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SCATTERING OF ACOUSTIC WAVES
BY CYLINDERS WITH ARBITRARY CROSS SECTIONS
T-MATRIX FORMULATION

ABSTRACT

In this work, the scattering of steady-state acoustic»
waves from afbitrari]y shaped obstacles in an infinite medium
is studied using the T-matrix method. The problem is examined
for the two dimensional case where the obstacle is a cylindrical
rigid inclusion or a cavity. An acoustic plane wave is consi- -
dered to be incident on the obstacle. |

fn'the solution of the problem, both incident and
scattered wave fields are expanded in series of the circular
basis w;ve functions. The scattered wave field is then evé]u—
ated through a transition matrix.(T-matrix) which re]ates‘the
unknown coefficients of the scattered wave sefies to the co-
~efficients of the incident wave.

Numerical.results pertaining to circu1af, elliptical,
rectangular and triangq]ar‘cross sections are obtained. The
resq]tS'are presented in graphical formiand found to be in good
agreement,compared with the édme known exact or approximate ;

solutions available in the 1iterature.’



AKUSTIK DALGALARIN
RASTGELE KES1TL1 SILiNDIRLERDEN SACILIMI
~ T-MATRIS FORMULASYONU

KISA OZET

Bu ca11smada, akustik dalgalarin sonsuz bir ortamdaki
rastgele sekilli enge]]erdenbsac1]1m1, T-matris metodu kulla-
nilarak ele alinmistir. Problem, iki boyutta, silindirik V

rijit cisimler ve bosluklar i¢in incelenmistir. Engel uzerine
gelen dalganin akustik bir diizlem dalga oldugu disiniiimistir.
Problemin ¢dzlmiinde, hem gelen hem de sacilan daiga
alanlari, dairesel temel dalga fonksiyonlari cinsinden seri
olarak acilmaktadir. Sa¢ilan dalga alani, sac¢ilan dalga seri-
sinin katsayilarin gelen dalga serisinin katsayilarina bagia—
yan bir gecis matrisi (T-matris) vqs1tas1y1a hesaplanmaktadir. .
Dairesel, eliptik, dikdartgen ve lcgen kesitli silin-
~dirik seki]]ef icin numerik sonu¢lar elde edilmistir. Sonuglar,
.grafikler‘halinqe gosterilmis ve 1iteratUrdeki‘baz1 bilinen

kesin veya yaklasik cﬁzUm]e%le uyustudu goriimustiir.
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I, INTRODUCTION

When a wave propagating in an unbgunded homogeneous medium en-
- counters anobstacle immersed in the medium, its propagation path changes
-and while a portion of it is reflected back into the medium as a secon-
dary wave emitted by the obstat]e the other part of it, if the obstacle
is not a caVity, is refracted into the body of the obstacle. The radia-
tion of these secondary waves from‘the obstacle is called scattering. ./
The obstacle may bg a cavity or an inclusion with physical properties |
differing from those of the surrounding medium.
.Scattering and diffraction problems have become increasingly
important in the recent years, particularly in the areas of remdte
" sensing, seismic exploration, 0il technology, underwater sound detection
’and especially in non-destructive testing of materials where/the scattered
wave form is used to identify the shapes and the sizes of the material
defects such as voids, cracks or inc]usions;
In solving the séattering problems, especially where explicit

numerical results are de§1red, four methods are extensivé]y employed
in the literature. These are methbd'of seperation-of-variables, varia-

tional method, integral equation method and the transition matrix (T-

~ matrix) method which has been recently developed [1].



The method of seperation of variables is usually employed in
finding exact analytical solutions for only a class of objects bounded
by quadric surfaces, [2-5]. Hence, the method restricts the shape of
the scatterer to simple geometries, 1ike sphere, circular and elliptic
cylinders, such that their'bouhdary geometries can be expressed con-
veniently in seperable coordinates. The variational method is another
method used in the scattering problem solutions and, from the theoretical
point of view, it is applicable for arbﬁtrafy boundary geometries, [3,6,7].
However, this method especially for general geometries, requires the
evaluation of repeated surfate or Volume integrals with singular kernels.
Thus this method is also restricted to relatively simple geometries.

The third method, namefy the ‘integral equation method, consists of ap-
proximating an integral over the surface of the scatterer by a finite -
sum: and then computing the qdantities Tike displacements, velocity
potentials atvmany discrete points by solving the resulting system of
equations numerically, [8]. In previous years, several applications

of this approach have appeared in the literature [6,9-11].

The Tatest method developed for the so]utién of the wave scattering
prob]ems is the T-matrix method which was first introduced by Waterman
[1] for acoustic waves and reformulated by Pao [12] for elastic waves.
The method starts directly with the-He1mholtz integral formula, and
uses either cylindrical or spherical wave functions for bodies of ar;
bitrary shape. Both fncident and scattered waves are represented as
.a series of the common wave functions, known as the basis functions.

The ﬁnknown coefficients of the scattered wave sefies are then related

' by a transition matrix (T-matrix) to the coefficients of the incident



Wave, [1,12]. The elements of the T-matrix are integrals of bésis
functions and their normal derivatives over the bounding surface of
the scatterer, which can be eva]uéted numerically even for bodies of
complex geometry. ‘

The key feature of the method lies in the fact that the T-matrix
is fixed for a specific boundary type and geometry and wave number of
the incident wave. Hence, once it is created, the scattered field
quantifies at various regions of the-medium for different incidence
angles of the impinging wave can be calculated. The method, comparing ‘
with the variational and integral equation teéhniques, has also a
computational advantage because tHe integrals involved in the formula-
tion are only single surface integrals with no singu]a}ities in their
integrands; In the recent years, several applications of T-matrix /o
approach to the scattering of acoustic and é]astic waves by finite
elliptic cylinders [13,14], spheroids [14], finite circular cylinders
[15], infiﬁite strips [1,16] have verified the power of the method.

In this work, we havé considered the scattering of the plane
acoﬁstic waves by infinite cylinders. The near and far field results
for cavity and rigid inclusion cases are presented. A brief review of
the governing equations for acoustic fields is given in Chapter 2. 1In
Chapter 3, formulation of the trahsftion matrix for the scattering prob-
Tem is-'given. The numerical methods employed in the solutions are'dis-
cussed in Chapter 4 where sé]ution; to specific problems are also given.
Results bertaining to circular, elliptical, rectangular and triangular

geometries are.presented in polar graphical form.



I1. THE THEORY OF ACOUSTIC WAVES

In this section, the reduétion of the general equations of hydro-
dynamics td the Helmholtz reduced wavé equation describing the motion
of the harmonic disturbances in a fluid is discussed briefly. Also, a

general solution of the Helmholtz equation is given for polar coordinates.

2.1  EQUATIONS OF HYDRODYNAMICS'

i

To study the wave propagation in a fluid medium, the starting

equations are the hydrodynamical equations of motion due to Euler [17]:

A T (e
9t :
20 +y.(pv) = 0 :  (2.2)
ot _

p=p(p)' | B : (2.3)

where p is the density, p is the pressure and v is the fluid velocity
vector at any point. This sét of equations, which afe‘valid for an
ideal fluid, is complete and cpnsiéts of the equation of motion (2.1),
tﬁe equation ofvcontinuity (2.2), and the equation of state (2.3).
Whenever a.disturbance 1is creéted at any point inside the f]uid

it will propagate throughout the medium. In order to obtain the



governing equations of motion regarding the propagation of this distur-
bance, one assumes that the relative perturbations from the initial equi-

1ibrium state are small, that ié,

o _P-Po | I g = 0 (2.4)
o] o] o ‘

where Py and P, are the equilibrium density and pfessure, respectively,
while py is some small parameter deqpting the variations from the equi-
Tibrium values. Under these conditjons, the fluid velocity v with which
the fluid particles oscillate is a small quantity of the order of u
relative to the propagation speed of the disturbance. This is the case,
actually, in acoustics. Since, acoustical wave lengths are long, the‘
variations in the velocity fieid, v, are very small quantities. Thus,

neglecting the term v-vv in Eq. (2.1), we get
L= _yp. . (2.5)

Substitution of the expressions p = Py ¥ p' and p = p + p' into the

Eqs. (2.5), (2.2) and (2.3) yields

W
P 3r = " VP , (2.6)
—&gt + pOV‘!_" 0 > (2 7)
c-dp o ' (2.
p' = g5 P (2.8)

Wheré Wé have neglected the terms involving the products of the perturbed
_quantities. For the reduction of this set to a single equation, it is

convenient to introduce a scalar function ¢ such that



v = Vo | . ‘ (2.9)

The function ¢ in the above equation is ca]]éd the velocity potential.

Then, Egs. (2.6) and (2.7) yields

= . 09
p = -p, 24 i (2.10)
3" '
2004 o2 = 0 | | (2.11)

Eliminationg the variables p' and p'/from‘the above equations, we 6btain

the equation of motion of the disturbance,
, .
M_ - C2v2¢ = 0 . . (2.12)
at? - ,

This is a scalar wave equation describing the motion of a disturbance’

in an acoustic field where the propagation speed of the disturbance is c,

c = /dp/dp ., A | (2.13)

c = /B/o_ , (20

where B is the bulk modulus of the fluid. -

2.2 HARMONIC WAVE MOTION IN ACOUSTIC FIELDS

Considering a disturbance which is harmonic in time and has a

circular frequency of w, one can write the velocity potential as

¢(x,y,z,t)‘= w(x,y,Z)e'iwt , , (2.15)



where ¢ is the spatial part of the velocity potential function, ¢.
Substituting Eq. (2.15) into Eq. (2.12) and rearranging the terms, we

get
V23 + k%P = 0 . ‘ (2.16)

where k = w/c is the wave number. Eq. (2.16) is known as the Helmholtz
‘_reduced wave equation and describes the motion of the acoustic harmonic
waves in a fluid medium. -

It should also be noted that use of the velocity potential for-
mulation is fndeed a convenient way for acoustic wave propagation.
However, ¢ is not a measurable quantity 1ike velocity or pressure but
it is possible to obtain such quahtities from it. For‘examp1e, substi-

tution of Eq. (2.15) into (2.10) yields

P =P, * iwp ¢ . (2.17)

2.3  SOLUTION OF THE HELMHOLTZ EQUATION

Since throughout this work scattering of the plane waves by infinite
’ cy]indefs with constant cross-sections will be studied and the wave nor-
mals of the incident waves which will be cbnsidered are perpendicular

to the axes of the cy1inders, the dimensionality of the problem reduces
to two.and it is tonvenient to obtain the solution of the Helmholtz

equation in polar coordinates.



2.3.1 Acoustic Plane Wave

A harmonic plane wave of magnitude A propagating in an acoustic

field can be expressed as

Aei(EfEfwt)

¢(r,6,t) = (2.18)
Note that we can write the vectors r and k as

r = r{cose ey * sing 92) ;L= |:j , (2.19)

k = k{cosa gy * sina 22) 3 k= |k| = w/c , (2.20)
respectively. In this case, Eq. (2.18) can be written és

6 = Aeikrcos(e-a)e-iwt , ' (2.21)

s
where 6 and o are the angles that the vectors r and k make with the

x-axis and gq; e, are the unit vectors along the x and y directions

of the Cartesian coordinate system (Fig. 2.1).

incident plane wave

e

scatterer

Figure 2.1 - Representation qf a plane wave incidence.



Comparing Eq. (2.21) with Eq. (2.15) one can write the spatial part of

¢ as

ikrcos(6-a)

P(r,8) = Re (2.22)

Note that y given by Eq. (2.22) does satisfy the Helmholtz equation,
Eq. (2.16).

2.3.2 General Solution

In polar coordinates, the Laplacian operator, v2, is given as

i .
vze @ g 0y, 1 9 . (2.23)
roorcoar rz 22
thus, Eq. (2.16) takes the form -
2
18 p By 4 1 3%, g2y 2 g . (2.24)
r ar ar r2 3e2 '

The most common method used in obtaining the general solution of
Eq. (2.24) 1is the method of separation-of-variables where a solution

of the form
y(r,8) = R{r)T(e) - - (2.25)

is assumed. Upon substitution of the above solution into Eq. (2.24)
one can show that the latter equation reduces to two separate equations

-of the form

. A
pz &R, r dR_ (k?r%2 - n*)R =0 , , (2.26)
dr? dr .
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. 2
L et =0 . (2.27)

dg2
Eq. (2.26) is the well-known Bessel's Differential Equation and has its

solution either as

AJ (ke) + B Y (kr) , ' (2.28)

ol
1]

or,

el
1

Aanl)(kr) + BnHﬁz)(kr) . (2.29)

Jn(kr) and Yn(kr) are known as thé n-th order cylindrical Bessel functions
of the first and second kind while Hﬁl)(kr) and Hﬁz)(kr)_are the n-th

| order Hankel functions.of the first and second kind, respectively. The
unknown constants An and Bn are to be determined from the boundary con-"
ditions impending on the probiem.

The solution of Eg. (2.27) can be written as

_ +ine _ ,cos(ne) :
T=e B (sin(ne)) . , (2.30)
Hence, combining the solutions (2.28), (2.29), (2.30) and the time factor

exp[-iwt], one cbtains the general solution as

o(r,0,t) = [Ahlél)(kf) + Bnlﬁz)(kr)](gﬁﬁéggg)e'iwt, ., (2.31)

where Iﬁl) and Igz) are the cylindrical Bessel or Hankel functions of

the first and second kind, depending on_the physits of the problem.



11

If a wave progressing through a medium enéounters an obstacle
immersed in the medium, scattering phenomenon takes place and the wave
field becomes different from whatvit'wou1d have been in the absence of
the obstacle. In general, the solution to the scattering problem of
an acoustic wave propagation in an infinite fluid medium, requires the
solution of the Helmholtz equation satisfying the bcundarycnnditfons
prescribed over a discontinuity surface, called scattefer. In order
to solve this problem, the usual method/of attack is to try to satisfy
the boundary conditions impending on the problem so as to obtain an
exact solution directly from the general solution (Eq. 2.31) obtained
by the method of separation-of-variables. However, this type of approach
is successful only if the geometry of the curve S representing the boun-
dary of the scatterer is such that.S coincides with an orthogonal curvij,/
Tinear coordinate system in which the Helmholtz equation seperates. Hence,
the analytical solutions are possible only for simple geometries 1ike
circular and é11iptic4cy11nders. Exact solutions are available for cir-
cular cy]fnders usfng circular polar coordinates and Bessel functions,
and for elliptic cylinders using elliptic coordinates and Mathieu func-
tions. Thus, for general boundary geometries one of the various apprbx—
imation techniques must be employed in the solution of the scattering
problems. The trénsitjon matrix formulation, éhort1y called T-matrix

method, is the latest technique developed for this purpose.
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111, T-MATRIX FORMULATION

In the wave scattering problems, as stated in the previous section,
the complexity of the boundary geomé%ry of the scatterer necessitafes
the use of a numerical method to obtain an approximate solution. 1In
the evaluation of the scattered wave field, especially af the far field,
the T-matrix method.is highly efficient and powerful computational pro-
cedure. It uses, depending on the dimensioné]ity of the problem, only
cylindrical or spherical wave functions even for bodies of arbitrary/
shape. . |

In the formulation, both incident and scattered waves are expanded
in series of the common wave functions, known as the basis functions,
satisfying the Helmholtz equation (Eq. 2.16). The unknown coefficients
of the scattered wave series are then related to the coefficients of

the incident wave by a transition matrix, called T-matrix.

3.1 .BASIS WAVE FUNCTIONS

A class of solutions for Helmholtz reduced wave equation. is the

wave functions in circular polar coordinates,

W(r.0) = (e,)”

. n Hgl)(kr‘)Tg(e) 3 . n = Os]a~--s°° 3(3']) .
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where Hgl)(kr) is the cylindrical Hankel function of the first kind,

Tg is given by

5 cos(ng) for g =1
Tn(e) =\ . R ] (3-2)
sin(ng) for g =2

and €, is the Neumann factor,

1 forn=20
€ = . (3.3)
2 forn> 0
Equation (3.1) can be written from the general solution (2.31) by simply
. (1) (1)
setting, I, (kr) - Hn (kr), B, ~ 0.
Assuming a time dependéncy of the form

o(rs0,t) = o et o (3.4)

) represehts.an outgoing cylindrical wave with respect to the origin of
a cobrdinate system located as shown in Fig. 3.1. Using the function
Hﬁ?)(kr) in Eq. (3.4) would give the functional form of ah;incoming
wave. However, if Hﬁl)(kr) is replaced by Jn(kr), the cy]indfica]

. Bessel function'of the first kind, we get the expressibn fdr a standing

wave,

@g(r,G) = (en)%dn(kr)Tg(e); =010 (3.5)

~ One should also note thét &ﬁ is the-regular part.of wg given by'Eq.
(3.1), and it corresponds to the real part of the latter when kr is
' real. The functions wg and ig are called the basis wave functions for

two dimensional scalar waves.
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Figure 3.1 - Geometry of an infinite cylindrical obstacle.

Recalling the orthogonality relations for the trigonometric

functions,

2m | 2T
S cos(md)cos(ne)de = —% S, s (3.6)
2

0 | (emen)

2T . o

i) sin(me)sin(ne)de v S R (3.7)
0 (emen)

2w L _

I cos(me)sin(ng)de = 0 . , (3.8)
0 . _

m
: ' . - . . o
one can write orthonogonality relation for Tn(e) over a closed curve as

where ¢, €, are the Neumann factofs and Gmn is the Kronecker delta,
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L OV 4o -
(emen) f Tty 99 2ms for o=v . (3.9)
Since, only the Hankel functions of the first kind will be utilized

in the rest of the work, to simplify the writing the superscript (1)

appearing on Hn(kr) will be omitted.

3.2 ORTHOGONALITY OF THE BASIS FUNCTIONS

From the divergence theorem, it can be shown that two arbitrary
scalar functions u(x,y,t) and v(x,y,t) satisfy the Green'svsecond
identity [18],

J (u 3¥ -V gﬂ )dS = sf (uv?v - vv2u)dA . (3.10)
C ) . A . .

S

. The u and v and their first and second derivatives are continuous in
a twd-dimensiona]-fegion of area AS bounded by the closed curve C.
The 3u/3n = A . Vu is the directional derivatiye along a enit normal
n which is pointed outward from the curve C. So far no restriction
has been 1mposed on u and v except the conditions of cont1nu1ty

Let u or v represent a scalar wave, sat1sfy1ng the He]mho]tz

equation written in the form

(V2 +k3u=0 (V2 + kv =0 (3.11)

A time factor exp(-iwt) is assumed for the wave.  When both u and v
‘have the same wave number, i.e., k] =‘k2 = k = w/c, the area integral

i on the right hand side of Eq. (3.10) vanishes identically-and we have
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f(u an - v —gﬁ+ods =0 . (3.12)

This result is valid for any two fuﬁctions u and Q, so long as they
satisfy fhe same wave equation, and the aforementioned conditions of
continuity. For acoustic waves, u and v are the usual velocity
potentials.

For the problem of scattering by an infinite cylindrical boundary,
consider the geometry shown in Fig. 3.2, where the curve S represents'
the boundary of the scatterer while S, and S_ are somewhat arbitrary
circular curveé outside the scatterer. By ut111z1ng Egs. (3.9) and
(3.12), the following orthonogonality cond1t10ns can be established :

for the basis wave functions over the circle S+:

. oy
Iy ———9- j, 5o)ds =0, (3.13)
S, q
P v
9y —Pygs =
[ (b =5 = Vg n 095 =0 - (3.14)
+
o o | |
g 5 Myas - (s
! (W 55— = g 54 = (-41)8 (3.15)
4

For simplicity in writing, only the subscript which indicates the order

of the Bessel functions is retained, that is,

lp .

D w ) b

o v

. etc. 3.16
o N | ete (3.16)
The proof of the first condition is rather simple. Let the region

A_ in Eq. (3.70) be bounded externally by the circle S, of radius r = ry

S
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as shown in Fig. 3.2. Note that both @p and @q and their normal deriv-
atives are continuous within S,» that is, Jp q(kr) have no singularity
inside S, and furthermore they satisfy the wave equation (3.11) with

k] = k2 = k. Thus, Eq. (3.13) is a special case of (3.12) with u = ﬁp

1~3

+3
D
>

-
wn N

Figure 3.2 - Geometry for a constant cross-sectional scatterer.

The same proof, however, cannot be applied to the functions'xpp
and wq because the origin r =0 is a singularity point fOf Hp’q(kr).
For the proof of Eq. (3.14), we consider a region bounded intérna]]y’
by S, (r = r;) and eXterna]ly by S(r ; r.), (Fig. 3.2). IWithin this

region, bdth wp q dnd awp q/an are reqular, and Eq;-(3.12)rreduces to
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oy v oY Y]
_ Py, =P — 9. —P)ds =
£+ (W 5n = ¥ gn Jds + ! (g = ¥q n0ds = 0, (3.17)

where we have replaced u and v by wp and wq, respectively. Note that,
while the outer normal along S_ is in the negative direction of the

unit radial vector e, it is in the positive direction along Sm. The

e,
negative sign in front of-fhe integral along Sy is 1ntr6duced because
the normal derivative 5/3n is taken to bg in the direction of e, along
both curves.

It is seen immediately that both integrals in the above equation
vanish identically when p = q. When Uy differs from Uge it can be shown
that each integral vanishes due to the orthogonality condition given by
Eq. (3.9). To show this, note that‘a/an =3/3r and ds = rde along the

circular curves S+ and Sw, and -

—P - .0 R L% Gy
5 (ep) T 9) T (Ep) Tpka(kr) , (3.18)
1] 1 aH_(kr) X '

—9. S yELY N . Vit .
a7 (eq) Tq(e) T eq) quHq(kr) , (3.19)

where primes denote derivatives of the Hanké]‘functions with respect
to their argument. Substitution of these into the integral a1ong S%

in Eq. (3.17) yields

.. )ds = é [(ep)lﬁTg(eq)l’ZHp(kr)'kHé(kf)

;m'\.
—

+ +

—_(eq)%rg(ep)%Tqu(kf)kHé(kr)]ds . (3.20)
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Since r # r(6), one can write the above equation in the form

£+(...)ds = kr[Hp(kr)Hé(kr) - Hq(kr)Hé(kY)][(epsq) ?ﬂTpTéde] (3.2])
One can see that the expression in the second bracket is the same as
that given by Eq. (3.9). Thus the integral over S, vanishes if p # q.
Going through a very similar procedure, one can show that the integral
over S_ also vanishes for p # q. This completes the proof of Eq. (3.14).
From this proof it is seen that the circle S, can be replaced by any ”
other circulér curve, not necesséri]y centered at the origin of the
coordinate system. |

To prove Eq. (3.15),'1et the region of interest be thé same region
as in the preceeding case and let u = wp and v = @q in Eq. (3.12). ’

Since they are continuous within that region, we can write

Jjg - 3 g . 3

) = -

é (wp an lI)q an )ds g (wp an wq an )ds‘. (3.22)
+ 0

Again, if p # q, one can‘show by giving a simifar proof as for Eq. (3.17)
that the integralé in the above expression vanish. However, they do
not, when p = q. .

To evaluate the integral on tﬁe.right-hand'side, Tet S_ hecede»

to infinity. The asymptotical expressions for w and @q as r » « are [2]

g (e )1/ Uﬁnk o1 (kr-my) i (3.23)

=
]
P}
M
g
N
o
_~
—_
z
"
=)

=
it
~
™M
S
N
[«
——
=~
-
p—
—

Z (e )%Tg Jmkr cos(kr—ﬂq) . (3.24)



where ™ = (2p + 1)w/4. Recalling that, [2],

oH_(kr) . K ‘
———g;——— = ka(kr) = -5—{Hp_1(kr) - Hp+](kr)] . (3.
3d_(kr)
q = k] = K
o qu(kr) = [Jq_](kr) - Jq+](kr)] . (3
and as r » o ,
Hopq (k) = +iV277kF o1 (kr-mp) : (3.
qu](kr‘) ~  +/2]mkr sin(kf““q) o, (3

the asymptotic expressions for awp/ar and B@q/3r can be written

3 . |
—EFP— 3 ik/2/ukr e'l(kY‘-'sz)(ep)l/zTg N (3.

. . .
—9 % _x/7kr sin(kr-ﬂq)(eq)%T

AV]
or q

(3.

25)

.26)

27)

.28)

as

29)

30)

Substituting the'expressions (3.23), (3.24), (3.29) and (3.30) into

Eq. (3.22), one obtains

o oY : .
i Pyge = [ (- 2] L o v i(kr-m,)]
é (Wp -gﬁg' Yq TIm )ds é (- — )[(Epaq)szqu T

+ ' L o

X [cbs(kr—nq) - isin(kr-wq)]ds

20
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[-

- 2“ .
2i A Y i(mg-mp)
. ][(Equ) Of Tqude][E_ qQ7"p/]

[- —%§~J[2n6pq][ei(ﬂq-ﬂp)]

-4 . )
16pq | (3 31)

This completes the proof of the third orthogonality condition (3.15).

3.3 WAVE FUNCTION EXPANSIONS g

Consider a cylindrical inclusion of cross-sectional area Ac’ bounded
by a closed curve S, and let a plane wave u1(r,e)exp(—imt) be incident
upon this inclusion, as shown in Fig. 3.3. Then, the total wave field

u(r,s) in the medium will be composed of two parts; the incident wave,

i .5 .
u , and the scattered wave, u~, i.e.,

u(r,6) = ut(r,8) + uS(r,6) (3.32)

For notatidna1lconvenience, the time‘factor exp(-iwt) will be supressed
in the rest of the work.

Both incident and scattered waves can be expanded into a series
of the basis functions in the form

s . '
u = A ZCm\Dm s (3°33)

mm ’ .
where A is the constant amplitude factor of the incident waye; a, are
the incident wave coefficients which can be determined uniquely for a
éiven incident wave type, and c, are the unknown coefficients of the

.scattered wave. The coefficients Cp> @S will be shown, can be determined
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D

1)

D

£

Figure 3.3/— Geometry for a plane wave incidence on a cylindrical
scatterer. '

by making use of a trénéition matrix (T—matrix)‘which relates to Ch

to s by

c = 2T a : | (3.34)
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3.3.1 The Incident Wave Field

Any known incident wave can be expanded into a series of the

basis functions @m as defined by Eqs. (3.5) and (3.i6), [12],

u'(r,8) = A Zam@m(r,e) = Amgo 021 ag@g , r‘< r_. (3.35)
Since, &m are regular at the origin (r = 0), taken to be inside the
surface S, the series converges unifocmly within a large circle S_

of radius, say, r_. For plane incident waQes, S, is at the infinity.

