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ABSTRACT

The Discrete Laplace Transform

AMEEN, Raad Ali
M.S., Department of Mathematics and Computer Science
Supervisor: Assoc. Prof. Dr. Fahd JARAD
DECEMBER 2013, 45 Pages

Integral transforms have not only been effective methods to solve ordinary
and partial differential equations, but helped in the development to the theory of
these equations as well. The Laplace transform method is considered one of the
strongest among them. The question arises here whether there is a discrete analogue
of the Laplace transform which can be used to solve difference equations.

In this thesis, using the definition of the Laplace Transform on an arbitrary
time scale, the Discrete Laplace Transform is introduced. The main theorems related
to this transform are mentioned. The Discrete Laplace Transform of elementary
discrete functions are developed and some applications are given.

Keywords: Time Scale, Discrete Laplace Transform, Convolution, Exponential
Order.



0z

Ayrik Laplace Doniisiimii

AMEEN, Raad Ali
Ylksek Lisans Matematik-Bilgisayar Bolumu
Tez Yoneticisi  : Dog. Dr. Fahd JARAD
ARALIK 2013, 45 Sayfa

Integral déniisiimleri, adi ve kismi diferansiyel denklemleri ¢ozmek igin etkili
bir yontem olmakla kalmay1ip, ayn1 zamanda bu denklemler teorisinin gelisimine de
yardimcr olmustur. Laplace donilisimii yontemi aralarinda en gugclilerinden biri
olarak kabul edilir. Bu da fark denklemlerini ¢6zmek i¢in Laplace doniisiimiiniin
ayrik bir analogu olup olmadigi sorusunu ortaya ¢ikarir.

Bu tezde, keyfi bir zaman skalas1 uzerindeki Laplace Doniistimiinun tanimini
kullanarak, ayrik Laplace doniisiimii tanitilmistir. Bu doniisiim ile ilgili temel
teoremler belirtilmistir. Temel ayrik fonksiyonlarin Laplace doniistimleri gelistirilmis
ve bazi uygulamalar verilmistir.

Anahtar kelimeler: Zaman skalasi, Ayrik Laplace déniisumii, Konvoliisyon, Ustel
Basamakl.
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CHAPTER 1
INTRODUCTION

Integral transforms play an important role in the development of the
theory of initial and boundary value problems for linear differential and integral
equations that arise in applied mathematics, mathematical physics and

engineering, because they provide strong methods for solving such equations [1].

The Laplace transform, one of the strongest integral transforms, has been
regarded as a powerful tool for solving differential equation, both ordinary and
partial.

The Laplace transform was, firstly, used in the work of Euler who
utilized the inverse Laplace transform for solving a second order linear

differential equation in 1763. Spitzer attached the transform:

b
y=J es*@(s)ds,

which was used by Euler, the name of Laplace in 1878.

Poincare and Pincherle extended the Laplace transform to its complex

form by the end of the nineteenth century. [2]

The modern Laplace transform was firstly used by Bateman in 1910 and
Bemotein in 1920. In 1920’s Doctch applied the Laplace transform to
differential, integral and integro-differential equation giving this transform a

more modern approach [3].

Analogous to the Laplace transforms applied to continuous linear systems
of differential equations, the Z-transform is applied to solve linear systems of
difference equations. This transform was known to Laplace, but developed by
Huriwicz in 1947 [4].



In [5], Bohner, M., Guseinov used definition of the Laplace transform, on
an arbitrary time scale, in order to specify the h-Laplace and consequently the

discrete Laplace transform.

We have to mention that Stefan Hilger initiated the theory of the time

scales which is a tool to unify continuous and discrete models [6,7].

In [8], the fractional discrete Laplace transform in order to be applied to
difference equations with fractional order. But the applicability of this transform

to difference equations was not discussed properly.

To our knowledge, on body has attempted to go further and develop the
theory of discrete Laplace transform in order to make it applicable to linear

systems of difference equations.
We think that this transform will be an alternative to the Z-transform.
In chapter 2, of this thesis, basic concepts of time scales are introduced.

In chapter 3, the discrete Laplace transform is defined and its basic

properties are introduced.

