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ON THE CLASSICAL SOLUTIONS 

OF FIELD THEORETICAL MODELS 

iv 

In this thesis we study two important aspects of clas­

sical solutions of two specific field theoretical models.The 

importance of classical solutions lies in the fact that, they 

constitute the first step in understanding the formal aspects 

of the underlying quantum theory and sometimes lead to results 

which are not obtainable by perturbation theory. Here, two 

kinds of classical solutions, monopole and meron, are under 

consideration. 

In the first part we quantize a purely fermionic model 

with non-polynomial conformal invariant Lagrangian. Then we 

present a static solution to the classical field equations 

when we restrict the internal symmetry group to SU( 2). The 

quantized version of the model contains composite vector and 

axial-vector gluon fields. The classical solution for the 

vector field is precisely that of the Wu-Yang monopole. 

In the second part the stability properties of merons 



-classical solutions in four dimensional Euclidean space 

which are singular at origin and infinity with divergent 

energy- are investigated by taking the DeAFF model as a theo­

retical laboratory. We find that in gravitational models 

with Yang-Mills fields, merons are unstable. Two special 

cases, conformally flat and flat space are taken under con­

sideration. At the end we outline a suitable ansatz about the 

fields which in Minkowski domain gives an expression that can 

be interpreted as the potential of the model. Some graphs 

of the potential are added for various values of ~2/e2. 

v 



ALAN KURAHSAL MODELLERiN 

KLASiK ~OZtiMLERi tiZERiNE 

Bu tezde, alan kuramlarlnln klasik 90zUmlerinin iki 

onemli niteligi iki ayrl alan kuraml modeli ele allnarak in-

vi 

celenmi§tir. Klasik 90zUmlerin onemi, kuantum alan kuramlarl­

nln forme 1 yonlerinin anla~llmaslnda bir ilk adlm olmaslnda 

ve bazen tedirgeme yontemleriyle elde edilemeyecek son~9lar 

vermesindedir. Burada sozkonusu edilen iki tUr klasik 90zUm, 

monopol ve meron 90zUmleridir. 

Birinci klslmda konform invaryant ve polinom olmayan, 

yalnlzca fermiyonlar igeren bir Lagrange fonksiyonunun kUan-

tala~tlrllmasl sunulmu§tur. Ardlndan i9 simetri grubu SU(~ 

ile slnlrlanarak klasik hareket denklemlerinin statik 90zUm-

leri bulunmu~tur. Modelin kuantala~ml§ bi9imi bile§ik vektor 

ve eksensel-vektor gluon alanlarl igermektedir. Vektor alanln 

klasik 90zUmU bir Wu-Yang monopolU olarak allnml§tLr. 
I 

!kinci klslmda ise kUtlegekimsel modellerde meronlarln 

-d6rt boyutlu 6klitsel uz~yda, orijinde ve sonsllzda singUler 



vii 

olan lraksak enerjili klasik 9BzUmler- kararl~llk problemi 

DeAFF modeli ele allnarak incelenmivtir. Sonu;ta, Yang-Mills 

alanlarlnl i;eren kUtle;ekimsel modellerde meronlarln karar­

SlZ oldugu bulunmu,tur. iki Bzel durum, konform dUz ve dUz 

uzay ;BzUmleri inceleme konusu edilmi,lerdir. Son bBIUmde 

alanlar i9in uygun bir ansatz kullanllarak, Minkowski uzaYln­

da modelin potansiyeli olarak yorumlanabilecek bir ifade elde 

edilmi,tir. ~2/e2'nin bazl degerlerine kar,lllk gelen potan­

siyellerin grafikleri bBIUmUn son una eklenmi,tir. 
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PART I 

MONOPOLES IN PURELY FERMIONIC MODELS 



1.1. INTRODUCTION 

It has been o~er fifty jears since ~~e foundations of 

h th f t . - 1 . - - I . 1 ) t e eory 0 magne Ie monopc~es were alS Gown )y DIrac . 

After the discovery cf non-a~~lian g~ug~ 2nd SUbS0-

quently of its classical mag~~tic monopol~ sOlutions 3 ) it was 

realized that the mechanism cf spontaneous s;~~etry breaking 

can be utilized to ma~e these solutions h~-:e finite energy4). 

These solutions have received a great des: of attention con­

cerning their implication for Grand ~nifiej i~eories5). In 

this \"ork we present the cou,-.~erpart of L.~ i';~-Y2ng monopole 3 ) 

. 1 f 1 d 1 f .. d I 6,7) 1n a c ass 0 recent y propose pure y er~10n1C mo e s . 

These theories, when quantized, have compcsite vector fields 

which behave 7) more or less like the vecter bosons of pure 

non-abelian gauge theories. These composite vector fields 

essentially arise from introd~cing allxili~rj fields that are 

necessary in putting the conformally in'Jariant non-polynomial 

fermion self-interaction into polynomial f~r~. The auxiliary 

fields have to be chosen suc~ that when t~e f~nctional integ-

ral over them is performed, the original ~on-polynomial purely 

fermionic Lagrangian is obtained. If,instead of integrating 

2 

over the aUXiliary fields first, one integrates over the fermi-

on fields, one obtains an effective Lagrangian in which a 

propagating vector field appears. One can de'lise an algorithm 

in which such a model is regularizable. 

