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ABSTRACT 

In this study the general elastostatic problem for 
an orthotropic strip containing cracks perpendicular to its 
boundaries is considered. 

Appropriate superposition of stress field solutions 
of e~ge dislocations together with the Fourier integral 
transform technique made it possible to solve the field 
equations in terms of new material parameters for an elastic 
homogenous, orthotropic strip. 

Two specific problems of interest ·are then studied 
in detail. First problem involves the investigation of a· 
single transverse crack in an orthotropic.strip-subjected 

. to uniform tension or uniform shear, the latter being unava
ilablein literature. The second problem of interest is a 
rectangular orthotropic plate containing an edge crack and 
subjected to uniform tension' by t}le help of which it is pos
sible to simulate the Standard Compact Tension Specimen for 
an orthotropic material;which is not available in literatu
re eithEr. 

The singular integral equations of these problems 
are derived then they'are solved numerically and the stress 
intensity factors a~e obtained. Numerical results are pre~ 
sented for isotropic and orthotropic materials with various 
crack geometries. 
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OZET· 

Bu gal~~~ad~, iginde kena~lara dik gatlaklar bulunan 
ortotropik bir §eritin elastostatik problemi incelenmi§tir. 

Kenar dislokasyon gozlimlerinin uygun bir §ekilde su
perpozisyonu .ve Fourier integral donU§um teknigi kullan~la -
rak, elastik ve homojen bir §erit igin alan denklemleri bu

lunmu§tur. 

Iki ozel durum ayr~nt~l~ olarak ince,lenmi§tir .Birin
cisi uniform gekme veya kayma kuvvetlerinin etkisi alt~nda 
kalan enine bir gatlakdigeriyse dikdortgen bir levhada yer 
alan ve yUzeylerine Uniform gekme kuvveti uygulanan ~ir ke
nar gatlag~d~r. Ayr~ca,ikinci problemin yard~m~yla,deneysel 
ara§t~rmalarda kullan~lan standart numunelerin benzetlenme

sine .gal~§~lm~§tl.r. 

Bu proble~lerin tekil integraldenklemleri g~karl.l~ 
ml.§, bilgisayar programlar~ hazl.rlanI!l~§ ve gerilme §iddeti 
faktorleri say~sal olarak bulunmu§tur. Qe§i tli gatlak geo-' 
metrileri i<;in izotropik ve ortotropik malzemelerde bu fak
torUn alacag~ saYl.sal degerler bululli~u§ ve degi§im incelen

mi§tir. 
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I. IN~ROnUCTION 

Depending·on the mechanical behavior of the mate
~ial,nature of the loading and environmental conditions,. 
fracture is considered as an important" problem for 
and economical design of structures although it may 
always mean total failure. 

safe 
not 

Failure analysis,using the principles of fracture 
mechanics deals with initial flaws or certain types of im
perfections which exist in the material. SUch defects are 

. treated as 11cracks II which· act as fracture nucle·i;that. may 
propogate under fluctuating or stationary external loads. 
~hus, it is obvious that the existence of defects which 
may lead to fracture initiation and propogation is unavoid
able and therefore one must take them into consideration 
during the design process and select the appropriate ma
terial and dimensions. 

~ere are two main problems in studying the frac~ 
ture of structures: The developement of an appropriate fa
ilure~ criterion and a mathematical model for the 'calcula- ) 
tion of a load factor which reflects the geometrical and 
physical properties of the medium. 

It is the failure criterion which determines the 
physical quantities that one should compute(such as the 
stress intensitY'facto~,the strain energy release rate, 
crack opening displacement, etc.) 

Thereare many failure criteria or failure theori
es which are used to pred;ict the failure of structures.In 
Linear ~lastic Fracture Mechanics where only small scale 
yielding is ,allowed, K"KIC is the accepted. criterion(l) .. 
In this case failure occurs when the calculated value of 
the stress intensity factor, K , reaches a critical value, 
KIC ' which can be determined experimentally as a materi
al property. ~ere are also other failure criteria such as 
critical plastiC stress intensity factor Kpc or the J-In
tegral which have been proposed to predict failure from 
elastic to fully plastiC range. 
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All the structu~es require the most economical uti
lization of materials in terms of stiffness-to-,oJeieht, st
rength-to-weight and cost-to-weight ratios.These requirements 
~re the basic motivations for the developement of composite 
materials which have introduced new and useful combinations 
of mechanic~l properties. 

The advantage of composites is that during the pro
cess of manufacturing they can be directionally strengthened 
so that their structural resistance to unstable crack propo
gation is very high. 

Host common engineering materials are homogenous and , " 

isotropic.In contrast, composite materials are in general non-
homogenous and anisotropic.Properties are functions of both 
Dosi tion and orientati·on at a point in the body.Since the non
homogenity and anisotropy make it difficult to apply linear 
elastic fracture mechanics to cqmposite materials,they are u
sually treated as being homogenous and orthotropic. 

In linear elastic fracture mechanics,problemsrelated 
to cracks in a strip~ half plane have been widely studied. 
In·some of these studies the medium is assu~ed to be isotro
Pic(2-lS).Because·of the fact that some of the most important 

structural applications of composites have been in sheet form 
and also for analytical reasons, the crack pr~blems in ortho
tropic materials have been studied mostly for plane stress 
or plane strain conditions.Depending on the values of elas
tic constants,orthotropic materials are classified in two 
groups(16-18):Materials of typel and of typell.(See Appen

dix I). A different formulation ~s needed for each combina

tion. 
In ~lane problems of orthotropic materials,if the 

medium is infinite,containing a line crack or a series of co
linear cracks,it has been shown that(19-22) orthotropy does 

not affect the stress intensity factor and the results are 
identical to the isotropic case with the same crack geometry. 
However, if the medium is bounded, .stress intensity factor 
is highly dependent on the material orthotropy ~nd it is 
greater or smaller than the corresponding isotropic values. 
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~o study this dependence one may refer to a number 
of previous stud~es.For example Delale and: ..I!;rdogan inves
tigated the problem of periodically arranged orthotropic 
strip containing cracks (16 ) and. an orthotropic strip con
taining ~n internal. or e.dge crack (17 ) for material types 
I and II. Lately the problem of an inclined crack in an 
orthotropic strip is solved by Delale et.al. (23 ) where 
the stress state in an infinite plane is taken as one of 
the two constituents of the superposition problem. 

In the case of plane isotropic elasticity,the stu
dy of stress problems is greately facilitated by the fact' 
that only one of the material properties, namely the Pois
sonratioW, can influence the stress field~15,24). Howe

ver, when studying the fracture problem of anisotropic ma
terials the situation is very different and solutions of 
practical interest involve complicated combinations ~f ma
terial properties. ~herefore it is desirable to describe 
anisotropic materials in terms of new parame.ters which 
simplifies the solution procedure. Instead of a direct u
se of four independent elastic constants introducing the 
new material properties and a variable transformation pro
posed by Krenk(24) not only simplifies the solution proce
dure but also enables a straightforward transition from 
orthotropic to isotropic problems depending upon a Single 
parameter, namely the shear parameter K. On the other hand 
the solution procedure is further simplified when a crack 
is represented by a continuous distribution of dislocati
ons. this way, once the infinite plane solution due to a 
pair of edge dislocations are obtained, one may get the 
strip solution in a.straightforward manner imposing the 
boundary conditions at strip edges. vivelek and ~Tdogan(25) 
solved various crack problems in an infinite strip and rec
tangular plate using the stress field solutions of a pair 
of edge dislocations where the material is assumed ~o be 
isotropic. stress intensity factors are obtained for strip, 
plate and compact tension specimen geometries subjected to 
various loading conditions. 
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In the present study a similar procedure will be 
used to formulate the strip and plate problems of interest 
in an orthotropic medium. For this purpose, first the st
ress field of an infinite orthotropic plane due to a pair 
of edge dislocations will be obtained from the existing 
crack solutiont23 ) in terms of'the new ~aterial properti
es t24i • Using this solution together with the boundary con
ditions of the residual loading problem, the stress state 
due to each separate kind of dislocation in an orthotropic 
strip will be derived by the help of the standard Fourier 
~ransform Technique. 20 simulate a line crack along an ax
is, stress solutions due to edge dislocations will be con
verted to the corresponding crack solutions replacing the 
Burger's vectors by dislocation densities and integrating 
these density functions along the crack. Finally the prob
lem of an edge crack in an orthotropic plate will be for
mulated superimposing the stress distributions due to three 
line cracks in a strip, keeping the middle one and letting 
the outer ones meet the edges. ~hen one may simulate the 
orthotropic compact tension specimen which is of practical 
interest in many applications. 

::;ingular integral equations for a single crack in 
a strip and a system of integral equations for the plate 
problem will be obtained using the crack surface boundary 
conditions. The resulting integral equations are solved nu
merically using the ~auss-Chebyshev integration formulas 
tI5,26) and the stress intensity factors are calculated 
for various crack geometries and materials. 
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II. PLA.NE F.t{OBLEMS UF AN ANISOTROP1U ELA~TIC BODY 

A. ~e ,J!;quilibrium Equations· 

In the.absence af body forces, the stress compo-. 
nents in a continuous body which is- in equilibrium must 
satisfy the equilibrium equations,which in eartesian co-
ordinates lxl ,X2,X3} are: 

d () 11 do-12 oOi3 - 0 ~ ~ +~ x2 + ~x3 -
()0"12 00'22 d0"23 - 0 -+-+ -a Xl C) x2 ~x3 

~ 0"'13 +d 0'23 + 'a!!Ii - 0 lla-c) -t}xl ~x2 ~x3 

B. strain Displacement Relations 

±he state of deformation in the neighborhood of 
a given point in a continuous body is characterized by 
six components of deformation: 

Ci j ( i = j = 1 , 2 , 3 ) 

Oij (i:::j, i,j=1,2,3) 

In the Cartesian system, the components £ij rep
resents the relative elongations of infinitely small line 
segments which in the undeformed body are parallel to axis 
xl ,x2 ,x

3 
; and the components ~ij represent the relati

veshears or changeSin angles between indicated line seg -
ments which are previously perpendicular to each other. 

The components of deformation can be expressed in 
terms of displacements. In the case of small deformations 
the strain-displacement relations are: 
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£11 - o ul 
023 

dU ':: ~ -- aXl - ~x3 + aX2 

€ ' ~u2 
22 = ~x2 if 13 

oU3 aUl 
= ~xl + aX3 

£33 
aU 3 , 

(f 12 
oU1 ~u2 

(2a-f') -- --+-
- ~x3 - ~x2 ~xl 

where ul,u2,u3are the displacements in directions xl ,x2 ,x3 
respect1.vely. 

c. ~tr~~s strain Relations, Generalized Hooke's Law 

~he equations (la-c) and (2a-f) are not sufficient 
to solve the,problems of equilibrium, mQtion or stability 
of an elastic body. Additional. relations are necessary bet
ween the components of stress and deformation. For small 
deformations an elastic body is taken to be a continuous 
body which obeys the generalized Hooke's Law that means 
the components of deformation are linear functions of the 
components of stress if the body is elastic(reverse is al

so true). 
If we consider a homogenous elastic body in arbit

rarily chosen orthogonal coordinates xl ,x2 ,x3 ; Generalized 
Hooke's Law can be written as: 

£11 er11 

£22 (j'22 

t.33 

[c ij] 

<J
33 

023 
- 0"23 

(3) -
(513 0'13 

0' 12 0-12 

where Cij i,j=1, •• ,6 are the elastic constants and c ij ::c j1 
In this general case the number of independent constants is 
21. 
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When a body posseses symmetry of internal structure, 
its· elastic properties would show the symmetry. This elastic 
~ymmetry means that each point of a body has symmetrical di
rections in each of which the elastic properties are identi
cal. These directions are called equivalent directions. ~qu-· 
ations of Hooke's Law are simplified in the presence of e
lastic symmetry. ~ome of the constants cij become equal to 
zero and dependencies appear between some others. 

1. Orthotropy, three planes of elastic symmetry 
A homogenous body with three mutually perpendicular 

planes'of elastic syminetry passing through every point is 
called orthogonal-anisotropic or orthotropic.ln this case 

the matrix [cij1 as referred to coordinate system xl ,x2 ,x3 
with axes normal to these planes will be: 

~l ~2 c'13 0 0 0 

c12 c22 c23 0 0 0 

c13 c23 c 33 0 0 0 

[ci3] - (4) - 0 0 0 c44 0 0 

0 0 0 0 c55 0 

0 0 0 0 0 c66 

When engineering constants are introduced instead of elas
tic constants cij ' generalized Hooke's Law for an'ortho
tropic body may be expressed as(l): 

. 1 
£11 = -r ()11 11 

.J}12 
E22 = E 0"'11 

11 

•••••••••••••••• 
l5a-f) 
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where t;ii are the Young's Noduli along principal directions, 
LJ ij are the pOisson',s ratios~ characterizing the dec

rease in 3 direction during tension in i direction, 
G i3 are shear moduli characterizing the ch~nges of 

angles between directions i and 3 (i,3=1,2,3). 

uue to symmetry of equations (5a-f) the following 
relation exist between Young's Moduli and Poisson ratios: 

i,j=1,2,3 (6) 

The number of independent elastic conatants in this case is 

nine. 

2. Isotropy, complete aymmetry 
~yery plane of an isotropic body is a plane of e

las tic symmetry, and every direction is a principal direc
tion. The generali.zed Hooke's Law for an isotropic body may 
be expressed as: 

c: 11 - i [0'11 -u ( 0"22 + 0"33 )] -
£22 - .! [c:r 22 -l.Jl (j 11 + 0"33 )] -
E 33 - ~ [0'33 -t.) ( c11l + ~22 )] -
6" 23 - 1 

0'" 23 -- (Z 

013 - 1 Cf13 - (i 

'0 12 - 1 
l)12 (7a-f) - '"' IJ 

where i; is the Young's .. modulus, J,.j is the Poisson ratio and 

G is the shear modulus ( G::; .I!:/2 ( 1+&.J ) ) . 
·.1:he number of independent elastic constants here is 

only two. It is important to note that for isotropic bodies, 
when any aytem of· coordinates x{ ,x2 ,x; is used inst·e.ad of 
x

l
,x2 ,x

3 
,equations (7a-f) will not change and elastic cons

tanta E and ~ will preserve their numerical values.However, 
. I . 

for anisotropic bodies new elastic constants cij are requ·i-

red which can· be expressed in termaof the old ones. 
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D. Field Equation for an-vrthotropic Bodv 

~he state of stress of an elastic body is known if 
the stress components at every point are known on three 
planes which are normal to the coordinate directions. The 
state of de,formation is determined by the components of de
formation which depend on three displacements in the coor
dinatedirections. Therefore in order to have a complete 
picture about the state of stress and deformation of an e
lastic body which is subjected to external forces, it is 
necessary to determine six stress components and three dis
piacements • .In- order to determine them nine independ.ent e
quations are necessary. 

Furthermore, the plane problem of the theory of e
lasticity is reduced to determination of a stress function 

U(xl ,x2 ) on plane xl x2 ' which satisfies a differential 
equation of fourth o~der and the boundary conditions. This 
differential equation is called the 'field equation' or 
the 'compatibility co~ditionr of the problem. In the ca

se of generalized plane stress, CT33 = 0'13 = (723 = 0 
and for average stresses and strains equilibrium equations 

(la-c) becomes: 

20"11 00"12 = 0 
'0 xl + ax-2 

d(j12 c(j22 
(Sa-b) 

- 0 
~xl +-ax- -2 

Hooke's Law t5a-f) changes to· J 

£11 
1 -W12 -j!;ll l!;22 

o er11 

€22 - _U21 -L - ~ll .r.i22 
0"22 t9) o 

20"12 0 0 
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and the strain-displacement relations (2a-fJ turn out to be; 

, 
t,ll (10) 

By differentation of displacements u and v in tlO) one 
may obtain the condition of compatibility of deformation as: 

(11) 

In the 
(8a-b) 

absence of body fdrcesthe equilibrium equations' 
are satisfied by the introduction of a stress func

U(x l ,X2) and assuming that: tion 

Vll. 

:.chus, substituting the expressions £11' C22 , £12 from equ
ation ~9) in equation lll) and expressing the stress com
ponents throgh utxl'X2) one may obtain the fourth order 
differential equation which must be satisfied by the stress 
function. Therefore; in the absence of body forces,for a two 
dimensional elastic,homogenous,orthotropic body in generali
zed plane stress, 1£ U(xl ,X2) is the stress function, the 
solution of the equations of equilibrium reduces to the so
lution of the following field equation: 

:.t:o study the stresses and de~ormations of such a body, it 
is sufficient to know only four'elastic constants from the 

total nu~ber of nine: Ell,E22,G12 and~12. 
~\ote that for an isotropic plate; Ell :.I!;22=E and 

(I12::::E/2,~1+h)JJthus equation (13) reduces to: 

'V4u = 0 

which is the biharmonic equation. 

