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NUMERICAL ANALYSIS
_OF TWO DIMENSIONAL INCOMPRESSIBLE

LAMINAR AND TURBULENT BOUNDARY LAYERS

The present study deals with the numerical selution of steady, two
dimensional, incompressible, laminar and turbulent boundary layers.
Existing numerical methods havé’been reviewed and a solution method is
constructed which uses Finite Difference Scheme in the streamwise

direction énd Finife Element Mefhod'in the normal direction. Based on

this soluti6n>method three versions of a'compuﬁer code have been -
developed. Similar, non—similar and thbulent flows are considered as
applications to test the code; The results which are summarized in

tabular and graphical form, are compared with exact and other available
numerical solutions. It is observed that the performanée of the program
~primarily depends on the number and size of fhe elements used, the type -

of the flow and the abproach of separation. The accuracy is more than

99 per Qent for most of the flows and 94"per cent for:turbulent flow. It is
concluded that fhe'computer codé developed is applicable. finaliy,
recommendations are giQen for which the computer metﬁod can be generalized

and improved.



IKI BOYUTLU SIKISTIRILAMAYAN
"LAMINER VE- TURBULANSLI SINIR KATMANLARININ

NOMERIK ANALIZI

Bu galigmada; sﬁnUmlehmi@, iki boyutlu, sikigtirilamayan, laminer ve
tirbiilansli sinir katmanlarinin nﬂmefik §azUmU konu edilmigtir, Var
olan niimerik ydntemler arastirilmis ve yatay dofrultuda sonlu farklar,
dikey dégrultuda ise sonlu elemanlar yontemlerini kullanan bir ¢dzidm
ﬁetodu olﬁgturulmhgtur. Bu ¢oziim yontemine bagli olarék lic ayr1 tipi
olan bir bilgisayar programl gelistirilmigtir. Geligtirileh bilgisayar
progfamlnl sinama amaciyla, benzer,'benzer‘olmayan ve turblilansla
ak1§1ar uygulama olarak elé alinmistar. Tablo ve sekiller halinde
ozetlenmig olan sdhuglar, kesin gbzimler ve bé@ka niimerik yontem -
gﬁzUmleriyle kér§1la§tir11m1§tlr. Program perfofman31h1n oncelikle;
kullanllan:elemanlarln'say1 ve bliylikligiine, akis tipine ve ayrigim
noktasina olan uzakliga bagli oldugu saptanmlgtir. Bir ¢ok akl§ icin
sonuglarin dogruluk orani ylizde 99'dan yiksek ve tirbiilansli akisglar
iginvyﬁzde 94tir. Gelistirilen bilgisayar programinin uygulanabilir
oldugu Sonucuna_vérllmlgtlr. Son olarak, bilgisayar yﬁnteminin gehel—

legtirilmesi ve geligtirilmesi igin tavsiyelerde bulunulmustur.
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CHAPTER I
" INTRODUCTION

The secand half of the XIXth century witnessed great progress in the
‘area of science and technology. The deyvelopment of fluid mechanics -

~ consisted of two major coﬁponents which diQerged from each other.

The scientific component, namely theoretical hydrodynamics, was almost
complete. Its results on thevﬁther hand did not match with experiments.
Cénseduently,»fechnological needs gave way to the second'component

which was of empirical nature. - . /o

In 1904 Ludwig Prandtl'S’praétical considerations was able to unify
these two components in order to analyze viscous flows accurately.
The experimentally proven theoretical cansiderations showed that high
Reynolds number flow around a solid body could be anélyzed.in two
- parts: | .

a; The analysis of the thin layer in the neighbourhood of the

solid body- boundary layer- and A
b—'The analysis of the remaininé region outside this layer; pofential

flow region-.

- The -theory. of the boundéry layéf Has'developed at a very fast rate.
Several areas of. fluid dynamics,‘particulafly aerqdynamics and gas
dynamiés enhancéd its improvement. The célculation'of skin Frictidn
agag’pléys the mosf important. role in its use; e.g., flat plate at

"zero'incidence, drag'of a ship, aeroplanp wing, turbine Blade. Complete



design of various’ components-can only be achieved by the relevant
treatment of the boundary layer theory. Stall phenomenon can only

be explained by this powerful and practically very important theory.

Boundary layers may be of different types. For éxample,

Two or three dimensional boundary layers

Incompressible or compressible boundary layers

Laminar or turbulent boundary layers

Various combinations of the above

f

~

This theory yields a set of partial differential equations which are
non-linear and parabdlic the derivation of which will be reviewed
in the next chapter. The solution of these equations poses several
difficulties because of their non-linearity. Furthermore, turbulent
boundary layers do not permit anélytical solution at all. Conseqhently;:
a literature survey is presented in Chapter III tg illustrate many
diverse approaﬁheé to their solution. Boundary layer flow solutions
may be classified as follows.
a- Analytical solutions:
This way two dimensionallaminar boundary. layers can be solved
by similarity transformation and various series methods. |
b- Numerical solutions:
| i- Integral Methods:
These methods were developed in the first QUarter of the
current century for the purpose of obtaining ét least some
approximate solutions ta the boundary layer flows which
are impossible to solvé analytiéally. |
ii-Differential Methods:
The theory for the differential methods of sblution had
already_beén in existance in the beginning of the XXth céntury.

-Théir wide spread application, however, Was‘only possible



after the invent of the digital cqmputers. Application of
these methods by the use of the new generation high speed

computers yields accurate solutions to boundary layer flows.

The principal objective of the present study is to develop a finite-
‘element computer code to solve laminar or. turbulent two dimensional
incompressible boundary layer- flows. The solution method used is largely

' based an the work by Bismarck-Nasr(34).

Chapter II of the present work outlines the basic steps leading to

-~

the classical boundary layer formulation of Prandtl.

Chapter I1I contains a brief literature survey on the existing numerical

methods of solving boundary layer flows.

Chapter IV treats_in»sequence the details of the present solution
method, the finite-element approach used and the computercode developed.

Further details are given in the Appehdices.

Some applications of the .code are reported in Chapter VI and the ensuing

conclusion are listed in Chapter VII.



CHAPTER 1I
~ "THEORY'OF THE TWO DIMENSIONAL BOUNDARY LAYERS

2.1 Derivation of Boundary Layef Equations

The Boundary Layer Theory deals with high Reynolds number flows in
which the vélocities are of the order of the free stream velocity,

u (Fig. 1) with the exception of ﬁhe immediate neighbourhood of the
surface of the slender body which is.also depicted in fhe figuré mentioned.
Unlike potential flow the fluid does not slide over the wall but adheres
to it. The velocity reaches the value of thé free stream in a very

thin layer, the so called boundary layer (German, Grenzschichten or

Reibungsschichten; French, couches limites; Turkish, sinir katmani).

Consequently, there are two regions to be considered in detail:
1. In the boundary layer, the velocity grédient normal to the
wall is very large (3u/dy). Even if the dynamic viscosity,

M ,is small, the shearing stress

Tz u (du/dy) o (2.1)
may assume very large values. '
2. In the remaining region éufside the boundary layer, the inFlueﬁce
of viscosity is unimpoftant, hence the flbw may be‘treated

‘as being potential.

Prandtl's formulation of the boundary layer flow by .considering an

- asymptotic form.of the governing fluid flow equations as the Reynolds
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number approaches infinity. For this purpose the Reynolds number is

défined as

Re = 1 U=

5 (2.2)

where 1 denotes the length from the leading edge, U the freé stream

velocity and v, thekinematic viscosity.

It should be”pdinted out that in the éctuél case the Reynolds number

is nevef infinite, although it is very'large.

~

The full equations of motion for two-dimensional incompressible flow

(Navier-Stokes Equations) are given by

Q>
[\
cC
Qo
N
c

au du du __13p .

SET Ut Vay T Tpax TV ekt ey (231

dv dv v __19p 3%y 9%y .

UV T oy Y Lae ey ) (2.3.2)
du  Jv _

These equationé can be cast into a nonfdimensional form by using the

following non-dimensional variables.

Y = /Re y/1

= /U V = /Re v/U»  (2.5.3,4)
= U £/1 P = P/pUb (2.5.5,6)
Consequently, Eqst(2.3.1,2) and (2.4) become
U U U P . 1 3% . 3% -
UtV T T T Re X T avE (2.6.1)
1.9V . 8V a8V, 9P . 183V 8%V 1
Re (ot +Uax*Vay)s ~av " REX® T OV Re (2.6.2)
3U 3V
Sx*+tgy =0 (2.7)



The derivation of Egs.(2.6.1,2) and (2.7) is shown in Appendix A1.

When the assumption of Re having an infinite value is applied, Eqs.(2.6.1,2)

reduce to

aU oU U a S
Ut Ve~ 5; M H (2.8.1)
_ 9P ‘
0= v ' . - (2.8.2)

while Eq.(2.7) remains the same.

If Egs.(2.8.1) and (2.7) are transfofmgd back into the dimensional
form with the additional assumption of'steady flow, the system of
equations for steady two dimensional, incompressible, laminar boundary

layers simplifies to:

g, 8u __1dp 8% |
Uas + Vv 5y - T b dx + vV 5;2 | (2.9) .
%4'%_;:0‘ . ' | (2.4)

with the boundary conditions
u=20 ,o v=0 at y=0 (zero velocity at the wall)

u

U(x) | at y = d (smooth merging into the potential

velocity) (2.10)

"Egs.(2.4,9,10) are commonly known as Prandtl's equations of the boundary.
layer flow. These equations can be .generalized to two-dimensional
(and axisymmetric), compressible, turbulent boundary layers as follows(21):

Continuity:
K

2 W+ (K - ' 2.11
5 (r e u) + 8y(r pv) =0 : _ o ( )

where k denotes the parameter of ax1symmetr1c1ty (k=1, for axisymmetric
case, k 0, for two dimensional case), r, the distance From the axis

of symmetricity. As can be seen Eq.(2.11) has the form for the compressiblé

flow case.



Momentum:
du du _ d -k 3 k, Bu  ——
Uzx*t Vi TTax*t T 5;( r (u 3y ~ Pu'V' )) | (2.12)

with the same boundary condifions Eq.(2.10).

It is important to note that the term u'v' in Eq.(2.12) represents
the accelerated rate of momentum transfer due to the turbulent velocity

fluctuations. The conéideratidns leading to Egs.(2.11,12) are outlilned

in Appendix A2.



CHAPTER 1III
LITERATURE SURVEY

The solution of Eqs.(2.10,11,12).n§s been extensively studied since

the beginning of the current century. These parébolic non-linear partial
differential equations werérfirst treated by Blasius(1) who employed

a similarity transformation and succeeded in obtaining an exant solution

to the laminar boundary layer flow over flat plate.

Falkner and Skan(2) obtained analytical éolutions of laminar boundéfy.
layers with.constant.preésure gradient pérameters. This way they could
include either favourable (B>0) or advérse (B<0) pressure gradients.
Once again similarity transformation was the major tool leading to

an exact solution of every different f3-case.

The next step was tne treatment of the case of variable pressure gradients.
Howarth(3) solved the laminar boundary layer with linearly decreasing
pressure gradient parameter and detefmined the value of before the

boundary layer séparates from the surface.

Slnce this problem had an immediate and necessary appllcatlon, approximate
. methods of varying accuracy wh1ch go beyond thefbrmalprocesses of
expansions in series were dev1sed by Thwaltes(a) and Pohlhausen(S).

For this purpose the integral forms of Egs.(2.10-12) were employedt

. Ponlhausen's method assumes a family of analytically definéd velocity

distributions. It gives poor results in regions of rising pressure.
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'Thewaites' method,‘on the éther hand, combines several parameters
of the boundary layer and integrates them. This method obtains results

which are closer to the exact solution than the results of Pohlhausen's

method.'

A German.scientist, Gértler(6), introduced an approximation method
whibh was suitable for solvipg,npn-similaf-boundapy_layers on desk
.calculatorsﬁ The advantage of. the Géftler'Sefies Method is that many

of théucoefficients can be worked out once and for all and looked

up for the solution of a particdlar problem. This method uses a special

kind of transformation and it can obtain solutions for complex geometires,

aswell,

Finite Differeqce Methods (FDM) were extensively used to obtain field

solution of boundary layer equations. An example for the application

/

/
of the method can be found in Werle and Davis' paper(7) where the

effect of adverse pressure gradient was studied past a parabola at
“an angie of attack. Separation point of the boundary layer was also’
determined. Another application of FDM was performed by Cebeci and

Keller(9) to solve Falkner-Skan problem numerically.

The invent and improvement of digital computers in 1970s enabied the
researchers to apply Finite Element Method (FEM) extensively. Oden

and Wellford Jr.(10) solved the Blasius problem by FEM obtaining the
exact solution. Tadros and Kirkhope(11) applied the same method for
the same problem.to study the effect‘of differéntlelement,shapes and
different approximation ppiyn;mials. The analysis showed that higher

order polynomials play more important role in obtaining the exact

 results than tHe increase of number of elements.

Lynh.and Alani(12) applied the Least Squafes FEM for two dimensional
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‘ laminar boundary layer analysié. They performed exhaustive numerical
investigations in the retarded flow over a plate, flow past a circular
cylinder the flow past an elliptic cylindef.'The results obtained

are in good agreement with exact solutions.

Another step to complicaﬁion is the inclusion of turbulunce. A published
lecture of Bradshaw(13) discusses' several aspects of ‘Turbulent Boundary
Layers (TBL) Since there are no analytlcal solutions to turbulent
boundary layer flows he especially .stresses the importance of numerical
methods based on the differential ;;rm of the boundary layer equations.
Biringen and Levi(14) solved this problem for two dimensions by FDM

using two-equation model of turbulence. Their results are in good

agreement with previous methods and experiments.

Rastogi and Rodi(15), on the other hand, solved the;three—dimensiongl“
problem using FDM and k-e model of turbulence. Their results aré also
feasonable. Keller and Cebeci(16) soived the same problem for two-
dimensional caserﬂsing FDM and eddy viscosity model of turbulence.

This study.yielded aécuréte results effectively. Since the bdundary
layer has a parabolic character marching in the x-direction is possible.
' Uéing an initial velocity profile the authors obtained éolutions at

consequtiVe stations along the x-direction by an iterative method.

Both for integral and differential calculation methods Dean(17)'developed
a formula for the complete velocity profile in turbulent boundary |
layers. Comparison with experimental data shows the applicability

~.0F-therpr0posed formulation.

Yeung and Yang(18) applied the method of 1ntegral relations (MIR)
for- 1ncompr8381ble two-dimensional TBL. Although their results are

good for zero and favourable pressure gradlents they deviate drastically

from experiments for adverse pressure gradients.
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‘Turbulence modelling plays a very'important~role in the application

of numerical methodsf Rodi(19) discusses the merits and demerifs of
various modelling methods. Launder aﬁd Spaldinj(ZO) present in their
book»numerous mathematical models for the same purpose. The widely
accepted and éuccessfully applied "Eddy Viscoéity Modeiliné"‘technique
is explained by Cebeci.ahd Smith(21) and Cebeci and Bradshaw(22) in
detail. |

Wheeler and Johnston(23) predicted three-dimensional TBL using several
turbulence modelling methods. The h;gh sensitivity of the results
obtained to the free stream pressure gradient in separating flow cases
. is also demonstrated. The same problem is attacke? by Bradshaw and
Ferriss(24). Their results are in good agreement with experiment for
incompressible case., The inclusion of compressibility, on the other

/

hand, brings some problems with it.

Sharma et al.(25) inveétigated'both experimentally and numerically
the boundary layef development on turbine airfoil suction surfaces.
This paper is a>£Ypical e*ample which describes the application of
both expefimental and humerical’methods for the design of the airfoil

of a turbine blade.



CHAPTER IV
‘METHOD .-OF ~ SOLUTION.

4.1 Introduction

”~

The aim of the present study is to solve the boundary layer Eqgs.(2.11,12)
for incompressible, two-dimensional, laminar, similar and non-similar
and for turbulent cases. For this purpose a method of solution is

developed whichfis largely based on the paper of Bismarck-Nasr(34).

The governing equations are peduced to the two-dimensional case. §he
singularit& ét tﬁéxleéding'edge is removed by the application of Levy-
Lees transformation. Momentum equation is linearized by Newton's method.
The method of solution.uses finite difference method in the streamwise

direction and finite element method in the normal direction.

The computer program developed is based on the method of solution

is presented in Chapter V.

4.2 Reduction of Governing Equations to Two-Dimensional Case and -

Transformation to Remove the Singularity at the Origin

The Reynolds éhear stress in the £q.(2.12) is related to the mean

velocity . field through eddy viscosity relationship:

—— __Bu ,,
- pu'v'._pemay ‘ . (4.1)
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Substituting Eq.(4.1) into Eq.(2.12) and noting that k=0 for two-dimensional

’ flowrand p= constant for incompressible flow, Egs.(2.11,12) become

au . av ' :
x tay -0 (2.4
oudu L8 dp 3 Bu o Buy g
Ix 3y ax Y3y * H 5y P& oy .

with the same boundary conditions £q.(2.10).

These equations'poséss a singularity at thé origin; This singularity
wiil be removed Ey using the Levy—yges transformation (for details
of this transformation see Hayes and Probstein(26)). The Levy—Lees
transformation causes the coordinates to be stretchéd aécdrding to

the equations

dg ipu Ue dx ' o (4.3.1)

dn =(pUe / V2E ) dy (4.3.2)
A stream function, Y(x,y),; is defined-according to the equations

ou = BU/dy - | (4.4.7)

ov =-3U/3x | | (4.4.2)

A dimensionless stream function, f(,n), is related to Y(x,y) as follows.
W(x,y) = V28 f(g,m) ' | o (4.5)
_'Mence, the partial derivative operators in the (x,y) coordinate.system

can be related to those in the (§,n) system as

) - 3 n 3 . , . N
(5;) =pu U? (—gz + 3T sﬁ ) (4.6.1).
] _pUe 3 k i

(5;) = JoF (an) - | . §4.6.2)

(Y o /ZE ( gg + 55 - S 47

(R -yE e o (4.7.2)
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" where
f'ri 3f/an _ ) (4.8)
u =Ue f' _ }l ‘ ‘ (4.9.1)
v = -y Ue/ZE ( % + g—g+ f! 3—2 ) | (4.9.2)

CIf thg terms of (4.2) are evaualted separately in . the transformed
coordinates'éhd the necessary cancellations are performed, the following

" equation is obtained:

”~

((l+ €5 )+ FFY 4 g(1- (F1)2) = 26 (F° %g' - g _%f ) (4.10)

where the pressure gradient parameter, g, and the dimensionless eddy

viscosity, et, are given by

2g dUe ,
and
e z¢e /v : o _ (4.12)

m

The superscript ( )' indicates the derivative with respect to n. The
boundary conditions of Eq.(4.10) are obtained by transforming Eq.(2.10)

into the Levy-Lees coordinate system (&,7).

f.=0 ) ft =0 at n=20
) f" - 1 at n = nm ] ’ ] (4013)

The details of the above development are given in Appendix B.

4.3 Modelling and Transformation of Eddy Viscosity

A two region eddy viScosity model is used un the present analysis,
In this model, the boundary layer is assumed to be composed of two

- regions.
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The eddy viscosity expression used in the inner region is based on

" Prandtl's mixing length theory and incbrporétes the modifications
introduced by Van Driest(35) td account for the viscous sublayer close
.tovthe wall‘and by Cebeci(27)_t0‘account for flows with non-zero preSSuré
gradient;, This expression is given by

du
ay

(4.14)

ey = (0.47)7 (1= ey (B4 BV G2 g5y

In the outer region, the eddy viscosity is assumed to be constant

but includes Klebanoff's intermittericy factor(36) :

. e_=-0.0168
0

fw(Ue-u) dy ] (1+ 5.5 5°H™ (4.15)
The inner andﬁouter eddy-viscosity expressions, € and €, are matched
by the requirement ‘of continuity, i.e. if € = € then-~€0 is calculated
only. B -

Upon application of the Levy-Lees transformation given by Egs.(4.3.1,2),

Egs.(4.14,15) become

el = 0.167 || n® (1—exp(- (;n/ze)(|f;/c—8n/;|)1/25)2 (4.16)

1
6 \-1
eh = 0.01688 [of7(1-F") dn | (145.5(2)° ) (4.17)
where , A .
z =vV28/Mm o o o (4.18)

The details of this transformation can be found in Appendix C.

4.4 Marching Solution in_Streamwise Direction

Since Eq.(4.10) is a parabolic partial differential equation, a solution |
AAhcan be obtained'byAmafching up in the streamwise direction. ?or this
pufpose; the boundary layer is divided into a number of stations-along

'~thé &—direction-ahd the £-derivatives are approximated by a two-point
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finite difference formula. Thus, the right—hand-side of Eq.(4.10)

is replaced by
B FE . | SR
Dt e (e , ‘
e VU A AR AR
n- °n-1 ,

~ where the subscripts n and n-1 refer to the present and preceding

stations, respectively.

.Hence,Eq.(4;10) can be writtén as a ﬁon—lihear ordinary differential

equation as follows

(™)) o FFY 4B (1-(F192) = alf'(f' - Fro) - P - F ) (4.19)
where
£+ & o
o =201 | | | (4.20)
v ' gn. - gn_fl
In £q.(4.19) and the following equations, the subscript n under f,,

f', etc. is omitted for convenience.