Bncouraged by the similarities of this model with non-

abelian gauge theories, we searched for solutions to the clas-

sical equations of motion such that the expression for the 



composite vector field is of the Wu-Yang monopole type. We 

considered a model with SU(2) internal symmetry and found that 

we were not able to satisfy the equations of motion. Was it 

possible, then, to modify the Lagrangian such that one can 

find monopole type solutions? It turns out that such a solution 

exist~ provided that the model contains an axial vector inte­

raction as well as a vector one.Before going into the details 

we find it more appropriate to give some historical information 

about monopoles and make clear what is meant by a Wu-Yang mo­

nopole in the next section.ln this section we also elaborate 

on the importance of these "classical" monopole solutions,the 

quantization of the electric charge, and the elimination of 

the disturbing Dirac's string by the Wu-Yang ansatz. In section 

I.3 presentation of the model, its quantization and regulari­

zation algorithm are given. The propagators of vector field 

and of auxiliary field are calculated and some information 

about them is extracted. After this preparation the monopole 

solution is presented in section I.4. Since a SU(2) internal 

symmetry is also required, some explanation about the notation 

is given and the ansatz for 'V is written explicitly. Unknown 

parameters are determined such that the equation of motion is 

satisfied. For this purpose four-potential of the monopole 

field is calculated. At the final stage a discussion on the 

solution is given and its explicit form is written. The conc­

lusions are given in section I.S. 



1. 2. A SUMMAR{ ON DIRAC1 , 11) AND WU-Y ANG :.:c)NOPOLES 3,11) 

If one permits the presence of mag~etic charges in the 

Maxwell's theory, one ends up with the fo:lowing equations of 

motion, 

(1.2.1) 

Here j~ and g~ are electric and magnetic =~arge currents res-

pectively and the field strength tensors 'rv 

given by, 

o -E -"<' _CO" 
~ ~:L ~ 

£4 0 - 3 3 B2 

£2 B~ 0 -B~ 

E, -B2. B~ 0 

o B1 B2 B3 

-B~ 0 -£~ Ea. 

- B1 E3 0 -£4 

-B3 -E1. £~ 0 

'" and F r" are 

(1.2.2) 

. th t 11' . . h D42.!> .A 1S e to a y ant1-symmetr1c te:-.sor W1t Eo ::~'\. 

4 

Equations in (1.2.1) are symmetric under the interchang~ 

of electric and magnetic quantities E _:0, j",_g", . However 

the usual Maxwell's equations do not have this symmetry. There-

fore, the inclusion of magnetic charges or monopoles into the 

theory seems to enjoy some aesthetic advsntage (the nature 

does not seem to exhibit this symmetry, since till now nobody 

has been succeeded to detect a magnetic ~onopole experiment-

ally). The price for this advantage is a singularity line or a 

string. This can be seen as follows. The defining equation for 

the monopole four-vector potential, 
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(1. 2. 3) 

when used in Eq. (1.2.1) leads to the result, 

(1. 2. 4) 

If monopoles exists, then g~fO and this implies that, 

(1.2.5) 

Eq. (1. 2. 5) is the mathematical statement that A, is singular 

On any simply connected surface surrounding the monopole, A~ 

need only be singular at one point on the surface. If one ima-

gines an outward succession of such surfaces, one is led to 

visualize a continous line of points extending from the mono-

pole to infinity, along which the four-potential is singular. 

A simple example of such a potential is, 

A=o o 
(1.2.6) 

This expression describes a monopole at rest at the origin, 

since 

(1.2.7) 

It is singular along the positive z-axis because when e:O 
... 
A blows up. 

It was Dirac l ) who first treated t.he magnetic monopo-
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les in the context of Maxwell's theory fifty three years ago, 

in 1931, and since then the string is fou~d to be a disturbing 

feature of the monopole theory. Elimination of the Dir~c string 

has been one of the main goals of the researches. It is clear 

that new potentials have to be introduced to accomplis~ this 

(Wu-Yang construction 3)). But/the presence of the stri~g is the 

source of an important result if one tolerates its existence 

as a mathematical necessity and assumes t~at it is unp~;sical. 

It can be visualized as an infinitely long, thin solenc~d. 

Magnetic flux lines emanate in all directions from the ~onopolE 

and return from infinity through the stri~g. Clearly t~c po-

sition of the string and any motion it rna; experience ~ust be 

unphysical and undetectable. In other words, an electro~ or any 

other particle should not exhibit unusual behaviour in ~he vi-

cinity of a string. In particular, The phase of the particles' 

wave function 'If' should change by at most some integral mul­

tiple of 211' ;,hen a small closed loop is traversed around t~.e st-

ring.If the monopole is assumed far away and no other forces 

act on the particle, the;V satisfies the wave equatio~ for a 

free particle. "If' can be written in the formy=cpei~) ¢ 
being a fUnction with a definite phase at every point. Then ¢ 
satisfies the wave equation for a particle in an electromagne-

...:. ~ 
tic potential eA=V~. This is entirely trivial if r is an 

integrable function, for there is no electromagnetic field. 

However, ~ will be non-integrable near a string. For a small 

loop enclosing the string, the change in I is, 

(1.2.8) 



7 

The flux in this equation is the total magnetic flux within 

the string, which is equal to the total magnetic flux ~:::4)f~ 

of the monopole. Dirac's famous quantization condition then 

follows immediately, 

(1.2.9) 

The existence of monopoles explains why the electric charge 

is quantized. 

