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FATIGUE CRACK GRO~~H PREDICTION AND ANALYSIS 

In this thesis, A computer program predicting the fatigue 

life of the specimens subjected to randomized black loading is pre­

pared. A detailed description of fatigue crack growth and predic-' 
" 

tive models are reviewed. 

'. The computer program AKYUREK-I takes also the retardation 

phenomenon into consideration. The Wheeler and Willenborg retarda­

tion models are used. 

I 
In the program, center-crack panel, single and double edge 

cracked specimens, compact tension specimen, bend specimen and 

surface flawed plates are considered. A cycle-by-cycle integra­

tion scheme is used. 

'The results of some experiments,are used to review the ex-

isting crack growth prediction models. 



YORULMA QATLAGI ILERLEfJIEsi TAIDI1IN VE AUALIzt 

Bu tez gal~§mas~da, dUzensiz blok yUkleme tatbik edilen 

deney numunelerininyorulma sUrelerini tahmin eden bir bilgisayar 

program~ haz~rlan~lm~§t~r~ Ayr~ca yorulma gatlak ilerlemesive 
,. 

yorulma sliresi tahmin modellerini igeren geni§ bir derleme yap~l-

m~§t~r. 

AKYUHEK-I bilgisayar program~ gatlak ilerlemesindeki gecik­

me olgusunu da go~ online almaktad~r. Wheeler ve Willenborg gecik-· 

me modelleri kullan~l~~§t~r. 
/ 

Prog~am merkez gatlakl:t, tek ve gift kenar gatlakl~ deney 

numuneleri, ·standard ufak gekroe numunesi, btikme numunesi ve yUzey 

gatlakl~ plakalara uygulanan ylikleme durumlar~~ degerlendirmekte­

dire Qatlak ilerlemesi; ylikleme dalgalar~ bir bir goz online alllla­

rak, her bir yUklernenin neden oldugu ilerlernelerin toplam~ olarak 

dU§linlilrnU§tUr. 

Baz~ deney sonuglar~n~ kullanarak, programdaki gatlak iler­

Ierne metotlar~~n degerlendirmeleri yap~lm~§t~. 
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I.INTRODUCTION 

Fatigue of materials is a co~mon problem that affects everything 

that moves,an'd even apparently stationary objects may fail in fatigue if they 

experience cyclically imposed forces or deformatior.s. There are innumerable 

problem areas. Automobiles fatigue from rough roads, airplane "rings flutter in 

flieht, bridges deflect under each passing vehicle, ships are heaved by the 

waves, and nuclear reactors are damaged by cyclic temperature changes. 

i 

The goal of this study is to prepare a computer program usirig the Wheeler 

and the Hillenborg retardation models. This program predicts the cyclic life 

,of the edge-cracked, center-cracked, double-edge-cracked, s~face flawed, ASTM 

'standard oompact-tension and bend specimens under randomized block loading. 

Since the computer program requires a high knoHledge of fatigue crack propa8~tion 

detailed revieH of that subject is given in Chapters·II,' III, and IV. 
In reality materials experience variable amplitude load fatigue. Because oj 

the difficulty in treating the problem in real conditions, research has been 

devoted to predict the variable amplItude behavior from the constant amplitude 

data. 

The subject of linear crack gro~~h is reviewed in Chapter II. Since stress 

intensity factor range is the governing p~rameter in crack propaeation, stress 

intensity evaluations are presented. THe crack tip plasticity is the basis of 

the r;heeler and the '·.'illeriborg retardation model~, therefore it is also revier!ed 

in Chapter II. 

v,pny models hav€been developed to take into account the retardation 

phenomenon in variable amplitude fatigue o The best knoh'n four models; the h'heeler 

model.;.t·he Y:'ill~nborg model-the crack closure mO,del-the root mean square approach, 

are presented in Cha~ter III. 

, . The models usually, overestimate or underestiE'ate the fatigue life. In orde 

to understand the reasons of that, the factors affecting crack propagation should 

be knorm. They are reviewed in Chapter IV. 



The computer program, AKYtiREK-I , is g:iven in Chapter V. Sample calculations 

uSing AKYtiREK-I , their comparisons with the test data and the reasons of difference 

betv!een calculations and the test data are presented in Chapter VI. 

Chapter VII presents the conclusion of the study. Users manual for 

AKYDREK-I is given'in Appendix-D • 

.... '. 



II. FATIGUE CRACK PROPAGATION 

2.1. 
,-

Fat,igue Crack Growth. Under Constant Amplitude Loading 

Linear Elastic Fracture Mechanics (LEFM) regards the stress 

intensity factor as'a sufficient parameter to describe the whole 

stress field at the tip of a crack. When there is a plastic zone 

at the crack tip, the stress intensity facto'r may still give a 

good indicatio.n of the stress environment of the crack tip, provi­

ded the size of the zone is small compare'd to the crack length. 

If two different cracks have the same stress environment, i.e. the 

3 

same stress intensity factor, they behave in the same manner and 

show equal' ra tes of gro'w .. th (l)~ The rate of fatigue crack propaga­

tion per cycle, dajdN, is governed by the stress intensity factor 

'range, AK; 

da jdN = f ( A K) - f t (,6 max - 6s:nin) J n a---' 1 = f [ 2 t' a .[1i"'a J ( 2 .1 ) 

Where' Cmax and Cmin are the maximum and minimul'n stresses in a 

cycle, and 'Ca is the stress .amplitude • 

. -Yi: Parenthetical references placed superior tb:the line of text refeJ 
~b ~he·bibliography. 



Paris (2) and Paris, Gomez and Anderson (3). were first to 

point this out. Data obtained from specimens tested at various 

stress levels should all be on a single curve. Figure 2.1. shows 

a plot of data (4) obtained at three different stress levels, but 

with the minimum stress in a cycle always virtually zero (the cycle 

ratio R = Cmin/ Cmax = 0..0.5). 

t 
C) C",a~:; 1.o;i ·I,.~ a ''IIa~: '1.51<J1Ifltrl2. 

.200 ,,: S ,. a ,,~'iS ". 
~ I. = 12. II A II -.:: /2. .( : 

IO~~ ____ ~ ________ ~ ______ -J 

0.01 0.: l' 10 

-'" da/dN ((:Im/ c.!JCle) 
/ 

Figure 2.1. Relation between stress intensity factor and crack pro­

pagation rate (4). 

The data in this figure indeed obey eq(2.1). 

Equation (2.1) is sometimes assumed to be a simple power - " 

function: 

da/ dN = C (AK)n (2.2) 

in which d and n are supposed to be material constants. A double 

logari thmic plot of da/ dl~ versus AK would then be a straight line. 

However, eq(2.2) does not fully represent ,reality. Actual data fall 

on a S-shaped curve, or on ~'line with varying slope (5,6), as 

shown in figures 2.1 and.2.2.· At low LlK values crack propaga,tion 

is extremely slow.' Conceivably there is a threshold value of ~K 

. ~ 

.- below which there is no crack growth at all (e.g.7). Experimental 

-.. 
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verification of the "existence of this threshold is difficult. A 

growing crack of some length has to be arrested by gradually dec-

reasing ~K until below the threshold, e.g. by decreasing the 
I 

stress amplitude. The interpretation of the result!? presents often 

difficulties in view of history effects. 

loee r----------...., \OOtlO·~--------~ 

looe 

ICO 

iOO 

'" 
10 

-0} III :<'O:it' 1(1I so fO 7r. r. 10 !lO 30 ~c sc '0 'Ie 
~A~(KlOjr.n) ~ AI( (Kr;ili'ii') 

Figure 2.2. Crack growth rate versus stress intensity factor range 

(5). 

According-to the mechanism of fatigue crack growth, the amo-" 

unt of growth per cycle is closely related to the crack tip opening 

displacement. Therefore, attempts ha:sre been made (8,9) to corre~' e 

late the crack propagation rate with the crack opening displacement. 

'This leads to relations of the form 

da 
= 

dn 

da or 
dN 

(2.)) 

in whichE is Young's modulu~'and(ys is the cyclic yield Btress~ 

~heseequations are interest1ng, b"ecause crack propagation can be 

considered as a geometric consequence of crack tip opening (10, 11, 
• 

12)". It has been shown (e.g.13) that data for a large variety of 



materials fall within one large scatter band when plotted on the 

basis of 8K/E versus dal dN, as suggested by the second expres­

sion in eqs (2.3). However, a mere glance at figures 2.1 and 2.2 

shows how materials ~~th virtually the same Young's modulus can 

have widely different crack propagation properties. This is pro­

bably due to the fact that many more parameters are involved than 

those occured in eq(2.3). 

, 

Many other equations have been proposed. They are analyzed 

in a concise paper by PellouxA14). Further work to derive an equ­

ation with a sound physical basis is certainly needed; it must be 

anticipated that this final equation ~~ll be a complicated one if 

it is to h~ye a ge~eral validity~ For the technical problem-of 

fatigue crack propagation the simple knowledge that dal d N is a 

function-of the stress intensity factor ~Qll often be sufficient. 

A fatigue cycle is definedo byoa frequency and two stress 

parameters. These can be the mean stress Cm and the stress a~p­

Ii tude Ca , the minimum stress in a cycle CCmin = ~ - Ca ) and 

the maximum stress (Cmax = Cm + Ca ), or other combinations of two 

of these four parameters. As long as the cycle ratio (R = 'min I 

'max) equals zero,one can speak unambiguously about the stress 

intensi ty factor of the fatigue cycle, since C. = 2 c: = be. - max a 
The hypothesis that the rate of crack propagation is a function of 

stress intensity factor presents no difficulties. n~en R ~ 0 the 

range of the stressointensit:( .6.K = 2 Carna is an :insufficient 

description of the. stress environment of the crack tip. The ques­

°tion arises whether dal d l~ will now be a function of AK, or of 

° the maximum stress intensity in a cycle (~ax =Cmax In a) or of 

both. 



It appears (15,16) that the rate of crack propagation is a 

function of both j). Ie and K max· This,eanbe appreciated from fi-

gure 2.3. It can be concluded that 

(2.4) 

Several investigators have tried to establish empirical relations 

which attempt to incorporate the effect of the cycle ratio such 

tha tall data could be condensed to a single curve. Broek~ and 

Schijve (15) proposed a complicated relation, but also the follow-

ing more· simple one: 

da/dN 2 = C KmaxAK (2.5) 

A. similar equation. was given by Erdogan (16).· Walk~r (17,18) used 

the more general equation 
/ 

da/dN = C ~ax II Kn ·(2.6)" 

which he modified-by introducing an effective bK, yielding 

da/dN·= C ~Kn where 6K is defined as 

AK - Smax (l_R)m [1fa - (2.7) 
'10 

It. ,1> r \<,..,O" (k~/""Nl ) 

'0 
{,o 

~o 

30 

O.CI o. I t.· 
---? ~ ('(Im/;-" 

- d pl ) 

Figure.2.3. Effect of cycle ratio on the relation between crack 
growth rate and st~ess intensity factor (15),2024-T3-
alloy. 



Forman et ale (19) argued that da/ill~ should become infinite when 

the crack reaches a critical crack size, i.e. when Kmax reaches K1C • 

They arrived at 

da '" _ C .6Kn = 
cur - (l-R) K - AK 

lC 

which can be, rearranged to give: 

da 
dN 

= C A~ Kmax . 

KIC- ~ax ,. 

(2.8) 

(2.9) 

The differences among these expressions are not large, and none o~ 

them has a general applicability. Each one may be found reasonably 

satisfactory in a limited region or for limited sets of .data. 

The question arises whether eq (2.4) still holds fo~ R( 0, 
. 

i.e. when the stresses go into compression. A crack is not a stI€SS 

raiser in compression and the expressions for.K lose their meaning. 

This suggests· that 

da/dN - f (~ax) for R (0 (2.10 ) 

. There have been many arguments about ,the validity of eq(2.10). The 

data (20 r plotted in figure .2.4 seem to support the equation. A 

crack \".rill not always close exactly at the' moment the stress rever­

ses from tension into compression. 
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Figure 2.4. Crack propagation rate at negative cycle ratios (20). 

7075-T6 AI-alloy. 

The moment of closure depends upon the magnitude of ~he c~ack tip 

opening attained in the tension part of the cycle, and upon the 

plastic deformat~on properties of the material (20). Therefore,. 

eq(2.10) should probably be modified to 

da/dU = f3 (~x) for R.( ~ 

= f4 (material properties)~ o. (2.11) 

2.2. Stress intensity formulations and the effect of finite size. 

Cracks in a plate of finite size are cif gPe~t practical in­

terest, bu~ for these cases no closed form solutions are available. 

The, problems are difficul tbecause of the boundary conditions .. An 



approximate solution can be obtained for a strip of finite vddth 

loaded in tension and containing an edge crack or a central crack 

(22). 

First consider an infinite sheet with an infinite row of 

evenly spaced collinear cracks as depic~ed in figure 2.5. Solu.:...., 

tions for this case were g~ven by westergard (23), I~7.in (24) and 

Koiter (25). The result is: 
. I 

t t t 1 1 1 f t 
R I£: Ie 
I I I 

'i I I \;1.1 'i/J ... M- ~I 
I 

... "- --=-- .....:::=:=> ~ 
I 

I I 

k 2-d ~l ~ I. ~ 
I I 

I 
IB 

! ~ ! I I 
.; " 

Figure 2.5. Infinite plate ~~th collinear cracks. 

1/2-
K =C In. a ( -L tan -.ll!!.. ) 

I na w 
(2.12) 

If the.plate is cut along the lines AB and CD one obtains a strip 

.10 

of ·f~nite \vidth VI, containing a cential crack 2.a. It is likely 

that the solution of eq (2.12) is approximately valid for the strip. 

In the case of collinear cracks a strip of vddth w bears stresses 

(note that shear stresses are zero because of .symmetry) along its 

edges AB and CD (figure 2.6), .where as the edges of a plate of fi-

nite size are 'stress free. Supposedly, the stresses parallel to 

the crack do not contribute much to K and consequently eq (2.12) 

can be·used as an approximate solution for the strip of finite size • 
. \ 



It appears that 

Figurep2.6. stresses on the edges of strip cut from infinite plate 

with collinear cracks. 

eq (2.12) reduces ~o KI = C~ if (a/w) approaches zero. This 

means that the finite strip behaves a·s an infinite plate if the 

cracks are small. 

Isida (26) has developed mapping functions to derive stress 

concentration factors. These can be used (27) to compute stress 

intensity factors for finite plates to any degree of accuracy_ 

Usually the result is presented as: 

K :: YC ra (2.13) 

where Y is a polynomial in a/we The factorm is often incorpora­

ted in Y, sometimes it is not.~· Fedderson (28 ) discovered that the 

solution of Isido. i~ very closely appoximated by . {sec f(~lw. There­

fore a convenient formula for the stress intensity factor for a 

strip· in t~nsion is 

(2.14) 



A comparison of a finite width correction factors of Irvdn, Isids 

and Fedderson is made in Figure 2.7. 

4." ,-----------------:-T'I 

3.S 

F eddc:rso fl,e&j(l.J4) 

Isid cI ------.... 
Zr""in j e'i (1.,12..) 

~-c L..,.~-=:::::::::=:L..---'':--~--:~-=---!--~-: , ., .1 .:1 ./oj .5 ., .,. . ~ .9 f. 

~lal"'" 

Figure .2.7. Finite width corrections for center cracked plate. 

Cutting the plate with collinear cra~ks (figure 2.5~along 
/ 

it 

EF and CD,' one similarly arrives at a strip'with an edge crack. 

Analpgous to the central crack problem the solution of ea(2.12) 

can be used as an approximation for the edge crack. Again K re­

duces to K = 6 rna for small a/we However, the stresses acting 

on the edge EF tend to slightly close the crack. Absence of these 

stresses in the strip of finite size results in a someviliat larger 

displacement of the crack edges. Consequently K is somewhat 

higher due to these free edge~. The correction factor is in the 

order of 12 percent (27). Thus, for a small edge crackK is 

given by 

(2.15 ) 

Stress intensity factors and the finite size polynomials for a num­

ber of practical collfigurations are collected in table 2.1. 
- ~ 



TABLE 2.1. 

K e'xpressions Ior some practical geometries. 

Kr - C.rna (sec n s/w) 
1 

/2 

Kr = 1.12 C.rna (small a/w) 

or Kr = Y C ~ 

lwith Y =1.99-0.41 ~ flS. 7(: )2-3S.S(f)3t53.S5(f)4 

I , 
i i, 'or 

iwith 
J 

) 

i ; . 

(1.99 = 1.12 (ff,) 

Xr =1.12 C rna. (small a (w) 

Kr' = Y C ra 
Y = 1.99tO.76~-S.4S(~)2f27.36 ("::")3 w w w ' 

(1.99 = 1.12 rn) 

ASTM B~~ SPECIMEN P , I 

I : lw (I ';',' PS' a 1/2", a '1/1 a SI:. a "f/J. 
Kr= J f2.9 (-)- 4~'6(-)+21.8(-)-37. 6(-)+38.7 

• -.---

Bw Il W ' ' W W w 

Thickness: E 



2.3. stress Intensity Evaluations in Semi-elliptical Surface Flaws. 

~ 

Natural cracks occuring in practice are often initiated at 

corners and edges. They tend to grow :i!nwards and assume a quarter­

elliptical or semi"":elliptical shape. The application of fracture 

mechanics to these "corner cracks" (qua~ter elliptical) and to 

"surface flaws" or ttpart-throughTl cracks (semi-elliptical) requires 

knowledge of the stress intensity factor for a crack vdth a curved 

front. Because of its technical significance this .problem has 

received ample attention in the literature (29-40),. A widely used 

approximate solution is discussed in the fellowing paragraphs. 

-.. Sneddon (29) treated the problem of a circular internal crack 

of radius a (penny-shaped crack) embedded in an infinite solid sub-· 

jected to uniform,·tension (figure 2.8). 

,Figure 2.8. Embedded penny-shaped crack. 

He arrived at: 

(2~16) 

A solution for an embedded el~iptical flaw not beip.g available, Ir­

win (24) derived a useful, expression on the basis; of the stress 

field around an ellipsoidal cavity as derived by Green and Sneddon 

(JO}. The displacements found from the latter solution were rela-



ted (29) to the stress intensity factor in the same way as in the 

case of through-the-thickness cracks. -

IS 

studies of the flat elliptical, crack problem by Gree.n and 

Sneddon- (30) provide principally the information that tension nor­

mal to the crack-produces an ellipsoidal crack opening shape. As­

sume the crack lies in the X-Z plane with its major dimension 2G 

along the Z-axis and its minor dimension 2a along the X-axis in 

such a way that border points Xl)Zl of the crack correspond to 

(2.17) 

If the crack opening displacements in the y-direction are represen~ 

ted by? then tb,e Green-Sneddon result may be expressed as 

2 Z2 
'1 = ?o(~- ~ -----

a 2 :02 
/ (2~18) 

where -(0 is half the total s~paration of the walls of the crack 

at the origin. 

I 

j~$""~~ -
I 
I 
I 
; 
}----- --7 

_' ..:," I' 

t( 

s 

Fi~1re 2.9. Part-through crack in a plate sho~~ng dimensions a and 

o of crack and- plate thickness, E. 



The desired expressions for Sand K 'will be derived from 

eq(2.18) rather than from stres,s equations for two reasons: '(a) 

The stress relations given by the Gre~n-Sneddon paper are not in a 

form convenient fo:r the calculation ofCy :n~~r the border of the 

crack; (b) The author wishes to establish the point that the gene,­

ral shape of the crack opening provides sufficient information to 

determineS and K. 

16 

The procedure to be followed consists first in a discussion 

of the variation around the bord~r of the crack of the e-lastic . 

opening displacements of the crack. It vrill be noted that devia­

tion.s. of the stress state from plane strain become negligible in 

the limit of small separations from the crack border. Plane strain 
~--~ --~_.- --- - -, 

relations for 9 _ and K -associated'vrith crack-opening displacement 

then permit the desired calculations. 

The posi t'ionvariables Xl and Zl' which lie en ,the crack· 

borders may be represented i~ parametric form by - -

Xl = a Sin if (2.19) 

(2.20) 

A change d~ then corresponds to a segment . ds' of crack horder 

,given by 

ds = (a 2Cos2 rt 4- c2 Sin2 ~) drt (2.21) 

At a small normal· separation r (inward from the crack border) 

straight forward algebraic. steps from eq (2.18). 'le~d to the- expression 

(2.22) 



The variation of displacement ? at fixed distance r from 

the crack border as a function of ¢ ~~ll'be considered in terms. 

of the variation vdth ¢ of 

. 2 . e = 7 I 2r (2.23)-

Thus 

(2.24) 

Differentiating with respect to ¢ and using eq(2.2l) one finds 

.... '. 
~_ (!~2) (c

2
_a

2
) Sin 1 Cos 1 

ds ac a 2 00s2 94- c2 Sin~ ¢ (2.25) 

At the value 'of ¢-where de Ids is largest the fractional change of 

~ across ·the segment ds is / 

(2.26) 

putting c = 2a for specific illustration, the value of dele becomes 

del e= o. 6 ds la (2.27) 

The quantity e can be interpreted as the root radius of' the 

. elastic crack opening along the crack border. As a reference point 

approaches the crack border, (> becomes the-principallength fac­

tor associated with the crack •. If we know a' solution :for stress'es 

and:strains valtd along a crack-border :)..eI1gth. ~s large enough so 

that the dimension e is negligible in comparison,· then such a 

solution can be used to supply an expression for 1 for substitu-· 
~ 

. tion into eq(2.22) 



1'6 

_ In crack stress-field analysis problems e is alv~ys equal 

to (6/E2) times a dimension comparabl~ to the crack size. Bear­

ing in mind that linear elaetici ty analysis regards C / E as an 

infinitesimal in comparison to unity, we can for example, choose.-

or, say, 

&s = (.£) a 
E 

(2.28) . 