(13) 

(14) 
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E. New i4aterial Parameters for Plane orthotropy 

instead of a direct use ?f four independent elastic 

constants ~1'~22'~12,W12 ~ ~~~roduce the following para
meters as proposed by Krenk( 4) for generalized plane 
stress case, 

and for plane strain case, 

_ "'!21) 
~22 

[ Elli 22 Jl/2 
E = l.] l-UI3U31) ( l-LJ23U32 U 

w =rr~121"1o,)13032) t""21 t~23U31) 11/2 
L(1-UI3U31 )(1-~23~2) :J 

4 :Ell 1-~23~32 
S = E ·1-~3~1 

K 

(15a-d) 

(16a...;d) 

where ~ is the effective stiffness, W is the effective 
Poisson ratio, S is the stiffnes ratio, K is the shear 
parameter.Then Hooke's Law for an orthotropic body both 
for generalized plane stress and plane strain cases become: 

.~·ll ~-2 -u 0 0"11 

£22· 
_ 1 

-JJ ~2 0 (122 (17 ) -E 
2~i2·· 0 0 2 (K+J,») 0"12 
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By a suitable variable transformation it is possible 
to e:' imina te the dependence on 5 ~ either. In troduc ingthe 
new coordinates, 

x - xl/.fS .y - x 2 J5 t18) - -
the new displacements, 

u = u:r J& v - u/f5 (19) -
the '!:ew stresses, 

(j'xx =(1"111 S r7yy = 0"22 S C'fXy . =lJi2 (20) 

and the corresponding new strains, 

. Cxx = ell ~ €.yy = £22/ s ()~y = '612 

finally Hooke's Law takes the form: 

Exx 1 -w 0 O'xx 

E,yy - ! -~ 1 0 (jyy (21) - E 

2'6xy 0 0 2tK+JJ) (jxy 

Remeaoering the stress expr.essions through the stress func
tion (12) in terms of the original variables; if U is the 
Airy's stress function of a problem formulated in the ori
gina: variables, it will also be the stress function of the 
transformed problem due to equations ~18) and ~20). 'thus, 
stresses may still be expressed as: 

(22) 

By a similar procedure as in section n.,it can be easily 
sho~~ that the field equation in terms of the new material 
parameters come out to be: 

= 0 (23) 

where K is the shear parameter.lt shouid be noted that for 
an isotropic material K =: 1 and equation t23) turns out 
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to be the biharmonic equation again. For an isotropic mate
rial with Eli and ~i also note that: 

E = :is .• 
~~ 

for generalized plane stress ,and plane strain, 

for generalized plane stress, 

, . IJ i' for plane stress cases. 
W =tl-~.) 

~ 

As seen from equation (23), in terms of the new variables{17-
20) the, field equation and the solution of the problem are 
independent of the stiffness ratio be 
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ill. S:R~SS :b'IE.::J)S OF .:.D:J.E DISLvCA'.HONS IN AN ORTHOTROPIC 

BODY 

In this 
tic orthotropic 

section, first the stress field .of an elas
infinite plane due to a pair of edge dis -

~ 

bx(parallel to x-axis) and locations with burger's vectors 
...... 
by(parallel to y-axis) located 
will be datermi~ed(Figure 1). 

at the point x:::: t , y= 0 

From the infinite plane solution together with the 
bound~y conditipns of the residual loading program, the 
stress state due to edge dislocations in an infinite strip 
O<x<X parallel to y-~~is will be derived using the stan
dard Fourier transform technique. 

x 

Figure 1. A pai~ of edge dislocations at the positio~ \t,O) - -with ~rger's vectors bx and b in an infinite y 
orthotropic plane. 

fhe same procedure is applied in the study of Ci
velek and Erdogan\25) for the solution of the isotropic 

case. 
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A. a Pair of Edge Dislocations in an Infinite Orthotropic 
Plane 

The pro"Dlem of an inclined crack in an orthotropic 
strip is considered by~lale et.al.(23) and the solution 
is expressed as the sum of two states of stress: Crack in 
an infinite plane and an infinite strip with no cracks.The 
governing equations are solved separately for these two 
cases and then the solutions are superimposed. 

However, their solution procedure is greatly facili
tated when a crack is represented by a continuous array of 
dislocations. Once the infinite plane solution due to a 
pair of edge dislocations are obtained, one may get ·the 
~trip solution in a straightforward manner 'imposing the bo
undary conditions a~ the strip edges and using the standard 
Fourier' transform technique. !hen, since the dislocations 
are 'point functions(2,), , replacing the Burger's·vectDrs 
of the dislocations with the denslty functions and integra
ting the solution found for the disloca~ions; the solution 
for any number of cracks may be obtained through a system 
of llltegral equatlons for the unknown dens~ty functions. 

fherefore it is quite useful to begin the present 
formulation by obtaining the dislocation solution·s for an 
infinite orthotropic plane from the existing crack solution 
of ~lale et.al.,23). 

It is known that a crack along the x-axis can be 
represented by continuous distribution of edgedislocati
ons with density functions 

f(x) = ~[v(x,o+)-V\X,O-)J 
g(x) = fxCU(X,o+)-u(x,O-)] (24a-b) 

where u,v are the displacement components in the (x,y) 
coordinate system(27) • As the crack extends from b to 0, 

it is obvious that: 

f(x) gtx) _ 0 for x) c , x{1J 
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y 

''"----"I-------t ... X 
(t,O) 

(b) 

Figure 2. ta) A crack along the x-axis extending from b to c, 
.-~ b) A -pair of edge dislocG tions at the position ~ t, 0) 

As seen in Figure 2 , to obtain -the stresses due to 
• - --II> a pair of edge dislocations with ~rger's vectors bx and by, 

the integrations over the density functions f and g within 
the crack solution shoulQ be repl~ced by the 'relative dis
placements' at a single point (t,D). !hus: 

and 
c 

bJg(t)dt 

by 

by 

V(t,OT)-V(t,O-) =-by 

u( t, O+)-u (t, 0-) ::::-b
x ( 25a-b) 

where b and by are the magnitudes of the BUrger's vectors _ ...JJ.x 
band b and the minus sign comes from a conventional as-x y 
sumption that the negative of the relative displacement is-
called the burger's vector of the dislocation( RH/FS,namely, 
Right Hand ~rank Sign convention(l) ). 

At this stage, the desired infinite orthotropic 
plane solution due to edge dislocations may be obtained as 

follows. 
Consider an infinite orthotropic plane containing 

~ 

a pair of edge dislocations with .tlUrger's vectors bx{pa-
...Jo. _ 

rallel to x-axis) and b ,parallel to y-axis) located at y -
the point x=-t, y=O~ In.troducing the new material para..;. 
meters (15a-d) and the variable transformations (18-20), 
the stresses may be expressed as: 
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d ( .. Dx d ( ~ d 
(f xx x, J ) = --:rr-G xx x, y , t ) + IT F xx ( x , y , t ) 

cib Dx d( ~d . 
(J yy(x,y)= 'If Gyy x,y,t) + Fyy(x,y,t) 

iT. 

c! Dx d ( . -11Y.- d 
(f xy ( x ,y) = IT G xy x, y, 1;) t rr F xy (x, y , t) 

and the influence funct~ons are given by, 

. 1 
[ 

w :3 

y (t· )2 .. 2 2 
-x tWI y 

d [WI w2 . J GXy(x,y,t):(t-x) ( )2 22- (t ·.2 2 Z 
. t-x +wl Y -X) +w2 Y 

where 

IUld 

-E 
Dx= r;:2-bx 

4~:! -1 

. -,:' 

Dy = 17?-by 
4i~--1 

15 is the effective. stiffness , 
K is the shear parameter t 

{26a-c} 

(27a-f) 

b,b are the magnitudes of the Burger's vectors. 
x y 
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B. A Pair of ~dge Dislocations in an Orthotropic strip 

To' determine the stress state due to a pair of edge 
disiocations in an infinite or~hotropic strip O<x<Xparal
leI to the y-axis as in Figure 3·, the two kinds of dislo
cations will be treated separately and the stresses corres
ponding to each one will be obtained. 

t----,,.....----+------. X 
(t,o ) 

Figure 3. A pair of edge dislocations in an orthotropic 
strip Olx~ parallel toy-axis. 

-A single edge dislocation with Burger's vector b - x 
(parallel to x-axis) corresponds to the case D :f. 0, Dy= ° 

~x 

whereas the other kind with Burger's vector bv(parallel to 
y-axis) can be represented by Dx=O, Dy-:j:.O .v 

Depending upon the loading 90nditions)a crack may 
be represented by the di~tribution of a specific kind of 
dislocation. Thus it is sufficient to obtain the stress 
state due to each kind of dislocations and use the simple 
superposition technique to formulate various problems of 
interest. The details of the representation of cracks in 
terms of dislocations will be given in section IV. 
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~ 

edge 1. An dislocation with Burger's vector b x 

The residual loading problem for the in.finite strip 
is formulated in te;-ms of the Airy's stress function U 

which satisfies the field equation (23) 

o 

For the case DxfO, Dy=O it is convenient to express, 

. 2 [00 
U (x,y) =-IT . f(x,o<)sinO{ydo<. o . 

(28) 

SUbstitution of ~28} in the field equation yields, 

t29) 

which has the solution(see Appendix I) , 

~(x,o<) = Al e-wf<lx + Bl e-w~* + A2eWi~X + B2ew2rxJx 

(30) 

Thus the Airyts stress function can be expressed as, 

where Al (0(.) ,A2 (O<) ,Bl ~Q() and B2 (o<.) are urlknown functions 
to be determined from the boundary conditions~ 

The stress components will be expressed by using 

the relations, 

(32) 
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Upon differentation one may 9btain, 

cO 

. -2 r 2 
({xx= ii cx 

(33a-c) 

Boundary conditions of ~he resiaual loading problem at the 
strip edges x:::: 0 and x~K are: 

0" xx(O,y) = 
(j xY ( 0 , y ) ;:::: 

0" xx (X , y ). ;::; 

Cfxy(l£,y) ;::; (34a-d) 

ApplYIng the above boundary conditions,taking transforms 
of the resulting equations and. evaluating the infinite in
tegrals on the rIght hand side, 

d d 
In evalua~ing the transforms (jxx. ,(jxy WhICh "taKe place at 
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the rlgnt nand Slues of "the equations (3~a-d), it is help
ful to no,;e "{;hat, 

feO 1 coscxydy 'IT -C(n 
2 2 2ii e 

o n +y for n)O j«)1. . 
SiIllXYdy 1T e-dn 

·22 2" o n +y 

After a few steps of long but s"{;ralghtforward algebra, the 

functions A1 ,Hl ,A2 ana ti2 can be expressed as fo~lows: 

{ 
-O(,W t -o(w t «.w t oI..W t} 

wl l1.:;e 2 tW2~4 e l -wl 1jse 2 -w2!J6e .~ 

(:~~a-d) 

where 
-Eb 

"mI,p_ x 
JUIA - r;;.2- , 

4JK -1 
D(O<j and ri,o<} are given in Appendix A. 

~ubstl"{;u,;ing A
1

,Bl ,A2 anQ B2 in the stress expressions 
(33a-c) and addlng the lnflnl,;e plane solu"{;ion (26a-c) one 
ob,;alns the stress s"{;ate at any pOlnt Wl~~ln the strip(for 

the case of DX-:/=O, D:r=O). 
At.t~is stage, o-xx expres~ion is omi "{;"{;ea. from the 

formula"{;ion procedure since not only for s"{;rlp bu~ also 
for pla,;e solutions "{;he craCK surface bouna.ary condi,;~ons 
w~l be either of normal type(in y-direction) or tangen,;ial 
type. 2hus Cfyy and ~y expresslons are sufficieri:t to for

mula"{;e the problem. 



1---:='----+-----.1_ X 

Figure 4. An edge disloca~~on a~ the posi~~on tt,O) w~~h 
~ 

Burger:s vec~or bx ~n an or~ho~rop~c str~p. 

I~US, using tne equations (26a-c),\35a-c) and \3,a
d) one may obta~n tne s~r~ss express~uns for an edge disio-

~ 

ca~~un w.L.th jjUrg~r's vec~or bx\for tne case »X;C0,Dy:::O ) 

in an orthotropic strip as seen in Figure 4. Denoting the 
stresses corresponding to this kind of dislocation by a 
superscript '1' , the stresses are: 

-

(36a-b) 

-where the kernels kll and k12 are given in Appendix B. 
After the asymptotic examination of the kernels(see 

Appendix D), the stresses may finally be expressed as: 

0' ~ytx,y ,t) = -~ { G~y(x,y, t)+Q4 (x,y, t )+Q4 (If-x,y ,'H-t) } 
oC a . 

-Dx. f ;to<J L [::>i (x, t ,0<)+.81 ~K-x,li-t,o<~ sino<yW< 
1T 0 i:1 _, 

cr~y(X,y, t)= -::;.x {G~y\X'Y ~ t)tQa(x,y, t)~a\li-x,y ,Jf-t) } 

00 a 
-~ f-Dtc<) L [u i (x, t ,0<) -U i tX-x ,l£~:t ,ex)] coso(ydD(.· 

o i:.1 
\ 37a-b) 

see Appendix E for Q4and Qa 
and AppendixF for U i and Si i:1, • ,8 
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-::.. 
2. An edge .dislocation with Burger's vector b 

y 

Again the residual load~ng problem for the infinite 
. . 

- strip will be formulated in terms of the Airy's stress func-
tion U whichsatisf:ies the governing field equation \23.). 
But for the present case of Dx=O, Dy:;!:O·;this time it is 
convenient to express, 

...0 

U(x.y) = i of ~(x.o()co"",y&l 

substituting ~n the field equation and solving for ~ yields, 

(39) 

and the stress components can be expressed through the rela
tions. (32) as: 

cO 

-2 (2 
(J=- - J 0(. xx lTO 

~4ca-cJ 

Applying the boundary cond~tions (34a-d) and following a si
milar procedure as in the prev~ous section, 
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After' a f~w steps of lohg but straightforward algebra , 
Al ,Hl ,A2 !=Uld B2 can pe expressed' as follows: 

A - -;!&: {rl e-O(wl t, 1- 2 20< ]l(o<) 
+ r e,"""o<w2t 

:2 + r3 eo<w1t + r 
4 

e"'W2 t } 

B ~ -~ 
1 2ol])(0<) {rs e-OtW2t . 'r e-IXwl t + :6 + 1:7 

ed-W2t + ra ec{w1 t} 

.~~ {-~W2t ~~w t 
B2 = 2 r1~e t :r,,:! ,Jle 1 

, 20( D(o<).1 .:1..,. 

-Eb 
Jlhere Dy - 1, , , -4JK2:r D(o<) and r i (0<) are given in AppendixA. 

Subsliituliion of the above ,functiuns in the str~sts expressi
ons(33a-c) adding th~ infilrit~ plane solutiun (26a-c) , 
yields the Sliresses du~ t'0 an edge uis1ocation with Burger's 

. ~ 

vector by (tnecase Jlx=O, 1!y1:0) iu an ortnotropic strip-
as st::en in Figure.5.Denoti~g 1;h<::: s"resses corresponaing "to 
tnis Kind of uisl:ocation l:)y'asuperscrl.pt '2', the stresses 
may be expressed,as: 

(j ~y (x, Y ,t) = -if rF~{X' y , t) + k11 (x, Y , t) } 

lT~y(x,y,t)= -r IF:q(X,y,t) + k1Z(X,y,t)} (42a-b) 

where the kerne1sk11 and ~2 are given in_Appendix B. 
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-

1---~1---I----___ X 
t 

(1,0) 

14----H--~ 

Figure 5. An edge dislocation at the position (t,a) with 
~ 

Burger1s vector by in an orthotropic strip. 

Examination of the asymptotic behavior of the ker
nels this time yields(see Appendix D), 

(j~.(x,y, t) = -w {F~y(X'y, "t)TQ2(x,y, t)-Q2 (If-x,y ,If-t) } 

00 8 . " 

-lT1lY:1 DTo<) L. ~i (x, "t,ce)-Ri (l£-x,l£-1;,~D cosocydo< 
o "j:] 

O'"~y(x,y, 1;) = -t { F~(X'Y' 1;)tQ6(x,y, t)-tQ6 (If-x,y ,ll-t) } 

where 

00 8 " 

=l!LJ DtO<J L ~i (x, t,c<)+Ti (l£-x,l£-t,«U Sinocywx 
1r 0 . 1 

~: 

-E b 
lly= ,.;;2- Y 

4'1K -1 
, see Appendix E "for Q2 and Q6 

"and Appendix F for R1 and: !r1 

(43a-b) 

j.::l,.,8 

BOGAZIcl ONlvERSITESI \(liTOPHMH~~i 



26 

IV. CRACKS IN TERMS OF DISLOCAT10NS 

2he stress f~elds created in Isotropic, homogenous 
elastic media by applying loads to the surfaces of cracks 
of GrIffith type have beem studied extensively as discussed· 
in Section I. 

E£~her exact or approximate solu~ions to these prob
lems have been obtained using ~tegral transform technique. 
2he applicatiun of this technique to crack probl~ms ~n an
isotropic ma~erials is quite complicated. 

However, as -~ . stated by ~phOlm&27)jin 1948 
Zener (2~) and later Friedel (29) pG.in~ed out that' many . 

straight cracks can be represented by continuous distri
bution of dislocations. Several authors have used this 
simple but, powerful technique and summaries of such works 
are included ~ reference(l). 

!he stress fielc! of dislo:cations in homogenous, 
anfsotropically elastic solids for a 3-»1menslonal state 

. of stress has been developed by Eshelby et.al.(30) and 
later generaliaed by stroh(3l). FinallY'fUpholme(21) ex
amIned the d£slocation layer approach far various crack 
surface tractions. 

De-pending on the results of the above studies, the 
baS;LC principles of' d:Lslocation layer approach at different 
mO.des can be summarizedi as faJ.lows: 

Consider a plane, stationary, Griffith-type crack 
of wi.dth 2t .lin a homogenous, orthatropic S1ir~P O(xat. 
2he material :LS as~ed to be initially everywhere at rest 
and! stress free and situated so that its three mumally 
perpendicular planes ofs~etry(axes of orthotropy) co
incides wi~h the cartesian coordina~es x,y,z. 