80, Eq. (I.2.9) is the condition to be obeyed if the 

string is required to be an unobservable object. A straight-

forward way to demonstrate this is by showing that there is 

a gauge transformation that moves the string from one place ... 
to any other desired location by transforming the potential A. 

But there is an unpleasant feature to this argument: the gauge 

transformation is necessarily singular at both the old and 

new locations of the string. 

Wu and Yang gave a refinement of this argument that 

avoids this difficulty. In the Wu-Yang construction 3 ) one does 

not have to deal with singular gauge transformations, nor with 

singular potentials (except at the origin). The price paid for 

this is the necessity of using different vector potentials in 

different regions of space. But we will not go into the deta-

ils of this construction. We merely sketch the 8U(2) monopole 

solution of Wu and Yang, in order to present the form of the 

vector potential which is used when we search for monopole so­

lution of the model given in the next section. 

The solution that is found by Wu and Yang is a pointlike 

monopole without a string. The ansatz they used as a solution 



to pure SU(2) Yang-Mills equation of motion is, 

(1.2.10) 

which reduces the equation of motion to t~~ following coupled 

equations, 

1. II 1"\ 01 
r ~ = .... ~'\I\ 

(1.2.111 

which has nontrivial constant solution 

(1.2.12) 

Constant g and h evidently imply unbroken local SU(2) gauge 

invariance, because 1',/l..r is a pointlike lo:-:g-rang<' potential 

in this case.Substituting Eq. (1.2.12) into Eq. (1.2.10) gives 

(1.2.131 

It is this form which we used with C;O. To see that this can 

be transformed into the vector potential of a monopole with 

Dirac string, consider the gauge transfor~ation, 

c.os a/"). -i4> 9; eo ~il'l 2 

w= 
(1.2.14) 

which rotates the ;; (e ,CP) direction in group space to the 

8 
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z-axis z=(O,O) and is discontinous along the negative z-axis. 

This gauge transformation when applied to the ansatz (1.2.13) 

gives, 

(I,2.l5) 

With C=O this is same with Eq. (I,2.6) hence proving that 

Eq. (I,2.l3) is the vector potential of a monopole. 

1.3. THE MODEL 

Our starting point is the classical Lagrangian given by 

(I,3.l) 

where ~~ are the group generators in the represantation to 

which the fermions belong. Note that ~ carry a spinor index 

as well as a group index on which the matrices ~. act. It was 

shown in Ref. (6) that this model can be quantized when g2=0. 

We mimick the same procedure for this model and introduce two 

vector and two axial vector auxiliary fields to p'Jt the Lag-

rangian into a polynomial form. The final expression reads, 



+ ~ T.,.. (,:rr vr) . 
C.oaCT) 

" {Tr[r. UrJA_ -4 1t-(A~)Ar)]J - C1 (T) r r Ca.(T) 

-1 T .. (J: rA ) 
C2, tT) S' r (1. 3. 2) 

where 

~r='A/To. (1. 3.3) 

Y,:: \f~To. (1.3.4) 

V%.= Vr V' (1. 3. 5) 

.. TO. Yr = Y r (1.3.6) 

At-:=. PI;- T~ (1.3.7) 

A'\ ArA!' (1.3.8) 

Jf -
0. ::: ~~ 1YXr "Co.1/? (I. 3. 9) 

Jf~l -
5 =-~2.1f~rX~ 1:o.1/J (1.3.10) 

C2 (T) is the second order Casimir operator of the group. Note 

that all the auxiliary fields belong to the adjoint represen-

tat ion of the group G. 

To quantize the Lagrangian given by Eq. (1. 3. 2) we cal­

culate the Fadeev-Popov determinant of the model. The functi-

onal integral reads, 

10 



where 

Here 

l.~f = ~ ((I + 8~)( + ~~X + s)'( -t- ~~t) 1/J 

-(C:(T))~ [Tr(V
2)Tr t..V-Tr{A1.)Tr.f-AJ 

+ LShOAT 

(1.3.11) 

(1.3.12) 

(1.3.13) 

Cr = c; T~ are the anticommuting fields in the adjoint rep­

resentation. 

At this point we would like to note that our starting 

point to the quantization procedure is the expression given 

by Eq. (1. 3. 2). However, the classical field equations of both 

of the Lagrangians, given by Eq. (1.3.1) and Eq. (1.3.2) are 

equivalent. To correctly quantize the expression given by 

Eq. (1.3.2) a constrained system, one has to add the Fadeev-

Popov determinant to the Lagrangian. If one integrates over 

the auxiliary and the ghost fields of the latter Lagrangian, 

Eq. (1.3.13), one obtains the purely fermionic Lagrangian of 

Eq. (1.3.1). Although the interpretation of the fractional po­

wers in Eq. (1.3.1) is problematic, it is "in this sense that 

11 
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one can give a meaning to the purely fermionic Lagrangian. 