In chapter 4, the discrete Laplace transform of basic functions are

discussed.
In chapter 5, some applications are given.

Chapter 6 is devoted to the conclusion.



CHAPTER 2
THE TIME SCALES
2.1 Preliminaries on Time Scales
Definition 2.1.1. [6] A time scale set T is a non empty closed subset of R .
Definition 2.1.2. [6] The forward jump operator ¢ : T — T is defined by

o(t) =inf{s € T:s >t},Vt €T, (2.1.1)
while the backward jump operator p : T — T is defined by

p(t)(t) =sup{seT:s <t} ,VteT, (2.1.2)
where

inf@ =supT and sup @ = infT.
Definition 2.1.3. [6] A point t € T is called

a) right-dense, if a(t) = t,
b) left-dense, if p(t) = t,

c) right-scattered,if o(t) > t,
d) left-scattered, if p(t) < t.

Definition 2.1.4. [6] The graininess function u: T — [0, o) is defined by

u(t) =a(t) —t. (2.1.3)
Definition 2.1.5. [6] The set T* is defined to be T if T does not have a left-

scattered maximum; otherwise it is T without this left-scattered maximum.

Definition 2.1.6. [6] We say that a function f: T — R is delta differentiable at
t € T* if there is a number f2(t) with the property that V & > 0 there is a
neighborhood

U=({t—-6,t+6)NToftforsomes >0

3



such that

[f(c®) = F&] = FAW®I[a(t) —sl| < elo®) —sl,¥seU (2.1.4)
The number £2(t) is called the delta derivative of f on T* . We have the

following theorem:
Theorem 2.1.7. [6] Assume that f: T — R is a function and let t € T*.
Then we have:

(i) If f is differentiable at ¢, then f is continuous at t.

(i) If £ is continuous at t and t is right-scattered, then f is differentiable at t

with
iy =L (6@®) - f®) (2.1.5)
u(t)
(iii)In this case If t is right-dense, then f is differentiable at ¢t iff the limit
AORIO) (2.1.6)
sot t—s
exists as a finite number. In this case
_f@®) = f(s)
A = lim———. 2.1.7)
(iv)If f is differentiable at ¢, then
fle®) = f®) + u®OfA@®. (2.1.8)
Property 2.1.8. [6] If f is a delta differentiable function then :
a) fo(t) = f@®) +u®f®, (2.1.9)
b) (fF@)*(®) = fA () g° (@) + () g*(D), (2.1.10)

where £9(t) = f(a(1)).

Definition 2.1.9. [6] A function f: T — R is called rd-continuous if it is continuous
at right-dense and its left-sided limit exists at left-dense points t € T. The set of all
rd-continuous functions is denoted by C,; and the set of all differentiable functions

with rd-continuous derivative is denoted by C}; .



Theorem 2.1.10. [6] If f € C,.q, then f possesses an antiderivative. That is there

exists a function F with F2 = £, and in this case an integral is defined by

t
[ r@se=r@ -Fe. (21.11)
S
2.2 The Exponential Functions on Time Scales

Let T be a time scale with ¢ as the forward jump operator and A as the delta

differentiation operator.

Definition 2.2.1. [6] A function p: T — Cis called regressive if 1 + u(t)p(t) # 0,
VteT.

The set R of all regressive and rd-continuous function forms an abelian group under
the addition € defined by

(p+ @) =p) +q(®) + u©p)q(®),vteT. (2.2.1)
The additive inverse of p € R, denoted by © p is

p(t)
=7 2.2.2
©pM=-7 T Op @ (2.2.2)
Theorem 2.2.2. [6] Letp € R and t, € T. Then the .V.P
yi=p®)y,  ylt)=1 (2.2.3)

has a unique solutionon T.

The solution of the 1.V.P. (2.2.3) is called the exponential function and is

denoted by

ep(., to)- (2.2.4)
Below are some properties of the exponential functions on time scales.

