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ABSTRACT 

 

 

LINE INTEGRAL REPRESENTATION OF FRINGE WAVES FOR 

PERFECTLY CONDUCTING AND IMPEDANCE SURFACES 

 

 

 

BA�DEM�R, Hüsnü Deniz 

Ph.D., Department of Electronic and Communication Engineering 

Supervisor: Prof. Dr. Yusuf Ziya UMUL 

 

May 2014, 63 pages 

 

 

 

In this thesis, surface diffraction was investigated for perfectly conducting and 

impedance cylinders. Moreover, the line integral representations of fringe fields were 

derived analytically and generalized with using the unit vectors of related edge 

contours. Hence, the method of physical theory of diffraction was improved with 

reducing the scattering surface integral to line integral. The derived expressions were 

applied to perfectly conducting parabolic reflector geometry for investigation of 

exact diffracted fields. In addition, uniform expressions of scalar fringe waves which 

are based on the physical theory of diffraction method are derived for an impedance 

half-plane. The asymptotic and uniform expressions were compared for the 

impedance half-plane geometry. All these mentioned fields were plotted and 

analyzed numerically.  
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ÖZ 

 

 

 

MÜKEMMEL �LETKEN VE EMPEDANS YÜZEYLER �Ç�N SAÇAK 

ALANLARININ Ç�ZG� �NTEGRAL GÖSTER�M� 

 

 

 

BA�DEM�R, Hüsnü Deniz 

Doktora, Elektronik ve Haberle�me Mühendisli�i Anabilim Dalı 

Tez Yöneticisi: Prof. Dr. Yusuf Ziya UMUL 

Mayıs 2014, 63 sayfa 

 

 

 

Bu tezde, mükemmel iletken ve empedans silindirler için yüzey kırınımı 

incelenmi�tir. Dahası saçak alanlarının çizgi integral gösterimi analitik olarak 

türetilmi� ve kenar hattıyla alakalı birim vektörler kullanılarak genelle�tirilmi�tir. 

Böylece kırınımın fiziksel teorisi metodu saçılma yüzey integrallerinin çizgi 

integraline indirgenmesiyle geli�tirilmi�tir. Kesin kırınım alanlarının ara�tırılması 

için türetilen ifadeler mükemmel iletken parabolik yansıtıcı geometrisine 

uygulanmı�tır. Buna ek olarak, kırınımın fiziksel teorisi metoduna dayanan sürekli 

saçak alanlarının ifadeleri bir empedans yarım düzlemi için türetilmi�tir. Empedans 

yarım düzlem geometrisi için asimptotik ve sürekli cinsinden ifadeler 

kar�ıla�tırılmı�tır. Bahsedilen bütün alan ifadeleri çizdirilmi� ve sayısal olarak analiz 

edilmi�tir. 

 

Anahtar Kelimeler: Yüzey Kırınımı, Kenar Kırınımı, Saçak Alanlar. 
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CHAPTER 1 

 

INTRODUCTION 

 

 

1.1 Background 

 

In general, wave radiation has to be analyzed by taking into account scatterers. 

Scatterers are finite structures. These structures reflect waves from uniform tangent 

planes or diffract waves from their non-uniform parts [1]. In a medium, total field 

consists of incident field ( )ii HE
��

,  and scattered field ( )ss HE
��

, . Incident fields are 

produced by a source in the absence of any scatterer. Total electric and magnetic 

fields can be written as 

 sit EEE
���

+=  (1.1) 

and 

 sit HHH
���

+= . (1.2) 

Exact solutions of the scattered fields must satisfy the Helmholtz equation and 

related boundary conditions. Helmholtz equation is a differential equation that can be 

solved by using the method of separation of variables if the scatterer’s geometry is 

suitable. Diffraction problems are one of the most popular investigation fields of 

scattering problem, solutions of which are obtained by using different methods. 

There are three major groups of solution methods. The first one is analytic, the 

second one is numerical and the last one is asymptotic methods. If the variables 

cannot be separated, this means that the geometry is complex and then high 

frequency asymptotic techniques are preferred. In this thesis work we are interested 

in the high frequency (HF) asymptotic techniques. The high frequency asymptotic 

condition is satisfied when 1>>ρk , where k  is the wave number, and ρ  is the 

distance between source and observation point. This technique deviates from two 

major groups which are ray-based and current-based. Geometrical optics (GO), 
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which is one of the ray based techniques, indicates that in the high frequency, 

electromagnetic waves travel like rays in the vacuum [1]. This method shows us 

incident and reflected fields, and these fields help us to determine the good and bad 

zones for the communication. However, this technique does not include diffraction 

phenomena. GO fields, which are directly reaching the observation point is not 

affected by the scatterers. However, GO does not include the diffracted fields. 

Geometrical theory of diffraction (GTD) [2] and its uniform version of uniform 

theory of diffraction (UTD) [3] are popular ray-based techniques for investigation of 

diffraction problems. These techniques have a problem at the caustic regions. They 

give infinite field values at those regions. Both current-based and integral-based 

techniques eliminate this problem. PO, which was suggested by McDonald is one of 

them [4]. It is based on the integrating current, which is induced on the scatterer’s 

surface. Although the technique is accurate in the applications, it gives wrong 

diffracted fields on the edges. The second defect originates from its definition where 

the contribution from the shadow part is excluded. These defects were fixed in 

physical theory of diffraction (PTD) method, which was suggested by Ufimtsev in 

1950s by defining additional correction current [5]. Ufimtsev called this current 

“non-uniform current”, whereas the other authors called “fringe current”. Scattered 

field consists of the composition of the uniform and non-uniform field components 

according to the PTD. The uniform field component is obtained by using the PO 

method. The non-uniform field component is the result of the fringe current which 

flows on the discontinuity of the scatterer [6]. Sommerfeld's exact expressions of the 

non-uniform currents were presented for the numerical computations by Ufimtsev 

[7]. PTD technique is based on this correction current. The more general form of the 

PTD was developed for electromagnetic edge waves by Ufimtsev [8]. PTD is based 

on the concept of the elementary edge waves. Grazing singularities of the PTD were 

eliminated by Ufimtsev for electromagnetic and acoustic wave problems [9-10]. 

Unfortunately, the method of PTD can be applied just for solution known problems. 

This originates from its definition. The new and interesting method for obtaining the 

exact solution of diffracted fields from perfectly electric conducting (PEC) surfaces 

is the modified theory of physical optics (MTPO) [11]. This technique eliminates all 

mentioned difficulties by defining three axioms, which are considered the scatter and 
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aperture surface, the angles of transmission and reflection are taken as function of the 

scatter and aperture coordinates, and a redefined new unit vector. 

 

Pathak performed an UTD analysis of the scattered fields from a PEC cylinder in 

1979 [12]. Asymptotic expression for the scattering by a perfectly conducting 

cylinder was investigated by Franz [13]. A new method for investigation of the plane 

wave scattering by a perfectly conducting circular cylinder near a plane surface was 

presented by Borghi F., Santarsiero M., Frezza F., Schettini G [14]. Asymptotic 

expansions of exact solutions for the scattered fields from perfectly conducting 

cylinder were investigated on the complex plane and critical discussions GO, PO and 

GTD were presented by Kouyoumjian [15]. Diffracted and reflected fields by any 

convex cylinder were constructed by Keller [16]. The eigen-function solution for 

electromagnetic scattering by the cylinder was published in 1881 [17], the parabolic 

cylinder in 1914 [18]. Debye obtained asymptotic approximation for the current on 

the illumination side of the cylinder by using the saddle point method [19]. Riblet 

gave the first two terms of the asymptotic expansion of the current on the illuminated 

part of the cylinder [20]. Wetzel published a study about the high frequency currents 

on the all parts of the cylinder [21]. Wait obtained the current on a parabolic cylinder 

in the vicinity of the shadow boundary [22]. An analytical solution was presented for 

the electromagnetic scattering from a dielectric cylinder by Lawrence and Sarabandi 

[23]. Scattering from a perfectly conducting cylindrical reflector was examined by 

Yalçın [24]. Physical optics integral was obtained for a cylinder by Umul at all. [25]. 

