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COURNOT EQUILIBRIUM WITH FREE ENTRY FOR
CAPITALISTIC AND WORKERS' ENTERPRISES

ABSTRACT

The purpose of this dissertation is to determine the Cournot Equi-
Tibrium with Free Entry for Capita]isticrand Workers' Enterprises. An
alternative Cournot-like free entry’notion to Novshek's CEFE which we
call Cournot-Sertel Equilibrium, is used to accomp1ish our purpose.

Our analysis is carried out in a model such that potential firms
all producing a homogeneous good possess jdentica] workers and a common
technology where preferences and production functions follow the func-
tional forms of the 1og-11near model developed previously by Sertel.

‘ Making use of Cournot-Sertel Equilibrium concept; the size of the
oligopoly, the production level, the capital and labor jinputs of each
firm, the number of workers in each firm, total output of the industry
and the price of the good are determined at equilibrium for profit—
maximizing firms, for uti]iéy maxfmizing workers' enterprises and for
the first time for an industry where both coexist.

Furthermore, it is demonstrated that Cournot-Sertel Equilibrium
is also Novshek's CEFE for capitalistic and workers' enterprises in a

log-Tinear model.



KAPITALIST FIRMALAR VE 1SCi FIRMALARI ICiN
SERBEST GiRiSLI COURNOT DENGES?

0zEeT

Bu tezin amaci kdr1 enbiiyukieyen firmalar ile yarari1 enbiiylikleyen
isci firmalari ic¢in Serbest Girisli Cournot Dengesi'ni beTirlemektir.
Bu ama¢ i¢in, Novshek'in Serbest Girisli Cournot Dengesi kavramina alter-
natif olan ve Cournot-Sertel Dengesi olarak adlandirdigimiz bir kavram
kullan1iimistir. |

Bu analiz tek tip mal lireten biitiin firmalarda calisan iscilerin
ve kullanilan teknolojinin ayni nitelikte oldugu, tercihierin ve liretim
fonksiyonlarinin daha Onceden Sertel tarafindan gelistirilmis logaritmik:
dogrusal modele uydugu bir ana model cercgevesinde yapilmistir.

Cournot-Sertel denge‘kavram1n1 kullanarak; denge noktasinda,
endiistride faaliyet gosteren firma say1s1; her firmanin lretim dlizeyi,
sermaye ve i1s¢ilik girdi1eri? her firmadaki isci say1sﬁ, endiistrinin
toplam lretimi ve malin fiyati kédr: enbUyUk]eyén firmalar ve yarari en-
buyiikleyen is¢i firmalari i¢in saptanmistir. Bu analiz, ayrica litera-
tirde i1k defa olarak iki tip firmanin da birarada bu]undugﬁ'bir endiistri
icin de yapilmis ve benzer sonuclar elde edilmistir.

Bunlara ek olarak, bu modelin varsayimlari altinda Cournot-Sertel
Dengesi'nin ayni zamanda Novshek'inkSerbest Girisli Cournot Dengesi oldugu

gosterilmektedir.
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INTRODUCTION

The purpose of this dissertation is to determine the Cournot
Equilibrium with Free Entry for capitalistic oligopolies and workers' . -
enterprises.

An oligopoly is known as a common form of an economic organization
where its members are firms, .each producihg a homogeneous good and using
identical technology. In this study we let the outpht of anyone of these
firms be a function of capital and labor inputs. Moreover, labor input
of the firm is considered as the sum of labor inputs of the workers in
this firm, and the price of the good ih the market is defined to be a
function of the toté] output of the industry, which is in fact the sum of
each firm's output.

In the presence of perfect competition and free entry, there
exist several questions which deserve more emphasis. Some of them can
be stated as follows: Does equilibrium exist in the market? If it ‘
exists, - what ~ should ..the ~nuymber - of = workers in each firm be,
and what should the optimal 1abor‘input of each worker be? What should
the optimal capifa] and labor inputs be in detérminihg the firm's optimal

production level? What are the total output of the industry and the



price of a commodity? Furthermore, what should the number of active firms
be in the market at the equilibrium?

In Cournot's Theory of Competition [1], these questidns are studied
among a given number of firms in a capitalistic (profit maximizing) oli-
gopoly. The important point to be emphasized in this theory is that the
number of firms is treated exogenously. Recently, Novshek [2] has pro-
posed the ﬁotion Cournot Equilibrium with Free Entry (CEFE) for capita-
listic industries to determine the sizevof the oligopoly by treating
the number of firms as an endogenous variable Laffont and Moreaux [9,10]
modified Novshek's CEFE and adapted it to labor-managed (value added per
1aborer; maximizing type) oligopolies and have shown the nonexistence of
such an equilibrium. Later, Seftel [3] has proposed another notion, which
he argues to be a Cournot-like notion of free entry equilibrium, as an
alternative to Novshek's CEFE providing answers to the above-stated
questions. We will refer to this notion throughout this study as the
Cournot-Sertel Equilibrium.

7 In this dissertation, first we apply the Cournot-Sertel Equilibrium
notion to a capitalistic oligopoly, secondly to a 1abok-manageq (Sertel's
type workers' enterprises) oiigop61y, and thirdly to an oligopoly where
capitalist and labor-managed firms coexist, and then show the existence
and uniqueness of such an equilibrium in all these- cases. Finally, we
show that Cournot-Sertel Equilibrium for capita]isfic and for labor-
managed oligopolies is also Novshek's CEFE. We demonstrate all these
results in a log-linear model on which oﬁr analysﬁs is based.

The organization of this dissertation is as follows: .



Chapter II comprises the literature survey of capitalistic and
labor-managed oligopolies and the deve]opmeﬁt of the concept of Cournot's
Equilibrium with Free Entry. Classical Cournot Equilibrium, Novshek's
CEFE and Cournot-Sertel Equilibrium for capitalistic and labor-managed
oligopolies are also presented in this chapter.

Chapters IIi and IV consist of the application of Cournot-Sertel
Equi]ibrium‘(CSE) concept to capita]istié and workers' enterprises res-
pectively, and reveal the fact that CSE is also Novshek's equilibrium
for both cases.

Chapter V shows that capitalistic and workers' enterprises may
‘coexist, they produce at the same level and in fact they are identical
even though their objectfves are completely differenf from each other.

Chapter VI concludes this study by providing of a summary of the
results, and &omparing CSE with Novshek's CEFE.

Our notation wi11'f011ow the following convention. We will let

0, = {1,2,...3, R = (<=,), and R, = (0,).



11, LITERATURE SURVEY

This chapter is devoted to defining basic classification of oligo-
polies encountered in literature and then providing a brief literature
survey of the studies carried out on the concept of Cournot Equilibrium

with Free Entry and its development up to date.

2.1 TYPES OF OLIGOPOLIES

In this dissertation, we deal with two kinds of single good pro-
ducing oligopolies. An oligopoly means,an‘industry that has countably
few number of firms so that each one constitutes a fairly substantial
share of the market, and the production Tevel of each firm has an effect
on the price of the producéd good; »

Throughout this dissertation we deal with an industry M = {1,2,...,m}
with size m ¢ N_ whose members (i e M) are all firms each producing quan-
tities y; € R, of an identical product whosg price is given thfough an in-
verse demand function p(Y) to be dependent solely on the total quantity
Y= I y, of the output supplied and sold, and where p'(Y) < 0. The
outp;iMis given by y; =_f[Ki,L1] where K. e R, aﬁd L;eR, are capital

th

- and labor inputs of the i~ firm, respectively. Furthermore, the labor



ny -
input is given by Li = I X,. where Xij € R+ is the labor input of the jth

=1 !

worker in the ith firm and n, € N_ is the number of workers in the ith firm

Also, C0 is the fixed cost of production and set up for each i ¢ M.

2.1.1 Capitalistic Oligopolies

In 1iterature, an oligopoly consisting of only capitalist firms are
known as a capitalistic economy, and capitalist firms are known as profit-
maximizing firms. Profit maximization problem of the ith firm in the in-

dustry can be formulated as:
max m; = max{pyi - C(yi) - C,}

where s is the profit of the ith fiym, and C(yi) is the cost function at
production level i |

The aim of the ith firm‘is to determine the output level which
yields the maximum profit to it. The first-order conditions for profit

maximization are obtained such that marginal revenue should equal marginal

cost, i.e.,
o, ‘BC(y.') ‘
_..1_ = _ap_ - 1 = ]
| ayi p + 3 Y5 B, 0 for all i e M.

2.1.2 Labor-Managed Oligopolies

A labor-managed oligopoly is a system which consists of only labor-
managed firms in which workers come together and form collectives or
partnerships to run firms. The members of the firm hire capital and

purchase inputs other than capital, and they sell the products of the



firm at the best prices they can obtain in the market.

In Titerature, one encounters frequént]y two kinds of labor-managed
firms. One is explained in Ward [4], Domar [5], and Vanek [6] and is named
Wardian L-M firm. The objective of this type of a firm, instead of attemp-
ting to maximize profit, is the maximization of net income per laborer or,
in other words, méximization of labor's average value added.