Theorem 2.2.3. [6] If p and q are regressive, then

a) eg(t,s) =1landey(t,t) =1;
b) e,(a(t),s) = (1+u®p®))e, (¢, s);
c)

o) eop(t,s);



d) e,(t,s) = = egp(s,t);

ep(s,t)
e) ep(t; S)ep(sfr) = ep(t;r);

f) e,(t,s)eq(t,s) = epgq(t,s);

ep(t,s)
eq(t,s)

) ( 1 )A:_ p(®)
ep(.s) eg(,s)

9) = epoq(t,s);




CHAPTER 3
The Laplace Transform

In [5], the Laplace transform on a general time scale was defined by

(0]

Ly(©)(s) = f y(Deas(@(®), t)A,  fors € Dy}, (3.1)

to
for any function y : [t,, ) = C.
Now to find the Discrete Laplace Transform we have first to define the
discrete exponential function.
If we consider the time scale
T=NuU{0}and t, =0,
Then we have
o(t) =t +1 and u(t) =1.
For a function f : T — C we have
o) = f(t +1)—f(t) forallteT.
Therefore for any complex number s, the initial value problem
yr=sy, teT, y0) =1 (3.2)
takes the form
y(t +1)= (1+s)y(t), teT, y(0) = 1. (3.3
Hence e4(t, 0) has (for s # —1) reads
es(t, ty) = (1+s)t forallt €T.

Next, we have

—S
Os= 14+ u(t)s
S 3.4
1+ s (34)
so that the initial value problem
yA=0sy, teT, y(0) =1 (3.5)

takes the form



y(t-+1)==1{5;y(0, teT, y(t) = 1. (3.6)

Hence eg(t, 0) has the form
eos(t,0) = (1 +s)7t forallt € T.
Consequently, for any function y : Ny — C, its Laplace transform Y (s) has,

according to (3.1) the form

Y(s) = L{y}(s) = z y(£)(1 4 5)~E+D

teN,

y(k)

LT+ e

Thus the Discrete Laplace Transform can be defined as the following
Definition 3.1. The "L,-transform" of a sequence {y}r-, is a function Y(s) of a

complex variable defined by

Vi
Y(s) = Lafyi} = Z Gt DT (3.8)
k=0
for all values of s where the series converges.

and we say that the £;-transform "exists" provided there is a number N > 0 such
that :

Z # converges for |s + 1| > N. (3.9)
k=0

1
If R = lim sup|yy|k, then one of the following cases holds:

(i) If 0 <R < oo, the series (3.8) converges for |s+ 1| > R and diverges
otherwise;

(i) If R = 0, the series (3.8) converges for all values of s except possibly for
s =—1;

(iii) If R = 0, the series (3.8) diverges everywhere.

Definition 3.2. The sequence {y;}r-, is said to be "exponentially bounded" if there

isan M > 0 and a ¢ > 1 such that

Iyl < Mck fork > 0.
8



Theorem 3.3. If the sequence {y,} is exponentially bounded then the L;-transform

of {y,} exists.

Proof. Assume that the sequence {y,} is exponentially bounded. Then there is an
M > 0andac > 1 such that

[yl < McX fork > 0.

We have :

Z | V| 2
~ |s+1|k+1_s+1

and the last series is a geometric series that converges when |s + 1| > c.

(s + 1)"+1 (s + 1)|

It follows the £ ;-transform of the sequence {y; } exists.

Lemma 3.4. If r > R, the series (3.8) is uniformly convergent for values of s where

s+ 1| = .

Proof. Because r > R, there exists € > 0 such that

1
r > R + € and since = lim sup|y, |k, for the same &, there exists a natural number

and such that
Iyl < (R + &)k, forall k > n,

Now,

sglykl| z(RH)

)k+1

Therefore,

r R+ &\
( ) - 0asn — co.
r— — r

Below we mention the basic theorems related to the Discrete Laplace

Transform



Theorem 3.5. (Linearity Property)

If a and b are constant, then

Lafafy + bgi} = aly{fi} + bLa{gk}. (3.10)
Proof.

afx + bgx

Lo{afi +bgi} = G+ Dkt
k=0

oo

_ Z afy N bgx
- k+1 k+1
P (s+1) £ (s+1)

C fx C Ik
=a z v TP z e 1 1\k+1
P (s+1) ) (s+1)
Therefore, we have
Lylafi +bgr} = alalfi} + bLi{gk}

