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SCATTERING OF ACOUSTIC WAVES 

BY CYLINDERS WITH ARBITRARY CROSS SECTIONS 

T-MATRIX FORMULATION 

ABSTRACT 

iv 

In this work, the scattering of steady-state acoustic 

waves from arbitrarily shaped obstacles in an infinite medium 

is studied using the T-matrix method. The problem is examined 
I 

for the two dimensional case where the obstacle is a cylindrical 

rigid inclusion or a cavity. An acoustic plane wave is consi-

dered to be incident on the obstacle. 

In the solution of the problem, both incident and 

scattered wave fields are expanded in series of the circular 

basis wave functions. The scattered wave field i~ then evalu- . 

ated through a transition matrix (T-matrix) which relates the 

unknown coefficients of the scattered wave series to the co-

efficients of the incident wave. 

Numericijl.results pertaining to circular, elliptical, 

rectangular and triangular cross sections are obtained. The 

results· are presented in graphical form and found to be in good 

agreement compared with the some known exact or approximate 

solutions available in the literature .. 



AKUSTIK DALGALARIN 

RASTGELE KESiTLi SiLiNDIRLERDEN SACILIMI 

T-MATRIS FORMULASYONU 

KISA tlZET 

v 

Bu callsmada, akustik dalgalarln sonsuz bir ortamdaki 

rastgele sekiJli engellerden saClllml, T-matris metodu kulla­

nllarak ele·allnmlstlr. Problem, iki boyutta, silindirik 

rijit cisimler ve bosluklar icin incelenmlstir. Engel Uzerine 

gelen dalganln akustik bir dUzlem dalga oldu~u dUsUnUlmUstUr. 

Problemin cozUmUnde, hem gelen hem de saCllan dalga 

alanlarl, dairesel temel dalga fonksiyonlarl cinsinden seri 

olarak aCllmaktadlr. SaCllan dalga alanl, saCllan dalga seri­

sinin katsaYllarlnl gelen dalga serisinin katsaYllarlna ba~la­

yan bir gecis matrisi (T-matris) vasltaslyla hesaplanmaktadlr. 

Dairesel, eliptik, dikdortgen ve Ucgen kesitli silin-

. dirik sekiller icin nUmerik sonuclar elde edilmistir. Sonuclar, 

grafikler halin~e gosterilmis ve literatUrdeki bazl bilinen 

kesin veya yaklaSlk cozUmlerle uyustu~u gorUlmUstUr. 
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I. INTRODUCTION 

When a wave propagating in an unbounded homogeneous medium en-
;'" 

counters an obstacle immersed in the medium, its propagation path changes 

and while a portion of it is reflected back into the medium as a secon­

dary wave emitted by the obstacle the other part of it, if the obstacle 

is not a cavity, is refracted into the body of the obstacle. The radia­

tion of these secondary waves from the obstacle is called scattering. 
/ 

The obstacle may be. a cavity or an inclusion with physical properties 

differing from those of the surrounding medium. 

Scattering and diffraction problems have become increasingly 

important in the recent years, particularly in the areas of remote 

sensing, seismic exploration, oil technology, underwater sound detection 

and especially in non-destructive testing of materials where the scattered 

wave form is us~d to identify the shapes and the sizes of the material 

defects such as voids, cracks or inclusions. 

In solving the scattering problems, especially where explicit 

numerical results are de~ired, four methods are extensively employed 

in the literature. These are method"of seperation-of-variables, varia-

tiortal method, integral equation method and the transition matrix (T­

ma~rix) method which has been recently developed [lJ. 
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The method of seperation of variables is usually employed in 

finding exact analytical solutions for only a class of objects bounded 

by quadric surfaces, [2-5]. Hence, the method restricts the shape of 

the scatterer to simple geometries, like sphere, circular and elliptic 

cylinders, such that their boundary geometries can be expressed con­

veniently in seperable coordinates. The variational method is another 

method used in the scattering problem solutions and, from the theoretical 

point of view, it is applicable for arbitrary boundary geometries, [3,6,7J. 

However, this method especially for general geometries, requires the 

evaluation of repeated surface or volume integrals with singular kernels. 

Thus this method is also restricted to relatively simple geometries. 

The third method, namely the integral equation method, consists of ap­

proximating an integral over the surface of the scatterer by a finite 

sum: and then computing the quantities like displacements, velocity 

potentials at many discrete points by solving the resulting system of 

equations numerically, [8J. In previous years, several applications 

of this approach have appeared in the literature [6,9-11J. 

The latest method developed for the solution of the wave scattering 

problems is the T-matrix method which was first introduced by Waterman 

[1] for acousti"c waves and reformulated by Pao [12J for elastic waves. 

The method starts directly with the Helmholtz integral formula, and 

uses either cylindrical or spherical wave functions for bodies of ar­

bitrary shape. Both incident and sca.ttered waves are represented as 

a series of the common wave functions, known as the basis functions. 

~he unknown coefficients of the scattered wave series are then related 

b,y 'a transition matrix (T-matrix) to the coefficients of the incident 



wave, [1,12]. The elements of the T-matrix are integrals of basis 

functions and their normal derivatives over the bounding surface of 

the scatterer, which can be evaluated numerically even for bodies of 

complex geometry. 

3 

The key feature of the method lies in the fact that the T-matrix 

is fixed for a specific boundary type and geometry and wave number of 

the incident wave. Hence, once it is created, the scattered field 

quantities at various regions of the/medium for different incidence 

angles of the impinging wave can be calculated. The method, comparing 

with the variational and integral equation techniques, has also a 

computational advantage because the integrals involved in the formula­

tion are only singli surface integrals with no singularities in their 

integrands. In the recent years, several applications of T-matrix / 

approach to the scattering of acoustic and elastic waves by finite 

elliptic cylinders [13,14], spheroids [14], finite circular cylinders 

[15], infinite strips [1,16] have verified the power of othe method. 

In this work, we have considered the scattering of the plane 

acoustic waves by infinite cylinders. The near and farfi.eld results 

for cavity and rigid inclusion cases are presented. A brief review of 

the governing equations for acoustic fields is given in Chapter 2. In 

Chapter 3, formulation of the transition matrix for the scattering prob­

lerl} iso·given. The numerical methods employed in the solutions are dis­

cussed in Chapter 4 whefe solution~ to specific problems are also given. 

Results pertaining to circular, elliptical, rectangular and triangular 

geometries are presented in polar graphical form. 
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II. THE THEORY OF ACOUSTIC WAVES 

In this section, the reduction of the general equations of hydro­

dynamics to the Helmholtz reduced wav~ equation describing the motion 

of the harmonic disturbances in a fluid is discussed briefly. Also, a 

general solution of the Helmholtz equation is given for polar coordinates. 

2.1 EQUATIONS OF HYDRODYNAMICS 

To study the wave propagation in a fluid medium, the starting 

equations are the hydrodynamical equations of motion due to Euler [17J: 

[ av . 'J p ~ + V'Vv = -Vp 
·at --

(2.1) 

~ +v·(pv) = 0 
at -

(2.2) 

p = p(p) (2.3) 

where p is the density, p is the pressure and vis the fluid velocity 

vector at any point. ~his set of equations, which are valid for an 

ideal fluid, is complete and consists of the equation of motion (2.1), 

the equation of continuity (2.2), and the equation of state (2.3). 

Whenever a disturbance is created at any point inside the fluid 

it will propagate throughout the medium. In order t9 obtain the 
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governing equations of motion regarding the propagation of this distur-

bance, one assumes that the relative perturbations from the initial equi­

librium state are small, that is, 

~ = .e.. - Po _ ~ 
Po Po 

(2.4) 

where Po and Po are the equilibrium density and pressure, respectively, 

while ~ is some small parameter denoting the variations from the equi-
'" 

1ibrium values. Under these conditions, the fluid velocity ~ with which 

the fluid particles oscillate is a small quantity of the order of ~ 

relative to the propagation speed of the disturbance. This is the case, 

actually, in acoustics. Since, acoustical wave lengths are long, the 

variations in the velocity field, ~, are very small quantities. Thus, 
! 

neglecting the .term ~·v~ in Eq. (2.1), we get 

av 
P ~ = -vp at 

Substitution of the expressions P = Po + pI and p 

Eqs. (2.5), (2.2) and (2.3) yields 

(2.5) 

= p+ pI into the 
o 

(2.6) 

(2.7) 

(2.8) 

~here we have" neglected the terms involving the products of the perturbed 

"quantities. For the reduction of this set to a single equation, it is 

convenient to introduce a scalar function ¢ such that 
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(2.9) 

The function ¢ in the above equation is called the velocity potential. 

Then, Eqs. (2.6) and (2.7) yields 

P I = P ~ 
- 0 at 

a I 
.....£2..:.. + P 'ij2¢ = 0 at 0 

(2.10) 

(2.11) 

.;' 

Eliminationg the variables pi and pi from the above equations, we obtain 

the equation of motion of the disturbance, 

(2.12) 

This is a scalar wave equation describing the motion of a disturbance l 

in an acoustic field where the propagation speed of the disturbance is c, 

c = Idp/dp (2.13) 

,~ or, in genera 1 c can also be written in the form 

c=~ 
. 0 

(2.14) 

where B is the bulk modulus of the fluid .. 

2.2 HARMONIC WAVE MOTION IN ACOUSTIC FIELDS 

Considering a disturbance wh'ich is harmonic in time and has a 

circular frequency of w, one can write the velocity potential as 

. -iwt 
¢(x,y,z,t) = ~(x,y,z}e {2.15} 



where ~ is the spatial part of the velocity potential function, $. 

Substituting Eq. (2.15) into Eq. (2.12) and rearranging the terms, we 

get 

(2.16) 
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where k = w/c is the wave number. Eq. (2.16) is known as the Helmholtz 

.' reduced wave equati on and descri bes the moti on of the acousti c harmoni c 

waves in a fluid medium. 

It should also be noted that use ,of the velocity potential for-

mulation is indeed a convenient way for acoustic wave propagation. 

However, $ is not a measurable quantity like velocity or pressure but 

it is possible to obtain such quantities from it. For example, substi-

tution of Eq. (2.15) into (2.10) yields 

p = p + iwp $ o 0 
(2.17) 

~ 2.3 SOLUTION OF THE HELMHOLTZ EQUATION 

Since throughout this work scattering of the plane waves by infinite 

cylinders with ~onstant cross-sections will be studied and the Itlave nor­

mals of the incident waves which Will be considered are perpendicular 

to the axes of the cylinders, the dimensionality of the problem reduces 

to two and it is convenient to obtain the solution of the Helmholtz 

equation in polar coordinates. 



2.3.1 Acoustic Plane Wave 

A harmonic plane wave of magnitude A propagating in an acoustic 

field can be expressed as 

cp(r,e, t) = Ae i (~·.r.-wt) 

Note that we can write the vectors rand k as 

r = r(cose ~l + sine ~2) 

k = k(cosa ~l + sina ~2) 

r ... = 1.r.1 

k = I~I = w/c 

respectively. In this case, Eq. (2.18) can be written as 

(2.18) 

(2.19) 

(2.20) 

(2.21 ) 

where e and a are the angles that the vectors rand k make with the 

x-axis and ~l' ~2 are the unit vectors along the x and y directions 

of the Cartesian coordinate system (Fig. 2.1). 

incident plane wave 
y 

r 
k 

~--r----'---- X 

scatterer 

Figure 2.1 - Representation of a plane wave incidence. 

8 
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Comparing Eq. (2.21) with Eq. (2.15) one can write the spatial part of 

<p as 

~(r,e) = Aeikrcos(e-a) (2.22) 

Note that ~ given by Eq. (2.22) does satisfy the Helmholtz equation, 

Eq. (2.16). 

2.3.2 General Solution 

In polar coordinates, the Laplacian operator, ~2, is given as 

~2 = _1 ___ a_(r _a_) + _1_ ~ (2.23) 
r ar' ar r2 ae 2 

thus, Eq. (2.16) takes the form 

_1 ___ a_(r ~) + _1_ a2
\lJ + k2~ = 0 

r ar ar r2 ae 2 
(2.24) 

The most common method used in obtaining the general solution of 

Eq. (2.24) is the method of separation-of-variables where a solution 

of the form 

~(r,e) = R(r)T(e) (2.25) 

is assumed. Upon substitution of the above solution into Eq. (2.24) 

one can show that the latter equation reduces to two separate equations 

of the form 

(2.26) 
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(2.27) 

Eq. (2.26) is the well-known Bessel IS Differential Equation and has its 

solution either as 

R = A J (kr) + B Y (kr) n n n n (2.28) 

or, 

(2.29) 

In(kr) and Yn(kr) are known as the n-th order cylindrical Bessel functions 

of the first and second kind while H~l)(kr) and H~2)(kr) are the n-th 

order Hankel functions of the first and second kind, respectively. The 

unknown constants An and Bn are to be determined from the boundary con-/ 

ditions impending on the problem. 

The solution of Eq. (2.27) can be written as 

T = e±ine = (cos(ne)) 
sin(ne) (2.30) 

Hence, combining the solutions (2.28), (2.29), (2.30) and the time factor 

exp[-iwt], one obtains the general solution as 

(2.31) 

where 1(1) and 1(2) are the cylindrical Bessel or Hankel functions of 
- n n 

the first and second kind, depending on the physics of the problem. 
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If a wave progressing through a medium encounters an obstacle 

immersed in the medium, scattering phenomenon takes place and the wave 

field becomes different from what it would have been in the absence of 

the obstacle. In general, the solution to the scattering problem of 

an acoustic wave propagation in an infinite fluid medium, requires the 

solution of the Helmholtz equation satisfying the boundary conditions 

prescribed over a discontinuity surface, called scatterer. In order 

to solve this problem, the usual method of attack is to try to satisfy 
", 

the boundary conditions impending on the problem so as to obtain an 

exact solution directly from the general solution (Eq. 2.31) obtained 

by the method of separation-of-variables. However, this type of approach 

is successful only if the geometry of the curve 5 representing the boun­

dary of the scatterer is such that 5 coincides with an orthogonal curvi-/ 
/ 

linear coordinate system in which the Helmholtz equation seperates. Hence, 

the analytical solutions are possible only for simple geometries like 

circular and elliptic cylinders. Exact solutions are available for cir-

cular cylinders using circular polar coordinates and Bessel functions, 

and for elliptic cylinders using elliptic coordinates and Mathieu fu~c-

tions. T~us, for general boundary geometries one of the various approx­

imation techniqu"es must be employed in the solution of the scattering 

problems. The transition matrix formulation, shortly called T-matrix 

method, is the latest technique developed for this purpose. 
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I I 1. T -MATRIX FORf1ULATION 

In the wave scattering problems, as stated in the previous section, 

'" the complexity of the boundary geometry of the scatterer necessitates 

the use of a numerical method to obtain an approximate solution. In 

the evaluation of the scattered wave field, especially at the far field, 

the T-matrix method is highly efficient and powerful computational pro­

cedure. It uses, depending on the dimensionality of the problem, only 
I 

cylindrical or spherical wave functions even for bodies of arbitrary 

shape. 

In the formulation, both incident and scattered waves are expanded 

in series of the common wave functions, known as the basis functions, 

satisfying the Helmholtz equation (Eq. 2.16)., The unknown coefficients 

of the scattered wave series are then related to the coefficients of 

the incident wave by a transition matrix, called T-matrix. 

3.1 . BASIS WAVE FUNCTIONS 

A class of solut'ions for Helmholtz reduced wave equation is the 

wave functions in circular polar coordinates, 

n = 0,1, ... ,"" ,(3.1) 
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where H(l)(kr) 
n is the cylindrical Hankel function of the first kind, 

(J • 
Tn 1 s given by 

cos(ne) for (J = 1 
T~(e) = (3.2) 

sin(ne) for (J = 2 

and En is the Neumann factor, 

1 for n = 0 
.;' 

(3.3) E = n 2 for n > 0 

Equation (3.1) can be written from the general solution (2.31) by simply 

setting, I~l)(kr) + H~l)(kr), Bn + o. 

Assuming a time dependency of the form 

~(r e t) = ."Pn e- iwt 
't' " 't' 

(3.4) 

<t> represents an outgoing cylindrical wave with respect to the origin of 

a coordinate system located as shown in Fig. 3.1. Using the function 

H~2)(kr) in Eq. (3.4) would give the functional. form of an. incoming 

wave. However, if H~l)(kr) is replaced by In(kr), the cylindrical 

.Bessel function of the first kind, we get the expression for a standing 

wave, 

n = 0,1, ... ,00 (3.5) 

One should also note th'at ~~ is the-regular part of W~ given by Eq. 

(3.1), and it corresponds to th~ real part of the latter when kr is 

real. 
(J ~(J 

The functions Wn and Wn are called the basis wave functions for 

two dimensional scalar waves. 



Figure 3.1 - Geometry of an infinite cylindrical obstacle. 

Recalling the orthogonality relations for the trigonometric 

functions, 

27T 
f cos(me)cos(ne)de= (3.6) 

o 

27T 27T 
f sin(me)sin(ne)de = °mn k 

0 (EmEn) 2 

(3.7) 

27T 
f cos(me)sin(ne)de = 0 (3.8) 

0 

where E E are the Neumann factors and 0mn is the Kronecker delta, 
m' . n 

14 

one can vJrite orthonogonality relation for T~(e) over a closed curve as 
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for cr = v (3.9) 

Since, only the Hankel functions of the first kind will be utilized 

in the rest of the work, to simplify the writing the superscript (1) 

appearing on Hn(kr) will be omitted. 

3.2 ORTHOGONALITY OF THE BASIS FUNCTIONS 
" 

From the divergence theorem, it can be shown that two arbitrary 

scalar functions u(x,y,t) and v(x,y,t) satisfy the Green's second 

identity [18], 

·(3.10) 

The u and v and their first and second derivatives are continuous in 

a two-dimensional region of area As bounded by the closed curve C. 

The au/an = n. Vu is the directional derivative along a unit normal 

n which is pointed outward from the curve C. So far no restriction 

.has been imposed on u and v except the conditions of continuity. 

Let u or v represent a scalar wave, satisfying·the Helmholtz 

equation written in the form 

,. (3.11 ) 

A tjme factor exp(-iwt) is assum~d for the wave .. When both u and v 

have the same wave number, i.e., kl =k2 = k = w/c, the area integral 

on the right hand side of Eq. (3.10) vanishes identically·and we have 
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f(u ~ - v ~)dS = 0 c an an (3.12) 

This result is valid for any two functions u and v, so long as they 

satisfy the same wave equation, and the aforementioned conditions of 

continuity. For acoustic waves, u and v are the usual velocity 

potentials. 

For the problem of scattering by an infinite cylindrical boundary, 

consider the geometry shown in Fig. 3.~, where the curve S represents 

the boundary of the scatterer while S+ and Soo are somewhat arbitrary 

circular curves outside the scatterer. By utilizing Eqs. (3.9) and 

(3.12), the following orthonogonality conditions can be established 

for the basis wave functions over the circle S+: 

~ ~ 

al/J al/J 
f (~p ~-.~ ~)dS = 0 an q an , 
S+ 

(3.13) 

f ~. ~ 0 (l/Jp an - l/Jq an )dS -. 
S+ 

(3.14) 

f ~ ~ ~ (-4i)0pq (l/Jp a~ - l/Jq an )dS = 
S+ 

(3.15) 

For simplicity in writing, only the subscript which indicates the order 

of the Bessel functions is retained, that is, 

l/J == l/J(J l/J == l/Jv etc. (3.16) 
p P q q 

The proof of the first condition is rather simple. Let the region 

As ·i n Eq. (3. 10) be bounded externally by the circle S+ of radius r = r+ 
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as shown in Fig. 3.2. Note that both ~ and ~ and their normal deriv-p q 

atives are continuous within S+, that is, J (kr) have no singularity p,q . 
inside S+, and furthermore they satisfy the wave equation (3.11) with 

kl = k2 = k. Thus, Eq. (3.13) is a special case of (3.12) with u = ~p 

and v = tjJq' 

y 

x 
~~----~~~-----+-----

00 

Fi gure 3.2 - Geometry for a constant cl~oss-secti ona 1 sca tterer. 

The same proof, however, cannot -be applied to the functions tjJp 

and tjJq bec.ause the origin r= 0 is a singularity point for Hp (kr). . ,q 

For the proof of Eq. (3.14), we consider a region bounded internally 

by S+ (r = r+) and externally by Soo(r = r), (Fig. 3.2). Within this 

r~gion, both tjJ and atjJ Ian are regular, and Eq. (3.12) reduces to p,q p,q 
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-f (l/J ~-l/J ~)dS + f (l/J ~-l/J ~)dS = 0, (3.17) 
S+ p an q an Soo p an q an 

where we have replaced u and v by l/Jp and l/Jq' respectively. Note that, 

while the outer normal along S+ is in the negative direction of the 

unit radial vector ~, it is in the positive direction along Soo. The 

negative sign in front of the integral along S+ is introduced because 

the normal derivative a/an is taken to be in the direction of +~ along ,. 

both curves. 

It is seen immediately that both integrals in the above equation 

vanish identically when p = q. When l/Jp differs from 1jJq' it can be shown 

that each integral vanis·hes due to the orthogonality condition given by 

Eq. (3.9). To show this, note that a/an =a/~r and ds = rde along the 

circular curves S+ a~d Soo' and 

~_ ~ (J 
aHQ(kr) 

= (E:p) ~TgkH~ (kr) ar - (E:p) Tp(e) ar 
(3.18) 

~= (E:q)~T~(e) 
aHg(kr) 

= (E:q )~T~kH~ (kr) ar ar 
(3.19) 

where primes denote derivatives of the Hankel'functions with respect 

to their argument. Substitution of these into the integral along S+ 

in Eq. (3:17) yields 

f ( ... )ds 
,S+ 

(3.20) 



Since r ~ r(s), one can write the above equation in the form 

f ( ... ) ds 
S+ 

One can see that the expression in the second bracket is the same as 

19 

(3.21) 

that given by Eq. (3.9). Thus the integral over S+ vanishes if p ~ q. 

Going through a very similar procedure, one can show that the integral 

over S also vanishes for p ~ q. This completes the proof of Eq. (3.14). 
00 

From this proof it is seen that the circle S+ can be replaced by any 

other circular curve, not necessarily centered at the origin of the 

coordinate system. 

To prove Eq. (3.~5), let the region of interest be the same region 

as in the preceeding case and let u = ~p and v = ~q in Eq. (3.12). 

Since they are continuous within that region, we can write 

(3.22) 

Again, if p i q, one can show by giving a similar proof as for Eq. (3.17) 

that the integrals in the above expression vanish. However, they do 

not, when p = q .. 

To evaluate the integral on the right-hand side, let Soo recede 

to infinity. The as}wptotical expressions for ~p and ~q as r + 00 are [2J 

=(e: )~H (kr)-rcr ~ (e: )~Tcrm1Tkr e i (kr-1Tp) 
~p p p p pp (3.23) 

(3.24) 



where TIp = (2p + 1)TI/4. Recalling that, [2J, 

and as r -+ 00 , 

J l(kr) -+ ±/2/TIkr sin(kr-TIq) 
q± 

(3.25) 

(3.26) 

(3.27) 

(3.28) 

the asymptotic expressions for d~p/dr and d~q/dr can be written as 

(3.29) 

(3.30) 

Substituiing the expressions (3.23), (3.24), (3.29) and (3.30) into 

Eq. (3.22), one obtains 

x [cos(kr-TI ) - isin(kr-TIq)]ds . q 

20 



= -4io pq (3.31) 

21 

This completes the proof of the third orthogonality condition (3.15). 

3.3 WAVE FUNCTION EXPANSIONS 

Consider a cylindrical inclusion of cross-sectional area Ac' bounded 

by a closed curve S, and let a plane wave ui(r,e)exp(-iwt) be incident 

upon this inclusion, as shown in Fig. 3.3. Then, the total wave field 

u(r,e) in the medium will be composed of two parts; the incident wav~, 

ui , and the scattered wave, us, i.e., 

(3.32) 

~ For notational convenience, the time factor exp(-iwt) will be supressed 

in the rest of the work. 

Both incident and scattered waves can be expanded into a series 

of the basis functions in the form 

(3.33) 

where A is the constant amplitude factor of the incident wave, am are 

the incident wave coefficients which can be determined uniquely for a 

given incident wave type, and cm are the unknovJn coefficients of the 

. scattered wave. The coefficients cm' as will be shown, ca'n be determined 
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y 

~---4--+-~--~X 

Figure 3.3 - Geometry for a plane wave incidence on a cylindrical 
scatterer. 

by making use of a transition matr.ix (T-matrix) which relates to cm 

to a . by m 

(3.34) 



3.3.1 The Incident Wave Field 

Any known incident wave can be expanded into a series of the 

basis functions l/Jm as defined by Eqs. (3.5) and (3.16), [12J, 

r < r . 
00 

(3.35) 

Since, l/Jm are regular at the origin (r = 0), taken to be inside the 

surface S, the series converges unifo~mly within a large circle Soo 

23 

of radius, say, roo' For plane incident waves, S is at the infinity. 
00 

In Eq. (3.35) and in the following equations, for the simplicity 

in writing, the double sum will be represented by a single index and 

summation. Since the' index m is an abbreviation for the two indices 

m and cr, the symbol L means summation on cr from 1 (even) to 2 (odd) and 

m from 0 to 00 • 

. , Consider a plane incident wave with its wave normal perpendicular 

to the axis of the scatterer, as shown in Fig. 3.3. This wave can be 

c represented by 

ui = Aeikrcos{8-a) (3.36) 

as ~efined in s~ction (2.3.1), where the time factor has been omitted. 

If the plane wave expression given'in Eq. (3.36) is expanded into a 

series as defined by Eq. (3.35) then the coefficients a~ can be determined 

as explained below. 

Trigonometric Fourier series expansion of an even function f(x), 

. in the interval '-L < x < L is given by 



00 a 
f(x). = l: _n_ cos n7Tx En 2 L 

n=o 

where En is the Neumann factor, and 

1 2L 
an = --L-- f f(x)cos n~x dx 

o 

(3.37) 

n = 0,1, ... ,00 (3.38) 

If we now consider the function f(x) to be of the form exp(izcosS) 

where we have replaced x by S. If thts function is defined in the 

interval -7T < S < 7T then its Fourier series expansion is 

where 

eizcosS = 
00 a 
l: En --;- cos (ns) 

n=o 

1 27T izcosD 
an - - reI-' cos(ns)ds 

7T 0 

(3.39) 

(3.40) 

Recalling the integral representation of the Bessel functions [19J, 

27T . 
= f elZCOSS cos(ns)dS 

o 

equation (3.39) can be written as 

00 

eizcosS = l: Eninjn(z)cos(ns) 
n=o 

(3.41 ) 

(3.42) 
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In order to obtain the Fourier series expansion of the expression given 

by Eq. (3.36) one then has to replace z by kr and S by (e-a) in Eq. (3.42). 

D6ing so one gets 
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00 

= ~ EninJn(kr)[cos(ne)cos(~)+sin(ne)sin(na)]. (3.43) 
n=o 

Rearranging Eq. (3.43) as 

eikrcos(e-a) 
(3.44) 

and then comparing with Eq. (3.35), the coefficients aa of the incident m 
plane wave are found to be 

cos(ma) ; a = 1 
aa = ( )~.m m Em 1 

sin(ma) ; a = 2 

3.3.2 The Scattered Wave Field· 

(3.45) 

The scattered wave field can be expanded into a series in terms 

of the functions ~m' i.e., 

r 2:. r+ . (3.46) 

Note that ~m are regular outside the region enclosed by the curve S, the 

boundary of the inclusion. Thus, the above series converges uniformly 

outside and on a circle S+, enclosing the· inclusion (Fig. 3.3). The 

raQiusr+ of S+.is yet unspecified, and it can be ascertained when the 

unknown coefficients cm are found. 

BOGAZrCI ilNIVERSiTESI /(UTUPHAN[S 
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To determine cm' consider a region which is bounded internally 

by S, and externally byS+. Furthermore, to apply Eq. (3.12) for that 

region, let v be ~m' and u be the total wave field as defined ;n 

Eq. (3.32), that ;s 

; s u(r,e) = u (r,e) + u (r,e) (r inside S+, outside S). (3.47) 

At the boundary S one writes 

+ u(r,e) = u 
+ au(r,e) = ~ 

an an (r on S) (3.48) 

+ Both u+ and au Ian are unknown quantities at the surface S, where 

(+) indicates that we approach S from the positive direction of n. 
Substituting Eqs. (3.35), (3.46) into (3.47) and evaluating it 

on S+ we get 

(3.49) 

Since both series are uniformly convergent on the surface (circle) 

S+, one can differentiate them term by term to obtain 

Substitution of the expressions (3.48), (3.49) and (3.50) into Eq. 

(3.12) where the contour C is made out of two curves, Sand S+,gives 

+ a~m ~ au + ~) 
J (u -- - 1jJ --)ds - J A[(l: a.1)J. + l: c.1jJ. 
S . an m an s . J J . J J 

. + J J 

~ a~. a1jJ.· 
1jJ (l: a. ~nJ + l:C. ~)Jds = 0 
m j J a j J on 

(3.51) 
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Rearranging the above expression, we get 

(3.52) 

The integral associated with a. vanishes according to the orthogonality 
J 

condition (3.13), and that with cj,is the same as the integral in Eq. 

(3.15). Hence the right-hand side of the preceding equation reduces 

to AEC j (-4io jm), yielding 

(3.53) 

Similarl~, replacing v in Eq. (3.12) by ~m' ad applying the 

orthogonality conditions (3.14) and (3.15), one obtains 

a~ + 
J(u + __ m - ", ~)ds = 

an 'I'm an (3.54) 
S 

/ 

Equation (3.53) states that the unknown coefficients cm of the 

series representation for the scattered wave is determined by an integral 

. + + h of the surface sources, u and au lan, over the boundary oft e scatterer. 

These two sources, u+ and au+/an, are not independent of each other and 

are related by Eq. (~.54) where am are known. 

The unknown quantities, u+"and au+/an, are to be determined from 

'prescribed boundary conditions. 



3.4 BOUNDARY CONDITIONS 

In connection with the above formulations, two boundary condi­

tions are of great importance in scattering problems, namely the 

Neumann and Dirichlet boundary conditions. 

3.4.1 Neumann Type Boundary Condition 

28 

In the case where the inclusion is a rigid one, the normal com-

ponent of the velocity field should vanish on the boundary, i.e., 

+ 
~=O an 

or equivalently, from Eq~ (3.47), 

~= an 
au i 

---. an on S 

(3.55) 

(3.56) 

Such a boundary condition is known as the Neumann type boundary 

condition. 

The other surface quantity u+, which i~ unspecified, can be 

represented [1] as a series of the regular wave fl.mctlons~j' that is, 

+ u = Ar. CY..~. 
. J J J . . 

on S 

where CY.. are the coefficients of the surface field. 
° J 

(3.57) 

Substitution of £qs. (3.55) and (3.57) into Eqs. (3.53) and 

(3.54) yields 

0_ a~m 
r. CY..[J 1)1. -a- ds] = -4icm ,. j J S J n 

(3.58) 
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(3.59) 

The above pair of equations show that both scattered field coefficients 

cm and incident field coefficients am are related to the unknown surface 

field coefficients aj' If the latter are eliminated from these two 

equations, the cm can then be expressed directly in terms of am' Before 

going into the elimination procedure, it will be better obtain the cor­

responding pair of equations also for Dirichlet boundary condition. 

3.4.2 Dirichlet Type Boundary Condition 

The Dirichlet boundary condition in acoustic wave scattering 

corresponds to the case. where we have a cavity inside the fluid medium. 

Thus, the pressure vanishes on the surface of the cavity, i.e., 

u+ = ui "+ US = 0 on s (3.60) 

The unspecified surface quantity au+/an, in this case, can be 

represented [1] as a series in terms of the normal gradients of the 

regular wave functions, that is, 

" + a~. _o_u_ = A" __ J 
an ~aj an 

J 

on S (3.61) 

Equations (3.60) and (3.61) are then substituted into (3.53) and (3.54) 

to obtain 
. 

alj! . 
L:a • [ - f ~ ~ d s ] = 
j J S m on 

-4ic m 
(3.62) 



A 

31/1. 
~aj[-f 1/Im ~ ds] = 4iam (3.63) 

The above two equations,-together with Eqs. (3.58) and (3.59) 

obtained in the preceding section, form the basis for deriving a 

transition matrix relating the coeffici~nts cm to am directly. 

3.5 THE TRANSITION MATRIX 
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One can define two matrices ~ith elements Qjm and Qjm' which are, 

in the case of Neumann boundary condition, given by 

1 A 31/1m Q . = -4 J 1/1. -,,- ds 
Jm S J an (3.64) 

• A 

A 1 A 31/1m Q • = -4 J 1/1. -,,- ds 
Jm S J an (3.65) / 

/ 

and in the case of Dirichlet boundary condition, given by 

1 3~. 
- J J d QJ'm = - -4 1/Im ~n s 

S a 
(3.66) 

A 

1 31/1. 
A J 

QJ'm = - - J 1/1 -- ds 4 S m 3n 
(3.67) 

As can be easily seen in both cases, the elements of the Q matrix are 

simply the real part of the elements of the Q matrix, i.e., 

Q. = Re( Q. ) . 
Jm Jm (3.68) 

A 

Now, substituting the corresponding Q and Q matrices into Eqs. 

(3.58)., (3.59), (3.62) and (3.63), we obtain 



iLexJ.Q. = c 
j Jm m 

-iLex.Q.= am 
j J Jm 
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(3.69) 

(3.70) 

The equations (3.69) and (3.70) can then be expressed in matrix form, 

"t iQ ex = c (3.71) 

'Qt -1 ex = a (3.72) 

where (t) denotes the transpose matrix. Elimination of the unknown 

surface field coefficient vector ex from these two equations yields 

"t t-1 c = -[Q (Q) Ja = T a - ~ ~ - ~-
(3.73) 

/ 

The T is called transition matrix which relates the scattered wave 
:::: . 

field directly to the incident wave field. As shown in Ref. [1,20J, 

the T-matrix is symmetric, i.e., Tt = T, it can thus be determined 

': from the relation 

9 I = -§ 
~ ~ ~ 

(3.74) 

or, 
-1" 

T = -Q . Q (3.75) 
~ ::::: ~ 

3.6' STRUCTURE OF THE Q-MATRIX 

As given in Eqs. (3.63-67), the elements of the Q-matrix are given 

'by integrals'involving basis wave functions and their normal gradients. 

