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NUMERICAL ANALYSIS 
, . 

Of 1WO DIMENSIONAL INCOMPRESSIBLE 

LAMINAR AND TURBULENT BOUNDARY LAYERS 

The present study deals with the numerical solution of steady, two 

dimensional, incompressible, laminar and turbulent boundary layers. 

Existing numerical methods have been reviewed and a solution method is 

constructed which uses Finite Difference Scheme in the streamwise 

direction and Finite Element Method in the normal direction. Based on 

this solution method three versions of a' computer code have been 

developed. SimIlar, non-similar and turbulent flows are considered as 

applications to test the code. The results which are summarized in 

tabular and graphical form, are compared with exact and other,available 

numerical solutions. It is observed that the performance of the program 

primarily depends on the number and size of the elements used, the type 

of the flow and the approach of separation. The accuracy is more than 

99 per cent for most of the flows and 94' per cent for turbulent flow. It is 

concluded that the computer code developed is applicable. Finally, 

recommendations are given for which the computer method can be generalized 

and improved. 



iKi BOYUTLU SIKI~TIRILAMAYAN 

~AMiNER VE TORBOLANSLI SINIR KATMANLARININ 

NUMERiK ANALizi 

Bu ~all§mada; sonUmlenmi§, iki boyutlu, slkl§tlrllamayan, laminer.ve 
. / 

tUrbUlansll Slnlr katmanlarlnln nUmerik ~ozUmu konu edilmi§tir. Var 

alan nUmerik yontemler ara§tlrllml§ ve yatay dogrultuda sonlu farklar, 

dikey dogrultuda ise sonlu elemanlar yontemlerini kullanan bir ~ozUm 

metodu olu§turulmu§tur. Bu ~ozUm yontemine bagll olarak U~ ayrl tipi 

alan bir bilgisayar programl geli§tirilmi§tir. Geli§tirilen bilgisayar 

programlnl Slnama amaclyla~ benzer, benzer olmayan ve.tUrbUlansll 

akl§lar uygulama olarak ele allnml§tlr. Tabla ve §ekiller halinde 

ozetlenmi§ alan sonu~lar, kesin ~ozUmler ve ba§ka nUmerik yontem 

~ozUmleriyle kar§lla§tlrllml§tlr. Program performanslnln oncelikle; 

kullanllan elemanlarin sayl ve bUyUklUgUne, akl~ tipine ve ayrl§lm 

nok~aslna alan uzakllga bagll oldugu saptanml§tlr. Bir ~ok akl§ i~in 

sonu~larln dogruluk oranl yUzde 99'dan yUksek ve tUrbUlansll akl§lar 

i~in yUzde 94tUr. Geli§tirilen bllgisayar programlnln uygulanabilir 

oldug~ sonucuna varllml§tlr. Son olarak, bi1gisayar yonteminin gene1-
. , 

le§tiri1mesi ve geli§tirilmesi i~in tavsiyelerde bulunulmu§tur. 
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CHAPTER I 

INTROQ~CTION 

The second half of ' the XIXth century witnessed great progress in the 

'area of science and technology. The deyelopment of fluid mechanics 

consisted of two major components which diverged from each other. 

The scientific component, namely theoretical hydrodynamics, was almost 

complete. Its results on the other hand did not match with experiments. 

Consequently, technological needs gave way to the second component 

~hich was of empirical nature. 

In 1904 Ludwig Prdndtl'spractical considerations was able to unify 

these two components in order to analyze viscous flows accurately. 

The experimentally proven theoretical considerations showed that high 

Reynolds number flow around a solid body could be analyzed in two 

parts: 

a- The analysis of the thin layer in the neighbourhood of the 

solid body- boundary layer- and 

b- The analysis of the remaining region outside this layer- potential 

flow region-., 

The theory of the boundary layer has' developed at a very fast rate. 

Several areas of fluid dynamics, particularly aerodyna~ics and gas 

dynamics ~nhanced its improvement. The calculation of skin friction 

drag 91~ys the most important rol~ in its use; e.g., flat plate at 

zero incidence, drag of a ship, aeroplane wing, turbine blade. Complete 



design of various componentsccan on!~ be achieved by the relevant 

treatment of the boundary layer theory.'Stall phenomenon can only 

be explained by this powerful and p{8ctically very important theory. 

Boundary layers may be of different types. For example, 

- Two or three dimensional boundary layers 

- IncomRressible o~ compressi~le boundary layers 

- Laminai o~ turb~lent bo~ndary l~yers 
, 

- Various combinations of the above 

This theory yields a set of partial differential equations which are 

non-linear and parabolic the derivation of which will be reviewed 

in the next chapter. The solution of these equations poses several 

difficulties because of their non-linearity. Furthermore, turbulent 

2 

boundary layers d~ not permit analytical solution at all. Consequently, 
/ 

a literature survey is presented in Chapter III to illustrate many 

diverse approaches to their solution. Boundary layer flow solutions 

may be classified as follows. 

a- Analytical solutions: 

This way two dimensionallaminar boundary, layers can be solved 

by similarity transformation and various series methods. 

b- Numerical solutions: 

i- Integral Methods: 

These methods were developed in the first quarter of the 

current century for the purpose of obtaining at least some 

approximate solutions to the boundary layer flows which 

are impossible to solve analytically. 

ii-Differential' Methods: 

The theory for the differential methods of solution had 

alreadY,been in existance in the beginning of the XXth century. 

Their wide spread application, ,however, was ,only possible 



after the invent of the digital c~mputers. Application of 

these methods by the use of the new generation high speed 

3 

computers yields accurate solutions to boundary layer flows. 

The principal objective of the present study is to develop a finite-

element computer code to solve laminar or. turbulent two dimensional 

incompressible boundary layer-flows. The. solution method used is largely 

based on the work b~ Bismarck-Nasr(34). 

Chapter II of the present work outlines the basic steps leading to 

the classical boundary layer formulation of Prandtl. 

Chapter III contains a brief literature survey on the existing numerical 

methods of solving boundary layer flows. 

Chapter IV treats in sequence the details of the present solution 

method, the finite-element approach used and. the computercode developed. 

Further details are given in the Appendices. 

Some applications of the .code are reported in Chapter VI and the ensuing 

conclusion are listed in Chapter VII. 

, .. 



CHAPTER II 

. 'THEORY'· OF HIE TWO DIMENSIONAL BOUNDARY LAYERS 

2.1 Derivation of Boundary Layer Equations 

The Boundary Layer Theory deals with high Reynolds number flows in 

which the velocities are of the order of the free stream velocity, 

U (Fig. 1) ~ith the exception of the immediate neighbourhood of the 

surface of the slender body which is also depicted in the figure mentioned. 

Unlike potential flow the fluid does not slide over the wall but adheres 

to it. The velocity reaches the value of the free stream in a very 

thin layer, the so called boundary layer (German, Grenzschichten or 

Reibungsschichten; French, couches limites; Turkish, Slnlr katmanl). 

Consequently, there are two regions to be considered in detail: 

1. In the boundbry layer, the velocity gradient normal to the 

wall is very large (au/ay). Even if the dynamic viscosity, 

~ ,is small, the shearing stress 

L = jl (au/ay) (2.1 ) 

may assume very large values. 

2. In the remaining region outside the boundary layer, the influence 

of viscosity is unimportant, hence the flow may be treated 

'as being potential. 

Prandtl's formulation of the boundary layer flow by ,considering an 

asymptotic form of the governing fluid flow equations as the Reynolds 



5 

. ' .. ~. 

i 

,', 
>. 

"C:i 
0 .c 

"t:: 
.,..j 
r-I 
0 
en 
co 
01 
c: 
0 

r-i co 
~. 

/Q.) 
>. co 

r-i 

>. 
~ 
Cil 

"C 
c: 
::l 
0 
.0 

co 
I!-
0 

oloJ 
c: 
Q.) 
E 
Co 
0 

r-I 
Q.) 

> 
Q.) 

0 

'I""" 

> W 
0:: 
::l 
t.:I 
1-1 
l.i.. 



.i 

6 

number approaches infinity. For this purpose the Reynolds number is 

defined as 

Re - 1 Uoo = -v-

where 1 denotes the length from the leading edge, U 

velocity and v, thekinematic viscosity. 
" 

(2.2) 

the free stream 

I t should be' pointed o'ut that' in the ~ctual case the Reynolds number 

is never infinite, although it is very large. 

The full equations of motion for two-dimensional incompressible flow 

(Navier-Stokes Equations) are given by 

au au v au = _ .1. E.E + v ( a2u a2 u 
at + u ax + ay p ax a;zz + 37) (2.3.1) 

av av v av =,_.1. E.E + v ( a2 v a2 v 
at + u-+ a;zz+37) ax ay p ay 

(2.3.2) , , 

au av ax + ay = 0 (2.4) 

These equations can be cast into a non-dimensional form by using ~he 

following non-dimensional vatiables. 

x - x/I 

U _ u/Uoo 

T _ UOO til 

Y :: IR8 y/l 

V :: IR8 v/Uoo 

p :: P/pu&> 

Consequ~ntly, Eqs~(2.3.1,2) and ~2.4) become 

au au au" ·ap1 a2 u a2 u 
aT + U ax + V av = - ax + Re axz + W 

'1aV av, av ap 1 a2 v a2 v 1 . 
Re ( at + U ax + V ay)= - av + Re axz + W Re 

(2.5.1,2) 

(2.5.3,4) 

(2.5.5,6) 

(2.6.1) 

(2.6.2) 

(2.7) 
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the derivation of Eqs.{2.6.1~2) and (2.7) is shown in Appendix A1. 

When the assumption of Re having an infinite value is applied, Eqs.(2.6.1,2) 

reduce to 

au au au ap a2u 
aT + u ax + v ay= - ax + W (2.8.1) 

ap ° = - ay (2.8.2) 

while Eq.(2.j) remains the same. 

If Eqs.(2.8.1) and ,(2.7) are transformed back into the dimensional 
/' 

form with the additional assumption of steady flow, the system of 

equations for steady two dimensional, incompressible, laminar boundary 

layers simplifies to: 

with the 

u = 

au au __ 1 ~ +. V a2 u 
u ax + v ay - p dx ayz 

au .L. av - 0 a){ . ay -. 

boundary conditions 

(2.9) 

(2.4) 

0 , v = 0 at y = 0 (zero velocity at the wall) 

/ 

u = U(x) at y = I' (smooth merging into the potential 

velocity) (2.10) 

. Eqs.(2.4,9,10) are commonly known as Prandtl's equations of the boundar~ 

layer flow. These equations can be .generalized to two-dimensional 

(and axisymmetric), compressible, turbulent boundary layers as foll00s(21): 

Continuity: 

(2.11) 

wl")ere k denotes the pa'rameter ofaxisymmetricity (k=1, for axisymmetric 

case; k=O, for two-dimensional case); r, the distance from the axis 

of symmetricity. As.can be seen Eq.(2.11) has the form for the compressible 

flow case. 



Momentum: 

au u-+ ax 
au vay .s!E -k a ( k( ~ = - dx + r ay r ~ ay 

with the same boundary conditions Eq.(2.10). 

8 

pu' v ' )) (2.12) 

It is important to note that the ter~ u'v' in Eq.(2.12) represents 

the acceler~ted rate of moment~m ~ransfer due to the turbulent velocity 

fluctuations." The coniiderati6ns lead{ng to Eqs.(2.11,12) are outlilned 
i 

in Appendix A2. 



CHAPTER III 

LITERATURE SURVEY 

The solution of Eqs.(2.10,11,12) has been extensively studied since 
/ 

the beginning of the current century. These parabolic non-linear partial 

differential equations were first treated by Blasius(1) who employed 

a similarity transformation and succeeded in obtaining an exact solution 

to the laminar boundary layer flow over flat ~late. 

Falkner and Skan(2) obtained analytical solutions of laminar boundary 

layers with constant pressure gradient parameters. This way they could 

include either favourable (n>o) or adverse (B<O) pressure gradients. 

Once again similarity transformation was the major tool leading to 

an exact solution of every different p>-case. 

The next step was the treatment of Ehe case of variable pressure gradients. 

Howarth(3) solved the laminar boundary layer with linearly decreasing 

pressure gradient parameter and determined the value of before the 

boundary layer separates from the surface. 

Since this problem had an immediate and necessary application, approximate 

methods of varying accuracy which go beyond the formal processes of 

expansions in series. were devised by Thwaites(4) and Pohlhausen(5). 

For this purpose the integral forms of Eqs.(2.10-12) were employed~ 

Pohlhausen's method assumes a family of analytical~y defined velocity 

distribution~. It gives poor results in regions of rising pressure. 
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thewaites' method, on the other hand, com~ines several parameters 

of the boundary layer and integrates them. This method obtains results 

which are closer to the exact solution than the results of Pohlhausen's 
I 

method. 

A German sdientist~ GHrtler(6), introduced an approximation method 

which was R4itable fo~ solvi~gn~n-similar·bounda~y .layers on desk 

calculator~~ fhe adv~ntage of. the Ga~tler Series Method is that many 

of the coefficients can be worked out once and for all and looked 

up for the solution of a partic6lar problem. This method uses a special 

kind of transformation and it can obtain solutions for complex geometires, 

aswell. 

Finite Difference Methods (FDM) were extensively used to obtain field 

solution of boundary layer equations. An example for the applicati9n 
/ 

of the method can be found in Werle and Davis' paper(7) where the 

effect of adverse pressure gradient was studied past a parabola at 

. an angle of attack. Separation point of the boundary layer was also 

determined. Another application of FDM was performed by Cebeci and 

Keller(9) to solve Falkner-Skan problem numerically. 

The invent and improvement of digital computers in 1970s enabled the 

researchers to apply Finite Element Method (FEM) extensively. Oden 

and Wellford Jr.(10) solved -the Blasius problem by FEM obtaini~g the 

~xact solution. Tadros and Kirkhope(11) applied the same method for 

the same problem.to study the effect of different element shapes and 

different approximation polynomials. The analysis showed that higher 

order polynomials play more important role in obtaining the exact 

results than the increase of number of elements. 

Lynn and Alani(12) applied the Least Squares FEM for two dimensional 



laminar boundary layer analysis. They performed exhaustive numerical 

investigations in the retarded flow over a plate, flow past a circular 

cylinder the flow past an elliptic cylindei. The result~ obtained 

are in good agreement with exact solutions. 

11 

Another step to complication is the inclusion of turbulunce. A published 

lecture of Bradshaw(13) discusses' several aspec~s of ' Turbulent Boundary 

Layers ,(TBL). Since there are no analytical solutions to turbulent 

boundary layer flows he especially .stresses the importance of numerical 

methods based on the differential form of the boundary layer equations. 

Biringen and Levi(14) solved this problem for two dimensions by FDM 

using two-equation model of turbulence. Their results are in good 

agreement with pre,vious'methods and experiments; 

Rastogi and Rodi(15), on the other hand, solved the-three-dimension~l 

problem using fDM and k-£ model of turbulence. Their results are also 

reasonable. Keller and Cebeci(16) solved the same problem for two

dimensional case using FDM and eddy viscosity model of turbulence. 

This study yielded accurate results effectively. Since the boundary 

layer has a parabolic. character marching in the x-direction is possible. 

Using an initial velocity profile the authors obtained solutions at 

consequtive stations along the x-direction by an iterative method. 

Both for integral and differential calculation methods Dean(17) 'developed 

a formula for the complete velocity profile in turbulent boundary 

layers. Comparison with experimental data shows the applicability 

of the proposed formulation. 

Yeung and Yang(18)- applied the method of integral relations (MIR) , 

~oi incompressible two-dimensiona~ TBL. Although their results are 

good for zero arid favourable pressure gradients, they dev'iate drastically 

from experiments for adverse pressure gradients. 



Turbulence modelling plays a very important~role in the application 

of numerical methods. Rodi(19) discusses the merits and demerits of 
) 

12 

various modelling methods. Launder and Spalding(20) present in their 

book numerous mathematical models· for the same purpose. The widely 

accepted and successfully applied "Eddy Viscosity Modelling" technique 

is explain~~. by Cebeci and Sm~th(21) and Cebeci an~ ~radshaw(22) in 

detail. 

Wheeler and Johnston(23) predicted three-dimensional TBL using several 

turbulence modelling methods. The high sensitivity of the results 

obtained to the free stream pressure gradient in separating flow cases 

is also demonstrat~d. The same problem is attacked by Bradshaw and 

Ferriss(24). Their results are in good agreement with experiment for 

incompressible case. The inclusion of compressibility, on the other 

hand, brings some problems with it. 

Sharma et al.(25) investigated both experimentally and numerically 

the boundary layer development on turbine airfoil suction surfaces. 

This paper is a typical example which describes the application of 

both experimental and numerical'methods for the d~s.ign of the airfoil 

of a turbine blade. 



CHAPTER IV 

METHOD or ' SOLUTION 

4.1 Introduction 

The aim of the present study is to solve the boundary layer Eqs.(2.11,12) 

for incompressible, two-dimensional, laminar, similar and non-similar 

and for turbulent cases. For this purpose a method of solution is 

developed which is largely based on the paper nf Bismarck-Nasr(34). 

Th~ governing equations are reduced to the two-dimensional case. The 

singularity at the leading edge is removed by the application of Levy-

Lees transformation. Momentum equation is linearized by Newton's method. 

The method bf solution uses finite difference method in the streamwise 

direction and finite element method in the, normal direction. 

The computer program developed is based on the method of solution 

is presented in Chapter V. 

4.2 Reduction of Governing Equations to Two-Dimensional Case and, 

Transformation to Remove the Singularity at the Origin 

The Reynolds shear stress in the Eq.(2.12) is related to the mean 

velocity, field tbrough eddy viscosity relationship: 

(4.1 ) 
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Substituting Eq.(4.1) into Eq.(2.12) and noting that k=O for two-dimensional 

flow and p= constant for incompressible flow, Eqs.(2.11,12) become 

au av 
ax + ay = 0 (2.4) 

'au au _ ~ a au au 
,pu ax + pv ay - - dx + ay (~ ay +PEm ay) (4.2) 

with the sam& boundary conditions ,Eq.(2.10).' 

These eguationsposess a singularity at the origin. This singularity 

will be removed by using the Levy-Lees transformation (for details 
'" 

of this transformation see Hayes and Probstein(26)). The Levy-Lees 

transformation causes the coordinates to be stretched according to 

the equations 

dE,; =P~ Ue dx 

dn =(pUe I ~ ) dy 

A stream funct~on, ~(x,y), is defined according to the equations 

pu = al/J/ay 

pv =-Cll/J/Clx 

(4.3.1) 

(4.3;2) 
/ 

(4.4.1) 

(4.4.2) 

A dimensionless stream function, f(s,n), is related to ~(x,y) as follows. 

(4.5) 

Hence, the partial derivative opera~ors in the (x,y) coordinate system 

can be related to those in the (E,;,n) system as 

(4.6.1) 

(4.6.2) 

.Therelation~ are employed t6 yiel~ 

a~' . MF (f af) 
( at:) = y2t: 2t: + at: ' 

(4.7.1) 

( ~l/J )= ~ f' 
n. " 

(4.7.2) 



where 

f' :i af Ian 

u . = Ue f' 

v U" /'Jr (f a f f an) = -]J "'V.<.t; ~ -)- a~ + ' at; 
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(4.8) 

(4.9.1) 

(4.9.2) 

If the terms of (4.2).are eV9-ual:ted separately in.tbe t.ransformed 

coordinates and the necessary cancei'lations are performed, the follm'ling 
.~ .. 

equation is obtained: 

= 2t; (f' af' - fll ~ ) 
at; at; 

(4.10) 

where the pressure gradient parameter, B, and the dimensionless eddy 

viscosity, E+, are given by 

and 

R - 2t; dUe 
• :I: De ~ ,(4.11) 

(4.12) 

The superscript ( ), indicates the derivative with respect to n. The 

boundary conditions of Eq.(l~.10) are obtai~ed by transforming Eq.(2.10) 

into the Levy-Lees coordinate system (~,n). 

f = 0 f' = 0 at n = 0 

f' = 1 at (4.13) 

The details of the above development are given in Appendix B. 

4.3 Modelling and Transformation of Eddy Viscosity 

A two region eddy viscosity model is used u~ the present analysis~ 

In this model, the boundary layer is assumed to be composed of two 

. regions. 
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The eddy viscosity expression used in the ~nner region is based on 

Prandtl's mixing length theory and incorporates the modifications 

introduced by Van Driest(35) to account for the viscous sublayer close 

to the wall and by Cebeci(27) to account for flows with non-zero pressure 

gradient~ This expression is given by 

(4.14) 

In the outer region, the eddy viscosity is assumed to be constant 

but includes Klebanoff's intermittency factor(36) : 

(4.15) 

,; 

The inner and outer eddy-viscosity expressions, E. and E , are matched 
1 0 

by the requirement ·of continuity, i.e. if E. = E then"E is calculated 
. . 1 0 0 

only. 

Upon applicatio"n of the Levy-Lees transformation given by Eqs.(4.3.1 ,2), 

Eqs.(4.14,15) become 

E~ = O.16s If"l n2 (1-exp(-(sn/26 )(lf"/s-Bn/sP1/2»)2 
1 . \'1 

(L~.16) 

(4.17) 

where 

(4.18) 

The details of this transformation can be found in Appendix C. 

£1.4 Marching Solution in Streamwise Direction 

Since Eq.(4.10)is ~ parabolic partial differential equation, a solution 

can be obtained by marching up in the streamwise direction. For this 

purpose, the boundary layer is divided into a number of stations along 

the ~-direction ~nd the ~-derivatives are approximated by a two-poirit 



finite difference formula. Thus, the right-hand-side of Eq.(4.10) 

is replaced by 

, ~n + ~n-1 

~n ~ ~n-1 
( f' (f', - f' ) - f" (f - f

n
_
1
)), n n n-1 n n 

where the subscripts n and n~1 refer to the present and 'preceding 

stations, respectively. 
'. . . . 
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Hence,Eq.(4.10) can be written as a non-linear ordinary differential 

equation as follows 

«1+E+)fll), -:- ffll +B (1-(f')2) = a(f'(f' - f' ) - fll(f - f )) (4.19) 
n-1 ~ n-1 

where 

t: + t" 'n "'n-1 
a = (4.20) 

~~, - ~n-1 

~n Eq.(4.19) and the following equations, the subscript n under f,/ 

f', etc. is omitted for convenience. 

