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ABSTRACT

DISCRETE MITTAG-LEFFLER FUNCTIONS IN FRACTIONAL
CALCULUS

BENLI, Betiil
M.S.c, Department of Mathematics and Computer Science
Supervisor: Assoc. Prof. Dr. Thabet Abdeljawad

Co-Supervisor: V. Dr. Scientist Dumitru Baleanu

July 2011, 82 pages

A specific type of Caputo g—fractional differential equations has been solved.
The solutions have been expressed via the generalized q- Mittag Leffler func-
tions which were comprised a while ago. The method of successive approxi-
mation has been used to reach the solutions. Mittag-Leffler function makes
g-analog, which was proposed by Kilbas and Saigo before, generalized. In
addition to this, discrete Mittag-Leffler functions and g-analog Mittag- Leffler
functions, concluded by T. Abdeljawad and D.Baleanu recently, have been dis-
cussed in the content of this thesis.

Keywords: Fractional Sums, Fractional Differences, Mittag—Leffler Function,
Q-Mittag-Leffler Function, Discrete Mittag—Leffler Function, Caputo Q—Fractional
Integral, Caputo Q—Fractional Derivatives, Time Scale, Euler Lagrange Equa-
tion.
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KESIRLI KALKULUS DE AYRIK MITTAG-LEFFLER FONKSIYONLARI

BENLI, Betiil
M.S.c, Matematik—Bilgisayar Bolimi

Tez Yoneticisi: Assoc. Prof. Dr. Thabet Abdeljawad
Ortak Tez Yoneticisi: V. Dr. Scientist Dumitru Baleanu

Temmuz 2011, 82 sayfa

Belirli bir tiirdeki Caputo q-kesirli diferansiyel denklemler ¢oziilmiigtiir. Coztimler
kisa bir siire 6nce olugturulan genellegtirilmis Mittag—Leffler fonksiyonlar ile
ifade edilmistir. Bunlara ulagmak i¢in ardigik yaklagim yontemi kullanilmigtir.
Ortaya cikan Mittag-LefHler fonksiyonu daha onceden Kilbas ve Saigo'nun 6ne
sirdiigii g—analogu genellestirmektedir. Ayrica, bu tezdeki igerikde ¢ok yakin
zamanlarda T.Abdeljawad ve D.Baleanu tarafindan sonuclandirilmig ayrik Mittag—
LefHier fonksiyonlar: ve g—analog Mittag—Leffler fonksiyonlar: ele alinmaktadir.

Anahtar Kelimeler: Kesirli Toplamlar, Kesirli Farklar, Mittag—Leffler Fonksiy-
onu, Q-Mittag—Leffler Fonksiyonu, Ayrik Mittag—Leffler Fonksiyonu, Caputo
Q-Kesirli Integral, Caputo Q-kesirli Tiirev, Zaman 6lcegi, Euler Lagrange
Denklemi
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CHAPTER 1

INTRODUCTION

The concept of fractional calculus is not new. However, it has gained its popularity and
importance during the last three decades. This is due to its distinguished applications
in numerous diverse fields of science and engineering ([1], [2], [3]). The g-calculus is
also not of recent appearance. It was initiated in twenties of the last century. For the
basic concepts in g—calculus we refer the reader to [4]. Starting from the g—analogue
of Cauchy formula [5], Al-Salam started the fitting of the concept of g-fractional
calculus. After that he ([6], [7]) and Agarwal R. [8] continued on by studying certain
gq—fractional integrals and derivatives, where they proved the semigroup properties for
left and right (Riemann) type fractional integrals but without variable lower limit
and variable upper limit, respectively. Recently, the authors in [9] have generalized
the notion of the (left) fractional q-integral and q—derivative by introducing variable

lower limit and proved the semigroup properties.

Very recently and after the appearance of time scale calculus (see for example [10]),
some authors started to pay attention and apply the techniques of time scale to discrete
fractional calculus ([11], [12], [13], [14]) benefitting from the results announced before
in [15]. All of these results are mainly about fractional calculus on the time scales

T, ={q" : n € Z}U{0} and hZ [16]. As a new contribution in this direction and being



motivated by all the above, in this article we introduce the q—analogue of a generalized
type Mittag—Leffler function used before by Kilbas and Saigo in [17]. Such functions
are obtained by solving linear ¢—Caputo initial value problems. The results obtained
in this article generalize also the results of [18].For the theory of gq—calculus we refer
the reader to the survey article [4] and for the basic definitions and results for the

g-fractional calculus we refer to [13].

This thesis is organized as follows: Chapter 2 contains some preliminary results about
the fractional calculus and Mittag—Leffler functions. Chapter 3 is a survey about
fractional difference equations and discrete Mittag—LefHler functions studied before in
([11, 12, 15, 19]). Chapter 4 is a survey of q—fractional calculus and q—Mittag—LefHer
functions. Chapter 5 contains the original contribution about the g—analogue of the
generalized Mittag—LefHler functions introduced before by Kilbas and Saigo by solving
a certain Caputo g—initial value problem. Finally, in Chapter 6 our conclusion is

presented.



CHAPTER 2

PRELIMINARIES ON FRACTIONAL CALCULUS

Fractional calculus deals with the study of fractional order integrals and derivatives
and their diverse applications [1, 2, 3, 20, 21]. Riemann-Liouville and Caputo are
kinds of fractional derivatives. They all generalize the ordinary integral and differ-
ential operators. However, the fractional derivatives have less properties than the
corresponding classical ones. As a result, it makes these derivatives very useful to

describe the anomalous phenomena [23, 24, 25, 26, 27, 35].

Very recently some solutions of the equations containing left and right fractional
derivatives were investigated in [28, 29, 30] whereas some exact solutions were found
in [28, 31]. It has been found that the left and the right derivatives have interesting
applications in fractional variational principles, fractional control theory as well as in

fractional Lagrangian and Hamiltonian dynamics ([32], [33]).

2.1 Classical Mittag—Leffler Functions

In this section we present the definitions and some properties of two classical Mittag—

Leffler functions [3].



The function E,(z) is called Mittag—Leffler function and is defined by
; . 2.1
)=Y e (GG R > 0 (21)
k=0
In particular, when @ = 1 and a = 2 we have
Ei(z) =¢* and  Es(z) = cos(v/z). (2.2)

Let @« = n € N, then the following differentiation formulas hold for the function
E,(\z"):

d " n n

— | E,(Az") = AE,(A2"), (neN; AeC) (2.3)

dz

and

d\"[ .1 A (=) A
2 e, (L)) = E,(2), ; ; . 2.4
(L) [oroma (A)] = 2 (A, et nerinecn o
Let a = 1/n (n € N\ {1}), then the function F /,(z) has the following representation:

Eyjp(z) = e

z n—1 g1
1 +n/0 et (Z F’ék/n)> dt] (n e N\ {1}). (2.5)

k=1

In particular, for n = 2, equation 2.5 becomes

Eyjp(z) = € {1 v / ] (2.6)

which yields the asymptotic estimate

.

2
Eip(s) ~ 27 (| 2] 003 Jarg(2) |<



The asymptotic behavior of E,(z) for any « is more complicated. It is based on the

integral representation of F,(z) in the form

aflet
Fa(2) = — /C B, (2.7)

2 te —z

Here the path of integration C is a loop which starts and ends at —oo and encircles the
circular disk | ¢ | < | z [/* in the positive sense: | arg(t) | < 7 on C. The integrand
in (2.7) has a branch point at ¢ = 0. The complex t — plane is cut along the negative
real axis, and in the cut plane the integrand is single-valued the principal branch of

t* is taken in the cut plane.

When a > 0, E,(z) has different asymptotic behavior at infinity for 0 < o < 2 and

a=2 If0<a<2and uis areal number such that
™ < < min[m, Tal, (2.8)

2

then, the following asymptotic expansions are valid:

0 (Z]Vlﬂ) for N e N\{1},(2.9)

al 1
Zr 1_ak +O<ZN+1> (2.10)

with | 2 |- o0, u < | arg(2) | < .



If o = 2, then the following asymptotic estimate holds :

N
o 2nmi 1 1
k=1

(for N € N \{1}) with | z |— oo, | arg(z) | = %, where the first sum is taken over all

integers n such that

| arg(z) 4+ 2mn | 27T (2.12)

For o > 0, E(z) can be represented in the form of Mellin-Barnes contour integral.

Lemma 1. [3] For a > 0 and z € C (| arg(z) |< 7), the following relation holds:

+i00 s _ 3
Fo(z) = 2% /7 Loo M(z)—sczs, (2.13)

where the path of integration separates all the poles at s = —k (k € Ny) to the left

and all the poles at s =n+1 (n € Ng) to the right.

We define the Mellin transform ([3],pages 18) of the Mittag—Leffler function (2.1):

L(s)I'(1 —s)
M[E,(—1)](s) T —as) (0 < R(s) <1). (2.14)
with s = 2 and ¢ = 1 as follows
1,1), (1,1
LIEL(B](s) = * 20, ®©D, @Y L | () > 0). (2.15)
(a,1)




The Mittag-Leffler function E, 5(z), generalizing the one in (2.1), is defined by

[o¢] Zk
Eop5(2) = kzzo Tk T A" (2,8 € C; R(a) > 0). (2.16)

For § =1, E, g(z) coincides with the Mittag-Leffler function (2.1), i.e,
Eo1(2) = Eo(2), (z € C; R(a) > 0). (2.17)

ELQ(Z) = -1 and EQ,Q(Z) = M (2.18)

z vz

Similar to (2.1)Eq(2), Eq (2) is an entire function of z with order [R(a)]~! and type
1, and satisfies the following differentiation formulas generalizing those in (2.3) and

(2.4):
() B Bnslam] = B (), (neNiA€C) (219
and

<jzn> [Z”ﬁEn,ﬁ (;)] = (;}I;)\En,g (:;) , (z#0; neN; X e C).(2.20)

One can easily prove that the usual derivatives of F, 3(z) are expressed in terms of

the generalized Mittag-Leffler function (2.32), that is ,

(27 (st = B2 ), W) )



In particular, we have

()l =m0, e (2.22)

For @ = 1/n (n € N), the function El/nﬁ(z) has more general representation than the

one in (2.5):

" “1n n z n n tﬁn—k—l
El/nﬂ(z) = Z(l—,@)nez |:Z(()ﬁ 1) e %0 El/n,ﬂ(ZU):| —|—n/0 et ( ) dt

for any zo € C\ {0}.

The function E, g(z) has the integral representation

1 to—Bet
E dt 2.2
o) = 50 [ (223)

which generalizes the one in (2.7) on the same path C.

