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APPLIQATION OF ADAPTIVE STATE 

E0TIMATION TO TARGET TRACKING 

.AI3STItACT 

The development of an adaptive Kalman target tracking 
, -

filter algorithm for high speed maneuvering fighter a.ircraft 

is studied. The extension of our estimator fo;!:' UBe in an ant:i

aircraft guI! fire control system is straightforward. The tar_ 

get modeling problem is studied considerine such factors as 

target maneuvering characteristics and required filter settling 

and predjction times • .Among several adaptation mechanisms, the 

so- called dual-bandwidth adaptation scheme is simulated on a 

digital computer, since this scheme is found to be the most 

sophisticated one of all and these adaptation techniques are 

essentially the same in nature. Implementation problem is over_ 

come by means of using decoupled filters with linearized 

statistics. The algorithm developed for testing filter optimality 

has shown however, that the reduction of perform~ce sensitivity 

to modeling errors was sufficiently good for our specific 

application. 



UYARLANIR DURUl~ KESTffi!M KURJUllIININ. 

HEDEF' !zLEI'.iE SORUNUNA UYGULANMASI 

OZET9E 

Bu c;al~:}mada, yti.k:sek h~z dtizeylerind~ munevra yapab ilme 

yetenegine sohip hava hedeflerinin b ir uyarlanab ilir Kalman 

stizgeci ile izIerunesi sorunu ele a.lulmaktad~r.,TasarJJIlIam~f} 

oldugurllUS!' durum kestir:iJ:nciniu. uc;aksavar atUJdenetim dizgele

rine kolayl~kla .uygulanabilecegi a<;~kt~r.nedef i<;in belli bir 

l.D.atematiks~l model ee<;erken,hedefin ivmelenebilirlik ozellik

leri 11e birl:ilde stizgec:iJD.izin yat~ema stireci ve ongorii stiresi 

g"ibi etmenler goz oniinde tutulm~tur.Birka<; uyarlama j.5ntemi 

ic;inden yapt~gJJIl~Z ee<;irn iki1:L-bantgeni/?likli uyarlama yonte~i 

dogrultusunda olma.lttad~r.Bunun·nedeni ise uyarlama yontellllerj,.. 

nin ozdeki benzerlikleri va se<;ilen yontemin digerlerini de 

k~smen i<;eren en karm~~k yontem olU:}u olarak gosterilebilir. 

Ge.rc;ekleme Borununun c;ozlimlinde, istat istiksel ver~lerin do@:,:u

Sall~t~r~lma8~, siizgec;leme algoritmas~nda kanallarin bag;m.fm.z 
ol~ gib i ie1em ve v2XsaJ[.l.tnlar:, k:ullan~lmakta.d~. i\ncak, stizgec in 

<;al~f}ma verimliligini ol<;mekic;in gelietirilen algoritma,bu ttir 

varsayJJIllar~n -- en az~ndan bu uygulliUlla iC;in..- verimliligin du.. 

yarl~g~n~ yeteri kadar aza indirgedigini gostermektedir. 
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I. UITRODUCTION 

For ubout twenty years, the estimation theory .has found its 

broadest application in the area of aerospace navigation. In thif 

context the t~get tracking-trajectory estimation problem has 
been a good example. It is obvious .that 'a' great deal of tactical. 

weapons systems require that manned maneuverable vehicles such 

as aircraft, ships and submarines be tracked accurately. To ach:i,. 

eve such a goal, howeve~,one h,as to make use of stochastic 
integrals and stochastic differential equations: due to the' non

linear nature of the estimation problem at ,hand. In this thea!!! 

we have, used the familiar "formal It manipulations of the Gaussi2l 

"lh it€: process and omitt~.d .the sophist icated Ittl calculus re sultl 

This approach is still an appropriate one for a large class of 

problems bocause it is generally impossible to f.1nd a mathematj, 

cal model that is an exact representati on of the physical procei 

and as ~ second reason, the process noise is hardly a strict~y 

white noise process. 

For the reasons cited above, our main points of concern 

have been on the choice of a simple t:aget model that closel,r 

represents the ensemble behaviOur of a particular class of 

maneuvering vehicles and. on the ease of impleme~tation When 
used in the appropriate Kalman filter algorithm. The analysis is 

carried out in.:'a generalizod fashion and deals with the probl.m 
of tracking and predicting the state of a general target f'or 

fire control and 'other purposes.However,we will confine ouracl~ 

to the front end of the system, i. e. , the target, sensor, filter 

and prediction of future target position. The predictor is the 

ult~ate product required for the front e~d of the ~oop for thd 
, , 

partic~ar appl:i,cation. Tht target trajectory is' obvioUl!lly lWt 

directly available to the system. Instead, the sensor tracks the 

t~get'a current pOSition, superimposing measurement error in 

. so doing. The purpose of the filter then is to process the noisy 

pOflition measurements in such a manner as to estimate the para...: 

meters required for the prediction model. Such parameter8 mignt 



include smooth current tm-g~t position, velocity and acceleration. 

TRACK fIRE CONTROL 

J SERVO COMPUTER 

TRACK t COMMANDED 
-

ANTENNA RATE 
• MAINTAIN TflACK 

I GYROS L ANGULAR RATE • CALCULATE 
ANTENNA RATE 

TRK ERRORS • SERIIO CONTROL '. -
lTRANSMITTE'!r rlo SIGNAL RANGE " 

flEeEIVER 
PRQCESSOR 

.. 

~ • POINT AND fiRE GUN 

• CALCULATE 'fiRE 

GUN RATE COMMANDS fiRE 
r--

• SERVO CONTROL RECOMMEND 

ro- • fiRING LOGIC DISPLAY 

COMMANDED 

I GUN nATE 
GUNS . 

SERVO 

t fiRE COMMANDS 

fig 1.1 
Automatic Gun Fire Control System 

It is ;il.ssUJlI.ed that the measurements hav~ been stabilized, i. e 

ownship angular motion reQov~d, if the system is intended for 

shipbom-d tracki~g of high speed maneuvering tetrgets for weapon 

control applications and these measurements are. then tranfjformed 

to Cartesian coordinates. The implications of this tr~formation 

will be discussed in more detail later on. Tracking, filtermg 

euid prediction will therefore be performed in ounship coordinates. 

The choice of Cartesian oWilShip coordinates is due to the 

fact that the rJotion of most targets is more closely linemo in . . 
thissyste01 th~n :i,.n others. The prediction error , th~t is, the 



error in d6t.erminag the target's future position, basically 
resuJ.ts from two (not necessari1y ind'ependellt) sources: 

predictor Qodeling error and filteriRg or eBt~ation error. 

_._~ __ •. __ •••. • · __ r _______ • ____ ••• _ 

- .. . .----.-- -----. - --._--_." ... ,. 

TO TRACt( r SERVO 
-------

fiRE CONTROL COMPUTER 
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-.!:::!!:--..!..t-r:=--:::---': TARGET r----, RATE 
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TRK ERRORS _I ESTIMATOR CONTROLLER 
----~I~~~ - I 

I I 
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I PREDICTOR 1-------.1 GUNITURRET COMMAND 

DIRECTOR CONTROLLER I 
I I . 
I TO fiRE 

TIME OF FLIGHT, .-----., . FIRE I RECOMMEND 

I TARGET STATE FIRE t-C_OM_MA..-N_D-il-:-_O_ISP_L_AV __ + 
LOGIC I 

TO GUN I 
SERVOS 

'---~--------------------~~I TO GUNS I 
L_ 

fig. 1. 2 
Fire c'ontrol Software Algorithms 

j 

.; 

In generu.l, a target will be maneuvering in same unknown . 

fashion -- at least as far as the tracker ia concerned.-- when 

it is in tracking range. The particular reasons for the target 

maneuvers are quit. varied, from evasion or termi.l1al homing to 

- the preaence of various sources such as sensor indu~ed errors 
/ ' 

or atmospheric turbulance.Prediction modeling errors are due to 

indefiniteJiess' '., of target strategy, and as".a reaul t, utilization 

of an incorrect f~ctional form of the predictor.Obviously,eveB 

in the cass of a perfectly modeled process,there would ret~~ 

est~llation errors due to Be~or measurement nOise, and these 

would be extrapoted from current tim. by the pr·edictor. 



Finally, we would like to consid.~ the spatial problem. 

t;leasure:w.ents of target position are taken in a spherical polar 

fr'~!ne, but targets are generQ.lly not described lillearly in such 

a fr~f!. Therefor~, a nollinearity will appear in the full three 

dim~nsional problem. We will be dealing with the formulatioms 

to establish our "chann«!l independence" assumption, the most 

important~plication of which is cOllsiderable computation,al. 

savings. 

1+ 



II. DYNAMIC· EQUATIOliS OF T.ARGET I~OTION 

2.1. SYST:FM 1~ODE1 

a. Continuous time equations of motion 

The problem of modeling targets in a realistic way h~ 

contradictory aspects. The target model selected for tracking 

applicat:ions should be sufficiently simple to .permit ready imp

lelllent:;..tion in weapons systems for 'Which comp~tation time is' the 

Illost important fa.ctor. On the other had, the model should be 

sophisticated erioue}1 to provide satisfactory tracking accuracy, 

5 

The choice of a. model to represent an actual target the. is a 

critical ORe for it directly affects the estimat ipn and prediction 

performance. 

The model used in our study is based on the fact that, 

without maneuvering, m~nned vehicles at class under considera.tio. 

such .as aircraft, ships and submarine::; generally follow straight 

line constant velocity trajectories. If these vehicles were not 

ahle to deviate from these trajectories, 1. e. could llOt maneuver 

tr~cking problam could be Bolve-d quickly :And simply by using 

standart filter al'gorithms Buch as least squares, polynomial 

fitting, 0<- (3) techniques •• and so OL 

We shall consider these techniques in more detail under 

the topic "alternative filtering methods" in chapter VI • 
. ' 

We presume here that the target normally moves at constQD.t 

velocity. Turns, evasive m~euvers and accelerations due to atmoa-' 

pheric tu:r:bulance may be regarded as perturbations upon this 

constant veloc ity traj ectory. 

In a single physical dimension, the target equations of 

Illotion can be represented by : 

" . 



.,() ~ ~ , ~ 
.!t·=Fx:(t)+ Ga(t) . =- -
Where 

.!.(t) = { 
target position at time t 

and 

F'= 

target velocity at tiLle t 

and· 

Ioo ' 0

1

] I 

G= 

(41) 

o 

1 

The accelexatioa a(t) , since it accounts for the target 

deviatiollS from a straight liB.e trajectory, ,\-Till henceforht be· 

termed the ''target maneuver variable" • 

6 

The single dimeuion maneuver capability can be satisfactorily 

specified by two quaatities; the variance or magnitude of target 

J.Ilane uver, aJ:ld the time constant or durat iOll of the target ma:ae

liver. The target acceleration, and hence the target maneuver 

is correlated ill tirae; J1.lW1ely, if a target is accelerating at 

time t, it is likely to be accelerating at tillle t -t'l for suffi

Ciently small~. A lazy turll, for iJlstance, will give rise to ' 

corr$l~ted acceleration inputs up to ORe miXlllte, ev:asive Iume

uvers will provide 'correla,ted inputs for periods between ten 

:it.ud thirty seconds, and Q.thmospheric turbulance may provide 

inputs for one or two seconds • 

.! typical model of the correlation functi.on r("t) asso

ciated with the t;u'get acceleration is: 

(2. 2) 

Where 2-
CT"m : variance of the t~get acceleration 

, 0< : reciprocal of the maneuver ttme constant) ex ~ 0 



·z _ .J 

00( 

I 

1 
Po 

Pmax (1-(R,+2PmalC)]/2A/n<lJ( 

j 2 3 
0< 0( OJ 

---I.--.:....-.-\----l--40, ao 
_A~ 0 A~ 

fig. 2.1 fig. 2. 2 

2-
The variance o-m of the t~get accelcratio!.l can be fOUl'ld 

easily by using the probability density funct'iono'in fig. 2. J.. 

o 2 

var { a} = E {[ ~ - Eta}]} 

One cun derive above term as follo~m: 

3!\nax 
;; ~ - (p 0 + 2 P max) ao + 

2 0 2 0 «- Amax)P max+O•p 0'" (~ax)~ max> .- ' 

2 Awax 3
0 

-Amax 



~ 1.- (P 0 ... 2 P ) a 2 \\tax max 0 . 
- ------.- + 

. 2 \tax 2 -\tax 

2 

(- "md' max" O· P 0 + "md'max) } 

1. - (P 0 ... 2 P max) 2 2 2 ' 
~ax \tax P max 

::--------
2 l\nax 3 

_ 1. 2 r . ] 
- ~ \tax l 1. ... 4 Pmax-P 0 

3 

l~ow, utilizing the corr~lation function r("C), the accele

ration ~(t) may be expressed in terms of white nOise by the 

,,,,iener - Kolmogorov whitenrng procedure. The: La-place tromsforr:J. 

of r(Z) ,R(S) in given by ; 

2. 

{} 
Z (Jmo( 

L r (-C) = R (S) - - -=(-S ---o<-):'"""":('--S-",-O(-) (2. 4) 

Which C:ln be factored as 

R (S) = H (S). H (- S). w (S) 

R(S) = 1. 

SfCX' 

H (-S) :; _-'_J.---. 
s .;; 0( 

u 



The quallttity H (8) is the trusforLl of the -whitend.ng fllter 
for a(t), and W(S) is th~ transform of .the white nois. w(t) that . 
drivel!) a(t). The resultilLg equations are therefore, 

a(t) = ~ ex aCt) + wet) (2. 5) 

2 
'Where \fw (c:) is the correle.ltioJl function of the white lloi • ., 

input, eatistying; 

(2. 6) 
-, 

The t:u-get oquations of lIlotion in one physical dilaellSioll 

can be expresaod ila. terms of the white noise "r(t) as follows : 

'Where 

~ 

i(t) = F x(t) + G wet) - =- -

x(t) = 
{

target position at time t 

t~get velocity at time t 

target acceleration at t~e t 

wet) = white noise driving funct ion 
,with v~iance 20<0":2 

In 

~ a(t) '= - o<a(t) + wet) 
dt 

~ [~2' X(t)J' = -0< r a: 2 
x(t)\ + wet) 

dt dt , ldt 2 1\ 

Defining new variables, 

Xl. (t) = x(t) 

il.~(t) = ~(t): x 2(t) 

~ 2(t) = i (t) = x 3(t) 

i[d2 
"j ~3(t) = - - 2 ·X (~) = - o(X3(t) + 

. dt ~t ' 
w(t) 

(2. 7) 

(2.8) . 

(2. 9) 

7 



w. ohta.in the following ma.trix formulation: : 

iJ.(t) I 0 l. 0 xl. (t) O· 

x2(t) = 0 0 l. x 2(t) + 0 wet) (2.10 ) 

x
3
(t) . 0 0 -0< x

3
(t) l. 

b. Discrete-tiJae equations of motion 
Many ae:asors hav~ a coutant data rate, s~p1i.ng target 

position every T second .The appropriate discrete t~e equations 

of motions for this C~B~ are giv~n by; 

! (k + l.) = ~ (k + +, k) ! (k) +!!-(k) ( 2.11) 

where the state transitioll matrix iaof the!orm : 

~(k +J.,k) :: ~ = ~(T,o() 
- - = 
u(k) t inhomogoD.eeus driving ilaput . 

( 2.12) 
= 

l. T ~2.[_l.+O(T+exp(-«T)Jl 

.. 0 l. ~ [-l. - axp (- ex T) ] ( 2. 13) 

o 0 exp (- '0( T) 

i'he input vector u(k) aati6:ri~s : 

(k + l.)T 

~(II:) - S eXl' (!l ( II: + ~)T - Z:)] ~ w(Z:) d7: 
( 2.14) 

kT 

(lc+ J.) T 1 (lr,t1) T - 'r ~l-1 +~~k;f.1) 'l.'- .Z;]+ exp (-0(,[ (kit 1) 11.:Z:)] 0 

= f 0 1 ~ [ + J,- exp (- 0{ ({lGt- J.)T - 7.: J ) 0 0( . 

lfT 0 0 exp(- O{[(kit-J.)T -'l)}) 
'1 



~2[- J. ~ 0( [(lcrtJ.) T - 't] + exp (-0( [ (kit~) T ~ -c]1 
~ [J. - exp (- 0( [(ktt J.) T - 1: )] 

exp (- 0( «lGt J.) T - !)]) , 

."_. 

( 2.15) 

)low, 'Bace wet) is 'White lloilie, E {u(k)J(~ i)} '!: ~ , 

for i"l 0 • So, u(k) is a ctifJcrete time white ~oise sequ,llce. 

]'or the 8~e of complete.ess, let US discuss the effects' 

variations in paraaeters characterizillg the Il~l1eUVCr of target 

under co.aideratioL 

The re6cllbl~ce of this model to the second order polymmi al. 

model [ 7 ] can. imlile.diately be see:n if "T. consider the'lilIiitillg 

case (J./CX»> T. Th. state trarulitioJl matrix becomes idelltical 

to the aocoJlLi ord.er P01Yllomial model if (J./od vanishes or 

(J./O<) «T. We filld this state trruasitioll matrix corresponds to 

the first order polyaoaial model. It c~n therefore be expected 

that, for finite values of (J./~) term, our model can exhibit 

colivergellce properties betweeJl. those of the first. and seco.d 

order polynomial til terse 
, 

Let us make a further d~finition : 

?fn= ~ 
od call ~m as ch2racteristic mal'leuv~r time. The choice of a 

good value of ~ is 'a functi on' pri.wl~.r ily of th e target 

scenario. Sbger [6 ] reCOW1U!llds ~Ia = a) se.:conds for moned 

mueuverinl? targets exercili ing evasive mam.euvers .. The Eame va.lu. 

hQS also been fOUlld independently by other people who have 

:i:itudied the problert. This rather low "observed" maneuver 

frequency, 0(: (J.(a:»aec:J., does not D.ecess&rily iLlply that 

this is the highest frequency that a part.icular target lIight b. 

eapable of sustail'liag. Of cours'e, Illost fighter a.ircr~:rt can 

llHmeuver Jauch aore rapidly if deSired. A low mlm~uver. freqU4tll.cy ;. 

howeyer, is probably typical of air targets maneuvering to aChieve 



a particular goa.], We couider values of t anywhere ill the raJLge .. . 
o:f 3 ~o 4) &econds as realistic. The scl.ctioll of ... v~ue· 'for cr. 
is more difficult than for 'C • Th~ ac·celeration autocorrelation. 

. 11 
study of the target scenario dem.ollstra-m a a very wide ruge of 

valuea tor (f. •. While some targets are sustai.l\illg an rills .lJU'tm-
m. \ . . 2 

uver level close to Olle G (approxir:lately .. ~O y;ads/sec. ) the 

others e.xhib ita. very low l1aJ\euver level which iii! due to soae 

at~ospheric effects. We are going to devote a. more deta.iled 

discwsion on the choice of par6Wleters in. the next sectiol1s. 

Before clooipg this section, we are to give the formulations 

for the derivations of covariance matrix of process noi£, 

and initial filter state •. 

