, therefore an approxi!Dation'is obtaine:: 

by fitting a part of a sphere to the. derived .shape, as sh6",'n 

by dotted line in Fig.41. Since r.": /;\1. <4 l,and the tip radius 

is R = r I / sin~; letting ~ =45°: . I 

R ~. - GI. A 1. / JT [ M CT r4~- ko) + l) G:LIV.] _____ ---__ (83 ~ 
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Kurz and FisherC~lapplied the ll1-K principle to alloy den­

drites growing in a positive tenperature gradient to devetop 
a relationship between growth conditions and dendrite tip ra­
dius. Equating the dendrite tip radius to the wavelength of 
i!lstabili ty of the solid-liquid interface, .curva ture under- . 
cooling was neglected because growth was expected to occur at 
lQrge radii of curvature. The shortest wavelength perturbation 
which will grow and lead to instability is estimated as: 

~ -= ? = .211" (M r. _ lS
e 

)'12. --- -----_--~ --__ -____ -___ ( 84 ) 

where r:Gibbs-Thomson par~eter (1~S) 
G,=concentration gradient in the liquid at the interface 

and defining Gc as 
,;. ... Co '0 (5) 

·Vt·'~ R/2. _ Q/Vp ------------------------ -----.,8 

where p :l-ko 

Equating ~=R, 
--

R '::: ~ b" + 2 WI Co 
Vp GL-

R =- .2lf ( 1> (T ) 
. V k.o A10 

/ . _- ____ ---- ____ -_at 10Vi V _____ (86) 

• ____ -:----------at high V ___ ~_-(87) 

.. ' Fig~42~~1 
.Lip radius R and primary arm spacing "" as a function of V. 
(Al-2wt%Cu, G\!,l()n1<,'cnr' )The . diagram indicates the interface 'mor­
phology to be expected in different gro"rthregi:'1es. 
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In the first approaches to de!1dr i te sidebranch evo 1') ti on me.,.. 
chanisID,[l&] Temkin's optimized steady state solution was ac­
cepted as the pertinent erowth condition at the tip of a 
branching dendrite .. ~he thermal diffusion associated with the 
branch perturbation was assumed to be at steady state as in 
the growth of basis needle dendrite. According to this model 
(standing wave model), whole dendrite will grow at a steady 
state,i.e., the branched regions of dendrite as well as the 
dendrite tip will propagate at a constant velocity in the di­
rection of the dendrite ~ain axis preserving the undulatory 
sha pe. In this calcula ti on, a perturbation source is believed 

,. . 
to be necess.?Xy to initiate the branching instability. 

More recently, Langer and Miiller~K:rumbhaar develop~d a time­
dependent model. In the LH-K theory, since the marginal sta­
bilitv condition is used to select the steadv state of the 

~ . ~ 

dendrite tip, the tip is the only point in needle de~drite 
which is stable. Instability persists at all the other por­
tions of the dendrite su~face and lead to sidebr8nch f6rmatio! 
Therefor!!, the evolu tion of the' dendrite sidebranches is due 

'. . 

to intrinsic morphological instability of the needle dendrite 
(except at the tip) which does not need to be in~uced by 
growth fluctuations at the dendrite tip. Later experiments 

.performed by.Huang·and.Glicksman agreed well with· this'90nclu­

siori. 

Fig.43 
The LM-K model for dendrite sidebranching mechanism" 
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Dendrite Arm Spacing 
. 

A typical dendrite can be visualized in terms of the structure 
sche~atically portrayed in Fig.44, which has a primary struc~ 
ture arid secondary and higher Qrder arms or branches. 

Fig.44 
Pri3ary,secondary and tertiary dendrite arm spacings 

Generally dendrite arm spacings are measu=ed as the perpendi­
cular distances between the branches. 

Studies on transparent alloys show that columnar .dendrites can 
adjust their primary spacing during growth without dif:ficulty. 
If spacing is too·close, one ()ranotnerpr1mary arm falls be-. 
. . ...• .. . \ . 

.... lifnd and is subsequently engulfed.· If spacing is too large ,!t .. 
a tertiary arm growing from a s~condary arm catches --Up to' the 
growing primary tips and becomes one of. them,. as sketched in 
:Fig.45 

(a) (b) 

Fig.45 tal') 
Forming of new dendrite arms by branching from secondaries 
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The driving force fsr this 3echanism .of spacing adjustient is . 
consti tu tional supercooling in the regio!]. between the tvlO 

primary~ dendri te arms. The dendrite is able to branch suffi­
ciently to reduce this supe=cooling to a very low value. 