The representation (2.23) can be applied utilized to obtain the asymptotic behavior
of E, s(z) at infinity, which is different for the cases 0 < o < 2 and o« = 2. For

0 < a<2and p € R satisfying (2.8), then

1 1 1
_ = ,1-p/ (z1/%) -
Eq 5(2) " “exp(z ; TG = akz — 10 <ZN+1> , (for N € N)(2.24)
with | z |— oo, | arg(z) | £ p; and
N
1 1
Zl N ak —+0 (zN+1> (2.25)

with | z |- oo and p < |arg(z) | S«



If o £ 2, then

1 " onmi]\ P 270\ 10
ang(z):&z 2% exp | — exp |exp | —— )z

n

N

1 1 1
S a0 (o) (oo laneta) IS
k=1

where the first sum is taken over all integers n satisfying the condition (2.12).

In particular, when o = 2, we have

By p(2) = %z(lfﬁw [eﬁ 4 o—mi(1=B)sign(arg 2) ,—/Z

= 1
Zfﬁ 2%k) 2 +O<sz+1>v (I z|— 003 |arg(z) |= ) (2.27)

k=1

and, for z = x > 0, we have

Eyp(—x) = 2(1=P)/2 g (\/E—i- 7r(12—ﬂ)>

Nk g 1
DI R =) I CEL ] 229

k=1

Lemma 2. [3] For a >0 and z € C (| arg(z) |< 7), the following relation holds:

Eop(z) =

1 [T T(s)I(1 — s) R
/Y — " (—2) s, (2.29)

2mi ), ino L(06— as)

where the path of integration separates all the poles at s = —k (k € Ny) to the left

and all the poles at s =n+1 (n € Ny) to the right.

In view of (2.29), one can write the Mellin transform of the Mittag—Leffler function



E,3(Z) in the form

M[E(—=1)](s) = m, (0<R(s) <1) (2.30)
and
1,1), 1,1
L[Ens(8)](s) = é | & D L | (i(s) > 0). (2.31)
(o, B)

It is to be noted that for 8 = 1, the relations (2.30) and (2.31) coincide with the ones

in (2.14) and (2.15).

2.2 Generalized Mittag—Leffler Functions

We consider the generalized Mittag—Leffler function defined for complex z € C, « , 3,

p, € C, and R(«) > 0 by

> z 1
Ef J(2) = F(sz)j_ SH o 2| (2.32)

For p = 1, in particular, (2.32) coincides with the Mittag—LefHler function (2.16). That

is,

E}, 5(2) = Eap(2), (z € C). (2.33)

10



For the definition of hypergeometric functions ;¥ we refer to ([3], pages 27). For «

=1, Ef’ ﬁ(z) coincides with the Kummer confluent hypergeometric function ®(p;03;z):

= F(lﬁ)q)(p; B; z).Thatsis, (2.34)

For o = m € N is a positive integer, £/ ﬂ(z) coincides with the generalized hyperge-

ometric function with p = 1 and ¢ = m, apart from a constant multiplier factor:

1 1 -1
B =g b (p D L EERELE )

') m mm

For the generalized Mittag—Leffler function (2.32) the following differentiation formu-

las hold:

<ci>n E25()] = 0Bl an(), (nEN) (2.36)
and

(i)n {zﬁ_lEQﬁO‘za) =T EL 5 (A%, (AeC) (neN).(2.37)

The following relation is valid for the J—derivative of (2.32):

d
Haz (2) =2 " an(2), <5 e neN) (2.38)

For p = 1, (2.38) becomes

[1062°79) | Eap(z) = 27" Ea g_n(2) (2.39)
j=1

11



and

(1:[(5Z1j )> Eo(2) = 27" Ea,g-n(2)- (2.40)

where § = z% and n € N.

For a > 0, the integral representation for E’Zﬁ(z) can be expressed in terms of a

Mellin—Barnes contour integral.

Lemma 3. [3] For a; > 0 (j = 1,---,m), then, for z € C ( |arg(—z)| < m), the

following relation holds:

1 T (T (p — s s
By = 2mil (p) /7_2.00 M (=2)""ds, (2.41)

where the path of integration separates all the poles at s = —k (k € Ng) to the left

and all the poles at s =n+ p (n € Ny) to the right.

The Mellin transform of the generalized Mittag—Leffler function is defined as follows:

1 I(s)T(p—s)

MIEL 5(=1)|(s) = NORACEEOR (0 < R(s) < R(p)). (2.42)
with p = 2 and ¢ = 1 as follows:
1), (1,1
e = Lo | O e s (243)
(a, )

12



The following formula also holds for the Laplace transform of the function % _1E§7 5(ALY):

ap—p3

B=1pp a __ S P

L[t E? (A )} ()= o (2.44)
where R(s) > 0, R(G) > 0, A € C, and |As™%| < 1.

Ey((0j, B))1m: 2 Sl 2.45
p((aj /6j 1 kz ] a]k‘f'ﬁj) | ( )

1 (p,1)
~ 1 i (2.46)

(ﬂlaal) (/Bmvam)

where z,p,0; € C, R(aj) > 0, j =1,---,n, and m € N. For m = 1, we obtain,

Ep((o1,61);2) = EY, 5(2).

For the differentiation formula is given by

Jj=1

= bt me et g (0, B —n)1mi2), (nj €Njj=1,--+,n).(247)

The following lemma presents the integral representation of E,((ca, §)n; 2) with a; >

0(j=1,---,m) via the Mellin-Barnes contour integral.

Lemma 4. [3] Ifa; > 0(j =1,...,m), then, for z € C (|arg(—z)| < ), the following

relation holds:

Fioo s — s
Bl A)im=) = i | i ) (2.48)

13



where the path of integration separates all the poles at s = —k (k € Ny) to the left and

all the poles at s = n+ p (n € Ng) to the right.

In virtue of (2.48) we derive the Mellin transform of the generalized Mittag—Leffler

function (2.2) as follows:

1 T(s)T(p—s)

M[E,;((aj?ﬂj)l,m; _t](s) - F(p) H@lr(ﬂj _ ajs))’

(0 < R(s) < R(p)).(2.49)

The Laplace transform of E,((cj,8j)1,m;t) is given in terms of the Wright function

with p =2 and ¢ = m by

1 (p,1), (1, 1)

LIEp (), Bj)rm:1)](s) = - 2% . (R(s) > 0).(2.50)
(aj, Bj)1,m

@ =

Functions (2.32) and (2.2), generalize the classical Mittag—Leffler function E,(z) and
extend some properties of E, g(z) such as the differentiation formula of the form (2.19)

and the integral representation (2.29) via Mellin—Barnes contour integrals.

Now we consider the generalized Mittag—Lefller function which extends the differenti-
ation properties (2.19) and (2.20). Such a function E, ,,;, which is introduced by [3]

and [17], is defined by the following series:

o0
Eomi(z) = Z cpzt (2.51)
k=0

14



with

k—1

co=1 and c = H
§=0

Tla(im +1) + 1]
TlaGm+1+1) +1]’

(k € N). (2.52)

Here an empty product is taken to be one, and «, [ € C are complex numbers, and

m € R such that

R(a) >0, m >0, and a(jm+1) ¢ Z~, (J € Np). (2.53)
If m = 0, the conditions in (2.53)

R(a) > 0, and al(j+1) ¢ 727, (j € Np), (2.54)

Moreover (2.51) is reduced to the Mittag—Leffler type function given in (2.16), a part

from a constant I'(al 4+ 1) :
Eo11(2) =T(al + 1)Ey ai41(2). (2.55)

For a@ € N, we obtain

Enma(2) =1+ > | TTTI W P (2.56)

k=1 \¢=0j=1

(neN;m>0;n(gm+1) ¢ Z )(q € Np).
The last function has the following differentiation properties:

dn

e N B (A ] = A2 By (A2 (2.57)
¥4l e B

15



and

dr A (=)™ A
el n(m—1)—1 _ el
n |:Z En,m,l <an>:| = n(rD) 1En,m,l <an> (Z 75 0), (258)

with n € N and A € C. For m = 1 and nl + 1 = (3, then in accordance with (2.55),

the relations (2.57) and (2.58) coincide with (2.19) and (2.20), respectively.

The so-called multivariate Mittag-Leffler function E, ... 4,) (21, 2n) of n complex
variables z1, -, z, € C with complex parameters a1, - ,an, b € C is defined by
k
oo li++ln=k Hn le
1%
E(al,-n,an)ab (Zla"' vzn) - Z Z L n )
k=0 1. 4 50 L+ 3270 a5l)
ll; 7ln
(2.59)
in terms of the multinomial coefficients:
k
k!
= — (k,li, -+, 1, € Np). (2.60)
! 1,!
l17 aln

2.3 Riemann-Liouville Fractional Integrals and Fractional Deriva-

tives

Let Q = [a,b] (—00 < a < b < o0) be a finite interval on the real axis R. The

Riemann—Liouville fractional integrals 15, fand I;* fof order o € C (R(a) > 0) are

16



defined by

U200 = iy [ i (0> @ Rl@)>0) (261)
and
b
(h@) = - (104) / 0 f(gffa (x < b R(a) > 0), (2.62)

respectively. Here I'(«) is the Gamma function. These integrals are called the
left-sided and right-sided fractional integrals. For = n € N, the definitions in (2.61)

and (2.62) coincide with the n — —th integrals of the form

gpw = [Can [ [T = A [0,

(n € N) and
b b b b
5 i) = [ an / i [ s = ot [ e—artnan,

(n € N). The Riemann—Liouville fractional derivatives D3 y and D' y of order

a € C(R(a) 2 0) are defined by

(Da1y)(x) =

(n = [R(a)] + 1;2 > a) and

(Dyp-)(z) =

17



- (&) wwe= g () [ e 20

(n = [R(a)] + 1;2 < b), respectively, where [R(a)] means the integer part of R(«).

In particular, when @ = n € Ny, then

(Do y)(@) = (D)_y)(x) = y(x), (Diy)(x) =y (x),

and

(Di_y)(@) = (-1)"y " (@),  (neN), (2.65)

where 3™ () is the usual derivative of y(z) of order n. If 0 < R(c) < 1, then

(Dagy)(z) = ml_ ) <ddx> / % (0 < R(a) < 1; z > a),(2.66)

and

b
0@ =g (55) | ety (0= )] < 1w < ). 20)

For @ € R, then (2.63) and (2.64) take the following forms:

2@ = o (1) [ e =+ lia>a) (268

and

n b
(Dp_y)(z) = F(nl—a) (—i) / %, (n=1[a] +1; 2 <b), (2.69)
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while (2.66) and (2.67) are given by

(D2, y)(z) = r(11—a) (;;) /x (i/(_t)f)ta, O<a<liz>a) (2.70)
and
b
(DY y)(z) = _F(ll—a) (CZ) / (i/(_t)j)ta, O<a<liz<b), 2.71)

respectively. If R(a) = 0 (a # 0), then (2.1.5) and (2.1.6) yield fractional derivatives

of a purely imaginary order:

P = s | oo OSR\Oheza e
and
b
(Dg)_y)(x):_ml_w);i/ m O eR\{0};x<b).  (273)

It can be directly verified that the Riemann-Liouville fractional integration and frac-
tional and fractional differentiation operators (2.61), (2.63) and (2.62), (2.64) of the

power functions (z — a)?~! and (b — 2)?~! yield power functions of the same form.