2. 2 • P AR.AlI1ETERS FOR FILTER INITIATION 

The matrix Q(k) is the covariance matrix of the maJleuver 

exci tatiQIl and as shown in [ 6 ] has the torm : 

where 

q~l. q1.2 q1.3 

Q(k) ;; E {u(k)uT \~)};; 2 0( (J~ q1.2 q22 q23 

q1.3 q·23 - q33 

(2.16 ) 

q 2 = ~ 4 [ aXI> (- 2 ex T)+ i - 2exp (- 0( T) - 20( Texp (- 0( T)- 2o<T- ciT 21 . 
~ 20( .. .. 

q23 = 2~2 [ exp(- 20(T) +~ - 2exp(- OCT)] 



For a fixed senoor an.d t~get class the 0( and T terms 

are fi.'{od 80 that Q(k) is a COnstlilllt mat.rix. Wlien T is sufficient-
" ly small so tha.t 'exT «1./2 , 

lin 
ocT~O 

Q(k) = 2o«r: 2 
m (2.17) 

T 

reflt!c;tillg the tact that for sufficiently shor-t tiae periods 

the physical target .OT80 at ceutaJl.t velocity. For a fixed 

a.unplillg rate , ,as 0(-+ 0() ; 

o 

1ial q (k);: 0 

o 

o 

o 

o 

o 

,0 

0-:
2 

• 

The Xa.1..aml filter equations call be initialized. by : 

A 

Xl. (0/0) .. z (0) 

'~2(O/0) ;: [Z(1) -Z(O>]/T 

( 2.18) 

, (2.19a) 

(2.19b) 

( 2. 19c) 

~ltiere z(O), and :l1(~) are ,respectively, the first and. secollc1 

measuremen.ts received. The covariaJlce illitialization equaJliiollB 

aL'f: : l, 

A 

0i~/~) :: xi~/~) .Xl. (l.) = Xl. (l.)-Xl. (l.) -T(l.) (2. ala) 

. ~ V(l.) 

~, 0', 



= X2(0) + 2:.[l. -exp(-exT») x,(o) 
0( 

+ u
2

( 0) _ . xi(l.) + Vel.} -XJ. (0) -. T(O) 

Since 

-- T(O) 

T 

_ T(1) + 
T 

e,(J./l.) :: %,(l.) -l,(J./J.) 

;exp (- 0( T)X,(O) +u,(O) 

i"1I follows that 

2 
P l.l. (J./J.) 0::; erR 

crR 2 
p J.2( J./1) = 

2(fa 2 <T)12 ( __ + __ 1-

2 4 2 T 0( T 

T 

" .. ~ 

( 2.a)c) 

(2. 21) 

( 2. 22a) 

2 
axp (- ex T) - 0< T e Xl? (-" 0( T ) ] 

(2. 22d) 



(2 
2· 2 2 c{3 T3 . - . I )1 

• "'!I .. ' ex T .,. ___ ... 2exp (- 0( T) - 20( T~xp. \- 0( T 

:5 

2 

p 23(1/3.) : :~ [axP(-o<T)- o<.Texp(- 2o<T) -exp(- 2O<T) 1 
o(,~ . . 
, . , 

--

(2. 22e) 

2 

-
- _~M [ . 1 exp(- 0( T) - otT -l. 

0{2 T 

. 2 .. { 2} \·,-l33 = (J M exp (- 2o<T) -E u 3 
(2. 22f) . 

= cr.2 
exp ( ... 2o<T) -' cr 2(l. - exp (- 20(T) ] 

H M 

2 = a-M 

. III ~act, w~, do Aot havI' to specify init~al: :values for 
either the cov~iLance &atrixP (0/0) or the initial state es_tir.Hl.te 

x (0/0), b ecauseunder opt:1malperformance co:aditiollS" the steady 

state values of thewe parueters should be totally illdependent 

of these start ip.g vu+ ues. 



° 111• THREE--DJl\1ENSION.AL FILTERING 

IN 

CARTESIAN COORDINATES 

We have so far discussed the development of a target model 

for our filtering and prediction probl611 and have dealt with 

one-dimensional description of target motion for the sake of 

simplicity.Nevertheless, the mult:i.-dimensional aspects of the 

problem had to be cOllsidered at all times during the development. 

In this section, we will 'concentrate on this side of the problem. 
-

There are several factors to be considered in selecting a 
coordinate :frame for filtering and prediction applications • 

:Primary consideration must be given to accuracy, since this ja 

a tracking problem, and computational simpliCity, since the 

algorithm must be :implemented within the constraints of a given 

computer. The sensitivity to various nonlinear effects forces us 

to consider these factors in coordinate system selection. 

The study presented in this part of our work is based on 

the premises : 

1. The target is modeled best in Cartesian coordinates. 
By .this we mean the target is more closely linear and well-behaved 

in Cartes ian coordinates than· in spherical polar coordinates. For 

example, if one conSiders a s:imple linear (constant velocity) 

target motion which is canonical in Cartesian coordinates, then 

using equation (3.7) one finds that second and all hi~er deriva,:.···. 

tives appear in the polar :frame. This are sOIllet:ine s described'~as 

'tpseudo maneuver.s" in the literature. These accelerations, if 

viewed in the polar :frame, must either be modeled' and propagated 

nonlinearly by the filter-predictor, or , even. worse, tracked 

adaptively • There are , on the other hand , corresponding polar 



. c"'non.ic~u. t.u-t~etD StlCh r.ts motion alon~ a ray of circulm- lUotjon 
CIi:Jl tert;d ;:~t the or igilL. ExWJllinOLtion of real life t~get /aot iom; 

indicates that auch motion would be encountered Iluch lelils :frequ

ently thitll the, nom.inal Cu-tea ian l!lot ion. We will therefore aaUUUle 
I 

th ___ t the r~ndoil acceleration t:u-get in Carte::::ian coordina.tG t:r::..me 

i6 a. good repre6ent'~tjon of the true target and proceell on ·this 

b~1iI iu. Tp torm the Carte'sian t:i.Xe;et .model, an additional aasUJUp

tioD. of·iude.\?el1dencE: of t::trget Ilaneuver auLOng challn~l6 was llll.l.de. 

That i~, if WG dt:'fine the three - d:i.r.1l~nsional cartes 10m state 

veQtor £Ii ; 

!3,lJ = ( 3.1) 

z -
'Wh e:re !.t l and ~ ~e each one - ciiID.ens ional three - element 

utate: vectors ( pOlBition, velocity, and accel~ration ). governeu 

by the r"llG.oll accelerat lOll target ~odel. 

Th'e" ~.T.J!. (litate tr.anB:i.tiO!llllatrix) is then; 

~ 0 I 0 
I .., I = 

--,-- -T--

~3D :' Q I ~ I Q 
(3. 2) - I -- I ------+--

o I 0 I ~ 
s; I :z:: = 9)('9 

where ~ if» as. defined in section II. 
~e al;isumption of cOIllplete independence auong chc.muels is 

ob viouuly a weak one, but the ilJplicat ions of th,iS tu:l6UJ'll1)t ion 

compe:uJ:iates for its unrmuiutic nature as we shall see later on.' 

It depenaa , on the other hana, "lli:e, p;u-ticulG.ir target type and 
. i tilt particular allgul:.1I' orientat j on in the coordinate frame. 

~he tu.rget lAotion analysis problem di::.,carda the iLlportance of 

this ag/JUJll].J~ion, reqiring.aore udditlonai tA.ttentlo11 • 
t 



ii. - Ile-.surelllenta of target position are ·obtained i1'1 spherical 

polar coordinates, :1.. e. :r;-ange, bearing ,angle from north, ~ and 
elevation angle. 

) r(k) -r(k) 

zp (k) = B1(Jc) + ~(k) (3. 3) 

~(k) _j$(k) 

~ 

:fig. 3.1 

WE:re r(lc) , B (k)-,: ,jmd E(lc) are true target range, bearing 

and elevation respectively, ,and nr(k),~ (k) , nECk) are the 

corresponding measurement noise components. 

It is assumed that ~..'lc) , liJ'lc) and llE(k) are J1utually· 
.', 

uncorrelated and that ; 

and 
2 

o-r o 

cr,2 
B 

_- '·0 

for Vk 

o o 

o 

0-;2 
E (3. 4) 

The spherical polar - Cartesian transformation equation • 

.u-Ct ; __ ' / 

'x(k) vl.(k) 

zC(lc) ;; l(k) + v 2(k) 
(3. 5) ! 

z (k)- v 3(k:) J 
~ 



where 

• x (k) =' r (k) CosE(k) COBB (k) 

,,(k) = r(k)Co/?B(lc)SiDB (1£) 

zOe) = r(k)SillE(lc) 

~ni the corresponding inverse relation is 

- l./2 
1'(k) = [x2(lc) + ,,~(k:) +z2(lc») 

B (k) = arctan(Y(k) Ix (lc) ) 

B(k) :;:: arcS' in z (lc) -------------------1./2 
[x 2(lc) +, 1'2(k:) + z 2(k) ] 

(3.6a) 

(3. 6b) 

(3.6c) 

(3.7a) 

(3." 7b) 

(3.7c) 

To recapitulate, the mf:~asurement vector equation is given by 

~C (k) :: h (!(k:) , k) + y(k) (3.8) 

Now, let us form the Jacob ian matr:i,.l: to obtain the line<.:\rized 

,llleasure.lnent error .cov::tl'iance , i. e. , 

'ah 
J =-=- (3.9) = 

d~p 

CeaB COBB -rSinB CosE -rCosB SinE 

~= SinB CosE rCosB CosE -rSinB SinE 
(3. 10 ) 

SinE 0 rCosE 

The linearized Cartesian measurement error covarian.ce matrj,x 

is given by ; 

1~ 

'JR JT ~_C1 = ;;:.p= (3. 11) ~, , 

Afte:r th~ matrix multipl~cations have been pr:,rforL.lled, there 



will appear of! - diagolilal terrJls in the RCL : matrix, the 

~plications ot Which iathe croas-cQrrelation among x,y and 

L.U 

z diioecti.ons. The entries of the. covari.ance matrix of measurement 

error G1XII !o~d to be ; 

rl.1.:: Cfx;:: CT"r 2c06~ Coa~ +r2OB2siu2:B COS~E +r
2C1E 2cos2:a,'S1Jl2.E 

r 1.2 = or 2s in ~ CosB CC)s 2E -r
20£ 2COSB Si»B COli ~ 

r2crE2aim:B ciosBSin~ 

2 .. 2 2 
r 1.3 = or CoaB CoaE SinE '-r erE C0:sB CosE SillE 

r 22 = cry; = or ~in~ COs 2E +r 2OB 2CeB~ Cos
2
E +r2crE 2Sin2.E Sin~ 

r 23 = ~}s~ SinE CosE -r
2CJB ~i~ SinE CosE 

r33= O-z; ~ o;,:2sin
2
E +r

2CJE 2cOB~ 

F9r the Cartesian noise terms, the obvious result follows : 

,Thus , 

VJ,.(k) 

V 2(1£) :: ~Yp (1£) 

v
3

(1£) 

E { YC (k)} = ;Ii! { i!p (k)} :: ~ E 1 Yp (~)} :: 0 

= ~CL(k) 
3. 1.. Coordinate system rotut ion 

( 3.12) 

( 3.13) 

'(3.14) 

In the preceding section, the radar .moasurements of target 

posjtiol1 in spherical polm- coordinates are converted to Cart~DiD.ll 

frame b,y the eqllllt ions 



.')C 
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'( 

x-(k) v (k) l. r(k)CosB(k)C06E(k) Vl.(k) 

!:C(k;) = ,,(k) ,.:.+ "V 2(k) :: r,(k) S,itiB (k) C osE(k) + v 2(k) 
~ 'I • • 

z(k) v 3(k:) r (lL) S inE (k) v
3

(k) 

:Now, if the x-axis is nligned with'the initial bearing 
angle ot the target, the above equations beco~e ; 

T 

fig. 3. 3 

t 
vl.(k) x (k) Vl.(k) r (k) Cos AD (k) CosE(k) 

~C(k) 
t 

r (k) Sin AB (k) CosE(k) v 2(k) - y, (k) + v 2(lc) - + - -
t 

z (k) v 3(k) r (k) SinE (k) v
3

(k) 

(~.15) 

'Where 

6B (k) = B (k) ',-B (0) (3.16 ) 

In order to maintain the oriantation of the rotated 

coordinate system, it is necessary to store the initial bearing 

13 (0) ,for use in the coordinate conversion process. 

The effect of the correlation is dilllinished in the rotated 

carteoial'l coordinat'e' syste~, since for an inbound target the 

bearing "Till be zero or neap: zero. If B(le) = O' is assumed,tlie 

entries' of the ro.eaaureiBent error covariance matrix now become: 



2 ,2 
r J.J. = <rxx;: (Jr 

r J.2= o-~y = 0.,= r 2:1:-

r l.3 = O-xz ;: SinE CosE [ a;,.. 2 
_r2 a:;E 2];: r,3~ 

222 2 
r 22 = cryy - r erB Cos E 

2 
Oiz = 2 2 2 2 

O""r SinE - r OE Cos E 

[

" .u though the measurelllen.t noise is still correlated, the 

,dependence on the target bearing has been eliminated. We shall 

, make now a further assumption: . 

22 

Fer the case of a low elevatjmn target, Where the mea6L~ement 

t' nOise is expected to be relatively hi@duetopoortracking 

conditions in the radar, the approximations SinE(k)':t 0 ,and 

CoaE(k) ~ 1 are valid, and therefore; 

2 
crr 0 0 

'RCL(k) - 0 r2(k) Ci
B 

2 0 (3.17). 

0 0 r2(k) (h2 
E 

Which agrees in form with the uncorrelated noise model proposed 

by spherical coordinate measurement modeling. 

" . 



IV. FILTER DEVELClPl'llENT 

4.1 Summary of the conventic)!ull filter'ing algorithm of Kalman 

In the previoUB two chapters, we have dealt with the prob

leLl of modeling the targets belonging to the class under con

sideration and finally obtained the following model ; 

! (k + J.) = ~ (T,o<) 
= ' 

! 0,) + ~(k) (4.1) 

-where 

~)( 0 0 

1!~' 0< ) = 0 ~y 2 = .,. 

0 0 ~% 
:= 

and 

x(k) 

i:(k) 

x(k) 
wx(k) ----

y(k) 

x(k) = - y(k) . , !(k) :: wy(k) (4. 3) 

y(k) 
Wz (lL) ----

.z (lc) 

z(k) 
z(lc) 

with meas'llI'ecents 

[ '~ 0 0.1 0 0 0\ 0 0 

~ II -i-] + 

V1 (k)] \. 
o I 

z - 0' 0' J. 0 0, 0 0 v 2(k) 
-0 - I 

0 0' 0 0 0 1 0 o --Z- v 3(k) J. , 
(th 4) 

23 

" . 
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or, in a compact:.tor,Bl , 

• ~C(k) - [ J. 0 o ] ~~s(k) + vJ. (k) - (4. 5) 

x
vel 

(k) 

xacc (k) 

i. e. partitioning the measurement equatiQ.n in the above manner 

the srune result can eas ily b e obtaine~ for y and z channel 

measurements. 

~1easurem(;nt equation in one dimens ion, qn Lu axis thus 

becomes ; 

Zc (k) - x (k) + V(k) 
- P os J. (4. 6) 

obviously a scru.ar equation. 

This result makes it possible for us to process the obser-' 

vations aequ.tmtially • We will discuss t~lis facility in more 

detail later on • 

. Having sUllllilarized the system and measurement models, let 

us go on to the study of random process statisttc8 • 

~he following equations stwmarize these statistics : 

E {~(k)J = 0 Vk 

E { v(k) J - 0 Vk - -
E {!!(khP~ (lc)} = ~(k)dik 

where Q(k) is as ob t ained ill chapter II • 

E {~(j) Y~(k)J= Q Vj , k 

T . 
E {v(k)v (k)} = ~(k)Sik. 

"Where R(k) is as obtajned in chapter III • 
= -

'The discrete Kalman filter equations ·are ; 
I 

J..The dynaaic extrapolrition of the preceding state 

• • 
. ! (k/~ J.) = ~ ('r, 0<) ~ (k - J./k - J.) 

c; 



'Where 

. ,. 
;(k/ki-J.),; l'lJ."1SE estimate of x(k) given sensor data 

,-

!up to -and inclUding tilll;e k, 1.. e. the one 
sawple ahead prediction. 

,. 
! (k;.. J./k- 3.) fl' MMSE -est ill at e of ! (k;.. 3.) given s ens or data 

up to ~nd including time k ,i.e. the 
-

filtered estimate 

4 ,Evaluation of the optiInal filtered estimat-e ; 

optjmul tiltered estimate: prediction T correction 

where 

~(k) .. ~ (k/ki- J.)~T (k) ( ~ (k)~ (k/k.- J.)~T (k) +~ (k) fJ. 

defined as Kalman gain in-the literature 

and 

~ (k/k;.. 3.) :: P (T, 0< )~ (lC,...;L/ki- J.)~T (T, O() + ~(k;.. J.) - . - - --, -
is the predicted ~rror covariance matrix of the estimate 

and finally , 

~ (lc/k) = [! - !S(k)~ (Ie) J ~ (k/~ J.) - - -
is the new error covariance matrix • 

The derivati0n of these terms can be found easily im 

the literature, especially in [ 1 ] a broad manner. 

4. 2. Adaptat ion 
The Kalman fUter formulation present~d in the previoU5 

section assumes com.plete knoyledge of the linear dynamics and. 
, -

25 

the process noi$e covaria~ce • Normally, however , the partic~-. 
lar strategy being exerCised bl the target is not known by the 

tracker in advance. In turn,' the form of the state vector 

BOGh7iri iiMilfLnriTrri III·;~::_. __ -



and its propagation characteristics is assumed and mayor may 

not represent true target 'dynamics ,over, long periods of t :!me. 

SUCh· a 1:3 ituat ion is usually-referred to as IIsubopt 11llal modelinglt 

in the sense that no attempt. is made to fully model the target 
, " 

dynamics. As we noted in the very beginning of this work, we 
, 

have overlooked the rigorous treatment of this n~nlinear est~ 
. "., 

Llut ion p'roblem and pref~l';red to look at it at an engineers 

point of view. The utilization of a suboptimal model leads to 

large estimation errors , a .c~ndition known as filter divergence. 

\Vhen divergence occurs, an inconsistency between the error 

covariance calculated by the filter and th~ actual error covar:L

ance occurs'~'An adaptive filter is basically a method of adjus

ting partuneters in order to effect a more realistic m.atch between 

the calc1..llated and actual filter error covariunces. 

In. our attempts to model the system in a practieal but still 

realistic way, we had found that no single set of parDlaeters 

would adequately represent the true target scenario. Instead ,it 

was found that a range 9f each parameter (~,~) could be 

expected and -that ",e can essentially bound the pi. rameters by a 

low maneuver level, low frequency (long t:iJne constan.t) set which 

we will designate(crm:A'~A) and a hieJ1. m311euver , hi@1 :frequency 
set, (crwB~.~) • Our "funda.ruen~al assumpt ion in approaching" adap

tat ion with the random acceleration model is therefore 

( <TmA '~A) ~ (CTm ' "'m) < ( (JmB 'O(mB) 
~ 

parameter sct representing 

any actual target' 

(4.7) 

Let us now examine the perforllance of filter;s based on each 

bounding and call the corresponding fixed param~ter Kalman 

filters A and B. 