" ,- U -.J 

Fig.6 Griff~th type crack 
in a: homogenous, 
arthotropic strip. 
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~e crack is assumed ~o occupy tn~ region p~x~O, 

y:O, -oo<z<oO of the x-z plane. . 
As s~ated in reference(l), regard~g the cracks in 

saljds as surfaces of discont1nui~ of the d1splacemen~ 
vector ,. Irwin observed tha~ ~here are ~hre~' independent 
kinematic movements of ~e upper and lower crack surfaces 
wi~h respect to each other.~ese three qasic ~ype of· de
forma~ion are illus~ated ~ Figure 7, which shows the dis
placemen~ of a small elemenli containing the crack fronli. 
For a crack lying ~n ~he xz plane, 'the ~pes of motian are· 
as fallows: 

/ 
( b) SL JOINe. (c) Te:A21N~ 

l'igure' 71. .BaSLc mocles of crack extension 

Opening Mde , ltarmally £aaded crack 
!Ilhe opening mode, .rigure 711, is c.naracterfzed by 

lihe m~~ians of ~he cracK surfaces tha~ ~end to seperate 
symmetrically wi~h respect to ~e plane occupied by lihe 
crack before the aeformation. CracK surface tractions far 
such a normally loadea craCK is g~ven by 

o (44a-b) 

where O""'yy '~y are me sttess components and PI (x) is 
~e prescribed func~. 

Accord:Lng to me general procedure of 1he aislaca
Ucn layer me-chGd., a loaded crack can be discussed by re
placing it by a con~~uaus d~s~r~buUion of dis10cations. 
~ar th1S open~g mode cracK, i~ is appropriate ~o use sta
t~and.1"Y straJigh-t eage a.i.Bloca .. ~cms w~~dislocaticm line 
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in ~ directian and Burger's vec~or b in y direction ~ 27) • 
-y 

# 
ft - ttttt -x U~U.U X 

ft 

~ H --J 
:Figure 8. Representation of a normally loaded crack in --terms of edge dislocations with Burger's vector by. 

A dislocation ·of this type corresponds to a displa
cement disCQ~tinuity across the plane y=O given by: 

(45) 

--whereby is the magnitude of the Burger's vector by and 
the minus sign comes from a conventional assnmptlon stated 
before(in Section III.A) 

Sliding Mode , Inplane Shear Crack 
The sliding mode, Figure 7b, concerns a local defor

mation in which the crack surfaces glide over one another 
in opposite directions but in the same plane. For such an 
inplane shear crack, crack surface tractions are as follows: 

sary to 
are .lin 

r.r yy(x, o} = 0 

(46a-b) 

20 satisfy these conditions, this time it is neces..... 
use edge dislocations whose Burger's vectors, b , 
x-dirOection {27) •.. .. x 
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t ~ 

~ ~ 

# # 
1'2. ~ ~ 4-

. 2..1 -.1 , 

"--? X 
---? X 

t.......-H I 
~H=-J I -1 

-Figure 9. - ltepresentation of an.inplaneshear crack in 
terms of edge dislocations with Burger's vec

...:... 
tors bx 

A dislocation of this type corresponds to a displa
cement discontinuity across y:::O, given by:-

. +) -) utx,O - U{X,O _ = -b 
~ 

(47) 

.-.a. 
where bx is the magnitude of the Burger's vector by. 

~aring Mode, Anti-plane shear crack 
Finally the movement of the crack surfaces associated 

with the tearing mode of frac~e, Figure 7c, can be related 
to torsion effect-in which the material points, initiallY 
~n the same plane, occupy different planes after' deforma
tion. For such an anti-plane shear crack, crack surface 
tractions are 

. (48) 

an& it can be replaced by a distribution of screw disloca
tions whose displacement discontinuities are. given by: 

(49) 

but this mode of crack extension is not~consideredin 
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this study and. de1:.ai1s may be found: l.D. the stucfy by. 
~phOlme(27). . 

. . 
It fe11~s that each of the ~hree crack movements 

in .Figure 7 is assQciateci with a stress field' in the vi-. . 
cini ty of the craCK edge. Oonsider an arbitrary point 0 

~ the border of a crack of some general shap~ and intra
duce a coordinate system wi~h origin a~ 0 as shown in 

Figure 10. 

x 

Figure 10. Ooordinate system oX crack front stress 
components 

!elle three stress components U-yy ' CTxy ' anm tryz 
at points on the x axlsc1os~ to th~ origin ~ake the simp
le forms(l), 

'k 
2 + 0(1) 

(2x)1/2 
rr -xy-

k3 
(jyz= -~1'-/""'2 + 0(1) 

(2x) 
(Sua-c) 

wnene ~he higher orner terms in the variable x have .b~en 
neg1ec~ed. ~e thre~ paramete~s kl , k2 , k3 are knGLWn. as 
thi:: stress in~ensiV Xac::~ors corresponding ta:. the apenEg, 
sliding and ~earing mndes of frac~re, resp~c~iv~ly. As 
indicated in Equations{50a-c) the k-factors gGvern ~e 
J..n~t;nsJ. ~y or magnitude of the local stresses and play an 
lmpor~ant role J..n the prediction of s'Crength of bod£es wi,;}}, 

craCKS. 
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v. FORMULATION OF THE J:lRUB~SlSingU.lar Integral Equa1iions) 

A. Crack in an Ortno~ropic StrlP SUbJ~c~ea 1iO Un~form 

~ens~on(Open~ng Moa~) 

For a un~~orillly loaded crack 1n a s~r~p,crack sur

fac~ ~rac~~ons are as' follows: 

cryy(x,U) ~(x) 

(jxy(X,u) = . 0 (51) 

AS ~~a~ea before, a norma~1y 10aaea cracK can be 

repr~sen~eU by a d~stribution of edge ais~oca~lons wnOSe 

Burger's v~c~ors are in the y-direction(sE:e ligure 5.). 
. 2 2 

:rh~ s~r~ss expressions (j yy a~ (]" xy :for an ~a.ge ai.slo .... 

ca~~on w1th Burger's vec~or by ~n an ortho~rop~c s~rip 

are also g1ven 1n seC1iJ.on. IV(equal;~ons 43a-b). 
If w~ now d~f~n~ l;ne discontinuity in the displa

cement derivatives by 

(52a-b) 

where u,v are the displacement components in the x,y 

coordina~e system. As the crack extends from b to c we 

obviously have 

f(X) = gtX) = ° 
c 

J f(t)dt = 
b 

·0 

j'gtt)dt = 0 
b. 

for x)e, x(b 

for 
{53a-b) 

The singular integral eQuation of the problem will 

be obtained from the condition, 

~ {x,D) =-<J(x) Vyy . (?4) . 
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.Replacing b with, f(t)dt and integrating from b to a y 
one may express the integral equation of the problem as: 
(See equations 43a-b) 

E c . . 

./K2- jf(t) [F~y(X,O,t) + Q2(O,x,t) l55a) 
411 K -1 0 ' 

-Q2tO,lt-x,lt-t) ;- krl tx,Q,t)] dt =-d(X) 
00 

f 1 8 . 
\vhere ~fltx,o,t) = ~) ~ [Ritx,t,oc.)-R.(lf-x,J{-t~)Jdo<. 

. 0 ,ex 1::1 1 

and F~y is previously defined by equation (27d.). 

Note that in the above integral eauation if one 
takes h~ 0() the integral equation of the . half -plane 

. problem will be obtained. A schematic representation of 
the superposition problem is given in Figure 11. 

(f 

1ftii 
)( 

+ 

Hctlf plc:tV\e wifl-t (l trod::. 

* -

'- -
-
)( 

-#= 

ffi11(j 

S+rip with G\ crad" 

Figure 11. ~chematic representation of the mlpe~position 
problem which yields the strip solution. 

As seen in the figure, 'half plane with a crack' 
part corresponds to the combined contribution; 

F~y(X,O,t) + Q2\O,x,t) 

whereas 'strip without a crack' part corresponds to, 

-Q2 t ° ,K-x ,H-t) ;. .kfll x, 0, t) 

which .. becomes zero when 1£ goes to infinity. 

x 
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U sing the Appendices l!; and F we .can write the integral 

equation (55a) in a. sEple form as: 

c ! 1'(t) [lx + k(x, t)] dt = - O"(x) 

b(x<c 

Q2 is defined in Appendix ~, 

kfl is defined in Appendix H~ 

(55b) . 

WI and w2 are the roots of the charact'eristic 

equation (29), the solution of which is given in Appe~dix I. 
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B. urack in an Orthotropic strip SUbjected ~o Uniform 
~hear(Sliding Mode) 

For a crack in a strip subjected to uniform sh~ar, 
crack surface tractions are: 

cr yy lX, 0) = 0 

(J" xy \ x .,0) =-"l' (x) (56 a-b) 

As discussed in Section IV, an inplane shear crack 
can be represented by a distribution of edge dislocations 
whose Hurger I s vectors are in the x-direction( see .I!'ig. 4) • 

1 1 The stresses (j yy~and (j xy . for an edge dislocation wi th 
Burger1s ·vector b in an orthotropic strip are already 

x 
·obtained(equations 37a-b). 

Defining the discont1nuity in the displacement de
rivatives as in equations l53a-b) again, replacing b by 

x 
g(t)dt and integrating from b to 0, this time the integ-
ral equation of the problem will be obtained from the con

dition, 

o-xy~X, 0) =-L (X) 

and we obtain(see equations 37a-b): 

;2---. / g(t) {U-Xy(X,O, t) + Qa\ 0 ,x, t) 
41f K. -1 0 .-

-Qts(O,K-x,l:t:-tj + K;.2\X,0,tJ]=-7lX) 

00 

where ~2lx,0, t) = J})\~) t @ 1 (x, t ,0<) 4J i (H-x,K-t ,0<)] o . ~_l 

(58a) 
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and is previously defined by equation (27e). 

Using the Appendices E and.F, one may amplify the 
integral equation (5aa) and get. ~he f.orm, 

(58b) 

where· 

Qa is defined in Appendix E, 

wI and w2 are the roots of the characteristic . 
equation (29), the solut~on of which is given in Appendix ~. 
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u. urthotropic Kt:ctangular P.La"te witn an Edge 0rack 

~he basic craCK geome~y under cons1deratlon is 

shown in Flgure 12. It is assumed tha"t y= 0 1S a plane 

of symmetry wi"th' respec"t to loading as well as crack ge

ometty. The problems of the rectangular pla"te and lihe 

compact 'l;ension specimen are sol veCl by le"tting d = 0 and 

e == Ii o. I::1 this case bo"th ends of t::-.e outer craCKS are 

treated as if they are the free·e~Qs of an edge crack.In 

all the problems consiaerea for this geometry, it is as-

o sumed "that the tracliions P2 and P3 on th~ surfaces of 

the outer craCKS are ~ero. 

",...-

°E,,# 
~ 

En 
d J J 

.. . ---

n 

~ 

.. 
o -b. I .~ )( 

8 

m 
__ 0 .. 

H 

_/ - -

~ igure 12. The basic crack geometry for an infinite 

orthotropic strip containing three line 

cracks. 
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For a pair of edge dislocations with densities 
g and h located at the point (xO'YO), the discontinuity 
in the displacemenli a.erivatives may be expresseu as~25): 

g~ xO' yO) = d~X [vtx,y~) -vtx ,Yon 
ht xo ' yo) = ~ ~ [u \X,yt) -U\X'Yo)] t59a-b) 

Referring now ~o Figure 12. leli g~t),h(t) and g(t),-h(t) 
be the dens~ty functions def~nea. by (59a-b) for the crac~s 
.Ll and III, respec vi vely, for which c{t(e, y O=+B • The 
s lIr ip also have an addi tiunal crack ! along b<xO= t(c: , YO == 0 
uonsidering the symmet-ry of ~he problem, for crack lone 

may wri lie , 

(60a-b) 

.Let the strip be subjec~ed to the following crack surface 

tractions: 

() yy(X, 0) - Pl\X) () xy\.x, 0) - 0 ~61 a-b) -
(1 yy(x ,B) O"yyl..x,-B) - P2\'X) 

O"Xy(x,B) - CT:{ytx, -B) P3\X) -

Substi tuting the combined stres'ses in the strip 

into the crack surface boundary ccnditions given above, 
une may obtain the system uf integralenuations to 

determine the functions f,g and h. 

\.62 ) 

(6; ) 
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~tress expresSlons related w~th each density func
tion are obtalued through the equations (37a-b) and. (43a
b) replacing bx by h(t)dt and by by g(t)dt and 
integrating from b to c or d to e. ~tresses in the su
perimposed state must contain the following contributions: 

~om crack I g=f ane. h=O 
?-::om crac~( II g and. h 
?rom crack III g and -h 

The scne::latic re~resentation of the su perposi tion problem 
.is given in Figure 13. 

.l~ 

f ) 
cryy(x,O) - ..J + + =P1 (x) - -. 

) J 
+g -h 

+A , . I,,\-h 

(j (x,B) - ../1./ + + 1 =P2(x) - ~ 

I 

yy , 

I 
I 

I , 
..1.. 

!t --tg h -h 
~ , \ .J. r 

~ 

UXy(x,B) - ../I. / + + =P3(x) - -. 

..J -t: 
• 

Figure 13. Schematic representation of the superimposed 

stress state. 

(64) 

(65) 

(66) 
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Thus ,equations (61a) and (64) yi-elds "the first integ

ral equation as follows:(See equations 37a-b and 43a-b) 

i ;Cf(tJ { Q1 (O,X, tJ + Q2(O,x, tJ - Q2(O ,l£-x,li-tJ 

00 

+[ Dt"'J b[Ri(X,t,O<J - ?-illf-x,H-t,"'iJdc<}at 

+ ~ jeg(tJ { 2[QIl-B,x,tJ t Q2(-B,:<:,tj - Q2l-B,li-x.lf-tj 

+ !~I"'J F:JRi(X,t,<xJ - "illl-x,lI-t,"'uCOS(o<BJd1}t 

+ ~ if/'h l t J { 2 ~3 (-B ,x, tJ + Q4 (-~, x, t J + Q4 (-B,K-x,K-~ 

-/oOD~o(J ~.ESi(X,t''''J + Si(K-X,lf-t, .... B sin<oCBJdj]C1t 

or arranging the terms: 

_ J8(K+l) 
- E PI (x) 

b~x<e ~67) 

where the kernels klj(x,t) (j~1,2,3) are given in App.G 
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The second in~egral equation may be derived using equati
ons ~62) and (65) as:(See equations 37a-b and 43a-b) 

or) arranging the terms: 

tl('x<::e (68) 

where the kernels k2j~x,t) , ~j=1,2,3) are given in App.~ 
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Finally, the ~hird in~egra1 equation may be obtained using 
~he equations (63) and (66) as:(See equations 37a-b and 
43a-b) 

1 ~ { . +"tr J h ~ t) Q
7 

~ 0 , x , t ) + Qt) ( 0 , x, t ) .:. Qa ~ 0 , H -x, 11 - t ) 
(I d ~ . 

f la r, . . 1 
t 0 JJ(o<) tiLU~tx,t,o()-U~(H-x,H-t'o()Juo( 

-Q7t2B,x,t)-Qa(2jj,x,t)tQ8~2B,lf-x,!f-t) 
co -! JJ1 <xl tJu i (x, t ,"') -U i (K-x ,H-t ,o()] COB (2O<Jl) do< } dt 

'4JK2-l 
,!!; p){X) 

or, arranging the terms: 

c e' 
~ ../ k3l~x,t)f(t)dt + i ! k;2{X,t)g~t)dt 

1 [e {I J . Ja(K+l) . + 1f h ~ t) t -x + k} 3 ( x, t) a 1; = .I!: - P3 ~ X) 

d(x<e (69) 

where the kernels k
3j

(X,t) , ~j:l,2,3) are given in App.G 
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'.rhus, the combinea. stresses in the strip, "the 
schema"tic representation of.which is given in Figure 1'3, 

"together with the crack surface boundary conditions ~6la), 
~62} and (63) gives_ the system of in"Cegral equations 
to d.etermine the functi~ns f,g and h.Bringing together 
equations 67,68 and 69; the system of integral equations is: 

e " 
t 1 J k13 (x,t)h(t)a.t 

IT d 

1. . C 1 Je [ 1 :1 V bI k2l (X,t)f(t)ut Tid g(t) l=X t k 22 \X,t0 Ul: 

T i ;<iJ<2}lX. 1;)h\ t)dt ::: J81~+1) P2 P :) 

~ ~CK3l~x,t)f(t)d"t + -nl ~k32\X~t)g(t)u"t 
1t. b - d 

1 Je [1 ":? _J8(K+l) + it d h( t) t-x t k33~x, t)J dt - f; P3(x), d~x<e 

where the Kernels 
Appenuix G. 

k .. (x, t) , ~ i , j =1 , ~ , 3 ) 
~J 

(70a-c) 

are a.efinea in 

~he complete solutlon of the problem is obtaineu 
once the density function~ f,g,h are aeterminea.. " 
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VI. NU~ERICAL SOLU~IuN uF IN~~GRAL ~QUATluNS 

'the singular integral equation of the problem of a . 
crack in an orthotropic strip subjected to uniform tension 
can simply be written as(see equation 55b)j 

+ k(X,t1 dt =-O'(x) 

b(x(c 

(71) 

. ..- ~ 

toge'therwTththe slngle valuedness -condition of'- the- -dis-'o 
placements across the plane y==O, 

[e f(t)dt = 0 (72) 

Applying the following variable transformation to. convert the 
limits band c to -1 and l(See Ref.lS); 

z - 2t c-tb - c-b - c=b 

~= 
2x c±b 

c-b c-b 

w =O(H (73a-c) 

and defining, 

f(t) (74) 

the normalized singular integral equation takes the form: 

c-b 
2 k(i,?:}] g(?;)dZ ::-1 

-l<'~<+l 

(75) 

(76) 
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A. Case of an Internal Crack 

Following the procedure given in references (18) 
or (.26), the solution of~ the singular integral equation(75) 
together with the single valuedness condition (76) will be . 
as follows: 

S~nce gt~) has a power singularity 1/2 at the 
end points, the solution will be sought in the form: 

(77) 

where F(!) is Holder continuou~ in the interval -l<~<l (See 
Ref.26).Using the uauss-Chebyshev integration formula; 

( 78a-b) 

one may obtain an algebraic system. of equations where: 

WI Wn - 1 Wk - 1 , k:2, •• ,n-l = - 2tn-l) - n-l 

'k cos~ !:ij k:l, •. ,n 

Ei - ~ 2i-~ i:l, •• ,n-l (79a-c) - cos 2n-

, 

From ~ 78a-b) and (79a-c) , n unknowns F(rzk ) , k=l, •• ,n 

can be solved. 
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For an internal crack, defining the stress intensity 
factors as~ll) 

~(b) = lim h~b-x:)1 0: ~x,O) x..,.b '1~ yy 

k(c) :::: limJ2~x-c/ cryy(x,O) x-..c 
(80a-b) 

one may obtain the following expressions(see Ref.15): 

k(c) 

- ~8(R+l} i.wJ2~~-b)' ftx) 

== .,I!; F(-1)J(c-bY2' 
J8~K .. ]j 

= ~9~f;-I' ~:J2tc-X/ f(x) 

. =' -E , F(l) lC-b)/2l 

18~K.l) 

~hus the final form of the normalized stress intensity 
factors are: 

k~b) 
F(-l) -crff' -

k(c) 
-Ftl) (ala-b) -CJ[T' -

where £= lc-b)/2 
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B. uase of an Edge urack 

For the case of an edge crack, the normalized in
tegral equation (75) will be the same but the single va
luedness condition will not be valid any more. 