4.5 Linearization of Momentum Equation

The momentum equation (4.19) is linearized by using. Newton's iterative

method. The higher order iterates are replaced by the following expressions

i) (1) se(d) L (4.21.1)
e (i) | (B, g (@) o .' . (4.21.2)
cn(i+1) (), gen(d) : | (4.21.3)
,f"{§i+1) :f".ki5+ gene (10 | | | (4.21.4)

;Consequentiy, the following ordinary differéntial equation is obtained:
”qiaf"' + qzafﬁ + qz8f" + q4§f + Qg = q ‘ | ' (4.22)

" where
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1 +

qii: e 3 ’ ’ | - (4.23.1)
G = (1 €D —of 4+ (ho)f . o w2
Ay =ofly - 2me)f | S (4.23.3)
q, = (Twa)f | | O (4.23.8)

q5'=-l$1+€+)f?{ + {(1+€*)1 - afn—1}f" + aft _,f!
+ (14Q)FF" — (Bea) (') Y | | (4.23.5)

The derivation of Egs.(4.22,23) is.given in Appendix D.

An initial guess is required for this iterative solution scheme which
must satisfy the boundary conditions. The boundéry conditions given

by Eq.(4.13) take the form

§f(E,0) = 0 (4.24.1)
/ .

6f'(g,0) = 0 (4.24.2)
sf(nn)=0 (4.74.3)

4,6 Galerkin Finite-Element Formulation

- Aftef the solution domain is divided into a number of stations in |

the E-direction, a Galerkin fype finite element method is used>at

eaéh station to solve Eq.(4.22). subject to the boundary conditions -

given by Egs.(4.24.1-3). For this purpose, each E-station is Fufther
subdivided into a number of nodes. The sections between two_cosequtive

nodes ‘are cailed elements. In.tﬁése elemenfs the unknown vériables

‘ aré‘approximated by known tfal funtibns and unknown nodal values.

The choice ofAtriél functions is a crucial step for the finite-element
Fofmulation. Eq.(4.22) is a third order differentigl equation. Consequently,

it is necesséry;fo choose trial functions such that they satisfy the
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condition of second qrder continuity, Cz. The details of the choice
of the trial functions can be found in Zienkiewicz(28) and Huebner(29).

4.6.1 Secohd‘Urder Hermitian Polynomials as Trial Functions

The ‘reason for choosing second order Hermitian Polynomials as trial

2 continuity.

fUnct@ons in'the present study is that they'satisfy the C
Detailed information about these polynomials can be found in Fort(30),

Hildebrand(31) .and Huebner(29).

In terms of Hermitian polynomials, H, the field variable §f is approxi-

mated Qymv{

3

§f .= H016f1+H1jéfi+H216fQ+H026f2+H126fé+H226f§ _ (4.25)

' _where the first subscript of H refers to the order of derivative and .
the second signifies the node number of the element. Similarly, the

_subScript of §f stands for the node number while ( )' denotes derivative

with respect to y, as befoare.

As shown in Appendix E, the Hermitian polynomials are given as

3 4 5

Hyp = 1 - 1027+ 152°- 62 | | (4.26.1)

| 2L (2 - 627 8- 32%) . - s

Hyy = (L2/2) (P 3204 32 ) (4.26:3)

Hy, = 102°- -1§z“+ 62° | ) (4.26.4)

iy, = L( -0z 724 32%) S (4.26.5)

My, = W) (- 2% %) | - © (4.26.6)

. where |

" -'L=n2—'n1‘;,~ ' - . : _(4.27.1)_‘

z=(n- ﬁi)/( n, - M) | N | (4.27.2)
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In the above the subscripts 1 and 2 denote two consecutive nodes (Fig.2).

| The details of the development of Eqs.(4.26.1—6) are given in Appendix E.

Defining the following vectors as | ‘

H = { Ha1 Hyq Hyy Hog Hyp Hyp , (4.28)

(o]
-
i

.;,af1 ,‘“1' afq §F, 8 s€y } : . ' (4.29)

the the field variable and its derivatives can be formulated as -

of = H' §f (4.30.1)
. T' . . '
§f'=H &f : ' (4.30.2)
Tll .
§f'= H' 8F ._ (4.30.3)
Tlll .
§f''= H 8f o (4.30.4)
where
dH _ dH dz i 1
'aﬁ = dZ d.n “dz L (4.31)
4,6.2 Ga}erkin Finite Element Approximation of Field Problem
Egs.(4.30.1-4) are substituted into Eq.(4.22) to yield:
: S oTn 1 RS ' :
q1t'_T"'§£ + qzﬂT Sf + q3ﬂT of + qaﬂTf‘i_f = - Qg (4.32)

According to-the Galerkin method the integral of this equation weighted

with the trial functions gives

' - " ' | |
[ty 5 aa, BT sty BT st D) 8P L dz = - [Hog Lz (4.33)

The integrals shéwn in Eq.(4.33)are performed over the entire domain
“and can be thought of as the sum-of the integrals carried out over

the individual elements. In each element, one can write



21

UoTINTOS 3yj jJo COﬂ“mwQOuQ ay3l Ioj UOTI}eRZTI}AIAISTP uteweq --°g um:wwm
- PR . u . Nn.Q
/ NwT mm.
. Z 4
- S T
& £
) - <. <
7 7 7
\ . 1wI Li
] s .
} 3 -
} 3,
5 "
.“ 1
! .
i -
N ,.T . L o
Nu¢< Y1 I 3y
: T =Lk 2L+
) N
qsby.T :




22

M, 8F, = m : ‘ o (4.34)

where:ge, §j§vand m, are the element stiffnes matrix, element unknown
vector and element force vector, respectively. Application of the

standard assembly technique of the finite element method leads to

=

. |
§f=m o g . , (4.35)

* -
where M, 8f and m are the global stiffness matrix, global unknown

vector and global force vector,'réspectively. Fig.3 shows the assembly

technique applied for Cz—continuity. As can be observed:L_'le is a (6x6)

matrix and M is a banded matrix with a half-band-width of five.

The general expressions of the element and global stiffness matrices

and element and global vectors are given in Section 4.7.3 .

4.6.3 Conversion of Global Matrix to Banded Form

_Ih order to reduce the core storage requirement the global stiffnes
matrix is converted into a banded matrix form. The dotted squares

of Fig.3 represent the banded matrix.

" The major advantage of this conversion can be shown as follows:
If Ne is the number of elements in the N-direction, there are'(Ne+1)

nodes as a whole. The total number of variables will be
= 3(N, + 1) ‘ (4.36)

' Consequehtly, the Qiobal stiffness matrix will be of (NVxNV) or with
,9(Né+1)2. The banded matrix form, on'the other hand, has always 11

columns since the half-band-width is five (J:5+1+S).That is, the»siie

is (N x11) or 11(N +1). It is easily concluded that the stotage requirement

- of the banded matrix depends llnearly on N e while that of the full

~.global stlffness matrix increases quadratlcally with the number of
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elements, Ne' Fig.3 shows both the global stiffness matrix and the banded

matrix. Although the row numbers are ‘identical, the column numbers
of the banded matrix must be subjected to a simple transformation.
If i’and Jj are the row and column indices of the global stiffﬁess

matrix and I.and J are the fdw and column numbers of the banded matrix,

then the following equations must be used

RIE T , (4.37.1)

J=j-dieN +1 (4.37.2)

‘where N, is the half-band-width (in the present analysis N =5).

4,7 . Solution Scheme

4.7.1 Starting Velocity Profile
According to the present solution scheme, the solution obtained at ,
the preceding. station is used as the'inifial approximation to the
solufion at the present station. Therefore, a starting velocity profile
is required at fhe first station, £=0. The efféct of the starting
profile used is establiéhed by considering three different profile
~ types which all satisfy the boundary conditions Eq.(4.13).

i- Linear Velocity Profile:

g o | . (4.38.1)

where
¢ = n/n,

By differentiation and. integration of the above equation,

=]

o= 1/n ) o . . (4.38.2)

f

_ ii-Third Order Velocity Profile:

(n/2)e* _ o (4.38.3)..

F1 o= 1.5¢ - 0.5 - o (4.39.D)
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similarly
= 150192, T (4.39.2)
f = ¢*(6-¢?)n /8 o | (4.39.3) "

iii-Pohlhausen Type Veldcity Profile:

Defining
. b =Bn/6 .
2ol 27 297 +9° + b(1-3(g-g2)-g") } R CRTRY
f* = {4(1-b) ¢ + 3(3b-2)¢? - 6bg + (b+i’2);}/n‘,o | (4;40-2>
o= {(1-b2¥/5 + (3b-2)¢%/4 - b + (b+2)/2}¢™n_ (4.40.3)

The effect of initial velocity profiles will be discussed in Chapter VI.

At the initial station the profiles f' and fa_ are the. same. When

1
the solution marches along E-direction they will differ from each

other having their appropriate values.

4.7.2 Caléulation of Stiffness Matrix and Right-Hand-Side Vector

Two alternative approaches will be suggested in the present study.
for the bdnstruction of the stiffness matrix and the.right—hand—side
vector. fﬁeée are |
‘a— the numerical integration approach that treats q; in Egs.(4.23.1-5) .
| ‘in their expanaed form, | |

b- the analytical integration approach that treats q; as constants.

4.7.2.a Numerical Integration Approach

] 1

Defining
_f_T = {f.-1 f"| £ fz fé fry (4.41.’])“
T | P '
£ o= {f F f f f f s (4.41.2)
=17 T A A A ,

: the dimensionleés stream functions f and fn_1and their derivatives

BOBAZIC) UNVERSITES R v 700
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~ can be expressed as

T
f=H f | ' (4.42.1)
fr _='HT' f : ' : (4.42..2)'
Tll |
1l = H £ : o : : (4.42.3)
v " : Tllll.
SN I f (4.42.4)
-HF (4.43.1)
n-1 -~ — -n-1 o
P L (4.43.2)
T = -1 T

The abave equétions allow £Eqgs.(4.23.2-5) to be rewritten as:

T

q, = (14e™) - aﬂj fn-1,+ (l+a) H' £ | (4.44.2)
gy = o F - 2(Ba) W' f | (4 a4 3)
3 - -1 LA ‘ Lad,
_ Tu. ) .

q = (ha) 1 F (4.46.4)
_ + Tlll : + TII T Tn

ag = () W e ety W p o W
sl F H Fe (e) H FRULF - (Bea) HTF + 8

— _..n_’l.._
' " (4.44.5)

Substitution of Egs.(4.23.1) and (4.44.2-5) into Eq.(4.33) gives the element
stiffness matrix ﬂe and the right hand side vector,me in Eq.(4:34)

~as follows:

M,=A+B+C+D . - (4.45)
= == == , : ~
where
. ) + ' nme . ) .A -
A= (de) :[_H_ﬂ L dz _ o L (4.66.1)
E=:'(1+e+)' j ﬂ.ﬂT” L'dz - a I_ﬂ_?fh_1ﬂT" L dz

e (e [l HT Laz (4.46.2)
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T ' ' '
C=aq '[m £ H L dz - 2(gro) jH_HT'm?' L dz (4.46.3)
D = (1+q) JfﬂﬂT"g oYL dz (4.46.4)
_ o .y T + T
m,o= - {(1+e) f.ﬂﬂ' FLdz+ (14€7) f HH' f L dz

T T T

" R 1 T
flLdz+al HH ' £ _H

! o
-af HH'f . H Ho £ 4 LLdz
+ ('”O‘)J mTﬁf"_g L dz - (BM)J lj_f_iT'f_T'i L dz

-~

The above integrations will be perfﬁrmed by using the Gaussian Quadrature
(see Zienkiewicz (28)). It should be noted that since H are polynomials
of degree’five. Egs. (4.46,47) involve polynomials of degree 13. A

seventh order Gaussian Quadratupe formula is required to accurately
integra£e these polynomials. In its general form, the Gaussian Quadra;ure
of order n fo:vthe.integral of f(g) between normalized integration

limits -1 and 1 is given by
v 1 o | |
1= J flo) do =Z W, flo;) (4.48)
-1 . : ~
; i=1
where w, represent the weight assigned to each f(oi). If the limits

of integration are different, as in the present case, a simple transformation

is required to put the given integral in the form shown above..

In the present Study the points of integration ci‘are related to z;

as follows:

oi'¥ 1 :
Z; = —y— (4.4?)
since zi have the limits O to 1.
‘ Thus, Eq.(4.48) should be rewritten as
1 :z W, F(2zg - 1) (4.50)

i=1
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. The'points'and weights used in the present Gaussian integration method

are given in Table 4.1 .

TABLE 4.1

POINTS AND WEIGHTS OF GAUSSIAN NUMERICAL INTEGRATION

B! o z o W

1 -.949107912  .025446044 129484966
2 -.741531186 .129234408 - 279705391
3 -.405845151  .297077425 .381830051
4. .0 s .417959184
5 .405845151 .702922576 .381830051

6 .741531186 .870765593  *.279705391
7 .949107912 .974553956 129484966

4,7.2.b Analytical Integration Approach
If q; (except qs) ar etreated as constants the left-hand-side of Eq.(4.33)

- may be.rewrittgn as
e ' ’Tn ‘ T ‘ T
( q1j.ﬁﬂ L dz + qzj_gg L dz + qu.ﬂﬁ L dz + qaj_ﬂﬂ L dz) oF
- -J‘ﬂ Q5L dz | | o o (4.51)

-The constant values of 4qs Gos qj and qy for a given element are obtained

by averaging the element nodal values.

In indicial form Eq.(4.51) can be written as:
. : . - [ (S_:‘__J‘_ . .
( j(q1HiH3"+ QZHiHh + q3HiHj_+ aniHj) L dzJ fy HJq5 L dz (4.51.a)
if, e.g., i=2 j=1
ﬂe21=J (qHHI' + a HoHY + aghpHy + a iy ) L dz

aftér integration
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19 31 3
M¢21‘ L7% " Ta%ml & +aml” 9

The remaining elements of the matrix are obtained similarly and shown
in Table 4.2 . It should be noted, that, since qg is not assumed to
be constant the<right-hand-side vector is constructed according to

the procedure outlined in section 4.7.2.a .

4.7.3 Preparétion of Global'Stianeés Matrix and Global Force Vector

In Section 4.6.2 and 4.6.3 the main principles of the stiffness matrices
are briefly explained. In this section the required algorithm for
the cohstruction of the global stiffness matrix and the global force

vector will be presented.

4.7.3.1.a'Preparation of Full Global Stiffness Matrix
The following variables will be employed to explain the algorithm e

of the construction of the global'stiffnéss matrix:
i,j ¢ The coordinates of the entries of the element stiffness matfix ﬁe
m : The element number

The algbrithm can be shown by the following equations:

i=1,N,
J=1 Nv
M(i,j) =0
M= 1,2,0000een Ny (number of elemeﬁts)
i = 1, 6
J=1,.,6 | |
ﬁ[i+3(r'n—’l);j+3(m-1)] = ﬂ[i+3(m-1);j+3(m;'1')] + M (1,3) (4.52) -

. qun'application of the preceding algorithm the large square matrix

is obtained which is depicted in Fig.3 .



THE ENTRIES OF THE ELEMENT —STIFFNZSS MATRIX
BY THE
ANALYTICAL INTEGRATION APPROACH

tA‘BLE 4.2

Il—"{ .

k.

v S W = e WN 2NV R WN =S E W 2R S

Y 9y A3 9,
. -0/ L -1/ 2 181L /462
-9 /L -7 /1 L/ 84 311L?/ 4620
-8 / 7 - L/ 8 L2/ 84 28112 /55440
0/ L 1/ 2 25L /231
9 /L -3 /14 -11L / 84  -151L2/ 4620
-1/ 1 L/ 8 L2/ 84 181L3/55440
9 / L -3 /14 1L/ 84 311L2/ 4620
1 /2 - 8L / 35 5213/ 3465
-9 /160 - L% 60 [%/1008 2314 /18480
-9 /L 3 /14 1L / 84 151L%/ 4620
M/ L/ 70 -13L2/ 420 - 19L3/ 1980
1L /1400 - L2/210 13L3/5040 13L%/13860
1 /7 - L/8 _ L2/ 84 281L3/55440
9L /140 - L%/ 60 - L3/1008 23L /18480
, L3/630 | L°/ 9240
-1/ 7 L / 84 L%/ 84 181L3/55440
11L /140 L2/210 -13L3/5040 - - 13L /13860
- L2140 - L3/1260 L4/5040 L°/11088
o 10/ L -1/ 2 25L /- 231
9 / 7L 3 /14 -11L / 84 151L2/ 4620
/ 7 L/8.  —. L%/ 84 181L3/55440
-0/ L 1./ 2 18IL /- 462
9 /1 17 /14 1L / 84  -311L2/ 4620
8 / 7 - L/8 - L%/ 84 281L3/55440
9 /L -3 /14 ML/ 8 151L%/ 4620
1/ 14 L/ 70 1312/ 420 . - 19L3/ 1980
~11L /140 L2/210 13L3/5060 - 13L4/13860
9 / 7L 3 /14 1L/ 8& 31112/ 4620
1/ 2 -8/35 | | 5213/ 3465
_9 /0 L /60 S L3/1008 - -23L°/18480
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TABLE 4.2 -- Continued

6 1 1/ 7 L/8s T - L%/ 84 18IL°/55440
2 ML /40 - L2/210 ~13L.3/5040 13.%/13860
3 L2/140 - L1260 - L%s040 ' L°/11088
4 -1 /T - L/ 84 L%/ 84 281L%/55440
5 9L/10 ¥ 60 - L1008 - 23L%/18480

6

- L%/630 L/ 9240

4.7.3.1.b Preparation of Banded Global Stiffness Matrix

Eqs.(4.37.1,2) are employed to cohvert the full glpbél stiffness matrix
'fq bandéd global stiffness matrix/which requires less computer memory.
Aé explained in section 4.6.3 the memory reqUirehent increases linearly

with increasing number of elements.

4.7.3.2 Preparation of Global Force Vector
Similar to the preparation of the full global stiffness matrix in

subsection 4.7.3.1.a the global force vector will be loaded.

m=1,2,..., number of elements
i= 1,..,6/

s {ae3n-1} = F (13 (n-1)} 4 8F, (4) : (4.53)

-l4.7.4 Application of the Boundary Conditions

The boundary‘conditions (4.24.1-3) are enforced at this stage. The

following entries of the global force vector are changed as follows:

§F (1)

-0, S O asa)
sF(2) = 0. B ' (4.54.2)
af*ENQ-1) - 0. - (4.54.3)

Furthermore the bénded global stiffness matrix will be modified as

_followsé
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(4.55.1,2,3)

it
JEEN
.

M(1, 6) = 1. M(2, 6) = 1. ﬁ(NQ-1, 6)

MN,S) = 0.7 MON -1, 7)

1
o

a. : (4.55.4,5)

 If the second index of any matrix entry equals six, the entry mentioned

~ corresponds to the diagonal element of the full global stiffness matrix.

‘The consecutlve three algorlthms enforce the requ1red entrles oF the

o banded global stlffness matrlx to be equal zerao.

| J=2y..,6
M(§,7-3) = 0.
M(1,5+j) = 0. (4.56)
J=3,..,6
M(j,8-j) = O.
M(2,4+j) = 0. (4.57)
o =~NV—5 s NV—Z | , /
-ﬂ(j,Nv+5—j) =. 0.
ﬂ(NV-1,7+j—NV y = 0. (4.58)

The system of linear equations are thus ready to be solved.

4,7.5 Solution of Banded Matrix

During the solutlon of fhe banded matrix, global stiffness matrix

is decomposed by rowvise permutétion of itself and the system of equations
are solved. The algorithm employed uses equilibration and partlal

piQotinQ for the solutioﬁ. Thg detéils of the algorithm can be found

in the paper of Martin and Wilkinson(32).
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4.7.6 Check for Convergence

Upon appllcatlon of the. algorlthm, which is introduced in the previous
sectlon, the solution of the linear system of equations(4.35) is obtained.
At thls step Newton s 1terat1ve method is employed and higher order
iterates are calculated by the use of Egs.(4.21.1-4). Any algorithm
.whiphAincoprFétes an iterativ? @e?hod of solution.has a certain criterion
~ for bdnvergencg: The present analysis ‘uses thé following convergence
criterion: | |

|6 < 0.00005 - -  (4.59)

i.e. the'¢hange of the second derivative of the transformed stream

function at the wall,
This choice has both numerical and physical reasons:

(i) Numerically, 6f,, displays the most rapid change between iterations
(ii) Physically, it correspondé to the variation of the shear stress

at the wall

As soon as.inequality(4.59) is satisfied f, f' and f" at the nodes
of the solution domain are calculated. Depending on the'type of the
-probleh'the computer code either stdps_(similar boundary layers)_or

proceeds to the next g-station (non-similar boundary layers).

4.7.7 Test Cases to Be Solved

The~solutioh méthod developed in this study will handle the following._
tesﬁ cases: )
- a- Laminar boundary layers with constanf'and Qariable pressure
Qradient ﬁarameters
i- Hq@arth's-flow |

ii- Flow past a Circular Cylinder
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b- Turbulent boundary layers

The details of the test cases to be solved can be found in Appendix G.