We redefine the fields as, 

substitute into the Lagrangian in terms of primed fields and 

drop the primes for notational convenience. After integrating 

over the fermion fields we obtain the effective Lagrangian 

given by, 

i eH = Trtn (i;r+~)l+~:!,) 
_" (Tr(Gr)t)Tf"(Gr(Vr-Gr )) 

C2,(T) 

+ Tt-(Hr)1) T1" (H/, (Ar -HJA)B + i 3"'.l.t (1.3.15) 

The saddle point conditions are, 

Vr= 0 Ar:O ~=O 

Hr-=O Cr:O er:O (1.3.16) 

The tadpole condition, 

(1.3.17) 
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and 

(I.3.1B) 

are satisfied trivially. This is also true for the other fi­

elds and ghosts. The propagator for the 'f field is, 

(I.3.19) 

Here A is the cut-off. 

We see that if we take 

(1. 3. 20) 

we obtain the propagator of a massless vector field. Here 

since we get the tadpole condition free, we could fix our cou-

pling constant at this stage. This is in contrast to the situ­

ation in other models B, 9) , where the tadpole condi tion alre-

ady fixes the coupling constant. Fixing gl as in Eq. (I.3.20) 

makes this model regularizable. Since the bare coupling goes 

to zero as the cut-off 1\ goes to infinity, the interaction 

is asymptotically free ~ in the Cpn-l modelB) and as in QCD. 

Note that the regular algorithm for renormalization, 

i.e. of introducing wave function renormalization instead of 

fixing the coupling constant at this stage, does not work for 

\ 



this model. Introducing such a term would mean, via Eqn's. 

(1.3.14) a quadratic term in our original ~r and ft" fields. 

However, such a counter term would destroy our constraints, 

(1.3.21) 

I and render the model non-renormalizable in this scheme. To 

14 

give a meaning to the model we had to devise the new algorithm 

which is applied also by other authors lO ). 

One calculates the propagator of the axial vector fi-

eld in the same manner. Its propagator is given by, 

(1.3.22) 

This expression is finite and describes the propagator of a 

massless axial vector field if and only if g2 obeys the same 

relation as gl' Eq. (1.3.20). So, in order to get a regularized 

model, we have to fix gl equal to g2' If the fermion field had 

a mass in our Lagrangian, we see that the composite axial vec-

tor boson would be massive, although the composite vector fi-

d · . 11 1 7) . el 1S St1 mass ess ,s1nce, 

_ ~o.IoC,.(T) ~ 1(. J4 ~r~S'G¥""") ~V~5"(i+!(+"") 
(~'IJ')4 (p't.~)[(p+q)l_I4o\2.] 

:::_X~bCt.lT~ :;: L 'r Qll - 3rl/( ,~_i2",t~(~)\A+~irlite. p4rt) (1. 3. 23) 



15 

Here we stick to the model with massless fermions since we 

found the monopole solution only in this case. 

One sees easily that with the saddle point conditions 

Eqn's. (1.3.16), all the other fields and all the ghosts do not 

propagate.We get, 

o 
(1. 3. 24) 

where XI' and YI' are generic fields not equal to V,. and Ar 

Also the mixed terms where Xr and Yv are different terms, 

including A,. and V,. are zero. As far as perturbation theory 

is involved all the terms with zero propagators decouple and 

we are left with an effective Lagrangian which reads, 

(1.3.25) 

1.4. THE MONOPOLE SOLUTION12 ) 

In this section we present the classical magnetic mono-

pole solution of the model given by the Lagrangian in Eq. (1. 31) 

We consider the symmetry group to be SU(2). The composite vec-

tor and axial vector fields are given in terms of the spinor 

fields by, 

(1.4.1) 
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As it was stated in the previous section'I/J carries a group 

index as well as a spinor index. Therefore the right-hand si-

des of the Eqn's. (1.4.1) must be understood as, 

(1.4.2) 

If '\f~1fe. where C =i fS'2' the above expression takes the form 

(1.4.3) 

Similarly for axial-vector field, 

(1.4.4) 

For the classical fields these relations can be also written 

as, 

(1.4.5) 

Strictly speaking one cannot divide by fermion operators. 

However, one obtains the same set of equations of motion by 

starting from the Lagrangian as given in Eq. (1.3.1) and then 
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eliminating the Lagrange multipliers from the equations of 

motion obtained after varyi~g the spinor, vector, axial-vector 

:ields as well as Lagrange multipliers. 

The ansatz for the spinor field is taken as, 

(I. 4. 6) 

where r=I~1 . Here a,b,c,d are real numbers. However for a ge-

ral treatment they will be considered as functions of r. 

Our aim is to find a,b,c,d such that ~ satisfies the 

equation of motion of Lagrangian Eq. (1.3.1), 

(I.4.7) 

" provided that V t is a Wu-Yang monopole, that is, 

II 

Vo=O (I.4.8) 

Under the above assumptions, various terms when calculated 

gives, 

i\ji K 0 l:'o. '4' = 0 

- . 5[ ) 4 'Z. 2.) '4't t:o. ~ = -r 4(Qb-c.cI r1J!jiQ + (Q-C. ~x .. 