These 'integrals are evaluated along the boundary of the scatterer. We 



should note that for a given incident wave field (given wave number) 

the elements of the Q-matrix are fixed when the geometry and the 

boundary type of the scatterer are given. 

In order to understand the structure of the Q-matrix better, 

one should restore the full index notation of the basis functions, 

that is, 

~ (r,e) = ~v(r,e) m m etc. (3.76) 

With this notation, Eqs. (3.64) and (3.66) take the form 

v 
av 1 AO a~m 

Q. = -4 J ~. -,,- ds 
Jm S J on 

(3.77) 

a$C: 
Q~ = __ 1_ J ~v __ J 'ds 

Jm 4 S m an 

respectively. From these expressions one sees that the Q-matrix 

actually consists of four submatrices, that is, 

Ql1 Q12 
Q = ::: 

::: Q21 Q22 
::: ::: 

where, in the case of Neumann boundary c:ondition, 

'Ala~~ 
Q~l = -4 J~. -,,- ds 

Jm S J on 

a~2 
Ql.2 = _1_ J ~1: __ m ds 

Jm 4 S J an 

(3.79) 

(3.80) 

(3.8') 
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. a~l 
Q~l = _,_ J ~~ __ m ds (3.82 ) 
. Jm 4. S J an 
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1 A al/l~ 
Q~2 = - J 1/1" -- ds Jm 4 S J an (3.83) 

and in the case of Dirichlet boundary condition, 

(3.84) 

Al 
1 aljJ· 

Ql.2 = - - f 1/1 2 __ J ds 
Jm 4 S m an (3.85) 

a0~ 
Q~1 = __ 1_ f 1/1 1 __ J ds 

Jm 4 S m an (3.86) 

A2 
1 al/l. 

Q~2 = __ f 1/1 2 __ J ds 
Jm 4 s. m an (3.87} 

Note that I/I~ and $~ are given by 
/ 

~~(r,e) (3.88) 

0~(r,e) (3.89) 

~~(r,e) (3.90 ) 

(3.91) 

Depending on the geometry of the scatterer, the Q-matrix has the 

foll owing properties: . 

For seperable geometries, i.e., for the circle and ellipse, the 

Q~matrix is symmetric [lJ, that is, 

(3.92) 
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'or in explicit form 

(3.93) 

Another important property is that, if the cross-sectional 

geometry of the scatterer has a mirror symmetry with respect to 

x-axis, i.e., across the plane y = rsine = 0, so that r(e) = r(2TI-e), 

then the integrals involving the mixed products of sines and cosines 

will vanish and we get 

Q~2 = Q~l = 0 
Jm Jm 

(3.94) 

and for the nonzero matrices, Qll and Q22, the integrals are to be 
"" "" 

evaluated only by considering the half of the boundary. 

If the boundary of the scatterer has symmetry with respect to 
. / 

both x and y-ax.es, then [1], 

Q. = 0 Jm if (j+m) is odd. (3.95) 

Also, for such boundaries, real part of the Q-matrix is symmetric 

[21], i.e., 

(3.96) 

Note that, for seperable geometr~es both real and imaginary parts are 

symmetric. 

3.7 PROPERTIES OF THE T-MATRIX 

In the light of the notation of Eq. (3.79), a corresponding block 

notation can be used for the transition matrix in Eq. (3.75), 
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TIl T12 Qll Q12 -1 Q11 Q12 
T = :::: :::: - - :::: '" X :::: :::: (3.97) 
::: T21 T22 Q21 Q22 Q21 Q22 

:::: :::: "" :::: :::: :::: 

For the boundaries having mirror symmetry with respect to x-axis, 

Eq. (3.97) reduces to the two (single) equations 

TIl = _(Q11)-16 11 (3.98) 
~ ~ ~ 

Because of the reciprocity prjnciple and energy-conservation 

requirements, as shown in Refs. [lJ and [20J, the T-matrix is always 

symmetric, i.e., 

and 

T T* = -Re(T) 

(3.99) 

/ 
(3.100 ) 

where the asteriks (*) denotes the complex conjugation and (Re) means 

the real part. These properties are valid for all geometries and can 

be used to check the accuracy in the numerical evaluations of the 

T-matrix. 

3.8 PRESENTA~ION OF THE SCATTERED WAVE ,FIELD 

The scattered field coefficients cm' which are to be evaluated 

through the relation (3.73), can be written in a compact form as 

(3.101) 

or, in block matrix notation, 



c1 TIl T12 a1 - ~ '" -= (3.102) 
C T2l T22 a2 

:::: ~ .. 

One can then write from Eq. (3.101) 

c1 co 
Tlla l + co 

= l: l: T12a 2 
m mn n n=l mn n n=o 

m = O,l, ... ,co . (3.103) 

co co 

c2 = l: T2l a l + l: T22 a2 
m mn n n=l mn n n=o 

m = 1,2, ... ,co (3.104 ) 

"" 

where 

(3.105 ) 

By using the above notation and omitting the time factor, the 

incident and scattered wave fields can be rewritten as 

i co 
1: 

U = A l: (En) ~n(kr)[a~cos(ne) + a~sin(ne)J , r < co ,(3.106) 
n=o 

co 
1: 

US = A l: (En)~n(kr)[c~cos(ne) + c~sin(ne)J , r outside S 
n=o 

(3.107) 
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Once the coefficients of the scattered wave field are determined 

numerically, the scattered field is known. Various field quantities 

such-as the velocity potentials in the near field, surface field poten­

tials, far field amplitudes and ~cattering cross-sections which are 

of interest in th~ acoustic wave scattering problems can then be 

calculated. 
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3.8.1 Near-field Solutions 

The velocity potentials due to the scattered wave field at finite 

distances from the scatterer can be obtained from Eq. (3.107). In the 

case where the near-field solutions are concerned, generally the quan­

tity of interest is the distribution of the velocity potential on the 

boundary of the scatterer due to scattered wave field. However, this 

distribution can not be evaluated by the T-matrix formulation directly, 

because the series representing the scattered wave field is not complete 

on the surface of the scatterer and hence Eq. (3.107) is not valid on 

S, [1,12J. The series is complete only on a circular surface, say S+, 

which is outside the scatterer as shown in Fig. 3.3. It is possible 

to evaluate the velocity potential distribution from the intermediate 

steps of the T-matrix formulation. For this purpose, one can write(, 

from Eq. (3.47) and (3.48), 

r on S , (3.108) 

or 

uS = u+ _ ui r on S (3.109) 

In the case of Neumann boundary condition, substitution of Eqs. (3.35) 

and (3.57) into Eq. (3.109) yields 

r on S (3.110) 

where u+ is the total wave field.at the boundary and an are the unknown 

surface field coefficients .. One can immediately see that the unknown 

coefficients a can be uniquely determined through the Q-matrix by n . 

solving the matrix equation (3.72). Substituting the expressions for 



A 

~n in the above equation and rearranging the terms slightly we get 

(Xl 

S 1 . 

U = An~o (En)~Jn(kr)[(a~ - a~)cos(ne) + (a~ - a~)sin(ne)J , 

r on S .(3.111) 

In the case of Dirichlet boundary condition, however, the scattered 

wave field on the boundary is simply given by 

s i u =-u on S 

and hence it needs not be evaluated. 

(3.112) 
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It should be noted that, for a circular cylindrical scatterer, 

the surface field potentials due to scattered wave field can still be 

determined from Eq. (3.107) directly, because, in this case, the cir­
/ 

cular surface S+ can be arbitrarily replaced by S so that the outgoing 

wave series in Eq. (3.107) is complete also on the boundary of the 

scatterer. 

The near-field results, in fact, have very 1 ittl e practical sig-

nificance and they are of almost no intere~t in applications such as 

non-destructive evaluations, remote sensing etc. 

3.8.2 Far Field Solution 

From the practical point of view, the far field amp)itude is the 

most important quantity to be determined in the acoustic scattering 

prob 1 ems. 

The expression for the scattered wave field at distances far 

from the scatterer is obtained from Eq. (3.107) by using the asymptotical 



form of the Hankel functions. The asymptotica1 representation of 

Hn(kr) as r + 00 is given by, [2J, 

H (kr) ';; /2/nkr ei [kr-((2n+1}/4)nJ 
n 

and after simple manipulations, one gets 

H (kr) ';; /2/inkr eikr i-n 
n 

Then, substitution of Eq. (3.114) tnto Eq. (3.107) yields 

(3.113) 

(3.114) 
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r + 00. 

(3.115) 

One can also write- Eq. (3.115) as 

where f(e) is the far field amplitude describing the angular variation 

of the scattered field at distances far from the scatterer and it is 

r: given by 

00 1: -n 
f = A ~ (s) ~ [c1cos(ne) + c2sin(ne)J. 

n=o n n n 
(3.117) 

In the presentation of the scattered wave field results, the 

field quantities given by Eqs.{3.l07), (3.111) and (3.117) are first 

non-dimensiona1ized through dividing them by the constant amplitude 

factor of the incident wave A, and then the angular variations of 

their norms, i.e., Ius/AI, If/AI "versus e, are plotted in polar coor-

dinates for the regions of interest. 
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3.8.3 Total Scattering Cross-Section 

In two dimensional wave scattering problems, the total scattering 

cross-section is defined as the ratio between power generated by the 

scattered wave over a circle with large radius around the obstacle and 

the power per unit area generated by the incident wave, and is given 

by, [13J, 

t 1 2n 
cr ot = 27f f cr(6)d6 (3.118) 

o 

where cr(6) is the differential cross-section, 

cr ( 6) = 1 f ( 6) 1.2 (3.119) 

The total scattering cross-section can then be written in terms of 

the scattered wave field coefficients as 

00 

cr tot 
= L: 

n=o 
(3.120) 

The above quantity is generally used to check the convergency 

of the scattered wave field results obtained by the T-matrix formula­

tion and employed in the selection of the'T-matrix size to be used in 

the calculations. 
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IV. NUMERICAL EVALUATIONS 

This chapter is devoted to the applications of the transition 
", 

matrix method described in the previous chapter .. The examples pre­

sented include cylindrical rigid inclusions and cavities with circular, 

elliptical, rectangular and triangular cross sections. Some of the 

results obtained have been compared with the known exact and approxi­

mate solutions, [9,22J. 

In the numerical evaluations, an incident plane wave as given 

by Eq. (3.36) has been considered and both the "near-field" and, mainly,. 

the "far-field" results have been obtained for various angles of inci-

dence. The results have been presented in polar graphical forms, as 

discussed in sections (3.8.1) and (3.8.2). 

The basic steps in the computation of the scattered wave field 

using T-matrix method can be outlined as follows: 

a) Description of the boundary geometry of the scatterer, 

b) Numerical evaluation of the boundary integrals for the 

generation of the Q-matrix elements, 

c) Inversion of the Q-matrix and creation of the T-matrix, 

d) Calculation of the scattered field coefficients through 

T-matrix, 
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e) Evaluation of the scattered field for various incidence 

angles 

f) Check for the convergency of the numerical results by 

checking the convergency of the series, Eq. (3.120), 

representing the total scattering cross section. 

Note that, if the convergency of the total scattering cross 

section is found to be insufficient at the end of the calculations, 

the steps (b) to (f) should be repeated by using a Q-matrix of the 

larger size. 

4.1 GENERAL PROCEDURE FOR THE EVALUATION OF THE 

Q-MATRIX ELEMENTS 

In order to generate the Q-matrix one should evaluate the 

integrals given by Eqs. (3.77) and (3.78) either analytically or 

numerically. Analytical evaluation is possible for only circular 

geometry, because r f r(e) for circle and the boundary integrals 

reduces to simple trigonometric integrals. For general boundary 

,geometries, the boundary integrals are to be evaluated numerically. 

In order to illustrate the proceduri followed in the computa­

tion of the Q-matrixelements, the derivations of the necessary analy­

tical ~nd numerical expressions are presented here for only the Qll 

matrix for the rigid inclusion case~ 

To obtain the elements of the Qll matrix, first, it is helpful 

to write.Eq. (3.80) with slightly different notation as 

/ 
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1 1 _ 1 [A 1 ( Ai Q. - -4 f nds,Vlj! r,e)]lj!.(r,e) 
Jm S m J 

(4.1) 

where n is the unit normal vector and V ;s the gradient operator. To 

put the above expression into a form which is suitable for numerical 

calculations we need the explicit expressions for the terms inside 

the integrand. 

Consider Fig. 4.1 for the evaluation of the term nds. As the 

incremental quantities ~s, ~e, ~r become infinitesimally small (s + 0), 

we can write 

A 

n = e cosy - eosiny -r -v 
(4.2) 

where e and eo are the radial and tangential unit vectors, respectively, -r -v 

and 

y 

x 
~------~-----------------------------. 

Figure 4.1 - Geometrical representation of the unit normal vector. 
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rde cosy = -­ds 
. dr slny = -­ds 

Hence, from Eqs. (4.2) and (4.3), one obtains 

A , dr 
nds = rde[e - - -- en] .=.r r d e -J.J 

(4.3) 

(4.4) 

As to the term v~~(r,e), using the gradient expression in polar 

coordinates, 

v = _d_ e + -,- __ d_ e 
dr -r r de ~ 

one can \A./ri te 

(4.5) 

VI/lml = (£ )~[e kHI (kr)cos(me) - ~ -.!L H (kr)s;n(me)] . (4.6) 
't' m -rm vr m 

Note that 

(4.7) 

. thus, Eq. (4.6) reduces to 

- ~ ~ Hm(kr)sin(me)} (4.8) 

From Eqs. (4.4) and (4.8), one then obtains 

/ 
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(4.9) 

Finally, substituting Eq. (4.9) and corresponding expression 
"'1 for 1jJj' i.e., Eq. (3.90), into Eq. (4.1), and also writing dr/de as 

l/k[d(kr)/de], one gets 

+ ;r Hm(kr)sin(me) d~ (kr)} . (4.10) 

The quantities r and dr/de both being functions of e, i.e., r = r(e), 
/ 

d[r(e)]/de, are to be determined from the analytical equations describing 

the geometry of the boundary of the scatterer of interest. One should 

also notice that Irl always occurs as kr(e) in the expression for the 

Q-matrix elemen~s. Therefore, in the numerical evaluations, it is 

sufficient to specify the wave number in a non:-dimensional form, say 

kl, where 1 is a characteri~tic length in the problem, and the non-

dimensional ratios of the geometry parameters such as aspect ratio, 

corner radius ratio etc. 

As stated earlier, in general the angular integrations in Eq. 

(4.10) which are of the form 

2n 
·r = f F(e)de 

o 
on S (4.11) 
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can be carried out only numerically. The first step in the numerical 

evaluation of these integrals is the subdivision of the boundary S 

into N number of intervals ~Si each subtending a central angle of ~ei 

y 

5 

Figure 4.2 - Boundary subdivision. 

such that, as shown in Fig. 4.2, 

N 
L ~S.;' S 

1 i=l 

N 
L ~e. = 27T 

1 i=1 

The integral given by Eq. (4.11) can then be written 

N 
I = L [f F(e)de] , on S 

i =1 ~e. 
. 1 

x 

(4.12) 

as 

(4.13) 

/ 
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Having divided the boundary into N suitably small segments, one 

should next approximate the integrals which are to be evaluated sepa­

retly for each angular interval 69 i . This approximation can be made 

by using the Simpson's rule of any order. Hence, one can approximate 

the angular integrals in Eq. (4.13) in the form (see Appendix A) 

(4.14) 

where P is the order of the Simpson's rule used, Cs is a constant 

multiplication factor and Wq are the weighing factors. Note that, 

Cs and Wq are fixed numbers depending on the order P. Substituting 

Eq. (4.14) into (4.13), one gets 

Finally, applying the above expression to Eq. (4.10) and using 

the geometrical definitions shown in Fig. 4.3, one obtains the desired 

numerical expression for the computation of the Qll-matrix elements, 
::: 

1: 
( E

J
. Em) 2 C s N P 

Q~ 1 ~ 4 -P- L L (68.)w {J. (kr 'q)COS(j8 iq )} 
Jm i=l q=o 1 q J 1 

x {[mHm(kr1·q) - kr. H +l(kr. )]cos(m8. q) 1qm 1q 1, 

m ( ). (" )[d(kr)]} + ~ Hm kr iq sln m8 iq d8 iq , r iq on S. 
1q . 

(4.16) 

Th~ analytical and numerical expressions obtained for the other 

Q-submatrices, for both rigid inc1llsion and cavity cases, are given in 

Apperidix Band C. 
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y 

(i-th interVOlI) 

"1-~c-----: integration points 

, 
\:5 , 

~ ____ ~~~ ____ ~ ____ L-__ -L~ ____________ X 

Figure 4.3 - Interval subdivision. 

4.2 CREATION OF THE T-MATRIX 

After co~puting the Q-matrix elements according to the procedure 

outlined in the previous section, one can then create the T-matrix. 

/ 

But, before going into the evaluation of the T-matrix, one should 

perform the following conditioning on the Q-matrix, [21J. Because of 

the behaviour of the Hankel functions appearing in the elements of the 

Q-~atrix, the imaginary parts of the elements of,the Q-matrix will tend 

to grow to very large numerical values for the elements above the dia­

gonal. In order to avoid the loss of precision due to the finite 
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precision arithmetic employed by the digital computers, it is conve­

nient at this point to set the imaginary parts of all the mentioned 

elements to zero, by Gaussian elimination. 

The T-matrix can be evaluated, as discussed earlier, using the 

matrix equation 

(4.17) 

which first requires the inversion~of the Q-matrix directly by using 

a standard matrix inversion technique. However, from the point of 

view of numerical accuracy, this evaluation can be performed more 

effectively by first transforming the Q-matrix to a unitary matrix 

Q 't and then apl11ying the following matrix equation, [20,21J, 
",Unl 

* r = -[SunitJt x [9unitJ 
/ 

(4.18) 

where the symbols It' and '*' denote the matrix transpose and the 

complex conjugate, respectively. This transformation, i.e., Q to 
'" 

Q "t' is done by Schmidt orthogonalization [21J. 
::::;Unl 

4.3 NUMERICAL EXAMPLES 

In this section, the numerical results obtained by the applica­

tion of the T-matfix method to the cylindrical rigid inclusions and 

cavi'ties having circular, elliptical, rectangular (round cornered) and 

triangular (isosceles) cross sectional geometries,are presented. The 

incident wave considered, as stated earlier, is a plane acoustic wave 

with constant velocity c, angular frequency w, and wavelength A = 2n/k. 
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The scattered wave field is computed for various non-dimensional wave 

numbers, k~, and incidence angles, a. 

4.3.1 Circular Cylinders 

The equation of the boundary of a circular cylindrical scatterer 

in polar coordinates is simply 

r = a (4.19) 

y 

/ 
k 

incid ent 
plan e wave 

Figure 4.4 - Geometry for the circular cylindrical scatterer. 

where a is the radius of the circle, as shown in Fig. 4.4. From 

Eq .. (4.19) one easily sees that r ~ r(e), thus, 

[dr/de] = 0 (4.20) 

The polar plots of the scattered field results obtained for 

the rigid inclusion and cavity cases are presented in Figs. 4.8 to 
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4.10. Note that, due to the rotational symmetry of the problem, the 

scattered wave field is to be computed for. only zero angle of incidence, 

. f 00 • 1.e.,or a = 

4.3.2 Elliptical Cylinders 

For the evaluation of the boundary integrals one needs the 

equation of the ellipse and the angular variation [dr/de], which are 

given by 

r(e) (4.21 ) 

~; = a{(b/a)[(b/a)2 - lJsinecose[sin 2e + (b/a)2cos2eJ-3/2}, 

(4.22) 

where 2a and 2b are the major and minor axes, as shown in Fig. 4.5. 

The polar plots of the near and far field results obtained 

for the rigid inclusion and cavity cases for various ka values and 

aspect ratios (b/a) are presented in Figs. 4.11 to 4.18. 

k 

incident 

plane wa.ve 

y 

Figure 4.5 -Boundary geometry of the e11iptic cylinder. 

x 
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4.3.3 Rectangular Cylinders 

In the application of the T-matrix method to rectangular cylin­

ders, a round cornered type rectangular cross section is considered. 

To descrlbe the boundary geometry, the following geometrical defini-

tions are made first; 

y = arctan[(b/a - rc/a)/(l - rc/a)] 

(D/a) = (1 - rc/a)/cosy 

incident 
plane wave 

k 

a' 

(4.23) 

(4.24) 

(4.25) 

y 

x 

b 5 

Figure 4.6 - Boundary geometry of the round cornered rectangular 
cylinder. ' 



¢2 = arctan[(b/a)/(l - rc/a)] (4.26) 

(4.27) 
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where 2a and 2b are the width and the length of the rectangle andrc 

is the corner radius, as shown in Fig. 4.6. Employing these defini­

tions one can write the analytical equations of the boundary and the 

(dr/de) values in the range 0 < e < TI as 

a) r(e) = a(l/cose) 

~~ = a(sine/cos 2e) for o < e < tJ> 
- - 1 

, (4.28) 

b) r(e) = a[(D/a)cos(e-y) + [(D/a)2cos2(e-y) + (rc/a)2 - (D/a)2]~}, 

~~ = a{(D/a)sin(y-e) + (D/a)2cos(y-e)sin(y-e) 

for tJ> < e < tJ> 
1 - - 2 

(4.29) 

c) r(e) = a[(b/a)/sine] 

~~. = a[-(b/a)cose/sin 2e] 

d) r(e) = a{(D/a)cos(e+Y-TI) + [(D/a)2cos2(e+y-TI) + (rc/ a)2 
1 

_ (D/a)2]'2} 

. ~ = a{(D/a)sin(TI-y-e) + (D/a)2cos(TI-y-e)sin(TI-y-e) 
de . 

x [(D/a)2cos2(TI-y-e) + (rc/a)2 - (D/a)2]-~} 

for .tJ>3 2 e ~ tJ>~ (4.31) 



e) r(8) = a(-1/cos8) 

~e = a(-sin8/cos 28) for ~ < ~ < TI . 
'+ -
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(4.32) 

Note that, the values of rand dr/d8 for the range TI ~ 8 ~ 2TI are 

computed by first setting 8 + 8-TI and then applying again the formulas 

given in Eqs. (4.28-32). 

The polar plots of the scattered wave field results obtained 
".. 

for various ka values and the ratios (b/a), (rc/a) are presented in 

Figs. 4.19 to 4.34. 

4.3.4 Triangular Cylinders 

We have also considered a scatterer with cross section in the 

form of an isosc~les triangle, as shown in Fig. 4.7. The expressions 

for the boundary and dr/d8 in the range a < 8 < TI are 

a) r(8) = h[1/(3cos8)] 

~~ = h[sin8/(3cos 28)] for (4.33) 

b) r(8) = h{(2/3)tan(B/2)/JsinS - cosStan(B/2)} 

~; = h{(-2/3)tan(B/2)[cosS + sinStan(B/2)]/[sin8 

- cosStan(B/2)]2} for ~ ~ S < TI, (4.34) 

where th.e angl e ~ is given by 



incident 
plane wave 

y 
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e X 

h 

Figure 4.7 - Boundary geometry of the triangular cylinder. 

~ = arctan[3tan(S/2)] (4.35) 

Values of r(e) and dr/de, in the range n ~ e < 2n, are obtained by 

setting e + 2n-e in the Eqs. (4.33) and (4,34), and then setting 

dr/de to -dr/de . 

. The scattered field results obtained for various kh and S values 

are presented in Figs.· 4.35 to 4.41. 

/ 



V, CONCLUSIONS 

In this work, the numerical results for acoustic plane waves 

scattered by circular, elliptical, rectangular and triangular rigid 

inclusions and. cavities have been obtained utilizing the T-matrix 

method. The results are presented in polar graphical forms. These 

results are compared with the exact or approximate solutions [9,22J, 

where available. For the rectangular and triangular cylinders, how­

ever, because of the unavailability of any result obtained in other 

studies, no compa"rison can be made. 
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In the evaluations of the elements of the Q-matrix, fourth order 

Simpson's rule is used to perform the angular integrations along the 

boundaries of the scatterers. Good convergence is obtained using 36 

integration steps in the range Q-n. For triangular geometry, corners 

may be thought to give rise to difficulties from the analytical point 

of view. However, since the integrals are 'evaluated by considering only 

discrete points taken within each angular interval, no computational 

problem is encountered. The symmetry and other numerical properties 

given by Eqs. (3.92), (3.94) and (1.95) is effectively used to check 

t~e accuracy of the numerical procedure followed. 

The T-matrix is constructed by inverting the Q-matrix using 

,Gauss-Schmidt orthogonalization technique, as discussed in Section 4.2. 
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The requirements given by Eqs. (3.99) and (3.100) are first used to 

check the correctness of the computer program, then they are, together 

with Eqs. (3.92), (3.94), (3.95), incorporated into the program reducing 

computing time significantly. 

It is observed that the size of the T-matrix to be used is related 

to the non-dimensional number krmax ' where k is the wave number and 

rmax is the maximum r value which is to be encountered along the boun-

dary of the scatterer. In order to be able to obtain sufficiently con-
/ 

vergent results, the size of the T-matrix is generally increased in a 

direct proportion to the non-dimensional number krmax ' The sufficiency 

of the matrix size, however, is controlled by checking the convergency 

of the total scattertng cross-section, Eq. (3.120). This check is made 

up to when the total scattering cross section did not differ by more / 

than at least 10~5 per cent. A rough estimate for the size requirement 

of the T-matrix may be given as 6 x 6 for krmax = 0.1,15 x 15 for 

krmax = 1.0 and 40 x 40 for krmax = 5.0. 

In the case of scattering by circular cylinders, both near (Fig. 

4.8) and far field (Figs. 4.9, 3.10) results are found to be in excellent 

agreement with the exact solutions for all wave numbers, [22J. This is 

because of the"fact that the basis wave functions given by Eqs. (3.1) 

and (3.5) are exact expressions for the circle and hence the T-matrix 

formul~tion yields exact solutions for the circular cross-sections. 

In the case of scattering by elliptical cylinders, the near 

fiel'd results are plotted in Figs. 4.11, 4.12 for the aspect ratios 

b/a = 0.5 and 2~0 and for a = 00
. In these figures, we observe that 

. for a given incident wave number the angular spectrum of the scattered 
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field is quite different for two different values of bfa. In the case 

of scattered far field amplitudes, some of the, results were compared 

with those obtained in Ref. [9J and found to be in good agreement 

especially for relatively small wave numbers (ka ~ 1.0). The far 

field results have been obtained for the aspect ratios 0.5, 2.0, 5.0 

and for different incidence angles and presented in Figs. 4.13-15 for 

rigid inclusion, and in Figs. 4.16-18 for cavity. In the case of 

rigid inclusion, the structure of the polar plots varies quite remark­

ably for different incidence angles and aspect ratios. Especially 

for the higher aspect ratios, larger angular peaks are observed in 

the forward direction. However, for a cavity, we observe that, in 

contrast to the rigid'inc1usion, the dependency of the structure of 

the plots on both incidence angle and aspect ratio is not so significant. 
/ 

The near field results, Figs. 4.19, 4.20, for scatterers with 

rectangular cross-section show that the surface field potential dis-

tributions, comparing with the circular and elliptical geometries, 

display sharper maxima and minima for all wave numbers. Although, for 

low frequencies (ka ~ 1.0), the shapes of the plots are somewhat similar 

to the ones obtained in the elliptical case, the picture is entirely 

different in the high frequency range. For the far field case, we 

observe that the field scattered by a rectangular cylinder displays 

more angular structure than that generated by a circular or elliptical 

cylinder. The far field results obtained for a rigid inclusion (Figs. 

4.21-27) i~dicate that effects of the aspect ratio and the in~idence 

angle on the shape of the polar plots are relatively strong. These 

effects are more obvious at higher wave numbers (ka > 1.0). On the 



other hand, it is observed that, as shown in Figs. 4.21, 4.22 (rigid 

inclusion) and in Figs. 4.28, 4.29 (cavity), effect of the corner 

radius ratio, rcfa is not significarit for a given aspect ratio and 
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the wave number. In this respect, the scattered field results per­

taining to the rectangular geometry are presented for r fa = 0.1 only. c 

In the case of a cavity (Figs. 4.28-34), as for the rigid inclusion, 

the structure of the far field plots exhibits similar behaviour with 

respect to the changes in the aspect rptio, incidence angle, and 

frequency; however, the curves for the cavity are relatively smooth. 

A comparison of the far field results obtained for a cavity and a 

rigid inclusion cases reveals that for identical surface geometries 

no similarity exists for any given wave number in the range 0.1 < ka < 1.0. 

However, at the higher wave numbers the cavity cannot be clearly dis­

tinguished from a .rigid inclusion. 

In the case of cylinders with triangular cross-sections, the near 

field solution given in Fig. 4.35 are quite different when compared 

to the previous geometries .. This difference may be attrib0ted to 

the fact that the cross-sectional geometry of the cylinder has only 

single symmetry axis. The far field results both for cavity and rigid 

inclusion, Figs. 4.36-41, are given for three different tip angles, 

S = 600 , 300 and 0.001 0
. For 8 = 600 and 300

, we observe that if 

a r 00 the far field plots are quite similar to the ones obtained 

for the rectangular cross-sections, while for a =00 structure of 

the plots differs remarkably when compared to the other geometries. 

Especi ally at the hi gher frequenci es, for a = 00 comparably larger 

angular p~aks are observed in the forward scattering than in the 
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backward scattering. o For the case S = 0.001 where the shape of the 

scatterer looks like a strip rather than a triangle, as shown in Figs. 

4.38 and 4.41 general form of the far field plots is quite different. 

In the polar plots of the scattered field results, it is observed 

that at low frequencies, krmax - 0.1, the pictures for all boundary 

geometries are almost the same in appearance and do ·not change with 

incidence angle, u, hence, for all cases, the obstacles behave like 

point scatterers. Thus low frequency results are not useful for prac-

tical applications. However, for higher frequencies, quite remarkable 

differences and angular variations are observed in the structures of 

the plots for different boundary geometries and incidence angles. 

To sum up, the T-matrix method, using·only circular or spherical 

wave functions and removing the geometrical restriction, makes it / 

possible to analyze the scattering of waves from inclusions of any 

shape. Although the completeness of the series representation of the 

wave fields, especially in the near field, is still a matter of dis­

cussion, the method provides a systematical and powerful computational 

procedure for a very wide range of wave numbers. 
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and b/a = 0.5; 
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Figure 4.33 Far field ampl itude, If/AI, due ,to the scattered 
wave field from a rectangular cavity for rc/a = 0.1 
and b/a = 5.0; 
( a) ka = O. 1 , (b) ka = o. 5 , ( c ) ka = 1. 0 . 
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wave field from a rigid triangular inclusion for 
B = 0.001 0; 
(a) kh = 0.3, (b) kh = 3:0, (c) kh = 9.0. 
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(c) / 

Figure 4.38 (continued). 
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Figure 4.39 - Far field amplitude, If/AI, due to the scattered 
wave field from'a triangular cavity for 8 = 600

; 

(a) kh = 0.3, (b) kh = 10, (c) kh = 9.0.' 
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Figure 4.40 Far field amplltude, If/AI, due'to the scattered 
wave field from a triangular cavity for S =300

; 
(a) kh = 0.3, (b) kh = 3.0, (c) kh·= 9.0. 
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Figure 4.40 (continued). 
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Figure 4.41 - Far field ampli.tude, If/AI, due to the scattered 
wave field a triangular cavity for S = 0.001°; 
(a) kh = 0.3 (b) kh = 3.0 (c) kh = 9.0. 
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APPENDIX A 
SIMPSON'S APPROXIMATE INTEGRATON FORMULA 

Consider an integral in the form 

b-
I = J f(x)dx 

a 

l~ 

(A.l) 

The above integral can be evaluated approximately by using Simpson's /~ 

rule which can be written as 

b 
J f(x)dx ~ Csh[wof(a) + wlf(a+h) + w2f(a+2h) + ... + wpf(b)] , 

a 
(A.2) 

where Cs is a constant factor, Wi'S are the weight factors, P is the 

order of the Simpson's rule used for the approximation and h is given by 

h = (b _oa)/P (A.3) 

The expression given byEq. (A.2) may also be written in a compact 

form as 

b P 
J f(x)dx ~ Csh E w;f(a + i x h) 

a ;=0 
(A.4) 
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As an example, for a fourth order Simpson's rule (Bode's formula) 

[19], the values of Cs and wi are 

C = 2/45 w = w = 7 s '0 4 ' 
w2 = 12. 

(A.5) 

Thus Eq. (A.2) takes the form 

b 
J f(x)dx ~ (2/45)h[7f(a) + 32f(a + h) + 12f(a + 2h) 
a /' 

+ 32f(a + 3h) + 7f(b)] , (A.6) 

where 

h = (b - a)/4 (A.7) 

/ 
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APPENDIX B 
ANALYTICAL EXPRESSIONS FOR THE. 

ELEMENTS OF THE Q-MATRIX 

a. Rigid Inclusion: 

- ~ Hm(kr)cos(me) d~ (kr)}. (B.l) / 

Q~l = 
Jm 

Q~2 = 
Jm 

b. Cavity: 

+ ;r Hm(kr)sin(~e) d~ (kr)} . (B.2) 

- ;r Hm(kr)cos(me) d~ (kr)}. (B.3). 