Property 5. [3] If R(a) 2 0 and g € C (R(5)) > 0 then

(124 =)o) = g (@=L (Ria) >0) (2.74)
(D24t = P )0 = g esle =P (Rl) 20) (2.75)



and

U5 (0= 07 (@) = g 0= 2 (Rla) > 0) (2.76)
(DR (b= 07 )o) = g g (0= 2)" 0 (@) 20, (277

In particular, if 3 =1 and R(a) 2 0), then the Riemann—Liouville fractional deriva-

tives of a constant are, in general, not equal to zero. For instance,

2@ = ST Dp @ = T 0<R@ <. @)
On the other hand, for j =1,2,--- [R(a)] + 1, we have
(D2, (t - a)*~7) (@) = 0, (D§(b— 1)) = 0. (2.79)

Corollary 6. [3] Let R(«) > 0 and n = [R(a)] + 1.

o The equality (Dg,y) (x) = 0 is valid if, and only if,

y(@) =Y cj(z—a)*, (2.80)
j=1
wherec; € R (j =1,---,n) are arbitrary constants. In particular, when 0 < R(a) =1,

the relation (D3,y) (z) = 0 holds if, and only if, y(z) = c(z — a)*~ with any c € R.

o The equality (Dy y) (x) = 0 is valid if, and only if,
y(@) = dj(b— )", (2.81)
j=1
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where dj € R (j =1,---,n) are arbitrary constants.
In particular, when 0 < R(a) < 1, the relation (Dy_y) (x) = 0 holds if, and only if,
y(z) = d(b— x)*! with any d € R.

Lemma 7. [3] (a) The fractional integration operators I3, and If* with R(a) > 0

are bounded in Ly(a,b) (1 < p < 00):

(b — a)®™)
WG S o= KA f |lp, where |[ I f ||= K[ £l :W -(2.82)

(b) If 0 < a<1and 1 <p<1/a, then the operators I3, and I are bounded from

Ly(a,b) into Lg(a,b), where ¢ =p/(1 — ap).

Lemma 8. [3] Let R(a) £ 0, and n = [R(a)] + 1. If y(x) € AC"[a,b], then the
fractional derivatives Dy, and Dy y exist almost everywhere on [a,b] and can be

represented in the forms

n—1
_ 1 T yM(t)dt
o k—«a 9.
Day) kgoruk—a z-a) +F(n—a)/a @—po—r (28

and
n—1
o _ - DM ) e, (DT Y @a
(DY y)(z) = kzow(b_x)k + I‘(n—a)/m (f = )a-mT (2.84)
respectively.

Corollary 9. [3] If 0 = R(a) <1 (a #0) and y(x) € ACla,b], then

a _ 1 y(a) "y (t)dt
Den)®) = 57— [(m T +/a (x_t)a] (2.85)

—a
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and

b
(Dp_y)(z) = F(ll—a) [(by_(bi)a —/x M‘] . (2.86)

Lemma 10. /3] If R(«) > 0 and R(B) > 0, then the equations
(I 10, ) (@) = (I ) (@), and (1) f)(x) = (47 F)() (2.87)

are satisfied at almost every point x € [a,b] for f(x) € Ly(a,b) (1 < p < o0). If

a+ [ > 1, then the relations in (2.87) hold at any point of [a, b].

Lemma 11. [3] If R(a) > 0 and f(z) € Ly(a,b) (1 < p < 00), then the following

equalities
(DG4 I f)(x) = f(x) and (Dp” Iy f)(x) = f(z)  (R(a) >0) (2.88)

hold almost everywhere on |a,b].

Property 12. [3] If R(o) > R(B) > 0, then, for f(z) € Ly(a,b) (1 £ p £ o0), the

relations
(DL I3 ) (@) = 1P (@) and (D)1 f)(@) = ;=" f(a) (2:89)
hold almost everywhere on [a,b].

(DM f) (@) = I97" f (@) and (DFI f)(w) = (—1)F 177 f () (2.90)

Property 13. [3] Let R(a) 20, m € N and D = d/dx.
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e If the fractional derivatives (DS, y)(z) and (DS{™y)(z) exist, then

(D™ Dgyy)(x) = (Dgi™y) (). (2.91)
e If the fractional derivatives (Dg y)(z) and (Dy*™y)(z) emist, then

(D™D y)(x) = (~1)™(DF+y) (@) (2.92)

To present the next property, we use the spaces of functions I3, (L,) and Ij* (Ly)

defined for R(a) >0 and 1 < p < oo by

o (Lp) ={f: [ =1340, ¢ € Lyp(a,b)} (2.93)

and

I (Ly) ={f:f=1"¢, ¢ € Ly(a,b)}, (2.94)

respectively. The composition of the fractional integration operator I%, with the

fractional differantation operator D7, is given by the following result:

Lemma 14. [3] Let R(a) > 0, n = [R(a)] + 1 and let fr_o(x) = (177 f)(x) be the

fractional integral (2.1.1) of order n — «.

o If1<p=ooand f(x) € I3, f(Lp), then

Lo+ Doy f)(x) = [f(2). (2.95)
o If f(z) € Li(a,b) and fr—qo (x) € AC™[a,b], then the equality

" ()

(19,D2, f) (@) = f() - g Fe @ (2.96)
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holds almost everywhere on [a,b].

In particular, if 0 < R(a) < 1, then

(12, D2 (@) = £a) = Do - et (2.97)

where f1_qo(z) = (I;;a )(z), while for o =n € N, the following equality holds:

(Lg+ Doy f) (@) = f(x) - @ a)". (2.98)

Property 15. [3] Let « > 0 and 3 > 0 be such thatn —1 < a<n, m—-1<f <
m(n,m,€ N) and o+ 3 < n, and let f € Li(a,b) and fp—o € AC™([a,b]). Then we
have the following index rule:
m _ \—j—a
D, D’ (D7) (DP7I loza)77" 2,
(DayDar f(z) = ; ot f)(a+) F(l—j—a) (2.99)
Lemma 16. [3] Let R(a) > 0 and n = [R(a)] + 1. Also let gn—o(x) = (I;"“g) (x)

be the fractional integral (2.62) of order n — «.

o If1 < p=ooandg(x) € I;* (L), then
(L= Dy_g)(z) = g(=). (2.100)

o If g(x) € Li(a,b) and gp—o(z) € AC™[a,b], then the formula

n _1\n—J ( )a )
(15D 9) () = g(a) = 3 e g e (2.101)

holds almost everywhere on [a,b].
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In particular, if 0 < R(«) < 1, then

(12 D3 ) () = gla) — 2D g gya-t, (2.102)

where g1, (z) = (Ig:"g) (x), while for « = n € N, the following equality holds:

n—l

(I Dy _g)( M) (b—x)k. (2.103)

Lemma 17. [3] Leta>0,p=1,q=1, and (1/p)+(1/q) S 1+a (p#1 and g # 1

in the case when 1 + c=1+4a).

o If o(z) € Ly(a,b) and 1(x) € Ly(a,b), then

[ ewzn@ = [ e o (2104

o If f(x) € I}* (Lp) and g(x) € I, (L), then

b
/f (Dg19)(@ )(dfv):/ 9(x)(Dy_f)(x)(dz) (2.105)

Now we consider the properties of (2.61) and (2.62) and fractional derivatives (2.63)
and (2.64) in the spaces C,[a,b] and C}la,b] defined in ([3]), respectively. The ex-
istence of the fractional integrals (/g f) and (/5" f) in the space CJla,b] and the
fractional derivatives (Dg,y) and (Dj_y) in the space C%[a,b] are given by the fol-

lowing lemma:;:

Lemma 18. [3] Let R(a) 2 0 and v € C.

o Let R(a) >0 and 0 < R(y) < 1. If R(y) > R(«), then the fractional integration

operators I$, and Ij* are bounded from C,[a,b] into Cy_,[a,b]:

g f lley- oS kil fllo,  and [ LEflle, o=kl flle,,  (2.106)
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where

k1=

I'R(e)] [T(1 = R()) |
| T() [ T[1+R(a— )] (2.107)

In particular, I, and I} are bounded in Cy[a,b]. If R(y) = R(a), then the frac-

tional integration operators I3, and Iy are bounded from C,[a,b] into Cla,b|:

| G+ f llos k2 Il f oy and - flles k2 [l flley,  (2.108)

where

) TIR@)] | T~ () |
" Ta) | T+ Ria— )] (2.109)

In particular, I, and I are bounded in C,|a, b].

o IfR(a) 20, n=[R(a)] + 1 and y(z) € CY[a,b], then the fractional derivatives

Dg .y and Dy y exist on (a,b], when 0 2 R(a) < 1(a # 0) and y(z) € C,la,b].

2.4 Caputo Fractional Integrals and Derivatives

In this section we present the definitions and some properties of the Caputo fractional
derivatives. Let [a,b] be a finite interval of the real line R, and let (D¢, [y(t)]) (v)
= (D% y)(z) and (Dp-[y(t)])(z) = (D;j-y)(z) be the Riemann-Liouville fractional
derivatives of order a € C(R(ar) > 0) defined by (2.63) and (2.64), respectively. The
fractional derivatives (YD, y)(x) and (D y)(z) of order v € C(R(cr) > 0) on [a,b]

are defined by the above Riemann—Liouville fractional derivatives as follows

(“Dgiy)@) = Dg [y(H) = Y Tt - )| (@) (2.110)
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and

n—1 (k) b
Cop@ =05 v - 00| @), (2.111)
k=0 '
respectively, where
n=[R(a)]+1 for a ¢ Ny, for a € Ny. (2.112)

These derivatives are called left—sided and right-sided Caputo fractional derivatives

of order «.

In particular, when 0 < R(a) < 1, the relations (2.110) and (2.111) take the fol-

lowing forms:

(“Dgey)(2) = (Dgely(t) — y(a))) (@) (2.113)

and

(“D-y) (@) = (D3 [y(t) — y(O))) (). (2.114)

If & € N and y(z) is a function for which the Caputo fractional derivatives (D%, y)(z)
and (CDg‘, y) (z) of order a € C (R(cx) > 0) exist together with the Riemann—Liouville
fractional derivatives (D, y) (z) and (D;_y) (z), then in accordance with (2.65) and

(2.69), they are connected with each other by the following relations :

c = yW(a) -
(CD%y)(@) = (D&y) (@) = Y -z — a)*™ (n = [R(a)] +1)(2.115)



and

(“Diy)(x) = (Dy-y)( Z T —a + 5 —2)R (n = [R(a)] + 1).(2.116)
=0

In particular, when 0 < R(«) < 1, we have

(CD21)a) = (Dn)(o) ~ Th Do =) (2417)
and

C na _ a _ y(b) )«

CDg(a) = (Df0)(o) — o (b—a) . (2118)

If a ¢ N, then the Caputo fractional derivatives (2.110) and (2.111) coincide with the

Riemann—Liouville fractional derivatives (2.63) and (2.64) in the following cases:

(“Dgyy)(x) = (Dgyy) (), (2.119)
where y(a) = y'(a) = -+ =y D(a) = 0 (n = [R(a)] + 1); and

(“Di_y)(z) = (Di_y) (), (2.120)
where y(b) = y'(b) = --- =y () = 0 (n = [R(a)] + 1). In particular, when

0 < R(a) < 1, we have

(“Dgy)(a) = (Dgyy) (@), when y(a) =0, (2.121)
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and

(“Di_y)(z) = (Di_y)(x), when y(b) =0. (2.122)

If « = n € Ny and the usual derivative y"(z) of order n exist, then (“DZ, y)(z)
coincides with y(™, while (“D} y)(z) coincides with y(™ (z) with exactness to the

constant multiplier (—1)", that is,

(“Difyy)(x) =y () and (°Di_y)(z) = (~=1)"y""(z) (n € N). (2.123)

The Caputo fractional derivatives (“D?, y)(z) and (D} y)(x) are defined for func-
tions y(x) for which the Riemann-Liouville fractional derivatives of the right-hand

sides of (2.110) and (2.111) exist.