Plane wave scattering by a perfectly conducting circular cylinder near a plane surface 

was investigated by Borghi at all. [26]. Diffraction of waves generated by magnetic 

line source by the edges of a cylindrically curved surface with different phase 

impedance was presented by Büyükaksoy and Uzgören [27]. The diffracted fields 

from the smooth convex perfectly conducting surface and the contributions of the PO 

and PTD currents which are described in terms of the Fresnel function and the non-

singular Pekeris functions were investigated by Michaeli with the method of PTD 

[28]. Equivalent surface currents were implemented in a standard general purpose 

PTD code by Syed and Volakis for a number of impedance and coated structures 

[29]. PTD was applied to a perfectly conducting cylinder to investigate the diffracted 

fields by Ba�demir [30-31].  
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The third chapter of this thesis is allocated for investigation of the surface diffraction 

from PEC and impedance cylinders. The contribution of this work is in the 

application of the PTD method, both for impedance and PEC cylinders. Although 

PEC cylinder was investigated previously by us [30], according to our knowledge, 

there is no work in the literature about the application of the PTD to an impedance 

cylinder for the investigation of the surface diffraction. The PEC cylinder will be 

revisited for increasing the intelligibility of the applied method. Using PTD method, 

the fringe currents and the fringe fields will be obtained and the contributions of 

these related to the scattered fields and the impacts of the surface diffraction will be 

investigated in the third chapter. 

 

Young first proposed the physical meaning of the scattered fields from a knife edge 

by the superposition of the incident and edge diffracted fields [32]. Although his 

valuable idea was allowed to show the interference characteristic of the scattered 

fields, his interpretation did not based on mathematics. Therefore, this proposal was 

dominated by the Fresnel's theory of diffraction. Later on, Maggi and Rubinowitz 

independently derived mathematical expressions for the qualitative representation of 

the Young’s idea by using the Kirchhoff's integral formula [33-34]. The obtained line 

integrals are the reduction forms of the surface integrals to the line integrals and the 

evaluation of these integrals directly gives the edge diffracted fields. This theory 

provides the investigation of the diffracted fields independently from the total 

scattered fields. However, Ganci's works on the half plane showed that the solution 

of the Maggi-Rubinowitz (boundary diffraction wave, BDW) gives an approximate 

solution like physical optics (PO) [35-36]. Ufimtsev improved his theory with 

reducing his surface integrals to reduce the edge point contributions but he did it 

indirect and heuristic considerations [37]. Mitzner and Michaeli also used this 

surface to edge reduction technique independently [38-39]. The result of the 

Mitzner’s work was formulated in terms of the incremental length diffraction 

coefficients (ILDC) and the Michaeli's work was formulated in terms of the 

equivalent edge currents (EEC) for wedge like solutions. Both approaches were 

compared by Knott [40]. Michaeli's expressions are finite for all directions of 

incidence and observation for edges. In the oblique incidence observation point is 

described with two different angles. The first one, β  is related with the edge contour 
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and second one, φ  is related with the plane of the perpendicular incidence [39]. The 

scattering angle β  was taken different from the incident angle according to Michaeli 

for the case of oblique incidence. Thus, the equivalent edge currents were improved 

for the observation points that are out of the Keller’s cone. The angle β  is the 

function of the integral variable but he did not modify the φ  angle. According to the 

equivalent edge current method of Michaeli, the angle φ  is not a function of the 

integration variable. However, the angle φ  becomes variable at the discontinuity of 

an edge. Because of this, at the corners, the method gives wrong diffracted fields. 

Umul has overcome this corner problem with defining the exact form of the 

equivalent edge currents by using the axioms of the modified theory of physical 

optics (MTPO) [41-42]. The curved surface diffraction has been studied by many 

researchers. The scattering of the electromagnetic fields from the curved surfaces 

was studied by Büyükaksoy and Uzgören [43], and also Akduman and Büyükaksoy 

[44]. Scattering of a line source from a cylindrical parabolic impedance reflector was 

investigated by Umul [45]. Scattering from a cylindrical reflector which is fed by an 

offset electrical line source was investigated by Yalçın [46].  

In the fourth chapter of this thesis, rigorous form of the fringe field expressions will 

be obtained and generalized by using the unit vectors. The obtained expressions will 

be applied to the parabolic reflector geometry, which has the PEC boundary 

condition and is fed by the H-polarized magnetic line source. The method that is 

based on the MTPO axioms will be applied. 

 

The half-plane problem is one of the most fundamental problems of diffraction 

phenomena. Exact solution of this problem was obtained for the PEC case by 

Sommerfeld in 1882. Ufimtsev's PTD is based on this exact solution. Non-uniform 

fringe fields can be obtained by the subtraction of asymptotic PO fields from 

asymptotic exact solutions. Similarly, uniform fringe fields can be obtained by 

subtraction of uniform PO fields from uniform exact solutions of the related 

geometry. Using the uniform fringe fields instead of the non-uniform version is more 

reliable. Umul pointed out after a comparison that the values used by Ufimtsev were 

quite large and not giving the correct results for the fringe fields [47]. According to 

Umul’s work, approximate expressions are not valid in the transition regions. 
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Therefore, the solutions that are represented by the Fresnel functions must be used 

for the scattering problems [47]. Syed and Volakis derived PTD formulation for 

investigation of radar cross section (RCS) and they presented their formulation for 

impedance and coated structures [48]. Although PTD results for different impedance 

structures were presented by Syed and Volakis, fringe field expressions were not 

studied analytically and numerically. In addition, the work does not include the 

uniform version of the fringe field expressions and results were analyzed in terms of 

the total fields. In the literature, there are lots of applications on the diffraction 

analysis for impedance surfaces such as land-sea transition, solar cell panels on 

satellites and edges of high performance antennas [49-52].  

In the fifth chapter of this thesis, uniform fringe field expressions for impedance 

half-plane will be investigated. Although the diffraction from a half-plane was 

studied by many researchers according to our knowledge, there is no study on the 

application of the PTD method to an impedance-half plane. Moreover, uniform 

expressions of fringe fields have not been examined for an impedance half-plane. It 

will be examined in this thesis for the first time. Additionally, uniform and non-

uniform expressions will also be derived and compared numerically. Differences will 

be examined according to the distribution of fringe field. All these mentioned fields 

will be analyzed numerically in the numerical parts of the chapters by using 

MATLAB. 

 

The time factor of ( )tjωexp  is assumed and suppressed throughout the thesis where 

ω  is the angular frequency. 

 

1.2 Objectives 

 

The primary aim of this study is to reduce of the scattering surface integral to a line 

integral in order to directly obtain the edge diffracted fringe fields. Thus, the 

obtained integral expression is generalized for the PEC case. The derived fringe 

expression is used for investigation of the contribution to the scattered fields for 

parabolic reflector geometry. Moreover, the contribution of the diffracted fields to 

the scattered fields for different geometries such as half-planes and cylinders with the 

impedance boundary conditions is also studied. The method, which is used for this 
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aim is the physical theory of diffraction (PTD). The derived expressions of the fringe 

fields are transformed into uniform versions. In some applications, asymptotic and 

uniform fringe field expressions are compared. All these field expressions are 

analyzed numerically. 

 

 

1.3 Organization of the Thesis 

 

This thesis contains six chapters. All the necessary information about the reduction 

of the scattering surface integral to line integral representation, methods used for the 

derivation of the fringe fields and numerical analysis of these fields can be found for 

different geometries. 

Chapter 1 is an introduction to the history of edge diffraction and objectives of this 

thesis.  

Chapter 2 includes an introduction of the physical optics and physical theory of 

diffraction technique which will be used in this thesis. In addition, line integral 

representation of fringe fields and generalization process are introduced. 