1 t has been sho"mC.~TJp,S1tha t the final secon-dary dendrite arm· 
spacings that are measured in a fully solidified casting is 
uSJally more coarser than t~e one that forms initially. The 
coarsening comes about because some of the arms which form 
initially become unstable later in solidification and melt 
while others continue to grow. These are the dendrites which 
have radius of curvature which .... is smaller than average, 
therefore they grow more slowly than their neighbors or melt 
away. ~he constitutional su~ercooling whiCh is sufficient 
near the dendrite tip to form the arms is reduced to such a 

low value back from the tips that the effect of the radius 
of curvature on melting poi!:.t becomes relativel:T more i:npor­
tanto The result is the remelting of some side. arms. 

/ 

Primc..ry Dendrite Arm Spacing 

The spacing between the prbary dendri te a·x:ms has been fO'.lnd 
to depend upon factors s':lch as: (34)1C.3~JJ:.911 t-46.J)(~\iX4~1:Gr owth 
rate(R), Te~perature gradient in the liquid at the liquid­
solid interface(GL ) ~nd solute content(Co ) •. 

l!91 
G.R.Kotler et.al. formulated the spacing between the dendrite 

ar:!lB ( i\,) as: 
,,1. 0<. ' __________ - _____________ " ___________ (88'" 

I GL. R. [Re{. ~n . 
Rc~atgi and AduIDs put the dendrlte a=~ sp~cing as: 

--- ---------------- --- ------
WLere DL~dif:usion coefficient of solute' in the li~uid 

/:) T :: under cooling 

. . . 
G :. AT • and R - ~ 

L ~ •.. ' e.t 
(1Jt:cooling rate 

J8; , 

. (~\J 
and Kirkwood worked with Al-CU alloys and found a re-Young 

lation: 
-().. -b , 

_ '" ~ kG&- R ----------------__ ---- ____ --- __ J90} 
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The data of t~il for a andb is given below: 

w%Cu 
2.4 
4.4 

10.1 

a 
0.50 
0.50 
0.50 

b 
0.;0 
o.~ 
0.43 

K 
5. 65)(10-i 
3. 05~lO-3 
4 .65~10-3 

The results of Young and Kirkwood are plotted in Fig.46-48 

Fig.46n~1 
Primary dendrite arm spacing 
as a function of temperature 
gradients and different rates 
R f~r Al-4.4 w/O Cu 

~ · ,.. · .... 
• IOi 

Fig.47(~S) . 
Pr i.'!J.ary dendr i te arm spacing a's 
a function of cooling rate GLR 

\ 

Fig .48 t.3j) 

Primary arm spacing as a function of growth rate R,for 
AI-4.4 'w/o Cu alloy .. <"--~'-:":"':-2.':""-":"-'::""':"'------------
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C~31 ' (41J 
Klaren et.al. and Jacobi and Schwerdtfeger obtained aimila-r' 

---., 

-af 

... 
E -03 

£: 
'" 
~ 

L...I 

'" ~ -05 

-07 

1,6 . I.! 

'-

Fig.49 (.:tIl 
Influence of thermal gradient on primary 
at a growth rate R=120 mm/hr for steel 

and secondary spacing 

-oz. 

r:::;:'"1 
£ -o.lt ! 
~ , 
~ 

-0,6 
,. -. 

; I 

-Ill -;..,,~ 

-f~ L... ____ ~_I _ _'___I __ --J 

1.lt 1.~ . 2.2. 2,6 3,Il 

Fig. 50 cql"J 

Influence of growth rate on a.rm spacings at constant ther:nal 
gradients for steel. . 

", .~. , 



i-' -so-
I 

t3!l 
J.D.Hunt found the primary dendrite arm spacing to be depen-
dent as: 

"~:. -b4 e b"V\1 Cf-ko) Co / G-~ V ____________________ (91) 

- ¥1. :' 2 ~,cl Gt,.. - - - - - - - - - "7" _ - - _ -- ___ - - - - - - ~ - - -- (9 ) 

At c( V - 'lit _________________________________ ~ ( 93) 

where B -:.curvature undercooling constant 

Kurz and Fishel!ftated that at high velocities 

~ ': 4.3 6T' Yz. (tt r I ~To k )'/4 V-
I
/4: G-- Y

2. --------- (94) 

and at low velocities ~41 

or ~AT/-_t Pe A To k)] '{f.. . . 