-r 2. (c.'I._o.l. + \:,2._ cl.2.) r2. ~i 0.] (I. 4. 9) 
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Eq. (I.4.9) immediately gives a restriction on a,b,c,d because 

of Eqn's. (I.4.8). They aloe, 

and (I.4.10) 

A convenient choice is, 

a=c and b=-d (I.4.11) 

which simplifies the Eq. (I.4.9) and gives, 

- . 
(I.4.12) 

By using the Eq. (I.4.1) one obtains, 

(I.4.13) 

and for axial-vector part 

Ad, _ 4Q2~~~+2(b:z..<f)1'1.b(o 
~ - 2i/Sr'('.:Ub~_ 311'+- '3b,+)1/3 

(I.4.14) 

substitutions of the above expressions into the Eq. (I.4.7), 

gives the following coupled equations, 

(I.4.15) 



where Gl =49 l /3 and G2=49 2/3, prime denotes differentiation 

with respect to r. The importance of the following cases is 

obvious. 

i) One can hope that without axial-vector part, the monopole 
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solution may exist. This can be seen in Eq. (1.4.15) by putting 

G2=O. If a,b are considered as constants, the only solution 

is a=b=O which is not desirable. If a,b are treated as func-

tions of r, there exists a solution, 

-1/2 [ ~/!J O=(r/ro) Up 3'A(r/r.) 

3/" r 1/3 b= (rjr.) exPC3'A(r/r,,) J (1.4.16) 

1'\ 5/3 where ro is an integration constant and A=2 G
l

. However, 

this can not be considered as a monopole solution, because it 

blows up not only at r=O but also at r=PO. Therefore, for this 

case we can safely conclude that monopole solution do not exist. 

ii) Assuming g210 and a,b,c,d=constant, we end up with the 

following equations, 

(1.4.17) 

If a=kb then an equation for k, 

4 k¥/3 (3k4_ 2 k~+3)~/S = ~klj.+2k~9 (1.4.18) 
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can be found provided that gl=g2. This last condition is the 

regularizability condition of the model as it is explained in 

the previous section, therefore it is not an additional assump­

tion. The reason to treat them as different couplings is obvi-

2 ous from (i). Eq. (I.4.18) has a root k =3 all the others being 

complex. So, the solution is, 

(I.4.19) 

and 

(I.4.20) 

The interesting feature of this solution is that, there is an 

angle between isovector and isoscalar, which is a consequence 

of the regularizability of the model. 

Our attempts to find a solution with a parity violating 

interaction, given by the Lagrangian, 

(I.4.21) 

failed to give a solution unless ~ goes to infinity in which 

case this expression reduces to lhe Lagran',lian in Eq. (1. 3.1). 
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Another interesting question is whether it is possible 

to choose the parameters in the ansatz (I.4.6) so that for the 

Lagrangian given in Eq. (I.3.1) one obtains a solution where the 

axial-vector field rather than the vector field is of monopole 

type. We have found that the answer to this question is also in 

negative. 

I.5. CONCLUSION 

In previous publications these types of models were con­

sidered for composite scalar and vector fields separately. This 

work shows that composite vector and axial-vector fields can be 

considered together provided that their couplings are equal. 

This equality is a consequence of the regularizability of the 

model. In general a similar construction can be given for models 

containing several kinds of bosons with consequent equalities 

for their couplings provided that the fermions are massless 6 ) . 

As far as the existence of the monopole solution is con­

cerned we have discovered two important facts. An axial-vector 

term is necessary, and the regularizability of the new interac­

tion requires that the angle found in Eq. (I.4.20) is 60 0
• In 

general the condition for the vector field to behave as a mono­

pole is very hard to satisfy together with the spinor field 

equation. It is this behaviour of these type of purely spinori­

al models which makes our solution unique. In fact requiring 

that the model give a monopole. solution together with the re­

quirement of regularizability uniquely determines the form of 

the 'Lagrangian with the consequent parity doubling for the 

gluons. 



PART II 

SEMI-CLASSICAL APPROACH TO THE STABILITY 

OF MERONS IN A GRAVITATIONAL MODEL AND 

THE POTENTIAL OF THE MODEL 
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11.1. INTRODUCTION 

The study of the classical solutions to field equations 

has represented an interesting ground of investigation both for 

the physical insights that such configurations can offer and 

also for a deeper understanding of the formal aspects of the 

theory. Much attention has also been devoted to the stability 

properties of the classical solutions l ). Furthermore, semiclas-

01 bOlo 2,3,4,5) 0 0 Slca sta 1 lty , l.e. small perturbatlons around Eucli-

dean vacuum "bounce" solutions has been considered as a new ap-

proach to stability of gravity. For example, instability of 

flat space at finite temperature, stability of gravity with 

cosmological constant in the deSitter background and instabili-

ty of Kaluza-Klein vacuum have been investigated, respectively 

by Gross and perry3), Abbott and Deser 4 ) and Witten
5

) . 

The aim of this work is to present a discussion of meron 

solutions and the potential in the case of gravitation where 

one might find a good interpretation for merons. As is well 

known, merons are the classical solutions of conformal invariant 

field theories with singularity at the origin as well as at in­

finity6) and they are unstable in pure Yang-Mills theories
7

) 

even in the presence of fermions 8 ) and in Cp2 models
9

,lO), but 
11) 

they are stable in pure spinor models • 

In order to perform our study we shall take as a theore­

tical laboratory a model which has been examined by De Alfaro, 

Fubini and Furlan (henceforth DeAFF)12). In particular DeAFF 

considered a model of gravitation coupled to matter fields, 

which is just the effective part of N=4 Lagrangian for supergr~ 
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vity with SU(2)XSU(2) local invariance 13 )-by effective we mean 

that the odd parity and spinorial fields are not taken into ac-

count, having the corresponding classical configurations vanis-

hing-, where supersymmetry fixes uniquely the ratio between the 

cosmological constant and the color charge. The DeAFF model is 

also complete from the cosmological point of view14 ), and a 

class of meronic solutions of this model has recently been 

found 15 ) (more details are given in the next section). 