,(2.29) 

Such a crack-border-length segment is obviously.' short compa­

red ,1:;0 crack size and long compared to e, substituting 6 s from 

eq(2.29) Ior ds in eq(2.27) gives 

d f / e = o. ~ . ( C/ E) , (2. 30 ) 

which can be regaTded as meaning e changes only by art infinitesimal 

:fraction across the border length segment ~s.:. The changes of dis­

])lacements and stresses near the crack border must possess a sinii-

lar degree of constancy relative to a coordinate parallel to the' " 

crack border. Since -the p:r'oblem is symmetrical about the plane con­

taining the crack, a plane strain stress field' fits the conditions 

of ' the problem in local crack-border regions comparable. to dimen­

sions to '6 s. 

) 

The three crack-border stress -::fields:for ,whi~ch thedisplace-' -, 

ments are independent of the co-,:-ordinate prallel.to the border are-

. discussed in reference (41).' The first 'of these·;, opening mode ·S: f­

plane strain, is app+,opriate here and provides the relations 

, '1 
? = 2(1- y2) (2r) /,2K (2.31 )., " 

E 



!9 

(2.32) 

Inserting '7 2 from eq(2.31) to C, a a.nd c from reference (31) or 

find this relation by computing the strain energy change for a 

small expansion of the crack boundary. The latter is not difficult. 

If the ellipse .is expanded by adding fa to a and fc to c where f 

:Ls very small, the normal outward displacement, r, of any point on 

the elliptical boundary is 

",' .. 

computation of the strain energy change dU from 

;t/'I. 

du = 4 f 9 r~ d~_, 
c drt / 

,leads to 

where <p is the elliptic :integral 
sth 

p =f [' Sin2rt of 
o ., 

1/2. ' 

(...!:....)2cos2 rt] drt 
c 

(2.36) 

we 'also know the strain energy change is one half ofCtimes the 

change in crack volume. ,From this 

du = 2 n C acf (0 ( 2.37) 

The value of '-:'10 found by equating the two relations- for du equ­

ations (2~35) and (2*37) 'may be sUBstituted into (2 ... 32) with the 
~ 

'resul t· that 



( 2. 3s) 

By inspection of eq(2.3S) one observes that 9 is greatest where 

the crack-boundary intersects the minor axis. Thus with increase 

of tension on a flat elliptical crack, the crack extension should, 

barring anisotropy, tend to produce a circular crack boundary 

shape. 

The function ~ increases with (~). When a isinf±nitesimal 
c 

compared to c, ip is unity. When crack shape is circular ~ is '{(/2. 

Othe!,. values of ~ are easily found from published tables of ellip­

tical integrals. Taking f/ = 'Tt /2 it is readily seen that the 

values of unity arid J[/2 for' ~corresp~nd, respectively, to the 

Griffith equation 

and to the energy~release rate for the penny-shaped crack 

(2.40) 

The results of Irwin ',s analysis:_is 

(2.41) 

in which f is an e:lliptical integral of the second kind, given. by 

nIl. -, 

!l 2 2 
1/.2, 

cp, r c'-a Sin2 'f/ ] df/ . ( 2.42) = 1-: 2 
t> c 

~here a and c are as defined in figure 2.10. If a = ~ 



.2.c. . \ 

~------~--~-+2d 

__ I 
Figure 2 .lO. 'Elliptical crack 

eq (2.41) reduces to eq(2.16), as should be the case. Values for 

p can be found in mathematical tables or in a graph as in figure 

2.11. It is possible to develop a series expansion for 
/' 

.' .. p = 1l{1_ l 
. 2 4 

EVen for a ratio .a/c a.pproaching zero the third term contributes 

only about 5 per cent and therefore it can be neglegted inmost 
/ 

cases, yiel~ing 

f = 3rt + 11" a
2 

. 8 8 ~ 
Q.£: I 

o,~ . <i,;,=.CJ ---~ 
=.S --"""' 

~ 1 ::: 
0.2 

o.t 

... 1 --,. 
:.6 
,.·It .--,. 

2.0 ~ 
--~ .... ' ~IQ 

Figure 2.11. Surface flaw parameter. 

I 
i 

~.5 

and also: 

- 2 
"<f{ .J'l a 

,.~+--r 

(Sin2¢ t 'a~ 'Cos2¢) 
1 

I 4 
c 

8 8 c 

(2.44 ) 

(2;4.5 ) 



With only slight modifications eqs(2.4l) and (2.~5) can be­

applied to semielliptical surface flaws and to a quarter-ellipti­

cal corner .. cracks • Therefore the equations are of great practi­

cal interest. It turns out·that KI varies along the crack front. 

At the end of the minor axis (rt = rr/2} the stress intensity is. 

the largest. At the end of major axis (rt = 0) it is the lowest~ 

Therefore; 

KI (rt = TC/2) = ; 
I 2 i 

Cvna /c 

f 
(2.46) 

Usually a number of correction factors are applied to these K-
", '. 

expressions. A surface flaw is comparable to an edge crack, and it 

was 13.rgued that this reCpires a correction factor of about 12 perc.en' 

to K. This is called the back .i'ree-surface correction •. Also, a 

.plastic zone correction is often applied to take account/of the 

·fact that plastic deformation takes place at the crack tip. . This 

plastic deformation makes the crack behave as if it were slightly 

longer than its physical size. Because of this,the plastic zone 

t . it correc ~on rp 

By taking 

is a correction to the crack size; 

. (./ is the yield stress) {Jys 

the resulting expr~ssion for K is : 

Th~. ~aximum 'stress intensity i.8: .. I 
1.12 t In a/Q K Imax "" V 

(2.47) 

(2.48) 

( 2.50) 



. The quantity Q = 92 -0.212 (2/ Oys 2 is called the flaw shape para­

meter. Values for Q are presented graphically in figure 2.11 ·for 

various values of the ratio 

Finally, a correction is often necessary to· account for 

the proximity of the free surface in front of the crack. For this 

front free-surface correction, use can be made of the tangent f~r­

mula of eq(2.12). It is preferable, however, to use the front 

free-surface correction due to Kobayashi etal.(31), which is 

given in graphical form in figure 2.12. The resulting maximum 

stress intensity for a surface flaw becomes: 

(2.51) 

.,. 

where· MK is the £rorit free-surface correction of figure 2.12. 

l.B I 
I' MI< I,'i 

\., 

J·4 
-.... ., 

Figure,2.12. Kobayashi correction (MK) for proximity of front free-

surface. 

For the case where a semi-elliptical flaw extends deep into 

the mat~rial, the back freE:-surface·correction should·be decreased 
-... 

from T.12 to unity. For· the· case of aquarter-ellipti·calcrack 

having two free surfaces, the back free-surface .. :correcti9n should 



,be applied twice. However, it appears that this is a slight over­

correction. Therefore the back free-surface correction for a cor-

ner crack is usually taken as 1.2. 

The previous equations for surface flaws were obtained in­

directly (24) from the solution for an :embedded elliptical cavity. 

Rice (32) and Rice 'and Levy (33) have directly analysed the prob­

lem of a surface crack.' Their fina~equationscan be treated to 

give numerical data for K, which are particularly useful because 

the bending case was also solve~. It turns out that for shallow 

flaws (2c/B large) the stress intensity factor approaches the value 

for -an edge crack (2c ~ OQ ) • The same result is obtained from 

eq(2.51.) since Q ~ 1 for' a/2c = O. St:r:ess intensity factors. for 

surface cracks in 'bending were also calculated by Grandt and 

Sinclair (34). The foregoing discussion serves as an illustration 

~ of the variatton of the stress intensityfactor'alorig the crack 

front of a surface flaw. Information about stress intensity fac­

tors of elliptical cracks can be found elsewhere (31-,40). ' 

2.4. The Crack Tip Elastic zone 

, 2.4.1. Irwin Plastic Zone Correction 

According to the elastic stress field solutions a stress 

singularity exists at the tip of an elastic crack. " In practice, 

materials (especially metals) "tend to exhibit a yield stress,.above 

which they deform plastically~ This means that there is al~ys a 

regioI;l around the tip of a crack in a metal, ,where plastic deforma-, 

tion occurs, and h,ence a stress singularity 'cannot exist.,' The 

pl~stic region is knovm as the crack tip pla-s'tic ,zone. A: rough 

e~timate of the size of the plastic zone, whether in plane strain 



or plane stress, is simple to make. To start with, the considera­

tions in this section are limited to plane stress. 

~ JI , .... _. I 

I ro*" I 

~~ 
I • 

Figure 2.l3. First estimate of plastic zone size. 

Figure 2.13 shows the magnitude of the stress·~ in the y . 

:lS 

plane e = O. Until a distance '* rp from_the crack tip the stress 

is higher than the yield stress _ eys • To a first approxitruftion 

this distance x; is the size of plastic zone. By substituting 

C ys in the equation for Cy the distancer; can be calculated: 

KI K 2 2 

6:- = eys 
it I CJla (2.52) or rp - = 

2Tl c: ~ y- /2 rt: rit - 2n 0.. 2 p - ys ys 

I.t is quite clear that the actual plastic zone size must be.larger 
-

than r* :-theload represented by the shaded area in figure 2.13 
p -

must still be carried through. - This can be achieved if the mate-

rial immediately ahead of the plastic zone carries s9me more stress 

which Will bring this material .. above the yield stress. 

Irwin (42) has argued that the occurence of pla~ticity makes 

the crack behave as if it were longer than its physical- size. As 

'a -:r-esult of crack tip plactici ty the displacements are larger and 

the stiff'ness is lower than in the elastic case. In other words, 



the plate behaves as if it contained a crack of "somewhat larggr 

size. The effective crack size, aeff, is equal ,to a 4- 6 , the 

physical crack size plus a correction'b. An expression for can 

easily,be derived. 

In £igure 2.14 the physical crack of size a is replaced,by 

a longer crack of size a 4- 6 , and the elastic stress distribution 

.( Cy ) at the tip of the effective crack is given. The stress at 

the tip of the effective crack 'is again limited to the yield stress 

Ujs. Similarly, the stress ac~ing 'on thepar~ ~ in front of the 

physical crack is equal to the yield stress. Consequently,& must 

be large enough to carry the load that is lost by cutting the area 

A (figure 2.14) from the elastic 

~igure2.l4. Second estimate of plastic zone size. 

stress distribution. Bence, area A is equal to area. B •. The dis­

tance A in figure 2.14 follows from! 

K . ~a.J. '2' ~ . _ _ /' .... or )... = C (a 4- a ) -- r '* c: - ~ _v 2 ' ,..... p 
ys >J2n~ 2).... 2 eys 

(2.53) 

Since 6, is small with xespect to the crack size· it can be neglec­

ted', arid it follows that ).~ 7.';. as in eq(2.52). The area· B is 



. equal to ~s. S ; "hence, the requirement 13 = A yields: 
~ . 

l,'&yS =f/oe ax] -t;sA. 
o 2r. I 

(2.54) 

Neglecting ~ as compared toa and using eq(2.53) it follows that 

(2.55) 

Hence, it turns Qut that: 

The 'size of the plastic zone rp is found tope twice as :targe as 

the first estimate, r;. 
Since S = ;* . p 

length . ~ 
V!ere a f rp. 

it follows .that the crack behaves as if .its 

The quantity. r"1: is known as Irwin's plastic 
p 

zone correction. Assuming for the time being that the plastic 

zone has a circular shape, the .si tuationcan be represented as :i,n 

figure 2.15, where the effective crack 

0; 

Figure i.15._ Irvd.n' s plastic zone correction. 

extends to the centre of the plastic zone. If the plastic zone 

correctfon is applied' consistently a correction to K is also 

.. . 



.necessary: 

(2.57 ) 

The use of eq(2.57) presents difficulties because K has to be de­

termined by follovdng an iteration procedure. The latter can be 

avoided if one takes K = C 6' {'i1'a for calculating r; and then 

determines the corrected K from eq (2.57). - Conversely, for a given 

K one can find the uncorrected stress from (/ = K/ rna, which 

allows-determination of r~. Tne corrected stress then follows from 
• p 

o=K/(n(a + ~;). In practice the plastic zone correction- is sel~ 

dom applied to K.The plastic zone correction of eq(2.52) is not 

suitable in plane strain (see sect~2.4~j:).· 

2.4.2. The Dugdale Approach: 
/ 

A different approach to finding the extend of the plastic 

zone was followed by Dugdale (43,44) and (in a slightly differe~t 

way) by Barenblatt (45). The procedure yields similar results as 

an analysis by means of a continuous distribution o~ dislocations 

(46,47). 

Dugdale also considers an effective craek which is longer: 

than the physical crack as in figure 2.16 a. The crack edges, e ' 
in front of the physical crack carry. the yield stress ~ ,tending ys 
to close the crack. (The part e is not .really crackedi the rna te-

rial can still bear" the yield .stress) • The .size of f is chosen 

such that the stress singularity disappears: K should be zero. 

This means that the stress intensity KG" 
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Figure 2 •. 16. Dugdale approach; a. Dugdale crack, b. Wedge forces. 

due to the uniform stress.C has to be compensated by the stress 

intensity due to the wedge forces 

The requirement (2.58) permits determination of p. in the follovring 

manner. The stress intens~ty due to wedge forces- p in f~gure 

2.16 b is given as: 

p F!f"'"X KA -- --...(if; a of x 
and 

.p 

Jna' 
~. a-x· /---;;;;- (2.59 ) 

If the wedge forces are distributed fr6m S to the Crack tip (as 

in the Dugdale case) the stress intensity becomes: 

p 0{a~+X .~j§a-x J K = -}1 -- 4- - ax = 
rn;;,~ a.!.x· aofx - . 

. ia/qax 

2p V !l 5 "";{a==i"_-x'""ll2"F..· 
(2.60 ) 

The integration can be carried out by substituting x=aCos ¢ .. The 

result is: . 

K = 2p r· a
"" arcco~ 

]l. 

s (2.61 ) 
a 



Applying this result-to the Dugdale crack in-figure 2.16 a the 

integral has to betaken from s = a - to a ~ f. Hence a has to 

be substituted. for s and a..J. e fori a in eq(2.61), while p= ([ys. 

Thus 

Ke = 2~s fa. 1l~ e' a 
.'.1, arccos -~- (2.62) 

a+e 

According to eq(2.58) this stress intensity should be equal to 

K6 ' where the latter is K C =0' {it (a~ e ) '. Then it follows that 

e can be determined from eq(2.58) as 
- /' 

= (2.63) a 

a+e 

Neglecting the hi@ler order terms in the series developement of the 

cosine, -f> is found as: 

f = ~2.64) 

~ 2 -
This result can be compared with rp = 2rp =K /n~s2 as derived in 

the previous section. Apparently, the two expressions are-almost· 

identical. For high values of C / ff~s' eq (2.63) has to be used 

instead of (2.64), and the differences with the Irwin plastic zone 

size become larger. 

D~ffy et ale (49) used eq(2.63) as a basis f6r a plas~ic_ 

zone correction. By taking f = rp* it follo\1{s that a..J. r i'- = -
- p 

and KI = C In ~seCJfC /2t;.~. -Sever~l other plastic asec IT ([ /2 <f: 
_ yr;, 

zone corrections have been proposed. ',Correct_~ng for plasticity is 

not necessary in the event that linear elastic'fxacture mechanics 

ap'ply, , i. e. when the plastiC zone is small ,compared to the crack : -



size. If the plastic zone is latger with respect to the crack, 

the application of a plastic zone correction is doubtful~ because 

of the ~alidity of the expressions fox K, which are based on 

~lastic solutions. 

2.4.3. Plastic Constraint Factor. 

The plane strain plastic zone is significantly smaller than 

the plane stress plastic zone. This is a result of the fact that 

the effective yield stress in plane strain is larger than the un-

iaxial yield stress. 
/ . 

The maximum stress in the plane strain plas-

tic zone can be as high as three times the uniaxial yield stress. 
40, '. 

The ratio of the maximum stress :to the yield· stress is called the 

plastic constrairit £actor (p.c.f.)~ 

p.c.f -
6max 

bys 
(2.65) 

The quantity (p. c. f .) times C-ys can be considered as an effective 

yield st~ess.· 

The p.c.f. for the plane strain crack problem can be estima~ 

ted as follows. By taking C2=n tJ.. and d3 = m C"l the \fon ~Nlises 

yield criterion can be rewritten as: 

!2.66) 

which 'can be rearrangedto:-

6i . . . 2 2 _1/2· 
p.c.f. = .-- = (~-n-m.;.n fro -mn) (2.67).: 

eys 
Eq (2.67) enables.calculation of the p.c.f. at a,ny loca'tionof the 

cr~ck·tip region. From the stress field equations it £ollows that 

n ='~ (1 - Sin e/2)/(1 t Sin e/2) and m = 2)1 1(1 4- Sin e/2)' 



For the plane e = 0 it turns out that n = 1 and m = 2 Y, by 

taking Y = 1/3 the plastic constraint factor is according to 

(2.67): p.c.f. = 3. Similar results 'are obtained by application 

of other yield criteria. In the case of plane stress n = 1. and 

m = 0, which gives the estimate: p.c.f~ = 1. 

Apparently the normal stress c: on the e = 0 plane in plane .' y 
strain can be as high as three times the ~ield stress. During plas, 

tic deformation the crack tip blunts. Since a stress perpendicu­

lar to a free surface cannot exist, it follows that.~ must 

tend to zero at the ~ery crack tip. In that case ~2 = 0; i.e. 

there is a state of plane stress. Consequently p.c.f. must dro:p 

to" 1 and stress at the crack tip does 

I 
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Figure 2.17. Approximate stress distribution in plane. stress and 

plane strain. a.Plane stress; b.Plane strain. 

not ,exceed the yield stress". The resul tingstress distribution 

are shown in fi~e 2.17. In the' plane strain case the stress 

rises 'quickly i'rom /' at the very crack tip to· 3 /" ~'. t Vys . ~ ys a a 

short distance from the crack. This is confirmed by finite elemen 

. calculations(50). Stress and strain distributions in the plastic 

zone measured as well as calculated,can b.e found in the litera'tux 



(51-57), but a general elastic-plastic analysis of the crack prob­

lem is not yet available. 

Figure 2.17 again shdws that ~he plastic zone in the y = 0 

plane in the case of plane stress is nine times larger than for 

plane strain. Knowledge of the plastic constraint factor enables 

derivation of a plastic zone correction factor for plane strain 

in a similar way as in the above equation. If the effective yield 

stress in plane strain is 3 6yS ' the plastic zone correction of 

eq(2.52~:becomes: 

K 2 
- I 

-1--8-rr-V;-s~2 
(2.68) 

In a practical ca'se, plane strain does not exist at the' specimen 

surface. As a consequence the average plastic constraint/factor 

is much lower.than 3. Irwin (42) uses a p.c.f.of" 12.f2= 1.·68, 

which modifies eq(2.68) into: 

K 2 
1__1 
, 2 ~ ---

2Tt(1.68cGs) 6n 

K 2 
I 

(2.69 ) 

This plastic zone correction is only one third of the plane stress 

.. correction. Experimentally determined p.c.f. fS (e.g. 58) are mostl:y 

between 1.5 and 2, which confirms the usefulness of eq(2.69).· 
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III.'- RETARDA'n-ION MODELS 

A fatigue cycle preceded by a load of higher magnitude pro~ 
.. , '. 

duces less crack propaga~ion than it does in the qbsence of the 

higher preload. This retardation pheno1J1enon is usually attributed 

to a combination of compressive residual stresses .and crack_closure 

due to residual stresses (59). 

The overload has introduced a large plastic zone as is sho~~ 

in figure 3.1. The material in this zone isstreched to a permanent 

deformation, but after unloading it still has to fit in the surro­

unding elastic material. The elastic material resumes its original 

size, but the material in the plastic zone does not. The plastic 
'- .-

zone is too large for its elastic surroundings if the latter· con-

tract upon.load release. Then the 

. 6j'" 6'~ t 

d 

Figur·e 3.1. Residual compressive stresses at crack tip as a· result 

of overload. 



elastic material has to make it fit. Consequently, the surround­

ingelastic material will exert compressive stresses on the plas­

tically deformed material at the crack tip. The resulting residual 

stress system is depicted diagrammatically in figure 3.1. As soon 

as the crack has grovID through the area of residual stresses, the 

original crac~ propagation curve ~~llbe resumed again. The resi­

dual compressive stresses tend to close th~ crack tip over some 

di.stance (60) •. Subsequent cycling can cause crack growth only if 

the residual stresses are overcome to a degree that the crack tip 

is opened again. This explains the low growth rate after the over-

load. 
Jo,O. 