When b=O in the integral equation (55b) , the 
first four terms,which are called generalized Cauchy ker-

> 

nels, blow up. In this case, at the end x = c, g('Z) will 
have a power. singularity 1/2 but at x=b=O there will 
not be any singularity. 

The only singular p-oin.t is when 'Z =1 and it has 
--'beensho"'m (11) " that; this time the. solution .will be ","C". 

sought in the form: 

g(Z) 
R(~) -- ~l- rz: I 

(82) 

Furthermor~ it is proposed to consider another form which 
gives better convergence(15) as, 

N('l) 
(83) 

an<i instead of equation (76), the following condition will 

be used: 

N(-l) = 0 (84) 

Substituting equations (83) and (84) into equation (75) 
and applying the Gauss-Chebyshev formula, the following 
system of algebraic equations can be obtained: 

Ci~ k(~ i,ZkO =-1 
~::l, •• ,n-l 

(85a-b) 

where Wk and 'l k ' k:l, •• ,n and ~i' i:l, •• ,n-l are 
the same as .they are in equations (79a-c). 
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From the above system of equ~tions, the unknowns 
N(~k) , k:1, •• ,n can be found and the stress intensity 
coefficient is given by(see Ref.15): 

-- N(lJ 

[2l 
(86) 

:::;tress ·intensi ty_ factors for·. an internal and an _ -.. ' 
edge crack in an orthotropic strip in terms of the func
tions ~ and N are shown in Figure 14. 

dJl4=F(-l) 
lfill= -Ft1) 
rr[f' -

-

Figure 14. ~tre8s intensity factors for an internal and 
an edge crack in an orthotropic strip, obtai
ned from the algebraic system of equations 
t78a-b) and ~85a-b),respectively. 

1.:= (c-b)/2 

/ 
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The computer programs used for the numerical calcu
lation of the stress intensity factors are presented in 
Appendix K • 

. The first program is used to calculate the stress 
intensity factors for a transverse crack in an orthotropic 
strip subjected to uniform tension at crack faces. For the 
uniform shear case it is necessary-and sUfficient- to change 
su br ou tine XK:ERH. 

The second program gives ire· stress intensity fact.or 
values for a rectangular orthotroplc plate containing an 

. . 
edge crack and subjected to uniform tension at crack faces. 

For both programs, the material elastic constants 

Ell,E22,G12,W12 and the geometry of the.crack(crack length 
b,c for the strip; b,c,d,e for the plate) are given as data 
and the stress intensity factors are found as sone specific 
values of the functions F or N (see Figure 14). 
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VII. RESULTS AND DISCUSSION 

The singular integral equations (55b) and (58b) 
of the strip problem and the system of integral equations 
(70a-c) of the plate problem is solved numerically by nor":'~ 
malizing the interval (h,c) or (d,a) to (-1,1) and· then. 
using the numerical solution procedure outlined in secti
on VI. Stress intensity factors are obtained and tabula -
ted for various crack geometries and compared with isotro
pic values. 

As a specific case.of the plate problem, numerical 
results for a double centilever beam(DCB) specimen is ob
tained and compared with that of a finite element soluti-

(32) . 
on given by lrlandel et.al. • Finally the standard com-
pact tension specimen(CTS) is simulated and after the ve
rification of isotropic results given ~y uivelek and Er
dogan(25), s~ess intensity factors for the orthotropic 
case. are obtained for various crack lengths wi thin a prac
tically useful range. 

Table 1 shows the different elastic material cons
tants used throughout the analysis similar to those used 
by .K.aya and ~dogan(18). AS it is the case in references 

\16) and ~l8), the present formulation is also done only 
for orthotropic materials of type I(see Appendix I).Just 
for comparison purposes which will be discussed later(~i
gures 18 and 19; Table 3), a material of type 11 is also 

included in Table 1. 
Alt~h the computations are done for generalized 

plane stress case only, the results for plane stran case" 
can be obtained by redefining the elastic constants. 

Figure 15 shows the two loading conditions consi
dered for the cracked strip and plate. These are uniform 
tension and uniform shear applied at crack faces. 

For each loading condition, stress intensity fac
tors are normalized with respect to an appropriate term, 
~ stress) ff, where f.. is the half crack length for internal 
cracks and crack length for edge cracks. Stress iscrfor 
uniform tension and ~ for uniform shear applied at crack 
faces.Throughout the analysis H is assumed to be constant. 
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~H-4 ~B-1 
(a) Uniform tension ~b) uniform shear 

Figure 15. Loading conditions considered in the analysis. 

ta) §trip containing an internal crack 
Table 2 gives the stress intensity factors in. an 

orthotropic strip of material I for different lengths and 
location of an internal crack subjected to uniform tension 
and uniform shear • Four different b/H values are taken 
~0.1,O.2,0.3,0.4) and c/H 1s varied up to 0.9 • Referring 
to Figure 15 , it is seen that the crack extends from b 
to c in a strip of width H where. kl(b) and kl(c) are 
the stress intensity factors at the corresponding crack 
tips, the subscripts 1 and 2 denoting the normalization 
with respect to (i[l' and· r'(.[l' ,respectively, where 1, is 
the half crack length given by (c-b)/2. As seen in the 
table, kl(b) and kl(C) corresponding to uniform tension 
are in good agreement with those given in reference (18), 
while k2(b) and k2 (C) corresponding to uniform shear are 
not available in literature. 

Figures 16 and 17 shows the dependence .of the 
stress intensity factors on c/H for a fixed b/H value. 
Thus, one end of the crack is fixed at b/H=0.2 and the 
length is changed by varying clH. fhe figures are drawn 
only for b/H =0.2 but one may obtain similar figures 
for various b/H values. As seen in both figures,in ge

neral, kl(b),kl(C) corresponding to uniform tension and 
k (b)· k (c) corresponding to uniform shear increase with . 2 '2 . 
incr·easingc/H values. The values of kl (b) and k2t bi 
are higher than k~(c) and k2tC) up to a certain value 



of· c/H where the crack becomes symmetric and stress in
tensity factors at both ends become equal to each other. 
lncreasing C/H further reverses the. situation and this 
time k1tc).and k2~CJ become greater than the others.Thus 
the crack tip which ~s closer to the str~p boundary has 
thegreater stress intens~ty ~actor(~~~) value.alsonote 

. . 
that for an infinitely small crack,which means in the 
limit when c/H-+0.2( =b/H), the SlF value tends to 1.0 
which corre.sponds to the case of 'no crack' as expected. 

Three ilifferent materials are compared in Table 3 
to obtain some idea about the degree of influence of the 
material orthotropy on the stress intensit~ factors and 
~iF for a symmetr~ internal crack ofvarioti.s lengths sub-' 
jected to uniform tension and uniform shear are tabulated. 
flJ.aterial II is ,an orthotropic material of type.l(K.2)1) . 
with K =9 .98 and 6 :::0.75 , l'laterial .ill is isotropic 

. with K= S =1 , the column taken from JJelale and .a-do
gan~17) represents an orthotropic material of typeII(K~I) 
with K=0.70 and $=0.75 and elastic constants of all 
three are given in Table 1. SIF values given in Table 3 
indicate that the results for the orthotropic strip are 
different than the isotropic results. For approximately 
the same stiffness ratios, 5 =ll511/ls22)1/4=0.75, depen
ding on the remaining material constants, the materials 
may be of different type and ~IF may be greater(in this 
case, in material typell) or smaller\in material typel) 
than the isotropic values. In orthotropic materials 
there 'are four independent material constants; ~11,iS22' 
~12 and W12 • BUt when the.new mater~al parameters,name
ly, is, U , [, , K proposed by .t(renk\ 4), are used, the 
resulting field equation l23) contains only the shear 
parameter K,which includes E and U by definition, and 
it is independent of the stiffness ratio 5 • 

On the other hand, it. is known that if the crack 
is perpendicular to the boundaries of an infinite ortho
tropiC strip,and if the external loads are independent 
of the coordina:!e'axis parallel to the boundaries, then 
the SIF values turn out to be invariant with respect to 
a 90-degree material rotationt17~. That's why the SIF . 

related to Material II(h::0.75} in T~ble 3 are identical 
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with that of Material l( S ::1/0.75::1.33) given in Table 
2 for similar crack geometries. 

In Figure 18, values for a symmetric internal crack 
subjected to uniform tension are graphed as a function of 
half crack length-to-width ratio, f/H, As seen, SIF for a 
material of typelI is slightly greater but for a material 
of typel significantly smaller than that of the isotropic 
values and the difference increases as the crack length 
increases. In the limit when i/H-+O, SIF for all the three 
!:later"ials tend to 1.0 which corresponds to the case I strip 
with no cracks'. 

In Figure 19, crack face is assu~ed to be ~~bject
ad to uniform shear and one !ila:r make a similar com:parison 
between the isotropic and orthotropic SIF values but this 
time there exist a single type of orthotropic material 
(only typeI) since the results for the other type are not 
available in literature. 

In general,it seems that for an orthotropic mate
rial depending on the material constants, if the shear 
parameter K is so that, K2)1, then stress intensity fac
tors are smaller than the isotropic ones, while they incre
ase a little bit when K2<1. At this stage it will be inte
resting to examine the effect of K on the SIF values of 
a specific type of an orthotropic material(either I or II) 
and this is done for a material of typeI containing an 
edge crack for two different crack lengths and will be 

- discussed later(Table 6,Figure 22). 

(b) strip containing an edge crack 
The case of an edge crack is a more important prob

lem than the internal crack due to the fact that for expe
rimental applications an edge-cracked spec~men is more 

practical. 
An edge crack is considered in an isotropic strip 

in Table 4 and in an orthotropic strip in Table 5, tinder 
the loading conditions of uniform tension and uniform 
shear. Forb/H=O, SIF are tabulated for increasing c/H 
values.As seen in the tables, the values found are in 
g~od agreement with the previously found values but the 
case of uniform shear applied to a crack in an orthotro-
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pic strip(Table 5) is not available in literature. 
Figures 20 and 21 shows this ~~lation between the 

SIF values and crack length c/H for a strip containing 
an edge crack, for Material III (Isotropic) and Material I 
(Orthotropic),respectivell. AS a general rule for an edge 
crack perpendicular to the sides of the strip subje.cted". 
to either uniform tension or uniform shear, one may say 
that, Kl is always greater than .k2 ,-and as crack: length 
increases kl is highly increased whereas k2 .increases 
slightly. In the limi~ when c/H~O both kl and k2 tend 
to inf1nite plane values given in reference (33). AS dis
cussed in tne internal crack case, since X2)1 for a ma-, 
ter ial of t:rpeI, both kl and k2 values : given in Table 4 
are slightly smaller 'than that of the isotropic ones gi
ven in Table 5. 

In Table 6 
crack of b/H:.O.O 

a comparison is made'for an edge 
and c/H:::O.OOI or 0.5 f9r five dif'-

ferent materials given in Table 1. As seen in Figure 22, 
for a very small crack of length 0.001, kland k2 values 
coincide but for a crack of length 0.5, kl is highly"in
creased when compared to k2 • But no matter what the 
crack length is,the effect of' K on the stress intensity 
factors does not seem to be of' significant importance • 
Thus, one may conclude that, it is not K but K2 ,s 
being smaller or greater than one is the characteristic 
property in affecting the stress intensity factors. If 
K2)1 the material is of type I and the SIF values are 
smaller than the isotropic ones, but if K2<1 then it 
is of typeII and the SIF values are slightly greater, 
but for a specific type, K has no significant effect. 

(c) Plates containing edge cracks 
The problems of the rectangular or square plate 

and the compact tension specimen(CTS) are solved by 
taking three ;lin-e cracks in a strip under uniform tension~' 
The middle crack is kept(from b to c) while the outer 
craclts are extended to meet the boundaries of the strip 
(d=O,e:::H). ,In this case, both ends of the outer cracks 
are treated as if the]7, are free ends of an edge crack • 
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In all the problens considered for this geometry, it is 

assumed that the tractions P2 and P3 on the su~faces 
of the outer cracks are zero. 

In Table 7, SIF values versus the crack length 
c/Hare given for an edge crack in an orthotropic square 
plate of Haterial I with a fixed half lEingth-to-width 
ratio, B/H=O.5, sUbjected to uniform tension. As seen 
in Figure 23, the relation between kl and c/H is si
milar to that discussed in the strip case of Figure 21. 
SIF values increase as the crack length increases but 
for a specific crack length they are greater for the 
plate case than the strip case. ln the limit wheIl,c/H-..O 
they tend to the infinite plane value given in reference 

(33). 
in Table 8~ the effect of half length-to-width 

ratio, B/H , on the stress intensity factors for an 
orthotropic plate of Material 1 containing an edge crack 
of a fixed length, c/H=O.1 , is considered. As seen in 
Figure 24, for B/H)2 the resulting SIF value is practi
cally the same as that found for an infinite strip with 

.w· 

. an edge crack(see Table 5). As expected, when the length 
of the plate is decreased the existence of the crack be
comes Ip.ore and more effect'ive and in the limit when B/H~O 
the stress intensity factor. value become unbounded. 

(d) Double Centilever Beam specimen(DCB) 
The geometry of the double centileverb~ speci

men and the elastic material constants used in the finEe 
element solution by Mandel et·.al. t32) are given in Appen
dix J.Taking into consideration the difference in the 
normalization procedures {see Appendix J), the stress 
intensity factors are given. in Table 9 for various crack 
lengths. As seen in Figure 25, the data from eXp'erimen
tal c~mpliance calibration and the finite element solu
tion given by I1andel et. ale are compared wi th the SIF 
values obtained in the present study. ~he figure indica
tes that the present formulation covers a wider range of 
crack lengths and it seems to be more reliable since in 
the finite element solution mesh size requirements and 
especially the crack tip mesh dimensions. are important 
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~e) Compact tension suecimen(CTS) 
The remaining results in this s·tudy concern an 

edge cracked rectangular plate having the dimensions of 
a compact tension specimen subjected to a pair of con
centrated forces. ~he standard geometry of the clrs is 
given in" Figure 26. 

-.-r-------------------------~-·4~ 
O.2W : p ~ I I 

I~A- I 

0.125.;1- /---, i 
-. I· - ( \ 0 • 6W 

O.125W \ . / 
I ----

O.15W 
···1 -1 

0.4W ~-
I "-
I O.6W I 

- .Y- f-

\ I 

-p~C/ i' ., ... ------ W --------

~--~--------------------~-
~.25W1 

Figure 26. Notation' for the compact tensionspecimen(CTS). 

Note that W =O.8H, B=O.48H, the load distance in 
y direction n=O.32li . and the load distance in x directi
on m=O.2H. AS it isstated:in'.the study of Civelek and lSr

dogan(2~) for the isotropic case, the effect of the load 
distance in y direction(n) .on the E'tress intensity fac
tors is'rather insignificant but it is not the case for 
the load distance in x..direction (m).;· Thus, an approximation 
to the OTS' problem in an orthotropic medium by treating 
the forces as if they act at crack faces do not change 
the stress intensity factors significantly. 

Table 10 gives a comparison with isotropic !..iTS va
lues given in reference \25).AS seen the agreement is qui
te good. Finally in :cable 11 and Figure 27, stress inten ... 
si ty factors' for an orthotropic CTS are given for various 
crack lengths within a practically useful range which are 
not available in literature. 
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Table 1: The Material Elastic Constants 

HATERIAL EX(N/m2) Ey(N/m2) 2 
Gxy(N/m ) ~y 

. 
170.65xl09 55.16xl09 4.S3XI09 I 0.1114 

II 55.16x109 170.65xl09 4.83xl09 0.036 

III(I80) 154.77xl09 155.83xl09 59.68xl09 0.3 

IV 223.40xl09 24.13xl09 8.48xl09 0.23 
. 