Simulation results has shol·m that, A filter corresponding 
.' . 

to (~A'~A)-:: (0. 5, ~/CD) is narrow ban~ed in that its position 
estimates are relatively ,smooth. Unfortunately, A filter values 

tend to di~erge or at least lag severely' from. the actual (s~u.
lated ) values whenever the acceleration (maneuver) Changes ", 

, rp.pidly. rrhe estimates of B ,filter; whose parameter set is given 

b ' ('~ '0() (5 0 1'0) tend to be unbiased since it is ve;ry Y U mB ' mB:: ., ~ , ~ , 



LI 

wide banded , and never really divergent. Indeed, we can not make 

an interpretati0n about the divergen~e of B , since it never 
diverges or converges exactly.B filter estimates always contain 

a lot of uncertainty even when .:we observe that A filter estimates 

are quite smooth and·accurate with exception.t~at ~hey.tend to 

lag considerably. 

. track initiated 
at th is point 

axis of 
symmetry / 

~,,// 
" 

.f.· 

constant velocity 
(CV) part of target 
trajectory 

B (k). : Angle of rotation 
in b ear.ing . 

CV part of 
trajectory. 

x 
~----------------------~-------------AGFCS location 

(at the origin) 
fig. 4.~. Simulated aircraft trajectory 

••• 
"A" Filter tracking performal 
t'B n. Filter ·tracking p erformal 
actual trajectory 

~~ ____________ ~ ________________ x 

fig. 4. 2. Expected tracking performances 
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The paradox is that " 'While each filter has its advantages and 

disadvantages, neither is really suitable for implementation as 

. a tracking fil tar., Obviously, we should l?ok for some method of 

adaptin{5- on-line the bandwidth of the filter to achieve the des

ired performance.!,' 

'When divergence occurs, the error 'vector 

.. 
x (k/k) :: x (k)-x (k/k) -. - -, 

(4.8) 

grows large., Fortunately , wOe are able to monitor at least 

partially the actual performance of th"e filter at any time. 

This can be done by observing the innovations sequence and then 

attempting to the built up of a bias and cons'equent growth of 

residuals. We can easily determine the statistics of residuals 

as : 

and 

E {4 (k/k.- J.)l 
.. 

;: E{~(k) -~(k)!(k/k.-J.)} 
.. 

- E {~(k);(k) +v(k) -M (k)! (k/k.- J.) J -
A 

= E f l! (k) [ ! (k) -~ (k/k.- J.)] +y(k) J 

= ~ (k) E l ! (k/k.- J.)}", E l !(k) I 
- 0 -

covariance 

E {~(k/k.-l.)-.lT(k/k.-l.)l:: E{[~(k)[!(k) -!(k/k.-J.)] +Y(k)] 
, " 

.[ yT (k) + (~(k) -i (k/k.- J.)] T H T (k)] 

= E {H (k)~ (k/k.-l.) y:T (k)" 

T 
+ H .().t) ~ (k/k.- J.)'X (k/k.- J.)a T (k) = - - :=. 

+ y{k) yT (k) +y(k)! (k/k.-l.)~T ,(k)} 
"' 

=!! (k) +!! (k)~ (k/k.-l.)~T (k) - - - -. 
In the above term, substituting the matrices for. our ~odel, we' 



find that the residual sequence should be zero mean and has 

variance; 

~ (k) 
2 = err. +, P ~~ (k/k- ~) (4.9) 

since 

H = [~ 0 o ] 

and 
2 i () 0 (jr 

~(k) = 0 r2(k) a-: 21 
, B 0 

0 0 r2(k)(JE 2 

i. e. under the assumption of channel independence. 
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It is then a relatively Simple matter to determine the 

probability that the sampled residual belongs to the popul~tion 

with above statistics. Too actual residual is cc:>mprised of 

exactly the same error terms and the sample expected value is 

.related in the same manner to the actual-residual error and 

measurement covariance. Instead of working with an indiVidual, 

greater statistical significance can be obtained by considering 

several data samples • For example, we can normalize each residu

al sample with ~ (k) ,to remove the transient behaviour of- the 

error covariance, and compute the normalized sample mean ; 

(4.10 ) 

It is easily seen that ~ N is ideally also a zero mean normally 

distributed random variable of variance .~/M. This can be ver:L

fied as follows ; 

.' . 
~N (k)N X(O, ~/M) 



1 
;;; -

as . found in th.e previous proof. 
Also, 

1 

--
·M 
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We. will define a maneuver as any tar.get mot ion that caus es 
/ ' 

the. filter per.formance as measured by -iN(k) to exceed some 

specified value. Namely, a maneuver is declared,. if ; 



Where c is a constant that determines the significance of the 
\ 

test. 'fhe propab"Uity' of false detection or type I error is ; 

(4. 12) 

The values of P fd as a funct ion of c· can be found in most 

introductory statistics' books. In order to choose a value of 
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c , we must consider the false detection probability in con

junction with the cost of such false detections .These costs 

are generally a function of the type of action taken to adapt 

whenever a maneuver is declared. A trade-off is involved since 

there is a cost in increased maneuver detection time, When the 

maneuver threshold c. is raised. There are some techniques to 

find a functional dependence of c on maneuver detection time 

tn ,however, such tecniques are not of exact science with some' 

misleading implications they bring about. So , in our work we 

choose to investigate the effects of the selection of c o~ 

simulation studies, rather than sit down to find .an incorrect 

function~l form. 

Once divergence has been detected, a method of modifying 

or adapting the filter parameters to correct the Situation 

must be specified. 

Let us return to the orig~al assumption that the target 

maneuver level -- and subsequent process nOise -- is bounded 

. by A and B parameter sets, Therefore, in the absence of the 

maneuver detection, process noise corresponding ·to the set A 

will be added and if maneuver is declared, % . ?orresponding 

to set B will be added. That is ; 

if ( 4.13a) 

if tp.en 



JL 

4. 3. Dual-Bandwidth Adaptation 

Ideally, when a maneuver has 'b,ee~ 'deteoted "f; ,,c?ns would 
likely reprocess the measurements over some interval immediately 
preceding current time with a wider bandwidth filter so as to 

remove the bias error ·whj,ch has presumably been occuring. 

Unfortunately, in our application we are supposed to built 

up a fully recursive filter for implementing the same on a:limi

ted real-time computer. in an efficient way. It would be very 

difficult to interrupt normal pr9cessing in order to reprocess 

the past data. One poss:tble solution wOuld be the built-up of 

a second filter operating in parallel to the"_'main It filter 

with a wider bandwidth to remove the bias error once it has' been 

detected, 

The dual-bandwidth filter operates as follow!.> : 

Two filters, A and B , corresp~onding to the respective maneuver 

parameter bounds would operate simultaneously. The fUter algo

rithm would output the state vector of filter A ~If divergence 

of filter A is detected, the state vector of filter B " which 

is expected to be unbiased, is put into filter A, 1. e. 

if, c then 
• • 

:: ~·.(k/k) 

, 
Conceptually, we want the adaptation to work as in the 

block diagram phown in fig.4.3,~ 
Admittedly, the output vector x will be discontinuous,' 

A 

but in this situatiol1 ~ represe~ts the best information available<!l 

.AJl. :important consideration now is the way we should modify the 

.A fll ter bandwidth. Theoret ically , if one attempts to reset the' 

·state .. est:im~te of A to B , the bandwidth should be similarly 

reset • This is not an acceptable solution for one pays a high 

cost of a false detection since long reconvergence time has not 

yet been eliminat ed • 
- . 

. Leaving the A filter bandwith unchanged is deSirable since 

this filter d/id not suffer from these disadvantages. The partiCU

lar maneuver detector we have used , however , may not do wel~~, . 

since the large random errors ,of the B filter may look l~e bia-, 

ses to the A fUter and 'consequently , cycliC maneuver' detections 
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t end to occur • 

To eliminate this problem, 

is prop&sed, namely, a gradual· widening of the A filter band.

width which is expected to eliminate the' repeated maneuver 

detections and maintained a low cost of false detections. 

4. 4. Alternative Adaptation Techniques' 

a. Switch- on-range Adapt at ion 

34 

The simplest of the three adaptation :t'echniques p:t-esented 

in this s9Gtion is the switch-on-range adaptation .This method 

is bIased on the idea that the measurement error in Cartesian 

coordinates is approJtimately proport ional to the target range. 

Therefore" we can use relatively high filter gains on a short 

range tang~t'lw-ijj'houtrSignificant degradation of the estimate 

quality :for a constant v9'locity target and with significant 

improvemen~ of .the estimate quality for a maneuvering target. 

uPon target detection, the estimator uses a, gain schedule 

:which is based on a small forCing input '-- such as 0'.1 g':'- in 

each coordinate axiS • This low ~ gain schedule i~ continuen 

unt il the target range is less than a predetermined threshold. 
. , -

Once the target has reached this threshold range, the estimator 

sWitches'to a steady-state gain matrix which' is based on rela.

tively hi@:l forcing inputs (high 0.) • This adaptation method; 

however, is proposed for. constant veloCity target models at 

long range. . 

The 'high Q I filter:uses a steady-state gain matrix becaus'e 

it is assumed .that a good" estimate is available at the time 

switChing occurs • 

. This adaptation scheme"has been presented here for;;'reference 

purposes and since it, depends on t-l:H~", utilization of a different 

model, s imulat ion studies have not been p'erformed • 

~:'Switch-on-residuals Adaptation (1) 

This method of adaptation is more sophisticated and more~' 

complex than the switch- on-rE!-nge adapt at ion method previ9usly 

described' .The first version of the switch-on-residuals adaptive 
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filter is designed to ,track .with a 'low G.' gain schedule based 

on the co~st8.l;l.t . velocity model unt il ·a component of the res idual . . . 
vector of the filter; 

:\ ~ 

~(k) == z(k) -H(k)x(k/k.-l.) _ _ ::= _ '" 

exceeds a calcUlated gating level 

, i == 1, 2, 3 • (4. 14) 

on two successive samples. 

P ii (k/k) is the, theoretical variance of position estimate ~rror 

and Rii (k) ,is the theoretical variance of m.easurement noise in 

one coordinate direction • These two values are taken from the 
.\. . . . 

steaclv-state theoretical covariance of estimation error rp.atr~ 
for .. the' m,od~l from which the' 'hi@:l'·o. t gains are Cal~ulated' ,t 
The yalues for the theoretical variance of measurement noise 

I ~ . . . 

in ~he gating level calculation are calculated on-line from the 
.. ' . -

d;i.ago:Q,aJ.. te.rms of th~, covari~ce matrix of measuremeIl;t. I.l0ise 
.' •• • ,r 

given in Chapter III ,eq tn (3.17)md vary with the target position . 
• ' "', : . '_ " • ,> ' I. • 

J;~ th~ occurence of a r.esidu~ value greater than the gating 
, , .". 

,level at t me i is defined as' event A. and probab ility of ~ this 
, ".. .. 1.. ."' 

occuring on the next sample is event. A. 1. ' A. and A. 1. are . ", ~ 1. » 
independent events ,. The proba"Qility of having two successive 

s~ples .with residuals greater,:than the gating level is:: 

( 4.15) 

If one considers the R .. ·.(k) term. of the equation (4.14), one 
1.1. , 

sees that the gating level is equal to twice the standart devir- . 

at ion' of measurement noise. For a normal distribution, the 

probab ility of an event differing from the mean by more than 

two standart deviations is given as : 

substituting this value into'the equation ( 4.15) yields' : 
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which is the probab ility that a residual is greater than the 

gating level because of estimation error or measurement nOise 

when a maneuver of the target is experienced. 

The filter is' indep endently adapt ive..in each coordinate 

direct ion • For example, when ~ (k) is greater than 1 (k) for 
J. 

two successive samples, the x.-directi0I?- states are re- in it ial jzed 

by accepting the latest measurement as the position estimate 

and beginning at k;;Q with a 'higp. ~' gainsclredule based on the 

random' accelerati:on model with values of tT"'and ex and assumed , ~ m· ' 
forcing inputs chosen to provide good'performance against a 

maneu;rer,ing target ,~.The y-direction' and z-direction state estj... 

mates' continue tO,be based on the CV model. The random acce~era;..,,· 

tion mod!?l filter gains continue to be used in making· the :x;.. 

direction estjmates until three successive samples have resj... 

duals less than one half the gating level. 

Wa,en the inequality; 

is satisfied for, three ;:Successive. samples, the filter switches 

back to the low Q gain schedule assuming the same time index as 

would have been used for the current sample if no adaptive swit

ching had occured,. 

c. Switch- on-residuals Adaptation (2) 

This method of ad~ptati6n is essentially not a new one 

since it differs from the first version in that it calculates 

the switching gate using the equatiGn ; 

, i = 1, 2, :; • (4.16 ) 

Again, switching to the 'high Q t gain schedule occurs when 

the ab ove gat-ing level is exceeded by one sample residual. " . 
The switch back to the 'low QI gain schedule' occurs when 

the' residual is O~ 88:'1. (k) for two successive samples (the 
).' 



coefficient 0.88 is an arbitrary choice for a value between o. 5 
. and. 1.) • In this version, when the filter switches back to the 

'low Q' gains,. the index fer:::the 'hi@:i Q' gain is net reset 
I 

immediately but is delayed one sample so that if the residual 

exceeds the gat.ing level on the first sample after the,:, f.Uter 

returns to the 'low Q' gain schedule ,the filter does not re-
. . ~ . 

init:Lalize by accepting the position measurement as the es~j.

mate but simply s.witches back to _the 'hi@:i Q". gajn schedule 

as would .have been used if the switch to the 'low a.' gain 

s.chedule had not taken place. , . 
T!le: ga~. sGhedules used in this yersiono:f! the s1'dtch- on-

residu~s .adaptation are th'e same a~ those used in the. ;first 

.yersi0!idescribed in the prev;l..ous se~tion .• 

. , 
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v. COMP UTATIONAL CONSIDERATIONS 

Several aspects of the problem have so far been investigated' 

in detail but the problem of large computational burden super

imposed by Kalman's conventional filter~g algorithm has been 

disregarded deliberately:. As we shall discuss in sections dea.

ling with simulation results, this computational difficulty can 

be ignored as f~ as large scale digital comp_uters like IBM-434l 

or ,CDC~70/81-5are concerned. Unfortunately, however, it would' not 

be practical to dedicate this class of computers in applications 

such as shipboard t.r.a.cking, of low speed surface targets -- even 

when intolerable costs are taken as granted. 

The problem can therefore be stated as follows 

DeSign an adaptive target tracking filter which is capable 

of proceSSing high rate data of radar observations and capable 

of propagating the covariances at a speed that is compatible to 

the. speed of approaChing "real" targets. 

The main points of concern for a solution should therefore 

be on the computati onal requirements of the fil te1'ing algorithm 

which is to be implemented on a small digital computer.,' 
, . 

In our development of the three-dimensional filter, the 

dual-bandwidth adaptive feature serves to multiply these compu

tational requirements. Obviously, anything that we can do to ' 

reduce the calculation required by the basiC one-dimensional 

filter could be of ,importance. 

In this section we aim to examine two possible techniques ' 

for.'· the ·reduction of computational burden: 

a.:Prefil tering 

The term ''Prefil tering" means processing radar data at a 

higher rate 1hanthe filter cycles and if, this can be aChieved 

without. severely degrading performance ,m,uch of the problem is . ' 

solved. The high cycling rate (time required to process a single. 

set of measurements by the filter) can be'offset by this :kind :Of 

a data:: cumpress'ion teChnique. . The real-time propagation"of 



error covariance on a fixe~point co~puter of relatively short 

word-length , say, 16 b its poses other problems • 
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Considering thepotential'~a:nge of the elements of error 

covariance matrix P 'Which involves the squares of both rather 

large and rather small numbers during' each run, it' was found 

that such a computer would have. to perform the covariance cal

culat iqns in double precis ion .·in order t'o achieve sufficient 

scaling It. These problems can be ,eliminated through .the ip.trodl,lc' .. 

t i~n ~f error cov~ianeesquare root . which can be propagated 
in .place .. of the covaria.rJ.ee.i\; 

Even though the hi~ d8:ta rate is one. reason of ,computat.j,.. 

onal burd~n,. it serves to reduce the effect~ve measurement 

J;l.·QiSelevel .• By this we.,.in.ean that taking radar data at lower 

r.ates·would;n(!)t ·b~;';~f<pra~tical signifiean0e as a "solution". 

Data compression techniques can be used to achieve effec

tive ,higfl data rates without actually running the Kalman filter 

at such rates .Prefiltering'in our specific application~ean8 

the ·proce~sing of da1;;8: which' is availabl:e at a highe~ rate than 
,. '. f. • 

the r~te at' which. we,wishi~:toi,cycle :,the Kalman f'il ter "Suppose, 

as in' fig. 5,,1 tl),at :we wish ,to process dat:a at an integer rate 

'~ t~es' the filter cycling rate, At • We' will the:refore have J.4.' 

measuremen"\is ~qually. spaced At/t ~part, that will have been 
made s~~ethe 1astfil t,er cycle at.time· t(k-.~) and which we 

want t~ process at time t (k) .. There are unQ.oubtedly several 

possible methods ,'of aggregating these additional m~asurements •• , 

HoW-ever, we will. consider the, s,'implest effective method. of 

doing th,if?". namely., . averaging'. For short time intervals, where 

. the measurement noise, e~sentially masks any time variat.ions in· 

~he l:Iigni!U, <:lata averaging is an effective.·:means of data comp

ression with small lossn~f information. There is actually some 

. velocity information that could be extracted from measurements. 

The·variaJ?ce of this velocity estimate, however, is often so 

large,. relative ;to :that already available in the K:uman filter, ., '. .... 

that its inqlusi~n makes essentially no 'improvement .'There is, 

how,ever, a signifiQantincrease in the computation required t~ 
process such ·a ve10city II measurement" • We will therefore coin.-' . 

. ':.. 

pute an ~quivalent pre:filtered measurement basedupo~ a·technique 



s :imilar to' data averagil:lg·.-_ res iduaJ. averaging. 

By averaging the t .fa priori' residual as opposed to the current 

measurements we, account f.orthe estimated target motion over 

the ,prefil tered ·interval. "'" 

t'measurements ~, . 
~ 

, 
i-t. 11 i ,:;; r t- 2 ••• t-r-:-J. . . tJ-! . 

tflr,.. J.t t( ) t.(k.t,J.) 
< . :L\t' . t > 

fig. 5.1 
.. 

'.' 

'The .a'Vei\~gedor prefUtered residual is s:imply : 
" . 

. '. .~ 
• I', 
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'.' (5.1) 

;. . . . 

Substituting the definition for the ta priori' residual! 

one :·finds· the effectj,ve ,prefiltered measurement as: 
,":,.' 

wher~. ' . 

. "" ' 

!, .! 

~ ". ~. 

(5. 2) 

are oonstants to'.be' cOIllPuted onee'before the impiementation;;' 



We also noted that, if f= J. , then, fA-2 and ~ vanish, and 

the prefiltered measurement zpf' becomes Z as before. 

Now let us co~sider the effect of prefiltering on the 

measurement error st?otistics • Obviously, an error in Z f is 

a funct ion of the errors ~ 2 (k/k.- J.) and 13 (k/k.- J.) , as ~ell as 

the measurement errors • However, consideration of small values 

of t-t2 and :r'3 reveal these effects to b'e usually negligible. 

under this assumption, we find that the prefiltered measure

ment error is simply the average of the 'individual errors in 
measurements • 

The variance of the pr~,filtered measurement error is: 

(assuming the measurement error standartdeviation is constant) 

2 

o-Pf;k) = -; )\f<k) I i - jill" 
;ff (k) V-- ~~, . 