4.7.8 Augmentation of Solution Domain for Turbulent Boundary Layer Flows

Havihg obtéined B and £ and consequently o, there is a need to check

| F] af‘the‘piegcribéd_yalue Qf'n;{ For alhoét all laminar boundary
layers;ithe upbér:limit of the solbtion domain nw,;may be taken constant.
However,-in the'case of turbulent boundary layers n_ must be increased
downstream due to the rapid growth‘bf the boundary layer. If at a

station n-1 the |wa| exceeds 0.0001, i.e.
|f" | > 0.0001 - S (4.60)
e : :
then the solution domain is augmented at the next station by adding

extra elements and nodes. The additional nodes at stations n-1 and n/

are assigned the following initial values.

Fiq = f5 + o0 (4.61.1)

ESTPREE SR | (4.61.2)
2 I AR TN |

f = 1.0 - (4.61.3)
J+1 . ‘ :

fL . = 1.0 ; - (4.61.4)
4+ . .

M = 0. o (4.61.5)
j+1 ) ‘ :

Conséquently, the boundary léyer at the next station is calculated

with increased number of nodes.

4.7.9 Eddy Viscosity Model Used

As depicted in Fig.2, the solution of every £¥station is obtained
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separately; If the point of transition from laminar to turbulent flow

is passed, the terms of.eddy viscosity also-have to be employed in
'order to»describé the‘characteristics of the turbulence. For this

purpose‘Eqs.(4.16—18j are used.

Finaliy, the program is terminated on two conditions. First, the whole
dqmain has been covered, i.e. the solution process is‘qomplete. Secondly,
at éy;-statiﬁn,the maximum huﬁbériof iterations.has'béen exceéded,

i.e. cOnvérgénce can not be obtained within the speéified iteration

limits,



~ CHAPTER V
. DESCRIPTION OF THE COMPUTER CODE

The present chapter deals with the considerations leading to the computer—-

ization of the algorithm presented in Chapter IV.

The computer code developed in this study has three versions. The
first version RBLGAU developed constructs the element matrices by
analytical integration and attempts to solve the resulting global

- equations in the full matrix form by the Gaussian Elimination Method7~

/

The second version, RBLELE, obtains the element matrices similarly
and solves the resulting global equations in banded form by the Banded

Matrix Solver.

The third version RBLAYER developed constructs the element matrices
_ by numeriéal intégration and obtains the solution of the global system
. of equations like the version RBLELE. These versions are discussed

in the following pages in detail. .

5.1 Version: RBLGAU

5.1.1 Input Description
The following‘variablés have to be_inpuf:
L= Ny specified upper limit of fhe‘solution domain which is
Qreater than calculated boundary. layer thickpess, i.e.'nm>n(S

2- k, geometfic grid parameter (see section 5.1.2)
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37 Print eption paramefer (see section 5.1.3)
4—‘Index of the trensition station wnere the flow becones turbulent
‘_S— Iotel number of x-stations excluding the initial station
6- Initial velocity profile flag, which gives the type ef the
initial velocity profile (Eq.(4.38.1), (4.39.1) or (4.40.1))
to be used |
_7-rPreésUre gradient flag, which indicates the'type of flow which
E is presented in section 4.7.7 to be treated
8- p, fluid densiry in kg/m?
9- W, dynamic viscosity of the fluid in kg/ms
10- Um,.free stream velocity of the fluid in m/s
11- h1, initial grid length (see section 5.1.2)
12- Type of grid arrangement (constant or variable mesh)
13- B,pressure gradient distribution in.the streamwise direction
is input from an inviscid flow solution
14~ The coordinates of the x-stations except for similar flows
and flons for which the potential flow solution is to be specified
‘1S;>Thelcoordinates'of tne x-stations with.their respective potential
velocity values |
16~ Maximum number of'allowed'iterations‘for the Finite Element

solution at the x-stations.

5.1.2 Grid Arrangement of the Solution Domain

In order to obtain’the solutinn‘of a particuler problem the-solution
domain hes to be discretized. As presented in Cebeci and Smith(21)_
the laminar boundary layers pose no difficuity of discretization, -

Lsince their ueper limit of solutiqn domain can be taken as constant.

'Furthermore, since the velocity gradient is not too steep in laminar
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flows,_mgsh size is also constant, i.e. consecutive elements in the

y (or n) direction are of ‘the same thickness.

‘The grid length, i.e. the difference between two consecutive x (or f)
stations, may also be taken constant or, ifbnecessary; variable. Especially,
if a region ié suspected of containing the separation point, the grid
length_has to be taken.decreaging.towards the suspected separation |
point.  | |

The skin friction echuntered in turbulent flows is larger than in

laminar flows and vélocity gradiert ju/gy at the wall is greater in

the former, i.e. the thickness of the gridshave to decrease towards

the wall. If, k is the ratiovof the thickness of the successive grids,

and h13 the thickness of the first An step (first grid), £he total

number of nodes, J, throughout the boundary layef can be calculated

as follows: /o

3 = 1n{1+(k-1)(n/h,)}/1n(k) (5.1)
The thickness of the j-th element in n-direction is

ny =yt - D/ e, g . (5.2)

5.1.3 Output Desdription |

There are various output options of the computer code. Item 3 in.sub-
section 5.1.1 indicates the desired output option. Table 5.1 describes -

the option and the corresponding output data printed.

- 5.1.4 Flow of the Program

The ﬁfogram'executes the solution scheme presented’ in Chapter IV.

Functional relationship between the subroutines and the main program

. is depicted in Fig.4 .



- MAIN PROGRAM _
INSOL VELPRF| [PRGR | |GROW | [Ebvvsc RHS | |ELECRE MODIEC PLOTST |  [oUTsOL
MATMUL v
GaUs | [Leet®
UERTST | -

. N
FIGURE 4.—- Functional relationship of the main program with the subroutines
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TABLE 5.1

DESCRIPTION OF OUTPUT

| Desired Output ' Option
Initial velociiy profile (with f, f")...vvveenn.. ceeeess0123
All element StiffNess MAlLiCeS . e s ereeeeeeeeeesenocesss 1
Global stiffness MatriX.ieeseeecoenoeeees ceerreecenaeees 1

"Modified global stiffness matrix. : 1
Global: stlffness matrix after Gau331an Ellmlnatlon...... 12
SOLUEION VECEOT . v ee s et tee et tnncanesonennnanens R |
Third entry of solidtion .véctor ( f" at the wall)........U 123
Intermediate iterative solutions......cviveiininnnnnnn, 123
Final solution of a -station....... 23

uococcal-onoctuucoooo 1

”~

Subroutine INSOL inputs the variables listed in Section 5.1.71. This
subroutine calculates then and& coordinates of the boundary iayer
and prepares the standard matrix of Gaussian Integration for future

reference.

. Subroutine VELPRF prepares the initial velocity profiles (item 6).

Section 4.7.1 contains the equations employed by this subroutine.

The main loop of the program prepares the element matrices, assembles

the global stiffnees matrix, and the global force vector.

Subroutine ELECRE calculates the entries of the element stiffness

- matrix presented in Table 4.2 by the analytical integration approach.

Subfdutine RHS calculates the right-hand-side vector (the element
force vector) by Gaussian Numerfcai Integration. The element stiffness
matrices and the element force vectors‘are then aesembled into the
-global stiffness.matrix and global force vector, respectively, by

. the combination of E£qs.(4.52,53). '
Subroutine MODIFC modifies the global stiffnese matrix and global
Force vector by the application of the boundary condltlons (see

: Eqs.(4.24.1-3)) For this purpose, the algorithms presented by

Eqs.(4.55-58) are employeq.
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Subroutine GAUS solves the.system of equations in the matrix form
by‘themmethod of.Gaussiain Elimination and‘baok substitution. Depending
on the’convergence‘criterion; Eq.(4t62), the main loop is repeated.

Each iteration updatés.the vectors f, f'and fﬁ using Egs.(4.21.1-4).

if the convergenoe eriterion for>éA ~gtation is satisfied then‘the
.v?ctors_ﬁ eno f! are redefineo as jﬂ_1 end_f6_1, and the program proceeds
_to,thebnextvstation;'i' |

Subroutine PLOTST plots the results obtained, if required.

The iteration procedure is repeated at the next E-station, if anyt
Subroutine PRGR calculates the &and B in the streamwise direction using

equations presented in Appendix G.

For the case of turbulent flow E-station of transition from laminar

to turbulent flow has to be input.(5 1.1). Subroutine EDYVSC oalculetes
the non- dlmen81onal eddy .viscosity term e and itsderivative € +!

This subroutlne uses Eqs (4.16-18) to calculate the inner and outer
eddy viscosity cOeFfioients of the tUrbulent boundary layer. The inner
' and outer reglons are matched by 1mp081ng the requ1rement of continuity,
The inner eddy viscosity expression, Eq.(4.16), is used up to the

node where ei > eo after which.the outer eddy v1scoslty,expre831on

takes over. The derivatives of the eddy‘viscosity terms are obtained

by the use of the three point numerical differentiation. (see Appendix. H)

If inequality (4.63) is satisfied, subroutine GROW employs Egs.(4.64.1-5)

to augment tne upper ~limit of the solution domain.

. Subroutine OUTSOL prints either the intermediete iterative solutions

or the final solution of a g-station, depending on the output option.

(see Table 5.1)

‘Detalled descrlptlon of the input of the computer oode can be found in Appendix
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5.2 Program RBLELE.

‘The'vereron RBLELE hes only,sligﬁt vaiations from the version RBLGAU.
’In thistsection, only the deviatiens will be explained. JInsteae of
using the full global stlffness matrix, RBLELE employs the banded
matrix formulatlon presented in section 4.6. 3. The-solutlon of the
banded matrlx Force vector system is obtalned by subroutlne LEQT1B
‘whlch uses the algorlthm briefly explalned in section 4.7.5 and employs

a further subroutine UERTST to check the matrix. The rest of the program
‘is identical with RBLGAU. ~ |

5.3 Program RBLAYER

This‘program is the final version of the computer code. It is cempleteiy
identical with RBLELE except Fer the calculation of the elemeﬁt stiffness
matrices. RBLAXER uses the numerical integration approach (see seetion
4.7.2.a). TThis version formulates the element stiffness matrix by
Egs.(4.41-46) and integrates theh by the Gaussian Numerical Integration.
The lieting of the program (version RBLELE and RBLAYER). can be found

in Appendix I.



CHAPTER VI
.~ RESULTS AND: DISCUSSIONS

6.1 Introduction

-~

The finql'fest of a numerical method is the comparison of calculated
tesUlts with exact solutions énd with experiments. For laminar flows,
there are many analytically obtained solqtions; as well as solufions
obtained by well tested and well established numericai methods. On
the other hand, there are no ekact solutions for turbulent flows,

and all'one can do is to compare the calculated results with experiments.

In this chapter the numerical accurécy of the present study is tested

by applYing the pfesent method to a number of laminar and turbulent
boundéry layer flows and éomparing the results with solutions obtained

. either anélytically or by other numerical methods. All calculations
reported here haQe been performed on CDC. CYBER 815 in itssingle.precision

version.

6.2 Mathematical Test of the Computer Code
- In order to check the basic elemehts of the computer code a special
-case of Eq.(4.22) with q,=1 is considered.

ynv +>}’""l')’"‘+y+1 :0_ . . (6.1)
‘it can easily be seen that the exact solution is given by

y = sinlx +cos X + 1. (6.2)



subject to the boundary. conditions

)

')

Comparison of the

in Table 6.1 for seven different mesh structures. The first

involveqniform_mesh with constant element length h

0

cos(n_) —'éin(né)

y'(0) = 1
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(6.3.1,2)

(6.3.3)

computer‘results with the exact solution is shown"

six cases

1; The seventh case

makes use of a variable mesh constructed in accordance with Eq.(5.1).

TABLE 6.1

ACCURACY STUDY FOR EQ.(6.1)

Case 'H n,
1 0.5 3.0
2 6.2 3.0
3 2.0 8.0
4 1.0 8.0°
5 0.5 8.0
6  0.25 8.0

7 var. - 7.365
: mesh

32

19

per cent

y"(0)
error
-0.999899  0.0101
-0.999999  0.0001
-0.972463  2.7537
-0.999151  0.0849
-0.999956  0.0044
-0.999997 . 0.0003
-0.999805 . 0.0195

~a- Effect df increasing. the number of elements for a given«q&:

In cases 1 and 2, when the number of elements is increased 2.5

times, the error is reduced 100 times.

Each time the element number is doubled, from case 3 to 4, 5 and 6,

" the error is reduced by 32.4 times, 19.3 times, and 14.7 times,

respectively.

It is concluded that for a given n, an increase in’the number

. of elements drastically reduces the error.
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b- Effect-of having different n, for a given element numbef:
.Withvreference to cases 2 and 5, although the latter case contains
. one more'element'thah the:former, its érror is 44 timgs gfeater,
since the correspondlng n, is 2. 667 tlmes greater.
‘It is ‘concluded that the larger the domaln the more the probability

of error desplte the increase in the,number of elements.

}c— Effécﬁ offhé&ing a yériablé'mesh:

With reference to cases 5 and 7, although the latter uses 1.19
times more elements and 1.09 times less'n_, the corresponding error
is 4.43 times greater than the former case.

Oneifendsvtd conclude that the use of variable mesh reduces fﬁe
accufacy of the éolution despife the increase in the numbep of
eleménts and the decrease in,nw. On the other’hénd, it will be -

necessary for the analysis of the turbulent boundary layers.

6.3 Application to Similar Boundary Layer Flows
For all similar flows Eq.(4.19) is independent of &, furthermore, et=0.
Therefore Eq.(4.19) is reduced to
oL ffY 4 g {1- (f')z} =0 : , g . (6.4)
and the coefficients of Eq.(4.22) become °

q, = f (6.5.1,2)

D
—_
n
N

_ ZBF'. » q4 - fn' ‘ - v I --— (6.5.3,4)

o
W
1]

S 4 PP - B(FY)2 (6.5.5)

0
i
1
+
w

The analytlcal solutions to Eq.(6.4) have been extensively studied
. ‘and are known as the Falkner Skan family. It can be shown that solutions

B>0, g=0 and B<0 correspond, respectlvely, to accelerating, constant
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\

, velocity and decelerating flows It can also be shown that solutions

_ex1st for all values of B in the range -0. 19884 B < 2. Out81de this

range separatlon OCCUI‘S.»

~ 6.3.1 Effect of Initial Velobity' Profile:

To see the effect of the initial- guess the linear velocity proflle,
Eq. (4. 38 1), and the Pohlhausen type ve1001ty profile, Eq.(4.40.1),
have been considered in connection w1th the boundary layer with zero

pressure gradient. g

Program RBLAYER has obtained the exact solution of the problem in

five iterations using the linear velocity profile, An = 0.2, n, = 6.0,

i.e. 30 elements. The convergence has been less than quadratic, i.e.

the rate of convergence between iterations is less than two (1.78-1.86).
. /

(See Fig.5)

Program RBLAYER has obtained the exact solution of the problem in

. four iterations using the Pohlhausen type velocity profile, An = 0.25,

L2

n_ = 6. O, i.e. 24 elements. The convergence has been almost quadratic

(1.87-2. 00) (See Fig.6)

E'Thls appllcatlon shows that the use of the Pohlhausen type- veloc1ty

profile is more advantageous because it reduces the number of iterations.

On the basis of this conclusion the remaining results reported in
this the81s have been calculated by using the Pohlhausen type velocity
proflle.

6.3.2 Accuracy of the Method for Different B-Values:

.The.teet,bf the computer code under different p-values are outlined
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in Table 6.2 which shows ficalculated by the exact solution, the Cebeci

and Smith method and the present method (RBLGAU version).
’ |

TABLE 6.2

ACCURACY STUDY FOR FALKNER-SKAN FLOWS
Values of ﬁ;

';fvﬂ‘S'_ . - Exact - Present . Cebeci . per cent An .
‘ ~analysis-  Smith error of
A ' - pr.anal.
1.0 1.232588  1.234961  1.326940 0.1925 1.0 8.0
1.232654 ' 1.257044  0.0054 0.5
0.0 0.469600 ~ 0.470736  0.506103 0.2419 1.0
_ 0.469596  0.478914  0.0009 0.5
- -0.1 0.319270  0.320272 0.355730  0.3138 1.0
. ' 0.319281 0.328762  0.0034 0.5
-0.19884 0.0 0.013431 -0.113413 - 1.0
: 0.5

0.081656 -0.058364 -

As-cbnéluded earlier more elements lead to more accurate results.
The results are very satisfactory for B = 1.0, 0., -0.1 except at
the point of separation it was impossible to predibt‘a correct velocity

profile.

6.3.2.1 Accelerated Flows ( B > 0 )

~Thése flows have a pésitive pressure gradiént parameter. Recailing

Eq.(4.11) one can conclude that they are accelerated flows. In'érder

£o show their effect the case B = 1 is analyzeq. It is also known

as stagnation point flow. E#aéf solution of this flow has been obtained .
‘ éﬁd presented in Rosenheaa et al.(335, p.232. Table 6.3 compares the

results of the programs RBLELE énd RBLAYER with’thé exact splutidn:

it cah be seen that RBLAYER has obtained the exact solution. On the

other hand,.RéLELE has at least five-digit accuracy.
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TABLE 6.3

ACCURACY STUDY FOR ACCELERATED FLOWS
B=1.0,N =2 ,n =6.0

~ Values of f'

n Exact  RBLAYER RBLELE

0 0 0 .0

5494649 496649494650
1.0, 777865 . _.777865  .T77866
1.5  .916168 ' .916168  .916169
2.0 973217 973217 .973217
3.0 .998424 © 998424 998424
4.0 .999958  .999958  .999958

5.0 .9999995 1.000000 .999999

As mentioned in section 6.3, the extreme case for an accelerated similar
laminar boundary layer is B=2. Table 6.4 compares the results in Rosenhead

/

et al.(33) with the results of programs RBLAYER and RBLELE.

6.3.2.2 Flat Plate Flow (B=0.)

This case is aléo known as Blasius problem(1). It is solved analytically
by series expansions. Ifs practical.importance has beén the reason

for extensive study. Table 6.5 compares the present étudy with the

"exaEt result of Blasius(1908), Topfer(1912),Goldstein(1930) and Howarth(1938).

6.3.2.3 Decelerated Flows (B<0)
These flows ére important since they approach the region of separation;-A
Anélytically; the yalue of separation'df‘BEquals -0.19884 f‘In the
present sfudy two cases of déceierated flows are considered

(1) B= -0.1
(i) B= -0.19884
_Table 6.6 cdmpares the résults of the progrém RBLAYER with the exact

" solution for case (ii). On the other hand, RBLELE has turned out to
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- TABLE 6.4 ,
ACCURACY STUDY FOR ACCELERATED FLOWS
B:Z.U,Ne=24, n, = 6.0

, Values of fi ‘
_ 0. .. Exact  RBLAYER = RBLELE
.0 .0 .0 .0
.5 .610 - .610 .610
1.0 -.872 .872 .872
" 2.0 ' 991 T .991 " .991
4.0  1.000 = 1.000 1.000
TABLE 6.5

ACCURACY STUDY FOR FLAT PLATE FLOW
Values of f!' B=0. , n=6.0

N Exact RBLAYER . RBLELE
.0 .0 8 - .0 )
5 .234227  .234228  .234225 /
1.0, 460632  .460633  .460629
1.5 661473 661475 661470
2.0 816694  .816695  .816693
3.0 . .969054 969055 - .969056
4.0 .997770  .997771 .997771
5.0  .999936  .999937  .999937
6.0 .999999  1.000000  1.000000
N =24 N =12

be unstable and has not converged.

It.is peculiaf to note that the six-element solution is better‘than

the more élemenf sslutions. it‘is because of the convergenée criterion’
e’whiéh is .0.00005 . A moré tight critérion.gan yield better results.
Comparing the results of the case'Ne=12 and case N, =24 shows that -

there is no appreciable difference between them. Consequently, the



- TABLE 6.6

ACCURACY STUDY FOR DECELERATED FLOWS °

Values of f' B=-0.19884 , n_z6.0
| RBLAYER
n Exact Ne=6 Ne=12 Ne=24
.0 .0 .0 .0 .0
.5 .025 - .029509 .029510
1.0 .099 107154 .108374 © - 108375
2.0 380 394379 396463 396465
4.0 .940 .944595 945236 945237
6.0 1.000  1.000000  1.000000  1.000000

program runs at the separation point have to be performed with less

number of elements and more tight convergence criterion.

6.3.2.4 PerFormance of the Present Study Regardlng Similar Flows:

In order to analyze the performance of the present study, the FollOW1ng

crlterla w1ll be considered:

(1) Accuracy
(ii) Order of Convergence
(iii) CPU-Time
(iv) Number of Iterations
Table 6.7 compares the results of the.present stady with Cebeci and
Smith(21) under similar conditions.

~about the last two versions of the computer code.

[

the similar conditions with program RBLGAU).