In Chapter 3, generalized form of the fringe waves for perfectly electric conducting 

edge and its application of the parabolic reflector are studied.  

In Chapter 4, perfect electric conducting and impedance cylinder application of the 

PTD in terms of the series solutions are investigated. 

Chapter 5 includes the derivation of the fringe fields for an impedance half-plane and 

comparison of the asymptotic and uniform fringe fields. 

Chapter 6 includes the conclusion part. 
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CHAPTER 2  

 

CURRENT BASED TECHNIQUES 

 

2.1 Fundamental Concept of the Current Based Techniques   

 

The exact solutions of the scattered fields can be obtained by the solution of the 

Helmholtz equation for appropriate geometries. In some cases, especially for the 

complex geometries, solution methods can be inadequate for the Helmholtz equation. 

The expressions are not separated to variables because of the complexity of 

geometries. In this situation, high-frequency asymptotic techniques are more suitable 

to obtain the scattered field expressions. The current based techniques are one of the 

most known high frequency asymptotic techniques. The basic idea for this 

approximation is to define an equivalent current on the tangential plane of the 

scatterer object by the incident field. This approximation is valid in the high 

frequencies, which means that 1>>ρk  when compared with the scattering object. In 

this case, k  is the wave number and ρ  is the observation distance. Figure 1 shows 

the induced current on the scattering object.  

S

∞→σ

ii HE
��

,

esJ
�

 

Figure 1 Induced surface current by incident wave 

  

It can be seen from the Fig. 1 that esJ
�

 is the induced electric current by the incident 

wave. Induced current can be thought as the source of the scattered field. This 

current is modeled mathematically with respect to the boundary conditions of any 

scatterer’s surface. Scattered field includes geometrical optical fields which are 
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incident ( )iE
�

, reflected ( )rE
�

 fields respectively and also includes diffracted fields 

( )dE
�

. Examples of the current based techniques are the modified theory of physical 

optics (MTPO) [11], physical optics (PO) [4] and physical theory of diffraction 

(PTD) [5]. 

 

2.2 Physical Optics (PO) 

 

In the high-frequency asymptotic techniques, the PO and its scalar version, called the 

extended Kirchhoff integral, are useful methods for investigation of the scattering 

phenomena. The method PO was suggested by Mcdonald in 1913 [4]. It can be a 

good prediction of the scattered fields for large metallic objects. Since the situations 

of reflection and diffraction have a local character in high-frequencies, the related 

approximation is valid for the problems where the size of the scatterer is sufficiently 

greater than the wavelength. According to this technique, induced field on the object 

is determined by the geometrical optics. Geometrical optics (GO) gives us the 

electromagnetic waves that travel in ray tubes at high frequencies. For this reason 

this technique is generally named as ray optics. In a homogeneous medium, energy 

moves along ray paths that are straight lines. We can assume the surface of the 

scattering object as an infinite tangential plane with respect to small wavelength 

according to obstacle. This surface is called geometric optic surface. The main idea is 

to achieve current on the scatterer. Current induced by the incident field can be 

written, 

 tPO HnJ
���

×=  , in the lit region (2.1) 

and 

 0=POJ
�

, in the shadow region (2.2) 

where n
�

 is the unit normal vector which is outward from the illuminated part of the 

scatterer as shown in Fig. 2. Keep in mind that PEC case is considered. tH
�

 is the 

total magnetic field intensity. It is defined on the scatterer’s surface. Since PO takes 

the reflected fields as GO fields, the total field on the surface is twice of the incident 

field. 
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Object

Shadow

 

Figure 2 Physical optics lit and shadow regions  

 

 In the far field total scattering PO field can be found 

 AjE PO
s

��
ω−≅  (2.3) 

from the Eq. (2.3). A
�

 shows the magnetic vector potential. For finding the magnetic 

vector potential, physical optics scattering integral is written as 

 '
4 '

0 dsGJA
S

PO��=
��

π

µ
 (2.4) 

where the integral is defined over the scatterer's surface. The term G  is the free 

space Green’s function and equal to 
R

jkR)exp(−
 where minus sign in the exponential 

term corresponding the waves is propagating in the outward direction, and R  is the 

distance between the source and observation point. Green’s function includes the 

phase and magnitude variations information away from the source. The method PO 

has two important defects. The first one is the incorrect contribution of edge 

diffraction to the scattering integral. This defect was eliminated by Umul by using 

modified version of the surface currents [11]. He obtained the exact solution of the 

edge diffracted waves for PEC half-plane by using this method. Later on, this method 

was extended for wedge problem by Umul [53]. The second defect of the PO method 

is the absence of the shadow surface currents. These are the results of the definition 

of PO method. The PO approximation is based on the GO and GO predicts zero field 
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in the shadow region. Thus, the surface currents on this part of scatterer are taken as 

zero. For this reason, it is not possible to evaluate the exact scattered fields with a 

wedge by using PO method since PO only takes into account the illuminated part of 

the scatterer and reduces the wedge problems to the half-plane. The physical theory 

of diffraction (PTD) was proposed by Ufimtsev to overcome this defect [5]. 

 

2.3 Physical Theory of Diffraction (PTD) 

 

As mentioned before, it is not possible to evaluate the exact scattered fields by using 

the PO method because of its definition. The PO current limited only the illuminated 

part of the scatterer, so it leads to wrong diffracted field contribution to the scattered 

field. In this situation, PO reduces the wedge like geometries to the half-plane 

problem. For this reason, a method called physical theory of diffraction was 

introduced by Ufimtsev in 1950’s [5]. The aim of the method is to obtain the exact 

wedge diffracted waves by using the exact solution. When Ufimtsev was improving 

the PO technique, he was aware of the Sommerfeld’s exact wedge solution [54]. The 

fundamental idea of Ufimtsev’s concept is to divide the induced current into two 

components. This total current can be thought as the source of the scattered field. It 

can be defined as 

 nonuniformuniformt JJJ
���

+=  (2.5) 

in terms of the uniform and non-uniform currents. First part, uniformJ
�

, is called the 

uniform part of the current. This part is obtained from the PO. PO current is 

described on the lit region of the scatterer’s tangential surface which is called the 

geometric optic surface. PO approximation is based on the GO fields. Since GO 

predicts zero field in the shadow region, the shadow current is taken as zero by the 

PO method. The incident wave shows equal distribution over the tangential plane. Its 

amplitude is constant and its phase is a linear function of the plane coordinates. 

Because of this it is named as the uniform component. The currents which are 

induced over the tangential plane of the scatterer are defined by taking into account 

the surface boundary conditions. The PTD method is valid for both acoustic and 

electromagnetic surfaces. The relation between the acoustic and electromagnetic 
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surfaces has to be described. On the acoustically soft plane, total field on the 

scatterer is equal to zero and can be written as 

 0=
softtu  (2.6) 

but its normal derivative is different from zero. On the acoustically hard plane, total 

field can be given as 

 ihardt uu 2=  (2.7) 

but its normal derivative is equal to zero on the surface. On a PEC surface the 

tangential component of the electric field intensity is equal to zero. If the electric 

field polarization is parallel to the edge of the scatterer, this time surface is called 

perfectly magnetic conducting (PMC) surface. These conditions tell us for 

electromagnetic boundary conditions in the acoustically soft plane, tangential 

polarization of the incident electric field is different from zero but incident magnetic 

field is equal to zero and in the acoustically hard plane, tangential polarization of the 

incident electric field is equal to zero but incident magnetic polarization is different 

from zero. Acoustically hard plane is described as PEC surface in the 

electromagnetic and acoustically soft plane is described as PMC surface in the 

electromagnetic. The main contribution of PTD to the diffraction phenomena is the 

non-uniform part which is introduced by Ufimtsev. Non-uniform parts are the 

discontinuity of the scattering objects. In Fig. 3 the edge, smooth bending and 

discontinuity of curved surface are given as the examples of discontinuities. 