4.5 Linearization of Momentum Equation 

The momentum equation (4.19) is linearized ,by using Newton's iterative 

method. The higher order iterates are replaced by the following expressions 

f(i+1) = f(i) + Of 0) (4.21.1) 

f,(i+1) - f' (i)+ Of' (i) . (4.21.2) 

f,,(i+1) = f" ( i );- 8 f" ( i) (4.21.3) 

f" ,~i+1) = f" , (1) + Of'" (i) . (4.21.4) 

,Consequently, the following ordinary differential equation is obtained: 

(4.22) 

where 
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q1 :: 1 + £ 
+ 

(4.23.1) 

q2 = (1 ... £ +) I -·af ... ( 1+a)f n-1 (4.23.2) 

. q3 -, af l ' - 2W+a) fl n-1 (4.23.3) 

(4.23.4) 

{( 1+£+).' - af }fl! + af~ f' 
" n-1 n-1 

+ (1+a) ffll - (p>+a)( fl) -I- B (4.23.5) 

The derivation of Eqs.(4.22,23) is/given in Appendix D. 

An initial guess is required for this iterative solution scheme which 

must satisfy the boundary conditions. The boundary conditions given 

by Eq.(4.13) take the form 

cf(~,O) = 0 

cf' (~,O) = Q 

cf' (n,n')= 0 
00 

4.6 Galerkin Finite-Element Formulation 

After the solution dbmain is divided into a number of stations in 

the ~-direction, a Galerkin type finite element method is used at 

(4.211.1) 
/ 

(4.24.2) 

(4.24.3) 

each station to solve Eq.(4.22~ subject to the boundary conditions' 

given by Eqs.(4.24.1-3). For this purpose, each ~-station is further 

subdivided into a· number bf nodes. The sections between two cosequtive . ' 

'. 

nodes are called elements. In these elements the unknown variables 

a're 'approximated by known tral funtions and LinknDl'ln nodal values. 

The choice of trial functions is a crucial step for the finite-element 

formulation. Eq.(4.22) is a third ~rder differential equation. Consequently, 

it is nece~saryto choose trial functions such that they satisfy the 
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condiEion of second order continuity, C
2

• The details of the choice 

of the trial functions can be found in Zienkiewicz(28) and Huebner(29~. 

4.6.1 Second Order Hermitian Polynomials as Trial Functions 

The reason for choosing second order Hermitian Polynomials as trial 

funct~ons in the present study is that they satisfy the C
2 

continuity. 

Detailed information about these polynomials can be found in Fort(30), 

Hildebrand(31) .and Huebner(29).· .. 

In terms of Hermitian polynomials, H, the field variable of is approxi-

mqJed by .. ~. 
, <;. 

(4.25) 

. where the first subscript of H refers to the order of derivative and 

the second signifies the node number of the element. Similarly, the 

. subscript of of stands fci~ the node number while ( )' denotes derivative 

with respect to n~ as before. 

As shown in Appendix E, the Hermitian polynomials are given as 

(4.26.1 ) 

H11 345 
= L ( z - 6z + 8z .- 3z ) (4.26.2) 

2 2 345. 
H21 = (L /2)(z ~ 3z + 3z - z ) (4.26~3) 

3 4 5 
H02 = 10z - ·15z + 6z (4.26.4) 

3 4' 5 
H12 = L( -4z + 7z - 3z ) (4.26.5) 

. '2 3 4 5) . H22 = (L !2)(z - 2z + z (L~.26.6) 

where' 

L = n2 - n1 
(4.27.1) 

z = (n - n1 ) / ( n2 - n.1 ) (4.27.2) 
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In the above the subscripts 1 and ,2denot~ two consecutive nodes (Fig.2). 

The details of the development of Eqs.(4.26.1-6) are given in Appendix E. 

Defining the following vectors as 

the the field variable and its derivatives can be formulated as 

of'= HT' of 

T" of"= H of 

T'" of'" = H of 

where 

dH dH dz dH 1 
dn = dz dn = dz [ 

4.6.2 Galerkin Finite Element Approximation of Field Problem 

Eqs.(4.30.1-4) are substituted into Eq.(4.22) to yield: 

(4.28) 

(4.29) 

(4.30.1 ) 

(4.30.2) 

(4.30.3) 

(~.30.4) 

(4.31) 

(4.32) 

AC,cording to, the Galerkin method the integral of this equation weightecj 

with the trial functions gives 

(Lt,.33) 

The integrals shown in Eq.(4.33)are performed over the entire domain 

. and can be thought of as the sum'of the integral~ carried out over 

the individual elements. In each element, one can write 
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M . Qf = m =e -e -e (4.34) 

where Me' ~ and .!!!e are the element stiffnes matrix, e+ement unknown 

vector and element force vector, respectively. Application of the 
". 

standard assembly technique of the finite element method leads to 

(4.35) 

* where M., Q f and m are the global .stiffness matrix, global unknown 

vector and global force vector, respectively. Fig.3 shows the assembly 

technique applied for C2-continuity. As can be observed ~e is a (6x6) 

matrix and M is a banded matrix with a half-band-width of five • . = 

The general expressions of the element and global stiffness matrices 

and element and global vectors are given in Section 4.7.3 • 

4.6.3 Conversion of Global Matrix to Banded Form 

In order to reduce the core storage requirement the global stiffnes 

matrix is converted into a banded matrix form. The dotted squares 

of Fig.3 represent the banded matrix. 

'The major advantage of this conversion can be shown as follows: 

If N is the number of elements in the n-direction, there are (N +1) e e 

nodes as a whole. The total n~mb~r of variables will be 

N . = 3(N -I- 1) 
v e 

(4.36) 

Consequently, the global stiffness matrix wiil be of (N xN ) or with v v 

9(N +1)2. The banded matrix form, on the other hand, has always 11 
. e 

columns since th~ half-band-width is five (J=S+1+S).That is, the size 

is (N x11) or 11(N +1). It is easily concluded that the storage requirement 
e 

of the banded matrix depends linearly on Ne' while that of the full 

alobal stiffness matrix increases quadratically with the number of 
. -' 
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elements, Ne • Fig.3 shows both the global stiffness matrix and the banded 

matrix. Although the row numbers are identical, the column number~ 

of the banded matrix must be subjected to a simple transformation. 

If i and j are the row and column indices of the global stiffness 

matrix and I and J are the row and column numbers of the banded matrix, 

then the followi~g equations must be used 

I = i 

J = j - i + Nb + 1 

,,-

where Nb is the half-band-width (in the present analysis Nb=5). 

4.7 Solution Scheme 

4.7.1 Starting Velocity Profile 

(4.37.1) 

(4.37.2)· 

According to the present solution scheme, the solution obtained at/ 

the. preceding. station is used as the initial approximation to the 

solution at the present station. Therefore, a starting velocity profile 

is required at the first station, t=O. The effect of the starting 

profile used· is established by considering three different profile 

types which all satisfy the boundary conditions Eq.(4.13). 

i- Linear Velocity Profile: 

f' = <p 

where 

<p = n/nco 

By differentiation and integration of the above equation, 

fll = 1/n co 
f = (n /2)cp2 co 

ii-Third Oroer Velocity Profile: 

f' = 1.5<p _O.5<p3 

(4.38.1 ) 

(4.38.2) 

(4'.38.3)., 

(4.39.1) 



similarly 

fll = 1. 5 (1-</l ) In 
00 

Q~ • , 

f = cp2(6-tjl2)nja 

iii~Pohlhausen Type Velocity Profile: 

Defining 

b ::f3n2/6 
. . 00 • " '. 

fl> =cp{ 2'-' 2cp2 +cp3 + b(1-3(~cp2)_cp3)} 

fll = {4(1-b)cp3 + 3(3b-2)cp2 - 6bcp -}- (b+2}}/n 
00 
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(4.39.2) 

(4.39.J) • 

( LI .1~0. 1 ) 

(4.40.2) 

(4.40.3) 

The effect of initial velocity profiles will be discussed in Chapter VI. 

At the initial station the ~rofile~ fl and fl 1 are the same. When n-

the solution marches along ~-direction they will differ from each 

other having their appropriate values. 

4.7.2 Calculation of Stiffness Matrix and Right-Hand-Side Vector 

Two alternative approaches will be suggested in the present study 

for the construction of the stiffness matrix and the right-hand-side 

vector. These are 

a- the numerical int~gration approach that treats qi in Eqs.(4.23.1-5) 

in their expanded form, 

b- the analytical integratipnapproach that treats qi as constants. 

LI.7.2.a Numerical Integration Approach 
.1 

Defining 

. fT :: {f1 
fl 

1 
fl1 

1 
f 2 

fl 
2 

fl1} 
2 (4.41.1) 

fT :: {f1 f1 f1 f2 f2 f2 
r.. 
i 

-n-1 n-1 n-1 n-1 n-1 n-1 n-1 
(4.41.2) 

the dimensionless stream functions f and fn_1and their derivatives 

. : 



can be expressed as 

T 
f= H ·f 

. Till 
·fll·1 = H .' f 

f = HT i 
n-1 - -n-1 

fl TI 
= H f ·1 - -f)-

The above equations allow Eqs.(4.23.2-5) to be rewritten as: 

+ Til I . + Til T Til 
q5 = (1+e:)!i i+ (1+e:)1!i i- aH in-1 H f 
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(4.42.1) 

(4.42.2) 

(4.42.3) 

(4.42.4) 

(4.43.1) 

(4.43.2) 

(4.44.2) 

/ 
(4.44.3) 

(4.44.4) 

T I '. T' T . Til T' . 
+ aH in-1.!:!. i + (1+a) .!:!. i.!:!. 'i - (8+a).!:!. i + 8 

(4.44.5) 

Substitution of Eqs.(4.23.1) and (4.44.2-5) into Eq.(4.33) gives the element 
.-

stiffness matrix ~ and the righ~ hand side vector ~ in Eq.(4.3~) 

as follows: 

=eM = A + B + C + D =. ,= = = (4.45) 

where 

+ f' Till 
A = (-1+e: ) . !i!i L dz = 

(4.46.1) 

f T T" + (1+a) , HH i!i L, dz. (4.46.2) 
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C = a f HHT'~_1 ~T' L dz - 2(S+a) J HHT'fH1 ' L dz (4.46.3) 

D = (1+a) f HHT"i. ~T L dz 

+ ('1~a)f HHTfHT"i. L dz - (S+a)f HHT' f~T'i. L dz 

+ Sf .!:!. L dz } 

(4.46.4) 

(4.47) 

th~ above integrations will be performed by using the Gaussian Quadrature 

(see Zienkiewicz (28)). It should be noted that since H are polynomials 

of degree five. Eqs.(4.46,47) involve polynomials of degree 13. A 

seventh order Gaussian Quadrature formula is required to accurately 

integrate these polynomials. In its general form, the Gaussian Quadrature 

of order n for the integral of f(a) between normalized integration 

limits -1 and 1 is given by 

1 n 

'I = f f(a) da = [ 
-1 . 1 1= 

w. rca.) 
1 1 

(4.48) 

where wi represent the weight assigned to each f(a i ). If the limits' 

of integration are different, as in the present case, a simple transformation 

is required to put the given integral in the form shown above., 

In the present study the points of integration ai are related to zi 

as follows: 

a. + 1 
1 

zi - 2 

since z. have the limits 0 to 1. 
1 

Th~s; Eq.(4.48) should be rewritten as 

n 

] :: [' wi f(2z i - 1) 

i=1 

(4.49) 

(4.50) 



The points and weig~ts used ~n the present Gaussian integration method 

are given in Table 4.1 . 

TABLE 4.1 

POINTS AN) \'ElMS (F GAUSSIAN NJv£RICJIJ... INTErnA TIG\J 

i a z w 
' .. .' 

1 -. ~4.91 07912 .0?5446044 .129484966 

2 -.741531186 .129234408 .279705391 
i 

3 -.405845151 .297077425 .381830051 

4. .0 .5 .417959184 
/ 

5 .405845151 .702922576 .381830051 

6 .741531186 .870765593 ).279705391 

7 .949107912 .974553956 .129484966 

4~7.2.b Analytical Integration Approach 
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If qi (except q5) ar etreated as constants the left-hand-side of Eq~,(4.33) 

may be rewritt~n as 

(4.51) 

·The constant values of q1' ~2' q3 and q4 for a given element are obtained 

by averaging the element nodal values. 

In indicial form Eq.(4.51) can be written as: 

if, e.g., i=2 j=1 , 

after integration 



The remaining elements of the matrix are obtained similarly and shown 

in Table 4.2 • It should be noted, that, since qs is not assumed to 

be constant the right-hand-side vector is constructed according to 

the procedure outliried in section 4.7.2.a • 

4.7.3 Prepatation of ~lobal ·Stiffne~s Matrix and Global Force Vector 
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In Section 4.6.2 and 4.6.3 the main principles of the stiffness matrices 

are briefly explained. In this section the required algorithm for 

the construction of the global stiffness matrix and the global force 

vector will be presented. 

4.7.3.1.a·Preparation of Full Global Stiffness Matrix 

The following variables will be employed to explain the algorithm /-

of the constr:uction of the global stiffness matrix: 

i,j The coordinates of the entries of the element stiffness matrix M =e 

m The element number 

The algorithm can be shown by the foll~wing. equations: 

i = 1 , N v 

j = 1 , N v 

M(i,j) = O. 

m = 1,2, •....•. ,Ne (number of elements) 

i ='1, •• ,6 

j = 1, .. ,6 

M[i+3(m-1);j~3(m-1)J = M[i+3(m-1);j+3(m~1)J + ~m(i,j) (4~52) 

Upon application of the preceding algorithm the large square matrix 

.is obtained which is depicted in Fig. 3 
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tA'BLE 4.-1 

Tl-E ENTRIES (F Tl-E EL8'1:Nf STIFfI\£SS Ml\TRIX 

BY THE 

JlNAl Y!ICftL INTErnA TICN JlPPRQllD-I 

1 1 q1 q2 q3 q4 

1 1 -10 1 7L - 1 1 2 181L 1 462 

2 - 9 1 7~ -17 . j 14 11L 1 84 311L 2/4620 

3 - 8 1 7 - L 1 84 L2j. 84 281L3/55440 

4 10 1 7L 1 1 2 25L 1 231 

5 9 1 7L - 3 1 14 . -11L 1 84 -151L 2/4620 
/' 

6 - 1 1 7 L 1 84 L21 84 181L 3/55440 

2 1 9 / 7L - 3 1 14 -11L 1 84 311L 2/4620 

2 1 ;. 2 - 8L 1 35 52L 3/3465 

3 - 9L 1140 - L2/60 [3/1008 23L4/18480 

4 - 9 1 7L 3 / 14 11L 1 84 151L 2/4620 

5 11 1 14 L 1 70 -13L 2/420 - 19L 31 1980 

6 -11L 1140 L2/210 13L 3/5040 13L4/13860 

3 1 1 I' 7 . .- L 1 84 - L21 84 281L 3/55440 

2 9L 1140 - L2/60 ... L3/1008 23L 118480 

3 L3/630 L51 9240 

4 - 1 1 7 L 1 84 L21 84 181L 3/55440 

5 11L 1140 L2/210 -13L 3/5040 . - 13L 113860 

6 - L2/140 - L3/1260 L4/5040 L5/11088 

4 1 10 1 7L - 1 / 2 25L /. 231 

2 9 / 7L 3 1 14 -11L 1 84 151L 2/4620 

3 1 1 7 L 1 84 _ . L21 84 181L 3 /55440 

4 -10 1 7L 1 1 2 181L j . 462 

5 - 9 1 7L 17 1 14 11L 1 84 -311L 21 4620 

6 8 1 7 - L 1 84 - L21 84 281L 3 /55440 

5 1 - 9 / 7L - 3 1 14 11L 1 84 151L2/ 4620 

2 -11 1 14 L / 70 13L 2/420 - 19L 31 1980 

3 -11L /140 L2/210 13L 3/5040 _ 13L 4 113860 

4 9 1 7L 3 1 14 -11L / 84 -311L 21 4620 

5 - 1 1 2' - 8L 1 35 52L 3 1 3465 

6 - 9 1140 L I 60 L3 /1008 -·23L4/18480 
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TABLE 4.2 -- Continued 
6 l' 1 / 7 L / 84 - L2/ 84 181L 3 /55440 

2 11L /140 - L2/210 -13L 3 /S040 13L4/13860 

3 L2/140 - L3 /1260 L4/S040 L5/11088 

4 - 1 / 7 - 'L / 84 L2/ 84 281L 3 /55440 

5 9L /140 L2/60 - L3/1008 - 23L4/18480 

6 - L3 /630 LS/9240 

4.7.3.1.b Prep-aratiori of Banded Glob'al Stiffness Matrix 
; 

Eqs.(4.j7.1,2) are employed to convert the full global stiffness matrix 

to banded global stiffness matrix/which requires less computer memory. 

As explained in section 4.6.3 the memory requirement increases linearly 

with increasing number of elements. 

4.7.3.2 Preparation of Global Force Vector 
, '-

Similar to the preparation of the full global stiffness matrix in 

subsection 4.7.3.1.a the global force vector will be loaded. 

m = 1,2, •.• , number of elements 

i=1, •• ,6 

*' * of {i+3(m-1)} = of {i+3(m-1)} + of (i) - - ~m ' 
(4.53) 

4.7.4 Application of the Boundary Conditions 

The boundary conditions (4.24.1-3) are enforced at this stage. T~e 

following entries of the global force vector are changed as follows: 

* (4.54.1) of (1) = O. 

* of (2) = O. (4.54.2) 

*: (4.54.3) of (N -1) - o. 
v 

Furthermore the banded global stiffness matrix will be modified as 

follows: 
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M(1, 6) = 1. M(2, 6) = 1. (4.55.1,2,3) 

(4.55.4,5) 

If ~he second index of a~y matrix entry equals six, the entry mentioned 

corresponds to the diagonal element of the full global stiffness matrix. 

·The consecutive three algorithms enforce the required entries of the 

banded gl~bal stiffness matrix to be equal zero. 

i 

j 2, •• ,6 = 
M(j,7-j) = o. 

M( 1,5+ j) = o. 

j = 3, .. ,6 

M(j,8-j) = o. 

"M('Z,4+j) = o. 

j = N -5 N -2 v v 

MU ,Nv +5-j) =.0. 

M(N -1, 7+j,-N ) = o. = v . v 

The system· of linear equations are thus ready to be solved. 

4.7.5 Solution of Banded Matrix 

(4.56) 

(4.57) 

/ 
/ 

(4.58) 

During the solution of the banded matrix, global stiffness m~trix 

is decomposed by rowvise per~utation of itself and the system of equations 

are solved. The algorithm employed uses equilibration and partial 

pivoting for the solution. The details of the algorithm can be found 

in the paper of Martin and Wilkinson(32). 
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4.7.6 Check for Convergence 

Upon application of the.algorithm, which is introduced in the previous 

section, the solution of the linear system of equations(4.35) is obtained. 

At this step Ne~ton's iterative method is employed and higher order 

iterates are calculated by the use of Eqs.(4.21.1-4). Any algorithm 

which incorporates an iterative method of solution has a certain criterion 

for convergence; The pr~sent analysis·uses the following convergence 

criterioh: 

IOf~1 < 0.00005 (4.59) 

i.e. the change of the second derivative of the transformed stream 

function at the wall. 

This choice has both numerical and physical reasons: 

(i) Numerically, or' displays the most rapid change between it~rations 
w 

(ii) Physic.ally,it corresponds to the variation of the shear stress 

at the wall 

As soon as.inequality(4.59) is satisfied f, f' and fll at the nodes 

of the solution domain are calculated. Depending on the type of the 

" problem the computer code either stops (similar boundary layers) or 

proceeds to the next ~-station (non-similar boundary layers). 

4.7.7 Test Cases to Be Solved 

The solution method developed in this study will handle the following 

test cases: 

a- Laminar boundary layers with constant and variable pressure 

gradient parameters 

i- Howarth's flow 

ii-" Flow past a Circular Cylinder 
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b- Turbulent boundary layers 

The details of the test cases to be solved can be found in Appendix G. 

4.7.8 Augmentation of Solution Domain for Turbulent Boundary Layer Flows 

Having obtained S and ~ and consequently a, there is a need to check 

I fill at the ·pre~cribed. 'yalue o·fn~. F~r almost all laminar boundary 

layers, cthe upper limit of the solution domain noo,'may be taken constant. 

However, in the case of turbulent boundary layers n· must be increased 
00 

,. 
downstream due to the rapid growth of the boundary layer. If at a 

station n-1 the I fll I exceeds 0.0001, i.e. noo 

I fll I > 0.0001 noo 
(4.60) 

then the solution domain is augmented at the next station by adding 

extrael~ments and nodes. The additional nodes at ~tations n-1 and nl 

are ~ssigned tbe following initial values. 

f. 1 = f. + t.n· J+ J . J (4.61.1) 

f. 1 - f. + ~nj 
M! M-1 

(4.61.2) 

fl. 1 = 1.0 
J+ 

(4.61.3) 

f~!1 = 1.0 (4.61.4) 

fll 
j+1 = O. (4.61.5) 

Consequently, the boundary layer at the next station is calculated 

with increased number of nodes. 

4.7.9 ~ddy Viscosity Model Used 

A . d . t d l'n Fl·g.2, the solutioh cif every ~-station is obtained s eplc e '-;, 



separately. If the point of transition from laminar to turbulent flow 

is passed, the terms of eddy viscosity also-have to be employed in 

order to describe the .characteristics of the turbulence. For this 

purpose Eqs.(4.16-18) are used. 