, :U-.J. J-- J. 

(5. 3) 
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It, should be noted that, in white nOise case f(k) term vanishes 
2 2 

,o-pf(k)/ U"(k) , then reduces to 1/ r- . 
Let us' now consider the effect ofprefil tering on the 

fil t·er performance • It can be found that there are three factors 

to be considered. The increase in the time increment between ' 

filter .cycles (a reduction in the filter cycle rate) and the 

increase in the autocorrelation of the prefiltered error both 

t.e~d. to increase coyariance thUs degrade pfrformance • Fortunately 

the decrease in the prefiltered measurement error variance tends 

to decrease the error covariance thus improve filter performance./ 

Study ~f the prediction performance vs. r- is given. in [7] in 

more detail. In conclusion, the method of prefiltering based 

upon residual averaging offers a computationally inexpensive 

way to achieve high data rate filtering with negligible sacri

fice in per:t:ormance as compared to high data rate full Ka',lman 

filtering. .' . 
~. Square root formulation of covariance propagation 

e,q~ations 

The square root formulation can propagate the error covariance" 



in single precision as accurately as the conventional error 

covariance methods' do in double p~ecis ion. 

Algorithm for square root filtering: 
\ . '. 

1. Dynamic extapolation of the preced:i,ng state 

42·' 

(5" 4) 

T 
[ 

ST(~l./k.-l.) ~T(k/k.-~l.) 1 
Ql./2(k) ,-

(5. 5) = 

n 

where 

(5. 6) 

In the above equation, the matriX T is orthogonal, but otherwise 

any matr~ making ST (k/k.-l.) upper-triangular • 

" ':rh,e' matriX's in the second of above equati~n denotes the 

square root 'of P • The definition of S , however is not unique. 
, / 

It is quite simple to wri~e out the matriX transformations to 
, .... . .. 

ob~8:-ip. uppeI:'. and lower triangular S matrices. The construc.tion 
, '. . - . . 

of T. is. a task to 'Which much ,attentfon should be given. There 

ru:~.methods" however, proposed by Householder, Gram-Schmid.t, 

an~,:.Givens.,. Thi?se manipulations are rather lengthy and will not 

b e ~.epl!od"ll;ced here' • 

, . +n che.:pter III " we have verified the assumpt ion of dia.

gon~,~me'tsurement . error covariance ,matrix' 

A 1. '2 r 
. R (k) -= =(R , R,. • .'. -,; R ) Vk . 

If thisi.s ~not the case,. however, the Cl~olesky decomposition 

algorith~ is readily appl,icable to determine a transformation 

prodv.Cing a probleM.' in which Ris diagonal. 

~he"mo~t usefUl. ;implication ,of this assumption is the 

. applicati0nof sequential data processing • This approach can 
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be summarized as fol1.o"'"6; 
i . 

Let H. (k)denote the i tth column of H(k) and zi(k) the i tth 
entry of:z(k) 'with 

." 0' ... . 
! ::..! (k/k.-1.) (5.7a) 

"r ... 
! -:::: x(k/k) ,/ 

(5. 7b) 

~o :::. ~ (k/k.-1.) (5.7c) 

and 

~r ::: ~(k/k) ( 5.7d) 

one obtains for ,~.:·i = 1, 2, ••• ,r 

Di = (Si-1.)~i (5.8a) 

p(t = [(Di)TDi + Ri j-1. 
'~ . 

(5. 8b) 

(5.8c) 

(5.~ 8~) 

and· ·fmally " .. ' .' . 

I<t " :L-
• <, ' xi = x 1. ... (5.8e) 

Of co,urse, these·· equat ions define a· sequence of updates corres

ponding to ·a sequence of scalar measurements , and agree with , 

the',or'iginal algorithm. 

It can be stated that the accuracy is maintained by means 

of the square root technique implemented on a f'ixed pOint com.

puter.in which case conventional algorithm in single precision 

arithmetiC would give rise to performanc~ degradation because 

of round- off errors • , 

.... To. summarize,.. we have found that it is possible to reduce 

the cOqtputat iona.l burden b.y a ;factor o;f P..by pre:t;p-t!3ring with. 

negligible loss . of performance •. The. choice of a vaJ..ue fer 
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depends Qn the cycl.mg rate' of the filter and on the data rate 
" 

specified for a particular sensor type .• By using the square ro.ot 
) , . . 

cov~ianc.e filter~" it is possible to eliminate double precision 

arithmetic in c~variance calculation, thereby significantly 

reducing the time required for . covariance propagation. The 

combination of these two techniques to overcome computational 

difficulties is then expected to reduce the processing time of 

high data rate covariance filter significantly • These reductions 

are ,in fact compulsory since the filter design performed in our 

study requires twO' filters operating in parall~l and the three-
, -

dimensional geometry of the system poses the problem of three 

independent channels with three independent data processing 

requirements .AJ3 pointed out earlier, real-time application of 
, . " . . . 

the tracker under consideration must fulfill the computational 

requirements;~mentioned throu,ghout this chapter. 

" 
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" 

VI:.; ALTERNATIVE FILTERING METHODS 

In the very' begirining of this study, the nonlinear structure 

of ,the problem was discussed ~The efforts for modeling the process 

in a form which is' directly accessible 9-y' the standart discrete 

linear filtering algorithms have ,been ,involved ,in the subsequent 

chapters • In th1J;l chapter we aiIIi to survey some filtering tech

niqueswhich can be considered as 8.lternatives to conventional 

filter in case when the' designer can sacrifice computational 
, , 

time to accuracy iri his particular application., 

6.1. Extended Kalman Filter 

Starting with the nonlinear' system ; 

,. 
t ) to ' !to iv j{(!to ,~t~) 

(6.la) 

(6. lb) 

one obtains the, linearized discrete system (lin~arization is 

done about the solution of noise free dynamics) 

(6. 2a) 

(6. 2l) 

with 

It can be seen that the linear filter is directly applicable 
~ 

to the linearized system. 



Instead of 'state t and tmeas1.'ll'em-ent' ,we now speak of the state 

deviation and"m,easurement deviation '. For a given trajectory 

and set of meas~ements, one can compute ~Yt with 
k 

r:: 6 -
O¥t = Yt' - yet ) 

k - k - k 

and'process the measurement deviations througn the linear 

filter to estimate the state deviatio:e.s • From the definition 
0f,p erturb at ion, 

it follows -that 

and corresponding estimation error is given by 

so that 

,. 
:;; ~!t -' 8~(tk/tk) 

k 

:; a; (tk/tk ) 

(6. 3) 

(6. 5) 

The remaining problems are the choice of th~ reference trajee

,tory and the question of Validity of the linearized equations. 

One would prefer to use a reference, trajectory with 

x(to) = x t ' the prior est'imate of the state. 
o 

Then, 
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and· evidently,: 

As we process the observations , 

Generally,. ~he initially wise choice of a .reference trajectory 

may turn out to be a pO'or one. This is espe~-iaily true when P to 

is large, which implies higher level of uncertainty in the ,. 
estimate x to ' or if the process noise is large. In this case 

.the estimates of state deviations can become large, violating 
\ . 

our linearity assumptions. 

Assuming that the process is a noise-f'ree one, then one 

can imagine that there exists a"true" trajectory of the systeID:, 

which can be learned in the precence of suffiCient observations. 

Having chosen x(to) .. x t ' we filter the batch of observations 
o 

and obtain d~("tk/tk) • Then predicting backward to to' 

(6.6) 

. If our batch of observations is suffiCiently large, then we can 

expect; 

,. 
; , (t 0) :: ! ( to) + ~! ( t 01 t k ) (6.7) 

to .?e closer to the "true:" initial state x(t o) than x(to) is. 

Taking x '(to) now as the reference initial condition we can 

reprocess our batch of observations, that is ,linearize about~. 

x '(t), and run the filter for the linearized system: over the . ~ .. " 
same batch of observations. This procedure can be repeated 
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several times' until the last equation produces no change in the ' 

reference initial condition .Presumably, convergence to the true 

trajectorY):1il1 have been o~tained • This procedure is often call 

ed "global iteration," of the Kalman filter • This kind of itera

tion is commonly used in least squares estimation techniques. 

More precisely, the global iteration we have described is almost 

equivalent to iterated least square's estimation techniques and 

undermines the advantages of Kalman filter • Furthermore, con

vergence is not guaranteed, i. e. it may diverge as well, requ~ 

ri.ng alternate guesses, of ref~rence trajectory. 

As a further step" "one can relinea:t"ize about eachn~w 
estimate as these become available. At t ,"'linearize about 
,. ,": ' 0 ,. , 

Xto~,,-an(,L.once y~ is processed, relinearize about x(t~/t~) .,. 

and ~oon.This procedure results in a better reference tr~ 

jectory as soon as one is obtained.AS a consequence ",large 

in;i.ttaJ. estimation errors are not allowed to propagate t~rougp. 

time, not violating our linearity assumptions. It should be 

noted that this advantage is not available in least squ~es 

batch estimation techniques. 

NOW, if we initially linearize about· x t ', then 
o 

and in view of equation (6.13) -'when applied to deviations 

,. 
since we subsequently linearize about x(t~/t~) 

,. 
~!(t~/t~) ~ 0 

so that again, 

a!(t It~) ~ 0 

and, in ·'general ; 



(6.8) 

.Aa a result, between observations, the best estimate of the' 

state is the r~ference state, and accordingly, 

A 

;f(!(t/tk ), t) (6.9) 

dt 

Prediction is accompli~hed using the nonlinear dynamics des

cri~ed earlier. with Wt = 0 

Th~ equation for the . correction to the estimate at an 

observation for the linearized system is given by 
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Since 
(6.10 ) 

In view of linearization and using (6~8) 

It, It. A· 

!(k.t-l./k.t~).- !(k.t~/k)+ ~(k.t~)[lkif.~ -h(!(k.t~/k),>tlr,...~)l (6.11) 

The above equation completes .the derivation of extended or 

modified Kalman filter, • This derivation can be given in the 

form. of a theorem. 

Theorem 6.~. EKtended Kalman Filter 

The .extended K8J.man filter for the, nonlinear system 

given by ( 6.1) consist of the prediction via. 

t k.t ~ . 

i(tk;,./tk ) " ;(tk/tk ) .. Jf(!(t/tk ), t)dt 

tk 



and at an observation, 

~ (t~~lt~.~) = [! -~{tk.t-.~;!(tkt-~/tk)J ~ttk.f.~;~(tk+J./tk)}l~ (t~~/tk) 
T . 

• [~~~~\. J]+ ~{. j~(~.~)~~( ·1 

The ,Kalman gain is, , 

The 0 and'R matrices are those of the linearized system 

( 6. 2 ) • It has been emphasized that these matrices depend on' 
A A 

x (tk/tk ) or, equivalently, on x(tk.t-J./tk) by including these 

estimates as' ar~ent$ . 

6. ~ Fading Mem~ry Filter 

The fading memory filter (sometimes referred to as expo

nentially aging filter) wei~ts recent data exponentiallyhi~er 
, . . 

than past data. Ih the recursive least squares derivation of 

the linear filter in ( 1 ) a detailed discussion is given. we 
are to omit this derivation and present the results. 

-
The filter gain matrix for this version ;is , 

~e(k.t-~) ;; ~ (kit- J./k)~T (k.t~) l ~ Or..- ~)~ (kit ~/k)~~ (~~) + 

exp ( ~' (,tk+ ~-tk) /?;)~ (k.t- J.)]-'J. (6.12) 



and the recursion for1' at' an observation 

" 

~ (k,f. ~/k+~) = exp (- (tk,f. itk) /z:)(! -~e (k.t- ~)M (kit ~)] ~ (kit- ~/k) 
( 6.13) 

I 

It should be noted that, the smaller 'Lis , the faster old 

observations are "forgotten". 

With measurement noise covariance, data rate, and an assumed 

modeling error, one can find an optimum rc for minimizing the 

mean square error 

6. 3. Fini,t e Memory Filter 

The finite memory filter assumes a nOise-free dynamics 

(6.14) 
== 

'Where 

, ,I 

with observat.ions 

= H (k)x(k) +v(k) 
== - -

/ 

(6.15) 

'Where 

y(k)'rvj{( Q, ~('k) ) , ~(k»' 0 

If the mem,ory- of the filter is limited suffiCiently, the above 

set of equations become an adequate approximation to the real 

syste~ over ,the limited time intervals. During this time, intervals" 
. , 

the system is assumed to'be nOise-free and this assumption is 

related to the select ion of time interval in that the variation of 

unkno.wn pa:rameterover this interval is trivial • 
-

Let the measurement s~,quence b e den~ted by, 



and 

N;;; k-m 

'Where N is the't.otal number of measurements desired in the 

,finite memory filter". Let "the finite memory filter state esti

mate and covariance "be denoted by i(k/m:;k) and P (k/m,k) res

pectively.,. rrhey can be computed by the following equations: 

-,., 
A A 

:JL 

;(k/m,.k) ;;; E (k/m,k)[~-1(k/k);(k/k) - E- 1 (k/m)x(k/m)1 (6.16) , ' - - -

~~ 1(k/m) (6.17 ) 

where 

A 

X(k/k) is the state estimate at time k based upon all data 

up to and including Yk ' and i(k!m) is the state estimate a:6 

time k based upon all data up to and including y • 
m 

A possible interpretation of the above equations could be 

to say that the finite memory estimate is obtain"ed by subtracting 

an estimate based upon all. data prior to the time window from 

,the estimate based on all data. 

It should be noted that the finite manory filter requires a ,.. 
batch of N measurement. vectors be stored for updating x(k/m). 

6. 4. The 0<- ~.~- c5 Tracker 

In some cases ? because of computat ional constraints, it 

may be impractical te compute the filter gains in real time. 

'l'he problem we have been studying is an example of such a case " 

under such cases, one must use either a set of p:tecalculated 
, , 

filter gains or a ,constant gain filter. One commonly used method 

of constant gain filter" implementation is to compute and tabulate 

the steady-state filter gains as a function of target noise model,. 

!nether_popular constant gain filte'T, is the 0(- ~ - ~ filter. 

Themaih difference between the o{-~ -'6 'filter and the constant 

gain filter is that the former assumes a complete independence 

of, the three spatial coordinates il1 the filter update equation; , 



We noted that the state space and measur~ement space may be 

related through a nonlinear function as suggested by the equ~ 

tion (3.5) !In using the 0<- ~-($ f.ilter, this assumption is 
not allowed. 

.J.J 

Let (r, b, e) denote the radar range, bearing and elevation, 
respectively. The state vector becomes; 

. .. , 
r rib . I (6.18 ) 

Let r denote [r r r]T then the filter update equation becomes: 

,. -,. 
! (k.t- ~/k) + ~(k.t-~) [~(k+~) ~ ~ (1\+ ~/k)] (6. 19) 

'Where, obviously, z (kt-~) ,is, the range measurement at time (~~) ", 

The gain matrix K(Jr.t.~) for the o<-~-c! filter is ; 

20 (6. dl.) , 

, . 
The.' update equations for bearing and elevation can be obtained 

:, acc~rdifll.gly ~ It should be noted that 0(, ~ and '0, are filter' gain 
components for pOSition, velocity and acceleration, respect ively. 

Thestructur~ of the gain equation allows thes~ paramet'~rs' to be 
..' " 4 • 

free of 'time interval between measurements at tki4-itk • 

When a Kalman filter is used, the gain matrix Kk has the 

dimension· (9)< 3) ~ilethe gain matrix utilizing the channel 

independence assumption reduces to three (3)<.1) vectors .There 

is'' a wide range of methods for chOOSing the values ',of ex , ~ 

and 2) • One method is to use the st'eady-state Kalman gain in the 

above cb,osen coordinate. Another method used in practice is to 

conduct exten.sive Monta.-"ar10 studies to define ex , ~ and g 
,over a variety of cases for a given application. 

6~ 5. A Comparison of Filtering f.1ethods 

In'this chapter we have discussed the filter designs ·con.

sidering such ~actors as performance sensitivity to mode1ing~ 

errors and' computational' ef~iciency of a particular' cho~ce. 



Admittedly,"none of the four approaches we have presented is 

likely to be accepted as' arl' alternative to the one selected for 

iJIlpl ement at ion in this study. The extended Kalman filter with an 

appropriately chosen process n0ise covariance could be a good 

choice if our problem had not r.equired excessively fast data 
\ '. -

proceSSing to meet "the demands of reaJ..,..time applicat ions '. The 

d..- ~ - ~ filter, offers considerable simpliCity of computation 
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at the cost of degraded performance .The finite memory and fading 

memory filters are only' of secondary interest since they do not 

seem to provide any advantages over the, extended Kalman filter 

while computational requirements are comparable or, depending 

on application, even more severe. 

(!his brief outline of the most popular approaches to pre

cessing of noisy measurements associated with a given dynamical 

'system 'forces us to make use of advantageous p]\operties of 'each 

one 0f them 'and synthesize the one to serve best for our specific 

filter application. 

Sj,nce a separate chapter has been devoted for justifying 

our particular approach, we will omit the discussion related 

to it and prefer to present the simulation studies in the next 

section, • 
,,' 

.' . 
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VII. SIMULATION STUDIES 

The Monte-Carlo simulation program described in appendix 
I 

.. performs the re8J.ization of duaJ-bandwidth adaptive filter 

in conjunction with the accompanying subroutines. The program 
,-

has been made in a generalized fashion· in that it offers seve-

- ral options to the user .. Even though these options are explainedl 

in detailed comments throughout· thE? program, it has been :fowtd ,: :: 

h~lpful to give a brief outline of these options once before 

the program listing. First of all, they are given in the. form 

of "software switches". to the user, namely, by specifying these 

input flags, op.e can modify the course of events in line with 

his particular purpose. These flags are ; 

1. ICHN 

This is the flag for channel selection. In chapter III, it 

has been emphasized that the partitioning of system model wouJ-d 

result in a significant mathematical simplicity of implementatia 

This approximation is now utilized by specifying such that, 

if ICRN;;; 1, the program runs for :xi- channel 

if lORN -= 0 , the program runs for y- channel 

if ICHN,;;; 1 then the program rUns for 7- channel 

ii. IPHI 
The specification of this flag enables the user to choose 

th e following op t ions : 

if !PHI = 1 

if !PHI;;; 0 , 

if !PHI:: 1 

·iii. ITRK 

the state transition matrix should be 
in th e input file 

the system matrix F ·(in continuous-time) 
should be specified. The program then eva
luatesthe discrete-time equivalent of F , 
1. e. corresponding STM with desired set of 
parameters in the series expansion. 

STM .is evaluated d·irectly by the program 

This is the flag fo~ the choice of assigning a.reference 

trajectory to the program. 



if ITRK;; 1, the reference trajectory is to 

I 

. be' obtained from the nOise- free 
dynamics,namely, 

~ (k) ; m (k, lr.-l.)x (lr.-l.) 
== -

if ITRK = 0, .. the user should, specify a reference 
trajectory in any form 

if ITRK =,1, the simulated aircraft trajectory, 
is generated by call of subroutine 
·TRKGEN which will be presented in 
appendix -B in a detailed discussion, 

7~L Test Trajectories; 
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All trajectories used for testing filter performance are 

the products of track generating subroutine Since these trajec

to:ries are variable in range, maneuver duration and maneuver' 

amplitude. The utilization of a trajectory which is a result 

of noise.. free dynamiCS is not found to be a suitable choice 

since this would mean that the target is modeled p erfect1.y~ 

,which" IS , of course, not realistic. In add it jon, it was' f0Und 

unnecessary to specify particular trajectories since .the pre

sent:re~ults. proved to be sufficient for.·test;ing the filter 

performance • 

.An example of test trajectories involved in the simulation 

can be given as ; 

maneuver commencing range: ::000 

maneuver duration 2000 

maneuver amplitude : 75. 5 

The following table lists.the data generated by the track 

generating program for this example. The track generating 

program was borrowed from J.Michaei Parr [13] and involved 

in our simulation program 'in the form of a subroutine after 

certain modificat ions have been made • 
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7. 2. S:imulation results. 