Theorem 19. [3] Let R(a) = 0 and let n be given by (2.112). Ify(x) € AC"[a,b], then
the Caputo fractional derivatives (¢ D2, y)(x) and (° DY y)(z) exist almost everywhere

on [a,b.

o If a & Ny, (YD y)(x) and (“D§ y)(z) are represented by

[ _ 1 * y(n)(t)dt o n—o yn
(“Dgiy)(z) = o a)/a RO (I"7*D"y)(x) (2.124)
and
_1\n b (n)
D@ = ot [ G = (D@, (212



respectively, where D" = d"/dz™ andn = [R(a)]+1. In particular, when 0 < R(a) < 1

and y(z) € ACla,b],

(“Dg1y)(x) = I 11_a) / ’ ('Z (_t)gz = (I,7*Dy)(z) (2.126)
and
bt
(“Di_y)(x) = _r(11_ o / é/ Etld; = —(I}=%Dy)(x). (2.127)

o Ifa=n €Ny, then (“D¥y)(z) and (D§ y)(z) are represented by in particu-

lar,

(“Doyy) (@) = (“Dy_y)(2) = y(a). (2.128)

Theorem 20. [3] Let R(a) = 0 and let n be given by (2.112). Also let y(x) € C"[a,b].
Then the Caputo fractional derivatives (YD, y)(z) and (“Dg y)(z) are continuous

on [a,b]:

(DY y)(z) € Cla,b]  and  (°Dg_y)(z) € Cla, b]. (2.129)

o If a ¢ Ny, then (°D,y)(z) and (YD y)(z) are represented by (2.124) and

(2.125), respectively. Moreover,

(“Dgyy)(a) = (“Di_y)(b) = 0. (2.130)

o Ifa =n € Ny, then the fractional derivatives (° D2, y)(z) and (° D¢ y)(x) have

representations given in (2.123).
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Corollary 21. [3] Let R(a) 2 0 and let n be given by (2.112)

o If a ¢ Ny, then the Caputo fractional differentiation operators CD3+ and CDI‘){

are bounded from the space C™|[a, b] to the spaces Cyla,b] and Cyla, b] respectively,

D%y lle.Skallyllen  and 11 Dgylle, ka lly llen,  (2.131)

where

(b _ a)nf%(a)

b = T ) = R(e) £1]°

(2.132)

e If a =n € Ny, then the operators “D?, and “D}  are bounded from C™,[a,b]

to Cla,b]. Moreover,

1€ Diyy lle=ly llen and || Dp_y lle= ka [l y llcn - (2.133)

Property 22. [3] Let ®(«) > 0 and let n be given by (2.112). Also let ®(3) > 0.

Then the following relations hold:

(“Dg(t —a)’ ) (x) = %(x —a)f Tt (R(B) > ), (2.134)
(CDp(b— 1)) () = F(g(f)a)a) Lo (R > ) (2135)

and

(“D2, (t—a)*)(x) =0 and (“Dy_ (t—a)*)(z)=0 (k=0,1,---,n—1).(2.136)
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In particular,

(D 1)(x) =0 and (“Dy1)(z)=0. (2.137)

For R(a) ¢ Ng and when o € N, the Caputo fractional differentation operators © DS,
and CD{;‘_ provide operators inverse to the Riemann—Liouville fractional integration

operators I, and If* , from the left. But they do not have such a property when

R(a) € N and R(a) # 0.

Lemma 23. [3] Let R(a) > 0 and let y(x) € Loo(a,b) or y(z) € Cla, b].

o IfR(a) ¢ N or o € N, then
(“Dg I8 y) (@) = y(x) and (“Dy_I§ y)(z) = y(x) (2.138)

e If R(a) € N and R(a) # 0, then

(Ig¥' "y)(at)

(DRI = ylo) — e =) (2.139)

and

(I3 "y (b-)

(DRI y) (@) = y(@) — =5 =

(b—z)". (2.140)

Lemma 24. [3] Let R(a) > 0 and let n be given by (2.112). If y(z) € AC™[a,b] or

y(x) € C"a,b], then

(x —a)” (2.141)



and
n—1, \k (k)
(I CDgy)(a) = yla) - 3 EE O gy 2.142)
In particular, if 0 < R(a) < 1 and y(x) € AC]a,b] or y(x) € Cla, b], then

(Igy “Dgyy)(@) = y(x) —y(a), and (L= “Df y)(x) = y(z) —y(b). (2.143)

We have defined the Caputo derivatives on a finite interval [a,b] by (2.110) and
(2.111). Moreover, it has been shown in, theorem 19 and 20, that they can be rep-
resented in forms (2.123) or (2.124) and (2.125), provided that f(z) € AC"[a,b] and
f(z) € C™[a,b]. Formulas (2.124) and (2.125) can be used for the definition of the
Caputo fractional derivatives on the half axis R™ and on the whole axis R. Thus the
corresponding Caputo fractional derivative of order a € C (with R(«) > 0 and o € N)

on the half axis RT and on the whole axis R can be defined as follows:

@ )

(“DE)(x) = F(nl— ) /0 = t>(?+df_n, (v € RY), (2.144)
—_1\» 00 (n)

(“D2y)(x) = Fén 1_) ) / ( ty_ x)(i)ﬁtn, (x € RT) (2.145)

and

D)) = o (nl_ 5 /_ o t)(?ff_n, (z € R), (2.146)
_1\n 0 (n)
(“D2y)(z) = an 1_)a) / (ty_ x)(i)flf_n, (z € R), (2.147)
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respectively.

For 0 < R(«) < 1, the relations (2.144)—(2.145) and (2.146)—(2.147) take the fol-

lowing forms:

(€D, y)(z) = i 1_ 5 /Ox (?;/ (_037;’ (x € RY), (2.148)

(€D2y)(x) = _r(11_ 5 /;o (ilft)gi, (z € RY), (2.149)
and

(“DYy)() = (11_ S / OO (‘Z](_t)gfx, (z €R), (2.150)

(CDgy)(z) = _F(ll— 5 /:o (@;/fgi, (z €R). (2.151)

For a = n € N, the Caputo derivatives (°Dy,y)(z), (D y)(z) and (“D7y)(z),

(“D"y)(z) are defined by

(“Diy)(@) =y (@), (CDy)(z) = (~1)"y (@), (z € RY). (2.152)

and

(“DYy)(w) =y (@), (ODly)(z) = (-1)"y" (@), (zER). (2.153)

Property 25. [3] If R(a) > 0 and X\ > 0, then

(“DFeM)(t) = MM and (D% M) (z) = A\ (2.154)
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The Mittag—Leffler function E,[A(z — a)?] is invariant with respect to the Caputo
derivative ¢ D ', but it is not the case for the Caputo derivative ¢De. Indeed, we

have the following assertion:

Lemma 26. [3] Ifa >0, a € R and X € C, then

(€ D2, Fal At — 0)*]) (@) = ABaA(z — )" (2155)
and
(€D B (M) (2) = éEa,I_a(Ax—a). (2.156)

In particular, when o =n € N, we have

D"E, Az —a)"] = E [Nz — a)"] (2.157)
and
D"(t" 1 E,(AMtT™)(z) = éEml_n()\x’") = E,(Az™™). (2.158)

Lemma 27. [3] Let a > 0, n— 1 < a < n (n € N) be such that y(z) € C*(R"),
y™(x) € Li(0,b) for any b > 0, the Laplace transforms (Ly)(p) and L[D"y(t)] exist,

and lim,_, oo (D*y)(x) =0 for k =0,1,--- ,n—1. Then the following relation holds:

n—1

(LOD,y)(s) = s(Ly)(5) — 3 571 (DFy) (0). (2.159)
k=0
In particular, if 0 < a £ 1, then
(LD y)(s) = s*(Ly)(s) — s*y(0). (2.160)
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2.5 Linear Caputo Fractional Differential Equations

In this section we give the construction of the explicit solutions to linear fractional
differential equations with the Caputo fractional derivative (° D2, y)(z) of order a > 0
(a ¢ N) in the space C9" '[a,b] (n = [a] +1). Consider the Linear fractional

differential equations:

(“Dgy)(@) = My(@) = f(z) (aSzSbhn—1<a<n;neN; AeR), (2.161)

y®(a) =by (by eR; k=0, ,n—1). (2.162)

We suppose that f(z) € Cya,b] with 0 <y <1 and vy = a.

b A [T y(t)dt 1 [* f(t)dt
=2 ooy r<a>/a <x—t>1-a+r<a>/a @opie (216

(x —a)’ (2.164)

and

ey e A [Fymoa(t)dt Lt fndt
Yym () = yo( )+F(a)/a CEnI= +F(a)/a TR (m € N). (2.165)

for Yy, (x):

S, M@ —a)t [ ML e
ym(x)=2bjzm /a [Zl F(ak k 1] f(t)dt. (2.166)
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Taking the limit as m — oo, we obtain

n—1

y(x) = Z bj(x—a)anJH[)\(:E—a)a]—I—/x(:E—t)o‘_lEa,a[/\(x—t)a]f(t)dt.(zlﬁ?)

=0
Theorem 28. [3] Letn—1<a<n (neN)andlet0 =~y <1 be such that v < o.

Also let A e R. If f(x) € Cy[a,b].

In particular, if but f = 0in (2.168), then the solution y(x) belongs to the space

C*"a,b]. Indeed, the equation.
(CD2“+y)(:U) — Ay(x) =0, (afz=bn—-1<a<nneN;AeR) (2.168)

has a unique solution y(z) € C‘;"”_lfa, b/ of the form

n—1

y(@) = 3 by(w — aY Bayir M@ — a)°]. (2.169)
j=0

Example 29. [3] The solution of the Cauchy problem

(“Dgiy)(x) = Ny(x) = f(x), y(a) =b (b €R) (2.170)
with 0 < a <1 and A € R has the form

y(z) = bEL [Nz — a)] + /az(x — ) By o[Mx — 1) f()dt, (2.171)
while the solution of the problem

(“Dgiy)(x) — Ay(z) = 0) y(a) = b (b€ R) (2.172)
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s given by

In particular, the Cauchy problem

(©DY2y)(x) = My(x) = f(2), y(a) =b (bER)

has the solution given by

y(x) = bE) o[ Az — a)/?] + / - ) V2Ey o1 0[N — )2 f(t)dt,

a

and the solution to the problem

(©DY2y) (@) — Ay(z) = 0, y(a) = b (b€ R)

s given by

y(z) = bEy oAz — a) /.