35 

Finally, the program is terminated on two conditions. First, the whole 

domain has been covered, i.e. the solutioh process is complete. Secondly, 

at a ~-station.the maximum number of iterations has been exceeded, 

i.e. convergence can not be obtained within the specified iteration 

limits. 



CHAPTER V 

. DESCRIPTION or THE COMPUTER CODE 

The present chapter deals with the considerations leading to the computer

ization of the algorithm presented1n Chapt~r IV. 

The computer code developed in this study has three versions. The 

first version RBLGAU developed constructs the element matrices by 

analytical integration and attempts to solve the resulting global 

equations in the full matrix form by the Gaussian Elimination Method. 
/ 

The second ver~ion, RBLELE, obtains the element matrices similarly 

and solves the resulting global equations in banded form by the Banded 

Matrix ·Solver. 

The third version RBLAYER developed constructs the element matrices 

by numerical integration and obtains the solution of the global system 

.of equations like the Version RBLELE. These versions are discussed 

in.the following pages in detail. 

5.1 Version: RBLGAU 

5.1.1 Input Description 

-The following. variables have to be input: 

1~ noo' specified upper limit of the solution domain which is 

qreater than calculated boundary layer thick!1ess , i.e. noo>no 
2- k, geometric grid parameter (see section 5.1.2) 
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3- Print option parameter (see section 5.1.3) 

4- Index of the transition station where the flow beco~es turbulent 

5- Total number of x-stations excluding the initial station 

6- Initial velocity profile flag, which gives the type of the 

initial velocity profile (Eq.(4.38.1), (4.39.1) or (4.40.1» 

to be used 

7- PreSsUre gradient fl~g, whirih indicates the type of flow which 

is presented in section 4.7.7 to be treated 

B-p, fluid density in kg/m! 

9- ~, dynamic viscosity of the fluid in kg/ms 

10- Uoo ' free stream velocity of the fluid in m/s 

11- h1' initial grid length (see section 5.1.2) 

12- Type of grid arrangement (constant or variable mesh) 

13- S,pressure gradient distribution in the streamwise direction 

is input from an inviscid flow solution 

14- The coordinates of the x-stations except for similar flows 

and flows for which the potential flow solution is to be specified 

15- The coordinates of the x-stations with their respective potential 

velocity values 

16- Maximum number of·allowed ·iterations for the Finite Element 

solution at the x-stations. 

5.1.2 Grid Arrangement of the Solution Domain 

In order to obtain the solution·of a particular problem the solution 

domain has to be discretized. As presented in Cebeci and Smith(21) 

the laminar boundary layers pose no difficulty of discretization, 

.since their upper limit of soluti?n domain can betaken as constant • 

. Furthermore , since the velocity gradient is not too steep in laminar 



flows, mesh size is also constant, i.e. consecutive elements in the 

y (or n) direction are of the same thickness~ 
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The grid length, i.e~ the difference between two consecutive x (or ~) 

stations, may also be taken coristant or, if necessary, variable. Especially, 

if a region i~ suspected of containing the separation point, the grid 

length has to be taken.decrea~ing. towards the suspected separation 

point. 

The skin friction encountered in turbulent flows is larger than in 

laminar flows and velocity gradient au/ay at the wall is greater in 

the former, i.e. the thickness of the gridshave to decrease towards 

the wall. If, k is the ratio of the thickness of the successive grids, 

and h1' the thickne~s of the first 6n step (first grid), the total 

number of nodes, J, throughout the boundary layer can be calculated 

as follows: / 

(5.1) 

The thickness of the j-th element in n-direction is 

(5.2) 

5.1.3 Output Description 

There are various output optio~s of the computer.code. Item 3 in.sub

section 5.1.1 indicates the desired output option. Table 5.1 describes 

the option and the corresponding output data printed~ 

5.1.4 Flow of the Program 

The program executes the solution scheme presented'in Chapter IV. 

tunctional relationship between the subroutines and the main program 

is depicted in Fig.4 • 



MAIN PROGRAM·' 

\ 

""" 

.~ 

FIGURE 4.-- Functional relationship of the main program with the subroutines 
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TABLE 5.1 

DESCRIPTION OF· OUTPUT 

Desired Output Option· 

Initia"l velocity profile (with f, fll) ••.••.••.••••.••••• O 1 2 3 
All element stiffness matrices ....••.••.•••.•••.•..••••• 1 
Global stiffness mat~ix •.••••.• ~ •.•••..• : •.••••••.•••••. 1 
Modified global stiffness matrix ••••....•••.•.•.•••••.•• 1 
Global stiffness matrix after Gaussian Elimination ...••. 1 2 
Solution vector~''' ......... '' .. " .... :-. ~ . : . . . . . . . . . . . . . . . . ... 1 
Third entry of sdIUtion.v~ritor ( r' at tha wali) •.•••••• O 1 2 3 
Intermediat~ iterativesolutions •••••••.••••••.•••••• ~ .• ·1 2 3 
Final solution of a -station •••••...••••.•..•••.••.•••• O 1 2 3 

Subroutine INSOL inputs the variables listed in Section 5.1.1. This 

subroutine calculates then and~ coordinates of the boundary iayer 

and prepares the standard matrix of Gaussian Integration for future 

reference. 

Subroutine VELPRF prepares the initial velocity profiles (item 6). 

Section 4.7.1 60ntains the equations employed by this subroutine. 

The main loop of the program prepares the element matrices, assembles 

the global stiffness matrix, and the global force vector. 

Subroutine ELECRE calculates the entries of the element stiffness 

. matrix presented in Table 4.2 by the analytical integration approach. 

Subroutine RHS calculates the right-hand-side vector (the element 
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force vector) by Gaussian Numerical Integration. The element stiffness 

matrices and the element force vectors are then assembled into the 

global stiffness matrix and globa.l force vector, respectively, by 

the.combination of Eqs.(4.52,53). 

Subroutine MODIFC modifies the global stiffness matrix and global 

force vector by the application of the boundary conditions (see 

Eqs.(4.24.1-3)).For this purpose, the algorithms presented by 

Eqs.(4.55-58) are employe~. 
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Subroutine GAUS solves the system of equations in the matrix form 

by .the method of Gaussia1n Elimination and back substitution. Depending 

on the convergence criterion, Eq.(4.62), the main loop is repeated. 

Each iteration updates the vectors I, f'and ~I using Eqs.(4.21.1-4). 

If the convergence criterion for a -station is satisfied then the 

. vectors f ~~d f' are redefined a~ in-1 andf~_1' and the program proceeds 

to the nextBt~tion •.. 

Subroutine PLoTST plots the results obtained, if required. 

The iteration procedure is repeated at the next ~-station, if any. 

Subroutlne PRGR calculates the ~ and S in the streamwise direction using 

equations presented in Appendix G. 

For the case of t~rburent flow ~-station of transition from laminar 

to turbulent flow has to be input (5.1.1). Subroutine EDYVSC calculates 
/ 

+ +' the non-dimensional eddy viscosity term £ and itsderivative £ 

This subroutine uses Eqs.(4.16-18) to calculate the inner and outer 

eddy viscosity cbefficients of the t~rbulent boundary layer. The inner 

and Quter regions are matched by imposing the requirement of continuity. 

The inner eddy viscosity expression, Eq. (4.1'6) '. is used up to the 

node where £+1" > £+ after which. the outer eddy viscosity expression o . 

takes over. The derivatives of the eddy viscosity terms are obtained 

by the use of the three point numerical differentiation. (see Appendix H) 

If inequality {4.63) is satisfied, subroutine GROW employs Eqs.(4.64.1-5) 

to augment the upper . limit of the solution domain. 

Subroutine OUT SOL prints either the intermediate iterative solutions 

or the final solut.ion of a ~-station, depending on the output option. 

(see Table 5.1) 

Detailed description of the input of the computer code can be found in Appendix 



5.2 Program RBLELE 

The version RBLELE has only slight vaiations from the version RBLGAU. 

In this section, only the deviations will be explained. Instead of 

using the full global stiffness matrix, RBLELE employs the banded 

matrix formulation presented in section 4.6.3 • The 'solution of the 

banded matrix force vector syste~ is obtain~d by s~broutine LEQT1B 
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. which u,ses the algorithm briefly explained in section 4.7.5 and employs 

a further subroutine UERTST to check the matrix. The rest of the program 

. is identical with RBLGAU. 

5.3 Program RBLAYER 

This program is the final version of the computer code. It is completely 

identical with RBLELE except for the c~lculation of the element sti~friess 

matrices. RBLAYER uses the numerical integration approach (see section 

4.7.2.a). TThis version formulates the element stiffness matrix by 

Eqs.(4·.41~46) and integrates them by the Gaussian Numerical Integration. 

Tre listing of the program (version RBLELE and RBLAYER)· can be found 

in Appendix I. 
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CHAPTER VI 

RESUL TS AND: DISCUSSIONS 

6.1 Introduction 

The final,test of a numerical method is the comparison of calculated 

results with exact solutions and with experiments. For laminar flows, 

there are many analytically obtained solutions, as well as solutions 

obtained by well t~sted and .well established numerical methods. On 

the other hand, there are no exact solutions for turbulent flows, 

and all one can do is to compare the calculated results with experiments. 

In this chapter the numerical accuracy of the present study is tested 

by applying the present method to a number of laminar and turbulent 

boundary layer flows and comparing the results with solutions obtained 

either analytically or by other numerical methods. All calculations 

reported here have been performed on CDC.CYBER 815 in itssingle precision 

version. 

6.2 Mathematical Test of the Computer Code 

In order to check the basic elements of the computer code a special 

'case of Eq.(4~22) with qi=1 is considered. 

y"' + y" + y' + y + 1 = O. (6.1) 

It can ~asily be seen that the exact solution is given by 

y = sin x + cos x + 1 (6.2) 
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subject to the boundary conditions 

yeo) = 0 yl(O) = 1 (6.3.1,2) 

yl(n ) = cos(n ) - sin(n ) 
00 00 co (6.3.3) 

Comparison of the computer r.esults with the exact solution is shown· 

in Table 6.1 for seven different mesh structures. The first six cases 

involveuniform ~esh Wi~~ constant elem~nt le~gth h1: The seventh case 

makes use of a variable mesh constructed in accordance with Eq.(5.1). 

TABLE 6.1 

ACCURACY STUDY FOR EQ.(6.1) 

Case h1 noo N y"(O) per cent e error --
1 0.5 3.0 6 -0.999899 0.0101 

2 0.2 3.0 15 -0~999999 0.0001 

3 2.0 8.0 4 -0.972463 2.7537 

4 1.0 8.0' 8 -0.999151 0.0849 

5 0.5 8.0 16 -0.999956 0.0044 

6 0.25 8.0 32 -0.999997 0.0003 

7 var. 7.365 19 -0.999805 0.0195 
mesh 

.. a- Effect of increasing. the number of elements for a given noo: 

In cases 1 and 2, when the number of/elements is increased ~.5 

times, the error is reduced 100 times. 

Each time the element number is doubled, from case 3 to 4, 5 and 6, 

the error is reduced by 32.4 times, 19.3 times, and 14.7 times, 

respectively. 

It is concluded that for a given noo' an increase in the number 

of elements drastically reduces the error. 



b- Effect· of having different nco for a given .element number: 

With reference to cases 2 and 5, although the latter case contains 

one more element than the former, its error is 44 tim~s greater, 

since the corresponding nco is 2.667 times greater. 
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It is 'concluded that the larger the domain the more the probability 

of error despite the increase in the. number of elements. 

c- Effect of having a variable mesh: 

With refe~ence to cases 5 and 7, although the latter uses 1.19 

times more elements and 1.09 times lessn , the corresponding error co 

is 4.43 times greater than the former case. 

One tends to conclude that the use of variable mesh reduces the 

accuracy of the solution despite the increa~e in the number of 

elements and th~ decrease inn. On the other hand, it will be co 

necessary for the analysis of the turbulent boundary layers. 

6.3 Application to Similar Boundary Layer Flows 

+ For all simila~ flows Eq.(4.19) is independent of ~, furthermore, E =0. 

Therefore Eq.(4.19) is reduced to 

f'" + ff" + ~ {1- (f' )2} = 0 (6.4) 

and the coefficients· of Eq.(4.22) become 

q1 = 1 q2 = f (6.5.1,2) 

q3 - 28f' q4 = f" (6.5.3,4) 

q5 = fIt' + ff" - S(f,)2 + 8 (6.5.5) 

The analytical solutions to Eq.(6.4). have been extensively studied 

and are known a~ the Falkner-Skan family.' It can be shown that solutions 

. ~>O, ~=Oand B<O correspond, respectively, to acceleiating, constant 



velocity and decelerating flows. It can also be shown that solutions 

exist for all values of S in the range -0.19884 ~ S < 2. Outside this 

range, separation oc~urs. 

, 
6.3.1 Effect of Initial Velocity Profile: 

To see the effect of the initial'guess, the linear velocity profile, 

Eq.(4.38.1), ~nd thePohlhausen type velocity profile, Eq.(4.40.1), 
i 

have been considered in connection with the boundary layer with zero 

pressure gradient. ' 

Program RBLAYER has obtained the exact solution of the problem in 

five iterations using the linear velocity profile, ~n = 0.2, n = 6.0, 
00 

i.e. 30 elements. The convergence has been less than quadratic, i.e. 
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the rate of convergence between iterations is less than two (1.78-1.86). 

(See Fig.5) 

Prqgram RBLAYER has obtained the exact solution of the problem in 

four iterations using the Pohlhausen type velocity profile, ~n = 0.25, 

n = 6.0, i.e. 24 elements. The convergence has been almost quadratic 
00 

(1.87-2.00).(5ee Fig.6) 

This application shows that the use of the Pohlhausen type velocity 

profile is more advantageous b~cause it reduces the number of iterations. 

On the basis of this conclusion the remaining results reported in 

this thesis have been calculated by using the Pohlhausen type velocity 

profile. 

6.3.2 Accuracy of the Method for Different a-Values: 

The.test of the computer code under different S~values are outlined 
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in Table 6.2 which shows f~calculated by the exact solution, the Cebeci 

and Smith method and the pr~sent method (RBLGAU version). 

TABLE 6.2 

ACCURACY STUDY FOR FALKNER-SKAN FLOWS 

Values of fIt 
w 

Exact· . . Present Cebeci per cent ~n nO:) 
analysis Smith error of 

~r.anal. 

1.0 1.232588 1.234961 ,. 1.326940 0.1925 1.0 8.0 

1.232654 1.257044 0.0054 0.5 
0.0 0.469600 0.470736 0.506103 0.2419 1.0 

0.469596 0.478914 0.0009 0.5 

-0.1 0.319270 0.320272 0.355730 0.3138 1.0 

0.319281 0.328762 0.0034 0.5 

-0.19884 0.0 0.013431 -0.113413 1.0 

0.081656 -0.058364 0.5 I 

As concluded earlier more elements lead to more accurate results. 

The results are very satisfactory for S = 1.0, 0., -0.1 except at 

the point of separation it was impossible to predict a correct velocity 

profile. 

6.3.2.1 Accelerated Flows ( S > 0 ) 

These flows have a positive pressure gradient parameter. Recalling 

Eq.(4.11) one can conclude that they are accelerated flows. In order 

to show their effect the case 8 = 1 is analyzed. It is also known 
, 

as stagnation point flow. Exact solution of this flow has been obtain~d 

and presented in Rosenhead et al.(33), p.232. Table 6.3 compares the 

results of the ~rograms RBLELE and RBLAYER with the exact s?lution. 

It can be seen that RBLAYER has .obtained the exact solution. On the 

other hand ,. RBLELE has at least five-digit accuracy. 
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TABLE 6.3 

ACCURACY STUDY FOR ACCELERATED FLOWS 

13 = 1.0 ,N = 24 ,n = e co 
6.0 

Values of fl 

-11... . Exact RBlAYER RBLELE 
• 0 .0 .. 0 .0 
.5 .494649 .494649 .494650 

..• 

1.0 .777895 ., .777865 .777866 

1.5 .916168 
; 

.916168 .916169 
.. 

2.0 .973217 .973217 .973217 

3.0 .998424 
,. 

.998424 .998424 

4.0 .999958 .999958 .999958 

5.0 .9999995 1.000000 .999999 

As mentioned in section 6.3, the extreme case for an accelerated similar 

laminar boundary layer is S=2. Table 6.4 compares the results in Rosenhead 

et al.(33) with the results of programs RBLAYER and RBLELE. 

6.3.2.2 Flat Plate Flow (13=0.) 

This case is also known as Blasius problem(1'). It is solved analytically 

by series expansions. Its practical importance has been the reason 

for extensive study. Table 6.5 compares the present study with the 

,. exact result of Blasius(1908), Topfer(1912),Goldstein(1930) and Howarth(1938). 

6.3.2.3 Decelerated Flows (B~O) 

These flows are important since they approach the region of separation. " " 

Analytically, the value of separation" of ssquals -0.19884 • In the 

present study two cases of decelerated flows are considered 

(i) 13 ~ -0.1 

"(ii) 13 = -0.19884 

" Table 6.6 compares the results of the program RBLAYER with the exact 

solution for" case (ii). On the other hand, RBLELE has turned out to 



tA'BLE 6.4 

ACCURACY STUDY FOR ACCELERATED FLOWS 

!3 = 2.0 ,N = 24 , n = 6.0 e . 00 

Values of f' 

-.!l":' .•. .' ... - -Exact RBLAYER RBLELE --
.0 .0 .0 .0 

.5 .610 .610 .610 
1.0 . ,.872 .872 .872 

2;0 .991 .991 .991 

4.0 1.000 1.000 1.000 

--
TABLE 6.5 

ACCURACY STUDY FOR FLAT PLATE FLOW 

Values of f' 13=0. , n =6.0 
00 

---D... Exact RBLAYER RBLELE --
.0 .0 .0 .0 

.5 .234227 .234228 .234225 

1.0 , .460632 .460633 .460629 

1.5 .661473 .661475 .661470 

2.0 .816694 .816695 .816693 

3.0 .969054 .969055 .• 969056 

4.0 .997770 .997771 .997771 

5.0 .999936 .999937 .999937 

6.0 .999999 1.000000 1.000000 

N =24 N =12 e e 

be unstable and has not converged. 

It is peculiar to note that the six-element solution is better than 
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the more element solut~ons. It'Is because of the convergence criterion 

Ewhich is ,0.00005 . A more tight criterion.can yi~ld better results. 

Comparing the results of the case Ne=12 and case Ne=24 shows that 

th'ere is no appreciable diffe1'8nc~ between them. Consequently, the 
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TABLE 6.6 

ACCURACY STUDY FOR DECELERATED FLOWS 

Values_ of f' f3 =-0. 19884 , nco =6. a 

R B LAY E R 

.JL Exact Ne=6 Ne=12 Ne=24 --
.0 . a ' .0 .0 .0 
.5 .025 .029509 .029510 

-. -1. a .099 -.. -107154 .108374 .108375 

2.0 .380 .394379 .396463 .396465 
; 4.0 .940 .944595 .945236- .945237 

6.0 1.000 1.000000 1.000000 1.000000 

program runs at the separation point have to be performed with less 

number of elements and more tight convergence criterion. 

6.3.2.4 Performance of the Present Study Regarding Similar Flows: 

In order to analyze the performance of the present study, the foll~wing 

criteria wili be considered: 

(i) Accuracy 

(ii) Ofder of Convergence 

(iii) CPU-Time 

(iv) Number of Iterations 

Table 6.7 compares the results of the present study with Cebeci and 

Smith(21) under similar conditions. This table contains information 

about the last two versions of the computer code. (Table 6.2 compares 

the similar conditi.ons with program RBLGAU). 

(i) As can be noted, both programs RBLAYER and RBLELE yield more 

accurate results than Cebeci and Smith. The latter's results. 

can be improved by Richardson extrapolation. On the other 

hand, both of the versions of the present ~tudy can produce 

more improved results with Ne=24 (elements). Consequently, 
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TABLE 6.7 

ACCURACY STUDY FOR FALKNER-SKAN FLOWS 

WITH D.IFFERENT iln SPACINGS 

Values of fll n =6.0 w ' co 

a Exact iln . Cebeci RBLAYER RBLELE 
Smith 

1.0 1.232588 1 .0 1.326940 1.234962 1.234963 

' . .. 0 .• 5, 1. 257044 1.232736 '1.232732 

• 0 .469600 1.0 .506065 .470746 .470778 
i 0.5 .478914 .• 469603 .469597 .. 

-0.1 .319270 1.0 .355731 , .320292 .320256 ,. 
0.5 .• 328762 .319283 .319288 

-0.19884 .0 1.0 .123289 .007171 

0.5 .060844 .009325 

the accuracy of the present study is satisfactory. 

(i1) Fig.7 depicts the convergence of the program RBLAYER. Except 
/ 

for ,the case of separation the convergence is q~adratic. Furthermore, 

the higher the p-value, the better is the convergence. Fig.8 

depicts the convergence of the program RBLELE. Its convergence 

.is quadratic for all cases but for the case of separation. 

In this particular case the stability can not be observed •. 

Consequently, the order of convergence of the present study 

is quadratic in general (in most of the similar cases). 

(iii-iv) Program RBLAYER has a constant ratio of CPU time/element~3 sec. 

except for the case of separation. For this particular case 

the ratio. is higher because of the higher number of iterations. 

Table 6.8 compares the CPU-times of various performances of 

RBLAYER for the case of separation.' The CPU-time/element~4. 67 sec. 

for six iterations. On the other hand, program RBL~LE has 

the ratio CPU-time/element~1 sec. For 24.elements the ratio 

decreases to 0.8. because of the less number of iterations. 
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TABLE 6.8 

. PERFORMANCE OF PROGRAM RBLAYER 

S =-0.19884 , n =6.0 
co 

N e 

6 
12 

24 

Iteration 

7 

6 

6 

CPU-time(sec) 

32.845 

55.916 

. 112.178 . 