At least five models have been proposed (61-65) to treat 

retardation in a quantitative fashion. Hone of the models has a 

solid physical basis, and most are semiempirical, and conta~none 

Dr, more constants to be derived from variable-amplitude crack 

growth experiments. 

3.1. The Wheeler Model 

Wheeler (61) introduces a crack groyrth reduction factor, c p ' 

da 

dH 

where f(A K) is the usual crack growth function. The retardation 

factor, Cp ' is given as (see figure 3.2): 

r . . 
p~ 

ao+r - a.i po. 
(3.2) 



'where rpi= current plastic zone in the ith cycle under consideration 

ai = current crack size 

rpo= size of the plastic zone generated by a previous overload 

f.j,O = crack size at which that overload occured 

m = empirical constant (retardation exponent) 

.... -----
-----

Q. 

enda~e 

overload 

b. 

ne\1.t do 

r'.ofk <nd .. ve I 
d •. Ie., +D "'''Dfher! 

~_hi~h loci d ! 

Figure 3.2. The model of Wheel,er (:61) 

The size of 

Tpi= 

a. Situation after overload, b. Situation after second 

overload. 

the plastic zone is: 

2 2 2 . 
Kinax,i - (~I\} ,i ; 'r _ ~ax,o (3.3) 2 - 2 2 po- ol. c: 2 
ot. eys .(l-R) 0( 4s ys 

where ISnax is the maximum stressintensi ty in a given cycle, ~ = 2 n 

for plane stress, and 0(" = 6-'r for plane strain according to Irwin'~ 

plastic zone approach. 

There is retardation as long as the current plastic zone 

si,ze is contained wi thin a previously generated plastic' ~one ~ If 

ai 4- r pi .~?-.o 4- r po the crack, has grown through the overload plas­

tiq zone, and the retardation factor becomes. Cp = l by definition .•. 

The' power m in eq (3.2) has to be determined ·empirically.· Whee ler 



finds m = 1.43 for D6ll.c steel and m = 3.4 for Ti -6A1-4 V. 

For the case of a single overload in a constant amplitude 
I 

test the retardation factor gradually decreases to unity while the 

crack progresses through the plastic enclave. If a second high 

load occurs, producing a plastic zone extending beyond the border 

of the existing plastic enclave, the boundary of this new plastic 

zone ~~ll have to be used in the equations (figure 3.2,b), and the 

instantaneous crack length will then become the new ao-

The retarded crack-growtn rate can be determined from the 

baseline (constant amplitude) crack growth rate as, 
iO. '_. 

(da/dN) retarded = Cp(da/dN) linear 

where (da/dN) linear follows from co~stant amplitude data.' 

/ 

, Predictions made. by Wheeler by using his cycle-by-cycle in-

tegration method led to fairly good predictions of bl.ock-:-programme 

crack propagation tests. But the model does not account for comp­

ressive loading. Since. the fracture surfaces are pressed together 

by compressive stresses, stress intensi,ty has no physical meaning 

under.compressive loading and therefore if the stress intensity 

'factor is less than zero it is set at zero _ On the other hand,al- .~. 

though compressive peak hoad causes acceleration of crack growth 

rate, the Wheeler model does not account for t:qis. 

3.2. The Wil~enbor-gl.'Iodel 

The .m~thod 'was proposed by Willenborg, Engle and Wood (62). 

They al.so make use of the plastic enclave formed at the .overload 

(figure 3.03). The plastic enclave extends. to 
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I 

is the distance from the centre of the crack to the boun-

dary of the plastic enclave and the other symbols have the same 

meaning as in eqs().2) and (3.3). Will.enborg et ale consider the 

stress in~ensity that would be required to produce a plastic zone 

(at the tip of the current erack a.) that would extend to the border 
~ 

of the plastic enclave (figure 3.3). 

d; . 

~
I ,,,--,. _ ', .... 

. --- ,: 
._._-- -1) I 

- - ~."'i / 
~'" . t'ft -:--

flcntlc. te'nc.lalle 
due. to c:>verIoad. 

Figure 3~3. The model of Willenborg, Engle and Wood (62) 

t 
.-\ . 

l,;..J 

This means that it has to be determined'what magnitude of Kmax is' 

required to give: 

a. fr = a + r 0 2 p.req. 0 P 
(3.6) 

where r . ;is the plastic zone requiTed to reach the boundary of 
p.re_q 

the existing plastic enclave. The ~ax· req to 'achieve this, is· 

given by: 

1 
2 

Kmax.reg (3.7) = a o t rpo - a i • 
0( 

6;s 
2 

In the first cycle subsequent to' the overload, a i is still equal to 

/ 
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Hence K would be equal to the stress intensity of the max.req 

overload, as should be expected. 

Willenborg et ale make the rather odd assumption that ~.i 

actually occuring at the current crack length ai' will be effec­

tively reduced by an amount ~red' given by: 

K d - K 'K. " re - -~ax.req --max,l. (3.8) 

The residual compressive stresses introduced by an overload reduce 

the effective stress at the crack tip. This implies that the effec­

tive stress is the difference between the active stress and the re-

sidual stress. Eq(3.8).means that Willenborg et al.expect that 

the magnitude of the residual stress is given by: 

~ax.i (3.9) 

:ne:: l. 

This means that both K "and K" "in cycle i are reduced by -lnaX.l mln.l 

an amount Kred'~ Hence, the effective stress intensity is given by: 

K - K .- K d = 2 K ax •l" - Kax.req -max.eff.i- -~aX.l re --m -in 

If either Kmin.eff or bot~ ~ax.eff and K would be smal-'min.eff • 
... 

ler than zero they are set at .zero. If the latter sccurs, ~ Keff • i 

will be smaller than L1 Ki : if 'not, hKeff • i = -h K, as can be 

seen from figure 3.3. The cycle ratio Reffbecomes 

~in.i-K;ed ISnin:'i f ~ax.i- Kmax.rea 
Reff= = (3.11) 

I\nax.i - Kred 



.Both ~ Keff and Reff can be calculated and then da/d11 can be cal­

culated from the 'Forman equation based on effective values: 

(3.12) 

Willenborg et-al. also show integration results of block-programme 

crack propagation in good agreement test data. An objection aga­

inst their model is that the assumption regarding the residual comp­

ressive stresses is doubtful. 

3.3. The Crack Closure Model 

Let us consider a grow~ing fatigue crack (figure 3.4). During 

its growth the plastic zone 'is moving wit~ the tip of the crack. 

It is also increasing in size and as a first approximation/central 

crack) . 

. (3.13) 

That means that the plastic zone size is proportional to the crack 

length a. The sdme will be true fo·r 

FigUre 3.4. Plastic deformatio~ in front 'of and in thev~ke of crack 

. the reversed plastic zone. Since the monotonic :plastic zone is 
, ~ 

considerably larger than the reversed plastic: zone-,the consequence_ 



of the growing fatigue crack is that monotonic plastic deformation 

has been left in the nake of the crack. This aeformation involves 

elongation in the loading direction. As a result of this elonga-
I 

-tion the crack will close (at least partly) during unloading, and 

after full unloading (p = 0) compressive residual stresses will be 

present in the wake of the crack. It means that residual compres­

sive stresses are transmitted through the crack, because thefrac­

ture surfaces are pressed together by the plas·tic deformation left 

in the wake of the crack. 

The phenomenon that the upper and lower fracture surfaces 

of a fatigue crack come together before complete unloading (i.e. at ....... 

p > 0, tensile load) implies t~at the crack is no longer fully open. 

This phenomenon in . the literature is referred to as "crack closure ", 

It was first observed by Elber 

to as ,the Elber mechanism. 

. 
(21) and it is sometimes. referred 

/ 

The most well known method to indicate crack closure is by 

COD (crack opening displacement) measurements. For crack opening 

between two points A and E, close to the edges of the crack and in 

the center of the panel, the relation for an infinite sheet is: 

COD = 4.at / E (3.1~) 

It means that COD is linearly·proportional to c' (Hooke's law) and 

to the crack length a.· For a finite sheet a geometry correction fac­

tor has to be added •. t:ieasurements on panels with fine saw cuts 

(Figure· 3.5) 



t 

Figure 3.5. Crack closure measurement. 

have confirmed the tinear relationship with excellent agreement 

between measured slopes (C/COD) and theoretical values. If a 

similar test is 'carried out on a pane+ with a fatigue crack the 

~-COD record shows a npn-linear part. Above point A the record 

is.linear·and the slope is in agreement with the crack length, 

which implies that the crack is fully open. J3e~ow point A the slo­

pe (tangent to 6' - COD record) is larger, which implies that the 

panel behaves as a panel with a shorter crack. This indicates that 

the crack is partly closed. The stress corresponding to point A 

is called the crack closure stress (t;r) or the crack opening st-

A full loop of a COD record (figure 3.6) usually 

.shows a sl{ght hysteresis, but there is no doubt about. the occurence 
, . 

of full crack' opening at A I.. the onset of crack clo sure at 
II 

A .. ·, .• 

The existence of a non-linear part fO'llowed by 'a linear part is. 

-easily ob·served,· but the problem is to determine accurately the. 
'r . . 

point.· A where the transition occurs. Measur·ements suggest that. 
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coincide, A - .and A'" - however, experience shows that the unloading 
6' 

I 
! 
I 

i, 
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I 
I 
I 
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i 
'-OD i 

. Figure 3.6 • A full loop of COD. 

branch (Ai,) gives a slightly bet~er reproduction and a more unam-

biguous determination of the closure stress. Nevertheless it cannot 

be denied that it is difficult to achieve a high accuracy. 

In order to increase the.accuracy, Paris suggested a compen-

sation method, illustrated by'figure 3.7. Instead of recording the 
, / 

COD signal it is compensated by a signal that would have been ob-

tained under full linear behavior (i.e. no crack closure). This 

leads to a vertical line as long as the crack is fully open. The 

compensated COD signal now allows a much larger, application which 

will bring out the transition point A mo~e clearly. If the ampli­

fication is selected too high, the linear part (vertical line) may 

become erratic. 

Another possibility to improve the sensitivity of the crack 

. closure measurement is to locate the COD meter more closely to the 

crack tip. The effect on the ~- COD record is shOTIn in figure 

3.8. 

, ~ 
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Figure 3.7. COD measurement; a.Normal record, b. compensated record. 

The non-linear part (A~( - Ai) of the record is small and the 

,transition is more easily observed. This method can be used £or a 

particular crack length, but if the' crack is growing the COD - meter 

has to be moved also. If the COD - meter is too close to the crack 

t~p, plastici ty effects may obscure the measurements. I 

! ~ 
.Ao--~!H===tj coo 

I B i 

COD 

Figure 3.8. The COD-meter -1si;oo close to the crack tip. 

In 1970 VI .Blazewicz carried out fatigue. tests in Delf ~ He 

made- ball impre.ssi0l?-s on 2024-T3 sheet specimens before the crack 

growth test was started (figure 3~ 9) (66). As a result there is 0( 

zoire bet"ween the impressions with residual compressive ·stresses., 
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FigUre 3.9. The Blazewicz's tests. 

This caused a delay·in the crack growth, but (surprisingly enough 

at that time) the delay· was small during the growth throughfthe 

zone between the" impressions, 'whereas it was significant at a 

later stage. The explanation is that the deformations of the ball 

impressions were the cause of crack closure after the crack had: 

gro\"ffi through the affected zone. 

Elber (21) suggested the follovdng xelation between crack 

closure and crack grovnh. During a stress cycle a fatigue crack 

will be'partly or fully ~losed as long as e:< ~I (figure 3.10). 

He then suggested that the stress variation will contribute to 

crack extension only if 

which" leads to the definition of an effect~ve stress range: 

.6. Ceff = C"max - c;" ,- (3.15) 
~. 
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Figure 3.10. The crack closure model. 

and an effective stress intensity factor: 

.. ,0. 

(3.16) 

The crack rate was 'supposed to be dependent on t:.. Keff . only. 

/ 

(3.17) 

This'relation includes the effect of the stress ratio R because 

crack closure (and thus ~ Keff .) will depend on R. For 2024-T3 

material Elb'er found that Cc.r was approximately constant during a 

fatigue test, implying that G;., 'was independent of the crack length 

a. This is an empirical resuit. He defined the ratio: 

6Keff • ( _' ~Ceff.) , 
IT ::: - .6.C' 

AK 
(3.18) 

and the test resutts indicated iherelation: 

U=0.5.fO.4R (3.19) 

• This is 'again an empirical result. Combining the above equations 

leads'to 



log A.Keff • = log 4K flog (0.5 "'" 0.4 R) {3.20) 

Figure 3.11 includes a schematic of a simple spectrum in 

which the 'opening stress is see'n to vary. The success 

~ _________________________ N 

Figure 3.11. The variation of opening stress during variable amp:­

Ii tude cycling as described by Elber (21). 

in using a closure model for'the prediction of delay following an 

overload depends 'upon the ,assumptions made regarding the stabili­

zation of ·closure load following the overload and the number of 

cycles of load required to accomplish "equilibrium" (67). For. 

example, folloV'ling one or a few overloads (figure 3.12) closure 

load of the subsequent series of cycles would be effected by the 

presence of the overload. If the overload would cause the opening 

load of the subsequent cycles to be increased, under these assump­

tions, crack growth could be completely ar:rested':for somecondi­

tions. .Assuming growth of a retarded nature did occur following 

the oy.erload, some assumptions would have' to ,be made as to, the 

length pf crack or zone over w~ich the retardation would apply. 

As a :first approximation, the yield zone produced by the overload 

·mi?-lJ.t b~ tried. 
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Figure 3.12. Schematic of closure load variation following the, app­

lication of a single overload. 

Shih and Wei (68) have reporte¢l evid,ence to refute closure 

as the only phenomenon responsible' for' retardation. , 

In summary, closure appea!s to be a real phenomena, 'hich 

can be rather readi,;Lyobserved, measured and quantified. It'appa­

rently is not the only phenome~ which causes' delay. Results from 

past studies have differed because of specimen type, thickness, 

pre cracking procedure, notch geometry and instrumentation. 

3.4. The Root Mean Square (IDflS) Approach 

Barsom (69) attempted to determine the magnitude of constant 

-amplitude cyclic-load fluc~uation that results in the, same a 

versus 'N curVe obtained under vc:-riable-amplitude cyclic-load flu<=!­

tuation when both spectra are ~ppli~d to identical specimen~ (inc.:. 

lud~nginitial crack 'length). In other words,. one of the objeci;i;.:.. _ 

ves of his investi~tion was to find a single stress-intensity 

paramete'r, such as mean, modal, or root mean square, that can be 

. used ,to define the crack-growth rate under both constant-and vari-
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able~amplitude loadings. The selected parameter must characterize 

the probability-density curve. 

A good correlation between data obtained under constant 

amplitude and variable-amplitude random-sequence load spectra vr.as 

obtained on the basis of the root mean squa~e of the load distri­

bution, where the root mean square is the square root of the mean 

of the squares of the individual load cycles_ in a spectrum. The 

combined crack-growth-rate data are presented-in "figure 3.13 as a 

function of d K - The data show that, wi thin the limits of the rms. 
/ 

experimental work, the average fatigue-crack-growth rates per cycle, 

da/aN, under variable-amplitude random-sequence stress ~pectra can 

be represented by 

da/dN = C (~ Krms jn (.3.21 ) 

/ 
where C and n are constants and 

11 Krms = 
n 

The root-mean-square value of the stress-lntensity factor-under 

constant:-amplitude cyclic-load fluctuation is equal to the stress­

intensity-factor fluctuation. Consequently, the average fatigue­

crack-growth rate can be predicted from constant-ampli tud-e data by 

using eq (3.21). 
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Figure 3.l3. Crack-g::'o~rth rate as a function of ther~otimean 

-square stress-intensity factor. 

The root~mean-square stress-intensity factor,~~s, is 

characteristic of the load-distribution curve and' is independent 

of the cyclic-load fluctuations (70)'. ' 

Smith (71) and Swanson (72) have also obtained good corre-

50 

lations with similar spectrum characterizations for random loadings. 

In these studies of random-loading,crack grovnh, stress spectra 

.. were all represented by a continuous, unimedal distribution,- in 

particular, by a Rayleigh distr:i.bution function. (se'e appendix-C). 

The use of an 'RMS.t;y:pe of.characterization to predict fatigue~cr.ack 

growth should probabily be restricted to load '~istories which can 

be described by such distributions and in which sequence ef'fects . ~ . . . 

are'not expected to be significant. 
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IV. ~-ACTORS AFFECTING CRACK PROPAGATIONS 

When predictions of crack propagation have to be made, data should 

be available relavent to the conditions prevailing in service. Such data 

may be hard to find. :fatigue crack propagation is affected by an endless 

number of parameters and the circumstances during the test will/seldom be 
" / 

the same as in service. The influence of the environment is" the most cons-. 

picuous. Tests are usually not performed under controlled environmen"tal 

conditions and part of the scatter in fatigue data may be attributed to 

this fact. 

4.1. Effect of specimen thickness : 

Apart from the effects due to the transition from a" 90° to a 45° 

plane,. thickness has little effect on the rate of crack growth, provided 

that the crack front is sensibly straight through the thickness.- Some 

te~ts (73) showed that, at short crack lengths, the crack growth rates 

tended to increase with sheet thickness, but were not affected at. longer. 

crack lepgths. 

The ~rack growth rate may increase as the maximum stress intensit~ 

factor" in "the fatigue cycle K , approaches Kc , max. " ,_ the fracture tough-
t -

ness of" the material~ K" c in general decreases" as· the thickness increa-
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ses, reaching a minimum K~cunder plane strain conditions. This change 
I 

- in Kc with thickness can cause a corresp?nding thickness effect at high 

crack growth rates as illustrated in Fig.4.1 
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Figure 4.1. Effect of thickness on crack growth in RR58 aluminum alloy. 

4.2 The effect of spe.cimen orientation 

( For the specimen orientation notation,see'appendix E •. )/Figure 

4.2 shows the rate: of propagation to 'be somewhp.t higher for transverse 

( T-L ) than for longituCiinal.:. ( L-T ) specimens from 7075~T735l0 ex­

trusions ; this was ~enerally true for both plate and extrusions of all' 

alloys and tempers. For the hand forgings, the rates were highest for 

specimens oriented in the short-transverse . 

'-
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Figure ·4.2. Effect of specimen direction on·fati~ue-cratk- propagation 

rate for 7075-T73510 extruded panel ( 73 ). --



!..direction. These directional relationships were generally consistent 
I , 

with relative ratings with regard to fracture toughness (73). Data in 

figure 4.2 also illustrate the results of comparisons of specimens 
, 

with machined and as-fabricated surfaces ; no significant differences 

in rate of crack propagation were detected. 

Figure 4.3 shows that fatigue crack in long,~- -±ransversespeci-
\ 

mens propagate substantially slower through the thickness (T-S) than 

in the longitudinal direction of the forgi~g (T~L). Rates of propaga­

tion through the thickness were also shown tO'be lower for longitudi-

nal (L-S) 
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Figure'4~3. Effect of orientation on rate of crack propagation ofa 

7079-T652 hand forging. 

7079-T652 and long-transverse (T-S) 7075-T7352 specimens from the 'for-' 

gings than for the comparable flatwise directions ( L-T and T-L,. res -

pective+y ). In the short transve;rse direction (data not'shown),the 

rate p~.propagation was found ,to be slightly lower for S-~ specimens 

'than for 'S-L specim~ns for both alloys. K~c values were' notdetermi­

ned 'for the L-S, T-S or S-T orientations so ,K~c crack growth ra-
~ , 

te comparisons cannot be made. Davis et ale (74)"did report lower va­

lu'es of . K for propagati,on in the L-S and T-S orientations than 
~c 



· in the L-T and T-L orientations for poth 7075-T6 and'~,70794T6hand 

forgings, so -for these orientations, the c6nsistency~in, ratings :~may;,not 
exist. 

4.3. The effect of stress ratio and Km~x 

The effect of stress (or cycle) ratio, R, and the maximum stress 

intensity, Kmax ' was ·studied in chapter II. (pp.3-9). 

4.4. Effect of temperature. 

Temperature has considerable/effects on material properties in 

general. It has a significant influence on fracture toughness also.How­

ever, it is impossible to isolate temperature effects from the effects 

of the manyy other 'parameters discussed. As an example consider the 

thickness effect. A plate of relatively- low thickness may ShOVl plane st­

ress behavior with inherent high toughness at room temperature~ At low 
- , 

temperatures the material>.has '.ahigher-yield'stress 'Which.·causes· the 

plastic zone to be smaller : then the plate may show transitional or 

even plane-s~rain behavior, with inherent lower toughness. Apart from 

the intrinsic effects of temperature on toughness, there is an ~ndirect 

effect, due to the temperature dependence of yield strength. 