The problem underlying in such a firm is to determine the size of
labor-force and the amount of capital for an optimum Tevel of output so as

to maximize value added per worker. The objective function can be expressed

as follows:

Pyy - Pk -G

max Vi =

L;

where Vi is the value-added per laborer in the jth firm, i.e. the residual
output per laborer after paying off factors of production other than labor,
and p is the market rental for capital goods in units of the output.

The first-order conditions of the problem are given by

aVi op ayi ) ,
—L=—y;+—Lp-p=0
BKi aKi E)K.i
av. ap oy .
1= [( .Y-i + L p)L'i - Pyi]/Lﬁ =0
aLi aLi aLi

for all 1 € M.

In this type of a labor-managed (L-M) firm if tooperation exists

among workers of the firm, each worker contributes a fixed amount of Tabor,



so that Xij = x for some x ¢ R+, and then Li = n.X for all i ¢ M and

JeN_. Ifxis taken to be unity, then Li = .. The problem turns out

to be

py. - pK;, - C
max Vi = max {— L 04

n;

The most important deficiency of this type of L-M firm arises from
the fact that each worker-partner of the firm contributes a fixed amount
of Tabor. A worker of this firm can be fired when it is better to share
among the fewer, or can be hired when it is necessary to put more labor
input into the production. In other words, a member of the Wardian L-M
firm is not a partner of the firm.

The pther type'of labor-managed firms is explained in Sertel's [7]
workers' enterprises.‘ Partners of a workers' enterprise, instead of
maximizing their va]ué added per worker, maximize utility, a function of
both income and labor input contribution. Furthermore, utility of a
typical worker in the ith £ipm 15 defined to be the difference between
value added per laborer and disutility of work of a tyﬁica] member in

this firm. Utility maximization prob1em can be formulated as follows:

py; - PKy - Gy

max u,. = max{

CobyY ’
i3 bxij} s Yy>1, b>0

n;

where Xij’ uij and bxgj are the labor input, uti]ity level and disutility

level of the jth worker in ith fipm.
If cooperation exists between workers of the ith firm; i.e. xij = Xy

~ and Us 5 = U for all j € N, then the problem turns out to be



p.y-i "pK.i -C
max u. = max{

1 .
n'I

O - Y
bxi}

In our analysis, we confined ourselves to this representation by assuming
that the members of a workers' enterprise cooperate with each other.

It must be emphasized that as explained in Sertel [7], by an enter-
prise or a firm it fs meant a partnership. That is, a firm is a workers'
enterprise if and only if its partners are all workers in the firm and its
workers are all partners in the firm. Partnership or a partner to a firm
is gained through voluntary negotiation between‘potentia1 and existing
partners. The rights and duties of the partners are specified in a contract |,
called "partnership deed". 1In order to become a partner of the firm, it |
is necessary to purchase partnership deed, and the retirement of an existing

partner is achieved only by purchasing that partner's partnership deed.

THE COMMON SENSE OF THE WORKER-PARTNERSHIP MARKET:

The importance of this type of a harket arises from the fact that
the worker—partnership.(deed) market plays a determinative role in the
long-run equilibrium of the market.

To see how this market operates, thekdemand for worker-partnership
deeds and the supply of these are analyzed. Denoting the utility level
of a typical member in ith workers' enterprise of size n; by U}(ni), ahd
the level of utility elsewhere jn the economy by u, a worker in the sector

is willing to pay a demand price up to

Di(ni + 1) = u;(ng + 1) -u



of his income to quit his present job and join the workers' enterprise.

On the other hand, his joining the workers' eﬁterprise would cause each -
current member a loss of dﬁ}/dni so the workers' enterprise would admit
the marginal -applicant to worker-partnership only as long as he is willing

to pay at least the supply price

= _1
Si(ny) = -ny an

[N

Thus, the workers' enterprise achieves its long-run equilibrium

size only when the market for its workers-partnership deeds is equilib-

rated, i.e. when
Di(n +1) = S5;(n;) . (2.1.1)

For n, large enough, Di(ni+]) = E}(n1+1)—g_ is approximated by
Di("i) = E}(ni)—g: This approximation is employed in the present analysis
in order to maintain the continuity and differentiability of (2.1.1).
Although for small n; this approximation diverges from the true situation
considerably, as the nﬁmber of workers increases its approximating effect
becomes marginal. Furthermore, long-run equilibrium is achieved when
du,
ﬁ}(ni) - u=-n; Hﬁ% . i v(2.1.2)

The main distinction between Sertel's and Wardian L-M firms is that
in Sertel's workers' enterprises the inputs of participants are not fixed.
The input level of each participant is chosen so a$ to maximize his utility

by the following first-order conditions:
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ou; 3 .
ax ( ta—p)/ng - byx{T =0 ,
1

au

1‘_ Nk
i (BK y BK P - p)/n =

2.2 THE CONCEPT OF COURNOT EQUILIBRIUM

After defining capitalistic and labor-managed oligopolies, we are
ready to provide a Titerature survey on the concept of Cournot Equilibrium

and its development up to date.

2.2.1 Classical Cournot Equilibrium

In this section Classical Cournot Equilibrium is defined briefly
for a capitalistic oligopoly where each firm maximizes its profit with

respect to quantity as the strategic variabTe.

Definition (2.2.1): Let M be an ﬁndustry whose members are each ascribed

an identical cost function C:R_ ~R_. A Classical Cournot Equilibrium of
M is any point y(m) = (ya,yé,...,yh) > 0 such that for each i ¢ M and
yi-i 0 .
C(y.) - RINET
POZ yilyy - Clyy) - € 2 PEy Y

J : Sl
jeM . 7.
) , 173

+ yi)yi - C(yi) = CO

where y;, is the output level of the ith fivm.

Note that, much later, a Classical Cournbt Equilibrium came to be
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known as a Nash Equilibrium in a game where each player maximizes its
individual profits. ;

Coufnot Equilibrium as defined above is established among a given
number of competitors. In the case of Unlimited Free Competition, Cournot[1]
showed that number of firms in the industry grows beyond bound and Dimit-
riev [8] discussed the consequences of Cournot's theory of competition.

The weak point of Cournot's theory is that the equilibrium size i.e. number

of firms, is treated exogenously.

2.2.2 Novshek's CEFE

Recently, Novshek 2] has proposed a new equilibrium notion for
capitalistic firms, namely "Cournot Equi]ibfium with Free Entry" (CEFE)
by including the number of active firms in the market as an endogenous
variable. Then he showed»that if firms are small relative to the market,
then there exists Cournot Equilibrium with Free Entry, and moreover any
CEFE is approximately competitive.. |

The properties of Novshek's CEFE are:

i. the outputs of active forms yield a Cburnot equilibrium
(without free entry), i.e. a Nash Equilibrium with quantity

as the strategic variable;
ii. all firms make non-negative profit;

jii. there is no profit incentive for additional firms to enter
the market. In other words, no potentié1 entrant can earn
strictly positive profit by entry, assuming the aggregate

output of all other firms to be fixed.
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Definition (2.2.2.1): A Novshek's CEFE for an industry M of firms each
with an identical cost functions C:R_ +R, is a point y(m) = (§R,§é,--,§h)>0

such that
i) for each ieMandy, >0

o E V7, AN PLE T3+ yydyy - C) - G
itd
i) forany y > 0
P(Z ys+yly-Cly)-¢C <0
jeM Y 0-

Although Novshek [2] by (ii) of his above verbal definition stated
that all firms make nonnegative profit, he did not formulate this condition
mathematically. Condition (ii) of Definition (2.2.2.1) simply states that
there is no profit incentive for additional firms to enter the market.

However, a modification of Novshek's CEFE for capitalistic firms
which is called Revised Novshek CEFE 1n:[3], is suggested by Laffont and
Moreaux [9] who 1nc1ﬁded ﬁon—negative profit condition, and can be stated

as follows:

Definition (2.2.2.2): Revised Novshek CEFE for an industry M of firms

each with an identical cost functions C:R_ -~ R, is a point y(m) = (}i,&é,

..,yﬁ) > 0 such that
i) for each i ¢ M

y.)y. - Cly;) -C >0
p(jiM Y5y - Cly;)
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ii) for all i € M and y; >0

p(j_ﬁM yi)y; - Cy;) - ¢y > p(j?éi Y5t yydyy - Clyy) - G
jeM
ii9) foranyy> 0
P(Z Y5 +yly-Cly) -C <0
JeM
In the above formulation, non;negative profit condition is included by (i)
and free entry condition is modified by strict inequality as shown in (iii).
In addition fo capita]iétic firms, Laffont and Moreaﬁx [9] have
adapted Novshek's CEFE to the case of competition existing in Wardian
labor-managed oligopolies and have shown the nonexistence of 'such an

equilibrium.