(1) As can be noted, both programs RBLAYER and RBLELE yield more

accurate results than Cebeci and Smlth The latter's results,

This table contains information

(Table 6.2 comcares

- can be improved by Richardson extrapolation. On the other

hand, both of the versione of the present study can produce

more improved results with N =24 (elements). Consequently,
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TABLE 6.7

ACCURACY STUDY FOR FALKNER-SKAN FLOWS
| WITH DIFFERENT An SPACINGS
Values of ! , 1.=6.0 ’

B Exact ~  An- Cebeci ~ RBLAYER  RBLELE
; Smith

1.0 . 1.232588 1.0 1,326940  1.234962  1.234963
R . J0.5  1.257044  1,232736 - 1.232732
S0 - 469600 - 1.0 - 506065 . .470746 .470778
. 0.5 .478914 469603 469597
-0.1 319270 1.0 355731 . .320292 320256

' 0.5  -.328762 .319283 .319288

-0.19884 .0 1.0 .123289 .007171 -

0.5 .060844 .009325 -

(i)

(iii-iv)

_the accuracy of the present study is satisfactory.

Fig.7 depicts the convergence ofithe'program RBLAYER. Except
for_the'case ofiseparation the convergence is qeadratic. Furthermore,
the higher the B-value, the better is the convergence. Fig.8

depicte the convergence of the program RBLELE. Its convergence

_is quadratic for all cases but for the case of separation.

In this perticular case the stability can not be observed..
Consequently, the order of Convergence of the present etndy

is quadratic in general (in most of the similar cases)t

Program RBLAYER has & constant ratio of CPU time/element~3 sec.
except for the case of separation. For this partlcular case

the ratio. is higher because of the hlgher number of iterations.
Table 6.8 compares the CPU-times of varlous performances of
RBLAYER for the case of separatlon.»The CPU—tlme/elementz4.67 sec.
for Six'iterations On ehe other hand, program RBLELE hae ‘ ‘
the rat10 CPU- t1me/element~1 sec. for 24 elements the ratio

decreases to 0.8 because of the less number of 1terat10ns



54

Caop

7_3 b b6 T 8

FIGURE 7

‘»k;‘__‘Rate:Qf cOnyergence of 1 for Similar Flows

 1:Program:.:RBLAYER




55

'5-;;T1fﬁo :
AT

e 01988

FIGURE 8

'5-ﬁft;ff.i Rate éf Convergence of f for Similar Flows

Prbgfam: RBLELE




56
TABLE 6.8

“PERFORMANCE OF PROGRAM RBLAYER
B =-0.19884 , 1 _=6.0

|

N, Iteration CPU-time(sec)
€ 32.845
12 55.916

S 6 - 112.178

- 6.4 Application to Non-Similar Boundary Layer Flows

-
From a practical point of view, the non-similar flows are more important
than the similar flows, bécaUse-similar flows are rare in technical
applications. In hon-similar flows the dimensionless stream function

f depends on both & and n.
These flows can be solved by various methods, such as:

(1) Series methods
(ii) Momentum integral methods(MIM)
(iii) Local similarity method

(iv) Numerical—differential‘methods

© For example, the MIM are easy to use, quick to solve, but their accuracy
can hérdly approach the level of the differential-numerical methods.
In the following two sub-sectiens two different applications to the

non-similar boundary layer flows will be presented.

6.4.1 Howarth's Flow:
As explained in Appehdix G1 the non-dimensional velocity field is -
B given}by

D= - e ﬁ RN
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- The preésure gradient”parameter, B, decreases along the x-axis. Consequently,
}the flew separates downstream. It is, therefore, important.to carefully
: choose‘the ?—spacing around the region of the possible separation.
-In'the region,hentiohed one has to have more ?-stations;in order to

avoid_the loss-of accuracy. Program RBLAYER has been run for this

]‘ Flow. The most 1mportant variable to be used for comparlson is the

. dlmen81onless shear parameter (DSP). (See Eq (G.11)) ‘Fig.9 shows the
.vvarlatlon of the DSP with respect to the X~ coordlnate ‘The solid curve
represents the exact solution of‘howarth(B).tThe dotted curve depicts
the‘deviation of the present analysis, Table 6.9 compares the numerical
values of the exact'solution'with the results of the present study.

It can be observed that the error of the present method increases

towards the point of separation.

6.4.2 Flow past a Circular Cylinder-

As giVen in Appendix G2 the velocity field is given by:

U =2U sinx , (G.12)
e o0 . - .

The pressure gradient parameter,B ,changes "sinusoidally. Behind the
- top of the cylinder~separation occurs. Program RBLAYER has been run
for this flow. Fig.10 shows the variation of the DSP with respect

to the‘angular‘coordinate(i).'The solid curve represents the exact
‘'solution of Tifford(38). The dotted curve shows the deviation-of the
present method; Table 6.10 cpmpares the numerical velues of the exact
'solutlon with the results of the present study. It is again noted
.that the present method logses 1ts accuracy drastlcally as the pOlnt

of separatlon is approached.



58

o8

" SHEAR PARAME TER

10

08

N B

'JQQ-f _"'

I L. 1 L | L i

02 04 z 06 08

FIGURE 9

'\.¥Varlat10n of the shear parameter for Howarth's Flow

‘f,.g-- Exact Solution of Howarth(3)

L — Devlatlon of the Present Method




TABLE 6.9

-ACCURACY OF THE PRESENT METHDD FOR HOWARTH'S FLOW

Dimensionless Shear Parameter

_X_ " Howarth(3) Pres.Meth. per cent error
0.1  0.968382 0.965046 0.344
0.2  0.626496 0.623301 0.510

- 0.3 0.462801 0.459611 0.689
0.4 00357442 0,354017 - 0.958

0.5 0.279307 0.275634 1.315
0.6  0.216728 0.212000 2.182
0.7  0.162281 - 0.156363 3.647
0.8 0.111369 0.103098 7.427
0.9 0.057629 0.044684 22.463
‘x-sep. 0.96 0.94

TABLE 6.10

N]JJVIN OF THE PRESENT METHOD FOR THE FLOW PAST A CIRCULAR CYLINDSR ’
Dimensionless Shear Parameter

(x/r )deg. Tifford(38) Pres.Meth. per cent error

15 0.888432 0.888332 0.011
30 1.635088 1.634387 0.043
45 2.118444 2.116264 0.103
60 2.253531 2.250248 0.146
75 1.999958 1.992247 0.386
90 1.355562  1.326423 2.150
100 0.712656 .  0.593627 16.702°
x-sep 108.8° . 104°

6.5 Application té Turbulent Boundary Layer Flows

wifh Zero Pressure Gradient

Préctically; turbulent flows are more important than laminar flows

" because the Réynolds number in technical applications are normally
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very large and the eddylng motion of the real flu1ds is more dominant

o ,than thelr lamlnar behav1our

The lesﬁ‘application of the present analysis is the calculation of

the tUerlenteboundary flow over a flat plate, i.e..pressure gradient
'is.zeror | | |

It ie.aesumed:that the.fiow is laminar af the leading edge and then
becomes turbulent at the neit'statioﬁl To compare the present results
with these of other investigators, the calculations have been performed
for a variable grid length along the é—direction. The results obﬁained

in the present study are compared in Table 6.11 with the results of

Cebeci and Smith(37)_and Bismarck-Nasr(34).

The development of the local skin friction coefficient can be found

in Appendi% G4. Fig.11 shows the variation of this coefficient wit?,«
respect to Reynolds number.

It is concluded that the reSUlts of the present analysis are aeout

six per cent lees than the results of Cebeci and émith(37). The difference
mayfbe attributed to two basic reasons. First, the study of Cebeci

and Smith used 230 nodes in the boundary layer whereas only 40 nodes
 :'were employed in the.present study due to the time.limitations of
the}existingbcomputer system. Secohdly, the mesh structure of the

“solution domain of Cebeci and Smith was optimized whereas the present

analysis does not posess this capability.

.Flg 12 depicts the variation of.the boundary layer thickness normalized
| by the dlstance with respect to Reynolds number The solid curve

represents the equatlon deduced from the 1/7 th power velocity dlStrlbUthﬂ

law for the smooth flat plate(39)

5ix? _ 0.37 Re1/2) | O (6.8)
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L(I:AL SKIN FRICTI[N CCEFFIENT FOR TLR&LENT FLUN OVER A FLAT PLATE
‘ Values of C x10°

h]=0.01 , k=1.15 , n -15 462, h%:39l
Re-number Cebeci-Smith Bismarck-Nasr Pres.Meth.
860 ' \ 24,7588
4 300 13.0596
8600 10.3038
43 000 . 6.3999
100 0oo 5.2197
170 000 - 4.6600
260 000 4,2722
340 000 4.0408
510 000 3.9954 3.894 3.7012
680 000 3.8002 . 3.674  3.4921
~86Uv00b 3.6614 3,49 ©3.4749
1 030 000 3.5536 3,362 3.3896
1 28@ 000 3.4244 $ 3,202 3.2140
1 500 000 3.3429 3.086 3.1112
1 710 000 3.2741 2.988 3.0739
1 880 000 3,2272 2.917 3.0312
The dotted curve represents the present analysis which uses the Levy-

" -Lees transformation for the evaluation of the same quantity. Integrating

- the Eqgs.(4.3.1,2) one obtains

p Ue-

n = prUe X y

Inserting the relevant quantities:

After simplifi

p Ue

N§ = 72puUe X 8

cation

$

o172

i(6.7.1)

(6.7.2)

(6.8)
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It is again concluded that the results of the present analysis about
' 6 3 per cent less than the results of Eq.(6. 6) This difference may

- be explalned by the same reasons mentioned.

"j Fig. 13 shows the variation of the dimensionless ve1001ty, f', with
'jrespect to transformed coordlnate, n, normallzed by the transformed
yboundary layer thlckness nG, w1th dlfferent Reynolds numbers. As

ecan be noted there are sllght~var1at10ns between the curves shown.

‘They can be explained by two reasons. First, the restriction of'the
computer system which may also cause some inaccuracy. Secondly, the

calculation of Ns which is performed by linear interpolation.
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CHAPTER VII
“CONCLUSIONS AND -RECOMMENDATIONS

diFferent‘versions of a computer code have been developed

to solve two-dimensional laminar or turbulent incompressible boundary

layer

flows. The code is largely based on the solution method developed

by Bismarck-Nasr(34).

. The validity of the solution method proposed and of the computer

code developed have been tested by comparing the results obtained

with exact solutions and other available numeridal solutions. Based

on tHese applications the following conclusions have been obtained:

a-

In a prescribed solution domain the accuracy can be improved

.- by increasing the number of elements.

Smaller elements should be used as the velocity gradient
increases.

The accuracy of the present anelyeis decreases as the'point
of separetion is approached.

In case of similar flows the results obtalned by the present
analysis are in perfect agreement w1th exact solutlons, e.g.

in - the solution of representatlve accelerated, flat plate

’and decelerated flows the error terms for f; are 0.0007 pef cent,”

0.0002 per cent and 0.0013 per cent, respectively.

In case of ‘non-similar flows, although the accuracy of the

present study decreases gradually as the point of separation



68

is. approched the predlctlon of the separatlon point is acceptable,

'f'ft_e -g. for Howarth's Flow and Flow Past a Circular Cyllnder

the error terms are 2. 08 per cent and 4.41 per cent, respectlvely

In case of turbulent flows, although the present analysis

”uses,81x times fewer elements than other widely accepted

T:nuperical methods,-the.results obtained are acceptable, e.g.

- the difference in the calculation of skih friction coefficient

" is not more than six per cent.

”~

3. The number of nodes used in the preeent applicatione should be

increased to improve the accuracy.

4. A wider range of applications should be considered to obtain more .

confldence in the code, e.g. incompressible boundary layer development

in turbines, pumps, fans and airplane wings.

/

5. The computer code developed can be improved by the following measures:

a-

Other turbulence models should be tested to obtain an improved

“mathematical description of the turbulent bouhdafy layers.

The code should be modified such that an optimum value for

 the upper limit ot solution domain is selected automatically.,

Similarly, mesh geheration routines should be developed to
discretize the solutlon domaln automatlcally.

The present code that relies upon a two-step marching technlque

‘in the streamwise direction can be improved by incorporating

a three step marching algorithm, instead._

6. The range of applicability of the code should be extended to axisymmetric

terms

allow

existing in the formulation given in Chapter IV. This will

the_caiculation of boundary layers in missiles, rockets, etc.
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Extension of the code to subsonic compressible flows is also possible

by the inclusionvof the energy equation. This would allow the application

,of the code to compre831ble boundary layer flows encountered in

.turblnes, compressors and -high speed vehicles.

The boundary layer‘development on rofating surfaces can be calculated

by 1nclud1ng the Corlolls Forces. This would enable the treatment

oF rotatlng blades



 APPENDIX A1

- TRANSFORMATION OF TWO DIMENSIONAL NAVIER-STOKES EQUATIONS

AND THE EQUATION OF CONTINUITY

As mentioned in Chapter II for the transformation of Eq.(2.3.1,2) and

Eq.(2.4) the non-dimensional quantities which are defined by Eqs.(2.5.1,..,6)

are emploYed. Consequently

x = 1X o ax = 1 X o (A.1.1,2)
Cy=1Y/ Re 3y = (1//Re) a¥ (A.1.3,4)
t= (/) T Bt = (1/Uo) oT (A.1.5,6)
Uz ol . v = (UelRe)V (A.1.7,8)
p=pUsP . (A.1.9)

AThe terms employed in Eqs.(2.3.1,2) and Eq.(2.4) are transformed into

Q
c

T
Qs

st sTar (U ET aT o ,- (A-2.1)
0 e U ] (e W) =%J° u3 (R.2.2)
v.g; . Uwev,*iIRE %Y (Uen l‘J) =;’évg$ | - (A.2.3)

_%%5;_%%%(;) .u&»P)' =-‘f—‘% g—; o ©(A.2.4)
%%:%%(%fgﬁ) g‘i—?%;—%’ B ’ o (A.2.5)"
8‘;u yRe 9 f.fll‘iuw %L_’)ﬂ%‘éi’%;yz - (A2.6)



'vav U 3

AR
U= (e ) 1%2 (v = By W
VG e 3 (ggg DIER A
-%%=—gﬁ?%0>%Pﬁ—¥ﬂm%
%;¥'7 % %? (1U:e §§> = %;7§§ %;!
T RCER . B
Eq.(2.4) becomes
Uo 3U = U 3V
T ax*tT gy =0
[l =0
Eq.(2.3.1) is tfansformed.as follows:
Us au  U& , aU  Us . dU us ap Qum 3%U . v Re U 3%U
Tar*r s T Vo " T X * TPt 17 oY
multipiying‘by_(l / U )
%% + U %% +‘V %% = - %E + 5;1 %;3 + %—BE %;3
recalling Eq.(2.2), definition of Re
| au U 3u P 1 3%u  J%
TrUax* VT Tt Re X2 T AV
Eq.(2.3.2) is transformed as fo}lows:
U  ;av u? V. Ue? 32y

T/Re 3T © T/Re u Xt l?Re'V Y " T

hqltiplying by (/Re / U& )
v LoV Vo 8P v 3% v 3%V
s+ Us+ Vay =~ ReFy + 10= oXF * 10w 3v2

9V llJ_{o/Re aP Uso
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(A.2.7)

(A.2.8)

(A;2.95

(A.2.10)

(A.2.11)

(A.2.12)

(A.2.13)

(2.7)
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:ecalli‘ng £q.(2.1) and dividing by Re-

SV AV BV 3P 1 9% 1%V ) 6.2
R (o UV ay) =9y R o *Re oV° (2.6.2)
vv‘ : N . l



APPENDIX A2

INCLUSION OF THE

" AXISYMMETRICITY AND TURBULENCE
1. Inclusion of the  Axisymmetric Flows (21) :

The goyerning boundary layer equations for axisymmetric flows do not
differ much from those of two-dimensional flows. The external potential
velocity is a function of one dimension and the velocity within the

boundary layer has two-componénts. .
. . 5 N ; /

The”arbitrary.radial‘distance can be obtained from the following equation:

. r{x,y) = ro(x) +y cosq | (A.3)
whére‘ro,'the normal radius of the solid body dependent on the distance;
Y, thé hormal physical coordinate and a,'the éngle between the x-axis

and the axis of the symmetricity.

- The term ¥ is included in Egs.(2.11,12) to generalize.the equations
for axiéymmetirc flows. For axisymmetfic flows, k equalé bne, wheras

it is zero fof two-dimensional flows.
2. Mean Motion and Fluctuations of Turbulent Flows:

In»describing a.turbulent flow in mathematical terms it is convenient
to separate it into a mean motion-and into a fluctuation, or eddying
motion. Consequently, the velocity components and pressure can be

'writtén as follows:

Q ; G'+ u' R v ,p=p+p (A.4.1,2,3)
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- whgre U, vV and p are the time-average of u-velocity, v-velocity and
pre$§gré;'resp?ctiveiy. The terms u', v' and p' denote the fluctuations
“of u-Qélocity;'y-velocity and pressure, respectively; ‘
 By1definitioh’the tiﬁé averajes of ali quantities describing the flucfuations
equal to ?ero.

u' =0 AV{: o . p'=0 : (A.5.1,2,3)
The main physical imbortanée of turbulent motion consists of the apparent
increase of the viscosity of the mean stream. Therefore, it is obligatory

- to find.a mathematical expressicn, which describes the effect of the

"apparent" viscosity.

Since the flux of momentum per unit time throﬁgh an area is always
eqﬁivaient to an equal'and oppoéite fofce exerted on the area by the
surroundings, it is‘concludéd that the area under consideration, which
_ is normal to the x-axis, is acted upon by the stresses /
(@ aT?) (h.6.1)
in the x-direction, and .
S (TV+TV) | o (A.6.2)

in the y-direction

Consequently, it is seen that the superposition of fluctuation on
the mean motion gives rise to two additional stresses

0; - - pu'? T;x = —pu'vt . (A7.1,2)

They are termed "apparent" or Reynolds stresses. Eq.(A.7.2) is the

second component of the shear stress which will be superposed to the

.

Anormal viscous shear stress.
3. Derivation of Egs.(2.11,12)

T Aséuming‘steady, compressible, tWo-dimensiOnal flow and including

the facts of.the first two sections of the present appendix give rise

-

to the following set of'boundgry-layer equations; - -
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Continuity:‘
R R
x (Tpu)egg T o V) =0 | (2.11)
';'Mbmenﬁum{v
oy Ou du_ _dp . 19, k. du _
pu 3% + pv 3y = dx+ ;k a—y'( T (Ll ’a-—y' - p UfV')) (2.12)
J ”~



APPENDIX B
APPLICATION OF'LEVY-LEES'TRANSFURMATIUN

For the transformatlon Egs.(4.3.1,2), (4.4.1,2), (4 5), (4.6.1,2)

. and (4 8) will be used. 7
Y _ 3

) of
3T V2E f+ V28 %K

s 7"" v”i - .
%% = V2E ( -E QE' (4.7.1)
Bt (VE fE)
3f
| g_‘_rln;=‘/z§‘ F1 R C Py )
Eq.(4.4.1,2) and (4.6.1,2) will be used to evaluate

“pu = %% : : C(4.4.1)

: _ pUe 3y

PU = y2E on

“using. Eq.(5.7.2)
f_pUe = oy
pu <77€'V2€ Fr

=.Ue Fro ~ o (4.9.1)
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© . Similarly -

:pv'i— %%: . | . (4.4.2)
S -_ | W, o
;v=-uUe(/_( égu-g-g/fzrr)
v = e VE ( e 32 R s

At thié'stage each term of Eq.(4.2) will be evaluated for transformation ‘

and future reference. Using Eqs.(ﬁ.6;1,2) and Eq.(4.9.1,2)

"au

du _ du 3N du .
s “PHUe ( 3E * 3E a7 )
where
U 3 . ' 3
e = Ete ) |
du ; dle p, , o 2F | | B.1.1
3 g '+ Ue 3¢ ( | )

Since Ue = Ue(k) —_— :Ue(g) , and

od !
A 'an( Ue ')
AU e - - (B.1.2)
an '
Hence
A =pwle ( f! + Ue of + Ue f" ) (B.2)
ax dE BE : 35 .

Similarly -

9y ple du
Yy _ —_—
ay‘VQ—ian_

recalling (B.1.2)

u _ple . p
3y _fVEE Ue f



using Eq.(4.9.2) and (B.3)

Y

Furthermore, eddy viscosity expression is only function of n.

l

au )
uU V2E ( 2€

aU. . 3 ot E_
5y =~ eudg (g

e =€ (n)

- dem__ple 3e
3y VZE

| o;gé e
dp __ e dUe
dx = P U X
o dUe” '9n.-3le
=— ol =1-cr
ple puUe ( 58 * 3T 5 )
“dp - dUe
0 © ~p? ug dUe T .
Eq.(4.2) is expanded:
du, du_ _dp 3%u de du 92y
PUBx TPV 3y " ~ax * M 3yF * P 3y 3y PE 5y
Dividing by p
Bu_ B _1dp, 3% demdu_ . 9y
UtV T T o VR Tay ay T eyt
using Eq.(5.9.1) and (B.2)
u _ due oft L
g 7 P puue(f' £ e 35 " o)
du _ , (gl _dle BF' o 8n
Uk = g o Ueat tag * M)

137] pUé £
+ f ) E
of . -, 9n
et ' ag)
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(B.3)

(B.4)

(8.5)

(B.7)

(B.8)

(B.9)
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dem _ ple ., - ‘
Sy cme (B.10)
9e du _‘pUe LPUE
ay sy TvaE Sy ™ -
% du o' ., , B |
_a_y_a_y =‘_'_2?f.‘||‘v€| , : (B.11) .