6.4 Application to Non-Similar Boundary Layer Flows 

56 

From a practical point of yiew, the non-similar flo~s are more important 

than the similar flows, because similar flows are rare in technical 

applications. In non-similar flows the dimensionless stream function 

f depends on both' ~ and n. 

These flows can be $olved by various methods, such as: / 

(i) Series methods 

(ii) Momentum integral methods(MIM) 

(iii) Lotal similarity method 

(iv) Numerical-differential methods 

For example, the MIMare easy to use, quick to solve, but their accuracy 

can hardly approach the level of the differential-numerical methods. 

In the following two sub-sectiGns two different applications to the 

non-similar boundary layer flows will be presented. 

6.4.1 Howarth's Flow: 

As explained in Appendix G1 the non-dimensional velocity field is 

given by 

u =1 - ax (G.1) 
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.The pressure gradient parameter, B, decreases along the x-axis. Consequently, 

the ftow separates downstream. It is, the"refore, important to carefully 

choose the x-spacing around the region of the possible separation. 

·In the region mentioned one has to have more x-stations in order to 

avoid .the loss of accuracy. Program RBLAYER has been run for this 

flow. The most important variable to be used for comparison is the 

. dimensionless shear pa~ameter- (DSP). (See E~.(G.11»·Fig.9 shows the 

variation of the DSP with respect to the x-coordinate. The solid curve 
-

represents the exact solution of Howarth(3).The dotted curve depicts -- . 

the deviation of the present analysis. Table 6.9 compares the numerical 

values of the exact solution with the results of the present study. 

It can be observed that the error of the present method increases 

~owards the point of separation. 

6.4.2 Flowp?st a Circular Cylinder 

As given in Appendix G2 the velocity field is given by: 

U = 2 U sim~ e 00 

(G.12) 

The pressure gradientparameter,B ,changes' sinusoidally. Behind the 

. top of the cylinder separation occurs. Program RBLAYERhas been run 

for this flow. Fig.10 shows the variation of the DSP with respect 

to the angular coordinate(i)."The solid curve represents the exapt 

sqlution of Tifford(38). The dotted curve shows the deviation· of the 

present method. Table 6.10 compares the numerical values of the exact 

solution with the results of the present study. It is again noted. 

that the present method looses its accuracy drastically as the point 

of separation is approached. 
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TABLE 6.9 

.' ACCURACY OF THE PRESENT METHOD FOR HOWARTH 1 S FLOW 

Dimensionl~ss Shear Parameter 

x .Howarth( 3) Pres.Meth. eer cent error 
o ~ 1 0.968382 0.965046 0.344 
0.2 0.626496 0.623301 0.510 
0.3 0.462801 0.459611 0.689 
0.4 O'~ 357442 0.354017 0.958 

., 

0.5 0.279307 0.275634 1.315 
0.6 0.216728 0.212000 2.182 
0.7 0.162281 ,- 0.156363 3.647 
0.8 0.111369 0.103098 7.427 
0.9 0.057629 0.044684 22.463 

-x-sep. 0.96 0.94 

TABLE 6.10 
/ 

ACO..lW:Y (F T1-E PRESENT tvEfl-ID FeR T1-E FLOtI PAST A CIRCllAR CYLINIR 

Dirrensimless Shear Parcireter 

(x/r )deg. Tifford(38) Pres.Meth. eer cent error 

15 0.888432 0.888332 0.011 

30 1.635088 1.634387 0.043 

45 2.118444 2.1l6264 0.103 

60 2.253531 2.250248 0.146 

75 1.999958 1.992247 0.386 

90 1.355562 1.326423 2.150 

100 0.712656 0.593627 16.702 

108.8 
w 

104
w 

x-sep 

'. 

6.5 Application to Turbulent Boundary Layer Flows 

with Zero Pressure. Gradient 

P.ractically, turbulent flows are m'ore important than laminar flows 

because the Reynolds number in t~chnical applications are normally 
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very large and the eddying motion of the real fluids is more dominant 

th~n their laminar behaviour. 

The last application of the present analysis is the calculation of 

the turbulent boundary flow ov~r a flat plate, i.e. pressure gradient 

is zero. 
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It is assumed that the ,flow i~ la~inar at the leading edge and then 

becomes turbule'nt at th'e next station: To compare the present results 

with those of other investigators, the calculations have been performed 

for a variable grid length along 1he ~-direction. The results obtained 

in the present study are compared in Table 6.11 with the results of 

Cebeci and Smith(37) and Bismarck-Nasr(34). 

The development of the local skin friction coefficient can be found 

in Appendix G4. Fig.11 shows the variation of this coefficient with 

respect to Reynolds number. 

It is concluded that the results of the present analysis are about 

six per cent less than the results of Cebeci and Smith(37). The difference 

may be attributed to two basic reasons. First, the study of Cebeci 

and Smith used 230 nodes in the boundary layer whereas only 40 nodes 

were employed in the present study due to the time, limitations of 

the existing computer system. Secondly, the mesh structure of the 

,'solution domain of Cebeci and 'Smith was optimized whereas the present 

anplysis does not posess this capability. 

Fig.12 depicts the'variationo~,the boundary layer thicknes~ normalized 

by the distance with respect tO,Reynolds number. The solid curve 

represents the e9~ation deduced from the 1/7 th power velocity distributioQ 

law for the smooth flat plate(39): 

~ ~ 0.37 Re(-1/S) 
x' ..,. 

(6.6)' 



62 

TABLE 6.li . 

U:O~L SKIN FRICTICN CCUFIENT FOO. TLm.LENT FUM OVER A FlAT PlATE 

Values of CfX1~ 
h1 =0.01 , k=1.15 , n =15.462., N =39 

00 . e 

Re-number Cebeci-Smith Bismarck-Nasr Pres.Meth. 
860 24.7588 

... 4 300 13.0596 
.B··600 10.3038 

." 43 000 6.3999 
100 000 5.2197 
170 000 4.6600 
260 000 4.2722 
340 000 4.0408 
510 000 3.9954 3.894 3.7012 
680 000 3.8002 3.674 3.4921 

. 860 000 3.6614 3.491 3.4749 

1 030 000 3.5536 3.362 3.3896 / 
/ 

1 280 000 3.4244 3.202 3.2140 . 
1 500 000 3.3429 3.086 3.1112 

1 710 000 3.2741 2.988 3.0739 

1 880 000 3.2272 2.917 3.0312 

The dotted curve represents the present analysis which uses the Levy-

. ·Lees transformation for the evaluation of the same quantity. Integrating 

the Eqs.(4.3.1,2) one obtains 

_ P Ue 
n - I 2p]..IUe x y '(6.7.1) 

Inserting the relev,ant quantities: 

. p Ue 
no = 12p]..IUe x 0 (6.7.2) 

Afte~ simplification 

O.r-l Re(-1/2) x =v 2no (6.8") 
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It is again concluded that the results of. the present analysis about 

6.3 per cent less than the results of Eq.(6.6). This difference may 

. be explained by the same reasons mentioned. 

Fig. "13. shows the variation of the dimensionless velocity, f', with 

~espect to transformed coordinate, n, normalized by the transformed 

boundary la~e~ thickness, no' wit~ different. Reynolds numbers. As 

can be noted.there ~re slight·variations between the curves shown • 

. They can be explained by two reasons. First, the restriction of the 

computer system which may also cau~e some inaccuracy. Secondly, the 

calculation of no which is performed by linear interpolation. 
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CHAPTER VII 

CONCLUSIONS AND'RECOMMENDATIONS 

1. Three different versions of a computer code have been developed ,.. 

to solve two-dimensional laminar or turbulent incompressible boundary 

layer flows. The c6de is largely based on the solution method developed 

by Bismarck-Nasr(34). 

2. The validity of the solution method proposed and of the computer 
/ 

code developed have been tested by comparing the results obtained 

with exact"solutions and other available numerical solutions. Based 

on these applications the following conclusions have been obtained: 

a- In a prescribed solution domain the accuracy can be improved 

by increasing the number of element~. 

b- Smaller elements should be used as the velocity gradient 

increases • 

. c- The accuracy of the pr.esent analysis decreases as the point 

of separation is approached. 

d- In case of similar flows the results obtained by the present 

analysis are in perfect'agreement with exact solutions, e.g. 

in·the solution of representative accelerated, flat plate 

and decelerated flows the error terms for fll are 0.0007 per cent,.. w . 

0.0002 per cent and O.001~ per cent, re~pectively. 

e- In c.ase of non-similar flows, .although the accuracy of the 

present study decreases gradually as the point of separation 
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is ~pproched, the prediction of the separation point is acceptable, 

e.g. for Howarth's Flow and Flow Past a Circular Cylinder 

the er~or terms are 2.08 per cent a~d 4.41 per cent, respectively. 

f- In case of turbulent flows, although the present analysis 

uses six times fewer elements than other widely accepted 

numerical methods, the results obtained are acceptable, e.g. 
• I,. ". .'. • • • • 

the"differencci in the calculation of skin friction coefficient 

« is not more than six per cent. 

. 
3. The number of nodes used in the present applications should be 

increased to improve the accuracy. 

4. A wider range of applications should be considered to obtain more 

confidence in the code, e.g. incompressible boundary layer development 

in turbines, pumps, fans and airplane wings. 

5. The computer code develop~d can be improved by the following measures: 

a- Other turbulence models should be tested to obtain an improved 

, mathematical description of the turbulent boundary layers. 

b- The code should be modified such that an optimum value for 

the upper limit of solution domain is selected automatically. 

Similarly, mesh generation routines should be developed to 

discretize the solution domain automatically. 

c- The present code that relies upon a two-step marching technique 

'in the streamwise dire~tion can be improved by incorporating 

a three step marching algorithm, instead. 

6. The range of a~plicabilityof ~he code should be extended to axisymmettic 

terms existing in the formulatlon given in Chapter IV. This will 

allow the. calculation of boundary layers in missiles, rockets, etc. 
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7. Extension of the code to subsonic compressible flows is also possible 

by the inclusion of the. energy equation. This would allow the application 

of the code to compressible boundary lay.er flows encountered in 

turbines, compressors and high speed vehicles. 

8. The boundary layer development on rotating surfaces can be calculated 

by includ~n9 the C~riolis forces. This would enable the treatment 

of r..~tating blades. 



APPENDIX A1 

TRA~~foRMATIb~ OF Twb DIMEN~ioNALNAVIER:STOKES EQUATIONS 

AND THE EQUATION OF CONTINUITY 

As mentioned in Chapter II for the transformation of Eq.(2.3.1,2) and 

Eq.(2.4) the non-dimensional quantities which are defined by Eqs.(2.5.1, .. ,6) 

are employed. Consequently 

x = 1 X 

y = 1 Y / IRe _ 

t = (l/Uoo) t 

u = Uoo U 

p= p u& P 

ax = 1 aX 

ay = (l//Re) aY 

at = (l/Uoo) aT 

v = (Uoo/lRe) v 

(A.1.1,2) 
/ 

(A.1.3,4) 

(A.1.5,6) 

(A.1.7,S) 

(A.1.9) 

The terms employed in Eqs.(2.3.1,2) and Eq.~2.4) are transformed into 

au U:o a ~ au 
at = 1 aT ( U:o U ) = 1 aT 

a -u& au 
u au - lJoo U .l -(Uco U) =-1 U"'X ax - 1 ax 0 

-au _ Uco V ,IRe a (U U) = rU~ v ~ 
v ay - 1R8 .-rav- co 01 

_ .l ~ -_ .l .l :L (p u& P) 
p ax - p 1 ax 

a2 u _' ,.l :L (Uco au) 
a7 - 1 ax 1 ax 

u&, ap 
=-1 ax 

a2 IR a IRe 11_ au) Re U~ a2 u 
u e - ( 1 lJV" "'Y = --p-- W ayz = T ay 0 

(A.2.J) 

(A.2.2) 

(A.2.3) 

(A.2.4) 

(A.2.S)" 

(A.2.6) 



av _ U a . uoo at - r at (.;7R8 v 

av ( ) 1 a Uoo t.J&, ·av 
u ax = Uoo U I ax (IRe V) = liRe U ax 

av _(Uoo IRe a Uoo u&> av 
v ay - IRe Y) T av (IRe V) = liRe V av 

_.1 ~ - 1 IRe ~ (p. U& P )= _ U,f,/Re ap 
p ay - - ~ 1 av . . 1 . av 

a2 v 1 a (Uoo av) Uoo. a2y axz '=. t ax . liRe ax = WR8 axz 
; 

a2 v _ IRe .L ( lJoo ay ) lJoo a2y 
ayz - 1 av· 1 av ..- = p'/Re W 

Eq.(Z.4) becomes 

= 0 

Eq.(Z;3.1) ie transform~d as follows: 

multiplying by (1 / U~ ) 

recalling Eq.(Z.2), definition of Re 

Eq.(Z.3.Z) is transformed as follows: 

multiplying by (liRe / u&, ) 

av av av ap v a2u v a2v 
. aT + U ax + Y av = - Re av + lUoo axz + llJoo W 
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(A.Z.7) 

(A.Z.B) 

(A.Z.9) 

(A.Z.10) 

(A.Z.11) 

.(A.2.12) 

(A.Z.13) 

(Z.7) 

(Z.6.1) 



recalling Eq.(2.1) and dividing by Re- _ 

1av av av ap 1 a2u 1 a2v 
Re ( aT+ u ax + v ay ) = - av + Re 2 axz + Re W 

i 

- 0. 
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(2.6.2) 



APPENDIX A2 

INCLUSION OF THE 

AXISYMMETRICITY AND TURBULENCE 

1. Inclusion of th~Axisymmetric Flows (21) 

The governing boundary layer equations for axisymmetric flows do not 

differ much from those of two-dimensional flows. The external potential 

velocity is a fu~ction of one dimension and the velocity within the 

boundary layer has two· compo.nents. 

The arbitrar~ radial distance can be obtained from the following equation: 

r(x,y) = ro(x) + y cosa (A.3) 

where r , the normal radius of the solid body dependent on the distance; 
o . 

y, the normal physical coordinate and a, the angle between the x-axis 

and the axis of the symmetricity. 

The term rk is included in Eqs.(2.11,12) to generalize.the equations 

for axisymmetirc flows. For axisymmetrit flows, k equals one, wheras 

it is zero for two-dimensional flows. 

2. Mean Motion and Fluctuations of Turbulent Flows: 

In describing a turbulent flow in mathematical terms it is convenient 

to separate it into a mean motion and into a fluctuation, or eddying' 

motion. Consequently, the velocity.components and pressure can be 

'written as follows: 

u = u + u' v = v + v' ,p=p+p', (A.4.1,2,3) 
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where u, v and p are the time-average o~ u-velocity, v-velocity and 

pres~ure, res~ectively. The terms u', v' and p' denote the fluctuations 

of u-velocity, v-velocity and pressure, respectively~ i 

By ~efinition the ti~e averages of all quantities describing the fluctuations 

equal to zero. 

u' = 0 v' = 0 p' = 0 (A.5.1,2,3) 

The main physical importan6e of turbulent motion consists of the apparent 

increase of the viscosity of the mean stream. Therefore, it is obligatory 

to find ,a mathematical expressiOn, whi~h describes the effect of the 

"apparent" viscosity. 

Since the flux of momentum per unit time through an area is always 

equivalent to an equal and opposite force exerted on the area by the 

surroundings, it is concluded that the area under consideration, which 
/ 

is normal to the x-axis, is acted upon by the stresses 

_ p ( u2 + U,2 ) 

in the x-direction, and 

- p ( u v + u'v' 

in the y-direction 

Consequently, it is seen that th~ superposition of fluctuation on 

the mean motion gives rise to two additional stresses 

cr' = - p u' z X . 
T' = -p u'v' yx 

(A.6.1) 

(A.6.2) 

(A.7~1,2) 

T~ey are termed "~pparent" or Reynolds stresses. Eq.(A.7.2) is the 

second component of the shear stress which will be superposed to the 

normal viscous shear stress. 

3. Derivation of Eqs.(2.11,12) 

Assuming steady, compressible, two-dimensional flow and including 

the facts of the first two sections of the present appendix give rise 

to the following set of boundary-layer equation,s; 
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Continuity: 

a . k a' k ax' (.~" p u ) + ay (r p v) ::; 0 (2.11) 

Momelltum: ' 

pu au + pv au = _ ~ + ~.L( rk(ll au - p u'v')) (2.12) ax' ay dx r ay ay 



APPENDIX B 

APPLICATION or LEVY-LEES' TRANSFORMATION 

For ~~e transformation Eqs.(4.3.1,2), (4.4.1,2), (4.5), (4.6.1,2) 

and (4.8) will be used. 

a af 
= a~ ~ f+ ~ a~ 

f af 
= ~ +~ a~ 

at!J MF f a( 
a~ = v2~ (2~ + a~) 

aw = ~ (~ f(~,n)) an an 

aW friF an = v2~, fl 

Eq.(4.4.1,2) and (4.6.1,2) will be used to evaluate 

pu = ~t 
pUe aW 

pu = ~ an 

, using E'q. (5.7.2) 

pu =/~~ IV: fl, 

u = U fl , e 

(4.7.1) 

(4.7.2) 

(4.4.1) 

(4.9.1) 



· Similarly 

alb 
Pv = y - ax 

pv = - PllUe ( ~t + ~~ ~~ ) 

v = - llUe ( ~. ( '~~ + ~~ ) + ~~ ~ f' 

f af an' v'= ~ llUe ~ ( -- + --' '+ f' a~ ,) 
2~, a~ " ':> 
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(4.4.2) 

(4.9.2) 

At thi~ stage each term of Eq.(4.2) will be evaluated for transformation 

and future reference. Using Eqs.(4.6.1,2) and Eq.(4.9.1,2) 

au au an au ' 
ax =PllUe ( a~ + a~ an )' 

where 

au a 
~ =a~(Ue f') 

Since Ue = Ue(x) ----+Ue(~) ,and 

Hence 

au =.L( Ue f') 
an an 

~~ = Ue fll 

au dUe af' fll an ) 
ax =PllUe f' d~ + Ue ar- + Ue , a~ 

Similarly 

recalling (B.1.2) 

'au P Ue U fll 
ay =~ e 

(B.1.1) 

(8.1.2) 

(B.2) 



~~- - P Ue fll ay -.~ 

. a2U_ pUe a . p . 
' .. ~. - ~ all ( '~ Ue fll ) 

, , 

" 2 3 

-~fl" - 2~ 

~' =_ p'Ue dUe 
dx . dx 

Eq.(4.2) is expanded: 

Dividing by p , 

using Eq.(5.9.1) and (B.2) 

u ~u = U fl PllU (fl dUe +U ~~' +Uef" all) 
oX e e d~ e Os a~ 

using Eq.(4.9.2) and (B.3) 

au u3 fll( f af fl all') 
v ay = - ~ll e , 2~"+ a~ + a~ 

Furthermore, eddy viscositY,expression is only function of 11. 
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(8.3) 

(B.4) , 

(B.5) 

/ 

(B.7) 

(B.8) 

(B .,9) 
" 



ClEClu = ~ E'PU~ f" 
Cly Cly . y2~ l72~· 

ClE Clu· 2U~ 
Cly Cly = P2~ . f" E'· 

Eqs.(B.4,5,7,8,11) will be substituted into (6.6) to obtain 

. 2~ Multiplying both sides of Eq.(B.12.a) by ~ 
Uepll 

and defining + E E ::
\) 
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(B.10) 

(B.11) 

(B.12.a) 

(4.12) 

21:"f' (~dUe Clf' Cln f" )-2I:"f"(f.- Clf f' Cln)_2~ dUe (' + 1) f'" + fll 
~ Ue d~ + Cl~ ,+ Cl~ ~ 2~ + Cl~ + Cl~ -Ue d~ + E + +E 

~ecalling qefinition(4.11) and after expansion of Eq.(B.12.b) and 

cancellation of the unnecessary terms one obtains 

Clf ' ~ ')f + +' 
Sf' 2+2sf'~- ff" -2~f"aE; = S+E f" '+f" '+E fll 

since +' + + E f" + f"'+E f'" ={(1+E )f"}', the·final form becomes 

To· evaluate the boundary conditions one uses (4.9.1,2) 

if y=O -+- n=O 

.. Hence· 0 = U f'(~,O) e 

f'(E;;O) = 0 

U = U f'(~,n) e. e 

f'(~,nc) = 1 

(B.12.b) 

(B.12.c) 

(4.10) 

(4.13.a) 

(4.13.b) 
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FlF f af an o = -~Ue y2S (.2S + as+ as f') 

f . 
o = 2s 

f(f,;,O) = 0 (4.13.c) 
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APPENDIX C 

, 
Eqs.(4.14) and (4.15) will be transformed by Levy-Lees transformation • 

..-
For this purpose several quantities which have previously been evaluated 

will be used. 

Integrating Eq.(4.3.2) and solving for y yields 

y =~ n . pUe (C .1) 

/ 

Using Eq.(2.~6) with Eq.(B.3) 

PUe 
T =J.l fll 

W ~w 
(C.2) 

Eqs.(C.1,2) and (8.5) will be substituted into Eq.(4.14) . 

-{O 4~\2{1- (_~ (. Uef~ _ 2 U~ dU~n) 1/2 1 26v).}2\pUe fill 
€i- • pOen I exp -uen V~ ~p p a~ pOe ~ 

£i = 0 .16~n2! fll ! {1-exp(-~ 2~~( ~H : ~n ) 1/2)}2 

where the definitions(4.11) and (4.18) are employed. Dividing by'V 

, . I;n 1m BnI1/2)}2 
£I=o.16I;n2!fll ! {1-exp(-26 ( ~. - ,f: ) (4.16) 

Similarly, the expression of the outer section will be treated. Using 

Eq.(~~1) and substituting 

Q =M n pUe 00 
(C.3) 



l - !L o - T"J'Xl 

Furthermore the integral expression can be written as follows: 
! 