The brittle-ductile transition of structural steels is well known 

from Charpyimpact tests. A similar transition may be expected when 

considering toughness values. In view of the experimental problems of 

fracture,toughness at temperatures different from ambient, attempts ha­

ve been made (75,76) t'o' estimate, KIt on the "basis of the Charpy im -

pact-energy. It seems feasible that a correlation between Charpy' ener­

gy and fracture toughness exists, since the former is' also equivalent 

to'. fra~~ure energy through 9~; ~ However, this reasoning is doubtful 
sincetthe Charpy energy is the integrated energy for complete fracture 
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of the specimen. On the other hand 9tC is the energy for the first in­

finitesimal crack growth. 

Nevertheless correlations are found between toughness ~d Char­

py energy, particulary in the area of low toughness. Figure 4.4 ser -

ves as an illustration. In fact 

) charpy impact energy (ft.lb) 

Figure 4.4. Corre.1ation between toughness and charpy impact energy (75). 

the charpy test is a dynamic test and it may be more sensible to cor 

relate the impact energy with the dynamic fracture toughness. Although 

Charpy tests may be able to give an indication of the toughness varia­

tion, this type of test is basically not compatible with fracture mec~ 

hanies principles. Therefore its applicability as a basis for decisi -

ons or conclusions concerning fracture behavior i~ the context of frac-

ture mechanics is debatable. 

Figure 4.5 shows that a steel indeed shows a transition from 

low -to high toughness with increasin'g temperature. Alley steels and, 

. other materials usually show a gradual increase of tou·ghness with tem-. 

perattire, followed by a decrease at temperatures approaching the mel-· 

ting point. 
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Temperature dependence of toughness of various steels 
(75~77) 

4.5. Effect of loading frequency 

Four specimens of 2024-T3 aluminum are tested each at a dif-

ferent frequency but with the same load ratio (78). The resuits show 

that the threshold decreases with increasing frequency(figure 4.6). : 

~is was an unexpected result since no effect of frequency had been 

previously noted below 200 Hz. and 
i 

it is the reverse of the trend 
" 

56 
) 

that is expected from environmentally enhan,ced fatigue crack .growth (79). 

However, if the possibility of crack tip heating is considered 

one might expect such a shift. At the higher frequencies, heat maY,be 

generated by crack t~p ~~asticity rapidly enough to ,produce, a lacal ri­

se in temperature. An increase in t,empera~ure might produce the lower 

threshold in 2Q24-T3 aluminum as it does for A533 steel(7). At iower 

frequencies heat conduction away from· the 'crack tip would proceed rapid­

ly' enough ,to prevent any appreciable rise in the temperature near the 
t 

crack- tip. 
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Figure 4.6 Effect of frequency on fa.tique crack growth rates for 
2024-T3 aluminum (78) •. 

James, L.A(80)investigated the effect of frequency upon the 

fatique-crack growth of type 304 stainless steel at' 1000 F. 'rhe 

results of this study are presented in figure 4.7 as'a plot ofda~Nver. 

sus ~K.. Several observations are immediately apparent . . .. 
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(1) There appears to be a portion of the curve where the fa­

tigue-crack growth rate is independent of cyclic frequency ; 

(2) Within the region where the crack growth rate is frequ- . 

ency-dependent, decreasing the cyclic frequency has a profound effect 

,in ~ncreasing the rate of crack propagation ; 

(3) The scatter of data tends ·to increase somewhat with de.c-

reasing frequency ; 

(4) in the region where the crack growth rate is .dependent" 

upon the frequency, the slopes of the curves representing the vario­

us frequency levels appear to be quite similar 



(5) The latter observation suggests that 'the frequency de -

pendent behavior could be represented by' a' power law of the form 

where A(f) = some function of frequency, and n = constant for a given 

material/environment combination. 

4.6. Effect of environment : 

For the 7079-T652 hand forgings tested in a humidity of about 

90 percent, the propagation rate is three times higher in the humid 

environment. For alloy 7075-T7352, the difference between the ~ates 

.. under the two environments is less even at the higher AK values(73). 

The. greater sensitivity of 7079-T652 to moisture seems' consistent 

with evaluations which show 7079-T6-type products to be susceptible 

to stress-corrosion'cracking in normal atmospheres, where as 7075-

T73-type products are not (81). 

4.7. Effect of loading seq~ence 

A fatigue cycle 'preceded by a load of higher magnitude produ -

ces less crack propagation than it does in the absence of the higher 

preload. This retardation phenomenon was taken into consideration in 

detail, 'in chapter III. 



~~ COMPUTER PROGRAM EVALUATIN~ FATIGUE LIFE 

5.1. Introduction 

Because of weig~t and economy, crack growth retardation gains 

importance in variable amplitude fatigue. A computer program was de­

veloped to .predict the crack growth propagation in specimens subjec­

ted to randomized block loading. The program also takes into account 

the retardationphenomenon~ The ·.Wheeler and Willenborg models were 

used for predictions. A cycle~by~cycle integration scheme wa~ used. 

What the program does is to evaluate the number of cycles, flights or 

certain repeated stress history untill the critical crack length is 

reached. For the linear crack growth, Paris:"'Erdogan-eq., Walker's for­

mula and Forman's equations were set to use. Six different types-of 

flaw were taken into consideration ; Center-cracked panel, single-ed­

ge notched specimen, double-edge crack, Bend-specimen,compact tension 

specimen~CTS) and surface flawCsee table 2.l,p.13).Detailed descrip­

tion ·will be given in ~ppendix-D. 

Program Outli~e 

.The program consists of fifteen routines and a supervisory ro-



utine. Each 'subroutine will be discussed below. Much of the data 

transmitted internally in the program , AKYUREK-li~ through labeled .. . 
COMMON blocks. 

SUPERVISORY ROUTINE - Overall supervisory routine. This seg­

ment controls the calling, in order,all subroutines. 

CADATA - Subroutine for the constant amplitude crack growth 

data and material properties. 

SIHPSN - Constant amplitude crack grGwth integration scheme 

using simpsonts composite integration formula (see Appendix-B) 

DATA - Data input,subroutine. 

/ 

SIF Evaluates the stress intensity factors for a given st~ 

ress and crack"length. 

SFSIF - Subroutine for the surface flaw stress intensity eva-

luation. 

PZS - Evaluates the plastic zone size for a given stress inten-

.sity and material. 

ESIF - subroutine which calculates the effective stress inten­

sity f~ctors for the Willenborg model. 

GROWTH - Subroutine for· linear crack growth. 

WHEELR - Subroutine for the Wheeler retardation model. 

viLLNBG Subroutine for the Willenborg model. 



OUTPUT - Prints out the crack growth information. 

MAGFAC - Magnification factor evaluation for surface flaw 

(se"e Appendix-A). 

DATFIT - Curve fitting subroutine using least squares method 

(see Appendix-A). 

BLOCK - Subroutine for the block by btock crack growth integ­

ration scheme. 

BLOCK DATA - Initializes the labeled common blocks. 

", ". 
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" , H 1 ~~ R~R 
,~~_~. UNIVAC 1'~06~:I BOGAZlq UNIVERS~TESf.KO~PUTfRI4ERKEZI ::J .. I~TANBUL 

,RUNID ., TRT USER' 10 • PiART NUMBER • DO IN 
<;,t,:c: " , . '," I. . 

FILE' NAME,. CTSpRUSUU CREATED AT:!, ,F:44:55c,HAR 08, e,984 

fZ 3456 7890tZ345 6 78901'23456 78901234 567890:r23456 78901'234,56 78901'234.56 789 OfZ311S67 
rODI.'C' ., .. "PROGRAM AKYUREK:::'I . .. I'" . ... , 

foO!'".,. DOUBLE PRECISIoN ACP,ADAL,ADAR,ADK,AF,AI,AK,HAX,AK'1AlCE,AKH1XO,AKMI 
'fOO! ~~~, &N!AKHINE,ALPHA,AO,AR,ARPI'ARPO,B'CICCP,CDA~,COAR,Cf,CI,CKHAX,CKHA 084 . &XO 1 CK ItI~ 1 CN, CO, CR, CRPI I CRPO,F, H, PH ,pI, OHAX!, QHIN, SHAX, SHIN, RAB, RA o 5 .,' .&C,:.KC,SY:'LW,WH,WN,Z,BOAL,DD L" i ' 

· ',8S. --gg~~g~~f:~~AfL'~E~9~~II~I~:A:~A~~~~~~'I~~~~9~e&HA AHF,AO AR ARPI 
.' G08 &,ARPO,B,C,CDAL,tDK,tI,tKHlx,CKHlxo,CKHlN,c~,lo,cR,lRPI,CR~O,iA,IB 

009' 'tlIE,IPlJ,JA,JE,KB,HNiHP,HR,NC,NFT,NIiNO,NP,'I,SKC,SYS,W,WH,WN,Z,A 
tgt~:C&l1AR,CD R,~T,HI. ' I 
ror~ C ..................... * •••••• * ................... ** ••••••••• 
tOf3 C *PROGRAH FOR THE FATIbUE PROPAGATION LlFEESHHATION • for4 c" .OF THE SPECIMENS'SUBJECTED TO RANDOHIZED BLOCK LOADIijG. 
rOfS C ........................... ** ............................ . 
fOf&'C " 
!.0t'7 C' "AKYUREK~ITAKES THE RETARDATION INTO CONSIDERATION~IT 
tgt~ g, USES THE WHEELER AND WILLENBORG RETARDATION, MODELS. 

1819. C .~¥~~GN DATA'SET NUHBERS FOR INPUT;NI,OUTPU~ NO 
, f02~ NO=6' . . 1 

Jg~=g . =============================================== 
'Io25 C ':OVERALLSUPERVISORY ROUTINE THIS SEGMENT'·; = 

· 026 C ;CONTROLS THE CALLING,IN ORDfR,ALL SUBROUTINES= 
:' '027_ c.: -- .. ;!'.=:;:.==:====:;:=======;.===:;==:;===:;;=;:;~;;:=.;.:;;:;=.=~ 
1, '0°22 ~ ._. CC .. r 7· SELECTION OF THE RETARDATION HODEL ~ND 

~g~~ g~~ Ai~ ~~~~~~A Hb~G~MtENN~~~f~~~·' 
t03!.C ." fiR=l' WHEELER HOOELA< ' I 
fan E~~· , ~r~ob~Hij9R~H~ex~b5E LOADINGIUSES SIHPSON'S 

f035 :C: :.,c· , COMPOSITE INTEGRATION FORHULA I I 
03b C' HI IS TME CRACK GROWTH INTEGRATION SCHEME NUHBEQL 
D37C .HI= ' CYCLE 8'1 CYCLE CRACK GROWTH INTEGRATION .. SCHI:"HE;' 

f03!! C c,O .. '.::."' ..•. =2 BLOCK 8'1 BLOCK-CRACK'GROWTH=INTEG.RATION .. -SCHEHE;' 
039 . READINI Sl HR,MI , I 

' 040 5 .' :,. FOR){AHhl'OI ' .. " •. 
rS4TC"--' READ AND IIRITE THE MATERIAL PROPERTIES . ., . 

· t 4f, .• s: L .. :AND CONSTANT AHPLITUDEDATA; ." .... I 
.;04L ____ CALL CAGATA .. , 

04" ' GO TO It:S,~5,tOI,MR 
" OilS C; . ; 

,·tD4b c,,,-,,, EVALUATION OF THE TOTAL NUHBER OF CYCLES REQUIRED FOR 
041 C_ THE PROPAGATION OF CRACK FROH ItlITfAL. CRACKi LENGTH, 
048:.C,. ~.. AI, TO CRITICAL OR FIN,\L. CR ACK LENG H, AF, US Il~G SIHP::. 

1'049' C'-. '''.' SON'S COHPOSITE INTEGRATION FORHULA~ - '--' rosf c, . . 
105 ':~03:_' ,CALL SIHP,SN ., ,· •. ·1 fos GO TO 36 .. , I 

fD5 CDATA INPUT FOR RANDOH LOAD FATf .. GU.E, I 
· fg~rt5: 8:f~~~~~T/2.01 .. _.., .' (. 
-:i056~C'~ FOR THE FIRST CYCLE . f 

t8U'c- HRfs~' INTENSITY FACTOR EVAtUA TION,,· I 
f059 ,'., IFINFTfNE;'61 CALL SIF i 
f06·· IFINFT EQ;'bl CALL OATFIT ! 
1061 C HAGNIF CATION FAClOR'EVALUATION FOR SURFAC£ FLAW, 

r06'C 'STRESSLINTENSITY EVALUATION FOR SURFACE fLA~t 
1'063 IFINFT EQ.61 CALL SFSIF i 
1'06'+ Cc . PLAsn~ ZONE SIZE EVALU'\TION~ I 
r065 ·CALL·PZS'· ~ , 

,TIJR,;WT 

/ 

, I 
i 
I 
I 

/ 
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J253 
,,251j . 

'I~H .20!] 259 
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··IlU" 
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. b73Z05~ 

I
ra ..... 
276 C • 
'277 C 
Z7!l C 

f2H C 
e8l C 

I
~~f 
283 
Z91t '. 
285 
286 
2B7 

f28B 

B~5 
Hg~ ~ 
p93 C 

'IUi ~ 299 . 
l:9~ 300 
30a 

B8t 305 p03 

lig~ ~fO 307 
30S 3f2 
309 C 
31't; 3f1 

I~!!~ 3 '5 

-.~~~!~~:~~~~~~~~~~~~~~~~~~~~~~~~~:~~~~~~!I~=~~!~~~!~~~~=~~~~~~~=: 
SUBROUTINE SIHPSN 

DIHENSION F(9999) . 
DOUBLE PRECISION ACP,ADAL;ADAR,ADK,AF1AI!AKHAX,AK~AXEfAKHAXO,AKHl 

EN!AKHINE,ALPHA,AO,ARIARPI1ARPO,BICICCP,CUAL,CDAR,CFIC !CKHAX,CKHA 
EXO,CKHI~,CN,CO,CR,CRpI,CRPO,F,H,PH ,PI,CHAX,OHIN,SH x,~HIN,RAB,RA 

Egb~~8h~f~t~l1~J~~~19~gt;h~g1;sHAX(900),SHiN'900) . 
COHHON/TA2/ADAL,ADK t AF,AI,AKHAX,AKHAXO,AKMIN!ALPHA AHF,Ao,AR1ARPl 

E,ARP013,C,CDAL,CDK,cl,CKHAX,CKHAXO,CKHIN,CN1 CO!CR,tQPI,CRPO, Ai IB 
E1IE,IP,J,JA,JE,KB,HN,HP,HR,NC,NFT,NI,NO,NP,PI,~KC,SYS,W,WH,WN, ,A 
EuAR COA~,NT ' . 

H Ii THE STEP SIZE FOR NUHERIC INTEGRATIO"& 

; ~~¥X'~a~tTOT/2*OLO/' 
2*N NUHal~ ~F ST~PS 
N=I AF.;;lAI) IIZ .. *H) 
IR=2*N+ ' 
DO 21 lQ=1,IR 
IF I I aO'€;)a.1') GO TO zoo 
AI=.U+H 
CALLSIF 
CALL GROWTH 

F (10) =1;'/ADAL 
. ·CONTIHiJE 

IS=2*H 
DO 22 JR=2,IS,2 

'.: . SUH=SUH+F I JR) 

~3~!~~~~UH+Fll)+fIIR) 
'IT=hN;.;r 

i 
1 

! DO 23 tU=3 IT,2 
TOT=TOT+fl hJl 
CONTINUE 

., TOT=2*,..rOT . 
~~NTOTAL=ISUH+TOT)*H/34 

WRITEINO 205) NTOTAL 
:'FORHAT II}, zx ,21HLIFE OF THE 

.', . 

~PEClHEN:::,I20~2X;6HCYCLES) 
. RETURN' , - -- ---" -'I'· .-

E~O 

. ------------------------­--------------------------

I 

1 
SUBROUTINE DATA i 
DOUBlf'PRECISION ACP,AoAL,AoAR,AOK,AFlAIlAKHAX,AK~AXEfAKHAXO,AKHI 

EN!AKHINE,ALPHA~AO,AR1ARPItARPO,B,C,CCP,CUAL,CDAR,CFrC .CK~AX,CKHA 
EXO!CKHI~!CN,CO.CR,CRPI,CRPOIF,H,PHI,PI,OHAX,OHIN.SHAX,S'11N.RAB,RA 
EC ~KC,SY5 W WHIWN Z BOAl 00 L ' 
COHHON/ubIls ,JB(900),~18),SHAXI900),SHtNI900) 
COHHON/TA2/ADAL,ADK,AF,AI,AKHAX,AKHAXO,AKHIN!AlPHA t AHF,AO,AR,ARPl 

E,ARPO,B,C,CJAL,CDK,CI,CKHAX,CKHAXO,CKHIN,CN,CO,CR,CRPI,CRPO,lA,IB 
E1IE,IP,J,JA,JE,KB,HN,HP,HR,NC,NfT.NI,NO,NP .... ,PI,SKC,SYS,~,~H,WN,Z,A 
EuAR,CDA~,NT HI i . , . 

READ AN) WRITE THE CONTROL DATA . 
ALPHA IS A CONSTANT USED IN EVALUATING THE PLASTIC ZONE SIZE, 
ALPHA=l~ PLANE STRESS CASE I' . . 

=3. PLANE STRAIN CASE 
'HP IS PLASTIC ZONE SIZE EviLUATtONHODEL UHBER~ 
HP~; ~~a~~L~o~~~~L~ 
REAOINI,300) ALPRA,HP,JE,JA 
FORHATI020&t4,3Il0) 
ALP~A=2~Pr.ALPHK 
WRITEINO,30S) ALPHAtHP1HR 
FORHATlllilX,6HALPHA=,U20;fll,9X,3HHP=,ltO 43X,3HHQ=,I f O,) 
IF IHR;NE 'r GO TO 311 .... . to 
WH IS TH~ WHEELER RETARDATION EXPONENT L REAOINI 1 3fO) WH . 
FORHATIOZO I'll) -
~RITEINO,3f2) WH,HI 
FORHATIII,~X,3HWH='02n,IIl,9x,3HHI=.I'O) 
**.STRESS O~ LOAD HISToRY INPUT~ 
WRITEINO,3!5) 
FORHATIl~012X,2HJB,10x,IIHSHAX,t6x,IIHSHIN) 
WRITEINO,3~O) . . hf3 320 '. fll'lJ .... ~FORHATll~ ,2X,21'H=),IOX~ltllH=)'ASX,ltllH= 
00 3~ 'LA-f,JA . . 