Definition (2.2.2.3): Revised Novshek CEFE for a Wardian labor-managed

industry M of firms is any pair (K,L), where K = (Fﬁ,Ké,...,Kﬁ) >0,
L= (C,,L ,...,Iﬁ) > 0 denoting y} = f[K},fg] for al1:i € M such that

i) for all i e M

p(\]iM ‘y'l)‘y'l -ApK'i - 'CO

L;

where w is per capita added value available elsewhere in the economy;

i) for all i ¢ M and for any y; > 0, K, > 0 and L, > 0;

p( % ¥.0¥y - ofy - € PL3y ¥y + ;g - oKy - C
sem P37 TP T o ﬁM j i” PN
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iii) for any y > 0, K> 0, L >0 such that y = f[K,L]

p(z y.+yly-oK-C
jEM J 0

L

Not ft would be preferable to interpret the conditibns imbedded in
the above definition in relation with the model under consideration.
Condition (i) says that the per capita added value in the L-M firm is at
least equal to the per capita added value in the economy. Condition (i)
is the Classical Cournot Equilibrium condition with capital and labor as
the strategic variables and finally Condition (iii) is the free entry
condition for the potential firms, which is similar to Novshek's free
entry condition. '

A recent paper by Hill and Waterson\[11] analyzes Cournot Equilib-
rium with Free Entry for 1abor-managed'and capitalistic oligopolies.
‘Their free entry is defined as "firms will enter (1eave) an entrepreneurial
industry if positive (negative) profits are being earned by the existing
firm and firms will enter (leave) a L-M 1ndUstry if positive (negative)
profits per worker aré being earned by the existing firms". But we dis-
agree with that kind of free entry notion because only positive (negative)
profits or profits per worker of the existing firms are considered, and
the profitability of the potential firm is not taken into account before

entering.

2.2.3 Cournot-Sertel Equilibrium

Sertel [3] has proposed an alternative free entry notion to Novshek's

" which helps us in determining the size of the oligopoly. Now, it remains
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necessary to define this notion for capitalistic oligopolies and for

workers' enterprises.

The properties of Cournot-Sertel Equilibrium (CSE) for a capi-

talistic oligopoly are:

i. all firms make nonnegative profit;

ii. the outputs of the active firms yield a Cournot Equilibrium
(without Free Entry), i.e. a Nash Equilibrium with quantity

as the strategic varijable;

iii. at least one of the potential or the existing firms should
earn strictly negative profit by the entrance of the potential
firms once a new Cournot Equilibrium is established among

potential and existing firms.

These can be mathematically expressed by the following definition.

Definition (2.2.3.1): Cournot-Sertel Equilibrium for a capitalistic
industry M of firms, each with an identical cost functions C:R+ + R,

is any point y(m) = (ya,yé,...,yh) > 0 such that
i) for all i e M

Y.y - Cly;) - C > 0;
p(jEM y)y; - Clyy) - G >

1) for all i e M and for any y; > 0

jeM 9771 jFio

P(Z Yoy - Clyy) - Co2p( 2 yo+yrdy;y - Cly;) - €
jeM '
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iii) for each industry M' such that M 5;?4':#N,‘the first condition fails

whether or not the second condition holds for i € M'.

Cournot-Sertel Equilibrium can also be defined for workers' enter-

prises in the presence of partnership market.

Definition (2.2.3.2): CSE for industry M of workers' enterprises is any

triplet (K, x, n) where K = (KyKpsen s K0) 20, X = (X KoseeosXp) > 0

Furthermore, for

and n = (ﬁ},ﬁé,...,ﬁﬁ) and for each i e M, ﬁ} e'N+.

each i e M, §} = f[Ki,E}]-where E} = ﬁ};i} such that

i) for all ieMand b> 0, vy > 1

lo(jeM Ylvg oKy - Cp
' - -bx; > u
ni v

where u-is the "reserve utility" which is the least a worker can count

on obtaining elsewhere in the economy.

ii) for all i € M and for any yi 2 0, K; >0, x, >0andn, e N

- C (L. tydy. - oKe - G

, i . . !
JeM - - bx¥ > JeM - bx¥ ;
n; : n, :
ii1) for all i e M
p(Z y.)y, - oK = C | p(z y.)y. - oK. -C
jeM ~J 1 1 0 oY -u=-n d . JeM J ‘1 ! ° - bxY)
) = i = i dni‘ iR n. i’In

i v 1
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iv) for each industry M', M ¢M' = N, the first condition fails whether

or not the second condition holds for some i & M'.

Note that, (iii) is an approximation to (2.1.1).

A c]ose examination of the above definition reveals that the utility
of a typical member of the industry M is at least equal to the reserve
utility e]sewhefe in the economy by Condition (i). Condition (ii) is the
Classical Cournot Equilibrium condition where the capital of the ith firm
and the labor input one of its typica] members constitute the strategic
variables in the maximization of typical partners utility. Furthermore,
Condition (iii) says that there is no utility incentive for a worker to
~ join or leave the workers' enterprise at the equilibrium in the presence
- of partnership market. Condition (iv) oh the other hand implies that for
any bigger industry M' utility level of at least one worker in the industry
- M' will fall below the feserve utility level.

We must pay attention to the fact that the difference between CSE
‘and Novshek's CEFE lies in the Free Entry Condition when a new firm wants
to enter the markef, according tb Novshek's CEFE, the existing firms stick
to the same level of production whatever the production 1evef of a new
firm is. They do not change their respective production levels even when
a new firm tends to enter the market; in fact the potentiaT firm is not
taken into account whereas in Cournot-Sertel Equilibrium the existing
firms, once they observe that a new firm shows a tendency to enter the
market, adjust the1r output levels as if there is one more firm in the
market. In th1s approach existing firms treat the potent1a] firm as a

new competitor and their reactions are adJusted accordingly, because the
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additional output introduced by the potential firm influence the price

of the good. Furthermore, the profit of each one of the existing firmé

in a capitalistic oligopoly and the utility level of each worker in the
labor-managed oligopoly are also affected by the entry of a new firm.

From our point of view, to stick to the same production level ignores the
newcomer and enforces the existing firms to behave irrationally. Thus,
Cournot-Sertel Equilibrium is more appealing and rational in the spirit of

Cournot and our analysis will be mainly based on CSE concept.
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ITT, COURNOT FQUILIBRIUM WITH FREE ENTRY
FOR A CAPITALISTIC OLIGOPOLY

This chapter is devoted to analyzing a capitalistic ihdustry M,
the members of which are profit-maximizing firms. The analysis aims
at determining the Cournot-Sertel Equilibrium of the industry under
consideration. In the procedure of achievfng this, basic data are pro-
vided in Section 3.1, and the existenée and uniqueness of the optimum
_ production level maximizing the profit function of each firm is proven
by showing the strict concavity property of the'profit function 1in
Settion 3.2. Next the symmetry of the firms in the market is verified
under their optimum behaviour in Section 3.3. Then CSE for industry M
is determined, so that the equilibrium size of the market is uﬁique]y
specified in Section 3.4. Finally CSE obtained in Section 3.4 is proven

to satisfy the conditions of Novshek's Equilibrium in Section 3.5.

3.1 BASIC DATA

In this section, we introduce the reader -with basic relations in-
herent in the log-linear model chosen for our purposes mentioned so far.

The inverse demand function is taken to be continuous, twice differentiable
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where its first derivative with respect to total output of industry is
strictly negative. Production function of each firm is assumed to be
decreasing return ﬁ? scale with constant capital and labor elasticities
which result in a strictly concave function, enabling us to obtain the
unique global maximum. The basic advantage of this log-linear model is
that it is analytically tractable so that we can solve the problem and
tabulate the results explicitly. |
Now, we provide the reader withvthe necessary data concerning

the model for a capitalistic o]igop61y. Denoting a capitaTistic oligo-

‘poly by the subscript ¢, we let

x_. be the amount of labor input of a typical worker,
nse be the number of workers of the ith firm,

Lic be the labor input of the ith firm given by

L1.C = Ny Xso . (3.1.1)

K. be the capital input of the ith firm,

y;. be the output of the ith firm given by

_ @ B ) »
Yie = K¢ Lie ’ (3.1.2)

where 0 < o < 1 and 0 < g < 1 are capital and labor elasticities
of output, respectively, and 0 < (otg) < 1,

m. be the number of firms of the oligopoly,

Y_  be total output of the industry given by

Y.= I Yio s - : (3.1.3)

p be the price of the commodity given by
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- 6
p=ry Y . (3.1.4)

where -1 < 6 < 0 is the total output elasticity of price and r > 0,

T.. be the profitlof the ith firm given by

'IT_ic = Wi - WL'iC - pK'iC - CO s (3.1.5)

where w and p are factor prices of labor and capital, respectively,

and Co is the fixed cost of the firm.

The objective of a firm in the industry is to maximize its profit.
In our procedure of achieving this, we will first show that the objective
function Tec is concave with respect to variables K1.C and L1.C and then we
will derive, the first-order necessary conditions which yield us the unique

optimum (global maximum) of the problem due to the concavity property.

- 3.2 EXISTENCE AND UNIQUENESS OF A GLOBAL MAXIMUM

The aim of this section is to prove that there exists a unique

maximum to the objective function of”the 1th

firm. In order to achieve
this, the objective function is shown to be concave as stated by the

following result.