 

 

a b c
 

Figure 3 Different shapes where the incident field generates the non-uniform source  
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As seen in the Fig. 3, a is the sharp edge, b is the smooth bending and c is the 

discontinuity of curvature. These discontinuities are the reason of diffraction. Current 

induced on these discontinuities, especially on the edges, was called fringe currents 

and the fields which are radiating from these discontinuities were called fringe fields 

by the Ufimtsev [5]. Actually, Ufimtsev did not find the non-uniform currents; 

instead, he evaluated the non-uniform field due to the non-uniform current. Ufimtsev 

obtained this fringe fields subtracting PO scattered waves from the Sommerfeld’s 

exact solution. Special feature of this technique allows us to calculate the fields 

which are in the shadow and the caustic regions. Although this technique is just 

applicable for the solution known problem, its serious contributions to the 

technology can’t be disregarded. With the contribution of this technique to the 

modern low radar cross-section systems, Lockheed Martin produced F-117 Stealth 

Fighter airplane. 

 

2.4 Theory of Line Integrals 

 

The diffraction phenomenon is based on the radiation and interference properties of 

waves. Early interpretation about diffraction process is observed by Newton's 

explanation. According to Newton, light consists of particles. Hence, diffraction is a 

natural result of the compelling effect of discontinuities on the particles. However, 

Young proved the wave nature of the light with his well known double slit 

experiment in 1802 [55]. Young first proposed the physical meaning of the scattered 

fields from a knife edge by the superposition of the incident and edge diffracted 

fields. It is important to note that scattering integral consists of the surface integral. 

Hence, for obtaining the edge diffracted fields, total surface integral has to be 

reduced to line integral. The similar procedure was applied by Maggi and 

Rubinowicz [33-34]. Maggi and Rubinowicz showed independently that Kirchhoff’s 

integral can be decomposed as the sum of two terms. The first one represents the 

undisturbed wave which is directly propagates through an aperture and the second 

one represents the diffracted wave. In the introduction part, similar studies of authors 

about the reduction process were mentioned. In this part, we will concentrate on the 

reduction of the Kirchhoff's surface integral to a line integral in order to directly 
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obtain the edge diffracted field. The investigation of the diffracted fields from a half-

plane will be illustrated.   

The scattering surface is given in Fig. 4. The half-plane is lying on the 

surface [ ) ( ){ }∞∞−∈=∞∈ ,,0,,0 zyx . The total field is equal to zero according to the 

Dirichlet (soft) boundary condition.  

 

�x

�y

�
0φ

�
yen
��

=

β
φ

ρ
R

P

Incident wave

 

Figure 4 The geometry of the soft half-plane 

 

The Kirchhoff's surface integral is given as 

 ( ) [ ]�� ⋅∇−∇=
S

dSnuGGuPu
�

π4

1
 (2.8) 

where u  is the total field, G  is the Green's function and n
�

 is the unit normal vector 

of the surface, respectively. The Dirichlet boundary condition is written as  

 0=
S

u . (2.9) 

The surface is illuminated with the plane wave of 

 ( )00 sincos
0

φφ yxjk
i euu +=  (2.10) 

where 0u  is the any component of the electric or magnetic field. After application of 

Eq. (2.9) to Eq. (2.8), according to PO the expression is 

 ( ) �� ∂

∂
=

'

'

4

1

S

dS
n

u
GPu

π
 (2.11) 

where 
n

u
∂

∂  is equal to 
y

u
∂

∂ . Total field is written as 

 iuu 2=  (2.12) 

Hence Eq. (2.11) is written as 
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jkR
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e
e
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π

φ
 (2.13) 

where R  is the ray path and equal to ( ) ( )[ ]2

1
2'22' zzyxx −++− . The 'x  part can be 

reduced asymptotically by the well-known edge point technique [11]. The edge point 

technique is written as 

 ( ) ( ) ( )
( )

( )
�
∞

−− ≈
a

ajkgxjkg e
ag

af

jk
dxexf

'

1
. (2.14) 

The phase function of Eq. (2.13) is written as 

 ( ) Rxxg −= 0
'' cosφ . (2.15) 

The first derivative of the phase function is obtained as 

 
R

xx

dx

dg '

0'
cos

−
+= φ  (2.16) 

where 
R

xx '−  is equal to αcos−  from Fig. 5. 
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Figure 5 The angles of the scattered field 

 

The phase function takes the form as 

 ( ) eRg −=0  (2.17) 

at the edge of the scatterer where eR  is the ray path from edge to observation point 

P  and equal to ( )[ ]2

1
2'2 zz −+ρ . The first derivative of phase function of Eq. (2.15) 

is given by 

 ( ) eg αφ coscos0 0
' −=  (2.18) 
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keep in mind that α  is equal to eα  at the edge. The amplitude function is obtained as 

 ( )
eR

f
1

0 =  (2.19) 

at the edge. After the application of the edge point technique, Eq. (2.13) is rewritten 

as 

 ( ) �
∞

−∞=

−

−
−=

'

'

0

0

coscos

sin

2

1

z e

jkR

e

d dz
R

e
Pu

e

αφ

φ

π
 (2.20) 

and reduced form of the surface integral is obtained. The Fig. 6 shows the angles of 

generalization process. 
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Figure 6 The angles of generalization process 

 

The angles can be represented in terms of the unit vectors. They can be written as 

 ie nn
��

×=0sinφ , (2.21) 

 ie en
��

×=0cosφ  (2.22) 

and 

 ree en
��

×=αcos  (2.23) 

respectively. 

Hence, the generalized edge diffraction integral is derived as 

 ( )
( )�

−

−⋅

×
−=

C e

jkR

rie

ie
d dl

R

e

een

en
Pu

e

���

��

π2

1
 (2.24) 

for an arbitrary soft surface. 
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CHAPTER 3 

 

DIFFRACTION BY CYLINDERS 

 

3.1 Diffraction by a Perfectly Electric Conducting Cylinder 

 

This part is based on the M.Sc. thesis and the papers by Ba�demir H. D. [30-31]. 

 

In this section, the field generated by the uniform component of the surface current, 

which is called the PO part, is calculated. This part is used for the examination of the 

radiated field by non-uniform component of the surface current. PTD is applied as 

the difference between the exact and PO fields. Hence, the effect of the non-uniform 

component to the scattered field is observed. Perfectly electric conducting (PEC) 

surface is taken into account. PEC means that total electric field on the tangential 

plane is equal to zero. This determination comes from the acoustic. Due to the 

definition of acoustic, this surface is called hard surface. The geometry of the 

problem is given in Fig. 7.  

y

x

n
�

 'φ

.Incident wave

a φ

Reflected wave

R ρ

P

PEC cylinder

 

Figure 7 The Geometry of the PEC cylinder 
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The PEC cylinder is illuminated by the plane wave of 

 jkx
zi eEeE −= 0

��
 (3.1) 

where 0E  is the complex amplitude factor and the incident wave is z  polarized. The 

induced electric surface current can be defined as 

 
s

iPO HnJ
���

×= 2  (3.2) 

where n
�

 is the unit normal vector and equal to ρe
�

. Incident magnetic field 

component is obtained from the Maxwell-Faraday equations as 

 ( )φρ
φ

φρ
ρ φφ

ωµ
coscos

0

0 cossin jkjk
i eeee

kE
H −− +−=

���
 (3.3) 

Using the Eq. (3.3) under the surface condition, 

 
'cos'

0

0 cos
2

2 φ

ρ
φ

ωµ
jka

z
a

iPO e
kE

eHnJ −

=
=×=
����

 (3.4) 

PO current is written. For simplification of the current, speed of light 
00

1
µε

=c  

and wave number 
c

k ω=  are used. Reconstruction of the current is then given by 

 
'cos'