Since merons are not bounce solutions in Euclidean space 

namely they are vacuum solutions with divergent energy in Euc-

lidean space, one has to work in the Minkowski domain where the 

energy of merons turns out to be real and finite. In the succe-

eding sections we shall define the stability conditions which 

will help us to discuss, at least in a particular case, the 

stability of merons for the considered model. In particular,the 

stability properties will be investigated for both the flat and 

conformally flat space backgrounds in which merons exist. 

II. 2. THE MODEL 

The Lagrangian of the model is the following conformally 

. . L . 12) lnvarlant agranglan , 

; Ji" til ~ 1'\~/n2 0{ "F 1/ Ftl qrf if"'~ 
;...= _ - 1'.+-;;- 1\ '1' +~ L~ rv rr <I ~ 

lot- ... e. 'Po. ~ 

... ~~ ~r" drlf'dvtpJ 
(11.2.1) 

which describes the interaction among the gravitational field, 

the SU(2) gauge vector fields and a neutral scalar field with 

a dimensionless cosmological constant A . The equation of mo­

tion which follow from the Lagrangian are, 
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(II.2.2a) 

~dr('Ii~rVqrld"Iq)= -r: (3"tlf'_ ~~ ~JA~+~dytf 

1 1.. F Ii F 0( r""Of ) 
- e,t<p1 .. r' "r ~ ~ (II.2.2b) 

Rr - d 3r",R =-2erv . (I I. 2. 2c) 

with the energy momentum tensor, 

(II.2.3) 

The Lagrangian in Eq. (11.2.1) exhibits a simple covariance 

property i ~i.l·i.. under the rescaling of the fields, 

(11.2.4) 

which leads one to the following class of meron solutions 15 ) , 

21 
-I b ox. 8/,,, =;J 'tv 7 

f\ . ","v nr-=- -I. 6'f~ ",'" 

~ = ~.! ca,,:l1 
~ ... 

(II. 2. 5) 

where "a" is a normalization constant which is fixed by the 

theory, while c remains an arbitrary constant. 



Inserting the solutions in Bq. (11.2.5) into the equati­

ons of motion (II.2.2a,b,c) we obtein the following algebraic 

constraints, 

3'l/l = [!~ l + ~(l-1~ r (y2._~)_ 'E, l) 
1/4~:. 'E,l"-(l-1) 

It'E, l::. (?>j.?) (1- ~/e}-) (11.2.6) 

Here, one should make some remarks about the reality of solu-
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tions (11.2.5) which are important for the stability criterion. 

Meron solutions Eqn's. (11.2.5) take.a more convenient form if 

the singularities from zero and infinity are displayed in ~br' 

br =(0,0,0,1) by a suitable conformal transformation followed 

by a Wick rotation to Minkowski space16 ) x 4=it, 

(11.2.7) 

where 

I 
(11.2.8) 

Consequently, taking into account the transformation properties 

of fields one gets the following complete Minkowski solutions, 

(II. 2. 9a) 

(II.2.9b) 

where 
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(11. 2. 9c) 

and 

(II. 2. 9d) 

For the meron solutions Eqn's. (11.2.5) the energy momentum ten­

sor is, 

(II.2.10) 

which is conserved in the covariant sense, 

(11.2.11) 

The energy momentum tensor in Eq. (11.2.10) can be improved by 

means of the conformal transformation which gives finite ener­

gy in Minkowski space, 

(II.2.12) 

18) 
11.3. DEFINITION OF STABILITY AND STABILITY OF MERONS 

Before starting to investigate the stability of the me-

ron solutions Eqn's. (11.2.5) in the gravitational DeAFF model, 

we shall recall the definition of stability for merons in the 

Minkowski domain. By this we mean ~hat the quantities (co-ordi-

nates, scalar, vectorial and tensorial fields) are transformed 

from Euclidean space to Minkowski space by using a combined 

conformal transformation, translation-inversion-translation 
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(TIT), fOllowed by a Wick rotation, i.e. improved quantities 

in Minkowski space 16 ). As is well known, meron solutions have 

finite improved energy and action, and they are invariant under 

the compact O(4)XO(2) subgroup of the 0(4,2) Minkowski confor-

mal group in Minkowski domain. These improved meron properties 

allow us to study the stability of merons in the gravitational 

field theories. 

Now let us define the stability for merons: by making 

the ansatz exp(-ik1::) with the proper time 'C in Eq. (II.2.8) 

for the small perturbations around the meron solutions (II.2.9a,b) 

in the Minkowski domain, stability or unstability will be de-

termined by k being real or complex. On the other hand, the small 

fluctuations in the Euclidean space are also corresponding to 

the small fluctuations in Minkowski domain by conformal trans-

formation (TIT), so for the small fluctuations around Euclidean 

solutions Eqn 's. (II. 2. 5)· we can take the ansatz xk which turns 

out to be, as given in Eq.(II.2.7), 

(11.3.1) 

in Minkowski domain which leads one to work in Euclidean space. 