TUR3UT 



, . 

f3f5 C JB(UI IS THE NUMBER OF CYCLES IN. THE LAIt-TH BLOCK;' 
· f3 ~C SMAX(LAI IS THE MAXIHUH STRESS OR LOAD I THE LA-TH BL8CK~ , 13 7C SHIN(LAI IS THE MINIHUM STRESS OR LOAD IN ~HE LA~TH BL CK: 

3 8 _ .. READ(NIL:}2S1 JB(~Al'SMAX(LAl,SMINILAl: .. 
~~. 3r9.325'~: FORMATllio,2D2a; 41 .' f .... 

f320 WRITEINO,3301 JB LAl!SMAXtLAlLSMINILAI 
- f32t 330· FORIUTIII,.f)(,I6,SX,F O.3,I2X,t f O.31 .. 
- r32i3r'~ CONTINUE • - - - . D M 

f323 . WRITE(NO,33S1 JELJA 
r32~33S·; FORHA Till, 3)(, 3HJt=, 1+0, 2X, 3HJA=, lSI 
f~n C--' I;rgH~~~ziO~6R~5 ~~l&-' .~ 

-t327 C ~ IP=r.PRI"TS OUT INFORHATION AT THE. END OF EACH BLOCK. 
f32S C =2 PRINTS OUT INFORHATION AT THE END OF EACHFLIGTR 
f329 C .OR SPECTRA; ! 
.f33~~ Cc =3 PRINTS OUT AT ~HE END OF EVERY NP CYCLES~NP IS r ~ GIVEN AS INPUT. I 

f33 ... - ~._ REAO(NI.3~(]I\lIP ; 
F~I:'~40FORHATlraOl I 
1'335 C ,. OUTPUT HEADLINE PRINT CONTROL';-

1
336' . GO TO 1337 1 339,3371,IP 
337. 337'~ IIRITE(NO,3s61 
-H~ -336' FOR"1ATIII a,lX I' TOTAL CYCLE' .lIlX, 'SPECT r.NO:·lSXf'CUR~EIIT CRACK LEN~TH 
JJ7 C'13X!'LIN.~~ACK GROWTH RAlt'JqX,'HAX STREss NTENSITY'lfOX,'CUR.PL 
340· . &A::.TI[; ZONE SIZE',I,lX"l:[( H= ,IIX,9(!'A-=I,SX,20I1H=I,3X,.:I'(tH=,,4X,2 

t
3
3

4
4C . &OliH=I tOx,2i1iH=I,1 ~~,'IA,TH BLOCK' 4X'CYC:'IJF 9L~',4X 'CRACK LE 

t l &NGTH Af O;'l;'''f!X''REf,..CRACK GROWTH RAh';liX.'STRESS IIIT;'RaNGE',fliX 
f31f3 &,'PLAS.ZONE S ZE ATO.L;"I' - .• ; - .. -

13ilfr~7~~1 - ~~~!~} ~~; ~~f: 'TOTAL /(;YCLE' bli'X r 'SPECT I.NO ~'f15 X, • CUQREN T CRA CK LENGT 
&H',5X,'STRESS INT;RANGE',t X, HAX~STKESS' NTENSITY',I,ZX,r,I&H=I,1i 

~~~ 34'1 &~~?H~g'nx~~ofbH~~~SX'16CtH=I,"OX'ZO(l'Hj=1I 
f35~ IFIIP~NEl31 GO TO 3'15 
tiH~"siUsr~i~~g~~~pAT THE END Of EVERY_ NPCYCLES. 

Jn~ ~_-t 357 ' C . c=~~~~:~~~~~~=~g:=~~~=~=~E~~~~g==~~=~~~=~~=~~~=~:~~~~~~~~ 
t~~~g·~~~gIg§~=~g~=~=g;~~g=~~~~~g=~~g=§~~g~=~;~g~~==========~ 

• 1I3~~9C SUBROUTINE SIF .. .... I gf - DOUBLE PRECISION ACP,ADAL1AOAR,AOK,AFIAI1AKHAX,AK~AXEfAKHAXO,AKHI 
363&N t AKHINE,ALPHA,AO,AR1 ARPI ARPO,B C1CCP,CUAL,CDAR,CF , C lCKHAX,CKHA 

· 36~ &XO,C~HIN,CN,CO,CR,CRPI,CRPO,F,H,~H ,PI,QH~X,QHIN,SHAX,SHIN,RAB,RA 

• fU~&~&~~8~~n ~ l ~~ I ~~B 19~Br;h?R~;SHAX I ~OUI ,SHIN I 900 1 
· f3

3Fs
'" COHHON/TAUAOAL ADK,AF,AI AKI1AX,AKHA"OlAJ(I:!lNIALPH~lAHF"AOIAR ARPI 

g &,ARPO!3,C,COAL,tOK,CI,CKH'X,CKHAXO~CKH N,CN,[;OtCR,[;RPI,CRPO.lAiIB 
369 _ - &,rE,IP,J,JA,JE,KB,HN,HP,HR,NC,NFT.NI,NO,NP',P~,SKC,SYS.~,~"1,WN, ,A' 

'~·J3~7t9-c.·· '-_&g~RtgD~~b~! 'IDe' Ii~O, 415, li201 {NFl' '.' -1" . ,- 31t qOO ..• :~~i~~~~~xg~'~DS~~ff~~~~!H &, . I 
374 _ AKHIN=SHINIUI*OSQRTIPI*AII . iH~t .'.-. g~~~'~9Tfg~o~~H~~I~~H~!b~g~ fOR -CCP_.~ 
'3!~7~7 ~'05 GO Ta. 1f2S . ~ •• *SINGLE EDGE CRACKINFT=21:'-- - '.' . . 

AKHAX=SHAXIIAI*DSORT(AII I 
'380 ... AKHIN=S~~NIUI*OSORTI.tII . 

f.
~gf cg~~~:n~~4t:H~~w f~1~~~!f?~Ia~,.~~~ ... 38;~8!* I (Al/w ,.*3, +53:"85. I (A . ~g~ _. &~~W}~.~~~' .. .. ... - I • 
385 C . * •• DOUBLE E~GE CRACK(NFT=31: 
'386 dO AKHAX=SHAXIUI.DSORTIAII 

l
387 AKHtN=SHINITAI.OSORT(AII 
38S C CORRECTION fACTOR EVALUATION fOR DEC ! 
'389 .. CF=1"~99+0;'76. I AI/W 1:08";48 * I I HIll 1 **" +27:'36* I I A II II ' ''3' 
390 GO TO' IIZS . , 

t
3
3

9
9

L C4rS .. **.BEND SPECIHEN[SHAX&SHIN ARE LOAOS]INF1:41& 
l. AKH4X=S~AXIIAI*Z/IB.(W**1~SII . I 

f393 AKHIN=S~INIIAI*Z/(B*IW*.l~SII -

f39~ C • CORRECTION FACTOR EVALUATION FOR 9~! -
'395 CF=2!.H'I I A II ill 1 **0;5 I-Ii. ",6. I I AIl ,1I**t;'SI + 21.";8* ( I.AI/ili , .. 2 B,5 1;a37 .. 6.( I 

1'396 &Al/wr**3.t5) +J8.1*1I AtlllI .. q';'SI - -, ~! . 
r397 GO TO '125' ~ -. - : . 
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445 

I'" , 447 
44S 
'449 C 
-450 

-J~gf C 
453 

"454 
f455 

C 

f456 457 
1'458 480 
I'+59 C 

460 485 
~~~f C -
fl+63 
1464 C 
.465 
J466 

467 
f469 1190 
{469505 

470 
h7~ C 1'47 C 
{"73 -C 1114 C r' 476 C 

1177 
1173 
479 
480-

TUR-;UT 

/ 

COHPACT TENSION SPECIHENICTS)=SHAX AN~ SMIN AR~ THE LOADS~INFT=51 

AKHAX=S~AXIIA)/IB*OSQRTIW}) 
AKHIN=S~IN(IAI/(B*OSORT(WI) ; 
COR~ECTION FACTOR EVAbUAT~ON FOR CTS 
CF=29;'6* ( (AI III 1 •• 0t.;i) ~185 .5* ( ( AI/W 1 •• 1',,5) +b55;'7+ ( I AIl II )"2,,5 IQAO,t 

E7*( (AI/,n**31.51+638".9*fIAIIWI**4,51 : ,. 
AKHAX=CF.AKH~X 
AKHIN=CF.AK'IIN 
•• *AVOIJI~G FROM 

IIFF II ~KK ~IANx ILLTT i,OO~OOI) 
.. rt So •• 

STRESS IflTE'lSITY 
AOK=AKMAX ~H!'1IN 
CYCLE RATIO FOR AI DIRECTION. 
IFIAKMAX~EQ~~O) GO TO 1126 w 
AR=AKHINrAKHAX- . 
GO TO 1130 
AR=O.OOOO 
RETUItN _ 
END 

-, 

• 1 

------------------------------------------------------------------------------------------------------------------=SU9ROUTINE FOR SURFACE FLAW STRESS INTENSITY EVALUATIO~= 
-=============================='7==-====\=================== 
SUBROUTINE SFSIF , 
DOU9LE.~RECISION ACP,ADAL,ADAR,AOK~AF~AI,AKHAX,AK~AXE,AKHAXO,AKHI 

ENlAKHINE,AL~HA,AO'ARIARPIfARPO,BICICCP,CDAL,CDAQ,CF1CI 1 CKHAX 1 CKHA Exu,CKHIN,CN,CO,CR,CR~I,CR~O,F,H,~H ,PI,QHAX,QHIN,SH X,~~IN,R B,RA 
ECtSKC,SYS W WH WNtZ,BDAL DDAL i' .. 
cOHHON/TAf/1(81,~BI9001 kI8I,SHAXI90U),SHINI9001 . 
COHHON/TA2/ADAL,AOK,AF,lI,AKHAX,AKHAXO,AKHIN ALPHA AHF,AO,AR ARPI 

&,ARPOIB,C,CJAL,CDK,CI,CKHAX,CKHAXO,CKHIN,CN.~O!CR,~RPI,CRPO,lA1IB 
&lIE.IP,J,JA,JE,KB'HN,HP'HR,NC'NF.T.NI,NO,NP,PI,~KC,SYS,~,IIH.WN,£.A 
r.uAR CDA~, NT . -; . 

ELLIPTIC INTEGRAL OF THE SECOND KINO : 
PH I:: I PII2.') * ( 1:.;0';25. I (C 1*.2-1. 1*.2 1 I C 1**2 1-;13 ;tn. Ii ;'l. ( (CI *.2:1AI.* 

&21/CI**21 **21 - - .; 
FLAW SHAPE ~AaAHETEp. EVALUATION 
QHAX=PHI •• 2~~~12.(SHAXIIAl/SYSl.*2 
QHIN=PHI •• 2~.2t2.ISHIN(IA)/SYSI.*2 
HAGNIFICATION FACTORIAMF) EVALUATION., 
C~LL HAGFAC -: 
STRESStTNTENSITY EVALUATION FO~ MINOR AXISIAII OIQECTION L AK HAX = ~1!~.M1F *SHAX III. ) *OSQRT! PI.A J:tQIIA Xl 
AKMIN= ~ 2*AHF*SHIN(IAI.OSQRT(PI.AI/QHINI 
STRESS \ TENSITY EVALUATION FOR MAJOR AXIS(CII OIRECTION~ 
CKHAX=iil2*SHAX(IAI*OSQRTIPI*IAI.*2/CI)/QHAX) , 
CKHIN= ~~2*SHIN(IAl.OSQRT(PI.(AI.*2/CII/QHINI 
.AVOIDIN3 FRQ,H COMPRESSIVE LOADING !~ AI DIRECTION;' 
IF(AKHIN~LT.O=O) AKHIN=O,ODOO' - ; 
IF (AKHAX,1L T;'O';O) AKHAX=O 0000 ' 
STRESS INTENSITY RANGE Ih THE 'HINOR AXIS DIRECTIO'l~ 
AOK=AKHAX.;JAKHIN • . 
CYCLE R~Tto IN THE HINOR AXIS DIRECTION;' 
IF(AKHAX;EO~O:OI GO TO 480 
AR=AKHIN AKHAX-
GO TO IIgS ' 

.AR=O ODOO : 
AVOI&IN3 FR~~ COHPRESSIvE LOADING IN Cl DIRECTION~ 
IF ICKMIN,LT ~oio) CKHIN=O"OODO ! 
IFICKHAX%LT~O_O) CKHAX=O.OOOD : 
STRESS INTENSITY RANGE I~ THE MAJOR AXIS OIRECTIO~. 
CDK=CKHU.;lCKHIN Ii·" 

ifi~~M~~:Ig~~orH~oH~50~9~XIS DIRECTI?N~ 
. CR=CKHINTCK"IAX . i, 

GO TO 50S 
CP=010 DOO 
RETURN . 
END 
------------------------------------------------------------------------------------------------=SUBROUTINE WHICH CALCULATES THE PLASTIC ZONE :: 
=SIZE FOR A GIVEN STRESS INTENSITY AND MATERIAL= 
====================================f========::== 

SUBROUTINE P-zs . i 
DOU9LE PRECISION ACP,AOAL,AOAR,ADK,AF,AI1AKHAX AKMAXEfAKHAXO,AKHl 

EN!AKMINE,ALPHA,AO,AR,ARPI,ARPO,8,C,CC~,CUAL,CD1R.CF,C ,CKHAX,CKHA 
&XO,CKHIN,CN,CO,CR,CRPI,CRPO,F,H,PHI,Pf,QHAX,QHIN,SHAX,SHIN,RAB,RA 

I . 
, I 

:. 



f4B i r.C,SKC, SYSpll ,IIH,WN, Z ,BnAL, DDAL.. . 
~~~f gg~~g~~t~2~~~~~,~g~9~~I,~I~~~~~A~~~~~~,~~~~~9~E~Hl .HF,lO AR A~PL 
{IlS~ f.,ARPO,B,C,COAL,CDK,CI,CKH'X,CKHAXO,CKHfN,CN.CO,CR,~RPI,CRPO,iA,IB 
f!Ss~.~ f.1IE'IP'J'JA'JE'KB'HN'HP'HR'NC'NF~'NI'NO'.NP'AII.'SKC'SYS,~.WH,WN,Z,A 
t .. " &uAR COAq NT 
{IjS7 C . ***~LASTfcZONE EVALUATION IN THE DIRECTION OF AI~ 

fllSS -IFIHP;'SEl!.21 GO TO bOO .- - - ..... 
4S9 C DUGDALE RODELIHP=fl 

f~990f CARPI IS THE RADIUS OF THE PLASTIC ZONE. I -
r~9 ARPI=IPI/SL'·IIAKHAX/SYSI*.21/Z~ 

.. GO TO b05 I 

JIl9 3 C IRWIN HOOELlHP=21 ! 
494 (,00 ARPI=IAKHAX/SYSI •• Z/ALPHA ! 

t~99?C605 IFINFTtNEf161 GO TO 615 - i 
f .. " *.*PLASTIC ZONE EVAL6ATION IN THEDIRECTIONiOF CI~ 
H~~ C 5~~~:E~E~~bEE?H~gdlO 
i51l90~~.C CRPI IS THE RADIUS OF THE PLASTIC ZONE, 

CRPI=IPI/S L,·IICKHAX/SYSr**21IZ. 
50. 60 TO 6£5 .. 

J50 C IRUIN HOOELIHP=21 
503 6!0 CRPI=ICKHAX/SYSI.*Z/ALPHA i 

tS04 U5- c RETURN - . I· 

nu ~ ;;;~~g~TI~~=~~I~~=~~EE~E~H~=T~f=~~~~gI~·E==== 
t509 C =STRESS INTENSITY FACTORS FOR WILLENBORG HOPEL 
HH g 
t5~~ 
Hr~ 
f5f~ 

lin. 
d~~ 
fS22 C 

{

523 . 
5Z!4 
525 
52!> 

{527 C 
f5ZS 

H%6 C 
f5:n 

f53~ C 
533 _ 

f53" 
535 

1536 690 
t~H ~95 

-{5B 
_t~~O-
n~f c_ 
!5"~ 
t 545 

I
~~~c .. 
54S C 

. 54~· . 

~~~ 
. 55~ 697 

553 700 
55" . -

f555C 
55& C 
557C 

155!! C 
f55~ C 

·nn~···- _. 
TUR'iUT 

----------------------------------------------
-------------------------------------------~--
SUBROUTINE ES IF 
DOUBLE PRECISION ACPtADALtADAR,ADK,AFIAIIAKHAX,A~~AXE AKH.XO,AKHI 

tN,AKHrNE,ALPHA,AO,AR,AR~I,ARPO,B,C,CCP,CuAL,CDA~,CF,Cl,cK~Ax,CKHA 
tXOICKHIN1CN,CO,CR,CRPI,CRP81F,H,PHI,PI,QHAX,.QMIN,SHAX,SHIN,RAB,RA 
&C,~~C,s,~~~,WH,WN,Z,BDAL,D L : 
COHHON/TAt/AISI,JB(900),RIB),SMAXI9001,SHINI9001 
COMHON/TA2/ADAL 1 ADK,AF,AI,AKHAX r AKMAXO f AKHIN ALPrl·llM~,AO&ARlARPl 

. f.,ARPO,B,c,cnAL,cDK,CI,CKHAX,CKMAXO,C~H N.CN,~OlCR,CQPItCR 0, A,IB 
f. 1 IE,IP,J,JA,JE,KB,HN,HP,HR,NC,NFT,NI,NO,NP,PI,5KC,SYS,~.WH,WN,Z,A f.uARICDAR NT . 
EfF~CTIvt STRESS INTENSITy EVALUATION FOR. AI DIQECTION~ 
AKHAXE=2--.AKHlX=SYS.DSQRTlALPHA*1 AO+ARPO-.AIII - - . . 
AKHINE=,tHIN+AKHAX-SYS*DSQRTIALPHA.IAO+A~ofAII) 
AKHAX=AKHAXE. ... I . 

AKHIN=AKMINE . . 
lVotDIN3 FROH COHPRESSIVE LOAOING~ 
IF(AKHIN~LT~O;;:8) AKHIN=O..gDOO -- . 
~~:~~~~jtL~r~ES~ ~~~~~~¥t~DR~NGE IN AI OIRE~!_TION~ 
AOK=AKHlX.:lAKHIN 
EFFECTIVE C~C~E RATIO IN Al DIRECTION~ 

.IFIAKHAX,.EO.O., GO TO 690 -
AR=AKHIN AKHAX 
GO TO 695 . i 

. AR=OLODOO . i . 
r'NFf~Fbl GO TO l~O . 
C:~~~E=2- ~~~~~~~S~~*D~~il~AE~~k~~~~~~R~8!c~f,DIRECTION~ 

. CK.HNE=C~HIN +CKHAX ..,SYS*DSQRT IALPHh I CO+CtrPO;;CI I I CKHAX=CKfoIAXE - • ... _. -:-." -" 'r_: 
CKHIN=CKMINE -- -1- - .. 
AVOIDING_FROM COMPRESSIVE LOADING~ i 
IFICKHIIl,LT~;:1 CKHIN=O;:OOOO- . i· 
IFICKHAX LT.O.) CKMAX=O.ODOO . 
EFFECTIvt STRESS INTENSIlY-RANGE.FOR eI DIRECTION;' 
CDK=CKHAX"CKMIN .. _.. . 'l 
EFFECTIVE CYC~E RATIO FOR CI OIRECTION& 
IFICKHAX.EQ;>Q.O) GO 106.91 .. - .-
CR=CKHIN1cKHAX . 
60 TO 700 
CR=0t.0DOO 
RETUlfN . 
;tw ... 

~~~~~O~TI~E=FOR=EI~f~R=CR~C~=~RO~T~=======~i 
-------------------------------------------! 
----------------------------~--------------, 
SUBROUTINE GROWTH 
DOUBLE PRECISION ACP,ADAL,ADAR,ADK,A r AI AKHAX,AK~AXE AKHAXO,AKML 

&N,AKHINE,AL?HA,AO,AR!ARPI!ARPO,BIClcc~,c6AL,CDAQ'CFlCf,CKHAX,CKHA 
f.XO,CKHIN,CN,CO,CR,CRPI,CRPO,f,H,PH ,PI,QHA~,QHIN,SH X~SMIN,RAB,RA 



na.. &~o~~8~Hh~l~~I~~Bh~8~~~?g~~SHAXI9001 ,SHI.NI9001 
· ·.J556667···. COHHONITA2/ADALtADKtAFtAI,AKHAXiAKHAXOIAKHIN ALPH~ ~H~,AO ARi,ARPl 

&,ARPO!a,C,CnAL,cDK,cl,CKMAX,CKHAXO,CKH N,cN,tO!CR,tRPI,CRPO, AilS 
56S~ &,IE,IP.J,JA,JE,KB,HN,HP,HR,NC,NFT,NI,NQ,N~,Pl,~KC,SYS,~,WH,WN, ,A 

f~9g C &e~~~i~A~A:~K GROWTH EVALUATION FOR Al DIRECTION~ 
· RH C ~~ RH.,a8g~ :S5 t~~ni.~~ION FORMULAI HN=tl f . 
. r573 BOO ADAL=C*IADK**CNI 

575 C FORHAN'S CALCULATION FORHULAIHN=ZI '15711' GO TO St5 
576 S05ADAL=C*IADK.*CNI/II1,~ARI.SKC~ADKI 

t577 GO TO B~5 
'1:;7 0 C .. ~ ~ WALKER'S CALCULATION FORHULAIHN=31 

f579 SiD . ADAL=t*IAKHAX •• WNI.IADK.*CNI 
15S0 siS IFINFTtNE;61 GO TO 835 
t58~ C LINEAR CRACK GROWTH EVALUATION FOR CI 
1:58 . 
f583 C ~~RI~.;.H5g~~~5t~rgM~~loN FORHJLA'I HN=1:1 
t5811 820 COAL=C*'CDK •• CNI . 
f585 GO TO 835 
1'S,8& C FORHAN'S CALCULATIOH FORHULAIHN=ZI 
TSB7~825 cC8AL=C*ICDK**CNl/lll1~CRI.SKC~COKI 

I58a t 6 TO 835 
589 C WALKER'S CALCULATION FORHULA(HN=31 
590830 CDAL=C*'CKHAX**WNI*(CDK •• CNI 

t.5
S

9
9

L C
835 

CRACK GROIITrl RATE FOR SEtH-CRACK LENGTH OF CENTER CqACo( PANEL'; 
f 2' .:IFINFTI.EO;11 ADAL=AOAL/2~" . 
fS93 C CRACK SROWtH RATE FOR SEMI-CRACK LENGTH IN 
'15911 C THE MAJOR AXIS DIRECTI,.!)NOr THE SURFACE F~AWr. 
H~~ '~H~H .. EO;61 CDAL=COAl/2~' . .. i . 