Corollary (3.2.1): In the log-linear model, .

jc ¥s strictly concave

with respect to K;. and Lic‘

Proof: Letting the model be defined by Equations (3.1.1)-(3.1.5), the
problem is to maximize (3.1.5). Then the necessary conditions are
obtained as the partial derivatives of the objective function with

respect to Kic and Lic’ and given_by
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o, py. Y -
1C _ 1C icy _ .
T (1 + e-:ﬁ;) o= 0 (3.2.1)
fi
and
8“1(; - B p-y'ic (-I + 9 Xj_c_) =0 (3 2 2)
BL'IC L'iC YC - W= s ol

To show Tic is concave, it suffices to show the associated Hessian matrix

to be negative definite. Thus the Hessian is formed from (3.2.1) and

(3.2.2) as

T PYic i
o [(ak-1)k + a(k-1)d] af ———— [k2+(k-1)d]
K2 K: ..L-
ic \ jcHic
H =
Py pYy -
af ——— [k2+(k-1)d] B —LC [(Bk-1)k + B(k-1)d]
2
: Kic‘Lic Lic ‘
where k = 1+(ey1c/YC) <1, d =_j-(in/Yc) <1 and d < k. Since
-1<9<0, 0<(y;, /Y )<1and0<a,B<1, (a+B) < T, we get

-— i1c” C
k2 > k2+(k-1)d and (ak-1)k+a(k-1)d < 0. Thus

|H]1| = |a Mic [(ak-1)k + a(k-1)d]] < O
.

which in turn yields

I = a8lodS )20k - (wrg)kKE + (K-1)d7) > 0
c PO

p
Kie-Ls

So the desired result follows immediately.
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Now.the main result of this section is stated by the following

Corollary.

Corollary (3.2.2): There exist unique (K,

1c’Lic) which achieve the maximi-

zation of . .
Tic

Proof: The uniquenéss and existence of (K%c’t}c) follow from the strictly
concave property of Tic a8 proven by Corollary (3.2.1).

Now, the necessary conditions (3.2.1) and (3.2.2) determine the

uniaque maximum point, so that

. y. 3
apy; (140 —7) = oK (3.2.3)
c
and
Y.
Bpy; (1 + 0 ) =wly. s (3.2.4)

c

In turn, the values of (K

ic;ric) satisfying (3.2.3) and (3.2.4) specify

the maximum value of “ﬁc given by
T = DY [1-(+s)(1+ey—"£)]~c “ (325)‘
Tic = Pic @ X Y 0 ? _ » S
c -

and Y, are optimal with respect to (Kic’Lic)'

where p, Yic

3.3 SYMMETRY. OF THE MARKET

Our aim in this section is to show that all firms in the capita-
Tistic oligopoly are identical at their respectiyé optimal reactions, and
this property is explained by the symmetric behayiour of thé,firms and

proven by the following theorem.



24

Theorem (3.3.1): A1l capitalist firms are symmetric at optimality.

Proof: Letting Equation (3.2.4) be valid for both it and i firms,

and Lic = Ny Xeo Equation (3.2.4) can be rewritten as

C
y.
icy .
BPY 1+ 0 =y ) = wnyex ’
and
BpY '(1+6¥—j—c—)=wn X
jc Y jc'c

Dividing the first equation by the second one and substituting K?CnECxE

for Yjcs We get

o B
Kic"ie . (Yc F eyic) _ Mic

= (3.3.1)
a B
chnjc (Yc ¥ eyjc) njc
Furthermore, dividing (3.2.3) by (3.2.4), we obtain.
B _ W Nic%e
o o
Kic
which implies
__wo , . .
Kic = 5 N eXe for_ i 1,...,mC . (3.3.2)
th h

Then substituting (3.3.2) into (3.3.1) for i~ and it firms, we get

. Y + 0y,
(n1c)1-(a+8) - _C __XlE , ‘ (3.3.3)
o . th th .. s :
Writing (3.3.2) for i~ and j= firm and dividing one by the other, we get
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ic ic - .
v =S—=a where aeR
K. njc +
i
which implies
Kic = ach‘ . . (3.3.4)
Nic = 3Mj¢ . (3.3.5)

ic ic ichic%e
(3.3.4), (3.3.5) and (3.1.2) into (3.3.3), we get

Since we know that Yie = K LB = k@ B 4B by (3.1.2), substituting

B0 B u+B
,Yc exCKJC JC

Byl 8
Y OXCKJC jc

1-(atB)

= a (3.3.6)

For the sake of simplicity, Tet

Bya B a+6
Y + Ox KJCnJC

Bya B
YC echJc jc.

h(a)

and |
g(a) = a'~(@¥8)

Then the first and second derivatives of h(a) and g(a) with respect to

a are
Br® B (o 1+ g)a0tB-1
"t (a) = exCKJCnJC(a R)a ,
Y + eng?cn?C
g(a) = [1 - (a + g)Ja”(**®) :
and

owaZIC) UNIVERSITES] KiTOprasrsi
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8[(a + B) - 1](x +8)xPKE nB a0¥6-2

hu(a) = C C JC
Bya B ?
Y + GxCKJCnJC
g"(a) = -[1 - (a + 8)](a + g)a (**8)-]
0 <ot <1 R then

h'(a) < 0 s g'(a) >0
h(a) >0 , g'(a) <0

So the behaviour of g{.) and h(.) can be schematically depicted as in

Fig.

(3.3.1) which reveals that the only solution satisfying h(a) = g(a)

for a € R+ isa=1.

gta)

h(a)

Figure 3.3.1 - The relationship between h(.) and g(.) for a
' capitalistic oligopoly.
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Note that
9(0) = 0 . g(oo) = o0
(0) i |
h(0) = h(w) = -
Byo B ’ .
YC + eXcchnjc

Therefore, the unique solution a = 1 is the unique solution which in turn

yields for all i ¢ M

|
I

ic c °?
T
[%c - EE i
-)T-ic = ._y-c ]
—}c - e

Thus, all the firms in a capitalistic oligopoly are symmetric. As the
above relation show, number of workers in each firm, the capital and
labor inputs, the output and consequently the profit of each firm turn

out to be equal at their respective optimal behaviour.

3.4 COURNOT-SERTEL EQUILIBRIUM

Now, we are at a point to determine CSEfor a capitalistic oligopoly.
By the symmetry of the firms at their optimal reactions as proven

by Theorem (3.3.1), Equations (3.1.1)-(3.1.5) can be rewritten as

L. = n..x, , (3.4.1)
%=@Q , (3.4.2)
- _ —-a—»B .

YC - mc-Kc LC . (3.4-3)
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= _ 0
p=r.yg s (3.4.4)

C=pyC—WLC_pKC-C Y l (3.4.5)

=3

and the fir;t-order conditions (3.2.3) and (3.2.4) can also be transformed

into
_ Yo _
ap y (1 +6—) = oK. - (3.4.6)
Y
c
and _
—_—— Ye _
B yc(] +0 —5;-0 = wLC . : (3.4.7)
c

Dividing (3.4.6) by (3.4.7), we get

c” 7B ‘e . (3.4.8)
Substituting (3.4.1)-(3.4.4), and (3.4.8) into (3.4.6), we obtain

Le

- , (3.4.9)

= Br y(. 1+6) 6 1
e-Xe ™ [(_j§_0(_%%_)a( ) mc(] * ‘QE—J] lec

where

£

¢ =1 - (arg)(10) - . | A ~(3.4.10)

Then Lc’ Kc’ Yoo Yc’

using the Equations (3.4.1)-(3.4.5) and (3.4.8). Now it suffices to

p and FE can be calculated as functions of Me by

determine the size of the market by emp]oying the zero profit condition
which states that optimal profit of each firm is to fall to the level

zero. In other words, the size of the market shpQ]d be determined by

y “ |
T =Py - (e BT+ —9T-¢C =0 . (3.4.11)

c
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Expressing (3.4.11) as a function of m only, we get
wa
Bp

(B oty (140) e [y -8y (exp) (o)1 /e
C

- [1 - (o+p)(1 + ’?‘c )] =‘c0 (3.4.12)

Letting

C
c = 0 — (3.4.13)
() (-BE ety (140) e

(3.4.12) is reduced to

md(1 + Ti—)(“”ﬁ)“ o)y ec [1 - (auB)(1 + —m—z—)] = ¢l (3.4.14)
Then [mC] satisfying (3.4.14) determines the number of capitalistic firms
in the market at the eqdi]ibrium.

According to Cournot-Sertel Equilibrium, a new firm which tends
to enter the market should be symmetric with respect to the already
existing firms since é new equi]ibfium point is established among the
(m+1) firms. On the other hand, since the solution found by (3.4.14) is
the maximum number of symmetric firms that can exist in the market, a
potential firm gains no positive profit upon its entrance 1ntq the market,

S0 [mc] is the CSE.

Corollary (3.4.1): There exists a unique solution to (3.4.14).

Proof: Letting
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fng) = (1 + (B P/ee [ (aug) (1 + 23
(of i Cc

and by first-order differentiation with respect to m.s we obtain

fl(mc) = -.EL.mS/Ec (1 + _%__)((@+B)(1+6))/ec

e c

_::_ [1 - (0‘“"8)(]“‘9)] + O +§}

m +6 m

D - () (1 + 2]
’ (o Cc (o} c

Since f(0) ==, f(o) =0, and f'(mc) <0, then f(mc) should be
equal to Cé at a single finite point by the fact that f(.) is strictly

decreasing.