Theorem 3.6. (Discrete Laplace Transform of a shifted sequence)

Let {y; }r=o be a sequence such that its Discrete Laplace Transform exists for

|s + 1| > R and n a positive integer, then for |s + 1| > R, the following holds:

n-—1
Lo = 6+ D"Lalyid = ) ymCs + 1" (3.11)
m=0
Proof. First observe that :
yk+n

La{yrn} = G+ DFT
k=0

1 - i
= S_|_—12(5 + 1) Y4n
k=0

1 (o]
— —k+n
T 1 E (s+1) Vi
k=n

10



r © n-1
1 n
SEE N - Y s+ 1)-mym]
L k=0 m=0

=G+D" Z (s+ 1)"+1 z (s+ 1)m+1]

Therefore, we have

n-1

La{Visn} = (s + D" Ly{yi} — 2 Yy (s + DML

m=0
Theorem 3.7. (Initial Value and Final VValue Theorem)

a) If Y(s) = Ly{y;} exists for |s + 1] > R, then
lim(s +1)Y(s) = yo, lim ¥ (s) = 0 (3.12)

b) If Y(s) exists for |s + 1| > 1 and sY(s) is analyticat s = 1, then

lim y,, = limsL;{y;} (3.13)
n—-oo s—0
proof.
part (a): Since
Vi
La{yi} = z W'
k=0
we have
_ k
(s +DLalvd = ) =75
k=0
_ Vi V2
BRI T RN CF T
Thus,

Sll_)rg(s + DLalyr} = yo
lim(s + 1) Y(s) = y,.
S—00

11



Consequently,

Yo
l Y = l — =0.
im (s) = im p—— 0

Part (b): Since,

r Vi+1
d{yk+1 - yk} (S + 1)k+1 (S + 1)k+1

— lim z< Yier1 Vi )
now L (s+ 1Dk (s + 1)k+1

i 2l
Tl s+1 0 \s+1 (s +1)2 71

((s +11)2 G +11)3)y2 o ((s +11)n G +11)n+1)y” +(sin—f)1n+1]

we have,

. Yo 1 1
lim La{Yierr — Yich = lim lim S+1+(s+1_(s+1)2>y1+

((s+11)2_(5:1)3)y2+"'+<(s:1)n (S+11)"+1> (J{nﬁ]

Thus,
lim Ly{yi41 — yi} = limlim[—yy + yp44]
$—0 n—o0s-0
!Si_f)% La{yks1 —yi} = Tlli_{go[—}’o + Ynal
lim Ly{yx+1 — yx} = (lim }’n+1) — Yo-
s—0 n—oo

Hence,

im[Ly{yis1) — Lalye}] = (lim }’n+1) — Yo-
s—0 n—-oo

12



On the other side, using Theorem 3.6., we have
im[(s + D Laly} —yo = Lalyi}] = (lim yn+1) ~ Yo
s—0 n—oo

limsLy{yi}—vo = (lim Yn+1) — Yo-
5-0 n—o
Hence,
lim y,, ., = limsL{y,}
n—-oo s—-0

Definition 3.8. [9] Let {fi }x=o and {gx }r=o be two sequences. Then the convolution

of fi, and gy is defined by

K
fe * 9k = z frk-mGm- (3.14)
m=0

The following theorem presents the Discrete Laplace Transform of the convolution

of two sequences.
Theorem 3.9. (Convolution Theorem)

If F(s) exists for |s + 1| > a and G (s) exists for |s + 1| > b, then:

Lalfx * gk} = (s + DLg{fi}Lalgr} (3.15)
for |s + 1| > max{a, b}.

Proof.

Lalfi}- Lalgi} = Z (s _l_fllc)kﬂ Z (s _l_gf)kﬂ
k=0 k=0

1
"G+ 1)7 4 (s+ ¥ £ (s+ 1)k

o k
S S et
o k 1
D
3

m:

1



_ 1 fre * 9k
s+ 14a(s+ 1)k+1
k=0

st 1Ld{fk * gk }-

Therefore, we have

Lalfe * gi} = (s + DLg{fic} Lalg}-

Or

La{fi * g1} = (s + DF(s).G ().