_Eqs.(B.4,5,7,8;11) will be subétituted into (B.6)’to.obtain

uUépf‘l ( _'. due + of' “an- n) DUU fu ( _f of: an f:v)

e dE Tf_a TR T
wol2 gge ¥ (e v gé Hyspn et | (B.12.a)
.Mult%plying both sides of Eq.(B.12:a) by Ué%ﬁ
and defining ¢" =% | ) | - (4.12)
vzgf'(gé'ggi + 3 agr") ZEf"( 7e+ 5+ Faste 22 (£ +1) Frise™ o

(B.12.b)

'Recalling‘qefinition(4.11) and after expansion of Eq.(B.12.b) and

cancellation of the unnecessary terms one obtains

= B+e+f"'+f"f+e+’f" ‘ (B.12.¢)

12 | . " n
BF'2+2¢f ag - ff" -2¢f g
since ' e+'F" + et f“' ={(1+e")f"}', the final fofm becomes
2 (f‘gg f"%g B1-F12) + FF 4 (4D (4.10)

To evaluate the boundary conditions one uses (4.9.1,2)

if y=0 -+ An:U

. .y:m R . »]’]:OO
.. Hence- 0= Ug F'(g,O) .
'f'(g;O) .o | ' : : ' _ (4.13.a)
| u, = U, f{(E,n@) | .
F'(E’n) = 1 ) . o (4-13.b)
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.‘»0: uu 1/2_5; (gg.,.g_g.,.g_g.fu)
o |
| »f(*:".,O)‘ = 0 (4.13.¢)



APPENDIX  C
" APPLICATION OF LEVY-LEES TRANSFORMATION T0 ECDY VISOUSITY EXPRESSIONS

Egs.(4.14) and (4.15) will be transformed by Levy-Lees transformation.

For this purpose several quantitiéé which have previously been evaluated

will be used.

Integrating Eq.(4.3.2) and solving for y yields

Y2
Y S te N (CiT)
Using Eq‘.(2.’l_6) with Eq.(B.3)
o e : | (c.2)
Ty TH 72g' _
Egs.(C.1,2) and (B.5) will be substituted into Eq.(4.14)
Uefh Ué due/ TE \1/2 2| U8 ¢
| {0 41/_—“ )2{1-exp @ (UQZ-E—F; -Mp? _T_F;UE n / 26v).} 7— )
| J7E o, i - B_n /2412
€= 0. 16Vr—n2|f |{1- exp(——E— 733( T - ) )}

where the’definitions(4.11) and (4.18) are employed. Dividing by v

45} fw Bnl)1/2)}z

€}=0. 16CT1 If"|{1-exp( 56 ( (4.16)

Similarly; the expression-of the outer -section will be treated. Using
Eq.(C.1) and substituting

§ =g%_§—— nco . ’ » . . | (C.B)



, x~:
[

?als

Furthermore the 1ntegral expr8881on can be written as follows:

t

j @, Cw o ;'ueoj“u.- u
. U1 - ) ﬁ
e
Hence ) )
€= 0.0168 “r_ l£ - ) dn} 1 +}5.5(%;)6}'1

Dividing by v

= 0.0168C lé“(i - f') dn’ 1+ 5.5({‘-];)6}"1
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(C.4)

(C.5)

(4.17)



APPENDIX D
' LINEARIZATIUN OF THE MOMENTUM EQUATION

Combining Eqgs.(4.21.1,4) and (4.20)

”~

(P (P8P e (FLa8F" )4 (F+8F) (Fra8fm)+BL1-(F14+6F1) 2}

= a{(F1+8f ) (F48F ~F! )-(FUe8f) (Frsf-f )} (D.1)

1

Neglectihg the second order variation terms one obtains

(1+€+)6ful+(€+'+f—afn;1;af)5f"+(-23f"2af'+qf6—1)Sf'+(F"+aF")6f
+ () Fraet Prafrng-Bri2-af 1 2iaf F!_saffi-of"f = 0

Collecting and arranging the terms one obtains'Eq.(4;23.1,4)



APPERDIX E
DERIVATION OF SECOND CRDER HERMITIAN POLYNOMIALS

Any function is approximated as

”~

| y(ﬁx) = 5i(x) Flxg) + By Frixp) + By f(x,) | .(E.’I.J)

Y00 = GO Flxg) + R P + BY F(x,) | - (E.1.2)

yi(x) = h'i-kx) Flxg) + By Frx) + T foGx) (E.1.3)

hy(0) = 10 .{li(x)}" | | o o (E.2.1)

h__‘.L(‘xb) = 5,(0) {100} R | (E./Z.Z)

h, (x) :iti(x) {1, (0} ' | “ - (E.2.3)
shore” |

.1i(x) : Lagrange Interpolation Function of which two,pﬁint (first

| order) version will be used
'.Since n-th 6rder Hermitian.polynomial is of" power (2n+1); Iy si and
ti-must be second order to add up the poWer of the functions hi(x),
EiSX) and ﬁ}(x) to five.
For the rest éf'the_derivation the variable will be uéed instead

of x, since it is encountered in the present study.
. The Followihg definition will be qsed
L 5”2" N (E.3)

The following transformation will also be employed



_n-nl

oL

similarly .

" . n -: "n']" N
e

T

(Z -nDL

nonlpog
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. The Lagfange-IntepolatiDn Functions become

}T(n)
Using ﬁq.
’ 11(n) =
1,(z)

Egs. (E.2.

bepome
1
hi(n)

h!(n)

B Since at

_n -2
- - nZ
(E.3)

; —D—Etnl'+ 1
= ;z + 1

1,2,3) are rewritten as. the functions of n. Their derivatives

r(n) 11, ()3

s!(n) {1;(m?

ti(n) {li(n)}3

pi(n) {1;(n)}?

(E.4)
(E.5.1)
(E.5.2)
’ - n -1l
L) =
(E.6.1) L, =l (E.7.1)
(E.6.2) 1,(2) =z (E.7.2)
/ )

+

+ 3r.(n) {1, ()

R CRENONE

+

+ 3s,(n) 15(m)?

= ti(n) {1,(m)}?

+

3t () {1,

3r;(n) {1;(m)}?
3s;(n) {1,(m)}?
3t (n) {1,(n)}?
éri(n) {1;(n)}*
14(n)

6s1(n) {1;(m}?
lg(n)

st (m) {1,(m)?

14(n)

1i(”) o (E.8.1)
'li(”) - (E.9.1)
li(“) | (E.10.1)

11(n) + 6r;(n) 1;(n) {1}(n)}*
(E.8.2)

11(n) + 6s;(n) li(n)\{li(n)}2 :
| (E.9.2)

11(n) + 6t;(n) 1,(n) {13(m3?

(£.10.2)

the points of interpolation the exact and“interpolated values



have to be equal to each other, i.e.

y(n)) = f(n)  y'(n) = Fr(n,) y'(n;) =
. the foliowihg equatidns'can be obtained:
‘-_hi(ni)’?i1v:(' ij }hi(ni),.= U : . - ] hi(ni) = 0
‘hi(ni) =0 hi(ni) =1 hi(ni) =0
hing) =0~ Bimp =0 W) =
Based on Egs.(E.12.1,2,3) Egs.(E.8,9,10) yield
r;(n;) =1 ~osi(ny) =00 t;(n;) =0
ZSince '. . : li(ni) =1
Based on Egs.(E.13.1,2,3) Egs.(E.8.1,9.1,10.1) yield
hi(n;) =0 N hiny) =1 | .f hiln;) =

Using. Egs.(E.17.1), (E.16) and (E.15.1), Eq.(E.8.1) becomes
‘ ri(ni) + BIi(ni) =0

which is rearranged to yield

ri(ni) -Bli(ni)

 Using Egs.(E.17.2) and (E.16), Eq.(E.9.1) becones
s;(ni) =1

Eq.(E.10.1) yields
ti(ny) =0

Based on Eqs.(E.14.1,2,3), Eqs.(£.8.2, 9.2, 10.2) yield

~hi(n;) = 0 hi(ny) =0 ; =ﬁ2§ni) = 1

Using'Eqs.(E.21.1); (E.16), (E.15.1) and (E.18), Eq.(E.B.Z) becomes

- after rearrangement

ri(n,) = 12{}i(ni)}2 - 31§(Ui)

0 N

ff(ni) (E

(E

(E.

(E.

(E.

(E.

(E.

(E.

(E.

(E

(E.

(E.

86

.11.1,2,3)
.12.1,2,3)
13.1,2,3)

14.1,2,3)

15.1,2,3)

16)-

17.1,2,3)

18)
19) -
.20)

21.1,2,3)

22)



87

‘Usihg‘ Eq{(E.21.2), (£.16) and (E.19), Eq.(E.9.2) becomes after rearrangementf

sy ;'5615(ni>

(E.23)

. Using Eq.(E.21.3), (E.15.3), (E.20) and (E.16), Eq.(E.10.2) becomes

e | ti(n) =1
: This equation is integrated to yield

t1Cn) N

.1. i
7_(” - ni)

”~

Qi(n).

Consequently

' . _ 1 2 . _ l a2
t1(n) = 2(n - n1) tz(n)i z(n - nz)
" Using Eqgs.(E.5.1,2) one obtains

t1(;) = % L? 2?2 | ._tz(2)= Lz(z.- 1)?

Nl=

Différentiét@ng Egs.(E.6.1) and (E.7.1)
Ly = -1 ERTYC A | 1%(n,)= 0
1 T 2= Aitng)= 6
Using Eqs.(E.23), (E.19) and (E.15.2) it is obtained
" - _ '
- sj(n)= -6 1i(n,).
1 - 471! -
si(n)= -61i(n;) (n =) + 1
_ ' _ 2 _
Si(”)‘}'3li(“i) (n-n;)*+ (n-ny)
after rearrangement
| Si(n)= (n - ni) {1.- 311(“1)(n —ni)}
» Substituting the subscripts and using Eqgs.(E.28.1,2)
s, (M= (n - ny) {1+ 2n -0
T -1 L 1

sé(n)=‘(n -ny) 11 - é(n -Ny)}

(E.24)

(E.24.1)

(E.25)
(E.26.1,2)
SE,27.1,2)
(E.28.1,2,3)
(E.29.1)
(E.29.2)

(£.29.3)

(E.30)

;(5.31.1)u

(E.31.2)
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Using.Eqs.(E.5.1,2) it is obtained

1"

sy(2) =Lz(1 4 32) O (E.32.1)

‘,  82(;):

L (z - 1D - 32) . (E.32.2)

Finélly; Osing Egs.(E.22), (E.18) and (E.15.1) it is defermined that

._rg(n)m:'1? {11(n;)3* o E33)
ey = 12 {131 - np) - 31i(n,)  (E.33.2)
r;(m) = 6 {1{(n)}2(n - ny)? - 31 (n)(n - ny) + 1
- - - (E.33.3)
- after rearrangement
r;(n) = 3(n’- n{2(1 (D)% - n)-1in)}  (E.34)

Substituting the subscripts and using Egs.(E.28.1,2)

() = 3(nn) e (neny) 45+ 1 (E:35.1)

1

| r,(n) 3(n-n2){%z(n—n2) + %}+ 1 - (E.35.2)
Using Egs.(E.5.1,2) it can be obtained

‘r1(z) =3z (2z + 1) + 1 S (E.36.1)

r,(2) = 3(z-1) (22-3) + 1 (E.36.2)

" Recalling Eqs.(E.6.2) and (E.7.2), Eqs.(E.2.1,2,3) are substituted

" by the preceding Egs.(E.36.1,2)

hi(z) = (2){1,(2)}°
réarranging, |

h,(z) = -62° + 152" 1027 + 1 O (E.37.1)
siﬁilgrly‘susstitUting.Eq.(E.36.2)‘and.(E.7.2> o

hy(z) = 102° - 152" + 62° (£.37.2)



89

',,Substituting»Eqs,(E.32.1,2) and (E.6.2) into (E.2.2) one obtains

51(2) = L(—325 + 824 —-623 +z) (E.38.1)

: Simiiéiiyf>
Ry(2) = L(=32° + 72* - 42’) (E.38.2)
Substituting Eqs.(E.33.1,2) and (E:2.3) one obtains .

J o : _
% (—z$4+ 324 - -323 + 22) (E.39.1)

Ry

[

= 2 .
h2(z) % (z5 - 224‘+ 23) (E.39.2)

-

Eqgs.(E.37.1,2) correspond to Egs.(4.26.1) ahd (4.26.4), respectively.
Eqé.(E.38.1,2) correspond to Egs.(4.26.2) and (4.26.5), respectively.

Eqs.(E;39.1,2)’correspond to Eqs.(4;26.3) and (4.26.6), respectively.



. APPENDIX

" DETAILED.DESCRIPTION OF THE INPUT OF THE COMPUTER CODE

This aﬁbéndix explains the computer code's inpUt “in detail. All of

the input variables are read by the subroutine INSOL.

Subroutine INSOL contains a dictionary of all computer code variables.

The first "card" (or line) requires the following information:

EI =

PA =

n s specified upper limit of the solution domain.(Real)
8. is sufficient for all laminar flow applications. (After -
the transition to turbulent flow the code automatically augments

the value of this'variable,'if needed(see Eq.(4.63))

K, geometric grid parameter (Real)

- 1. for laminar flows

PM =

NTURB=

>1. for turbulent flow applications

Print option parameter (Integer)

(see Table 5.1 for details)

Index of the transition station where the flow becomes turbulent -

(Integer)

- >NST for laminar flows'(see next item)

NST =

Total number of x-stations excluding the initial station (Integer)

*.0'f0r»similér'flows

n being the number of stations for other flows
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'IVPL‘_'Initial velocity flag (Integer).
e  }1;Linear'vél@qif?'ﬁrofiie' .
- ;?ZICﬁbié yéiqbiﬁy pfofile'-
 1;}3 é6hlhau§en type yelpcity'profilév
iPR:';Héreséuré éfadiént.flag, which indicates the type'oF flow (Integer)
B U:Similar fiows | '
 wfi‘H;Qanth'élfl§w (SeefAﬁpéndix G1)-
{ié Flow past a éirculaf cylinder (See Appéndix GZ)'

- 6 Case of Numerical Calculation (See Appendix G3)

The second "card" (or line) requires the following information:

RHO = o, fluid density - in kg/m’®  (Real)
MU = n, dynamic viscosity of the fluid in ‘kg/m s (Real)
UINF = U_, free stream velocity of the fluid in m/s (Real)

[oX4

The .third "card" (or line) conveys the following information:
CTYP = Type of .grid arrangement (Character)
~'L' for laminar flows

'T' for turbulent flows
EEWKJ):h1, initial n—gtid length (See section 5.1.2) (real)
The fourth "card" (or line) contains only -

- BETA = B, pressure gradient éarameter ' (Real)‘
The value for similar flows; -0.19884 < B < 2.
élso for nan;similar'flows the initial valge has to be input:
0 Howarth's flow

4. Flow past a circular cylinder
_ The "fifth" card set is omitted if NST =0
If NST > O,_ahd IPR = 1 or 2. NST-number of cards have to be filled .

with the coordinates of x-stations. -~ . (Real)
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”-».If NST > 0 . and IPR=6 N$T—number'of cards have to be filled with
-Tthe{éoofdihat§s of x-stations and potential flow solution velocities,
- respectiVeli; (Péirwise)

 The sixth. (or final) ﬁcatd" has

jITER :_Méximqm number of allowed iterations " (Integer)



APPENDIX G

- . _TEST CASES CONSIDERED FOR -THE -COMPUTER PACKAQE
G1 HOWARTH'S FLOW

The non-dimensional velocity field is given by

U =1-28X - . (G6.1)
where T= UM, X=x/_ - (6.2.1,2)
‘U_ : Potential flow, edge velocity
U_ : Free streanm velocity
Lr : An arbitrary reference length
a : constant .
If (G.2.1,2) are substituted into Eq.(4.3.1).one obtains

dg = put_ L, (1 - ax) dx ‘ , »-(G.3)

£ = pquo LI‘ x (1 - BX/Z) : | - (G.4)
If a non-dimensional E~coordinate is defined as
R , ‘ : _
TR - - (G.5)
Eq.(G.4) becomes

E=x(-2% | N  (G.6)

"~ _Recalling Eq.(4.11) and substituting the necessary values
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o ;Ffom Eq;(G§1):and'(G.2.1):

.1;'uev;;qm<1 S s (G.8)

,Uéing>Eqé.(G;3;4) and (G.8) and rearranging
e R Ex  C

-Finally {he'dimensionless shear parameter will be evaluated:

From Eq.(2.2) and (B.3) - .

T, 21(0)= 5§%§ o) | - (6.10)

Inserting Eq.(G.8) and (G.4) into Eq.(G.10)

wl2 (1 - ax)®
T, = . (o) : :
vZoul L x(T - ax/2) /

Dimensionless shear parameter
. v - N | _ 2 ' ' .
Ty | Uk WQ, (1 - ax) - ‘
—t1 = f"(0) : ‘ (G.11)
pUZ([| v - Y2x(1 - ax/2)

G2 FLOW PAST A CIRCULAR CYLINDER

Treatment of this flow is very similar to Howarth's flow. In this,

case the velocity filed is given as

‘U = 2U sin X , : : : (G.12)
e @ . .
where, . x = §/r0', ry being the radius of the cylinder (G.13)
df = 2pury U sin x dx | : _ (G.14)
£ = Zpuro U, (1 - cos Xx) 1,_ . | (G.15)
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similarly after simplification of several terms pressure gradient

becomes

o ' 2.cos X . - ‘
B = — R ‘ : (G.16)
w1 + cos X : o o

Analog toﬁEq.(G.10j

) 4ppU- sin®x

T £1(0) S (G.17)

W

~

/AupUmrU(1 - COS X)

After simplification‘énd rearrangement the dimensionless.shear parameter

for this flow becomes

T Ur 2 sin x :
M=8 o () | | (G.18)
pU2[] v V1 - cos x

G3 NUMERICAL CALCULATION OF PARAMETERS

This case réqpirés both the stfeamwise physical‘coordinates-xi and
thei: respective potentiél_Flow velocities Uei as inppt;'By three-

; point-humerical-differentiation dUei/dx véluesbareicalculated._The

N following équatioﬁs calculate the necessary parameters for the ¢0mputa-

tion of the boundary layer field.

_x dUe : '
and finally
g = 0 | B (6.20)

m+ 1
" Recalling Eq.(G.5) and (G.6)

dE = U dx 2 ' - (G.21)
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L G4 DERIVATION OF THE SKIN-FRICTION-COEFFICIENT Cf

~ OVER THE FLAf PLATE
For Ehé;caseYOf‘the~flat plate
U= - (6.22)

whichvyields;

L gE T R (G.22.1)
Recaliing Eq.(4.3.1) and substituting £q.(G.22.1) and integrating
~ & = pul _x - (G.23)
. R ' ,
since Cf = E)wz— - (G.Z&)
where ' ‘T = up U o ‘. (G.25)
W Tk V2E w ‘ ' ; '
Substituting Eqgs.(G.22) and (G.23) into (G.25) 4
| T, = WP =Y -Fu (G.25.1)

Substituting Eq.(G.25.1) into (G.24)

L o ey
Ce = /2 g o
- / 9y=1/2 -
Ce = (Re / 2) ' - (G.26)



7APPENDIX H

DERIVATION UF THREE POINT NUMERICAL DIFFERENTIATIDN EQUATIONS

WITH UNEQUALLY SPACED BASE POINTS

FIGURE H1

Mathematical relationship of the variables shown in Fig.H1 is as follows:

x1—x0 = d X

L Xg%_4= 4, | | (H.1.1,2)

-1
Any functibn can be approkimated by Lagrangé Interpolation by the

follwing equatioh:
Y(x) =1$T) Foq + 15(x) f0’+ 1,(x) f- : - (H.2)

where 1 1 and 1 'a:e Lagrange Interpolation Polyndmials given

| -1"_0 1
by

o (x = x ) (x - x,) :
1 .(x) = 0 ! ‘ (H.3.1)

-1 N
, ,(x_1 - xO)(x~1 - x1)
(x = x_3){x = x,) ‘
1.(x) = (H.3.2)
0" (xn = %X )Xy = X,) |
0 ~"-17"0 ™
) =X (x = xg)
1,(x) = : (H.3.3)
- (%, =x_)(x, = x0)
1T -1 0"
y f’ and f, are the values of the funétion to be approximated at
-1’ 1

f

~ the glven nodes U81ng relatlons Eq.(H.1.1,2) Egs. (H 3.1,2,3) can
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~ be modified as:

C(x - XO)(*,; xi)'< 

100

VR E T (H.4.1)
S d_(d o+ d) ‘ :
e x = xg) -
’lo(x) = — (H.4.2)
NSRS -dd -
. ’- + . . .
e x = xg)
B 'd, (d, +d)
+ ot - .
Differentiating £q.(H.2) one obtains
RACUER N CH I SRS FYCON A L C I A (H.5)
: 2x - *U - X ,
where lli(k)’: . (H.6.1)
d_(d_+d)
o 2X = X_q = Xy : /
-lé(x) = ' - (H.6.2)
» -dd
-+
2X —= X , = X :
1 C S L (H.6.3)
: d(d +d)
+  + -
The numerical values of the derivatives can be given as:
fl1 = l_'_1(x_1)f_1 + lb(x_1)FO +.l.i(x_1)f’1 ' ' (H.7.1)
Fo = 1a(xg)f_q + 15(xg)fg + 1 (xg)Fy (W7
fl = ALy )Py o+ Bg(xg)Fg + 15 (x)Fg H.7.3)
If 1'(xi) are evaluated the eqqationé aré obtained as:
S =(2d_+d) = -,
S d(d +d) ' d(d +d) )
- = + == +
o d+
1 - . ' ’
11, (x) = | : (H.8.3)

d'(d‘:+ d+)



-y

R CRE

b))

: }i(x1)

d+ + d . d+ + d
T 1'(x,) = -
dd 070 dd
3+ - + -

o d- o+ d

—+ -

dd
+o- .
d -« o d
- ' } -
‘ lﬂ(xﬂ) =

d,(d, +d)
2d +d
+ -

d+(d+ +d)

Substifuting Egs.(H.8.1, 9.1,.10.%) into Eq.(H.7.1)

1l

'{-d+(2d_+d+)f_1+(d++dj)2fo-difl/ {d,d_(d +d)}

;2 2 2 2 1
‘{—d+f_1+(d+-d_)f0+d_f1)qd+df(d++qt)}

{dff_1-(d+fd;)2fb+d_(2d++d_)f1}/1q+d_(d++d;)}

99

(H.9.1,2)
(H.9.3)
(H.10.1,2)

(H.10.3)

(H.11.1)
(H.11.2)

(H.11.3)
/ .