This section presents the results of Monte-Carlo . s:imulat ion 

progr:am. It should be noted that the continuous t:ime state equa

tions are discretized with specified parameters and then filtering 

is performed i~ x, y, and z-axis in a sequential manner. The 

tracking performance in each coordinate axis is plotted afterwards. 
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VIIL SWll·1ARY and CONCLUSIONS 

In this study, various features of the target tracking problem 

have' been discussed • ~:lmulat ion results have shown that the dual.

bandwidth adaptive filter configuration superlmposing upper and 

lower bounds on the parameters on the raI).dorn. acceleration target 

model would yield suffiCiently accurate estimated values for the 

syste!Il.·s state • It is obvious that the basic approaches to the 

design of a tracking filter have been thoroughly investigated and 

many problems related to;' it have b een solved __ However, the problem 

of integrating the tracking system into the, bverall command, control 

and ,communication structure to achieve lmproved performance while 

minlmizing data processing requirements represents the nature of 

problem that require current attention. More speCifically, new 

problems still emerge and challenge system's engineers • These 

problems can be listed as suggestions for further investigations. 

i. An optlmal nonlinear filter, 1. e. the filter which does not t8.ke 

the slmplifying assumptions into account during the modeliD.g eff

orts . should be designed to form a basiS for testing the opt:lmality 

of a particular design. This must be the starting point for the 

designer. 

i1. The recent developments in target tracking on the focal plane 

using an infrared sensor are in the problem areas of both. signal 

processing and target tracking. A survey of problems along with 

an extensive list of references have been presented in 5'. 
iii. Tracking in a dense target environment with multiple sensors 

still represents the challenging side of the problem. 
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.AI'P ENDIX A 

THE MONTE-CARLO SIMULATION :?ROGRAM 

A.l. Program Des'cription 

The Monte-Carlo simulationprogram_~e have developed is quite 

simple and flexible in its basic form and offers several options 

to the user .·The various options and many of the input variables 

and/ or data requirements are -explained by comments early in the 

program listing. Every step in the program has been explained by 

these detailed comments to make the algorithm- more easily tractable. 
'. 



A. 2. The Monte- Carlo program listing 

**.******************9*****44****.**~.******1 •• *****************.*** 
'#****9*O~***~~*~***.$********~**$************************~********* *** fll[ rULL!1~lli .. GPi~CCIUt1 PE:lFOiU/S TII[ tJOl\lf-CARLC **~, 
:1:** ~di"iJLi\TIDN Ijj: DI:;Ci{[T[ Lii'J[Af{ ACAPTIV[ KALMAN FILTCR *>:'. 
,,** rl):t TA,ltGCT TI{ACKlt~C pUi~rcsrS.Tllr OliAL BAI\OHICTII AeAP *** 
**~, Ti\ll.Jil ~CdL:"'l;; l'~ l:UGLV[(J It, TIlt: :;ItAlJU'.T£O,.lll[ APP- >',,>:,* 
;::(,* !t,~;(Hi .. "Tl~m CF (lJI'1f'Lr TC li~)[PErJtJU~C[ - A:·luNG CIIM~f\[LS' *'1<* 
:j:** l~ :M')i~. SUr Till: j:L:\G (l"':II:'~l 1'; l..ULrleC Fon \:J-IM.I\CL *** 
*~,* :)[U:CTIIHj.AL:iG,T'IC UYr~,U11C EGU/HICf\c Cr: TIII{GL:l IWT1lJt~ *~·t 
:j: * '" l:i i\ ~ $LJ~I Ul TU IH 1;: E i'l T t Ci, LIt-. L II C II C .: Q;{ C 11\ II T [ A X IS. • * ~, * 
:j:*.***~*~************************************ ••• **.***************** 

TYPr: AND DlI1U:S~Qt\ ~J[CLA~,'IT!Qr~S; 

C IJ I) 1 .:: 1 I I: 
CO ') J=1,iJ 
fl(I,Jl<J.O) 

5 IF(I.(~.J) (l(IJJ)-=l.D~ 

\' ! 
: ., I , • 

.... 



603 

604 

15 

6C5 

,- n l I' \ .1, t:. , == I 
PHI t\ ( l, 3 ) = ( 1 / [ ALP 11,\ A * >:< 2) ) * ( - 1 + A T P. + E 1 A ) 
PHIA(2,1)=0.DO 
Pllrtd2,2)=1.DO 
PHlfI(2,)=(1/J\LPIIAA)*(1.,..ClA) 
PHIA(),1)=O.DO 
PI1IA(3,Z)=O.OO 
PHIt\ (3,3 )=[;1A 

STfJ, r-OR FILTER 113' : 

PHUl(l,l)=l.DC 
PHIO(l,2)=T 
PH lU ( 1, 3 ) = ( 1 /( ALP II M1 * >:: 2 ) ) * I:'" 1 + l\ TOt- [ 10 ) 
PH Ill( 2 ,1 ) = 0 • 0 a ,-
PHIU(2,2)=1.00 
PHI r. ( 2, 3 ) = I 1/ ALP Hld3 ) ~ ( 1-E 10) 
PIlIf}(3,l)=O.DO! 
PIHD(),Z)=O.DO' 
PHIll(3,3)=ElB' 
WRtTE{6,603) 
FOH:-1ATU/,lOX,'STt\TE TRANSITION MATRIX A;',/) 
CALL MWRITE(PHIA,N) 
wRIT[{u,604) 
FORMAT(II,lOX,'STATE TRANSITION ~ATRIX B;',/) 
CALL MWRITE (PHID,N) 
CONTINUE ' 
WIUT[(u,605) 
FORt4AT(/I,lOX,'VECTCH Hi',/) 
CALL VWRITE (H,I\:) 

COVA:nArICE INITL,\lIZATION EC'S. hE MAI~[ THE.-ASSUt!.PTIm, THAT 
THE UN C [ It T A I NT YIN Til [ I NIT I A L [j T U~ ATE 1 S R A Til E R L A R G [ • ' 

[ECA(l,! )=1.D03 
EECA(1,2)=0.DO 
[ECA(l,)}=O.DO 
EECAI2d )=O.CO 

, EECA(2,2)=I.D03 
EECI\(2,J)=O.DO 
ElL'\ (3,1 )=0.00 
EECA(3,2)=0.OO 
[ECAU,3)=1.D03 
DO 2:j I=l t N 
DO 2:> J=I,N 

25 EEClH I~J)=Er:CA(],J) 
hR I T [ I 6 ,61) (, ) 

606 FOIH·1AH/I,10X,'!lHTIAL CiT.[HR. COVARIANCE r1ATRIX PIG/-l)',/) 
CALL ~WRITE (EECA,NI 

COV,\IU,'UICE HI\TRIX or: PI~OC(SS nOISe FOR FILT[R 'A' 

72 

. Q /\ I 1 r 1) = AX * * 2 * { { T ~o!: Z I ~ - ( 11 ( ALP II II i\ * * 2 I ) * ( -1 -I- /\ T A + [ 1 fd ) * ::: 2} / . 
. QA ( 1 t 2 ) =AX **2* IT*'* ;~/2- ( 1/ ( ,~ L PI LU **2) ) * (-1 +/\ T A +[ t A) 1* (T- ( 1 I AL PHI\ A) * 
*(1-[IA» . 

607 

608 

Q /\ ( 1 , 3 ) = A X * * 2 * (T * * 2 / 2 - ( t /( ,\ L P It~ A;) * 2 , ) :« ( - 1 + IH A + [ U) ) * ( 1-[1 A ) 
QA(2,l}=Q/\ll,2) , 
~A{2,2)=AX**2*I(T-(1/ALPHAA)~[lA»)**2 
QA ( ~, 3 ) =AX *",<2"* ( T - ( 1 I A L rllAA ) * ( 1-[ it. ) ) * (1- r: 1/\ I 
QAI], ll=Ql\( 1,3) 
(; A ( ), 2) = (~A ( 2 , 3 ) 
Q/\IJr3)=/\X~*2*III-E2~)**2) 

CO~hnIANC[ MATRIX OF PROCESS NQISE FOR FILTER '0' ; 

QO ( 1, 11 = AX**2 * ( ( T*~:< 2/2- ( 1/ ( /1 L Pit iI n t,. >:. 2) ) * I -1 +,\10 + [ 1 U } ) *,~ 2) . 
r. n ( 1 J 2 ) = AX * >!c 2 * ( T * -:< 2 I 2 - ( 11 I A L r II M~ -:< * ~~ ) ) * ( - 1 -+ /\ T Il + E 1 D) ) * (T - ( 1/ ALP II A 0 ) * 

*( 1-E 10 ) ) 
Q 0 ( 1, ) ) = AX *:(: 2* ( T ,:ct..;? /2- ( 11 ( ,\ L PI!;.\[1 >!' * 2 ) ) * (-1 +/\ T 0 + E t e ) ) * ( 1- E 113 ) 
QO(2,11=Cll(1,2) 
c;n (2. r 2 )=AX*~c2* « T- (l/I\LPHIIO) *E1:1) H:*2 
Q B ( 2 , ) } = AX »< ~~ 2 'I.e I T - ( 1 I ALP 11 /\(3 He ( 1- E 1 0 ) J >!e ( 1- r: III ) 
(JB(l,l)=Qn(l,)) 
l.lB(J,Z)=lJlH2,) 
Q B ( ], :1 ) = AX ~(~( 2 * ( ( 1- I: 2 f1 ) * * 2 ) 
WRlrr.;(6,607) 
r= (J fU1 A T (J / tl ° X~l ' P r. n c. E SSt J U I SEC 0 V A R I AN C E NAT R t X Q A. ; .. ,I ) 
CAL L M WRIT [; I l.I" , rn 
WRITE(6,60l) 
FORMAT(//,10X,'PROC[SS NOIS~ COVA~IANCE MATRix QC;',/) 
CALL MHRITE (QO,N) 

ASSIGN VALUES FOH TIlE :)PTII~IIL FILTCI1J;O ESTIMAT[ XCI\P(C/-l) 
FOR THE INITIATICN OF KALMAN FILTER EQ'S. 

CPTA XCl/Q.O,O.O,0.0/ 

SET lJ PARR A V S Fa fl C a ~1 PUT I N G S TAT 1ST I C S 

CO 00 K=l,NTS 

.' . 



~ 1\" \ l , 1\ I ;:: U • 

80 VftR( I, I, K)=O. 

1 

2 

TRACK MOOE ~[L[CTIGN 

IF(ITRKl 1,2,3 _ 
S T (1 H [ "C TU J\ L T R 1\ J [C T CRY I t\ S ( 9 , 2 G C) • I TIS TaB [; G E N [I~ ft T [ D 
r- R or~ T \I r: N 0 I S E - F R E [ D Y N AMI C S,r. E. X ( K ) = P II I( 1< , K - 11 * x ( K - 11 

( IJ')[R SHOULD pnO'Jrot.: FOI~ TIiE APP:tQPIHATE INSTlWCTIOt\S) 
CONTlNUr: . 
STORE ACTUAL TRAJECTORY IN S(~,2QO).IT IS TO DE GENERATto 
OY TilE useR IN At,y FCIU'. 

( Wi[R SIh1lJLD PROVIDE FOR THE .'~rr~I)!?RIATE INSTfHJCTIOt\S ) 
CONTINUE 
STORE ACTUAL TRAJECTCRV IN S(9,200) .IT IS TD DE GENEn~TEO 
OY CALL OF SUBROUTINE rRKGE~ -
CONTINUE 

:==================~=====~== 
CALL TRKGEN 

:======~==================== 
hRITE(6,60c) 

609 FORtLH( '1','tX,'X-POS X-VEL X-ACC Y-PCS 
* V-Ace Z-POS Z-VEl Z-ACC' ") 

CO J'j J=ltNTS 
X(l,J)=J " 
CHANNEL SELECTION 
IF(JGHN) 501,502,503 

501 Y(l,J}=S(l,Jl 
GO TO 35 

502 Y(1,J)=S(4,J) 
GO TO J5 

503 Y(1,J)=S(7,J) 
35 COIH I i~UE 

DO 40 J=l,NTS 
40 WRITI~(6,610) (S(I"J)'(:=l,I),J 

61C FOIltJ.AT(' ',9G12.4, 5X, IS) 

ACTUAL TRAJECT!)RY I~.i GENERAT[D FCR EACII CHANNEl.NOTE THAT 
S(Q,160) [S ~rECIFIED FOR X,Y & l CHAN~[L ~-V[CTORS~ 

\-.R[T[(6,611) 

V-VEL I 

611-r-OIU-1ATII!,10X,'THE FIRST At\O LAST Df\TAPOINTS eN TII[ TRACK TO OE 
*USED ARt;''/) 

VI R I T E ({J 1 61 2) (I, ') ( [ , 1 ) , I = 1 , 'J ) 
\~R I T [ (()' 61 J) (I, S ( I , ra ~ ) , 1;;: 1 , 9 ) 

6 12 FOR t1 A T ( 1 OX , , S ( I , I 1 , ' , 1 ) = , , ['J • 3 ) 
6 13 FOR t~ AT ( lOX, , S ( i , I 1 , , r 2 J 0 ) = , , ['J • J ) 

1C2 

TilE F 0 L l (J W r N G SeC TIC N 1 S T H [ ti,\! N IT [ [( A T I a 1\ LOOP fOR TIl [ 
MONT[-CARlO SIMUlATICN PROGRAM 

DO 101 lTtR=l,NENS 

CO 1f)2 l=l,N 
xc (1) =XCZ( 1) 
CO 101 K=l,NTS ' 
CALL ~ANO(H-1 (IX,IY,V) 
IX: IX +3 
11= IX/I) 
IF(Il.[Q.(IX/5» IX=IX+l 
CALL RANDOM (IX,IY,Vll 

CHANnEL SELECTIOI\ 
I f ( Ie IH J) 1 0 0 , 2 00 , 3 ,) 0 

X-CHANNEL FILTERING.COVARIANCE r},ATRIX OF tl.EASUIHMEfH ERROR
IS NOW REDUCED TO THE SCALAH SIGR**2 

10a-RON(K)=SIGR**2 

200 

IC5=0 / 
X 1 ( 1< ) = S ( 1 , K ) . 

FORM NOISY MlASU~[M[NT OF X-PJSITION FROM STATE VAlUE,I.E.; 
G ( 1< , = s I,~ R T ( - 2 ,~ A LOG ( V ) ) * COS ( P 1* V 1 ) * tJ N V X 
Z(K)=Xl(K)+GtK) 
GO TO 1000 

Y-CHAN1J[ l Fl L Tf. R ItiG. COV ARI flNCr: N ATR IX- Of ME ASLIn n' EtJT ERROR 
IS NOW REDuceo TO THE SCAL~R ~GE(K)*SIGO**2 

R G [ ( 1< ) = S ( 1 , K ) * * 2 +- S ( '. , I~ ) ':< * 2 +- S ( 7 , K ) * .~ ? 
RUN (I~) -=RGE (K) *s IGU':C* 2 

." . - ICS=J 
MNVV(K)=SQRT(RGE(K»*OCC 
Y 1 (K ) = S ( It , I( ) 

FORf~ NOISY MCASIJREf1UJT OF Y-POSITICN FRet-' STATE ~ALlJC, 1.[.; 
G ( K ) =:; Q R T ( - 2 * A LOG ( V ) ) ~'C a s ( P I )~ V-l ) * r1 iJ V,( ( K I 
Z(K)~Y1(K)+G(K) -
GO TO 1000 

l-CHANNlL FILTCRlNG.CO'JARIJ)NCt: ~'ATHIX OF fJEASURCMf:tH [RROr. 



300 

1000 

nG ( I)S NOW "ECUe[o TO THE SCALAR R(E(K)*SIGE~*2 
I' E I< =SIl,K)**~+j(/id()**2+S(7,K)**2 74 
RJNIK)=RGlIK)*SIGr**2 
ICS=6 
r~ N v l I I~ ) :: S (~R T ( I~ G I: ( K ) ) * 0 E C 
Zl(1~)=S(7,K) 

FUIHI rWISY 1"C.\SLH[r~nJT OF z-pnSITICN FRor~ STATE 'JALUE,I.E.; 
G(K)=SQRT{~2*ALOG(V»*COS(PI.V1)*rNVZ(Kt 
l (K) = II (K) +G 11< ) 
CON1INU[ 
X( 3,1<)=K 
Y(3,IO=l(K) 

*************************~t******~****** 
****~o** FILTCR ca~rUTArICNS *********** 
**********~******t******~'***~********** 

1. S10R~ FILTEri STAT[ XC~P(O/-ll ,P(C/-1) 
\ " 

IF(K.GT.l) GO TO 104 
CO 10J l=l t N 
XES T A ( I ) = X C ( J .) 
XESTLIC ll=XC(l) 

103 CONTINUE 
104 CJNT T NU~ 

2. Cm1fJUTE THE PI~[OICT[i) STATE
XCAP(K/K-1)=PHI(K,K-1)OXCAr(K,K-1) 

CALL VECMUL (PHIA,XEST~,TEMP2,N) 
00 105 I=l,N 

101j XESTA([)=TEMP2(I) 
CALL VEC~1UL (PIIIU,X[STI),T[l1P2,N) 
00 106 l=l,N 

1 0 6 XES T 13 ( 1) = T [ M P 2( I ) 

3. COMPUTE TIt[ PREDICTED ERR. CliV. t'ATRIX 
" P U( /1\ - 1) = PH J ( K , K -1 ) ~ P ( K - 1 , K - 1 ) ,;. P II IT ( 1< 1 K - 1) + Q ( K ) 

CALL TRANS (PHIA,PH[flT,rn 
CAL L t~ A HI U L (E E C A , r 1\ [A T , T U' P , I J ) 
CALL MATMUL (rHIA,TE~r,T[~Pl,N) 
CALL MAnD (TEMPl,QA,EEcn,N) 

CALL TRAN~ (PHIO,PHI0T,N) 
CALL r~ AT f.\ U L ([ E C 8 , P II [e"f t T [ IJ P , N ) 
CAL L 1M Tf1 U L (P HIll, T EM P, [I~ P 1, I'n 
CALL MADD (TEMPI,~O,[[CO,N) 

4." COMPUTE FILTER GAI~ rATRIX 
K ( K ) = P ( K IK-l ) *H T * { !II >:< P (K ll<-l ) *llT + R (J~ ) **-1 

101 

lOR 

"CALL VECHUL ([ECO,H,Tr~p2,N) 
CALL SPROD (H,T£:rW2,TE1'~r4,rn 
G t\ l( K ) -= 1 I (T E r~ p 4 + R 0 ~ ~ ( K ) ) 
DO 107 I=l,N ' 
G A ( 1) = T [ 11 P 2 ( I ) * GAL ( K ) 
CO 108 1=1,N 
GIIS([,IO=GA(I) 

CALL VECrl,UL (EECn,II,TE~'P2tN) 
CALL $PROD (H,TE:~r2,T[~p/ .. ,tn 
G01(K)=1/(TEMP4+RON(K» 
CO 10'] I=1,N 

1 09 G B ( 1 ) = T E r~ P 2 ( I) * G (]] ( K ) 
00 110 I=l,N 

110 G B S ( I ,K) =G l.l ( I ) 

5. P rt 0 C E SST H E 0 Po S [R V A T ION Z ( K ) 
X C t\ P ( K IK ) = X CAP ( 1< / I: - 1 ) + K (K ) * ( ( Z. ( K )-11 * X CAP (K I K - 1 ) I 

CALL .sPROD (1IfXE~Tt\,T[I'P4tNI 
RESA(K)-=Z(Kl-TEMP4 
CO III I=l,N 

111 CO R A ( I, ~~ ) = G 1\ S ( 1, K ) * R [ S ,\ ( 1<) 
CO 112 [=1,N . 

112 T E: 11 P ~ ( 1 ) =X E $-T A (I l+ C 0 H i\ ( I , K ) cn 113 I=l,N 
111 XESTA(I)=TEMfZ(ll 

114 

lIS 

116 

CALL SPROD (H tXESTU,TEMP4,N) 
RESO(K)=Z(K)- CMP4 
DO 114 I=l,N 
COiUH I,KI=GOS( I,Kl'!<f~[S3(1\) 
CO "115 I=l,N 
TEMP2(II=X[STO(I)+CORO(I,Kl 
00 1.16 I=l,~J 
X E:i T II ( I) "= T [t1 P 2 ( I ) 

_ ... __ ._--................... _ .. - .. - ---'--- .. 



c 
c 

c 
c 
c 

118 

117 
120 

121 

122 
119 

123 

124 

125 

101 

E R r~ q It. I r- ( An s ) Z R (IV K - 1 ) = ( l ( K ) -I I * X CliP ( K I K - 1 ) / :; I G Z R (1<) 
SPECIFIED VALUE ~CO!,;Slt',4I,[l.JVER IS D[CLAI~[D. 