V 37.92xl09 187.54xl09 4.83xl09 ·0.022 

VI 4.55xl09 17.38xl09 2.00xl09 0.0838 

Ref. ( 11 ) 21.37xl09 66.88xl09 17.93xl09 0.2 

(typeII) . 
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Table 2: The stress intensity factors in an orthotropic strip of material I 
subjected tq uniform tension and uniform shear. 

t = (c-b)/2 a)~ = 0.1 

Uniform Tension Uniform Shear . 
c 

T k1 (b) k1 (c) k 2(b) k2(c) 

Cfvr Ref. (18) CffT' Ref. (18) 
'l{T' r-crr 

0.1001 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 
0.2 1.0385 1.0385 1.0295 1.0296 1.0225 1.0166 

0.3 1.1170 1.1172 1.0757 1.0758 1.0648 1.0422 

0.4 1.2119 1.2122 1.1181 1.1183 1.1165 . 1.0726 

0.5 1.3101 1.3106 1.1509 1.1512 1.1772 . 1.1112 
0.6 1.4020 1.4027 1.1772 1.1775 1.2501 1.1637 

0.7 1.4816 1.4826 1.2129 1.2133 1.3413 1.2408 
0.8 1.5498 1.5510 1.3033 1.3040 1.4640 1.3696 

0.9 1.6224 1.6241 1.6224 1.6241 1.6550 1.6550 

-- --- -- ---~-----.--~-------~----- ---

VI 
~ 



Table 2: (cant.) 

_. -- ~-- _. - -

0 
I T kltb) I 

'crrr 
0.2001 1.0000 

0.3 1.0154 
0.4 1.0493 
,0.5 1.0907 
0.6 1.1340 
0.7 1.1774 
0.8 1.2259 
0.9 1.3033 

b) ~ == 0.2. 

-_." - _. ._-

Uniform Tension 

k1{c) 
Ref. (18) Ref. (18) (J.fT' 

1.0000 1.0000 1.0000 
1.0154 1.0128 1.0129 
1.0494 1.0355 1.0355 . 

1.0909 1.0684 1.0584 
1.1342 1.0835 1.0836 
1.1778 '1.1253 1.1255 
1.2264 1.2259 1.2264 
1.3040 . 1.5498 1.5510 

Uniform 

k2(b) 

rz/T' 

1 •. 0000 
1.0089 
1.0306 
1.;0626 
1.1056 
1.1630 
1.2431 
1.3696 

Shear 

k 2{c) 

zf£' 

1.0000 
1.0078 

-1.0254 
1.0515 
1.0891 
1.1460 
1.2431 
1.4640 

I 

\1l 
(X) 



Table 2: (cont.) 

- .-.. 

e - k1 (b) H 

(jff1 

0.3001 1.0000 

0.4 1.0078 
0.5 1.0260 
0.6 1.0503 
0.7 1.'0810 

0.8 1.1253 
0.9 1.2129 

~ 

L--__ _ __ 

c) . ~, :: 0.3 

( 

Uniform Tension 

k1 (e) 
Ref .(18) 

rf/"r 
Ref.(18) 

1.0000 1.0000 1.0000 
1.0079 1.0068 1.0068 
1.0261 1.0208 1.0208 
1.0504 1.0414 1.0415 
1.0811 1.0810 1.0811 
1.1255 , 1.1774 1.1778 
1.2133 1.4816 1.4826 

----- -

Uniform 

k 2(b) 

~m 

1.00C)0 
1.;0059, 
1.0223 
1.0489 
1.0882 
1.1460 
1 .. 2408 

Shear 

, k 2(e) 

zrr 
1.0000 
1.0056 
1.0207 
1.0463 
1.0882 
1.1630 
1.3413 

-

, 

I 
I 

--. j 

\.J1 
~!J 



Table 2: (cont.) 

--

Uniform 
I 

C 

H k 1 (b) 

cryr Ref. ~18) 

0.4001 1.0000 1.0000 

0.5 1.0049 1.0049 

0.6 1.0182 1.0lt32 

0.7 1.0414 1.0415 

0.8 1.0835 1.0836 

0.9 1.1772 1.1775 

0) .~ = 0.4 

'.J.!enaion 

kl ~ C) . 

ern:' Ref. (18) 

1.0000 1.0000 

1.0046 1.0046 

1.0182 1.0182 

1.0503 1.0504 

1.1340 1.1342 

1.4020 1.4027 

Uniform 

k2(b) 

7.,JT' 

1.0000 

1.0050 

1.0199 
1.0463 

1.0891 

1.1637 

tihear 

k2~cJ 

'"tIT 

1~0000 

1.0049 

-1.0199 
, 1.0489 

1.1056 

1.2501 

I 

i 

I 

I 

0\ 
o 
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Figure 16. The stress intensity factors 

for an internal crack in an 
orthotropic strip of material 
1 subjected to uniform tension. 

b IE = o. 2 ,£. = (c - b) /2 
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Figure 11. The stress intensity factors 
for an internal crack in an 
orthotropic. strip of material 
I subjected to uniform shear. 

b /~ = O. 2 , i = t c -b) /2 



Table 3: Comparison of the stress intensity factors for a symmetric internal 
crack subjected t'o uniform tension or. uniform shear for three 
dif·:ferent materials(see Table 1). 

f =(c-b)';2 

_._-- .. _--. -.-.~-.------- .. -.---- .. -

Uniform ~ension uniform ::;hear 
. 

kl/cr'[I' k2/rzn: 
.LVlat .lI Mat.III Ref. (17) Mat .JI Mat.III Ref. (1.7) 

lType Ii (lsotr. ) (TypeII) (Type I) (lsotr.) (TypelI) 
~ K :=9.98 ~ :::0.70 it =9.98 K:::O.70 

T K=l:~ .It=l= & 
J=Q.75 &=0,75: 0 

0 o=O.7~ ~=O.7So ; 

0.001 1.0000 1.0000 1.0000 1.0000 1.0000 -
0.1 1.0182 1.0246 1.0261 1 .• 0199 1.0274 -
0.2 1.0810 1.1094 1.1155 1.0882 1.1201 -' 

0.3 1.2259 1.3033 1.3183 1.2431 1.3245 -
0.4 1.6224 0 

1.8160 1.8471 1.6550 1.8435 -

()"\ 
VJ 
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Figure 18. Comparison of the stress in
tensity factors·for a symmet
ric internal crack subjected 
to uniform tension for three 
different materials 

t=lc-b)/2 

urtho .11 = Orthotropic, type II 
IS9tropic == Material III 
Ortho.1 = Orthotropic, type I,mat.I 

See Table 1. for the above materials. 
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Figure 19. Comparison of the stress in
tensity factors for a symmet
ric internal crack subjected 
to uniform shear for three 
different materials tTable I) 
£.= (c-b) /2 

Isotropic =:Material III 
Ortho.l =urthotropic,l.'<Iat.I,type I 
See ~able 1. for the above two materials. 
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Table 4: The stress intensity factors for an edge 
crack in an isotropic strip' of material III 
subjected to uniform tension and uniform 
shear. 

~. :::0.0 

Uniform ~ension Uniform Shear 
c 

T ~ ~ Ref. (18) Ref. (33) (j{C' tt~ 

0.001 1.1220 1.1216 1.1220 -. 

0.1 1.1897 1.1893 1.1224 1.1221 

0.2 1.3682 1.3674 1.1269 1.1266 

0.3 1.6615 1.6601 1.1424 1.1420 

0.4 2.1151 2.1119 1.1768 1.1765 

0.5 2.8339 2.8258 1.2396 1.2394 

0.6. 3.8871 4.035 1.3456 1.3451 

0.7 6.1280 6.361 1.5236 1.5231 

0.8 11.7384· 11.988 1.8468 1.8463 
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Table 5: The stress intensity factors for an edge 
crack in an orthotropic strip of material 
I subjected to uniform tension and uniform 
shear • 

b' 0 tr=O. 

c 
T 

0~001 

0.1 
0.2 
0.3 
0.4 
0.5 
0.6 
0.7 
0.8 

" . Uniform 

~ 
erR 
,. 

1.0412 
1.1290 
1.3186 
1.6095 
2.0462 
2,.7223 . 
3.8656 
6.0498 

11.3426 

Tension 

Ref.\18) 

1.0411 
1.1284 
1.3172 
1.E?069 
2.0421 
2.7199. 
3.859 
6.035 
11~274 

Uniform .,hear 

--2 -'tR 

1.0412 
1.0425 Q) Q) 

'rl ~ 

1.0509 
p E ro 
rl til 

1.0705 .r! ~ 
til <I.l 
> .p 

1.1051 til .r-i 
rl 

1.1611 m. 
op Q) 

1.2494 til ..Q 
ret +> 

1.3936 0 ~ 
~ .,; 

1.6556 -
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Figure 20. ~he stress intensity factors for an edge crack in an 

isotropic strip of material III subjected to uniform 
tension and uniform shear. b/H = 0.0 
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Figure 21. The stress intensity factors for an edge crack in an 
orthotropic strip of material I subjected to uniform 
tension and uniform shear. b/H::: 0.0 



Table' 6: Comparison of the stress intensity factors for an edge crack 

b ,-=0.0 

lYlATERIAL 

III (Iso) 
VI 
IV 

V 

I 

in a strip of different materials subjected 'to uniform tension 
and uniform shear (the effectofK on stres~ intensity factors). 

c/H=O"OOl . c/R =0.5 

SH~AR Unif.Tension Unif • Shear Unif.Tension Unit. Shear 
"c 

PARAM~TER 

K 
k1 k2 k1 k2 
v~ rtFc" 0"'[& ~ 

1.0001 1.1220 1.1220 2~8339 1.2396 
.' 

2.0594 1.0944 1.0944 2.7909 1.2108 
4.2535 1.0672 1.0672 2.7536 1.1845 
8.6809 1.0449 1.0449 2.7318 1.1645 
9.9802 1.0412 1.0412 2.7223 1.1613 . 

, - --- .. - - -.- -_. -- --

-.J 
o 
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Figure 22. comparison of the stress intensity 
factors for an edge crack in a 
strip of different materials. 

b/H=O.O 



72 

Table 7: The stress intensity factors in a uniformly 

stressed orthotropic plate of material I 

containing an edge crack. 

B = 0.5H 

c/H 0.001 0.1 0.2 0.3 

~ 1.0413 1.2670 1.6545 2.0962 
r:J{C' 

~. ". -.. ~".'.' -' '.' " ".-

c/H 0.4 0.5 0.6 0.7 

kl 
2.6413 3.4450 4.6905 (J[C' 7.0538 

0.8 

13.9104 

Table 8: The effect of half length-to-width ratio",B/H, on the 
stress intensity fac,tors for an orthotropic plate of 

material"1 containing an edge crack of length O.-lH • 

c O.lH 

B/H 0.001 0.05 0.1 0.3 0.5 1 2 00 

-
kl 

49.7 6.29 2.97 
0' Ic ' 

1.48 1.27 1.15 1.14 1.1290 
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Figure 23. The stress intensity factors in a uniformly stressed 
orthotropic plate of material I containing an edge 
crack. b/H=O.O , B/H:::0.5 
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Figure 24. The effect of half length-to-width ratio,H/H, on the 
stress intensity factors for an orthotropic plate of 
material I containing an edge crack of length O.lH • 

b/H:::O.O , c/H =0.1 
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Tap1e 9: ~tress i~tensity factors for an orthotropic 
uouble ~entilever Beam(DCB) specimen subjec
ted to concentrated forces P. See Appendix J 

for the normalization procedure. 

c c Kr 
-r E/t 

O.OOlw o ~.1009 9.31 

0.05w 0.145 2.79 

O.lw 0.19 2.84 

0.2w 0.28 3.34 

0.3w 0.37 3.93 

0.4w 0.46 4.73' 

0.5w 0.55 5.88 

0.6w 0.64 7.41 

0.7w 0.73 10.19 

0.8w 0.82 19.04 
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the present study for the stress intensity factors 
in a Double Centilever Beam specimen subjected to a 
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~able 10: Uomparison of the stress intensity factors 

in an isotropic compact tension specimen 
tCTS) with that found by vivelek and Erdo-

25' 
gan t ) for two crack lengths. 

k*: kl tc) 

~{C1 

c 0.5 0.8 II 

k* 6.1302 22.4450 

Ref.(25) 6.1535 20.4519 

~able 11: stress intensity factors for the orthotropic 
compact tension specimen of waterial I. 

c 0.5 0.54 0.58 0.62 H 

k~ 7.25 7.85 8.59 9.55 

c 0.66 0.70 0.74 0.78 0.80 II 

k~ 10.86 12.76 15.65 ' 20.47 24.23 
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Figure 27. The stress intensity factors for the orthotropic 
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VIII. CONCIDSIUNS 

The problems of a single transverse crack in an 
orthotropic strip subjected to uniform tension or uniform 
shear and an edge c~ack in an orthotropic plate subjected 
to uniform tension are studied and the' following results' 
are obtained: 

.. 
1) In plane problems of orthotropic materials, if 

the medium is infinite containing a line crack; orthotropy 
does not affect the stress intensity factortSIF) and the 
results are identical to the isotropic case with the same 
crack-geometry.-However, . -if-the medium- isbounded,.~,:}HF.;:,~~;,-;~.,. , 
highly dependent on material orthotropy and it is smaller 
or greater than the corresponding isotropic values. 

2) Instead of a direct use of the four independent 
elastic constants, introducing the new material parameters 
proposed by Krenk t24 ) not only simplifies the solution 
procedure but also enables a straightforward transition 
from orthotropic to isotropic problems depending upon a 
single ~arameter, namely the shear parameter K. 

3) Depending on the elastic constants, orthotropic 
materials are classified in two groups: Materials of typel 
and of typell. A different formulation is needed for each 
combination. ln terms of the new ma~eriai parameters, the 
mater~al is of type 1 if X~>l and of type 11 if ~«l. 

4j ~he solution procedure for various crack prob
lems in infinite or finite orthotropic mediums is greately 
simplified by the use of the stress field solutions of a 

pair of edge dislocatiops • 
5) For an internal crack in an orthotropic strip: 

_ stress intensity factors increase as crack 

length increases. 
_ The crack tip which is closer to the strip 

boundary has the greater SIF. 
_ The l·oading condition(uniform tension or u-

niform shear) does not have a significant effect on the 

range of the'SIF values. 
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6) For an edge crack in an orthotropic strip: 
- The loading condition dO,es have a signifi

cant effect on the SIF values and kl corresponding to 
uniform tension is always.greater than k2 correspon
ding to uniform shear. 

- As crack length increases kl is highly 
increased whereas k2 incre~ses slightly. 

·1) The effect of materal orthotropy on the stress 
intensity factors seems to depend upon .the type of the 
material which is characterized by the shear parameter·K. 
For approximately the same stiffness ratios , SIF value~ 
may be .. greaterorsr)laller than the corresponding isotx:o-

• 'h _ " • -'.' ••••• , ...... 

pic values. From the results obtained in the present ana-
lysis fpr materials of type I compared with that obtained 
in Ref.(l1) for a material of type II; it seems that SIP 
values for type I materials are always greater than the 
isotropic ones whereas for type II materials reverse is 

true. 
8) Although K21 S being smaller. or greater than 

one characterizes the type of an orthotropic material, a 
somewhat interesting result is that within a specific 
type(only type I is considered here), no matter what the 
crack length is, the effect of K on the stress intensity 
factors does not seem to be of significant importance. 

9) Orthotropic plate problems can successfully be 
solved by taking multiple .cracks in an infinite orthotro
pic strip and superimposing the stress distributions due 
to each, keeping the inner crack(s) and extending the 
outer ones to meet the boundaries of the strip. In this 
case, both ends of the outer cracks are treated as if 
they are the free ends of an edge crack. In the present 
analysis this procedure is applied to formulate the prob
lem of an orthotropic rectangular or square plate conta
ining an edge crack, subjected to uniform tension. 
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10) For an edge crack in an orthotropic square 
plate subjected to uniform tension; ~IF values increase 
as the crack length increases, but for a specific crack 
length they are greater for the plate case when compared 
with the infinite strip case. Ho~ever, for half length
to-width ratios of ~/tl> 2, the resulting values are 
practically the same as that found for the infinite' 
strip case~see Fig.24). 

11) Formulation of the crack problems using sin
gular integral equations and especially the stress fields 
of edge dislocations and the new material parameters, 
seems to be" much more reliable-than the finite element . 
solutions which are applicable only to a restricted range 

of crack lengths. 

" 
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APPMiDIX A 

The terms r i toe) in equations- {3Sa-d) and (41a-d): 

TaKing. Zl = eoC,h(wl -W2 ) , Z - oeh(w -W2) 
2- e 1 

"-and Z4=e-«h t wl - W2) as they are "expressed in the com-
pu ter program, 

2 2 
D(eX) = -Zl +c l Z2-Z3+cl Z4 +2c 2c

3 

r i toC) ::: cl[Zl-Z2] 

r 2tcx) ::: c 2 C-z1 +1.1 
r3(~) = c12[-tl/c12)Z3tZ4tl/c12_1] 

r 4 to<) =cl c 2[Z2-1 ] 

rS {o<.) = cl [Zl-Z41 
r 6 \o<.) = c3 [Zl-11 

r 7 (o<.)::: c 1
2 

[-Z2+(1/c1
2 

)Z3-1/ c12 +11 

·ra (c:<)::: C l c
3 

[z4 -11 

where 

rg t<X.) ::: -r3 {o<) 

rlotp(,,) =c1 C 2 [z4 -11 

rll{~)= -cl[z4-~31 
r12t~) == -c2[z3-1 ] 

r 13 (0<.):::: -r7 (eX) 

r 14 to<) == cl c3[z2-1] 

r lJ toc)::: -Cl [z2-z31 

r 16 tO(') = C3 [z3-1] 

In the above expressions for r, as discussed in Appendix D, 
following terms blow up when : 

Four Zl in the first eight terms when x, t -.0 , 

and their exponential symmetries in the last eight 

terms when x, t -h tfirst terms in r ll and r lS and the 
second terms in r 12 and r 16 ). 