. ·ofCO(Ue - u) dy = UeofCXl(1 - ~e) dy 

= UeofCXl( 1 - f') .~ dil 

Hence 

Dividing by v 
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(C.4) 

(C.S) 

(4.17) 



APPENDIX D 

LINEARIZATION OF THE MOMENTUM EQUATION 

Combining Eqs.(4.21.1,4) and (4.20) 

= a{(f'+Of' )(f'+Of'-f' )-(f"+Of")(f+Of-f )} . n-1 n-1 
(D.1) 

Neglecting the second order variation terms one obtains 

, 
+ (1 +E: +) fll '+£ + f"+ ff"+S-S f' 2 -af' 2 +CY.f' f' +CY.ff" -af" f = 0 n-1 n-1 

Collecting and arranging the terms one obtains Eq.(4~23.1,4) 



APPENDIX. E 

C£RIVATIQ\J (f ~ctN) [f{'£R I--I»1ITIIW PCLoo.1IJlJ...S 
.' . .- . 

i 

Any function is approximated as 
,,-

y(x) = h. (x) f(x. ) + h. f' (x. ) + h. fit (x. ) 1 1 1 1 1 1 

yl (x) = h! (x) f(x.) + h! f' (x. ) + h! fit (x. ) 
1 . 1 1 1 1 1· 

y"(x) = h'! (x) f(x. ) + hI! f' (x. ) + h'! fIt (x.) 
1 1 1 1 1 1 

h. (x) = ri(x) {l.(x)}" 
1 . 1 

h. (x) = s. (x) {li(x)}" 1 1. 

h. (x) = ti(x) {l.(x)}" 
1 1 

where 

li(x) Lagrange Interpolation Function of which two point (first 

order) version will be used 

(E.1.1) 

(E.1.2) 

(E.1.3) 

(E.2.1) 

(E.2.2) 

(E.2.3) 

Since n-th order Hermitian polynomial is of power (2n+1)j r., s. and 
1 1 

t. must be second order to add up the power of the functions h~(x), 
1 1 

h.(x) and h.(x) to five. 
11. 

For the rest of the derivation the variable will be used instead 

of x, since it is encountered in the present study. 

The following definition will be used 

(E.3) 

The following transformation will also be employed 

" 



. , 

_ n - n1 
Z -' L 

Similarly 

, 1 
n -n' ~,n - n L = z L 
-I ,-'1 . L ' 

n - '11Z = ,( z - 1) L 

The Lagrange ,Intepol~ti6n Functions become ' 
,. 

() n - nZ 
11 11 = n1 - nZ 

Using Eq. (E.3) 

1 () n - n1 + 1 
1 n = -L 

11 (z) = -z + 1 . 

(E.6.1) 

(E.6.Z) 

( ) _ n - n1 
lZ 11 - 11Z - n1 

n - n1 = L 
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(E.4) 

(E.5.1) 

(E.5.Z) 

(E.7.1) 

(E.7.Z) 

/ 

Eqs.(E:Z.1,Z,3) are rewritten as. the functions of n. Their derivatives 

become 

(E.8.1) 

(E.9.1) 

(E.10.1) 

(E.8.Z) 

+ 3s. ( n) {l. ( n)} 2 11.'( n') 
1 1 ,1 

(E.9.Z) 

(E.10.Z) 

Since at the points of interpolation the exact and'interpolated values, 
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have to be equal to each other, i.e. 

Y(n.) = f(n.) 1· .. 1 
yl(n.) = fl(n.) 

1. . 1 
y"(n·)- f"(n.) (E.11.1,2,3) 

1 . 1 

the following equations can be obtained: 

h. (n.) = 1 . h. (n·) = 0 h. (n. ) = 0 . 1 ·1 . 1 1 1 1 

h! (n. ) = 0 h! (n.) - 1 h! (n.) = 0 
1 1 1 1 1 1 

hl.'(n· ) = 0 . hi(ni )· = 0 hl.'(n· ) = 1 
1 1 1 1 

Based on Eqs.(E.12.1,2,3) Eqs. (E. 8,9,10) yield 

r. (n. ) = 1 s. (n. ) = 0- t.(n·) = 0 
1 1 1'1 1 1 

Since l.(n·) 
1 1 = 1 

Based on Eqs.(E.13.1,2,3) Eqs.(E.8.1,9.1,10.1) yield 

h! (n. ) = 0 h! (n.) = 1 h! (n·) = 0 1 1 11· 1 1 

Using Eqs.(E.17.1), (E,16) and (E.15.1), Eq.(E.8.1) becomes 

r!(n:) + 3l!(n.) = 0 
1 1 1 1 

which is rearranged to yield 

.. Using Eqs.(E.17.2) and (E.16), Eq.(E.9.1) becomes 

Eq~(E.10.1) yields 

s! (n.) = 1 
1 1 

t!(n.) = 0 
1 1 

Based on Eqs. (E.14.1 ,2,3), Eqs. (E.8.2, 9.2, 10.2) yield 

hi.' (n.) = 0 
1 1 

hi.' (n.) = 0 
1 1 

(E.12.1,2,3) 

(E.13.1,2,3) 

(E.14.1,2,3) 

(E.15.1,2,3) 

(E.16) 

(E.17.1,2,3) 

(E.18) 

(E.19) 

(E.20) 

(E.21.1,2,3) 

Using"Eqs.(E.21.1), (E.16), {E.15.1) and (E.18), Eq.(E.8.2) becomes 

after rearrangement 

r~(n.) = 12{11!(n1,)}2 - 31~(n,) 
~ 1 " 1 1 (E.22) 
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Using Eq.(E.21.2), (E.16) and (E.19), E9.(E.9.2) becomes after rearrangement 

. s~(n·) = -61!(n·) 
1 1 1 1 

(E.23) 

Using Eq;(E.21.3), (E.15.3), (E.20) and (E.16), Eq.(E.10.2) becomes 

tl.' (n.) = 1· 
1 1 

Thisequa~ion is integrated to yield 

t! ( n) = 
1 .'. 

Consequently 

i 

() 1( '!2 t2 n =. 2" n - n2) 

Using Eqs.(E.5.1,2) one obtains 

Differentiat~ng Eqs.(E.6.1) and (E.7.1) 

11.' (n.)= 0 
1. 1 . 

Using Eqs.(E.23), (E.19) and (E.15.2) it is obtained 

(E.24) 

(E. 24.1) 

(E.25.) 

(E.26.1,2) 

(E.27.1,2) 

(E.28.1,2,3) 

s~(n)= -6 l!(n.) (E.29.1) 
1 1 l' 

s!(n)= -61!(n·) (n - nl') + 1. (E.29.2) 
1 1 1 

s·(n)= -3l!(n·) (n - n·)2 + (n - n·) (E.29.3) 
1 1 1 1 1 

after rearrangement 

s·(n)= (n - n·) {1 - 3l!(n.)(n -n·)} (E.30) 
1 1· 1 11 

SubstItuting the subscripts and using Eqs.(E.28.1,2) 

3 
s1(n)= (n - ~1) {1 + [en -n1)} 

3 
s2(n)=.(n - n2) {1 - [(~ -n2)} 

([.31.1) .. 

(E.31.2) 
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Using Eqs.(E.5.1,2) it is obtained 

(E.32.1) 

s2(z) = L (z - 1)(4 - 3z) (E.32.2) • 

Finally, using Eqs.(E.22), (E.18) and (E.15.1) it is determined that 

r~(n) = 12 {1!(n.)}2 
1_ ' .1 l' 

(E.33.1) 

r
1
!(n)'= 12 {i~(n.)}2(n - n.) - 3l!(n.) (E.33.2) 

1 1 ' 1 1 1 

r
1
· (n) = 6 {l! (n· )}2(n - n·)2 - 3l! (n·)(n - n.) +1 

1 1 1 1 1 1 

, (E.33.3) 

after rearrangement 

r·(n) = 3(n'- n·){2(1!(n.»2(n - n.)-l!(n.)} (E.34) 
1 1 11 111 

Substituting the subscripts and using Eqs.(E.28.1,2) 

2 1 = 3(n-n1){[2(n-n1) +r} + 1 (E05.1) 

, 2 1 
= 3(n-n2){[2(n-n2) + [}+ 1 (E.35.2) 

Using Eqs.(E.5.1,2) it can be obtained 

r
1

(z) = 3z (2z + 1) + 1 (E.36.1) 

r 2(z) = 3(z-1) (2z-3) + 1 (E.36.2) 

Recalling Eqs.(E.6.2) and (E.7.2), Eqs.(E;2.1,2,3) are substituted 

by the preceding Eqs.(E.36.1,2) 

rearranging 

543 h1(z) = -6z + 15z -10z + 1 

similarly substituting Eq.(E.36.2) and (E.7.2) 

3 4 5 
~2(z) ~ 10z - 15z+ 6z . 

(E.37.1) 

(E.37.2) 
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,Substituting Eqs~(E.32.1,2) and (E.6.2) into (E.2.2) one obtains 

- 543 h1(z) = L(-3z + 8z -6z + z) (E.38.1) 

Similarly 

- 543 h2(z) = L(-3z + 7z - 4z ) (E.38.2) 

Substituting Eqs.(E.33.1,2) and (E~2.3) one obtains . 
, , . .. 

L2 '. 54, 3 2 
h1 ei) = ~ (-z + 3z, - 3z + Z ) (E.39.1) 

h2(z) 
L 2 5 4 3 = ~ (z - 2z + Z ) (E. 39.2) 

--
Eqs. (E. 37.1 ,2) correspond to Eqs.(4.26.1) and (4.26.4), respectively. 

Eqs. (E. 38 . 1 ,2) correspond to Eqs.(4.26.2) and (4.26.5), respectively. 

Eqs. (E. 39 . 1 ,2) correspond to Eqs. (4.26.3 ) and (4.26.6), respectively. 



APPENDIX t· 

'.'. 

'. OCTAILEP .OCSaUPTICN (F TIt; If\fUT (F TI-£ a1fUTER ca:£ 

This appendix explains the computer code's input in detail. All of 

the input variables are read by the subroutine INSOL. 

Subroutine INSOL contains a dictionary of all computer code variables. 

The first IIcard ll (or line)' requires the following information: 

[I = n , specified upper limit of the solution domain. (Real) 
<Xl . 

8. is sufficient for all laminar flow applications. (After 

the t~ansition to turbulent flow the code automatically augments 

the value of this variable, if needed(see Eq.(4.63)) 

PA = K, geometric grid parameter (Real} 

1. for laminar flows 

>1. for turbulent flow applications 

PM = Print option parameter (Integer) 

(see Table 5.1 for details) 

NTURB= Index of the transition station where the flow becomes turbulent· 

(Integer) 

>NST for laminar flows (see next item) 

NST = Total number of x-stations excluding the initial station (In.teger) 

o for similar flows 

n being the number of stations for other flows 



IVPL - Initial velocity flag (Integer) 

1 Linear velocity profile 

2 C~bic velocity profile 

. 3 Pohlhausen type velocity profile 
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IPR = Pressure gradient flag, which indicates the type of flow (Integer) 

OSimi~ar flows 

. 1 Howarth's flow (See. Appendix G1)· 

(2 Flow past a circular cylinder (See Appendix G2) 

6 Case of Numerical Calculation (See Appendix G3) ,. 

The second "card" (or line) requires the following information: 

RHO = P, fluid density in kg/m 3 (Real) 

CMU = J-i, dynami,c viscosity of the fluid in kg/m s (Real) 

UINF = Uoo ' free stream velocity of the fluid in m/s (Real) 

The third "c ·ard" (or l~ne) conveys the following information: 

TYP = Type of.grid arrangement (Character) 

'L' for laminar flows 

'T' for turbulent flows 

COA(1)= h1' initial n-grid length (See section 5.1.2) (real) 

The fourth "card" (or line) contains only· 

BETA = B, pressure gradient parameter (Real) 

The value for similar flows; -0.19884 < B < 2. 

also for non-similar flows the initial value ha~ to be input: 

o Howarth's flow 

1. Flow past a circular cylinder 

The "fifth" card set is omitted if NST =0 

If NST > 0 . and IPR = 1 or 2 NST-number of cards have to be filled 

with the coordinates of x-stations. (Real) 

" 
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If NST > 0 and IPR=6 NST-number 'of cards have to be filled with 

the coordinates of x-stations and potential flow solution velocities, 

respectively. (Pairwise) 
, " , 

The sixth· ( or' final) II card'" has 

. ITER·= Maximum number of allowed iterations (Integer) 

. ' .. 

.' 



APPENDIX G 

I, .. 

.. TEST CASES CONSIDERED FOR THE COMPUTER PACKAGE 

G1 HO~RTH'S FLOW 

The non-dimensional velocity field is given by 

u = 1 - ax 

where D = U /U x = x/L e 00 r 

U e 

U 

L 
r 

a 

Potential flo~, edge velocity 

Free stream velocity 

An arbitrary reference length 

constant. 

If (G.2.1,2) are substituted into Eq.(4~3.1).one obtains 

d~ = p~U L (1 - ax) dx 
00 r 

~ = p~U L x (1 - ax/2) 
00 r 

If a non-dimensional ~-coordinate is defined as 

£q.(G.4) becomes 

F - (1 - .§. -x) ." = x 2 

. R~calling Eq.(4.11) and substituting the necessary values 

(G.1 ) 

(G.2.1,2) 

(G.3) 

(G.4) 

(G.S) 

(G.6) 



From Eq.(G~1) and (G.Z.1) 

U = U (1 - ax) e '00 

Using Eqs.(G;~.4) and (G.8) and rearranging 

, . 

a'= _ .1 x(1.- ax/~) 
.. ,4· (1.- ax) . 

·Finally the dimensionless shear parameter wil~ be evaluated: 

From Eq.(Z.Z) and (B.3) 

Inserting Eq~(G.B) and (G.4) into Eq.(G.10) 

. llPU 2 (1 - ax) 2 
00 

T = -------,------fll (0) 
w /ZPllU L x(1 - ax!Z) 

. 00 r 

Dimensionless shear parameter 

~:~ [U:Lr( 
2 

(1 - ax) 
= fll (0) 

/Zx(1 - ax!Z) 

G2 FLOW PAST A CIRCULAR CYLINDER 
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(G.7) 

(G.B) 

(G.9) 

(G.10) 

(G.11) 

Treatment of this flow is very similar to Howarth's flow. In this 

case the velocity filed is given as 

-. U = ZU sin x e 00 
(G.1Z) . 

where, x = x/rO ' rO being the radius of the cylinder (G.13) 

(G.14) 

(G.15) 
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similarly after simplification of several terms pressure gradient 

becomes 

2 cos x 
f3 = --- (G.16) 

1 + cos x 

Analog to Eq.(G.10) 
" ' 

4l..1PU2 sin2x 
; 00 fll (0) LW = 

!4l..1PUoorO(1 - cos x) 
(G.17) 

;' 

After simplification and rearrangement the dimensionless shear parameter 

for this flow becomes 

(G.18) 

G3 NUMERICAL CALCULATION OF PARAMETERS 

This case requires both the streamwise physical· coordinates xi and 

their respective potential flow velocities U . as input. By three-e1 ' 

point-numerical-differentiation dU ./dx values are calculated. The 
e1 

following equations calculate the necessary parameters for the computa

tion of the boundary layer field. 

and finally 

x'dUe 
m = Ue dx 

2m 
f3= rn+1 

Recalling Eq.(G.5) and (G.6) 

d~ = U dx 

(G.19) 

(G.20) 

(G. 21 ) 



.. 

G4 DERIVATION OF THE SKIN-FRICTION-COEFFICIENT C
f 

OVER THE FLAT PLATE 

For the case of the flat plate 

'U /U = 1 e 00 .. 

which yields . 
. . 

. ~", 'U=U', 
e 00 

Recalling Eq.(4.3.1) and substituting. Eq.(G.2'2.1) and integrating 

sirce 

\'-.tEre 

'. ~ = PllU x 
00 

TW 
Cf = pU&;!2 

Ue T =llP~fll 
. W • y2~ W 

Substituting Eqs.(G.22) and (G.23) into (G.25) 

Substituting Eq.(G.25.1) into (G.24) 

C
f 

= (Re i 2)-1/2 fll 
x W 
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(G.22) 

(G. 22.1) 

(G.23) 

(G.24) 

(G.25) 

(G •. 25.1) 

(G.26) 

" 



APPENDIX H 

DE.RIVATION OF THR,EE-PDINT ~NUMERICAL...,DIFFERENT'IA'TION EQUATIONS 

I 

, . .' ~ . ,~ . . -

d 
'x a 

d 
+ 

FIGURE H1 

WITH UNEQUALLY SPACED BASE POINTS 

Mathematical relat~onship of the variables shown in Fig.H1 is as follows: 

Any function cari be approximated by Lagran~e I~terpolation by the 

follwing equation: 

where 1_1' 10 and 11 are Lagrange Interpolation Polynomials given 

by 

(x - x
O

)( x ,- x
1

) 

(x_1 - xO)(x_1 -'x1 ) 

(x - x ' )(x - x ) 
-1 1 10(x) = --------

(xO -, x -1 )( Xo - x1) 

(x - x_
1

)(x -xO) 
1 1(x) ,= ------

(x1 -x_1)(x1 - xO) 

(H;1~1,2) 

(H.2) 

(H.3.1) 

(H.3.2) 

(H.3.3) 

f_1' fa and f1 are the values of the function to be approximated at 

the given nodes. Using relations Eq.(H.1.1,2) Eqs.(H.3.1,2,3) can 



be ,modi fied as: 

, lO(x) = 

, d" (d + d ) 
- + -

(x - x_1)(x- x1) 

- d d 
- + 

(x - x~1}(x - xO) 

d (d + d ) , 
+ + -

Differentiating Eq.(H.2) one obtains 

Wlere 1~1(x) 
2x - Xo - x1 

-
d Cd '+ d ) 

- + + 

2x - x - x1 lb(x) -1 = 
- d d 

- + 

2x - x -1 - Xo 
11(x) - , 

d (d + d ) 
+ + -

The numerical values of the derivatives can be given as: 

If l'(x.) are evaluated the equations are obtained as: 
1 

-(2d + d ) 
) - + 

1~1(x_1 ~ -----
d (d + d ) 

- '- + 

d 
1~1 (x1) = ---+-

d (d + d ) 
- + 

-d 
1~1(xO) = ---+-

d (d + d ) 
- - + 
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(H.4.1) 

(H.4.2) 

(H.4.3) 

(H.5) 

(H.6.1) 

/ 

(H.6.2) 

(H.6.3) 

(H.7.1) 

(H.7.2) 

(H.7.3) 

(H.8 .. 1,2) 

(H.8.3) 



d + d d + d 
I6(x_1) 

+ 
I6(~o) 

+ = .' = 
d d d d .. + - + -

d + d 
I6(x.1 ) 

+ 
= -

d d 
+-

d .d 
11 (x_1 ) = - I1(xO) = 

d (d + d ) d (d + d ) 
+ + - + + -

2d + d 
I' (x ) + .-

-1 . 1 
d (d + d) ... + + -

Substituting Eqs.(H.8.1, 9.1, 10.~) into Eq.(H.7.1) 
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(H.9~1,2) 

(H.9.3) 

(H.10.1,2) 

(H.10.3) 

(H.11.1) 

(H.11.2) 

(H.11.3) 
/ 



" . APPENDIX I 

LISTING OF. THE COMPUTER CODE 

R--B LAY E R 

AND 

R B L E L E 



1 

" 2 
3 
4 
Ij 

b 
7 
8 
C} , , ' 

10 ' 
11 
12 

, 13 
14 
15 
16' 
n 
L8 '~, 

19 
20 

; 

H 
l2 
23, 

.24 
25 
l6 
'l.7 
28 
29 
30 
H 

, 32 
33 
34 
35 
36 
37 
38 
39 
'to 
'tl 
'*t 
.. 3 
44 
'i5 
46 
47 
48 
49 
:;0 
!:I 1 
~2 
~3 
~4 
55 
56 
']7 
:)8 
~9 
bO 
61 
0'2 
b3 
b4, 
05 
bb 
07 
b8 
b9 
70 
71, 
72 ' '. 
73 
74 . 
75' 

, 7b 
77 
76 
7'1 
~O 

C ' 
,C 
C 
C 
C 
C 
C 

, C 
, C ' 

C 
C 

PROGRAM'ASLl(INPUT,OUTPUTI 

,11ASTF.k TIiES 15 " OF SAHllUR AGAIK 1 9'8 1 1 984 

A LIST VARIABLES AND THEIR BRIEF EXPLANATION 
CAN BE FOUND IN SU~ROUTINE INSOL 

PARAME:Te'R (l~LC"5 ;NUC=5 I 
COMMON/RIGIiTS/Flbl~FBlbl,FClbl 
COMMON/GAUI/Glb,7I,GPlb,7I,GPPlo,7I,GPPPlb,7I,W(7I,lI7I 
COHMON/GR2/FP1511,Fl1511,F21511,B01511,~11511,B21511 

l,F31511 ' 
COMMON/ZETC/ IT, ITER,tIST', IZSC ,ZETAI 1011 ,XBARi lUll,' 

,lUEI101I"SPRM ' 
CQMMON/GR3/CR(SLI,DETAI1531 . 
COMMdN/GR4/NIEI,PA,PM,NTU~B,NE'NV,IVPL,lPk ' 
C0M/10N/GRb/U 151 . 
COMMON/GR5/ALPHA,BETA 

COMMON/PHYS/CMU,RHO,U~NF 

COMMON/EDI/EPSI51l,EPSPI511 
COMMON/GR1/GSM(154,NLC+NUC+1I,SKlb,ol,SOLI1~4J 

EXTERNAL MATHUL . 
INTEGER PM,P,Pl~Pu 
CHARACTER.l rp~OT 
CHARACTER*l TYP , 
DIMtNSIUN XLI154*INLC+111 
COMKON/TYPE/TYP,IPLOT 

C SUBROUTINE INPUT 
C 
C 

C 
C 
C 

CALL INSOL 

C ALL,F AND RESP. DERIV ~ECTORS ~ILL BE CReATED 
C 

,C 
C 

CALL VELPRF' 

C MAIN ~X~CUTION ROUTINE 
C 
C 
CALL ELENFNTS WILL BE CREATED 
C 

c 

ZETA(1)aO. 
IlSC"'l, 
ALPHA"O. 
GU TO 'I' 

47 C~LL PRGR 
IFIIIT .EU. 0 I.AND.I AUS(F2INE9111.GT •• 000101.ANU.ITYP.E~. 

1.' T I I I CALL Gr<OW ' 
101 ALPH4=IZETA(IZSCI~ZEtAIIZSC-111/IZETA(IZSCI-ZETAlll$C-111 

IFIIZ5C.LT.NTURBIGO TO 45 
49 CALL EDYVSC 
45 DO ''I J"l,NF. 