SIGZR(K)=SIGR**2+[[CA(1,1) 
ZR(K)=RESA{K)/SIGlR(K) 
IF(CAOS(lR(K)}.GT.SCG~S) GO 10 117 
DO 110 I=l,fJ 
XES1(I,K)=Xr:STA(!) 
GO TO 11l) 
CO 120 I=1,N 
XE5T~(I)=XESTU(I) 
CO 121 I=l,N 
XL S T ( I, K ) = XES T A ( I ) 
CA1L MADO (EECA,(O,TEMP,N) 
CO 122 I=1,N 
CO 122 J=l,N 
EE.CI\( I,Jl=TEt~[l( [JJ) 
CONT 1M} r: , 
6.Cllr1PUT[ THE r~r:w [R:WR CO'J./IH tANCE r~ATR IX 
P(K/K)=(I-K(K)*HI*P(K/K-lI . 

CAL L V [~U1U L ( G A , H, T r: tJ p , t\ ) 
CALL MATSUD (EI,TlMP,TlMPl,N) 
CALL MATMUl (TEtJPl,ElCA,TEMP,N) 
CD 123 1=1, N 
CO 123 J=I,N 
EECA( I,JI=TU~P( I,J) 
DO 124 I=I,N 
00 124 J=1 t4 
EECS(I,J,K~=O.OO 
IF( I.[O.J) [tes( I,J,I<}·=([Ud I,JI 
CALL V[KI~Ul (Ge,H, TEt1P,N) 
CALL MATsun (EI,T[MP,T~MPl,N) 
CALL MATMUL (lE~P1,EECU,TE~PtN) 
CO 125 1=1, tr 
DO 125 J=1,N 
EECO(I,J)=TEMP(I,J) 

7. SET K=K.l ~NO ~[TUR~ TO STEP 1 
BEFIJ~E INCRlMENTING K WE WILL UPOAT[ RUN~ING 
SU~S USED IN CCMPUTI~G STATISTICS 

X(2,1<l=J{ 
Y(2,Kl=XEST(1,K) 
00 101 1=1 N 
t X C ( 1 ) = X[ S t ( I , K ) - J ( 1 + 1 C S ,1<1 
ERR ( I , K ) =[ R It ( I , K ) + [ XC ( [ ) 
VAR ([, I ,Kl=VAR( I, I ,K )+EXC( 1)**2 
C Ol'JT If W r; 

C PLOT XCAP(K/Kl At\O S(I,I':) ON HIL: S"~E GRAPH 
ItJ(1)=200 
IN(2)·=200 
IN(J)=200 
CA L L t' r LOT 1 (10 0, 200, Y J X, Z N , C, 3 ) 

C TO COf1PUTE STA1lSTtCS DIVIDE RUNNHIG sur4S BY NENS 

EI~S=iJEN:; 
CO 45 1~=lJ NTS 
CO I .. 'i J=1,N 
E I~ n ( J , K ) = ERR ( J , K 1/ ENS 

It 5 V A R ( J , J J K) = V A R ( .J , ,) r K J lEN S'" [R H ( J 1 K ) *. * 2 
WR ITE ((] 6Ut> 

61 4 F £) H I~ 1\ T ( 11 ' , 2 OX , t CUT rUT 0 A T Ii' " I /l 
C LJ l) 5 K = 1 , ~lT S 
X(I,Kl=l< 
Y ( 1 , !< )= E It R ( 1 , K ) 
X(Z,I<I=K 
y(~,K}=[RR(2tK) 
X(3,I(I=K 
Y(3,Kl=t:RR(3,K) 

95 COtH 1 NUl: 
IN(1l=200 
IN(21·-=200 -
IN(31=2QO 
CALL 14PLOTl, (lOO,2!JO,Y,:<,IN,O,) 
WRITE(6,615) 

IJ 
£: X C [ E 0 S S CH4 E 

6 1 5 F () R I·U\T ( 5 x. ' TilE G A Ir~ V [C Ten FOR T II I:: LAS T Po [ f.1 0 [ R 0 r [ N S E I~ [3 L [ 'I ~ 
o a 'j 0 1< = 1 , tITS 
DO 90 I=l,N 
IF(I.EQ.IIWRITE(G,616) K • 

90'WRITE(~,617) I,K,Gl5(I,K) 
6 1 t F 0 !HI /I TIl, 2 X, ' K = • , D, 5 X', ' G /I u~ V r: C T or{ ; , 1 
61 1 F 0 H nAT ( 1 2 X t • GAS ( 1 , r 1 , ' 1 ' , 1 3 , ' ) =' , ['J .• 3 ) 

on 58 l<=l,NTS 
X(l,K)=1< 
t.. I '" 1,.1. _ .. ,.. I.. I" 



'f l 2 f I{ )= GAS ( 2 , K) 
X(3,'~)=K 
y(],I~)=GA$(3,K) 

50 COf\TINUE 
INll)=200 
IN(2)=21)0 
IN (3) =200 
CALL ~PLOTI llOO,20Q,Y,X,IN,O,Jl 
\m rTf: (6,650) 

76 

650 FOHI1AH2X, ·COV. MATRIX OF [ST. ERROH FOR Tl1[ LAST M[~OER 
*[NSEi1ULE', /} OF THE 

DO 55 K=l,NTS 
00 55 1= 1, N 
CO 55 J=l,f~ 
IF(l.CQ.l.ANO.J.EQ.l) kRll[(6,61B) K 

55 WRIT[(6,619) I,'J,K,[[CS(I,J,IO 
6 U) r- 0 IU1,\ T (f , 2 X I ' K ~.' , 13 , 5 X , ' I' A T III X P ( K / K -1 ) : ' ) 
6 1 g FOR 11/\ T ( 1 2 X , P ( ", It, • J ' , .II , • J • , I 3 J • ) = , t 'E 9 • 3 ) 

DO ~a K=l,NTS . 
X(l,I<1=K . 
Y ( 1 , J< ) = E E C S ( 1 ,. 1 , 10 
X(2,K)=K 
Y(2,K)=EECS(2,2,K) 
X ( 3, l~ ) =K 
Y(),K)=EECS(3,3,K) 

60 CONTI:WE 
IN(1l=200 
IN(2)=200 
INl)-=2oo 
CAL L II. PLOT 1 (100,2 {);) , Y , X, IN, C, J) 
WRITI:(6,620) 
\oj R Il [ ( () , 621 ) 
Vi lU T I: ( 6 , () 22 ) 

621 FORIUT( T5,' TIME',TI6,' VECTGR COM-' ,134,' * T 6 a, • :; M' P L [ V Aft 1 M~ C r: 0 r: t ) 

622 FORMATlT5,' INDEX',TU), 'PotJENT INOC(',T3!h' 
*T60,'CiTH1ATION EKROf{~,/) 

620 FOR~AT('l') 
621 FORMAT(6X,I3,lOX,Il,10X,2l10X,ES.J» 
624 FoQ(l1,H (/) 

DO 15 K=I,NTS 
rdt I T E ( () , 6 2 't ) 
CO 75 1=1 N 

15 WRITE(6,623) K,I,[Rr~(I,K),V,\H(t,I,I<) 
STOP 
END 

sunROUTINE DrSCRT (F,PHl,T,KH,t'i,tJ ) 

SAMPLE M[AN OF', 

ESTIMATION ERROR', 

TIllS SUllROUTINE p[rtrUIH1~ CI~CR[TIZI\TION'CF CONTINUOUS TI~IE 
·STAT[ [~UATIONS OF n GIVEN SYSTIM. 

DO U n 1I:: r R[ CIS I otJ P II I (l , J ) , PSI ( ) , ) ) , r- S (J ) , F ( J, 3) , T A V S (3 ) 
DUUBLE PRECISION Er,TE~p,T[MPl,1[~P2,H ' 
C G tWO N .I L 21 E I ( 3 ,'3 ) I T etA P ( J, 3) , T E tI P 1 ( J , J ) , T E fH 2 (J ) ,IH 3 , 
WRI1[(6,*' 'MhlRIX r ;t 
CALL ~WRITE (F,~) 
cn 1 l=l,t-I 
CO 1 J=l,t~ 

1 PSI(I ,J}= EI(I,J) 
l<=KH 

35 IF(K.EQ.l) GO TO 40 
CALL SCALE (r-,T/K~rS,N) 
CALL MATMUL (FS,rJI,T[~r,N) 
CALL ~ADD (EI,TE~p,rSI,N) 
K=K-l 
GO TO 35 

40 CONTI NUl: 
CALL V[CMUL lPSI,H,TEMP2,N) 
CALL VSCALE (TEf~P2,T,1,\VS,N) 
CALL MATMUL (F,PSlfTE~P,~) 
CALL SCALE IT[MP,T,TEMPl,Nl 
CALL MADD (EI,TEtlPl,FHI,Nl 
11 E TUIU, 
ENe 
SUORlJUTINESCALE (X,CONS,XS',N) 

THIS SUOROUTINE t/ULTIPLHS THE ~*t\ rJATRIX x BY A Ccr,STANT 
(COI'I:» STORII~G Til!: r~[SIJLT lli X5 

DOUBLE PRECIS10~ X(N,N),XS(~,~) 
00 1 l=lrN 
CO -I J=l,N 

1 XS{I,J)=X(I,J)*CONS 
RETuRN 
END 



JILJI""''C'J 1111 .. J\L~Ul..l J.1'4 .,JUf', 

D~lLJLlL[ ri{CCISIOI~ X(tI,N) ,YlN,t\1 ,5L;tJ(I\,Nl 
eLl 1 1=1,11 
00 1 J=l,H . 

1 S IJ '·1 ( I J J I=X l 1 ,J ) t Y ( 1 f J ) 
IH;TU~~N 
tlW 

SUBiUJUTINE t~ATSU[3 (X,V,illFF,rn 

77 

Td 1 S 5UL1i~,lUTHJ[ p[ltri)I~:'1'; Till SUUTI{ACIION OF Twa N*N fJAIRICES X & y 
STOnll~G TilE RE$UL T U~ CIFF 
DUUULE PR[ClSlCI\ XUJ,i\) ,V(N,I\d ,DIFr IN,N) co 1 I=l,fJ . 
C!J. 1 J = 1 ,II . 

1 DIFFll,JI=X(I,J)-Y(!,JI 
RETURI\i 
END 

SUB R 0 U Tl r J E MAT to'. U L (';(, Y • Z • 1\ I 

Tt·tlS ~U;31H)UTINE p[I{[=r)!U·1S THE HULT IPLlCATION CF ThO MA1RIC::S x & '\' 
AND ~lLJR[S TilE HCSULT IN t·\/HIUX I ( X,V & l ARE N*N ~AT/UCt:S) 

D{IUfiL CPRlC 1$10/\ x It" 1\), Y (1\, td I Z( t, I td 
CO 2 I=l,1'J . 
CIl 2 J.::l,IJ 
Z(I,JJ=i1. 
cn 2 1,= 1 N 

2 Z(I,Jl=lll,Jl+X(I,I<'.H'YlK,JI 
~E fUR~\ 
EI\C 

SUrmOl..TINE MHHIT[ (~."') 

C 1 II f S S lJ r.; fW lJ TI N [ ~\ R I Ti:. S 1 H [ [1 J TfU [S 0 F TilE N * ti MAT IU X A 
C ACCOHUUIG TO. FCRrJ.AT E0.3 

C~U3LE PKECI5101\ A(~,I\) 
1=1 ' 

2 ~II~ 1 'r I: ( 6 1 1 ) (A ( I , J ) , J = 1 I t j ) 
1 FlJ IU~ ,iT ( ~ X t 10 (2 X , E IJ • J I ) 

IF( [.[Q.rJJ GO Te J 
1= 1+ 1 
GO TO 2 

3 CtJhTINU[ 
I{ L TUIU\ 
E f~ C 

S~URlUTIN[ MREAO (A,~l 

C TilIS~U:1lLJUrlNE i~rr.IJSHi[ un~HES OF THE N*N MATRIX A 
C (FGKMAT-FRE~ REAC{~Gl 

DUUOLE PI~[CISIOI, ,'(N,/j) 
DO 5 I.:: 1, I"j 

5 R [. A C ( '), *) {A ( I , J ) , J -= 1 , t, ) 
I~ [TUllN 
EfJC 

SUlliHJuTINE VREAC lA,N) 

C TillS SUl)ih)UTINE i1EADS THE ENTitIES OF THE N-VECTOR A 
C ( j= Q R 11 A T - F R I:: I: REA C 11 j·3 ) 

COLJLE P~[ClSIO~ A(~) 
READ(S,.) (A{J),J=l,N) 
Rf TU1U\ 

C 
C 

tNC 

SUU~OUTINE TRANS (A,AT,Nl 

1 HIS ;"u I~ R 11 UTI NET IU~ 1\ S POl E SAN I ~ * f\ rio AT R 1 X A 
STL)Kli~G TilE RESULT [1\ AT 
D ,) U Il L E P i{ leI SIC ~ A ( N ,Id , A T( N , fJl 
0051·=1,1-1 
OLl ~ J=l,/J 

. AT(J,I)=,':\(1,J) 
5 C.Jrn r NUE 

HE T Utll\ 
E.\n: 

I • 

$ U :) lI.lJU 1 11K V E C tJ U L (~, x , Z t rn 
C 1111S :;unRnUllNE PE!{fiJiI.W; THE r~ULTIPLICATION Cf n*r'J MA1RIC[S' 
C [, Y I ~- IJ E C T 0 [{ S MW S r () ,U:: S T 1\:: i\ :: S U L TIN MAT R I X Z 

, 
DpUBLE· ~R[CISICI\ A(1\,N.),X{Nl,Z(I\) 
CO 3 I=l,N 
[(1)=:]. 
CO 3 J=l,N 

. 



I~[ T UIH, 
£[I.e 

SUIlRfll.;TINE V\'IRIT[ (V,rd 

C THiS SUihUJLJTINE hRITES THE EhTRIES OF N-VECTOR V 
C 4CCl1RDHIG TO FCHtJ,H [g.3 

DaUOlE PRECISICN V(~l 
vll{ 1 T f: ( .J , 1) . (V ( I ) 1 1 = 1 , N } 

1 FOI~tJAT(lOX,Eg.J) 
RE TU ~~N 
[I~ C 

SL.URiJUTINC VSCALE (V,CCt\S,VS,N) . 
C TillS SUI\IWUTINE rvULTIPLIES AN N-vECTOR B,{ A CONSTANT 
C AND STORES THE R[SULT I~ VS 

DUUilLE PRECISION V(N},VS(h) 
CO 1 I=l.,N .. 