~,:. GL f V Go&. . - -- - - - :- - - - - - - - - - - -< 95) 
where ~ T' = Difference between tip temperature and nonequilib­

rium solidus temperature 

~~~ Tl.. - T!. for C .. 

p.:l-ko 
Pe -=l?eclet number VR/2Il 

/ 

A table of results of various ,\'o:-1:ers for:ning the 
cy as ~,:: kG:o.R-"" is given below. Table ott.. 

~ de~_ end en.-1', 

Dendrite ° 

}!atrix 

Pb 

Al 

Ee 

Solute 

Sn 10-5 w., 
Au 8. ,0 

Sb 2-7 
Sb 5-10 

eu 2.2-10 
5.7 

Ni 8 
0.035 e, 
0.3 Si 

Table It 

b 

0.45 
0.44 
0.42 

0.43 
0.36 

0.19 
0.26 

a Author 
! 

0~33 -Klaren et.al 
Klaren et.al 
Spittle I 

'0.35 Kotter 
0.44 Young 

Taha 
Jin 
Albe:=ny 

The results observed by previous wo=kers yield that pTi~ary 
ar~ spacing decreases with increasinb t~pera~Jre grcd~ent 

or growth r~te. 

When the cooling rate is increased, the solidification takes 
place in a shorter time, therefore more dendri tee have a' 

chance to grow on. This leads to a decrease in dendrite arm 

. spccing. . . 
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As the te:nperature gradient i~creases in front of the growing 

dendrite arms, the distance be~~een the primary and secondary 
arms decreases. The reason for this is explained by Burden 
and Huntt"!~'J in this way: As t~e amount of under.cooling de­
creases, the denerite tip temperature increases. The amount 
of undercooling in this region is: 

6 T = G-I.. C,- /~ - _ (96) 

Acc9rdingly, the distance between the dendrite arms will de-
crease. 

The:r;e are different arguments aoout the effect of solutecon­
tent with dendrite primary arm spacing. 

c.ertJ . In one of the first studies performed, Harward and Mondc1fo . 
stated that dendrite arm spacing decreases with increasing 
salu te content, wi thou t making a distinction betwee!1 primary 
and secondary dendrite arm spacings. 

trn . Burden and Hunt stated that undercool~ng increases with in~ 

creasing solute content. Re~emberi!lg 

____ "_C!o.'-" _' _ 

this implies that dendrite 
creasing solute content. 

1:.~i1 
Young and Kirkwood stated 

arm spacings will i~crease with ~n-

that primary dendrite arm spacings 
increase but secondary dendrite arm spacings decre.ase with 

solute content. 
r42.) 

Spittle and Lloyu studied under a wide range of gra~ients 

I 

with Pb-Sb alloys and observed that at h~bh gradients the 
a::-:: sp2.cings 2re ir:de:pende~t of co:.:posi t:'O!l c.Yle. the~· in­
crease .\-:ith !i.ncT€3.sin[ sol1Jte content or.l? at 1 o v.' f"rcdients. 

Results of ~pittle and Llyod are seen in Fig.51 and 52. 



a) primary 
Change of 

-5-2-

(aj) 
0 0 ~ 

00 J:) 0 

0 

... 
\I) 

C> 
~ 
u 
~ 
\I) 

~ 
0: 
< 
W 
~ 

u: a z 
w a 

(b) 
0 0 
a 

0 0 

'" 0 

2 . 3 4 . 5 7-
Sb CONTENT, wt:..-t. 

Fig.5lC4~J 

arm spacing b)secondary arm spacing G~~2.3°C/mm 
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/ -53-
\ 

Secondary uendrite Arm Spacings 

The spacing between the dendrite secondary ar~8 has been found 

to depend upon:~JJ~i}-t~!JTemperature gradient in the liquid at 

the sOlid-liquid anterface(GL ), gro~~h rete(R), solute con­

tent(C o )', the ciistance behind the dendrite tip(d) and local 

solidification time ts which is defined as: 

-l~ -:: b T ~ / G-~ 62- -- - - - - - ---- - - ...... -- - - - - - - - -C 98 ) 

where ~ 'l!s-T~ TE non'equilibrium te~perature range of freezing 

G
L 
It :cooling rate 

Clf.~-\.aJ 
Bower et~al. related the secondar~ dendrite ar2 spacing as: 

. n--
"'" - Ad ---.-­nS, - - - - - - ~99) 

where d;distance behind the dendrite tip 

A,n:constants 
(4pl . c.~'J c. 4 S J 

Spittle and Lloyd, Jacobi and Schwerdtfeger, Klaren et.al 

put the relationship between spacing of dendrite arms as: 
/ 

~2. = G:-q R...:..~ - - -. - - -' - --(160)' 

Table 1I applies to secondary dendrite ar:n spacings also~' 

As the velocity of pri:nary dendrite tips increase (R), solute 

build up also increases at the tip. This leads to a lower. 

gradient wit.hin the grooves of 'the secondary de!ldri te arms,,' 
. , . " ." '.... ~ \ 

and'the grooves may wIden wi ththe' consequence that coales-

cence is inhibited. Therefore secondary dendrite' arms are 

expected to decrease with increasin[ gro\;:th rate. 

Also, t~e increase of R is expectea to leed tea large~ de~ 