1: (e:.e: ) 2 2n· . 
_Qll = _. J m f de{H (kr)cos(me)}{[jJ.(kr) - krJJ.+,(kr)]cos(je) 

jm 4 m J 
. 0 

+ _j_ J .(kr)sin(je) ~dde kr)}. (B.4) 
kr J. . 
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(£'E)~ 27f 
Q~2 = - J4m f de{H (kr)sin(me)}{[jJ.(kr) - krJJ.+

1
(kr)]cos(je) 

Jm 0 m J 

Q~l = _ 
Jm 

Q~2 = _ 
Jm 

+ kjr Jj(kr)sin(je) +a-<kr)). (B.5) 

. d 
- -kJ J .(kr)cos(je) -de (kr)}. (B.6) 

r..... J 

. d 
- kJr Jj(kr)cos(je) --fe-(kr)}. (B.?) 

/ 



APPENDIX C 
NUMERICAL EXPRESSIONS FOR THE· 

ELEMENTS OF THE Q-MATRIX 

a. Rigid Inclusion: 

m )[d(kr)] } ..;. -k- H (kr. )cos(me,.q de e. . r iq m ,q ,q 

128 

/ 

(C.l) 
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b. Cavity: 

x ([jJJ.(kr1·q) - kr. J·+1(kr. )Jcos(je. ) lq J lq lq 
/ 

+ -kj J.(kr.q)sin(je. )[dd(ekr)J e }. r. J 1 . lq . lq lq 
(C.4) 

j . J (k ). (. ) [d ( kr) J } + -k- . r. Sln Je 1' q -de e. . 
r iq J lq lq . 

(C.5) 
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k 
(EJ.Em) 2 Cs N P 

Q~l = - 4 -P- E E {M.)w {H (kr. )cos{me. )} 
Jm i = 1 q=o ' q m , q , q 

-.L ( ) "( . )[d(kr)] } - k J. kr. cos Je. q -ae-- e . 
r iq J,q 1 iq 

(C.6) 

j ) (. )[d(kr)] } - -k- J.{kr. COS Je iq ere- e .. 
r iq J ,q lq 

(C.l) / 



APPENDIX D 
COMPUTER PROGRAM LISTING 

/ 



1 ·C 
2.C 

,'3 C 
'.. 4 C 

5 C 
.- - 6 C 

7 C 
8 C 
9 C 

. -10· C 
11 C 
12. C 
13 C 
14 '. C 
15 C 
16 C 
17 C 
18 C 
19 C 
20. C 
21 C 
22 . C 
23 C 

- 24 C 
25 C 

_26 - C 
27 C 

'::,.-::: 28' C 
29 C 

.. _:_-'CO 30 •. C 
31 C 

t?'y3 2_~'. C.': 
33 C 
34 . C 
35 C 
·36·C 
37 C 
38 C 
39 C 

.. ·40 C 
41 C 
42 C. 
43 C-
44",·C 
45 -C 

'c~':::46' C· 
47 -C 

;:~C4 8 _ C _ -.' 
49 C 

,,~~Z 50 -. C 
51 C 
52 co-C. 
53 C 
54 C 
55 C 
56 C 
57 C 
58 C 
59 C 

:,'60 __ - C 
61 C 
62:o-,-C. 
63 C 

'64 C 
65 C 0_ • 

* ***** ****** ** **'** ~~_*~o~*cf{~:') M *(. ~,* ** ** **_** ** ** '" 
* '" 

'" * * * BY THE CYLINOERS~OFARBITRARY CROSS-SECTION '" 

* * * ((( T-MATRf)(::FORMUCAiIOHI)1 * 
'" * *****************~~*i******~***~*************** 

*** *** 
TItIS PROGRAM CREATES THE T-MAfRIX FOR A GI VEN BOUNDARY 
GEOMETRY ANO WAVE NUMBER~THEN,STORES THE ELEMENTS OF 
THE T-MATRIX INTO A OATA_FILEII0) TO bE USED BY THE 
PRnGRMI-IBI FOR EVAL.uATlOlI OF :THE. SCATTERt::Il-FIELO. 

--f'OLLOWING CROSS-SECTIONS FO~.THE ltJFWITE 
CAN llE HANDLED:' --... -- -----. 

I-I CI RCUlAR-- .-.-- ..... --

2 - I EL L I PT I C AL::·:.~~;:c~?>::·c>~-
3-) RECTANGULAR IROUNO CORNEREDI 
4 -I TR I ANGULAR I_ISOS CELE S I 

CYLINDERS' 

.** THE PROCEDURES. ANDGEN-ERALo STEf'S FOLLOWED BY THE ** .. *'" PROGRAM ARE AS FOLLOWS : ~*~ 

--ELEMENTS OF THE Qll,Qlt~Q2i~Q22';;;MATRI CESI SUBMATRICES 
OF THE Q-MATRIX) ARE EVALUATEDRY PERFUR~ING THE 
At~GULAR ItHEGRATIONSAlmjG:TliE:~j}OUNDARY OF THE SCATTERER. 

--ANGULAR INTEGRATIONS ARE EVALUATED NUMERICALLY BY THE 
SItIPSON'S RULE OF VARrnU~~9RDE_R .• _-'RECOMf'IENDEO-DROER IS 4) 

.. __ .------------ - -
;:;:THEN, TI~EQ-NATRlx IS·--n:tVER·T"E-D-=Air6~-TliE T-MATRIX .. JHICH 

IS GIVEN OY: 

T = -Q .* ~ R E (0 ) ::.:c:.=:~.:c:c:".,c'" . 0 

IS CONSTRUCTED, llY THE GAlJSS-:':'SCHMIDT ORTHOGOr'IALIZATlON 
'TECfltH QUE. 

--FII,ALLY, THE T-NATRIXANO SO-ME-PARA~IEHRS DESCRIBING 
THE BOUNDARY ARE SlORED~.INTOcA:TILEiREFERREO AS UNIT. 10). 

========= 
Q , URTHUGIJNALI ZED-QocAr~DT:;','iA TR ICES ARE STORED 

ALSO INTIJ TIIO DATA .FILESIREFERRED AS UNIT 11 " 22) 
TO DE US~D BY TWOADOiT)ONAL PRUGRAMS fO MAKE THE 
F OL LOW WG CitE CK 5_ :.::-.:,:L::.=:~.'=~o:·_~: 

. l-)Q' 

T 

66 c,-_:' C~','- 0 o' 

67 C 
'~;6 8:'.; C -' *' **** ** ** **i*-~****f**0:I~L' . 0 

69 .. C I N PUT _DA T A __ _ 
'70" C 

71 C CARD 1 : 
72 ;\C' .'.======== ., 
73 C COLUHN 1-2: HI (READING UNI T OR FILE NO.) 

G':=~~74::C: o_COLUMN3;"'4: NO (\jRI:rLNG:~lJ~fIIJJ"'OR .. -cf.r-rLE NO.1 
75 C 
6~:C:-.CARO 2 : 

77 0 C 
])':78:',-C 

======== 

79 C 
~:o? !l 0\: ci:-;' , -

• COLUr1N 1-2: NQ IliAr:f}siTE:=OF~~THT;FMATRIX.MA)((NQJ.=20) 
COLlHlN 3-4: N05F (OR-UER-O-F-Ttii:- ~;iC\P50N' 5 F(J~MULA.) 

<" :;.~:~~7-=~~·- .. -_. 

132 

.' 



81 C-
- 82 C_ CARO 3 : 

83 C 
84 _C 
85 C 

__ 86 _ C 
87 C 

~88 -, C 

89 C 
- 90 C 
91 C 
9 2 ~ C 
93 C 

, _ 94,,' C ' 
"95 'c 
-,96,,'C 

97 C 

COLUMN 1~2: BFl IBFL:f:~]IF:LAREo:TiiETWOMUl.TIPLICATION 
COLUHN 3-8: tlF2 FACTORS-INVOLVEO '-Itl THE SINPSOr,'S 

FORMULAi':oEXk4' HI ORDERS. F. IS GIVEN BY: 
INTIA TO B)FIXi*oX=2.j~5:~H~~i~~0+32*F1+12.F2+32*F3+7.F4) 

WHERE: FO=F(A) , Fl';F(A+IW·,"'F2;FIA+2iil , ... , F4;FIB) 
THEN, BF1;~;' f: 'B~2;45.·) 

IOSEE CARD SET(12)~EOR_THE_REMAINING COEFFICIENTS) 

CARD 4 

COLUtlN 1-4: BCON (BOUND):RY'CONDITION. ENTER: 
1-I'NEUM' - FOR-ilEUNAtm TYPE B .C'. 
2-»)'OIUC'~J'llR:OIRICHLET TYPE, II.C. 

',98. _C " CARD 5 : 
99 C 

100 C CllLUMN 1-4: ANO IWAVE NUMBER)f~-;~~n ••• -
101 C 

, 102 ~.C' CARO 6 : 
103 C 
104 C 
105 C 
106 C 
107" C 

-108 C 
, 'l09 C 

-110 C 
III C 
112" C 

-- i 13" C 
,114 C,': 
115 C 

c'_,116 ',,- C 
. 117'- C --_. 

l,: 118 -:C 
119 - C 

'" f20-C-', 

COLUMN 1-6: 'SHAPE 

CARD 7 

I CROS S'::'s:!:CT IONACGEOHETRY OF THE 
SCATTERER;-ENTER: 

1-)'CIRCLE"-:FOR CIRCULAR BOUNDARY 
, 2-) "'ELLI PS '-FOR -ELLI PTICAL BOUNDARY 

3-)"RECTAN';:J:ORRECTANGULAR BOUNOARY' 
4-)-'TRIArie'-FOR' TRIANGULAR BOUNDARY 

CllLUi1N 1-'4', 5-B ,­
FOR CIRCLE: RAD I RADIUSf' ,'-,' "'- -," 
FOR ELLI?SE:_ AA,HB IHALF MAJOR"-t ~lIfJOR AXES-) 
FOR RECTANGLE: A, B'-IHALro-;{MAJOR:-E,:MI NOR AXES) ,'<::: 

, CORRAO ICORNER RADIUS) 
FOR TRIANGLE: H (HE:IG,HTdN:cX-OIRECTION) ,ilET -rANGLE 

lIET\~EEN nW'-EOlJAL SIDES. IItlOEGREES» 

121 'c 'CARD 3 : 
',122' C 

123 C 
",124 ' C 

, 125 C 
:,,:,126 
"127 C 
~,:128, c-
" 129 -C 

'130 C 
131 C 
132 C 
133 C 

'''134 'C-
135 C 
136 C" 
137 C 

,- 138 C 
139 C 

- -- --
COLUMN 1-4: BGEN ITYPE'OF'-'THE AnGULAR OIVISION TOBE USED' 

1-) 

COLUMN 5-6: NSYM 

Itl. THE.S-.NUMEJ{ICALEVALUATION OF THE 
BOUNdAk~"INTEGRAls. EHlER: 

'AUT 0 ';EOR~- E DUAL: ANGUL AR I IH ER VALS 
(D IV IsIONS-IIRE-MAoE AUTO;1A TlCALLY) 
'MAN :-':'oFnR':'J'!ON~EaUAL ANGULAR INTERVALS _ 
IOIVIS-IONS-MUSTBEGIVE;, IN CARO,SET(l11) 
IIlSYI1=2 FOR THE BDlJllOARIES ilAVIrJG MIRROR 

SYf1I',ETRY W.R.T. X-hXIS ,THEN INTEGKATIONS 
'ARE c PERFORMEo:oriL Y 'FOR HALF 0 F THE 
BOUNDARY (BETWEEN 0-180 DEGREES) 
NSYM=l::-FDRjNON-::SYMMETRIC ONES) 

I*NOTE:* 1-) FOR TillS PROGRAM TAKE, NSYM=2 
""'_"_',:'c-'~,,-'::--2~)FOR::NSYM;2, 012 I I, J) f: 021 I I ,J )=0.' 

Tl2(I,J) £ T2111,J)=0. 
-;:- .. ---=_=;;._". -.:AND-:]·JOT TO BE PRI NT ED ) 

'140, C CARD 9 : 
141 C 
142 C 
143 C 

_,144. C 
145 C 

-" _146:'-' C' 
147 C 

COLUMN 

COLUMN 

CARD 10 : 

1-6: ERR (ERROR'cFACTOR ,FOR THE BESSEL FUNCTIONS. 
TAKE-ERR;l.fJ-U) -- 1.0-151 

7-12: ~RUNC ITRUNCATION~F!lCTOR FOR THE a-MATRIX 
ELEf1ENTS.TtlKE TKUNC=l.D-20· - 1.U-25) 

,_148 :- C· ;;;;;;;=; 

N INTV I NU ~1BER'" OF'ANGULA RIN TE RV ALS. FOR A 
GOODCOtJVERGEtKY' ItLTIIE I~Ut\ER ICAL INTEG-

149 C CIJLUf-\N 1-3: 
-,:};T50' C 

151 C RATiON, TAKE Nr'NTV=72-(0) , 

152cC: ,I *NOTE: *"NINTV",Sl:l0ULD,ilEAN EVEN NUMBER) 

153 C 
_ 154·C " CARD SET 11 I IF' BGE~l=' AlITQf~:;tjHfJ\TfIIS'CAKi) SET 1 

155 C 
f~ 15'6:-: C ,--,' 

,157 C 
'15,BC' 

159 C 
<:160 "~ C,_ ,-

============== 
*f: ACH CARD CON TAl NS: *::c~-:-~~;~~'~;;.~.{c::,'':':C_ 

COLUHN 1-3: NCIN INO otf:Qutii.--SUCCESSIVE INTERVALS 
CllLUHtJ 4-7: CIN (CORRESPDtJDINcG'~ANGLE FOR THE 

INTERVALS (Ill-DEGREES» 
_ *tJOTE •• CAROS MuncoNTLNl)E~;UPTO WHEN 

.. .. 

RE PE A TED) 

133 

, . 



161 C 
·~162- C 

163 C 

SUIH NCIN *CfN 1=3&0 DEG,FO-R-··NSY~\=l 
1'-.-- L=180":~OEG,FOR NSYM=2 

;=-164:-C CARO.SET.c12:' 
165 C 

c-i-166_.C, 
-167- C 

:-~:16 8 . C 
169 C 

'~;170 ~C 
171 C 

.:, 172 ·C 
-173 C 

*EACil. CARD 
COLUMN 1-6: 

CON T A INS : *.~:' __ :·c--- . -----. 
Wtll IHEIGtnl~G CO·EFF-n:IEi-ns IN SIMPSON'S 

E XA HPLE:::-1Hl 1 =7':~~,~1 CARD- 12-11 --
- --W(21;;32. -ICARD 12-21 

131=12.-ICARD 12-31 
WI41=32. ICARD 12-41 

-.: __ ."_,,:.:.0''':0."_': 1.5 I =7. (CAR.O 12-5 I 

FORliULA. 

':-174. C 
- i 75-C---- .. ******,*,*=~..:;*~~~:~"-~",~;:::;~ ----

"=:,176:: C:_ _ S AMPLF~DATA :~="'.:e:~[f:::C 
--17 ic. -**********-**-*,Pj*-----···-· ----.--- .. ----------
:='17 8L-cc~~~A-1 .. EOUAL,AI~GUl.AR INTERV I\sSb'=:.~;t::'~~I:l~1 N9N~EOUALLANG. INTERVALS 
-179·---C--- -

---180 :,_C - . 
181 C 

·182 C 
183 C 
184 C-
185 C 
186 - C 
187 C 
188 - C 
189 C 
190 C 
191 C 

=.:192, C 
193 C 

{ ___ 194 c', C . 

195 C 
196 C 

'197 C 
:':jJ:98 

199 C 
~::_~200~;:Ct 

-COLUMN _ _>COLU~lN 

CARD 1123456789012 CARD· 1123,56789012 
=====1============ =====1============= 

1 I 5.8· __ 1 I 5.!l 
2154 21104· 
3 12. 45. 3 ,12. 45. 
4 IHEUM 4 INEUM 
5' 10.5· 5·-_11.0 
6 I C I RC LE 6 IE LLI P S 
7 11.0 711.0 2.0 
8 IAUTO i - !l 1IiAN 2 
9 Il.D':'121.D-" 9-· 1l.D-151'-O~24 

10 I 72 .. - 10 120 4 ~ 
'11 __ ·:1:7 11 ·1 10:6 

12 'I 32. 12 110-4. 
13 I 12. 13 I 7. 
14 I 32. 1'1 I 32. 
15--··' I ·7 i.T0;:==~~::=:cj~~~~~~~~~c:,7"~15 ·_-1·.' 

16 I 
;:-c-;i~~~~~~~~~~H2-:·-17·1 

_201,_C ___ . 
-i~~~202~~~;G-~:~ __ -~:~' --- .::~-:_::: .. ·---=·.-)f;.~~~~~~~~.=~~==__S::i~·~Cf~~--;. ---- .-- ---
__ 203 C* ** **** **** * ***** ******'f* ** ******** ****** ** ***~ ** ** ** ******** **** ** ** * 
::':'::204:' C - -. 

205 C _ 
~206'~.""/'/:~~I MPL I CIT REAL*8 I A::"H;O;"Z_l~~~~'==~==:;~='~::='·· 

207 C toe 2 0 8 :;C'-c.~- .-
209 

;:'H2 1 0 :~-o,_ C 
211 

"2,212 
213 

---·214,' C _ .. 
215 

L21 
217 

\,218 :./ ....... . 
---219-· 

220, - C --
221 

-:-222 -
223 

<224 
225 

::::22 
.-- 227 

'·:.:228'<.C :-. 
. 229- . - . 

.. ; 230',:::: .­
·i31--C 

232-· . 
233 . C 

:C:234;> .. 
--'"235 .... -. --

·-'-"236 
·237 

::238=-.:·:> 
·239 --

:;: 240: 

RE AL *8 ROI 40,40 I; ,1110 I,RCl'of,OTD-RT10T, TETLIl OI,X I I 10 I, C I tnVI 145 I, . 

E . OREAL,O I~lAG 'D~~B:~~~~:~i~~Si~\I,l~c!c~::~ ,DCOS,DSIN,DATAN 

COMi'LEX*16 011120,201,012120,201,021(20,20,-,022120,20)'­
ET MI 40,40 1,0140,40 f;'Ii'ESl(221 ,UES2 122 I, !tANK 122 I, 
C OUlll, I)UI'12, X i, Xi~P;RR, C, 0, DZ, Dtl, 01,02, 001PLX .. 

-~~ - ~- --
-- ~-- -_._---_. ------

CHARACTER'~4. BCOtl,bGEN,WRIT(81 
CHARACTER*6· SHAP E ..:<~=.:::::~~,=)cj:~(I~:::S·: 
CHARACTER.l LINEI 
CHAR AC T ER H1 *12, H2 *2 5'H'3*1 f!' H,!~.3 3,H5 *.8 ,H6*10, H7* 29,H 8* 37, 

~ . H9*'J, H 10 Hi ;H11* 21l -; HT2*2 3, In 3.27, ~IAT R* 8, H14*10 

CONIWNlINVO/O . 
CUi1~\ON/REO/RO 

COi1HOll I TMAT I. H\ 
COMMON/GRAD/RAD 
COHMON/GAX/AA,BB 
COMMOIl/ REC I A, B,C ORRA£) .-Ttf"TT 2-,TT3,TT'" AL PH, 0 I 
CUMMONITR'IAN/H,BETA,TETh---··· -.-- .-

..- . 

EOUIVALENCE IRQ(1),IHll'T;IRO(lil·;R-(UI,IROI21l,DTDRI111, 
E (RO( 31 I, TETlIl, I 1;( RO( ,Ill, X I ( 11 I, I RO 151 I , C I NT V (1) I 

DATA 011,Q12 ;021,Q22/16ooito-.D.O_,Oa'DOI/-
DATA LINE/132*'='1 . -- --- .... 
OA TAli R IT I' 0 -11'., , 0":'12 '.'.' 0-=2 t':-, '·o'::22'c, 'T -11' , ' T-12 ' , 'T-21' , , T - 22' I 
OATA tll,HZ,H3/'B.C. Hr(: ';'·flEUMArlN .lklGIO INCLUSIO:-lI','DIRICHLE 

E T (CAV I TY , .. , '. -'. ;' .. ;-__ -.;=::..-~~."~~-;.-.~ .. ~;:~::~=~~~~.:-;- .. - _._ _ .., 
DATA H4/'CROSS'='SECTION OF THE SCATTERER : 'I 
DAJ AH 5 ,H6,H 7/' C I R CULAR!,!~gLIJ>nCAL ' ,'II: EC T ANGUl AR (ROUND COR NE RE: 
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--241- -

=':'242 : 
-243 
_244,. 
245· 

:-246· 
-247· 

;C:248 
·249 -C 
>250 · .• C_ 
--·251· 

::252L_ 
253 

,;,254·· 
Z55 
256 
257 

'258 
·Z59 

Z60· 
·261 

{O) 'I 
DATA HB/'SYMMETRY CnNOITION:CW'.'R~T.:X-AXIS):~'/> 
DATA H9 ,~1l0/' SYI11·1ETI{ It', itrtii~:":S-YMMninC'1 ...... ---- -
DATA Hll/'TYPE OF BOUtlOARY,OIVIS10N :'1-
fIATA H12,HI3/'EOUt.L ANGULAR INTERVALS' "NOtJ~EOlJAL-ANGULAR INTERVAL 

I: S' I 
DATA 

. - DATA 
I1ATR/'MATRIX'1 
H14/'TRIANGULAR' 

- -" . . . 

.. -- -READ (5,777) ---NI ,N-O 

777 FORNATI2IZ) 
R!:AOINI,71 NQ-,NOSF;8F(, 

7 ·FORMATI2I2/F2.0,F6.0) 
NGP=IWSF+l 
N02=tlO*2 
NOT=tW+2 
PI=UATANI1.OO)*4. 
WRITEINO,613) 

613 FORMATIHIl) 

135 

WRITEINOdOO) --- ... --. 

262 
263 
264 
Z65 

:-266 

100 F[]RI·1ATII1I5X,471 '¥' )/5X, q' ,45X, '*'/5X, '*' ,8X, 'SCATTERING OF ACOlJS 

267 
c,268 

269 
~c270 

271 
-272·· 
273 

:c:-274 
275 

::;276: -
277 

c· 27 8 
Z79 

l~2 800':: -
281 

I:TlC HAVES',9X,"'/5X,'*',45X,'*'/5X,'* BY THE CYLINDERS OF ARBlTRA 
LRY CROSS-SECTION *'/5X,'*',45Xj'*'f5X,'*',8X,'111 T-MATRIX-FORMULA· 
I:TIOr. )))',9X,'*'/5X,'*',45X-;-'*'/5X,471'*')III/I~X,'** PROGRAM-IA): 
L GENERATION OF THE T-'MATRI_X-:ELi::MEtHS **'/5X,5 /d'=')IIIII­

REAOINI,l) BCON,ANO,SHAPE 
1 FO RMAT I A4/F4 .0 I A6) -: .':=:,~~~:~::T=-·'~-

IFISHAPE.EO. 'CIRCLE') REAOltHotll) RAO 
. _ IF I SHA P E:. EO. 'ELL! P S "c:.REAO·C N I iBHLAA,B B 

IFISHAPE.EO. 'REClAN') REAOtNI,811 A,B,CORRAO 
IF IS IIA P E • EO. ' T R i ANG '):THEN~;:~';,~~~'f~: - ,-

READ INI,tl 11 II,BET 
BET A=BET* 2. *p I 136 o;:?:E:~:::::~:~',,:: 
TETAl~UATANI3.*OTANlaETA/2.)) 

END IF .. -'::'..::=~":~:.~~.~ 
REAUINI,82) BGEN,NSYM,ERR,TRUNC 

82 FORMATtM.I2/206.0) . -~.=..'.=7~-'==O-=-;¥''O~~-o:-

81 FURHATI2F4.0,FI0.0) 
IF (liGEN. EO. ' AUTO') TliEN~;~t~::.X':':~~~::;¥~i:=i: 

REAOINI,30) ~INlV 

:~~2 8 l"cc;·, 3 0 F"ORMATI I3) 7.;':"::F~~~-;:l.:cc-3=:c~-- -=~:.. .....•.. . . 

AUTUf1A TIC ANGULAR INTERVAL-G81ERATIO~1 ****. 
00 31 1=1 ,N HHV IN SYMc:of~{~:;~~.:~{~':-:,(; 
CINTVII)=PI*2./OFLOATININTV) 

283 C**** 
:~:284 __ 

285 
~~286 

31 

287 C**** 
'·'288 

289 
:U290-~L~ 

291 
'\~292 

293 
: .,294 

Z95 

33 

;~':~2 96~'~: 34 
297 

~'298 

ELSE _:==::=~=:-,=~cO!:!ioT~-:= -.. 
MANUAL ANGULAR INTERVAL GENERATION ***' 

·NINTV=O 
KK=O 

. TOT=O.· 
DO 32 I=1,150/N M 

_READ INI,33) NCIN, CI 
FOR~lATI I3 ,Fit. 0) 
DO 34 J=I;NCIN 
K=K K +J 
C IN T V I K ) = 2. *p I 136 O{*CI N':4.I~-~~~I~~0~~~:~-
TOT=TOT+NCIN*CIfl 
N INTV=N IN TV HISY M*NClti~Y.i':-:J~~~j;~T:'=' _ 
IFITOT.EO.1360./DFLOATINSYM)1) ~O TO 35 299 

~:300 
301 

:'.'_302 
303 

_",·304 

... 32 K K = K K + N C I tI;~~,:~cI~=Lt::o:,;:?:::~c 

. ·305 

35 END IF 
00 18 I=l,NGP 

18 READIN 1019) WI I) 
19 .FORi1AT I F6.0) 

Hk ITE I tlO,90) 
306:' ·_,90 F 0 R.M A T I 63 I '= , ) I) .. _ -=~i:~~~C;'=~~;l¥fdi.-= ____ _ __ 
307 

~.:,: 3 0 B~C.~-c~:: - 4 i 
-- 309 -----

,. "31 o·-:f::= 
3U-· -42 

IFIBCON.EO·~'NEUI1')-WRITEINO,47) Hl,H2 
FO RN AT I IX, Al2, A2 5/):':==.c:==£~":::~'-C::3::C::::':=:-.=::_--­
IFIUCON.EO.'ORIC') HRITEWD,471 HI,H3 
IIR IT E PIO, 4 2) ANO .. _ -~=-: 7:'::::.=c:~",=-·:=- _. 
FORI'.AT I lX, 'WAVE NUHBEr{--£-'·;F4-;U----- . 
IF I S HAP E.E O. 'c IRCLE' )WiI. LTE I Nll, It3 )~H", H5, RAO -312 -

313 
;2:314 

315 

43 FORflATIlIlX,A33,AfJIIIX,'RAOIUS : t,F6.3) 

- .316 
317 

."318 
319 

--: 320· 

IF (SHA P E .EO. 'ELL IPS' )11R ITEI NO'4A),. H4, Hb ,AA, BIl . 
Fll~MATIIIIX,A33,AI01Ii~,I~-AXis ~. ',F&.3,4X, 'U-AXIS : ',F6.3) 
IFISHAPE.EQ.'RECTAN') HRITEINO'lt5). 1I4,H7,A,fj,CORRAO 

45 FORHA T I 1/ LX, A3 3, AZ9 IIIX, 'A--AX Is: ' ,F &.3, , [J-AX IS: ' , F ('.3, 4X, 
f. 'CORNER RAD.:',F13.10L-c:~~._ .. : • 

IF I SHAPE.EO. I TRI ANG') -WR-ITEI tlO,998) Ht, ,HI4,H ,BET 
998 FORMAT I 1I1X, A33, AIOI i1X;'H: ',F6-;3, t BETA:', F'I. 3) 
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321 IFINSYM.EO.I) WRITEINO,46) H8.HIO 
322 46 FORHATIIIX,A37,A13) _,-, _____ _ 
323 IFII'-ISYM.EO.2) WRITEI~JO;46Y~lif;H9---

_ 324 WRIT E I tl 0,48) N I NT V_, --
325 48 FORMAT I IIlX, 'NU~1BER OF 1I0UNOARYS-EGI1EtnS , .r 3) 

326 IFIHGEN.EO.'AUTO'I THEN 
327 W~ITEI"O,49) H11,H12 
328 ELSE 
329 WRITEINO,49) HII,H13-
o~~~ _- 49EN/?~MAJ( fiX, A2 8. A27 I~J~~:;;~~~~';I~~~: 

332. -c WRIlEINO,501 NOSF,:~~~;~!,'~::=:c~~¥1t:'-t- _ 

A~~:~ 5°1:~~~~~i~~~x;'~~~g OF_c:~11~~1,:M!_S~~N',~lH" '5 RULE USED IN NUMERICAL IN 

33 5 WR I TE I NO, 511 1,02 ,rJOZ;TRUNC-;TRR--- - ---
\:;336 -- 51 FORMAT I IIIX, 'TOTAL DIMENSrm(,OFfiTHE'_T""MATR IX:'''',13;' X', I 311 

337 f. lX,'TRUNCATION FACTOR FoR:--fl-i"E a-MATRIX ELEMENTS : ',09.311 
-:ocp38 --f.lX,'ERROR FACTOR. FOR THE:~-BESSEL~n:UNCTIONS: ',09.311631'=')/lHll 

339 iFIBGEN.EO.'AUTO') GO TO-53---- - - -.---" - -
,:-"'1340 _ _ .WR IT E I II 0,54 I __ 0._. ___ -_._,·, ,-_~.~'c_-_ --- __ 

341 54 FORMATI10X,'BUUI'JDARY - ANGULI\f~-'-/10X,'SEGMEIH INTERVAL'1l3X, 'NO 
-'-'_:342::__ f. IDEGREE I '/lOX,191':='J)-~·jH~·~~:::'~·:c.-·-. 
- 343---- DO 55 I=1,NINTV/NSYM -------~------------

~:344 55 WRITEINO,561 I,GICltHVlffj'7,=·-·t~=~!c-~.·:~·-~-

345 56 FURMATI12Xd3.7X.F4.1110x".19('='I-)-
-346 _ _ _ WR I TEl NO.5 7 )~~~:;~,_~:~",::';.':..~~~ __ 
347 57 FURMATIlHll 
~348 53 TEB=CINTVI11 

349 TEA=O.DO 
.:350_ __ - __ IF INO. GE.l3; AND.NO.LE;18)'NOT=2Zi"=c 

351 IFISHAPE.EO. 'RECTAN'lc"ALLRECt-- _ 
'··~35i='.C****, START FOR. BOUIWARY I NTEGRATION'~AN{rGEtIERAT IUNOF**** 

353 c**** ThE O-MATR IX ELENEfHS - ------- -------- **** 
-':-354 DO 2. K=I,NINTV/NSYM -, ---
- 355 IFISHAPE'.EO.'ELLlPS') CALL ELLlPlTEA,TEll,RtTETL;NGP) 
-:356 IF ISHAPE.EO. 'CIRCLE' )5HEW"coic¥:0,:t': 

357 TETLI1'=TEA 
-358 - DO 999 KKK=ld'iGP _ _- __ c . 

359 IFIKKK.GT.l) TETLIKKkl;f~TL(~KK=(f+ITEO~TEA)/DF[OATI~GP-1) 
:360 999 RIKKK)=RAD 

361 ENO.IF 
_ :362..- -.: IF-ISHAPE.EO,'TRIANG'cY,.GAlL,¥'TRI',HHEA'TEB,R,TETL,NGP,DTORI-'-

363 -IFISHAPE.EO. 'RECTAI'<'i CAl.t.:--f{ECfAu"TEA.TE:B,R,TETL,NGP,DTDRI 
364· IF I SHAPE.EO. 'CIRCLE'.OR •. SHAf>E.EO.' ELLI PS' I ·c -. _ 

365 E CALL ANGDERISHAPE,TETC;OTOR,rJGP I 
:=:-') 6 6 DO 3 I I = I, NGP 
--- 367 ARG=Ar~(l*ql II) --
··368---0Z=DCMPLXIARG,O'.DO 

3b9 -- DN=UCMPLX(O.DOtb~ 
~-i/3 7 o_~~~~_: :.-. -: ~ 00 it [= 1,2 -;-:: ~--:.:-::-:~~~~-;:2~~r-g-~~~_~·_';:~_ -~_ 
---37("---- . - CALL DBESS 11 ,Ol.DN ;1lUMZ-;B-[S-zffT;ER-rH 
~;~:372 ,-~4 ON=DN~DCI~PLX(1.DO.O. 
--373 DO 5 I=3,NCT 

:'374 5 BE:S2IIl=2.*1 1~21/0HBES2(I;;:1l-BES211-2) 
'-375 DN=OCMPLX ( (NOT-l) *1.00) ,0.00·,-----------

C~?:376- _ DO 40 1=1,2 - :_':o-=c.:"'--~~'''-o'.'.~__=::c_,.-,-.--

- 377 CALL OBESS 10 ,OZ, Orl,lIESUN-u"Y:..-i':rT;liUi11;ERR) 
::>378::,':0:: _- 40 ON=DN-O CMP LX I 1. DO, O. DO )-"::C'i:o:_._".c~;..:~j,='::,.::",._--___ 
---379---·- DO 41 I=3dWT .. ----------~---------. 

~'::3 8 0 :,:~:_ 41 BE 5 1 I N aT+ 1-1 ) = 2. >l< I NO t .. [:::ITI6z~BE S 1:( ffoT'- I +2 I -BES 1-1 NOT-I +3) .. 
381 DO 6 1= 1, NOT - - --------- ---- .. . 

;:~382 ~ .... 6 HANI<III=OCMPLXIOREALIBESlIIl)-jDREALlBES2III)I-
383 00 8 J=l,rW+l .... ----------

:384 DO 8 M=1,NO+1 - --.--\.:: 
385 --C**** SINCE, o-r'IATRIX IS SY/1METRIC--FOR--SEPERAllLEGEOI1ETRIES,ONLY **** 
386_.C**** THE LOWER TRIA:rGULAR PART IS TO BE EVALUATED FOR CIRCLE AND *** 

-387 c**** ELLIPSE. **** 
.' 3 8 8 1 F I I 5 Ii APE. E Q • ' C I R C L E ' • 0 R~ 5 HAP E • EO .' E L LI P S E ' I • AND. 