Example 3.10. In this example we find the Discrete Laplace Transform of {f;, = 1}.

- 1
F(z) = Lg{1} = kZom

1 v 1
:(s+1)kz=(:)(s+1)k

1 1

TG+, 1
s+1

)

1
s

for|s+1| > 1.

Corollary 3.11. If L,{f;} exists for |s + 1| > r, then

k

s+1

Ly {Z ym} =Ly{1*y} = . La{yi} for |s + 1| > max{1,7r}. (3.16)
m=0

Proof. By Definition 3.8. we have

k
Z Ym = 1% yy.
m=0



Then by the convolution Theorem 3.9. we have

k
L {z }’m} = Lg{1* yi}

m=0

= (s + DLa{1}La{yic}-
Using Example 3.10. we get
: 1
L4 {Z yml = (s + D Lalyid

Hence,

K
1
ﬁd{z ym} s La{yi}-

m=0
Theorem 3.12.
Loy} =0for|s+1|>R & y,=0Vk=0123,..
Proof.
If y, =0, then L;{y;} =0,V k = 0,1,2,3, ... by definition.

Now suppose that £L;{y,} = 0, then

o)

Z (s+ 1)’“’1

Yo Y1 In
s+1+(s+1)2+ +(s+1)”+1

Multiply 3.17 by (s + 1) and then taking the limit as s — oo, we get

+ =0 (3.17)

Yo = 0.
Multiply 3.17 by (s + 1)? and then taking the limit as s — oo, we get
yl = 0.

Similarly one can prove that,

15



V2

Thus,

ye=0 Vk=0123,...
Corollary 3.13. If L;{x,.} = L4{y} for |s + 1| > R, then

X =y Vk=0123,...
Proof.

Since La{x} = La{y} = Lol — i} = 0.
Using Theorem 3.12. we have,
Xx—Yr=0 Vk=0123,...

That is

Xk = Vi Vk= 0,1,2,3, PP

16



CHAPTER 4
Discrete Laplace Transform of Elementary Functions

In this chapter, we discuss the Discrete Laplace Transforms of some

elementary discrete functions.

In the following theorem, the Discrete Laplace Transforms of the discrete

exponential function is given.

Theorem 4.1. Let a be a real number. Then

1
ﬁd{ak}=s+1—_a,f0r|5+1| > |al (4.1)

Proof.

k N ak
Ll = ), Gy
k=0

k

_i 1 a
_k=0(5+1) (s + 1)k

=si1;((si1))k

1 1

S+11_S-C|l-1

1 (s+1)
s+1(s+1—a)

1
=, s+ 1| > |al.
st+l—-a | > lal

Using Theorem 4.1 one can find the Discrete Laplace Transforms of some

trigonometric functions.

17



Corollary 4.2.
a) Forareal numberaand|s+ 1| >1,

s+ 1—cosa
Lafcos(al)} = s?2 —2scosa+2 (4.2)

sina

Lol sin(ak)} = s2—2scosa+?2 (4.3)

b) Forareal number a and |s + 1| > max{e?, e~%},

s+ 1 — cosh(a)
s2 4+ 2(s+ 1)(1 — cosh(a))
sinh(a)
s2 4+ 2(s+ 1)(1 — cosh(a))

Proof. a) By Theorem 4.1 we have :

Li{ cosh(ak)} = (4.4)

Ly{sinh(ak)} = (4.5)

. 1
[’d {(e‘a)k} = S+1——eia fOT' |S + 1| > 1,

1

Lale'™} = ————=

Since e = cos(ak) + i sin(ak), by Theorem 3.5 we have :

1

L k . . k — )
alcos(ak) + i sin(ak)} s+1—cosa—isina

1 s+1—cosa+isina

s+1—cosa—isinas+1—cosa—isina

s+1—cosa+isina
" (s+1--cosa)? + sin?a

s+1—cosa+isina

s?2+ 1+ cos?a — 2scosa + sin%a

s+1—cosa+isina

s2—2scosa+2

s+1—cosa ] sina

+1i
s2—2scosa+2 s2—2scosa+2

Hence, we conclude:

18



b)