crep.se i~ i\ than ~ since sec?ndar:t erms coalescence tc 

;ive 12rger spacings~~ile pri~ary arms are ge~=~trically 

incapable of altering their spacin€. 

/ 
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~. Experimental Details 

In the present work primary and secondary dendrite anm 

sp~cings in Al-2wt.%Cu alloys unidirectionally ~olidified 
unier steady state conditimns.is investigated. 

3.1 Experimental Progr~ 

Previous st-Jdies on AI-Cu alloys f181 , [33J ,[38J have agreed 

on the relationship: 
-CL-p.:-b r. ~ GL. - - - -- -- - - - - - -- -- - (101) 

where ~,represents the primary dendrite arm spacing, i. e. the 

distance be!ween the stem of dendrites lying parallel to the 

heat flow, and a and b are constants. Ho~ev~r, there seems to 

be a discrepancy about the values of the constants a and~. 
Young and Kirkwood [381 obtained ~ = b = 0.5 and put the re­

lationship as: 
'\ 0. S' 

MI 01.. (G-L.. r<.. ) - - -- --- ------ - -1102) 
\ / -

J-'D.Hunt suggested a relationship in the fe>rm: C?3J 
-OIS -0,25 

~l 0( GL. R. - - - - - - - - - -' - - - -<1-03) 

and varified it using the ~esul ts of Sharp and Hellawell [18]. 

The worker also suggested that the results of Young and Kirk­

wood may b,e fitted in the relation of l!:q.103. The temperature 
.' . . \ 

gradients u sed in Young and KirkvlOod study is 7. 5-1300 C/ cm . 

and the growth rates are 5-50xlO-'3 cm/sec, yieldinga cooling 

rate range between3.75-650xl~2°C/se6-for Al-2.4wt.% alloy~ 
It is notable that Young and Kirkwood values for growth rate 

do not go much below the critical crowt21 rate estimsted b:r 

Bu::-c.en B1'1:d Hunt [26J arabout 7xlO·3 (Fig. 36). B";rden co.nd Hunt 

de~onstrated that for :a J.9Xge range of te::iperature gradients, 

(O.5-60°C/cm) the ti? te~peran're increc~es with incre2sing 

velocity, for growth 'rates lc\':er than about 7xlO- 3 cr:J./sec. 

Though toung and Kirkwood conclude in their study that primary 

dendrite arm ·spacing is not expected to get increasingly 

large as .cooling-rate becomes verJ small, and predict a 
possible break in the ~vs. G~R graph, no experimental veri­

fication is given tor this argument. 
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In Sharp and Hellawell study, high gradieLts of 48-l64c C/crn 

and moderate growth rates between 4.7-16xIO-'lcm/sec \'lere U8ec. 

leading to a cooling rate range of ~2.2.5-2..&24eC/sec for AI-

2Ywt.%Cu alloy. The cooling rates used in the "':ork of Sharp 

and Hellawell correspond to higher gradients and lower cool­

i~g rates than those e~ployed by Young and Kirkwood. 

In this study, moderate tempara~~re gradient ranges(IO-40 Q C/cm) 

but a high growth rate range (l-50xl()~ cm/ sec)' is chosen to 

be able to check the discrepancy observed in the dendrite arm 

spacing vs. gr.owth c ondi tions data:-. 

The lowest growth rates employed (lxlO-l ,2xlcr3) are well below 

the criticalgrowth~ate ~stimated by Buraen and Hunt, and 
. , ,~.::-

it is expected that the possible break in the graph should 

occur within this range. 

N0 complete agree~ent has been reached about the change of 

secondary dendrite arm spacing \\'i th growth conditions. Vari-I 

CUE workers suggest th2.t second2.ry dendrite arm spacings 

decrease with increasing growth rate and temperature gradient 

£ollowing relation set in ~q.lOl, with same a and b values as 

primary dendrite arm s,acing. (411 , (42] , [43]. other workers 
l . . ... 

(~81, (39J have observed different changing trends. in primary 

. and secondary dendrite. ar!.1·spacings •. Young and Kirkwood t38] 
claim that primary dendrite arm.sdecr~ase-mor-e·-w"ith-.1ncreasing 

gro\\'th rate compare~ to' seco~dary arms~~ tetter et:al~ [39] 

suggest that the effect of in-creased growth velocity is more 

cn secondcry dendrite arm sp2.cings ,v:hereas temL:lerature gra­

dient increases effect pri~ary dendrite ar~ spacings ~uch 

more than' secondary dendrite a::::-n sp8cings, ,,·:hich al~ost grov: 

independent of te:lperature gradient. 

:the ranges of temperature gradient and growth rate used in 

this study will be sufficient to check this discrepancy. 

3.2 Apparatus 

The apparatus used for unidirectional solidif1cati-on is sho~ 