Example 30. [3] The solution of the Cauchy problem

(“Dgiy)(x) = Ay(x) = f(2), y(a) =b, y(a) =4,

with 1 < a < 2 and o € R has the form
y(z) = bEa[Mz — a)*] + d(z — a) Ea2[A(z — a)?]
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(2.173)

(2.174)

(2.175)

(2.176)

(2.177)

(2.178)



- /j(:c — ) By oMz — )] f(t)dt. (2.179)
In particular, the solution of the problem

(“Dgyy)@) = My(x) =0 (1 <a<2), yla)=by(a)=d  (bdeR) (2.180)
s given by

y(x) = bEy[Nx — a)?] + d(x — a)Ey2[A(x — a)?]. (2.181)

In what follows, we study the Cauchy problem for the following generalized homoge-

neous fractional differential equation.
(D% y)(z) — Az —a)Py(x) =0, @<z<bn-1<a<nmncR), (2.182)
y®)(0) = bp(bp € Rk =0,--- ,n—1), (2.183)

with 3 > —a. In the space C"1[a,b] [3]to the following Volterra integral equation of

the second kind:

| | T — g)f
(@) =S~ Y = ay 4 2 )/ (t(x _)t)yl(_tldt. (2.184)

We again apply the method of successive approximations to solve this integral equation.

We use the notation yo(z) and set

B A [T (t—a) ym_1(t)dt
ym(x) = yo(z) + e /a (@) (m € N). (2.185)
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(@ —a) |14 dpy(Mz —a)*H0)F], (2.186)

where

k .
Fra+rf+06+j—a+1)
di = ke N 2.187
F rl_[l TC(ra+rBa+ B +1) ( ) (2.187)
Taking the limit as m — o0,
n—1 b '
y(@) = Y =(x — a) By 148/a,545) /M@ — a)* ). (2.188)
j=0 "

If 320, then f[z,y] = Mz — a)Py satisfies the Lipschitz condition.

Theorem 31. [3] Letn—1<a<n (ne€N) and let 0 =< v <1 be such that v < c.
Also let X € R and f < 0. If f € Cyla,b], then the Cauchy problem has a unique

solution y(x) € C’fi’nfl[a, b].

Example 32. [3] The solution to the Cauchy problem

(“Dgy)(@) = Az —a)’y(x) =0,y(a) =b  (bER) (2.189)

with 0 < a <1, 8> —a and A € R has the form
y(x) = bEo 14 8/a8/aM @ — a)* 7).

In particular, the solution to the Cauchy problem

(“DY2y) (@) — Mz — a)Py(x) = 0, yla)=b  (beR) (2.190)
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with 8> —1/2 is given by

y(z) = bE) /3951125 Ma — a)PTH2]. (2.191)

Example 33. [3] The solution to the Cauchy problem
(“Dgy)(x) = Mz — a)’y(x) = 0,y(a) = b,y () =d  (b,d €R) (2.192)
with 1 < a <2, 8>—a and XA € R has the form:

Y(2) = bEy 14 5/0.5/aMNz—a)* PPl +d(2—a) By 11 /0, (541)/al Mz —a)*T](2.193)

In above if we let 8 = 0, then we obtain F, 1 j/o(2) = ['(j + 1) Eaj1+1(2).

41



CHAPTER 3

FRACTIONAL DIFFERENCE EQUATIONS

AND DISCRETE MITTAG-LEFFLER FUNCTIONS

This chapter is organized as follows: The first section is devoted to the discretization
of fractional derivatives, integrals and fractional initial value problems. These discrete
counterparts have been recently discretized by many authors [11, 12, 19]. The discrete
versions of left and right Caputo fractional differences defined very recently in [19]
are discussed in section 2. Morover, a nonhomogenous fractional linear initial value
problem is solved, where the solution is expressed by a new introduced discrete type
of Mittag—Leffler functions. Section 3 is devoted to study the by parts formulas for
fractional sums and differences [14]. Finally, section 4 contains an application to

fractional differences in variational calculus.

3.1 Fractional Sums and Differences

For a natural number n, the fractional polynomial is defined by

W T o Dt+1)
t():g(t_]):F(t+l—n) (3.1)
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where I' denotes the special gamma function and the product is zero when t4+1—7 =0

for some j. More generally, for arbitrary «, define

T(t+1)

ploy — _~\2 07
I't+1-a)

(3.2)

where the convention that division at pole yields zero holds. Given that the forward

and backward difference operators are defined by

Af(t) = ft+1) = f@), VI(t) = f(t) = f(E-1) (3-3)

respectively, we define iteratively the operators A™ = A(A™ 1) and V™ = V(V™ 1),

where m is a natural number.

Here are some of the properties of the above fractional function

Lemma 34. ([11]) Assume the following fractorial functions are well defined.

At = gtlo—1)

(t — p)t® = ¢+ where p € R.

Ift <r, then t© < @ for any a > r

o If0<a<1, then t) > (t0)e,

o t(atfB) — (t — 5)(a)t(ﬁ)
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Also, for our purposes we list down the following two properties, which can be easily

proved
Ve(s — 1)@ = (a = 1)(p(s) —t)(@=2 (3.4)
Vi(p(s) =) = —(a = 1)(p(s) — 1) (3.5)

For two real numbers a and b, we write N, = {a,a+ 1,a + 2,...} and ,N = {b,b —

1,b—2,..}.

If « > 0 and o(s) = s+ 1. Then, the a — th fractional sum of f is defined (as done

in [15] and used in [11], [12] and [14]) by

ATf(t) 2 = (t—o(s) @V f(s) (3.6)

Note that A~ maps functions defined on N, to functions defined on Nyy,. Also to

be noted that

o u(t)=A""f(t), n € N, satisfies the initial value problem

Au(t) = f(t), t € Ng, u(a+j—1)=0, j=1,2,...,n (3.7)

e the Cauchy function % vanishes at s =t — (n —1),...,t — 1.

If « > 0 and p(s) = s — 1. Then, we define the o — th (right) fractional sum of

I by

b
VL A S (o) — @D f(s) (3.8)



Note that V™% maps functions defined on ;N to functions defined on ,_,N. Also to

be noted that

e u(t)=V"f(t), n € N, satisfies the initial value problem
Viu(t) = (=1)"f(t), t€ yN, u(b—35+1)=0, j=1,2,...,n (3.9)

—¢)(n—1)
e the Cauchy function % vanishes at s =t + 1,t+2,....,t + (n —1).

As used to be done in usual fractional calculus, the Riemann left and the right frac-

tional differences are to be, respectively, defined by
ACF(t) 2 APAT £ (s) and VOf(t) £ (—=1)"VV ) f(s) (3.10)

where n = [a] + 1. It is clear that, the fractional left difference operator A% maps
functions defined on N, to functions defined on N,y,_o, while the fractional right

difference operator V maps functions defined on , N to functions defined on j_(, _o)N.

Throughout this article, for simplicity we write A% and V¢ in place of Ay and V',
respectively, where a € R. Otherwise, we point to the end points up to which we take

the fractional sum or difference. However, one has to note that if « = n € N, then
AGf(t) = A"f(t) and Vi f(t) = (=1)"V" f(t). (3.11)

The v — th left fractional sum behaves well in composition. In fact, Theorem 2.2 in

[11] states
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Lemma 35. Let f be a real-valued function, and let p,v > 0. Then, for all t such

t=a+ p+v, mod(l),we have
ATVATH()]) = AT f() = ATH[AY ()], (3.12)

Theorem 2.1 and Remark 2.2 in [12] are to be summarized in the following lemma:

Lemma 36. For any v € R, we have

ATYAS(E) = AN (1) - S p(a), (3.13)

where f is defined on Ngi.

Following inductively, Theorem 2.2 in [12] states

Lemma 37. For any o € R and any positive integer p, the following equality holds:

o rp - p—1 t_aap+k)
ATCA APA™
) = ) Z()Fa+k: p+1)

Ak f(a) (3.14)

where f is defined on N

In parallel to Lemma 37 above, the authors in [14] proved:

Lemma 38. [14] For any a > 0, the following equality holds:

(b—t)le=1)

VTEVLf(t) = VRV f (1) — f(0). (3.15)

where f is defined on pN.
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Remark 39. [14] Let o > 0 and n = [a] + 1. Then, by the help of Lemma 38 we can

have

ViVEf(t) = VyVp(V 9 f(1) = VRV, V) £ (1) (3.16)

or

VyVEf(t) = ViV OTIVLE() + f(0)] (3.17)

Then, using the identity

(b _ t)(n—a—l) B (b _ t)(_o‘_l)

Vb I'n—a) TI(-a)

(3.18)

we infer that (3.15) is valid for any real .

Using Lemma 38 and Remark 39 the authors in [14] arrived at the following

Theorem 40. [14] For any real number a and any positive integer p, the following

equality holds:

p—1 a—p+k
VEVRE(H) = VIV S (1) Z Hert
b — F (a+ k: p+1)

VEF(b) (3.19)

where f is defined on yN and we remind that V¥ f(t) = (=1)FVFf(2).

In order to prove the commutative property for the right fractional sums, the following
power rule obtained in [14] is needed. Here we shall give its proof in detail as the

proof in [14] was sketched shortly.

47



Lemma 41. Let o > 0, u > 0. Then,

P(p+1)

—ap_pyw — V2T
Vosulb =) Flp+oa+1)

by (b—t)lte) (3.20)

Proof. The proof can be achieved by checking that both sides of the identity (3.20)

verify the difference equation

(b= (u+a) —t+1)Vpg(t) = (n+a)g(t), g(b—(p+a))=T(u+1) (3.21)

Let 1(t) = p s (b — )+ and h(t) = V, 2, (b — )(®).

First, consider I(t) and apply (iii) of Lemma 34 to see that

P(p+1)

m(ﬂ +a) ) = D(p+1). (3.22)

(b — (1 + ) =

Also apply (3.5) and a similar identity to (ii) of Lemma 34 to see that

(b— (u+a)—t+1)V,l(t) = (3.23)

N M(b —(pta)—t+1)(n+a)(b— 1)) = (u+a)l(t). (3.24)

Second, consider h(t). Noting that

b—p
W) = gy 2 (o(s) =0 V(b= ). (3.25)
s=t+a



we see that

h(b— (u+a)) =

o

—u ]

N
I'(«) o)

(p(5)-b+p+) @D (b—5)0) = ———(a—1)(@ D (1)) = T(u+1).(3.27)

Finally, we show that h(t) satisfies the desired difference equation. Using (ii) of Lemma

34, adding and subtracting ¢ and adding and subtracting b, we see that

pie) = PV S (o) - e 2o - )0
s=t+a
1 )
T 2 s n(p(e) = D= ),

s=t+a

The rest of verification is direct and similar to that in Lemma 2.3 in [11].