After separating the singular parts, these eight ri expres

s ions become: r 1f to<) = c1 [-c2c3~2-~3tcl 2Z4 +2c2c,] 

2· 2 J r 2f \o<) ::: c2 [- cl Z2+Z3-cl Z4 -2c2c3+1 

rSft<X) = cl [ c12Z2-Z3-c2c3~4 +2c2c3J 
. r 6f'{o() == c3 [C12Z2-Z3+c12Z4 t2C2c3-1] 

but there is no need to define rllf,r12f,r1Sf and r 16f \see 

Appendix u). 
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APPENDIX B 

Kernels ln the expr' (~6) eSSlons - ~ a-b : 

co -

kll (x,y,"t) = /D(;J{w1r1 e-~l (ttx) t W /r2e-oe(w2t+wl xl 

-w r ~~~wllt-x)_w ~ +~(w2t-wx) 
1 3 1 r 4e ~ 

tW2r,e-~w2l ttx).+w~3r6e-c:;.(wl ttw2x) 

-w r et~W2(t-x)w 3r e+~(wlt-w2X) 
2 7 - 2 8 -

-'tW r e-cr.'11~t-x)+w3r- e-CI(\'12t-wl x).-
1 9 1 10 

{ r
1 

e-"W1 (ttx ) 

~r3e+~1 (t-i) 

tW12r2e-~(W2ttwIX) 

-w12r4e~~(W2t-wlx) 

+rse-OM2(t't-X) Tw~/r6e-o«Wl ttW2x) 

-r 7e +et.\'i~ (t-X) -w
2 

2r8e fO«W1 t-w2x) 

_r
g

e-1o(.W1 l t-x) -wI 2r10e-0( w2 t-wl x) 

+r e+~wllt+X)+w 2r e~~(w2ttWlx) 
11 1 12 ' 

-r e~~w2(t-X)_w 2r e~~(w1t-w2x) 
13 2 14 

-fr15e+clW2(t-fXi-tW22r16eTo«WlttW"X)1coOO<YdO( 

~;1, .• ,16 are a~finea in Appenaix A. 
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Kernels in the expressions t42 a-b) 

00 

kll (x. y • t) ::! o"~t",) {w 1 
2 
[rl .-"wI (ttx) 

+r e +O!.w1 (t-x) 
3 

+ r2e-P«W2ttwl x) 

t r 4 e +~(W:2 t-w1 x)l 

+ r6e-0«w1 tt-w2X ) 

+ r e +o<'(wl t-w2x)1 

. 0() 

tW 2[r e-olW2(t-tX ) 
2 5 

tr e +oCW 2 ( t -x) 
7 

+W .2 [r e -o(Wl (t-x) 
1 9 

8 

t rlOe -oe(w2 t-w1 x) 

.rr e+«'wl~ttx)+ r e+o«W~ttWlx)] 
11 12 

;-w22 (rl3e -oCw2 ~ t-X) + r
14 

e -o{(wl t-"f2x ) 

t r 1
5 e tolW2l ttx} + r

I6
e t"'(WI ttw2x)] } co""ydP<. 

kI2 (x,y • t) =!n Z",) { .. WI [r I e -~wIl ttx
) 

+r e tCllWl (t-x) 
3 

-w2[r5e-~W2\t+X) + rbe-~(wlttw2x) 

tr e tolw2(t-x) + r e+~(wl t-w2x)] 
7 . 8 

t w [r e-o(Wl(t-x) t r e-c(w2t-wl x) 
1 9 10· 

+r etll(.Wl t t+x) + r et~(w2 t+W1.X ») 
11 12 

+w [r e-oI.W2(t-x) + r e-D«w1 t-\'l2x ) 
2 13 14 

trI5etO(W2(ttX) ... r
l6

e t D«wI ttW2X)] } sino<yd 0< 

1Ifhere r i::: r i ~) , ~:::l, .. , 1.6 are def~ned. in Appendix A~ 
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. APPENDIX C 

A disc~ssion on kernel kll(x,y,t) of 

equation (42a): 

It is important to note that in kernel kll(x,y,t), 

the last eight terms are 'exponentially sy::unetric' with 

respect to the first eight terms. This means, by a substi

tution of x~l£-x and t~K-t in the first eight terms 

one can obtain the 

.. Ie, the negative of 

a substitution in 

negatives of the last' eight; For examu

r~l e04wI (tt-x ) .- can: be ob~ainedbY su'c~ 
r

l
. e-<xwI (t+x) as follows: 

rl'e-ot.wI [(K.-t) r(K-X]:::;c
1 

[e«H(wI,rW2) _eo<.}i(WI -W2 )] e-2c<lfwl _ ef1l.WI (ttx) 

::: c I [ e ~H (\or 1 -w 2) _ e -oUi ( wI +w 2) ] e< wI (t +x) 

_ r al.w
1
" (t+x) 

- - lIe 

Therefore, if one defines RI and RII as, 

then it "lill be easier to handle the problem since: 

Rl (H-x,H-t ,0<) - - RII (x, t ,0<) -
Similarly, R2 (H-x ,H-t ,0<.) - - RI2(x,t,~) 

R3 (H-x ,H-t ,0<) - - Rg (x,t,o<.) -
R A-(;K-x, K-t, 0<) - - RlO(x,t,o<.) -
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R5 (If-x ,l'!-t ,0() - - R15 (x, 1> ,0( ) -
R6 (H-x,~ t ,"') - R16 (x,t,0() 

R7 (li-x ,~-t ,0<) - . - R13 (x, t ,0<.) -
RS eX-x: ,l{-t ,0<) - - R14 (x, t ,0<) -

.. Thu s,· thekernelkl1 (:( ,y,t) can be e:'qJ-:'essed in a ver.y 
compact form as: 

kll(x,y,t) 

To prevent confusion, it must bestated that in this Appen
dix, r l is used to define Rl just to shm'l the· principle. 
However, in the final form of the kernel kll in equation 
(43a) ; R. , i=l,S are defined after the asymptotic exa-

1 
mination of kIlt Thus, for example r lf iB used in defining 
Ri' Also ~ote that Ri " i=l,S are sufficient to define 
the kernel because of the symmetry discussed above. 

-
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APPENDIX D 

Examination of the asymptotic 'behavior 
of the kernel kll(x,y,t): 

Asymptotic examination of such a kernel means separating 
it in to tj'ro parts: 

where k s is the sing-:.llar part \'lhich ' . .;ill be evaluated 
in closed :orm. That means, it concerns the 
terms which blo ... , up when 0< ~ co and either 
x, t ~O or x, t~X. 

and kb is the bou:-Lded part vrhich will be evaluated 
by performing the infinite integration. 

To make this separation all the terms, within the integrand 
ofk

ll 
(x,y,t) are divided by D(C)() and the following 

ones are observed to 010\'/ up when o(~ 00: 
I 

Singular 

when 

x,t~ O. 
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and the following ones are singular \'lh-en x, t ~h 

,... (co<) 0 U -It)' . o<.w.-JtI..X 2 -0(';" fH-t't-('T1 .... ) . e ,I "O"'.Jv- \-/ c e "') \ I \.n.-.. '" n 10<,\:" '., . ':>\1\.. - • 2 J~' c (> sv-y 
!.) I. } -

~herefo~o it is possible to express k1l(x,y,t) as follows: 

kl1(x,y,t) 

i~1,8 are de£,ined in A~T·endices E and F.-

In eval.'J.a-ti~g trp closed i'o-:::'m integrations wi thin the 

sin9UJar :;ar" o! "ne . ern. - - -... -+ "+- k pI kll , i+. l'S helnfl_11._ to notA 

the.t: 



89 

APEENDIX E 

[

Wl w2 l 
::: (t ... x) 2 2 2 - 2 2 2J 

wI y t(t-x) _ w2 y +(t-x) 



90 

APPENDIX F 

In the following expressions for Ri,Ti,U i and Si 
i~l, •• ,a see Appendix A.for r if , i~I,2,S,6 and r i , i~3 , 
4,7,a. 

RI (x, t ,~) - W 2r e -O\wI (t;-x) 
I If 

R2 (x,-t ,0<) - W 2r e -«,(w2 t-twI x) -- I 2f 

R3 ex, t ,0<) 
2 et~l(t-x) - wI r3 -

R4(x,t,o<) 2 e+0«w2t-wI x) - wI r 4 -
" RS(x,t,o<) w 2r e-~w2(ttx) 

2 " Sf 

R6 (x,.t ,0<) - 2 e-~(wlt+w2x) - w2 r 6f 

R7(x,t;o<) 2 
w2 r7 et C(w2(t-x) 

Ra (x, t ,IX) - 2 
w2 ra e+o«wl t-w2x) 

TI (x, t ,0<) - -wlrlfe 
-O{wl(t;.X) 

T2 (x, t ,0<.) -wl r 2fe - 0« W 2 t tW I x) 

T7:(x,t,()() -wIr 3 
etotwI(t-x) 

./" 

T
4

(x,t,o<) 
to«w2t-wI x) -wl r 4 e . 

TS(x,t,oc) 
-~W2(tTX) - -w2r 5fe -

T6 (X, t ,0(-) 
-o«wl ttw2x) - -w2r 6,fe -

". T
7

(x, t,C!() .- -W2"f:7 
ef~W2(t-x) 

Ta(x,t,o<) -w2r a 
et~(Wlt-w2x) 
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U 1 (x, t ,0() ::c r e-OI.W1{ttx ) 
1f 

U 2 (x, t,o<) - w 2r e-~(w~t~w1x) - 1 2f 

U 3 (x, t ,0<) - r3e+cXw1(t~X) 

U4{x,t,«) - -w
1

2r
4 
t~w2t-w1x) -

., u 5 ( x , t ,0< ) - r e -0<"f(2 (ttx) - 5f 

U6(x,t,o<) - w2 2r6fe-«w1 ttw2x) -
U7(x,t,o<) - - r "tCf(W2(t-X) - 7 

Ua(x,t,e><) -w 2r -"e to« wI t-w2x) 
2 a 

81 (X,t,o<) W r e-~w1(ttx) 
1 1f 

8 2(x,t,o<) - w 3r e-o«w2t+w1x) 
1 2f 

83 (X, t ,0<) -wI r3 et~w1{t-x) 

. 84 t x, t, IX) - ~ e ttl({"'2 t-w1 x) - -wI r 4 

85 (x, t ,Q() w r e-o(w2(tf-x) 
2 5f 

86(X,t,o<) - w 3r e-~(WIt+w2x) - 2 6f 

87 (X,t,0<) - -"'2 r7 et~W2(t-x) 

Satx,t,o<) - -w23ra et~w1t-w2x) -
Note that -1 81 =.w1U1 for . T1'= W R1 1:1,2,3,4 . 

1 

T 1 :::! .::! R. 81 ::: w2U1 for 1:5,6,7,8. 
w2 1. 
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APPENDIX G 

k22 ~x, t) =\111 :W
2 

[Q2 (0, x, t )-Q2( 0 ,K:'x,K-t) +Q1 t2B, x, t) 

tQ2t2B,x,t)-Q2~2B,K-x,K-t)tkg2 1 

k31 (x, t) ::: \II 1 w [Q5 (B, x, t) i-Q6 (B, x, t) +Q6 (B ,If-x,lf-t) i-k:r3 J 
1- 2 

k33~x,t) =W
1 

:W
2 

[Q2(O,X.,t)-Q2(O,lf-x,lf-t)-Q7(2B,X,t) 

-Qa (2B ,x, t) +Qa (2B,li-X,1£-t)tkh31 

i:l,2,3 are defined in Appendix H. 
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APPENDIX H 

00 8 

kh1(X,t)= ID{~J ~ [S1(X,t,o<) + S1(If-x,lf-t,o<)] sin(<<B)dO( 

00 8 

k
h2

(X,t)::::JD(;) ?= [Si(X,t,o<) t Si(lf-x,li'-t,o<)] sin(2~B)dO( 
o ~=l 

00 8 

k
h3

(X, t) =2!Dd<J fi [iJ 1 (x, t ,0<) - U i (H-x,H-t ,"<.)] sin
2
( 2ctB) do< 
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APPENDIX I 

Examination of the roots of the transformed field 
equation t29) shows that: 

( i)' For 2 .. K > 1 , there are four real roots: 

sl ' s2 ' s3::::-s1 and s4=-s2,(sl)0,s2)0). 

In this case, the corresponding material is 
classified as 'type 1(17 ), . 

( 1 . ) F K2 < 1 th t ~ or , e roo s are complex: 

sl :=wl -iw2 == -s3 s2 :::wl -iW2 == -s4 ' (wI' w2 0). 

This time the related material is classified 
as 'type II I • 

Just for a comparison purpose results for a symmet
ric internal crack of various crack lengths obtained by De
lale and Erdogan (17) where the material is assumed to be of 
type II are included in Table 3 and Figure 17. 

Solu tion of the transformed field equation (29) 
for a material of type I is as follows: 

The characteristic equation may be expressed as, 

where K is the shear parameter defined in Section II.~. 

Taking p=s2 

p2 _(2Ko<.2)p + ~4 == 0 

2Ko(.2 ;:~K2o<4 - 40<.4 = 0<,.2 rK +JK2,-lJ 
Pl,2= 2 L! 

Since s-;::::"f.!p, it follows that: 
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Defining wI and w2 as; 

WI = [K t jK2 _lJl/2 

w2 ::: [K -JK2_Jl/2 

the roots of the characteristic equation may finally be 
expressed as: 

where wI and w2 are, 

Real if 

Oomplex Conjugates if 

Orthotropic materials are denoted as type I when wI and w2 
are. Real, and as type II when they are Complex conjugates. 
A different formulation is needed for each type. In our 
analysis all the materials are of type I, thus the general 
solution of the field equation may be expressed as: 

! 
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Geometry of the Double Centilever Beam specimen: 

-A-

i 2w 2H 
~ 4- i 3"= 

_t- .. . t-,-----~ ~ 

Material properties used in the finite elment solution of 
Mandel et.al.(32): 

Materialj E-glass/polyester 
E = 1. 79xl06 psi . xx 

10' - 2 66xI06 psi J;Jyy _. 6 

B = O.48xlO psi ':!>xy 

Uxy =O.19 

Average thickness, t= 0.216 in. 
w= 4.5 in. 
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Difference in the normalization procedures: 
In terms of the notation used ~hroughout this 

analysis, the geometry of the DCB specimen is, 

~---------,~,,--? B 
t-

c--r 
I 

where B=w/3, H=(lO/9)w=5i~. , P':'±s per unit 
thickness • 

It should be noted that, XI which appears in 

Table 9 and Figure 25 is the standard Mode I stress in
tensity factor used in fracture mechanics and is related 
to the stress. intensity factor k(c) by 

When the force oP is not considered as being per unit 
thickness and the thickness t is included explicitely, 
then the present normalization of the stress intensity 
factor may be expressed as 

k(c) 

~{C' 
Denoting this term by A, the normalization made by r·!andell 
et.al may be expressed as: 

Kr A 
--p- = !rIm: I 
t 
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c-*****************~***~*********************************************** 
C ***********************.******************************************* •• 
C ****************************************,**************************** 
C ** * * ********-f<*** *** -It ** *.**** **** *********** *** ****.**********-r.,.****"** 
C *****t****~*******************************************************.** 
C **** THIS ~ROGRnM cnLCULAr~~ T~E STHESS~ TNfENSTTY ~~CTOHS ***** 
C **** AT CRACK rIPs ~OH A THANSVEnSE CR~C~ IN QN ORTHO- ***** 
C ***** TRC~TC - ST,"<IP SIJHJFCtt.1"I TQUNTFOpM- TEI~~ION .l\T Cpl\CK ****** 
C ****. FACES. - * **-*.* 
C ** ** ** ***. * ***-"*** ... * **** ** ***.., *.* ************ ***** i::tt'**_*-*-'.******i< ** * *** 
c ****************** .... ********************************~~**************** 
C ***** SEt:. ~ECTION V.A ,AND THE SIN(1ULl\H TNII:.G~AL- E(.)WI\TION "'~-*** 
C ***t* 01- rf-lE PHOnLE"" (EG!".5Sb) ***** 
C ********.********** •• ******** .... **************************"'***.******** 
c *.***************************.************************~************** 
c ********,***** ... **.*~*.***~.******~***~******.************************ 
c *****.** .. **** .. *****~*****~*******~*************************~*****.**.~ 
c ** ** .. t: ** ..... ** ** ** **** *~ ** *"" ** **** * . ., ******** "'-* .'d,**** ** ..... ***.**"*** ** ***** 

I~~LICIT REAL*~ (~-H,U-Z) . 

c 
c 
c 
c 
c 
c 
c 
c 
c 
c 

c 
c ,. .. 

H~I\L*~ KMJ,M,L 
UI""E~.SInN Y)(2 rJ) ,1\1l(?!]) ,~_X,",Wf-l(')O~ '!="X~WI'.'(21"1' ,t..Xf-lf\:~~.p(~n) 'FXPf\;\,~(2n) 
I) I ~I E ~,' ~ I f') f\J n F:~! ( ? Il, ' 1'1 ~_ T L ( 2 (I ) , S ( ~ r) ) , ~ ( A f) ) , wI: T ( tj U ) , r> H ( R 0 1 , A (£; 4 U 0 ) 

E 1 AI\!C t.2 L\RF yotJr--.r;' ~ r..-ODUL I , G 1 ~ I S THE ~HE "q IYcnUUJS," 12 T c:; THE 
f-I n ISS C "1. H l\ I T () • 

Ht:.I\Cl~,*)El,E2'Gt~'V12 

r-J IS THt f\JO. OF L\Lr;F.:I1HAIC t:.O~·S.Uf: THF: GIHJss-CHl:.eYSHE\I TNTFGRATION 
r-:nHMuL/\, 
Nt IS Tt-E. NO. OF C,...,LLfJCI\TIUN POI"ITS TN THE I ,,"UERRE (llJADR"TIJHE 
rOHI'.'ULA. 