in Fig.53 and 54. ·The system consists of a Nichreme resistance' 

growth furnace, a te~perature controller and a drive system • 
. ; .. 

.,,:. " 
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Fig 54 
A sc1ematic view of the drive set 
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3.2JlGrowth Furnace 

The growth furnace is in 14Xl4X30 cm. dimensions and it con­
tains -three separate :heaters, (Fig.53) each controlled by a 
set of chromel-alumel thermocouple inserted exactly in the 
middle of the ~eater. These thermoceuple sets are connected 
to a ther~ostat(Elimkc control unit) and set up the tempera­
ture gradient in the furnace. Another set of thermocouple is 
inserted from the other side of each heater which is ce.nnected 
to the potentiometer. This set checks the value displayed on 
the control unit so that a sound tempera~~re gradient may be 
o'!:>tained • 

. Each heater has a power of 320 Watt. The inlets and outlets 
of windings are taken out tlroough the insu'1a ting br icks and 
asbestos and connected to power supply. 

3 ,,2.~ Drive System 

The drive system is used to lower the specimen into the fur­
nace in the desired s?eed. It consists of a pulley system. 
1-10 cm i~ diameter, and a winding pulley set 3/rr,4/rr,5/n ~~" 
in diameter. By :::laking different combinations in the pu: __ ey 
system and using a 2 rev/min motor, a large spee"d range 
fro!D. 1-148::-:10-3 cm/ sec ~ay be obtained. (Fig. 54) 

~,2;;'3Grow·th Rods 

For unidirectional solidification experi~ents, growth rods 
are pr.epared by filling the alloy into a steel mold with two 
100 mm.long, 4 IJl:!l ¢ holes as ShO\ffi -in Fig.55. Two growth 

cd.s at a ti::le rna-· be obtained \.;i th this :!old. 

, -

Fig55 
Steel mold for ~ovlth rod preparation 
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" • Procedure 

~.l Alloy Preparation 

In the preparation sf AI-2wt.% alloy, superpure(99.999%) Al 
and cathodic copper(99.99%) is us,ed. During the alloy prepa- . 
ration, first the necessary amount of aluminum is melted in 
a graphite crucible in a resistance furnace. Then the neces­
sary amount of copper is added. The liquid metal is stirred 
with a graphite rod to homogenize the melt. 

~.2 Unidirectional Growtl1. 

In unidirectional solidification process, a saund temperature 
. .---- . ~ . . 

gradient is very important. In this, s't'.ldy, the temperature 
.' .. . 

in each heater is arranged so that a linear temperature gra-
dient is established. ,Af~er setting the three temperature 
contrQI units to predetermined temperature values, an hour is 
allowed "for the' temperatilre":grad±ent,:·to'-staoil±ze"twl thin. r '" j "" 

the furnace. Data is taken every fifteen minutes from the 
second thermocouple set leading to the potentiometer to 
check the gradient. 

/ 

when no fluctiation in potentiometer measurements is obtained 
the specimen may be inserted in the furnace. The growth rods 
are placed in graphite pots of 10 mm length and 4.,mm inteJ::na,1 
diruneter.A steelweight.is' hanged at one end of the graphit~i 
pot to prevent vibration. The ather end of the rod is connec­
ted to the winding pulley with a wire ~ After the' temperature, 
gradient is rechecked, the motor is started and the ~owth 
rod moves down the furnace with predetermined speed. 

After the predetermined period of gro~th, the wire is cut end 
the rod is let to fall down into the water tank pIeced at 
the'bottoJl of the furnace to retain growth structure by quench­
ing. Then the graphite rod is broken and sample is obtained. 

4.3 !1etallographic Examination 

For metallographic examination, the quenched specimen is care­

fully cut from about tenImIl.behin~ the denarite tips •. This 
portion is used as the transverse section for primary arm 

spacing measurements'. The,longi tudinal section is used for 
. ~~" '. 
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secondary dendrite arm measure~ents. 

The cut sample is mounted using cptical mounting Po\~":'er in tr..e 
hmt mounting apparatus. This is done to ease the polishing and 
microscopic examination of the sa~ple. 

The mounted sample is first rougn polished to the middle of 
the rod. Then surface polishing is done using No.180,320,400 