389 ~ H.GT~J) GD TO 8 
' . .::.390 _ C**** FOR 'CIRCLE', ( a ) -IS._A'OIAGONAL t1ATRIX. **** 

3 9 1 . C * * * * Tl1 A TIS: 0 I J I J • ~l ) = 0 • <i - F o-i{' I J) NOT EO. TO - (:O\l'~ * * * 
~':392 __ C**"* AN-n NEED ~WT BE EVALUATED':'.,:.c_- .. _-.-.-_. **** 
- 393· IF ISHAPE.EO. 'CIRCLE' .AND.J-.j~E;I1)-GD TU tl 

394 c**** IF-'CR(]SS-'SECTIOfiAL GEOMt:'TRY OF THE SCAT1E«Ei< liAS ~,*** 
395 ~**** A SYMNET~Y ~.R.T. Y-AXIS,THEN, OIJIJ,MI=O.O FUR **** 

'-'396 .~_C**** I J+I'\ ) IS ODD, I.NU NEED NOT BE-EVALUATED • **** 
)97 c**** l*rrOTE: TRIANGLE, LUCAJCO ON THE COORDINATE **** 

"';':398~-C**** SYSTEM SUCH TltH ITSSnHIETRy~cAXrSCOINCIOES -- *0*" 
--~399 C**** wITH THE X-AXIS, HAS NO- SY11tlETRY H:R.T. Y-AXIS) **** 
- :-400:-, _ • IF ISHAP E.NE. 'TRI ANG' .... NO~-ClJ+t1 )/2)*2 .NE. J+!'\) GO TO 8 
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401 EJEM=1./2. 
-40Z 
403 
404 
405 
406 
407 

IF ( ( J. Ea. 1 ~ A NO. N. N E. ll~OR i (H ~ E o~i:iAN O. J. NE .11 I EJEM=OSORT(2.1/'t.00 

-:40 B. __ __ 
409 

-- 410' 
'Ill 

_ 412':.'_-' 
413 
414 .. 
415 

:_ 416 
417 

:.2:41 B~ 
419 

IF(J.EO.l.ANO.M.EO.ll EJEM=.2500 ... 
P=llFl* IlEB-TEAI /DFLOAT( NGP-ll/BF2:*NSYt1 

RR=P . -

IFlBCON.EO.'NEUN'1 THEN.::--:: . 
P=P*BESlI JI*OCOS( (J-iJ*TETi.TIII-f 
RR= R R*BES 1 (J I *05 I N 1·( J""lL*TETL:UI):) 
Dl=HANK (;1+1)· .. -_. --- .. -- --- .. -.. -- .. - -_. 

__ _ 02=HANK(MI 
11~= 11 

EL 5 E ,:o~.~:.c:~=-=.,c::=~·="c~~~,-

-- P =p * HAliK ( 11 I *0 CO S ( 111=i-I*TETi.--( 11'-;­
RR= R R*HANK (M) *0 SIN ({M"'l) *_TETLI-I I I I 
01=B1:511 J+ll . ... - - . 

02=BESl( J I 
tHi=J 

.. -- ' EJEM=-LOO*EJEM .~i~i-~~E~:=:~~=;:;~~~:: 
EN D IF 

E~;420-'C**** IX1)£IX21 ARE i=U:'ICTION~:TY?E~:~si.fB-PRtiGRAMSUSED-FDR- ****_ 
421 C**** CALCULt. TIOf! OF THE il-MATRfx-ELEMEUTS **** 

_422 C=XlI K I I I 1,01, TULI I 1l,[J}OfUt I H i)Z;w II I I,Mf1,ANG, EJEM I 
423 D=X2(R(III,Dl,TETL(III,OTDR(III,D2,\1(III,m-l,ANO,EJEMI 

_424" IFIM.LE.NO.AND.J.LE.Nl.l)ul-lA J~MI=OlL1J,I1I+C*i'. .. 
4 2 5 IF ( ~1 • G T • 1 • AN [) • J • G T • 1 I 02-2 ( J --1 , 11-1 I = 0 22 ( J -1 , ~i -1 1+ b * R R -

A26,_C**** IF THE BOUNOAKY HAS_A,MIRROR,:SYMMETRY W.R.T. X-AXIS, **** 
427 C**** THEN, ELEMENTS OF TtlE 012 ~021-- l1ATRICES ARE ALL -**** 

~oC:"4Z8':'C**** ZERO AND IlEEO flOT BEEVALUATED **** 
429 IF{2-NSYIl) 52,8,52 
430-52 IFIBCON.EQ.'NEUM'I THEI~C'jC:;L":. __ 
431 IF(".GT.l.ANU.J.LE.NQjtilZIJ,M~il=012(J,M-11+D*P 

,:43Z:~_ IF(J.GT.1.ANO.tI.LE.NO);-COZUJ-r;NI=021(J-1,MI+C*RR 
433 ELSE .----.-.-- .. -

434 -IF(M.GT.l.ANfJ.J.LE.NO-lcc'_012(J-;M:"11=OlZ(J,M-11+C*RR-
435 IF(J:GT.l.ANO.M.LE.NOI021Ij-1~HI=Q21IJ-1,MI+D*P 
436- END IF 
437 i CONTINUE 

-438 . 3 CONTINUE_ 
439 IF(K-NINTV/NSYM) 

",0.:',440 _ ,- - : 58 TE A=TE A+CI NT V (K )_:_-.,:c:.~:,~~~:;o;,;r~;Ei~ 
'I'll -TEB;TEB+CINTVIK+ 
442~ C**** DISPLAY OF THE-CUMPtETED~INtEKVA~~;(HELPFUL~IN .****-
't43 C**** INTERACTIVE EXECUTION Of'--THE-PRUGRA:1 IN TERllINALl**** 

-- 444 2 WRITE(6,611K _ -
445 61 FORMAT(12X,'**',iz,' 

__ 446- C**** TRUNCATION OF THE 0-11ATRtX- EI.E-MENT3;=TU INCREASE **** 
't47 C**** THE ACCURACY OF THE INVERSION;ANU C01ISTRUCTIOtI OF**** 

,,.48·- C**** THE O-tlATRIX FROM OIJ-SUBMATRICES **** 
449 CALL CTI{uNC(01l;ti02,O,0,TRU-~IC,NQI· 

CALL CTRUNC (OlZ, N02, Q,NO-;TRUNC ~NQ):< 
CALL CTRUNC(OZl,N02,~Q;~,j~UNt;~~f-­
CALL CT RUNC ( OZ2, NO Z; NO tflO:"TRUNC, NQ I'c-·-- --

. IF (SHAPE.EO. 'RECTAN' .UR~SfiAPE.Eo-.'rRIANG' I GO -TO 627-
00 881 I=l,NOZ 
DO II III J=l, N_OZ 
IF I J • G 1. I I 0 I I , J 1=0 (J !II 

.g:_~4 50-. 
451 

~'::-4 5 Z 
453 

.::454 ... 
455 

::456 _ 
457 BBl CUIITINUE 

"c-A 5 8-: 627 WRITEIll,777)- NO, 
459 

- -'160-
46 

fc;~b2 
463 

~-(46A~d~:,-·,-:73 
465 

_~:4 b b L':~~<: 
467 

·:0.~4 b 8 ":c:~ 
469 

NNQ=IW*13 -
-rn=o 

IF (HO. GT .-101 NNQ=130 
cLl=O- .. -, ;A:'-"c~=-=-=~-=:,:~==:=~-=g-:-,:~::,:tc::c=c,: 

NPRINT=2*NSYI.1-1 
DO 71 L=1,4,NPRINT: __ ' ,":~:~··~~~~~~~~~Jj:jX5 
NTE5T=0 
MM=l 
NN=fjO 
IF (L • G T .21 THE N 

~1M=NO+l 

;-":~;_470(jt·c~,::'c: NN=NOU--
471 END IF 

_,,72 IF (L .EO .2.-0R .L.EO. 41,THElf __ :.t:~:::-:::~:".::t1·:~ 
473 K=NO+1 

-/-'17 N=NOZ' 

~?:~:~,~-:,,-Cf':< ELS~=l 
477 N=NQ 

:~c4 7 B:'c, EtlD IF 
--4i9- IF(NO.GT.101 THEN 
>:480': . N=10 



481 
482 
4B3 

'4B" 
485 

·.4B6 
4B7 

-:' I, 8 8' 
489 

,"'490 
'491 

_'492_' 
493 

,,_49 4 ~' 

- 495 

IFIL.EO.2.0R.L.EO.41 N=NQ+ 0 
END IF ----. 
WRITE(NO,65) (LINE(f);-f;-f~-NtjQ - ----

65 FORMAT I IX, 130AlI,--,~,=-~" 
WRITEINO,66) I-iRITlL+LU;M'iTR 

66 FORMATI20X,A4,A8)----
70 WRITEINO,(5) (LINE([I,)~i,NNrij-

DO 6t1 I =1'I11,NN. :.:,' .. _ , 
HR IT E I I~O, 67) I OREAL! 0(1, J ,'), j~K;N) 

68 WR ITE (NO,69) (OH1.\G( 01-1 ;J)), J=K,NI 
67 FOR.MATI/IX,10013.5)----·-' 
'69 FORMAT I 2XtlOD13. 5) ------

[F INTEST .EQ.lI GO i'o 71 
I F It~Q. G T .10) T liE N -,:=-":',,,,,:,,:'.,'.',,,,0:',',,,,,,-,,. 
NTEST=l 

~96' ~=N+l 
497 N=NQ 

<498 elF I L. EO. 2.0R .l~ EO. 41~N,;,tjjr2~=t=:'k~:-~,:,o; 
499 GO TO 70'-- - --------'-' 

:500' END [F 
'501 71 CONTINUE 

502,,' [FILL.GT.OI j~.~~'~~~£=~~c4~ 
--503" IFltlT.EO.lI G'a T04 
'_504 ," 00 76 J=1,NQ2 

505 DO 76 M=I,N02 
'.506 76 RO I J ,IiI =OREAL! a I J, M I I * I ~1; [l.::o".,=~_="_,,,_ 

507 WRITE16,631 .--

508 63 FORMATIIIIIX,'** INVERSI~N STARTED**' I 
509 C**** INYlRSIor~. OF THE O-HATRIX f.ND CREATION OF THE 
510 C ••• * T-HATR[X BY ~AUSS-SCHMIOT'ORTHOGONALllATION 
511 CALL PRCSSMIN021 .. 

,,512 ,_' WRllElh,641 ,,":",~-"'.-,=~.'-,=,.-.', 

'513 - 64 FfJRHATIIIX,' *** COf1PLETEU"¥**; i' 
514 Du 122 1=I,N02 
515 DO 122'J=1,N02 

',516- 122 WRITEIll,IlO) QII,JI 
517 DO 121 J=l,N02 

-,518 00 lZl I=1,N02 
519 121 WRITEIll,!lO) OCOIIJGIOI ,J)) 
520 Nl=NT+l 
521 HR.IHINO,6731 
522.' 673 FORNATIII15X,'** ORTHOG~NAr.rIED)O;;;'·IATRICES **'/) 

-- 523 ,- GO TO 73 

~-~:524·,:~.,444 00 72 1=I,N02:· 
'525" 00 72_ J=l,NOZ, 

526 72 QII,JI=TMII,JI 
527 LL=4 

**** 
**** 

,:'528c:: GO TO 73 ,.,'---- -
529 C***. STORAGE OF THE'RESUL TS INTO THE FILES TO BE USED **** 

'-'530,': c**** BY THE PROGRAM-I BI AND_=',fJTHE:~;):C!IE(;I<H~G PROGRAMS -**** 

'13,8 

_531 74 WRITEII0,751 BCON,ANO,SHAPE 
:532, ,75 FOR~lATIlX,A4,' IB.C.I'1i-X;F4'/f-,t~~IWAVE NOI'/IX,Ab,' ISCATTERERI'I 
,533 IFISHAPE.EO.'ClkCLE'1 WRITEII0,93) RAO 
,534 [I'I SHAPE.EO.'ELL IPS 'i.WRITE I 10;77IAA, Bii 

535 IFISHAPE.EO. 'kECTAN' I WRITEIl0,911 A,B,CORRAO 
536' IFISItAPE.EO. 'TRIA/JG' IHRITEII0,9971H,BET 
537 997 FORflATllX,2F6.3,' I H 6 BETA) ') 
538 91 FORHATIIX,ZF6.3,F13.10,'IA E B AXES, CORNER RADIUS)'I 
539 93 FORMATIIX,F6.3,' (RADIUS)') . , 

S"~54 oJ/l_ - 7 7 FORMAT I IX, 2F 6. 3, 'I A~, BL.;.AXESf'll'=:z,_,-
_541 , WRITEIl0,78) IjSHl,NO 

';"542,=<;;"7BFORMATIIX,IZ,' ISYM. CONDt}'/U(~(ji' INOI')_' 
,543 WRITEIZ2,777) NO,N02 

~'~5-44'.c::. DO 79 1=1, NQ2 
545 DO 79 J=l, flO2 

P':'546 WRITEl22,801 TMII,JI 
547 79 HRITEIIU;80) TI1(I,J) 

~,_54B BO FORMATI1X,2D30.23) 
549 STOP 

~:C='5 5 0:" EtlD 
551 C 

, __ 552 C .. · 
553 C 

'{~554' 
- '555 C 

L~5& 
557 C 

.~~ 5: 5 8._. C**\'c **** **** * *****.**,.,,* *",'1 ** ** ~,;~-~~."<.;.~-.~.~_- ~-~**-** ** ** ~~ ** *--*** ****** 
559 C SUBPROGRMI FOR CALCULAT[OtJ' O-FR & TETA VALUtS IN POLAR 

:~'560 "C COORD I NA TES FOR EACH ANGUL'AR:,[ NTERVAL ALOHG THE 
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561 C ELLlPTICALB6UI'JuARy. 
'562 :C Tl : LOHER ANGLE'OF:THE~INn:RVAt:' 
563 C T2 : UPPER ANGLE OF'i~E-INT~~VA( 
564C NGP : NUMBER OF ANGULAR~OIVISION FOR-THAT INTERVAL 
565 C* ** ** ** **,~* * **,~ ** **** ** **** *'. **** **'*'.* **'* ** ** ** ** ** ****** ** 

"566" C 
567 
568 , 
569 
570 

. 571 

.~ .. ~. 
HIPL I CIT REAL*S I A-H, a-i) ,~-. 
01 I1E'~ S ION R I 10), FE T I 10 ).,,',"~L.,'..i~"-·,.'c"'· , 
CO:1NON/GAX/A,B ... ~~=O"~C'7~='="'·"'" 

FIT)=A*B/IDSORTIA*A*IDSI~lI) )**2~B*B*IOCOSITII**21 I 
T3=T2-T 1 " .... 

HTIlI=Tl 
RIlI=Fllll 
DO - 1 I = 2 , N G Pc. ~ ., '2 o:::,,;::::::,:,,:,;c,c,,:?,=:==,,,,,= : 
TET (I I =TET 11-1 1+T3/0FLOA-nflGP;';U' 