In Eq. (3.35) and in the following equations, for the simplicity
in writing, the double sum will be represented by a single index and
summation. Since the index m is an abbreviation for the two 1ndfces
m and o, the symbol I means summation on ¢ from 1 (even) to 2 (odd) and
m from 0 to . |

" Consider a plane incident wave with its wave normal perpendicular
to the axis of the statterer, as shown in Fig. 3.3. This wave can be

represented by

ui - Aeikrcqs(e-a) ‘ (3.36)

‘asfdefined in section (2.3.1), where the time factor has been omitted.
If the plane Wave expression given in Eq. (3.36) is expanded into a
series as defined by Eq. (3.35) then the coefficients ag can be determined
as explained below.
Trigonometric Fourier series eXpansion of an even funétion f(x),

.in the interval -L < x <L is given by



24

oo a .
f(x) = ¢ €, —7§—¥cos 5%5- s (3.37)
n=o .

where o is the Neumann factor, and

: 2L
a, = "%—j ; f(x)cos X dx . n=0,T,...,0 (3.38)

n 0 L
If we now consider the function f(x) to be of the form exp(izcosg)
where we have replaced x by g. If this function is defined in the

interval - < B < 7 then its Fourier series expansion is

. 0 a » .
e'2C0SB - & € g‘ cos(ng) . (3.39)
n=o0 . '
where |
/
1 2T Ssc0sg : | :
a = = f e 8 cos(ng)dg . (3.40)

0

Rec&]]ing the integral representation of the Bessel functions [19],

2T . .
2mi™ (2) = s &' 2%°F cos(np)dg (3.41)

0

equation (3.39) can be written as

snian(z)cos(nB) . ‘ (3.42)
0

izcos
e B =

o8

n

In okder fo obtain the Fourier series expansion of the expression given
by Eq. (3.36) one then has to replace z by kr and 8 by (6-0) in Eq. (3.42).

Doing so one gets
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olkreos(e-a) _ 5 snian(kr)COS[n(ﬁﬂX)]

n=o0

o]

X enindn(kr)[cos(ne)cos(na)+sin(ne)sin(na)]. (3.43)
n=o0

Rearranging Eq. (3.43) as

. oo 2 )
ereosl®a) = 5 3 [(e, V20, (kr)SOSIMONIp (e yein COS(m)y (3 4y

n=o0 O—:] Sin(ne) n Sin(na)

~

and then comparing with Eq. (3.35), the coefficients a% of the incident

plane wave are found to be

i
—_—

cos(my) 3 o =
o _ 1.
an = (em)21 . (3.45)

sin(my) ;3 0 =2

3.3.2 The Scattered Wave Field -

The scattered wave field can be expanded into a serjes in terms
of the functions Y 1-045
2

A = chc s r>vr
m=0 g=1 MM -

u*(r.0) = Az, (r,e)

Note that by, are fegu]ar outsideftﬁe region enclosed by the cufve S,»the |
boundary of thevinc1usion; Thus, the above series converges uniformly

~ outside and on a circ1e'S+, enclosing the inclusion (Fig. 3.3). The
radius-r _ of S+'is yet unspecified, and it can be ascertained when the

unknown coefficients ¢, are found. :

BOGAZIC GiNIVERSITES) KGYUP}:A;\:gsr
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To determine Co consider a region which is bounded internally
by S, and externally by S.. Furthermore, to apply Eq. (3.12) for that
region, let v be @m, and u be the total wave field as defined in

Eq. (3.32), that is

Y

u(rse) = u'(r,e) + u(r,e) (r inside S_, outside S). (3.47)
At the boundary S one writes

+
- aulr,e) o su 7
u(r,g) =u n on ; {(ronsS) . (3.48)

Both u, and_au+/an are unknown quantities at the surface S, where
(+) indicates that we approach S from the positive direction of n.
Substituting Eqs. (3.35), (3.46) into (3.47) and evaluating it

on S, we gef
u(r,e) = A zaj@j(r,e) + A zcjwj(r,e); (rons,) . (3.49)

Sincé both series are uniformly convergent on the surface (circle)

S,» one can differentiate them term by term to obtain

-~

3. (r,e) s '
du(r,e) - hanRiaad z i,
= A Zaj o + A Cs Hp (r on S+) . - (3.50)

Substitution of the expressions (3:48), (3.49) and (3.50) 1nto_Eq.

(3.12) where the contour C is made out of two curves, S and S,»gives

-~ -~

oy oot _ ) » 5
+ _“'mo_ s _du .
£ (" =5 =y p)ds - L AL aghy + D cgig) =5
> Sy 03 J
3. T .
. i ; ]
“ (T ey gt Tey —pS)lds =0 (3.51)

J
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" Rearranging the above expression, we get

T YR | S T
LWt - by S1)ds = A 17 (0 n Uy —5p)ds]
+
Rl Gy g 2
?cj LW 3 " m ETRALE (3.52)
+

The integral associated with aj vanishes according to the orthogonality
condition (3.13), and that with cj/is the same as the integral in Eq.
(3.15). Hence the right-hand side of the preceding equation reduces

to Ach(-416jm), yielding

o) +
+ m - _ou - _ps
g(u s = U o ds = -4iAc, . (3.53)

/

Sim11ar]y, replacing v in Eq. (3.12) by U2 ad applying the

orthogonality conditjons (3.14) and (3.15), one obtains

+ O au”
an ~ ¥m Ton

J(u Jds = 4ifa_ S (3.54)
[Equation (3.53) states that the unknown coefficients Ch of fhe
series representation for the scattered wave is determined by an integral
of the surface 'sources,u+ and au+/an, over the boundary of»the'scatterer.
These two sources, u¥ and au+/3n, are not independent of each other and

are related by Eq. (3.54) where a, are khown. , |

. + .
The unknown quantities, u" and au /3n, are to be determined from

~preécm‘bed boundary conditions.
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3.4  BOUNDARY CONDITIONS

In connection with the above formulations, two boundary condi-
tions are of great importance in scattering problems, namely the

Neumann and Dirichlet boundary conditions.

3.4.71 Neumann Type Boundary Condition

In the case where the inclusion is a rigid one, the normal com-

ponent of the velocity field should vanish on the boundary, i.e.,

Bu+
an =0 | s (3.55)
or equivalently, from Eq. (3.47),
. ) . /,/'
s i
du” _ _ _au : .
an " Tan ‘On S . (3.56)

Such a boundary condition is known as the Neumann type boundary
condition.
The other surface quantity u+, which is unspecified, can be
represented [1] as a series of the reQu]ar wave fbnct?ons@j, that is,
+ - N
u = AL a.yP; R on S R (3.57)
NN - .
J
where ag are the coefficients of the surface field.
Substitution of Eqs. (3.55) and (3.57) into Egs. (3.53) and

' (3.54) yields

M 4s] = -4ic_ , o (3.58)"

T a.l

v -
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. Wy d -_' . ) ' .
?u‘][é l!)J n s] = 41am . (3.59)

The above pair of equations show that both scattered field coefficients
Cn and incident field coefficients a, are related to the unknown surface
field coefficients 05 If the latter are eliminated from these two
equations, the c, can then be expressed directly in terms of a - Before
going into the elimination procedure, it will be better obtain the cor-
responding pair of equations also for Dirichiet boundary condition.

~

3.4.2 Dirichlet Type Boundary Condition

The Dirichlet boundary condition in acoustic wave scattering
corresponds to the case,where_we'have a cavity inside the fluid medium.

Thus, the pressure vanishes on the surface of the cavity, i.e., a
, on S . (3.60)

The unspecﬁfied surface quantity'8u+/an, in this case, can be
represented [1] as a series in terms of the normal gradients of the
regular wave functions, that is,

| + .

ou’ j o |
M-zt . o S (3.61)

Equations (3.60) and (3.61) are then substituted into (3.53) and (3.54)

to obtain
, P
-r 1 J = ~4ic . . 3.
?aj[ é Yo Thm ds] bic, , | (3.62)
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5. _ »
f U -3 dsT = i
§aj[ £ n o ds] = 4da_ . (3.63)

The above two equations, -together with Eqs. (3.58) and (3.59)
obtained in the preceding section, form the basis for deriving a

transition matrix relating the coefficients n to a directly.

3.5 THE TRANSITION MATRIX

One can define two matrices with elements Qjm and Qjm’ which are,

in the case of Neumann boundary condition, given by

1 L -
T e | - (3.64)
U = d b gim ds (3.65)
and in the cége of Dirichlet boundary condition, given by
Uiy = - ‘l—g‘i’m ?:J ds (3.66)
Q= %‘g U %ds : S G

As can be eési]y seen in both cases, the elements of the Q matrix are .

simply the real part of the elements of the Q matrix, i.e.,

Q.. = Re(Q.

n = RelQy) . | (3.68)

Now, substituting the corresponding Q and Q matrices into Egs.

(3.58), (3.59), (3.62) and (3.63), we obtain
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i§aj6jm =c | , (3.69)
-i?anjm== a . (3.70)

The equations (3.69) and (3.70) can then be expressed ih matrix form,

i = ¢ , (3.71)
-iQ% = a ; (3.72)

where (t) denotes the transpose matrix. Elimination of the unknown

surface field coefficient vector o from these two equations yields

) 'la=Ta . | | (3.73)

2 —

o
The T is called transition matrix which be]ates the scattered wave

fie]d diréct]y to the incident wave field. As shown in Ref. [1,20], -

the T-matrix is symmetric, i.e., Tt

-~
~

= T, it can thus be determined

from the re]dtion

QT = -Q \ (3.74)
or, .
1=-070 (3.75)

3.6 ° STRUCTURE OF THE Q-MATRIX

As given in Egs. (3.63—67); the elements of the Q-matrix are given
by integra]s‘involving basis wave functions and their normal gradients.

 These -integrals are evaluated along the boundary of the scatterer. We




should note that for a given incident wave field (given wave number)
the elements of the Q-matrix are fixed when the geometry andvthe
boundary type of the scatterer are given.

In order to understand the structure ofﬂthe Q-matrix better,
one should restore the full index notation of the basis functions,

that is,

wj(r,e)sw}’(r,e) . ¥ (r8) =ui(r,8) , etc. (3.76)

”~

With this notation, Egs. (3.64) and (3.66) take the form

v
oY v ’
ov _ | ~O m )
Qjm —E-£ wj ™ ds . _ (3.77)
A =
ov _ _ _1 AV J- : /
Qjm = -7 é Uy TS ds - (3.78)

respectively. From these expressions one sees that the Q-matrix

actually consists of four submatrices, that is,

: | (3.79)

where, in the case of Neumann boundary condition,

. 1 :
Qi = 1 r gl s (3.80)
jm 4 351 an ?
oY _ ~ :

12 - 1 Nl m T 3.81

R S LN (3.41)
1

21 o _J ~2 m : _ 3.82)

.Qjm 4 é lPj on ds (3.82)
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PR B |
Qjm'"Té‘Pm TR (3.84)
1 203
12 = o
Qn 2 éxp,ﬁ a4 (3.85)
_ alk
Qﬁﬁl"Tg‘% o ds (3.86)
a2 |
22 - _ 1 J
Gn=- [ dhmids - | (3.87)
Note that wg and @g are given by g
@;(r,e) = (en)%ﬂn(kr)cos(ne) R (3.88)
02(r,6) = (e, ) (kr)sin(ng)  (3.89)
1 - i ’ |
wn(r,e) = (en)zdn(kr)cos(ne) . (3.90)
Ay _ 1 L
wn(r,e) fl(en)zdn(kr)s1n(ne) _— (3.91)

Depending on the geometry of the scatterer, the Q-matrix has the
following properties: |
For seperable geometries, 1.é., for the circle and ellipse, the

Q-matrix is symmetric [1], that is,

gt:g | . ; - (3.92)
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“or in explicit form
11 = nii 22 = 022 12 -
Qjm Qmj s Qjm Qmj s Qjm Q;B . (3.93)

Anothér important property is that, if the cross-sectional
geometry of the scatterer has a mirror symmetry with respect to
x-axis, i.e., across the plane y = rsing = 0, so that r(s) =Fr(2n-e),
theén the integrals involving the mixed products of.sines and cosines

will vanish and we get

12 = nN21 =
Qjm , Qjm 0 B (3.94)

and for the nonzero matrices, Q'! and Q2%2, the integrals are to be
evaluated only by considering the half of the boundary.
If the boundary of the scatterer has symmetry with respect to -~

both x and y-axes, then [1],

Qjmv= 0 if (j+m) s odd. (3.95)

Also, for such'bOUndaries; real part of the Q-matrix is .symmetric

[21], i.e.,

t

(3.96)

RLO>
2.0

Note that, for seperable geometries both real and imaginary parts are
symmetric.
3.7 PROPERTIES OF THE T-MATRIX |

In the light of the notation of Eq. (3.79), a corresponding block

"notation can be used for the transition matrix in Eq. (3.75),
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-1
X

—
—
[
N

T11 T12 Qll Q12
= = = - x ~
021 Q22
R x

(3.97)

[
—
N
[N

RO RO

T21 T22

N 1O

For the boundaries having mirror symmetry with respect to x-axis,

Eq. (3.97) reduces to the two (single) eduations

22" (3.98)

~
=

T = _(Qll)'lﬁll , T22 = _(sz)‘l

O>

Because of the reciprocity principle and energy-conservation
requirements, as shown in Refs. [1] and [20], the T-matrix is always

symmetric, i.e.,

t

Q-

=T : . (3.99)

and ‘
/-

Q—
Q-
*
1

= —Re(T) | . (3.100)

~
~

where the asteriks (*) denotes the complex conjugation and (Re) means
the real part7 These properties are valid for all geometries and can
be used to check the accuracy in the numerical evaluations of the

T-matrix.

3.8  PRESENTATION OF THE SCATTERED WAVE FIELD

The scattered field coefficients Cp? which are to be evaluated

through the relation (3.73), can be written in a compact form as

o oV_V )
<= 1z 1% o, (3.101)
n,v

or, in block matrix notation,
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1]

1 Tll T12 1

Iy

(3.102)

O

T21 T22 2

P

One can then write from Eq. (3.101)

1 _ 9 T11.1 L1122 ' :

ci = ¥ Tilal + ¥ Tl2 s m=0,T,...,2 , (3.103) .
M = MN o Cymnn ) )
2 _ 21.1 222 ‘

cc = I T2lal' + © T224 R m=1,2,...,°2 , (3.104)
m = ™M Dy omnn . T

where

al = (E )]yz.n ( ) 2 . )1/21'1 .

0 ) icos(na s A= (en i"sin(na) . .(3.105)

By using the above notation and omitting .the time factor, the -
7/
incident and scattered wave fields can be rewritten as

L

u' = Az (en)zdn(kr)[a;cos(ne) + aﬁsin(ne)] , r<o ,(3.106)

© 1 .
u> = Az (en)an(kr)[c;cos(ne) + cgsin(ne)] , r outside S

(3.107)

Once the.coefficients of fhe scattered wave field are determined
numerically, the scattered fie]&_ié known. Varijous field qUantities
such-as the velocity potentials in the near field, surface field boten—
tials, far fie]d‘amp11tudes and scattering cross-sections which are
of intefest in the acoustic wave scattering prob]emsvcan then be

calculated.
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3.8.1 Near-field Solutions

The velocity potentials due to the scattered wave field at finite
distances from the scatterer cén be obtained from Eq. (3.107). In the
case where the near-field solutions are concerned, generally the quan-
tity of interest is the distribution of the ve]ocity‘potentia1 on the
boundary of the scatterer due to scattered wave field. However, this
distribution can not be evaluated by the T-matrix formulation directly,
because the series representing the scattered wave field is not complete
on the surface of the scatterer and hence Eq. (3.107) is not valid on 
S, [1,12]; The series is complete only on a circular surface, say S4s
which is outside the scatterer as shown in Fig. 3.3ﬁ It is possible
to evaluate the velocity potential distribution from the intermediate
steps of the T-matrix formulation. For this burpose, one can writef‘

from Eq. (3.47) and (3.48),

uF(r,0) = u'(r,8) + u3(r,8) r on S, - (3.108)
or

u> =u - u. , r on S . . (3.109)

In the case of Neumann boundary condition, substitution of Egs. (3.35)

and (3.57) into Eq. (3.109) yields
S _ ~ R i N .
u> = A Zunwn A za v, , r on S , (3.110)

where u” is the total wave field at the boundary and o, are the unknown
surface field coefficients. .One can immediately see that the unknown
coefficients'an can be uniquely determined through the Q-matrix by .

so]vihg the matrix équation (3.72). Substituting the expressions for
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@n in the above equation and rearranging the terms slightly we get

WAz (o)W (ke - allcos(ng) + (a2 - a2)sin(ne)] ,

r on S ,(3.]11)

In the case of Dirichlet boundary condition, however, the scattered

wave field on the boundary is simply given by
u” = -u , on S . , (3.112)

and hence it needs not be eva]udfed.

It should be noted that, for a circu]ar'cy11ndrfca1 scatterer,
the surface fie]d potentials due to scattered wave field can still be
determined from Eq. (3;107) directly, because, in this case, the cir-
cular surface S, can be arbitrarily replaced by S so that the outgéing
wave series.iﬁ Eq. (3.107) 1is complete also on the boundary of the
scatterer. |

The near-field results, in fact, héve very 1itt]e practical sig-
nificance and they are of é]most.noAinterest in app]icétions such as

non-destructive evaluations, remote sensing etc.

3.8.2 Far Field Solution

‘From the practica]ipoint of view, the far field amp]ifude‘is thé
most important quantity to be determined in the acoustic scattering
prpb1éms.

The expression for the scattered wave field at distances far

from the scatterer is obtained from Eq. (3.107) by using the asymptotical
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- form of the Hankel functions. The asymptotical representation of

Hn(kr) as r >« is given by, [2],

118

Hﬁ(kr) 27k eiLkr=((2n+1)/4)7] i (3.113)

and after simple manipulations, one gets

H (kr) 2 VZ7iTkr glkr 4on . : (3.114)

Then, substitution of Eq. (3.114) into Eq. (3.107) yields

. o :I/ _
uS = e1krV2/iﬂkr Az (e )% n[c;cos(ne) + c;sin(ne)] , P>,

n=o "
(3.115)
One can also write Eq. (3.115) as
oS = ' KR f(e) . (3.116)

where f(8) is the far field amplitude describing thé_angu]ar variation

of the scattered field at distances far from the scatterer and it is

given by
oo ]/ - ‘
f=A 2 (e)% "clcos(ns) + c2sin(ng)]. (3.117)
n=o M n n" | |
In the presentation of the scattered wave field results, fhe
fie]d'quantities given by Eqs.,(3.107), (3.111) and (3.117) ‘are first
non-dimensionalized through dividing them by the constant amplitude
factor of the incident wave A, and then the angular variations of

~ their norms, i.e., |u®/A|, If/Allversus 6, are plotted in polar coor-

“dinates for the regions of interest.
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3.8.3 Total Scattering Cross-Section

In two dimensional wave scattering problems, the total scattering
cross-section is defined as the ratio between power generated by the
scattered wave over a circle with Targe radius around the obstacle and
the power per unit area generated by the incident wave, and is given.

by, [13],

2w :
tot _ _1 - :
O = —— J o(8)de , » (3.118)

0

o

where o(8) is the differentia]vcross—section,
o(6) = |f(6)]? . | (3.119)

The total scattering cross-section can then be written in terms of

the scattered wave field coefficients as
(legl® + 1efl®) (3.120)

The ébove quantity is generally used td check the convergency
of the scattered wave field results obtained by the T-matrix formula-
tion and employed in the selection of the T-matrix size to be used in

the calculations.
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IV, NUMERICAL EVALUATIONS

This chapter is devoted to the applications of the transition
matrix method described in the previous chapter. - The examples pre-
sented include cylindrical rigid inclusjons and cavities with circular,
elliptical, rectangular and triangular cross sections. Some of the
‘results obtained have been4compared with the known exact and approxi-
mate solutions, [9,22].

In the numerical evaluations, an incident plane wave as given

by Eq. (3.36) has been considered and both the "near-field" and, mainly,

the "far-field" results have been obtained for various angles of inci-
dence. The results have been presented in po]ar'grephica]‘forms, as
discussed in sections (3.8.1) and (3.8.2).

The basic steps in the computation of the scattered’wave field

using T-matrix method can be outlined as follows:

a) Description of the boundary geometry of the scatterer,

"b) Numerical evaluation of the boundary integrals for the

~generation of the Q-matrix elements,
A ¢) Inversion of the Q-matrix and creation_of the T-matrix;

| d) Calculation of the scattered field coeffieients through

: Tfmatrix,
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e) Evaluation of the scattered field for various incidence

angles

f) Check for the convergency of the numerical results by
checking the convergency of the series, Eq. (3.120),

representing the total scattering cross section.

Note that, if the convergency of the total scattering cross
section is found to be insufficient at the end of the calculations,
the steps (b) to (f) should be repeated by using a Q-matrix of the

larger size.

4.1 GENERAL PROCEDURE FOR THE EVALUATION OF THE
' Q-MATRIX ELEMENTS

In order’tb generate the Q-matrix one shoqu evaluate the
integrals given by Egs. (3.77) and (3.78) either analytically or
numerically. Analytical evaluation is possible for only circular
geometry, because r # r(6) for circle and the bpundary’infégra1s
reduces to simple trigonometric integrals. For general boundary
. geometries, the‘boundary integrals are to be eva]uated'numekica11y.

In order to illustrate the prqcedufe‘fo]]owed in the computa-
tion of the Q—matfix'e1emehts, the derivations of the necessary analy-
tical and numerica]_expreésions are presented here for only the 811
matrix for the rigid iﬁcfusion case:

~To obtain the elements of the 911 matrix, first, it is helpful ;

" to write Eq. (3.80) with slightly different notation as
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Oy = = £ Lids-w(r,a)Jiire) (4.1)

where n is the unit normal vector and V is the gradient operator. To
~ put the above expression into a form which is suitable fof numerical
calculations we need the explicit expressions for the terms inside
'the integrand.

Consider Fig. 4.1 for the evaluation of the term nds. As the
incremental quantities As, A8, Ar become infinitesimally sma]] (e ~ 0),

we can write
n = g.cosy - ggsiny , (4.2)

where e, and ey are the radial and tangential unit vectors, respectively,

/

and
AY , & e
~ ﬁ
Iy /'I
Ay yd
\ 4
> \'e
As \\ €
\
AN
A\
_ge
r
r
’ S
AB
6
\ R

Figure 4.1 - Geometrical repre§entation of the unit normal vector.



do . :
CoSY = SS R siny = —%2— . (4.3)

Hence, from Eqs. (4.2) and (4.3), one obtains

1 dr o

ﬁds=r‘d6[gr- e

(4.4)
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As to the term vw%(r,e), using the gradient expression in polar

coordinates,
v=—2—¢ T S R (4.5)
or —r r 38 -8B > ’

one can write

Vi = (em)%[g;kHé(kr)COS(me) - e, —— H (kr)sin(me)] . (4.6)

& T

Note that
Halke) = 5= Dy (kr) = H g (k)]
= D (kr) - g (k) : (4.7)

thus, Eq. (4.6) reduces to

vl = (gm)%{g%k[-igf-Hm(kr) = Hyq (kr)Jcos (mo)

[ —%¥-Hm(kr)sin(mé)} . (4.8)

From Eqs. (4.4) and (4.8), one then obtains
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~ 1 “ ’
nds-vyy = (eg) rdotk[—T—H_(kr) - H__. (kr)]cos(mo)

_m__dr
r? ds

+ -Hm(kr)sin(me)} . (4.9)

Finally, substituting Eq. (4.9) and corresponding expression

for @3, i.e., Eq. (3.90), into Eq. (4.1), and also writing dr/de as
1/k[d(kr)/d8], one gets ‘

(e.c )1/2 2m

QE% = __JEE__ Of de{Jj(kr)cosje}{[mHm(kr) - erm+](kr)]co§(me)

+ £; Hm(kr)sin(me) —é%—'(kr)} . (4.70)

The quantities r and dr/de both being functions of 6, i.e., r = r(e), -

. /
‘d[r(8)]/de, are to be determined from the analytical equations describing

the geometry of the boundary of the scatterer of’interest. One should
also notice that 'r' always occurs as kr(8) in the expression for the
Q-matrix elements. Therefore, in the numerical evaluations, it is
sufficient to specify the wave number in a non-dimensional form, say
k%, where 2 is a characteristic length in the problem, and/the non-
dimensfona] ratios of the geometry parameters such as aspect ratio,
corner radius ratio etc. |

As stated earTier,.ih general the angular integrations in Eq.:

(4.10) which are of the form

2T . v ' .
‘1= [ F(9)do . on S - (4.11)
0
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can be carried out only numerically. The first step in the numerical
evaluation of these integrals is the subdivision of the boundary S

into N number of intervals Asi each subtending a central angle of Aei

X
/o
Figure 4.2 - Boundary subdivision.
such that, as shown in Fig. 4.2,
N V. N ) . .
L AS. =S , T MG, =2m - . (4.12)
. i - i
i=1 i=1
The integral given by Eq. (4.11) can then be written as
N - _
1=t [/ F(e)de]l , on S . (4.13)

i=1 28,
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Having divided the boundary into N suitably small segments, one
should next approximate the integrals which are to be evaluated sepa-
retly for each angular interval Aei. This approximation can be made
by using the Simpson's rule of any order. Hence, one can approximate
the angular integrals in Eq. (4.13) in the‘form (see Appendix A)

A9

P .
; F(8)ds = C ——l- % F(e + qlae;/P1) x w

q b ]
Aei gq=0

(4.14)

-~

where P 1is the order of the Simpson's ru]é used, Cs is a constant
multiplication factor and wq are the weighing factors. Note that,
Cs and wq are fixed numbers depending on the order P. Substituting
Eq. (4.14) into (4.13), one gets
C. N P Y

I=—g— % = A6;F(s, +q[a0,/PDw, , on S. (4.15)
i=1 q=0 33 @

Finally, applying the above expression to Eq. (4.10) and using
the geometrica]‘definitions‘shbwn in Fig. 4.3, one obtains the desired

" numerical expression for the computation of the Q'!-matrix elements,

(e.e ) C. N P

il ~ Jm S o
Um =7 P 151 qfo (Aei)wq{Jj(kriq)cos(Je]q)}
X {[mHm(kriq) kr1qu+]( )]cos( 619)
m o d(kr) . o
+ g Hm(kriq)s1n(meiq)[ d6 Jiq) > Tiq On S- (4.16)

The analytical and numerical expkessions obtained for the other -
Q-submatrices, for both rigid inclusion and cavity cases, are given in

Appendix B and C.
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ASi(Lm interval)

integration points

V><

Figure 4.3 - Interval subdivision.