1 VS(ll=V(II*CONS 
HETUHN 
Ei'lC 

SUU~OUTINE SPRoe (Vl,V2,SCA,t\) 

c TillS '<)UCR~UTIH[ rJlJLTIPLlES At\ N-VEC1!)R BY ITS TRANSPOSE 
C M'II) STORE:; THE RCSULT IN seA ,1.[. THE IMJER PHCDUCT <Vl,V2> 

DnUULE PRECISION Vl(~),V2(~) 
SCf\=Q.O 
CO 1 I=l,N 

1 SClI=SCl\i-Vl (I) *v2 ( I ) 
HE'fLRN ' 
U;C 

sunHOUTH~r V[KMUL (Vl,V2,RI~,;,;) 
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C TII15 SUfllWUTINE P[RfLJIl~S HIE r1UL T IPLICATION OF TWO N-VECTOR~ 
C VI & V2 ,GIVING t\*N ~AIRIX R~ 

CCJlJilLE Pf{[CISICN nt·1 ,Vl,V2 
CIM[N~IaN Vl(NI1V2(~),RM(t\,N) 
en 1 1=1,11 
CO 1 J=l fI 

1 Il N ( I, .J I = 6 • 
c () ~ l = 1 , I'j 
CJ 2 J=l,IJ 

2 I~ fJ. ( 1 , J) = V 1 ( 1 ) * V 2 I J I 
RETURI\ 
ENe 

SlJuiU)UTINE TllKGEN 

C T \I 1 S S lJ 1I1H} UTI N [ G L! J [ n 1\ T E S S 1 H U L Ale CA 1 R eRA F T n~ A J E C T C R I E S • 

Ca~~JN IL1/S(Q,2COl 
CIM[N510N Y(4),F(4),TEMPL(200) 
DOUDLE PR[C1SIO~ B,E,Y,TEMPL,PHI 
DATA RATE,V,A,XPER,3R,[,RMAN,TnKEND/O.09,200,75.5,200C,2,20,3000, 

*-ryq~0.qO/ ' 
UI\TlI CPA,IIO,NSAI'U,lll,lCQOKD/J,),20Q,9,OJ 
S ( 1 , 1 ) = 3 6') 0 
S(2.r.1)=-2IjO 
00 ~ 1=3,9 

2 5(1,1)=0.0 

C Til [ S Y ~ T [11 S T 1\ T C S [) E F Hi ( C /I:; F 11 L LOll S ; 
C S(1,K)=X-PCS1TiC~ 
C S(2,r~}=X-VELaCITY 
C S(J,K)=X-ACC[LERATrON 
C S(4,K)=Y-POSITI0N 
C S(S,K)=Y-VELCCITY 
C 5(6,K)=Y-ACCCLCRATIOt\ 
C S{7,K)=l-POSITION 
C ~(U,K)=Z-VELOCITY 
C S ( 9, ;( ) ~ Z ~ A C C r: L L I: /IT I a t\ 
C K = 1 J 2 J 3 J •••••••• r -l S A r~ 1 

K= 1 

C TilE r-OLLOtJING SECTION G[I\[llAlrS A SlRAIGHT S(;CTION CF TRACK 
C iJcGIi'WU~G t"T S(I,l),t,NC EIIDlhG AT ,{tJAN (CR WHEN K=NSA~l IF. A', 
. CST n td GIlT T R" C K 1 S [) [ S 1 ~ Eel 

'3 K=K+l 
l~l;:: i<- r ' 
00 L, 1=3,6 

4 S ( I, K 1=0. I) 
$ (2,1< ) =-V 



S ( 1 , 1\ ) = ~~ ( 1 r M ) + S (2 r~) * R J\ T [ 
I ~ qs • G [ ~ IJ~. J~ iU • 0 I~ • ~ ( 1 J K ) • L [ • T H K [ 1\ C) GOT 0 1 0 
I F Ld 1 , I,,) • l [ • R tJ Md GeT C '} 
GO TO J 

C THE F 0 l L mH N G S reT 1 C tJ 0 F THE PH C G R;\f~ G [N ERA T EST H [ S I f\ * * 2 
C M A I J r; u V £: i\ , U E GINN I N G IH R tl. A r-.; A 1\ U H II \t 1 N G A CUR A TI ot\ X P I:: R • 

5 Y( 1) =XPER 
Y ( 2 ) = S ( 2 J I~ ) 
Y ( ) ) = S (It ,/\ ) 
'i ('+ ) = S ( ~ J i< ) 
(!=6.20J135300/XPl;"{ 
KIHJLD=K 

6 caS1=OCOS(U*Y(I» 
SlNL=05IN(3*Y(ll) 
CD:) S ~l = C 11 S 1 ;'c 'lc 2 
5 INS{J=S UH>~,;c2 
N!; IGrJ=2.0':'Y ('1) IXP[I{ 
p= (-1 ),!e':<;NS rGN 

79 

F(l'=Y(Z) 
F(2)=-4.*(A**2)*(S~*))*Y(21*V*SINl*COSl*(I.-2.*COSSQ)/(1.+4.*(A* 
**21*()**2)*Coss~*sr~SQ)**1.5C -

F ( J ) = Y (It) 

F(4)=2.0*P*A*S*(F(2)*COSl*SINl-n*(Y(21**2)*(1.0-2.*COSSQ» K=K+l 
Y( 11=Y( l}+RATE*V(2) 
el:;:Y(3) 
Y ( 1 I =P*/\*~ INSQ 
Y(4)=(UI-Y(J)/RAT[ 
S(l,K]=S(l t KHCLU)+Y(I)-XPER 
S ( 2 , K ) =y ( 2 J 
S(],lO=F(ZI 
S ( 0'1 , 1< ) -= Y ( 3 ) 
S ( 5 , t< ) =Y ( !t ) 
Slu,K)=FI")-
IF(K.GE.NSAMl) GG TO 10 
IF{Y(l).LE.O.O) GO TO J 
G:l TO (, 

C TilE FOLLOWING SEeTIC!': GEf'iEI1ATES A STRAIGHT SECTION CF TRACK rlHICI 
C [XfEIWS FROi~ THe COMPLETION CF THf MANEUVER TO TRKENC. 

o 1<=1<+ 1 
tJ = 1<-1 
CO 9 [=3,6 

9 S(I,I<)=O.O 
S(2,K)=-V 
S(1,K)=S(I,M)+S(2,~)*RATE 
If(K.CE.NSAM1) GO TO 10 
IF(S(l,K).LE.TnKEI'JD.Olt.S(I,K).U~.O) GO TO 10 
GO TO :3 

C - TilE FlJlLOiJUJG SECnOr'J l~rJT/\TES THE TRACK THROUGH THE AI\GELS DR 
C Ar~G E AS R.EIlUIREC :JY TIlE INPl:T QAT.~ 

10 O=BR/57.29571951 
E = [ 15 7 • 2 .) 5 7 7 <) 5 1 
COSB=IJCO!:;(Cl) 
SIN () = C S IIH 0 ) 
COSE=lJCOS([) 
51Nl=1J5IN([) 

cn 13 KL=l,l< 

11 f£M~t(~t~~~?JL.KL) 
IF(Nl.NE.9) GO TO 12 
S(7,Kl):T~MPL(1)*SINE+HO 
S(D,Kl)=T[MPL(2)*~I~[ 
S(~,KL)=TEMPL(1)*~IN[ 

12 IF(Nl.NE.9) COS[=1.0 

R= 05QRTIT[MPL(1)**2+TE~PL(4)**2) 
TilE T " = D AT At J 2 IT E 'Ia r L (It ) , T E IJo P l I 1 ) ) 
PIII=TIiETAtO " 
$( 1,I<LI=R>::[)CIJS(PHl)'!:COS[ 
S(2,~l)=(T[MPL(2)*C050-T[MPL(5)*SINB)*COSE 
S(3,KL)=(~[MPL(3)*CO~U-T[MPL(6)*SINO)*COS[ 
S ( I, , K L )= R* COS E * 0 S It~ ( PHI) t CPA 
-S ( 5 I K L ) = T L I,' P L ( 5 );:: C IJ J ~ .. T E t~ P L ( ? ) 1,< SIN B * COS E 
S (6 ,KL )=TH1PL «(;) ~'ClJS13+TEMPL (3) *SII;Of.COSE 

13 CONT If\UE 
, 

" . 

C CALL "Sl,lBROUTINE lCOORO IF SPHErUCAL COORDIf~ATE DATA' IS DESIRED 

I r- ( [C 11 0 IW. [Q • 0) R [ TLdH~ 
GALL COORD (S,NSAMl,K) 
Ht:fUfH\ 



SUBROUTINE COORD (S,NI~TS) 

THIS SULIROUTINE CONVERTS THE CMH[SIAN COORDINATE STAlE 
VI',LUES TO SPHERICAL CUORDINATES •• 
COUBLE PRECISION X,Y,Z,R 
DIMENSION ~(6J200) 
DD 10 K=l,NTS 
X=S(l,K) 
'(=$('t,K) 
Z=S(7,K) 
VX=S(Z,K) 
VY=S(S,K} 
VL=S(O,K) 
AX=S(3,KJ 
AY=S([;,K) 
Al=S(9,}:) 

5 Cntn fNUE . 
R=DSQRT(X**2+Y**2+Z**2) 
G=OATAN~(Y,X) 
E=DAS IN (l/l~) 
ROOT=(VX*X+VV*V+VZ*Z)/R 
XY SC= X*;,"2+Y**2 
IF(XYSQ.LT.O.OOOl) XYSQ=O.OOOI 
eOOT=(X*VY-VX*Y)/XYSC 
~TRZ=OSQRT(R**2-Z**2) 
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IF(RTRZ.LT.O.OOOl} InRZ=O.OGOl 
EOOT=(R*VI-RNOK*Z)/(RTRZ*R) -
R2DOT=(R*(AX*X+VX**2+AY*Y+VY**2+AI*Z~VZ*.2)-RNOK*{VX*X+VV*y+VZ*Z), 

*/R**2 -
0200T=(X*AY-AX*Y)/XY~Q-2*((X*VX+Y*~Y)*(X*VY-VX*V»/XYSQ**2 
E2 DOT = (R*t. Z-R2NCK);:Z ) I R T RZ- (I~NOK*RTR l'~*2+R*.(RNOK*R-V Z lC<l ) * (R*VZ-RNOK: 

**ZI}/[R*RTRZ**3) -
S(l,K}=R 
S(2,K)=ROOT 
S ( 3, K )=·R2DOT 
S(4,K)=[3 -
S(5,K)=[300T 
S(6,K}=82DOT 
IF(~.LT.9) GO TO 10 
S(7,K)=E 
S ( 0 , t~ ) = E CO T 
S(9,K)=[;2DOT 

1 0 C a 1\ TI t~ U E 
~~ R IT r: (6 1 5 ) 

15 FORMAT(' 1 ',T30,'OUTPUT I~ SPHERICAL COORDINATES',/l 
RE rlJRt~ 
ENe 
SU13RtlUTINE r~PLOTl (IXdY,X,Y,IN,NL, 101M) 

C TIt 1 S S U G R 0 UTI N E P [ R FOR M :) THE P LeT TIN G OF RESULTS. 

C IX :LCIJGTII OF X AXIS 
C IY ;LEHGTrl OF Y AXIS 
C V;Y AXIS 
C X:X AXIS 
C IN ;NUM8ER OF POINTS 
C NL =LOGARITMIC INDICATOR 
C I D II';: t\UI~J[lt CF GRA PHE S 

DIMeNSION X(J,200) ,Y(3,200),U(111),V(200),D(40),E{12),IN{3) 
CHAHACTER *1 A(200,11l1,F(111l*1 -
REtil IJItI,MHH,fJ AX,I'-lAX1, INCX, Il\C'{ 
CO '5 1=1,200 ' 
CO 5 J=1,l11 
A(I1J)=' • 

5 COdTI NUE 
IF(IX.GT.lll.0R.IX.LT.2) IX=lI1 
IF(IY.GT.200.0R~lY.LT.2) IY=200 
IF(t\L.EQ.l.0R.NL.EW.2) ThEN 
o 0 1 0 r~ = 1 , I DIM 
CO 10 I=I,IN(tO 
IF(X(H,l).NE.O) TH[N 

_ X ( t' J 1 ) =A L OG 10 ( x (M J 1 I ) 
ENOIF 

10 CONTIl\UE 
UJC IF_ 
IF(NL.[U.l.UR."L.[C.3) THEN 
00 15 i1=.:1,IDIM 
DO 15 1 = 1, I I~ ( t~ ) 
I F (y ( r~ , I J .. N [ • O) THE N 
ycr" I}=j\LOGIO(V(M, II) 
ENCIF 

15 CONTINUE 
E N'O IF, , 
CO'-20 I=l,IX 
FU)='-' 

20 COllT lNU[ 



FTl )='+' -
25 cmn IIJUt 

r" I N=;< I 1, 11 
f'l.llk=X ( 1 , 1 1 
MIN1=Y(l,ll 
I'. A ;:1 :: Y ( 1 , 1 ) 
DO J~ ~I= 1 r lDUI. 
CO 30 1=1,1('J(t-'.) 
I F I X ( ~I J I ) • G T .. M.\ X I t.A ,f'... X = X I I' , 1 ) 
IF(XI~,I).Lr.M1N) MIN=X(M,II 
I r 1 Y ( tJ , I ) • CT. 1M Xl) :~ Ii Xl = '{ ( N, I I 
I I: (Y ( t~, I 1 • L T. M I 1\ 1) tJ 1 N 1 = Y (. H r r ) 

30 CUNT lilUE . 
35 COhT HJUl": 

HICX = ( l~l\X-tH N) I I I X-l ) 
[: iCY = U~ A X 1-1-1 I N 1 ) I ( I Y - 1 ) 
U(I)=M1N 
V ( 1 I = t~ lill 
Ot] I,,) 1=1, IX-1 \ 
ut tTl )::[1(1 )+INCX 

40 COrn l!'IJ[ 
00/15I=1,IY-l 
\(l+l)=V(I)rINCY 

45 CDI\TII\U[ 
Oil (II) 1'.1=1,lDltJ 
ell 6J 1=1,IIIIM) 
"'1=1 
elF j": = All ~ ( x ( /-1, I ) - U ( 1 ) ) 
on 50 J=1-,IX-l 
IF UU:' IX W, 1'-U(J+l) I.L LOIFf) TH[N 
elF F = J\f~ S ( x ( t~, I ) - U ( J + 1) ) 
r~ 1 = J + 1 
END If 

50 C!1IH I ~;U[ 
L= 1 
Olfrl=A~S(Y(M~I)-V(l)1 
co !i~ J=l,IY-l 

- I F ( A b S (Y 1 r~, I ) -V ( J r 1 ) ) • LT. 0 IFF 1) Til [; 1\ 
OlfFl=A~S(YIM,I)-V(J+lll 
l=J+l ' 
Etl D 1 F 

55 CiJNT UW[ 
IF(t4.Lu.l) A(L,"'l)=''''' 
Ifll-l. [C.2) AIL,Mll=Q' 
1fll'I;.[0.3) /\(L,Ml)='.' 

cO CONTli\Ur: 
65 COI'1 r U,U[ 

L2=8 
L3=O 
0070 1=1,1'(,5 
L2-=LZ + 1 
IF ( t, L • h) .1 • () IL N L • E (1 • ]) D ( L 2)= 10* * V ( I I 

- I FIN l . tl [ .1 .;\ NO. N L • r ~ E • 3) 0 ( L 2 ) = v ( I ) 
70 CfJl\T U-,UE 

cu 7~) 1=1, IX, 10 
L"3=LJ+l . 
I F ( t, L • I: oJ • 1 • 0 R • t11~ • r J • 2) [( L 1)= 1 0 "* * L;( 1 I 
I F I II L • rJ [ • 1. M~ C • N L • 1'1 [ • 2) E ( L 3 ) = U ( 1 ) 

7.5 CDln I NUl: 
~IFI~l.EQ.1.0R.-NL.E~.2) THEN 

DO 30 ;'1=1, IDU~ 
DO !J ;J 1 = 1 ,Iii ( t1 ) 
X ( M , 1 ) ::: 1 0* >:~ X ( M , I ) 

80 corn II\UE 
Ole IF 
IF(~L.[~.1.0R.NL.EU.]) THEN 
I)(J;) I) 11= 1,1 01 t~ 
DO 3:) I = I, HJ( M ) 
~(H,l ):::I~**Y(M,I) 

05 CL1IHIr,Ut 
t/'I elF 
K7=«(IY-l)/S)*5+1 
Ip:.: (I X-l)/ 1:)+1 
Pt{lf\T ')5 
P~l~T 115, ([(I),I=llJF) 
P }{ 1 ~: T 11 0, I f ( r ) J I::: 1 • 1 X ) 
flK=lY/:J+~ -
CO <.Ji) I=IY,l,-1 
IF( I.l:l].K"l' HIEt\ 

,1<I=f{7-ij ,. 
L=1/~)+1 
L=tJK-L 
PIUfH 10 1), D(U,(t\(r,Jl,J=l,IX) 
GO fa ')0 
ENI) If 
P IU-h r 1 ;) 5-, (A ( I , J ) ,J::: 1 , "I X) 

5 C CO ~JT I NlI E 
l~[TU~{t'; 

95 fUI~j~lir(lH1,/) 

/ 
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1 cor Q I~;'I /\ T 13 X, 1 PEl C • 2 i 1 X r I t 't 11 1 A 1 ) 
105 FtJld·1AT (! 4X,' 1 t ,11 I'll' 
110 Fn,~i1J\T( l~)X, 111ll1,/ 1 
11 ~ f=IJIUIAT (liX f 11 (IPE') .2,IX) J IPtS.2, I) 

Er'JU 

SJLlI~:1LJTINL ftANCOtJ.( [X, lY,I{I\DI 

1 Y = 1 :< i.' 12 2lJ i (J J 12 5 
I F ( 1 Y) 3, 't , 4 

3 IY=IY~2147~a3647+1 
~ j{ ~Ii)..: I Y 

IU\!)=IU,ID-~O • .'t6506131:-9 
IX=IY 
;1( fl;I~N 
END 
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APPENDIX :B 

COMPUTATIONAL REQUmFMENTS 

Kalman filtering ·is a popular meth~d of es~imating states 
:from noisy measurements due to the ease of :implementat ion on a 

digital computer ~Kalman filter stability, convergence. and .. :s·en

sitivity properties have been thoroughly examined in the litera

ture · •. In. chapter V ':'1e presented qertain modifications which can 

be incorporated in the ~onventional filter algorithm in order to 

reduce. thecomputat ional burden '. In previous c;liscussions, a 

computationally efficient algorithm was of the pr:imary concern, 

even .though the term 'computational requirements I was not explained. 

In l121 Mendel gives a clear' definition': 

Computational '. Computation t:ime . and Necessary memory\~si~e 
requirements . ·per iteration for storage 

In his paper Mendel gives computational requirements as eXJ?licit 

fUIict'idns of the dimensions of the system's state, measurement::·· 

andd;isturbance vectors lolithin the constraints of an assumed 

computer configuration • 

. Basic operations required for programming the Kalman filter 

equations are ma~rix addition, matrix subtraction, matr~ multip

lication, matrix transpose m1iLtiplication, multiplication by a 

scalar and matrix inversion, which has been eliminated by the 

sequential processing property of our progr-am • 

we' shall make use of the results. obtained in [12 1 to deter

mine the number of bpeqltions to estimate the system's state for 

. one iteration. 

The" calculation of execution time required for processing 

one set of measurements was deliberately omitted because the 

M.onte-Carlo simulation program in our work is intended not only 

for the implementation of Kalman filter but also for the analysis - " 

of results. 
The preseht discussion, "how'ever, gives a criterion for the 

evaluation of computational efficiency of a particular filter. 

des ign for reaL- time applicat~ons • 



itk + 11k) 

:&(k + 11k) 

Klk + 1) 

i(k+lll.-+1) 

":&(k + 11k + 1) 

_ TABLE I 
DISCJn:T~: K.U,MAN FILTI:II COMI'.UTATION TIME Ih;QUIIlj.:r.t~;N·I'fj': 

Dcfinillg EquationL 

4>(k + I, k)x(klk) + 'l'(1f + 1, k)u(I:) 
. , 

4>(k + I, k):&(I:lk)<1>'(k + I, k) 
+ r(k + I, k)5(k)I"(k + I, k) 

:&tk +.llk)C'(k + J) 
·(CCk + 1)1:(k + llk)C'(k + 1) 
+ tiCk + 1»)-1 

i(k + 11k) + X(k + 1) 
, • [:(k + 1) - C(k + l)i(k + 11k)) 

11 - K(k + 1 )C(k + 1)):&(k + 11k) 

CumputlltiullS 

:&4>' 
4>(:&<1>') 
&;]'1 

r(.s!") 
4>(:&4>') + r(sl") . 

:&C' . 
. C(:&V') 
C(:&C') + 8 
[C(:&C') + 8)-1 

:&C'[C(:&C') + 8)-1 

Ci 
: - (Ci) 
'Kl: - (Ci)] 
~ + K[: - (Cx») 

KC 
1- (KC) 
11- (KC»):& 

NumLer 
of Numhcr 

Mul.lipli- _ of 
cullllils Auuitiulls 

111 n' - n 
n 0 
o n 

nT'· 

nr 
o 
nr 
o 
n'r 
U 

rl' - nl 
n' - rll 
nsl - 7111 

·fI'~ - n l . 

n' 

nlr - "' 
nrl -" rl 
rl 
r' 

"r - r 
r. 
nr- 11 
n 

n'r - ,,1 
n' 

- n' - nl 

J.',gi,· Til"', 
]fl + Ci" I + :iir: -. _. ----! 
8,. , 
MUJ. + '1.7 + 5r, 

III +. Ii,,' + :117,' + Hi" 
IIJ + Ii,,' + :!llI' + lIin .! 
10 + Ij,,~2 + :!ITl~ + Iti,. , 
III + Gr. 2~ + :t 17.' + IIi" ! 