In order to illustrate the basic points in the above argument,

we present a numerical example below.

Example (3.4.1): We let

o= 1/3, B = 2/3, 8 =-1/2, w = 1/10, p = 1/10, r = 1
and C0 = 1/100. By (3.4.10) and (3.4.13), €. = 1/2 and Cé = 0.00189.
Substituting the above va]ﬁes into (3.4.14), we get '

1 1

_._(] - —) = (!

2mé 2me 0
Then the greatest integer solution of the above equation is [mC] = 16
which means that the equilibrium size of the market is at most 16 firms

and the values of LC, KC, Yes YC, p and m. at obtima]ity Afe found to be
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L. = 2.069

K. = 1.03454

y; = 1.64223

Y. = 26.2757

p = 0.19508

%E = 0.00001168 ~ O .

by using the Equations (3.1.1)-(3.1.5).

3.5 ~ RELATIONSIHP BETWEEN CSE and NOVSHEK'S CEFE

In this section we prove an importaht result in the sense that
Cournot-Sertel Equilibrium for capitalistic oligopoly is also Novshek's
CEFE.

Suppose that the equilibrium size of the market is determined
by (3.4.14), which is the CSE. Thus yg, KE and EE are fe]ated through
Equations (3.4.1)-(3.4.5) and calculated by the procedure of Section (3.4)
for [mc] existing firms. Furthermore assume that there exists a potential
'firm which wants to enter the market with production level y = K%, L8
according to Novshek's CEFE concept where K and L are its capital and
Tabor inputs.

Now we show that although the [mc] existing firms in the market
insist upon their current production levels, the potential firm cannot

obtain any positive gain in the market, thus won't be able to enter it.

Corollary (3.5.1): [mc] as determined by (3.4.14) is also the Novshek's

CEFE.
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Proof: The first-order conditions for the potential firm are:

a(m ¥, + ¥)° v+ Eyﬁcl;—y) =k (3.6.1)
and
By, + % y(1 + =2y =w .  (3.6.2)

Note that y;, KE and L are treated as fixed numbers in Novshek's CEFE

concept.

The values of K and L satisfying (3.6.1) and (3.6.2) will deter-
mine the optimum production level of the potential firm. Then by (3.6.1)
and (3.6.2) we get

© WO
= . 3.6.3

L=al . aeR, ‘ (3.6.4)

by (3.6.3) and (3.4.8), we obtain

c

y = aa+sye . : o (3.6.6)

K=ak : | ~ (3.6.5)

Substituting (3.6.4)-(3.6.6) into (3.6.2), we get

otB

— 1+ ) — _1-(a+B
B(mc + ao{’-l‘B)e.yC‘I 0 (] + ——;—a—&—;g) = W Lc.a ( ) (3.6.7)
m. a
Now, let g
+8,0— 148 pa”
h(a) = B(mc + aOL B) ‘yC (1+ m) _

c
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and

g(a) = wfe.a]'(a+8)

By some straight forward calculations, we can show that

h'(a) < 0 , g'(a) >0,
h"(a) >0 g"(a) <0

Thus»functions h(.) and g(.) can be represented as in Fig. (3.5.1) which

shows that functions under consideration intersect at a single point ag-

g(2)

h(a)

a1} —— e —— .
b~ —— e o = f— e —

Figure 3.5.1 - The relationship between h(.) and g(.) for a capitalistic
oligopoly using Movshek's CEFE. .

It is obvious that
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8(m)® §i+e , g(0)

0 » g () ‘

h(Q)
h{e)

[}
o

"
8

Now the next step is to show that a, < 1. Note that

149 (1 + ——fl-——)

h(1) = g(m, + 1)° 3, —
! of

c

and

w LC

g(1)

We know that (3.4.6) is valid for the existing firms, so

6 — 1+6 ) _
me yc 1+ n. ) = wh, . (3.6.8)
Let
_ 8 — 1+86 0
flmg) = mg 300+ )

Since f'(mc) <0,
h(1) < f(m) = g(1) (3.6.9)

Therefore the intersection point ab of h(a) and g(a) is 0 < a, < 1.

Then the optimal profit for the potential firm is given by

o a%™P

o+B )= Co

T = o480 ¥ IO (w4 B)(1 +

c .
m, +a
and the optimal profit ?E for the existing firms is given by

—~ =140 8 \1 o~
Wc—mcyc‘ [1-(a+B)(1 + - )] CO\—O.‘

c

For a < 1, we get
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o=§?c>w (3.6.10)

which means that there is no profit incentive for the potential firm.

Thus, Cournot-Sertel Equilibrium is also Novshek's CEFE.

Note that, in this section, the constant r which appears in the inverse

demand function is taken to be unity.
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-7

IV, COURNOT EQUILIBRIUM WITH FREE ENTRY
FOR WORKERS’ ENTERPRISES

An industry M éonsisting of only workers' enterprises the partners
of which are utility maximizing are considered in this chapter. The
analysis aims at determining the Cournot-Sertel Equilibrium of the industry
under consideration. To achieve this, basic data are given in Section 4.1.
and the existence and uniqueness of the optimum production level maximizing
the utility function of each individual is proven by showing the concavity
property of the utility function in Section 4.2. Then, in Section 4.3 the
symmmetry of the firms.is shown under their optimum behaviour. Then CSE
for this industry M is determined, éo that the equilibrium size of the
market is uniquely specified in Section 4.4. Finally, CSE obtafned in

Section 4.4 is proven to be Novshek's Equilibrium in Section 4.5.

4.1 BASIC DATA

As far as the log-linear model is concerned we again assume the
inverse demand function and the production function of each firm to
satisfy the conditions we have imposed in Section 3.1 in our“ana1ysis

‘of capitalistic oligopoly.



Data relevant with the model of

below in order to shed 1ight upon the theoretical framework to be developed.
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Denoting workers' enterprises by the subscript w, we let

Y
bxiw

iw

be the amount of labor input of a typical worker in the

ith firm,

h

be the number of workers of the it firm,

be the labor input of the ith firm given by

Loy = LIS S R (4.1.7)
be the capital input of the jth firm,
be the output of the ith firm given by
-y B
Yiu Kiw Liw R (4.1.2)

where 0 <a <1 and 0< B <1 are capital and labor
elasticities of output, respectively, and 0 < o#g < 1,

be the number of firms,

be total output of the industry given by

My '
Yy = 121 Yiw > (4.1.3)
be the price of the commodity given by
p=r YS ’ ST ‘ “(4.1.4)

where -1 < 8 < 0 is the total output elasticity of price
and r > 0,

be the disutility of work of a typical worker in the ith
firm, and b > 0, v'> 1,

be the utility of a typical worker in the ith»firm given by
py.., - oK. - C :
_ iw iw 0 _ oY
Usyy - bX_iW . | (4.1.5)
iw

 where p is the market rental for capital goods in units of

the output and Cy is the fixed cost of the firm.

workers' enterprises are described
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The objective of a worker in the industry is to maximize his utility
given by (4.1.5). As a first step’in our effért to achieve the maximiza-
tion of utility of a typical worker, we show that the objective function
Usyy is concave with respect to variables Kiw and XiQ’ and then obtain the
first-order necessary conditions which will yield the unique optimum (global

maximum) of the problem by the strictly concave property of the objective

function.

4.2 EXISTENCE AND UNIQUENESS OF A GLOBAL MAXIMUM

In this section our aim is to show that there exists a unique global
haximum of the utility function of a typical worker in a workers'enterprise.
We employ the argument of Chapter III and verify the concavity of the uti-

1ity function in showing the existence and uniqueness result.

Corollary (4.2.1): In the log-Tinear model, u,

1w’is strictly concave with

respect to K. —and x. .

Proof: Letting the model be defined'by Equations (4.1.1)-(4.1.5), the aim
is reduced to maximizing (4.1.5). The necessary conditions are dbtained

by the partial differentjation of the utility function with respect to

. . S0
K1W and x1w,

ou. py.
W - 1 [OL W (-I +0
Kiw Miw Kyw Yu

Yiwy 120 (4.2.1)

and
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ou. BPY . Y.
iw _ iw iw
X n. X (1+e )

- byx?"1 = 0 (4.2.2)
iw wiw W w _

To show Usiy is strictly concave, it suffices to show that the

Hessian matrix is negative definite.

and (4.2.2) to be

So it is constructed from (4.2.1)

[ opy

v - - oBpY
ke Lok Tlkralked] 2220w oy (yo1)q)
iw"iw iw

H = .

oBPY ; BPY ;

T [ke+ (k-1)d] —TW 1 (gk-1) kB (k-1)d]-by(y=1)xY2

| iwTiwTiw iwSiw v
where k = 1 +8( yiw/Yw) <1, d=1- (yiw/Yw).< 1 and d < k. Since

-1<e8<0, 0< (yiw/Yw) <1 and 0<a, B<1, (o+B) <1,y > 1, we get

k2 > k2+(k-1)d and (ak-1)k+o(k-1)d < 0. Thus
Pyic

2
W
and 1

[Hyq] = @ [(ek - 1)k +a(k - 1)d] <0

pyiw B
[H| = oB(=———)?K? - (a'+ B)K[K? + (k - 1)d]}
iw iw iw

- (=) (ek = 1k + ok - Ndlby(y - x>0,
MRl
Thus, the Hessian is negative definite.