4.2  CREATION OF THE T-MATRIX

After computing the Q-matrix e]ements according to thé procedure
outlined in the previous section, one canvthen create the T-matrix.
But, before going'into the evaluation of the T-matrix, one should
perform the following coﬁditioning on the Q-matrix, [21]. Because of
the behavjour of the Hénke] functions appearing in the e]ements:of the
Q-matrix, the imaginary parts of the elements of the Q-matrix will tend
" to grow to very large numerical values for the eTementS'above the dia-

-gbnal. In order to avoid the loss of precision due tolthe finite
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precision arithmetic employed by the digital computers, it is conve-
nient at this point to set the imaginary parts of all the mentioned
elements to zero, by Gaussian elimination.

The T-matrix can be evaluated, as discussed ear]ier, using the

matrix equation

&

-1
= _Q X
=5

QOO

(4.17)

which first requires the inversion of thg Q-matrix directly by using
a standard matrix inversion technique.v However, from the point of
view of numerical accuracy, this evaluation can be performed more
effectively by first transformihg the Q-matrix to a Qnitary matrix

Q

Qunit and then applying the fo]]dwing matrix equatioh, [20,21],

*

1= —[Sunit]t x Qnied > | (4.18)

/o

where the symbols 't' and '*' denote the matrix transpose and the
complex Conjugaté, respectively. This transformation, i.e., Q to

2

'Q .., is done by Schmidt orthogonalization [21].
unit

~
~

4.3  NUMERICAL EXAMPLES

In this section, the numerical résh]ts obtained by the applica-
tion of the T—matrix method to the cylindrical rigid inclusions and
cavities having circu1ér, elliptical, réctangu]ar (round cornered) and
triangular (isosce]eé) cross sectional geometrﬁes‘are presehfed. The

;1hcideﬁt wave considered, as stated earlier, is a p1ané acoustic wave

‘with constant velocity c, angular frequency w, and wavelength XA = 2n/k.
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The scattered wave field is computed for various non-dimensional wave

numbers, k%, and incidence angles, .

4.3.1 Circular Cylinders

The equation of the boundary of a circular cylindrical scatterer

in polar coordinates is simply

r=a . (4.19)
Y
A
/
k 0 X
- a >
incident S
p(ane wave

Figure 4.4 - Geometry for the circular cyiindrica] scatterer.

where a is the radius of the circle, as shown in Fig. 4.4.  From

Eq. (4.19) one easily sees that r # r(8), thus,

[dr/de] =0 . | | (4.20)

The polar plots of the scattered field results obtained for

the rigid inclusion and cavity cases are presented‘in Figs. 4.8 to
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4.10. Note that, due to the rotationa] symmetry of the problem, the
scattered wave field is to be computed for only zero angle of incidence,

. 0
i.e., fora=0".

4.3.2 Elliptical Cylinders

For the evaluation of the boundary integrals one needs the

equation of the ellipse and the angular variation [dr/de], which are

-~

given by

=

—

[en]

~—
1

= a[cos?6 + (b/a).zsinze]l/2 . _ (4.21)

55— - al(b/a)[(b/a)? - 1]sin6coss[sin%e + (b/'a)zcosZe]“s/Z},
| (4.22)
where 2a and_Zb are the major and minor axes, as shown in Fig. 4.5.
. The polar plots of the near and far field results obtained
for the rigid inclusion and cavity cases for various ka va]qes and

aspect ratioé (b/a) are presented in Figs. 4.11 to 4.18.

incident
plane wave

Figure 4.5 - Boundary geometry of the elliptic cylinder.
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4.3.3 Rectangular Cylinders

In the application of the T-matrix method to rectangular cylin-
ders, a round cornered type rectangular cross section is considered.
To describe the boundary geometry, the following geometrical defini-

tions are made first;

v = arctan[(b/a - rc/a)/(l - fC/a)] . (4.23)

(D/a) = (1 - rc/a)/cosy ' s (4.24)

¢, =‘arCtan[b/a - rc/a] ' . ’ (4.25)
AAY

_ incident
plane wave

Figure 4.6 - Boundary geometry of the round cornered rectangular
' ~ cylinder. )
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arctanf(b/a)/(1 - rc/a)] , (4.26)

¢3=ﬂ'¢2 s ‘pq:ﬂ'(bl: (4~27)

where 2a and 2b

are the width and the length of the rectangle and-rC

is the corner radius, as shown in Fig. 4.6. Employing these defini-

tions one can write the analytical equations of the boundary and the

(dr/d6) values in the range 0 < 6 < 1 as

a)  r(0) = a(1/coss) . -
'gg = a(sinB/cos?8)  for 0<8<9, , (4.28)
b)  r(e) = a{(D/a)cos(6-y) + [(D/a)?cos?(0-y) + (r /a)" - (0/a)2T4,
—%%— = a{(D/a)sin(y-8) + (D/a)2cos(y-6)sin(y-6) -
x [(D/a)2cos?(y-8) + (r/af - (D/a)217%)
for ¢, <0 <9, ,  (4.29)
c) r(e) = a[(b/a)/sine] ;
gg. = a[-(b/a)cos8/sin?6] for ¢, <8 <9,, (4.30)
d) r(e) = a{(D/a)cos(e+y-w) + [(D/a)2cos?(o+y-m) + (r_/a)?
| | - (0/2)7TH
dr

de

= a{(D/a)sin(m-y-0) + (D/a)zcos(ﬂ-y—e)sin(ney-e) ,

x [(D/a)*cos?(m-y-0) + (rc/a)* - (0/a)2]7%)

for ¢, <8 <9, s (4.31)
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e) r(9) = a(-1/cosb) ,
—%g—-= a{-sin6/cos?6) =~ for ¢, §;¢ <T . (4.32)

Note that, the values of r and dr/d8 for the range T < 6 < 27 are

computed by first setting 8 » 6-m and then app]ying again the formulas

given in Eqgs. (4.28-32).
The polar plots of the écattereg wave field results obtained
for various ka values and the ratios (b/a); (rc/a) are presented in

Figs. 4.19 to 4.34.

4.3.4 Triangular Cylinders

We have also considered a scatterer with cross section in the
form of an isosceles triangle, as shown in Fig. 4.7. The expressions

for the boundary and dr/d® in the range 0 <6 <mare

a)  r(8) = h[1/(3cos8)]

gg = h[sin6/(3cos%6)] for 0<6<9¢, (4.33)

b)  r(8) = h{(2/3)tan(g/2)/[sind - cosotan(8/2)}

32 = h{(-2/3)tan(é/2)[cose + sinftan(B/2)]/[sind

- cosétan(/2)]2} for ¢ <6 <, (4.34)

where the angle ¢ is given by
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incident
plane wave _ 4

Figure 4.7 - Boundary geometry of the triangular cylinder.

¢ = arctan[3tan(g/2)] . ,  (4.35)

VaTues of r(e) and dr/dg, 1h the range m < 6 < 2w, are obtained by
setting 6 - 2m-6 in the Egs. (4.33) and (4.34), and then setting
dr/de to -dr/de. |

The scattered field results obtained for various kh and B ya]des

are presented in Figs. 4.35 to 4.41.
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V. CONCLUSIONS

In this work, the numerical results for acoustic plane waves
scattered by circular, elliptical, reftangular and triangular rigid'
inclusions and cavities have been obtained utilizing the T-matrix
method. The results are presentéd in polar graphical forms. These
results are compared with the exact or approximate solutions [9,22],
where available. Fof the rectangular and triangular cylinders, how-
ever, because of the unavailability of any resu]t‘obtained in other
studies, no compakisdn can be made. |

In the evaluations of the elements of the Q-matrix, fourth order
Simpson's rule is used to perform the angular integrations along the
boundaries of the scatterers. Good convergence is obtainéd using 36
integration steps in the range 0-w. For trianéu]ar geometry, corners
, may be thought to give rise to difficulties from the analytical point
of view. However, since the integra]s are ‘evaluated by considering only
discrete points taken within each éngu]ar interval, no computafiona}
problem is encountered._'The symmetry and other numerical properties
given by Egs. (3.92), (3;94) and (3.95) is effectively used to check
the accuracy of the numerical procedure followed.

The T-matrix 1is constructed»by-ihverting the Q-matrix using

Gauss-Schmidt orthogonalization technique, as discussed in Section 4.2.
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The requirements given by Egs. (3.99) and (3.&00) are first used to
check the correctness of the computer program. then they are, together
with Eqs. (3.92), (3.94), (3.95), incorporated into the program reducing
~ computing time significantly.

It is observed that the size of the T-matrix to be used is related

to the non-dimensional. number krma » Where k is the wave number and

X
Fmax is the maximum r value which is to be encountered along the boun-
dary of the scatterer. In order to be able to obtain sufficient]y‘con-
vergent results, the size of the T-matrix is generally increased in a

direct proportion to the non-dimensional number krma The sufficiency

"
of the matrix size, however, is controlled by checking the convergency
of the total scattering cross-section, Eq. (3.120). This check is made
up to when the total scattering cross section did not differ by more e
than at least 10_§ per cent. A rough estimate for the size requirement

of the T-matrix may be given as 6 x 6 for krm = 0.1, 15 x 15 for

ax
kr x = 1.0 and 40 x 40 for krmax = 5.0.

ma

In the caﬁe of scattering by circular cylinders, both near (Fig.
4.8) and far field (Figs. 4;9, 3.10) results are found to be in excellent
agreement with the exact soTutions for all wave numbers, [22]. Thisiis
" because of the fact that the basis wave functions given by Egs. (3.1)
and (3.5) are exact expressions for the circle and hence the T-matrix
formulation yields exact solutions for the circular cross-sections.

In the case of scattering by e11ipti¢a1 cylinders; the near
fie]ﬁ results are plotted in Figs. A.]], 4.12 for the aspect ratios

b/é = 0.5 and 2.0 and for a = 00. In these figures, we observe that

_for a given incident wave number the angular spectrum of the scattered
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field is QUite different for two different values of b/a. In the case
of scattered far field amplitudes, some of the results were compared
with those obtained in Ref. [9] and found to be in good agreement
especially for relatively small wave numbers (ka < 1.0). The far |
field results have been obtained for the asﬁect'ratios 0.5, 2.0, 5.0
and for different incidence angles and presented in Figs. 4.13-15 for
rigid inclusion, and in Figs. 4.16-18 for cavity. In the case of
rigid inclusion, the structure of the polar plots varies quite remark-
ab]yvfor different incidence angles and dspéct-ratios. Especially
for the highek aspect ratios, larger angular peaks are observed in
the forward direction. However, for a cavity, we observe that, in
contrast to the rigid -inclusion, the'dependency of the structure of
the plots on both incidence angle and aspect ratio is not so significant.”
The near field results, Figs. 4.19, 4.20, for scatterers with
rectangular cross-section show thét the surface fiela‘potential dis-
tributions, compariné with the circular and elliptical geometries,
display sharper ﬁaxima and minima for all wave numbers. Although, for
Tow frequencies (ka < 1.0), the shapes of the plots are somewhat similar
to the ones obtained in the é]]iptica] case, the picture 1s,entire1y.
'different in the(high frequency range. For the far field case, we
observe that the field scattéred by a rectangular cylinder displays
more angular structure than that generated by a circular or elliptical
cylinder. The far field results obtained for a rigid inﬁ]usion_(Figs.
4.21-27) indicate that effects of tﬁé aspect ratio and the incidence
ané]e 6n the shape of the polar plots are relatively strong. These

effects are more obvious at higher wave numbers (ka > 1.0). On the
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other hand, it is observed that, as shown in Figs. 4.21, 4.22 (rigid
inclusion) and in Figs. 4.28, 4.29 (cavity), effect of the corner
radius ratio, rc/a is not significaht for a givén aspect ratio and
the‘wave number. In this respect, the scattered field results per?
taining to the rectangular geometry are preéented for rc/a = 0.1 only.
In the case of a cavity (Figs. 4.28-34), as for the rigid inclusion,
the structure of the far field plots exhibits similar behaviour with
respect to the changes in the aspect ratio, incidence angle, and
frequency; however, the curves for the'cév{ty are relatively smooth.
A comparison of the far field results obtained for a cavity and a
rigid inclusion cases revea]svthat for identical surface geometries
no similarity exists for any given wéve number in the rdnge‘0.1_§ ka < 1.0.
However, at.the higher wave numbers the cavity cannot be clearly dis- ,
tinguished from a .rigid inclusion. |

In the case of cylinders with triangular cross-sections, the near
field solution given/in Fig. 4.35 are quite different when cdmpared
to the previbus Qeometries. 'This difference may be attributed to
the fact that the cross-sectional geometry of the cylinder has only
single symmetry axis. The fér field results both for cavity and rigid
'inclusion, Figé. 4.36-41, are given for threebdifferent tip angles,
8 = 60°, 30% and 0.001°. For B = 60° and 30°, we observe that if
o § 0° the far field plots are quite similar to the ones obtained
for the rectangu]ar‘tross—sections, while fdr a =.0° structure of
" the plots differs remarkably when céﬁpared to the other geometries.
.Esﬁeciélly at the higher frequencies, for o = Oovcomparably larger

angular peaks are observed in the forward scattering than in the
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backward scattering. For the case 8 = 0.001° where the shape of the
scatterer Tooks 1like a strip rather than a triangle, as shown in Figs.
4,38 and 4.41 general fofm of the far field plots is quite different.

In the polar plots of the scattered field results, it is observed
that at Tow frequencies, krmax ~ 0.1, the pictures for all boundary
geometries are almost the same in appearance and do -not change with
incidence angle, o, hence, for all cases, the obstacles behave 1like
point scatterers. Thus low frequency results are not useful for prac-
tical applications. However, for higher frequencies, quite remarkable
differences and angular variatibns are observed in the structures of
the plots for different boundary geometries and incidence angles.

To sum up, thé T-matrix method, usihg‘on1y circu]arvor spherical
wave functions and removing the geometrica]_restfiction, makes it /o
possible to analyze the scéttering of waves from inclusions of any
shape. Although the completeness of the series representation of the
wave fields, especially 1n.the near field, is still a matter of dis-
cussion, the method provides a systematical andrpowerfu1'computationa]

procedure for a very wide range of wave numbers.
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Figure 4.8 - Velocity potential distribution, |us/A|, at the
" boundary of a rigid circular inclusion due to the
" scattered wave field;
(a) ka = 0.1, (b) = 1.0, (c) ka = 5.0
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Figure 4.8 (continued).




63

10.01 /
Exact [:22]
t 0y |
0.03 001
-0.01
(a) E @
.// ’
Exact [22]
12
(b) +0.8

Figure 4.9 - Far field amplitude, |f/A|, due to the scattered
wave field from a rigid circular inclusion; )
~ (a) ka = 0.1, (b) ka = 1.0, (c) ka = 5.0 .
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Figure 4.9_(continued).
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F1gure 4.10 - Far field amplitude, |f/A],
' wave field from a circular cav1ty, ;

4 (a) ka = 0.1,

due to the scattered

5.0.
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Solution from [9]

(c)

20

Figure 4.10 (continued).
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Figure 4.11 - Velocity potential distribution, lu®/A|, at the
" poundary of a rigid elliptical inclusion due to

the scattered wave field for a = 00 and b/a = 0.5;
(a) ka = 0.1, (b) ka = 1.0, (c) ka = 5.0.
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(c)

Figure 4.11 (continued).
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(b)

Figure 4.12 -

Velocity potential distributidn,;[us/AI, at the
boundary of a rigid elliptical inclusion ‘due-to

the scattered wave field for a = 00 and b/a = 2.0;
(a) ka = 0.5, (b) ka = 1.0, (c) ka = 3.0
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(c)

Figure 4.12 (continued).
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0010

o<:0'

Solution from [9]

Figure 4. 13 - Far field amplitude, |f/A], due to scattered
wave field from a r1g1d e111pt1ca1 inclusion

for b/a = 0.5; »
(a) ka = 0.1, (b) ka = 1.0, (c) ka = 5.0.
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(c)

Solution from [9]

Fiqure 4.13 (continued).




7004

Figure 4.14 - Far field amplitude, |f/A[|, due to the scattered
. wave f1e]d from a rigid e]hptwa] inclusion for

b/a = ,;
(a) kaéO.], (b) ka = 1.0, (c) ka = 3.0.
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Figure 4.14 (continued).
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_ 3 T 20 ‘ =0
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Figure 4.15 - Far field amplitude, |f/A], due to the scattered
- waye field from a rigid elliptical inclusion for

b/a = 5.0; S .

(a) ka = 0.1, (b) ka = 0.5, (c) ka = 1.0.
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r2.0

Figure 4.15 (continued).
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Figure 4.16 - Far field amplitude. |f/A|, due to the scattered
- wave field from an elliptical cavity for b/a = 0.5;
(a) ka = 0.1, (b) ka = 1.0, (c) ka = 5.0.
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Figure 4.16 (continued).




79

Figure 4.17 - Far field amplitude, |f/A|, due to the scattered
wave field from an elliptical cavity for b/a = 2.0;
(a) ka =0.1, (b) ka =1.0, (c) ka = 3.0.
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Figure 4.17 (continued).
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Figure 4.18 - Far field ampiitude, |f/A], due to the scattered
_ wave field from an elliptical cavity for b/a = 5.0;
(a) ka = 0.1, (b) ka = 0.5, (c) ka = 1.0.
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(c)

Figure 4.18 (continued).
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(a)

03 0.2 o1 O 0 &

Figure 4.19 - Velocity potential d1Stributjon,|us/Al, at the
- boundary of a rigid rectangular inclusion due to
scattered wave field for a = 0%, r./a = 0.1 and
b/a = 0.5; ’

(a) ka = 0.5, (b) ka = 1.0, ~(c) ka = 3.0
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(c)

o+

0.5 0

Figure 4.19 (continued).
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(a)

+1.0

Figure 4.20 -

Velocity potential distributioh,;lus/A[, at the

boundary of a rigid rectangular inclusion due to
the scattered wave field for o = 0°. rc/a = 0.1

and b/a = 2.0;

(a) ka = 0.5, (b) ka = 1.0,  (c) ka = 3.0.
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(c)

Figure 4.20 (continued).




87

Figure 4.21 - Effect of the corner radius on the far field amplitude,
~~ |f/A|, due to the scattered wave field from a rigid
rectangular inclusion for a = 00 and b/a = 1.0;
(a) ka = 1.0, (b) ka =5.0.
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Figure 4.22 - Effect of the corner radius on the far field amplitude,
: |f/A], due to the scattered wave field from a rigid
_ rectangular inclusion for o = 0° and b/a = 0.5;
(a) ka = 1.0, (b) ka = 5.0.
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(a)

(b)

1.2

Figure 4.23 -

Far field amplitude, |f/A], due to the scattered
wave field from a rigid rectangular inclusion for
re/a = 0.1 and b/a = 1.03 ‘ :

(a) ka = 0.1, (b) ka = 1.0, (c) ka = 5.0.
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(c)

Figure 4.23 (continued).




(a)

(b)

Figure 4.24 - Far field amplitude, |f/A|, due to the scattered
~ wave field from a rigid rectangular inclusion for
re/a = 0.1 and b/a = 0.5;
(a) ka = 0.1, (b) ka = 1.0, (c) ka = 5.0.
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(c)

Figure 4.24 (continued).
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|f/A], due to-the scattered
d rectangular inclusion for

Figure 4.25 - Far field amplitude,
wave field from a rigi

‘re/a = 0.1 and b/a

(a) ka =.0.7,
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F5.0

Figure 4.25 (continued).
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(a)

Figure 4.26 - Far field amplitude, |f/A|, due to the scattered
" wave field from a rigid rectangular inclusion for
re/a = 0.1 and b/a'= 5.0;
(a) ka = 0.1, (b) ka = 0.5, (c) ka = 1.0.
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(c)

Figure 4.

26 (continued).
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(b)

Fiqure 4.27 - Far field amplitude, |f/A[,

wave field from

due to the scattéred

a rigid rectangular inclusion for

rc/a = 0.1 and b/a = 10.0;
(a) ka.= 0.1, ¢ =09 (b) ka
(c) ka = a =00 , (d) ka

0.5,

non

0.1, «a
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5.0

125

25

5.0

+2.5

(c)

(d)

Figure 4.27 (continued).
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(b)

Figure 4.28 - Effect of the corner radjus on the far field
© amplitude, |f/A], due to the scattered wave field

from a rectangular cavity for o = 0° and b/a = 1.0;
(a) ka = 1.0, (b) ka = 5.0
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(b)

Figure 4.29 - Effect of the corner radius on the far field amplitude,
|f/A|, due to the scattered wave-field from a rectan-

gular cavity for o = 00 and b/a = 0.5;
(a) ka = 1.0, (b) ka = 5.0.
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mp

Figure 4.30 -

Far field amplitude, |f/A], due to the scattered

wave field from a rectangular cavity for re/a

and b/a = 1.0; . , A
(a) ka = 1.0, (b) ka = 3.0, (c) ka = 5.0.

= 0.1
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(c)

).

(continued

Figure 4.30
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Figure 4.31. -

Far field amp]ifude, [f/A], due to the scattered
wave field from alrectangular cavity for r¢/a = 0.1

and b/a = 0.5; ;
(a) ka-= 1.0, (b) ka = 5.0.
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(a)

1)

Figure 4.32 -

Far field amplitude, |f/A], due to the scattered
wave field from a rectangular cavity for r¢/a = 0.1

and b/a = 2.05 : .
(a) ka = 0.1, (b) ka = 1.0, (c) ka = 3.0.
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(c)

Figure 4.32 (continued).
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(b)
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Far field amplitude, |T/A], dﬁekto the scattered
wave field from a rectangular cavity for re/a = 0.1

and b/a = 5.05
(a) ka = 0.1, (b) ka = 0.5, (c) ka = 1.0.

Figure 4.33 -
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continued).

(

Figure 4.33
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Figure 4.34 - Far field amplitude, [f/A], due to the scattered
~ wave field from a rectangular cavity for rc/a = 0.1
and b/a = 10.0. »
(a) ka = 0.1, (b) ka = 0.5.
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(b)

Figure 4.35 -

Velocity potential distributioh,\]us/Al, at the
boundary of a rigid triangular inclusion due to

the scattered wave field for a =
(a) kh = 1.5, (b) kh = 3.0, (c) kh = 9.0.

= 0° and B = 60°;

b
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Figure 4.35 (continued).
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Figure 4.36 - Far field amplitude, |f/A], due to the scattered
" wave fgeld from a rigid triangular inclusion for
(a) kh = 0.3, (b) kh = 3‘,0’ (c) kh = 9.0.
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(c)

Figure 4.36 (continued).
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Figure 4.37 - Far field amplitude, |f/A|, due to the scattered

8 = 300;

(a) kh = 0.3,

wave field from a rigid triangular inclusion for

(b) kh = 3.0,  (c) kh = 9.0.
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Figure 4.37 (continued).
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F1gure 4.38 - Far field amphtude, |f/A| due to the scattered
wave f1e1d from a rigid tmangu]ar inclusion for
8 = 0.001°
(a) kh = 0.3, ~ (b) kh = 3:0, ;('c_) kh = 9.0.
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Figure 4.38 (continued).
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Figure 4.39 - Far field amplitude, |f/A], due to the scattered
‘ wave field from'a triangular cavity for g = 600;
(a) kh = 0.3,  (b) kh = 30, (c) kh = 9.0.
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(c)

Figure 4.39 (continued).
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(a)

Figure 4.40 - Far field amplitude, [f/A],

due-to the scattered

wave field from a triangular cavity for.g =.300;

(a) kh = 0.3, (b) kh = 3.0,

(c) kh-=9.0.
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(c)

Figure 4.40 (continued).
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(a)

(b)

Figure 4.41 - Far field amplitude, |f/A], due to the scattered
wave field a triangular cavity for 8 = 0.001°9;
(a) kh = 0.3, ~(b) kh = 3.0, (c) kh = 9.0.
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(c)

Figure 4.41 (continued).
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APPENDIX A
SIMPSON'S APPROXIMATE INTEGRATON FORMULA

~

Consider an integral in the formr

b- : .
I = J f(x)dx . ‘ (A.1)
a . _

The above integral can be eva]uéted approximately by using Simpson's e

rule which can be written as

b

S f(x)dx = Csh[wof(a) + w,f(a+h) + w,f(a+2h) +...+ wpf(b)] ,.

1 2

a
(A.2)

where Cs is a constant factor, wi's are the weight factors, P is the

order of the Simpson's rule used for the approximation and h is givén by
h=(b-a)/p S (A.3)
The expression giveﬁ by Eq. (A.2) may also be written in a compact i

form as

b p « |
S f(x)dx = Ch = wif(a +1ixh) . - (A.4)
a i=0 o ;
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As an example, for a fourth order Simpson's rule (Bode's formula)

[19], the values of C. and w, are

’Cs = 2/45 , w0 = w4 =7, Wy = w3 =32, w, = 12.

Thus Eq. (A.2) takes the form

fb f(x)dx = (2/45)h[7(a) + 32F(a + h) + 12f(a + 2h) |

: s 35F(a +30) + 7€(6)] . (A.6)
where v | |

h=(b-a)a . | (A.7)
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APPENDIX B
ANALYTICAL EXPRESSIONS FOR THE
ELEMENTS OF THE Q-MATRIX

~

Rigid Inclusion:

%
(ejem) m
Z

) .
i) de{Jj(kr)cos(je)}{[mHm(kr) - krH

1
Qjé o m+1

- Hm(kr)cos(me) ~4(kr)}. (8.1)

Q3L = —m de{Jj(kr)sin(je)}{[mHm(kr) - erm+](kr)]cos(me)

Jm 4

+ I H_(kr)sin(me) —4_(kr)} . (B.2)

kr dd
(ejem)% o in(; H (k) - keH . (kr)]sin(me)
Q§; =g/ de{Jj(kr)s1n(Je)}{[m o (kr .
- : d . .
m et ——
- Hm(kr)cos(me) 5 (Fr)}. (B.3)
Cavity:

1
(e. )? 2m

'~03$ == de{wﬁkr)qm(meni[y%(kf)-jkrdiﬂ(erko§(je)

0

- Jj(kr)sin(je,)—fﬁkr)}. ‘(3.44)

(kr)]sin(me)

-
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jm

jm
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(e.e )% 2m
- _lel-'"-_of do{H, (kr)sin(me)3{[30;(kr) - krdy,, (kr)]cos(3e)
- 0, (kr)sin(ge) —S(kr)3. (8.5)

(e.e )1/2 2T

- T 7 a0ty (ke)cos(m0) LI (ke) - krd, p (kr)Isin(go)

J
kr.