- 572, -
573 
574:0' . 
575 
576 . 1 " R I I I =F I TET I I I I . 
577 

:,i'::578 
579 C 

""580· .. C 
581 C 

~~~;5 82 C 
583 C 

::.584 '.', 
585 C 

RETURN 
END 

SUBROUT HIE ANGOERI SHAPE~'TE-TL'.Q.IO.R'NGPI 

,586 
587 

. 588 

C****** •• *******,***************************.************ 
C SUBPR,OGRAM FOR CALCULATION OF TilE ANGULAR DERIVATIVES 
C I DIRl/DlTETAI I FOR EACH INTERVAL ALONG THE 

589 C CIRCULAR fi ELLIPTICAL BOUNDARIES. 
590'C lEfLIII TETA YALUESOF . .THE·UHERVAL 
591 C I l=l,NGP I 
592 C OTOR I I I : CORRESPONDING ANGULAR DE'RIVATIVES 

593 _ ,c*** ** ** **l::* * *** ** **** ** *\" **** ** ** ** ****** *1,: :';*** ~:* ****** * 
~- 594:C , .. 

,1 
3 

IMPucn REAL*8IA-H,f]-ZI 
o I MENS I ONTE TU 101 ,0 TOR {IO I::';';~',';¥'''~::c. 
CHARACTER*6 SHAPE .... '.-_.---,-., 

. COMMON I GRAD/ RAD 
CDI1MON/GAX/A,B 
F (f I = I A*B* I B *B-A *t,'1 *DsttH~T ... I.-D·cbs(TI liD SORT I I A*A*DS I NIT) *OS I NIT) +6* 

fi BOO COS ( Tl * 0 COS I T II *. 3 I '-..- .- . .... . ... . 

IF ( 5 HA P E. E Q. • C I R CL E_~ -r"_ ~_~-G-O:-"~::l-o--~~f~~:-~~~-~~:>~-- - - .... -
GO TO 2 . .-.-., '''---. 

DO 3 I=ltNGP 
OTDRI I 1=0.00 

595 
j~::596 ' __ 

597 
.".~5 9 8 :c' 

599 
0.'600 . 

601 
:c602 

603 
604. 
605 

fu606 
607 

t~:"608 

: -- RE TURtl -- -_ .. _::_~~~~::f~~t~~~~~i~---=:-::~-:: __ 
2 IF(SHAPE.EO;'E([~P~~) GO TO 4 

609 
;:"':610 
-----611" ---

~::"-:612 
'613 'c--· 
::,,',614' . cc~"" 

615 C 
f,c':616~~'C~~-: 

617 C 
618:':: , . 
619 C 

GO TO 5, :Y"C'~~~i.' o~¥,~~,~~~~,:(, 

SU6ROUT HIE RECT' 

::;';'620 :':_c*********** * ***** ***0** ** **~*~.*****-***.***.**** ** *0 ********., 
'-"621--'C SUBPROGRAM FOR CALCULATION uy SO;;'E-REt'JuiRED PARAMETERS 
":'::·622::·C,: DESCRIBING THE RECIANGULAR::BouNOAKY .. ,TOBEUSEO 
-- b23'C' THROUGHUUT THE. MAIN PROGRAM···-"···---· . 
::'i.=624·'.:C, INPUT OATIl: ( A • B.: ,·CORRAo~ri~'Oio.~J~~e·:,,·. '. 
-"'625" C" RETlJR N PAR AMIOT ER S:IT f, t 2', T3;-T4;AL-P H;O'I S I 

"::::-:62 6'~,'C***** ** ** ** * ***** * ***** ** ****>:<***.**,~*~*2'**.*** **** ********:-. 627 C ' C .-.. ".--.---.-. '. . 

c 628 HI PU CIT REAL*t1 ( A-H, O-Z I~' ·~-~~'c,~~.~'. 

629' COIUION/REC/A, a,CORRAD, Tl ,T2, T3·,t',;ALPH ,015 
:630 PI=OATANll.DOI*4.UO· . 
-6"31 __ 0 __ .' Tl=OATAN( (B-CURRAD)(.\") 

632 iFIII.EO.CORRAOI THEN 
633 T2=PI/2. 
634 .. ' ALPH=PII2 •. 
635 D1S=IB-CORRADI 

'::~636 ELSE " .':. 
~637. T2=DATANla/I~~CORRADII, 
'638 AL PH=D A TAN I I Il-CORR AD I I I A7_C.o~MO:U:cl:: 

639 . 01 S= IA-CORRADI/DCUSI ALP,.H,.,I .. _.,c ..... =' .• " .. ,::c 
640ENQ IF 



641 
,,642 

643 
c:~ 64 4 

'645 C 
_~ 646' C 

647 C 
648 C 
649 C 
650 

, 651 C 

--'~-T3 -;;[.;j = T 2 
, T4=P I-T 1 

RETURN 
, END 

SUBROUT WE RECTAl! TEA, TEB,R,TETX;NGP,OTOR) 

652. C***'*'*****************".*'¥'*"'*"**'*'**************0* 
653 C 

-654- C 
655 C 
656, C 

- 657 C 
65 B C 
659 C 

SUBPROGRAM FOR CALCULATION OFR 'E TETA VALUES AND ALSO 
ANGUL,\R DERIVATIVES ( OIRlIOITETA))FDR EACH 
I NTEi-tVIlL ALOtlG TIiE RECTANGULAR BOUNDARY 

TEA 'LOWIER ArJGLE-cOhTHE:..INTERVAL 
TEB : UPPER ANGLE Of'-THEiNTERVAl 
NGP : NUMBER OF ANGULAR DIVISIOtl 

fOR THAT INTERVAL 

ANGULAR 

::...~ 66 (} -, C* '* ** ** ** ** *"*'* ******'* ** *******_*****-******** ** **** ** *** 
661 C 

HiPLIC IT REAL*SI A-H, O-Z -'t-:o;~t:~~~~~=,: " 
COMMON/NEC/A,B,CORRAO,Tl,TZ,T3,T4,ALPH,OIS 
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:'~662 

, b63 
664 
6b5 

'666 
667 
666 
669 

o I ~\Er·IS ION TE TL (10) ,R I 10) ,0J-oRci6'l,TE TX I 10) 
F(T,X)-UIS*OCOS(T-X)+OSORTIOIS**1*IUCOSIT-X) )**Z+CORRAO**2-0IS**2) 
GIT~)-OIS*OSIN(TE)+UIS**Z*O~OSll~r*DSINITE)/DSORT(OIS**Z*OCOSITEI* 

'670 
, &71 

~,;,6 72, 
673 

E*2+CORRAO**2-DIS**2) 
PI=DATAN(1.DO)*4.DO 
TEC-TEB-TEA 
TETX( 11 =TEA 
00 1 I =2,NGP 
TElX ( I) =TElX I 1-11 +TEC/OFL-OATI ~jGP,:;iF-:"-
DU 3 1= 1, NGP ," --,-- , ,,',' , -~ , 

,674 
675 
676 
677 

. " TE TL I I I =TE TX I I I , ___ -_- __ ",c=",c':.~"'·c:'c,'c_:_c=~c= ___ , 

IF (TETX1 I) .GT .PI I TETlI?)~:T~tT'~'( II:":P-I 
3 CONTINUE ' 

"'676:>' 
, 679' 

·680-,:=:' __ 
6Bl 

:-':682-, --:':' 
bB3 

.oB4 '.' 
665 

:~_66 6 __ _ 
667 
6B 8 __ '_ 
bB9 

'>-690' 
691 

c::'692 
693 
694 

- - b95 . 

002I=l,NGP 
IF (TEll (I I .L E. Tl.OR. TETC(n~--GE. T',YTHEN 

R( I) -OABS( AIOCOS (TETL! I I) I ' 
OTOR (I I=MOS III (TETL! I I) lOCOS (TElL! I) 1HZ 
1.1' (TETL! I) ,GE.T4I'OTORI!):'-DTDRI!) 
GO TO Z 

END IF 
IF-ITETLII) .GT.Tl.A(\jO,TETi.:(II ;tl.TZITHEN 

R( I L=FITETL! II ,,\lPH) 
TET=TETl(I'-ALPH 
01 O~ I I) =-G (TET ) 

'GO TO Z., 
ENO 1 F 
IF· '!TEll I 1) .G E. TZ .ANO ~ TETL(Il.lE~T3r THEN, 

R ( I ) = BIOS I N (TE TL 11) ) 
OTOR ( I I =-8 *OCOS ( TE TUI rnDSI NITETlI f) ) ** 2 
GO TO Z 

END IF ___ " -, c,c 

IF (TETL( I I.GT. T3 ,AND ;-tETLTI ).CT~TI" THEN 
, - 696 R ( I I = F I TET L( I I ,? I""AL PH P~=--:~'cc:,~f',;: 
·097 TET=PI-TETL! Il-ALPH ,-,,--. ,-

':':"696 OTORII)=G(TETl 
--699 EtlO IF 

, ',-,:700 ,o., 2 CO NT INUE 
- 701 RETURN 

702 .ENO - - ---
703 C 

'C.~7Q4,,- C·,· 
=-"io 5-c~--,C 
~-='=-'-7 0 6LC-,_:;:::, 

707- C 
SUBROUTINE TRIAl I TEA ,TEB',R"TETX,f>!GP,OTDR I .. 70S 

709C 
c>710 c*** **** ** ** ****** * * **** ** **** ** **** ******** ** ** ** ********* 

711 C SUBPRObRAM FOR CALCULATION OF R E TETA VALUES AND ALSO 
~'i712. C ANGULAR OERIV,AT IVES I D IRlIOlTETA 1:)cFOR EACH ANGULAR 

713 -C INTERVAL ALIHIG THE TRIANGULAR 1I0UrWARY 
'~714_ C TEA LOO'lER ANGlE_OF~'THE"INTERVAL 
'-715'C TE(I : UPPER AtlGLE OF-THE ItlTERVAl 
::7lo-'C rlGP : NUMBER OF AtlGULAR OIVISIOtl 

717 C FOR TIi~T INTERVAL, . 
',.716 c* ** ********* *** ** ****** ** ** *~,*~_**_*~~***** *,) ** ** ** *~** ***** 

-719 C 
720, 1 MPL I CIT REAL *8 ( A-H; o-z )~C'-,:: 

/ 



721 
'j'::C1T22 -" 

723 
724 
7Z5 

~'~~72 6, .. 

7Z7 
::'f,728 

729 
~C;,~no '. 

731 
j~732 

733 
:':734 _ 

735 
','736·-

737 

CO/'IMON/TRIAFUH,IlEn;, TETAt-
"-01 MENS ION TE TLl1 0 I, RIlOI'foToRTI0THETX 110 I -

PI =0 AT AN 11. I *4. ., ",--",. __ .. __ .C,' 0,' . 

TEC=TEB-TEA 
TETX I 1 I =TEA 
DO 1 I=Z,NGP ,"--, -, __ .. _, __ _ 

I TE TX I I I =TE TX I i:"'1 1+ T EC/OF-CUAT1NGP-'::1 i 
00 3 1= 1, NGP :. .,. , "',cc,:::.-=.-=:.::c.:c=',',-"-"?~_c.~~,'.,'c 
TE TL I I I =TE TX I I I 
IF (TETX (II.GT. PI I TETC(ll':'Z~):PI::TETX (I I," 

3 COtHlNUE 
DO 2 I =l,NGP' ~_-.: __ ._. __ ._--:-:-___ .-:-_-..::-_:-=--=-7_~:-:-~_ --
J F ( T E T L ( I ) • L E • T ETA 1"' THE tJ --.----.--- --------

R ( I I =HI). * 11.1 DC OS I TETLlrITr~"~'C':'f}:~~O:jc,'.c.c ' 
01 OR I II =H/3. *[)SINI TETLlr'illl[icos'ITETLlII I 1**2 
IFITETXIIl.GT.PIIOTORIII';-OTORIII, 
GO 10 Z 

:, .. ,'738 "cc. 
739 

END IF ' ,----- ----,'--____ . : :--:~_--;-:_-.::.-;::,;:c:::::~"':'.::.:......:.:.---,,::::::;::::-~--:..:.-. 

IF I TETL I Ii . G T • TET A 11 T HElT-------' 
\,,' 740, 

741 
•• 74Z 

743 
'744 

745 
740 
747 

?'-:348 --"-149 - --_ .. -
~::, 750 " C .' 
" 751 'c 
,c~J52 'C 

753 . C 

RI Il=2.*H13.*!JTANIBETA/Z.'1I10SINCTETLI 111-OCOSlTETl( 111* 
E OTANIIlETA/2.II· "' .. 

OT OR I I 1=-2. * HI3. *OTAN I BET A/Z'. ',* I HCOS I TET l( II I +()S WIT ET LI II 1* 
E OTANI EJETA/Z. I 1/IOSir~(TETLI I II':'oCOSI TETL I III * 
E OTANIBETA/2.U**Z '/.:'':> ,._"', 

IFlTETXIII.GT.PII DTORlIi;;':'OTORiII 
END .1 F 

Z corn ItlU E ' 
,.' .. RE TURN 

END 
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?j'7 5 4~ C-'_'' ___ '"-~,=_=_;;~=,:,~ " 
755 corw LE X' FUNC TION xl*f6fjCRC;j(ElESP-;X-TE T ,XD T ,XBES-,=X W; YND', ANO,EJ EMI' 

.-. -. 756 ~ .. - C --_.- ~------::-:.--;:---- -- - ------ .... 

757 --. c* ** ** **** ** **** ** **"*-*'i* **:*~**-*=*-*-*-*-***:'*-*-*'*"* ** * 
°i::758 C SUBPROGRAl1' lISED IN CAlCULATlIHC,OF~THE 

759 C a-MATRIX ELEMEflTS'-' 
':'·700 ,c* **** ** ** ** * *** *~ *<.**** ** ** ** **** *:*.*.***** ** * . 

701" C 
",702'. 

763 
",":.704 • 
-705 
,',,766 
-767 

768" C 
709' C 

,c~770.O:.C 

., 771 C 
"',77 Z '-'C 

773 
774 

,. COMP LE X ('16 X BE sp, X BE s~~~~~~~~~l~:t~i=:c~~,~,,: -, 
'RE AL*8 XRL, X IE T, XO T, x il-;-o-c 0-5 ~-Dsni';ANO~ E JE rl,OF LOAT' 

. Xl=IIIINO-l1*XllES~ANO*XRL*XB~SPI*OCOSIIINO-11*XTETI+IIN 
f.0-ll*D5IN(IINO-ll*XT~TI~xfiTi~~~~j~k[I*XW*EJEM ' , 

RE TURtl 
END 

CO rw LEX FUNC TI ON X Z*16 IXR'C2,XBE SP2'~ XTE T2·, X'OT Z; XB ES Z; XU Z, I NOZ , AND, 
HJEMI 77 5 'c' ' ,. - - --". 

,'~ 776 :'. C*********,**************************,*********' 
777 C SUBPROGRAM USED IN CALCUL~TION OF tHE 

'~c778, C O-f",ATRIX ELEMENTS~',='c:-c,,_'~(.c·, ., 
779 

",',780 
'C******* ** * * * *** ** **** ** ** ****'****'******** ** * 
C 

781 COMPLEX*16 XBESPZ,XBESZ 
~~8Z REAL*8 ~RLZ,XTETZ,XUT2,XWZ,OCOS,OSIN,EJEM,ANO 

783 X2=IIIINOZ-l1*XBES2-ANO*XRLZ*XBESPZI*OSINIIINDZ-11*XTET 
",78.4 •. " f. Z I -I I NOZ-l1 * DCOS I I liWZ-11 *XTET.Z I *XOT Z*XBES 2/ XRLlI *XrlZ*EJ Erl 
'785" RETURr~ .,.- .. , ' ' 

'~~180':';:Oc;c>_ HW 
-'787' c' 
;"·0788 .. ;C: C< 
'789-C' ' 

790 C 
791 C 

879 Z;L, ., .... ,s'u BROUT INE ~CTRUNC 101';1, NOT','tli ~i,JR'UNC, NO I'~ 
793 C . 

=:7 9 4~: c* ** ** * * ** ** * *** "* ** ** ** ***~*-*~*,,*~,f'ic*J~~'o?;[~*~~' 
795' C THIS SlIlIPROGRAM IS USED Itl TRUNCi\TIflN_f. 

~~,7q6 CONSTRUCTION OF:THE O;';MATRIX'P~'['~·'o-:;C'~-o,:,c>, 
--797 C******************************~*********** 
~:~'798"cC"c...... '~~~~~~~~'~'C~~~~"." ". 

'·,99 .-- COMPLEX*lb 0 I J(ZO, ZOl, O( 40 401 ocr1PLX 
o'800'e,' COMI1ON/INVOIO 



801 
-802 
803 
604_ 
fJ05 
806 
807 

'----808~_C 

809 C 
_810 <C 
811 C 

1 

REAL*6 CDABS,TRUNC 
DO 1 1=1,tlCT/2 
DO l'J=1,NOT/2 
I F I COA'll 5 I 0 I J I I , J I I • LT. TRUNC)' Q I J ( I , J J = DC MP LX 10.00,0.00 I 
Q I 1+ M, J +N I =0 I J I I , J I 
RETURN. 
END 

-, 812 - ,C,_-- -- ___ . ~~co_-:cc"c:_::_ 
813 SUBROUTINE PRCS5MINBGRI 

::c:814C_ -- -- - ------_ 

815 C* ** ** ** ***0 0 ***'* ****-**-****~;*-*-**-**-******* ** ** ** ** 
~':~816 -' CSUBP RO GR AM FOR GAU SS-S CHMI DT~:bRTHOGONALl ZA T ION-

817 C AND CREATION OF THE T-MATRIX 
818~=C*,*,,*****,*,***o*o****,*o*~***i***~**~********** 819 C --~----.------~.-------

~_820 IMPLICIT REAL08IA-H,0-ZI:-<' ___ _ 
821 COMPLEX*16 R I I 40 ,401. TM(40--~4-0-'-;DUM-

_;:dl 2 2;;- RE ALOe RR1I4 0,40 I. DR EAL,DI:MAG,TMMXI 40, 40 I, RI 1(.40; 40 1_ 
823 CUMf10N/INVO/Rl ------- . 

-'~:82 COMI1OtUQ/RIl 
825 COM~ON/THAT/TM 

~~826 COMHON/REQ/Rk1 
--"827 -_. 00 1 I=1,r~8GR 

\828 DO 1 J=l,tHIGR 
829 1 RIlII,JI=UIt'IAGlkIlI, 

~830 c**** CONDITIONING OF THE Q-M~T~IX~BEF9RE ORTHOGONALIZATION **** 
831 CALL CNOTNOINbGRI 

~._832 .. C**** NORtlALIZE TIlE N'H! ROILOE,':AN"tHI~BYC:I'NI HATRIX_<**** 
.- 833 SU M 1=0. DO .'- -- .-- --' --.-.. -----. - . 

834 DO 20 K=l,NBGR - .. -.'- . ____ . __ 
835 - -_.. SU Ml =R ROl (rJOG R, K) *"* 2+ R (1 r~i"B GR-;t() "*"*-i+ 5 Ut-ll 

j-{:836·, - 20 CONTWUE 
-'837 SUMl=OSORTISUli11 

",;"_838 .' DO 28 K = 1, NB GR.-.. _<,-::--~,c:c'_'cOO:~:_-
-839 -- RR1I1HlGR.KI=RRiINBGR,KlisUM1 

:2840_ R 111 NB GR, K 1= R I 11 HB GR .K-)I SU~\L~,-c>4t\~ •. '-_-_ 
841 28 COtH I NU E '-- ... -- - -------.----. 

:\8tt2-:.-~C**** SET liP A LOOP FUR THf::N-~t:;REMAINING· ROWS. ****: 
B43 NMI=NBGR-1 

::.~::B44 - NROh=NllGR-
845 DO 100 l=l,NMI 
846~ NRO~=NROW-1 . 
847 MROrl=NROW 

':::'8 4 8 0 iJ 36 K = 1 , N B G R - ,-.- 'E~~~:::,=:C:':E-•. 'i.~=:·~,,,,~'1 
849 TMHXl1,KI=RR1INRUW,k 

::.c~850~, Tl1MXI2,KI=RI1INRO,""K 
851 36 CONTINUE 

f.::'852'- DO tlO J=NROW,NMI 

c(~~~ .... _ _ ;i i:g: gg " 
855 MRDW=MROW+1' 
856 OU 40 K=l.NBGR 
857 SR1=SR1+RRIIMRUW,KI*RR1(NROW,KI+RI1IMROW,KI*RI1INROW,KI 
858 S11=51 l+RRlI tiROii ,K I*RI1(NI{O~',i(f;~I1IMROW.K I*RRlI NRO\</,K I 
859 40 CONTINUE 

:::;860. DO 46 K=l,tiBGR .·~-C'~~!~_~l::~~~{c>. . .... 
861 THMXl1.KI=TMMXI1.KI-SR1*RR1(MROW.KI+5Il*RI1IMROW,KI 

__ 862 TMMX (2, KI=TMMXI2 ,K I-SR1*.RlilJ1ROW,KI~5I l~'RR 1I11ROH ,K I 
863 48 CONTINUE 

~::'~864_.- 80 CONT INUE 
865 5UM1=0.00 

"'~:.a66 ,- DU Bit K=l,tlBGR __ ~'.-_--" ••. _"."".,.,·~,·-c .. 
8 6 7 sui'll =5 U M 1"+ Tl1 r·lx 11. K 1* *2+f,1MXiZ;K'-**Z--

~~-868-: , .. -_ 64 CONT INUE- . .... ..--

869 SUM1=DSORT(SUM11 
·.'L870·_. 00 88 K=l,NBGR 
-871< RRlINROI~,KI=nIMX(l,KII 

~-~;-8 7 2~':· R 111 NROW.K) = TMMX I 2 .KIISUHV"'~~~,:';~':_ 
-- 873- 88 CONT INlJE 
']'~8i4.:13/·100 CONTINUE 

875 DU·2 I=l,NBGR 
CC{8:76;~;;J DO 2 J=l,rlllGR 

~:/~~~~~_L ~2.~~I~'i~~?~~~~XIRR111.J , 

879 DO 3 ~=l,NBGR 
~~880 DU~=~I(I,JI 
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881 
-882 3 
883 C**** 
884-
885 
886 
887 152 

. ~888.: "-160 
88'1 

-·890 
891 
392 
893 172 

0'894·- 176 
-895 180 
896 
897 
898 
899192 
900 196 
901 
902 
903 
904- 204 
905 208 
906 
907 

-908 .. 
'109 

•. ;:91 O·c~:> 212 
··911··-216 

::912 220 
913 

.. , 914 
·-915 

.• :916 .. 232 

R I ( I , J ) =R I ( J , I ) 
RIIJ.I)=DUM 

PERFORM Q-TRANSPUSE * R'E·ALIO,'rO GET T-11ATI{ IX 
00 160 I=l,NBGR 
DO 152 J=l,NBGR 
TMMX(I,J)=O.DO 
co NT H.UE 
CONT INUE 
DO 180 l=l,NBGR 
OU 176 J=l ,I~BGR 
DO 172 K=l,rIBGR 
H1MX I I • J) = TM MX (I , J ) -RI 11 K,J ) *RRlI K,J ) 
CONTINUE . . . 

CONTINUE 
CUNT INUI:: 
DU 196 I=l,NBGR 
DU 192 J=ltlIBG!< 
TMII,J)=[)CI1"LX(O.DO,TMMXII, CONTINUE .. . .. -.... - :.~.>.~cc~c.~.c .. ·. 

corn IIWE 
OU 20t) l=l,NBG~ 

DO 204 J=l,NBGR 
TMr1X (I, J)=O. DO 
CUNTINUE 
COfH WUE 

. DO 220 I=l,NBGR 
DO 216 J=I,NBGR 
00·212 K=l,NBGR ......... - ._.-
TMMX( I, J)=HIHXII,J I+RRi(l<~·i )*R'R 
CONT INUE 
CONTINUE 
CONTINUE 
DO 236 I=l·,rlllGR 
O[) 232 J=l,NBGR .0)0- ___ . 
Tl1 I I , J >'= T M I I , J ) - DC~' P L X I T i1M;« I, J ),0 ~ DO) 
CONT INUE 

917 236 CONTINUE 
;c",918.. RETURN 
·-919 ... END 

,·.::9 2 O.~. C _.,: c. 

--921- C .. 

·922 C 
923 C 

2924:.C 
925 

c::=92 6.~C 
SUBROUT WE 

• ***** 

927 C******************************* ******************** 
·~:~928.'·C SUBPROGRAI1 FOR CONOITIONINGOFXHi(a::'MATRIX TO INCREASE 
.929 . C HIE ACCUR/.CY Irl THE ORTHOGONALIZATION 
",]c9 3 0.' C***** ******* ***** **** *****"'*"'**** ********** ** ** ** ****** * 931 C . . . ..... . 

-- 932.- IMPLICIT REAL*8(A-H~O-Z --
933 REAL*8 RRl(40,40),R 
934 ... COMMON/Q/RIl - . 
935 COMMON/REQ/RRI 

:~936i:::~ NROw=NIlGR 
937 DO 60 KR=2,IIBGR 

"938" C**** RESCALE THE CURRENT Ro\{~:*****.c,,,:~,~=,: 
939 SCLEl=l.DO/RIl(NRDW,NROW) 

';::cc940,:· . DO 8 LC=l,NIlGR . c.:>:,.~··,,,.~:~==·,.,=. 

941 RR l( tIROVl,LC) =SCLEl*RiU(NROW, U:j-
~t942 R 111 tlR OW, LC) =SCL El *R III NRDW; CC) 

943 8 CONTINUE . 
944···· C**** RESCALE ALL THE ROWS UP}TO THE~·CURRENT ROw. ***** 
945 MROW=NROW-l 
946-· 00 20 MR=l,MROW· 
947 _ .. -- RSCLl=RI1(j1R~NR.ti~i) 

:--'=94800 16 I1C=l,NBGR 
949 RRl(MR,MC)=RRlIMR,MC)-RSCLl*RRl(NROH,MC) 

°L950 •... .. c - RIll FiR, 11C) =R Il IMR, MC.)-:-R~·Ctl*Rlitt4r{ml,MC) 
951 16 CONTINUE 

::f.{9_52.':: 20 CUtH INUE . 
953 NROW=hROW-l 

~::f954{;' 60 CONT ItWt ..... . 
955 C**** SET THE II1AG INARY· ELEMEUTS AIlOVE-·THE I-\AI N DI AGdfIAL;'O. -**** 

~C:95 .NROw=NIlGR-1 
-957 DO 80 1=I.NRUW 
;'958: . I B = I + I 
-- -959- .. -- DO 72·· J=IB,NBGR 
=:~9bO ... RI P IoJ 1=0.00 
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961 
~' 962 

963 
964 
965 C 

-966 - C 
-967 - C 

966 ,C -
969 C 

'970 
·971 C 

72 CONTINUE 
80 corH INUE 

RETuRfl 
. END 

- SUBROUT INE OBf:SS 010, Dl ,D_~I,DB1,D!;2,E 1 
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.. . ~972 C 
973 C 
974 C 

DDCUflENTATIDN ADDEO AT CO·RNEL"T. UNIVERSITYB/5174FOR THE SUBROUTINE 0 
DZ IS THE VALUE OF I-IHICH WE 'ARE TAKING THE BESSEL FUNCTION. 

975 C 
,976 C 
977 C 

"_976 _ C 
979 C 

-980 
981 

C 
C 

Orl IS THE OROEK OF THE BESSEL FUNCTIOfI. 
THE VALUE DF TIlE tlESSEL FUNCTION IS. STORED IN DBl IF THE 
BESSEL FUNCTION WAS O~ THE FIRST KINO, IE. A J-BESSEL FUNCTION. 
TilE VALUE OF TilE !lESSEL. FUNCTION IS .STORED IN DB2 I F THE 
BESSEL FUNCTIOtI WAS OF TtIESECONO ,flllLi, IE. A Y-BESSE·L FUNCTION. 

,.982 HI PLI CIT REA L* B ( A-H ,O-Z I. _'·,c~c_,c'A"'';'c __ c-

963 CCALCULATES BESSEL FtJNCTIOil ((;iftiPLEjCORO-ER AND COflPLEXARGUMENTl OF,.THE 
'l84_ .CFIRST KIND IF MO;O,ANO ALSOOF~>THE·-SECONOKIN(J INEUMANN FUNCTIOrn IF 
985 C M 0; 1 . . .- _.- ... - - -

986 CCALCULA TES BESSEL FUNCT ION .. OF:c'_C.OMPLEX,fOROERAND COMPLEX ARGUMENT USING 
987-CPOWER SERIES·FOR ABSIZI LESS-THAN ZOA·NDASYHPTtJTIC SERIES FOR ABSIZI 
9all CGREATER THArl ZOe CHOOSES lO;10 IF GIVEN LO LESS THAN 1 
989 C El DETERfHNES ROUfiDUFF OF EN TO IrlTEGER. IF El LE 0., SETS TO .001 

, _c990 - 1002 FORMT I 451i NEITHEi<- SER IES-c~FOR--BESSEVFiJNCT lUNCONVERGEs 1 
991 1022 FORf1ATl46H NEITHER SERIES FOR r-iEUMANN FUt-lCTIlJrl CONVERGESI 
992 _.1011 FORf1ATl50H TItIS IS AS INGUl:AR'P01NT OF THE NEUfiANN FUNCT ION 
993 141t ZX;,lPE14.5,3X,4H lY;,E14.51 
994·· DIMEflSIUN CII01,CII1001;C2(100-';C3(1001,C41100I,C511001.T31101' 
995 DIMErlsI'ml C600l) .. -

.. :99 b_ COI-1P LE X *i6 l. Ell, B, Ait G,- G~·T-lc'EX,sic'-CE, SF ,13 
997 COMPLEX *16 FNS,S.T.U.V,S2.T2,SOl.lLG,A,Al,Bl.B2,BlT,lH.ZItS.CI 
998 ~ COMPLEX *16 X,Ol,ON,OB1,OB2.COUM· / 
999 REAL*d DATAN2.0REAL,OIMAG.DLOG,DFLOAT,OSIGN.OABS,COABS 

~1000 COMPLEX*16 CDEXP.CDSORT,CDCOS.CDSIN.OCHPLX 
1001 INTEGER*4 IDINT 

*l002·~-__ ~=: -- .DATA IFLAG::/OI._ 
1003 ERO;.lD-2 

'10042='::·_':· : Z;DZ 
1005 X=Z 

'1006 ZX=OREALIOZI - _.-
1007 lY;DIMAGIOZI 

~1008 . EN;DN . 
-1009· ENX;DREALIDNI-
',.1010.- ~. ENY=OIMAGID1-I1 

1011 ·--M;,'10+1· 

''"1012 ABsl;COABsIlI ,.-. 
-1013 OB1;DCMPLXIO.06.0~~d 
C, 10 1 't _ _ _ : DB 2; DC NPLX (0 .00.0. DO 1 .cC~'5~c,:,~~~~.~~~c:--,,:~:, 
-1015I1FLAG;2 . 
··1016°: NF=O 

1017 KFLAG;l 
·1018 'CKFLAG OENOTES QUADRANT OF l-,,~.-~--·-' --- . 

1019 IF (Z X. LT. 0.00. ArlO. ZY. GE·.6~bb-'KhAG;;2 
::1020 ' . IF I IX. LT. 0 .00. MiD. ZY.LT;.O'; 00 1 KFl"AG=3 

1021 IFIZX.GE.O.DO.AND.lY.LT.b.DOIKFLAG;4 
-1022 IF (KFLAG.EO. 2.UR .KFLAG.EO. )IX;-l 
1023 CROUTINE 110Vf:S L FROM LEFT-HALF PLAnE TO RIGHT-HALF PLANE IF ASYMPTOTIC 

102A CSERIES TO bE USED ._ 
1025· IFIIFLAG.GT.OIGO TO 2 

~1026"'- CI 11;3. H1592653589793 
1027 C 121 ; C IiI . fl. DO 
1028 .. CI31;CI21/2.DO 
1029 CI41 ;1.00/0SQRTICI211 

.1030 CI51;DLOGI2.DOI. 
--1031 C(61;6.00 
'10)2'.··· C'I-I);64.DO·.. 
·1<)"33- CI91;2.00*C(1I· 
1034-"-' ., CI 10 I; I.OO/C I 11: =--~.,;;'~~~-~-:;~C"C~~ ___ _ 
103 5 EUL; .:; 7 72156 6490 15338"oo=cT5) 
~103b CI;6CMPLX(O.OO,2.001 
--1037 Al;001PLXI0.DO,CI1l 1 
0:1038- C6(1);1.DO 
:-U)39 00 100 1;1.100 
,,1040 __ .. EYE; I 
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1041 ClIII =EYE 
1042. C21!1 =2.00*EYE 
1043 C3111 =2.DO*EYE-l.O"o· 

·1044. C4 I I I = I 4.00* EYE-I. 000 I **2 ,;,,:'">,~ 
1045 CbII+ll=C6111+1.DO/OFLl1ArcI+ll·-
1046 100 C5111=14.DOOEYE-3.DOI**2 
1047 IFLAG=l 

.. 

1048 2 ERR-.ID-07 
1049 IFIE.GT.O.DOIERk=E 
1050· 1=0 
1051- Zl=5.00 

_1052 If !DAB S I ENY I .LE. E~O. AND~DABS~HDI NT I ENX I-ENX I .LE. EKO I NF LAG=-l 
1053 ITEI1P=ENX+DSIGN(.5DO,EI~XI·---

-1054 TEMP=ITEMP 
1055 IFINFLAG.ED.-11 EN=OCMPLXITEMP.O.DOI 

.c1056 _. ENXl=DREALlENI -
1057 IF I NFLA G. EO. -l.ANO. E Nxi;ED.O ;00 I i~FLAG=O 
1058 __ . HINFLAG.EO.-1.AND.ENX1.·GT.0.DOINFLAG=1 ..... ~ ... 
1059 CNFLAG=-1,Q,+1,+2 MEANS IENX,ENYI A NEGATIVE INTEGER,ZERO,A POSITIVE INT 

~1060 'CEGER, AND A NON-INTEGER,RESPECTIVELY 
1061 IFINFLAG.EO.2.ANO.M.ED.2IM=3 

.c1062' CFOR N=3. EXPRESSES NEUI1ANN ·FUNCJIQtn~I.tl~TERMS OFBESliELFUNCTIONS 
1063 IFINFLAG.EQ.-llEN=-EN 
1064· 3 CONTINUE 
1065 JFLAG~O 

c1066 A=CDEXPIENOA1) 
1067 IFIAB5l.GE.lll GO TO 6 
1068 .__ IF IENY. EO.O. 00.AND.!iABSIJtruU(E~~L:,,0~5DO-ENX I.LE~EROI GO. TO 6_ 
1069 IFIABSZ.NE.O.DOIGO TO 8 

'1070'·.- . IFOI.EO.21 WRITEI6,101lr~~DL:: 
1071 IFINFLAG.NE.OIGO TU 16 

<1072·_· DEIl=OCMPLXl1.00,0.DOI 
1073 16 RETURN 
~1074 8 CONTINUE 

1075 1=1 
C1076~" ZLG=OCIIPLX IOLOGI A8Sn,DAl:AN2(IjIMAG(Z I, OREAL! Z III 

1077 CCHOOSES PRINCIPAL VALUE OF. Z IN CALCULATING CLUG( ZI 
'1078 . ARG=EN+Cl! 11-

1079 CALL DGAMMIARG,G,CbUM,E~R 
1080 ZH=EN*(ZLG-C(511 
1081 ZHS=COEXPIZHI 
1082 T3111-ZHS/G 
1083 Sl=T3111 

~ 10 8 4 EX-COE X PIC 2 III '; IlL G-:C I 5J)L~~,:::_,_._ 
1085 11 1=1+1-

;1086, T3 I I I =-D ( 1-11 *EX/ I (EN+cirr~ 111*(;1 I 1-111 
1087 Sl=51+T3(11 

~1088c~ SiS-COA8SISll 
1089 T15=CDA8SIT31111 

~ 1090 IF I TlS • LE. ER R* 51 S IGO:JO::9~:~j~££:C~;:f:-':;:: 
1091 IFII.LT.101IGO TO 11 

\1092 IFIJFLAG.GT.OIGO TO 
-1093 JFLAG=l 
~1094'~GO TO 6 
-1095-14 WRITE(6,10021 
~1096.>: STOP 
1097 ~1 CUNTINUE 

"1098 c: JFLAG=l 
1099 ·GO TO 6· 

O:'1100:-jj'.L-82WR ITE 16,10l21 
1101 ·STOP . 

~1102:'::jo=:-'=:: ,9 B=51_ .... 
--1103 IF!l1.NE.ZIGO TO 
j1104'c,:: i:_ N=OABS (ENXlI 
-1105-~~ U=2.00*IZLG+·EULI 

"1106 S2-8*U -
1107 IllZ=l 

;1108·77 DO 75 J=IZZZ ,I 
1109 Jl=J-1 

~l(lQ~; J1N=N+J-1 
1111 IF I Jl.LEoOI GO TO 

ll1l2~: IF (Jl .. GT.101l GO TO~;::201:~'{§tl:.o': 
1113 TEMPl=C6IJ11 
1114j~ GO TO 203 
1115 200 TEMPl=O.OJ 
:11i6:C'~,':::- : GO TO 203 .. , 
1117--201 TEI1P 1=C6( loll 

~1118:''.:~:~cc 00 .202 JJ= 10 2, Jl--::=~0-i~'¥~~~~~:':::ii:3'~::: 
1119 . TEMp·l=TEMPl+l.DO/OFLOATIJJI 
1120 202 CO~TINUE 

/ 



1121·· 
"1122 

1123 
'1124 

203 corn INUE 
IF (J1N~LE.O) ('O~TO ~-O-5-~;;~~--'=:-~-_~-~_-::-- "-' 

IF(J1t..GT.1011 GO TO 206~~'--'----'- .~ 

TEMP2=C6(J1NI~ 

1125 GO TO 208 
1126 205 TEMP2=0.DO 
1127 GO TO 20B 

: 1128'" 206 TEMP2=Cb(1011 .. ~j~~~~~~~tc~~;;~ 
1129 DO 207 JJ=162,JIN' 
1130 TEMP2=TEMP2+1.DO/DFLOAnJJI 
1131 207 cUln INUE .~ . . 

·1132·· 208 CONT ItJUE 
1133 TZ=131 J 1*(TEMP1+TE~lP 
1134· T2R=DABS(DREAL(TZII 
1135 T2I=DABS(DIMAG(T211 

'1136' • 75 S2=52-T2 . 
1137 S2R=fMBS(oREALlS21 I' 
1138 . SZ I =DAB S (0 I MAG (S 2 I 1~~cCc~::~~~:f'0~:::E:~:-:·~~;· ..• ,.' 
1139 I FIT 2R. (, T. ER R*S2R I ~ G.0.-fO-78-.------~--
114 0 IF IT 2 I • LE. ER R*SZ I I GO.To:~76\·E···'.T.·~·· 
114 1 78 I = I + 1 .. --..... ~ --- -.. . 

.114Z . IF (I .GT .101. AND. JFlAG. EO~O I GOi-To:c.aL .' 
1143 IF (I .GT .101. AND. JFLAG~ijE.OIGO--Ti:iii·2 

:·1144~ T3(II=-T3(I-ll*EX/«(EN+.Gll ... r"lH*Cl(I-lll 1145 r 1 Zl=I . . .. ~~~~.- ~--- ..... 

': 114 I> ~c.:j:' GOT O· 7 7..C.~7:. • 
-1147- ····76 £l2=SZ*C(loi 
;1l46~.::,= .IF(N.EO.OI GO ·T05 
1149 ~ Sl=OCMPLX(O.OO,O.UO 

'1l50'c::'~ . Tl=-C( 101/ZHS 
-115i LUP=N-l 
~c1l52~~~' ... IF (LUP. EO. 0) GO··TO 72~Tt=-~~~~?Ji.£~~?;;;~:~'· 
=1l53'~~="'~ DO 70 LL=l,LUP 
~:1l57 0 Tl =T 1* 0 FLO AT (LU':::o:::~~~'t.:::~~'2.~¥.~~'" . 

1155 Sl=Sl+l1 
. ~ 11 5 6 :0';' .: DO 7 1 L L = 1 , L Up· . . ~-•• o·"'·:'.'.c2cc:t:C-'Eic-;:::E: ,,~ . 

1157 Tl =Tl*E XI( OF LOAT (L II *OF[OAT (CiTp:'IC+ ill 
.1158 ~"".L·.~7 1"'s 1 =S 1+ T1 

1159 GO TO 73 
t~ 1 6 0I-¥.~~:.A72·S 1= S 1 + T 1 . 

1161 73 BZ~BZ+Sl 
~:11 6 2~~::::'~:.GO TO 55 
-1163----~55 IF(NFLAG.LT.OIB= 
[116 BX-DREAL(BI 
-i1b5 B~=DIMAG(£l1 . 
~n6ti=O~·::.. BXA=OABS(ilXI:~:" 
---1-f6 7- ------ -- --.-- BY A= DA B S (B Y ,---
~~111> 8'~}~ . . IF ( Z X. EO. 0.00. OR • Zy • EO:O~D'orNF;lC'S='-= ...• ~.. . .. 
-1169 IF IIIFLAG.IlE. 2. AllO. 8XA. LT .ByA .A~:[) :NF. EO.1) f1X=O. 00 
~1170 IF(NFLAG.NE.2.AND.ilYA.lT;BXA.ANO.NF.EO.118Y=0.00 
-1171--- GO TO(56,57,58,?9),M .-.----

~.117Z.. 6 ARG=X-EN"C (21':"C( 3) 
~1l73·· CF=COCOS(ARGI 
=.117'1 ··SF=C(61*CDSIN(ARG) 
-117 FNS=Cl(41*EN*EN 
~~1l 7 6,~: _.. I = 0 

1177 Sl=OCMPLX(1.DO,0.DOI 
t1178 S2=DCMPLX(0.OO,o.00) 

1179 U=DCMPLX(l.DO,O.DOI 
~1180_ T1S=1.00 

1181 S=CF 
'··118Z 18 1=1+1 ....... - ~~ .•.. 
"1183 V=-(FNS-C5(I)I/(C(71.~.ci(I»)*U 
du) 4 .. ,. . .. U= v* (FNS-C4 (I I I II C2 (l 1*)(U.~:::",::~'o'c:."",c:. 
'-1185' '~ .. US=CDABS(u1 . .-~.~- ... -~~~-~~~ 

1186 If(US~GT.T1S) GO TO 20 
1187 1Z CUNTINUE . 

~1l88' ~. T=U*CF+V*5V: 
.1189 T~=OABS (OREAL< TIl 
~1f90.:-;. _.TI =DABS IDH1AG( Tl ::::.~~t~it·~~ ... ~:~~~~~. 
_1191 S=5+T 
:'1192.'. ... .. $R =DAB S (OREAL< S I I 
_1193 5 I =D AI3 S 10 I MA G (5 I l~~ .__ __ ~. __ ~. __ ... 
:'.o1l9tj'E.'·'~ . IFITR.GT.ERR*SRI Go·cro~24~':;:;~~~~~0~:=.:· 

1195· IFITI.LE.ERR*SII GO TO 26 
~li9 I>'~"~ .. 2~4 . Tl =u'cc~::::.~z:.'f?}:.';.::':'f:f::'f': .. 

r 1197 T2=V 
~1198~t:i. Sl=Sl+Tl 
. 1199 52=SZ+T2 
~1200'»Y' '=.::: TlS=US 

146 
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1201 17 IFII-I0dll~,25,25 
';1202,·· 20 IFII~EO.ll GO TO 1 

1203 IFlJFLAG.GT.Ol GO TO 23 
::1204,_ - JFLAG=l . 

1205 GO TO ij 

,1206 23 WRITEI6,10021 
1207 29 CONTINUE 
~1208 .STOP 

1209 26 CONTINUE 
:;1210-: SQZ=COSORTIXr --_------

1211 IF (OREAL(SQZ) .LT .o",l)'of-SQZ-=-':'S"O"Z . --
°1212:cCCHOOSES PROPER Bt{ANCH FORSOUARE ROOT.'~~ _ 
_ 1213 [I=CI~I/SQZ*5 . -. - -.---. 
'1214 IF I KFL AG. Ea. 2) B=A*B·cCC· 

1215 IFIKFLAG.EQ.31B=B/A .. 
. 1216 I F I II. Ea. 31 M= 2-.. - ;0':~c~~~~~~~c;'-;~_~ 
1217 IFIM.NE.21GO TO 5~-

=12 i t.(\c .- B2=C 141 ISOZ* I SF* I 5 r+i.ii?Cf61~CE:*CSl+V)*c 161 ) 
1219 IF IKFLAG.EQ. 21 B2=1 [I2+COC05(C Ifi*ENl *CI *1111 A 

~'1220·;--c; .- IF I KFLAG.EO •. 3) B2=1 B2:;'GOGOS(C I tr*EN I *GI *B I *A 
1221 GO TO 55 ... ------

i1222. 25 IFIJFLAG.GT.OlGO TO 
-"1223 - --- . JFLAG=l 
'122'1 GO TO ij-

1225 28 WRITElo,10021 
~1226 - - -GGT029-
- 122758 Bl=OCMPLXIBX,IlYl 
·1228 11=', 

1229 EN=-EN 
1230 GO TO 3 
1231 59 BIT=DCMPLXIIlX,BYI 

'. 123 2 EN = - E N :_'::}_0i~~~:~tc~:S~LK7C_ 
1233- ARG=CI 11*EN -

-.123'1 B2=ICDCOSI ARGl*Bl-lll Tl ICOSIN(ARGY'· 
1235 ·OB1=Bl . 
;-1236: 01l2=B2 

1237 RETURN 
·1238."-- 57 IFINFLAG.EQ.-llil2=A* / 

1239 OB2=[\2 
.12'10 __ . __ 56DB1=OCliPLXIBX,BYl 
1241 RET-URN 

-::_1242 - - END "_ -:;·-~_":-~~~-=%E~/t~~~~~~~~~~~~~;:--
1243 SU BR OU TINE II GA~M WZ ,DGM-;-Ors,ER-R:;-jj f 

:'1244 GIF JJ=O,CALCULATESONLY·GAM11A:eFUNCTION,.'IF· JJ=l, CALCULATES ONLY PSI 
1245 GFUflCTIGN, I.F JJ=2, CALCULATES BOTH- .... 

• 1246 a:PLI CIT REAL('B I A-Ii, O-Zl~:-_~~: __ 
1247 COMPLEX*l6 GAI1,Z ,OZ,DGM,OP-S-;OPSI 

~::12,,8 . ___ ._ COi1PLEX *16 TERM1, ZTl, TERlf,sUM ,ZLGTlTGAl1,lT 
1249 COMPLEX*i6 GOLOG ,OGMpLi;COEXP~CDS-IH . 

~ 125 0;:;1).- . _ RE AL*6 ORE AL ,0 IMAG, OLO G,~OA8Sl:ic:'i~:=.;·~': -. -
1251 . I N TE GE R *4 10 lilT . -. --.--_.--.- -----------

1252 OUIEllSION BII01 
1253 DIMENSION CIIQOI 

~;12 54-~:t.':'~:-:. . OA TA· I FLAG 1 O/~:~C;~~:~~j=~"f.o;fc?O~F .-
1255 1001 FORHAT I 1H,/.// t2~H--S·{R-IEs--DiD--NoYToNVERGE I 
~1256---~ 1010 FORI1ATIUI ,111,47H-THISc-IS=4.dSiNGUlARPOItH OF_ THE GAMMA FUNGTION 

1257 X,I,5X,bHARG R=,E12.-5 3X ·6HARG ·1=;El2.51 
~_125.8},(7t;: IFIJJ.EO.OIGO,TO bO 

1259 OPS=OPSIIDZ,ERRI 
t1260 IFIJJ.EO.11RETURN 

1261 60 E=ERR . 
~~=12 -62 If- (E • L E .0.00 ) E ==. 1D"';;0"7\ .:--:.=-.=--:-~:--:::::;::;-=----:=--:=:-~" 

1263 ZX=OREALIDZI 
~126.4 ZY=DIHAGIOZl.-

1265 Z=OZ 
'01266':0,- IF I lX.L T .0.001 l=-Z 
--1267·· NFLAG=2" 
"'i268:~E.<:: .J=O .-

"... :->-.--

1269 ---CI(;;NUMBER OFTERrfs· IN SER 
·-127D>~'-' ,'.:.IF IlY. EQ.D.OO.AND. I IOINT.itXl~~llii;EO.O.DO I .NFLAG=l 

1271-------- IF WFL AG. E Q. 1. All O. lX. L E-. 0 .-00 I i~ FLAG';O 
.'1272.CNFLAG=Q MEANS Z"=O OR Z A NEGATIVE INTEGER 
-1273· -- IFINFLAG.NE.OlGU TO 51 .. - . 

NFLAG=lMEANS Z A POSITIVE 

,_127 4:':~~.>, _ WR ITE 16,1010 I UI 
-1275--- --- OGM=OC11PLX 10 .00, 6. 
127.6 _ RETURN 
1277 51 IF INFLAG.EO. 21GO TO -42 

,1278- Ir IZX.GT.2.0DOI GO T05?~,_:,,=_ 
~1279 DGH=OCIIPLXll.DO,O.OOI 

" : 1280-. RE TUR~J 



1261 55 IF I lX. G T .20. DO IGO Toifi-----
1262. IF=IOINTIlXI-l 
1283 IJ=l 
-1284;~ DO 300 N=2.IF 
1285 300 IJ=IJON 

'1286,_ DGM=IJ -
1287 RETURN 
1288- 42 CONTINUE . _ 
1289 IFIIFLAG.N~.6IGO 
:1290~ DO 100 1-1,100 
1291 . 100 C I I I =1 

.. 1292 ' PI=3.141592b535a979300L:-:'C~:-;:--- ---..... _____ -
1293·- .p I 2 -OL 0 G I 2. D oop I 1/2; DO =~c-~ __ ,c_.=~'~-=e_._ 

1294 ~ B I 1) = 1. 000/12. OD 0 
- 1295 B(21=-1.000/360.000-

1296 BI31=1.000/1260.000-cc"~~'~~}~~~t"~ 
129~ BI~I=-1.000/1680.0DO 

;.1298:" - B I 5 I = 1 • ODO III 68. 00 O_c=C::·~':;;;,~=':'''=~':ce'c· ___ ._ 
- 1299 -. B I 6 1=-691.00 0/3603 bb-:ttDo~~~=~~-c------- -- -
c 1300' =_ U (7) = 1.000/156.000 -- _"c e~~:~oe~e_=?~",,=-o - ... 
f30 f- B ( 8 ) =-3617.000/ 122 ·4(j-O-~- OD-o~-=--·----;:'----=;~-~;;-7:'--;.-:~:·:-- --

.1302 B I 91 =431lb7 .000/244188.000' _________ _ 
1303 B I 10) =-174611. ODO/l25400;-OD-O==--c-=~c-- -
1304 _CBIII ARE THE BERNOULLI COEFFICJ,ENTS'-IWSTIRLINGS FORMULA 
1305 IFLAG=l"-

'1306-,_' 20- IT=l - - _ 
1307-· ZTl=lT-1.00-

• 13 0 8~ I = 0 _ .. "-.~::,::=~c:"':.:':':~~~-;:c::::_:::..c:-= 
1309 -- .' 5 IF (OREAl(ZT) ~·GT.IO-~-D-O)--GO-·i-o:;;~i--=-=o.:.---=---:· 

~1310-4 1=1+1 
1311 IFII.LE.100IGO TO 

-1312 HRITE 16,1001) 
1313 STOP 

·1314:'-- __ 30 CONTINUE 
1315 ZT=ZT+1'.OO 

~'1316';'c--_c.-,;~:,:-· _,GO. TU 5" 
--1317----3 IF';I 
-1316 ZLG=COLOGIZTI 
1319 SUI1=IZT-.5 OOI*ZLG -ZT~~I2 

h320 -- TERMl=SUI1 _,~-_;-::,-=.:;:~~~-_,_ 

tg~~'£oL:~/!~ ~~i~ :g!~~ ~ g~~!~~ ~~~-~F-)'§--'~·-'-I-~-·tff;;~~=~~,~: 
._1323 J=O 
=1324·:' ___ -6 J=J+1 

1325 TERM=BIJI*CDEXPI-12.DO*CIJI-1.001*ZLGI 
132 ATERR=DASS COREAL ITEkMFl·~c-=-::::,-:,::'~-:O=-:C: -. 
1327 ATERI=OABSIOIHAGITEkMI 

::1328 SUI1;SUM+TERM 
_1329 _ ASUNR=DMS IOREAL ISUM I I 
.~ 13 3 0 :~:~. . AS II ~I I = 0 A El S I [) I 11 A GIS U t1 I I~c'.i.;~t~;::·}'-::,~=::'~f;' 

1331 IFIATERR.GT.ATERIKIGO TO 24 . 
t133 IF lATER I.GI .ATERlI IGO~cio:_'24~;.~,t::-"-C:~jf'~_: 

1333 IFIASUMR.EO.O.OOIGO TO 9 
.. 1334 I F I A IE kkl A SU Mk. G T. E I GO-TO_~:27cl~:'~'~:: 

1335 9 CUNTINUE 
1336 IF (ASUNI .EO. 0.00 I GOTO-~6~o'~"-:E,,:"k"~=;:L 
1337 IFIATERI/ASUMI.LE.EIGO TO 6 

,1338 27 CONTINUE 
1339 ATER1R=ATERR 

-1340_::: -:_AT ER 11 =ATERI_ 
1)41 GU TO 7. 

~1342 24 CONTINUE 
1343 7 IFIJ.LT.10IGO 
134.4-"'--GO TO 4 
1345 6 ZlGAM=SUM 
13 4 6~;c . I F I IF. EO. 0 I GOT03 
1347--- DO 200 K=i",-IF 

._~134 8-c:200 ZT GAM=ZTGAM-COLOG{z:r:l£!'JJ~}_J::c': ~l~~~E~ 
1349 31 GAM=COEX?(ZTGAMI 

'i3 5 O;;~~, I F I ZX. LT. O. DO I GAM="':P:.tT!<;=A-MICosJjf(U*Zl *Z )c·.·._,~-,=·_·.c~c._--_ 
1351 OGM=GAM 

{1352< _ ... RETURN 
1353 END 

0:1354-:'.-'0<:-:/' COMPLEX FUNCTI ON· OPS r*16 rz·,EV~':~-='.c,: 
13-55--~- -- IMPL Ie I T COrlPLEX*l6 IA--I(;-o"':z I 

h35.6· .. -- COMP LE X *16 C DEXP ,C OLOG; CDCOSe,COSIN, Dcr1PL x 
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, . 

/ 

1357-RE,\VfB DATAN2 ,DFLOAT,(fA~5;tDABS--·· - .. 
't,135 8o:':C "~RE AL *8 E, ERR, B, ABTEK ,IBTE!U', AB-5U11I' PI ,ZX, Z Y ,lX I; ~N, EUL ,[) RE AL ~D IMAG .:. 
-:1359··--- .. INTEGER*4 10 TNT ---- ----.-- -. - - -. 

0_.1360,-: .. DIMENSION.BIIOI .... -
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1361 DATA IFLAG 101 
1362 ERR=E_~~_~o_ -o=~ __ ~~-__ _ 
136 3 ~ I FIE RR. LE. O. DO IERR =. {o:,::f-cCO 

~1364 lP=l 
1365 ZT=t 

_ 1366 lX=OREALIlPI 
1367 lY=OIMAGIZPI 
1368 NI=lOINTIlXI 
1369 lxI=OFLOATI~II-lX 

'1370 ~ IF (lY.NE.O.OO.OR.ZX~GT~(><iOO~OR;lXI .NE.O.OO IGO TO 1 
1371 OPSI=DCMPLXIO.DO,O.OOI-~- ~~~---~ 

~ 13 72 ~ WRIT E I 6;l 0 1 0 I l :.:::~~-::::lt~~-",~~~,,}o:-;~{l:i1L~ 
1373 RETURN-

c~1374~ CCALCULATE PSI HERE IFZ,IS:'A~:POSITIVEdNTEGER 
1375 1 IFIZY.NE.O.DO.OR.ZXI.tjE-.-O.O-OIGO-~TO 2 

: 1376 EUL=-.5772156649 
1377 DPSI=EUL 

~ 1378 ~IFINI.EO.IIRETURN 
1379 NF=NI-l 

'1380- DO 100 N=l,NF ~ __,:':c~~='~~~~~,~~=,~~~f,_~ 
1381 100 OPSI=OPSI+l.00/0FLOAT(NI 

~13 8 2 _ _ R E TU R N ~ ~>i'~~-g~;:;;~~",~<; 
1383 2 ISI&N=O 
1384 IFIl)(.LT.O.OOIISIGN=l 
1385 IF(ISIGN.EO.lllT=1.00-ZT 

'f138,,':';-CREFLECrS Z INTO l-l IF Z IsC:lf.i}l'Ej:t~nALF~ pLANE 
13 8 7 Z S = ZT ~~ --- ~- - - -~-

~1388~:~c _ ~ NR=O 
~ 1389_ IF (I FLAG.NE. OlGa TO 3 
~ 1390 PI =0 AT AN2 ( O. DO, -1. DOl c:=,=,c",~=?=:=='C=~==-= 

1391 ~ BI1I=1.00/12.00*6.001 
'~1392- B(21=-1.00/(4.00*30.001 

1393 8131=1.001(6.00*42.001 
~1394 8(41=-1.00/(8.00*30.00 

1395 B(51=~.00/(10.00*bb.OO 

1396 _ 8161=-691.001112.0002730~00) 
1397 ~ BI71=7.00/114.0006.001 
1398 ~ BI81=-3617.00/l16.00051<i~~00 
1399 8191=43H67.00/(18.0007ij8~bol 

-1400', B(101=-174611.001!20.000 3?0.001=' 
1401 IFLAG=l 

;1402 3 IF((NR+NII.GT.I0IGO 
1403 'lR ="Ni{+l - - - ~ 

1404 GO TO 3 _~~, -
-1405 CINCREASES REAL PART OF iuidCCGREATER THAN 10 
~140" 4 ZT=ZT+OFLOAT(NRI 

1407 ZL =CDL'O G (l T) .. - .-. -----------

f1408 TERl=.500/ZT 
1409~SUM=ZL-HRl 

t~1410_:C:"~'=:_=_:. ABTERl=CDABS ITER 
1411 N=O 

~1412:::ct;=>~;:c8 ~ N=N+ 1 
1413 EN=OFLOAT(NI 
'1414~:: TE R=-B (N I';' CD EXP (.;...2 ~ OO';'ENOiLY:::~-:;c=<: 

14 1 5 A B TE R = C 0 A B S ( TE R I - - ~ - ~- --- -~-~~ 

~c1416::;:~:~<~ ~ J F (A B TE R. LT. AS TE Rl1 G 0 TI:f~5~::;:':fJ':c-::=c:':~ 
~1417~-~-~=~ ~~NR=NR+l -

~141 ZT=ZS 
1419 IF(NR.LT.I00IGO 

'1420::<=- WRITE 16,10111 
~1421--~~ RETURfl 

::-:1(12 2~:_,:c~:= 5 5Ul1= SUM +TER - ~"'¥=:;~;t~;';::;,,~-~=='_ 
-1423- ~ ~ t.[!SUrll=OAd5IDIMAG(5UMlj 
~'1424 IF I "_BSU1~I .NE .0.001 GO T06c,:;:~-,c::::~:,-c. ___ _ 

1425 I F I ABTER/COA IlS 1 SUM I. LE ~[RRIGO-io -7~ 
,'142'6:- GO Tll 9 ~--- -----
~ 142 7 -~- " I F WAilS !DR EAl.:I TE R I I / oABS([jRE-ALT5Li~1I1 :LE. ERR. AND. DABS (0 IMAG (TER I II 
:1428:::o;0cc < lAB5U11I.LE .. ERRIGO TO 7 

1429 9 ABTER1=ABTER -
=- 14 3 o:-:C~c;c'::~:-GO TO tl _::j{j.~~~~.:l=i~~f~a::~~~ __ ~-~ 
~-14 31------~- 7 OJ' 5 1=5 UM 

.l(132:_·~ IF INR.EO.OI GO TO 10. 
-1433~ 00 200 N=l,NR 
01434;:=:~ 200 OPSI=OPSI-l. 00/( IT-OFCoAUNI 
-1435---~-- 10IF(ISIGN.EO.OIRETURN--
-:'143 ARG=PI*lP ------~,==~--

14 3 7 0 PSI = 0 PSI - P I * CDC 0 5 ( A"R G"'- j ·c-o s' i N~f· A:k-i;--) --
P4 3·8~::'.'-'-·~ RE TURN ~~~ --

1439 1010 FLlR~lATIIH ,Il,4!)H TflI5is-A:-5IiIGULAR~POINT UF JHE PSI FUNCTION,I, 
:1440:. _ 130X,6H_ARG R= ,lPE12.5 ,3X,,6HARGI=,E12.5) . 
1441 1011 FORn/.TItH ,Il,24H SERIESOID--NOT COtlVERGEI 

'1442:'<- E:lD~-~-

/ 



. - . -- --;/~/ftj-~i-=-=:~~~~~~~~~j~~--- --.- - . -- --_.-
** ** ** ** ** **,) ** **** ** ** ****** ** **** **** ** ** ** ** ,f*** **-**** ** ** S AMPL E RUN WITH - THE - S AI1PLE,~OAT A-::IAh_GI VEN I N- THE PROGRAM- (A) 

** **** **** * *** ** ****** ** *****-****-*-**-**** ** ** ** ** **-** ** **** ** ** 

* * 
* BY 

* 
* 
* 

TilE 

SCA TT ER I NG OE-AtOUY:Tfc~'WA'vEs'Ci'''':C -- -

CYL INOERS OF_ARBJTRAR'(fc~oSS-SE(;TION_ 

- ~--~ -- --------
- -

- *~'-PROGRIH1-(A): .GENERATION OF THE T-MATRIX ELEMENTS ** 
-==== === == = === == -== == == == ==~=-?~ ?~.:=:~ =~=.=== == == == == == ==== =::: 

=======~======================================================= 

'c~::-:.=';o'0~='--RAD IUS: 
------.-~---- - .. -_.". 

--------
- - -- - - ----:::-...::=--:.: --; -- =::-----.--.,::--

~-=cc'-==cc::0-''''--()RDE R-OF -THES I MPS mi' sR1IC{~USE~DccfN=oNLn'.ERI CII C IriTE GRA TI ON--:- if 