0

0 cos
2 φφ jka

zPO e
Z

E
eJ −=
��

 (3.5) 

where 0Z  is the impedance of the vacuum. PO scattering integral can be constructed 

by using the magnetic vector potential. Magnetic vector potential is written as 

 ��
−

=
'

'0

4
S

jkR

PO dS
R

e
JA
��

π

µ
 (3.6) 

for the PO current. PO current is inserted into Eq. (3.10) and the integral of magnetic 

vector potential is obtained as 

 � �
∞

−∞= =

−
−=

'
'

'
2

3

2

''cos'

0

00 cos
2

z

jkR
jka

z dzad
R

e
e

Z

E
eA

π

π
φ

φ φφ
π

µ��
 (3.7) 

where a  is the radius of the cylinder. The 'z  part of the integral can be evaluated as 

 )()2(
0

cosh kRH
j

de
C

jk π
αα =�

−  (3.8) 

As a result, Eq. (3.7) takes the form of 



 19
 

 �
=

−=
2

3

2

'
1

)2(
0

cos'

0

00

'

'

)(cos
2

π

π
φ

φ φφ
µ

dkRHe
jZ

aE
eA jka

z

��
 (3.9) 

where 1R  is the ray path and equal to ( )'22 cos2 φφρρ −−+ aa . The expression of 

the uniform scattered electric field is obtained from 

 AjEs

��
ω−≅  (3.10) 

where this notation is valid for the far field which is 1>>ρk . Hence, uniform 

scattered electric field expression is obtained as 

 �
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 (3.11) 

Total exact scattered field from the cylinder can be written as 

 �
∞

−∞=

−=
n
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n
z
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s ekHajEeE φρ)()2(

0

��
 (3.12) 

and 

 
)(

)(
)2( kaH

kaJ
a

n

n
n

−
=  (3.13) 

for magnetic polarization case from the Ref. [56]. The terms nn HJ ,  are the zeroth 

order and the third order Bessel functions respectively. Specifically, the third order 

Bessel function is called Hankel function and a  is radius of the cylinder. According 

to PTD method, the contribution of non-uniform part is obtained as 

 PO
s

total
s

NU
s EEE

���
−=  (3.14) 

Using Eq. (3.11) non-uniform scattered electric field is written as 

 ��
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 (3.15) 

which is the exact scattered non-uniform field. Another way to find the non-uniform 

field is evaluating non-uniform current over the surface of the cylinder so that non-

uniform current have to be written. Surface current on the cylinder is written as 

 �
∞

−∞=

−−
=

n n

jnn

z
surface
exact

kaH

ej

a

E
eJ

)(

2
)2(

0
φ

ωµπ

��
 (3.16) 

for PEC case from Ref. [56]. From Eq. (3.5) PO current is written as 
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The non-uniform current is obtained as 

 PO
surface
exactNU JJJ

���
−=  (3.18) 

according to PTD [5]. Hence, non-uniform current takes the form of 

 �
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when Eq. (3.18) is used. When Eq. (3.6) is used, magnetic vector potential is 

constructed as 
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for non-uniform scattered field. The 'z  part of the integral is evaluated from the Eq. 

(3.8) so non-uniform scattered field takes the form of 
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where 1R  is the ray path and equal to ( )'22 cos2 φφρρ −−+ aa . Evaluation of this 

integral directly gives exact scattered non-uniform electric field. The expression of 

PO should be translated into the series form for obtaining the non-uniform part. After 

this transformation, by using the exact known scattered total field, non-uniform exact 

solution can be obtained in the series form. 
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3.2 Diffraction by an Impedance Cylinder 

 

The geometry of the problem is given in the Fig. 8. The radius of the cylinder is a , 

'φπ −  is the incident angle and n
�

 is the unit normal vector. 
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Figure 8 The impedance cylinder geometry 

 

The geometry is illuminated by the transverse magnetic polarized (TM) plane wave 

of 

 φρ cos
0

jk
zi eEeE −=
��

 (3.22) 

where 0E  is the complex amplitude factor. PO currents can be described on the 

tangential planar line as 

 
s

t
PO
e HnJ

���
×=  (3.23) 

and 

 
s

t
PO
m EnJ

���
×−=  (3.24) 

where tE
�

, tH
�

 are the total electric and magnetic fields respectively and n
�

 is the unit 

normal vector of the tangential planar line of the surface and is equal to ρe
�

 in this 

case. The total GO field is the combination of the incident and reflected fields. The 

total GO field can be written as 
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Γ+=  (3.25) 

where ( )
θφ

θφ
θφ

sinsin

sinsin
,

'

'
'

+

−
=Γ  is the reflection coefficient and also known as the 

Fresnel coefficient [57]. According to the PO approximation, reflected field has the 

same structure with respect to the incident field. In light of this definition, total GO 

field is written as 
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i
s

ii
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t EEEE Γ+=Γ+= 1
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 (3.26) 

from the Ref. [57]. PO magnetic current is constructed as 
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��
 (3.27) 

taking into account the Eq. (3.24). Total scattered PO electric field is given as 

 FAjEPO
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×∇−−≅

0

1

ε
ω  (3.28) 

where A
�

 is the magnetic vector potential and F
�

 is the electric vector potential. 

Electric vector potential can be found 
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after the evaluation of this integral expression. Before the evaluation process, the 

result of the rotation operation has to be found for total PO scattered field. Hence, 

Eq. (3.29) is rewritten as 
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according to Eq. (3.28) where a  is the radius of the impedance cylinder, R  is the ray 

path and equal to 2''22 )()cos(2 zzaa −+−−+ φφρρ . The 'z  part of Eq. (3.30) 

can be simplified as 

 � =−

c

jkR kRH
j

de )( 1
)2(

0
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π
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with using the variable change αsinh1
' Rzz =−  where 1R  is equal to 

)cos(2 '22 φφρρ −−+ aa . Hankel function's Debby asymptotic form is given as 
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The Eq. (3.30) is rewritten as 
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with respect to Eq. (3.31) and Eq. (3.32). The curl operation is given as 
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where the result can be found as 
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Hence, curl operation in Eq. (3.34) is approximately equal to 

 		



�
��



�

∂

∂
−≅

	
	




�

�
�




�
×∇

−−

ρ
ρ

φ
1

11

1
11 R

jk
kR

e

kR

e
e

jkRjkR
�

. (3.36) 

 

where 
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∂ 1R
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where 
ρ

1
 can be neglected because of 1>>k . Hence the final expression of Eq. 

(3.33) is found as 
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PO electric current can be found from Eq. (3.23). Total magnetic field in Eq. (3.23) 

is found from the Maxwell's equations as 
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where total magnetic field is obtained as 
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PO electric current which is given in Eq. (3.23) is obtained as 
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where 0Z  is the impedance of the vacuum. Magnetic vector potential A
�

 can be 

written as 
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The integral is constructed as 
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using with Eq. (3.41) and simplification of 'z  part as same as Eq. (3.30). The Eq. 