So the concavity follows immediately.

A result closely related with the concavity property is stated in

terms of existence and uniqueness.
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Corollary (4.2.2): There exist unique (K,

iw’xiw) which achieve the

maximization of Usye

Proof: The uniqueness and existence of (F%w’i}w) follow from the strictly

concave property of u;, @S proven by Corollary (4.2.1).

Since each worker maximizes his utility, first-order (necessary)

conditions (4.2.1) and (4.2.2) can be written as

' Yiw | |
apys (1 +8 <) = oK. | (4.2.3)
W .

and

Py ; iz
B W (g4 W) o pyY

_ (4.2.4)
Y n1.w Yw | iw

Then the values of (Kiw’xiw

(4.2.4). Furthermore, substituting (4.2.3) and (4.2.4) into (4.1.5) we

) are obtained by solving (4.2.3) and

obtain the optimal value of Us, S

;ﬁ_ y&w _ é
[1- (ar 200+ 0 ] - 5=

W

and Yw are optimal values of price, output of the ith firm

).

The important distinction in workers' enterprises arises from the

where p, 9iw
and totaj output with respect to (Kiw’xiw

need to determine the number of partners of each firm. In the presence

of worker-partnership market, Gi
th

W is the optimal utility level of a typical

member in the i~ firm and ’"iw(duiw/dniw) is the least amount that a

th

typical worker in the sector should pay in order to join the i firm.

Now, defining Niw to be the net utility gain of a typical worker when
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he joins the firm, it is given by

du. ,
- iw

= U, + n, ——— (4.2.6)
iw iw dn1.w

dui

- W
Ni, = Us = (=n, )
W iw iw dn1.w

As (4.2.6) reveals, n;, is the utility of a typicé] worker gains by

h

becoming a partner of it firm diminished by the amount he has to pay

for joining it. Now it is necessary to obtain a more explicit represen-
tation of Ny

Differentiating (4.2.5) with respect to Niye We get

du. Py ' s C
G L B (1 + e =) - 1]+ =2
W My Vi Miw

Note that iiw and Riw are functions of n;,- Then, (4.2.6) can be expressed

as _
Py Y
Ny = ey - N e (4.2.7)
3 Y L
w T Yiw :
- which in turn can be simplified to
- (v - 1)b3Y A
Niw (v T)bxiW . (4.2.8)

Since Cdniw/dniw) < 0, as the number of partners of the ith firm in-

creases, the net utility gain of the potential entrant decreases down
to u which is the reserve utility level elsewhere in the economy as it
js stated in Condition 3 of CSE for workers' énterprises. Thus, at

long-run equilibrium achieved by (2.1.2),

N, = U , for each ijeM. : © (4.2.9).
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which says that no more entrance will occdf from this point on.

4.3 SYMMETRY OF THE MARKET

In this section, the workers' enterprises in a labor-managed
oligopoly are shown to be symmetric in the sense that they all behave

identically at the optimum.

Theorem (4.3.1): In the log-linear model, all workers' enterprises

are symmetric at optima]%ty.

Proof: By (4.2.9),

N;, = MNsy, = U for all i,je M.
Furthermore by (4.2.8), we obtain

=X, = iw for all i,jeM. (4.3.1)

Thus, the Tabor inputs of the workers in the industry are equal.

Dividing (4.2.3) by (4.2.4) and using (4.3.1), we obtain

{
>

‘ ;

W W sr Al i,jeM. (4.3.2)
Jw

~I
pae ]

Jjw

h

Writing (4.2.4) for the ™ and jth firms and dividing one b& the other,

we get

(4.3.3)
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Substituting (4.1.1), (4.1.2) and (4.3.2) ihto (4.3.3), we obtain

(e by * ei‘g sz "EW =1 . (4.3.0)
Jw Yw + exw Kjw njw .
Letting
Ri Niw -
~E; = ﬁ;;'= a where aceR, (4.3.5)

and substituting (4.3.5) into (4.3.4), we obtain

7o+ oxP R® B aotB

W W gwgw -al-(a*B) (4.3.6)
N o) A . .3.
Yw * exw Kjw njw

In order to simplify our analysis of (4.3.6), we let

T + eiw R 8 g0t

h(a) = W JW jw R
Yw + exw Kjw njw
and
gla) = a " (#*B)
Then,
, B wa B N o+p-1
11 (a) = N Yiu Mg B2
- _8 _a 8 s
Yw + exw Kjw n\].w
(a) 8(a + B)[ (o + 8) - 115 K%, B f0tB-2
h"(a) =
- "B =q B ’
Yw + exw Kjw njw
and 7
g'(a) = [1 - (a + g)Ja”(@*®) ,
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g"(a) = -[1 - (o + 8)](a + B)a~(*B)-1

Now, it remains necessary to identify a solution to (4.3.6) if

it exists at all.

Since (o +B) <1,

h'(a) <0 5 g'(a) >0
h"(a) >0 ; g"(a) <0 ,

and

h(0) = —*— ; g(0)

n

\4
—

1]
o

I
1
8
]
8

h(=) s g(=)

These observations are summarized in Fig. (4.3.1), which shows that the

only solution satisfying (4.3.6) is a, = 1.

h{(a)

1

~ e — e ——

Figure 4.3.1 - The relationship between h(.) and g(.) for workers'
: enterprises.
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The fact that a = 1 implies for all i e M ,

iw W
iiw - iw
Niw = Ny
Liw B l—‘w
9iw - 9w
a1'w - l—’w

Thus all workers' enterprises are symmetric.

4.4 COURNOT-SERTEL EQUILIBRIUM

Now we are at a point to determine the Cournot-Sertel Equilibrium
for workers' enterprises.
Because of the symmetry of the market at optimality, Equations

(4.1.1)-(4.1.5) and (4.2.7)-(4.2.8) can be rewritten as

Ly = 02X 3 ) | (4.4.1)
y o= K& LB ’ 4.4
Yy w o w . . - Q\' .2)
S 2o 1B | .
Yw = mw Kw Lw . (4.4.3)
Y -
p=ri® (4.4.4)
_ By, - oK, - C, Py o o C,
Y T n, - b, = —ﬁ;_{] - (o + =)0+ m, M- =



46

E’S’
- w. B
N, = =y - (1 + 0
W nw Y

My = (v - bR (4.4.6)
’ \

The first-order necessary conditions stated by (4.2.3) and (4.2.4) can

also be transformed into

apy, (1 + —iéLo = oK, (4.4.7)
and W
Py y
B Tw + 0 -y = pyY
Ty (1 +690 : ) bxw . | (4.4.8)

W

Substituting (4.4.1)-(4.4.4) into (4.4.7) and dividing (4.4.7) by (4.4.8),

we get

o= por 8 8(140) $8(1+8) (1 , 8 yq1/(1-a(1+e))

W 5 m, N, W m (4.4.9)
and
B kw
0 = bxY (4.4.10)
Y n W
W

which in turn yields

R, = [(eel1e) (B, . (4.4.11)

L@ L Ve

where e =Y- (ya+B)(146).

Then the values Lw’ Kw’ Y Yw’ P, U, m, can be calculated by Equations
(4.4.1)-(4.4.6) and (4.4.9) as functions of n, and m .
The equi]ibfium size of the market is established when the net

~utility gain of a newcoming wbrker, the utility of a typical partner in
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an existing firm and the reserve utility level elsewhere in the economy
become equal. This is mathematically expressed by the following equality

Ny = U, T U (4.4.12)

The fact that Ny = Gw and n, = u jmply

01 - @+ + 2)1=¢c, (4.4.13)
W
and ‘
py
w R 6
(v - 1) (1 + ) = u (4.4.14)
n, v m,, = |

Furthermore by u = u , we have

Py, 8
——1 - (o + )1 +
Ny Y

8 - 0
Y] =u+—— . (4.4.15)
My Ny
Dividing (4.4.14) by (4.4.13), we get
B( 0
n, = X W O : (4.4.16)

[1- (a+8)(1+—2—)u
W
The way Ny is defined by (4.2.8) and the fact that Ny = u together imply
- Y =
(v - T)bx,

which can be rewritten by (4.4.11) as

(v - LTI (B ypo o (4B)(140)1y 8 y71/ey
W

=
-

(4.4.17)

where n_ is given by (4.4.16).



48

Then [mw] satisfying (4.4.17) determines the size of the market at
the equilibrium point.
If a particular value of u is not readily given in the market, the

value of u can be determined theoretically. We let

x be the labor input of a typical worker elsewhere in the economy,
u be the utility Tevel of a typical worker elsewhere in the

economy given by

u = wx - bxY s b>0, v>1
where w is the wage of labor and bxY is the disutility of a

worker.