J5(kr)cos(30) —g~(kr)}.  (B.6)

(e.c )1/2 27
- __;%fﬁ__ Of de{Hm(kr)sin(me)}{[ij(kr) - erj+](kr)]sin(je)

- —klr— 2;(kr)cos(30) —dd—e——(kr)}. (8.7)
)




APPENDIX C
NUMERICAL EXPRESSIONS FOR THE:

ELEMENTS OF THE Q-MATRIX

Rigid Inclusion:

(e.e )2 C. N P

i=1 g=0

x{[mHm(kriq) - kr

m
kr. m'igq

: X>{[mHm(kri ) k

+ —JE—-Hm(kr. )Si

kr 19

iq

z I (ae

g2« —LT— -3 1 (4

”~

iq

1.)wq{Jj( )cos(Je

1q

H .- (kr )]s1n(m6 )

iq m+1

H (ke ) cos (o, ) [4GEE)]

e].)wq{Jj(kr1q

r1q m+1

. )sin(je.,

(kr )]cos( 0.

n(meiq)[gégrlﬂe

.}.
1q

i

iq

.}.
1q

)}

)

)

(C.1)

(c.2)
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5 ,
(e:e )2 C N P

22 J m S ' . .
Qjm = 7 P 151 E' (Aei)wq{Jj(kriq)S]n(Jeiq)}
q=0
X {[mHm(kriq) - krqum+](kriq)]sin(meiq)
_.m d(kr) .
o Hm(kriq)cos(meiq)[ T ]6. }. (C.3)
ig 19
Cavity:
(e.e )2 C. N P '
€.€
11, . Jm S . .
Qjm > 4 5 i§1 L (Aei)wq{Hm(kr1q)cos(me1q)}
T =1 g=0
. v - //
x (L395(krsq) = krighiyg (krjq)Jeos(d0yq)
j B d(kr) c.a
o Jj(kriq)S]n(qeiq)[ 6 ]61 }. ‘( .4)
iq q
(e.e )2 C. N P
€ .E . .
. s .
Qiz = - —L0 oz (885w {H (kr. )sin(me, )}
m 5 P s g0 L@ m A iq
x {L3d;(kryg) - kfiqdj4](kr1q)lcos(jeiq)
; . . apd(kr) '
j . }. (C.5)
RS j(kriq)sm(ae]q)[ T ]eiq |




(e:\].sm)l/2 C.c N P )
21 _ . . .
Qjm = 7 5 151 qio (Ae1)wq{Hm(kr1q)cos(m61q)

X {[ij(kriq) kr1qJJ+]( riq)]sin(jeiq)

kTLJ (ke )cos(30; )T “‘”]e oo (C.6)

1q 1q
1. -
(e.e )* C N P :
22 , M S_ 51 (86.)w {H (kr. )sin(me, )}
QJm | 4 p i=1 g=o 177 m g 1q
X {[‘]JJ(kr'lq)- ]q‘J‘],*.'l( r1q)151n(\]61q)
. - —#L—-J.(kr; )cos(je )[d( 1, 1. (C.7)
’ kriq J'iq e iq
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APPENDIX D
COMPUTER PROGRAM LISTING
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THIS PROGRAM CREATES THE T-MATRIX FOR A GIVEN BOUNDARY
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THE T-MATRIX INTO A DATA FILE(10) TG BE USED BY THE .
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CDLUNN‘3—4' NOSF (ORDER OF THE srwpsuw's FURHULA, )




81 C
82 ¢
83 C

S84+ C
85 C

=862 C
87 C
88 7 C

89 ¢
790-% G
91 ¢
i 927Ck
93 ¢
9407
95 ¢
96 C-
97 ¢
98:C
96 C
100 .5C
101 ¢
102%:¢C
103 ¢
104 C

132
133
13477 C

135 C
136:. C
137 C
0138 €
139
7140

‘CARD 10 : (IF BGEN— MAN
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2 COLUMN 1-2: BF1 (8F1 k HE “TWO MULTIPLICATION
COLUHN 3-8: bFZ FACTORS INVULVED IN THE SIMPSON'S
e : =4*TH ORDER:"S.F. IS GIVEN BY:
INT(A T0 B)F(X)*DK 2. /45 *H*(?*FO+3Z*F1*12*F2*32*F3+7*F4)
WHERE: FO=F(A) » FL=F(A+H)T7F2=F(A+2H) seees Fa=F(8B)
THENs BF1=2., & B8F2=45, )
(%SEE CARD SET(12) FOR . THE REMAINING COEFFICIENTS)

COLUMN 1-4:  BCON (BOUNDARYZCONDITION, "ENTER: "0
FOR NEUMANN TYPE B.C.
2= FORTOIRICHLET TYPE B.Cy ) o

COLUMN: 1-4:  ANO- { HAVE  NUMBER)

 COLUMN 1-6% ‘SHAPE ( CROSSSSECTIGNALT.GEOMETRY OF THE
SCATTERER. ENTER:
1=} YCIRCLE':FOR CIRCULAR BOUNDARY
2-) VELLIPS' FOR ELLIPTICAL BOUNDARY
3=) ' RECTAN'.FOR: RECTANGULAR - BOUNDARY "
4=) 'TRIANG' FOR TRIANGULAR _BOUNDARY

COLUAN 1-4 + 5-8 5 9=19 :
FOR CIRCLE: RAD (RADIUS):
FOR ELLIPSE: AAsBB (HALF MAJOR € M[NOR AXES)
- FOR: RECTANGLE: Ay B (HALFZMAJORTEZMINOR AXES) 5
CORRAD (CORNER RADIUS) o i
FOR. TRIANGLE: H (HEIGHT=INZX-DIRECTIGN) »8ET -CANGLE. i i
BETWEEN TWO EQUAL SIDES.{IN DEGREES)) o

COoLuKN 1- 4 BGEN (TYPE OF THE GULAR DIVISION TO BE USED =
: IN-THEZNUMERICALT EVALUATION OF THE, S
BOUNDARY INTEGRALS. ENTER:’ o
sin 1=) YAUTO'SFORTEUQUALIANGULAR IHTERVALS
’ (DIVISTONS ARE “MADE AUTOMATICALLY) '
ONZEQUAL " ANGULAK. IMTERVALS =
(DIV!SIONS MUST BE GIVEN IN CARD-SET(L1))
COLUMN 5-6: NSYM (NSYX=2 FOR THE BOUNDARIES HAVING MIRRGR
SYMMETRY WoR.T. X—-AXIS ,THEN INTEGRATIONS
“AREPERFORMEDZ.ONLY FOR. HALF DF THE® R
BOUNDARY (BETWEEN 0-180 DEGREES) .
FNSYMEIZFORENONSSYMHETRIC ONES) - Liii foifmm 8 B0
(*NUTE % 1~) FOR THIS PROGRAM TAKE. NSYM=2
=) FOR:ENSYM=2,012015J) € °Q21(1,3)=0, 7 %
, TL2(I4+J) & T21(1+J)=0.
ANDZNOT "TO.BE PRINTED) L

SRR 2 )

COLUMN ‘1-6: ERR (ERRORZFACTOR.FOR'THE BESSEL FUNCTIONS., ==
. TAKE ERR=1.0-10 - 1.D-15)
- COLUMN 7—12571RUNC (TRUNCATITON“FACTOR FOR' THE 'O=MATRIX .
EL&MENTS. TAKE T&UNC 1.0-20' - 1.D- 25)

oMIT THIS CARD)
COLURN 1-3: NINTV (NUMBER OF ANGULAR INTERVALS.FOR A
’ © 600D, CONVERGENCY " IN: THE NUMERTCAL® INTEG-
RATION, TAKE NINTV=72-90)
C(*NOTE: % NINTV:SHOULD  BE AN EVEN. NUMBER)

T=THIS: CARD SETY i o R

.'(IF;BGEN=ﬁAUIQ HT

~#EACH CARDFCONTAINS:%: :
COLUMN 1-3: NCIN (NO OF EQUAL successxv5 INTERVALS chEATED) o
“L'CULUMN 4<7: CIN {CORRESPONDINGIANGLE FOR THE - s T
INTERVALS (IN DEGREES))

*NDTC % CARDS.MUST CONTINUEIUP! TU'WHEN RERE TR s
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T T T T Sun NCIN # CIN  1=360" DEG, FOR NSYR=1"
;;g;l ) A RN =1807DEG, FOR . NSYM=2 .
0. CARDSET 212 :
C ZS==c=a2=Szcs======
$5166:2C i #EACH. CARD. CONTAINS:# P o e
167 € COLUMN 1-6: W(I) (WEIGHT ENTS [N SIN SUN s FURMULA.'
168 7.C7 T T R MPUEZIHCL) =75 ( CARDT 1 2-1) 7% e
c W(2)=32. (CARD 12-2)

W33 =1207 (CARD 12-3) 5T
Wt4)=32. (CARD 12-4)
£5)=74. 2 {LCARD 12-5) .

ICIRCLE ‘ "6 IELLIPS
11,0 e L7 1140 2.0
1AUTO 2 8 IMAN 27
~11.D=121.D-25 - *;11 D~151.D=24
4.

203 ct####***########*#*#**##@*###**#:*#¢$¢¢¢¢¢¢¢*¢§¢#¢#*¢¢¢*¢*#§%*##*##*##
S204-E B R T EAPT T, . i . -

OIS TETL(L0)SXTE10) 3 CINTV(145),
ORT,DCOSsDSIN,DATAN

7C0MPLEX*16 011(20920)y012(20s20)1021(20s20),022(20a20)y
- TH(QOvéO),Q(QO Ol,BESl(ZZI,BESZ(ZZ)sHANK(22)9§§

CHAKACTER>4
© CHARACTER%*6 SHAPE -
CHARACTER*1 LINE(132)
2= CHARACTER - 'Hl*lZ,HZ*ZS,HB*lﬁ,W 33;H5*8,Hb*lO,H?*ZQ'H8*37'r

convon/xnvolo
2o COMMON/ REQ/RQ_
CDMMUN/TMAT[TM

) 39TT4y ALPH,LDISE
VCUMMUN/TRIAV/H,BETA’TET iy :

" EQUIVALENCE (RO(I),H(l))q(RU(ll),R(lf)o(kQ(Zl),DTDR(l)),
: - (RO(3LISTETECLI) 5 TROIAL) s X111 )y (RAUSL)HCINTVIL))

GUVI=V360./ (2. %P1
. DATA 011,01270215022/1600%(04D050300)/ %0 .
DATA LINE/132%'='/ ) o B
TDATA WRIT/Z'O-11','0=12%5 Q-2 54022051 T-11" 50 T=12"3 ' T=21",' T-22"/
DATA nl,nz,na/'a Co TYPE : ', NEUMANN (KIGID INCLUSION)','DIRICHLE
CET (CAVITYLY/ 3 : . e
DATA H4/'CROSS=SECTION !
© DATA ‘H53H6,HT7/ 'CIRCULARY 3 1EL

ERER 0T
l‘TiCAL PRECTANGULAR '(ROUND  CORNERE -
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DATA HB/'SYMMETRY CONDLITION =(H¥

DATA H9,HLO/ "SYKMETRIC', 'NON=S
- DATA H11/'TYPE OF BOUNDARY:DIVISION-:=:'/- L

DATA H12,H13/'EQUAL ANGULAR [NTERVALS' 'NON EQUAL ANGULAR lNTERVAL -

CUDATA MATRZY MATRIX'/
% DATA H14/'TRIANGULAR'

READ(54777) NIZNO
L?77T-FORMATU(212) . o
< READ(NI,7) NOsNUSF;BquBFZ
7 FORMAT(2I2/F2.04Fb40).
NGP=HUSF+1
© NQ2=NG%2 .
NOT=NQ+2
TPI=DATAN(LIDO) *4.00%%
"WRITE(ND»613)
7613 FORMAT (1H1) - -, ..
WRITE{NO)100)
100 FORMAT(///5Ks47('% ')/sx.'#',45x,'*'/Jx,'*',ux,'SCATrcRINc 0F  ACOUS
ETIC WAVES® 59Xy "#4/5X "% 345X " %" /5X, '% 8Y THE CYLINDERS OF ARBITRA
CERY CROSS=SECTION #'/5X3"#1,345X 3 %V /5K, "%y 8X, ' ({{ T-MATRIX FORMULA"
CETION 1) 99Xy H0/5K, PR A5XT VEN/SXS4TU RN /11 /5Ky % PRDGRAM—(A).
6 GENERATION:OF THE T=MATRIXZEUEMENTS #%¥'/5X,54(5='1///7) - : .
 READ(NI,L) BCOM,AND, SHAPE
Y1 FORMAT.(AG/F4L0/A6) s
IF (SHAPE., EO.'CIRCLE‘) CREAD(NIs8l) RAD
L TFCSHAPECEQS Y ELLIPS ) READ(NT 8L VEAA BB -
_ IF(SHAPE.EQ, '"REGTAN') READ(NI,B8L) A B‘CURRAD
CIF(SHAPEGEQ, 'TRIANG! ) THE :
READ(NIs81) HeBET
BETA=BET%2.%P1/360
TETALE DATAN(3 *DT AN
CENDCIF. - =
READ(NI +82) BGEN,NSYM,ERRyTRUNC
FORMAY (A4 12/2D6,0)7 =5
FORMAT(2F4.0,F10.0)
. IF (BGENEQ. " AUTO ) THEHR S L s
READ(M1,30) NINTV : - e
SFOFORMAT(I3) e : SRRl
AUTUMATIC ANGULAR INTER
DO 31 I=1,NINTV/NSYM:
CINTV(1)=P1#2. /DFLUAT(NINTV)
CELSE - -
HANUAL AHGULAR INTERVAL
NINTV=0
KK=0
e TOT=00 7o '
DO 32 I= lglbOINSYM
_READINI;33).NCINsCI
FORMATII3,F4,0)
DO 34 J=13NCIN .
K=KK+J _ o
CINTVIK)=2,%P1/3603%CI
TOT=TOT+HCIN®CIH
NINTV=NINTV+NSYM#NCIN
IF(TOT.EQ.(360. /DFLUAT(NSYM))) 60 . ro 35
CELUKK=KKeNCIN -
END IF
DG 18 I=1,NGP
READINIZ19) W(I]
FUORMAT(F6,0) - oo
WRITE(NO+90) N
FURMAT(63('=1}/) "
IF(BCONJEQL'NEUM') WRITE(ND,47)
' FORMAT (1XyAL2yA25/)=
IF {8CON. FQ.'DRIL')
CWRITEAND42) - AND i85
T FORMAT (1Xy 'HAVE NUMB ER YE41)
 IF(SHAPE<EQ. 'CIRCLE") HRITE(ND 43I HAyHO3RAD - =~
FORNAT (//1%X,A33,A87/1Xy 'RADIUS » )
IF (SHAPECEQ. TELLIPSY ) HRITE(NO;««);H«,H&;AA,BB TSR
FORMAT(//LXsA335AL0/ /1%y TA=AXES & '3F6.354X,y 'B=AXIS : '3F643)
CIF{SHAPE.EQ.'RECTAN' ) HRITE(MOy45). u4.n7,A,u,c0RRAn
'FUR SAT(//LXy A33,A29/ /1%, TA- Axrs-',Fo 3,'3 AXTISS ' sFb.354Xy
' CORNER RAD.",FIB 107 .
IF{SHAPE.EQ, 'TRIANG waxrs(un,qqa) H4,H149Hsb&T

£43207- - 998 FORMAT(//lX,A33,AIOI/1Xa‘H",Fb 350 BETA:'yF7.3)




i 50

-51

54

< WRITE(NG,57)

"347;:f 57

349
7350
351
L35 2 CHHE Y,

353 C#***
25354 :
355

CSIF (SHAPELEQL!TRIANGLYICAL
IF (SHAPE.EQ. '"RECTAN' ) CAL
“IF (SHAPELEQ. 'CIRCLE".

5390 . CERE

391 T CHREE
15392 CREEE

394 CEEdk
395 . CEk*
5396 S CHEEF
CCRRERE
LiCERESE
CHked

L FORMAT(/LX3A285A27):

CEZHRITE(NO,50) - NOSF-

S ETEGRATION 2 -*412)°

FE1Xs ERRUR. FACTOR FOR: THESBESSE

CWRITE(NO,S6) I5G(CINTVUID,

S IFANGCGEL13 . ANDSNQILE LB NQT=,

SDD 2 K=LsNINTV/NSYH. -
CIF(SHAPELEQ. 'CIRCLE' ) THEN:

© D0 999 KKK=14NGP

“DZDCHPLX(ARG305D0
S0 4 [=192- 5

.4 DN=DN+DCMPLX(1.,D0,y0, , DO
00 5 1=3.HCT

D= DLMPLX(((NGT Ll 00)
< DO %40 I=142" :

D0 8 H=1,NQ+1
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IF(NSYM.EQ.1) HRXTE(NU;Qb) HB;HLO
FORMAT(/1X9A374A13) o0 Lloeg
IFINSYM.EQ.2) HRITE(NOsz)
WRITE(NOs48) NINTV - Sl
FORMAT(//1Xy *NUMBER OF BOUNDARY SFGMENTS 2 ',13)
IF(BGEN.EQ.'AUTO') THEN:

NRITE(HO,49) H11,H12
ELSE

CHWRITE(HOs49) HLL1,HL13"

_Ha,Hq

END IF

FDRMAT(/IX9'URDLR OF

WRITE(NOs51) NQ2,N02sTRUNC,ERR
FORMAT(//1Xs 'TOTAL DIMENSTON:O
1Xs ' TRUNCATION FACTOR FO

HE=T=MATRIXTEEF133 0 X 51377 5 25 e
E QCMATRIX ELEMENTS : 15095377
UNCTIONS - 'yD9437/63 (" =")/1H1) = =t

IF (BGENLEQ. ' AUTO) co 7053
WRITE(MO,54) :
FORMAT (10X, ' BOUNDARY Al

(DEGREE) ' /10X 519 (:¥52).)-
DO 55 I=1.NINTV/NSYM

SEGMENT  INTERVAL'/13Xs'NO

FURMAT(12X¢1397X;F4 1/10

FORMAT (1HL1)
TEB=CIHTV(1}
TEA=0.DO

IF(SHAPE.EG. 'RECTAN') CALL RECT
START FOR:BOUNDARY INTEGRATION:

L GENERAT TONTOF "k 7o o 070D v
THE Q-MATRIX ELEMENTS

EE 3]

IF(SHAPE.EQ. "ELLIPS') CALL ELLIP(TEA;TEB,RyTETLoNGP)

TETL(1)=TEA

IF{KKK,GT.1) TETL(KKK)—fETL(KKK 1)+(TEB TEA)/DFLOAT(NGP l)
R{KKK)=RAD
END - 1F

QECTAI(TEA,TEByR,TETL,NGPvDTDR) o
ORSHAPESEQSTELLIPS ') P

- D03 II 15NGP
ARG=AND*R(I1)

DN=DCMPLX(0.D0,0.00)

CALL DBESS(1,DZsONsDUNZsBESZ(I1)4ERR)

BES2(1)=2.%( 1~ Z)/DZ*BESZ(I"ID BES2(1=2)

IDN=

00 41 1=3,NQT B
BESLINQT+1~1)=2, % (NQT+L=

DU & 1=1,NQT

HANK (T ) DCHPLX(DREAL(BESl(I)),DREAL(B&SZ(I)))
D0 8 J=1,NO+1

SINCE, Q-MATRIX IS SY METRIC FOR SEPERABLE GEOMETRIESsONLY *%&%
THE LOUWER.TRIAHNGULAR: PART IS TD BE EVALUATED FOR .CIRCLE AND P XS
ELLIPSE. ek
IF({SHAPE. EQ.'CIRCLE'.UR.)HAPE EQ.fELLXPSt').AND.

TUM.GTL ) GO TO 8
FOR "CIRCLE' +-( Q )ilsgA'DlAGONAL MATRIX. #t** -
THAT IS: 0IJ(JyM)=0.0 FOR (J) NOT EO. T0-
AND NEED NOT BE LVALUATED“ 3 R SR
IF(SHAPE, EQ.'CIRCLE'.AND J.NE.M) GD IU i
IF CROSS—=SECTIONAL GEOMETRY OF THE SCATTERER HAS fhEw
A SYMMETRY WeRoeToe Y=AXISoTHEN, QIJ{JeMI=0.0 FUOR H¥k%
(J+H) 1S 0ODDyAND NEED NOT:BE EVALUATED. ek ded
(%MOTE: TRIANGLE s LOCATED ON THE COORDINATE - Bk
SYSTEM SUCH THAT-ITS SYMHETRY CAXIS:COINCIDES =5 A i
WITH THE X=-AXISs HAS NO SYINETRYVH.R Te Y~ —AXIS) kkE%
IF(SHAPE NE.'TRIAIG'.AND SRR )IZY#Z.NE.J*ﬂ) -G0-T0 8

(M)
e

4
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401 EJEM=1./2, -
24020700 IF (I EQ 1 AND ML NEL L) SDRGINIEQEETAND JaNEW LY ) EJEH=DSORT(2.1/4.00
403 IF(J.EQ.L AND.MJEQ.1) EJEM=,25D0
T 404 P=UFL#(TEB-TEA) /DFLOAT(NGP=1) /BF2&NSYN -
405 RR =P
406 0 IF(BCONGEQ.'NEUM') THEN-0 s

P=P#BESL(JI#DCOS((J=LITETL (1))
CRR=RREBESLCI)EDSINCCI= R TETCLLTY )
DL=HANK(M+1)-
“ PD2=HANK{M)
MM=H
SEUSE - s s e e e
P =P *HAHK( M) #0COS ((M=11#TETL(11))
RR=RREHANK (M) *DSTNC TH=T) «TETL(TI))
D1=BESL(J+1)
< D2=BESL(J) .

SI4207 CHR] (XL1E(X2) ARE: FUNCTIONSTYPE SUBPROGRANS USED: FOR #éxs s 7

421 C##%% CALCULATION OF THE Q-KATRIX ELEMENTS whad

42255 0 CEXL(ROIT) 3D Ly TETL G DTDRCIT Y D2 W (T LYy MA, ANBYEJER) 7% T i 2ok
423 D=XZ(R(I1) 401, TETLLITY sDTORCIT) sD2oW(I1) 4 MMy ANOSEJEM) ,

IF(MeLEJNQAND I LLECNRYOLLA Sy M) =011 s K +CHP -
_ IF(MGToloAtD JuGTol) 022(J=1yM=11=022 (J=1,N~1) +D#RR
Ta 26 CEER%. IF THE BOUNDARY HAS -A:MIRRORESYMMETRY WeRoTa X=AXESgo ek Snis 00
) 427 Ceask THEW, ELEMENTS OF THE Q12 & 021 HATRICES ARE ALL  %%¥%*
= T C¥4%% “ZERD AND HEED -NOT BESEVALUATED CEL kR Rt
IF{2-NSYM) 5248452
752 IF(BCONLEQ.'NEUN') THEN ) o
v TF(N.GT 1 AND JLLELNG) QL2(JsM— 1)—012(J.N—1)+D*P
TREEEELS T TF(JaGT 1w AND GHLLES NQ)%QZL(JALgH)—DZI(J 1,M)+cvRa
ELSE
EAET A TP {MWeGT a1 v AND ¢ JOLEJNDEI0L2( J¥M-10=012(JyM=1)+C#RR °
IF(JIGT 1 oAND M.LEJNG) Q21( )~ 1,M) =021 (J-1 1) +D¥P
Ll ENDGTF. :
8 CONTINUE
3 CONTINUE: I
IF(K=NINTV/NSYN) 58,2,2
58° TEA=TEA+CINTVI(K).:
TEB= TEB+CINTV(K*1)
SCHak% DISPLAY OF  THE CUMPLETEDZINTERVAUSU(HELP FULL TN ks s
T Cx%%% INTERACTIVE EAECUTIUN OF THE PRUGRAM IN TERMINAL)#v**
2 WRITE(646L) K- - e .
61 FORMAT (12X,' &% 12y
5h446 . C¥eik TRUNCATION OF THE Q-MATRIXZELEMENTS "TO .INCREASE- " #&&s oo i i o
447 Cks#% THE ACCURACY OF THE INVERSION,AND CONSTRUCTION QOF##&% ’
S48 T CHe% e THE O-MATRIX FROH QIJ~SUBMATRICESY ) Ln T REEES S Tl
CALL CTRUWC(OllgNOZ,OyO RUNC‘NQ) : . :

TCALL CTRUNC{Q21,NG2yNG,0, TRUNC,NQ)
oo CALL CTRUNC(QZZaNQZaNQ,ND,TRUHCaND)s -

'TRIANG') G0 TO 627
. DD 881 1 l,noz : BRRRE
D0 881 J=1,NQ2
TLTIF(dG6TRI) QUINJY=00dy 1)
881 CONTINUE
#0627 WRITE(LLy777 ) HQ4NC2
NNQ=NG%*13

e NT =0 o
IF(RQ.GT.10) NNG=130
SLb=0 o E
T NPRINT=2#NSY M-
273 DO:71 L=ly4yNPRINT
~ NTEST=0

o ME=1 5
~ NN=HQ o o
CIF(LGT 2V THEN T
MH= NU+L
SNH=NO25
END IF
CIF(L.EQ.2.0RsL.EQ.4):
K=NO+1
SONENQR TR

= THED

’1F(No 67.10)

THEN'
=10 SIS
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481 1F(L, FQ 2 0R. L. EQ. 4) N=NO+10
482 ... .. END IF . :