(3.43) is rearranged as 
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according to Eq. (3.28). Hence, total scattered PO field can be found as 
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with the combination of Eq. (3.38) and Eq. (3.42) according to Eq. (3.28). Total 

scattered or the exact scattered field from an impedance cylinder can be found under 

the considerations of the impedance boundary conditions. Impedance boundary 

condition is given as 



 25
 

 
s

t
s

t HnZEnn
�����

×−=××  (3.46) 

where n
�

 is unit normal vector Z , tE
�

, tH
�

 are impedance of scatterer, total electric 

and magnetic fields respectively. Total electric field can be obtained after the wave 

transform is applied to the incident electric field. The wave transform is defined as 
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from Ref. [56]. Total electric field is defined as 
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where sE
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 is the scattered electric field from the cylinder and it is written as 

 
( ) ( )�

∞

−∞=

−=
n

jn
nn

n
zs ekHajEeE φρ2

0

��
 (3.49) 

from Ref. [56]. In this case, total electric field's expression is obtained as 
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in terms of the series solution. Total magnetic field is found as 
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after application of the Maxwell's equations to Eq. (3.50). According to the 

impedance boundary condition, the term na  can be obtained from 
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Hence, na  is found as 
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Under the consideration of the impedance boundary condition, total scattered electric 

field is found as 
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where 



 26
 

 
)(sin)(

)()(sin
)2(')2(

'

kaHjkkaH

kaJkaJjk
a

nn

nn
n

θ

θ

−

−
= . (3.55) 

 

The term θsin  is the impedance factor and equal to 
Z

Z0  where 0Z  is impedance of 

vacuum and Z  is impedance of scatterer. According to PTD method, total scattered 

electric field can be described as 
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with the combination of PO and the contribution of non-uniform fields. The 

contribution of the non-uniform part to the scattered electric field can be found 
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with respect to the PTD method. According to PTD, total currents can be described 

as 
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and 
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where mtJ
�

 is the total magnetic current, etJ
�

 is the total electric current and f
mJ
�

, f
eJ
�

 

are the magnetic and electric fringe currents. Total currents are found from the Eq. 

(3.23), Eq. (3.24) and Eq. (3.46). The relation between total electric and magnetic 

currents is written as 
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under considerations of Eq. (3.23), Eq. (3.24) and Eq. (3.46). Total magnetic current 

is written as 
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where na  was described before. Magnetic fringe current can be given by 
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for definition of PTD. Magnetic fringe current is written as 
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Same procedure is valid for electrical fringe current. Hence, electrical fringe current 

can be found 
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from definition of PTD. Total electric field is given by 
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from the Eq. (3.58). Electrical fringe current is obtained as 
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3.3 Numerical Results 

 

In this analysis part, numerical results for the nonuniform currents and the scattered 

fields will be investigated. In order to investigate the far field, the observation point 

is taken to a comprehensible distance from the scatterer. The distance between the 

source points to the observation point will be taken as λ10 , where λ  is the 

wavelength. High frequency asymptotic techniques require that the size of the 

scatterer should be higher than the wave length of incident wave. Radius of the 

cylinder ( )a  will be taken as λ5  for the consistence of high frequencey condition. 

Impedance factor θsin  will be taken as 4.  
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Figure 9 Scattered electrical fields from impedance cylinder 

 

Figure 9 shows the total scattered fields. PO scattered field includes the diffracted 

fields and reflected fields. Amplitude variations approach to zero near 0˚ because of 

the wrong diffracted fields and the deficiency of the shadow part. Diffracted fringe 

field takes its maximum value near 0˚ and compensates these deficiencies of the PO 

scattered field. Total scattered field includes both reflected and diffracted fields. As 

can be seen in the Fig. 9 the amplitude of the total scattered field consists of the 

interference of the PO and fringe fields. 
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Figure 10 Scattered electrical fields from impedance cylinder for smaller radius 

 

Figure 10 shows the scattered electric fields from impedance cylinder for the smaller 

radius of cylinder. As expected, cylinder acts as a line source thus electrical fields 

scattered by the cylinder equaly radiate to all directions. Hence, high frequency 

condition is not provided so cylinder acts as a line source not a scatterer. 
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Figure 11 Electrical currents flowing on impedance cylinder 
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Figure 11 shows the electrical currents which are induced by the incident field. In 

Fig. 11, current patterns become dominant on the reflection region. PO current takes 

maximum amplitude value between 120˚ and 240˚. PO currents amplitude values 

lead to zero value at 0˚. Because of the exclusion of the shadow part of the scatterer 

by the PO, there is not any amplitude values for the currents. Fringe current consists 

one main and two minor lobes and its maximum directivity occurs at the 180˚. The 

total electrical currents amplitude variation distrubutes equally at the reflection 

regions. Fringe current compensates the deficiency of PO in the shadow region and it 

can be analyzed especially in the minor lobes of fringe current in Fig. 11. 
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Figure 12 Electrical currents flowing on impedance cylinder for smaller radius 

 

Figure 12 shows the electrical current distrubition over the impedance cylinder. In 

this case radius of cylinder is taken as smaller than one in Fig. 11. In the shadow 

region the distribution of the fringe and total current are the same. PO current 

distributes over the illumunated region. Also cylinder acts as line source in this 

figure and distrubition of total current is equal for all the observation directions. 
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Figure 13 Electrical currents flowing on impedance cylinder for ∞→θsin  

 

In Fig. 13 the behaviour of the surface is similar with the perfecly electric conducting 

surface. This behaviour is related with the value of θsin  term, which is used in the 

reflection coefficient. When this term goes to infinity surface acts as a conducting 

surface. Hence the effect of the surface impedance is dependent on this term. There 

was no need to plot the magnetic currents for this case because of the boundary 

conditions of conducting surface predict zero magnetic current in the surface. The 

detailed explanations for the conducting case will be examined in the subsequent 

figures. 
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Figure 14 Magnetic currents flowing on impedance cylinder 

 

Figure 14 shows the magnetic currents, which are induced by the incident field. In 

Fig. 14, current patterns become dominant on the reflection region like the Fig. 11. 

Fringe current has one main and two side lobes in Fig. 14. Main lobe takes its 

maximum amplitude values at 180˚ and the side lobes amplitude values decrease 

towards to the shadow regions. Fringe currents compensate the deficiency of the PO 

currents in the shadow regions. The effect of the impedance is observed in both Fig. 

11 and Fig. 14. Impedance surface absorbed a part of the incoming energy and 

decreased the amplitudes of the currents. Although the normalized results were 

plotted, due to effects of the impedance surface, amplitudes take smaller values. 

 

In Fig. 15 radius of the cylinder is taken smaller than the one in Fig. 14. Hence, the 

total current distrubution is observed in all directions, PO current disribution is same 

with the previous case and fringe current distribution is the same like total current 

distribution in the shadow region. In the illuminated region fringe current amplitude 

takes its maximum values at 180˚ and decreases when the angles goes to boundary of 

illuminated regions. Also in this case due to the smaller radius cylinder reduces to a 

line source. 
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Figure 15 Magnetic currents flowing on impedance cylinder for small radius 

 

For the PEC cylinder, the distance between the observation point and the origin will 

be taken as λ5 , which is constant for all plots, where λ  is the wavelength. Radius of 

the cylinder ( )a  will be taken as λ2  in Fig. 16 and Fig. 17. Figure 16 shows the 

currents on the cylinder. The amplitudes of exact and uniform currents are between 

120˚ and 240˚.Maximum amplitude is obtained at 180˚. Non-uniform current is the 

difference between the total current and the PO current. As it can be seen in the Fig. 

16, the amplitude differences occur in the region bordered by the red line. Deficient 

current amplitude between the PO current and the exact current is accomplished by 

the non-uniform current amplitude. 
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Figure 16 Electrical currents flowing on the PEC cylinder 

 

Figure 17 shows the scattered fields. Non-uniform scattered field takes the finite 

values at the first and fourth regions. PO radiation exists only at the lit region, which 

is bounded by angles 90˚ and 270˚ and the scattered fields from the shadow part of 

the obstacle are excluded. As expected, the distribution of PO scattered fields 

amplitude is uniform between the 90˚ and 270˚ and exists in the shadow region. The 

exact total scattered electric fields amplitude is observed in all directions of 

observation. Radiation especially concentrates at the shadow region for PEC case. At 

0˚ the total scattered electric fields amplitude takes maximum value. In accordance 

with the theory, non-uniform field distribution is observed in the shadow part of the 

scatterer. Like exact total field, non-uniform component of the scattered field takes 

maximum amplitude values at 0˚. No amplitude variation is observed for non-

uniform field in the lit region of the cylinder. The absent part of the exact fields in 

the shadow region is caused by the non-uniform scattered field. 
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Figure 17 Scattered electric fields from PEC cylinder 

 

Figure 18 shows the current distribution of for the smaller radius of PEC cylinder. 