~~~~,:~#~c,:;'~JOTALDI MENS ION:OF TH!:T-:r;t..IRJJ'c~{:i.~i.!~,~)(:~lO':-Lc --- -­

Zi~~~Jcc,JRUNCA T ION FA CTORFOR TH E,.a7,MAIIH2~1.E_LE.!'IE,NT ~ __ -_ :~=. l00702,5x:i~:_, 

~-::-~;2s~JfEERROR FACTOR FO~TH!: a ES SEljl!~Q!I_(Jt~~c~::L·100-013 

== == == ==== == ===::= == ========:<=~:.:~~:':~;=~~~~~.~~=_C§.~~~_~~ == =~~ == == ===~ ====== == ____ .. 
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~=:::: =::::::::: =~==== ===:= == ==:======~-~-?=-#;-~=~=-~~~~~?-~=-= ==== == ====== ====== == === 
0-11 f1ATRIX 

== ====== ===== ===== ========-~.~~:=-=;~-:;':-~';;:-~;;=='==== ==== == =:;;:::::::::= ==== == ==::: 

-.17857+000 
.10tl46+001 

.00000 
.00000 

.00000 
.00000 

.00000 
.00000 

.00000 
.00000 

.00000 
.00000 

'~-~;ooooO: 
.00000 

.86373-001 
.47539+000 

.00000 
.00000 

.00000 
.00000 

.00000 
'i~'; -000 0 O'~: 

-->c~~28 80 8""002-
- ~48779+006--

.00000 
OOOOO~ 

.00000 
.00000 

.00000 
• 00000 

.00000 
.00000 

.00000 
.00000 

.00000 
.00000 

.00000 
.00000 

.30650-00-4 .00000 
.49718+000 '.00000 

.00000 
.00000 

c,'\~OOOOO~:{c:C ~ .00000 .. 16132-006 
.49tJ92+000 .00000 .00000 

-==========================~=~=~~===~~==~============-============= 
0-22 MATRIX 

'=============================~==~=====~=============~============ J . 

• 86373-001 
.47539+000 

.00000 
.00000 

..• 00000 
.00000 

.00000 
.00000 .-

- .00000 
.00000 

.00000 
.00000 

-.- -=<~ 9 0 00 o-/~:,> 
.00000 

.28808-002 .00000 
• 48779+00o~2-·ooooo~=;:;c.:,~ 

.00000 
.00000 

.00000 
.00000 

_.00000 
.00000 

-·c-=::~:'130650·':004-: ._ ,.00000 - ~ 
------:49'lT8-:;O-OO .00000----

--

.00000 ----'"'~il()O'o:o .16132-00(, 
--- • 00000 ·i_:'~~=~=::;:. 0()000.f~'i~_':;,-. 49~92+000 

_ .00000 . '--:':-:c'~=~OOOOO·-c=:j'::_ 
• 00000 ~OOOOO -.--

--.00000 
.00000 

.00000 
.00000 

.00000 
.00000 

-.00000 
.00000 

.00000-
.00000:-- , 

.50729.-009 -. 
.49947+000 

** ORTHOGONALIZEO O-MATRICES-

===~=====================~==~?~==~=~~~~~============== =========== 
0-11 MATRIX 

=============================~==2===================== =========== 

'-.16246+000 
.98i,72+000 

.00000 
.00000 

.'~ 00000 
.00000 

.00000 
.00000 

.00000 
.00000 

.. -.0 0000 -:- c_----.c:,.-OOOOO~":'-:~,~- .00000 
.00000· --------._---

.00000 .00000 
_0 __ -

-.17676+000-~~-00000------- .00000 

.9838 9+000:"o-:.c. OOOO():c.~:t:j:::-~ .• 00000 

• a (;1000 
.00000 

-'·:;.~59057.;..002c-- .00000 
;99998+000 .00000 

---.----------- . 

• 00000- .0-0000 ':'.61647-004 
·.10000+001 .00000 . ·.ccL~OOOl)()~;.::if 

.00000 
.00000 

····:.;::O~-OO-OOO-'?~~:-_-:=o:c .00000 
- .00000-- .00000 
.. _ .... __ .. 

.00000 
.-00000 

.00000 
.00000 

•. 00000 
.00000 

.00000 
.00000-

-.32333:;'006 
.10000+001 

================== ====== == ~=.== =====~~~.?===== == == == ==== ====== ===== 
0-22 HATRIX 

.-- .-:.:~.==== == == ========== ======== ======;;;==-::=:======= ==== == == ==:::===== == ==:: 

-:-.17876+000:- -;00000- ;.;: :L,=;.:oOO(fofo-::'=~:·: • 00000 
---- -~OOOOO------- .00000·' 

·-.00000 
.00000 .98389+000 .00000 

.00000 
.00000 

.00000 
.00000 

.00000 
.00000 

00000 
.00000 

-.59057-002 .00000. .00000 .00000 
•..• 99998+00Q~~~~6()9(j(Jt~~~~~-=~~. OOOOO~~:\:~::":'. 00000 

.00000 
• 00000 

.00000 

j:<:::;:61647'::;OOI[ c .• 00000 
·:10oo6-':O(1l .00000 

. __ ._---- .... -- --_. .. .-

'--=--'-O-O·OO'o'~ ,,~. _c:_. 32333 -0 06 

_.00000 
.00000 

-.00000 

.• 00000,;;:\L;:i;'-.:k!..()000llj±::::\co:i .• 10000+001~~'_ .00000 

__ ~-'10157-008 
- . 

.10000+001 
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================================================================= 
T-ll MATRIX 

================================~~==~=~=~============= =========== 

-.26392-001 
-.16030+000 

.00000 
.00000 

.00000 
.00000 

.00000 
.00000 

.00000 
.00000 

.00000 
.00000 

__j~C~_()OOOO~'}~= - .00000 

- .3 1 <) 56 -0 01 
.17588+000 

.00000 .00000 

~ o~6ooo­

.00000 
.00000 

.00000-

.00000. 
.00000 

-~->"~3't877';'00.'t-_ ·;00000 
.~9056-0b2 .00000 

-_. -- ; _.. . .. 

.00000 
.00000 

.00000 
.00000 

-, .. 00000 
.00000 

.00000 
.00000 

• 00000 - - -':".38004-008 .00000-
OOOO()i-:~:S~_' " 616'1 7-00'1_ .00000 

<.00000 c'~·~~-;OOOOO:~-::~:;,,~ctj.:;.;OOOOO--
.00000- - --- - -- ---~ 00000--- -- ; 00000 -

~.10't5't-012 

.32333-006 
==== ========.====== ==== ==:: == ==.~~=~-~~ =.~-::.-:=~-~--:=-~ == == == =?= ===="== == == ==== = 

T-22 MATRIX 
== == == == = ==="== = ===== == :c::=--=':;==~==-==-=-=~=-=='======.; == ==== ==== == ==== = 

,. 
-.31956-00 1. <'.-~ 0 0000 :_'·~·.c.:?:-=;'OOOo.Of~-t:"'~~:~·. 00000--

.17588+000 • 00000 ----------~-00006------- .00000 

.00000 
.00000 

.00000 
.00000 

.:-.:::::::.c:.:::: .. ::..:...-__ .::::_.~_:~-,::,:,:,,--=-_-. . .--. -- ---

':'~34877-604 ---.<)0000-----

-• 5905 6-00 2~"c::C~000 OO;~i;'-=C~~~_ 

.00000 -
.00006"'--

-~~·~38004~008 
.-b-1647--0"Ot. --

--.. -.-- .. - . . 

~OOOOO 
:.00000 

.00000 
'·.00000 

--.00000 
.00000 

--.00000 
.00000 

- .00000 
.00000 

.00000 
.00000 

.00000 - ----c:'C{OOOO- --':'-.10't~'t-012 .00000 

• 00000E~_-.ooo{)(f2~"::t~~~_. 32333-006 -•• 00000 
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00000 
.00000--

.00000 _ -, ,c::cc·Y~boooo~~'=f"";:~c.OOOOO 
.0 a 00 0 -------- -;OO()O-O------ .00 000 

~-.10316-017'.'''-,,::.- -­
-.10157-006------;' 



1 C 
2 , C 
3 C 
4 C. 
5 C 

'.6 C 
7 C 
8 C 
9 C 

~'to C 
11 C 
12 ~ C 
13 C 
14·; C 
15 C 
16 . C 

'17 C 
18 C 
19 C 

~~,20 . C 
21 C 

.;~:~22·· C 
-23 C 

24 <.C· 
25 C 
26' C 

-_. - 27" - C 

26:::·( 
29 . C 

*** 

~::::-'iQO;"C ~ 
31 C 

j;:;~ 3 2:¥:. CC,. 
~--3 3 ... C 

{::.":-34::,:C 
~-~~35~ C ~ 

~,¥~~, 3 6~:'cC 
------3 7 -~- C -- ... 

~c7~~ 38 ':c. C 
39 C 

~}~j;40~",C 
~-~-4 i ~~~ C .~ 

~'t~:4 2'" C: 
~ '~~~43~ C 

~¥i:.4 4~~ c~ 
~~-4 5 ~- C 

~~4 b"':: C .. ':;',·:':. 

**** ** *<.** ** ** ****** ****~* *:* .. ** ** **** ** **** ***** * ~ ~~ '" 
* S CA TT ERlt!G::PEA'cOUSTI CWA VE S * 
'" * * BYTHECYLINDERSioFA~RB(TRARY CROSS-SECTION * 

* '" * II( T-M~ATR(X~FORI-\UCATION III * 
*"'************"'******************************** 

*"'* P RO GR A "-(BI *** 
========================= 

EVALUATION OF THE SCArTE~ED WAVE FIELD AT VARIOUS DISTANCES 
FROM THE SCATTERER AND:FOR VARIOUSINCIDENC~ ANGLES OF THE 
ACOUSTIC PLANE .jAVE ,UY USING THE i-MATRIX CREATED UY THE 
PROGRAM-IA I. 

-. - . -- - -. --- - - - - ~ . 

THE GENERAL STEPS FOLLOWED BY THEP~ROGRAMARE AS FOLLOWS *** 

READING OF THE PARA~iETERSDESCRIBING niE BOUNDARY OF THE 
SCATTERER AND ELEI-\EN.T~~OF,=..TH~~:T:-~IATRIX FROfi .THE FILE(lOI 

• - -.::/~ -;--~=-::::-=: .. : 

CREATION OF THE INCIDENT WAVE-FIELD COEFFICIENTS 
AlIII E A2(II FORADESIREO.,INCIDENCE Ai,GLE IAINCI 

.- _.- ~ .. -----.-- .. ---~-
- . - - --_._------_._-- ----- -.-

CALCUl.ATION OF THESC~AtTERED1'-AVE FIELD COEFFICIENTS 
Cl ( I I E C2 (I I WHERE:0:~~'::~;:'i:::':~c: 

Cl~= Tll*Al +Tl~*A_2~~c£'::tVt:"j\C2"'· T21*Al + T22*A2 

(Cl E C2~ARE COLUMN~VECTORL.E:nJ'S ARE (NO X.NOI I1ATRICESI 

EV ALUAT 1 ON AND f'RE SENTA TJ ONiOF~,THEFOLLOWl NG: RES UL TS 
BOTH . U~TABULAR AND ~ PD~LAR-GRAPftlCAC FORliS: ..... ~ ... 

A-I NEAR FIlLD SOLUT.lONS:'C*ONLY.FOR CIRCULAR BDUNDARYI. 
AT DESIKED REGIOIlS oR,ori'THE BOUNDARY OF THE 

. SCAT TERER. __ ~ 

1-) VELOCITY PO"TENTIALS DUE TO SCATTERED 'WAVE~'FIELD 
-2-1· WAVE VELDCITIES~D~EfTDSCATTERED WAVE FIELD 

B-1 FAR-FIELD SCATTERED'WA~~ FiELD AMPLITUDES . 
. C-I TOTAL SCATTERIJl!,~~CROJS_~~~CTION IALSO CHECK FOR 

CONVERGENCY I 
.. ::.-=:~:~.::?--=.::=;--~.:.:-=:~..::-:=.:-:~-.-::..::--;-~- ---- .. _----_._- ------~ -~----'4 ·(~·-t- -- ---- - "---- -- -* **** IMP oRYiNT---N·O-i-E---*-:f**-* 

":~::;:..:.4 8,i::: •• C 'c,' ••...•. 
49 C 

·~~50. C· 
51 C 

~~~~52' C 
--~~~53 C 

:cL~;5 4 C 
'-~'~5 5 C 
~::~~~5b~C ... 

57 C 
58 C 

-========~====?~~=======?~~ 

tDNV~R~ENCY OF THE TtiTAL SCATTERING CRUSS~~ECTION 
NUST BE. CHECKED UP'TOAT LE~AST1. E-3 Yo. IF (Yol DIFFERENCE. 
IS GREATER THAiJ I.E-'::3~THENTHESIZE OF THE T~MATRIX ~ 
USED.MUST BE IMCREASED.JN~SUCH A CASE, AIlEW T-MATRIX 
OF THE LARGER SIZE liiJST·BE~ RECREATED BY THE PROGRAl1-(AI. 

I N PUT D A~T A 

59 ~ C . CARD 1 : 
:,,=,:':"60'. C.~· ======== 

61 C COLUMN 1-2: NI IREAbI~NaU-NITORFILE NO.1 

----- -- ---- -_. 
----.-~-.-::---.--- _.-.-::: -- -=-~ ~--"--::..;- -::-

{~"262.i C< COLUI1N3-4:C,NO lIiRIlING~U1HnO~tFILE NO.I~ 
---63 ·C 

6~ C 
65 C 

·:~cc:·~6 6 •• ' C ~~_ . 
67 C 

6, ::,:C·,·· 
69 C 

~070,::'C. 

~~~;:";~~-: g 
__ 73 C 
-eX:,=-.7 4 : ~ C 
~~--75";C 

:~~~:f7l>~·::.:C . 

CARD 2 : 

CflLUMN 1-3:· NYAl (ANGU!i:ARINCREi:"ENT-W PR INTING THE 
TABULAR RESULTS.EXAMPLE: If NYAZ=10, 
THEN,~5CATT~REDWAVE FIELD RESULTS . 
VERSUS POLAR~ANi;LE ARE PRIIHED FOR EACH 
10DEGREE~INCREMENT. tlININYAZI=2. 
(*NOTE*: NYAl SHOULD IlE AN EVEN NUMBERI 

COLUI1N 1.~6 : XAX ( XAXE:YAX.ARE- THE SCALE PARAMETERS 
CDLUMII 7-9 : VAX REQUIR~6 FriR '~UBROUTINE GRAPH4'. 

T AKEXAX~.f::'y!\X=b. O-ll. 0 I 
(*NOTE:*· 'GRAPH4' 'IS A.LlBRAf{Y~PROGRAr1 IN UNIVAC-lI06 SYSTEMI 

-_._---_.-. ---_. 
-~-- ... -=--.::--~:---.~---:--=--

77 C CARD 3 : 
~~~t~~J·8·:~1,.c - ======== ·-·-·~=-~~~~~f:=:~~~-~~·~·-·;_- ... 

79 C COLUMN 1-2: NINC INUMBER OF INCIDENCE ~NGLES ~ciR WHICH 
1·/;:~t80::C THE~SCATTE~RED~,'FJELD SOLUTIONS ARE DESIREDI~~ 
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81 C 
______ 82 C 

83 C 
~:~c~8 4.-~.· C 

85 C 
t::~~86~:C 

87 C 
~~c'8 8_ C .. --. 

69 C 

CARD SET 4 : 
============ 

*EACH CARD 
COLUMN 1-4: 

CARD 5 : 
cCc:c:-·~:90 C _ ======== 

C UtH A IN S* :~==-~F-2::F"'-H::-==:-:"--
GUH4 (iNCIDErkEAiiCLE- OF THE-WA-VE.(IN DEGREES)) 

L*NOTE_:*:~/'lOOE.-GARDS_IN SET(4) IiUST 
= __ -_-,-_oc:-=:c_:_o::c:c::..BE __ EQUAL TO 'NI NC'. ) 

---

____ 91 C COLUMN 1-2: rJPOT (IF VELOCITY POTENTIALS ARE DESIRED TO 
=:-,:'.'=-92 C BE EVALUATEDtiPOT=l ,OTHERWISE NPOT=O) 
__ 93 __ C COLU~'N 3-4: NVEL ! IF WAVE VELOCITIES ARE DESIRED NVEL=l, 

ci.~~94:: C__OTHERWISENVEC=O) . -
95 C COLUMrJ 5-6: NFAR (IFFAR":FIELD SULUTIOliiS DESIRED 

- 96_C _ NFAR=1-,OTHERWISE NFAR=O) __ _ 
97 C COLur1N 7-8:NCROS (NCROS=l IF TOTAL SCATTERINGCROSS:"SECTION 

=:.'~X;98~~-C .-ISOESIRED)C'.-c-.-:.:-=- . - - _.--
<)9 C COLur1N 9-10: NREC- OiUMBER-UFREGtONSATHHICHTHE NEAR FIELD 

?!·100~_C_ _ -- SULUTIONS'AREDESIRED TU BE EVALUATED. 
101 C - (*rWTE:*IF 'EiOTH-NP[lT 1: NVEL=U,TAKE NREG=O ) 

:};:-102:-C ---:-=--:---::::---- _ • 
103 CCARD SET 6 :( *IF NREG=(f"-~[jMITfH(S-CARD SETI 

'''='"104: --C --============ 
- 105 C 

- 106_C 
-107 C 
108: C 

._- 10 q -- ··C 

:i:=~110 -". C 
---111- C 

o.'~~n 2-.'": C 

~t~:~i i ~-c- C = 
115 C 

¥~~16:~c _ 

~}t~o~t2, 
119 C 

~-':"=i2o':~C -

*EACH CARO CONTAINS 
COLUMN 1-',: REG(I) (REGION(DISTANCE FROM THE ORIGIN 

POLAR COORDINATE SYSTEM)) 
(*NUTE :*: (-):'-TAKE:REG(l) =0 •• 1 F THE NEAR 

- ---SOLUTIONS ARE DESIRED TO BE 
···':-:':-"-&EVALUATED ON THE BUUNDARY OF 
---------THE-S O;tttR ER. 
'~,':Z';;')icI=l,NREG ': I 

*****-*-**T****_§~,t:~::i;~· . 
SA 11P LE --DATA·· -------. --

121 C COLU~IN 
£-":~12 2 ='~ C ======= ==== ==== = ':C'.- --- --- ;=_c-~,=~-:-===== == == == ==== = 

123 C CARD 11234567890 CARD 11234567690 
-:-_-124 -, C =====1========== -=====1========== 
-lZ 5- - C ,I I 5 6 1 I 5 6 

E,=Y=12 6:-:,'C Z I 10 
-- 127-- C 3 11 

'o_'c.cO==-'~:_'.::"::=-'_o.;:.~_ 2 I 10 9. 7. 
I 2 -

~f:::128-~4.c;,_ 4 10. 
129' C 5 I 1 

',,:,=,:c-'_~C=:="'-_''':'-=='?''-'~0':'''_ 4 13 0 • 
-5 145 •. - ---

130 C 6 10. 6100110 
131 C 7 15. 

OF THE 

FIELD 
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~~i:3tt·tC='f'Cj~'::.;=::~:':"":= ::l==~=-,,-::,;,,·to=::t;'.=~;:_--:::'=-;;-~-~=~-:::-;':.c~"=-=c-{c=:~,1:';'~C'~~'i:~='c~;_;:~:=.=_. ,,=~,,-,"'~=3'~?-;=Yo~:~'; 
133 C 

Z13 4="- c************ ***** ~'******"_~*=1E*J~~~f~t!_~«.**** ** 'l'*** r*** «* **** ******_** ****~-~i 
13 5 C 

=~~136 C--
137 

:138 - C 
139 
lADC 

, 141 
I'::: 142 , 

143 
]=~l4 4: 

145 C 

- .-- -;. -.-:-- :~----::---~~-:=.:~:.-:-: 
_ .. - ---.. -::-:-:-:::;--:- ------------ .-- .. -----

COMPLEX*16T l1(ZO, 20-j ;ri-it"zo.20), T21 (ZO, 20), TZ2( 20,201. 
f. - [J ES l( Z2 ) ,BE SZ (ZZ'-;HANK!ZZ), Duru .DU~lZ, DZ ,ON, CP AR 1;. 
f. A1I201,AZ(io).Cl(ZO-),C2(20) ,BASF(201. 
1: USPOT(1'l0);USVELl190).USFARIl90) __ 

~~~:14 6 - • CO MMONI REC I A, lit CORRA'O;TiTT 2, nn4-,ilL PH, DI S 
147 CO MMON I TR I AN iH , BE T A, TE T A-~ __ -____ ~~_ 

i.i:::l4 8_ -- C ---:-~~:-=,.c=,:--_=~ - -- --
149 --REAL*4 )(1190) ,-Y( 190) ,XAl(;YAX 

fEtt~r~:c:;,,> CH AR AC T ERBC ON"" S HAp~*'i:¥t~Hr~~~i'Wi.Cj 5: H;,-ui, H4~:~~'HB*-~7. 
:~Q~15 z':L: E • H5 *8, H6*l0 ,H 7*34, H9*.9,HIO* 13, Hll *l 0-
-- --1 5 3 -- -t 
ft~i ~ ~.i_'\= ' ... 
'-~:t56~~-O: C 
--157--

~"f=:15 8~= 
159 

~o/cl60 ~--

GIV)=V*3bO;/12.*?I) . 
F(U)=U*2.*PI/360. -_.---- - -- --_._--------

DATA H1'H2.H3/'B.C.T~~;~~~~~~~'f~~"{0~;ti-N (RIGID INCLUSION)','DIRICHLE 
- f. T (C A V I TY) • I . .. .,:-=-2='i:-c'----H~~_-.··.·. . 

DATA H4/'CROSS-SECTlorrcij:-niE~CATTERER : '/ 
[lATA HB/' SYiH1f:TRY CONOITIONi-JW;R.T. X-AXIS) 'I 
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161 
_162. 

163 

DATA H5,Hb,H71'CIRCULAR','ELLIPTICAL', 'RECTANGULAR (WITH ROUNDED C 

16 ... 
165 
166 
167 
168 
169 

C 

f.ORNERS 1'1 ..... 
DATA H9,HlOI 'SYMMETRIC', 'NON-SYMMETRIC '/ 
OATA Hll/'TRIANGULAR'1 

READ(5,10) NI,NO,NYAZ,XAX,YAX. 
10 FORMAT(ZIZ/13,2F3.0) . . . 

WRlTE(NO,613) 
613 FORMAT(IHll 

WRITE(NUdOO)_.. .. . _ . ,-·'170 
-171 

.:.172,_ ' 
173' 

'174 
175 
176 
177 

100 FOR 11 A 1 I III 5 X , 4 7 ( , * ' ) 15 X, '* ' .- 45·X ; , * ' I 5 x, , * ' , 8 x, , S C A TT E R I N G 0 F A C 0 U S 
ETIC HAVES',9X,'*'/5X,'*',,45X,'.*'I,X,'* I;Y THE CYLINDERS OF ARBITRA 
E;RY CROSS-SECTIOIl *'/5X,,'*',45X,'*'/5X,'*',8X,'((( T-MATRIX FOR~IULA 
f. T I ON )))', 9 X , '*' 15 X, '* ., 45 X, '* ' 15 X, 471 '*'.) 111115 X, , * * PRO G RA M- Ill) : 
E; EVALUATION OF THE tlEAR Al4D FARF'IELO SDLUTIOI~S **'/5X,651'=11I11l 

PI=UATANI1.OO)* .... OO . 

C:='178_ 
"-179 

C**.* READING OF THE DATA,CR~~TtD ~y )BE PROGRAM-IA) AND ***. 
C* *** S T OR ED INT 0 THE Fl LE,Il 0 I-c. *** * 

REAllIlO,ll BCUN.ANO,SHAPE-
IBO 
181 

,:~ 1 B 2 
183 
184 
185 
186 
187 

':188· 
189 

:190 
191 

-,192 
193 

·19'1 
195 
196 
197 
198 
199 
ZOO 

. ZO 1 
~~z02 

1 FORI1AT(lX,A4/1X,F4.lIlX,A61 ...•.• 
IFISHAPE.EO. 'CIRCLE' I READIl0,21 RAO 
IF(SHAPE.EO. 'ELLlPS' I READIlO,21:AA,Bll 

2 

4 

6 

5 

9 

IF ISHAPE.EO. 'RECTAN') 'REA[l(10,Z) A,B,COKRAO 
IF(SHAPE.EO. 'TRIANG' I THEN ...... 