HI:.AC(S,.JN,Nl 
V21=VI2*CE2/El) 

Kt\~ IS fHF SHFI\H p"RA!VEfER ~.,OP(JSEIJ qy KHEN~24~ 
KAP=SGHT(El*E2)*(t./G12-Vl~/Et-V21/E2)/2. 
WHITE(6,2)F!,E2,r,12,V12,KAn,N,Nl 
~U~~Ar(tHt'2~x,,~~rERIALC~NsrI\NTS , _Et ="Et5.6.1,46x~,E2 =,.El 

RS.6,/lI.piX, ,G12 =, '~_l'i.",1'1L5X' ,V12 =, ,r6.1.1,11/,?'IX, ,SHEI\R PAR" .... !="TE 
RH , KAP="FI0.q,/11'4~X,'N =,'I3",1.1~X"Nl =,'I3,~(/)'23X~ 
R , H / ~ , , 2 () x , , C/ H, ,., 0 l( , , K ( R) , ,20 x , , K (C ) , ) 
H~AO(~,*'ENO=qq)~,C 
PI=4.·"T~N(I.} . 

Wl ' ~2 I\HE THE Rnors OF rH~ CHnHACTE~ISTlr t.~~. OF THE T~ftNSFUH~~G 
r:Tt:.LD r::r-N.(;:>9) 

Wl=snHr(KAP+snHr(KA~.*2.-1 » 
W2=S0Rf(K.I\P-SQHT(KAP**~.-1:» 

Cl=-(Wl+W2)/(Wl-~2) 
C2=-2.*W2/(WI-W2) . 
C3=+2.*Wl/(WI-W2, 

CALL LAGUEH(Nt'Xx,A~) 
~ 

XX=W=~H AHE TH~ Roars UF tH~ LAGUERQE POLY~OMIAL ~OR THE E~PCNENTrftl_ 
fFH M5 A~U tHE nENCMINATUR ~te A~PENnTX A.T~~ WET~HTS IN TH~ GAUS~
CHEHYSHEV (~U"ORATlJp,E f.1IJLE IS CFl'lOTfO·HY WET!.. 

UU In I=l,Nl 
~XPWP(I)= nEX~(Xx(I)*(Wl+W~» 
~AP~~(I)= nEXp(X~(I)*(WI-W~» 
~XPr--.WP(I)=l./EXPWP(') 

. - tXPN~'1w (I r=l;/EXJ-l',,~ (I) . . . . 
U~N(IJ=_~xpwp(r)+Cl.*2.*tXnWI'.'{T)+C'**2.*Ev~~WN(T)-F:XPNWP(T)+2.*C~. 

*c.~ - -'Nt:.IL {I )~A'l. (! ).')E'(J-l( xV (I» 
10 CUNTII'.UE 

x 1'1'::1\ 
Nll=N-l 

IN THE .... OLLOW rNG STE!-IS, S lU"RESPONOC; TO 'l", , H CORRESPONDS: TO ~i 



C 
C 

C 

AND WE I CURRESPONnS TO WI(, Ww IC"- J\HE CEf I NE'" iN SEC T Im~ V! . 
S(1):1. ' 
S(N):-l. . 
K(1):COS(P!/(2.*X~-~.) 
wtI(1)=t./~./(XN_1.) 

'wt:.t (N'=wt{(t) 

LJO 20 1=2,1'\)11 
XI=I 
S ( t): COS ( ( '( t - 1. ) -I<!-' I I ( X N - 1 • , )' 
H~r)=COS«(?*xI-t·)*PI/(~.~XN-?» 
W~I(I)=l./(~N-l., . 

. 20 CONTII\UE 
C 

CM=(C-Hl/? 
C~=(C+H1/,:!. 
LJO 30 I=1,Nll 

C 
C Xl CORHE5~C~OS T~ ~. 
C 

C 
C HIGHT HI\Nf") STnE Of- Tr'-: I\ORI'tIALPEfl SIr-..IGlJLt\R p~lt-'~RI\L F~"l. at-.CO"'ES 
C C()"'~TI\"lr (-1' FtjK 1I~,ti-r)H~ It"STON CASE. 

HH(I)=-l. 
u u '3 0 .J = 1 ,~: 

X2=CM*~(.J)~CP 
CALL XK~H~(Xl,~~,~t[L'XX'W, 'W?'KA~,FXPWP,~X~W~,cXPN~o'ExPNW~'Ut:.~,~ 
*1'Cl,C2,L~'CM'~~1 ) 
N.J=(.J-l)*N~I -

C 
C Xl-11 IS ThE IJJ\LlJE OF TroE TNI-I"ITI': INTr=:G~AL. 
C 

C 
C 
C 

.. C. 
C 
C 
'H~ 

A(N.J)=WF.I(.J)*CV·X~l 
30 CONTINUE 

UO 40 .J=l,!'-t 
N.J= (J-l) *N~"J 
.II-(H.f\E.U.O)GO Tn 44 

SrNC,LE VALlJH~NES~ C~~I~1: fION FOR I\N EnGE CHArK. 

.I\(NJ)=O.U 
II-(.J.EG.Nl J\(NJ)=!. 
GO TO 4(') 

SINGLE vALUErN~SS Cc~nITTON ~CR AN rNTE~NAL CHACX. 

A(NJ)=WfI(J) 
40 CONTII\U~ 

KH(N)=O. 
tY5= 1. E-14 
CALL GELG(~R,A.N,l'EPS,IEH\ 

c 
C XK2 CEt\OTt:.S THE <;TRtSS TNH:"SI TV FACTOR K re' ~"'EREI\S 
C XK1 CORHf.~PC~nS T0 ~(~). 
C 

16 

C 
C 
C 
C 
')5 

17 

qg 

C 
C 

XK;>=-HH(ll 
II-(e.EG.U.Q) GO T~ ')') 
XK1= HH(N) . 
WK!T~(6,16)~,C'~Kl,~K2 , 
~ UR ~ ~ T ( / / , 17:< , F 11) • ~ , 1 j'( , ~ 1 " • I~ , , :3)( , r, 14. 1 , 1 f) '( , C; 1 .... 1 ) 
GO TO 9R 

FOH T~~ C~~E OF A~ E~GF CRACv, A UrFFERENT cnLUTTnN TS ~RCP~SED 
fOH RETTER CONVEHGF~C~. 

XK2=XK2/~~~T(2.) 
WHITE(6,1 7 1R ,C,XV? 
I-OH~Ar(/1'17X·~!n.4·13X'~1~.4"1x,,**.*,'14A'Gt4.7) 
GO TO 98 . 
~TOP 
E.ND 



c 
.. .. .. 
>-

c 
c 
c 

100· 

5lJRROUTtNE LI\GUEq(NN,X,A) 
CI\LClJLI\TE5 T~E ZE:nC5 '«1) OF THE I\'N-TH ORnER 

LAGU~HHE POLY~O~IAI LN(ALF} FOR !~t SF.G~ENT (O,TNr) 
ALF IS T"KEN ZERO.TI-'E C;f.4AlI EST ZEno wILL ~E C::;TonEO IN*X;(1')'. 
ALSO CALrlJLATES THr. CC~HESPONO'ING CUI:F~TCTENTS ,,( T) OF T .... E 
NN-TH ORnEH LAGUI:H..,E GIJADRI\TURF.:_ Ff",RI'"'ULA OF OFGHEE 2*NN-t. 

I~fJLTCIT RE,l\L*A (I\-~,O-l) "" , 
CI~EI'JSICN X{NN) 'I\(NN) d~(15, ),c(151)' 
E~S=t.E:- q . 
I-III=Nf'./ 
OU 8 I=t,NN 
~tT)=2*T-t 

R CtI>=(I-1)-.li:*2 
CL=l. • 
uo 1 J=?'NN 

1 cc=cc*C(.J) 
tJu 7 l=t'NN 
{1-(1-U 0,2,'3 

~r-AI\LLE<:'T JERO 
2 XT=3.1 (1 .+?IJ*FI\) 

GO TO 6 ' 
3 11-(1-2) 6,l~,c:; 

'::lECOr\:U 7.F4C 
4 ~f=XT+lS./(l.+~.c:;·I-N) 

GU TO 6 . 
ALL OTHEq IF:POS 

5 1-[=1-2 
HI= (1. +<.'iC:;*FI) I (' .• Q ... t-=I) 
XI=XT+Hl*(XT-X(I~2)1 

6 CALL LGRUOT(XT'~N,~~N'PN1'n,C'EPS) 
x q ) =X T 
,/\ ( I ) =CC fUP"1 /PN t 

7 CONTTNUE 
Ht:rURN 
I:.NI) 

':l U R R 0 U T T N E L G ~ E C p ( ~ "'! , UP N , P. I 1 , ,x , N N • Q , C ) 
I~PLICIT REAL*H (I\-~,O-Z) 
IJ I "'ENS I I')N R (~I"I ) , r (!'-iN) 
~1=1. -
~ =X-1. 
Ul-'t=O. 
UI-'=1. 
1.;0 1 J=2,NN 
Q =(X-R(J)}*fJ-CrJ)·P1 
OQ =(X-ptJ) )*O~+D-C(J)*O~l 
f-'l=P 
P =0, 
U~ 1 =rJP 

1 1]1-' =f)G 
~N =P 
I.;I-'N=nl-l 
f-lNt=Pl 
HtTURN 
E!'-iO 



\ 

C 
C 
C 
r. 

C 

C 
r. 

C 

101·· 

SU~ROUTTNE XKE~I-'(l(, T,A,W,W, '\~2,K,Zl ,Z2'.l3,7 4 ,C,N.Ct ,C2,C3,CPl, XH t)' 
I~PLJCIT RE~L~~ (~-H'C-Z) - .. . . 
o I v HJ 5 ION l\ ( ~ I) ) , \, (2 1,) , 12 ( 2" ) d.~ l 2 I) l , Z 4 ( 20 \ ,u ( 2 n ) .. 
X t = 1. I ( I - X ) + ( t • ) C w 1-\Ii 2 ) ) * , -"n .. C t .I r T + X ) + W 1 ... l.;U ( X +J \Al2{ \II t ) ~ T ) 

R -~2*Cl/(T+X)-W~ ... l.~/(X+(~1·/W2)~T) 
X2=-(\./(WI-W2' )*(-Wt*Cl/(~.-'-X).~1*C~/(1'.-X)+(W2/wt)*(1.-TJ) 

R .. -W2*Cl/(~.-r-X)-W2*Cj/(tl.-XJ+(Wl/w2)*(1.-T") 
XH1=Xl+X2 
UU 1 I=t,N 
Hl=~!**?*r.l . (-C2*C3*L,(r)-Z3(T)+Cl**~.·L4(!)+' .... c'*C~) 
H ~ = W t ... * 2 • * C 2 ~ ( - C 1 * *.2 • * ~ 2 ( I 1+ Z 3 ( n;- <,: 1 * * ~ • ~ l4. C I) - 2 • * C 2"" C J+ 1. ) 
I·O=W1 **2. 1<C 1 **2'.1< (- ( 1 • Ie 1 * t-2. 1·"Z3 ( 1 t1-Z~J..I 1 + l_"CT~~? .-1 --1 __ . 
H4=~t**2.*Cl*C2 k(Z2(I)-t., ... 
H~=~2"*~.*Ct .. (Ct**2.*Z~(rl-l3(T)-C2*c~ .. L4(r)+2.*r2*r3) 
H6='J42**?*C1 . *(Cl**,.*Z")(I'-L3CT>+Cl**?*L4(T)+2,*C2*C3-t., 
H7=~2**~.*Ct**2.*(-lt(r)+(,.IC1**2.)*Z3(I'-1./Cl**?+1 .) 
H~=W2**2.*C1*C3 .. CZ4(I)-1.\ 
51.= Hl*UEXPC-W(T,.ll/l*(T+X,) IIlCT) 
52 - H2*IJEXP (-~~ l T). (\'12*1+w •. *:< I) III (T) 
':? 3 - H 3 * I J E '( r C HI ( T ) .. ''l1 * ( T - ,(, ) j I) ( r ) 
54 - H4*IJEXPC*"'~(T'~("12*T-W1*X' I/O(T) 
S~ _ H5*UEVP(-~(T)*W2*(T+X\) 10(1) 
S 6 H 6 * IJ E X. P ( - W ( T ) * ( \~ 1" T + \II" *)( , ) I L1 ( T ) 
57 - H7*UEXP(+~Cf)*~'*(T-X\) 10(T) 
5 ~ = ~ A .., U E '( P ( + W ( T ) * ( '.~ 1 1< 1 - w ~ * \( ) ) I [) ( T ) 

Sq =-Hti<UEXP(-~(T)*~1*«1._1).(1.-Y») Inti) 
~tO=-H2*UE'(PC-~(Tl*(W2*(1._T)+~1*('.-X») I~tl) 

, ~ 11 =-H 3 ... UE l( P ( +~Ioj ( T ) 1< W 1 * ( ( 1 • _ T ) - ( 1. - '( ) ) ) Ie \ I ) 
S1~=-HLHUExP (+W C r)'" (W2* (1._ T )-1f41* (1 .-x)}) '8 \1) 
S13=-H5*UEXP(-W{~)*W2*«1._T)+(1.-X») 10'1) 
S14=-H6*UEXP(-W(t)*(Wl*(1._T)+~2.{1.-X))/~'I) 
515=-H7*UEXP(+W{T)*~2*«1._T)-(1.-'(») 10'1) 
51fi=-H8*UEXP{+W{i J *(Wl*(1._Tl-W2*C,.-X»)/r l I) 
~H1=X~1+A(!)i«Sl~S2+S3+S4+~5+S~+S7+5~+S9+S1U+Slt+S12~S13+S 1 4+S1Sf 

gS16J/(Wl-W?') . 
1 COr-:T!NUE 

HI:.TURN 
eND 

~SVPRot nNE· GELG (n ,.1\ , M, N , t:.P--, n.R ) 
I~PLICIT RfAL*A iA-~,C-Z) 
UI~ENSION ACt).HC1) 
It-(v)23,23,t 

5El\~C!-" FOH GHEflTEST ELEMt:NT hi MnTHIX 1\ 
1 It.R=O 

I-'IV=O. 
r-'~=\I*rv' 
NfoIt=N*r-' 
LJU 3 L=t'MM 
TI:3=ARS(A(L) ) 
It- ( TR-fJ TV) .~ ,3,2 

2 P IV=TI:3 
r=L 

3 CUI\\TTI\UE 
fUL=EI-lS*P I " ACy) IS 1-l!\jUT ELEIVF:I'!T.PIV CONTAINS THF I\RSOll'Tt. VI\UJE OF ACT). 

STnHT ELI~TNAT!ON LOOP 
L5T=1 .. 
[JU 17 K-=l,M 

fEsT Q~ SINbULnRITY 
. It-CJ.lTV)23,23,11-

4IF-(!EH)7'C:;,7 
5 It-rPIV-TULlfi,n,7 
6 If:P=K-l 
7 I-' I '/ I = 1 • I A ( I l 

J= (T-1)/1'I' 
I=r':J*M-K 



C 
C 

-A 
t 

C 

C 

c 
C 

C 
C 

J=J+t-K . 
I+K IS RCW INDEX ,J+K COLU~N h'OEX OF PIVOT ELEIIIII::.NT 
PIVOT ROW Rt.f)I!CTION 4NO HOW h.TEH(HI\N(;E IN RTGHT "'I\Nn STOF. R 

00 8 l=K'N~,M 
ll=L+t 
T8=PIVri:H(LL) 
H(LLl=H(L) 
H(L)=TB 

IS ELIMT~ATION TE~~TNATEG ? 
Ir(K~~)Q'l~,lA . 

COLU~~ l~TFHCHANGf. T~ vATRIX ~. 
9 Lt.NC=lST+~-K '.-

I~(J112,12'10 
10 II=J*~ . 

00 11 l=LST,LENO 
T~=A(l) 
LL=L~1 r 
A(L)=A(I L) 

i 
i. 

11 A(Ll)=T~ 
HOW INTFHCHANGE ANC PII/OT ROW REOIJCTloN IN MATt<.I)l A. 
12 00 13 l=LST,MV,~ 

LL=L+I 
TH=PlvI*I\(LLl 
AIlU=A(L) 

13 AILl=TH 
<:'1\\/1:, COLl~r"'''l INTFHCr,,\~(';F. INFUH"I\T [eN 

I\(LSTI=J • 
E l pi t. ": THE r. u C n: 0 N A ~! r; 1\ EXT '''' I '! 0 T S E 1\ R r: H 

P[\j=n. 
LST=LST+l 
.J=o 
UU lA I!=LST,L~l\n 
P I V 1=- .1\. ( I I ) 
IST=rI+M 
J=J+l 
00 15 L=IST,M~,~ 
LL=L-J 
A(L)=A(LI+PIVI*A(LL) 
TH=I\PS(l\(L) ) 
I~(TP-PIV)15,15'14 

14 PIV=n~ 
I=L 

15 CONTII\LF.: 
DO 16 L=K,NM,I'I 
LL=L~J 

16 HILL)=H(LL)+PIVI*R(L) 
17 LST=LST+M 
END OF ELIMiNATION lOOP 
HACK SUPS T I IUT ION l\~jC HI\CK IN"'ERC~ ANGF 
18 I~(~-1)2j,22,1q 
19 I ST=N'~+~}. 

L<:'T=~+l 
00 21 I=2,~ 
II=LST-! 
I<:'T=IST-LST 
L=IST-'" 
L=/\(Ll+.~ 
00 21 J=II,N~'~ 
TH=R(-.;) 
LL=J 
tJ 0 20 K = 1ST , ~}IV , r.' 
LL=LL+1 

20 fH=TR-A(K)*R(LL) 
K=J+L 
H(Jl=H(K) 

21 K(K)=T8 
22 Kt.TUPI\ 
t.RpOK RETUPN C 

?3 It.R=-l 
HETURI\ 
END 
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V(1)=COS(PI/(2.~~~-~.» 
W~(1)=1~/2./(X~-1·) 
Wt:.('V)=Wr-.(t) . 
00 12 I=2,Mtt 
XI=I 
UqJ=COC;( (XI-l.11:P1/(XM-l.,) 
V (T l=COC;( (2.*1<I-,. )"PII (2.·ItX~-?» 
wt(T}=I./(X M-t.)- . 