* APPENDIX .1

LISTING OF THE COMPUTER CODE
RBLAYER
AND

RBLELE



o o S -
NPWNHODODNTADWNF

conobnooa L

coooo

oconoo

Yz 2z xRz Nz

PROGRAM ASLICINPUT»OUTPUT)

MASTER THESLS - OF SAHNUR _AGAIK 1961 - 1984

A LIST VARIABLES AND THEIR BRIEF EXPLANATION
“.. CAN-© BE FOUND "IN SUBRUUTINE . INSUL

PARAMETER (NLC=5,HUC=5)
 COMMON/RIGHTS/F(6)3FBL6)sFCL6)
COMHON/GAUT/G(657) yGP (6571 yGPP (097 ) s GPPP Lo sT) s HiT)+217)
COHNON/GR2/FO(51),FL(31),F2(51)1B0(51)s81(511182(51)
LyF3(5L) .
COMHON/ZETC/IT I TER, NSTaIZSC.ZETA(lOl)»XBAR(lUl),
CLUE(L0L),SPRH - ..
 COMAON/GR3/CR {51 )y DETA(L53)- T
" COMMON/GR4/Ny EIsPAsPM:NTU&B,NtaNVoIVPLyIPk
COMAON/GRG/UISY .
" COMHON/GR5/ALPHA4BETA

COMMON/PHYS/CMU, RHO,ULNF . ‘
COMMON/EDL/EPS(51)+EPSP(5L)
CDHMON/GRL/GSH(154,NLC*NUCfl),Sd(bso)’SUL(lD4)
EXTERNAL HATMUL

INTEGER PrisP P11y PuU

CHARACTER%1 TPLOT

CHARACTER#1 TYP .

DIMENSTUN XL(154%(NLC+1})

COMUON/TYPE/TY P, IPLOT '

SUBROUTINE INPUT

"CALL INSOL -

ALL .F AND RESP. DERIV VECTORS WILL BE CREATED
. CALL VELPRF:

MAIN EXECUTION ROUTINE

ALL ELEHENTS WILL BE CREATED

IETA(L)=0,
125Cal1 -
ALPHA=0,
~GU TD 45
47 CALL PRGR
CIF((IT oEUe. O JoANDel ABSCF2(NE+1))4GT44000L001 4AND.(TYP.EG,
LYTY) ICALL GROW - A _
101 ALPHA={ZETA{IZSCI#2ETA(1ZSC=1))/(2ZETALIZSCI=ZETALIZSC=1))
IF(1ZSC.LT.NTURBIGO TU 45
49 CALL EDYVSC

45 DD 4 J=1,NF

ALL ELEMENTS WILL BE CREATED

F(LI=FO(J)
C Fl2)=FLid)

CF(3)=F2(J)
F(4)=FO{J+1)

CF{5)=F1(J+1)

F(6)=F2(J+1)
FBI11=B0(4)
FB(21=B1(J)
FB{3)=B2(J)

CFB(4)=BO(J+L)
FBU51=BL(J+1)
FBlo)=B2(J+1)
ET=DETA(J) R ‘ -
E2mET#%2 : S
E3=ET##3
CALL RHS(ETyJ)

101



19
110
111
112
113

114,

115
116

.
©118

119

120
121,

122
T123 -
124 .
125
126°

127

128.

129

133
134

135

136
137
138

139

140

141

142
143

144
145

146 -
147 -

148

149 .

150

151
152

153

156

158
159

160 -

SO0 0

10
690 -

OO0

XXz Xz} r+O00~

oO0O0OWw

38
154
1155

102

"' VERSTON RBLELE CALLS ELECKRE

CALL" ELECRE(J)

TR (PN, NE,11GOTO 690 : R
“PRINT 9 ° ' ‘

FORMAT(//45Xy ! STIFFNESS MATRIX & FORCE VECTUé ')

PRINT 105 (({SHLTyIX}3dX=L90)sFC(I)yI=1,6)

FORMAT(//+15X46G15, 7;10Xy615 )
KS={J=~1)%3+1

KE=KS+5 |

LS=KS

| LE=KE e
© GLOBAL HATRIX WILL BE LOADED

S DO 11 K=KSoKE - -

Ki=gK=KS+1 .-

DB 12 L=LSyLE -

Ll=L~LS+1

SLB=(L=K}+(NLC)+1

38

14

799

14
130 -
131
-132-

-840

GSMIKyLB)Y= GSH(K,LB)+SM(K11LL)

vCUNTINUE e
 GLOBAL-FORCE-VECTUR-WILL-BE-LOADEDD

SSOLIK)I=SOL{K)+FC (K1)

CONT INUE

" END OF HAIN EXECUTION ROUTINE

© CONT INUE

IF(PM.NE.L)GDTO 799

PRINT 13

FORMAT(//55X,"GLOBAL STIFF. MATR. & GLUBAL FORCE VECTUR')
DO 37 I=14NV . _ ,
PRINT 38,1 o Co ' /
FORMAT(/910Xs' R O W & = '413)

PRINT 144{GSH {L1sd}qd= Ly NLC+NUC+1),S0L LT

FORMAT (2X, 10613, 71

-CONTINUE

MODIFICATION PHASE
'TO ENFORCE THE BOUNDARY CONDITIONS - -

CALL HODIFC

IF(PM.NE. l)bOTG 840

PRINT 18

FORMAT(//45%X4" HMODIFIED GLOBAL STIFFNESS MATKIK ')
DO 39 I=l4aNV

PRINT 38,1}

“PRINT 143 (GSH (I’J)nJ=1 NLC+NUC*1)’SOL(1)
,CDNTINUE

SOLUTION BY -LEQT18

CONTINUE
CALL LEOTlB(GSM,NV,NLC,NUC,154750L111154,O,XL,IER)
CFL=SOL13)

DO 23 K=NVsly-1

IFU(PH.NELL) ANDS(K.NEL3)1GO TO 23

" PRINT 224K,SOLI(K)

22
23

171

FORMAT (/45XyT% 42Xy 'TH VARIABLE SOLUTION':5X,615 7
CONTINUE
DO 35 JS=1,4NV=2,3

S JdT=0JS/3)+1

FOWJTI=FOLUTI+  SOL(JS)
FLIJTI=FL(JT)+ - SOL{JS+1)
F2{dT)=F20JT )+ SOL(JS+2)

~ CONTINUE .
AT=1T+}
"TF(PM.LT.3)GOD TO 171 |

CALL OUTSOL
IF(IPLOT.tO.'Y') THEN S
PRINT #5' PLOT ROUTINE [S- CALLED'

. CALL PLOTST(CRyFO,NE+L)

END IF

. .DO 153 1=1,NV



1ol
182
163 0
SPVSE

lo5
‘167

168
1690 L
170°,

N SURE
172

166

173

174"
175
176
177 -

178
179
180
181
182

183

184
185
186

1877

188
149

190 -
191

192

193

194

195"

196

197 .-
198

199

200

201

202 .
203 -

204
205
206
207
-2u8

209 -
210

S211

212"
213 ]
214,

215

216 ¢

217
218

219

220
221
222

223 .

224
225
- 226

227

. 228
229
230

231..

232

233"
234~

235
236
237
238

239

240

e NeNe)

cooo

‘om0

80
153

103

DO B80.J=1aNLC+NUC+1

163

PRINT#, 1. 12 S sszxsasaas t4125C .

CESMLTydd=0. o .

SOL{TY=0, - - :
IF( ABS(CEL  ).LE.O. 001000)60 10 163 -, :
IF(IT.GT.ITER)GOTO1ET: ‘ !

IF(12SC, Gt-NTURB)GO TD 47
GO TO 45

SPRiA=SPRM*¥F2(1)

CALL QuUTSUL

125C=125C+1 ..

DO 165 II=14NE+]1

"BO(IT)=FO(I]}

165

167

169

900

910

889
33

BL{IT)=F1(II)
82{1T)=F2(11}
CONT INVE

1T=0 -
TF(1ZSC.LELINST+1) 160" TO 47

G0 TO 169 °

PRINTy! NO  CONVEKGENCE 15 ACHIEVED '
G0 TO 169 ,
sTOP. .
END

-

SUBROUTINE TGO CREATb THt INITIAL VELOCITY PROFILES

SUBRUUTINt VELPRF

COMMOR/GR3/CR(51)4DETA(LS3)
COMHUN/GRZ/FO(SI);FI(BI)1F2(51),80(51)y81(5l)a84(51)
1 sF3(51)

CDMMON/GRQ/N,EI,PA PM,NTURB,NE9NV’IVPL,lPk
CUHHDN/GRSIALPHA:BETA

INTEGER PN

IFCIVPL, EQ-Z)GOTD900 ) )

IF(IVPL EQ. 3)GQT0920 o . : /

LINEAR VELOCITY PROFILE

DO 5 IE=1,NE+l
W=CR(IE}/ET
FL{IE) =
F2(1E)=1./E]
FO(IE)=us%2%E1/2,
_CONTINUE

G0T0910

THIRD ORDER VELOCITY PROFILE

DO 2" JE=LyNE+L

HW=CR(JE)/ET
FLIJE)=(H/2 )% (3 ,=l#%2)
FOUJE)S(EI¥W*%2/8, 1% (04 =HE¥2)
F2UJEY={Le5/EL )% (Lo=Hu%2)
FIWJE)m=3x U/ (ET*%2) )
CONTINUE

GO TO 910

POHLHAUSEN TYPE VELOCITY PROFILE
CEBECI A SMITH (1974) P.300 (842.5,8)

B=BETA*ET#%2/b,

DO 8 KE=1,NE+l-

W=CR(KE)/EI

FO(KE)=(( (0, 2#(1.-8)*w+o 25%(34%B=2,) ) %W=B)¥H+0, 5% (B+24) )
LEWEHRET

FLIKEI=(({{10e=B)#r+(3, ¥B=24) ) 5H=30 %31 #U+ (B+24 1) %H
CF2UKE}=({(4, *(1.—8)*“*3 #(3.%B=24) ) #H=64 #5) $W+B+2, ) /F]
CONT TNUE

DO'9 1B=1,NE+l

BO(IB)=FN(IB)

BL{IB)=F1(I3) .

B2(1B)=F2(18)

'PRINT 33

DO 889 JX=1yNE+l

PRINT 34,Jx,FU(JX),FL(Jx),FZ(JX)

CONTINUE =

FORMAT(//110Xy 'INLTIAL GUESS OF VELPRF'y//15%y "NOUE 'y3X,

U'STF"13X|fDSTF"lZXs'DDSTF"/ang50('6‘)1/)



Soo241
L2420

24370

2447

2457

246 . "
247 .
248, -
T249.7 ™

250

251
252
2537
254

255

256070
287 0
258" -
259 ©
200 "

261
262

263

204

265

266
267
2b8

209

270
271
272
273
274
27%
2176

277
278
279

280
261
232
283

284

285

266 -

288
289
290

291

292
293
294

285

296

297

298

299 .

300
301

302

303
304

305"
306 .-
307
308 .
"3u9.

310

314

© 311
a2z
313

315

2316

317

318,

319,
320 .

coo-

oo

e NeXe)

34

FuRnAT(/,:x,12,7x,clz.ﬁ,sx,c1z.o,sx,clz.b)
CRETURN '+ o :

CUEND

" SUBROUTINE TO CALCULATE THE RIGHT HAND SIDE VECTOR

|

. SUBROUTINE RHS(ET,JEL) ' !
" _PARAMETER INLC=5,NUC=5)

THIS SUBRUUTINE CALCULATES Q4 AND COMPLETE RHS

COMMON/GRL/GSM(L54yWLC+NUC+L) 4SM(byb)9SOLILS4)
COMMON/GAUT/G(H9T7) 9GP (697D 3GPPI6sT7)9GPPP (o7 )yHI(T7)42(7)
CUMHﬂN/kIGHTS/F(b),FB(6)1FC(6) .

"COMMON/GRO/G(5)

COMMON/GR5/4LPHALBETA .

fCUMMON/EDI/:PS(Sl)’tPSP(Sl)

" DIMENSION COEFF(7) R -

DIMENSTON GAMl(bsb)yGAMZ(b,b),GAH3(O,6)‘GAH4(6,6)1Gkﬂn(Oso)’
- 1GAMO(DO96) s GAMTLE 16 ) 9 GANTYI(6,8)yGANTR2{096)4GANTI(6+61CANTA
2{010)yGAMNTSH(696)sGANTL(610)GAMT7(646) -

DIMENSTION H(6)7)’HPlﬁa7)aHPP(b’7)sHPPP(bo?):QH(b)

E2=ET*%2

E3=ET%*#3 o o )

DO L 1=147 g , o '

H{1s1)=G(1,1]) h )

THPUL,I)=GP(Ll41) -

- HPPP(341)=FR2%GPPP(3,1)

195

210

205

HPP(1a1)=GPP(1,1)

HPPP (141 )=GPPP (LI
H(2,1)=ET*G(2,1)

HP (241)=ET*GP (2, 1) .
HPP (2, 1)=ET*#*GPP(2,1)
HPPP (241)=ET*GPPP(2,1)
H{3,1)=E2%G(3, 1)

HP (3,41 )=E2%GP (3,1}
HPP(34T1=E2%GPP(3,1)

Hl4,1)=Glaysl)

HP {4 411=GP (4,1)
HPPU4,1)=GPP(4s])

HPPP (441)=GPPP{4,1)
HI5s1)=ET*G(541)

HP (5,1 )=ET#GP {55 1)
HPP(5,1)=ET*GPP{5,1)
HPPP(5,1)=ET*GPPP(5,41)
Hl6,11=E2%Gl641) '

HP {6, 1)=E2%GP(6,1)

HPP L6, 1)=E2%GPP(64])
HPPP(bsl)= E2%GPPP(6,1)

CONT INUE
FPL=(bPS(JEL)*EPS(JEL+1))/2¢
EPLP=(EPSP (JEL)+EPSP(JEL+L)) /2,
DU 195 IC= 156 :

GO0 TO 20

DO 195 JC=1,46

SMIICyJCi=0,

K FOR POINTS OF GAUSSIAN IHTEGRATION

00 200 Kk=1,7
00 205 I=146

DO 210 J=1ls6
GAML(I3J)=H(I,K)*HPPP(J,KI/E3
GAMZ{I3J)=H(I K)¥HPP(J4K)/E2
GAMTLITI s J)=HIT sk )EH( J,4K)
GAMT2( T3 J)=FBLI)*HPP{JyK)/E2
GAMT3(IsJ)=FLIV*HPPLJ4K)I/E2
GAMT4{ Ty d)=HIT s KI#HPIJ4KI/ET ~
GAMTS(I9J)=FBLI)%HP(J,K)/ET
GAMTOITIsJ)=FII)ZHP (JaK)}/ET
GAMT7(IyJ)=F{I)%H(JsK}

CONT INUE _

CONT INUE :

- CALL MATMUL(GAMT1;GAMT2,GAM3)

CALL MATMUL(GAMTL,GAMT3,GaM4)
CALL MATMUL(GANT4,GAMT5;GAMS)
CALL MATMUL(GAMT4yGAMT6,GAME)
CALL HATHMUL{GAMZ 4GANT7,GANT)
DU 215 IL=1,6

D0 220 JL=1,6

104



S370
Y2
. 372

373

374

375
376

377
378
" 379 -
380 -

381
382
383
384
385
386

© 387
348

389

390
391
392

393

194 -

395

1396

397
398
399

400 -

SO0 0

coo .

105

COF=((1,+EPLI%#GANL 1Ly JL)+EPLP#GANZ( IL s oL 1~
LALPAA*GAM3(ILy JL )+ (Lo +ALPHA) €GAMA(C TLy JL) +ALPHA%GAMS ( IL y L1
22%(BETA+ALPHAI¥GANO (1L JL)+(La+ALPHA) GARTLIL, JL) I¥H(K) %
3ET/240 0
(SMAILsJL)=SHEILy L) PCOF - , ,
220 CONTINUE. - o i

(215 CONTINUE ,' B S L

zuo CUNTINUE

20 DO 2 K=lyb
0‘1(K)=0'
DO 3 12147
C0=0. -
_£01=0,0
CU2=00 ;

‘~, CY3=0, - L
C04=0,. '
CU5=0,
C06=0,
CO7=O. . .
DO 4 Jd=1,6 S
CO=CO+HPPP (J oI VXF(J)* (L +EPL)/{ETH%3)
CUl=COL+H(JaT)#FB(J)*ALPHA
CO2=CO2+HPP{ Iy T)*F (J)/(ET®%2)
C03=CO3+H( I, T1*E(J)
CO5=CO5+HP(J s IV¥F(JI/ET
CO6=CO6+HPLJyI)®FBIII/ET -
"CONTINUE
COEFF(I)—(CU+(EPLP—COl)vCUZf(l.+ALPHA)vCD$vCDZ
&= (ALPHAthTA)*CUS**Z*ALPHA*COb*CDS*ﬂETA)*d(I)
Q4 tK)=04 (K)~COEFF(I)*H(KyI)

" CONT INUE

Q4(K)=04 (R)¥ET /2.4
CONTINUE
a(l)=1.
Q(2)=(1.+ALPHA}*C03-CO1
Q(4)=(1s +ALPHAY%CO2 ’
0(3)=ALPHA*CO6~2 . % (ALPHA+BETA) *C05

CPRINT #,'G_ VALUES IN RHS ARE'»Q

00 5 JQ=1,46

FC(J0)=QQ(J0)
. RETURN

END

“SUBROUTINE TD CALCULATE THE EDDY .VISCOSITY" LOEFFICIENTS

SUBROUTINE EDYVSC
CUMMON/PHYS/CNU4RHOLULNF
COMWON/EDI/EPS(5L1) +£PSP(5L)
COMMON/GR4/NyET9PAsPHINTURB NESNVIVPLIPR
COMMON/ZETC/ITyITERYNSTyIZSCoZETALLOL) 4 XBAR(LUL),
LUELL0L) 4 SPRHY : ‘ ’ :
- COMHON/GR5/ALPHABETA ’ . .
. COMMON/GR3/CR{5L)4DETA{153)
CUMMON/oRz/FO(sll,F1(51),F2(51),80(:1;,a1(51),aa(al)
_1sF3(51) ‘
DIMENSIGN EPOI(SL)LEPI(5L) '
SINT=0.
DO 299 IELEM=1,NE ,
HG=DETA(IELEM) . -
“VER=(2.=FL{IELEM+L)=FL(IELEN)}/2Z,
299 SINT=SINT+HG*VEK
" SINT=0.0168%ABS(SINT)
 XST=SURTIZ2.%#ZETALIZSC))Y/CMU
DO 301 IPU=1l,.NE+l .
DEN=L4+5,5%(CR{IPO)/El')¥%0 -
301 EPO(IPO)=SINT*XSI/DEN
DO 319 IPU=LyNE+L
APL=XSI*CRIIPO)/ 26,
PRXaSQRT{ABS({F2(1)~ BETA*CR(IPO))/XSI))
APX=<APL#PRX -
APH=({L.~EXP(APX) }&¥2
C EPTUIPOI=U,16%XST#*ABS(F2LIPO))®APWSCR(IPO) %52
- TF(EPLUIPUN (GTLEPO(IPO)IGO TO 320
cEPS(IPOI=EPL(IPD)
319 CUNTINUE® ’



401 o
4027
403
Y TR
405 L

4067
407 I
To4u8
T 409

410

411

412

To413)

- 4l4

415 7,
4L
417 o
418t

419
420

421

422
423
424
425
426

427.