Ly{ cosh(ak)} = L, {

s+1—cosa

Li{cos(ak)} = s2—2scosa+ 2
_ sina
»Cd{ Sln(ak)} = s2—2scosa + 2
eak +e—ak
e

1 1
= 3 Lafe™} + 5 Lo{ e™)

N| = N =

N =

2

1 4 1 ]
s+1—e* s+1—e¢

1 1
s + 1 — sinh(a) — cosh(a) + s+ 1 —sinh(—a) — cosh(—a)]

1 1
s + 1 — cosh(a) — sinh(a) * s+ 1 —cosh(a) — sinh(a)]

1| s+ 1 - cosh(a) + sinh(a) + s + 1 — cosh(a) — sinh(a)
l(s + 1 — cosh(a) — sinh(a))(s + 1 — cosh(a) + sinh(a))

2s + 2 — 2cosh(a)

1
2 l(s + 1 — cosh(a) — sinh(a))(s + 1 — cosh(a) + sinh(a))

s+ 1 — cosh(a)

(s +1 — cosh(a) — sinh(a))(s + 1 — cosh(a) + sinh(a))

s+ 1 — cosh(a)

(s + 1 — cosh(a))? — sinh?(a)

s+ 1 — cosh(a)

s2+ 14 2s —2(s + 1) cosh(a) + cosh?(a) — sinh?(a)

19



B s+ 1 — cosh(a)
~ 524 25(1 = cosh(a)) + 2(1 — cosh(a))’

Therefore, we have

s+ 1 — cosh(a)

Lal cosh(ak)} = s2+ 2(s + 1)(1 — cosh(a))’

eak _ e—ak
Ly{sinh(ak)} = L, {T}
1 1
— —_ ,ak _ _ ,—ak
= La {2 ¢ T2¢ }

1 ak 1 —-ak
=5 Lale™} =5 Lol &™)

1 1 ]
2ls+1—e% s+1—e @

1 1

2ls + 1 —sinh(a) — cosh(a) s+ 1 — sinh(—a) — cosh(—a)

1[s+ 1 —cosh(a) + sinh(a) —s — 1 + cosh(a) + sinh(a) |
2 |(s + 1 — cosh(a) — sinh(a))(s + 1 — cosh(a) + sinh(a))

2 sinh(a)
2 | (s + 1 — cosh(a) — sinh(a))(s + 1 — cosh(a) + sinh(a))

B sinh(a)
" (s + 1 — cosh(a))? — sinh?(a)

B sinh(a)
"~ 524+ 14 2s—2(s + 1) cosh(a) + cosh?(a) — sinh2(a)

_ sinh(a)
524 2s(1 — cosh(a)) + 2(1 — cosh(a))

Therefore, we have

sinh(a)
s2+ 2(s+ 1)(1 — cosh(a))

Ly{ sinh(ak)} =

20
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Theorem 4.3. If L {y,} = Y(s) exists for |s + 1| > r, then for any constant a # 0,

s+1—a>

1
k =_Y
La{a®y,} . ( a

Proof.

Y(s) = Lyfa“y}

(0]

Z a* Yk
(s + 1)k+1

i 1 ak+1yk
= (s + 1)k+1
Lia (s+1)

1 (o]
= Ez k+1

8

Therefore, we have

1 /s+1—a
L.{ak =—Y(—).
ata“yi} . p

Theorem 4.4. If Y(s) = Ly{yx} for |s + 1| > r then:

n

d
La{lk + )2yt = (=D"(s + DT Y (s).

Proof.

_ N Yk
Y(S) - kz:;) (s + 1)k+1

o)

=) G+,

k=0

21
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Y'(s)=—= ) (k+1)(s+ 1)k 2y
,Z:o )
Y"(s) = Z(k + 1)k +2)(s + 1)* 3y,
k=0

Y'(s) = — Z(k + D)k + 2)(k +3)(s + 1)F 4y,
k=0

Taking the derivative continuously with respect to s, we reach
y®™(s) = (=1)" Z(k 1)k +2) . (k +n)(s + 1)~k 1y,
k=0

Therefore,

S (k+ Dk +2)...(k+n)
(s + 1)K+ Ve

DY (s + D" =
k=0

Hence,

n

d
Lailk + )ty = (=D"(s + D" -2 Y (s).