H~~ C ' .. ~~Q ______________________________________ .L ____ _ 
f599 C :- SUBROUTINE -foR-TH [-wHEELE"R-R E;:ARDATIo~ -HoDEL-: 
t60~' C '::===='===::=========='============='=========1=='='=== 
f~Bf C SUBROUTINE WHEELR , 

f6600~ DOU9LE PRECISION ACP,ADAL,ADAR,ADK,AF1AI~A~HAX,AK~AXEtAKMAXO,AKMl 
• &N,AKHINE,ALPHA,AO,AR,ARPI,ARPO,B,C,CC~,CuAL,CDAR,CF,C ,C~~AX,CK~A 

.605 ~;&XO ~ CK~INl CN, CO, CR ,CRPIl.CRPO A F, H, PHI, PI, OHAX, OHIN, SHAX, SHIN, RAB, PA 
ttg~ tE6H~5.~7f~l!~{¥~I~~Bf98gl;A?RI;SHAXI9001 ,SHI'N(9 00) .. . 
f606 .. . COH.HO~I TA2I ADAL, ADK ,AF ,A I, AKHAX, AKHA XO. ~ KHIN! ALPH A! AHF, ~O, AR lARP 1 
fbl9 t,ARP01B,C,CnAL,CDK,CI,CKHAX,CKHAXO,CKHIN,CN.C01CR,CRPI,CRPO, AIIB 
tb f .. t 1 IE, Ip , J, J A, JE, KB, HN, HP ,HR, NC, NFT, NI,NO, NPi' PI, ~KC, S YS. W, WH ,WN ,t, A 
fb . '·tuAR,COAR,NT . . ' .. " . ! 
t'66fC EVALUTION Or LINEAR CRACK GROWTH IN· AltCI DIRECTIONS .. r f . 0 CALL GROWTH . ... .. i • 
·.·ftt~ g'.' 'EVALUATION OF RETARDED GROWTH IN THE AI OI~ECTION 

... 6t~C .,! ACP IS THE RETARDATION FACTOR IN THE AI DI'RECTIONI' 
. 6

6F
f'

S
7 C.' '. WH IS THE WHEELER RETARDATION EXPONENT I 

,ACP=IARPl/IAO.+ARPO-AI) I •• WH . &. l' 
6 9 -', AOAR=ACP*ADAL .. 
621' . lFINFT HE~bl GO TO 900 
62 C EVALUAtION OF RETARDED GRoWTH IN THE Cl DIRFCTION~ .. H~ i § . CCP IS THE RETARDATION FACTOR IN THE CI OI~ECTIDN. 