and 500 water polishing papers. A final surface pol~s~ing is 
done using abrasive cloths, and \<."etting with pure water mixed 

,_ with metal oxides. 

The polished sample is then etghE4 using Kernel's·reagent. 

(2 ml HF(48~J,3 ml HCl(conc.),5 ~l RNO l (conc) and 190 ml H~O.) 
The sample ia let to stay in this etchant ~or 8-15 seconds, 
washed and blown dry. 

The reveaied growth front nay now be studied under r:!icroscope, 
and photographed. An Olym~JS microscope ca~era is u~~d to take 
the photographs of the ~sam:ples. (Haenifica tion 60-1'2.0 tine,?) . 
The longitudinal section is photo[~aphEd to reveal t!le secon­
dary dendrite arms, and the tra~sverse section is nhotographed 
for primary dendrite arm measure~er.ts. 

Primary arm spacings~ are c~tained by averagine 10 c~fferent 
measurementa taken f~om the cente~s of the neighbori:'2g den-::-

t ' - d ' d \ dri tes at· the·- trc;l1sverse sec l.on an averngl.ng. oecon ary a~m 
spacings are·,cbtai11.ed-:·by averaging at least ten me~E':;rer.lents 
taken from the longitudinal section at diffe~ent dis~ances, 

behind the dendrite tip and aver2~ing. 
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4. Results and Discussion 

Results obtained tor the unidirectional growth experiments 
ot Al-2Wt.~CU alloy have been classified primarely with 
respect to the variation ot primary and secondary arm spa­
cings with temperature gradient{GL) and growth rate(R),; and 
cooling rate GLR. 

The measured variation ot primary arm spacing(~t)/with the 
experimental parameter GL an. R are tabulated in ~ble III 

Table III 
'" 

GLoe/cm R era/sec ~,mm 

10 .001 .65 
10 .002 .60 
10 .0125 .45 
10 .050 .27 
20 .001 .62 
20 .002 .50 
20 .0125 ." 
20 .050 .• 22 
30 .001 .50 
30 .002 .45 
,0 .0125 .30 

'0 • 050· i135 

40 .001 .50 

40 .002 .4' 
40 .0125 .27 

40 .050 .12 

The graphical translation ot the data reveals an important 
aspectot dendritic mOrphology in Al-~CU a1loy.(Graphs 1, 

2,3.in Appendix.) 

In GraPh, 1 a plot ot log ~IV8. log GL has been drawn tor 
'each growth rate. !his aurve shows a high tendency to a 
straight line revealing aD. expon~ntia1 relatIon between ?-.i 
and. G

L
• , However, the graph :!indicates. 'that log ~l va. lot 

/ 

, I . 



-62-

GL CUrTe is not parallel for cl1t:teriDg growth rate. as 8ta­
-ted by some previoua yorkc8. ne elopea of the lines Tary 
between -0.21-0.6. 

III Graph 2 log ?t T8. log a >haa been irawn :ror each tapera­
bre gradient. !his curve alao sholls a high tendency :ror 
a 8traightl1ne. However, again the linea ··for each graph 
are found to haTe 4iffering elopes vary1n& between,22-.'5 
contradictory to 'the results of 80l1e previous workerl'wt 
.tn agr~ement with Jacobi and Schwertifeger~\On clrawing 
only one 11me 1i.hrough all 4a" pointa. aTeragfng the siopes - , 
• elope.f -0.28 1.. obtained. 

. 
Bxaainatlollof 'the U'tdature uta cm 8t.ea4ye'tategrorih 
revlale 'that tile alopes of 10g",Ts. log GLand log ~l TS. 

log R curves are :round to Tars bebeen approximately .1.i-o~5-· 
0.50) 41tter1a! in value according to the working conditions 
and the alloy used. Almost all vorE.ta agree on the tact 

_ that ~ decreases with ·1ncreaS1lLgG~ or R. som~ of the -pre- / 
vious workers have reported that changing the growth ra~e 
has no effect on the elope of log-log '" vs. 6~ lines. Xot-

~i d . ieret.al. have taun the gradient exponent to be -0.'5 and 
have also stated that the effe.t of ~ variation on "1 1B, 

greater than the effect of GL• However no detailed expla- \ 
nation or varificatlon on this stateaent takes place on 
theu- paper. Young and IirkYoo/\ave stated that the slopes 
of log ~ vs. log GLand log ~1VS. log R have the same value, 
approximately -0.5. These workers suggest in their paper 
that there is a possible break in the Al-CU alloy dendrite 
arm spacing ve. growth conditions gra~s, however no in-

~.ss 
dleation is given. The study of !aha on Al dendrites in 
AI-On alloys at GL:900C/cm does not Bhow ~ break· in the 
log'" vs. log It graph down to 8f1A/sec ant the r:;e expcment 
Isfound to be -(>.,6. In the Spittle and Lloyd study the 
rate exponent .is f0JJl14 to be -0.42 ana a break 11'1 De log '*t 
T8. 10.& R 4ata was obse"ed.~lareJ1 et.al~ founa 'the rate 