483 HRITE (NO»65) (LINE(I);

B484°5 65 FORMAT (11X 130A1) s
485 WRITE(NOs66) WRIT(L

1486 0 66 FURMAT(20X3A45A8) =7

487 70 WRITE(NO105) (LINE(L),

£2488" DO 68 I=MHM,NN A ;
489  WRITE(NUs67) (DREAL(O(T,J)),sJ=K,

TE4907 68 HRITEINGY69) - (DINAGIO(I ) )y J=KyN) -

CFGRMAT(/1X,10013.5)
i T FORMAT(2X,10D13.5) 57=%
493 IF(NTEST.EQ.1) GO TO 71

e

TEA94TE G TR AN, GTGL0) TTHEN - =
495 NTEST=1 o
LY T K=N+1
497 N=NQ
498 A IF(L.EQ.2/OR.LIEQ.4: ST .
499 G0 TO 70
250077 . END IF , R o
501 71 CONTINUE
G502 o IF(LLLGTL0) GO TO 74 L
503 IF(NT,EQ.1) GO TO 444 T T
FI504F5 0 DO 76 J=14NQ2 el sl TR e T T g
505 DO 76 M=1sHQ2
225067 76 ROLJyM)=DREAL(Q(Iy M) )% (=1500) :
507 T WRITEL6,63) T mm o
“508 <63 FORMAT(///1Xy"#% INVERSION STARTED #%¥)te bt niniin i o
509 C#w%¢ INVERSION. OF THE Q-MATRIX AND CKEATION OF THE T T
©:510 C¥%¥% T—HMATRIX BY GAUSS~SCHAIDT ORTHOGOHALIZATION Sokkgk
511 CALL PRCSSMN(NO2) T ‘
Se512°0 - . WRITE(6+64) SRR :
513 64 FORMAT(/1X,'#%% COMPLETE
25514 25 - DU 122 1=1,4N02 e
515 DO 122" d4=1,NQ2
=616:7 122 WRITE(11,80) G(I,d) =
517 DU 121 J=1,N02
51877 D0 121 I=1,NQ2 o B 7
519 121 WRITE(11,80)  DCOMJGIOLI,J)) '
0520 - NT=NT+1 = c
521 WRITEIND,673)
531522 7 673 FORMAT(///5X %% ORTHOGOMALTZEDIQ-HATRICES *%'/)"
523 G TO 73
25524557 444 DO T2 1=1,NO2: o =
525 DO 72 J=1,NQ2.
526 72 Q(L,J)=TH(I,4)

527 LL=4
Lie- GO TO 730 - : i : D

529 C#¥#¥%% STORAGE OF THE RESULTS LES TO BE USED ##%%
2530 CH¥e%. BY THE PROGRAM—(8)-ANDZOTHERZCHECKTHG: PROGRAMS o s dd ™
531 74 WRITE(10575) BCUN,ANQ,SHAPE ‘
53200 75 FORMAT(1Xs A%y (B4Co) V/EX FATE Yy S (HAVE NO) '/ 1X5A65" (SCATTERER) ')
IF (SHAPELEQ, "CIKCLE® ) wRITE(1o,93) RAD
 IF (SHAPELEQ. "ELLIPS ) HRITE(LOF77) AN, BB

IF (SHAPE.EQ. 'RECTAN') WRITE(10,91) A+BsCORRAD
TF(SHAPE.EG. "TRIANG! Y WRITE(105997 ) HyBET -,

FORNAT(1Xy2F 6.3 ( H & BETA ) ')

FORMAT (1Xs2F6.3,F13.104' (A € B ~AXES s CORNER: RADIUS)')

FORMAT (1XsF6.3s"' (RADIUS)IY)
CFORMAT (1X,2F 643y " A6 BL=AXES)Y)
WRITE(10,78) NSYHN,NQ 7
CFORMAT (1Xy125 . {SYMe CONDSY! /1X5I3y
WRITE(22,777) NQ,NQ2

.00 .79 I=1,NQ2" LT
DO 79 J=1,N02 o
WRITE(22480) TH(T5d) &
WRITE(L10580) THII,J) .
CFORMAT (1X352D30.23) .3
STOP

END -2 -

S5 "SUéRUUTINE CELLIPUTLy T25RsTETINGP)
c
558 c*¢¢***¢¢**¢#;*¢¢4#t*##v##v*#vté*#*v¢¢Tf¢*»4* FEERREFREEEREE 0T
7559 ¢ SUBPROGRAM FOR CALCULATION OF R & TETA VALUES IN POLAR -
5605 C 7 7.CODRDINATES -FOREACH ANGULAR:ZINTERVAL. ALOWG THE. = IR
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561 € ELLIPTICAL BOUNGARY,

562 7C- TL ¢ LOWER ANGLE OF THELINTERVAL 77 ¢
563 C T2 : UPPER ANGLE OF THE INTERVAL '
1564°C NGP : Nunasa OF ANGULAR&D!V}SION FDR THAT lNTERVAL

INPLICIT REAL*B(A H,o 7)
DIMENSTIUN R{10),TET(10
COMMON/ GAX/A+B o
: F(T)-A*d/(DSORT(A*A*(DSIN(T))**2+B*B*(DCDS(I))**2)) :
T3=T72-T1
S TET(L)=TL
R{LY=F(T1)
S D0= 17 1= 29NGPETE
TET(I)-TET(1—1)+T3/DFLOAT(NGP 1)
SRUDY=FCTETOLY) 7
RE TURN
T END

c SUBPROGRAM FOR CALCULATION UF THE ANGULAR DERIVATIVES -
C-- - ( DI(R)/DATETA) ) FOR EACH.INTERVAL.ALONG THE
C CIRCULAR & ELLIPTICAL BOUNDARIES.

€0 UTETL(IY @ TETA VALUESLOF: Tﬂ§7[NTERVAL .
c ( I=1,NGP ) .
c DTOR(T) : CORRESPONDING ANGULAR DERIVATIVES

c¢¢*¢T*¢¢¢r¢¢¢t¢*4***¢44¢*4' FRERE R pE R R RE

) IMPLICIT REAL#B(A—H,n—zyM
CH o DIMENSITON -TETL(L0),DTDR{10)
 CHARACTER¥G SHAPE
“: COMMON/ GRAD/RAD
COMMON/GAX/A+B
L FUT)=(A#B#(B*B-AtA)VEDSTRITI#DCUSLT) ) /DSORT (CA*ADS IN(TI#*DSIN(T ) +8% 52
£B¢DCOS(T)¥DCOS(T))**3) ’
o IF (SHAPELEQ, *CIRCLE!.)Y
GO TO 2 )
DO 3 I=14NGP" Tl
DYDR(11=0.00
ZRETURHN o: 3
IF (SHAPE, EO.'ELLIPS')

DO 6 I'I’NGP
:fDTDR(I)'F(TETL(I)Y
5 RETURN

- END

. SUBROQUT.INE -RECT -

Heb -2 R R LR R L #\‘***?###v-#***$**#*v**## FEFREEEF-

SUBPROGRAM FOR CALCULATION UF SOME REQUIRED PARAMETERS
i DESCRIBING THE' RECTANGULARZBUUNDARY:TO-'BE USED o
THROUGHUUT THE HAIN PROGRAM

: ELCIE A L INPUT-DATAS U A "9 B2 3 “CORRAD:

625 €~ RETURN PARAMETERS (Tl,TZ,TBaT4,ALPHyDIS)
26T CHR TR R R A% ##:#:*w FEEFEEEL t##,::**#*_#ﬁgﬁ&rgi FEEFELREREIEEE

IMPLICIT REAL¥8(A=Hy0-Z)%:
COMMON/REC/AsByCORKADsTLT2,T3 yT’nALPHqDIS
CPI=DATAN(1.D0)%4.00. =
T1=DATAN((B-CURRAD)/A)
wos TF(AWEOCORRADY THEN=:;

- Te2=pl/2. _
CALPH=PI/2,. 7 i
‘DIS=(B-CORRAD)
< ELSE

T2=DATAN(B/ (A~ CURRAD)) -
. ALPH=DATAN((B—CORRAD)/{AZCARRAD))
DIS= (A~ CORRAD)/DCUS(ALPH
THENDCIF :
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641 T ¥3=pI1-12 T o - T
Fo642 e - T4=PI-TY. o o i g ESCR

643 RETURN -
“R644 2 END

645 C
526467 C . S .
647 € o7 )
“ 648 C
649 ¢ . - '
650+ %70 SUBROUTINE RECTAL(TEAYTEBTRFTETX YNGR ,0TOR)

651 C
LY R T R e L e TR SO

653 € SUBPROGRAM FOR CALCULATION OF "R& TETA VALUES AND ALSD R
w654~ €. ANGULAR DERIVATIVES { D(RI/D(TETAIZ) FOR EACH ANGULAR Lo

655 € INTERVAL ALONG THE RECTANGULAR BOUNDARY

1656 C - TEA ¢ LOWER ANGLEZOF:STHETINTERVAL

657 C TEB : UPPER ANGLE OF THE TINTERVAL ST )

658 C NGP : MUMBER OF ANGULAR DIVISION

659 C FOR THAT INTERVAL

TR 60 S CH R AT R E AL #$¢T4¢*¢7¢4¢¢¢*¢¢*f¢¢;¢¢**¢*¢T¢¢*¢¢¢#*¢¢¢
661 C

EEe62 - o . INPLICIT. REAL#8(A=H;0~2) sl TR T TR
663 COMMAN/REC/A+8,CORRAD, TI,TZ,T3,749ALPH,DIS , : ,
64 I DIMEMSION TETL(10),R(10Y,DI0R(10V5TETX(LO0) : R ‘
. 665 F(T,X)=DIS*DCOS(T-X) +DSQRT(DIS#¥2% (DCOS( T~ X) )4%2 +CORRAD##2=D IS #42)
b6, GUTE)=DIS*DSINITE)+DIS#&2%0COS (TEY*DSINITE) /DSORTIDIS*#2#DCOSITE)*
667  E¥2+CORRAD®#2-DISE¥2)
687 PI=DATANILLDO) $4.D0
669 TEC=TEB-TEA
25670 . T U TETX{L)=TEA ; . .

571 DO 1 I=2,NGP
S TETX(I)=TETX(I- l)fTECIDFLDAT(NGPil)
DU 3 I=1,NGP
STETLLIY=TETX (I - £
IFATETXAI) .GT.PI) TETLII)=TETX(1)-P1

< CONTINUE L
DO 2 I=1sNGP ,

CIF{TETL(I) WLETL ORSTETUCTYTGETA)
R{II=DABS{A/DCOS(TETL(I)))
CDTORUII=A%DSIN(TETL(I))/DCOS(TETLL 1) ) %%2
_IF(TETL(!).GE Te) DTDR(I)"-DTDR(I) :
760,70 2 B B DR FTIRAMEEERE ST

END IF .
COIF{TETL(L) . GT TLVAND W TETUCTY LT T2V THER 0 -0 F
RUTV=FATETLOI) sALPH)
TET=TETL(I)=ALPH -5 2
DTDR(I)==G{TET)
60 TO 20

END IF , -
CIFUTETLII) WGELT2 ANDTETLTIVWLESTIVSTHEN
RUIV=B/DSINC(TETL(I))
"DTDR(I)==B*DCOSITETUCIT)/DSINITETLLT) ) #%2
GU TO 2
JUENDCIF . T
COIEATETL (1) WGT. T3, AND TETL(D) J.LT.T4)

THEN SR 4

THEN

TET=PI—TETL(I)—ALPHV
T UDTDRUT)I=GUTET) -
END IF
CCONTINUE
RETURN
- END

: SUBROUTINE_TRIAl(TEA,Tesik;rslxgupp,nToR)5_1;,fg;

. C**###*t‘tﬂk***#*##*###***#&-*#v####**#¢#*#*#¢r~r*¢#***#¢#¢¢**#

"¢ SUBPROGRAM FOR CALCULATION OF R & TETA VALUES AND ALSO
CANGULAR DERIVATIVES { D(R)/DLTETA) =1 -FOR.EACH ANGULAR
CINTERVAL ALUNG THE TRIANGULAR BOUNDARY

: ' TEA ¢ LOWER ANGLE OFZTHE- INTERVAL

c

¢

c :

C TEB : UPPER ANGLE OF THE THTERVAL
L w7 UNGP : NUMBER. OF -ANGULAR-DIVISION

c

c

c

FOR THAT INTERVAL :
i I LRI E L L b *#*###«*t'#****#x}*’?##**#v#*#*#*#

CIMPLICIT REAL¥B(A=H;0-2)
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~ COHMON/TRIAN/H,BETA, TETAT A K DR
SEDIMENSTON-TETL(10) yREIG)FDTORCLO) LR
PI=DATAN(L.) %4,
TEC=TEB-TEA
TETX(L)=TEA
DO 1 I=24NGP:
TETX(1)=TETX (1= 1)+TEC/DFLOAT(NGP 1)
DU-3 I=19NGP3 s
TETL(T)=TETX(1)
A IFATETX(I) oGTWPT)
CONTINUE
D02 I=1yNGP .-+ Lo
IF(TETLA{I).LE.TETAL) TH
SREIV=H/3.%(1./DCOSCTETL GIY Y :
 DIDR(I)=H/3. *USIN(TETL(I))/(DCDS(TETL(I)))**2
e IF{TETX(I)eGTePI) DTDRIL)==DTDR(T)-: o SR T S Feh
GO TO 2
CEND IF o e
TF(TETL (1) .GT.TETAL) THEN
RUTI =20 %H/3 %¥UTAN(BETA/2 )/ (DSINGTETL(I})=DCOSETETLLIY )% - m
3 DTAN(BETA/2.1) o
DTOR(1)==2,%H/3, *DTAN(B:TA/Z.)#(UCOS(TETL(I))+DSIN(TETL(I))*
£ DTAN(BETA/Z.))/(DS!N(TETL(I))—DCUS(TETL(I))* ,
[ DYAN(BETA/24})¥%2 & = S P S
IF(TETX(1}.GT.PI) DTDR(I
CUENDLIF. e S o
CONT INUE - CoT o
- RETURN- -2
END

”,TETﬁLF}=Zi§P1€TETX(IL}

C4#**¢* 4¢*##4***#***44# 3
758:7C.- - SUBPRUGRAM ~ USED IN CALCULATIONIOF THE-
759 C Q-MATRIX ELEMENTS

7f760:ZC###*#¢#*#*####**#*##*#¥#v###ffff*{#*##*#?###s7

© COMPLEX¥16 XBESP,XBES: S
CREAL¥8 XRLsXTETyXDT, XW,DCOS, DS TN, ANGE JEM, DFLOAT
o X1=(CCIND=L1)¥XBES=ANO#XRLEXBESP 1¥DCOS (LIND=1) #XTET) + (INZ
o- 1)*DSIN((IND l)vXTET) XDT#XBES/XRLY# Xk <E JEN
RETURN .
END

o COMPLEX FUNCTIUN XZ#lb(XRLZ,XBESPZyXTETZqXDTZ,XBESZ,XHZ,INDZ;ANGoAw
CEEJEMY R - .

TTT6E CEER R e AT ERERERE ¢T¢$¢¢¢¢#¢¢¢¢¢*¢¢¢¢¢¢¢¢¢*¢¢: o
777 ¢ SUBPROGRAM USED IN CALCULATION OF THE
EE78IC 0-MATRIX ELEMENT: -

?79 C#*##**###*###v#**t##*####*#*#%*

“2780 - C . :
781 COMPLEX¥%16 XBESP 2, XBES 2 )
REAL®*8 XRLZ23XTET2,XDT2¢XW2,0C0OS30SINIEJEM, AND : B
X2=(({IND2-1) #XBES2~ ANU*XRLZVKGCSPZ)*DSIN((INDZ LI%XTET
L £2)~{IND2-1)#DCOS (L 1ND2~ 1)*XTETZ)rXDTZ*XBESZ/XRLz)*XAZ*EJEM .

RETURL

PP

) COMPLEX*lb otJtzo.zo
“COMMON/ INVD/Q :
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801 REAL%*E CDABS s TRUNC : L . o
802 DO 1 1=1,HGT/2 i e ! -

803 DO 1-J=1sH0T/2

804 - IF(CDABSIQIJLI,J))LLT, TRUNC) 0TI, 3)=DCHPLX(0.D05,0.D0)

805 1 O(I+M,J*N)-OIJ(1;J)
8067 - RETURN . -

CEND

”fglsﬂ'c#t*?###***4***vv*¢¥4T¢*¢¢¢»*¢¢¢¢*¢¢¢**4v4¢¢¢¢¢¢¢#:t

278167 C " SUBPROGRAM FOR GAUSS—SCHMIDT=DRTHOGAONALIZATION - o0 Sl R
817 ¢ AND CREATION OF THE T~MATRIX ] '

1{»818 C#*#**####*#*’M‘*##\‘i‘#**#*H‘##############**##4**##* i S

CIMPLICIT REAL$8(A-H,y0-2) T
COMPLEX %16 R1(40,40),TM({404540),0UH
"REAL#3 RRL(40+40),DREALYDIMAGY TMMX(40440),R11(40540)" RERERRIES
~ CUMMON/ INVO/RI ‘ B ) ' o,
- COMMDON/G/RIL - iuets gl g R
COMMON/ THAT/TH
-, COMMON/REQ/RRL ::
DG 1 1=14NBGR
DO Y1 Jd=1,NBGR T
) 1 RILUT,J1=DIRAGIKI(Td))
7¥830 _Cé4s% CONDITIONING OF THE Q-MATRIXZBEFOURE ORTHOUGONALIZATION ——
831 CALL CNDTHOUNBGR)
= 8320 Co¥kk- NURNALIZE THE N[TH'Roﬂ;DFiAU*(N)
833 SUM1=0,00
834" % D020 K=L14NBGR S
SUML= le(NBGRaK)¢#2+Rll(
CONTIMUE "= = i
SUMI=DSORT(SUNL)
27 D0-28 K=lyNBGR o :
TRRLLNBGR,K)=RRL{NBGR 4K ) /SUML
- RILINBGRsK)I=RIL{NBGR K/ SUNL
CONT INUE
SICkREE SET UP A LOOP FOR:THEE
NMI=NBGR-1
NROW=NBGR . -
DO - 100 I=1,NMI
NROW=NROW-1 ;.
MR On=NROW
DO 36 K=1sNBGK::
TMMX(L,K)= RRl(NRUw,K)
© THMX(25K)=RIL{NROW+K) =
CONTINUE _ )
.00 60 J=HROWSHMI-- ==
~ SK1=0.DO
S11=0.D0"
MRUn—MRONfl
D0 40 K=L1sNBGR
SK1=SRL+RR1{MROWsK)¥RRLINROWsK)I+RIL{MROW,K)I¥RIL(NROW,K)
511=511+RR14MRUﬂ,K),Rxlﬁngd,Kj:RIL(MROn.K)*RthNAUH,K)
CONTINUE , ,
DO 48 K=l,NBGR: -~ :
THMX(14K)= THMX(l,K)-SRI*RRI(MROHqK)*SI1*RII(MRON;K)
TMMX (2 yK)=THMX {2 3K )=SRI¥RIT(MROW 1K) =ST1¥RRLINROW yK)
CONTIHUE
CONTINUE -
SUM1=0.00
“hn D084 KelyNBGR-- - v
SUML= SUM1+TMHX(1,K)**2+TM X(Z Ky
CONT INUE-
SUML= DSURT(SUNl)
“'D0 .88 K=1,NBGR.-
RRI{NROWK)= ThMX(lsK)/ :
RILINROW,K)=THMX (2K /SUHL
CONTINUE
CONTINUE. |
DO -2 I=1,NBGR
200 2 J=1,HBGR
RI(IsJd)= DCHPLX(RRI(IyJ.sRIl(I;JH
D03 1=LsNBGR-
DO 3 4=1,NBGR
DUM=RI{Isd). a”

SBYS(N) HATRIX . ¢#e%

y¥EZ+sunl

SREMATNING: ROWS. #3#%:
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881 RITIZII=RI(I,4I)
‘882 .. 3 RI{JsI)=DUM R
883 Ck#&% PERFORM Q-TRAHSPUSE % REAL(O) TO GET T-MATRIX . #wiés
884" . -DO 160 1=1sNBGR o i g : :

885 DO 152 J=1,HBGR
S 88607 THMX(1,J4)=0.D0 .
887 152 CONTINUE -
888772160 CONTINUE. . - :
889 00 180 I=1,NBGR )
72890 % 7. DU 176 "J=1,HBGR
891 DO 172 K=1,NBGR
892, THMX (T2 J)=THMHMX(I 3 J)=RIT(K, T)#RRL(KYJ) -
893 172 CONTINUE o o S
SEH894 -5 176. CONTINUE -
895 180 CONTINUE
896 . - DU 196 1=1,NBGR
897 DO 192 J=1,NBGK T
898 TH(T ) =DCHPLX(0.D05 THMX (13 g .
899 192 CONTINUE
£.900-:7:-196 CONTINUE ..l .-: 0
901 DU 208 I=1,NBGR .

DO 204 -J=1sNBGR ~
THHX (1, J)=0.00
79047777204 CONTINUE = =
905 208 COMNTINUE
S "DU 220 1=14NBGR
DO 216 J=14NBGR
DU.212 K=1yNBGR : : : =
TMMX (1,4 4)= THMX(I,J)+RR1(K,l)*RRl(K,J)'"'
CONT IMNUE -
CONTINUE
CONTINUE | =i
DO 236 I=1LyNBGR
DO 232 J=1,NBGR
TH(IsJ)= TM(I,J)—DCMPLX(TMMX(I,J)
CONTINUE . g
TCONTINUE .
o RETURN oo i
T END T

' SUBROUT[Nci>' CNDTNQ(NBGR)

) c*#t*#*¢¢¢*¢¢¢*¢¢¢¢**¢¢¢¢*¢v¢**¢44¢¢ Fh At Rk A p kg

28 C. SUBPROGRAM -FOR CONOITIONING™ OFTTHE “G-MATRIX TO INCREASE‘
€ THE ACCURACY IN THE ORTHOGOMALIZATION

R I i R s e E T e P e e L e PR IR PR LT

IMPLICIT REAL¥B(A-Hy0=Z})
RE AL %8 RRL(40440),RIL(40540)
COMMON/Q/RIL: L LA
COMMON/REQ/RRL
“NROW=NBGR =7 =
DO 60 KR=2,NBGR N
9387 C¥%e% RESCALE THE CURRENT ROWEN¥¥er:
SCLEL=1.D0/RTL(NROWsNROH)
i DD 8 -LC=1sNBGR .
RRl(NRDNqLC)—SCLEl*RRL(NRﬂw,LC)
SRIL(NROW,LC)=SCLEL#R ITANROW,LCY
8 CONTINUE , -
CCk#% . RESCALE ALL THE ROWS UPETO THEY CURRENT ROWS dxke | oo
MR OW=HR OW=1 '
©-DO 20 MR=13MROWS
RSCL1=R I1{/R s KROW)
D016 MC=L4NBGR. - i B
RRL{MR,MCI=RRL(MR,MC )~ RSCLl*RRl(NRONsMC)
CURTLOMRy HC)=RI1(MRs KCY= RSCLl*RIl(NROd.MC)
16 CONTINUE
©20-CONT INUE %7, Taiii o
NROW=NROW=-1
£760 - CUNTINUE :

THE HAIN DIAGONAL 0. #£¢*"
CNROWSNBGR=1 o i siswgedifsssestder oo oo g o
DO 80 1=1+NROW
SIB=1+1

DO 72 J=1BsNBGR
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72 CONTINUE

.80 CONTINUE.
RETURH

S END

“ SUBROUTINE DBESS(M0,DZ,0N3DBY,DB27E)

DOCUM:NTATIDN ADDED AT CORNELL UNIVERSfTY 8/5/74 FUR THE SUBROUTINE D

579747 €Y DZ 1S THE VALUE OF WHICH WEZARE*TAKING THE BESSEL FUNCTIUON.

975 € DN IS THE ORDER OF THE BESSEL FUNCTIOHN.