If one examines the stability of merons in cp2 and pure 

Yang-Mills models by using the above instability definitions in 

Minkowski domain, the results are same, they are unstable, as in 

Refs. 7 and 910 ). 

Now let us investigate the stability of merons in the 

DeAFF model. For this study we should like to investigate two 

special cases of the solutions (11.2.5). The first one is the 

conformally flat space, which by substi tuting ~ =0 leads to the 

constraint ~4=e2. Consequences of this constraint have been 



29 

discussed by Cervero
l4

). The second one is the flat space (which 

corresponds to ~=l in the solutions (11.2.5» with the const-

° t "Z_ -.:2 2/ 3 h O hood ° 0 ° raln A -- ~ e w lC COlnCl es wlth the predlctlon of exten-

ded N=4 supergravity on the cosmological constant ~l7). 

i) Conformally flat space: 

substituting Y=O, the solutions (11.2.5) take the form, 

(11.3.2) 

where h(x)=l/x and the solution (11.3.2) has finite improved 

energy in Minkowski space which is positive for a 4 ) 2 e • 

Let us now take small fluctuations around the solution 

(11.3.2). 

(11.3.3) 

Owing to the mathematical difficulties of a general treatment 

we shall limit ourselves for a very preliminary indication for 

the particular simple case where the fluctuations in grv and Ar 
are assumed to be generated as a result of a variation in 

h(x)=l/x of the form, 

(11.3.4) 

Namely, our fluctuations are still in the flat or conformally 

flat space. Then, according to the above assumption, we find, 

~~r = 2~g~ ~v (11.3.5) 

S Fr ::: i. ~ 2.~ (--..d)~t;. ... - B~v e;? + B", ~'h 1 (II. 3. 6) 

where, 
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(II.3.?) 

with 

(11.3.8) 

and 

(11.3.9) 

Here Fr~ is given by, 

(11.3.10) 

where e is the colour charge. We shall also use the result, 

(II.3.11) 

Substituting the results above in the equation of motion in 

Eq. (II.2.2b) with 'E,=1,c=1,a=(2/e 2)1/2 (this value of "a" is a 

consequence of having meron solutions 15 )) and taking the vari­

ation of the resulting equations wi th respect to hand 4> we get 

~to~~ _'2..e. "(')f..())S~= b~~(~ _~) bt + ~ .e.4(~ + 3)S<P 
e~ 2 ~ 

+ 2. t 0 g~ _ 'l.R" 3( .... ?»2 f.t. 
-Lr.e.3(-x..o)bt+ 6.e.!Se. (II. 3.12) 

Similarly, Eq. (II.2.2c), beccmes, 

(II. 3.13) 
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According to the stability definition of merons, as given 

at the beginning of this section, w t k h e can a e t e following an-

satz for the fluctuation part, 

(IIo3.14) 

where Yl depends on the three polar angles in four dimensions. 

By using the identities, 

(II.3.15) 

and 

(II.3.16) 

Eq. (II.3.13) becomes, 

(IIo3.17) 

substituting this and ~2/e2=1 (this is because of constraint 

Eqn's. (II.2.6)), we get for the 1=0 ground state the following 

quartic equation, 

(II.3.1B) 

This equation has two real and two complex roots. To ensure 

stability, all four roots for k must be real. Thus there are no 

absolutely stable solutions. 

Before going into the investigation of stability proper­

ties of flat space, we would like to check another ansatz, which 

will be used in the following section in order to find the pot-

ential of the model. This is again a conformally flat ansatz, 
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which differs from the former in the A I f that r s orm, is, 

(II.3.19) 

Following the same steps as above one finds, 

(II. 3. 20) 

All the four roots are complex, so no stability for this ansatz 

too. 

ii) Flat space 

Substituting ¥=l, the sOlutions (II.2.5) take the form, 

(II.3.21) 

where again h(x)=ljx. This solution has also finite improved 
'l. 14 

energy in Minkowski space which is positive for ~ > e. -Q 
3 Q"e,'l. 

Let us again take a small fluctuation around the solution 

Eq. (II. 3. 21). 

(II.3.22) 

where the fluctuations in Ar and ~ are also assumed to be ge­

nerate'd as a variation (II.3.11) and bar,,=~3~r". E". (11.3.6), 

Eq. (II.3.9) and Eq. (II.3.11) again hold in this case too. Only 

the variation of 4' differs, 

(II. 3. 23) 

Following the same steps as done in the conformally flat case, 
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we arrive to the Coupled equations given below, 

3 (l.,.:C» g~ - htR +~Sb(.-2(.,..~)~.t, - '2.(.,..C»~~e..+ 1." o~t=o (IT. 3.24) 

~ O~~+i!6~+~O~1.~~_8f,~~ -4t(x.~W~=O 
.e..S ~ 

(11.3.25) 

Taking the same ansatz as in Eq. (11.3.14) and using the identi­

ties Eq. (II. 3.15) and Eq. (II. 3.16) one obtains, 

(11.3.26) 

substituting this into Eq. (I1.3.24) one finds, with 1=0, 

l ~ (2k+I+)(I<+-I)_ ~k;4 +i4-'2k-2k'1+(k+in.,.k 

+ (-j./k+i)'1(k+!)-.i.(k+3)+ :!.(~+"):z.... ~l?(.k+~ 0 
S\ 5" S S' -

(11.3.27) 

k k+2 The coefficients of x and x must then be equal to zero, 

k2.+i"k+S'3=O 

( k1+'lk+'3.)(3 K+8):0 (I1.3.28) 

This again gives solutions with complex k, hence the solutions 

are not stable for this case as well. 