C ALL EL~MENTS WILL BE CR~ATED 
C 

F(lI=FO(JI 
F I 2/ =F 11 J I 
F(31=F2(JI 
F(4)=FO(J+l) 
F(SI=FlIJ+lI 
Flbl=F2IJ+l) 
FBI11=BOIJI 
FB(2)=B1IJI 
FBI3I=B2IJI 
FU(4)=BOIHll 
FIH51=BlI J+1I 
FB Ib )=B21 J+1I 
ET=DEH(JI 
EZ"ET**2 
E3=ET**3 
CALL RHS I n~ J I 
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iii: 
1)2 

. 83.' 
1i4:, 
Cl5 
bb 
tl7 

·tl6 
1)9 
90 
'H, 
92' 
93.····· 
94 
95 . 
96. 
97 
'la.' .. 
99:· . , 

lUO" ... 
101 
lU2 
lU3' 
104 
1u5 
lOb 
1u7 
106 
109 
110 
111 
112 
113 
114 
115 
116 
117 
.116 .. 
119 
120 
121 
122 
123 
124 
125 
126 . 
127 
126 
1Z9 
130 
131 
132 
133 
134 
135 
136 
137 
138 
139 
140 
1'tl 
1't'2 
1'13 
l't4 
1't5 
146 
l't7 
1'16 

'l't9 . 
1,0 
151 
152 ' 
15.3 ' 
15'1 

. 155 
156 
157 
156 
159 
IbO 

C 
C 
C 
C 

. 10 
b90 

c 
~ .. 

li: 
C 
C 
C' 

11 
C 
C 
C 
4 

13 

3tl 

lit 
37 
C 
C. 
C 
C 

VERSIfJN .RBLELE CALLS ELECRE 

CALL·ELECREIJI 
IFIf'M.NE.IIGOTO '090 

. PRINT 9 
FORMATIII,5X,'STIFFNESS MAT~IX E FORCE VECTUR 
PRINT 10,IISMII,JXJ,JX=l,bl,FCIll,I=l,bl 
FORMATIII,5X,oGI5.7,10X,GI5.71 
KS= I J-lI *3-t-l 

.KE=KSt5 
LS=KS 
LE"KF. 

GLOBAL ~ATRIX W~~L. B~ LOADED 

DU Ii K"KS,KE 
KI-K-KS+l . 
0012 L=LS,LE 
Ll=L-LStl 

··LB=IL-KltINLCltl 
GSHIK,LBI=GSHIK,LBltSMIKI,L11 
CUNTINUE / 

tLOBAL-FORCE-VECTOR-WILL-BE-LOADEDD 

SOLIKI=SOLIK'-t-FCtK11 
CONTINUE 

END OF MAIN EXECUTION ROUTINE 

CONTINUE 
IFtPM.NE.1'GO~O 799 
PRItH 13 

'I 

FORMATI/I,5X,'GLOdAL STIFF. MATK. E GLUBAL FORCE VECTuR'1 
DO 37 I"'I,NV 
PRINT 3Bt! 
FURMATI/,lOX,' ROW H 'tI31 
PRINT 14,IdsM II,JI,J"'l,NLC-t-NUCt1I,SOLtil 
FORMATI2X,10G13.71 
CONTINUE 

MODIFICATION PHASE 
Tb ENFORCE THE' BOUNDARY CONDITIONS 

799 CALL HOOIFC 
tFIPH.NE.IIGOTO 840 
PRINT 1tl 

16 

39 
C 
C 
C 
C 
C 

FORMATIII,5X,' MODIFIED GLOBAL ~TtFFNESS MATkIX 'I 
DO 39 1=1, NV 
PKINT 31lt! \ 
PRINT 14,IGSM II,JI,J:ol,NLCtNUCtll,SOLlll 

. CONTINUE 

SOLUTION BY LEQT1B 

'6"0 CONTI NUE 

23 

CALL LEQT1BIGSM,NV,NLC,NUC,15",SOL,l,154,O,XL,IERI 
CF L\" SOLI 3) 

~ DO 23 K=NY,l,-l 
IFIIPM.hE.11.ANO.IK.NE.3)IGO TO 23 
PRINT 22,~,SOLIK) 

22 FilRMATI/,5X,I4,2X, '~H VARIABLE SOLUTION',5X,G15.71 
CONTINUE 

171 

DO 35 JS=l,NV.-2,3 
JT=IJS/31-t-l . 
FOIJTl=FOIJTl-t
F 1 (J II =F 11 JT I -t
F 2 I·J Tl =F 2 I JT 1+ 
CONTINUE· 
IT=ITTI 

SOLI JS I 
SOLI.JS+lI 
SOLI JS-t-21 

. IFIPM.LT.3IGO TO 171 
CALL OUTsaL 
IFIIPLOT.eO.'Y'1 THEN 
PRINT ~,' PLOT ROUTINE IS'CAL~ED' 
CALL PlOTST(CR,FO,NE+l1 
END IF 
DO 153 l=l,NV 
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Ibl. 
162 ' 
163 ' 
104'" 
1b5 
106 
167 
Ib6 
1bC): 
170. ' 
171, 
172 
173, 
nti 
175 
176, 
177 
176 • 
17C) 
1110 
181 
Itl2 
1113 
184 
1115 
18b 
187 ' 
186 
lllC) 
190 
191 
192 

, 193 
19'1 
195 ' 
196 
197 
198 
199 
200 
201 
202' 
203 
2u4 
205 
2iJ6 
207 
2UB 
209 
210 
211 
212 
213 
214 
215 
216 ' 
217 
216 
219 
220 
221 
222 
223 
224 
225 
22b 
227 
226 
219 
230 
231" 
232 
2,33 
2:14· 
235 
236 
237 
23B 
23C) 
240 

BO 
153 

Ib3 

,00 80 J=1,NLC+NUC+1 

GS M·I I , J I = 0 '. 
SOLIII=O. 
IFI A8SICFL I.LE.0.001000IGU 
IFIIT.GT.ITERIGOTOl07 
PRINT"', 1 I Z S C ........ " ...... = 
IFIIZSC.GE.NTURtlIGO TO 47 
GO TO 45 
SPRi~=SPj{M"'F2111 
CALL. OUTSUL 
IZSC=I ZSC+l 

TO 103' 

1,lISC, 

l, •• 

DO 165 II=l,NE+l 
BOIIII-FOI III 
BIll I I=Fll II I 
B21111=F211Il 
CONTI NUl.':' 

C 
C 
C 

C 
C 
C 

C 

.lb5 

107 

'109 

IT=O 
IFIIZ5C.LE.INST+IIIGO TO '17 
GO TO IbC) 
PRINT',I 
GO TO loC) 
STOP 
END 

NO CONVEKGENCE IS ACHIEVED 

SUBROUTINE TO CREATE THE INITIAL. VELOCITY PROFILES 

SUBROUTINE VEL.PRF 
COMMOIOGR3 fCR (51) , DETA 1153 I 
COMMON/GR2/FOI511,FlI511,F2(511,BOI51),BlI511,BZI511 

1 ,F315lJ 
COMMON/GR't/N,EI,PA,PM,NTURB,NE,NV,IVPL,IPK 
CO~MDNfGR5/ALPHA,BETA 
INTEGER: PM 
IFIIVPL.EO.2IGOT0900 
IfIIVPL.EO.3IGOTq920 

LrNEA~,VELOCITY PROFILE 

DO 5 IE .. l,NEH 
W=CRIIEI/EI 
FlIIEI=W 
F21IE)=101EI 
FO(lEI=W~~2*El/2. 

5, CONTINUE 
GOTOnO 

C THIRD OkOER VELOCITY PROFJLE 
,C , 

; C)OO DO 2 JE"l,NEtl 
W"'CRIJEI/EI 
F1IJEI=IH/2.1*13.-H"'*21 
FOIJEI~IEI*W**2f8.1'[0,-W'*21 
FZ(JEI"ll.5/EII"'11.-W**21 
F3IJEI=-3*W/IEI**ZI 

2 CONTI NUt: 
GO TO 910 

C 
C POHLHAUSFN TYPE VELOCITY PROFILE 
C 
C CEB'ECI' A SMITH (l97ltl P.30o 18.2.5.S1 
C 

920 6=B~TA.~I**2fb. 
DO 8" KE;l,NEU' 
W=CRIKEl/EI 
FOIKE)=IIIO.2*11.-BI*W+O.25*13.*B-2.11*W-BI*W+O.5~IB+2.11 

l*W*W*EI ' 
F 11 KE) = I I I 11. -B I "'II + 13. *8-2. I 1*101-3', *iI I "'101+'1 (HZ. I 1*101 
F2IKEI=III'I •• (1.~BI"'H+3.*13~*B-2.II*W-b.*~I*W+B+2.lfFI 

6 CONT INUE 
910 00"9 16=1,NE+1 

BOIlBI=FflIIIlI 
BlIIBI=F1IIiI) 

9 B2IIBI=F2IIal 
'PRINT 33 
00 669 JX=l,NE+l 
,PR.INT 3'1,JX,FOIJXI ,Fl(JXI,FZIJXI 

689 CONTINUE ' 
33 'FORMATI/I,10~, 'INITIAL GUt:SS OF VELPRFI,//,5X,INOUE ',3X, 

11' $iF' ,13 X, '1 0 STF 1 ,12X, 1 DOS TF 1 ,I, lX, 50 ( 1 _ 1 I, II 
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241 
242, ' 
243 
244' 
'245 . 
24b 
247 
248 

, 24Cj, 
250 
251 
252, 
253' 
254 
2:>5 
256, ' 
2!J7 
258, • 

,25Cj 
200 ' 
2b1 
202 
2b3, 
204 
205 
20b 
2b7 
208 
20Cj 
270 
271 
272 
273 
274 
27'> 
2,76 
277 
27B 
2.79 
2BO 
281 
2il2 
2113 
21l't . 
285 
2tib 
287 
288 
2119 
290 
291 
292 
293 
294 
295 
29b 
297 
2~B 
29Cj 
300 
301 
302. 
303 
304 
305' 
30b 
307' 
30B 
3U9 
UO 
311 , 
312' 
3],.3 I 

314 
315 

, 31b" 
317 
31B 
llCj 
320 

C 
C 
C 

C 
,C 
C 

1 

C 

C 
C 
C 

, 34 FURMATI/,5X,I2,7X,G12.b,5X,G1~.b,3X,G12.b) 
: RETU RN ' , • ,. , 

END 

SUB~DUTINE TO CALCULATE THE RIGHT HAND SlOE V~CTOR 
I 

SUBROUTINE RHSIET,JEll 
PARAMET~R lNlC=5,NUC=51 

THIS SUBRUUTINE CAlCUlATESQ't AND COMPLETE kHS 

I 

CO~HON/GR1/G~MI154,NlC+NUC+11,SMlb,bl,SOLI1541 
COMMON/GAUI/GI6,71,GPlb,71,GPPlb,71,GPPPlb,71,WI71,ZI7I 
COMMON/kIGHTS/Flb),FBlbl,FClbl 

'COMMON/GRb/uI51' 
COHMON/CR5/ALPHA,EiETA , 
CUMMON1EDI/EPS 1511 ,EPSP 1511 
DIMENSION COEFFI71 
DIMENSION GAM1Ib,bl,GAM2(b,b),GAM310,~),GAM4Ib,b),GAH5Ib,b), 

lGAMblb,o),GAM710,b),GAMT1Ib,bl,GAMT2Ib,b),GAMT3Ib,bl,GAMT4 
2Ib,b),GAMT5Ib,6),GAMTblb,b),GAMT716,61 

DIMENSIUN HI6,71,HP(b,71,HPPlb,71,HPPPlb,7),04Ib) 
E2=ET**2 / 
E3=ET.*3 
DO 1 1=1,7 
Hlltll=Glltll 
HP 11,! I=Gt' 11tl) 
HPPI1,I)=GpPI1,I) 
HPPP Il,I);GPPP It,ll 
Hl2,I)=EHGl2tI) , 
HP ( 2 , I ); E T *G P I 2, I I 
HPPI2,II;ET*GPPI2,II 
HPPP(2,II;ET*GPPPI2,I) 
H(3,II;E2*G(3,II 
HI' (" ,II=E2*GP 13, I I 
HPPI3,II;E2*GPPI3,II 
HPPPI3,11=E2*GPPPI3,1~, 
H t 4, I I =G t 't tIl 
HP l't, I )=GP 14, II 
HPPt4,II=GPPI4,II 
HP P P ( 4 tIl = G P P P t 4 ,I I 
HI5,I)=ET*GI5,I) 
HP(5,I)=ET*GP(5,II 
HPPI5,II=ET*GPPI5,I) 
HPPPI5,II=ET*GPPPI5,II 
HI b, I I =E 2'" G 16, I I 
HPlb,II=E2*GPI6,II 
HPPt6,II=~2.GPPlb,II 
HPPPlb,11=E2*GPPPlb,II 
CONT I NUE ' 
EPL=IEPSIJELI+EPSIJEL+111/2. 
EPLp·(EPSPIJELI+EPSPIJEL+11)/2. 
DO 195' IC=L,b 
GO TO 20 
OOlCj5 JC-1,b 

1955NIIC,JCI=O. 

K FOR POINTS OF GAUSSIAN INT~GRATIUN 

00 200 K=1,7 
00 '2051=1,6 
DO 210 J=l,b 
GAM111,JI;HII,KI*HPPPIJ,KI/~3 

GAM2il~JI=HII,KI*HPPIJ,KI/E2 
G M1T 11 I , J I = H I I , K I *~: I J , K I 
GAMT2II,JI=F~III*HPPIJ,KI/E2 
GAHT3tI,JI=FI.IJ'HPPIJ,KI/E2 
GAMT'ttI,.JI=HII,KI"'HPIJ,KI/ET 
GAMT5II,JI=FBtII*HPIJ,KI/ET 
GAMTbtI,JI=FIII*HPIJ,KI/ET 
GAMT7(I,JI=Flll*HIJ,K. 

210 CONTINUE 
205 CONTINUt 

. CALL MATMULIGAMT1,GAMT2,GAM31 
CALL MATMULIGAMT1,GA~T3,GAM41 
CALL MATMULIGAMT4,GAMT5,GAM51, 
CALL MATMULIGAMT4,GAMTb,GAMbl 
CALL MATMUL(GAM2,GAMT7,GAM71 
00 215 IL-l,b . 
DO 220 JL=1,6 

104 



321 
3"22 

.. 323 '. 

.'3l" .. 
325 
326 
327 
326 
329 
330 
331 
3)2 
333 
33". 
335 .. 
.33b.·· 
337. 

·336. 
339 ,. 
3~O 

·Hl 
3,,2 
3~3 
344 
3'15 
3'1b 
3't7 
346 ' 
3'19 
350 
351 
352 
353 
35~ 
355· 
356 
357 
358· 
359 
3bO 
3b1 
3b2 
3b3 
3b" 
365 
3b6 
3b7 
3b6 
3b9 
370 
371 

.372 
373 
37't 
375 
37b 
377 
378 
379 
3t!0 
3 III 
382 
363 
'Iii" 
3b5 
3t16 
3t17 
.3li8 
3t19 
390 . 
391 
392 
393 
394 
395 
396 
397 
396 
3'19 
4UO 

C 

COF=(11.+EPL)OGAM1IIL,JL)+EPLP~GA~2IIL,JLI
lA~PrlA'G~M3!IL,JLI+(1.+ALPHAIOGAM~IIL,JLI+ALPHA'GAM5IIL,JLI
Z2~*IBET~+ALPHAI'GAMb(IL,JLI+I1.+ALPHAI*GAM7IIL,JL)I*WIKI' 
3ET/Z.·: ' 

SM(IL,JLI=SrtIIL,JLl+COF 
220 CONTINUE 
215 CO NT INUE 

C-----ENDOF GAUSSIAN INTGRAT--------------------------------
C 

200 CONTINUE:: 

. ,.'. 

20 DO 2K=1,b 
O"IKI"O. 
DO ::I 1"1,7 
CO=O • 
C01=O.O' 

..•..... CU2=O~.: 

~ 

3 

2 

C 

Cl)3=O. 
CO"=O. 
C05=O. 
COb=O. 
C07=O. 

, . 

DO ~ J=1,6 
CO=CO+HPPP(J,I)*F(JlO(1.+tPL)/(~T**31 
CUl=COl+H(J,IlOFB(JIOALPHA 
C02=C02+HPP(J,Il*F(JI/I~T'*21 
C03=C03+HIJ,IlOFIJI 
CO~=C05+HPIJ,II'FIJl/tT 
COb=COb+HPIJ,IloFBIJI/ET 
CONTINUE 
COEFFIIl=ICO+IEPLP-C011*C02.11.+ALPHAI*C03*C02 
£-IALPHA+BETA)*C05'*2.ALPHAOCOb*C05+BETAI*~III 
O'l.KI=Q~IKI-COEFFIII*H(K,II 
CONT HlUE 
0~IKl=04IKl*ET/2. 
CONTINUE: 
0111=1. 
0121=ll.+ALPHAloC03-CUl 
0141=ll.+ALPHAloC02 
0(31=ALPHAOCOb-2.oIALPHA+6ETAI*C05 

C P~INT 0,'0 VALUES IN RHS ARE',Q 
C 

5 

C 

00 5 JO=l,b 
FCIJOl=Q"IJQl· 
RETURN 
E'~D " 

C SUBROUTINt: TO CALCULATE THE EIlDY,VISCUSITY COEFFICIENTS 
C 

SUBROUTINE EDYVSC 
C~MMON/PHYS/CMU,RHO,UINF 
CllMt10N1EDI/EPS 1511 ,cPSP' 511 
COMMON/GR'I/N,EI,PA,PM,NTURa,NE,NV,IVPL,IPk 
COM~(ON/ZETC/lT t1 TER,NST, IZSC,ZETA I lOll ,XBAR( 1011, 

1UEI101I,SPRM -
. COMMON/GR5/ALPHA,BETA 
,COMMON/GR3/CR(Sll,DETAI1531 
CUMMON/GR2/FOIS11,FlI511,F2151',BOI511,B1IS11,BZ(511 

1, F 3,( 511 . 
DIMENSION EPOI511,EPI(511 
SINT=O. 
DO 299 IELEM=l,NE 
HG=UETA·IIELEMI 
V~R=(2.-F1(IELEM+11~F1IIELEMII/Z. 

299 SINT=SINT+HG*VEk 
SINT=O.01b8'ABSISINTI 
X$I=SQRTll.~ZETA(IZSCII/CMU 
DO 301 IPU=l,NE+l 
DEN=1.+5.5'(CKIIPOI/EII'*b 

3u1 EPOIIPOI=SINTOXSI/DEN 
DO 319 IPO=!,NE+l 
APL=XSI*CR(IPOI/26. . 
PRx.saRT~ABSI(F2111-BETA*CRIIPQII/XSIII 
APX=-APL*PRX 
APW=Il.-EXP(APXIlH2 
EPIIIPOI=U~lb'XS~'AaS(F2IIPOII*AP~*CR(IPOI**2 
tFI~PIIIPOI.GT.EPU(IPOIIGO TO 3Z0 

. EPS( IPOI=EPl (IPOI 
319 CONTINUE: 
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4u1 
402 
403 ' 
4u4 
405 
40b ," 
It01 

'4u8 
,409 ' 

410 
411 
412 
413, 
414 
415 
41b 
417 
418 ~, 

419 l 

420 
421 ' 
422 
4~3 
!l24 
425 
42b 
421 
428 
429 
4)0 
4:11 
4,,2 
433 
434 
435 
43b 
431 
438 
4:;9 
440 
441 
442 
443 
4't4 
445 
4'tb 
4't1 
448 
41t9 
450 
45l, 
452 
453 
454 
45? 
45b 
457 ' 
458 
459 
ItbO 
401, 
4b2 
4b3 
4blt 
405 
4bb 
4b7 
4,08 
409 
470 
471 
472 
Itn, 
474 
475 

'47b 
471 
478 
1t79 
480 

C 
C 
C 

320 
325 

339 

DO 325 ICUN~IPO,NE~l 
EPS(ICO~)=EPO(ICONI 

, DO 339 IJQ=2,NE 
HI1=OETAIIJO";11 
HP=DETAIIJO) 
Flll=EPSIIJO-l) 
FZ=EPSIIJO) , 
FP1=EPSI IJO~ll 
DENM=HM'HP*IHH~HP) 
AMl=-HP'*2 " 
AZ=IHP~HM)*(HP-HM) 
Ai'1=HM**2 
EPSPIIJO)=IAM1*FA1~AZ'FZ~AP1*FP11/0ENH 
Hr1-0ETAI1) 
HP"'OETAI2) 
FM1=EPS I'll 
FZ "'e P SI2') 
FPl=EPS(31 
DENM=HM'HP*IHM~HP)' 
AM1=-HP'12.*HM~HPI 
AZ"I HP~Hr11 *"'2 
AP1=-HM**2 
EPSPI1)=IAMl*FM1~AZ*FZ1AP1*FP1)/DENM 
HM=DETAINE-ll 
HP=OETAINE) 
Flll"'EP S I NE-ll 
FZ=t:PSINEI, 
FP1=EPS(NE~1l 

OENH=HM'HP*IHM~HPI 

AMl=HP**Z 
Al=- I HP~H,'11 **2 
API-HM*IZ.*HP.HMI 
EPSPI"E~1)=IAM1*FM1*AZ'FZ~AP1'FPII/DENM 
RETURN 
END 

SUBROUTINE ,TO ENFORCE THE BUUNDARY CONDITIONS 
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" SUBROUTINE 110DIFC 

C 
C 
C 

,C 

C 
C 
C 
C 
C 18 
C 
C 

15 

10 

17 

C 
C, 
C 

PARAMETER INLC"'5,NUC=~) 
COMMON/GRIt/N,EI,PA,PM,NTURB,NE,NV,IVPL,IPR 
COMMON/GR1/GSMI15't,NLC~NUC~l),SMlb,b),SOLI154) 
SOLlll=v. 