Actually, formula (3.20) is the analogous of

L(p+1)

a4 gy — AT
Aa—i—u(t a) F(M+a+1)

(t — a)te)

(3.28)

(3.29)

(3.30)

Theorem 42. [14] Let a > 0, u > 0. Then, for allt such thatt = b—(pu+a) (mod 1),

we have

VIV ()] = VE) F(E) = VRV (8]

(3.31)

where f is defined on ,N. As a consequence of Lemma 37, Lemma 35, (3.7) and that

A_(”_O‘)f(a +n—a—1) =0, the following result can be directly stated:
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Proposition 43. [14] For a > 0, and f defined in a suitable domain N,, we have

fort € Nyip C Ny

AL AT = F(2), (3.32)

and
Ayl o 1 APF(E) = f(t), whena ¢N, (3.33)
A~CACF(H) > kf(a),uhen a =n € N. (3.34)

Similarly, by the help of Lemma 38, Theorem 42, (3.9) and that V=" f(b — (n —

a) + 1) =0, for the right sums and differences the following is obtained

Proposition 44. [14] For o > 0, and f defined in a suitable domain N,, we have

fO?”t € p_nN C N

VoV O () = (1), (3.35)
and
v, O‘(n a)_HVaf(t) = f(t), whena ¢ N, (3.36)
n—l
V=eVy f(t) Vb f(b),when o =n €N (3.37)
k=0
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3.2 Caputo Fractional Differences

In analogous to the usual fractional calculus we can define

Definition 45. Let o > 0, o ¢ N. Then, the a—order Caputo left fractional and
right fractional differences of a function f defined on N, and ,N, respectively, are

defined by

t—(n—a)
BI0) & ACTIA() = s 3 (= ol@)" T TIAL() (339)
and
1 b
VEIOEVTIVEI = gy 2 (9 =9 TTIVES(s) (3:39)
s=t+(n—a)
where n = [o] + 1.
If o =n eN, then
Gf (1) £ A f(t) and VEF (1) £ Vi F(1). (3.40)

Also, it is clear that Ag maps functions defined on N, to functions defined on

N,

a+(n—a)> and that V¢ maps functions defined on , N to functions defined on j_(,_ o) IV

If, in Lemma 37 and Theorem 40 we replace a by n— o and p by n, where n = [a] + 1.
Then, we can relate the Riemann and Caputo fractional left and right differences.

Namely, we state
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Theorem 46. [19] For any a > 0, we have

w (-t
10 = A0 =) e AT@
k=0
and
n—1 _ \(k—a)
VEF() = V() - X fe VA O)
k=0

In particular, when 0 < a < 1, we have

a A (t _ a)(_a)

310 = A°F(0) — G f @)

e} _ v (b _ t)(_a)
VE(0) = VO F(0) ~ L O

(3.41)

(3.42)

(3.43)

(3.44)

One can note that the Riemann and Caputo fractional differences, for 0 < o < 1,

coincide when f vanishes at the end points.

The following identity is useful to transform Caputo fractional difference equations

into fractional summations.

Proposition 47. [19] Assume a > 0 and f is defined on suitable domains N, and

oyN. Then

—_

n—

A(:f(nfa) %’f(t) = f(t) -
k

[e=]

and

i
L

(b—t)k)

Vo) VeI (8) = f(8) = > ———V5 f(b).

e
Il
o
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C= 0 Ak f(a)
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In particular, if 0 < a < 1 then

A L ASf(t) = f(t) = fa) and V. ©,_ \VEf(t) = f(t) — f(b) (3.47)

Proof. The proof of (3.45) is followed by applying the definition and then using Lemma
35 and Proposition 43 (3.34). While the proof of (3.46) is followed by applying the

definition and then using Theorem 42 and Proposition 44 (3.37) O

Using the identity (3.17) and the identity

Wt = @)= (¢ = g)oD)
AT = T (3.48)

we can compute the Riemann and Caputo differences of certain functions. For exam-

ple, for > n = [a] + 1, we have

afy _ NB-1) _ aagr_ G- _ LB g

A%(t —a) B = A(t — a) _F(ﬁ_a)(t a) (3.49)
and

ay_ nB-1) —way_n6-1) _ _LB) o (ama-)

Ve b — ) = V(b — t) —Fw_a)(b #) (3.50)
However,

AZl =Vl =0 (3.51)
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while

—a)- — )=o)

M(l—a)’ I(l—a) (352

Remark 48. Note that the results obtained in Theorem 46 and Proposition 47 agree

with those in the usual continuous case (See [3] pages 91,96).

Example 49. [19] Let 0 < o < 1, a = a — 1 and consider the left Caputo fractional

difference equation
cy(t) =yt +a—1), yla) =aop, t€ Np. (3.53)
Note that the solution y(t), if exists, is defined on No and hence AZy(t) becomes

defined on Ny (1—q) = No. Thus, if we apply Ay on the equation (4.55) then we see

that

|
Q

A .
y(t) = ag + o) (t—o(s) @ Vy(s +a—1). (3.54)

S

I
=)

To obtain an explicit clear solution, we apply the method of successive approximation.

Set yo(t) = ap and

Ym(t) = ao + A “Ym—1(t +a—1),m=1,2,3,.... (3.55)

For m =1, we have by the power formula (3.30)

At(@)

yl(t) = aO[l + m

). (3.56)
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For m = 2, we also see that

(t+a—1) At(e) N (t+a—1)C)
T =gl + +
INa+1) I'a+1) I'2a+1)

y2(t) = ap + AA “ao +

If we proceed inductively and let m — oo we obtain the solution

k(¢ a — 1)) k)
+ZA ka)fr 5 D) ). (3.57)

If we set a« = 1 we come to the conclusion that (A + 1)' = 3722, /,\C, t*®) on the time

scale 7.

Definition 50. [19](Discrete Mittag-Leffler) For X € R and «, 3,z € C with Re(o) >

0, the discrete (like) Mittag-Leffler functions are defined by

(z+ (k= 1)(a—1)* ) (z + k(o — 1))B-1)

E g\ 2) =) A

3.58
— I(ak+ 5) (3.58)
For 8 =1, it is written that
z+( o — 1)) k)
E)(A,2) = Eap(A, 2) E/\k a;(Jr 1 ) (3.59)

The following specific semigroup property is useful to proceed in our main results:

Lemma 51. [19] For a >0 and k = 1,2,3, ..., we have

AFEATF )t + k(o= 1)) = (Ag TV (E + k(- 1)) (3.60)

Proof. We prove for k = 1 and the rest follows inductively. Hence we show that

Ay (At +a—1) = (A )t +a—1). (3.61)
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To this end,

1 t—a r—1
AN+ a—1) = ros D
r=0 s=

If we change the order of summation we reach at

That is

1 —a a—
T(a) 2 f)AZ (= (s+2— a))eh.

Finally, by (3.30) we obtain

Which is exactly equal to (A2 f)(t +a — 1).

t—o@r) e Dr4+a—1-o(s)@ D
0

(3.62)

(3.63)

(3.64)

(3.65)

(3.66)

Example 52. [19] Let 0 < a <1, a = o — 1 and consider the left Caputo nonhomo-

geneous fractional difference equation

cy(t) = Ay(t+a—1)+ f(t), yla)=ao, t € No.
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Note that the solution y(t), if exists, is defined on N, and hence AZy(t) becomes
defined on Nyi1—o) = No. Thus, if we apply Ay® on the equation (4.55) then by

(3.47) we see that

t

|
Q

A

Ty 2t~ () Vy(s +a— 1) + Agf(t). (3.68)

y(t) = ap +

Il
=)

S

To obtain an explicit clear solution, we apply the method of successive approximation.

Set yo(t) = ap and

Ym(t) = a0+ Ay Aym—1(t +a—1)+ f(t)],m=1,2,3, ... (3.69)

For m = 1, we have by the power formula (3.30)

At(@)

Tt 200! (3.70)

y1(t) = ap[l +

For m = 2, we also see by the help of Lemma 51 that

(t+a— 1)

Tla 1) [+ A f(t) + A2 f(t+a—1) =

yg(t) =ag + )\Ao_a[ao =+

At(@) N(t+a—1)C

P —2a
1‘(a+1)Jr T(2a+1) 14+ A% f(t) + AMA > f(t+a—1).

apll +

If we proceed inductively, make use of Lemma 51 and let m — oo we obtain the

solution

SR Y o o — (ka)
y(t):ag[l—i-z/\ (t+(1]i(k(i)—i(—1 1) —i—Z)\k ! ko‘f J(t+ (k—1)(a—1)).
k=1
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Then,

Since division over ball yields zero then

t—a
y(t) = aoE (o) (A, t) +Z)\’“ ak+a D (t+k(a—1)—o(s)) ket £(5)(3.72)
5:0

Interchanging the order of sum in (3.72) and making use of Lemma 34 (vi), then we

conclude that

y(t) = ao By (A, 1)+ (3.73)

f(s)  (3.74)

2wt —a(s)+ (k=1 (a—=1)*)(t —o(s) + k(a — 1))@
Z/\k I'(ak + «)

That is

U(t) = a0y 1) + 3 By (0 — () £(5) (3.75)
s=0

3.3 Fractional Differences and Integration by Parts

After the left and right fractional sums are defined above, it becomes ready to obtain

a by—part formula for them. Namely

Proposition 53. [14] Let a > 0, a,b € R such that a < b and b=a+ a (mod 1). If
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f is defined on N, and g is defined on ,N, then we have

b b—«
D (AT)(s)g(s) =D F(s)Vg(s) (3.76)
s=a+a s=a

b s—a
> (AT f)(9)g( Z Zs—a )@V (1)) g(s) (3.77)

Then, the result follows by interchanging the order of summation in (3.77) and noting

that (s —o(t)) = (p(s) — t). O

Obeying the above by-parts formula for fractional sums, we can obtain a by—parts

formula also for fractional differences.

Proposition 54. [14] Let a > 0 be non—integer and assume that b = a + (n —

a) (mod 1). If f is defined on yN and g is defined on N, then

b—n+1 b—(n—a)+1
Yo A% = Y gs)V(s) (3.78)
s=a+(n—a)—1 s=a+n—1

Proof. By the help of equation (3.36) of Proposition 44 we can write

b—n+1 b—n+1
Yo f@A%) = Y Vo an (Vif(s)A%(s) (3.79)
s=a+(n—a)—1 s=a+(n—a)—1

b—n+1 b—(n—a)+1
S M)A = Y VUR)AT, . 1A%(s) (3.50)
s=a+(n—a)—1 s=a+n—1
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But then the result follows by equation (3.33) of Proposition 43. O

When « is an integer it is possible to obtain, by the help of equation (3.37) of Proposi-
tion 44 and equation (3.34) of Proposition 43, the usual by—parts formula in difference

calculus. For example, if o = 1 we obtain

b—1 b b—1
D F(s)Ag(s) = F()a()lo—= DY 9(s)VF(s) = f(s)g(s)o=>_ g(s+1)Af(s)(3.81)
s=a s=a+1 s=a

3.4 Application

In this section, we give an application to integration by parts for fractional differences
as it was presented in [14]. Actually, we show how it is used to obtain Euler—Lagrange

equations for a discrete variational problem in fractional calculus.