976 - C THE VALUE OF THE BESSEL. FUNCTION IS STORED IN DBl IF THE
977 C BESSEL FUNCTIUN WAS OF THE FIRST KIND, IE. A J-BESSEL FUNCTION.
2-978-7C._ .THE VALUE OF THE BESSEL FUNCTION IS:STORED IN DB2 1F THE
979 C BESSEL FUNCTION WAS OF THE SECOND KINU, [E. A Y-BESSEL FUNCTION.
980 C & .
981 C o

982 . IMPLICTT REAL®B(A-Hs0-Z).: N el e
983 CCALCULATES BESSEL FUNCTION (CO ODRDER AND COMPLEX ARGUMENT) OF .THE
984 - CFIRST KIND IF MO=0,AND ALSO: UF—nHE"SECUND "KIND {(NEUMANN FUNCTION) IF
985 CMO=1 )
59865 CCALCULATES BESSELFUNCTIONOF:COMPUEXZORDER-"AND COMPLEX ARGUMENT USING. .-
987 CPOWER SERIES FOR ABS(Z) LESS THAN ZOAND ASYMPTUTIC SERIES FOR ABS(Z)
988 CGREATER THAH ZU, CHOOSES 20=10 IF GIVEN /0 LESS THAN 1
989 C ELl DETERWINES ROUNDUFF OF EN TO INTEGER. IF EL LE 0.5 SETS T0 .001
£9907# 1002 FUORMAT (45H NEITHER"SERIESEFORIBESSELZFUNCTIUN CONVERGES) -
991 1022 FURMAT(46H NEITHER SERIES FOR NEUMANN FURCTION CONVERGES)
727992 71011 FORMAT(50H . THIS IS A:SINGULARZPOINT OF THE NEUMANN FUNCTION s

993 14H IX=31PE14.5,3Xs4H ZY=4E14.5)
2994 T DIMENSIUN C(10)5C1{100),C2(100),C3(100)5C4(10015C5(100),T3(101)
995 ~ DIMENSTIOMN Cotlol)
09967t o COMPLEX¥16 2 yENyBy ARGy Gy T Ly EXySLyCEySF2T3 o o CooSnen
997 COMPLEX #*16 FNS’SyT’U,VySZ!TZ’SOZ,ZL61AsAliBl,BZ’BlT’lHyZHS,CI //
S99 8 COMPLEX #16 Xy0Z,DNsDBLsDB2yCDUM : /
999 REAL*8 DATANZQDREAL;D[MAG,DL”G,DFLUAT»DSIGN;DABS;CDABS
21000 ... . COMPLEX*16 CDEXP,.CDSOQRT,CDCOS»CDSINsDCHPLX

1001 INTEGER %4 IDINT
: S DATA IFLAGL/O/ o o ivi

IX=DREAL(DZ)
Y= DIMAG(DZ)
: EN=DN e
ENX=DREAL(DH)
ENY=DIMAGIDN) . -
M=HO+1
T ABSZ=CDABS(Z) It
" DB1=DCMPLX(0.D0,0.D0)
- DB2=DCMPLX(0,D0s0.D0)
"HFLAG=2

Sip o NE=0
1017 KFLAG=1 .
#1018 CKFLAG DENUTES QUADRANT OF . Z: .
1019 IF(ZX.LT40.00.AHD. ZY . GE 2
510207775 5 IF(ZX4LT+0.D0.AND ZY.uLT40vDOIKFLAG=3 -
1021 IF(ZX.GE.O.DOVAND.ZY LT, 0. DOIKFLAG=4
#1022° IF (KFLAG.ED, 2. URWKFLAG.EQ. 3} "X==1"

1023 CROUTINE MOVES £ FROM LEFT- HALF PLAAE TD4RIGHT HALF PLANE IF ASYMPTDTIC )
1024 .CSERIES TOD BE USED -~~~ o : S . R o
1025 IF{IFLAG.GT.01GB 70 2~

2102677500 €i1)=3,14159265358979300 B e
1027 c(2) =c(i). 72.D0

71028 0T C(3)=C012) /2,00, 5

1029 C(4) =1.D0/DSQRT(C(2))

#1030:5 - oe: C(5)=DL0OG(2.D0) .. .
1031 Cl6)=B.DO

2303250 2 T CU?)=64.D0 i

710337 ¢t9)=2.00%Ci1)

51034
1035

©C(10)=1.D0/C(LYTE 75
“EUL=,577215664901533

2103675750 0 C1=DCHPLX(0s0032 .00}

1037 7 AL=DCMPLX(0.DO,C(1))

1038505, 0 C6(1)=1.D0 : Lo .
1039 DO 100 1=1,100

210407 S EYE=D - -
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ClL(I)  =EYE
C2(1) . =2,00%EYE - -
€3(1) =2.DO%EYE~1.DO
C4lI)=(4 DO*EYE~1,0D0)¥¥2 =
ColI+L)=Co(I1+1.DO/DFLOATY(
C5(1)=(4,DO%EYE-3,D0)%%2
IFLAG=1 T
. ERR=,1D=-07 " . :
IF(E.6T.0,D0)ERK= E
1=0 :
22=5.00
“IF(DABS (ENY} .LE.ERO. ANDSOABSIDINT(ENX)=ENX) JLELEROINFLAG=-1
ITEMP=ENX+DSIGN (4500, ENX)

. TEMP=1TEHP
IF(NFLAG.EQ.~1) EN= DCMPLX(TEMPsO 00}
S ENXL=DREAL(EN) S
IF(NFLAG.EQ. =1, AND. ENX

FLAG=0
- S TFINFLAG.EQ.~1.AND.ENX1Y GT O DOINFLAG=1" i R

1059 CNFLAG ~1,0y+1s+2 MEANS (ENXsENY) A NEGATIVE INTEGER,ZERU,A PUSITIVE INT
210607 CEGER, AND 4 HNON- INTEGERZWRESPECTIVELY .

0)

1061 IF(NFLAGLEQ. 2.AHD M, EQ.2)N=3

+1062-CFOR :M=3, EXPRESSES -NEUMANN FUNCTIONZINZTERHS OF BESSEL FUNCTIONS -~
1063 IF (NFLAG.EQ, ~1)EN==EN 7 ,
7106477 3 CONTINUE Ll ’ I R

1065 JELAG=0 _
i A=CDEXP (EN¥A1)
IF(ABSZ.GE.ZZ) GO TO 6
CIF(ENY.E0.0.D0.AND.DABS CIDINT(ENXT¥0 500~ ENX):LESERD) GO T006%
IF(ABSZ .NE.O.DOIGU TO 8
SIF(MGEQ.2) WRITE(651011)5 D7
IF{NFLAG.NE,0)GO TO 16
. DBL=DCMPLX(1.00,0.D0)
RETURN
CONTINUE '
I=1
: T ZLG=DCHPLX (DLOG(ABSZ)¥DATANZIOTHAG(Z )+ DREAL(ZYI)
1077 CCHOOSES PRINCIPAL VALUE OF. Z IN_CALCULATING CLUGIZ)

1078~ - ARG=EN+CL(1): -
1079 CALL DGAWM(ARqusCDUMsFRR,O)
1080 - - U IH=EN%({ZILG-C{5))
1081 IHS=COEXP(ZH)
1082 "ot v T3(1)=2ZHS/G g
1083 TS1=T3(1)
21084 - - EX=CDEXPIC2(1)#(ILG=-C(5) )} . -
1085 11 I=1+1. , ) A
£10865 5. T3(1)==T3(I~ 1)4EX/((EN+C1(I LEVRCL(I=1)) - . om s oomhee L
1087 S1=S1+T3(1) :
%1088 5 - v S1S=CDABS(SL): 3
1089 TLS=CDABS(T3(I)) ]
210907 . IF(T1S..LE.ERR*S1S) GO TO =
1091 IF(I.LT.101)60 TO 11
#1092 0 T IR (JFLAGL.GT. 0168 TO L -

1093 JFLAG=1
51094 G0 TO-6
1095 14 wa1E(6,1002)
£1096::0775 0 0 STOP ,
1097 81 CONTINUE
; T JFLAGEL
GO TO 6
B2 WRITE (6y10622) =y
©sTOP
9-B=51. e
) IF(H.NE Z)GD TU 55
J: N=DABS (ENX1}) -
“u=2. DO*(ZLG+EUL)
FUS2=BEY L
1227=1
=77.D0:.75 J=12IZ51:%,
Ji1=J-1 B B o o o
JIN=HN+ J- ]_ U i .. O T LR Rt R : Lo
IF (J1.LE.0) GO TO :
IF - (J1¢6T.101) GO.T0Z201
TEMP1=C6(J1)
... 60 TOD.203
200 TEMP1=0.D0 ,
SI60-TO 203 5 S
201 TEMPL=C&(101) S L o
D0 0202 J=1024417 T TR i
TEMP1=TEMP1+l. DO/DFLU
202 CONTINUE -
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1121 203 CONTINUE
L2270 L IF. (JINJLE.LO) GOTTOED
IF(JIN.GT.101) 6O TO 206
STEMPR2=C6(JIN)
G0 TO 208
;205 TEMP2=0.D0
) GO TO 208
206 TEMP2=C6(L0L) . " - 5
DD 207 JJ=102,J41N
i -TEMP2=TEMP2+1.DO/DFLOATIUI)E
207 CUNTIMNUE
CONT THUE -
T2=T3(J 14 (TEMPL+TENP2)
T2R=DABS{DREAL(T2)) °
T21= DABS(DIMAG(TZ))
$2=52-T2
S2R=DABS(DREALIS2})
2 S21=DABSIDIMAG(S2}
IF(T2R.GT.ERR4S2R) GO TO 78
. IF(T21.LE.ERR%S21) GO -T0:7
I=1+1
STIF(I.GT101,AND.JFLAGL.EQYO)GOZTOZS1
IF(1.6T. 101 AND. JFLAG. NE 0)00 T0 az

1221=1
60 T0-77 s : e A
B2=52%C(10) - - S
CIF(N.EQ.0)- GO TO:55%
51 DCMPLX(0.D040, UO)
_T1==C(10)/2ZHS K
LUP N-1 T
IF(LUP.EQJO)GUTTOI72E
DO 70 LL=1,LUP
) T1l=T1#DFLOAT (LL)
S1=S1+F1
‘03 71 LL=1,LUP"
Tl= Tl*EX/(DFLUAT(LL
TS1=S51+T1
G0 TO 73
S1=S147T1 -
B2=B2+S1
=60 T0.:55:
1F (NFLAG.LT.O0)
= BX=DREAL(B). T+ -
BY=DIMAG(B)
BXA=DABS{BX)TF
BY A=DABS(BY)
o IF(ZXeEQ.0.00.0R.ZY,EQLOLDOVNF = SRR
IF (HFLAGWHES2.AUD. BXALLT.BYALAND, NF.EQ.1) BX=0.00 .
TE{NFLAG.NE.2«AND.BYA.LT:BXA.AND.HF.EQ.1)BY=0,0D0
GO TO(56,57+158559) M ’
ARG=X~EN¥C(2)5C(3) &
CF=CDCOS{ARG)
- SF=Cl6)#CDSINIARG)
TENS=CL4)*EN¥EN
Lo1=00
T §1=DCHPLX{1.0040. Do)
S2=DCHPLX(0.D0,0.D0)
U=DCHPLX(L1.00,0.D0)
=T15=1.D0 : :
$=CF »
I=1+1 : L -
V=—(FNS- c5(1))/(0(7)*x¢c3(1))*u
SoUSVELENS=C4 (1)) /1C2LTIVHL)
T US=CDABS(U)
-~ IF{US.GT.T1S$) GO TO 20
CUNTINUE -
L. TsURCF +V#SF:
CTR= DABS(DREAL(T))
STI=DABSIDIMAGIT) )™
S=S5+T1
$R=DABS (DREAL(S))
SI= DABS(DIMAG(S))
S IR (TR GTLERRESR)
IF(TI.LE. ERR*SI) GU JO 26
4 T1=U R o
T2=V
7 §1=51+T1
52=52+T2




147

1201 17 IF(1-100)118,25425

£12025°:°°720 IF(I.EQ.1) GO-T0 127
1203 IF(JFLAG.GT.0) GO TQ 23°
£1204. 7 T JFLAGEL oo
1205 GO TO 8 :
1206 777 23 'WRITE(6,1002)
1207 29 CUNTINUE
21208777 2 STOP e
1209 CONTINUE
2121075 SQZ=CDSORT (X Y. "
"1211 IF(DREAL(SQZ).LT.0.D0)502=~5Q2Z i

1212 CCHOOSES PROPER BRANCH FGR-SQUARE RDOT
. B=C(4)/5QZ%S
O IF(KFLAG.EQ. 2) B=A%R
IF(KFLAG.EQ,3)B=B/A
CUIFINGEQL3IM=2 -
IF{M.NE.2)1G0 TO 55
B2=C(4)/SQZ¥ (SF+(S1+UY/CI{6I=CE e
IF{KFLAG.EQ., Z)BZ-(BZ+CDCOS(C(l)*EN)*ClvB)/A; I
= IF(KFLAG.EQ.3)B2=(B2=CDCOS(CUII*ENY*CI#B)#A- - e e
G0 T3 5% oo oo
IF(JFLAG.GT.0)G0.TO 2
LJFLAG=1 o
GO TO B e
WRITE(6,1002)
S66 TO 29w s
Bl DCMPLX(BXsBY)
n=
EN-——!:N
GO 70 3 :
BLT= DChPLX(BX,JY)
- EN=-EN

ARG=C(1)%EN
B2=(CNDCUS{ARG)*B1-B1T)Y/COSINCARG):
.DB1=B1 ° T ’

e DD2=B2 o T

RETURN
1F (NFLAG.EQ. ~1)32=A%B2"
DE2=82
"‘DB1=DCHPLX(BXq8Y)"
RETURN
S OEND Lo meand :

SUBROUTINE ucAﬂM(Dz,ncn DPSy ERR,. '
12447 CIF -JJ=05CALCULATES -ONLY GAMMAZFUNCTIONy IF<JJ=1y CALCULATES ONLY PSI- .~

1245 CFUNCTIGN, IF JJ=2, CALCULATES BOTH
212467 - INPLICIT REAL*B(A=Ha0=2)iduz iz
1247 COMPLEX¥16 GAMyZ+DZyDGMyDPS,DPSI :
- o COMPLEX. #16. TERM1sZT19TERMsSUMyZUGYZTGAN,ZT . & v = -
COMPLEX#16 CDLOGsDCMPLX,CDEXP,CDSIN
“REAL*6 DREAL sDIMAGSDLOGyDABS it

INTEGER%4 IDINT
DIMENSION B(Ll0)
DIMENSION C(100)
- DATALIFUAG. /0/ .57 SEEvn
FORMAT(1H +/.//+24H SERI 'NOT CONVERGE) o 7 7
1010 FORMAT (1H 4/ //+4TH THISEL SINGULAR “POINT OF“THE. GAMMA- FUNCTION -
x,/,bx,bHARc R=yE124553X, 6HARG 1=,E12.5)

FUTR{IJLEWQ.0)605TD 60 e
DPS=DPSI{DZ4ERR)
CIF(JJLEQLIRETURN T
E=ERR . )
i TR (EWLEJ0«DOYE=,1D=07"
IX=DREALI(DZ) .
2Y=DIMAG(DZ) -
=07 .
S IF(IXeLTa0.D0)Z==2
NFLAG=2 ‘7
; : £4=0 - :

1269 CK=NUMBER OF TER%S IN SERIES _
- CIF(ZY+EQ.04D04AND (1DINTLZX): 0.0.D0): NFLAG=1":
IF (NFLAG.EQ. 1. AND. ZX, LE.O0.D0INFLAG=0
%1272 CNFLAG=0 MEANS Z=0.0R Z A NEGATIVEINTEGER =~ NFLAG=LHEANS Z A POSITIVE < ¢
IF (NFLAG.NE.0)GU TO 51 ; : ;

UWRITE(6,1010) DZ -

DGM=DCHPLX (0. Do,o D0

RETURN =0 =

IF(NFLAG.EQ. 2160 T0 42
“IF(ZX+6T.2.000) GO TO:

DGM=DCHPLX{1.D0,0.D0} S v o
“RETURN . i L SR e e e e T

55;
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1281 55 IF(ZX.6T.20.D0160° Tg 42 I R
; ' IF=1DINT(ZX) -1 - S L
o e S i S Ln
DO 300 N=2,IF " : RRTIEEe : e
TJ=s1J%N
BCHM=14
RE TURN
CONTINUE =7 - :
IF(IFLAG.NE. 0)00 70 20
’_IYDU 100 I=149100. 1~
1291 100 C(I)=1 T
L P1=3,141592653589793D
PI2=DLOG(2.DO%PI)/2.D
“B{1)=1,000/12.000.
B(2)=—-1.0D0/360.0D0
“B(3)=1.,000/1260.0D0":
B(4)==1.,000/10680.060
22:B8(5)=1.0D0/1188.000.
B{6)=-691.000/360360.,0D0
£13007 00 = B(7)=1.000/156.,000 7
13017 B(8)=-3617.0D0/122400,0D0
213027 - - B19)=43867.000/244188,0D00:
1303 ‘ B(10)=-174611,000/125400,000
©1304 . CB(I) ARE THE BERNOULLI COEFFICLENTS
IFLAG=1 o
ITSL o
IT1=1T-1. DO o
S 1=0 5 SRR R
IF(DREAL(ZT).GT 10 D0) GO TO 3
LN E D
C IF{I.LE. 100060 T0 30
LHRITE (651001) ¢
STOP
“CONTINUE -
IT=21T+1.D0O
5605 TY 5a
1F=I
©ZLG=CDLOGIZT)
SUM={ZT-.5 DO} *ZLG
. TERML=SUHN - 5
~ ATER1R= DABS(DREAL(TERMl))
ATERLI=DABS{DIMAGITERML)):
J=0 v
Jegey i e
TERM=B (J)¥CDEXP (~( 2. DO*C(J)—_
“TATERR=DABS (DREAL (TERHMY
ATER = DA%S(DIHAG(TERM))
SUM=SUM+TERM
~ ASUNR= DABS (DREAL (SUNM))
- ASUMI=DABS (DIMAG(SUN))-
IF(ATERR.GT.ATERIRIGD T0 24
“1F(ATERI.GT.ATERLI) GO TO 2!
. 1F(ASUMR.EQ.0.00)G0 TO 9 _
T IF(ATERR/ASUMR.GT.E) GO TO327"
CONTINUE . o
IF(ASUNI.EQ,0,DO) GO-.T0:
IF(ATERI/ASUMILLE.E)IGD TO 6
CONTINUE ] :
ATER1R=ATERR
“CATERLI=ATERI i -
6o TO 7.
CONTINUE “oindns
IF(J.LT.10160 TO
SUGRLTO Gl T
Z1GaM=SuM
CIFUIFJEQ.0)G0ETO 3%
DO 20G K=1,IF
)07 ZT GAM=Z TGAM=CDLOGUZTL#C{
GAN=CDEXP(ZTGAMY
SUIF{ZXWLT.0+D0) GAN==PI/LGA
DGM=GAN
CCRETURN =
END
COMPLEX FUNCTION DPSI*16
IMPLICIT COMPLEX#16 (A-i,
‘COMPLEX*16 cosxp,coLoc,cocos,cosrn,ucmpLx
REAL#%8 OATANZ2,DFLOAT,DARS,CDABS
REAL*8 E,ERR9B,ABTER;ABTEleABSUHI,PI,ZX,ZY,ZXI,EN,EULynREAL,DIHAG
TINTEGER%4 IDINT
ZZIDIMENSTON (B{10)

~-IT+PI2

)#ZLG)
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1361 DATA IFLAG /0/
13625 ERR=E . o
1363 IF{ERR . LE 0 DO)cRR—. )~5
#1364 5 0 o IP=] s g
1365 IT=L o -
T1366 7w L IX=DREAL(ZP)
1367 IY=DIMAG(ZP)
13687 O NI=IDINT(ZIX). L
1369 IXI=DFLOAT(NI)=ZX
2137005 T IFLZYWNEL0.DOLURWZXGTS0%D0S ORY ZX1.NELO. 00)60°- YU L
1371 ~ DPSI=DCMPLX(0.D0,0.D0}
T1372:5 7 w0 U WRITE (6510100 .2 . ;
1373 RE TURN -
1374 CCALCULATE PSI HERE IF Z-ISZAZPOSITIVEZINTEGER :
1375 1 IF(ZY.NE.O.,DO.OR.IXINE.O.DOIGO TO 2 N
21376% EUL==,5772156649 . .-
1377 DPSI=EUL

. IF(NILEQ.1)RETURN -
NF=NI=-1 '
DO 100 - N=14NF".
DPSI= DPSIfl DO/DFLUAT(N)
RETURN :
ISIGH=0
IF(ZX.LT.0.D0)ISIGN=1
IF(ISIGN.EQ.1}ZT=1.D0-2T
Z1386CREFLECTS ‘2 INTO 1=2 IF 2-IS%

EFT=HALF: PLANE S -

1387 IS=1T )
1388 U NR=0 e D
1389 CIF(IFLAG, NE 0)00 TO 3
213907 =% " PI=DATAN2{0.D0y~1,D0) )
1391 B(1l)=1,00/(2.00%6.D0)
1392000 o BU2)=~1aD0/ 1 4.D0%30, DO EE DL 0 o
1393 B(3)=1.00/{6.00%42.00)
139477 B(4)==1.00/(8.D0%30.D0)
1395 B(5)=5.,D0/(10.D0%66.D0)
1396 . .  B(6)=-691.D0/(12.D0%2730,D0) :
1397 B(7)=7.D0/(14.00%6.00)
11398 - - - _B(8)=-3617.D0/(16.D0%510.D0}. SR : S nE o
1399 B(9)=43867.00/(18,D0%798.00) ' : /
21400° = B{lO)==174611.D0/(20.D0%330.00 )= - - 0F ST N
1401 IFLAG=1 . o
71402 =7 -3 IF((NR+NI).G6T.10160:T0 4

1403 NR=NR+1
Tl 060 T3

4 IT=IT+DFLOAT{NR).:
ZL=CDLDGIZT)
2o TER1=,500/ZT::
SUM=ZL-TER1
:ABTERL=CDABS(TER1
N=0

“EN=DFLOAT (NI T
CTER=—B (N)¥CDEXP{=2.DO*EN*ZL)
ABTER=CDABS(TERY
< IF(ABTER.LT.ABTERLIGO:TO
NR=NR+1
HIT=1S v
IF(NR.LT.1001G0 TO 4
“WRITE. (691011) "o
 RETURN
57 SUM=SUM+TER . - - ==
LESUMI=0ABS(DIMAGLSUM) )
IF(ABSUMI.NE.O, D0)GO TO, 6575

" LABSUMILLE<ERRIGD TO 7
ABTER1=ABTER

G0 TO 8

"DPSI=SUM
IF(NR.EG,0) GO 'TO 10
DO 200 N=1,NR o
DPS1=DPSI-1,00/(ZT=DFLOATIN)
IF (ISIGN.EQ. O)RETURN

CARG=PI%ZP :
DPS1=DPSI- PI*CDCUS(A G)

= RETURN : .

1010 FORMAT (1M /7 /45H THIS IS A SINGULAR "POINT UF THE PSI FUNCTION,/s

130X, 6HARG R=31PEL2.513Xs6HARG -1=4E12.5]) et

1011 FORMAT(1H ,//,Z«H StRlES DID NUTvCONVERGE) o

: END-- - pohiE FEiHnL ER BT
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##*## ##*#ﬁ#*k¢*$*# #v*##*###*##***¢*$#¢*$4¢#**#$##$****#**¢¢
=0 IVEN-IN_THE:PROGRAM-(A)
#**#r#*###*#*##*##*#**#¢

ﬁ'#*#**###?*####*# #** Fhk

¥ ¥

¥ %

% *
B *
S LR

* i

% *

x ¥

e b ok kbt b b L S L d L

PROGRAM=(A): GENERATION OF THE T-MATRIX ELEMENTS #%

N (RIGID
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- —e178574000  .,00000 @ :T:
«10846+001 «» 00000

2 .00000° ©.00000
. 00000 .00000

.00000 .86373-001 ) L00000  .00000
.00000 T .47539+000 01 400000 =" :,00000

.00000 - 200000 26808<00222 00000 - :.7.7,00000
.00000 . 00000 487794000 .000060 .00000
.00000 .00000 00 .30650-004  +00000

«00000 - . . . 00000 S e49718+000-:-.,00000-

77000000, =5 400000 0 .00000 S 505 16132=006 -
.00000 . 00000 + 00000 «49892+000

Q-22

1. 86373-001 " .00000° 7 ,000007= 00000~ " : 200000
 «47539+000 . 00000 ~ .00000 «00000

.00000 ©.00000

00000 .28808-002
+00000° - = 00000 -

400000 : .7 . 48779+000

200000 .7.00000 .-
~ .00000 . 00000

30650=004

o 0047 ,00000 - =+ 000000 5 . - =
.49718+000 o

.00000 ~  ,00000

1613250067 .00000
©449892+000:5 1000007

.00000
-2 ;00000

. 00000
00000 -

27400000 < : S L000600

: 000000 Gt . 507292009 T s
.00000 00000

. 00000 «49947+000

,16246+000  :%000007~
" .98672+000 . 00000

7,00000  -.17876+000 g
2. +00000 .. . . -7 . 983894000 SR
700000 00000 .59057=0027°200000 57500000
.00000 - . 00000 .99998+000  .00000 ~ ~ .00000
.00000  .00000 61647-004  .00000 =
- .00000 7400000 100004001 - .00000"
.00000 71 .00000 ~.323332006 "
.00000 . 00000 +10000+001
17876+000 775000007 0000 500000 -
.98389+000 . <0G000 . .00000 . 00000 )
-.59057-002 __.00000 00000

. 00000

4999984000

000000 - 500000050 127.00000
.00000 ©.00000 _ 7 .00000

. 00000 "~ ,00000 .32333-006  .00000
2,00000.: - ..~ 400000 9 10000+001:5..400000 -

£¢00000 .1 =,10157-008

% 00000 - 77730000035 i
o . 06000 .10000+001

00000 . 00000
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~+26392-001 -~ ,00000 - . 00000
-.16030+4000 .00000  +00000
.00000 ~.31956~001 .00000

.00000 «17588+000 - T ,00000

27000000 - E T ,000600
.00000 . ,00000

: [T, 00000
.00000 .00000

'38004~008 ~ .00000°
«61647-004"" 400000

©.00000 " 00000
.00000 . = ", 00000

S =.10454~012"

400000 ;-
+32333-006

.00000

00600
.00000

31956-001=
175884000

$00000° 755, 00000 - 7
. 00000 00000

. 00000

~.34877-004 000006 ,00000
. 59056=00 00000 = - ,00000" -
. 00000 5 7000000 ,00000 -

00000 ©.00000 ©.00000 T .00000

2, 10454-017 00000
© 432333=0067.400000 "0

©,00000 . 00000
- .00000 -~ -, 00000 -

00000 00000
« 00000 . 00000 . 00000
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AR A AR R O R A AR R R R R SRR A R E R R RS
. deiuiolub it A A2 Skl ok

v

©  SCATTERINGEOFIACOUSTIC: WAVES -

S T-MATRIXSFORMULCATION 1))

£

* .

* BY -THE-CYLINDER
%

* -
L L L Y R T S L]

S o~V IWN -

]
%
&
F:ARBITRARY: CKOSS-SECTION -
. *
b
%

“66 P RO G R A HM=(B) #x¢

EVALUATION OF THE SCATTERED WAVE FIELD AT VARIUUS DISTANCES
FROM - THE SCATTERER AND: FOR::VARIOUS INCIDENCE ANGLES OF THE
ACOUSTIC PLANE hAVE ,UY USING THE T-MATRIX CREATED BY THE
PROGRAM=(A}. il L B .

##% THE GENERAL STEPS FOLLOWED BY THE PROGRAM ARE AS FOLLOWS #%#

RS DESCRIBING THE BOUNDARY OF THE

== READING OF THE PARAN i
: FETHEST-MATRIX FROM THE FILE(10) -

SCATTERER. AND .ELEMENTS:

-~ CREATION OF THE INCIDENT WAVE FIELD COEFFICIENTS
.~ AL{I) & A2(I) FOR A DESIRED.INCIDENCE ANGLE (AINC)

- CALCULATION OF THE S

JAVE FIELD COEFEICIENTS =~
2 CL{I). € .C2(1) . . WHER Sl o Lol

L I S R S L :
OO PO NN0000NO0OR0NONONON0000NO0

= 5Cli= TIL$AL + T12%A2 C2 = T21%AL + T22%A2 -5 oo oo

(C1 € C2 ARE COLUMN.VECTORS.E.TIU'S. ARE (NQ X .NO} HATRICES)

EVALUATION AND PRESENTATIONZOFZTHE: FOLLOWING RESULTS .- =i
BOTH IN TABULAR AND POLAR GRAPHICAL FORMS: o
A=) NEAR_ FIELD SOLUTIONS: {*#0OHLY FOR CIRCULAR: BOUNDARY) ;
"AT DESIKED REGIONS ak,ou THE BOUNDARY OF "THE
CSCATTERER. ... .. = e
1-) VELOCITY POT TI DUE ru SCATTERED WAVE. FIELD o
[UL2=1Y WAVE VELOCITIES DUEZTOSCATTERED "WAVE FIELD
B=) FAR=FIELD SCATTERED WAVE FIELD AMPLITUDES
~C—) TOTAL SCATTERING.CROSS— SECTION (ALSO CHECK FOR =
CONVERGENCY) ]

Canese IMPORTANT NOTE ##s¥%x

CDNVERGENCY OF THE TOTAL SCATTERING CRUSS- SECTIDN
SMUST BE CHECKED UP:TU AT . LEAST:1.E-3 . %Z.1F (%) DIFFERENCE.C
1S GREATER THAN l.E- 3yTH&N THE SIZE OF THE T-MATRIX

USED MUST 8E -INCREASEDJINZSUCH A CASEs A HEW-T-MATRIX

OF THE LARGtR SIZE HUST BE RECREATEU BY THE PROGRAM-(A).