428
429
430
431
432
433

434
435 -
436

437:

438
439

440 -

441

442

443
444

445

446
447
448
449
450

451",

452
453
454

455

456

- 457 ¢

458

459

460

4ol

462
463
464
465
466
- 467

408
409
470
471
472

473

474

47%
476

477
478
479
480

cooo0oo0oo’

320
325

[z NeXe)

o000

DO 325 ICON=IPO,NE+1 -
EPS{ICOR)=EPO(ICON)

DO 339 140=2,KHE

H4=DETA(TJ0-1)

 HP=DETA(TVD)

FHl=EPS(140-1)
FZ=EPS(IJO)
FP1l=EPS(T1J0+1)
DENM= HM#HP*(HM+HP)
AMl==HP#%2 .-

Al= (HP+HM)*(HP”HM)
AP l=HM%%2

FPSP(IJD)-(AHl*FMl+AZ*FZ+APl*FPl)/OENH

HH=DETA(1).
HP=DETA(2)

CFM1=EPS(1)

- FI=EPS(2)
. FPL=EPS(3)

DENH= HM*HP*(HH+HP)
AMl==HP% (2, %HN+HP)
AZ={HP +HM | %% 2

AP Ll==HMx %2

EPSP(l)=(AMl*FMl+AZ*FL+APL*FP1)/DENM

HM=DETA(NE-1)
HP=DETA(NE)
FAL=EPS(ME=-1)
FZ=EPS(NE).
FP1=EPS(NE+1)
DENU=HMEHP * (HN+HP)
A l=HP ¥%2
Al==(HP+HN)¥¥x2
APL=HM®(2,%*HP+HN)

RETURHN
END

CEPSPINE+L)=(AML*FHLI+AZ¥FZ+APL1*FPL1)/DENM

SUBROUTINE.TO ENFORCE THE BUUNDARY CONDITIONS

. SUBROUTINE MODIFC

OO0

18

PARAMETER (NLC=5,NUL=5)

COMMON/GR4/NSETyPAYPMINTURB,NES NV, IVPLyIPR

CDMNON/GRL/GSN(154,NLC*NUC+1),Sﬂ(byo).SDL(lb4)

SOL(1)=yg.

FULLDHING BDUNDARY CONDITIONS WITH

sgLitil=1,

sQL(2)=0,

SOL{NY=1)=0,
SOL{NV=1)=COS(EL )~ SIN(FI)
DO 18 Jx=2,NV=-2

SOLEJX)=SOL(JXT1=GSH{IX2 01 %#SOL{0)=GSH{IXy 1) *SOLLLI-GSHIJX4NY-1)

¥SOLINY=1)
CONT INUE

SOLINY)I=SOL(NY )= GSM(NV,O)#SDL(O) GSN(NV,l)*SUL(l)-GbM(NVyNV 1)

E*SOL (NV=1)
GSM(14NLC+Y1)=1,
"GSM(2yNLCr1)=1,
GSMINV~14NLC+1)=1,
GSM{NYsNLC)=0,
GSMINV=14NLC+2)=0,
DO 15 JX=2,yNLC+1

" GSM{JXy=JX+NLC+2)=0.

A T

GSM{LyJX+NLC)=0,

CONT INUE

DO 16 JX=3,NLC+L
GSMJXy (2=JX )+ (NLC+1))1=0,
GSM{24 [4X=2) +{NLC+1))=0.
CONT INUE

DO 17 JX=NV~5,NV=2 :
GSMLUXy (NV=1=JX) +(NLC+1))=0,
GSHINV=1y X-NV+NLC+21 =0,
CONT INUE

'RETURN . .
END :

_SUBROUTINE TO' PRINT THE OUTPUT OF The

SUBROUTINE QUTSGOL *
COMMON/ GRS /ALPHA s8ETA

PROGRAM-

106
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481
. 482 -
483
434"

485
486

487 i

- 448
- 449

490

491
492
493
494
495
496
497

498 '

499
500
5ul

304
- 505
506
507
508
509
510
‘511

502
513
514 -

515
516

517
518 .
519

520

521
522

523
524
525

526 -

527
528

529 -

530
531
- 532
533
534
535
536
537
538
539
- 540

541

542
543

544

545
546
547

548
549 -
550
551
552
553 ..

554

356
557
558
559
560

502
503

555

S OO0O0O

OO0

OO0 00000000000

: CUHﬂUN/GRZ/STF(51)’DSTF(51)1DUSTF(51)’BU(DI)1b1(5l)

. 1482(51),F3(51)

: CDMNDNIGRJ/CR(EI);0:TA(153)
COMMON/PHYS/CHURHOUINF '
COMMON/GRA/NIETyPAPHyNTUKE, beNV,IVPLyIPK

‘ COHMON/ZETCIITiITER’NSTrIZSCyZETAllOl) XBAR(IUl)v

LUE{LO01),SPRHM )

INTEGER PH4PyPlsPO

" CHARACTER#1 TYP-

- CHARACTER#L IPLOT

" CUMMON/TYPE/TYP,IPLUT
REX=UINF#RHO¥XBAR(T1Z5C)/CiHy

CPRINT 954XBAR{IZSC)ITHBETA, UE(IZSC’qSPRMsREX
N0 1L I=1l.NE+1
PRINT 110, l103(13mSTF(I)yDSTF(I)snﬂer(Il-

© 1 CONTINUE

IR CUTYPAEQW ' T 1o ANDW (12SCiGEW2) I CF= SQRT(Z /REX)*
LDLSTF(1) - .

PRINT#y! JALL SHEAR CF = '4(CF

RETURN. "

95 FORMAT(LHLs/ 95Xy " STATIUN XBAR = VyF6¢316Xs'I1T="314y3X, 'BET=

© LFL04By2Xs'UE ="3F84592Xy " SHEAR PARAM= '4F1l4613X,' REY =
UFL5. Q.////v&X,'NUDE',bX"tTA',BXv'STF'g?X:'DSTF'ng,‘UDbTr
1 /a1Xy50(%=")4/)
10 FORMAT(2Xy14494F11.6)
END

SUBROUTINE TO PLOT THE OUTPUT OF THE PROGRAH

SUBROUTINE PLOTST(XARYsYARYyNPLUT)
DIMENSION XARY(51) 4YARY(S5L)

-CHARACTER*1 JUNI
PRINT #,'00 YOU WANT A HAKD CuPY FILE,NPFILE'
READ *,1unl .

. CALL INITIG(.TRUE.’-TRUE.,BHSTF)
CALL SPLIM(0e9=3441046934) " :
CALL SPPORT(0,.9-=3.510.93.)

 TFUIUNTLEQ.'Y') THEN

LCaLL UNION
END IF .~
CALL SMSYM(2)

CALL MOVEA{Qey=34) -

CALL DRAWA(O.33,)

CALL MOVEA(O.y-3,)

CaLL DRAHA(1011'3-)

CALL MOVEA(Q4q104)

CALL DRAWA(L0.404) -
CALL HOVEA(OI’BO)

CaLl DRAWA(L0.434) =
CALL DRAHA(L10,,4~3)

CALL MOVEA(U44=3.)

CALL PLUTA(NPLUT’XARYnYARY’-TRUE )
TF(IUNT.EQ.'YY) THEN
CALL UNIOQFF

END TIF

- CALL ANTKtY(l’ITRIGrloNCHARsILHAR)

CALL CLRPT :
CALL QUITIG(.TRUE.)
RETURN

END,

SUBROUTINZ TO INPUT THE DATA

SUBROUTINE INSOL
MASTER THESIS ~OF SAHNUR AGAIK

NUMBER OF ELEMENTS

ETA INFINITY

GRID INCREASE PARAMETER (FOR TURBUL&NT CASE ONLY) -
PRINTING OPTION PARAMETER

"1 PRINT ALL STATEMENTS

2. ONLY "AFTER ELiHINATION

0 7 NO INFORMATION =

3 : ITERATIVE CONPLETE STATION INFORhAT!uN
INITIAL VELOCITY PROFILE '

2 NORMAL 3RO ORGER POHL ) , .
3 - COMPLEX POHL 4TH ORDER : .

NE
EI
PA
PH

AR

IVPL

107



S5al. ¢

502

563
564 . -
505
" 566
507 ¢
568. °
E-7-1 B
570.
5717
5712 .
573
574
C875.0
876
8517 .-
- 578
c 879 &
560 °

581

582 .
583 -

544
585
586
587

588

549
590
591
592
593
594
595
596
597
598

599 =

600
601

602

603
604
605,
BUG
607
608
609
610
611
612
613
614

616
617
618
619
620

621

622
623
624
625
626
627

628°

629

630.
631

632

633.

634
635

636

637

638

640 .

ncwn:wrwntﬁcan(ﬁrsntﬁr)ncvr)ncar:nruncﬂ&)nkdruhearwnfvncﬁ

NOOO

OO0

NOOO

' DTHERWISE LINEAR

“IPR = PRESSURE GRADIENT FLAG

‘0 - BETA=CONST, FLOW FOR TuRBd APPLICATIDN
L HOWARTH'S FLOW  UBAR=1l.=-XBAR/&.
CIRCe CYLIWNDER =~ UBAR=2.%SIN(XBAR)

. 6 - FREE NUMERICAL ' o ‘ i
NV .= NUMBER OF FINAL VARIABLES - :
GSHINVyNLC+NUC+1)=GLOBAL STIFFNESS HATR[X
SH(545)= " STIFFNESS MATRIX :

Q(5)= a(l) VALUES TD BE HULTIPLItD

FClb)=FC FORCE. YECTOR
SOL(6)=GLOBAL FORCE VECTUR
SOL{6)Y=SUOLUTION - FORCE VECTOR
FO(NE+L)= F YECTOR

.FL(NE+1)= F' YECTOR.

F2{NE+Ll)= F'"' " - VECTOR

~F3{NE+L)= F1*¢ VECTOR

BOINE+1)= F N~-1  VECTOR
BL{NE+1)= F¥ N=-1 VECTOR -

"CR{NE+1)= COORDINATE VECTUR OF ETA 0 TO INFINITY
ET - = DELTA ETA -

BETA = = BETA PARANETER

2 = ZETA PAKANMETER v

NST = N  OF STATIONS 0 FOR SIMILAR FLUW
125C- - = ZETA STATION COUNTER: _

ALPHA = ALPHA PARAMETER -

XO(NE) = F VECTOR AVG FOR ELEMENT

XL{NE) = F! VECTOR AVG FOR ELEMENT

X2(WE) = F''  VECTOR AVG FOK ELEMENT

X3(NE) = F''' VECTOR AVG FOR ELEMENT

YO(RE) = F  N-1 VECTOR AVG FOR ELEMENT

YLINE) ‘= F' N-1 VECTOR AYG FOR ELEMENT

DETA(NE)= "INCRENENTS OF ELENENTS

"DETA(Ll) = INITIAL GRID WHICH MUST BE& GIVEN

TYP..-~ = GRID MESH ACCORDING TO TURB 'T' OR ‘L' LAHINAR
COMMON/ZETC/IT+ITERyNSTsIZSCyZETA(L01) 9 XBAR{LUL),
LUE(10Q0L1),SPRNM

CDMHDN/GAUI/G(6,7),GP(b;?),GPP(6971sGPPP(bs7)yH(7l,L(7)

-COMMON/GR3/CRIS5L)DETA(L53)
CDMHDN/GR#/N;EI9PA1PM»NTUKB,NE,NV.IVPL;IPK
COMMON/PHYS/CHUy RHO,UINF
CUMMON/GRS/ALPHABETA

~INTEGER PMsP+P1,PO

CHARACTER#1 IPLOT :

CHARACTER#1 TYP B
COMMON/TYPE/ZTYP, IPLAT

DATA L/ 025446044,.129234406’.297077425s.Do.70292£576:

1.870765593+,974553956/

DATA W/, 129484966,.279705391g.361630091,.4179b9184’
1.38183005L94279705391,,129484966/

DATA RAD/0.0174532925/ :

PRINT #,' DO YOU WANT A PLOT OF F VERSUS 2T’
READ #,1PLOT

PRINT*,! ENTER EI,PA,PM,NTURB,NST,IVPL,IPR '
READ#*2EL4PAsPHINTURBNSTyIVPL,IPR

PRINT#4' _ENTER ~RHO AND M ~AND UINF!'
READ*, RHOy CHU, UINF - -

CrR{1)=0, )

NUQE,CODRDINATES FOR TURBULENT OR -LAMINAR CASE

PRINT#4% ENTER TYP T v L OR M; DETA(C1) *
READ*,TYP 4DETA(L) '
CRI21=DETA(L1} -

IF({TYP.EQW T} OR(TYPLEUL'M')IGO TO 26
IF{TYP NEJ'L'IGOTO 27 '

LAMINAR CASE ASSUMED

NE=INT(EI/DETA(1)+0.5) .
DO 29 JD=24NE
DETA{JD)=DETA(L)
" CR{JD+1)=CR(JDI+DETA(L) -,
36 FURMAT(bXaIZ,lOX,Flb.B)

29 CONTINUE

- 6OTO 30 ’
TURBULENT CASE ASSUMED

NE=ALOG((EI/UETA(I))*(PA-ly0)+1.0)IALDG(PA)

108



641 ::

663
6o4
605
666
607

668

669
670
671
672
673
674

~675 -

676
677
678
679

630"

6861

682
683

684

685 -
646"

687

688"

639

630 .
691

- 692
693

694 .

695
696

698

699 -

701

702
703
Tu4
705
706
707

. 708"

. 709

710 -

711

712

713 .
714 .

715
716
717
718
719
720

i JOETA |
“EI=CR{NE+L) . ' . ' ]

IF(TYPLEQL'H'IGO TO 40

DO 31 Jb=2ZNE

DETA{JD)=DETA(JD-1)%PA
CR(JO+1)=CR{JDIFDETALIDY
CONT TNUE

. 6a TO 30

40

NE=NE#3 '
PAR=DETA(L}/3,
"CRE2Y=CR{1)+PAR

S CR(3)=CR(2)+PAR
. CR{4)=CR{3)1+PAR

DETA(2)=DETA(L)
DETA(3)=DETA(L)
DD 45 IN=4,NE=243
PAR=PAR¥PA - ’

. DQ 47 IN=Ly3"

47

* 45

30

CR(IM+IN)=CR(IM;IN ~11¢PAR
DETALIM+IN~1)=PAR

PRINT®y TH+INy PCOOR 'yCR(IH+IN)
CONTINUE 7 ‘ ‘
EI=CR{NE+1)

NV=NE#3+3 o -

PRINT#4' ENTER BETA ¢

- READ*, 8ETA"

49
00

70

C48

3z

oo

oo

Tocoo

IF(NST.EQ.0)G0 TO 438
IF(IPR.GEL6)GO TO 60

ZETA(L}=0,

XBAR(1)=0,

DO 49 JX=2yNST+1

READ* s XBAR(JX) ,
IF(IPR.EQ.2) XBAR (JX1=XBAR(JIX)*RAD
GO TO 48

UE(L)=1,

DO 70 JS=24HST+1

READ#*,XBAR(JSIIUELIS) ) : ;7

1T=0 .-

PRINT %, ENTER NO. OF- ITERATIONS o+ ITER!

.READ %4 TTER

PRINT 324NEyNVIETyBETA9TYPyNST )

FORMAT(/35Xs " ~ IMPORTANT PARAMETERS ARE: Y9/45%y " iNE=',16,

&' NV=',T6,' EI='4F8,3y" BETA='yFB845s'  TYP="3A3,3X, 'NST="y13)

VALUES OF GAUSSIAN INTEGRATLON

D0 1 1=1,7

GllyI)=1.~10, *Z(I)**3f1b *Z(I)*#ﬁ-b *L(l)**b
GPILyI1=30e¥(=Z(I)%%2+42,%2(1)%%3=2(1)5%%4) :
GPPLyT) =004 % (=2 (1 )43,%L(1)%32=2,%2(])%%3)
GPPPILyIN=60,%(=1etb6s%¥Z{I)=0o%2LT)%¥%2)
GU2yT)=2 (L) =6, %2 (1 )%%340 2T (1)%%4=3, *Z(I)**D
GP{291)al =18 %Z ([ )#42+432,%Z(1)%83=15,%2L(1)%%4
GPPI2yT)ol2e%(=3o%2 (1048 ¢%Z(1)%¢2=5,%2(])%%3)
CGPPPL2y11aL2 % (=30+16¢*L(1)=15,%2(1)%%2)

G(3sT)1=Qe R (Z(T)¥R2m3 R ([)%%343 (%L1 )%%4=7(])%%5)
GPU391)1=0.5%(2#Z(T)=0.%2(1)¥¥2+412%2(1)¥%3=5,%2(])%%4)
GPP(3s1)=1,=9, %2 (1) +18.%Z(I)*%2=10.%Z(1)*%3
GPPP(341)=3.%(=3,+12,%2(I}~10,%Z{[)%%2)

Gla s T)=10.22(1V%%3~15,%2{1)¥%4+0,%2(1)%%5

. GP(Q'I)‘3U.*(Z(I)**2-&.*1(11*#3+Z(I)**4)

GPPUA[)=00#({Z(1)1=3,%2(1)%%2+42,%2(1)%%3)
GPPP(4911=60,%(Le—ba%2(1)vb,XZ(1)¥%%2)
GUS41)==a ®Z (L )%%3+7.%Z(1)%*%4=3,%2({1)%%5 .
GRS 9l ) =252 (I1)%%2+28 %2 (1)¥43=15.%2(])%%4
GPP(54I)=12,%( =2 %2 ()47 %2 (1 )%%2-5,%2([}%%3)
GPPP{541)=12,F(=24+14,%2(1)~15,%2(1)%%2)

Gl I)=0a5%(Z(T)5%3-2, %2 (I )%%4+2({[)%%5) "
GPloa1)=0,5%(3%Z{1)#*%2-8,¢Z (I )x*3+5,%Z(1)#¢4)
GPP(6yT)S3 4% (1) =12,%Z(1)%%2+10,%2(1)%%3
GPPP{691)=34%(1a~8,%Z(T)+L0*2([1%%2)
CONTINUE

RETURN

END”

SUBROUTINE TO CALCULATE THE PRESSURE GRADIENT PARAMETERS
_SUBROUTINE PRGR

WILL CALCULATE ZETA AND PRES. GRAD. PAKRAM.,
FOR. NUN~STHMILAR FLOdS ’
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721

fo7e2
723"
724 .

725

726

727
728

C729
730

731
732

733
734
735 o

736

737
738"
739 .
740 -

“.741
742
743
744

745
746 .

747
748
749
750
751
752

753

154
755
756
757

758
. 159 .

760
7ol

762"

763
To4
765

766
- 707
768

769

770
771
772
773
774

175

776
77
778
719
780
781

782"
763

784

765

786

787 -

788

TR

. 790

91

792

793

794
795

796
797

798

799
800 .

s EeXe]

COHMDN/GR4/N9El’PAgPH,NTURBgNE,NV,IVPL IPR
COMMON/GRS/ALPHASBETA
CUMMON/ZETC/ITsITER,NST,IZSC;ZETA(lOl);XBAR(lul),
LUE(LO0L)sSPRN .
CGHMON/PHYS/CMU:RHO:UINF i
. HONARTH'S FLOW . UE=1 = 0,125%XBAR

: IF(IPR-E0.0)GD T0 25
IF{IZSC.EUWNSTICO TO 40-
IF(IPRLEQ.L)GO TO 20
IF(IPRJEQL2)GO TO 30
Dit=XBAR(TZSC)~XsAR(IZSC~1)
DP=XBAR(IZSC+1l)~- XBAR(IZSC) .
- DUDX=(-DP#%2%UE(TZSC~L)+{DP¥*2~ 0M**2)¥UE(IZSC)+0M**&*

. lUE(IZSC+1))/(DM*DP*(DM+DP))

. "GU TO 60° : ' '
40 DUDX=pP##2#*UE(NST~ 2)-(DP+DM)**Z*UE(NST l)*DH*(Z *DP*DH)
- LHUE(NST)/(DU*DP% (DP+DM))

50" CH=XBAR(IZSC)¥DUDX/UE(125C)

C
C

BETA=24%CH/ (CH+L4)
ZETA(125C)= ZETA(IZSC—IP*(UE(IZSC)+UE(IZSC-1))*DH/Z.
GO TO 50
20 UE(L1ZSC)=le=XBARIIZSC) /6.
BETA==04254XBAR(1ZSC)*(14=XBARIIZSC)/164)/ ((1.-XBAR(IZSC)
1/84)%%2)
ZETA(IZSC)=XBARIIZSC)#(1 4 ~XBAR(IZSC)/164)
SPRM=UE(TZSC)#%2/SQRT(2.,%ZETA(IZ5C)) .
G0 TO S0
30 SN=SINIXBAR(IZSC))
CS=COS (XBAR(IZSC))
‘BETA=2.%CS/{1.+CS)
UE(IZSC)=2.%SN :
SPRM=2,%SN¥%2/SURT(1.~CS) -
ZETA(IZ5C)=2,%(14=CS) ‘
60 TD.50 - L
25 XH=BETA/(2.,-BETA)
ZtTA(IZSC)-(XBAR(IZSC))**(XM+1 V7 UXH*L oV ECHUSRHOUINF
50 RETURN
END

SUBROUTINE FOR MATRIX MULTIPLICATION

« SUBROUTINE MATMUL(A,B8,C)
DIMENSTON A(616) 3B(616),C{646)
DO 6 I=ls6
DO & K=1l,b
C{I4K)=0,

DO ¥ J=Ll,6

8 CLIK)mCULyK)TAL(], Jl*B‘J)K)

6 -CUNTINUE
RETURN
END

CELEMENT=TFFTL.LEQT1B/

C

C

C-LEQT1B=mmmmme §mmmmm— LIBRAKY 2

OO0 OO0O0O0OO0000000

»SUBROUTINE LEQTLB (A,N;NLCyNUCvIA,BsM’IB»IJOB:XL,IER)

110

FUNCTION MATRIX OECOMPOSITIONs LINEAR ZQUATION

SOLUTION - SPACE ECONOMIZER SULUTION -

" BAND STORAGE MODE

USAGE : - Call LEQT18 (AsNyNLC!NUCglAsB MeTdy1JUS s XL

. 1ER)
PARAMETERS AL . = INPUT/0UTPUT MATRIX OF DIMENSION N 3Y
(NUC+NLC+1). SEE PARAMETER 1J0B.