Consider the functional J : § — R,

J(y) = > L(s,y(s), A%(s)) (3.82)

where
a,beR, 0<ax<x1 (3.83)
L:(Nyon 3N) x (R"? =R, b=a—a (mod 1) (3.84)
and
S={y: Na—a N pralN = R" 1 y(a) = yo and y(b+ a) = y1} (3.85)
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Moreover, we assume that the function y fits the discrete time scales N, and N,_.

That is, y(s) = y(s+ 1 — ) for all s € N,.

We shortly write :

L(s) = L(s,y(s), A%y(s)) (3.86)

We calculate the first variation of the functional J on the linear manifold S: Let

ne€ H={h:—R":h(a) =h(b+ «a) =0}, then

0J (y(x), n(x)) = %J(y(x) + en(z))le=o (3.87)
b
Z [agg(j)n(s) + gi(oijAan(s) . (3.88)

Then we apply Proposition with 0 < o <1 and n =1 to get

b+a
) ) =Y |5+ v G1 s) —o, (3.59)

and by applying a suitable discrete fundamental lemma in calculus of variations we

obtain the Euler-Lagrange equation:

v =0. (3.90)
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CHAPTER 4

FRACTONAL Q-DIFFERENCE EQUATIONS

AND Q-MITTAG-LEFFLER FUNCTION

This chapter mainly review the q—fractional calculus results obtained recently in [18],
where the gq—analogue for Mittag—Leffler functions was obtained by solving certain

q—Caputo fractional difference equations by the method of successive approximation.

4.1 Fractional g—Integrals and q—Derivatives

For the theory of g-calculus we refer the reader to the survey [4] and for the basic
definitions and results for the g-fractional calculus we refer to [13]. Here we shall

summarize some of those basics.

For 0 < ¢ < 1, let T, be the time scale

T, ={q" :neZ}U{0}. (4.1)

where Z is the set of integers. More generally, if « is a nonnegative real number then

we define the time scale

T ={¢"*t* :n € Z} U{0}, (4.2)
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: 0 _
we write Tq =1Tj.

For a function f : T, — R, the nabla g-derivative of f is given by

The nabla gq—integral of f is given by
/0 F(8)9ys = (1— )t > ¢ f(td))
i=0
and for 0 <a €T

/atf(S)Vqs = /Otf(s)vqs - /Oaf(S)Vqs

On the other hand
| f6Vs = -ty (e
¢ i=1
and for 0 < b < oo in T

/tb f(5)Vgs = /too f(5)Vgs — /boo £(5)V,s

By the fundamental theorem in g—calculus we have

v, /0 F(5)Vgs = £(2)
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(4.4)

(4.6)

(4.7)

(4.8)



and if f is continuous at 0, then

t
| Vas6)Vas = ) - 0 (49)
Also the following identity will be helpful
t t
Vo [ 590V = [ Tt Vs + flat.) (4.10)
Similarly the following identity will be useful as well
(4.11)

b b
Vo [ 560V = [ Vuf Vs — st

The g-derivative in (4.10) and (4.11) is applied with respect to t.

From the theory of q—calculus and the theory of time scale more generally, the following

product rule is valid

Vo(f(t)g(t)) = f(at)Vag(t) + Vo f(t)g(t). (4.12)
The g-factorial function for n € N is defined by
n—1 '
(t—s)p=][¢t-d's) (4.13)
=0
When « is a non positive integer, the q—factorial function is defined by
(t—s) = taﬁi (4.14)
q . 1— §qz+a
=0 t

64



We summarize some of the properties of q—factorial functions, which can be found

mainly in [13], in the following lemma

Lemma 55. (i)(t — s)577 = (t — 8)3(t — ¢Ps)]

(ii)(at — as)s = aP(t — )5

(iii) The nabla g—derivative of the q—factorial function with respect to t is

where a, v, B € R.

For the g-gamma function, I'y(«), we refer the reader to [13] and the references there

in. We just mention here the identity

T (a+1) = T (a), T,(1)=1, a>0. (4.15)

The authors in [13] following [8] defines the left fractional g-integral of order o #

0,—1,-2,... by

/0 (t— qs)g‘_lf(s)vqs (4.16)



In [8] it was proved that the left g—fractional integral obeys the identity

A7 I f () =g 1P f(E), o ,8>0 (4.17)

The left q—fractional integral ,I starting from 0 < a € T} is to be defined by

[ = a5 (6 Vs (4.18)

It is clear, from the g—analogue of Cauchy’s formula [5], that
VI () = (1) (4.19)

where 7 is a positive integer and 0 < a € T,

Recently, in Theorem 5 of [9], the authors there have proved that
2 GOS0 = ISP, @ B> 0 (4.20)

The right g—fractional integral of order « is defined by [8]

q7(1/2)a(a71)

falt0 = Iy(a)

q

/too(s — t)g‘_lf(sql_o‘)vqs (4.21)

and the right g-fractional integral of order @ ending at b for some b € T}, is defined by

_ q7(1/2)a(a71)

b
a—1 11—«
T, () /t (s —=1t)g f(sqg ~*)Vys (4.22)

bl f(t)
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Note that, while the left q—fractional integral /¢ maps functions defined T} to func-
tions defined on 7}, the right g—fractional integral ,/i*, 0 < b < oo, maps functions

defined on qu*a to functions defined on 7.

It is clear, from the q—analogue of Cauchy’s formula [5], that

VI F(t) = (—1)" £(1) (4.23)
In [7] it was proved that the right q—fractional integral obeys the identity
a _ ga+
IDIof)=10%0f(t), o,B8>0 (4.24)

Taking into account the domain and the range of the right g-fractional integral, as
mentioned above, we note that the formula (4.24) is valid under the condition that f

must be at least defined on Tj, qufﬁ, qu_a and qu_(a+’3).

A particular case of the identity (4.24) is

I I0f() = I (), o >0 (4.25)

Lemma 56. For o, 3 > 0 and a function f fitting suitable domains, we have
o0
/ (t—a)d ' WIS f(tq"P)Vat =0 (4.26)
b
Proof. From (4.6) we can write

S =) I f(tg PVt = (4.27)
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L=gb> g (bg =) I f (g Pbg™) (4.28)
=0

From the fact that (¢t — T’)g_l = 0, when ¢ < r we conclude that blg‘f(qlfﬁbq*i) =0

and hence the result follows. O

Problem 1: Can we use Lemma 56 and following similar ideas to that in [9] to prove

that
oI BICF(t) = WI0TPf(t), o ,B>0,0<beT,? (4.29)

Alternatively, can we define the q—analogue of the Q-operator and prove that

Q ola f(t) = HIgQf(1)? (4.30)
Then apply the Q-operator to the identity

oI JI8g(t) =4 I8 Pg(t),  a,B>0 (4.31)

with g(t) = Qf(t) to obtain (4.29). Recall that in the continuous case Qf(t) =

fla+b—1).
In connection to Problem 1, the following open problem is also raised

Problem 2: Is it possible to obtain a by—part formula for q—fractional derivatives
when the lower limit a and the upper limit b both exist. That is on the interval [a, b],.

As for the (0,00) case there is a formula was early obtained by Agarwal in [8].
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As for the left and right (Riemann) q-fractional derivatives of order a > 0, as tradi-

tionally done in fractional calculus, they are defined respectively by

(Vaf(t) 2 Vy (I3~ f(t) and y Vg f(t) £ (=1)"Vg I3~ f(2) (4.32)

where n =[] + 1 and a,b € T, U {oo} with 0 < a < b < co. We usually remove the
endpoints in the notation when a = 0 or b = co. Here, we point that the operator

¢V maps functions defined on Tj to functions defined on 7y, while the operator ,V{

—(n—a)

maps functions defined on qu to functions defined on Tj. Also, particularly,

one has to note that

¢Vaf(t) =V f(t) and ) Vg f(t) = (=1)"Vyf(t) (4.33)

where Vi always denotes the n — th g-derivative (i.e. the g-derivative applied n

times).

4.2 Caputo g—Fractional Derivative

In this section, before defining Caputo—type q—fractional derivatives and relating them

to Riemann ones, we first state and prove some essential preparatory lemmas.

Lemma 57. For any a > 0, the following equality holds:

oIaVaf(t) = Vq oI5 [(t) = —F—5—[(a) (4.34)



Proof. From (4.12) and (iv) of Lemma 55, we obtain the following g-integration by

parts:
_ a—1
Vallt = 87 (6) = (¢~ as) T Val () - (- as)y R (s) (435)
Applying (4.35) leads to
o _( —s)g‘_l . 1—gt gt o
O O N S (O) (4.36)
« —_M 1_761(171 ! _ a—2
IV () =~ S A [y s s

On the other hand, and by the help of (iii) of Lemma 55, (4.10) and the identity

(4.15), we find that

_ a1 t
Vg ola f(t) = 1qq/ (t— qS)g_zf(S)VqS, (4.38)

which completes the proof. O

Theorem 58. For any real o > 0 and any positive integer p such that o« —p+1 is

not negative integer or 0, in particular o > p — 1, the following equality holds:

p—1

(t—a)g "
(

ax7p — VP « _

Y VEf(a) (4.39)
k=0

Proof. The proof can be achieved by following inductively on p and making use of

Lemma 57, (iii) of Lemma 55 and (4.15). O
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Now we obtain an analogue to Lemma 57 for the right g-integrals.

Lemma 59. For any a > 0, the following equality holds:

r(a)
Ly(a)

g1l WV f(t) = Vg ol f(t) — (b—qt)g ' flg' "¢ ""D) (4.40)

where
r(a) = gt 1/2eeD) (4.41)

and

Vo (t) = =V f(t)

Proof. First, by the help of (iii) of Lemma 55 and (4.12), the following g—calculus

by—parts version is valid:

(s —1)5 'Vaf(sq' ™)' ™ = (4.42)

1— qa—l

(s = 057 (50 ) (4.43)

Va((s = )5~ f(sa' ™))
where the q-derivative is applied with respect to s. Using (4.43) we obtain

IS WV f () = (4.44)

a—1

qo"lr(a)(l —q
Iy(a) I—gq

q b .
/t (s—£)2 2 F(?05) Vs — (s— )2 (g =8)|¢ ) (4.45)
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_ ¢ r(e) 1-g
Lg(a) l—gq

qa1b
/t (s—1)2 72 f (> “s)Vgs— (g~ "o—)3 " f(q'~¥q ")) (4.46)

On the other hand (4.11) and (iv) of Lemma 55 imply

¢""'r(a)1—q*!
Lg(e) l—q

g '
/t (s — t)Z“Qf(QZ%Ys)Vqs (4.47)

Taking into account (4.46) and (4.47), identity (4.40) will follow and the proof is

complete. O

One has to note that the above formula (4.40) holds under the request that f must

be at least defined on 7}, and qu_o‘.