;;¢¢¢#¢¢¢#}¢§}j}}§§¢#¢f;
INPUT DATA

CkttEresbeRieEskabaReE

COLUMN J
< COLUMN “3-4::N0- (WRITINGZUNITEC

£ NDO)
SFILE NDL)

it

S COLUMN. 1=3: "NYAZ (ANGULARZINCREMENT "IN PRINTING THE
© TABULAR RESULTS.EXAMPLE: IF NYAZ=10,

S THENYESCATTERED: HAVE 'FIELD "RESULTS .
VERSUS_POLAR ANGLE ARE PRINTED FOR EACH
LO:DEGREEINCREMENT . MIN(NYAZ)=2..

(SNOTE*: NYAZ SHOULD BE AN EVEN NUHBER) |
XAX (- XAX E=YAXARE:STHE SCALE PARAMETERS
YAX REOQUIRED FOR 'SUBROUTINE GRAPHQ'

TAKE., XAXZETYAXS6.0-11.007 0 o
(#NOTE:*;'GRAPH4‘ IS A LIBRARY PRUGRAN IN UNIVAC 1106 SYSTEM)

COLUMN  4-6
COLUMN 7-9

Ponooonooo

CDLUMNvl—Z- NIhC (NUMBER OF INCIDENCE'ANGLES FOR WHICH .
i S THES SCATTERED FIELD SOLUTIONS ARE DESIRED) -
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*EACH CARD CONTAINS* = R T D e
COLUMN 1-4: DUM4& {(INCIDEN DEGREES)}

EERREE (*NOTE:# :NO OF:CARDS IN SET(4) MUST
BE EQUAL TO *NINC', )

COLUNN 1- -2: NPOT (IF VELOCITY POTENTIALS ARE DESIRED TO
BEEVALUATED  HPOT=1 ,OTHERKISE NPOT=0)

COLUMNvB-Q:_NVEL {IF WAVE VELOCITIES ARE DESIRED NVEL=1,

S A OTHERWISEZNVEL=0)
COLUMN 5-63 NFAR (IF FAR~FIELD SOLUTION 1S DESTRED
. NFAR=L, ;OTHERWISE NFAR=0 ) . __

COLUKN 7 -8: NLRUS INCROS=1 IF TOTAL SCATTERING CRUSS SECTION
. SIS“DESIREDY =

COLUMN 9-10% NREG (NUMBER UF REGIONS AT WHICH THE NEAR FIELD'

S0 s A o SOLUTIONSARESDESIRED TU BE EVALUATED. A

7;_(;N0T + 1F BOTH NPOT € NVEL= 0 TAKE NREG=0 )

"'CARD SET 6 (*IF NREG 0 JOMIT THIS CARD SET)

#*EACH CARD CUNTAINS#
COLUMN 1-4: REG(I) (REGION(DISTANCE FROM THE ORIGIN OF THE
POLAR COORDINATE SYSTEM))
Goro (RNUTEs#71=)TAKEZREG(I}=0. s1F THE NEAR FIELD
L SOLUTIONS ARE DESIRED TO BE
EVALUATED ON THE -BUUNDARY OF
.THE SCATTtRER.
e T

R ACSRLIEELLEL
SAMPLE DATA
ERREAR ARG RARE

. column

CARD 11234567890

1 156 1
271 10 5.-5% 25110 9..7.
i 3 11 ' 3120 T -
IR §/ DRCTER e T304 Tt En
s 110112 5 145,
6 I10. 6 1 00110
7 15,

COMPLEX*lb T11(20,20) 112(20.20),721(20,20),T22(20,201.
g BES1(22)sBES2(22) yHANK(22)DUHLsDUNZsDZ+DNyCPARTY

3 " A1(20),A2(20)4C1(20),C2(20),BASF{20),

3 S T TUSPOT(L90)SUSVEL(190) yUSFAR(L90) - o

CUHHON/REC/AsB’CORRAﬂoTIgTZ,T39T

SALPH,DIS ©
COMMUN/TRIAN/H,BETA,TETAl

CHARACTER BCUN*GaSHAPE
3 . - H5 %8, Hb*lOyH7*349H9*9,H10*13,H11 107 -0

G(V)=V¥360:/(2.%P1).
F(U) U*Z ?PI/360.

DATA HlyHZyH3/'5 C. TYPE
TET (CAVITYY'/ oo

DATA H4/'CROSS- SECTIU
SODATA HB/'SYWHETRY. CONDITIONE (H-R

EUMANN (RIGID INCLUSIUN)' 'DIRiCHLEv>

THE SCATTERER : '/
ST OX=AXIS) -0/




161

162

163

o164

165
166,
167

168

169

21700

171

C
10
613

‘100

P bl

173

LT
1S

iTL76
Tarv

178
179

i-180: 7

181

1s2

183

Ch¥*¥%
S CRERR

1

Y1840

185
186
187
271887
189

1900

191

192

193
194
195
196
197
198
199

57200

201

212027

©7130

14

15

998

:"16

17

READ(NI18) - NINC
(. READ(NI,20) - DUM4 -

JUFORMAT (121

"FORMAT(JIZ)
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DATA H59H6,H7/‘CIRCULAR' YELLIPTICAL'y '"RECTANGULAR (WITH ROUNDED C
EORNERS ) '/ : i i

DATA H97H10/'SYMMETRIC'Z
- DATA HL1/'TRIANGULAR!'/

*NON-SYMMETRIC '/

READ(5910) NI NOsNYAZsXAXs YAX 500
FORMAT(212/13,2F3. 0y o T
WRITE(NUy613) :
FORMAT ( 1HL)
URITE(NU,100) - ; e
FORMAT (///5K 4470 %" )/5x,'*',45x,'4'/5x,'*',ax,'SCATTERING OF ACOUS

ETIC WAVES' 39Xy "% /5Ky %#%346X 4 /5%y "% BY THE.CYLINDERS OF ARBITRA

ERY CROSS—SECTION ¥'/5Xs'%' 445X %1 /5Xs "%, 8X, ((( T-MATRIX FORMULA

ETION 3))'90X gt /5Ky "4 945X, 4 /B5Xa4T( %2 ) [/ /115X, " %% PROGRAM-(B):

€ EVALUATION OF THE MEAR AhD FAR FIELD SOLUTIONS *#'/sx,bst'-')///)
PI=DATAN(1.DO)%4.D0 -
READING OF THE DATA,CREATED BY
STORED -INTO THE FILE(LO)-5uime
READ(10,1) BCUN,ANO, SHAPE
FORMAT(LXysA4/1XsFasL1/1XqAB) " S
IF(SHAPE.EQ. *CIRCLE") RtAD(quZ) RAD
IF(SHAPELEQ, "ELLIPS') "READ(10y2):AA,88
IF (SHAPE.EQ, 'RECTAN') READ(1042) A4B,CORRAD
IF(SHAPE.EQ. "TRIANG' ) .THEN

READ{10+2) H4BET

BETA=F(BET) ; . : 3

TETAL=DATAN(3. *DTAN(BETA/Z.)) '
END IF
FORMAT (1Xs 2F 6435F13. 10)
READ(LO0+4) NSYHsHQ -
FORMAT(1Xs12/1X413)
NQ2=NQ%*2
NOT=NQ+2
IF{NQ.GE.13. AND.NQ.LE. 18) -NQT=22
DO 5 I=1,H0Q T
DO 6 J=1sNQ
READ(10,7) TL1(1,J)
DO 5 J=1l,NQ - . :
READ(10,7) T12(1,4)
D0 8 1=1,NQ i
DO 9 J=1,N0Q
READ{10+7) T2L{I,d) "
D0 8 J=1,sN0Q
READ(L10,7) T22(14J)~
FORMAT (1%, 2D30.23)
WRITE(NGsLL)
FORMAT(G3('=")/)
IF(BCON.EQ. " NEUM') wRITE(NU,lz) HisH2
FORMAT(1XyAL24A25)
IF(BCONGEQ.'DRIC') WRITEINDs»12):HLyH3 )
IF{SHAPE.EQ. "CIRCLE') WRITE(NO,13) H4,H5,RAD

CFORMAT (/1X9A33,A8//1Xy 'RADIUS-2-*yF6.3)

IF(SHAPE.EQ. 'ELLIPS') WRITE(NDs14) H4yH6sAA 8B .

CFORMAT(/1XsA334A10//1Xs ' A=AXIS 2" 3F6.354X+"B=AXIS 2 '4F6.3) ..
IF(SHAPE.EQ. 'RECTAN®) WRITE(NO,15) H4,H7+A,8,CORRAD.

FURMAT (71X, A35,A34//1X,'A “AXISS'sFb6.3s4Xs " B-AXIS:  yFb64 314Xy

& YCORNER RAD.:*3F13.10)
IF(SHAPE.EQ. '"TRIANG') WRITE(ND998) Ha,HLILsH.BET
FORMAT(/1X5A433,410//1Xs ' H:'yFba3s" BETAZ',F7.3)
IF(NSYM.EQ,1) WRITE(ND+16):H84HLO oo )
FORMAT (/1X,A37,A13}
IF(NSYM.EQ.2) WRITE(NOSLEYZHBYHI
WRITE(NO,17) nquNOZ;NQZ
FORMAT (//1Xs "WAVE TYPE. 3

EF4.1//1X,'TOT.DIM. OF

THE PROGRAM=(A) AND ##t#
Sl B L1 L

ACOUSTIC:PULANE WAVE'//1Xy'WAVE NO:z 'y =
TRIX USED T 13, X'sIB//bB("'))

DO 19 T=1yNINC

AINC(I)= F(DUM«)V

FORMAT (F4.0) T -
. READ(NI,ZL)_NPUT,NVEL;NEAg,Ncgpsynagg,

IF(hREG EG.0G) GO TU 23
<D0 22 I=1,NREG

READ(NI20) REGUI)

B0 24 . [1=14NINC
TWRITE (NG 46) II,G(AINC(II))

CFORNAT(///6X312, "~ AHGLE OF TINCIDENCE S !y F4 07" J(DEGREES) /45" ="
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241 £))
(52425 CR¥¥% CREATION OF THE INCIDENT=HWAVESFIELD: -COEFFICIENTS- ###*
- 243 Al(1)=(1.00,0.D0)
224450 0 DB 25 I=14NQ-- K
245 IFINQ-T) 26,27,26 o
o246 260 AL{I+1)=DSORT(2.00)}%(0«D0y1.DOI*FIF¥DCOSII®AINCI(II
247 27 A2(1)=DSORT(2.D0)%(0. 00,1 DO)*#I#DS[N(I*AIVC(I
248 - 25  CONTINUE

CALCULATION OF THE SCATTERED HAVE FIELD COEFFICIENTS #%¢%
.- CALL HULVEC(T11,A1,C1,H0):

TF(NSYM=2) 28,29,28
CALL MULVEC(T12,A25C2,NQ);
DO 30 I=1,KQ B
CL{I}=CL{I}+C2(1} i
CALL MULVEC(TZZgAZaCZ,NO)
IFINSYM=2) 31,324931 .. SN
CALL MULVEC(TZlyAl,BASFyNO)
DO 33 I=1,NO° L
CZ(I)—CZ(I)+BASF(I)'“
TEB=P]1#%4.00/360.. «77 i PR TLLB AT RIS e
e srilasen B
IF{NREG) 64465464
D0 34 I= lyNREG
TTEA=0,DO" SR

CALCULATIUN OF THE NE
DB 35 J=1,181 7
IFINREG.EQ.O) GU TU 36
- REGION=REG(I):
DTDR=0,00
IF(REG{I).,EQ.O.) THEN S5
IF(SHAPE.EQ.'CIRCLEY) REGION=RAD
IF({SHAPE.EQ.'ELLIPS I ETHEN: - T

REGION= AA*BB/DSORT(AA*AA*(DSIN(1EA))*¢2+BB*BB*(DCOS(TEA))*

"E FAR-FIELD SOLUTIONS ##%¢

E%2) :
v DTOR = (AA#BR* (DB BB~ AA%AA)*DSIN(TEA)TDCUS(TEA))/DSORT((AA#AA#DSIN
CEATEA)®%2+BB*BB*DCOSITEA) #42)#%3)
END IF ' )
IF(SHAPE. EQ. 'RECTAN'IZCALL RECTAZ (TEA REG ION; DTDR) R4
IF(SHAPE.EQ.'TRIANG') CaLL TRIAZ(TEA,REGIUH,DTDR) '
END IF 1 - : — »
DZ= DCMPLX((ANU*REGIUN);O’
I DN=10.D050.D0): -~ : LETI T
D0 37 K=1,2
-~ CALL DBESS(1sDZyDNsDUH24BES2(K)y1.0-15)
37 ON=DN+(1.00,0.D0)
: DO 38 K=3,HO+1
38 BES2(K)=2.%(K- 2)/074BES2
o DN=DCMPLX({INQT-1)¥1:D0);0+D0)
DO 70 K=1,2 »
©CALL DBESS(0sDZsDN,BESL(NAT FIDUMLy 100-15) 0w
70 DN=DN-(1.D0,0.00}
55D0 LT K=3yNOT- - - : ol R
71 BES1(NQT+1-K)=2. HINOT+1- K)/DZ*BESI(NOT ~K+2)=BESL (NQT=K+3)
S22 DO 39 K=1yNO+b : :
39 HANK(K) = DLNPLX(DREAL(EESl(K))yDREAL(BCSZ(K)))
S A USPOT(J)=(0.D0,0.D0) - :
USVEL(J)={0.,00,0.00)
36 USFAR(J)=(0.00,0.D0)"
DD 40 N=1,NO
CEJEM=1.D0 ool
IF(N,GT.1) EJEM=DSOQRT(2.00}
CIF(NLEQ.1) THEN
CPART= Cl(N)*DCDS((
ol o 60, TO 4L4 ., . el
TEND IF ]
£ CPART=CLINI#DEOS{ (N=-1VXTEA
414 IF(NPOT) 41542,41 ,
41 YSPOT(J)= USPOT(J)+CPARTTHANK(N)¢EJEM“-

42 T TFINVEL) 43,44543
437 USVEL(J)= USVEL(J)+EJEM*(((N LY#HARKINY=DZ#HANK(N+1) }*CPART+{N-1)/"

EREGIUN*HANK(N)#(Cl(N)*DSIN((N l)*TEA)—CZ(N)*UCUS(h#TEA))*DTDR)
IF{1.6T.1).60 .TQ 40 =
IF(NFAR) 45,40,45

=-USFAR(J)= USFAk(J)+CPART*EJEH*(0‘DO,1 DO)#X(1=N]

CONT INUE
LTEA=TEA+TEB : o
IE(1.GT.1) 60 T0 49
SIF(NFAR)-91550,91 . 50

WRITE(ND,4T) e -
47 FORMAT(//1X,63(1=")/ 6Ky #¥ZFARZFIELDESCATTERED FIELD AMPLITUDE ##!.
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E/1X,630'="))
WRITE(NDy48) - : o : >
48 FORMAT(/xux,'REAL',7x, IMAGINARY ;6X,'PEAK VALU['/3X,’ANGLE',10X,
E'PARTY 99Xy "PART! 313Xy "(NORMYPLIXs63( =)} - :
CALL GRAFIK{NOJUSFARsPIyNSYMyNYAZ s XAX, YAA;A[NC(II))
50 IF(NCROS} 514490,51 T :
51 WRITE(MO,52) T
52 FORMAT(//1Xy36('=%)/,2%X, 'CHECK FOR THE CONVERGENCY OF- THE'/3X,'TOT
- §AL SCATTERING CRUSS—SECTION'/37('=")4/s1Xs 'URDER TOT.S.C.SECTION (
&/)DIFFERENCE'/37('-')) s : IR O -
UsC=0.D0
CALCULATION  OF THE TOTALESCATTERING:CROSS= SECTIUN gk L et
DO 53 N=1,KQ
TPRC=USC L :
UsCs= usc+r0ABS(c1(N))*»24CDABS(L2(N))¢¢2
IF(H.EQ.L) THEN - i
WRITE(NOy54) NsUSC
GO TQ 53 - sy
ELSE .
PERDIF=DABS{USC=PRC)/DABS{PRC}I*100.D0 . +. =
waIrE(Nu.sa) NsUSCsPERDIF

;.END IF
“CONTINUE™ :
FﬂRNAT(le 14 1016 71[)1
“WRITE(ND355) ° i
FORMAT ( 1H1)
IF(NREG.EQ.0} GO TO=2
IF(REG(1).EG.0.) THEN
WRITE(ND, 56) - -
ELSE
: HRITE(ND,S?) REG(I
~ END IF )
7 FORKAT (//76Xy "REGIO
FORMAT{ /76X, 'REGION
TETIFINPOT) 584594587
WRITE(NO,60) )
TLFORMAT(//1Xs63('=*)/8Xy ¥4 VELOCITY POTENTIALS DUE-TO SCATTERED FI-/
E£ELD *¢'/1x,63('—'))
T WRITE(NDs48). o 5o
, CALL-GRAFIK(NO,USPOTyP
59 TF(NVEL) - 61y34,61° -
61 WRITE(ND,63)
763, FDRHAT(//Lx,bat'—')/ax,'** "WAVELVELOCITIES DUE-TO SCATTERED FIELD !
EEFT/1X063(1=1))
: WRITE(NOy48)

*BUUNDARY*'/(';X,I‘H t=r))
'yF4. 1/6)(,10('-' ))

= CONTINUE .
 CONTINUE

AR RR R b R G S KRR CHAR AR AR AR
"7 C SUBPROGRAM FOR MATRIX €& VECTOR MULTIPLICATION
c¢**#*¢**¢¢¢*¢¢¢¢¢¢+*¢¢¢¢¢4¢*¢¢#¢*4*###*#44#4#****

C

COMPLEX %16 A(ZOqZO),B(ZO),C(ZO)yT_
DO 1 I=LsN . , z
» T=(0.D0,0.,D0)
ST DD 2 d=laN. L
2 T= T+A(I,J)*B(J)

Ao et =T : T
RETURN
CEND

. SUBROUT INE RECT ' S

c e

C$*¢¢*#***“'#¢***** Lo sl de e e 4ok #**##**#****ﬂ“} FEERE TN I E L L ’ T ARSILEY
_C SUBPRDGRAHN FOR CALCULATION OF SOME REQUIRED PARAMETERS :

: “DESCRIBING THE RECTANGULAR:BOUNDARY :




L P L E P L L e L C e F T

158

401 C RETURN PARAMETERS: (T1,72,T3,T44ALPH,DIS)

<402 C******f*#**##t#*«‘####*#*#############*###*#*t##*#*t#####
403 C

T:404 - IHPLICIT REAL®B(A-H,0=Z)~ . .7i:
405 cuu:GN/REC/A,E.CORRAD.TL,TZ,T3,T4,ALPH,DIS
406 .. PI=DATAN(L.DO) %4 .00 . -°
407 T1=DATAN({B=CORRAD)I/A)
408 - . IF(A.EQ.CORRAD) THEN -
409 TZ=P1/2,
E 100 ALPH=PI/2.
411 DIS=(B~CORRAD)
L4125 ELSE ;
413 T2=DATAN(B/( A= CURRAD))
a14 ALPH=DATAN{{B~CORRAD)/ (A=CORRAD) )
415 DIS={A- CORRAD) /DCOS (ALPH)
416 END IF .
417 T3=pI1-T2
4185 Ta=pI-T1
419 RETURN
420 : END
421 C
4225 C i
423 ¢ ,
T4245C :
425 ' C

4267~ SUBROUTINE RECTA2(TEXsR7DTDR)
327 °°C '

—5742a;?c*#***#*#**##*##*#v*#*###*****###*#*}v;#****:##**v

429 'c SUBPROGRAM FUR CALCULATION OF R €& D(RI/D(TETA)
4307 C . VALUES FOR A GIVEN ANGLE(TETA) ALONG THE
431 C - RECTANGULAR BOUNDARY

CIMPLICIT REAL#B{A-HyD=Z)5 5
COMMDN/REC/A,EsCURRAD,TlqT2oT3,T4{ALPd,DIS
CF(T4X)=DIS*DCOS{T=X) +DSORT(DIS*42%(DCOSIT=X) ) %42 +CORRAD*#2-D IS #%2) =
G(TE)—DIS#DSIN(TE)+DIS¢*2¢DCOS(TE)*DSIN(TE)/DSQRT(DIS*tszCOS(TE)ﬁ .
E¥2+CORRAD#$2-D1S%%2) o . : S
PI=DATAN(1.D0)%4.00 . mo ) -
TET=TEX < i UREITR b : :
TETL=TET
IF(TETWGTWPI ) TETL=TET=PI
IF(TETL.LE.T1.OR.TETL.GE.T4) THEN
R=DABS(A/DCOS{TETL))®

DTDR=A*DSIN(TETL)/DCOS(TETL)
STF{TETL.GE . T4) DTDR=~DTDR:
RETURN
ZEND IF:

‘IF(TETL GT Tl AND TET
~R=F(TETLsALPH)
TET=TETL-ALPH
S UDTOR==GITET)
RE TURN _
- END 1F - L L -
IF(TETL. GE T2. AND TETL LE.T3) THEN
_R=B/DSIN(TETL) : SELIT D
DTDR—-B*DLOS(TETL)
T RETURN - S L
END IF
IF{TETL.GT.T3.AND. TETL.LT. T«) THEN
R=F{TETL P I-ALPH)
CTET=PI-TETL-ALPH =
DTDR=GI(TET)
CEND IR el
RETURN_ )
" END Pt

" SUBROUTINE TRIA2(TEXsRyDTDR) "

Fadkd **#####*#**#*¢#¢4****#**¢#####v####¢¢¢44#**4
SUBPROGRAM FOR CALCULATION OF R & D(u)/u(TETA)__vi
“VALUES FOR A GIVEN ANGLE(TETA)ZALONG-THE T T

477 _C TRIANGULAR BUUNDARY
478" C****#**##***#*#*4#****#*#**##*###****##**#*V*#(‘##

'IMPLICIT REAL*B(A—H&U—Z)
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CUMMON/TRIAN/HyBETAyTETAl
PI=DATAN(Ls) %4, -
TET=TEX
TETL=TET -
IF(TET.CT.P1) TETL=2, *PI-TET
IF(TETL.LELTETAL) THEN =
R=H/3,%(1,/DCOSITETL)Y
~DTDR=H/3. *DSIN(TETL)/(DCUS(TETL)14*2
IF(TEX.GT.PI) DTOR==~DTDR
~ “RETURN U e
END IF
~IFATETL.GT.TETAL) THENZEEE I
R=2.%H/3. *DTAN(BETA/Z.)/(DSIN(fETL)
DTAN(BETA/2.)) : i
DTDR==-2.%H/3, *DTAN(BETA/Z.)*(DCOS(TETL)#DSIN(TETL)*
DTAN(BETA/2.) )/ (DSINITETL)=DCOS{TETL)
DTANIBETA/24) )%%2
-IFA{TEX.GT.P1) DTDR=-=DTDR’
END 1F i
RE TURN
END

DCGS(TETL)# o

EaeaErEays
SUBPROGRAN FOR PRESENTATIUN_DF'THE RESULTS

511 C IN TABULAR AND POLAR GRAPHICAL FORMS
THL2 T CRFRFFFEET e RERIE LTI e R IR AL EF Sk SR A E o ek b kk k

513 ¢
=514 COMPLEX#16 US1190) yDCHPLX & me o

515 REAL?*8 DIMAG,DREAL,CDABS’PI,TG,T

27516 . REAL®4 X{190),Y(1901sXAXsYAX: :
517 T=0. .
TE5187 K=NYAZ/2 P
519 00 1 I=1,181 .
33520 IF (K EQ.INYAZ/2+1) ) K=17F

521 TG=T/360.D0%2.00%P1

455220 CH%%% DATA TO BE PRESENTED: INTGRAPHS s ARE: STORED INTO X(IV & Y{I) ARRAYS
523 CH¥4# (¥NOTE: FIRST, POLAR TO RECTANGULAR CUNVERSlDN IS NECESSARY

524 ChERE FOR = "GRAPH4Y ) iiw”
525 XCI)=CDABS(US(I})*DCAS(TG)
526 Y(I)=COABS{US{I))4DSIN(TG)

IF(NSYMN.EQ 2. AND.I«GTo91.AND, AINC EO 0.) 6O TO 1
TTIF(KLEQONYAZ/2) NR!TE(NO;Z
£1) )
- KEK+1 7 : : -
FDRMA[(#X;P% 098XyF8 5;4XaF8 519X1F8 5)
T=T+2.D00- -
CALL GRAPH#(XAX;YAY;lBlsXyY)
"GRAPH4' IS A LIBRARY PROGRAMZ]
WRITE(NOy3)
FORMAT (1HL)
RETURN
END

NTUNIVAC~1106 -SYSTEM »%¥%#

SUBROUT INE DBESS(HO,DZ30N,0BI50B25E)

547 C DDCUMENTATIUV ADDED AT CORNELL U IVERSITY 8/5/74 FOR' THE SUBROUTINE D

5482 C DZ.IS THE VALUE OF WHICH _WETARETZTAKING THE BESSEL FUNCTION. L
549 ¢ DN IS THE ORDER OF THE BESSEL FUNCTIUN.

*'C:I THE VALUE OF THE BESSEL- FUNCTIUN IS STORED IN DBL. IFf THE :

BESSEL FUNCTION WAS OF THE FIRST KIND,y IE. A J~BESSEL FUNCTIDN,

;) THE VALUE OF:THE BESSEL FUNCTIUM:IS STORED IN UB2 IF THE

‘BESSEL FUNCTION WAS UF THE SﬁCDND KINDy IE. A Y= BESSEL FUNCTION.