PO current distribution does not change in this situation but the total current 

distributes uniformly for all directions of observation. Non-uniform current is 

obtained by subtracting the PO current from the total current. It can be seen from Fig. 

18 that the effect of the PO current is rather small, as expected since the non-uniform 

current distribution is nearly the same like total current. A small difference between 

the non-uniform and total current is observed in the illuminated region because of the 

PO current’s effect. 

In Fig. 19 scattered electric fields are observed for the smaller radius of conducting 

cylinder. Total electric field amplitude distribution and non-uniform electric field 

distribution are almost the same. PO electric field amplitude is smaller than others. 

Also in this situation cylinder acts as a line source, not a scatterer, thus field 

distribution is observed in all directions of observation.  

As a result, it can be observed that the radius of cylinder is directly related to the 

field or current distribution. Since the high frequency condition is not achieved in the 

smaller radius of the cylinder, cylinder acts as a line source. Hence, in this case high 

frequency methods are not preferred. 
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Figure 18 Electrical currents flowing on the PEC cylinder for smaller radius 
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Figure 19 Scattered electric fields from PEC cylinder for smaller radius 
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CHAPTER 4 

 

DIFFRACTION by PERFECTLY CONDUCTING EDGES 

 

4.1 Perfectly Electric Conducting Half-Plane 

 

In this part, general line integral representation of the fringe field expressions for 

PEC edges will be derived. The generalization process will start with the derivation 

of PO part for PEC edges. After that, fringe field expression will be obtained by 

using the exact diffracted field. Lastly, obtained expression will be transformed into 

general line integral representation with the aid of the unit vectors.  

The geometry of the problem for PO diffracted field is given in Fig. 14. The half-

plane is lying on the surface [ ) ( ){ }∞∞−∈=∞∈ ,,0,,0 zyx . 

.

x

y

z

.
R

1R

β

η

( )zyxP ,,

( )'' ,0, zxQ

0φ.

 

Figure 20 The geometry of the half-plane 

The half-plane is illuminated by the plane wave of 

 )sincos(
0

00 φφ yxjk
zi eHeH +=
��

 (4.1) 
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where magnetic field polarization is taken into account and 0φ  is the incident angle. 

PO current is defined as 
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where n
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 is the unit normal vector of the half plane and equal to ye
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. Magnetic vector 

potential is written as 
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The connection between the magnetic vector potential and the scattered magnetic 

field can be satisfied by 
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PO current is written as 
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with using Eq. (4.2) and Eq. (4.4). Scattering integral can be composed as 
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with using Eq. (4.3), Eq. (4.4) and Eq. (4.5) where R  is the ray path and equal 

to [ ] 2
1

2'22' )()( zzyxx −++− . The curl operation in Eq. (4.6) is given as 
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and from the Fig. 14 Eq. (4.7) is decomposed as 
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where 
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=η respectively. Hence the Eq. (4.6) 

is decomposed as 
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according to the Eq. (4.8). 'x  part of the Eq. (4.9) can be taken by using the well-

known edge point technique. The edge point technique is given as 
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The phase function of the diffraction integral is written as 

 Rx −= 0
' cosφψ  (4.11) 

where the first derivative 'ψ  is equal to 
R

xx '

0cos
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+φ . The amplitude function is 

written as 
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At the 0' =x  point the phase function and its derivative takes the form as 

 eR=ψ  (4.13) 

and 
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where eR  is the ray path at the 0' =x  and equal to [ ] 2
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2'2 )( zz −+ρ . The amplitude 

function takes the form as 
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Hence the diffraction integral takes the form as 
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with using Eq. (4.13), (4.14) and Eq. (4.15). The stationary phase method can be 

used for the evaluation of the 'z  part of the diffraction integral. The phase function of 

the integral is written as 

 eR=ψ  (4.17) 

where the first derivative of the phase function is equal to 
eR

zz '−
− . The stationary 

phase point can be found by equating the first derivative of the phase function to 

zero. Then stationary phase point is found as 

 zz s = . (4.18) 
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At the stationary phase point η  and eβ  values are equal to 
2

π
 and φπ −  , 

respectively. The second derivative of the phase function is written as 
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 at the stationary phase point. The amplitude function can be 

written as 
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at the stationary phase point. Hence, PO diffracted magnetic field is written as 
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Exact diffracted field from the half plane is written as 
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Equation (4.22) is rearranged as 
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The difference of the exact diffracted field and PO diffracted field can be found as 
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where fH
�

 is found to be fringe field. A new coordinate system and other related 

angles are given in the Fig. 21 to generalize the magnetic fringe current. 
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Figure 21 The geometry of the related angles 

The following relations are written as 
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from the kinds of direction vectors. The expression of the fringe field is found as 

 
ρπ

ρ
π

k

e

nss

dsnsnse
eH

jk

edi

dedei

j

zf

−
−

⋅−

⋅−⋅−⋅+
−= ���

������
��

)(

11

2

4

 (4.29) 

in terms of the direction vector. Hence, generalized magnetic fringe integral 

expression is defined as 
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4.2 Parabolic Reflector Application 

 

The geometry of the problem is presented in the Fig. 22 where 'φ  is the angle of 

incidence, ρ  is the distance between the source and observation points, 'ρ  is the 

distance between the source and the reflector, n
�

 is the unit normal vector, R  is the 
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ray path and QP,  are the observation and reflection points respectively. The angle 

between n
�

 and 'ρ  is equal to
2

'φ
. f  is the focal length of the PEC reflector. The 

PEC cylindrical reflector is lying between the angles 0φ−  and 0φ . 
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Figure 22 The geometry of parabolic reflector, which is illuminated by the magnetic 

line source 

As can be seen from Fig. 22 parabolic reflector is fed by the magnetic line source 

which is defined as 
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where mI  is the complex amplitude factor. PO electric current can be written directly 

as 
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where n
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 is the unit normal vector which is defined in Eq. (4.2) and equal to 
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+−  for the problem geometry. Scattered magnetic field is written 

as 
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from expressions of Eq. (4.3), (4.4) and Eq. (4.31). R  is the ray path and equal to 
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where the derivatives of the ray path according to the ρ and φ  are equal to 
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 and 
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 respectively. The angle equalities of the 

derivative values can be written as 
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from Fig. 22. The angle equalities are inserted in to Eq. (4.34) and rearranged form 

of Eq. (4.34) is written as 
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to be the end of the curl operation. Eq. (4.33) is rewritten as 
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with using Eq. (4.33) and Eq. (4.40). The 'z part of the integral can be eliminated by 

using 
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1
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1 )( zzRR −+= . Hence, Eq. (4.41) is written as 
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with respect to the Eq. (4.42). The effect of the edges of the parabolic reflector can 

be found by applying the fringe field expression. The geometry of the diffracted field 

is given in Fig. 23. 
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Figure 23 The geometry of diffracted fields 

The related expressions are defined as 
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−=  for the upper edge. 

When the Eq. (4.44) and Eq. (4.45) are inserted to the Eq. (4.30), the fringe field 

expression is written as 
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where eR  is the ray path and equal to [ ] 2
1

2'
00

2
0

2 )()cos(2 zz −+−−+ φφρρρρ . The 

phase function is written as 
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 eR=ψ  (4.47) 

where the first derivative of the phase function is equal to 
eR

zz '
' −

−=ψ . Stationary 

phase point can be found by equating the first derivative of the phase function to 

zero. Hence, the stationary phase point '
sz  is equal to z . The second derivative of the 

phase function can be written as 
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at the stationary phase point where esR  is equal to [ ] 2
1

00
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The amplitude function is written as 
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at the stationary phase point. Hence, Eq. (4.46) can be rewritten as 
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where the esβ  and sη  is equal to φπ −  and 
2

π
 respectively. The related expressions 

for the lower edge of the PEC cylindrical reflector is defined as 
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Eq. (4.30) is written as 

 �
∞

−∞=

−−

−

−−+

=
z e

jkR

e

eejk
m

z
l
f dz

R

e

k

eI
eH

e

β
φ

ηββ
φ

ρπ

ρ

cos
2

sin

sinsincos1
2

sin1

2 0

0

0

0��
 (4.53) 



 46
 

for the lower edge where eR  is equal to [ ] 2
1

2'
00

2
0

2 )()cos(2 zz −++−+ φφρρρρ . 