exponent a8 -0.44 and 'the tempel"a'ture gradient exponent .. 
-0.'2. !he 'theorethiea1 work of Hunt33predlcts that the 
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rate exponent is -0.25 and the temperature gradient ex­
ponent is -0.50. 

In the present study DO break in the log ~,vs. log R graph 
has been observed. 'However the slope or the decline seems 
to be less at lower R~a1ues{less than or equal to .OO2ca/ 
sec). Since the slopes of log "1 vs. log GL and log ~ vs. 
log R lines do not have the same value ~or differing B and 
GL values, it is suspected that a combined ef~ect or G

L 
and 

II ,'that is the cooling rateGLR aay be the correct para­

aeter -t.~ be investigated. :0Jl Graph '. ~IVS. GLR relatiOll 
. 1s shown logar1tilmica1l.y.!he· dott~4 line representB tae 
overall ~ineVheJ1 all data 1.s considered. ne .lope of 
-this line lsfOUJld to be -0.29. ~he so11d lines show a 
suspected break in the curve for high and low growth rates. 
!he line correlation is higher when the data is dlvlde4 as 
suCh and the ra1ationship Is in the form: 

).«GLR)-·21 ~or low growth rates 

~~(GLR)-.4~ for moderate and high growth rates 

!he slope found for higher growth rates agrees well with 
Young and Kirkwood data. However at lower rates a much 
saaller slope is obtained. In this range, the~endrite 
tip temperature increases wi~ increaSing growth rateli.e. 

. tl..6 
undercooling decreases) as predicted by Burden and Hunt. 
~he decrease in undercooling leads to a decrease in pri­
mary arm spacing. At the same time at low growth rates 
an increase in primary arm spacings is expected due to 
the lengthening of solidification time. However, the in­

crease of tip temperature at this range decreases the den­
dri te arm spacing and therefore the expected amount of in­

crease is not observed. 

tile ~l vs. R and AI VB. GL graphs in this study reveal thf4 
the effect of. these two parameters are not the saae on 
prlma;ri' arm spacings. When cGnsidered generally, ~ t 1s 
observed that the""slopes of primary arm spacing VB. growth 
rate lines are lowvr than 'those of temperature gradient. 
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Hovever when each graph fs carefully .e~ined, it is seen 
tha~ the temperature gradient is more effective on primary 
arm spacings at high growth rates. This effect gets lesser 
at low growth rates due to the above mentioned factor. 

~e log ~lvs. log R graph shows a lesser tendency to have 
higher slopes at higher temperature gradient values. Since 
the effect of temperature gradient o~ primary dendrite arm 
·spacings is more as. obviollsly observed from the data, this 
change in slopes is explainable. The decrease in arm spa­
cing due to the increase in growth rate will be more as the 
teaperature gradient is also increased • ..-

The measured variation of secondary dendrite arm spacingt~~ 
wi.th experimental parameters GL and R are tabulated in 

Table IV. 

nb1e IV 

GLoe/em R em/sec "A,JDm 
/ 

10 .001 .14-
10 .002· .10 
10 .0125 .07 
10 .050 .05 
20 .001 .10 ' 

.002 .072 " 20 \ 

20 .0125 .05 
20 .050 .035 
30 .001 .07 
30 .002 .052 
30 .0125 .035 

·30 .050 .025 
40 .001 
40 .002 .04' 
40 .0125 .039 

40 .050 .022 

The graphical translation ot data is in Graphs 4,5,6 an4 71»" 

Appendix. 
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In Graph 4, the variation of secondary arm spacing with 
distance beh4;Ud the growth front i& logari thmical17 
shown. Despite a alight scatter in aeasurements, the 
"points confirm to a straight line with a slope of 0.'2., 
yielding a relation in the fora: 

?-a.~ ,o.,a. 
!he reason of increase in secondary arm spacings D 
thought to be coalescence. Away rr_ the tip theeecou-
4ary ~s thicken until' ,their tips eTentually.touch and 
0081eso" leaving a 80lute riCh ~tla of liquid Which 
ahr1nks and apheorocUses'Wi th f1lr~ cooling. 'While 'ta­
king uta pOints, cOWlting waaabondened on eachspec1ll811 
at the observation of tip eoalesc8Rce. !he difference in 
data of workers us1n& as-cast apeciaena may be due to thill 
effect. 

the log A~vs. log R graphs for eacb GL (Graph 5) yielded 
a straight line with slopes between -0.21-0.26. The ex­