Corollary 4.5. For any integer n > 0,

n

1\ " n!
La{(k +m)n) = (1 + ;) " (4.8)
Proof. From Theorem 4.4., we know,

n

d
La{lk + )Ry} = (=D)"(s + D" 2 Y (s).

Letting y, = 1, we have

n

d
La{(k +n)21} = (—D"(s+ 1)”EY(S)

n

22



n!
sn+1

=D+ DD

B (s+1>"n!
"\ s s’

Therefore, we have

nn,

1 !
ctternm = (1422
e+ =(1+-) <
Theorem 4.6. Forn = 1,2,3, ...,

Ld{kn} = ik

Sn+1

for |s| > 0.

Proof. We will use mathematical induction.

For n=1,

ok
L= 0 e
k=0

_i 1 k
_k=0(5+1)'(s+1)"

1 — k
=(s+1)kZO(s+1)k

1 w— k
=<s+1>;<s+1)k

1 o k+1
_(s+1)k_0(s+1)k+1

(4.9)

_ 1
T (s+1)

Lgtk} = [Lalk} + Ly{1]]

(s+1)

23
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(s + DLy{k} = Lok} + Ly{1}
(s + DLalk}—Lalk} = La{1}
Lafk}(s +1-1) = Ly{1}

sLa{k} = La{1}
sLa{k} = -
Thus,
Lofk} = siz

Now suppose it is true for n < m.

km+1

k=0

Z(m + 1)km( >Wl

[_ e s(s+ 1)"

oo

1 1

k=0

m+ 1 1
S
s & (s+1)

_m+1

Lq{k™}

m+1 m!
S Sm+1'

Therefore, we have
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(m+ 1)!

Sm+2

La{km1) =

Theorem 4.7. For a positive integer n,

La {(ﬁ)} = Sn1+1- (4.10)

Proof.

(=]

Therefore, we have

caf()} =

Theorem 4.8. For any positive real number r,

)= () & srust @11

Proof. We know that for any positive real number r and |x| < 1, we have the

formula

1+x) = Z (;) x™.

Replacing x by % we get,
S

(1) =2 ()

k=0

)
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Therefore, we have

r s+2\ 1
La {(k)} N (s n 1) s+1
The unit impulse sequence §(n),n = 1, is given in the following definition.

Definition 4.9. [9]

-3 47

In the following theorem the Discrete Laplace Transform of the unit impulse

sequence is given.

Theorem 4.10.
1 n+1
Ld{6k(n)}=<s+—1> . (4.13)
Proof.
1)
R
k=0
_ 1
“Gro

Below after we define the unit step sequence we percent its Laplace

Transform.
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Definition 4.11. [9]

_ (0 if0<k<n-1
uk(")_{1 if k=n

Theorem 4.12. For any positive integer nand |s + 1| > 1,

1

Lotu,(n)} = m

Proof.

u(n)
i (S + 1)k+1

B (s + 1)k+1
k=n

La{ux(n)} =

- 1
= Z n+k+1
e, (s+1)

! i 1
T (s+ D i (s + 1)k+1

1

“Grontety

11
S (s+Dns’

Theorem 4.12. can be generalized as follows.

Theorem 4.13. For any positive integer n,

La{yr-nux(M)} = (s + DT Ly{yx}-
Proof.

La{yk-nur(m)} = gr—m
k=0

27
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z Yk-n
— (s + 1)k+1

_ 2 Vi
- k+n+1
o (s+1)
_ 1 Z k
- n k+1"
(s+1) o (s+1)
Therefore, we have
1
La{yk—nur(m)} = mﬁdbﬁc}-
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CHAPTER 5

APPLICATIONS

In this chapter we are going to discuss some applications of the Discrete

Laplace Transform.