· J6211. CCP= I CRI'lI( CO+CRPO'"CI) I UWH i 
625 CDAR=CCP.CDAL W 

62b 9~O ,RETURN 
627 . END i 

HH g un g 

I
~~~ 
635 
63& 
b37 
!>-3!l 
639 

J611a 
d~t. 
f6113 C 
t611'+ 
'f6"S 
f6"& 

TUR-:;UT 

. . --------------------------------------------------------------------------------------------

SUBROUTINE WLLNBG 
DOUBLE PRECISION ACP,ADAL,ADAR,ADK,AF,AI,AKHAX,A~~AXEtAKHAXO,AKHl 

tNIAKHINE,ALPHA,AO,ARIARPI!ARPO,BICICCP,CDAL,CDAR,CF,C rCKHAX,CKHA 
&XU!CKHIN,CN,CO,CR,CRPI,CR~OrF,H,~H ,PI,OHAX,OHIN,SHAX,~HIN,RAB,RA 
tC,~KC,SYS,W,WH,WN,Z,BDAL,DDAL . 
Eg~~g~HHH~U:~8~?2~:1~!~~~l~~~~~~~~:~~~~~?~e~HA,AHF,AO'AR ARPI 

t,ARPO,B,C,CDAL,CDK,CI,CKHAX,CKHAXO,CKHIN,CN,CO,CR,CRPI,CRPO,iA,IB 
t 1 I£,IP

l
J,JA,JE,KB,HN,HP,HR,NC,NFT,NI,NO,NP,PI,SKC,SYS,J,WH,WN,Z,A 

&~e~L5~T~b~TOF THE "L INEAR CRACK GROWTH IN AItCI DIRECTIONS. 
CALL GROwTH 
BDAL=ADAL 

'IFINFT"NE;'6I GO TO 1000 



16'17 . 

·ffm.bo 
.
. &53 .. 
&SIt , 
&55 

l&S!> 
H~~ Laos 

OOAL=CD~L 
EFFECTIVE STRESS INTENSITY 
CALL· ESIF 
EVALUATION OF THE RETARDED 

.CALL GROWTH 
AOAR=AOAL 
ADAL=BOAL 
IF(NFTLNE~61 GO TO taos 
CDAR=CDAL 
COAL=OOAL 
RETURN 
END 

EVALUATlON;' i 
GROWTH iN Al&CI O!RECTIONS~ 

r 

=~============================================'======== =SU6ROUTINE WHICH PRINTS OUT CRACK 3ROWTH INFOR~ATION= 
====================================================== 

fbS9. C 
fb&D C 
'fob 1 C 
f&6t C 
r&&l C 
f&&It SUBROUTINE OUTPUT .,. 
f&65 DOUBLE PRECISION ACP,ADAL,ADAR,ADK,AF1AIIAKHAXIAK~AXEiAKHAXO,AKHl 
f66!> &N,AKHINE,AL~HA,Ao,An,ARPI,ARPO,B,C,CCp,CuAL,CD Q,CF,C ,CKHAX,CKHA 
f667 &XOtCKHIN,CN,Co,CR,cnpI,CRPO,F,~,PHI,PI,~HAX,QHIN,SHAX,SMIH,RAB,RA 
f66S &Ct~KC,SYS W,WH\WH1Z,BDAL1DDAL 
f669 COHHON/TAl'IAIR ,JuI900l,HISI ,SHAXI9001 ,SHINI9nl;ll 
tb70· COHHON/TA2/ADAL,ADK,AF,Al AKHAX,AKHAXO tAKHlN t ALPHA t AHF,A01 AR,ARPl 
1~771 &,ARP013,C,CJAL,CDK,Cl,CKHlx,CKMAXO,CK~ H,CN,~QICR,~RPI,CRPO,IA1IB 
fu t / &,IE,lp,J,JA,JE,KB,HN,HP,HR,NC,NFT,NI,NO,NP,PI;)KC,SYS,.,.H,WN,t,A 
1673 &DAR COA~ NT . .. 
1b7'1 C IP is TH£ OUTPUT PR1NT TYPE NUHBER 
1675 GO -TO If100,U1s,U2SI,IP i. 
t676 C ••• PRINTS our KT TAr END OF EACH BLOCKIIP=11. 

£677 ~100 IFIIS.u,I(BI GO TO 1~lO .. 
b79 WRITEINO,1l0S1 NT'lF'Al'~AL'AKHAX'ARPI'IA'IB'Aa~AOAR'ADK'APPO 

1"679 4t05 FQRHATII/, Xl '3HNT=b"~D' ;>X, 3HIE=iISl 'IXJ,3HAI=iD~O;' It, l"X,,5HADAL=i 020 
JbSD - &tl'11.1XtbHA HAX=,&,D2 f 'I 1 1X1 5HARP ="U20.J.If,/, X,3H A=tlt:~'ZX'3H B=, 
T68t & sb~t,j~AO=,D20./1f; ,~HAUAR=,020.!'It3~,IfHADK;,OZO •. 'I, x,sHARPO=, 
'1b82' &02 .-1'11· - ... 
HSl lFINl"T NE;'61 GO TO 1130 ; 
Tb81f WRITEI~o,tlrol CI,CD~L,CKHAX,CRPI CO,CDAR .COK;CRPO 
1b851.tlo F ORHA T (/, 2IJX, 3HC I=1020&l'1! jX1SH~01L=, 020 J'I 11x1 &H~K~A X =, 02U~l'1, t X 
H8!>' . -& t5HCRP 1=, DlD~tr+, /, ;:8X, ~HCO- ,U20. ~4, fx, SHc;uAH- rU20-1.4, 3)(, 'IHCOR"= ,02 HU &g5!~blh~~CR 0=,020';~'I1 ~.. . t • 

'f6S9 1tl5 IFlIA;'tT"JAI GO TO tj.30 ... ! 
tb9~ -. IFIIB;'LT KBI GO TO 1pO 
T69C .••• PRINT!OUT AT THf END OF EACH .FLIGTHJtP=21~ ... 
t&9 WRITEINO,1'1Z01 HT,lE AI,ADK,AKHAX I 

1&93 11.20 FORMAT III, Z)( d,HNT =, I' 0, 2X, 3HIE=bIt'D' 2X, 7HFL.IG TH 5, Z x. 3!iAI=, 020a'l, 
!69'1· t.2X,4HAOj(=I.,02V_i'lt2X,,~HAKHAX=,02 ,t'll. r.,· ~ 
fb95 IF (NFT HE.bl Gl't 0 1...&30 .. . 
,.f6~~ ~~ITE(ko'l'"r~1 .CI,COX'l;CKHAX,CRP;,CO,COAR,CDKrCR.PO / 
Hn c ••• J~IH~QOUT AT THE END OF EVERY NP CYLESIIPF31& -

I
b9~ lt25 NC=NC+i .., 

70 . IF(J EQ;'()I J=1. i 70f . I'=NC / NP" ; 

1
70 .... . . IF!IiLT~JI GO TO iL30 I 

.lB~. .. d~ HE;( ~O ,.t .. '10. 5. I N. T, IE .. iA I, ADAl, AKHAX, ARPI, lA, IB ~ AO, AOAR, AOK, ARPO 705 IF(NFTlNE.~1 GO TO 1 30 .. .. i 
.. 70bWRITE(RO,fLrgl CJ,co l,CKHAX,CRP~,CO,CDAR,CDKiCRPO _ 
IUi~r30 _~~~URN_ . .. -- ..- i·· - . . 

Hf.9 g HIt g . 
Ht~ pH dn 
r720 un 
f723 
f721f 
'725 

I72!. 
727 
72!l 

f729 1200 

---------------------------------------------~--=-~iGNiFiCATioN-FACTOR-EVALUATioN-SUBROUTiN[-r-: 
------------.--------------------------------~-- : --~------------------------------------------~--_ -. . . . _. !-. , 
SUBRO~TINE. MAGFAC . 
DOUBLE PRECISION ACP,ADAL,ADAR,AOK,AF,AI,AKHAX,l~~AXE,AKHAXO,AK~l 
&NtAKHIHE,ALPHA,AO,ARIARPllARPO,B1ClCCP,CDAL,CDAR,CF,CI,CKMAX~CKHA 
&XO!CKMl~!CN,CO,CR,CRPI,CRPO,F,~,PH ,PI,QHAX,Q"IN,SHAK,S~IN,RAB,RA 
&C,SKC,SYSI.W,WM,WN,Z.BDAL,DOAL . 
COHHO~/fA IA(S ,JB(~Unl R(8I,SMAXI90QI,SMINI9001 . 
COHHON/ A2/AOAL,AOKiAF,lI,AKHAX,AKHAXO,AKHIN,~LPHA,AHF,Ao,AR,ARPI 

£,ARPO,B,C,COAL,COK,CI,CKHAX,CKHAXO,CKHIH,CN 1 C0 1 CR,CRPI,CRPO,IA 1 IB 
&lIE,I~,J,JA,JE,KB,HN,HP,HR,NC,NFT,NI,NO,NP'Pl,~KC,SYS,.,J~,WN,L,A 
&uAR,COAR,NT . - ·1 

RAC=A t/ IZ;'HI I 
RAS=AI/B -
IF'RAC13T~O~051 GO TO '200 
AHF=A( 1.(RAB •• Rlt)) 
GO TO Z'ID . 
IF IRAC1.GT;'O;."'!.OI GO TO 'ZOS 



'-. -I"(-"'u r"" 
f73Q AMF2=4121.I~AB •• RI211 
f731, ·AHFt:Ali'HIRAB •• Rlill .. 
r73l"· AMF=A'1F r. II AHF2=AHF"11 10';051. 1 RAe-aLas I 
f733 GO TO. b2"Q .. 
f731f -"205.CIFIRACfGT.O~151 GO TO ~2~O , ...... . 

t735 AMF~=A 31.IRKB •• RI31' 
736 AMf~AI21*IRAB*.RI2 I . 

J
H~ . AMF.= AHF 1'+1 ( AHF2;;AHF1.11 0;'051. (RAC-OLt'O I .. 

~ f2tO~~(~~Cti~t~o:'ZOI GO TO f2~5 .. 

f
H() .. ~. ·AIlF2=A 1j1*I~AB •• RI'IIl··ii1· . 
7" t . A H F 1'= A 1 3 I • ( ~ A B •• R I 3 I I . 
74Z": AHf= AHF 1'+ U AHF2?AHF11 10;05 '.1 RAe;o"t:SI 

1743 GO TO 12"9. . 
H~~a.2l5 1~~~~if~J;~il~!.~?5I? ~220 

1
7"~ . AHF!=AI.,*IRAB •• RI'Ill 
7'17. . AHF= AHFl'+ I UHF 2:;AHF 11 10";051" 1 R AC .. O"z:O I 
~:~ .Z20 ~~ (~~ciH~o;'301 GO TO ~2Z5 .. ,. -75t AHFZ=Alol.IRAB •• Rloll 

17
7

5
5 

AHFt=AI51.I~AB*.RISII 
1 AHF=U,Fl'. I UHF2:::1AHFl110;051. IRAC;0£251 

f753 GO TO l2'1o.· . . 
75'1 1225 IFIRAC~3T.O;351 GO TO ,230 
755 AHF2=Ar71.(NAB •• RI711' 

f75!> .. A H F f= AI 5 I .1 R A B" Rio II 
757 AMF=AHFf.IIAHF2~AHF11/0;051.(RAC~O.301 

f759. Go TO 1l'l0 '.. . ..... -
r75~ .Z30 IFIRACtGT;O~'IOI GO TO ~Z35 
f70a AHFZ:Ar81.IRAB •• RISII 
f76t AHF!=AI71.IRAR •• RI71" . 

1

76 Z' A I1F= AMF 1'+ I I U\F 2:lAHF 1110;'05 I. I R AC-O A3SI 
763 60 TO L2'10 . ... • 

. 764 tZ35 AMF=AIS'I.IRAB",.RISII 
70S 240 RETURN 
70& EMD· 
767 C 
76BC ============================ 
769~C: =CURVf FITTING SUBROUTINE = 
'770 e =USING LEAST SQUARES METHOD= 

1771, C ----------------------------
f77r C ----------------------------

BH g,. 
J775 C 

776 C 
777- . 

f7B • 
• f779 
. Hg~ 
g~3· 
17B4. 
f7BS 
FB!> 

·IUi 79 t: 
79'[ 
f~~f 
t795. 

f 79& 
797 

tHr 

fiU-
'S03 

t80lf 
'SOS 
BO& 

[S07 
1809 
fSQ,iI 

t~t~ ~3~ 
rBrt 

TUR3UT 

I 

THIS SUe.,ROUTINE IS USED TO EVALUATE THE MAGNIFICATION 
FACTORS.MAGNIF'ICATION FACTOR CURVES'FORHULAE AREOB~ 
TAINEOIN THIS SUBROUTINE';'· . . -- • .!-

SUBROUTINEiDATFTT 
DOUBLE PRECISION ACP,ADAL,ADAR,AOK,AFIArlAKHAx,A~~AXEIA~MAXO,AKMI_ 

tNrAKHINE,ALPHA,AO,AR ARPI,ARPO,B 1 C,CCp,CUAL,CDAR,CF1Cl,CKHAx,eKHA 
EXOICKHINICN,CO,CR,CRPIICRPOtF'.H'PHI'PI,QHAX'QH~N,SH X,SHIN,RAB,RA 
tc ~KC,SYs W WH WN Z,BD L DOAL r 
.. COHHONIT Ai'/1csl ,JB(9UO) ,RISI ,SHAX(90QI,SHIN(90QI .' 

COHHON/TA2/ADAL,ADK,AF,AI,AKMAX,AKHAXO,AKHIN,AlPHA,lHF,AO!AR,ARPI 
&,ARPO S,C,CDAL,CDK,CI,CKHAX,CKHAXO,CKHIN,CN1CO' CR,CRPI,CRPO,IA IS 
'&lIE'IP,J,JA,JE,KBiHN,MPtHR,NC~NFT,NltNO'N~,PI,~KC,SYS,W,WH,WN,I,A 

&uARl.COAR, NT. , 
DIH~NSION yrISI,Y2ISI,Y3IBI,Y4ISI,YSIBI,Y6IBI,Y7(B),Y9lBI,U(SI,V 

E1IBI,VIISl, V31!)l, V41H VSIBl. V618~ V71H,tVBIJ.1.' XIS)",SISI 
IUrA Y 1,.bos,\.6U),!l,a660,1.130,toho'I;.J35, o~9S 100!>O",Y2I :;'U 

.E Oil f l-Q OJ 1tn55 11;.liOl1f.195, 1.~951 1',,11 35 J %;t2 75 ~V31 TtODIi t t,g16 fie 
EO I ~~Oil~ ~~7u, %60 03701'.49UI YII/~~OU4 toOr3 i03il.~aB~ t 
& ~IfS,1.' ~2b,l;3 b,l " 0 'z.Y5/'203;J;'g 0,,.. 030 t'~ob," fZU,l ISO, 
~ J~~~91·to~I,5 r:-vi?!t6a!~ Itfoafblt-OZ~o tlaa~s tf~i"6 ~flt~ 8h~~~9troH~ 

. a.g~~' ~~J~~82Q; t.63~, t~o~~, ~e8Q' '."3~l, XlD~l', 0tz• b,,3 ,olll ,OA 
olTA tOTui.'OTUZ TOTUV, TOTUYZ TOTUV~ TOTUVII TOTUVS T~TUVo TOTUV &1' TOTUOII 08 ,TO rvfl:. tOTV2f. tOfv 31 ,to TV"f,tOTV5~, tOTII 6 "'. fOTII7~' to Tva. 

& II s* 1 I 
00 -1'31'''1 = ,S -

:UII1'1 =Loi I ~I It 'I 
V!'!i'=LOG'Y II II V21II=LOGIY II II 
V3III=LOGIY3IIfll 
\/411 I=LOGIyqII111 
V51I{'=LOG(YSIItll 
1161! I=L031Y6IIt'l 
V71! I=L031y71I I) 
VSlItl=LOGIYSII II 
CONT!NUE 
00 t32 12=!,8 
TOTU2=T~TU~.UII21"''''2 



18f3 TOTU\=TOTU!+UI1?1 
T8f4TOTVlr=TOT9f +VIII21 

f
8fs TOTVZr:TOTV2 +V21121 8 'b TOTV3 '=TOTV3 '+V31T21 
8 '7· TOTV41'=TOTV'I+V41121 
8 's TOTV51'=TOTV 5 '+V5 I IZ 1 

18f9 .~OTV61=TOTVb +V61I21 

1820 TOTV7f=TOTV7 +V71121 
821 TOTV8f=TOTV6 +VBII21 
82tTO TUV 1'= TOTUV + U (12 1 *v r 1121 
B23 TOTUV2=TOTUV +U(121~V'ITZI 
824 TOTUV3=TOTUV3+UI121.V3II21 
825 'TO TUV 4 =TOTUV 'l+U 1121 *V4 I !2 1 
'B2~ TOTUV5=TOTUV5+UI1ZI*VSIT21 
827 TOTUVb=TOTUVb+UI121.V6II21 
82a TOTUV7:TOTUV7+UII21.V7(T21 
829 TOTUV8=TOTUVB+UIIZI.VSII21 
8l~ \,32 'CONTINUE 8,3 . TOn=TOTU1· ... 2:::8;.TOTU? 
83 SI11=IT~TU!.TOTUV1-TOTU2.TOTV1F'/TOT3 
833 SI~I=ITOTUt.TOTUV2·TOTU2.TOTV2 I/TOT3 

1

834 SI31=ITOTUI·TOTUV3=TOTU7*TOTV3 I/TOT3 
835 SI41=ITOTU .TOTUV4:TOTU2*TOTV4i'/TOT3 
'83~ SI51=IT3TU .TOTUVS=TOTU2.TOTV5 I/TOT3 
837 Slbl=IT3TU .TOTUVb=TOTU?TOTV6 I/TOT3 
836 SI71=ITDTU .TOTUV7 s TOTU2.TOTV7 I/TOT3 
B39 SIBI=ITOTU .TOTUva~TOTU2.TOTVsfl/TOT3 

184

f 
Rlil=ITOTV r.TOTut~S *TOTUV,,/tOT3 

tB4· RI21=ITOTV tHOTUll<S-*TOTUV21/TOTJ 
184 RI31=IT3TV3C.TOTU1~8~*TOTUV31/TOT3 

t
r.a8~~' R I 4 1 = I TOTV41'HOTUL-;Si*"iOTUV 4 1 ITO T 3 

.... R'ISI=ITOTV5fHOTUt 8 *TOTUV51/T0T3 
845 R(6)=ITOTV6 ~TOTU!a8t*TOTUV61/TOT3 

r84~ RI71=ITOTV7r*TOTU1~8~*TOTUV71/TOT3 

f847 RI81=ITOTV8r.TOTut~S •• TOTUVSI/TOT3 
84S 00 133 13=1,B ... 

~849 AII31=EXPI~11311 

Hg9. t335gNH~UCL=i 8 . . ; 

I 

i 

i 
I· 

t85~:WRlTE(NO,1'3'b51 LL AlLLl ,LL,RILLI ' 
::t~~t"~~t .. 1g~H~~~.2X ,2HfI I, tl,>2t11 =",! !O~:~9f,.2HR t,I t~~H 1 ~ ,Fl,0r.5 .1 

.. 'JB55'.RETURN" . . ... .. . .. " ... .. I . . 

". a5!>. . ... c·£NO ! .•• 857C '.' .... . . . t 
.. ~gf ( '~~u~~guH~~=~~~=¥~~=~E~~~=~~=·~Eg·E~~ ....... 't 

C;'11il ~ .~~~~~~~~~~~~~=~~~~~~~~!~~~~~~~~~~=~: NOT U~ED FOR SURFACE FLAWS: 
.. 8&3 . . SUBROUTINE 3LOCK . . i 

. 864, DOUBLE PRECISION flDAL,ADAR,AOK AF AI AKHAX~,AKHAxO AKHIN ALPHA AO 
865 ~ c.' tAR,ARPI'flRPO,B,C,CDAL,CDAR,CI,~KHlx,tKHAX~ICKHINltN,CO,tR,CRPi,cA 
g~~ ,ttgM~5~HaHn~:J~~9&of:~I~~:~~liI90U),SHI'NI9001 

i
86~ . 'COHHON/TA2/ADALl:ADKl:AFl:flItAKHAX,AKHAXOiAKHINtALPHA!AH"AO,AR,ARPl 
869 £',ARP0 1 3,C,CDAL, OK, I" KHAX,CKHAXO,.CKH N,CN,lI:0lCR,(;RPt,CRPO,lfl1IB 
870 . t,~E,I~,J,JA,JE,KB,HN,MP,HR,NC,NFT,NI,NO,N~,~I,~KC,SYS,w,WH,WN,£,A 

, B7t tDAR,COAR NT . - . " 
87t IFINFT.~~:61 GO TO 1415 

" !B73 ioIR !TEOfO, III l't) . 
874 t4i1 FORHATll

b
5X t 'BLOCK BY BLOCK CRACK GROWTH INTEGRATION SCHE~E IS NO 

875 tT USED F R sURFACE FLAWS') 
87~ GO TO 1440 

tB77 ~1I15 DO \~OO IE=l',JE 
f8B . JH=O 
t879' ... ·00 {40S V.=l',JA 
t88Q JH=JH+l 
t8BI KB=JBIJHI . 
hsr CALL S1F 
tB83 CALL ·PZS 

f
884 IFlflO+A~PO-Al~ARPII 14206t420,1425 
B85 C THE CASE or NO RETflROATI N& W 

88!> 1."20 . CALL GROWTH 
f887 flOAR='OAL 
t8B~ AI=AI+IKB~!'*flDAL 
{889.. CALL SIF . 
f890 CALL PZS 
fB91 AO=A1 
f89~ ARPO=ARP1 
f893 AKHAX3=AKHAX 
fB9II.' NT=NT+K3 
1895· . IB=KB' 

TURSUT 



I 

TUR:lUT 

'89& ;lRITE (NO,l'l! 231 NT, IEtAI1AOALtAKHAX, ARPI'lA1IB1AQ.~~04il' ADKJ.ARPO 
897 l.,+:a~ f O RHAT(I1,iX,3HNT=,I O,zX,3H E=fI5.1I1XJ,3HAI-fOZO. I+,rX,,5HALJAL=1020 
'89~·· ------- &!.[1I,1X,5HJ,Il"'1AX=l.02 0i

" 4,IX,SHARP =,u2u.l'+,', X,3J.l ~=l,I1D,Zl(.3HIB=, 
89 ~_ ,g~b~l~ ~HA 0=. D21h 1.4 • • SHAOAR=, 029;'.1+ , 31', 4HAOr =,0 lOI/l'1I" ,!aX ,SHARPO=, 

999g0~-· AI::Ar+~OAL ' 
~ GO TO 140'+ 

903 - THE CA~E-OF RETAROEHlGII.OWTH:-
901+ _1.lIlS IF (HRt:EQ,l'l CALL WHEELR 
905,_, __ IFIMR.EQLZI CALL WLLNBG 
-90&--C - - NR IS THE NUMBER OF REQUIRED CYCL:ES TO 
r~Ol C REACH THE PLASTIC ENCLAVE OF_ THE OVERLOAO~ 

!90aNR::( ~O+ARP~~H-tRPI I/AOAR -
909 - IF(NR:lK31 430;"' 1130,1435 

I 
I 
I 

. I. 

9fJ-C RETAROATIO ENDS wITRIN THE BLOCK; 

CALL PZS I 

- 9
9 

45 -- -'-40=A I ,-
ARPO=ARPI i 

9 & _ AKHAXO=~Kt1AX i 
9 1 NT=NT+NR ! 

- ~91r _-&;430- HE~I~~~UDAR -. - - -

9 ~ 18 =NR ; 
9f9 WR ITE (NO 11'4231 NTtIE, A Ii~OAL t AKHA X, ARP I t IA lIB tAO, AOlR, AOK. ARPO 
92~ C LINEAR CR CK GROW HUNT LL THE END OF THE HLO~K~ 
92'_--' CALLGROWTH i

l
_ 

92 --- - - - ADAR::ADAL 

1
923 - H=AI+lKB;lNRIUOAL -- i 
,9~2~4~c_:_CALL SIf' ~ I CALL PZS - --

AO=AI 

f
927ARPO=~RPI 
92a AKHAXO=AK»AX 

.- '929 '- NT=NT+(KB!lHRI 
-- - 93:J'IB=KB - -

1
93.~~If~(N~bf4Z31 NT,IE,AI,AOAL'AKHAX,ARPI'I~,I~.AO,ADAR,A~K'ARPO 

n3 C --RETA~OITION WILL CONTINUE AT THE NEXT BLOCK:':' - . 
_9H ~'+35. AI=A!+KB*AOlR - - -, 
.. 935 • NI~NI+Ka ; 

J99~3~ i
c
.·· .... ~R i h ('NO 11'4231 NT 1 IE, A IIAOAL, A KHAX 1 ARP IIIA.1 IBiAO, lDAR, AOK, ARPO t:> HAS THE I,;URRENT CRACK Lt:.NGTH REACHt.D THt:.-'CdT CAL -'-,-

fi~3 t~B.~ ~~~~f~~~ l~ij5~fg~s;l~4~VALUATIONS, 
1'911~ t4CO CONTIl!tUE 

f
9~3 . IF(AI~AFI 111~3,t44S,&445 
91+4 ~1I113 WRITE(NO l'!fIl~1 
945 444'· FOR'1AT(2~1'::RACK HAS NOT REACt;!.EO THE -CRITICAL', .. _VALUE,I~CREASE JE') 

. "911& .'.- INFOR'1ATIuN AT THE LAST CYCLE. 
1947.,11115 -WglTE(NO, 1'41+71 NTiAI 

Jnt~~.~6 .. ' i~~~:::::::::::::=:::::::AI::'Pl9~r~1 
I:~r~- ~~~gg~=~~~~=~~~~~gg~~~==~ 

f: 

'95& -C - .. -COMHON BLOCK VALUES~- . rt -

957 C--I
:~;,g, _THIS.SUBPR03RAH INITIALIZES THE LABELLED 

'95S BLOCK on~ • 
. 959 - DOUBLE PRECISION AOAL,AOAR'AOKIAFIAIIAKHAX,AKHAXOlA~HINIALPHAiAOl 

960 &AR,ARPI,ARPO,B,C,COAL,CDARtCI,~KH X,~KHAXO,CK~IN,~N,CO,!,;R,CRP ,CH 

96 ~ ·,t.~gA~~N~fa} ~n~: 3~~ ~M~: ~ i ~7 '~~l~ (9001 t SHIN( 9dol . " 

l
~t3 -, COMHON/TA2/AOAL AOK,AF AI,AK~AX,AKHAXO,AKHIN ALPHA AHF,AO,ARfARPI 
'9
9

611
5 

- -__ .... £., ARP 0 t 9, C f COAL,CO\< ,CI"CKHAX I.CK HAXO J.CK HIN. CN ,la l CR, CR P I f CRPO, A, IS 
6 &lIE'IPIJtJA,JE,KB'HN,HP,HRiNC~Nf'TiNIiNOiNP'PI~5KCtSYS,w,WH,~N,Z,A 

96& t.oAR,CO R NT I 
967- -DAT~ -AIJ'£RISHAXtSHIN'ADAL,AOKIAFIAI,AKHAX,AK~AXOfAKHINIALPHAIAOl 
96S &AR,ARP ,A~PUIB,CICOAL,COK,AHF,~I,~KHAX,CKHAXOt~KH N,C~!~O!CR,!,;RP 
96 ~ I: I CRPO, IAI IS 1 E, 1PIJ ,JA ,JELKS ,HNbHP ,"Rb~C ,HFIJN:l",NO i. NP 1.1'1, 5KC, S YS.1 
970 I:IiI,WH,.N,l,AuAR,CO R'~T/8.U"O,90 .0,8. LO,IS :>*o.OOUO,l.O .. O,9.0LOu ,JUt I:~S61'6.0t9.0~OOOO, 1.0 " . -\,' " 

C.tlMIGES Fait cpc:; LOOO 
101L 

.101.1. 

f'ttOCU!/lNI ""YUIU<I<_( OflTI'I,QtJT,TtlPe.i:DIlT1. TI'II'E,z,-::o<Jr) 
_N~=1 

I 

_ __ __ _ _ _'It C.liM, Ii 
'If'C.ItIN6E 

No=~ 
OS9ltT TO S41~ T Ii. oeos TOc;:aS 
0.0 TO ~ G O.ODOO TO 0.-



'VI. SAMPLE CALCULATIONS 

6.1. Introduction 

" ... 
Sample calculations using the program are done. The results 

are compared with the test. results. Obviously, Borne discrepancy . 
between the test results and the calculations are observed. Consi-

dering that the normal scatter infatigue-crack-grovnh rates may 

range from a factor of two to four under identical loading condi­

tions, these results are quite good. 

6.2. Sample Calculations. 

Broek (82) makes sample calculations \vith the stress history 

listed in TABLE 6.1. He uses the formula' K = crna for the stress 

intensity factor evaluations~ Obviously, this is applicable for 

center-cracked panels with infinite sizes, or when the crack length 

is very'small compared to the vd.dth 6f· the specimen. He uses Paris 

eq 'n da/dN = 3.10~lO ( AK) 4 mm/~ycle for linear (unreta,rded) 

crack growth evaluations. Despite the fact that the crack-growth. 

rate corresponds to the crack length 2a for center-crack panel, , 

so,.me .mo¢l.ifications are made in order to be able to compare the com-



puter results vdthBroek's results. 

TABLE 6.1. 

stress History 

Number of cyles 
in the spectra 
(occurences) 

1 

9 

90 

900 

2000 

13.5 

12 

9 

5.8 

2.8 

o 

o 

o 

o 

o 

50 

-The results for the linear crack growth are approximately 
/ 

the same, but Broek' s linear crack growth .evalua tion with fixed 

crack size per block is a slight overestimation. 

Retarded crack gro~~h results are very different. Broek 

assumes that crack length and crack growth rates are constant -~).-. 

throughout the block cycles,to save computer time and so, expen­

ditures. But this results in over-estimation of the fatigue life. 

Cycle by cycle integration results are much more accurate than 

block by block evaluat~on. 

Why does Broek overestimate: the fatigue life? Both the 

Wheeler and the Willenborg mod~ls show maximum retardation· at the 

cycle which comes just after ·overlo.ad cycle. Retardation decrea­

ses as the crack length increases. 'Broek does not take into con­

si'9-eration that point. He assumes constant amount of retardation 

-as long as the plastic zone of current cycle remains in the over-



load's plastic enclave. Eut, Eroek makes that control just at 

the :first cycle of the loading block. Although he considers re-:­

tardation, there are some cycles whiqh don't show retardation ac­

cording to plastic enclave model. Of course this results in over­

estimation of fatigue life. 

For constant amplitude loading; Simpson's composite integ­

ration &cheme~ the Wheeler and the Willenborg models are expected 

to show same estimations. Control was done wi"th the program 

AKYDREK-l. The Wheeler and the Willenborg models estimated the 
/' 

same results. Simpson's integration scheme ~~th 14 steps estima-

tes the result with an error 3.8 per cent. Doubling the number 

of steps decreases the discrepancy vrlth the cycle by cycle integ­

ration scheme' to 0.42 per cent error. Step size is chosen such 

small that error due to integration scheme is negligible. 
/ 

I'orter (83~ makes tests V?ith 2024-T3 center cracked panel 

(CCP) ·test specimen. Estimation using the Program A~REK-l for 

the stress spectrum, he designates as 1'10, results in an overes-

timation with a factor o:ftwo. The main reason is the lack o:f 

accurate. constant amplitude data :for the specimen. In :fact 1'10 

is a good sample spectra for variable amplitude random sequence 

lo·ading. On the other hand, since the overload ratios are so 

small that, changing the Wheeler exponent did not show much vari-. 

'ence in the amount of retardation. There is another important 

point which should be ~arefully c'onsidered when using the program 

AKYliREK-I;Stress or loa~ spectra shuuld be converted to stress or 

load history. But small errors in conversion may cause surprising 

results since the spectrum is repeated more than 2000 .. times for 
t 

the case considered.' For program ·1'10 (83), the. overestimated 



cyclic life with a factor of two originates:drom uncertain know­

ledge of constant amplitude data. This was verified by program 

PI (83). The program AKYtiREK-I overestimated the cyclic -life 

with a ~actor of two. But, program PI has constant~ax stress 

~pectra. This should result in linear. crack growth.. It was pro­

ved that the program AKYUREK-I predicted unretarded crack growth 

without error. That implies uncertain knowledge of constant amp-

litude data. 

Fatigue crack growth test reports usually do not give the 

all required data about the test, such as yield strength, fracture 

toughness, specimen orientation, etc. Small variance in those 

data causes unexpected results. For example, because of the strain 

hardening process it is very difficult to obtain the yield strength 

of the specimen if it is not given. But, the retardation models 

operate according to plastic zone size which is strongly dependent 

upon yield strength. 

On the other hand, in literature fatigue crack growth data 

are available for certain type of specimen and flaw, such as cracks 

originating from holes. It is necessarY to vrrite stress' intensity 

factor equation for that special flaw type in order to be able to 

estimate cyclic life of the specimen. and to compare the estimation 

with the test results. That can be done. But, it is not practi­

cal only to make such a comparison. 



p.4. Restrictioruand the Deficiencies of the Program 

Of Course this program is in t~e stage of development, there­

fore it has some deficienci;es and does not cover all types oiloa -

~in~s and flaws. In fact,these defici~ncies originate from the re­

tardation models. Weakness of the retardation models is also weak -

ness of the program. 

The ~~eeler and the Willenborg models do not account for physi­

cal observations such as : (If accelerated crack growth under certa­

in load variations , (2) delayed retardation after a high peak load 

and··(3) a sustained delay after a high peak load even when the crack 

has al~eady J'fully penetrated through the plastic zone created by the 

high peak load. 

. /. 
Although compressive peak load causes accelarationof crack 

growth rate, the Wheeler and the Willenborg models d.o. not account fOJ 

this. Compressive stress intensities are set to ·zero. Johnson, W.B 

(84)" modified the Forman's equation to consider the compressive "loa­

ding: 
n 

C .D. K 

( 
eff m

A 
. 

l-R ) Kc-",K 

where m -- I at R-rO and 

m = 2 at R< 0 

(6.1) 

The equation is exactly that suggested by Forman except. for the m­

exponent applied to the stress ratio. The exponent equals' 2~O for 
eff . 

. . nega~ive Rvalues. 
. . 
~-



.' I 

Robin, C~ and Pelloux, R.M (8.5) made experiments to observe 

the crack growth retardation in an aluminum alloy. Figure 6.' shows 

that the test result of constant amplitude loading after a single 

overload. Figure 6.2. presents the crack growth rates calculated from 

the Wheeler and Willenborg models • 

t 

<", '. 

. -3 
10 , 

11 
'1 , 
5 
tt 

3 

Distance from overload front', mm. 

Figure 6.'. Plets of the crack growth rates against the crack length 
. . ". ~/2 (K ~/2 
~ncrement for Kmax = 16.5 MFa M ~L =21.45 MPaM 
0, center measurements : + " edge measurements. (83) 

_3 
.0 

43 
'i 
:f , ~ , 
It 
3 

!l. 

,o~~ __ ~~ __ ~~~~ __ ~~~~~ 
o .' .2·1 .tt.5 ., .'i . 'II.~ t. 1.1 1.11.3 J-4 I.~ I.' I:~ . Distance from over­

load front, mm • 

Fi~. re .6. 2.e The crack growth rates calculated from the' Wheeler and 
. ~/2 

Willenborg models at' Kmax -= 16.5 l'lP a M 



-(K - 21.45 MFa M~/2) 01 
• 0 • ___ , J Willenborg model center measur-[ 

ments : ___ _ +, Willenborg model, ,edge measurements ; ~ ,oJ 

Wheeler model, center measurements ; ___ , x , ~neeler model ed-

ge measurements.(85). 

Considering Figures 6.6 and 6.7 together, the following ob-

servations are made.' 

(1) Thetwo'models do not predict the delayed retardation. 

(2) The two models predict the same minimum crack growth 

rates for plane stress and for plane strain. 

"'.". (3) The ~rack length increments over which retardation is 

predicted are smaller than the crack length increments over which 

retardation is observed. The two models give a better fit to-plane 

stress data than to the plain strain data. 

(4) The two models are quite similar and give a fair repre­

sentation of the crack retardation phenomenon. 

(5) Crack retardation is ob-served beyond the point at which 

the plastic zones are tangential. The microscopic crack growth da -

ta show that retardation exists until the crack front has reached 

, the elastic-plastic interface of the calculated overload plastic 

zone. 

(6) The two models are conservative, i.e. ,they predict less 

retardation than is observed. 

The two models do not show the short period of crack accelera­

tion after the bverload that has been observed a"fter large- overload. 

·excurs.ions • And, also they don I t account for the difference in the-
f 

-C"'Tetardation between a single pe'ak overload and multiple peak overloads 



~ VII. CONCLUSIONS 

In this thesis, a computer program. evaluating the cycli"c 

'life of .the specimens subjected to randomized block loading has 

been prepared.' It uses the. Wheeler and the Willenborg retarda­