treme value of -0.21 is not very dependable since it was 
found with only three data points. !herefore it seems 
possible to averaga this,relation aa: 

~:lo(.R-O·25 

fhe effect of growth rate on 8econd~ dendrite arm spa­
cings is not found to be more than on primary spacings 
as predicted by previous ~orkers. 

~he log i\4.vs. log Gil graphs drawn for each 1\ value yielded 
straight lines with slopes between -0.59-0.61 which may be 
averaged aa -0.60 • 

. fhere bas been disagreement between previous ~orkers on the 
effect of temperat~re gradient and growth.xate on secondary 
arm spacings. Young and Kirkwoo~Te stated that increa­
sing the growth rate reduceE. the secondary aras due to the 
effect of thcreasing solu te built up at the tips and in­

creasing solute content behind the tips. !his lea411 to a 

lower gradient within the grooTes ef liquid between the 

/ 
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secondary aras and the grOGTea widen with the consequence as . 
that coalescence 1s inhibited. Kotler et.al. also agree 
on the fa~t that secondary aras decrease with increasing 
growth rate due to the decrease in the effective dittu.,ioll 
distance. However these workers expect a greater etfect 
of R on secondary spacing than on prlaary spacings. and 

state that temperature gradient has no eftec.'t on secon­
dary ara spacings. A aore recent study by spittle and 

42. ' 
Lloyd r~achell the conclusion that,; ~a decreases as GLer 
Ii 1s !nct-eased. ~e data 111 this· 8'hdy 1s 1nagreeaent/ with 
the 4aw. 1.n lacobi and :>chverat~eger4lstucl:r in 'thatothe ettect 
of temperature gradient on secondary dendrite ara sPacings 
1s lIore than -the e:t:tect of growth rate. However before 
reaoh1ngeuch a conclUSion with the present data, i\a. vs. 
G~ curve should be examined. It has been customary to relate 
the secondary dendrite arJI spacings wi th G~i: or local soli- / / 
.ditication time ts defined as: 

ts : ~'ls/Gt! or 's : A 'fS/GJJ. . 

where A ~~ ,: ~ J., - !rE 
\ 

Since the alloy compos1t10n is constant in 'this study. it \ 
will be sufficient to regard the ~ vs. G~ (coo11ng rate) 

curTe. 

As seen 1n graph 7. this curve gives a relation of 

A~ e<. (G
L
R)-p·29 

38 
!his result confirm8 with the re suIts of young and Xirkwoo4. 

Since a combined effect of temperature gradient and growth 
rate is act~ on secondary dendrite arm spacings, the 
temperature gradient vs. secondary arm spacing result8 are 
not very reliable depending on the present data because a 
~ider. range of growth rates are used when compared to 'the 
range ot temperature gradients ana therefore when the 4ata 
is seperated to tind the effect of temperature gradient on 

-t>::6 secondary arm spacing. an exa.gge.rated resultti.e. ~-.GL ) 
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is reached. on the other hand • within the wide range of 
growth rates used, log ~vs. log R graphs yield a more 
expected result. 

6. ponclusion -

It fa concluded in this s't\ldy that primary and secondary 
dendrite sr. spacings in A1-~ alloys decrease with in­
creasing temperature gradient and growth rate. Bowever 
the variation of ~,an4 ~with growth conditions ahow dif­
ferent 'trends. 

- , 
1) Pr1aary era spactng varies aceord~gtothe relation 

~I 0(. (G
L
R)-O·2l for 'low growth rates 

". 0< (Gr,R}-o·47 for moderate and high growth rates 
( 

2) Jloauch trend for a break 1s observed in the data of 
secondary dendrite arm spacing va. growth conditions. 
However, the variation of '-2. with cooling rate, ex- I 

pressed as 

"2. «. (Gr}t) -0. 29 

displays a lower tendency to change with growth"condi­
tiona when compared to, the primart arm spacings. 

,) On the other hand. AZ has been found to vary wi'th the 
distance behind the tip due to coalescence. !his rela­
tion is formulated in the form: 

"2. 0(. dO.,2 

" \ 
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GRAPH 2. Primary dendrite. arm spacing Alvs. growth rate R. 
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GRAPH 3. Primary dendrite arm spacing /q vs. cooling rate GLR. 
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GRAPH 5. ~econdary dendrite arm spacing A2, va e' growth rate 
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