FOLLOWING BOUNDARY CONDITIONS WITH ~C' ARE FOK THE MATHEMATICML Tl 

SULll)=l. 
SiJL(2)=O. 
SOLINV-ll"O. 
SOLINV-11=COSIEl)-SINIE11 
DO 16 JX=2,I~V-2 
SOLIJXI=SOLIJXI-GSMIJX,OI~SDL'OI-GSM'JX,ll*SOLllI-GSM(JX,NV-li 
E'SOL'NV~11 ' ' 

CllNTINUl: 
SOLINV)"'SULINVI-GSMINV,OI*SOLIOI-GSMINV~11*SOLI1)-GS~(NV,NV-l) 

f.*SOL INV-ll 
G S MIL, NL C 1- 11 = 1 • 
GSM(2,NLC..-ll=1. 
GSM(NV-1.NLC~11=1. 
GSMINV,NLCI=O. 
GS~INV-1~NLC.2)=0. 
DO 15 JX=l,NLC+l 
GSMIJX,-JX*NLC+21=0. 
GSM 11; JX+NLC) =0. 
CONTINUE 
DO 1b JX=3,NLC+1 
GSMIJX,12-JX)~INLC~11)=O. 
GSMI2,IJX~21~INLC~1)I=O. 
CONTINUE 
DO 17 JX=NV-5,NV-2 
GSMljX,INV-l-JX)+IN~C~l))=O. 
GSMINV-l,JX-NV~NLC~21=0. 
CONTINUE' 
Ri:TURN 
END 

," 

SUBROUTlNI: TO: PlnNT THE OUHUT UF ThE PROGRAI1 

SUBROUTIN~ UUTSUL 
CO~MON/GR~/ALPHA.dETA 

" 



481 
4HZ, 
483 
484 " 
485 
411b 
4d7 
4tl6 
4tl9 

.490 
491 
4~Z 
493 
4'14 
495 
496 
497 
498 
499; 
'.iuO 
50l 
502 
5u3 
504 
505 
5ub 
507 
'i08 
'i09 
510 
5ll 
512 
513 
514 
515 
516 
517 
518 
519 
520 
521 
522' 
523 
524 
525 
5lb 
527 
528 
529 
530 
531 
532 
533 
534 
535 
53b 
537 
538 
539 
5'10 
5'11 
5'12 
543 
544 
5 .. 5 
546 
547 
5,,8 
549 
550 
551 ' 
552 ' 
553, 
554 
555 ' 
556 
557 
558 
5:i9 
%0 

COMMON/G~2/STFI511,DSTFI511,DUSTF(51),BOI~1),Sl(51) 
1,kl2(511,f3t511 
COM"ON/GR]/CR(51),DET~1153) 
COMMON/PHYS/CMU,RHO,UINF 
COMMON/GR4/N,EI,PA,PM,NTUke,N~,NV,IVPL,IPK 
COMMONIZETC/IT,ITER,NST , IZSC,ZETA(1011,XBARII01), 

lUcIlOll,SPRM 
INTEGER PM,P,Pl,PO 

. CHA~ACTER~l TYP' 
CHARACTcR~l IPLOT 
COMMON/TYPE/TYP,IPLOT 
ReX-UINF~KHU~XBAR(llSC)/CMU 

PRI~T q5,XBARIIZSCI,IT,bETA,UEtIZSCI~SPRM,REX 
00 1 I-l,NE+l ' 
PRINT lIP, I,CB(II~STFIII,DSTFrll,DDSTFIII . 

1 CONTINUE 
.. IFIITYP.EU. IT'I.'ANO.IIZ::>C.GE.21 )CF"'SQIUI2./REXI~ 
10USTF (11 
PRINT~,I ~ALL SHEAR CF '" I,CF 
RETURN 
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95 FORMATIlHl,I,5X,' STATIUN XBAR I,Fb.J,6X,'IT- I .I4,3X,'BET"'I, 

'C 
C 
C 

C 
C 
C 

C 
C 

IFlO.8,2x,'UE =I,Fu.5,2X,' SHEAR PARAM= l,fll.b.3X,' REY = I, 
OF 15. 4, II / I , 2 X I 'N 00 E I It. X", leT A' 18 X, 'ST F I ,7 X I 'U S T F ' I b X , 'OO:iT f I , 
1/,IX,50I'-'I'/1 

110 FORNATI2X,I'II'IFI1.bl 
END 

SUBROUTINE TO PLOT THE OUTPUT OF THE PROGRAM 

SUBROUTINE PLOTSTIXARY,YAKY,NPLOTI 
DIMENSION XARYI511 ,YARYI511 
CHARACTtR*l [UNI 
PRI~T q,'DO YOU ~ANT A HARD CUPY FILE,N~FILE' 
REAL> 'i'tlUIIl 
CALL INITIGI.TRUE.,.TRUE.,3HSTFI 
CALL SPLIMIO.,-3.,10.,3.1 
CALL SPPOkTIO.,-3.,10.,3~1 
IFIIUNI.EU.'Y'1 THEN 

.CALL UNION 
END IF,' 
CALL SMSYNI21 
CALL MOYEAIO.,-3.1 
CALL DRAWAIU.,3;, 
CALL MDYEAIO.,-3,1 
CALL DRAWAII0.,-3.1 
CALL NOYF.AIU.,O.1 
CALL ORAWAI10.,U.1 
CALL MOVEAIO.,3.1 
CALL DRAMAtIO.,J,1 
CALL ORAWAII0,,-31 
CALL MOVEAIO.,-3.1 
CALL PLOTAINPLOT,XARY,YARy,.TkUE.1 
IFtlUNI.Ea.'Y'1 THEN 
CALL UNIOFF 
END IF 
CALL AWTKEYI1,ITRIG,1,NCHAR,ItHARI 
CALL CLKPT 
CALL QUITIGI.TRUE.I 
RETURN 
END . 
SUBROUTINe TO INPUT THE DATA 

SUBROUTIN~ INSOL 

C MASTER THESIS OF SAHHUR AGAIK 
C 
C 
C NE NUM&Ek OF ELEMENTS 
C EI ETA INFINITY 
C PA GRID INCREASE PARAMETER IFOR TURBUL~NT CASE ONLY) , 
C PH = PRINTING OPTION PARAMETER 
C - 1 PRINT ALL STAiEMENTS 
C 2 ONLYAFTEk ELiMINATION 
C = 0 NO INFORMATION 
C = 3 ITERA~IYE COMPLETE STATION INFORMATIUN 

:C IVPL- ~NITIAL VELOCITY PROFILE 
C 2 NORMAL 3RD ORDER POHL 
C J COMPLEX POHL 4TH URDER 



501 
502 
503 ' 
564 '" 
5u5 
506· 
507 
566 

" 509 
570 
571' 
572 
573' 
574 
575 
5-/6' 
577 ' 
576' • 
579 j' 

5bO 
581 
582 
5b3 
5114 
'HI 5 
51i6 
51i7 
5il8 
509 
590 
591 
592 
593 
594 
5'15 
596 
597 
598 
599 
600 
601 
bIJ2 
603 
604 
b05, 
bUb 
bu7 
b06 
b09 
blO 
611 
612 
613 
bl4 
615 
blb 
617 
616 
619 
b20 
621 
622 
623 
624 
625 
62b 
b27 
628 
629 
b30 
631 
632 
b33, 
634 
635 ' 
636 
b37 
636 
bJ9 
640 

C OTHERwISE LINEAR 
C II'R PRESSuRt: GRAOI EIIT FLAG 
C, u BETA·CONST~ FLOW FOR TuRB APPLICATION 
C 1 HOdARTHIS FLOW UbAR~l.-XSAR/b. 
'c 2 ' , CIRC. CYLIIlDER UtlAR=2.'i'5INIXBARI 
~ 6 FREE NuMERICAL 

'C NV·'NUMbER OF FINAL VARIABLt:S 
C GSMINV,NLC+NUC+l'=GLOBAL STIFFNESS MATRli' 
C 5"15,51= STIfFNESS MATRIX 
C 0151= alII VALUE~ TO BE MULTIPLIED 
C FClbl=FC' FORCE VECTOR 
CSOll61 a GlObAL FORCE VECTUR 
C SOLI61 G SULUTION FURCE VECTOK 
C FOINE+l'- F Vt:CTOR 
c, F1INE+l'· F~ VECTDR, 

. C F2 INE+ll. F I I' VECTOR 
C ,F3tNE+1'= F')' V~CTOR 
C BOINE+1l~ F N-l VECTOk 
C B1INE+ll= F' N-1 VECTOR 
C CRINE+1l= COORDINATE, VECTOR bF ETA o TO INF I NlTY 
C ET • DELTA ETA 
C BETA " SETA PARAMETER 
C ZE " ZETA PARAME'TER ..-
C NST "N OF STATIONS o FOR S 111ILAK FLOri 
C IlSC = ZETA ~TATION COUNTE'R 
C ALPHA ALPrlA PARAMETER 
C XOINEI F VECTOR AVG FOR ELEMENT 
C XllNEI F' VECTOR AVG FOR ELEMENT 
C X21NEI F" VECTOR AVG FOk ELEMENT 

,C X31NEl FI II VECTORAVG FOR ELEMENT 
C YulNEI "F N-l VECTOR AVG FOR ELEM~NT 
C YlINEl =FI N-l VECTOR AVG FOR ELeMENT 
C OCTA INE 1-- 'INCREMENTS OF ELEMENTS 
C DETAlll " INITIAL GRID WHICH MUST BE GIVEN 
C TYP • GRID MESH ACCORDING TO TURB 'T' OR 'LI LAMINAR 

C 

CUMMON/ZETC/IT,rT~R,NST,IZSC,ZETAII01I,XBARI101I, 
lUEIlOl),SPRM 

COMrlON/GAUI/GI6,71,GPI6,71,GPP(6,71,GPPP(0,71,W(7),LI71 
·COMMON/GR3/CRI511,OETAI1531 
COMMON/GR~/N,El,PA,PM,NTURB,NE,NV,IVPL,lPK 

COMMON/PHYS/CMU,RHO,UINF 
GO~lMON/GR51 ALP 11A, BETA 

,INTEGER PM,P,Pl,PO 
CHARACTtR~l IPLOT 
CHARACTt:.RH TYP 
COMMO~/TYPE/Typ,IPLaT 
DATA ll.0254460~4,.129234400,.297077425,.;,.702~2l576" 
1.87U7b5~93,.9745539561 

DATA W/~1294649b6,.2797Q5391,.3dld3D051,.4179591841 
1.381830051,.279705391,.1294049661 

DATA RAD/O.0174532925/ 
PRINT *,' DO YOU WANt A PLOT OF F V~RSUS ~TA' 
READ ttl PLoOT 
PRINT.,' ~NTEk EI,PA,PM,NTURB,NST,IVPL,IPk I 
READ*,EI,PA,PM,NTURB,N5T,IVPL,lPR 
PRINT'i', I EtHER RHO AND 1'1' AND UINF' 
READ*,RHOICMU,UINF 
CRIlI=O. . 

C NU~E,COORDINATES FOR TURBULENT OR LAMINAR CASE 
C 
21' P,HNT*, I ENTER TV P T, L OR Hi DETAlll 

READ*,TYP,OETAlll 

C 

CRI21=DETAll) 
IFIITYP.EQ.'T'I.OK.(TYP.EU.IM'IlGO TO 26 
IFITYP.NE.IL'IGOTO 27 

C LAMINAR CA~E ASSUMED 
C 

NE=INT,IEI/DETAI1I+0.5l 
DO 29 JD=2,NE 
DETAIJOI=DETA(lI 
CRIJD+11=CRIJOI+DETAI11 

36 FORMATl5X,J2,10X,Flv.31. 
29 CONTINUt ' 

GOTO 30 
C 
C TURBULENT CASE ASSUMEU 
C 
26 NE=ALOG(IEI/~ETAI111*IPA-1~OI+1.OI/ALbGIP~) 
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6'11 
6'12 
6'13 

.6'1'1 .. 
blt5 . 

b'tb 
6'17 
bltB . 
b49· 
050 
651 
b:i2 
b:i3 
654 
b55 
b5b 
b57 
b5B ~ . 

1159 
bbO 
bol 
b02 
b03 
604 
005 
606 
607 
668 
609 
670 
07l 
672 
673 
674 
675 
676 
677 

·67B 
679 
6110 
6til 
61lZ 
683, 
664 
685 
61l6· 
b137 
b8B' 
btl9 
6'90 
b91 
092 
693 
694 
095 
b9b' 
697 
69B 
699 
70.0 
701 
702 
703 
7u4 
7ci5 
706 
707 
708-
709 
no 
711 . 
712 
713 . 
714 
715 
716 
717 
718 
719 
72.0 

32 

C 
C 
C 

C 
C 

'C 

C 
C 
C 

IFITYP.eO.'M'IGD TO 40 
DO 31 JCo=Z,NE 
oETAIJOI=OETA(JD-l)*PA 
CRIJD+11=CRIJDJ+DETAIJDI 

jl CONT ItWI: 
E I "C.R ( NE + 11 
GO TO 30. 

40. Nc=NE*3 . 
PAR=DETA (11 /3. 
CiU2J=CRIlI+PAR 

. CRI31=CRI21+PAR 
. CRI41=CRI31+PAR 

DETA 12 )=DETA( 11 
OETAI3)-DETAI11 
DO 45 Ih=lt,NE-2.3 
PAR=PAR*'PA 
DO 47 IN=l,3 
CRIIMtINI=CR(IM+IN-ll+PAR 
DETAIIM+IN-ll=PAR 

47 .PRINT*,· IM+IN •. 'COOK I,CR(IMtINI 
45 CONTINUE 

EI"CR(NE+lI 
jQ N~=NE*3+3 

PR INU, 1 ENTER 
READ*, tiETA 
.IFINST.EQ.OIGO TO 4d 
IFIIPR.GE.6IGO TO. 60 
ZI:TAI1J=0. 
XaARIlJ=o~ 
DO 49 JX=2,NST+1 
READ*, XuARI JXI 

BETA , .. -

'19 IFIIPR.EQ.2IXBARIJXI=XBAR(JXI*RAO 
GO TO .48 

00 UE 111=1. 
DO 70 JS=Z,NST+l 

70 READ*,XBAR(JSI,UE(JSI 
ltB IT=O . 

PRINT *,, ENTER NO.OP ITERATIONS, ITER' 
.READ *, !TEt< 
PRINT 32.NE.NV,EI,BETA,TYP,NST 
FORI1ATl/i5X,' IMPORTANT PARAl1ETERS ARE:' ',/.5X,' i~E=',I6, 

~'. NV=',Ib,' EI=',F6.3,' BETA=',FB.5,' TYP=',A3,3X,'NST=',I31 

VALUES OF GAUSSIAN INTEGRATION 

DO 1 1=1,7 
Gl1,II=l.-10.*ZIII**3+15.*ZIII**4-b.*ZIII**5 
GPI1,II=30.*(-ZIII**2+2.*ZIII**3-ZIII**41 
GPPIL,II=00.*I-Zlll+3.*LI11**2-2.*~III**31 
GPPPIL,II=oO.*I-L.+6.*ZIII-6.*ZtII**21 . 
G I 2 , I , .. z I 11-6, *Z I I 1** 3 + b .'" Z ( I 1** 4-3. Ii< Z I 11 ... 11< 5 
GP (2 tIl a 1. -18. *z III **2+~2. * Z I I I H3-15. *Z (11 Ii< *4 
G P P 1 2 I I I '"l2. * 1-3 • * Z ( I 1+8. *Z ( I 1** 2-5. *z 1 I I **3 I 
.GPPP(2,11~12,*(-3.tlb.*Z(II-15.*ZIII**21 
GI3.II~O.5*(ZIII**2-3.*Z(11**3+3.*ZIII**4-Z(II**51 
GP(3,II·O.5*12.*Z(II-9.*ZIII1I<'2+12.*Z(II**3-5.*lIII~*4.1 
GPPI3,II=l.-9.*ZIII+18.*Z(II**2-LO.Ii<ZIII**3 
GPPPI~,II;3.*1-3.+12.*Z(Il-10.*ZIII**21 
GI4,11=lO.*ZIII**3-15.*ZIII**4+o.*ZIII**5 
GPI~,II=30.*IZll 1**2-2.*ZIII**3TZ(II**41 
GP~14,[I=~0"IZIII-3.*ZIII**2+2.*ZIII.*31 
GPPPI4,II=60.*11.-~.*Z(II.b.*ZIII*·21 
GI5,II=-4.*ZIII**3+7.*ZIII*Ii<4-3.*Z(II**5. 
GPI~,11=~12.*ZIII**2+28.*ZIIIIi<*3-15.1I<ZIII"'*4 
GPPI5,fl=12.*1-2.*Z(tl+7.*ZIII**2-5.1I<ZIIlli<*31 
GPPP(5,11=12.*1-2.+l4.*ZIII-15.*ZIII**21 . 
Glb,II=O.5*IZ(II**3-2.*ZIII**lt+ZIII**51 
GPlo,II=0.5*13.*ZIII**2-8.*ZII~*1I<3+5.*ZIII**41 
GPPlb,II~3''''ZIII-12.*ZIII**2+l0.*Z(II**3 
GPPPlb,II=3.*11.-8.*ZIII+10.*ZIII**21 

1 CONT BlUE' 
RETURN 
END' . 

SUBROUTINE TO CALCULATE T~E PRESSURE GRADIE~T PARAM~TER5 

SUBROUTINe PRGR 

WILL CALCULATE ZETA AND PRES. GRAD. P~KAM. 
FOR. NUN-SIMILAR FLO~S 
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721 
72.Z 
723· 
124 
725 
726 
727 
728 
729. 
730 
731 
732 
733 
7.::lit 
735 
736 
737 
738' .' 
739 
740 

, .7U 
742 
743 
('t't 
745 
746 
747 
H8 
749 
750 
7:il 
752 
753 
754 
755 
756 
757 
758 . 

, 759 . 
760 
7bl 
702" 
763 
764 
7b5 
766 
767 
768 
7b9 
770 
771 
772 
773 
774 
775 
776 
777 
778 
779 
7110 
7111 
782' 
7b3 
7il4 
7b5 
71lb 
7&7 
7118 
7il9 
790 
791 
792 
793 
794 
795 
79& 
. 797 
798 
799, 
800 

C 

C 
C 
C 

C 

. COMMON/~4/N,EI,PA,PM,NTURB,NE,NV,IVPL,lPR 
COMMON/GR5/ALPHA,BETA 
COMMON/ZETC/IT,ITER,NST,IZSC,ZETAI1~11,XBARI1~11, 

lUi: (101 I, SPRtl 
COMMON/PHVS/CMU,RHO,UINF 

HOWARTH'S FLOW UE=l - 0.125~X~AR 

IFIIPR.EO.OIGO TO 25 
IFIIZ5C.EQ.NSTIGO TO 'to· 
IfllPR.EO.1)GO TO 20 
IFIIPR.EQ.2IGO TO 30 
DM·XBARIIZSCI-X~ARIIZSC-ll 
DP=XBARIIZSC+11-XBARIIZSCI 
DUDX=I-DP~*2*UEI~lSC~11+(UP**2-0M'*21'UE(iZ~CI+DM'*2* 

~UE I IZSC.+11 1/ I o M '1'. DP * I DM+DP.) I 
. GO TO bO' 

40 DUDX=UP**2*UE(NST-21-IDP+DMI**2*UE(NST-1)~DH*I2.*DP+DHI 
1*UEINSTI/IOM*OP910P+DMII 

00 CM=XBAR(IZSCI*DUOX/UE(IZSCI 
BETA=2.*CM/ICM+1.1 
Z ETA II ZS C I =Z ETA lIZ S C-1 )-+ I UE I II S e I +UE ( I Z S C-ll 1*0/1/2. 
GO TO 5u 

20 UE(lZSC)=1.-XBARIIlSCI/6. 
BtTA=-0.25*XBARIIZSCI'Il.-XBAR(IZSCI/16.1/(Il.-XBARIIlSCI 

1/8.lhZI 
ZETAIIZSCI=XBARIIZSCI*ll.-XdARIIZSCI/lb.1 
SPRM=UEIIZSCI**Z/SORTIZ.*ZETAIIZSCI) 
GO TO 5~ 

30 SN=SINIXBARIIZSCII 
CS=COSIXBARIIZSCII 
BETA=~.*CS/ll.+CSI 
UEIIZSCI=2.*SN 
SPRn=2.*SN**2/S0RTI1.-CSI 
ZETAIIZSCI=2.*ll • .,..CSI / 
GO TO 50 

25 XM=BETA/12.-BETAI 
.ZETAIIZSCI=I~8ARIIZSCII'*IXM+1.I/IXM+I.I*CMU*RHO*UINF ,0 RETURN 

END 
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'C SUBROUTINE FOR MATRIX MULTIPLICATION 
C 

c 

'- SUBROUTINE I'IATMULIA,B,CI 
DIMENSION A(b,bl,6(b,bl,CI6,~1 
DO b l=l,b 
DO (, K=l,b 
C(l,KI"O. 
DO 8 J=l,(' 

8 elI, K) lie ( 1 ,K ) + A ( I, J ) * (j ( J ,K I 
6CUNTINUf: 

RETURN 
END 

C 
CEL~MENT=TFFT1.LEUT1B/ 
C SUBKOUTIN~ LEOTIB (A,N'NLC,NUC,IA,B,M,Ib,IJOB,XL,IF~1 ' 
C 

C-LEOT1B--------S-------LIBKAkY 2---------------------------------------C • 
C FUNCTIOI; 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 

U::iAGE 

PARAMETERS A. 