The optimal utility level u should be chosen so as to maximize u with
respect to x and can be obtained by solving the first-order necessary

condition as given by

Thus .the optimal labor .input is found to be

1 -1
=(_Y\ATI)_)/(Y) i

and the optimal utility is found to be

u = b(y - 1)(—%%—)Y/(Y']) . (4.4.18)

By (4.4.18) and (4.4.16), we obtain
. B {'] + e )C - ~
( |
n, = . W0 . - (4.4.19)
[ - (o 81+ 1Y 0
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Then substituting (4.4.18) and (4.4.19) into (4.4.17), we obtain

(2B e yal140) oy 4 @ (@B (WO)___Zo (o) (140

m 1-(a+8) (1+ -2
W (a+)(+'“w)

=1 , (4.4.20)
which is equivalent to (3.4.14).
The greatest integers [mw] and [nw] satisfying (4.4.19) and (4.4.20)
determine the number of firms and the number of workers in éach firm
at the equilibrium of the market, respectively.
By the reasoning employed in Chapter III, it can be shown that

[mw] is the CSE. Furthermore by Corollary (3.4.1), [mw] is the unique
solution to (4.4.20).

Example (4.4.1): Let's illustrate the argument of this section by using

the model of Example (3.4.1).

Let «a

1t
—
~
w
-
™
1]

2/3, yv=2, 0=-1/2, w=1/10, p = 1/10,
2 and co‘= 1/100.

]
——
-
o
1

r

From the above values €y ='4/3 and Equation,(4.4.20) turns out to be

2mw -1
——— = 0.00756 . (4.5.1)

3
m
W

The greatest integer solution [mw] of (4.5.1) is 16. Substituting this
value into (4.4.19), we get [nw] = 82. Thus

0. 02509

=t Xt

2.05714
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L, = 1.03215
y, = 1.63464
Y, = 26.15425
p = 0.19554
u, = 0.0012585
n, = 0.0012587
u = 0.00125

by using the Equations (4.4.1)-(4.4.6) and (4.4.1).

It is interesting to note that the results we have obtained both

in capitalistic and workers' enterprises are identical.

4.5 RELATIONSHIP BETWEEN CSE AND NOVSHEK's CEFE

In this section, we will show that CSE for workers' enterprises
is also Novshek's CEFE. Suppose that the equilibrium size of the market
is determined by (4.4.20) using CSE concept. Now at the equilibrium
_point, iw, Rw and Ew are related by Equations (4.4.1)-(4.4.6) and computed
accordingly by the reasoning of Section (4.4) for [mw] éxisting»firms and
[nw] workers in each one of the exfsting firms.

Suppose that a firm wants to enter the market with production level
y = Ka.LB = Ka.hB.XB‘ according to Novshek's CEFE concept where K is the
capital input of the potential firm, x is theilabor input of a typical
worker of the potential firm and n.is the number of partners of the poten-
tial firm.

Now we prove that evenrif the [mw] existing firms in the market
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insist upon their current levels of ‘production, typical worker of the
potential firm cannot attain a net utility gain and thus does not show

any tendency to enter the market.

Corollary (4.5.1): [mw} and [nw] as found by (4.4.20) and'(4.4.19), res-

pectively, are also Novshek's CEFE.

Proof: The first-order necessary conditions for the potential firm are

given by

o o _ |

a(my, *¥) y§1+-nw—w>;—y) oK - (4.5.1)
and

8 (“‘wy +¥)° _

- W y(1 + W) = bxY . - (4.5.2)

" Note that yw, kw’ m . ;w are treated as fixed numbers in Novshek's CEFE
concept, and the values of K, n, x, satisfying (4.5.1) and (4.5.2) will
determine the optimum level of production of the potential firm. At

equilibrium, since
=(y-bx'=u

for a potential firm, in the presence of worker-partnership market, the
labor input of a worker in anyone of the existing firms should be equal

to that of a worker of the potential firm. In other words,

X =X, oo ; (4.5.3)

From (4.5,1) and (4.5.2), we get
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= bxY . ) (4.5.4)

™
oo
=

Letting

K = aﬁw , (4.5.5)
and by (4.5.3) and (4.5.4), we obtain

an_ (4.5.6)

>
[

y=a"%y | (4.5.7)

Substituting (4.5.5)-(4.5.7) into (4.5.1), we get

o+B _ _
ba a1~ (0F8) (4.5.8)

a(m + a a+8) = pKw

ot+By - 1+0
W )y, (1

+ a
mW

The soiution a, to (4.5.8) can be shown to satisfy

0 < a, < T

by a similar analysis previously carried out in Section (3.5).
Using the relations expressed by (4.5.5)-(4.5.7), the optimal

utility for a worker of the potential firm is given by

. "l'B

0+By8_0+B= T+, B ga” »

(m + a a vy, o[- (a+ - )(1 + a+8)] -C

W W .
+ a
mW

o

jog B
It

. (4.5.9)

anw

~ Substituting (4.4.13) into (4.5.9) and differentiating U with respect to

a, we get



53

+8

- a+B\ 0 atBrq _ B pa”
{(m #5501 = (o =) (1 # - +a0LﬁLB)]

W

a+B R
- [+ 8)(1 +%—ji;;;§)-u +mll1 - (org)(1 + gw )]

- 0o + E)—— ()" BB + 2™')0)

For 0 <a <1, we see that
du/da >0 . ' (4.5.10)

Furthermore, evaluating u as given by (4.5.9) at unity, we obtain

(m, + 1%, - (@ + By 51 - ¢

U(])= W 0

n
W

On the other hand, the utility level of a typical worker in the existing

firm is given to be

6 - 148 B )
me 5, o0 - (o By T

u = =Uu
W -
nw
So
u(l) <u, =u . (4.5.11)
and :
G(O) = - ®

Then (4.5.10) and (4.5.11) are summarized in Fig. (4.5.1). Note that

u does not intersect with u for a < 1, so the utility of a worker in a
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potential firm cannot attain the reserve utility level elsewhere in the

economy.

|

Figure 4.5.1 - The relationship between u and u

W using Novshek's
CEFE.

Thus it is obvious that there is no uti]fty incentive for a worker of
the potential firm to enter the market since a, < 1. Consequently CSE

is also Novshek's CEFE.

Note that, as in Section (3.5) r is taken to be unity.
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V. COURNOT EQUILIBRIUM WITH FREE ENTRY
FOR A MIXED ECONOMY

In this chapter we will consider a mixed economy where workers'
enterprises and capitajistic firms co-exist. Relevant Data are provided
in Section 5.1 to clarify the variables inherent in this problem.  In
Section 5.2 it is shown that all the firms in industry M are symmetrical
regardless of whether they are capitalistic firms or workers' enterprises.
Then CSE is established for a mixed economy in Section 5.3 in a manner

similar to the one employed in previous chapters.

5.1  BASIC DATA
In a mixed economy, we let

Y be the total output of the industry given by

Y = Yw + YC s (5.1.1)
p be the price of the commodity given by
p=r v s (5.1.2)

and the other variables and relations be defined as in Sections 3.1 and 4.1.



56

By the use of the above data, the necessary conditions (3.2.3)

and (3.2.4) in capitalistic economy turn out to be

8 Y.

apyic(l +-—f719) = oK. R (5.1.3)
‘ 0 yic _ :

pric(1 t—y ) = WLic . (5.1.4)

and the necessary conditions (4.2.3) and (4.2.4) in a labor-managed

economy turn out to be

Yiw

opy;, (148 ") = oK - (5.1.5)
Py '

B v Y

Ry (1 + o~ 4 = bx,, - | (5.1.6)

The reasoning we have employed in Sections 3.2 and 4.2 can
- immediately be applied to this case, and we can similarly verify that
K

the values (K, ) satisfying (5.1.3)-(5.1.6) are the

ic? ic’ iw? Xiw

solution of the problem.

5.2 SYMMETRY OF THE MARKET

This section is basically concerned with showing the symmetry
of the market. A1l the workers' egterprisés_and the capitalistic firms
in a mixed economy are identical since they all have the same production
Tevel of the output at their optimum behaviour; This result is proven

by the following theorem.
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Theorem (5.2.1): A1l the firms of a mixed economy are symmetric at their

optimum behaviour.

Proof:  Since Equations (5.1.3)-(5.1.6) possess the form of Equations
(3.2.3), (3.2.4), (4.2.3) and (4.2.4) the results of Sections 3.3 and 4.3
can be obtaihed in the same manner. |

Thus, all the capitalistic and workers' enterprises are symmetric
among themselves.