tion models. 

Either a cycle-by-cyle or block-by-block crack growth 

integra tion scheme is used for the fatigue life predictio·ns. 

In the program, center-crack panel, single and double edge 

cracked specimens,ASTM standard compact tension arid bend speci­

mens, and surface flawed plates are considered. Other type of 

flaws can be added to the program by making small changes. 

Paris eq., Walker!s formula and Forman's eq. are used for 

linear c~ack gro,rlh evaluations. 

Three types of output options are available in the program. 

Print of t'he crack. growth imormati~n can be- obtained-at the end' 

of each loading block, spectra or every UP cycles (whi.ch is given 

as data). 



Simpson's composite integration formula is used for cons-

tant amplitude load fatigue evaluations. This requires least com­

puter time among the predictive models. And, also good results 

can be obtained. 

In the computer program AKYUREK~I; no modification has been 

made to the retardation models. Therefore, deficiencies of those 

models.may result in overestimation or under __ estimation of the 

fatigue life. 

For a constant stress intensity range, crack growth rate 

incx.eases with increasing cycle ratio (:K /K ) Paris and , min max • 
Walker's crack growth equations don't consider that phenomenon, 

but only Forman's does. The crucial point of the random load fa­

tigue life estimations is to predict the cyclic life from constant 
/ 

amplitude data. If the constant 'amplitude data are obtained at 

different cycle ratios and the program AIartmEK-I is modified to 

take into account the different cycle ratios, more precise and. 

better predictions can be made. 

The most common fatigue flaw type is the surface flaw. 

Therefore, the main' study has been devoted to surface flaws. Deta­

iled information about that flaw type is given for the researchers 

desiring to study upon that" subj e'ct. 

Block by block crack grovrth integration scheme overestima­

tes, cyclic life of specimens. Since the predictions are sensitive 

to the Wheeler shaping (retardation) exponent especially in block-, ~ , .. '. . 

by-block integration scheme, better correlations can be 'Bone chang-
. t , 

ing the shaping expone~t. 
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A cycle by cycle crack growth integration scheme is favo­

rable but it requ~res much computer tlme. To save computer time, 

block integration scbeme can be chosen. A Range~Kutta integration 

routine should be use'd to determine the incremental crack growth 

for each series of discrete load levels. Thus, overestimation 

in cyclic life predictions can be avaided and the computer time 

and so, money can be saved. The program AKYliREK-I can be modified 

to use a Range-Kutta integration routine, but that will require a 

tediolls study. 

Among tbe retardation models, only the crack closure model 

. bas -·s"ome sort of physical basis. It can be put "in the program 

AKYUREK-I-J as an alternative to the Wheeler and the Willenborg 

retardation models. " 
/ 

The Root.-Mean-Square (RMS) , retardation,model is the simplest 

one and requires least computer time. "It can be used in the prog~ 

ram AKYiiREK-I, "by ,using a new subroutine (e.g., SUBROUTINE EMS)· 

and modifying the SUBROUTINE SIMPSN. , 
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( APPENDIX-A 

;' 

THE,. Jl:iETHOD OF LEAST SQUARES (MLS) 

Let q{, •••••• , qn be n direct measured values of a magnitu-

de, and let Q represent the sum of squares of their deviations 

from a number q : 
n 

Q =2(q.- q2) . ~ 

1-1 

, 

The value of q making Qminimum, is the best value of the 

measurement, since Q involves squares of devIations which are non­

negative. This best value of q of q~ , ••••• , qn is shown to. be 

the arithmetic of the measured values : 

(A.2) 

resulting • 

. ~ . q = 

'. n 



2 
d Q 
-2 
d q 

= 2n)0 • Q is minimum for .:.. 
q. This process of finding 

q from eq(A.l) is known as the method of least squares(MLS). 

Finding the best fitting involves the following steps ; 

(i) From the .distribution guess the type bfthe function as linear, 
-I. 

quadratic, ~ponential, •••• 

(ii) Write the general form of the ~unction, 
./ 

(iii) By the use of the MLS, determine the unknown parameters. 

", ". 

The' distribution is as given in figure A.I. For instance,for 

the aspect ratio;. a/2C = 0.05 

(i) We observe that the points P1(xi , Yi} lie nearly on/the func­

·r tion of t~e for.m y,-' AX • 

(ii) Taking the common logarithm of both sides of .'y 
r ' = AX, we get 

the linear equ,ation. 
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, H'gure A.l. Deep flaw magnification factor eu'rves 'to : X 
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- . : logy = logA+ rlogx in logy and logx. Then setting u=- logx, 

v = logy, s =- logA we have: 

v =- s+ru (A.4) 

(iii) By the MLS~ we minimize 
-n 2 

Q(s~r) =-2 (V1- rUi-s ) 
i::3. 

in which s,r are the parameters. 

n 
-0 Q a.,-- 22,(v1- ru1-s)u1 = 0 

. -. or i='i 

'Os - i=~ (A.6) 

which yields.:· 

(lui)r +ns =-~V1 

Solutions to these equations : 

r=- Ib. 

wher~ 



~ For the case considered, substitute y = Mk , x:: alB 

then 
r 

Mk = A (a/B) 

.~ 

As can be seen in figure A.l, there are eight cu~ves. For 

the aspect ratios (a/2c) remaining b,etween the curves, a linear in -

terpolation is used ( see figure A.2 ). 

(A.9) 

where' Mk is the value to be evaluated , corresponding to a/2c. 

M . - - and 
10. - Mk2 ' are,·the values corresponding to 

a/2c - 0.10 , respectively for the sample case. 

a/2c ::: 0.05 and 

Magnification factor, Mk , depends upon the angle ~". Since 

it is necessary to evaluate the stress intensity factors in the ma-" 

jor axis and minor axis direction , the magnification factors in. 

these directions are required. Smith (86) showed that the magnifica­

tion factor in the direction of major axis of the elliptical flaw 

,could be taken as 1. But this £:is an approximp.ti.on __ (87). 

D.CS - 4'8 c.cC; o. f n .-., 0/2.( \ 
I­
I 

Figure A.2. Linear interpolation for the aspect -ratios·' remaining:" 
between the curves. 



APPENDIX - B 

SIMPSON'S COMPOSITE INTEGRATION. FORMULA 

lex) . i-
':.l 

I 
j 

I,: 
i 

I 
. a afh Cltlh· x (") a ~y.2n1, x I 

( a) .., Vb'" - .... I 
- d :.. 6 d ------'--'>~ b 

·-Figure B.l. Siinpson's a. simple integration scheme b. composite 
integration scheme. 

b =- a +2h 

50 

Simple formula:! ~(x)dx = ~ _ [f(a) + 4f(a + h) -t f(a-~ 2h)j 
a ~ . 

•••••• (B.l) 

Composite formula :" 

d+2~. " . 

. f f(x)d~ = ~ [f(a) +4f(ath) -t 2 f(a+2h)+ 4f(a+3h)+ ••••••• 
a 3 . 

+f(a +2nh)] (B.2] 



Considering the exact matching method~(figure B.2) 

y 

o x 

~'Figure B.2. Figure for the exact matching. 

h / 

.f f(x)dx = w). fe-h) + W2 f(O) + W3f(h) 

-h 

for--f(x) :1 -

h . 

(B.3) 

r L~dx::: W1 ·1 + W2e1 + w3 ·i- ~ W1 + W2 + W3 ::. 2h - (8.4) 

-h 

for rex) = x 

h 

fXdX = 
-h 

·2 
for rex) =- x 

-from eqs (B.4) ,(B.5) and (B.6) 
. r ." 



_ h 

3 

Substituting these values into eq(B.3) yields 

or 

h 

~f(X)dX ~ ~ (f(-h) + 4f(0) + f(h» 
-h -

b= dt2h 

[f(X)dX = 
a 

h 

3 

,-

(f(a) - 4f(a-th) - f(a+2h» 

_ (X!dX = WI <-h)3 +0 ~ W3(h)3 ~-Wl = W3 
- -h 

Simpson's formula is also exact for cubics. 

Truncation error (E): 

h5 Cl.v) 
E = - - f (e) 90 . - Simple formula 

. 
• 

E = _ (b-a) h4f(~v)(e) - composite formula-
90 

- ~ 

92. 

'(B.8) 

. (B.9) 
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APPl!;NDIX - C 

PROBAB1LITY - DENSITY '::VISTRIBU'I'lON 

Many engineering structures such as bridges, ships, and others 

are subjected to variable - amplitude random - sequence load fluctua-

'tions. The probability of occurence of the same sequence of stress 

fluctuations for a given detail in such structures obtained during 

a given time interval is very small. Consequently, the magnitude of. 

stress fluctuations must be characterized to study the fatigue behavio: 

of components subjected to variable - amp~itude ra~dom'-' sequence 

:stress. fluctu~tions. The magnitude of the stress:fluctua:4ions. should. 

be characterized and described by analytic functions. Jhe use of 



:probability - density curves to characterize variable - amplitude 

cyclic - stress fluctuations appear tq be very useful (69) • 

Stress history, or stress spectrum, for a particular location 

in a structure subjected to variable - amplitude stress fluctuation 

can be defined in terms of the frequency of occurence of maximum 

(peak) stresses. Usually, frequency - of - occurence data are presen­

t~d as a histogram, or bar graph ( figure G.I ), in which the height 

of the bar represents the percentage of recorded maximum stresses 

that fall with in a certain stress interval represented by the 

width of the bar~ For example, 20.2 % of the maximum stress in 

r--o;...-.-_-f 9 
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(b) S-fress rtinje, bl -

Figure~C.I. Frequency-of-occurence data 



'figure. C.l.(a) fall within the interval between 7.5 and 8.5 

ksi. The frequency of occurence of stress ranges can be represen-
I 

ted by similar plots with the vertical scale change~ according to 

the relationship between Cmax , (min, and stress range, Cr 
or AC. Since stress range is the· most important stress parameter 

-
controlling the fatigue life of structural components, stress ran-

ge is used to define the major stre·ss cycles in the following dis-

cussion. 

The frequency-of-occurence data can be presented in a more 

general form by dividing the percentage of occurence for each in -... '. 

terval, i.e., the h~ight of each bar, in figure C.l.(a) by the in­

terval width to optain a,probability-density curv·e such as shown 

.in figure C.l(b) • ·Thus, data from sources t4at use diffe~entst. -

ress-range intervals can be compared by using the probability-den­

sity curve. The area under the curve between any two values of AC 

represents th~ percentage of occurence within that interval. 

A single nondimensional mathematical e~pression can be used 

to define the probability-density curves for different sets of data. 

For example, Klippstein and Schilling (gS) showed that the fol-

'lowing nondimensional mathematical expression,which defines a family 

of skewed probability-density curves referred to as Rayleigh curves 

or distribution functions, can be used to accurately fit a probabili­

ty-density curve to each available set of field data for bridges : 

. )'1. . _'SJ)(I . 
pi:: i .. Oil x' e (c .• )" 

.•. !' 
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Figure C·.2. Charac"teristics of Ray~eighprobab~lity curves. 



and CrJ (i.e.AGJ ) are constant parameters that define any particu­

lar propability-density curve from the ~family of curves represented 

by eq (G.l).Eq (G.l) is plotted in figure G.2(a) • As illustrated 

in figure C.2(b), a particular curve from the family 'is defined by 

two parameters : (1) the modal stress ran~e ,crrrt\, which corresponds 

to the peak of the curve; and.(2) the parameter erd, which is a 

measure of the width of the curve or the dispersion of the d~ta. The 

curve could be shif~ed sideways by changing ~m, ~d,the width of the 

curve could be modified by changing t'rd. Mathematical expressions 
,. -

for the modal, median, mean, and root-mean-square values of the spect­

rum are given in figure C.2. The roo~mean-square (rms) value is de­

fined as the square root of the mean of the squares of the individual 

values of xl or Cr (70). 
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APPENDIX-D 

AKYUREK - I USERS' HANUAL 

D.l. Introduction 

. - .-

The computer program AKYUREK - I predicts the fatigue life 

of the specimens subjected to-randomized block loading'. It uses 

the- Wheeler and the Willenborg retardation models •. Center cracked,. 

edge cracked, surfac,e. flawed specimens, standard compact tension. 

and b~nd specimens are considered • 'Paris - Erdogan,·. Forman.: and 

, ~ 



Walker's linear crack growth calculation formulae are used. Either 
I 
cycle - by - cycle or block - by - block crack growth integration 

scheme can be chosen. 

AKYUREK - 1 is in its developmental stage in terms of new 

options, more sophisticated models, etc. The program, however , has 

been designed to be modular in organization which permits additions 

and changes to be made more easily. 

'-'D.2. The Program Outline 

The program consists of fifteen routines and a supervisory 

routine. The outline and simplified flowchart is given in ~bapter V 

(pp .60 - 6;J) 

D.3. Data Preparation 

CARD SE1' 1 Selection of the retardation model (110) - One card. 

Columns : (1 - 10) MR Model of retard~tioJl •• ' 

( :. 1 Wheeler model) 

(: 2 Willenborg model) 

(:: 3 Const. amplitude Loading-Simps! 

integration scheme ) 



lCO 

Columns . (11 - 2U) MI Model of integration scheme • . 
(=1 Cycle by cycle crak growth-

I 

integration scheme) 

NOTE if MR=3 then MI=2 (:::: 2 Block by block integration scheme) 

CARD SET 2 : Title card (20 A 4) - one card. 

Columns: (1 - 72) TITLE Title of the problem. It is limited 

to 72 alphanumeric characters • 

... '. 

CARD SET 3: Bounds on the problem (2(1)20. 14) - one card. 

Cc;>lumns : ( 1 - 20) AI Intial crack length. 

( 21-40) Final ( or critical) crack length .. 
/ 

AF 
--

(If the crack length growes:$ to final-

crack length, the program stops.) 

CARD SET 4: Maximum and Hinimum stres-ses ( 2D20.l4 ) - one card •. -

If MR is not equal to 3, Omit this card. 

Columns : ( 1 

(21 

20 ) SMAX Ma~imum stress. 

40 -) SMIN Ninimum stress. 

If NFT = 4 or 5 SMAX and SHIN 

are loads (see card set _f}. ) 

- ,-



ICARD SET 5 : Selection of the Linear crack growth eq'n (110) - one 

card. 

Columns : ( 1 - 10) MN Linear crack growth equation number 

(:1 Paris - Erdogan equation ) 

(~2 Forman's equation ) 

(-=-3 vValker's calc;ulation formula) 

CARD SET 6 : Linear crack growth data and material properties 

( 3D20.l4 ") - twO' cards • 

... ~ .. 

Card - 1 Col's ( 1 20) e 

(~l - 40) CN 

Material const. in Paris eq.,or 

Forman's eq. or Walker's formula. 

Such as in e (A K ) CN. 

Material const. in Paris/eq., or 

Forman's eq. or Walker's formula. 

Su ch as in e (A K ). eN 

(41 - 60) SKC Fracture toughness of-the material. 

card 2 col t s : ( 1 - 20) SYS Yield strength of thespec:imem- ~ 

(21 - 40) W Width of the specimen. 

(41 60) B Thickness of the specimen • 

(61 - 70) NFT Ntimber of flaw type. 

( = 1 Cent.er - cracked panel) 

( = 2 Single edge notched speCimen) 

.( : 3 Dou ble edge cracked specimen) 

( :. 4· Standard bend specimen ) 

( ::. 5 compact -tension specimen ) 



(= 6 Surface flawed specimen ) 

CARD SET 7: Material property (D20.14) - one card 

If MN is not equal to 3 omit this card 

(see card set 5) 

102. 

Columns: (I - 20 ) WN Walker number. (Exponent in the 

Walker's formula. da/dN = CKvm aKCN ) max 

CARD SET 8: Flaw size ( D20.~4 ) - one card. 

If NFT is not equal to 6 omit this card. 

(s'ee card set 6 ) 

Columns: (I - 20 ) CI half the crack length of the surface 

flaw in the major axis direction. 

CARD SET 9: . Specimen size ( D20.14 ) - one card. 

If HFT is not equal to 4 omit this card • 

(see card set 6) 

Columns: (I - 20 ) z Distance between the supports in the 

bend specimen. 

NOTE: If MR is equal to 3 omit all cards below I 
• 

CARD S'ET 10 : Control data (D20.14, 3 1-10 ). - ,one card • 
. 

Columns: ( I - 20) ALPHA the constant required to'evaluate the 

plastic zone size. 
, 
\ 



ID3 

( = 3. plane strain case ) 

( ::: 1. plane stress case ) 

(21 - 30) MP Number of the plastic, zone formulation. . 
(-:. 1 Dugdale mouel ) 

" (-:: 2 Irwin model ) 

(31 - 40) JE Total number of flights, s'pectra or 

repeating gro~ps of loading blocks. 

(41 -- 50) JA Total number of blocks. 

W~ is chosen such that, similar 'results 

" ,to the test da,ta could be 'obtained • 

CARD SET, 12: Stress or Load history input -(I10,2D20.14)- JA~cards. 

Columns : (1 -10) 

(11-30) 

(31-50) 

JB(.IA) Total,number of cycles in the' IA~th block 

SMAX(IA) Max. stress in the IA \ th block 

If NFT= 4 or 5 ~ 1-1ax. ,load. 

SMIN(IA) Min. st~ess in the lA' th block 

If NFT ~ 4 or 5 -+ lllin. load 

NOTE : If, number of cycles in ,a flight or total n,umber of blocks 

exceeds 900, Dimensions of JB,SryAX and SMIN 1nthe COMMON blocks 

should be increased. Without any change'in dimensions, JA .can. at 

most be 900. 
~ , 



,CARD SE':r 13: Output control data (110) - one card. 

columns (-1 - 10 ) IP Prin ting type 

( = 1 prints out infor'mation at the' 

end of e~ch .block) 

<; 2 prints out information at the 

end of each flight, spectra or group 

-blocks) 

( = 3 prints out information at the 

end/of every NP cycles. See card 

set 14). 

NOTE: If block by block integration scheme is used,' output is in.a . 

Jixed form. But, You· Should write output control card only to satisfy· 

data correspondance. 

CARD SBT 14: Print control ( 110 ) - one card. 

If IP is not equal to 3 omit this card. 

columns : (1 - 10 ) NP Information is printed. at th~-end of 

every NP cycles. 

l~O'l'E: Read the note written above. 

D.4. Dictionary 

A Magnification factor- curve _ fit ting parameter •. 
r' 



AMF = A 'lr ( RAE ) ** R ", RAB is crack ,length -thickness 

ratio in surface flaw 

~CP 

AnAL 

ADAR 

Retardation factor in the I 

AI direction 

Linear crack growth rate .in the AI direction 

Retarded crack growth rate in the AI direction. 

ADK Stress intensity range in AI direction 

AF Final or" critical crack length in AI direction 

AI Initial or current crack length. 

AKHAX Maximum stress intensity factor in AI direction. 

AKNAXE Haximum effective stress in(ensity factor in AI 

AKMAXO Maximum stress intensity factor due to overload. 

AKMIN l1inimum stress intensity factor in AI direqtion. 

direction. 

ARMINE M,inimum effective stress intensity factor in AI q.irection. 

105 

ALPHA A constant. = 1 for plane stress and = 3. for plane strain. 

Al1F Magnification factor in AI' direction in surface flaw/ 

AO Crack length at the overload applied. 

AR Cycle ratio in AI direction AR:: AKMIN/ AKMAX 

ARPI 

ARPO 

B 

Current plastic zone size in AI direction. 

Plastic zone size due to overload 'in AI direction. 

Thickness of the specimen. 

C Material constant used in linear crack growth' equations:. 

CCP 

CDAL 

. ~ . 

Wheeler retardation factor in CI direction. 

Linear crack growth rate in CI direction. 
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CDAR Retarded crack growth rate in CI direction. 

C©K Stress intensity range in CI" direction. 

CF Stress intensity correction factor polynomial. 

CI Current or initial crack length in the major axis direction 

in surface flaw. 

CKMAX .11ax stress intensity faGtor in CI direction. 

CKMAXE- Max. e"ffective stress intrensity factor in CI direction. 

C~1AXO Max. stress intensity due to overload in CI direction. 

CKMIN Minimum stress intensity factor in CI direction. ,. 

C~~INE Minimum effective stress intensity factor in CI direction. 

CN' Material constant used as exponential in linear crack growth 

equations. 

CO Crack length "at overload, in CI dire6tion. 

CR Cycle ratio in CI direction. CR:: CKMIN/CKMAX.· 

CRPI Current p~astic zone size in CI direction. 

CRPO Plastic zone size due to overload, in CI direction. 

F Function used in Simpson's formulation's. 

H Step size used in Simpson's formula. 

IA Current block number. IA: 1, JA. " 

IB Current cycle number in the block. IB: 1, JB(JH). 

IE' Current flight or spectra or group of·· blocks number". 

IE =1, JE .' 

IP Print control data • IP == 1 prints out: at the end of each 
.. 

block , IP:. 2 each i'light , IP ::"3 every. NP cycles:. 

JA Total number of blo~ks tri a group or tdtal number of cycles 

·in a flight. 



JE Total number of flights, spectra -or repeating groups of 

blocks. 

JB(JH) Total number of cycles in JH 

MI Model of integration scheme. 

th block 

MI= 1 cycla - by - cycle int. 

=2 block by block int. 

MN Linear crack growth equation number • 

HN = 1 Par-is - Erdogan equation. 

; 2 Forman's equation. 

= 3 Walker's calculation formula. 

MP Plastic zone size evaluation model number. 

NR 

MP:l Dugdale model, :2 Irwin model. 

Retardation model number • MR: 1 Wheeler model 

= 2 Willenborg model 

=3 Simpson's formula. 

NFT Number of flaw type. 

NI 

NO 

NP 

NT 

NFT :: 1 center crack panel. 

=2 Single edge crack 

=3 Double edge crack 

:::4 Bend specimen 

==5 Compact tension specimen 

=6 Surface flaw. 

Data set number for input. NI = 5 

Data set number for output. NO ::. 6 , -. 
Print is made at the end of every NP. cycles •. 

Total number of cycles. 

r01 



PHI 

PI 

QMAX 

QMIN 

R 

Elliptic integral of the second Kind. 

PI = 3.1415927 

Flaw shape parameter due to maximum stress. 

Flaw shape parameter due to minimum stress • 

Constant used as· exponent in magnification factor evalution 

in surface flaw. 

EAB Crack length - thickness ratio. RAB =.AI/B. 

RAC 

SKC 

SMAX 

SMIN -

SYS 

ViM 

WN 

z 

RAC = AI/2 * CI. 

.Fracture toughness of the ~pecimen. 

Maximum stress .• 

l-iinimum stress. 

Yield strength of the specimen. 

width of the·specimen. 

Wheeler retardation exponent. 

Walker l'S number used as exponent in Walker. 1 s calculation 

formula. 

Distance between the· supports in bend specimen. 
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D.6. Restrictions al1d~imitations. 

Certain restrictions have been imposed upon the analysis. 

a. Compressive loads 

The theory behind the crack growth rate laws and the retardation 
; 

models was essentially developed for tension - tension loading. 

Consequently all·compressive loads in the spectrum are trancated to 

zero. 

b. Surface flaws 

Surface flaws are grown-~.under the assumption of constant shape. 

The current AKYt1REK - I surface flaw formulation and the magnifica -

tion factor are only valid for a/2C ~O.5. 

c. Unit system. 

There· is no restriction for unit system. But the data used in 

the crack growth evaluations should be consisted in. Output is set 

to the units of data • For example. , if a , is in inches, the output. 

of (d~/dN) lin, (da/dN) ret. ai, a.o are all in-inches. 

.d. Block by block crack growth integration scheme. 
. . 

Th1s opt~n is available only to have approximate information 



Hi 

about fatigue behaviour of the specimens subjected to rand6mized 

block loading • Since linear or retarded crack growth rate is 
I 

assumed to be constant within the block , block ~Y Qlock integration 

scheme overestimates the cyclic li-f"e • The smaller the block size, 

the better the results it estimates • This integration scheme is 

not used for surface flaws. 



U2. 

4PPENDIX - E 

/ 

SPECIMEN ORIENTATION NOTATION. 

Some of the test specimens are machined from large pl·ates.-

The specimens from the same plate show different crack propagation ra­

tes under identical conditons, ·if their orientations are differ·ent. 

The orientation of B: specimen is expressed' with tvio~ let tars·- (f!gl1:c-e_R.l) 

The first letter is tbe direction of the normal of crack plane. The 

second letter stands for the crack propagation direction. 

L. Lon.git udinal 

T. Transverse (long) 1 
.:'. , 

S. Short transverse ., , 

Figur....e- E.l. Specimen orientation notation for: plate ma-terials-. 
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