NLC 

NUC 

IA 

B 

- MATRIX DECOMPOSITION, L}NEA~ EQUATION 
SOLUTION - SPACE ECONOMIZER SULUTION -
BAND STORAGE MODE 

- CALL LE~T1B IA,N,~LC,NUC,IA,B,M,ldtIJU9,XL, 

JERI 
- INPUT/OUTPUT MATRIX OF UIMENSION N av 

INUC+NLC+11. SEE PARAMETER IJOfi. 
OROER OF MATRIX A AND TrlE'NUMdEK OF ROWS iN 

B. I INPUT) 
NUMBER OF LOWER COOIAGONALS IN MATRIX A. 

IINPUTI 
- NUMaER OF UPPER. CODIAGONALS'JN MATRIX A. 

IINPUTI 
- RGW OIMENSION OF A AS 'SPECIFIED IN THE 

CALLIr4G PROGRAM. IINPUT! 
- INPUT/OUTPUT MATRIX OF DIMENSION N rlV M • 

ON INPUT, B CONTAINS THE M RIGHT-HAND SlD6S 
OF THE EOUATION AX = 8. ON OUTPUT, THi 
SOLUTION MATRIX X REPLACES b. IF IJOR • 1, 



60l 
602 
8u3 
804 
605 
BOb 
807 

" 808 
809 
810, ,',' 

811 ' 
812 
813 
614 
815 
81b , , 

1117 
818 
819 

0' 

fl20 .. 

821 
822 
823 
624 
825 
6~b 
627 
628 
829 
630 
631 
632 
633 
634' 
835 
83b 
637 
636 
839 
840 
841 ' 
8'12" 
6'13 
8'14 
845 
64b 
8't7 
8'18 
13/j9 
8,0 
651 
8j2 
853 
65'1 
855 
B5b 
857 
858 
85'1 
BoO 
Bbl 
802, 
603 

,B04 
605 
8bb 
607 
606 ' 
8b''1 

, 670 
671 
672; 
873 
674 
675 
67b 
877 
876 
679 
680 
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e B IS NOT USED. 
e M - NUMBER OF RIGHT HAND SIDES (eOLU~NS IN d). 
e (INPUT) 
e 18 - ROW DIMENSION, OF B AS SPECIFIED IN THE 
e CALLING PROGRAM. (INPUT) 
e IJOB - INPUT OPTION PARAf'lETER. IJOb = I HIPLlE:i iiHt:tl 
C I • 0, FACTUR THE MATRIX ~ AND SO~VE THE 
C EQUATION AX = B. bN INPUT, A CONTAINS THE 
C COEFFICIENT MATRIX OF THE E~UATION AX = 8, 
C WHEKE A IS ASSUMEU TO S~ AN N BY h ~AND 
C MATRIX. A IS STORED IN dAND STORAGE HUO~ 
e AND THEREFORE HAS DIMtNSION N BY 
C INLC+NUC+1I. ON OUTPUT, A IS REPLACEn 
e BY THE ~ MATRIX OF THE L-U DECOMPOSIT10~ 
C· OF A RO.iIHSE PERMUTATION OF MATKIX A. U IS 

, C" , STORED IN BANU'STbRAGE MODE. 
C =.1, FACTOR THE MATRIX A. A CONTAINS TH~ 
C " SAME INPUT/OUTPUT'INFORNATIUN AS IF 
C IJOB = O. 
C = 2, SOLVE THE EOUATION AX = B. THIS 
C OPTION IMPLIES THAT LtOT1b HAS ALREADY 
C BEEN CALLED USING IJOti = u OR 1 S~ THAT 
C /THE MAn IX A HAS ALkEADY tiE EN FA CTO~EU. 
C IN THIS CASE, OUTPUT MATRICES A AND XL 
C MUST .HAVE BEEN SAVED FOR REUSE IN THE 
e CALL TO LEOT1b. 
C XL - WORK AREA OF OIMENSIOW N*INLC+ll. THE FIRST 
C NLC~N LOCATIONS DF XL CONTAIN COHPONFNTS 0F 
C THE L MATkIX OF THE L-U DECOMPOSITION Of ~ 
C . ROwwISE PERMUTATION OF A. THE LAST N 
C LOCATIONS CONTAIN THE PIVUT INDICES. 
e IER - ERROR PARAMETER. 
C T~RHINAL' ERROR = 12B+N. 
C N = 'L INDICATES THAT MATRIX A IS 
C ALGORITHMICALLY SlNGULA~. (SEE THt 
C CHAPTER L PRELUDEI. 
C PKECISION SINGLE 
C REO'~ IMSL ROUTINES - ~ERTST 
C LANGUAGE - FORTRAN • 
C---~-------------------------------------------------------------------
C LATEST REVISION - NOVEMBER ,7,1973 
C 

C 

C 
C 
C 

SUBKOUTINE ,LEUT1BIA~N,NLC,NUC,IA,H,M,IB,IJO~,XL,IERI 

OIMEN~ION 
.. DATA 

AIIA,11,XLIN,11,~IIB,11 
ZERO/O./,ONE/l.O/ 

IER .. 0 . 
JBEG '" NLe+J. 
NLCl '" JBEG ' 
IF IIJOb .EO. 
RN '" N 

I .. 1 
NC .. JBEG+NUC 
NN '" NC 
JENO '" r~c 

21 GO TO 110 

RESTRUCTURE THE MATRIX 
FINO RECIPROCAL OF THE LARGEST 
ABSOLUTE VALUE IN RO~ I 

IF (N .EO. 1 "OR. NLe .EO. 01 GO TO 25 
5 K '" 1 

P ",' ZERO 
DO LO J = JBEG,JEND 

AII,KI = AII,J) 
U '" . AUS(A( I,KI) 
IF IU .GT. PI P '" Q 

K '" K+L 
10 CONTINUE .. 

IF I P .EO. lEkOI GO Tli 135 
XLII,NLC11 '" O~E/P 
IF (K .GT. NC) GO TO 20. 
DO 15·J = K,NC 

A I I , J I = ZERO 
15 CONTINUE 
20 I = 1+1 

JHEG '" JBEG-1 
IF (JEND-JBEG .E~. NI JEND • JENO-1 
IF (I • L E. N L C I GO TO 5 
jeEG .. 1· 
NN .. JEND 

25 JEND .. N-NUC 



6u1 
6112 
663 
Suit 
6115 
B8b 
Btn 
8116 
839. 
BilO 
691 
B92 
893 
691t 
695 
89b 

. 897 
898 • 
699 
900 . 
901 
902 
Cj03 
901t 
905 
'lOb 
907 
908 
Cj(J9 
910 
9n 
912 
n3 

''lilt 
915 
91b 
917 
918 
919 
920 
921 
922 
923 
nit 
925 
Cj~b 

CJ27 
9~8 

9~9 
9:;0 
931 
932 
933 
931t 
935 
93b 
937 
938 
939 
'litO 
9't1 
9lt2 

·9lt3 
9't1t 
9't5 
9ltb 
9't7 
9'18 
9'19 
950 
951: 

.952 
953 
951t 
955 
95b 
957 
958 

. 959 
900 . 

c 

C 

C 

C 

C 

00 'to I ~ JBEG,N 
P .. z.ERO 
00 30 J '" l,NN 

a ~ ABSIAII,J» 
IF 10 .GT. P) P ~O 

30· CONTlNUE 
IF IP .EU. ZERO) GO TO 135 
XL! I ,NLC1) ~ Oi'lE/P 
IF (I .EO. JEND) GO TO 37 
IF II .LT. JEND) GO TO 40 
K '" NN+1 
DO 35 J .. K,NC 

AI r ,J) ZERO 
35 CONTINUE 
37 !'IN = NI'I-1 

'. '40 CONTINUE' 
" L "NLe· . 

DO 75 K = L,N 
~-U DECOMPosiTION 

P .. AbSIAIK,lII~XL(K'NLC11 
1 ;: K 
1 F I L • LT. N I . L .. L + 1 ..... 
K1 .. K+1 
IF IK1 .GT. Ll GO TO 50 
D045J"'K1,L 

a = ABSIAIJ,1)I*XLIJ,NLC1) 
IF 10 .LE. P) GO TO 1t5 

't5 
50 

P '" a 
I '" J 

CONTINUE 
XLII,NLC1) .. X~IK,NLCl) 
XL!K,N~Cll ~ I 

SINGULA~ITY FOUND 
IF IkN ... P .EO. RN) GO TO 135 

IF IK .EO. II GO TO bO 
00 55 J = 1,NC 

P = AIK,J) 
AIK,J) '" A(I,JI 
AII,J) = P 

55 CONTlNUE 
bO IF IKI .GT. Ll GO TO 75 

00 70 I = K1,L 
P " A(l,lI/AIK,ll 
IK = l-K 
XLlKl,IK) = P 
00 05 J = 2,NC 

INTERCHANGE KOwS rAND K 

AIl,J-11 AII,J)-P*AIK,JI 
05 CONTINUE 

AIl,NC) = ZERO 
70 CONTINUE 
75 CONTINU!: 

IF IIJOIl ,EIJ. 11 GO TU 9005 

110 L .. NLC 
00 l05 K .. 1,N 

I ~ XLlK,NLCi) 
IF II .EQ. K) GO TO 90 
00'85 J .. 1,M 

P = BIK,J) 
BII{,j) '" 8II,JI 
B(I,J) = P 

115 CONTINUE. 
90 IF (L' • LT. N) L = L + 1 

K1 = K+l 
IF (K1 .GT. L) GO TO 1u5 
DO 100 I .. Kl,L 

IK .. I-K, 
P .. XLlKl,IKI 
00'.95 J .. l,N 

FORWARD SUbSTITUTIUN 

b(I,J) = BII,JI-P*BIK,J) 
95 CONTINUE 

100 CONTI NUE 
105 CONTINUE 

JBEG'''' NUC+NLC 
00 125J .. l,~1 

.L '" 1 
K1.''' !'-i+l 
DO 120 I .. l,N 

BACKWA~D SUBSTI)UTION 
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, 901 
%2 
903 
%4 
905 
906 
9b7 
908 
9b9 
970 
971 
972 
H3 
974 
975 

'976 
H7 
978 • 
979 ; 
9UO 
961 
9tl2 
983 
984 
9d5 
91:16 
91:17 
9d8 
9!19 
990 
991 
9'12 
9'J3 
994 
995 
996 
997 
998 ' 
999 

1000 
1001, 
1002 
1003 
10u4 
1005 
1006 
1007, 
1008 
101.19 
1010 
lOll 
1012 
1013 
1014 
1015 
1016 
1017 
1018 
1019 
1020 
1021 
1022 
1023 
1024 
1025 
1026 
1027 
1028 
1029 
1030 
1031 

"1032 
1033 
103:4 
1035 
1036 
1037 
1038 
1039 
1040 

c 

K = KI-I 
p.= 8IK,J) 
IF IL .EQ. 11 GO TO 115 
DO 110 KK = 2,L 

IK = KK+K 
P " P-AIK,KKI*tillK-l,J) 

110 CONTINUE 
115 BIK,JI = P/AIK,ll 

IF IL .LE. JBEGI L L+l 
120 CONTINUE 
,125 CONTINUE 

GO TO 9005 
135 IER = 129 

901)0 CONTINUE 
CALL UERT5TIIER~bHLEQT1BI 

9005 RETURN' 
END 

C 
CELEMENT=TFFT1.UERTSTI 
C SUBROUTINE UERTST (IEk,NAMEI 
C / 
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C-UERTST----------------LIBRARY 2---------~-----------------------------
C 
C FUNCTION - ERROR MESSAGE GEN~RATION 
C USAGE - CALL UERTSTIIER,NAMEI 
C PARAMETERS IER ~ ERROR PARAMETER. TYPE + N rlHERE 
C TYPE- 126 ,IMPLIES TERMINAL ERROR 
C 04 IMPLIES WARNII~G WITH FIX 
C 32 IMPLIES WARNING 
C N ERROR CODE RELEVANT Tu CALLING ROuTINE 
C NAME INPUT SCALA~ IDOUBLE 'PRECISION ON DEC) 
C CONTAINING THE NAM~ OF THE CALLING ROuTIN~ 
C AS A b-CHARACTER LITERAL STRING. 

,C LANGUAGE - FORTRAN . 
C-------------------------------------------------------------------~---
C LATEST REVISION - OCTOBER 1,197S 
C ' 

C 
SUBROUTINE UERTST(IER,NAMEI 

IBIT(4) 
WARN~WARF,TE~M,PRINTR 

DIMENSION 
INTEGER 
EQUIVALENCE 
CHARACTER*6 
DATA 

I I tl IT I 1 I, WARN 1 , lIB IT (2) ,,,ARF) , I I LI IT (J ) , Ti: RI!) 

'10 

* 
* 
* , DATA 

IER2"IF.R 
IF ! IERZ 

IT YP 13,,, 1 
ITYP/'~ARNIN','G ',' 

'hARNIN','GIWlTH',' FIXI ',. 
'TERMIN','AL ',' " 
'NON-OE','FINED ',' 'I, 

IBIT/ 32,64,128,01 
PRINTRI 61 

.GE. WARN) GO TO 5 
C NON-DEFINED 

IER1=4 
GO TO 20 

5 IF IIER2 .LT. TERMI GO TO 10 
C TEkMINAL 

10 
C 

IERl-3 
GO TO 20 
IF 'IIER2 .LT. WARFI GU TO 15 . 
IER1=2 
GO TO 20 

wARNING(wITH FIX) 

C WARNING 
15 IERl-1 

C EXTRACT 'N' 
20 IER2·1ER2-IBIT(IE~1) 

C PRiNT ERROR MESSAGE 

" 

WRITE IPRINTR,251 IITYP(I,I~R1I~I=1,31,NAME,IER2,IER 
25 FORMATj' 9*9 I M S LIUERTST) **9 ',3A6,2X,A6.2X;I2, 

1 'IIER ',I3,'I'1 
RETURN 
END 

C 
C SUB~OUTINE TO CALCULATE THE STIFFNESS MATRIX IN PKECALCULATED FU~H 
C 

SUBKOUTINE ELECREIJI 
PARAMETER INLC·5,NUC·~1 
COMMON/GR3/CRt51',DETAI1531 
COMHON/GR2/FO(511,F1t511,F2i511,BO(511,Blt511,R2(511 



10'11 
10'12 
10'13.· 
10'14 
10'15 

. 1046 
10't7 . 
1046 
1049 
1050 
1051 
1052 
1053. 
1054 
1055 
1056 
1057 
1056 
1059 
10uO 
10b1 
1062 
10b3 
lQb4 . 
10b5 
10bb 
10b7 
10b6 
1069 
1070 
1071 
1072 
1073 
1074 
1075 
107b 
1077 
1076 
1079 
lOtiO 
10dl 
10dt· 
10d3 
10d4 
10ti5. 
10tib 
10tl7 
10tl6 
1069 
1090 
1091 
1092 
1093 
1094 
1095 
1096 
1097 
1096 
1099 
llOO· 
.LI01' 
1102 
1103 
1104 
ll05 
llUb 
1107 
ll06 
ll09 

·1110 
llll 
1112 
,1113 
1114 
1115 
111b' 
1117 
1116 
1119 
1120 

·C 
C 
C 

1,F315l) 
COMMONlvR4/N,EI,PA,PM,NTURB,NE,NV,IVPL,IPR 
COMMOHIGRS/ALPHA,BETA 
COMON/GRe/U(SI 
COMMON/GR1/GSM(154,NLC+NUC+11,SH(b,bl,SOLI1541 
ET=OETAIJI . 
E 2 =E i'''*2 
E3=EU*3 
E4=Ei'I'*4 
E5=ET**5 -. 
SMll,11=-110./7.1*0121/ET-0131/2.+llB1./4b2.1'0141*ET 
SHI4,41·-IIO./7.1*0121/ET+0131/2.+IIB1./4b2.I.aI41*~T 
SM(3,31=-ll./630.1*0121*E3+ll./9240.1*0141*~5 
511(0,bl=51-1(3,31 
5M I 2,11" ('). J7. I *0 1111 E T- 13 ./14 .,1 *0 121- (11./64. 1 *0 131 *E T" 

E.1311./4b20.1*014l*E2' .. , 
., SM Il ,21.=- I 9.11. I. *0 III I ET~117 ./14. 1*0 (21 .. Ill. 1 81t. I *0 I 21 >O'ET .. 
~1311./4b20.I*aI41*E2 . 
SM(2,21=0111/2.-18./35.I*UI21*~T+152./3Itb5.1*0141*E3 
SMI5,51=-OI11/2.-IB./35.1.0121*ETt(52./~4b5.I*O(ItI*E3 
SHI3,11=0111/7.-0121*ET/B4.-0131*E2/B4.+12Bl,/55440,1' 

c:0141*E3' . 
SMI1,31=-IB./7.1*0(11-012r*cT/B4.+0131*E2/B4.+(2Bl./554~0.1 

C:*UI41*E3 
SH(4,1'=(10.17.1*0(21/ET-U(3'/2.+(25./231.1'0141*ET 
SM(1,41=llO./7.I*O(21/ET+U(31/2.tI25./231.1*0141*ET 
SM(5,1'=-19./7.1*0(11/ET-13./14.1*0(2It(11./64.1*O(31'ET-

E.(151./4020.1*0(41*E2 
SM(1,51= (9./7.1*0(11/ET-(3./14.1*0(21-(11./64.I*U(31*ET-

E.(151./4b20.I*U(41*E2 
SM(0,1,=0111/7.tO(21*ET/B4.-0(31*E2/B4.+(L61./5S440.1* 0(41*E3 
SMI1,ol=-U(11/7.t(0(21*ET+0131*E21/a4.~(181./S5440.I*U141*E3 
SM[3,21=1'J./140. '*0111*ET-0121*E2/bO.-0[31*E3/1UOd.+(Z3./18 

f.lttiO.l*0141*1:4 
SMI2,3'''-[9./140.1*0111*ET-OI21~E2IbO.+aI31'E3/1008.+l 23.1 
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'1B480.1*0[ItI*E4 / 
5MI4,21=[9./7. 1*0111/ET+13./14.1'O(21-IL1./ti4.1'0131*tT+ 

U 151./4b20. "0 141*E2 . . 
5M~2,4)·-19./7.,*a(11/ET+13./14.1*012)+111./B'I.l'O[31*ET+ 

tI151./4620.1*0141*E2 
SM[5,21=-11l./14.1*QI11+0121'ET/70.+113./420.I*OI31*E2 

E.-119./1980.)*0141'E3 . 
SMI2,51=lll./14.1'0111+0121'ET/70.-113./420.1'0131*c2 

~-119./1980.1*O[41~E3 . 
5M[b,21·(11./140.I*Ul11*ET~OI21*E2/210.-113./501t0.1* 

~O~31*E3+113./138bO.l'01'lI*E4 
St1l2,b'=-lll.1140.1*011l*ET-0121*E212l0.-11301504u.I' " 
~0131*E3+113./13860.I'Q(41'E4· 
SMI4,31=0111/7.+laI21*ET-0131'E2)/e4~+11B1.j55440.1*0131*t3 
SMI3,41=-UIlI/7.+10121*ET-0131*E21/tl4.+1181./5544u.I'O131'E3 
SMI5,31=-111./140. "011I'ErtQr21*E2/210.+11~./5040.I*Uljl'E3 

&-113./13BoO.I*OI41*E4 . 
SMI3,51=(lt./l40.1,0Il"ET+QI2,'E2/210.-ll3./5040. l.aI31*E3 

~-113/13tibO.I*OI4'*E4 
SMlb,31=0111*E2/140.-QI21*E3/12bO.-Q(31'E4/5040.+QI'II*E5/11uBd. 
5NI3,bl=-QI1'*E2/L40.-0121*E3/1260.tOI31*E4/504u.+0141*E5/LIOd8. 
S M ( 5 , 4 I = I 9 • J7 • 1 * 0 I 1) 1 EJ + 13 • 1 14. I * a 1 2 I - 1 11 • 1 tI 4. I 'i< 0 1 31 * E T -

&1311./4620.1'0141*E2 
SM[4,5j=-19.17.I*O(11/ET+[17./14.I*QI21tI11./84.I*OI31*tT~ 

~1311./4b20.1*0[41*E2 
·SMI~,41=-Q[iI/7.-10121'ET-QI31*E21/84.+12d1./~S440.1*~141*E3 
5MI4,01=B.'Q(11/7.-1012)'ET+QI3)*E21/84.+1281./55440.1'Q141~Ej 
SM[6,51=(9./140.1~0111*ET+0121*E2/60.-0131*E3/1UOB. 

h-(23./l&480~I*QI4)*E4 . 
SMIS,ol=-19./140.1*0111¥ET+QI21*E2IbO.+Q(31'E3/1008. 

&-123./18480.1*0141*E4 . 
RETURN 
END 

SUBROUTINE TO AUGMENT THE ESTIMATED BOUN-LAYER THICKNESS 

SUBROUTINE GROH . 
COMMON/GR21 FOl511 ,Fl(51"F2151),80151"B1(~11,B21511 

1,F31511 . 
COMMON/GR3/CRI511,DETA(1531 
COMMO·N/GR4/N, E I, PA, Ptl, NTURB, NE, NV, I VPL, I PR 
NE~NE~1 . . .. 
IFINE.GT.50IGO TO 100 
NV=NV+3 
OETAINE'=2. 



1121 
.1122 
1123 
1124 
1125 

. 112b 
1127· 
1126 
1129 
1.130 

CRINE.l1-CRINEI+DETAINEI 
EI=CRINE'+l1 
FOINE+l'=FOINEI+DETAINEI 
BUINE+11=uOlNEI+DETAINEI 
FlINE+ll=l.CI 
BlINE.lI=l.O 
F2INE+ll=CI. 
B2 INE+ll =0. 

100 RETURN 
END . 
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