N -~ ORDER OF MATRIX A AND THE NUMBER UOF ROMS iN

B. (INPUT)

NLC ~ NUMBER OF LOWER CODIAGONALS IN MATRIX Ar

{INPUT)

NUC ~ NUMBER OF UPPER. CUDIAGONALS TN AATRIX A,

(INPUT)
IA © = RGW DIMENSION DF A AS SPECIFI&D IN THE
CALLING PROGRAM. (INPUT)

B © = INPUT/OUTPUT MATRIX OF DIMENSION N dY M.

ON INPUTy B CONTAINS THE # RIGHT-HAND S1DcS

OF THE EQUATION AX = B. ON OQUTPUT, THE

SULUTION MATRIX X REPLACES be IF §JOB = 1,



8ol -

111

880 - - 25

S - o 8 IS NOT USED.
- 802 c. e ~ NUMBER OF RIGHT HAND SIDES (COLUMNS IN B8).
C8U3 L C . (INPUT} .
804" c 18 ~ ROW DIMENSION. OF B AS SPECIFIED IN THE
805 - c _ CALLING PROGRAM., (INPUT}
806 . ¢ 1J0B - INPUT OPTION .PARANETER. IJOp = I IHPLIES WHEN
807 .. C . ! = 0y FACTUR THE MATRIX ‘A AND SOLVE THE
808 .\ C. EGUATION AX = B. ON INPUT, 4 CONTAINS ThE
809 -7 ¢ COEFFICIENT MATRIX UF THE EGUATION AX = 6,
810’ ¢ WHERE A IS ASSUMHED TO B8E AN N BY- N BAND
D% c MATRIXe A IS STOURED IN BAND STORAGE MOOE
812 - (o AND THEREFORE HAS DIMENSION N BY
813 " ¢ (NLC+RUC+1), ON QUTPUTy A IS REPLACED
- 8l4 " C BY THE U WATRIX OF THE L~U DECOMPUSITLON
815 c" OF A ROWWISE PERMUTATION GF MATRIX A. U IS
8l6 c - STORED IN BANU'STORAGE nmODE.
aL7 c I =.1, FACTUR THE MATRIX A. A CONTAINS THE
818 ° c SAME INPUT/OUTPUT INFORMATIUN AS [F
819 c 1408 = 0.
820 c 1 = 2, SOLVE THE EQUATION AX = B. THIS
821 c © OPTION [MPLIES THAT LEQTlb HAS ALREADY
822 c BEFN CALLED USING IJ08 = u IR 1 SU THAT
823 c - “THE MATRIX A HAS ALKEADY BEEN FACTOREU.
824 o IN THIS CASEs OUTPUT MATRICES A. AND XL
825 c MUST HAVE BEEN SAVED FOK REUSE IN THE
826 c CALL TO LEQT1b. ‘
827 c XL = WORK AREA OF DIMENSION N*¥(NLC+l). THE FIRST
828 C L  NLC®N LOCATIONS OF XL CONTAIN COMPONENTS uF
829 c THE L MATKIX OF THE L-U DECGHMPOSITION OF A
830 c " ROWWISE PERMUTATION OF A. THE LAST N
831 c LOCATIONS CONTAIN THE PIVUT INDICES.
832 c IER ~ ERROR PARAMETER.
833 c TERMINAL ERROR = 128+N.
834" S e N ='1 INDICATES THAT MATRIX A IS .
835 . C ALGORITHMICALLY SINGULAK. (SEE THE
836 ¢ , " CHAPTER L PRELUDE). Y
837 : C  PRECISION -~ SINGLE
838 .. C' REQ'D. IMSL RUUTINES - UERTST
839 C  LANGUAGE = - - FORTRAN .
840 c- ———— -
841 - €  LATEST REVISION - NOVEMBER 27,1973
842" C : e - ‘
843 - o SUBROUTINE LEUT].B(A[N!NLC:NUC,[AaBsM:IB,IJDB,XL!IERl
844 c : ‘ :
845 ' DIMENS ION g AUTASL15XLINs1)9B(18,1)
846 “DATA ) ZEKB/0,/30NE/1.0/
847 1ER = 0
848 JBEG = NLC+L
849 . NLCl = JBEG . .
850 IF (1406 .EQ. 2) GO TOU 8O N
851 RN = N . ’ :
852 o . RESTRUCTURE THE MATRIX
853 o FIND RECIPROCAL UF THE LARGEST
854 ¢ ABSOLUTE VALUE IN ROd 1 :
855 . 1.3 1 :
856 NC = JBEG+NUC
857 NW = NC i
858 JEND = NC
859 IF (N 4EQ. 1 +OR. NLC .EQ. 0) GO TO 25
800 5 K =1 - o
861 P = ZERC
Bb2\ 00 10 J = JBEG.JEND
863 AlLsK) = AlI44)
Bo4 Q =" ABS(A(IK))
865 IF (U .GT. P) P = G
866 - K = K+1
867 10 CONTINUE .
_ 868 - IF (P .EQ. 2EKO) GO Tu 135
869 XLEIsNLC1) = ONE/P
. 870 IF (K «GT. NC) GO TO 20.
871 DO 15-J = KyNC
872, © Al1.4) = ZERD
873 . = 15 CONTINUE
874 . .. 20 1 = T+1
875 : JBEG = JBEG-1 . ,
876 - IF (JEND~JBEG EQ. N) JEND = JEND-1
877 - IF (T .LE. NLC) GO-TO 5 )
878 JBEG = I
879 NN = JEND .

JEND = N=NUC



8s1.

882
- 883
854
885
886

887

848

839 .
© 890
8917

832

893

894

895 -

896

897
898
899

900 -

901
902
903
904

905 .

906
907
308
909
910
911

912

913
‘914
915
916
917
918

919 -

920

921 -

922

923

924
925
9¢6
927
928
929
930

931
932.

933

934

935
936
937
. 938
939
940
941
942
943
944
945
946
947

. 948
949 .
950

951

.952 -

953

954 -

955

956

957
958
- 959

960

- 30.

35

40

55
60

05
70
- 75

80

85
90

95

100

105

C

D0 40 I = JBEG
p = ZERD
D030y =1

N

s NN

Q = ABS{A(I+d})

IF (Q .G
CONTLINUE
IF (P JEQ.
XL(IgNLCL).
IF (I JEW.
IF (I «LT.
K = NN+1
00 35 J =K

A(TsJd) =

- CONTINUE
NN = NN=-1"
CONTINUE®

Ll NG -
D0 75 K = Ly

T P

ZERU
= 0N
JEND

JEND

sNC

) P =.0Q

) 6O TO 135 SR
E/p B
) GO T0 37
} 60 TO 40

ZEROD

L=U DECOMPOSITION

P = ABSCA(KyL)1#XLIKsNLCL)

1 =K

\

IF (L oLTs N) L = L¥1

K1 = K+1
IF (Kl +GT.
- DO 45 4 = K

L)
1,L

GO TO 50

Q = ABS(ALJ,1)}*XL{JyNLCL)

IF (@ .L

P =0 '

I =14
CONTINUE
XLUTHNLCL)
XLIKyNLCL)

IF (RN+P LE

IF (K JEQ.

DO 55 4 = 1
P = A(K’
A{K, )
AlT,J)

CONTINUE

E. P

= XL
=1

Q. R

1} 6
sNC
NB)
Al
P

) GO TO 45

{KsNLCL)

SINGULARITY FOUND
N) GO TO 135

INTERCHANGE ROWS I AND X
a TO 60

s d)

IF (K1 +6T. L) GO TO 75

PO 70 I = K

1,L

P = A(T41)/A(Ky1)

IK = [=K
XLIKLyIK
D0 65 4
Al yd
CONTINUE
ALTINC) = 2
CONTINUE
CONTINUE
IF (1408 JEU,

L = NLC

DO 105 K = 14N
I = XLUKyNL

IF (1 .EG.
po0'85 4= 1

P = B(K,
U BUK,J)
O B(T,d)
CONTINUE .

([ 1}

)} =
= 2’
-1)

ERD

1) 6

Cl}
K} G
M
J)
B(1
P

P
NC
= AlTyJ)=P*AalKyJ}

0 Th 9005
FORWARD SUBSTITUTION

0 T0 90

2 d)

IF (L WLTe N) L = L+1

Kl = K+1

IF (K1 .GT. L) GO TO 1u5

D0 100 1 =
- IK = I-K

K1tk

.

P = XLIK1yIK)
= 1:“ .

D095 4
Bl
. CONT INUE
CONTINUE
CONT INUE

JBEG = NUC+NLC
DO 125 4 = 14M

L= 1
K1 = N+l
-bD 120 1 =

) =

14N

BLlIyJ)=P*B(KsJ)

BACKWARD SUBSTITUTION
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- 961 -
962

- 963.

964
965
966
967

968
969
970 .

971
972

973 .

974

975 -

976
977

978
979
980
981
942
983
"984
9485
946
987

958

990
991
992
993
994
995

996 -

997

998 -

1000

1001

1092
1003
l0ou4
1005
1006

1007

1008
1009
1010
101l
1012
.1013
1014
1015
1016
L0117
1018
1019
1020
1021
1022
1023
1024
1025
1026
1027
1028

1029
1030

1031
'L032
1033
1034
1035
1036

1037

1038
1039

1040 -

nnn‘nnnnonnnonnnonn_onn

110
115

1200

125

135
9000

9005

m

LE

£
u
p

L

) - -
~UERTSTmmmmmmmm e e ==L [BRARY 2

113

K = K1-I.

Pe= BLK,yJd)

IF (L «EQ.s 1) GO 7O 115
DO 110 KK = 2,L

IK = KK+K
P o= P=A(KoKK)¥E(1K=1,4)"
CONTINUE .
BIKyJ) = P/A(KsL)
IF (L +LE. JBEG) L = L+l
CONTINUE L
CONTINUE
GO T 9005
IER = 129
CONTINUE
CALL UERTST(IER,6HLEATLE)
RETURN | =

- END

MENT=TFFTL.UERTST/

SUBROUTINE "UERTST (IERsNANE}

UNCTION - ERRUR MESSAGE GENERATION
SAGE = CALL UERTST(IER,NAME)
ARAMETERS IER = ERROR PARAMETER. TYPE + N HHERE

TYPE= 128 IMPLIES TERMINAL ERROR
i 64 IMPLIES WARNING WITH FIX
32 IHPLIES HWARNING ’
N = ERROR CODE RELEVANT Tu CALLING ROUTINE
INPUT SCALAK (DOUBLE PRECISION ON DEC)
CONTAINING THE NAME OF THE CALLING ROUTING
AS A b~ CHARACTER LITERAL STRING.
FORTRAN:-

NAME

ANGUAGE

1

LATEST REVISION

OCTOBER 11,1975

- SUBROUTINE UERTST{IERsNAME)

DIMENSION 18IT(4)
INTEGER WARNyWARF s TERMH,PRINTR
EQUIVALENCE (IBIT(l)’WARN),(IBIT(Z)gnARF),(IuIT(J)aTLRn)
CHARACTER*6 ITYP(3,4) .
.DATA : ITYP/'NARNIN' Yyt L)
¥ : TWARNIN' ‘G(NITH',' FIX) .
* TTERMIN' o YAL byt Yy
* INON=DE Yy "FINED ', Y
¥ [8IT/ 32964912840/
. DATA : PRINTR/ @&/
TER2=IER
IF- (TERZ +GE. WARWN) GO TO 5
NON=DEF INED
IERL=4 :
GO0 TO 20 ~
IF (IERZ .LT. TERM) GO TO 10
, - TERMINAL
1ERL=3 :
GO TO 20

10

15

20

OO0

IF ((IERZ .LT. WARF) GU TO 15
‘ © . WARNING(WITH FIX)
IERL=2
60 TO 20
WARNING
TERL=1
' . L EXTRACT *N!
IER2=1ER2~IBIT(IERL} ; . -
' ‘ PRINT ERROR MESSAGE

WRITE (PRINTR925) (ITYPUI,IER1)sI=153)yNAME,TERZ,IER

FORMAT(Y' #%% T M S LIUERTST) ##% '333692X1A6424412,

1 VUTER = 14,13,40)1)

RETURN
END

SUBROUTINE TO CALCULATE THE STIFFNESS MATRIi IN PRECALCULATED Fu®ti

SUBROUTINE ELECRE(J)

PARAMETER (NLC=5,NUCa5) -
COMMON/GR3/CR(5L)4DETAILS3)"
COMHON/GRZ/FO(51):F1(51)1F2(5l)i80(5l)131(51))32(91)



1041
1042
1043 0

1044

1045

1046

CL047
1048

1049

1050 .
1051

1052

1053

1054

1055 .
1056

1057
1058
1059

1060 -

1061
1062

1063 .
1064 .
1065

1066
1067
1068
1069
1070
1071
. 1072
1073
1074
1075

1076 -
1077

1078
1079
1080
10381

1062°

10383
10484

1085

- 1086
1087
1048

- 1089
1090
1091
1062
1093

1094 -
1095
.1096

1097
1098
1099

1100°
IRINY

1102
1103
1104

1105

11ue
.1l1o07

1108 ..

1109
“1110

1111
- 1112 -
1113

1114

1115°

1116

1117 .
1118

1119

1120

[ XeXe)

114

L 14F3(51) B ' :

COMAON/GR4/NsETy PAsPMyNTURB,NE9NY, IVPLSIPR
COMMON/GRS/ALPHA +BETA

COMMON/GRB/ULS)
‘COHMGN/GRI/GSN(lSh,NLC+NUC+1)aSH(b;o),SUL(154)
ET=0ETALJ) . j
E2=ET%%2 . : ' :
E3=ET#%3 ' :

E4=ET#%4

ES=ET*%5

SH(LyL)==(104/74 1%Q(2) /ET=Q(3)/24+(18La/4624)5Q14) FET
SH(434)3~{10e/743%Q(2)/ET+Q(3)/2.+(18L4/402.)%Q(4)%ET
SM(3,3)==(1./630,)%Q(2)9E3+(1L./9240,)¥0(4) #ES
SH{6s6)=SH{3,3)
SM241)=094/70)%Q(L)/ET=(34/140)%U(2)= (11 /B44 ) ¥Q(3) ¥ET>

E(311./4620.)%Q(4)%E2 "

CSM(L92)=-(9./7 )1 %Q L) /ET=(174/14)%Q(2)+ (11, /84 JHQU2)%ET+

E(3114/46204 %G (4 )%E2

SMU292)=011)/2.-(84/35.)%QU2)%ET+(52./3465.)%0(4)%E3
SH(545)==Q(L)/2,~(84/35.)1%QU2)%ET+(524/3405,)%Q(4)%E3
SHI34L)=Q(1)/7.~Q(2)2ET/ B4, ~Q(3)%E2/B4.+(2814/55440,1%
€Q(4)*E3

SH(L43)==(84/7. )*Q(l) Q(ZT*CT/84.+Q(3)*E2/84 +(2814/55440.)
L¥Q(4)%E3 .

SH{4,41)=(10./7, )*Q(Z)IET Q(3rsz. +(25 /231, )%QUALT*ET
SHMILs4)={L04/7¢)%QU2)/ET+U(3)/2.+1254/231,)%QU4)*ET
SMI591)==194/7¢)#Q(L)/ET=(34/14.)%Q(2)+(114/B44)%0(3)%ET-
E(L5Le/4020.)%Q(4)%E2

SHLLs5)= (90/7)%Q(LY/ET=(34/144)%0(2) 1114/ 840 )¥U(5)%ET~
E(L5L./4020.)%Q(4)%E2
SH(691)=0(L)/7.+Q(2)%ET/B4.,~Q(3)%E2/84++{18Le/55440,)%0(4)%E3

©SMIL6)==U(L)/ T+ (QU2)FETH+A(3)¥E2)/344+(181./55440)%0(4)%E3

SHI3521=(9./140,)%¥Q(1)*ET-0(2)#¥E2/60,~Q13)*%E3/1008.+(23., /18
£4804)%Q(4) %L 4

SM{243)==(9./140, )*Q(l)*ET ~Q{2)*E2/60,+Q(3)%E3/1008,+123./ =
£16480.)%Q(4)%E4 /

SM(4+92)=(94/7.1%Q(1) /ET+(3, /14.)*0(2)-(11 /844 Y%QU3)RETH
E(1514/4620.)%Q(4)%E2 "

SHA224)==19,/74)%QLLI/ETH+(3, /14.)#0(2»+(11 /B4.)%Q(3)%ET+
E(151,/46204)%Q(4)2E2

SH(542)=~(11, /14.)*0(1)+0(2)*e7/7o.+(13 7420.1%0(3)%E2

C€—=(19,/1980.)1%Q(4)%E3

SMi{2451=(11, 114.)*0(1)+Q(&)*ET/70.-(13 /420 PxQ(3) %2
£-(19,/1980.)%Q(4)#%E3
SHIE92)=(114/1404)*%Q{LI¥ET=Q(2)%E2/210,~(13, /5040.)*

T EQU3)¥E3+(13,/13860.)%Q(4)%E4

SH{246)=={LLe/ 140, )%Q(L)%ET=Q(2)%E2/2104={134/5040. )%
EQ(3)%E3+(134/13860.)%Ql4)%EY

SM{443)=Q(L)/7+(Q(2)%ET-Q(3)%E2) /B4, +(181./55440 1¥Q(3) %3
SH(394)==Q{L) /7. +(Q(2)¥ET-Q(3)*E2}/844+(1814/554404)%U(3)%E3
SHI5931==(1Le/ 140, V¥Q(L)¥ET+Q(2)¥E2/2104+(134+/50404 ) %QU(3)¥E3
E€=113.,/13800.)%0Q(4) *E4 ) .
SML395)1=101,/1404)%QULI¥ET+QI2I¥E2/2104~(13,/5040,)%Q(3)*%E3
E={13/138604)%Q(4)%E4
SH{043)=Q(1)%E2/140.,~Q(2)%E3/1260.,-Q(3)%E4/5040,+0(4)%E5/110uBB.
SM{346)==U(L)}*¥E2/140.-Q(2)%E3/12604+Q(3)%E4/5040.+Q(4)%ES5/11088,
SM{5+4)1=(94/74)%Q(L)/ET+(34/144)%Q12)-(11./84. )*0(3)*tT—
E(311./74620.)%Q(4)%E2

SHL415)==19¢ /T )¥QILI/ETH(174/1441%G(2)+ (11, /844 )%Q(3)*ET-

&(311 /4620, )%Q(4)%E2

"SHoy41==U(1)/7.-(QI2)*ET~Q(3)%E2)/84.+(281, /9544u-)*u(1)*E3
SM{446)=8.%Q(L)/T.~(Q(2)*ET+QI3)*E2) /84, +(281./554404)%Q(4)#E3
Si(645)=194/140, 1#0(1)4ET+Q(2) ¥E2/60.-0(3) ¥E3/1005.
£=123./164804)%Q(4) ¥E4

Sif (5461294 /1404 ) ¥Q(L)¥ET+QUI2)¥E2/60.40(3) ¥E3/1008,
£=(234/18480, 1 ¥QU4) #E4

RETURN :

END

SUBRDUTINE TO AUGMENT THE ESTIMATED BOUN~LAYER THICKNESS

. SUBROUTINE GROW

COMMON/GR2/ F0(5l)1F1(5l)aF2(5l):BO(SI),BI(DI)gBZ(SL)

< LaF3(51)

CDMNON/GRB/CR(51),DETA(153)
CUMHON/GRQ/N,EI,PA‘PM,NTURB,NEyNV;IVPLyIPR
NE=NE+1 -

IF (NEsGT¢501G0 TO 100
“NV=NYY3

DETAINE) =2,



1121

1122
1123
1124

1125

1126

1127.

1128
1129

L1130

CRINE+1}=CRINEI+DETA(INE}

EI=CR{NE+1) : o
FOINE+1)=FOINE}+DETA(NE)
BOINE+L)=80(NE)+DETA(NE)

- FLINE+1)=1.0

‘100

BLINE+1)=1.0

. F2INE+1)=0.

B2 INE+1)=0,
RETURN -
END
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