11.4. THE POTENTIAL OF THE MODEL19 ) 

As it is known, in models with gravity it is not possible 

to express the potential separately. In such cases, the conven-

tional method to obtain the potential is tie the different fields 

by a new field with a redefinition of the kinetic term. 

We will use the above approach and investigate the poten-

tial of the Lagrangian in Eq. (II. 2.1) in the Minkowski domain 
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which will also provide us with a way of defining u new kinetic 

term via a new variable and field. For this purpose we wish to 

use a suitable ansatz which is already given in the last section 

in Eq. (II. 3.19). Inserting this ansatz in the Lagrangian in 

Eq. (11.2.1) we get the action in the spherical coordinates, 

(11.4.1) 

A1 ~,\1 
where /\ = 0. /\ , E2=a 2e 2 and ~=constant=a. From section two 

and from Eq. (11.2.7) we can change the variable x to ~ which 

may be called as cosmological time in the model 14 ) by, 

(11.4.2) 

Since the invariant quantity is the action its invariance 

is achieved by the following change of the h(x) as, 

Then, the action in Eq. (11.4.1) becomes, 

I .. 3lTl~dT [(1-~ ) (¥.:)1_ (~l+~)r 

4-~ r + (-t- ~)~11 

(11.4.3) 

(II. 4. 4) 

NoW, we can interpret f(T) as the position of a particle and T 

as a proper time and Eq. (11.4.4) ~s th~ mechanical equ_ation for 

a particle in a.potential, 

(11.4.5) 
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In order to get a correct kinetic term one should fix the coeff­

icient of kinetic term as, 

(II.4.6) 

or 

(11.4.7) 

This is also a very convenient choice in finding the place of 

meron on the potential which we shall discuss in the following 

paragraph. 

For various values of 
,.,2. 2 
Ale, some graphs of the poten-

tial may be found at the end of this section. 

The potential is unbinding when -K/t,2.(-i , and for "Afe:&> 5/2. 

it has only one minimum at f:O, which is not well defined physi­

cally. The only physical interval therefore is _1(').2/e 2 <.5/2 

where there exist another ground state for ftO which may allow 

transition between two ground states. 

The place of meron in the potential is the point where 

')."/e1 :l, f:l and V:O. 
,.,1./ 2. 

In figure 2 the intersection with A e :1 plane is presen-

ted and it is seen that the meron is on the minimum. Therefore 

it can be interpreted as a vacuum solution. This solution can 

,,2. 2 
decay only when Ale is allowed to change even if the change 

is very small. 

11.5. CONCLUSION 

In the sections (11.1), (II. 2) and (II. 3) we have inves­

tigated the stability of the improved meron solutions in the 

conformally flat space and flat space. Our results indicate that 

particular forms of this solutions are unstable and thus cannot 
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be interpreted as a possible candidates for a vacuum state.Since 

the fluctuations for metrics were still in the flat space, i.e. 

gr" = ~r" (h+ ~h) our results are very particular. 

In the last section (11.4) we presented a suitable ansatz 

which provides us an expression which can be interpreted as the 

potential of the model in the Minkowski domain. We have shown 

if 2. that the model is physically meaningful when ~ e. 

to the interval -1 <. ?"le.1..( 5/2. 

is limited 
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SUMMARY 

In the first part we are concerned with monopole solu­

tions in a model which contains massless composite vector and 

axial-vector gluons. We first present the quantization and 

regularization of the model and look for its monopole solu­

tions. Axial-vector interaction is necessary if one requi­

res to satisfy the equation of motion when vector part is 

restricted to be a Wu-Yang monopole. We also imposed the 

condition that the internal symmetry to be SU(2). It is 

found that there exists an angle TT/3 between vector and 

isovector parts which stems from the regularizability of the 

model. We also observed that vector part itself has a so­

lution, though it is not interpreted as a monopole. This 

solution may have a topological interpretation, since for 

negative coupling constant, the angle between the isovector 

and the isoscalar parts change from zero to IT/2 as r goes 

from zero to infinity. When an axial-vector interaction is 

added to the Lagrangian this angle becomes constant and the 

solution takes the form of a Wu-Yang monopole. 
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In the second part we investigated stability properties 

of a field theoretic model which contains gravitational,Yang 

-Mills and scalar interactions. For this purpose we used the 

semi-classical approach, that is, we perturbed the equations 

of motion of the model around a field which is taken to be 

common to the original fields. Two special cases are taken 

under consideration, conformally flat and flat spaces. We 

found that meron solutions are not stable ,in both cases. Af­

ter this we found an ansatz which when used in the action of 



the model gave an expression which is very similar to a 

classical action with its kinetic and potential terms. We 

observed that- this is possible in Minkowski space where the 

variable is no longer four-dimensional Euclidean radial dis­

tance but a proper time which is also interpreted as cosmo­

logical time by other authors. 

• 
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