READ(lO,Z) H,IlET 
BETA=F(BETl • ,._ 
TETAl=OATANI3.*OTAIHBETA/2.)) -

END IF -
FURr.ATIIX,2F6.3,FI3.10) 
READIlO,4) IlSYI1,NO 
FORNAT I IX, Il/IX, 13) 
N02=NO*2 
NOT=NO+2 

.. _--

I F I NQ. GE.13. AND. NO.L E.1I1 L .NOT=,22 
DO 5 I=l.rW 
00 b J=l,NQ 
REAOIlO,71 TIllI,J) 
DO 5 J=l,NO 
READIlO,71 T12(I,J) 
00 II l=l,NQ 
DO !J J = 1, NO 
READ(10,71 T21(I,JI 

Z03 DO 8 J=l,NO 
~ .. :.:204- 8 READIlO,71 T2Z(I,JI~ 

Z05 7 FoRMATIIX,2D30.23) 
~Z06. WRITE(NO,111 

207 11 FORNAT(b3(1='1I1 
--ZOB IF'(llCON.EO.'NEUM'1 WRITEINO,121 Hl,1i2 

209 lZ FORMAT(lX,A12,A25) 
···'210> IFlflCoN.EO.'DRIC'1 WRITEINO,121.Hl,H3 

Zll IFISHAPE.EO. 'CIRCLE' I WRITEINO,131 H4,H5,RAO 
:.::~21Z· 13 FORMAT I 11X,A33 ,A8/IlX, 'RADIUS c: "Fb.3) 

213 IFISHAPE.EO. 'ELLIPS' I WRITEINO,141 H4,Hb,/.A,BII 
:::"c:}Z14 14 _FORrlATII1X,A33,A101/1X,'A-AXIS :',Fb.3,4X,'B-AXIS 

Z15 IF I SIMPE.EO.'RECTAN' I WRI TE INO, 15 I 114 ,H7, A, B,CORRAD. 
, ,F 6. 3) 

'·:~"216'" 15 FURMATI/IX,A33,A34111X,'A-AXIS:',F6.3,4X,'I3-AXIS:',F6.3,4X, 
217 E; 'CORNER R.\O.:',F13.101 
218-· IFISHAPE.EO. 'TKIANG' I WRITEIND,99B)·H4,H11,H,BET 
Z19 998 FflRMAT(flX,A33,AlOlIlX,'H:',Fb.3,i . BETA:',F7.31 

~:::'Z20- IFINSYM.EO.l1 (lRITEINO,16)_H8,HI0~::c:_., 
221 Ib FORMAT(f1X,A37,A13) .. ---- .--.. - . 

Z:~~2ZZ=:~: IFINSYM:EO.21 \lRITEINO'Tb)=::H8~'·H'1 
223 WRITEINO,171 ANO,N02,NU2 

·2Z,4\ 17 FORNATIIIIX,'WAVE TYPE:,·:ccAGOUSTIC<?LANE WAVE'I/IX,'WAVE NO.: " 
Z25 £F4.1111X,'TOT.DIM. OF THE'-·T-11ATRIX.USEO : ',r3,"X',I3I1b31'='1I 

i:tiZ26 REAOINI,181 NINC:.~=~-_.':.':: .. _._ 
Z 27 00 19 1=1 oN IN C 

L:'-Z28· READINI,20) DUI14 
,2Z9 19 AINCII,=FIOUM ... ) 

~~Z30~=::'18 - ,FORMAT 112 j.:, 
Z31 ZOFoRMATIF4.6f· 

~]232.' READ (N I ,211 NPoT,NVEL;t'lEAR~NCROS;NREG 
233 21 FORMAT (512) _ .,. . ... 
234 c IF (SHAPE.EO. 'RECTAN'I-c:CAlk RE.CTc:-'J 
Z35 IFINREG.ED.O) GO TO 23 

~E23.6~ DO 22 I=l,NREG 
237 22 READINI,201 REGII) 

~~~,2 3 Be'· Z3 00 Z 4 II = 1, N I NC ..c:::':~:,-:-.::,:.:",-~ifLc=,·:.' ." 
239 \~RITE I,No,461 I I ,GI AINC (I I I I _ . _. . 

'24 OC"·:.~ .46 FOR~lAT ( III 6X, 12, '- :iNGLE-~OF"INCI DENCE: " F4 .OJ·' :( DEGREE S 1'/45 ( '=' 
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241 I:lI 
242~C**** CMEATION OF THE INCIO~NT~WAVE~FIELO~COEFFICIENTS **** 
243 A1I1I=11.00,0.001- ,,'-----"-
~244~ DO 25 I=I,NO 

245 IF INQ-I I 26,27,26 
, 2 '.6 26 ALII + 1 I =()S OM T 1 2.00 1* 10.00, 1.00 1** I *0 CO S I 1* A I NC I I I I I 
247 27 A2III=()SORTI2.00l*10.00,1.00l**I*OS!NII*AINCIIIII 
248 25 , CONTINUE 
249 C**** CALCULATION OF THE SCATTEREO WAV'E FIELD COEFFICIE!HS **** 

.250 ' CALL nULVECITl1,Al,C1,NOI 
251 IFiNSyr.-21 28,29,28 

c252 28 CALL MULVECIT12,A2,C2,~O' 
253 00 30 l=l,NO 

c--,254 30 ClIII=ClIII+C2111 
255 29 CALL MULVECIT22,A2,C2,NOI 
256 IFINSYM-21 31032,31 
257 31 CALL MULVECIT21,Al,BASF,NOI' 

',258 0033 l=l,NO 
"'Z59' 33 C211'=C2III+BASFIII 
:L~26 32 TEB=PI*4.00;360. 

261 1=1 
262 IFINREGI 64,6~,64 

263,. 64 00 34 l=l,NREG 
=n=Z64 c},- 65' - TtA=O. 00 

265 C**** CALCULATION OF 
','c266:',' DO 35 J=1,181 . ----"---._- -- -- - -- -- ----_._._-- -

-- ---------------
267 IFINREG.EO.OI GO 3b 

:-~'268"-':~cc: ". REGION=REGII 1-
269 OTOR=O.OO 
270 IFIREGIII.EO.O.J niErl"';~Sc:;c_:; 
271 IF 1 S HAP E. Ea.' CI RCLE ',-TEC-foN;RAli" 

~-L27 2 " I F I S HAP E. Ea. ' ELL! PS 'lc~THEN=~=~c:'rt':-(:=~-"-
273 REGION=AA*BB10'Sa-RT'1 AA;:;-AA*-1-05 IN I lEA II **2+BB*BB*IDCOSI TEAl 1* 

'-274 1;*21 ",,'" , , , 
2 7 5 UTOR = I AA*B fI* I B El*ElB~AA*A"AI'*OS INI TEA 1* DCOS I lEA II IUSORT I I AA*AA*OS IN 

t",:276,c:,, E;ITEAI**2+BB*8B*OCOSITEA'-.,*21**31, 
'-277" END IF ' 
~":::C_27 8 I F IS HAPE. Ei). 'RECT AN' I:'e-ALL RECi"A2 1 TEA ,REG ION, OTOR I 
, 279 IFISHAPE.EO.'TRIANG'I CALL TRIA2(TEA,REGION,UTORI 
'-:'0,280 END IF' -, ' 
------281 DZ ::OCMPLX( (ANO*REG ION) ;o.Doi ------ - ----. 
~'i/~82:i"i~~ "ON=IO.OO,O.OOI, 

283 00 37 K=1,2 
TL'Z8 "CALL OBESSl1,OZ,ON,UUMZ,BES2IKI,1.0-151 

285 37 ON=ON+Il.OO,O.OOl 
t=f.:2 B 6';c~c 00 38 K = 3,110 + l-~;:~-' '" '" 
- '-287-38 BESZ IK I =2. *1 K-21/0Z*!lES2TK';;li~EiES-2iK';;21 
~::':=2 8 8:;0< ON=DCMP LX I 1 I NOT-ll * 1. DO I~, 0;00 I 
---289--' '00 70 K=1,2 
,c;,~290:':i'C:'=,~":: ,CALL DBESS 10 ,OZ, ON,BES11 NOT+l:"f<l,OUM1, 1.0-15 I 
-~291------f6[)N=ON- 11.00,0.00 I' , -,---- ---, -,-" 

~~i:'292Lc:~:-' DO 71 K=3,NOT" ,=::::::~~"cC:::;-~"=-:~Cc: 
29371 BES1 INOT+l-K 1=2.*1 NOT+l::'-KI-lo'z*!lESf(NOT-K+21-BESl INOT-K+31 

=;C~2 9 4'~{c= ,DO 39 K = 1, NO + 1',=: ,c, ,-- ,:' ", ' 

295 39 HANKIKI=DC~1I'LXIDREAL(IlES1(Klf,DREALI[J[S2IKIII 
't~'-'~29b:":''::~- USPUTI J 1=10.00,0.001 
--297 USVELIJI=IO.DO,O.DOI 

298 36 USFARIJI=IO.DO,O.DOI 
299 00 40 N=l,NO 

:",'300-" EJEM=l. DO 
'301 IFIN.GT.11 EJEM=DSORTI2.Ddl 

~::;:c 3 0 2 I FIN. EO. 11 THE !,J-------
'-='303 CPAR T=C1 I NI*DCOSI (N::'i"'~TEAI 
~I~304,c',~, GO, TO 414 
"--_. 305 " - ... EN 0 IF 

~;=30 6~~::'cc,,:-c: CP AR T=C 11 NI * Deos ( I N~lr:*_TFAI}C"2:( N--;;;ll*DS I N I I N-ll *TEA 1-
"'-~-307--~-4t4 IF INPOT I ,.1', 42;41-"'--"-~--'------ , 

~:C:30 41 " US PDT I J I =USP OT! J I +CP~~,~>;<H_~~1«_~..!~,:J!=I1~. _ 
309 42 IFINVELI 43,44,43· , 

''Cc,310: 43- US VE LI J I =USVEL I J I +EJEM* 11114-1 r*ilANK (NI -DZHtANK I N+l11 *c PART+ IN-lit 
;---j 1 C-~ '( RE G I OIl*HAllK I N I * I Cl iN I *DS INI IN-II *TEA I -C2ItJ 1* DCOS O.*TEA II *DTO RI 

~.~:O312~,44 IF(I.GT.lI,GO TO 'to_ . 
313 IFINFARI 45,40,45 

~~S314'[~:~:45 ,US FA ~ I J I =U5F AR I J 1+ CPAR r*EJEtf*_(O ~ [)O;L .DO I ** I1-NI 
315 40 CONTINUE 

'fti:316,I;CC'35 ~TE A=TE A+ TEB 
-'-317'-" IFII.GT.lI GO TO 49 
tL:H8:~.~~," ','IF INFAR I 91,50,91 
--:319'-- 91 WRITEINO,471 
-S~,'320~t~o,c'47 FORI1AT I 1I1X, 63 I' =' I/bX ,',*ifj'FAR;:FIELD ,SCATTERED FIELD AMPLITUDE**' ," 
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£,/1X,631'='11 321 
-322. 
323 
32'1 
325 

48 
WR !T E 1 NO, '1 B I' ~~-''''::_c.==~.___ -,-
FO RMA T 1 IltlX, 'REt.L' ,7 X,' I MAGI NA-RY' ~6X, 'P EAK VALUE' 13X, 'ANGLE''- lOX, 

:-\.326 -
·-327 

328 
329 

{~c3 3 O::'~~: 
331 

50 
51 
52 

~c'c3 3 2~JC**** 
333 

-33'1 
335 

--.·.~33 6 
337 
338-
339 

':,34 O,.,~. __ 
3'1l 

"34-2/ C 

E 'PAKT' ,9X, 'PAR T', 13X,' (NORMl"'I1X,631 '=' II 
CALL GRAFIKINO,U5Ft.R,PI,NSYM-,NY.AZ,XAX,YAX,AINCIII)I-
IF(NCROSI 51,490,5 
WRITEltlO,52) 
FORMAT I /l1X, 361' =' II ,2X, 'CIIECK FOR THE COtIVERGENCY OF' THE' I3X, 'TOT 

EAL SCATTERING CROSS-SECTION'/371'='I,/,lX, 'ORDER TOT.S.C.SECTIOt~ I 
un DIFFERENCE' 137(' ='IT 

U5C=0.DO 
CALCULATION OF THE-TOttir .. ~SCA.TTERn~G-CROSS-SECTION **** 
00 53 N=l,NQ 
PRC=lJSC 
USC=USC+CDABSIC1(NII**2+COAI3SIC2INII**2 
IF IN. EQ.lI THEN "_ ----
WRITEINO,54) thUSC 
GO TO 53 
ELSE 
PERDIF=DABSI USC-PRCI IOA651PRCI *100.00·.· 
WRITEINO,5'11 N,U5C,PERDIF-- .-- --

343 END I~ 
c',:3453- CONTINUE- __ -- -

345 5'1 FORMATI1X,I4,016.7, 
C;.::.yt6Y':'::::o,t'- --oWRITEINO,551--

347 55 FORNATIlHlI 
~~'348:';:'c~--490 IFINREG.EQ.OI GO TO 

349 49 IFIREGIII.EU.O.) THEN 
-c:- 350/'-- WRITEINO,561 

~~i;~~~.': _ ~~i ~E INO, 571 REGIJI::-~~i~i-.~:~'fi~f-
--353-- - END IF 

'-c:=-';3 54-:-=,;c_~c56- -~ FORr.AT I 116X, 'REG I ON- :-c:*ifoUNDARYj.'-j 6X;l9 I '=' I I 
---355-----57-- FORMAT I /l6X, 'REG ION :--, ,F4.1/6X;U)(' =' " 
?S356f=';:c~ IF I NPOT) 58,59,58 
---357---- --58 WR ITE I NO,601 

~~358~¥-=~>60- FOR~\AT I /llX, 63 I' =' 1/ 8X,'**_~VElOC-ITYPOTENT IALS: DUE TO SCATTERED F I 
359 EELD **'/1X,b31'='1l 

~1~360~~Ii:,=. WRlTEINO,481 --~".c,,,,,:,-.--::-~_:::c_::,-=::,:o_.~__ __ 
361 CALL· GRAFIKINO,USPOT,PI NSYM NYAZ XAX,YAX,AINCIIIIl 

':=='362~{-59 _ IFINVELl 61,34,61 
---363----- - 61 rlR !TEl NO,6·31 

0.':'::364 c=Sf:', 63 FORliAT I /llX, 63 I' =' 118X~'**:-rlAVE'{VELOCI TIES DUE TO SCATTERED FI ELO':: 
--36~--- E**'/1X,_o31'='1l . -- - ---- .-

'~J:366--:t,·_ WRITEINO,'.81 _ 
-- 36 7-- - -- CALL GRAF 1 K I NO',USV EL, P I~t'iSYM ,NYtiZ, XAX, YAX,Al NC 1 I I I I 
:::::C'::368=X-;~ 34 - CO NT WUE 

369 2'1 CONTINUE 
:=:.:370:=::::c 5 TOP 

371 END 
::;--372 -::;:-C-
---373--;C -
i.::'C37'1~"C _: _ _ -'~~:==c---::-::::;=,=,~~=,::o----

---375---- SUBROUTINE MULVECI A-;B-;i:~NT'=~'c,~ 
o~o=376c-Z: C ______ =-_-=.-__ -~=-'o=~-
- -377 C* ** ** ** **** * **,~ ** **** **** *"'******** ****** ** ** ** ** 
';'~378 _ C SUBPROGRAM FOR MATRIX E VECTOR r1ULTIPLJCATIOr~ 
- - 379 C************"******"***************************** 
-, 380 C - -

381 COMPLEX*16 AI20,201,BI20~,ti261,T 
-- 382_ 00 1 I=l~N -_ .. _- --

383 T=IO.OO,O.OOI 
1';'38'1.'- DO 2 J=l,N 

385 2 T=T+AII,J)*I3IJI 
::~~386"_ 1 CIII=T 

387 RETURN 
~::388 - END 

389 C 
~":" 3 9 0 ~ C .~.' .... 

391 C· 
~t")q2:]C 

393 C 
394 SUBROUTINE RECT 
395 ·C. . .. ______ .. . -

':¥~3q 6'ft'c***** ** ** ** * *** ** ****** ** *****,***_ * "'_*-*J* ** '-*** ** ** **** ****: .-
----3<HC SUBPROGRAM FOR CALCULATION OF SOliE REQUIRED PARAr1ETERS 
~-f:~:'398~:cC DESCRIBING THE RECTAtlGULARc'BO_liND~~E,::TOBE USED 
---:-399 -- C THROUGHOUl THE MAW PROGRMI __________ _ 

1: ... ~~400~-:;"C-:.::- INPUT DATA:I A ,B ,-tORRAD:::l::'~~-"-,H 



401 C RETURN PAKAMETERS: IT1,T2,T3,T4,ALPII,OISI 
~'402 

403 
C******.O**** ••• **** •••••• **.********.*****.*.***.*.*.**** C . . ~. ~-

~. 404 

405 
406 
407 
408 
409 
410 
411 
412 
413 
414 
415 
416· 
417 
418 
419 -
420 
421 C 
422 C., C 

·423 . C 
... : 424 ~ C, 
··425 C 

={fc426"'" 
-~ 42 7C 

H1PLlC IT REAL*81 A-H, O-Zl' . ~. :~ .. 
COMMON/REC/A,B,CORRAO.Tl;T2,T3~j~,ALPH,OIS 
PI=OATANIl.00I04.00· . 
Tl=OATANIIB-CORRADI/AI 
IFIA.EO.CORRAOI THEN 

T2=P 112. 
ALPH=PII2. 
015= I II-CORRADI 

ELSE 
T2=OATANIB/IA-CORRAOII 
ALPH=OATANI I B-CORRAOII IA--CORRAOI I:. 
OIS=IA-CORRAOI(OCOSIALPHI 
END IF 
T3=PI-T2 
T't=P I-T 1 
RI: TURr~ 
END 

SUBROUTINE 

:~:~4 2 6<~C***** ** **** * ***** ******** ,~**************.****** ** 
429 C SUBPROGRAI1 FOR CALCULATION OF R ~E: OIRI/OITOAI 
430:.: C VALUES FOR A GIVEN ANGLE·ITETAl ALONG THE 
431 ~C RECTANGULAR IlOUNOARY 

~ .. ~.4 3 2~C***.* **.*.*. ***** **************** ** *******'***** ** 
433 C 

. '.~ .434 
·435 
~ 4 3 6 ~~ 

- ~ 437 

IMPLICIT REAL*8IA-H,O-1l ~ .. '~~': . 
COMMONI RECI A, e ,CORRAO, Tl, T2, 13·; T 4,AL PH, 0 IS 
FIT,XI=0IS*OCOSIT-XI+OSURTIDIS**2*IOCOSIT-XII**2+CORRA0**2-DIS**21 
GITEI=DIS*OSINITEI+OIS**2*OCOSITEl*OSINITEI/OSORTIOIS*92*OCOSITEl* 

·E:*2+CORRAO**2-0IS**21 ,. 
PI=OATANll.001*4.00 
TET=TEX 

441 TETL=TET 
0,c442'::·~. IFITET.GT·.PII TETL=TET';;P 

~443 IFlTETL.LE.Tl.llR.TETL.GE.T ) THEN 
d~c4 44i:l;',:· R=OA B S I AID COS I TE TL 11~:~~cL .c .. ~ _ 

~--445--·· OTOR=A*OSIUITETLl/OCO!nTETU**Z· 
c:;:;="4 4 6}-~~~,~~~ I FIT E TL. GE • T 41 OTOil.=-DTDh;;:c~'.-~~: 
--~47 RETURN 
~±4 46::I~~-,,~l-~~:: < END I F ~ ::c::~-=,-;~;~o;~::~:'~:t~~c:".~ 
·~-449-~--·~- - ·IFlTETL.GT.Tl.ArJO.TETL.LT.T21 THEN 

{~4 5 0 ::{': '" .', R=F I TETL, A LPHI 
-~~45C~----- TET=TETL-ALPH 

~C'; 452·,:·· 
···-453--- ._. 

i-:~45 4 ~ .. 
455 

!?¥456 
~~-4 57 

:::c456' 
.. ·459 

460 
461 

~>~46 2 
463 

~g4·64i¥:.' 
465 

~;:~/'t 6 6j;:; ~ 
467 C 

~~46 8' ~ C 
469 C 

~~~A70' C 
471 C 

. OT OR =-G I TE T I 
RETURN 

- END 1 F - ...:;-::.:~-.:.-=----:;..::.:.:.:.~-.:::- .. _ 

~ IF I TETL .GE. T 2.ANO. TETL;CE :T3 -, THEN 
. R= BIOS I NIT ETL I"-:::c~=~=,:::,::,c~·. 

OTOR=-B*OCOSITETLI/OSINITETLI**2 
RETURN 
ErW IF 
IFlTETL.GT.T3.AfIO.TETL.LT.T41 THEN 

R=FITETL,PI-ALPHI -
Tf:T=P f-TETL-ALPII 
OTOR=GI TET I 

END IF' . 
RETURI'. 
END 

~c""472::L SUBROUTINE TRIA2ITEX,R,OTORI 
473 C .... ~... . 

'?·=47 4~I~?c*********** 9 ***** **** ***.- ** "« *",**.*~ ****** *q ** ** ** 
~~475~~-'C SUBPRDGRA11 FOR CALCULA~TIbN OF R E:DIRI/OITETAI 
'.'c3476'·~:C~ VALUES FOR A GIVEN ANGLEITETAI"ccALONG:TIiE 
-~~. 477 ~. C Tf< IANGULAR BlIUNDARY . ...... . 

:~:E't7 8{' C* ** ** ** ** ** * ** '" ** * * ** * * "* ** **~** "~**~*';'_>l<';'.1~* *" * *** ,,* 
479 C 

~-~~480C! . 
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481 
--:482 

483 
-._-484 

485 
:"486;_- ' 

487 
>/:4B B.',-

489 
Ki't90~ ____ 

491 
~~;=' 4 9 2;:'"-, --_. .-... -.... 

493 
,=~it 9 4:c':':"_ -

495 
---496 -

497 
-:c~49 B'-

499 
":;;'=500_ 

501 
:502: C 

503 C 
"-,504 C 

505 C 

COMI10NITRI AN/II,I)ETA, TETAI 
PI=oATANll.1 *4. 
HT=TEX 
TE TL =1 E T ... -_ .... ------~-.--::-. ------ .-
IFIHT.GT.PIl HTL;;-2~*PI~iric~~-c-, 
IFITETL.LE.TETA1l THEN ~ 
R=H/3.*(1./DCOS(TETL)" --. 
DTDR=IlI3.*DS INlT ETLl /lOCOS ITETLll.**2 
IF!lEX.GT.PIl DTOR=-OTDR--' -
RE TURN 
END IF 
IFITETL.GT,TElAll T1IEr--LS1"':<"-'· -
R= 2. *11 13. *OT AN I 13 El A/'2.l /1 OSl ';iITETL I':'OC as I TETL 1* 

t: DTANIBETA/2.11 .. c.:'-:-~cc~~"c. .. . ... _ 
OT OR =-2. *H 13. *DT AN I 13 ETA/2~j<:(lrci)s (h TL l +bs !til TElL! ~ 

t: OTANI IlETA/2. I II IDSI NI TETL l-oCOS IT ElLl';' 
~ UTAtHBETA/2.ll**2 .-

IFlTEX.GT.PIIOTDR=-'OTDRC:''',c-
END IF --
RETURN 
END 

',506- C 
507 sUBROUT I NE G RAF I K I NO;liS;pi;f~SYM~~~Al' XAX, Y AX; A I Ne I 

"<508-:cC-
, 509 C* h** ** ** *** *** ** **** ****** *,;,**-*~;-** **'**** ** ** * 

510 C SUBPROGRAM FOR PRESENTATION'OF-THE RESULTS 
511 C IN TABULAR AND POLAR GRAPHICAL FORMS 
512- C*****************************************¥**** 
513 C 
514 C0I1PLEX*16 USI1901,OCMPLX·",---" 
515 REAL*lI DIMAG ,OREAL ,COABS-'-PYC,"TC; T-

'~516 REAL*4 xI1901,Y~1901,XAX,yA~ 
517 T= O. '- - " 

518 K=NYAZ/2 
519 00 1 1=1,181 

-520 IF IK. EO. INYAZl2+11 I 'K=l -- --. 
521 TG=T/360.DO*2.DO*PI 
522 C**** DATA TO BE PRESENTED, I~~t~APHS;~RE STORED INTO XII'I ~ YIII ARRAYS 
523 C**** I*NOTE: FIRST, POLAR TO'RECTANGULAR CONVERSION IS NECESSARY 

-'524 C****, FOR 'GRAPH4t.l~ , 
525 XlII=CDABsIUsII»*DCOslTGI 
526 YIII=COABS!USII»*OSINITGI 
527 IFINsYH.EQ.2.AND.I.GT.91.AND.AINC.EO.0.I GO TO 1 
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~S52 8. IF 11<. EO .NY All2 I WRITE lUO-;2.lt'r.-DREALl US I I I I ,0 IrlAG IllS I II J, CDAB S t US! 1-, 
529 U I 

"<:530'- K=K+l ""=-"":, .. ~,.-~-.-.-
- -'531 2 FORMAT I 4X, 1'4.0, 8X ,(8 ~ 5-;4;(;1=8':5 ~9)C,j:8. 5 I 
i~'532: 1 T=T+2.o0,':-3~ - --

533 CALL GRAPH4IXAX,YAX,18i;j;~1 
::::':'534"_ C**** 'GRAPH4' IS A' LIBRARY rROGRAM'~IN:UNIVAC-ll06 SYSTEM **** 

535 WRllElNOdl ,'----,- -

:::",536\, 3 FORMAT I 11ll) 
537 RETURN 

'::::~53 8 ' 
539 C 

'::540 ". C 
'--541 C 
::/542 :C 

- 543 C 
;:544,:' 

545- ---C 
~',-546C 

547 C 
,:~,5 4 8 -'.'~ C 

549 C 
::~550 'C', 

551 C 
- 552 ' C, 
553 C 

,_ 554', C " 

END 

DOCU/1ENTATION' ADDED AT CORNELL-utilVERSITY 8/5/74 FOR THE SUBROUTINE 0 
OZ IS THE VALUE OF WHICH:WE~AREoTAKING THE BESSEL FUNCTION. 
ON IS THE OROER OF THE BESS~L ~U~CTION. 
THE VALUE OF THE BESSEL~FUNCT10N IS"STORED IN OBI IF THE 
IlESSEL FUNCTION ~AS OF THE FIRST KINO, IE. ,A J-BESSEL FUNCTION. 
THE ~ALUE OF,THE IlESSEL FUNCTIUN IS~STORED IN OB2 IF THE 
BESSEL FUNCTION WAS UF THES~CON6 KIND, IE. A Y-BESSEL FUNCTION. 

555 C , 
,5 5,b-::'~, I MPL I CIT REAL*8 I A-H ,-O-Z '-,: .• ,,:C;~-;;::>',-::': 
557-CCALCULATES BESSEL FUNCTION-iCOMPCEXORoER AND COMPLEX ARGUMENTI OF THE 

,.~~556"::CFIRST KIND IF 110=O,AND ALSO OF T'HE:.SECONo KIND INEU~IANN FUNCTIONI IF 
, 559-CMO= 1 

':--~:: 5 60=' CC ALCULA TE S BESS EL FUNCT 10 N 'OF 'COMPl EX 'ORDER AtW COI'IPL EX ARGUI1ENT US ING 



160 

561 CPOWER SERIES FOR A8SIZ) LESS THAN ZOANO ASYMPTOTIC SERIES FOR ABSIZ). 
562 CGREATER THAN LO. CHOOSES ZO=10 IF GIVEN z.o LESS lHAN 1 
563 C El OETERMINES ROUNDOFF OF EN TO INTEGER. IF Et LE 0., SETS TO .001 
56~ 100Z FORMATI45H NEITHER SERIES'FOR BESSEL FUNCTION CONVERGES) 
565 10Z2 FORMATI46H NEITHER SERIES FOR NEUMANN FUNCTIO~ CONVERGES) 

.566 1011 FORMATI50H THIS IS A SINGULAR" POINT OF THE NEUMANN FUNCTION 
"567 1411 ZX=,lPE1',.5,3X,4H ZY=,E14.5) 
,568 01 MEr-IS ION C(10),C11100),C21100),C31100),C41100),C51100),T31l01) 

569 OIHI:NSIOtJ C611011 ..... . 
"570" COMPLEX*16 Z ,EN, B, ARG,G,Ti·;·EX~si·;CF, SF ,T3 

· 571 COMPLEX *16 FNS,S,T,U,v,si,~2,SOZ,ZLG,A,Al,B1,BZ,B1T,lH,ZHS,CI 
. ~57Z COMPLEX *16 X,OZ,DN,OB1iOBZ,COUM 

573 REAL*8 DATAN2,DREAL,DIMAG,DLOG,0~LOAT,DSIGN,OA~S,COABS 
. 574 COMPLEX*16 COEX~,COSORT,COCOs~COSIN,DCMPLX 
57~ I~TEGER*4 IOINT .. 
576~ OATA IFLAG 101 
577 ERO=.10-2 

.~:578 l=Ol 
-~ 579 --- X=l 

'·580 ZX=OREALlOZ) 
581 ZY=OIMAGIOZ) 
582. EN=ON 
583 ... ENX=DREALI ON) 

"'584' ENY=OIMAGIDN) 
'585 M=MO+1 
,586 ABSZ=COABSIZ) 
. 587 OB1=DCMPLXIO.DO,0.00) 
588 DB2=OCMPLXIO.DO,0.DO) c~~~~~~~~'~~" 

· '589 NFLAG=2 
0~590: NF=O 
· '591 KFLAG=l 

592 CKFLAG DENOTES'OUADRANT OF Z 
593 IFIZX.LT.O.OO.AND.ZY.GE.O.OO)KFLAG=Z 

~F594::1~":~:. IF IZX.L T .O.DO.AND. ZY .LTi'o. DO)KFLAG=3 
595 IFIZX.GE.0.DO.hNO.ZY.LT.0.DO)KFLAG=4 

:'~~596 IF IKFLAG.EO. 2.0R .KFLAG .• EO.31 :.X=.;.z, 
597 CROUTINE MOVES l FROM LEFT-HALF PLANE TO RIGHT-HAL IF ASYMPTOTIC .' 