12 co!'., TINUF: 
r."N'=2*M+N 
I:H= (A-A 1.) r:>. 
H2=(R+Al )j~. 
t:.l=(E-C)/2. 
E:.2=(f+C)/2. 
CU 13 1=I,l'Jll 
X=!-ll1:H ( P +8? 
OC t4 J=l,N 
N..Jl1= (J-l )1:~~+1 
r=~11:S(J)+R2 . 
CAL L X K F.:t-< 1. 1 ( T , ')( , "1 F. I L , X X , t. X ... W f-l , F X I-' ''/ ~ ~ , E X P N W 0 , t. X P N \'1 M ,OF." f , I'! 1 , '( K 1 t , 

R'IH,'1I2,C1 ,C?,C~) 
A("Jf11~WEItJ)*~1*XKll 

14 CUNTt~UF. -
DO tt;; J=l,M 
r=El*U(J)+F2 
JJ1=J+N 
JJ:?=J+r.'+N 
NJ12=(JJ1-1)*~N!+T 
N..Jt3=(JJ2-1)*~~~T 
C Il '- L X K F. HI:=' ( T , X, '/: II., X )( d: x ~ 1'/ P , F X I-' \,oj a.A , F. X ~ N 'N P , t. X P ", W M , n E '" , N 1 , r , l( K 1. 2 , 
8Wl'~2'Cl'C?,C3) • 

CAL L X K ~ H 1.:3 ( T , X , '" F. I I. , )( x , I:. )( ~ 'N P , J: X P 'If M , E )( f-I N W P , t. X P N W M ,DE N , N 1 , r , X K 13 , 
,QWt,'ft2,Cl ,C~,C3) 
A(~J121=wE(J)*El*l(K12 
A(NJ131=wE(J>*Et*l( K1 3 

15 CONTrNUF 
13 COf\:TTNUE 

. UO 16 ..J=l,N 
N..Jll=(..J-l)*MM+N 
A(NJtl)=O. 

16 CONTtNUF. 
Uo 17 ..J=l,M 
..J..Jl=J+N 
..JJ2=J+M+N 
N..J12= (JJ1-t) 'i<MMHoI 
NJ13=(..JJ2-t)*MM+~ 

.A(NJ12)=lJ·. 
A(NJ13J=U. 

17 CONTrNUE 
rot- 12='1/2 
IJO 1~ I=1,~}tl 
lI1=r+N 
1I2=r+r-'+N 
X=El*V(T.)+E? 
I~(r.EQ.M12)r,O T0 30 
IJ 0 10 ..J = 1 , I'J 
r =R 1 * S LJ) +R 2 
N..J~1=(..J-1)1:MM+Ill 
NJ~l=(..J-l)*M~+II? 
CALL XKEH21(T'')('~Elt_,XX,tx~~P'~Xf-lW~,EV~NWP,t.XPNW~,nE~'Nl'r,XK21, 
RW1'W?,C1'C~,C3) . 

CALL XK~H31(T'X"~EIl,XX,~X-WP,FXP~~,EXPNWo.t.Xp~w~,nE~'~1'~,XK31, 
,qWl,'ft?,Cl,C2,C3) 
A(NJ21)=wEr(J)*el·x~?1 
A(N~31)=WET(J)*H,*XK31 

lq CONTT~UF" -
00 ?O J=l,~ 
T=E 1:t:lJ (,J ) l-E? 
..J..Jl=J+N 
JJ?=J+tJ+ N 
N..J?2=(JJt-l)*~~+rIl 
N..J?3=(..Jj2-1)*~~+T't 
NJ32=(..JJt-l)*w~~TI2 
N..J33=(..JJ2-1)*~~+TI2 _ . 
CALL XKCH22(T'X'w~It_,XX'~X~WP,FXP~v,EXf-lNwn,t.XPNW~,~EN'N"r,XK22, 

RW1,w"Cl· C2,C3) .. . 
CALL XKEH23(T'X.~F.Il,XX,tX~WP'E~P~¥,EXf-INWP.t.XPNWM,nEN'Nl'D'XK23, 
RW1,~?,C~.C~,(3) .' .. .~- .. -- ". - . 
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..... SUHROUTTNE U\GUF.R (!lJN,X,A) 

C l\LCIJLI\TES T~E It:...,05 Y ( I) OF THE NI'I-T~ ORnER 
Ll\GIJEHHE POLYNmJlA, LN(ALF) FOH Tf.JF ~EG~'ENT(ndt-:F) 
ALF IS T~KEN ZERO.T~F. SMALlEST ZERO WILL RE STOpEO IN 
I\LSO CALrtJLATES fH~ COHHESPONOING r:Ut.rFTCJENTS "(1) 
uF THE ~~-TH ORGER LAGUERRE ~UI\OR!\TUHE FORMULA CF 
DEGREE 2*":1'1-1. 

SUBROUTINE LGHOOT(X'NN,C~N,PN1,B,CtEPS) 

- ... -.- .. -- . TMPROVEc:;T~F t\PPR"X!l"L\TE ROOT X. 
DPN:UERTVAfTVE O~ P(N) AT X 
PN1=VAl.,-,E: OF P (N-~) AT X 

IMPLICIT REAL*~ .(A-H'O-Z) 
DIMENSION R(NN)'C(NN) 
IrER=O 

1 IfER=ITEH+t 
CALL LGR~CR(P'DP,PNl,X,NN~n'C) 
U=P/OP 



c 
c 

c 
C 
c 

c 
c 
c 

C 
C 
C 

.C 
C 
C 

C 
C 
C 

C 
C 
C 

-_0 ... .;. 

.'. ],,07 

SUAROUTyNE lGHECR(PN,OPN,P~l,X,NN,~,C) 
IMfJlICIT RFAL*~ (l\-H,O-Z, - ----. 
UI~ENSI()N H("IN) 'r(NN) -
Pl =1.°. -'-
p =X-l. 
C .... l=O •. 
u .... =1. 
UO 1 J=~'NN 
Q ={X-~(J»~P-C(J)*Pl 
CQ =(X-~tJ»*OP+6-C(J)*O""1 
.... 1 ::P 
.... =~ 
C .... 1=np 

1 OP =nQ 
.... N =p 
U .... N=np 
.... Nt=Pl 
I-(tTUR~ 
E..NO 

··-~-FUNCtlb", n7 <0 ,r-,)(p W1 ~ \Ij~-)-
I~PLTCIT HEAL*~ (A-H,C-Z, 
C7=<t-X)*< ~1/(~,**~.*n*.2 +(f-X)**2.) 

~ -W2/(~~**?*O**~~+(T-X)**?» 
HtTLRN 
t:ND 

~UNCTION n~(D'T'x,Wt.W2) 

.. / 

I~PLTCIT REAL*A (I\-t-',O-l, 
G~=O~(-~l/(Wt**~ *n**2.+(T_X)**2.)~W~/(W2**~.*O**2.+(T-X)**2.') 
Ht TUf~f\I • 
t:NI) 

f-lJNCTIO"~ 02(O,T,':(,W 1 ,w?,CJ.C2,C3) 
I~PLICIT HEftL*A tA-~,C-l, 
x1=Wt**3./«Wt*(T+X»**2.+"**2.) 
x2=W2**~./«W2*(T+X»**2.+"**~.) . 
x.~= __ (-'/I1*-*2.-*C~* (W?*T +\'11 * l( hI ( {1I42*T +w 1 *x ) *it2 ..+O*.~ .J
x4=_(W2**2.*C3*(wt*T+W2*X),/«Wl*T+W2*X)**2·+C**2.l 
q2~_Cl*(r+X)*(xt+X2)+X~+X4 . 
Ht:TURN 
t:NO 



C 
C 
C 

C 

fUNCTIO~ OR(n,r'X,Wl,W2,Cl.C2,C3) 
I~PLtCITc RE~L~A (A-~,C-Z' 
Xl= Wl/«wt*(r+X».*2.+C**~.' 

" 

X2= W2/«~~*(T+X»~*2.+D~*~.) . 
)(3 = W 1 * '* ~ .... C ~ * ( \OJ? * T + 'II 1 ... X ) / r (\OJ 2 * T + 'II, * X ) *' * 2 • +u * ... 2 • ) 
x4=-W2 .... 2.*C3*(Wi*T+W2*X)/'(Wl*T+W~*X)**2.+U**~.) 
QH=-Cl*(T+X)*(~1+X2)+X3+X.4 
Kt:TURN 
t:Nf) 

___ C ___ . __ . __ _ 
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C 
C 
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~UNCTION Q~(n,r,X,~1,W2'Cl.C2'C3) 
IMPLtCIT HEAL'*~ (A-h,C-l, 
Xl= Wl*Cl/«Wl*(T+X»**2.+~**2.) 
X2~ W2*Cl/«W~*(T+X».*2.+"**~.)· 
X3=-Wl*f2/( (W2*T+Wl'*X)**2.LO**?) 
X4= W2*C3/«Wl*T.W2*X'**2. L O**?) 
Qf,=O* (X t +'(2f-'< ~+')(ll) 
~I:. fURI\;" ... . 
I:.MJ 

~UNCTION FHN(T,')(,~1'W2,Cl'~2,C~'Z2,Z3'l4'Wl 
I~PLICIT RE~L*~ (Q-h,O-Z, '. 
Ht=Wl**2.*Cl *(~C2*C3*l1-l3+Cl*"'2.*Z4+~.*C2*C3' . 
H2=Wl**2.*C2 *(-Cl**2.*72+l~-Cl**2.*l4~?*C2*C3f-l.) 
K3=Wl**2.*Cl**2 •• (-(1./Cl*.2. J *Z3+?4+1./C,**2.-t.' 
KL~='Hl**2.*Cl*C2 *(l2-h) , 
K5=W2**2.*Ct *(Cl*.2.*l~-l3-C2*~3*Z4+2.*~2*C3) 
H6=W?**2.*C3 *(Ct**2.*l~-73+Cl**2.*Z4+,.*C2*C3-1.) 
K7~W?**?*Ct**2.*(-l2+(1./~1**2.)*73-1./C'**2.+1.) 
H~=W~**~.*Cl*C3 .(24-1.) 
~HN=Rl*nEXp(-W*Wt*(T+X»+H~*OEXP(-W*(W2*T+Wl*X» 

~ + R ,~ * r. E X p { + w'" \111 * ( T - X ) ) + KIt *0 ~ )t P ( + W * ( W 2 * T- '" 1 * X H 
R +R5*rtXp(-"'*W?*(T+X»+K~*n~~p(-w*(Wl*T+~¢*X» 
R +R1*~~XP(+~.W~.(T-X»+H~*O~YP(+W*(Wl*T-W~*X" 

____ . __ ~ ______ HI:: TURN-- ----. -- ----- .. :---- . -------- .. -.. --.. -- .. 

C 
C 
C 

c 
--. C-
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~NO 

~UNCTIU~ GN(T'~'Wl'W2'Cl,~~'C3'Z2'73'l4.W' 
I~PLrCIT RE~L*~ (~-~,C-Z, 
51= Wl .Cl . *(-C2*C3*l~-13+Cl**2.*l4+?*C2*C3) 
~2= Wl*~l.*2.*C~*(-Cl**2.*~2+l~-Cl**2.*Z4-~.*C~~C~+1.) 
~3=-Wl .Ct**2.*(-(I./Cl*~2.).Z3+?4+l./C'**~.~1.) 
S4=-~1**3.*Ct·C2.(Z2-1.) -
S5= W2* Cl *(Ct*·2.*l~-lj-C?*C3*Z4+2.*~~*C~) 
Sf,= W2*~2**2.,*C3*(Cl**'.*l?-lj+Ct*.2.*Z4+?*C2*C1-1.l 
S1=-W2* Cl**~.*(-12+(t.lrl**~.)*73-1./C1*·~.+t.l
SA=-W2**3.*Ct*C3«(ZU-l.> 
G~=~t*OFXP(-W*wt*(T+X)}+52~CEXP(-W*(W2*T+W'*X» 

R +~3*D~Xpr+~*~\*{T-X)1+~4.CEXP(+W*(W'*T-~t~X» 
~ +SS*UEXP(-W*w2*(T+X»+S6+CEj~(-W*(Wl*T+~?*X» 
R+S7*OFXP(+W*W~*(T-X»+S8~DEXP(+W*(Wl*T-W2*X» 

Kt:rURI'; 
tiNO 

\ 
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~ u P f~ 0 {~ r r 1'1 E X If ~ ~ ~ ~ ( T , ')( , fI , 1.. I , E Y I-' I" fJ , F v P W ~ , E X P N W!J , E '( P N I.~ ~ , C E t\ ,N , C , )( t<. :3 
RW1'~2'~t'C?,(3) . 
. I~PLTCIT REAL*~ (ft-H,C-l, . 
OI~ENsInN ~(l)''(T(l),EXPw~rl)'FXfJN~P(l),EVPNW~(,),nEN(t) 
X"~3::GENC(T'X'Wl;W2'Cl,C2'~3)-~7(?.8'1'X,~1'W?1/(W1-W2) 
Xl::Q~(2.*O'T,X'Wl'W?,Cl,C2,C3) 
X2:GR(2.*O,1.-T" .-X,Wt'W2,Ct'C2'C~) 
XK33::XK33-(XI- X2;!(Wt-W?) 
Uo 1 I=l,N 
W::XI(I) 
l2=EXPWVl!1 
l5::F.XPN'~t-' ( ! ) 
l4::E')(PN~M(T) -
Xj:GS(r,X'~1,~2'rt'C?'C3'l~'Z3'Z4'W) 
X 4:: G 5 ( 1 • - T , 1 • - 'J( , '1 t , W 2 , C 1 ' C ~ , C 5 , Z? , 7:3 , 74 , W 1 
X K 3 3:: X K en +? • .., A l r l * ( )( 3 -X 4 ) * ~ IN ( ~* 0 ) .. * 2 I (J EN ( T ) I (W 1 -!,oj 2 ) 
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C 
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Ht:.TURN 
t:NO 

.. . . . . .1l2.. _ . _ _ 

I~PLrCIT qt~L*~ <~-~,O-L' 
()P/ENSI0~ 1\(1),4(U 
It-(~)?'3,~~'1 

St:.ARCH FU~ GRfAT~ST fLE~t:NT TN ~ATQIX A 
t II-.~=n 

fJIV=n. 
~~=tJi:tJ 
"'!Ii'=N*~ 
UU·3 L=1 ,"''1 
I H~ "RS (fll U ) 
It- ( Tn~I·H v P ,1 , ~ 

2 fJIV=TH 
T=L 

3 CONTTI\U~ 
fOL=F:I-lS*~I" 
!,,<T) [S !-'T'/OT t.Lr:-~tNT. I-lIV COI\TAINS T .... E AoC::;Ult.~TE VALIJE ('Fl A(I). 

srART t:Ll'lINAT!O"l LOOP 
L~T=1 
UlJ. 17 K::l,V 

r t.S T eN ~ !NGIJU'~ T TV 
It- (PrV )?j,~~,t~ 

I~ I t- ( I E H )7 , ~ , 7 
5 It- t I-lTV-TUl l 6,6,7 
6 It:.H=K-1 
7 fJIIII=t./A(I·) 

J=( 1-1) 1!Ii' 
I=T-J*~-r<
J=J+1.-K 
I+K IS qU~-INUE,(, J+K COLU~.N-II\OEX OF PIVOT t.LEtJEI\T 

p IV(JT fH)W qEotJCT TON "1\0 HO,.! INTERCHANGf.. H! H IGHT ~l\Nn SrOF R 
00 F3 L=I<:''',&A,M 
LL=L+I 
fH=PTVI*K(LL) 
H(LL)=HrL) 

R H(L)=T~ 

IS E[H'INHIO~ TC"R~nlnTf:() 
. It-(K-~)Q'~R.tR 

C CULU~I\ TNT~R(h~I\~F T~ ~ftTHTX n 
Q Lt~O=LST+'1-K . 

It-(J)12,1?,10 
10 II=J*~ uo 11 L::LST,LFNr: 

fH=1\ (L)· 
LL=L+II 
A ( L ) = A ( 1_ L ) 

11 I\(Ll)=IR 
C 
C HU'.,/ TI'I r~1-<C'"'I\"l(~I:,\"IJ PIvOT ~C'~ 1~E:.nlJrTt(JN P: fVlA'TRpt' f\ 

12 ,uu t~ L:::LST,~"''''v 
LL::L+1 
TH=PTVI*l\fLL) 
A(LL)=A(Ll 

13 /\!L)=H3 
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C 
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14 

15 

16 
17 

lP 
HtlCK SUI~'::lTTTIJll()~J tl":L1 Pf\CK JNIFHC"'!lNGI-. 
It- (~-1) ?'S ,?" H~ 
l~l=~rv+'" . 19 
L~J=f/+l 
IJU 21 I=?,'" 
II=LS1-! 
I~T=TST-LST 
L=lST-1V 
L=/\(L)+.'" 
DU 21 ..J=IT,N~'''' 
lH=R(..J) 
LL=..J 
U() 20 K=lST,,.m.~ 
LL=LL+l 

~O lH=TA-A(K)*R(LL) 
K=J+L 
H(J)=R(K) 

21K (K) =11:::! 
22 HtTURI\ 

C EHROR RFI' JRN 
23 ItH=-] 

HtTURr... 
tNO 

, 
i 

I 
! 

. I 
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