Recall that the condition of CSE for capitalistic firms as obtained
in Section 3.4 was

y

Wl - *re)(1ve—9]=c , (5.2.1)

<!

and the condition of CSE for workers' enterprises as obtained in Section

4.4 was

_ 2
py [1 - (a+B)(1+0——]=¢C

; o (5.2.2)
Dividing (5.2.1) by (5.2.2) we obtain
y
1- (a+g)(1+0—Y _
Y Ye A
- = = . (5.2.3)
Y. - Y ' -
1- (a+8)(1+0 —5) v
Y
Now if we let y /y_ = a for some a e R, ~(5.2.4)
and substitute (5.2.4) into (5.2.3), we get
Y- (a+ B)(Y+ ea;’c) 1 . -
- — - =3 . : - (5.2.5)
Y - (o + B)(Y + 0y,) | m ~
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Let
h(a) = Y - o+ s)(f + eziu'/c)
Y - (o + )Y + eyc)
and
g(a) = 1/a
Then,
h'(a) = = oo * Bzyc —> 0
Y- (o +B)(Y +0y,)
h"(a) = 0
and
g'(a) = - %< 0
" - 2
g"(a) -:;; >0
Since
h0) - — 1= (@+8)] §(0) - =
V- (a+8)(Y+ey)
h(w) = e S gl=) =0 ,

the above results enable us to depict h(.) and g(.) as in Fig. (5.2.1).
As Fig. (5.2.1) reveals, the solution of (5.2.5) is a = 1, which
says that the outputs of capitalistic.and workers' enterprises are equal,

i.e.

<1
1]
]

P - (5.2.6)
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Using (5.2.6), we can equate (5.1.3) to (5.1.5) and obtain the result

kK. =K, =K | ‘ (5.2.7)

LC = Lw =L (5.2.8)

. 7o B _ po B - y =‘-
since KC Lc Kw LW by the fact that Ye = ¥y -
Thus, all the firms in the industry are symmetric, so that each

firm acquires the same amount of capital and Tabor inputs to yield the

same output level.

| ——————

Figure 5.2.1 - The relationship between h(.) ‘and j(.) for a
mixed economy. ’ . -
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5.3 COURNOT-SERTEL EQUILIBRIUM

By the symmetry of the market, at optimality the equations of the

model can be simplified into

p=r¥® , (5.3.1)

Y = (m_ + mw)y , (5.3.2)

vl (5.3.3)

K= (wa/o)l | (5.3.4)

L=n, % , ) (5.3.5)

R R U L - (5.3.6)
- - C

o, =1 - o+ By e 1 - 2, (5.3.7)
n, Y Y n,,

n, = (v -1bxf =u . - (5.3.8)

Furthermore, the first-order necessary conditions (5.1.3)-(5.1.6) and

the equilibrium conditions (5.2.1) and (5.2.2) can be rewritten as

apy(1 + 8 %) = ok , (5.3.9)
y

Bpy(1 + 8 —g—ﬁ = wl . (5.3.10)
Y B

LB (749X =), (5.3.11)

Y n Y W

w
and
Pl - (@+B)(1+e—L)]=c, . | (5.3.12)
Y

Substituting (5.3.1)-(5.3.4) into (5.3.10) and (5.3.12), we obtain

(g + m )00 (1 B yVee T, (5.3.13)

c W

c

wHere € = 1 - (a+ B)(T1 + é). Then
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rimg + m )8 (el 140D (k) (10N - (g v gy(1 + 21 = ¢

Bp mc + mW 0
(5.3.14)
By (5.3.13), (5.3.14) can be restated as
[(m, +m )81 + =2 B ()11 ee 17 (g 4 g)(1 + 2] =
e W c W
(5.3.15)

where Cé is given by Equation (3.4.13).

Note that (5.3.14) possesses the form of (3.4.14) while the only difference
arises from the»fact that m. is now replaced by mc+mw.

Similarly the greatest integer [mc+mw] satisfying (5.3.15) determines
the equilibrium size_of the market. The uniqueness and existence of [mc+mw]
at the equilibrium can be established as in Corollary (3.4.1). Knowing
the optimum sum of workers' enterprises and capitalistic firm in the mixed
economy all the other unknowns can then be determined by solving Equations
(5.3.1)-(5.3.8). |

As this argument reveals, the {mportant result of thjs chapter lies
in the fact that the total number of firms in the market bears great im-
portance and in fact it is a fixed number at the equilibrium; furthermore
the number of capitalistic firms and the number of workers' enterprises
are not important as Tong as their sum is fixed since they are all iden-

tical.
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Example (5.3.1): Consider Examples (3.4.1) and (4.5.1) and recall that

e
n

1/3, 8
r=1, b

2/3’ Y=25 e=']/2, i W=]/]0, p=]/]03
2 and Co = 1/100.

Then, the solution [mc+mw] to (5.3.14) is found to be 16 which coincides

with the solutions we have obtained in Examples (3.4.1) and (4.4.1). So

0.00125

u =
[ = 2.069

K = 1.03454
y = 1.64223
Y = 26.2757
p = 0.19508

%C= 0.00001168 = 0
u = 0.0012585

n,= 0.0012587

[nw} = 82

x,= 0.025087

Note that in all the exampies considered so far, the number of firms that
the industry M can absorb reméins the same regardless of the nature of
the industry. |

The result that the labor inputs of capitalist firms and workers'
enterprises are equal leads us to conclude that the Tabor input of a
typical worker in a capitalist firm is equal to the labor input of a

worker-partner in a workers' enterprise since the worker in a capitalist
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firm is expected to determine his Tabor fnput by maximizing his-own
utility as the worker in a workers' enterprise does.

This argument shows us that the number of workers in a capitalist
firm coincides with the number of worker-partners in a workers' enterprise.

So‘in Example (5.3.1) a capitalist firm in a mixed economy will also

employ 82 workers.
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VI, SUMMARY anp RESULTS

This dissertation is concerned with equilibrium problem of oligo-
polies where perfect competition and free entry exist in the industry.
A new Cournot Equilibrium with Free Entry notion suggested by'Sertel is
applied to capitalistic and workers' enterprises. The existence and
uniqueness of such equilibrium are proven in a log-linear model where
each firm produceé a homogenequs good and uses an identical technology.

Once the outputs of the firms are determined to obtain Cournot
Equilibrium with quantity as the strategic variable, the symmetry of the
market is proven for both capitalistic énd workers' enterprises, and the
equilibrium is obtained by (3.4.11) for capitalistic oligopolies and by
(4.4.12) for workers' énterprises. ‘The values of the variables at equi-

Tibrium obtained as functions 'of m and n can be tabulated as follows.

For A Capifa]istic 0ligopoly:
[, = [0 (e ®10) 5 (1 + Dg7l/ee

Me

—
|

c

il

where e =1 - (o + B)(1 + 0),
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- . WG' -

Ke = Rp Le ’

9c - R% [g ?

Yc “Me Ye ?

6 =r 72 ’

e = B[ - (a+ 8)(1+ —)] - ¢
Me

where ﬁc is the greatest integer solution of (3.4.14)

For Workers' Enterprises:

R, - [(reel130) (g o 5 () (140)T (g, g 1/,
W

where e =v- (ya + B)(1 + 8),

W

L,=n X,

R, =2 a1

yw - —3 [S ?

Yw } r—nw yw ?

p=rv

u, = _SZH.[] - (o + “%”)(?+ zyw)] - Co
w . w

where ﬁw is the areatest integer solution of (4.4.20) and ﬁw is given by

(4.4.19).
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Since the equilibrium size of the industry for both capitalistic
and workers' enterprises is the solution of the same equation, each in-
dustry can absorb the same number}of firms. Furthermore, the capital and
labor inputs, and accordingly, the outputs of the firms turn out to be |
equal regardless of the type of industry being considered. In other words,
under this model the firms are identical at equilibrium.

A more interesting conclusion is made in Chapter V; the capitalistic
firms and workers' enterprise can co-exist and maintain the Cournot-Sertel
Equilibrium preserving the symmetry of the industry. Furthermore the
total number of firms in the market at equilibrium turns out to be the
same as in capitalistic and labor-managed oligopolies but the number of
firms of each type does not play an important role since they are symmetric.{ '
The number of workers in a capitalist firm and a workers' enterprise also
turn out to be equal to each other.

In addition to the above results, in this model'we proved that
CSE also satisfies the conditions of Novshek's Equilibrium for both
capitalistic and workers' enterprises.

In order to clarify the novelty of this dissertation, it suffices
to bear in mind the distinction of Cournot-Sertel Equf]ibrium notion
resulting in a more Cournot-like argument. If labor-managed firms are
~designed properly as the workers' enterprises which is proposed by Sertel
and employed in this study, and if this more Cournot-1ike Equilibrium
notion is applied; CEFE can be deééfmined in spite of the nonexistence
of CEFE result obtained by Laffont and Moreaux for a labor-managed oligopoly.

The studies carried out so far on this theory have dealt with

determining CEFE for either a capitalist o]igopoly‘br a iabor;managed
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oligopoly separately. As far as we know, this study is the first one
aiming at finding CEFE in a situation where capitalist and labor-managed
firms co-exist and achieving to obtain the CEFE for the so-mentioned
situation.

Furthermdre the fact that labor-managed and capitalist firm which
all possess the basic data on parameters involved in the model are iden-
tical at their respective optimal behaviour in a mixed economy alleviates
the controversy going on between systems where capitalist firms or labor-
managed firms constitute the majority.

In spite of the nice results obtained in this dissertation, we
should confess that the log-linear model which our ana]ysis is carried
upon sacrifices greater generality but permits a detailed tabulation and

complete comparison of equilibrium values among workers' enterprises and

profit-maximizing firms.



10.

11.
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