~~5~8~:CSERIEs TO BE USED 
· 599 . I F I IF LAG. G T • 0 ) Gll TO 2 

;EbOOiC'. . C 111 =3. 141592653 58<J793DO: .. c ..••. ~. 
601 CIZ) =C(1) 12.bo 

'·602','" C(3i=CI2)/Z.DO 
603 C(4) =1.00/DSORTICI2 

:"604 CI51=DLOGIZ.DO) 
605 C(6)=8.DO 

~c~~606 ... CI7I=64.DO 
607 C(9)=2.DO*C11I 

~·~-f"608:.~~_t-~- -- - C(10)=1.00/C(1) :.~.:~ .. =:~~::-:~~.:~=--:: .. ----
---6"09 ~----. EUL=,577215b649015338DO-C(Sl--
'26.610,:,~.. . . CI =DO\PLXI 0.00,2. DO 

611 A1=OCMPLXIO.DO,C(1» 
~~~c612 C6111=1.DO 

613 00 100 1=1,100 
':~_614c EYE= I 

615 C1(1) =EYE 
':~~'616' C2 II I =2.DO*EYE 

617 C3(1) =2.00*EYE-1. 
2:~~'b18: . C4111=14.DOHYE-1.0DO)**2 . 

619 Cb I I +l) =Cb I I) +1. DO/DFLOAT( 1+ 
:;t),2 0100C51l I = I 4. DO*EYE-3 ~ DO I **2.L~ 

621 IFLAG=l 
:':~622..2 ERR=.lD.;.07 .... 

623 IFIE.GT.O.~O)ERR=t 
-zI.:i6 Z 4 "}.:-,.:: c. ' .. 1=0 .... .... ..' '.~;c,=~,t~~:::: '=='~:O=~,., 
._. 6Z"5····· ZZ=5.DO . .' ... . . .. . l' , .... c.~, .. =.,., 
~=6Ztt.~i·c"===c:IF IO,\B SI Etivj ~LE:·ERoi"ANO·~[jABSnOrfl,.IENX. I "'ENX hLE.ER 0 I NFLA G=- '. 
-·627-····- I1EIIP.=ENX+DSIGNI.5DO,EtlX) 
~:628c:"i,'= TEMP=I TEI1P .. :>'K.~,.··:. .. 
-'6 Z 9·' ... I FI NFL AG. Ea. -1 I EI~;'Dcr1PCi(1 l'E NP; 0.00) 
t:~'63 0 ~:~"c- EN Xl =DR EAL I EN) ... ' ..... ::·c .. ··~·~· 
--·631"· IF INFLAG.EO. -l.AND .ENX I.EO .0.00) NFLAG=O . 

632. IF INFLAG."EO.-1.AND.EtJX1~GT .0.DO)tIFLAG=I· 
633' C~FLAG=-l,O,+J.,+Z MEANS (EtlX,ENY) A NEGATIVE INTEGER,ZERO,A POSITIVE INT 

... 634. CEGER, AND I, NON-I NTEGER,RESPECTlVEt.,y_..:~ _. 
635 c IFINFLAG.EU.2.AND.M.EO.ZIM=3 .. 

·"::636'.··CFOR M=3, 'EXPKESSES N£:UHANN FUNCTION, IN:TERMS OF BESSEL FUNCTIONS 
"63"7'" IF INFLAG.EO.-llEN=-EN. 

~:;'638=j~., .. c. 3 CONT lNUE ~::~,~~l;ii~l~~i~E::~~ 
·~··639· .... - . JFLAG=O 

:C~'64 0.:.::"= .':'.i A= CO EX PI EN*A 1) 



641 
, b42 

643 
644 
645 

,646 
6'17 
648 

'649 

IF(AB5Z.GE.lZl GO TO 6 
IFIENY.EQ.0.DO~AND.DAB51IDINTIENXI+0~500-ENXI.LE~EROI 
IF(AB5Z.NE.0.DO)GO TO 8 
IFIM.EQ.21 WRITE16,10111 DZ 
IFIIIFLAG.NE.OIGO TO 16 
OB1=OCMPLXl1.[JO,0.OO) 

16 RETURN 
8 CONTItWE 

1=1 

_._­_._- -_.--

"',650 " ZLG=DCIIPLXIDLOGI ABSZ I ;DATA'N2<OIMAGl"Z I. OREAL< Zl I I 
651 CCHOOSES PRINCIPAL VALUE OF Z IN CALCULATING CLOGIZ) 

, b52 ARG=EN+Cl( 1) " 

653 CALL DGAMMIARG.G.CDUM,E~R.O) 
S'654, ZH=EN*llLG-C(5)), 

655 Zrl5=CDEXPIZH) 
)::'6 56 ',c c: , T3 I 1 I = Z H 5 I G 

657 
658 
659 

51=T31l) 
EX=CDEXPIC21 11*1 ZLG-CI 5))) 

11 1=1+1 
cC,::o660' 
---661 

T3 ( I ) =- T3 11-11 *E XI I I EN +CL(r'-1 n *ell 1'-1) ) 

"~~66 2 
663, 

'_ 6b4 
665 

:666' 
667 

:666 
669 

',",:670 ' 

671 
: 672 ' 

673 
, 674 

675 
676 

,,' 677 
... 678 

679 
'680 " 
681 

;<:682" 
683 

~,C"68''t'~'--' 

6BS 
::':::6B6, 

6B7 

SI=51+T3II1 ---, -

51S=COABS I 511 
TlS=COAUSIT3II)) 
IFITlS.LE.ERR*SlS) Go:ro 
IFIl.LT.lOlIGO TO 11 
IFIJFLAG.GT.O)GO TO 
JFLAG= 1 
GO TO 6 

14 WRlTE16,100l1 
ST OP 

Bl Cotn INUE 
JFLAG=l 
GO TO 6 

82 WRITE 16,1022) 
ST OP 

9 U=Sl 
IFIM.NE.2)GO TO 55 
N=OABS 1 ENXl) 
U=2. 00* IZLG+EULl 

,52=B*U 
IZU=l 

77 DO 75 J=IZZZ, I' , 
Jl=J-l 
JIN=N+J-l,' ---

IF (Jl.LE.O)GO TO 200 
IF IJ1.GT.I011 GO TO~20 
TE~\Pl=C61 Jl) 

"j,~:688:', _GO' TO 203 
'---689 ,--, 200 TEI1Pl=0.DO 

';~~:690f,C GO TO 203 
--'691--- 201 TEMPl=C6(101) 
~~~'692'=-:':"DO 202 JJ=102. Jl 

693 TEMPl=TEHPl+1.00/0FLOATIJJ 
:::C694":: '202 CONTINUE ' 

695' '203 CONT INUE 
-''2696''-c, IF I JlN.LE.O) GO TO;=205':" 

'-"-697--'- IFIJlN.GT.I01l GO TO 206 
... - .---

:c:: 6 9 8"~' T E il P 2 = C 6 1 J 1 N I 
699 GO TO 208 
700:':' 205 

-
701 
702,":'" 206 

_._. 703'--" 

TEMP2=0.OO 
GO TO 208 
TEMP 2=C61 101 I 

DO 207 JJ=102.JIN 
,~:":7 04"c-,:j :' __ 
--705----'207 

,TEMP 2=TEMP2 +1. 001 DFLOAT(~ !C,,' 
CONT INUE 

~,:::7020 B 
----707 

CONT INUE ' 
T2=T3IJ)*(T~MP1;TE 

~-,,~c70 B' , 
709 

~':710', 
--, ill' 

~.:L712 -._. 713 --

{~714~,:: ,,' 
715 

~c-:;~: 7 16":= , 
717 

:718,,' ' 
719 

>;. 720 .... '.',' 

T2R=[)ABSIDREALlT2) I 
T2I=DABSIDIMAGIT2) I 

75 52=S2-T2 
S2R=[MBSlOREAL(52) ) 
S 2 1= [J A B 5 (.Q I MAG 152 )) ,:C:'. 

IFIT2K.GT.ERROS2R) GO 'TO '18 
IFIT21.lE~ERR*S2I) GO:TO_76~~ 

78 1=1+1 
IF I I .GT .101. AND. JFLAG.EO.OIGO':TO 'Bl 
IFII.GT.I01.AND.JFLAG.NE.OIGO TO 82 , 
T31 I ) =-T31 1-11 *EX/ I 1 EII+Clll-:1II,*C1I 1-11 ) 

I ZZZ= I 
GO TO 77 

161 

GO TO 6 
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721 76 82=S2*CII01 
.' 722',: IF IN .EO .0) GO TU 55" 

723 S1=OCMPLXIO.00,O.DOI' 
'724 Tl=-C(10)/ZHS 
725 LUP=N-l 
726 IFILUP.EO.O)GO TO 7i~:c~"·',,,.·.c ... 
727 00 70 LL=I,LUP 

':'::728 ,70 Tl=T l*DFLOAT ILl) 
729 S1=SI+T1 

'730.~£C; DO 71 LL=1,LUP . :,c.o:,~~'c,~~~~cO"c"c'_·'· 

. 731 Tl=Tl*EX/IOFLO.HILL') *OFLOATiLUP:::CC,;:'i)I 
732, 71 S1=S I+T 1 
733 GO TO 73 
734 72 SI=S1+T1 
735 73 82=B2+S1 
'736:~ GO TO 55 
737 55 IFINFLAG.LT.O)B=A*8 

~<338:'~> " BX=OREALlBI .'. ~<7~~~Ic~;':';~~"':7 
739 BY=OIMAGI81 

~~7 40'=cc., BX A=OAB S I BX I 
741 BYA=OA8SIBYI 

?~742 _ IFIZX.EQ.O.DO.OR.ZY.EQ.6;-boINF=1::=Z~~. '. :,,' 
743 IF (tlFL A G. NE. Z. fltw. ax A. LT • 8 YA. itlO:NI=. EO'. 1 I BX =0·:00 . 

:"74 FC,~, I F I NFLAG. NE. Z. AND. BY A. LT. BX~;Atm. NF. EO.l)B y=o. 00 . ' 

745 GO TOI 56,57, 56,59) ,I'i 
,~_'746:' 6 ARG=X-EN*CIZ)-CI31 

747 CF=COCOSIARGI 
~.~J48 SF=CI61*CDSltlIARG) 

749 FNS=C1141*EN*EN 
750 '. 1=0. 
751 SI=OCMPLXll.DO,O.OOI 

'!.:>7522~~~:: SZ =IlCI1PLXt O. 00,0 .00 :;s.:'00~~.~~~~~~~~:;;.~~.~. ,.' 
753 U=DCMPLXtl.DO,O.OOI 

i!i.754?~~ . TlS=la'OO 
755 , S=CF 

~~'75 6~2~ . ,,18 I = I + 1~·~¥~~~.'::]-:::-::t::' .. :t:~:.· 
757 V=-tFNS-C5iI I I/(Ct71*X*cj(ifl;;'U-

F~75 8~, u=v* I F N S-C4 III I I I C Z II 1'*X ):::t':=.c_~7~~,:==:=" 
.759 US = C 0 A B Stu I ., ... ---, .. ,,""-

,~760 IFtU5.GT.TlSI GO TO 20 
, ., 76 1 1Z CO NT.! N U E ' 
:' 762 .. T=U~'CF +V*SF ":-''''''~cc~""",~_c~ 

763 TR=llABS IO~EALI Tl I 
L~76'1 TI=UAIlSIDII1AGITII 

765 S=S+T 
,~, 766 .. ' SR=llA8SIOREALtS)I 
.. j~7" SI=OABSIOIMAGISI) 
~:'.768·: IFlTR.GT.ERR*SRI GO 
--769 -- IFtTI.LE.ERR*SlI GO 
::=~~770/:o,·. 24Tl=U 

771 'TZ=V 
·.i':772 51 = 51 + T 1 . 

773 S2=SZ+TZ 
~,7;:,77 4, Tl S =US 

775 17 IFti-l00118,25,Z5 
::=,776 ZO IFII.EO.ll GO TO 12 

, . 
777 IFIJFLAG.GT.OI GO TO 

=i.', 778. JFLAG=1 
-- 779 GO ,TO 8 

'·:~:.7B023 WRITE16,10021 
.... ·781 Z9 CONTINUE 

:;:7782']:~ STOP 
783 26 CONTINUE 

','784 saZ=CDSORTlXI - '~:. 
785 IF I OREAL! SOZ I • LT.O. DO I SO[:'-':'SOz"-'-

:'-;:':786 ;CCHOOSES PROPER 8RANCH FUR SOUARE',ROOL>, 
787 . B=C(41/S0Z*S' . ---",-"--., 

}=q88 ,. IFIKFLAG.EQ.2IB=A*8,': 
789 IF IKFLAG.EO. 311l=B/A 
790 IFIH.Eo.3IM=Z 
791 IF IM.rIE .ZIGO TO 55 ' 

'=~.792·:~'C:C ' B2 =C 14 I I SOZ* I SF* I S 1+Ulic'{6 J~CF!fi 52:+vf* C I b) I 
""793- IFIKFLAG.EO.ZIIlZ=(B2+COCOSICI11*ENI*CI*Bl/h 
cj:j794i.D=_ IF tKFLAG.EC. 31 B2=( B2-CDCO!i n;(l)«~N)*CI *B 1*A 
--795·'····· GO TO 55 

,/79p?:'c 25 IFtJFLAG.GT.OIGU TO 
797 JFLAG=1 

::::'~,~79 8 GlI TO a 
, 799 28 WRITE(6,100Z1 

:':::':800"':;' GO TO 29 



801 
<'802 

603 

56 B1 OCMPLXIOX,Ot) 
M; 
EN -EN 

804~ GO TO 3 
605 59 81T;OCMPLXIBX,OY) 

~806 EN;-EN 
807 ARG;C(1)*EN 

-608 - _B2; I COCOS I AR G) *s l;"'BlT )lCOSINIARG) 
809 081=01 
81~- 082=B2 
811 RETURN 
_812. 57 IFINFLAG.EO.-1)U2=A* 
613 002;02 
814 56 OB1;OCMPLXIRXiBY) 
015 RETURN -

--616-- END . __-_ 
817 SUBROUT lNE OGMIMIOZ,OGI1;-0-PS,ERR,JJ) 

,_.818 CIF JJ;O,CALCULATES ONLY GAI1HAC::FUNCTION, __ IF JJ=l, CALCULATES ONLY PSI 
819- CFUNCTIO:-l, IF JJ;2, CALCULATES-BOTH--

,-,'820;- IHPLI C IT REA L* 8 I A-H, O-Z )~.:.._ ' -,_, 
~21 CUMPLEX*16GAM,Z,Ol,OGM,OPS;0~SI-

__ 622;_, C(HIPLEX *16TERIH,ZT1,TERH,SUH,ZLG,lTGAt1,ZT--
623 - CUMPLEX*lb COLOG,OC~P(X,COEXP;COSI~ 

-:',~824-- - REAL*8 OREAl,OIMAG,OlOG,OAB,S-'::',. 
-- 825 IrHEGE R *4 10 !NT -- - -- -----

.:-826-01MENSI0t1 BII01 
-827 OIMENSIUl4 CII001 
828 DATA IFlAG 101 
829 1001 FORMATIIH ,111,2~H DID NOT CONVERGE) 
630- 1010 FORMATCIH .t1l,~7HISA SINGULAR POINT OF THE GAMMA FUNCTION 

--631-- X,I,5X,bHARG R-.E12.5,3~,6~ARGI=,E12.5) 
Y-=JI32 ::': 1 F-( J J • EO. 0 I GOT 0 b 0 - ,-

833-- (JPS-OPSIIOl.ERR) 
:{~::83~~:;:c': IFIJJ.Eo.IIRETUIW 
---635-- 60 E=ERR 

~~636"" I FIE:.l E .0. 00 IE-. 10-0 7-~2l:;~::::;;.Q~.~~~~{"~~~"L=_ 
637 ZX=DREAlIOl) 

,=2"838.-c -- - ZY-OIMAGIOZ) 
----839 - Z-Ol 

840_~_ IF(ZX.LT.O.OOll=-Z __ _ 
841 NFlAG=2 

-:,'8 4 2:~:: _ J- 0 
843 --"cK=NUMBER OF TER~IS Itl SERI 

c'c844 IFIlY.EO.O.OO.ANO. (iDINlI:zxr"';ZXI.EO.-O.OO) NFlAG=l 
-- -845 IF (NFlAG.EO. 1. ArlO. ZX .LE'-O~ OOINFlAG=O 

846 CNFlAG=O MEANS l=O OR l A NEGATIVEI~TEGER_NFlAG=lMEANS Z A POSITIVE 
6 4 7 1 F ( Ii F LAG. N E • 0 ) GO T 0 51 -----

--'846 HRITE(6,10101 OZ 
649 OGM=OCMPlX(O.OO,O.OOI 

-850:--: RETURN 
~---851 5t" IF (NFLAG.EQ. 2)GO TO 
"852 - IF(ZX.GT.2.000) GU TO 

---853 OGM=OCMPlx (1.00. O. DO) 
'_-_854- RETURN 

855 55 IF(ZX.GT.lO.OO)GU TO 
856 I~-IOINT(lX)-l 

857 IJ=1 
858: DO 300 N=2.IF 
659 300 IJ=IJ*N 

':--:'s6ofc'7- OGM- I J 
_ Bbl._ RE TURN 
--862-~_- ... ~2 CONT INUE 

863 IF (I FlAG.NE. 0) GO TO 
~::=' 86 DOLO 0 1 = 1 , ui 0 :>oid~j;~~·~:"-~.&~~~~;:t 

865 100 C ( II = I . .. __ ~ __ ~ _______ _ 
~F8 66~:'Jt .•.. PI =3. 1415926 5358979300~~.=f?-:::?;~':~:::~_:·c:::[.j=:=· 
---'867-·--- PI2=DLOC(2·.OO*PI)/Z.DO. ' 
:.:'668 ll(1)=1.0DO/12.0DO 

869 B(2)--1.000/360.0UO 
.;',ciS70".2_ - . B(3)=1.000/12bO.00 
--871-- B (41--1.000/1680.000 
~872:~]0£l i 5) =1. 000/1188. ODo-='"c~~~~1~':===-F?t:--

873 . BI61=-691.000/360360.000 . 
~~~j!;i' 4~i.~:"::': B ( 7) = 1 • 000/156.0 00 _~c-:c~~~;~,::·"_-.,~=c:j;~::~·=, 

875 B( 8 )=-3617 .000/122400. __ _ 
~~=,'8=7t/-=~"c:~-- - - £l ( 9) =43667.0 DO 12 '1418 6~000::.::·-:"":"'=_-:": : 
--~7i--- BII0)=-174611.000/125400.000 -
~'tlk878~:~C£l (11 ARE TtiE BERf/DUlli COEFFL~IEtHS~'It<c.STIRllNGS FOR~IUlA 

. 879 IFLAG=i 
7,=1!'80~E';20 ZT=Z 
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881 
··S82 

883 
884; . 
885 
886 ' 
887 

·,,888:· 
889 

:-890 
891 

, .. , 892 
··893 
···894· 

895 
··896 
897 

>898 
- ··-Sqq --

c.'. 900: 
··901 

)c':(t,902 
--903 

'2~904 ..... . 
···-905 

~:{90 6,:. 
r. 907 
'c~90 B~' 

909 
~::;',91 o ,c ... ' 

911 
-ic:C~.912 

913 
914: 
915 
,916 
917 

·918 
919 
~920 

ZTl=ZT-l.DO 
1=0 

5 IFlDREALlZTl.GT.lO.DOI· 
4 1=1+1 

IFII.LE.1001GO TO 30 
WKlTE 16.1001) 
STOP 

30 COtH {NUE 
IT =ZT+ 1.00 
GO TO 5 

3 I F= I 
IL G= CO L OG ( Z T ) - ~.~_-=:-=-=~ __ : _ ______ __ 
SU M= I ZT -. 500f*t LG---·-_· :'ZT +1' 12 
TERM 1= S UI'I .. ·."c'~5':c:::c{-c.==:·,,-c·- . 
ATERIR=Oi\BSI OREALI TERMi.ll 
ATERll =OABS I OIMAGI TERMllT=\ 
J=O . 

B J = J + 1 ···c· ." ... 

TE RM =lll J I *CO EXP i -{ 2·.oo'*cT]Y':'I~'O(i'l'* ZLG I 
. AT ERR = 0 ARS 10 REAL ITER M U:~:C:~:',:.:~,>· 

liTER I=DAllS 10 IM,\G I TERMll····_··_· 
.. SUM=SUM+TER~I·.c., .·:c:===~=:c~::-·=,":=~~~C.·.' ... 

A5UNR=D A[3S (0 REAL (SUti) )--~=::::-:~~-=~:~-~:~ ~ 
AS UrI! =0 ABSI 0 I HAG IS Ulil )·,~·iE),=:c';-::~:b~':O~E-c·, .• 
IFIATtRR.GT.ATERIRIGO TO ·24···_·-_········· 

. IF lATER I.GT. ATERlllGO .TO.,24 ..... . 
IFIASU~IR.Ea.O.OOIGO TO 9 
IF IATERR/ASUMR.GT. El GU loc27~ 

9 COIH INUE 
IF IASUMI .EO. 0.00 I GO TO ··6"'" 
IFIATERIIASUMI.LE.EIGO TO-b'·· 

27 CONTINUE 
ATERIR=ATERR 
ATERlI=ATERI 
GO TO 7" 

24 CONTliWE 
7 IFIJ.LT.10IGO TU 8 

GO TO 4 
6 ZTGAM=SUM 

IFIIF.EO.O)GO TO 31' 
921 00.200 K=l,IF 
922 200 iTGAH=ITGAM-CULOGIZT1+CIKII 
923 31 GAM=COEXPIZTGAMI 

. :c\:.924 IFIlX.LT.O.DOlGAM=-PIII~AM*CDSINIP.I*ZI*ZI 
925 DGM=GAM 

i~I926~~~~·- RETURN 
927 END 

,~'c:92il·~":· COMPLEX FUNCTION OPSI*16IL,EI --
929 IMPLICIT COMPLEX*lb IA-~;D-zi 

'<,,930: COMPLEX*16 CDEXP,CDLOG,C()COS;CDSIN,DCMPLX 
931 R~AL*B DATAN2,OFLOAT,OABS,CDABS 
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I~:':'932 .: .... REAL*B E,ERR,[I,ABTER,AjlrER1·,ABSUM·I;PI;ZX,ZY,ZXI,EN,EUL,DREAL,DIMAG 
933 INTEGER*4.WINT 

~t:,,<n4~-'~ DIMENSION £llrOl 
935 DATA IFLAG /01 

"}c;936~:'~ . ERR=E 
--937·· IFIERR.LE.O.OOIERK=. 

"'~938.. ZP=Z 
939 ZT=Z 

~:,940 ZX=DREALlIP I 
---9ltl---- ZY=DIr·\AG(lP) 
::=c' 9 4 2 N I = I 0 Itl TI L X I 

943 ZXI=DFLOATINII-IX 
:'~:{9"4 IF I ZY .NE.O.OO.OR .lX. GT .O~DO~OR';ZXI.NE.O.DO lGO TO 1 

945 DPSI=DCMPLXIO.DO,O.DOI··· ...... . 

';:.'946 WR lTE (6, 10101 Z 
-·-947 RETURr. 

948 CCALCULATE PSI HERE IF Z IS ~"POSITIVEINTEGER 
949 1 IF~IY.NE.O.DO.O~.ZXI.NE.O~DOIGO TO 2 

~q50 EUL=-.5772156649 
951 OPSI=EUL 

:,~: 9 5 2 ~c.c· ·1 F ttl I • E Q •• 11 RET UR N 
·953·· tlF=tlI-l 

(;95't:' . 00 100 N=l,NF .. 
·-955·· 100 OPSI=DPSI+l.OO/DFLD,\Tli-n 

·956"· RETURll 
957 2 ISIGN=O 

'958' IF{ZX.LT.O.DOlISIGN=I: 
95~ IFllSI~N.EO.11ZT=1.00~iT 

c\:=960·.:·.CREFLEC~S l INTO l-Z IF Z IS .. IN.:LEFT':"HALF PLANE 



961 
962 
963 

'964 ' 
-'965 
-, 966,-' 

967 
--968 

969 
:,'970 

-971 
,,_972, 
-973 -' 

lS=lT 
NR=Q 
IF(IFLAG.NE.O)GO TO-3 -­
PI=OATAN2(0.00,-1.001 " 
H( 1) =1. 001 (2 .00*6.001 
B(21=-1.00/(4.00*30.001 
B(31=1.00/(6.00*42.001 
B(41=-1.00/(B.00*30.00)~ 
B(51=5.00/(10.00*b6.001-
B(61=-691.00/(12.00*2730.001 
8(7)=7.00/(14.UO*6.001 
6(BI=-3617.00/(16.00*510.001-
B(91=43867.DO/(18.00*79S;OOI 
B(101=-174611.00/(20.00*330.00) 
IFLAG=l 

3 IHINR+NII.GT.I0IGO TO 4, 
NR=I~R+l 

GO TO 3 

974,: 
975 
976 
977 
978 
979 
980 
981 
982 
983 
984 
985 

CINCREASES REAL PART OF Z UNTIL GR~ATER-THAN 10 

'986 
-987 

968-
989 

4 ZT=lT.OFLOAT(NR) 
ZL=COLOG(lTl 
TER1=. 500/ 1T 
SUf1=lL-TERl 
ABTER1=COAIlS(TER1) 
t~=O 

6 N=N+l 
EN=OFLOAl( to 
TER=-!l(I\I*COEXP(-2.00*EN*ZLl-
AIlTER=COAt3S( TERI 

990 I F (I, BTE R.L T • AB TERl) GO: TO:5' ' __ C"'-C',,_'-, 

~i{~~~.f.~:- ~~:.~~+ 1 
993 IF(NR.LT.I00)GO 

-:--~994< WRITE (6,101ll 
_,995" RE:TURN' 
;'c1, <) <) 6 '- - 5 SUM = SUM + T E R ' c,",~_::'c~'.~':.~":~"-?'~=."c"'."'-

997 Ab SUllI = DAB S(O HIA G (Sll-a) -,--- ___________ c __ 

~:,~9 <) 0/, ' IF ( A B S U 111 • tl E .0 .00) GO T 0~6~;~~~c-~-:'L~~L1f:; 
999 IF(ABTER/COABS(SUM).LE.ERRIGO TO 7 

',iooo'- GO TO- 9 , _,,"-_--~"'" 
1001 6 IF !DAIIS (OREAL! TERll/DABS-iilREACisi.IMYi .LE. ERR. AND. DABS (0 IMAG (TER) II 

~1002'~'- lAflSUMI:LE.ERR)GOT07 
1003 9 AUTERl=A8TER 

-~1004::~::- GO TO 8 
1005 7 OPSI=SUM 

~100 6;~:-: , IF CtlR • EO. 0) GO TO 10 c"-".':o,,-=:':.,cc,_:,:,c=,:-:,~-":,,,c: 
1007 00 200 N=l,NR 

:::1000":' 200 OPSI=OPSI-1.00/(lT-OFLOATTN)')"'c'c.:-":', 
1009 10 II-IISIGt,.EO.OlR'ETURN -----

]1010 ARG=P I *lP '_c_,_c:~~~:~_ 

).011 OP S I =OP S I-P I *COCOS (ARG) ICOSI ilicARG-) 
-,:'1012::" RE TURH -'-"O="'_C',' _,_c_ 

1013 1010 FORM.\T(lIi ,,1/,45H TtHS'IS--ti-SINGULAR-'POItlT OF THE PSI FUNCTION,!, 
:1014-- 130X,6HAkG R=,lPEl2;5,3X,6HARGI=,E12.51 
1015 1011 FORMATllIl tll,2 itH SERIES DID NOT CONVERGE) 
1016 _"" EHO 
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**~; 00 *0 *~ ~~*~-*~ ***-* **c~;~1~~f~~i~-:-~r:~:~~* ** *(, **-** ** **** ** ** 
SAMPLE RUN WITHTlIESAI1PLE:tD~TA:";(At~-GIVEN IN THE.?ROGRMI-IBI 

********'.*******************0************************0*0***** 

~.-
.- _. 

* ******-** * *** ** **** ** ** ****"*-***-**** **** ** ** ** ** * ____ , ,~~~,=_c=c,_~_=:_c== ,.~_ * 
SCATTERING UF ACOUSTIC WAVES * 

_ _ ___ 'c_~c~,~=c,=~c~- ~ ___ * 
o in THE CYLINDERS OF ARrii{RARYTlf()-s-S=SECTIDN * 

. ---_._- -- ... --- .. ----~ ---
-----.--.----~--

«(( T-MATRIX FOR-MULATION )))----
*,_cL:­
o 

** PROGRAM-lUI: EVALUATION_',:;9('fTHE-='NEARAND FAR FIELD SOLUTlONS** 
================================================================= 

============================================?================= 

B.C. TYPE: NEUMANN (RIGID INCLUSION) 
-..::.-':'::-::':- ::"'-:-:...:::-.- .__. _-~-=:-:.;:--=--'?:?~=_.:-:-=-::=~~F.~~~~~;~~---'-~ 

CROSS-SECTION OF TH~ SCATTERER : CIRCULAR 

RADIUS : 1.000 
. --..:. :.~-:--- ;?:...:-::--:.:==--:?-=-::-~~-:~:..:: ..:-~"-.::.: :" -

"~YMMETRY 'tor~oIii~N (W.R.T. X-AXIS) SYM~lETRIC 

HAVE TYPE 
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1- ANGLEOFINCIOENCF:c~:~O~Z;(\)EG~EESI- ~-
============================================ 

?:-:::-============= ====== ==== ==== == ~;;;:= :;;=-==-;-=-====== == == == ==== == ====== 
** rAR-FIELD SCATTERED FIELU AMPLITUDE ** 

=============================================================== 

ANGLE 
RE AL 
PART 

============================~~==~=;~~~~=~=~=~================== 
O. 

10. 
2 O. 

_ 30. 
40. 
50. 
60. 
70. 
80. 
90. 

100. 
110.-
120. 
130. 
140. 
150. 
160. 

__ ~o _____ >~170.-

180. 

.42+000+ 
__ -:~I 

I-
I 
I 
I 

.2.1.+000+ 
::~.~{:'-{:: __ - I 

----_._------ -

. I 
I 
I 

-- -I 
.43-007+ 

"f~~'~:~:c: -- I 
I 
I 
I 
I 

~~21-"000+ 
I 
I 
I 
I 
I 

-.09037 
-.08.940 
-.08650 
-.0817!!-' 

- ~20340 
-.}9733 
.17936 

_ ~.15024'c:,-~~~~· 

.22257 

.21663 

.19913 

.17106-
-.07536 .11116 .13430 
-.06746 ___ ~.06)65c'o'i'~tt}~::1.-::= c'_ .0927 5--:'::" 
-.058)1 00955 .05909 
-.04820 • 049l"4:"!'f~};~3:~-c ___ ~· • 06883 
-.03742 -.110)8 .11655-
-.026 32 c ',,~c=_ .1721 i·c'[~-:;--::t-::=~;:='t'c=':. 1741 L~3:,-
-.0152) ---.23242----~----~----- .23292 

-.0 04 48·~.'"2 895 5-~~-::iCt:~c;-":-tT; 28958'=·"- --
.00560 -.34196 .34201 
.01470 -::.. .)883-!i-:F=;:::':~°C':c~ .38863';::: 
.02255-.42765------~--- .42625 

• 0 2 8 92j~~~."YI ().3 _"'~i __ ~~=t~;::'-::;j' • "5994 _ __ _ 
.03361 -.48186 .48303 

-. 0 36 4 8~~~:tc~;4c 95 .7 2~~"'f~;:-~:'.. "970 
.03745 ~.50037 .50177 

..---~----.-.~ -------... --.. --
"_'. ~ __ . __ :"':;:':~=::::-:-~:'---:-':--~:::---'"~~~"::::;~~:-=i--: _ 

** 
** --** 

* 
** 

'"* -- * * '.-* ~~"§.~::::;~c5~~~,¥~~*, .. ,.. .. * 
**-** * ** *.* 

* _ ~~~~~.E'=~@~: .. * 
** ** 

** *** _ -:_,:,:",=:",,:=-_o.-,:--·:_**.·c::, . --***-*--****-------_ .. 

-----
~.42+000+ . 

+----~-~....:~+------~~..:::.-~~~:.;:.:.~~~~~+::...----.:.:.--:--+.;.-;.;.;~----- ... 
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-
":"'--:"':"':':-:"'-':=':'='~:':::::"-=-::-;---=. 

~.7z:+000 -.48+000 --'::.-24+000-;"-.56"';006- .24+000 .48+000 

CHECK FOR THE CUNVERGENCY'Of.'·lHE:~~!~~~:-~: .,. 
TOTAL .SCATTERING CROSS-SECTION 

=== == ======== ==='=== ==== == == =======::=~=:]:; 
----------,-- :OROER TOT. S • C. SEC T ION (%) [J (FF ERE~_CE. ___ ~ 

---- -- ~-.~l~========= ==== =;==== ==== == =:=_:=_~_~::;._~_:~-_~~_~~~-=-~-2:;-
1 
2·· 
3 
4 
5 

.2639208-001 

.90)0308-001-

.90)7284-001 

.90372B4-001 

.9037284-001 

.24 2159If+001=tc~-:::tS':' 
• 7124488~OO~·-----~--

.8410429-005 

.231)573-009 



·REGION: *BOUNOARY* 

=====================~====================~===============~==== 
** VELOCITY POTENTlALS:D-UE;-cTOfSGATTEREOf I ELO_** 

=============================================================== 

ANGLE 
RE AL 
PART 

--IMAGINARY 
PART 

PEAK VALUE 
WORli) 

=============================================================== 
o. 

10. 
2 o. 
30. 
40. 
50. 
60. 
70. 
60. 
90. 

100. 
1l0. 
12 O. 
130. 

_1'00. 
150. 
160. 
170. 

-lBO.-

.72+000+ 
I 
I" 
1 
I 
I 

.48+000+ 

-.33923 
-.33271 
-.31365 
-.28357 
-.24481 
-.20040 
-.15368 
-.10805 
-.06651 
-.03143 
-.00'026-

.01'058 

.02558 

.03006 

.02984 

.02693 
-.02325 
.02037 

-:-.01930 

- ~:·-:o:·.a5750 

- .35061 
32 99 H~c~:c~1;;,:-~ 

.2957H 
.·5~~. 248 41.~·;~( ~::­

-- .• 1866S·---

-·~.11 7·9 2 -- -- -----
.0380"1 

~~.04622 -­
--.13796 

.;"~2277'J 
---- -.31436 

--.394 5 H:1';:~ .. 
-.46583 
- • 5 2 6 0 tk~'c-.':· .. -
-.57393 

__'0 ":;-.608 5 2c:::C·D:'~C?~:~: 
-. -.b29H - ---

.•.• -_.636 3 8:,~~-~5tL·· 

.49283 

.lotl334 

.45526-

.40975-

.34877 

.27524; 

.19371-:­

.11'057 

.00215 

.14150 
-.22783 

.31470 

.39541 
.'06680 
.526'12 _ 
.57'056 
.60897 -. 
.62974 
.63668-: 

I 
I 
I 
I 

-******* 

I ** 
.24+000+ ** 

I * 
I * 
I * 
1* 
1* 

.12-007+* 
1* 

** * 
-- • **:% .. Et::t-Y~***:·"·~ 

*----,f*** *** 
-:* .. ~-** ** 

***-- * 

* 
* *-

1* --

I * 
• :_-::: .c:'j';~~: r~:~~~Z-:;,~t-'L=::··'* * 

I * 
* -.24 +000 + *,~ 

I **. 
I ** 
I 
I 
1 

******* 

.- '-:::c:*·: * *"~-:='.=:"c,,:c~:.:--* * 
* "*'***' *** :* .*Sif.;.j~j L~~;c~,: c .• :-_ .. -** 

-48+000+ ._ _ __ _ 
~---------+---------+---------+---------+---------+ 

.-.64+000 _ -.32+000 :,_;37~008!~~c.32+000. .64+000 .96+000 
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REGIOII: 5.0 

=============================================================== 
** VELOCITY POTENTIALS DUE TO SCATTERED FIELD *~ . - _ .. 

.. = ====== ====== ====== ==== == == =.=.=::==-==== ==?.=.:::-~=?::; ====== ============= 

ANGLE 
- RE AL 

PART 
I 11AGTNA-RY0'-~~co-,~cP,EAK_~VA LUE 

PART----- (NORi11-

-------~==========================~==~====~~===~==~=== ================ 
O. 

10. 
20. 

o="_-'-C_'o"":,",,--' O. ----
40. 

___ ==,,=--_:.::-':;:_50. 
60. 

80. 
90'--

100. 
~~~~:&-:'~-= 11 0 • 

12 o. 
~:;:~~~=':::'~ 130. -~ 
------ 140.-

::~~!'~~~"J' 150 • --, 
160. 
170. 
180. 

;25+000+ 
I 
I 
I_­
I 
I 

.ii+ooo+ 
I 
I 

_ _ I 
I 
I 

.85-001+ 
I 
I 

.51-008+ 
I 
I 
I 
I 

=;Z~~~~:t~ic 1------------=. 8 -5:"001 + 

I 
I 
I 
I 
1. 

* 
* 
* * 
* 

-.08886 -.09388 .12926 
-. 0 8608~ ':"'. 092 28-~~'-;c::-:-S.'-=:'-~i:-:c":-. 12620 
-.07785 -.08758------- - .11718 

_::~. 0 64 48 _:?.:::c:.;:.~ 08000':-=4c.t::~~~~:cf,.0. 10275 
-.04648 ---:..;06992--------- --.08396 
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