1\II:L + :!i ;. iJl. ' i 

111 + G,,'r + !!llIr + lIin 
III + (jllr' + :tlr' + Ilir 
:\IUL + :t7 + :." 
111 + 7 .:'r I + 4 I,' + 1:1\1 

+ !/:!r + J)J \'(r + :!r2)! 
+ ~1 L'J.I:! .:'r -:- 1/ :.,t I' 

10 + Iii,.,' + 'I. h.r -t 11m I 

III + (j"T + air 
).IUL +:t7 +;'r 

• J() + Gr" + a'f' . 
MUJ.+ '1.7 + ;m 

1" + liT, 'T + 21,.' + Ifin 
1\11;1,; + '/.7 '1- :.,,' -
)U + Gr,~ + '/.1,,1 + Ifill 

. , 

• :&(1: + Ilk + I) is ~YlJlllletric ulld pusitive definite. If it is dillicult tu maintaill these prup"rlic,; u~illg the u,liillil,g '''I'lul ir'I:~71.,: f·,II. , .... l 
alterllntc, IIYlllllletrk form call ue u~cu: . I 

:&(k + Ilk + 1) - JI- X(k + I)C(k + 1)]:&(k + Ilk)(l- K(k + I)C(k + I))' + K(k + I)f:)(k + IjK'II. + t) 
COIrlJl1l1atiu1I1I1 time will il!'·rea.~e. For cxalllille, the t:'ll!llllumberil of multiJllicatiull1i all(l auuiliu~ls rC11llirl,!d til Ill,tllin 1;1/:.+ I k + I J i 
('relL."C b\' II' + fllr + fir ulld fl' + lilt - nl, fespel'tIVely. . I 

b All vllrillhlc..~ whil·1I uppeur ill these equlltiuJ\~ art ucfllleu ill rrl1~lc JI 

TABLE II 
}<'ILTt:1I VAIIIAJrI •• ;S AND Sl'UIlAOI, 111':QUI"":~II:s'r:; 

J)illlell~ 
!:iu,rugu 

VlIl'il1\'le Dcfillitiull 
HI'lllIiT(l-

billll IIlCI,I ---- ~---'---' 
f(klk) /!Illite eslilllilte at 11 ~iVl'll %(0 " X I n 
:&(k Ik) Covllrillllce JIll1trix uf tlac el'rur ill 

%(klk) . nXn r,1 
4>(k + I, k) St,ale trallbitioll'ml1trix (from 11 

tu IHI) . , ,n X 11 .n' 
r(k+l,k) SYIIIl!1Il dilllurbance diHtrihutiuII 

11111 t rix " X /I ns 
6(k) 8Ybtelll didlurhallce covurilllll'C 

mutrix B X II III 

x(k + 11k)' Stllte estimate at 11'11 ~ivCII :4 • 11 X 1 n 
:&(k + 1 k) Cuvllriunre mutrix uf I le' enul' in 

x(k + 11k) IJ X '1 ". 
C(k + I) Meusurelllclil mulrix rXn ,.r 
I:.-)(k + 1) Mcasllremellt nuise (,,,variance 

matrix r X r rl 
, K(k + 1) Filtel' (I{alman) ~lIiJl matrix at 

1'-11 n X r "r 
I.(k + 1) Mcw;uremellt (uLticrvll tiuI') at 

thl r X 1 r 
"'(k+1,k) COlltrol distrihulioll vCI~tor nX) n' 
u(k) COlltrului It S,:ulllr" . 1 

~ 



Making use of the table I with appropriate substitutions 

for our system yields the followirig results : 

number of multiplications 
required in filter computations (for one channel) = 13) 

number of additions 
required in filter computations (for one channel) = 91 

number of mul t ipl icat ions 
required in maneuver detection (for. one channel) - 1 -
number of additions 
required in maneuver detection (for one channel) = 9 

It has to be noted that the algorithm involved in the 

s imuiations was based on the assumption that the system was 

made up of three independent channels with two filters, A and 

B operating simul taneouslyo 

85 

The estimate of system's state in thrae..dimensional modeling 

therefore requires 

l2lx 2 x 3 -726 multiplications 

and 

101 x 2 )( 3 = 606 additions. 
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APPENDIX C· 

PREDICTION ACCURACY CALCULATION 

The ultimate p~oduct of a filter, which is designed for target 

tracking applications is the prediction of future target position 

for an automatic gun fire control system" (or, AGFCS for short). 

The accUracy of the predictions are of primary concern since the 

gun is aimed at the predicted target ,position which can be extr~ 

polated :from each sample, estimate. Therefore, the estimation 

errors might either serve to multiply the prediction errors, or 

these errors cancel each other out. 

A relatively simple procedure for measuring the prediction 

. accuracy over realistic time intervals is described in [ '9 ] • 
we reproduce the same procedure here for reference purposes. 

The time interval, over which the predictions are made is 

based on a'straight line approximation of the time of flight(TOF) 

versus :range curve for a 5"/54 caliber projectile as indicated 

in figel. 

10.0 

o 

TOF 
(s) 

1 2 

- plotted table values -
---- approximation used 

3 4 5 6 

, -Range (k yd) 

7 

fig. 1 .Plot of time of flight vs •. range for a 5 "/54 cal. 
- projectile 

. Measurement / of the slope of the straight line approximation in 
.' 

fig. 1 sh OWS th at 
. 

. . TOF;; 1. 43x 10- 3(sjyd) Range (yd) 
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Taking the maximum effective range of the gun against an air 

target into consideration, the time' interval over which predictions 

are made is limited to a maximum of ten seconds ~ This corresponds 

to a:maximum---~ffective range of approximately 7000 yards. 

A further appr ox imat ion .is made 'in order to simplify the 

matrix manipulations requlred .The TOF is truncated to an integer 

multiple of the sample period. The prediction is based on the 

equation; 

i (k/lr-N) :;: , ~(lr-N/lr-N) (1) 
:::I 

where N is the integer.- numb er of sample periods over'which--_ the 

predict.ion is made. 

The pred ict ion miSS distance is calculat ed by finding the 

square root of the sum of the squares of the di:fference between 

the predicted position states and- the respective true position 

states. 1. e. 

(miss 
2 A 2 

distance) ;: [Xl. (k/lr-N) - xl. (k) ] 

A 2 
+ (x 2{k/lr-N) -x 2(k) ] 

A . 2 
+ [x

3
(k/lr-N) -x3(k)] -.- ( 2) 

The N-step STM is given by 

~i 0 0 

~N - 0 ~i o· 
= 

:\.;" 

( 3) 

0 0 ~. 
::: ;: =l. 

where 
N N-l. 

1.0 NT ~l.3 L ~~3l. +~ 23_LJ(N--n)]~3~ l. 
n-l.' n-l. 

o 1.0 
N 

;hn-l. 

'£33 

0- o 
, N 

~33 
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In equati~n (4), the matriX elements ~ .. are the same as the 
~J 

ones which we have described in chapter II •. 

It should~ .. noted that' equation (1) is not evaluated by raising 

the nx n matrix ~ to the Nth power by direct matrix algebra, which 

would be "'!ery tim'~ consuming, but is calculated by operating on 

the individual comp onents of ~ •. 

Equation (4) is therefore derived by self-multiplying the 

matrix .,of equation (2.13) and establishing a pattern. 

, 



APPENDIX D 

A TARGET TRAJECTORY GENERATING PROGRAM 

D.l Description ?f the ·Program 

In order to test filter 's performan~e against mare uvering 

targets it is desirable to have a realistic trajectory for 

·which position, velD city and acceleration st~tes are known at 

each sample pOint. 

The maneuver decided upon is a periodic, planar maneuver 

describ ed by the equations ; 

'Where 

and 

and 

2 y (x, t) = pASin (kx) 

k: 

n= 

( the distance traveled along the] 
x- axis during the maneuver . 

Y (x·, i, t,) = 2pAkiCos (kx) sifi (kx) 

89 

(1)' 

( 2) 

The form of maneuver is shown. in fig.l • The variables x, i, and x 
have been used to represent x(t), i(t), and x(t) respectively in' 

equations (1) througp (14) to make the notation, less awkward • 

The two dimensional geometry of the maneuver yields' -the relation

ship; 

2 ~. 2 .2 v ;::; x + y 

'Where v, the speed of the aircraft tangent to the x-y plane- is: .. 



y 

A 

~li/2 

z ' 

o 

90 

x 

:fi~ 1. Th e P 1 an ax Maneuver 

z 
x (k), =x '(k) Cos (E) 

~ /' 

;. (k),' ! ',', < : ' 
z(k) = z'(k)Sin(E) 
z • (k):. 0 

x' 

E :.Angle o:f rota\fon 
in el~vation 

x 
x (k)=x • (k) Cos (E) 

/ :fig. 2. Rotat ion o:f Track in elevation 



91 

assumed to be constant. 

Transposing the terms of equation (4), substituting the right 

side of equation (2). for y, andtakin-g the square root of both 

sides yields ; 

v . ." ~ 
x = ----------__ 

Equation (5) is differentiated with respect to time with the 

result; 

(5) 

.. x; 
4A 2k2vXSi~(kx) Cos (kx) l L- 2Cos 2(~)J 

[ 1.- 4A ~2cos 2(kx) Sin 2(kx) ] 3/2 
. (6) 

If the system states are def:i.ned as 

x~ :: x(t) 

x 2 = i(t) 

x3 :: y(x,t) 

x 4 = y(x,i,t) 

the resulting nonlinear state equations are 

• 
x~ = x 2 

4A 2k2vx~in(kx~) Cos (kx~) [1.- 2Cos 2(kx~)] 

[:1+ 4A ~2cos 2(kx~) Sin 2(laf'~) ] 3/ 2 

(7) 

(8) 

(9 ) 

t (10) 

(11) 

, (12) 

x3 = x 4 (13) 

x4 :: 2pAk{x 2cos (kx~)Sin(kx~)-kx2 2 ll- 29 os 2(kx~)]} (14) 

The state equations are used in a computer program to make up 

the maneuvering portion of the trajectory • 

. In order that filter's performance ag~inst a target 'Which 

maneuvers after the filter gains have reached steady-state can 

be studied, provision is'made for a constant velocity section. ~. 

of target trajectory preceding the maneuver. A constant-v~.loCity 
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~ 

section of track following the maneuvers allows the filter IS 

recovery time to be examined • 

.Although the trajectory is originally generated with the 

x-axis as its axis of symmetry, it may be rotated to any bearing 

angle and any first quadrant elevation angle. The geometry invoL

vedin the rotation -of- the axis of symm~try is illustrated iri fig. 

2 through fig. 4 •. .As indicated in fig~ 2 for the elevation angle 

rotation, a new coordinate system is established Which places the 

axis of syinm.etry _, now lab el.ed; the x I_axis, at ·the desired eleva

t ion angle, E. 

The x and z coordinate states can be calculated from the x I 

coordinate states as ; . 

x(k) .- x I (k) Cos (E) (15) 

x (I{) ;: i '(k) Cos (E) (16) 

x(k) ;: x '(k) Cos (E) (17 ) 

z(k) .- x I (k) SinCE) (18) 

Z (ik) = i '(k)Sin(E) (19) 

z (k) ;: i ' (k) S'in (E) (2) ) 

The y- coordinate states are not affected by the elevation angle 
./ 

rotation since the rotation is about the y-axis. The bearing 

angle rotation is depicted in fig. 3-- the qase shown is for a 

zero elevation angle. The axis of symmetry is rotated through the 

angle B, which results in a point on the trajectory curve be,ing 

displaced from the. x.- axis by an angle of B ... 9. Fig. 3 sh ows the 

relationship between·t~e x·-and.· y-direction velocities before and 

after rotation. The z-coordinate states are not affected"\;>y the 

bearing rotation since the rotation is about the z-axis. The 

values of x and y- coordinate states after rotation of the trajec- ~ 

t.ory's axiS of symmetry through elevation angle E and bearing 

. angle B are giveil by: 

X (k);- R (k) Cos (B ..;.e (k)} Cos (E) 

i(k);:;; [il(k)C0S(B)-y'(k)Sin(B>]cos(E) 

(21.) 

(22) 



sample 
point 

o 

y 

I , 
I 

", 

,/ 

axis of symmetry 

--/' ..... "-
/ , 
e (k) \ 

" 

,
,/ 

I 

: Angle of Rotation 
in bearing 

x 

fig. 3. 'Rotation of track in bearing 

,. -
i '= VCos't ,/ ,. ...... "-

~ '\ 
_v ,/ / y' ::. VS iri~ " "-

! 
I 

/ 

I 

(a) 

~ ~.B_\) 
, y;;;VSin('t+B) 

~ . I 

-

fig.4. Velocity vector before (a) 
and after (b) rotation througn 
angle B 
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where 

and 

i(k) -= [xt(k)COS'cl3)_y'(k)Sin(B)] COS(E) 

y (k) = R (k)~ in[B ... e (k») Cos (E) 

y (k) -x., (k) Cos (E)Sin(B )+y t (k) Cos (B) 

Y (k) = X ti(k) Cos (E)Sin(B )+y 'Cos (B) 

R (k) iN [x' (k) 2 + y' (k) 2 ] ~/2 
= [x (k) 2+ Y (k) 2 ... z (k) 2 r ~/ 2 

( 23) 

( 24) 

( 25) 

( 26) 

( 27) 

e (k) ;; arctan [y , (k) Ix ' (k)] , (23) 

Equation (22) and (25) are derived from the trigonometric 

relationship shown in fig. 3 • Equations (23) and (26). are 

derived fran a s:imilar relationship between the acceleration 
states. 
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provision is made for the trajectory to have nonzero inter

cepts with the y- and/or z-axis. This is accomplished Simply by 

adding any deSired value to the y- and/or z-axis 'position states 

~t each sample point • 

A subroutine is provided which performs conversion of' all 

state values froIp. Cartesian to spherical coordinate quantities 

when require.d • The spherical coordinate data is in units of yards 

in range and radians.:tn bearing and elevation • 

. 
:o~ 2 Relat ionsh ip Between veloc ity, Per iod of Maneuver, 

.Amplitude of Maneuver, and Acceleration 

The magnitude of total acceleration for the x-y plane 

maneuver is given by 

. ~/2 
[ .. 2 ".2] a-;x+y ( 29) 

where x and y are given by equations (6) ~d (3) respectively. 

I>'laking th e subtitions as indicated in equation (29) and solving 
I 

for a yields 

2Ak 2
V

2[:L- 20 os 2(~) J 
a ::: ---------::-----

:L-A~2Cos 2(kx)Sin 2(kx) <:;0) 



"Which can be further simplified by utilizmg the trigonometric 
relationship 

C Os 2x:;;;; 2C os 2:X;-1 

and 
:: 

Sin2x::: 2SinxCosx 

with the result· 
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a; 
- 2Ak2v 2Cos (2kx) 

1 +A~2Sin2(2kx) 
( 33) 

To find the point, with respect to :x;-position, at which the max. 

acceleration occurs during the maneuver it is ne.cessary to diffe

rentiatethe equation (33) with respect to x and set the result 

equal to zero. This yields 

wh iCh . is true wh en 

. Sine 2kx) :: 0, 

:i.. e. 2kx;;; nlr. , n:: 0,1,2, ••• 

Substitution of 2lQc -n1. into equation. (28) yields 

.. , a I max = 2Ak2v
2 

'( 35) 

Equaiton (35) gives the relationship between target speed, mane-

uver amplitude, maneuver period, and the maximum acceleration 

required to ·complete the maneuver .'This relationl7lhip is useful 

as an aid in Choosing values for the variables involved. 

:0. 3 Examples of Track Generating :Program uee 

Example 1._ A:.trajectory is to be generated· which! approaches 

the originfrom a range of 3590 yards with a 2) degree dive angle 

at a constant speed of 2)0 yd/s. A 2. 5 g maneuver of approximately . 
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ten seconds' duration is' to commence when the target is at "a range 

of 2700 yards. Sixty. samples are to be generated at a.four hertz 

sampling rate • 

The first task is to insert the track specifications into 

the data required by the track generati ng program • 

A maneuver i'duration of ten second~ is specified. To calculate 

the distance travelled along the ~ ax is/ of symmetry during a 2. 5 
. . 2 

g, ten second, Sin maneuver would not 'be a simple task .However 

. exp erience has shown that the Change in range rate during such a 

maneuver is relatively ,small, therefore the distance is approx:i.

mately , 

~er = (lOs) (2)Oyd/s) = 2)OOyd. ( )/) 

Equation (36) can row be used to solve for the amplitude of the 

maneuver. 

2. 5 (g) 10.7 3(yd/s. g) 
A=.----~--________________ ___ 

. 2 2 
2 [ '. 2 ] l 2)0 (yd/ s) 1 

2)00 (yd) 

= 33. 97 yd. ( 38) 

The four hertz sampling rate inverts to a 0.25 s sampling period. 

The data is' now available in the proper form to rrake up the 

data input cards for the track generating program. The cards must 

contain the following information 

. 
CARD 1, : 

S(l,l) 0:: initial range.;. i .. .;; 3500.0 

S(2,-l) 0:: initial range rate 0:: :.. 2)0.0 

CARD 2 : 

RATE - sampliIlg period 0:: o. 25 -
V = target speed = 2)0.0 

A :1 maneUver amplitude ;: .33.97 

XPER = maneuver duration = 2)00.0 



CARD 4: 

NSAM 
N 

rCOORD 

= number Of samples desired -:= 

-- numb er of states generated =:, 
:= ,coordinate system indicator: 

(data is to be in', Cartesian 
coordinat es) 

- 60 

9 
o 

Table D. 3.1 lists the data generated by the track generating 

program for this example. 

Example 2. A level, constant velocity trajectory beginning at 

the pOint x = 5000 yards,' y = 1000 yards arid z:= 333. 3 yards 
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in: Cartesian coordinates and proceeding in the negative ~direc

tion with a speE;ld of 3)0 yds/s until the ~direction displacement 

is a300:.yards is to be produced. The sampling period ,iSO. 25 s ." 

The output.data i~ to be in spherical coordinates. ' 

Thi~ trajectory can be generated quite simply by utiliZing 

the CP A and HO features of the program. Since the trajectory is 

generated initially. with the ~ axiS as its axi s of symmetry and 

the y and z-direction displacemeIlts are added afterward, the 

specified values of initial x-:position and velOCity are taken as 

.. the initial range and range rate resp ectively •. The other required 

input values are given directly in, the track specifications. 



V 

A 

XPER 
BR 
E 

BMAN 

= target speed 

::; maneuver amplitude 

;:: '~aneuver duration 
'";-"M..a ............. - . 

. : .-.' .- ..... ~ 
bearing angle 

;:: '\ el eva t ion angl e 
:: maneuver commencement r€$! 

:: 

= 

:: 

= 
--

4>0.0 

0.0 

0.0 

0.0 

0.0 

0.0 

TRKEND - tra,jectory end range :: '2300.-0 

CARD 3: 

CPA 

HO 

:: 

CARD 4: 

y- direct ion:.displacement 

z-direction displacement 

NS.AM = numb er of samples' 

:: 

:: 

N :: number of states generated = 
ICOOEtD -= coordim te system indicat or = 

(spherical coordinate data) 

1000.0 

333.,3 

IDO 
9 
1 

Table De 3. 2. liSts the data generated by the track gene~ating 
." .• ; '". 'J"1-..( '\ -, .... 

pr~gra1il' for this example. 

. . 
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