5.1 Second Order Difference Equations with Constant Coefficients

Let's consider the general second order difference equation

A2Yk+2 t QY41 + QY = fr» k=1012,..

with the following initial conditions

Yo=bo , y1=Dby

Applying the Discrete Laplace Transform to both sides of equation 5.1.1 and

using 5.1.2 we get

Or

az[(s + 1?Y(s) = (s + Dyo — y1] + a1 [(s + DY (s) — yol + agY (s) = F(s),

where

La{azYkiz + a1YVis1 + oY} = Lalficd

Y(s) = Lalyk}
F(s) = La{fic}-
Hence,

Y(s) = [(s + Da; + ai]yo + azy1 F(s)
a,(s+1)2+a;,(s+1D)+a; a,(s+1)2+a,(s+1)+a,

Thus,

29



[(s + Da, + a1]yo + azyq F(s) }

t) =Ly "
y(®) d {az(s +1)2+a(s+1)+ay a,(s+1)?+a;(s+1)+ag

We can also apply the Discrete Laplace Transform to solve system of linear

equations. For example, consider the system

Upsr — Vg = —1
k+1 k (5.1.3)
—Ug + Vk+1 = 3
where,
Uy = 0 , Vg = 2. (514)

Now, if we apply the Discrete Laplace Transform to the equations in the

system 5.1.3 and using the conditions 5.1.4, we get the algebraic system,

(s+1DU(s)—V(s) = —%

5.15
3+ 2s ( )

—U(s)+ (s+1DV(s) =
where,
U(s) = La{uyg}

V(s) = Lafvi}.
Solving 5.1.5 for U(s) and V(s), we get

1
U(S) =S_2

1 2
V(S) = —2+—.
S S

Hence,

and



5.2 Volterra Summation Equation of Convolution Type

we consider the following equation

k-1
Yie = fx + Z Uk-m-1Ym k=0 (5.2.1)
m=0

where f;, and u_,,_, are given.

obviously y, = fo,

and
k
Ye+1 = freer T Z Uk—mYm - (5.2.2)
m=0

Applying the Discrete Laplace Transform to both side of equation 5.2.2, we

get
k
La{yrs1} = Lalfierr} + La {2 U -mYm }'
m=0
or
(s+1DY(s)—yo=(6+DF(s)—fo+(+1DU(s)Y(s),

where

Y(s) = La{yk}
F(s) = La{fx}
U(s) = La{ug}

We find Y(s) as

F(s)
YO=1T06
_ 1
REPT LS
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1
= (S+1)(s+1)(1—U(s))F(S)'

Thus,

y(t) = zk: Vi-mfm

m=0

where,

_L_l{ 1 }
L [ TS §
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Table 1. List of Discrete Laplace Transform

Sequence d- Laplace Transform
1
1 Z
S
ak !
s+1—a
1
g 5
1 2
2
g R
n!
kﬂ Sn+1
sina
sin(ak
(ak) s2—2scosa+2
cos(ak) s+1—cosa
s2—2scosa+2
inh(ak) sinha
Stia s2+2(s+1)(1 —cosha)
h(ak) s+ 1—cosha
coshita s2+2(s+1)(1 —cosha)
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Table 2. List of Discrete Laplace Transform

Sequence d- Laplace Transform
1 n+1
8.(n) (=)
s+1
1
we(n) s(s+1)n
kyi —(s+1DY'(s) =Y(s)
fie * 9 (s + DF(s).G(s)
k s+1
> m Y(s)
m=0 S
K 1 s+1—-a
a’yi -Y (—)
a a
n-1
Viern (54 D"Lalyi} = ) Ymls + D7
m=0
Yi-nfr () my(s)
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CHAPTER 6
CONCLUSION

The Laplace transform is considered as the one the most important among
various integral transforms that contributed in the development of the theory of
differential equations. The question whether these transforms have discrete analogue,
still needs an answer.

In this thesis, the discrete analogue of the Laplace transform is defined using
the definition of the Laplace transform on a general time scale. The main theorems
related to this transform are stated and the Laplace transforms of the most important
functions are derived.

Unlike differential equations which can be solved by several transform
methods, there is only one summation transform called Z-transform used to solve
difference equations. However solving difference equations using Z-transform needs
tedious and intricate calculations. Even though there is a strong relation between the
Z-transform and Discrete Laplace Transform, the Discrete Laplace Transform can
be considered to be a rival to the Z-transform that reduces these calculations to

minimum.
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