CCALCULATES BESSEL FUNCTIUN (CDMPLEX DRDER AND CDMPLEX ARGUMENT) -0F THE’
ZECFIRST KIND IF MO=0,AND ALSO UF THE: SECOND KIND (NEUMANRN FUNCT!UN) IF

559 CMO=1
22560 CCALCULATES BFSSEL FUNCT ION "0 COMPLEX ‘ORDER AKD COMPLEX ARGUHENT US ING
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561 CPOWER SERIES FOR ABS{Z) LESS THAN ZOAND ASYMPTGTIC SERIES FOR ABS(Z).
562 ;. CGREATER THAN ZU. CHOUSES Z0=10 IF"GIVEN 20 LESS THAN 1

563 C El DETERMINES ROUNDOFF OF EN TO INTEGER. IF EL LE 0.y SETS TO .00l
7’5647 1002 FORMAT(45H NEITHER SERIES -FOR BESSEL FUNCTIUN CONVERGES)

565 1022 FORMAT{46H NEITHER SERIES FOR NEUMANN FUNCTION CUNVERGES)
566 . 1011 FORMAT (50H THIS IS A SINGULAR PUINT OF THE NEUMANN FUNCTION - 'y~

567 L4H ZX=y1PEL4.5,3X,4H ZY=3E14.5)
+2568. . DIMENSTON C{10),C1(100),C2(100),C3(100},C4(100);C5(100),T3(101)
569 DIMENSION C6(101)

“COMPLEX#16 Z+ENyByARGyGyTLIEXSSICFySF,T3
COMPLEX %16 FHNS,Sy T,u,v,sz,Tz,suz,ZLc,A,Al,el,ez,slr,LH,zns,c1
CUMPLEX *16 XsDZsDNsDBLsDB2+CDUNH . o
REAL*8 DATAN2sDREALsDIMAGsDLOGsDFLOAT,DSIGN,DABS+CDABS

- COMPLEX*16 CDEXP,CDSORT,CDCUS;COSIN:DCHPLX
INTEGER®4 IDINT
DATA IFLAG 70/
ERO=,1D-2
I1=D1 -

X=17

S IX=DREALIDZ)
IY=DIMAG(DZ)
EN=DN . . ...
ENX=DREALI(DN)
ENY=DIMAG(DN) - -
M=MO+1

" ABSZ=CDABS(Z).. . .. :
DB1=OCHPLX{0.00,0.00)
S DB2=DCMPLX(0.D0,0.00)"
U NFLAG=?2 )
NF=0 .
KFLAG=1

CKFLAG DENOTES -QUADRANT OF Z v S S e -

IF{ZX.LT40.D0.AND.ZY.GE. O, DOIKFLAG=2
CIF{ZXeLTe0.D0.ANDZY L T+04DOIKFLAG=3""
IF(ZXeGE.0.U0.AND,ZY.LT.0.DOIKFLAG=4
; U TFUKFLAGEQe2.0R JKFLAGLEQu3)iX=sZinl Jn : .
597 CROUTINE MOVES Z FROM LEFT- HALF PLANEVTU RIGHT HALF PLANE IF ASYMPTOTIC
598" CSERTES TO BE USED : . :
IF(IFLAG.GT.0)GO TO 2 i
. C(1)=3,141592653589793D0:
€C(2) =ct1) /2.DO

C(3)=C{21/2.D0
Cta} =1. DO/DSORT(C(Z))
C(5)=DL0G(2.D0)
Cl6)=8.D0

S CUT)=64.D0

C(9)=2.D0%C(1)
SC(10)=1.D0/C(1Y "}
EUL=.577215064901)33BDO Ci(5)

.. CI=DCMPLX{0.D0,2.00);
AL=DCMPLX(0.D0,C(1))

C6(1)=1.D0

00 100 I=1,100
EYE=I -
Cl(1) =EYE

T C2(1) G =2 DOMEYE

€3(1) =2.DO%*EYE=L.DO

~C4{1)={4,DO%EYE~1.0DO)&¥27

Co(1+41)=C6(L11+1.DO/DFLOATIT+1)

100 -C5(1)=(4.D0%EYE=3.00)**

IFLAG=1

£ 2 ERR=.1D=07_ :
IF(E.GT.0. DO)ERR c
1=0 ...
77=5.00 ]

“IF (DABS (ENY:LETEROTANDTOD BSTTDTATLENX )SENX)WLE, ERO)NFLAG——l

' 1TENP=ENX+DSIGN (4« 5D0sENX)

. TEMP=ITEHP. :

MIF(NFLAb EQ.-1) EN= ucnp X(TEMPsO 001
© ENXL=DREAL(EN} o : 3
[F{NFLAG.EQ.~1.AND. ENX1.EQ.0. DO)NFLAG 0
IF (NFLAG.EQ.—L1. ANDLENX1GT04DOIHFLAG=1 "

CNFLAG=—150s+Ls+2 MEANS (ENXsENY) A NEGATIVE INTEGER,ZERO,A POSITIVE INT

£ CEGERy AND A NON-INTEGER,RESPECTIVELY .-

IF (HFLAG.EU.2.AND M. EQ.2IM=3 -

“CFOR- M=3, EXPRESSES NEUMANN. FUNCTION INTTERMS OF BESSEL FUNCTIONS
IF (NFLAG. EO.—I)EN=—EN

~3 COMTINUE :
JFLAG=0 B
A=CDEXP(ENFAL) - 557
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641 IF(ABSZ.GE.ZZ) GO TO 6

42 000 IF(ENY.EQ.0,DOLAND.DABSUIDINT(ENX)+0%5D0-ENX).LELERD) GO TO 6
643 IF(ABSZ.NE.O.DOIGO TO 8 .

Sb44 “IFIM.EG.2) KRITE(6,1011) DZ50 0

645 IF(NFLAG.NE.0)GD TGO 16

5646 DBL=DCHMPLA{1.D0,0.D0) =

647 16 RETURN '

5648 8 CONTINUE

G I=1 ' )

EE6507 ILG= DCMPLX(DLOG(ABSZ),DATANZ(DIHAG(Z)’D&EAL(Z)))"
651 - CCHOOSES PRINCIPAL VALUE OF z IN CALCULATING CLOG(2Z)

6520 ARG=EN+C1(1) :

653 CALL UGANM(ARG;u,CDUM,ERR’O)

CZH=EN® CZLG=C(5)) - . o LoEiTon -
 ZHS=CDEXP(ZH) . e o S
~ T3(1)=2ZHS/G S G e e e .

S1=T3(1)
EX=COEXP{C2(L)*(ZLG=-C(5)))

11 I=I+1 .
T3(I)==T30I-1}3EX/ COEN+CTEI=1ACLUT=1)) oo i
S1=S1+73(1) : -
“S1S=CDABS(SL)

S T1S=CDABS(T3(1)) B
IF(TLS.LE.ERR*S15) G0 TO:9
IF(1.LT.101)60 TO 11

TIF(JIFLAG.GT.0)IGO TO 14
JFLAG=1

. GO TO 6

14 WRITE(6,1002)
SSTOP

B1 COHTINUE
JFLAG=1 -

G0 10 6

~82 WRITE (6,1022)

sTop :

9 B=S1

IF(M.NEL2)60 T@ 55

N=DABS (ENX1) - .

U= 2 DO*(ZLG+EUL)

IlZZ 1

= 77.00 75 J=122141 -

Ji=J4-1 '

CJIN=M+d=1 - = T
IF (J1.LE.O) GO TO 200

JIF (J1.67.101) 60 T0S201°%
TEMP1=Co6{J1}

: .60 TQ 203
200 TEMP1=0.D0
TLAT60-T0 203 D
201 TEMP1=C6(101)

= ‘D0 202 JJ=1024J1 :
TEUPL=TEMPL+L, DO/DFLOAT(JJ)

202 CONT INUE
203 CONTINUE . i

- IF {JINLLE.O) GO TOZ205

CIF(JLINLGT.101) GO TO 206
CTEAP2=CE6LJLIN) .

GO TQ 208

205 TEMP2=0.D0

GO 70 208

206 TEMP2=C6(101) o

B GO 207 JJ=102,J1N

L. TEMP2=TEMP2+1.D0/DFLOAT (JV)

207 CONTINUE

::208-CUNTINUE - s '

) T2= T3(J)*(TEMP1+T&VP2)
T2R=DABS(DREAL{T2) ) :
T2I=DABS(DIMAG(T2))

©75 S2=52-T2 Y
S2R=DABS(DREAL{S2))
S21=DABSIDIMAG(S2}1}

CIF(T2K.GT.ERR#S2R) GO T0 73

CIF{T21.LEJERR¥S2T) GO.TO: 76

178 I=1#1
 IF{I1.6T.101.AND.JFLAG.EQ.0)GOZTO 81

IF(1.GT-101. AND. JFLAG.NE.0IGO TO 82

L T3(I)==T3(I-1)#EX/ (CEN+CLCI-1)1%C2 (]~ -1))
1222=1
6o 10 77
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721 76 B2=52%C(10) o ‘ -
o IF(N.EQ.0) GO TU 55° L :
SL=DCMPLX(0.D0,0.D0)
T1=-CL10)/ZHS : - S
LUP=N-1
IF(LUP.EQ.0)GD TO .72
DO 70 LL=1,LUP
T1=T1%DFLOAT (LL)
S1=S1+T1
S D0 7L LL=1sLUP - ti S
S Tl= Tl*[&/(DFLUAT(LL)
S1=S1+T1l. -
GO TO 73
S1=51+T1"
B2=B2+S1
- 60 TO 55 i
IF(NFLAG.LT.0)B=A%8B
“BX=DREAL(B) ..
_ BY=DIMAG(B)

. BXA=DABS(BX)
BYA=DABS(BY)
IF(ZXEQ.0.D0.0RLZY.EQ.0DOYNE=L = T aE
1F (HFLAG.HE. 2. AND» EXA. LT BYALAND. NF.EQ.1) BX<0.D0
IF(NFLAG.NE.2+ANG.BYALLT.BXALAND.NF.EQ.1)BY=0,00

GU TO(56,57356159) 4k
ARG=X=EN¥C(2)=C{3) ..
CF=CDCOS(ARG)
. SE=CL6)*COSIN(ARG):
FNS=CL(4)%EN*EN
o 120, .
S1=DCHPLX(1.D0,0.00)
'S2=DCHPLX{0.D0Y0.00):
_U=DCHPLX(1.00,0.00)
TT1S=1.D0 " :
_$=CF
SI=T+1"
V- (FNS=C5(1)1/(CCTTox
CU=VE(FNS-C4 171/ 1C2011%X)
US=CDABS(U)
IF(US.GT.T1S) GO TO%20:
CONT.INUE
TT=URCF #VESETLT
TR=DABS (DREAL(T))
TI=DABS(DIMAGIT))
S=S+T )
SR=DABS (DREAL(S)) =
SI=DABS(DIMAG(S))
S IF(TR.GTLERR¥SR) GOTOL
CIF(TIWLLE, ERR*SI) Go 1o 2
“T1=y e
T2=vV
SaSL=STHTL monis eyl
Tsz=s2+4T12 7
T1S=US : s
IF(1- 100)18,25,25
IF(1.EQ.1) GO TO 12
IF(JFLAG.GT.0) GO TO 23
< JFLAG=1

6o -T0 8 :
“WRITE(6,1002)
CONTINUE
o sTop :
CONTINVE )
SGZ=CDSQRT(X) =~ =
IF (DREALISOZ).LT.0.D0)S0Z= o . N T
7867 'CCHOUSES PROPER. BRANCH FUR.- SQUAREZROOT, T et

8=C4)/5SQL%S ~ -

1F (KFLAG.EQ. 2)8=A¥B -
IF (KFLAG.EQ.3)8=B/4A
IF(H.EQ.3IN=2
IF (MJMNEL2)GD T8 59
BE=Cl4)7SQL¥ (SE(SLeUV/CTBI-CFEIS2EVI*CLOTD..
TF (KFLAG.EOQ, 2)32—(Bz+cocos(C(l)*EN)»CI*n)/A
U IF{KFLAGEQ.3)B2=(B2~CDCOS(CILI*EN)#CI*B)¥A
60 TN 55 7
IF (JFLAG.GT, 0160 TO::28
JELAG=1
Go 10 8 :
WRITE(611002)
S 60-TD 29 - SRS
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58 BL=DCMPLX(BX,BY) o ) T
M= 4 R Lht R
EN=-EN
- 60 10 3. - ©
59 BlT= DCMPLX(BXaBY) '
" EN==EN
ARG=C(1)*EN
#:B2=(CDCOS(ARG) *B1=B1T)/COSIN(ARG) &

p81=81

i o DB2=B2 .- - [
811 RETURN B

27B1257 57 IF(NFLAG.EQ.-1)B2=A%B2.
813 DB2=82 7

814 5 56 DBLl=DCAPLX(BXyBY) . " B
815 RETURN ‘

IE8167 ~END e R
817 SUBROUT INE UGAMM(DZ,DG PSyERRy JJ}

£}
28187 .CIF-JJ=0yCALCULATES ONLY GAMMAZFUNCT.IOMy IF -JJ=1,:CALCULATES ONLY PSI"
"CFUNCTION, IF JJ=2, CALCULATES BUOTH o -
= IMPLICIT REAL¥B(A~Hy0=-2)50 = o5
CUMPLEX¥16 GAMsZ,DZsDGMyDPS,DFST
LCOMPLEX #167TERHYLy ZTLyTERMSUHsZUGs ZTGAN 2T :
COMPLEX*¥16 CDLUG.DCHMPLXyCDEXP,CDSIN
REAL*8 DREAL,DIMAG,DLOG,DABS i
CINTEGER%4 IDINT 77
CDIMENSTON B(1OY - =5
DIMENSION C(100) i
"DATA IFLAG /0/ 3% L i R
1001 FORMAT(IH s/ //+24H SERIE DID NOT CONVERGE)
4. 1010 FORMAT(IH o/ //+47H THIS IS A SINGULAR POINT OF ‘THE GAMMA FUNCTION . -
K9/ 35Xs 6HARG R=,E124593Xy 6HARG 1—,512 51 ' ) N
“1F(JJ.EQ.UIG0 TO 60 .
DPS=DPSI{DZs ERR)
S IF(JJGEQWLIRETURN: -
60 E=ERR °*
i 1F(E.LE.0.DO)E=.1D-07.":
IX=DREAL(DZ)
o LY=DIMAGIDZ)
1=017
s IF{ZX4LT40.00)Z=~2
NELAG=2

sie d=0 . E -
843 CK= NUMB[R oF TERHS IN SERIES
84477 .. IF{ZY.EQ.0.D0.AND. (IDINT.AZX)<IX)<EQs0.D0) NFLAG=1
845 IF(NFLAG.EQ.1.AND.ZX LE.O.DOINFLAG=0

8467 CNFLAG=0 MEANS Z=0 OR £ A NEGATIVE INTEGER. ~ NFLAG=LMEANS Z A POSITIVE
IF (NFLAG.NE.0)GD TO 51 ~ o .
WRITE(6,1010) DZ .
DGH=DCMPLX{0.D0,0, 00)
RETURN -
" IF (NFLAG.EQ. 2160 TO 42
TIF(ZX.6T.2.0D0) GU TO 555
DGM=DCHPLX(1.00,0.00) )
A L. 'RETURN
855 55 IF(ZX.G1.20.D0160 70 42
IF=IDINT(ZX) -1
IJ=1 7
D0 300 N=2,IF 7
=[JEN
CADGM=Td i E e
RETURN
CONTINUE - 5
IF(IFLAG.NE. 0)00 T0 20
100 100 1=14100 "
Ct1y=1
PI=3. 1415926535897930
P12=DLOG(2.00%P1)/2, DO
" 8(1)1=1.000/12,000 ;
B(2)==1.,000/360.000
-8(3)=1.000/1260,000733
B{4)=-1.0D0/1680,000
+-B(5)=1.0D0/1188,0D0"
Bl6)==-691, 000/360360 000
“B(7)=1.0D0/156.0D0
B(8)==3617.000/122400,000
““B(9)=43867.0D0/244188.,0D0
8110)==1745611.000/125400.0D0
CARE -THE BERNOULLI COEFEICIENTSZIN: STIRLINGS FORMULA™

IFLAG=1
SIT=Z o
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IT1=7ZT~1.D0
[=0 - - I
5 IF(DR&AL(ZT).GT 10, 00) 60 TO
4 I=1+1 - ST
IF(1.LE.100)60 TO 30
HWRITE (641001)
STOP
©30 CONTINUE .-
©lT=IT+1.D0
G0 70 5
"3 1F=1
L 2LG=CDLOGEZT Y e : Rl o
SUM=(2T-.5 DOV#ILG -IT+PI2 -
CTERML=SUM: 5 i S S e
"ATERLR=DABS(DREAL(TERML))
~ATERLI=DABS(DIMAG(TERML)Y
s ML)
S8 J=Jd+1 - : ;
TERM=B (J)#COEXP (~( 2] DO?C(J) -1, DO)*ZLG)
S ATERR=DABS(DREAL(TERM) ) :
TATERTI=DABS(DIMAG(TER
T SUM=SUM+TERM 7 &,
ASUMR=DABS (DREAL(SUM))
ASUMI=DABS(DTMAG(SUMI )
IF(ATERR.GT,ATERLIR)IGO TO 24
CIFLATERI.GV.ATERLIIGO-TQ 224"
IF(ASUMRLEQ.D.DO)GO TO 9
IF CATERR/ASUMRL.GT.E)GU 10327
9 CONTINUE
ST IF(ASUMILEQ.0.DO) GO Tu'b
IF(ATERI/ASUMILLE.E) GO TO 6
27 -CONTINUE
ATERLIR=ATERR
ATERLI=ATERI
G0 1O 7
24 CONTINUE s
7 IF(J.LT.10)60 TO 8
GO TO & ) - ) : : L
6 ITGAM=SUM - " ) o S
SIF(IFL.EG.0IGO TO 31° : B - e
] D0.200 K=1l,I1F
922 200 ZTGAN=ZTGAM=CDLOGLZTL+C(K))
923 31 GAM=CDEXP(ZITGAWY .
% S SIFE(ZXaLTe0eD0YGAM==P I/ (GARCCDSINI(PI*Z) *Z) o o
. DGM=GAN
CRETURN .
END
COMPLEX -FUNCTION -DPSI#*18(ZE
IMPLICIT COMPLEX#16 (A-Hs0-2)
COMPLEX#16 CDEXP,CDLOG,CDCOSsCDSIN,DCHPLX
REAL*8 DATANZ2,DFLOATDABS,CDABS
Z: REAL%8 EyERR,BaABTERyABTEkl,ABSUMIoPI,ZX,ZY,ZXIyENgEUL,DREALaDIHAG
INTEGER*4 IDINT
CDIMENSION B(L10)
DATA IFLAG /0/ ,
ERR=E ; S
IF (ERR .« LE. 0. DO)ERR=
Ip=I
11=1
IX=DREAL(ZP)
CIY=DINAGIZP)
MI=IDINT(LX)
IX1=DFLOATINI}=2X
IF(ZYNE.O.DO.DRZX,GT.OSDOJOR
DPSI=DCMPLX{0.D0,0.D0)
WRITE (631010) Z

M)y

Z.10-

iZXI.NE 0.D0)G0 TO 1

RE TURN
57948 CCALCULATE PSI HERE IF 1 is A “POSITIVE INTEGER
949 1 1F(ZY.NE.0.DO. OR.ZX1.NE,0.D0)GO TGO z -
i =L - EUL=—. 5772156649 : = . g
’DPSI =EUL

TF(NI.EQ.1IRETURN. %70
NF=NI-1

DO 100 N=LsNF
DPSI=DPSI+1. DO/DFLUAT(N)

o o RETURN -

957 2 ISIGN=0 o ) ‘

958777 o IF(IX.LT.0.DO)ISION=LZ 1 T ife m e .

959 IF(1SIGN.EQ.1}2T=1. 00-1T

9607: CREFLECTS 2 INTO 1-Z LF Z IS IN:LEET-HALE PLANE . .-




165

961 IS=17 . T
962 . NR=0 CLEeTR :
o o IF (IFLAG.NE, O)GO T0 3
PT=DATAN2(0,D0s=1.D0)"_
B(L)=1.D0/(2.00%6.00)
B(2)==1.D0/(4.D0%30.D0)

967 B(31=1.00/(6.00%42,00)
P9687 0 B(4)=~1.00/(8.D0%30.D0)%
969 B(5)=5.D0/(10,D0%66.00)"
5597005 0 B(6)=-691.00/(12.00%2730.00)
9t B(7)=7.00/(14.00%6.00)
29727 .- B(B)==3617.D00/(16.00%510,00}
973 B8{91=43867.00/(18.D0%798.D0)
L9745 % B(10)==174611.D07(20,00%330.00)
975 IFLAG=1 CoT
976 7 3 TF(INR+NI)«GT.10)GO TO 4 i .-
977 NR =HR+1 T
2978 ' GO T0 3 ' :
979 CINCREASES REAL PART OF Z UNTIL GREATER THAN 10
‘980" 4 ZT=21T+DFLOAT (NR) :
981 IL=COLOG(ZT)
982 . CTER1=,5D0/2T :
983 SUM=ZL-TERL .
- 984 ABTER1=CDABS (TERL)
985 N=0
5986 B N=N+1 ,
987 EN=DFLOAT(N) ) )
988 - TER==B N} *CDEXP{~2 DOXEN¥ZL) -~ - e T

ABTER=CDABS(TER) -
= mio o IFAABTERGLYVABTERLIGOETOES
991 - NR=NR+1
S IT=IS BRI
IF(NR.LT. 100)60 TU ‘0
WRITE (6,41011) .
RETURN * .
5 SUM=SUM+TER: =
AbSutil= DABS(UIMAG(S ny
“ 1F{ABSUNMI.NE.O0.DO) GO TO:
IF{ABTER/CDABS(SUM). LE ERRIGO TO 7
Lot 160 1O 9
1001 6 IF(DABS(DREAL(TER))/DAB

.LE.ERR.AND.DABS (DIMAG(TER))/

1002777 1ABSUMILLE.ERRIGD TO:7.
1003 9 ABTERL=ABTER
- oo G0 10 8 -
DPSI=SUMN

IF(NR.EQ.0) GO TO 10
DO 200 N=L1yNR T
DPSI=DPSI-1,D0/(ZT-DFLOATINY
I+ (1S1GK.EQ.OIRETURN
ARG=PI#IP ‘
DPSI=DPSI- PI*CDCOS(ARG)/CDSIN(ARG)

R RE TURN , Fipoemde e Ten a0 B
1013 1010 FORMAT (LH -5/ /,45H s 1 POINT OF THE PSI FUNCTION,/,
101475 . 130X 6HARG R=31PEL2.513Xs6HARG 1=4E12,5) . SR

1015 1011 FORMATC(LH +//4,24H SERIES DID NOT CONVERGE)
1016507 7 o END ‘ S e
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S SAMPLE RUNIWITH THE=SAMPLE
G A kR Rk AR R A

M###¢*¢**»¢*¢¢ #**4**¥¢*#¢¢¢¢¢¢¢*¢¢¢***¢4*4#**4

‘q-u-o.'x-‘-n-:-
-n-b%-u-r.-‘-n-

((( T MATRIX FU M
e E AT e e R EARTLI T AT
*##4*4****# *¢¢¢¢+¢¢¢¢¢#¢¢¢¢#¢4¢¢¢¢¢¢¢¢*¢¢¢¢¢¢¢ S o

BeC. TYPE : NEUMANN (RIGID INCLUSION)

CROSS—SECTION OF THE SCATTERER

RADIUS :  1.000

SYNMETRY CONDITION (W.R.T. X-AXKIS) :  SYMNMETRIC

OF THE T=MATRIX USED:

TOT.01M.
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1~ ANGLE :OF INCIDENCE=

FAR=-FIELD SCATTERED FIELD AMPLITUDE ##

U CUREALG 2 IMAGINARY.
ANGLE PART

\G1 CIPEAKVALUE- 2
PART (NORNM)

___...____....-_....._.__-_...-_..__.._-v-:=v==:;=.:='.f=_é=v_=r='===============;=======
0. ~.09037 .2034%0 7 22257
10.- - —-.08940 - -,19733- -~ - - 221663
20. -.08650 «1793 .19913

2300 =, 081780
40, -.07536
806 . = 06748
60. -.05831

i L =.04820
. ~.03742
i =, 02632°
. =.01523
S 00440 -
.00560
.01470

1502

1502 S G 17106 LT
11116

N B
kg dwk

~ CHECK FOR THE-CUNVERGENCY.:OF=TFh
" TOTAL .SCATTERING CROSS—-SECTION

1 .2639208-001
-2 7°,9030308-001 " 59 H+ 00
3 .9037284-001 .7724488-001
4
5

.9037284-001 .8410429-005
.9037284-001 .2313573-009



“ UREGTIO

«48+000

1
I
2. 412=007+
I

1
I
1
I

;=e24+000+

R I

.1

1

I

1

+

B

Ll N B I B A L B e ]

© 4244000+
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N ¢ *BOUNDARY®

RE AL IMAGINARY PEAK VALUE
PART TEUEPART {NORH)
s L 492830k
-.33271 . 48334
i =e313657 i 455260 B
-.28357 . 40975
~.24481 C e348770
-.20040 27524+
- =.15368 Gl e 193TLNE I ; -
~.10805 .11457 .
-.06651 " SR, 08215 ST
-.03143 .14150
5 =.00426 " ST, 22783708 =
.01458 .31470
.02558 T e39541 e T
.03006 . 46680
.02984 Sie52692 000
02693 57456
et 7, 02325051 60897 = .2 _
T T.02037 .62974

‘:"00 1939,

¥
%
% -
%

*
*

%*

e b e —————

324000. +64+000. +96+000

+ B
644000 . =4¢32+4000 Fi=4
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PEAK.VALUE '+
(NORit)

21494
23125

T .25+000+

i
i
1
o1
+

+ ) B

i

77.90-001  .18+000

e "——-,-;T;,;_-T+.: - -
-,27+000 - =.18+000
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