Definition 60. Let a > 0. If « ¢ N | then the a—order Caputo left g-fractional and

right q—fractional derivatives of a function f are, respectively, defined by

CEF0) 2 0T3O = g [ (= V0T @y
and
e A (n—a)ywn q(—1/2)a(o¢—1) b n—a—1 n 1-a
W) 2 bl IV = T [y V(s Vs(1.49)
Lg(n—a) J

where n = [a] + 1.

If a €N, then (C2f(t) £ VEf(t) and yCof(t) & VI = (-1)"V2

Also, it is clear that ,C¢ maps functions defined on 7j, to functions defined on 77, and

that ,C7' maps functions defined on qu_o‘ to functions defined on 7
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If, in Lemma 57 and Lemma 59 we replace o by 1 — o« . Then, we can relate the left

and right Riemann and Caputo g—fractional derivatives. Namely, we state

Theorem 61. For any 0 < a < 1, we have

o B o (t— a);o‘
qCa f(t) - qva f(t) - Fq(l — Oé)f(a> (450)
and
for _ a o T(l B a) - «a -1
P CEHE) = WTRH) — s e e (151)

4.3 A Caputo g—fractional Initial Value Problem and q—Mittag—

Lefller Function

The following identity which is useful to transform Caputo g—fractional difference

equations into q—fractional integrals, will be our key in this section.

Proposition 62. Assume o > 0 and f is defined in suitable domains. Then

n—1
a a _ (t k
J2 C0f ;Fq k+‘i VEf(a) (4.52)
=0
and if 0 < a <1 then
ola ¢Cq f(t) = f(t) — f(a). (4.53)

The proof followed by definition of Caputo g—fractional derivatives, (4.19), Lemma 57

and Theorem 58.
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The following identity [9] is essential to solve linear g—fractional equations

r 1
I — ay = oD

q m(m —a)t* (0<a<x<b) (4.54)

q

where o € RT and p € (—1, 00).

Example 63. Let 0 < o < 1 and consider the left Caputo q—fractional difference

equation

¢Cay(t) = xy(t) + f(t), yla)=ao, t €T (4.55)
if we apply (IS on the equation (4.55) then by the help of (4.53) we see that

y(t) = a0 + A o Igy(t) + 15 f (D) (4.56)

To obtain an explicit clear solution, we apply the method of successive approximation.

Set yo(t) = ap and
Yn(t) = @0+ A oI 1 (1) +q T F(E),m = 1,2,3, . (457)

For m = 1, we have by the power formula (4.54)

A(t—a){

y1(t) = aoll + T (@t 1)

|+ (I3 f(2). (4.58)

For m = 2, we also see that

(t— a)g‘

m] + O+ N J2f(D) (4.59)

y2(t) = ao + Aag I3[l +
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At —a)d  N(t—a)®
T, (at1) T,2at1)

[+ QLo f(8) + X oI f() (4.60)

If we proceed inductively and let m — oo we obtain the solution

)=l + 3 eI | > o T )
o Nt —a)ke gtk

-l + 3T / > Far oyt Vs (462)

=ap[l + :1 MH (4.63)

+ / t ; Pkt a t—q%s)\ ™ f(s)Vys (4.64)

If we set « = 1, A =1, a = 0 and f(t) = 0 we come to a g-exponential formula
eqt) = 330 woiermy on the time scale Ty, where Ty(k +1) = [klg! = [1g[2]g--.[k]g
with [r|y = %. It is known that eq(t) = Eq¢((1 — q)t), where E4(t) is a special case

of the basic hypergeometric series, given by

[e.o]

Bo(t) = 160(0;0,t) =T2(1—q"t) " =) "

o (4.65)

where (q)n = (1 —q)(1 — ¢?)...(1 — q") is the ¢-Pochhammer symbol.

If we compare with the classical case, then the above example suggests the following

g—analogue of Mittag—Leffler function.
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Definition 64. For z,zy € C and R(a) > o, the g-Mittag-Leffler function is defined

by

RSN 20)q"
eBap(\z—20)=>_ A m (4.66)

k=0

When 3 =1 we simply use ¢Eqo(X\, 2z — 20) = qEa1(A 2 — 20).

According to Definition 64 above, the solution of the g-Caputo-fractional equation in

Example 63 is expressed by

t
y(t) = ap ¢Ea(A\,t—a) + / (t — qs)g‘_1 ¢EBaaXt—q%s)f(s)Vgs. (4.67)

Remark 65. 1) Note that the above proposed definition of the q-analogue of Mittag—
Leffler function agrees with time scale definition of exponential functions. As it de-

pends on the three parameters other than o and (3.

2) The power term of the q—Mittag—Leffler function contains « (the term (z — zo)g‘k).
We include this o in order to express the solution of q—Caputo initial value problem
explicitly by means of the q—Mittag—Leffler function. This is due to that in general
it is not true for the q—factorial function to satisfy the power formula (z — zo)g‘k =
[(z— zo)g‘]k. But for example the latter power formula is true when zg = 0. Therefore,

for the case zg = 0, we may drop o from the power so that the q—Mittag—Leffler

function will tend to the classical one when q — 1.

3) Once Problem 1 raised in section 2 is solved an analogue result to Proposition 62

can be obtained for right Caputo g—fractional derivatives.
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CHAPTER 5

GENERALIZED Q-MITTAG-LEFFLER FUNCTION

This chapter contains the main results introduced in [34]. A new Caputo linear type
q—fractional differential equation is solved. The solution is expressed by a g—analogue
of the generalized Mittag—Leffler function introduced by Kilbas and Saigo [17] (see

also [3] page 48 or 2.56).

Definition 66. [34] For a,l,\ € C are complex numbers and m € R such that
R(a) >0, m>o0,a>0 and a(jm+1) # —1,-2,-3, ..., , the generalized q—Mittag-

Leffler function (of order 0) is defined by

s k(k—1)
an,m,lOHx _ a) =14+ Z )\kqf . L a(mfl)(alJra)ck(x _ a)?km (5'1)
k=1
where
kl_[l Lyla(jm +1) +1] =123 (5.2)
Cl. = s g y 2,0, 0 . .
C T A DlaGm T+ 1)+ ]

While the the generalized q—Mittag—Leffler function (of order r), r = 0,1,2,3, ..., is

defined by

o0
quz,m,l(Av T — a) =1+ Z )\k:qfka(mfl)rq, k(k;l)a(mfl)(alJra)ck (33 B qTa)?km.(E).S)
k=1
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Note that qEO

a,m,l

Nz —a)= ¢Eami(A\z—a).

Remark 67. [3/] In particular, if m = 1, then the generalized q—Mittag—Leffler
function is reduced to the q—Mittag—Leffler function, apart from a constant factor
Iy(al +1). Namely,

¢Eaii(Nz—a) =Tg¢(al+1) ¢Eqair1(Nz —a). (5.4)

This turns to be the g-analogue of the identity Eq1,(2) = I'(ad + 1)Eq ai41(2) (see

[3]) page 48).

Example 68. [34] Consider the ¢—Caputo difference equation

((Coy)() = Az —a)gy(q "), y(a) =0, (5.5)

where

O<a<l, B>-a AeR, eR. (5.6)

Applying proposition (62) we have

y(a) = y(a) + A I3 ((x — a)gy(a"x)). (5.7)

The method of successive applications implies that

ym(x) = y(a) + A5 [(x — a)gym,l(q_ﬁcz:)], m=1,2,3,..., (5.8)
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where yo(x) = b. Then by the help of (4.54) we have

Ff](ﬁ—i_l) (x_a)ﬁ—l—a

—b+bA—L2 ) :
ple) =% Ly(B+a+1) ¢

and

) =+ D T2~ A

FB+a+1

Then by (i) and (ii) of Lemma 55

y2(;1;) =b-+ b\ qlg[(ﬂf _ (I)ﬁ + )\MQ—B(Q"D@ (ZL‘ _ a)gﬂ-ﬁ-a]‘

7 T Ty(B+a+1)

Again by (4.54) we conclude

T 1
Yo () = b+ b\ JI%(x — a)? + )\—qw +1) g PP (g — a)2PTe].

/ Fy(B+a+1)

Then (4.54) leads to

Ly(B+1)
T8 +a+1)

e [,(28+4+2a+1)

Proceeding inductively, for each m = 1,2, .. we obtain

k(k—1)

Ym(x) = b1 + Z Neg= P75 (00 ¢y (o — a)’;(aJrﬁ)],
k=1
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(5.10)

(5.11)

(5.12)

(5.13)

—aytog 2 02T E O D osass) 2+ (5,14

(5.15)



where

If we let m — oo, then we obtain the solution

y(x)::b[1*‘ZE:Akq‘ﬁﬁﬁfﬁ‘“+ﬂ%%(m——a)§a+5H
k=1

which is exactly

y@)=b B, s s(\x —a).

(5.17)

(5.18)

Remark 69. [34] 1)If in (5.5) 5 =0, then in accordance with (5.4) and Example 10

in [18] we have

an,l,O()\; Tr— a) = an,l()\7 T — a) - an()\, T — a).

2) The solution of the q—Cauchy problem

where

0<a<l B>-1 XeR, €R

s given by

y(z) =0b qE%71+2ﬁ72ﬁ()\,m —a).
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3) By the help of (4.52) and Lemma 55 and by applying the successive approximation

with yo(x) = > p_ (1) F(:' ki‘i)ka( a), Example 68 can be generalized for arbitrary a > 0.

Namely, the solution of the q—initial value problem,

(Coy)(z) = Mz — a)Fy(g Pz), y¥(a) = by (bk €R, k=0,1,...,n—1),(5.23)

where
n—l<a<n, 8>—-a, NER, beR (5.24)
s given by
n—1 b
y(z) = Z I’(Z(Tir—kl)(x —a), qE;,1+§,%(A= x —a). (5.25)

Note that when 0 < a < 1, i.e, n = 1, the solution of Example 68 is recovered.
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CHAPTER 6

CONCLUSION

Mittag—LefHler functions generalize exponential functions through fractional calculus.
As the theory of difference equations and g—difference equations act as the discrete face
for the theory of differential equation, we find it worthwile in this thesis to review the
way how the discrete analogue and gq—analogue of Mittag—Leffler functions have been
obtained through discrete and g—fractional calculus. Also, as an original contribution,
we were able to obtain a g—analogue of a certain generalized g—Mittag—Leffler function.
This function was obtained by solving a certain linear Caputo type q—fractional initial
value problem. The choice of Caputo fractional derivative in our approach was due

to many advantages that these derivatives have over Riemann ones.

We believe that that such discrete analogue concepts will play an important role in
studying discrete and q—fractional calculus in the near future. In particular, when the

Mittag—LefHler type stability for such systems is studied.
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