The phase function of Eq. (4.53) is written as 

 eR=ψ  (4.54) 

and its first derivative 'ψ  is equal to 
eR

zz '−
− . The stationary phase point can be 

found as zz s ='  by equating the first derivative of the phase function to zero. The 

second derivative of the phase function is written as 
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at the stationary phase point and esR  is equal to [ ] 2
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2 )cos(2 φφρρρρ +−+ . The 

value of the amplitude function is written as 
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at the stationary phase point and the values of the angles esβ , sη  are equal to φπ −  

and 
2

π
, respectively. Hence, Eq. (4.53) is rewritten as 
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The exact diffracted field can be found as 

 l
f

u
fPOE HHHH

����
++=  (4.58) 

by adding the contributions of the fringe fields to the PO diffracted field. 

 

4.3 Numerical Results 

 

In this analysis part, exact diffracted fields, fringe fields and diffracted PO fields will 

be investigated. In order to investigate the far field radiation, the observation distance 

is taken reasonably away from the scatterer. The observation distance will be taken 
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as λ7 , where λ  is the wavelength, and The focal length f  will be taken as λ2 . The 

parabolic reflector will be positioned between the angles 0φ−  and 0φ . 
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Figure 24 Exact diffracted fields 

 

Figure 24 shows the exact diffracted fields from the edges of the parabolic reflector, 

which is given in the Eq. (4.58) for different incident angles. The amplitude values of 

the diffracted fields become dominant on the reflection region. The main beams can 

be observed between the angles 150˚ and 210˚. The maximum radiation is observed 

at 180˚. The fields’ amplitudes take the minimum values at 90˚ and 270˚. The effect 

of the incident angle 0φ  can be seen directly in Fig. 24. The diffracted fields’ 

amplitudes decrease in the reflection region when the incident angle increases. 
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Figure 25 The PO, fringe and exact diffracted fields for 
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Figure 25 shows the exact, fringe and the PO diffracted fields. The PO diffracted 

field is in a perfect harmony with the exact diffracted field except for the reflection 

boundaries, which are at the angles 45˚ and 315˚ respectively. The PO and exact 

diffracted fields take maximum amplitude values at 180˚. Although the PO diffracted 

fields amplitude goes to zero value at the 90˚ and 270˚, exact diffracted fields take 

different amplitude values at those angles. The fringe diffracted fields’ amplitude 

takes the major values between the reflection regions. The minor lobes are observed 

between the angles 90˚ and 270˚. The fringe diffracted fields fix the defects of the 

PO diffracted fields in both reflection and shadow boundaries and also reflection and 

shadow regions. 
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CHAPTER 5 

 

DIFFRACTION by AN IMPEDANCE HALF-PLANE 

 

5.1 Introduction and Solution of the Problem 

 

This part is based on the paper by Ba�demir H. D., “Fringe Waves in An Impedance 

Half-Plane”, Progress in Electromagnetic Research, vol. 138, pp. 571-584, (2013). 

 

Uniform fringe field expression for an impedance half-plane will be obtained in this 

chapter. In the beginning, PO expression for the half-plane geometry will be obtained 

from Huygens-Kirchhoff integral under the impedance boundary condition. The 

geometry of the problem is given in Fig. 26. The half-plane is lying on the surface 

[ ) ( ){ }∞∞−∈=∞∈ ,,0,,0 zyx .  

Impedance Half-plane

ρ

R
iu

0φβ
φ

( )zyxP ,,

x

y

n
�

( )'' ,0, zxQ
 

Figure 26 The geometry of an impedance half-plane 

We consider the E-polarization case for the incident field in this study. The method 

can also be applied to the H-polarization case. The half-plane is illuminated by the 

plane-wave of 

 ( )00 sincos
0

φφ yxjk
i euu +=  (5.1) 

where the 0u  is the complex amplitude factor and iu  is any component of the electric 

field. The total field can be written as 
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 rit uuu +=  (5.2) 

where ru  is the reflected field from the surface. The PO takes the reflected fields as a 

geometric optics (GO) fields so the reflected field can be described as 

 ( )00 sincos
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φφ yxjk
r euu −Γ=  (5.3) 

where Γ  is the reflection coefficient and equal to 
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according to Ref. [57]. When taking into account the reflection coefficient which is 

given in Eq. (5.4) the angle θ  determines the surfaces polarization case. When θsin  

takes the values between one and infinity, electric polarization case is observed, and 

if θsin  takes the values between zero and one, magnetic polarization case is 

observed.  

The Eq. (5.2) is rearranged according to Eq. (5.1) and Eq. (5.3), (5.4) and redefined 

on the scattering surface as 
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The impedance boundary condition for the Cartesian coordinates is defined as 
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where s  is the 0=y  plane, n  is the unit normal vector of the scattering surface, 

θsin  is equal to 
Z

Z0 , and 0Z  is the impedance of the vacuum, and Z  is the 

impedance of the scatterer. According to Eq. (5.5) and Eq. (5.6), derivative of the 

field expression is written as 
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For the 2-D case, if the geometry is symmetric according to the 'z  coordinates a 

further expression of the Huygens-Kirchhoff integral can be given by 
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where P  is the observation point and G  is the Green’s function. The 2-D Green’s 

function is given as 
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The PO integral is constructed as 
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according to Eq. (5.5), (5.7), (5.8) and the geometry of the problem. The term 
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can be found from the chain rule as 
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where R  is the ray path and equal to ( ) ( )[ ] 2
1

2'2' yyxx −+− . The derivative 

operation of the ray path according to the normal vector is written as 
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where 
R

y
−  is written as βsin−  from the geometry of the problem. The Eq. (5.11) is 

obtained 
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by inserted Eq. (5.12) into Eq. (5.11) and the derivative operation 
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1− . Therefore, the PO integral which is given in Eq. (5.10) is 
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 ( ) ( ) ( ) '
1

)2(
1

cos

0

00

'

0
'

sinsin
sinsin

sin

2

1
dxkRHe

ku
Pu

x

jkxd
PO �

∞

−∞=

−
+

= φθβ
θφ

φ
 (5.14) 

where 1R  is the ray path and equal to ( )[ ] 2
1

22' yxx +− . Debby asymptotic expansion 

of the Hankel function is written as 
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where 11 >>kR  . As a result the Eq. (5.14) yields 
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where 1R  is equal to ( )[ ] 2
1

22' yxx +− . The integral expression can be transformed 

into 
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by using Ref. [11] for separately investigation of the incident and reflected diffracted 

fields by using the trigonometric relation of ( ) bababa sincoscossinsin −=− . The 

incident and reflected diffracted fields can be written as 
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and 
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respectively. The asymptotic evaluation of Eq. (5.18) can be found by using the edge 

point technique. The edge point technique is given as 
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where the detailed explanation can be found in Ref. [11]. The phase function of Eq. 

(5.18) is written as 

 ( ) 10
'' cos Rxxg −= φ . (5.21) 

The first derivative of the phase function can be found as 
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The stationary phase values of the phase functions are found as 
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where 
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 is written as eβcos−  from the geometry of the problem and keep in mind 

that eβ  which is the reflection angle’s value at the edge is equal to φπ − . The 

amplitude function can be written as 
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at the edge. Hence, the asymptotic incident diffracted PO field is obtained as 
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by using the edge point method. The Eq. (5.26) is simplified as 
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using the trigonometric relation of 
2

cos
2

cos2coscos
baba

ba
−+

=+ . The 

diffracted field, in Eq. (5.27) is not uniform since it approaches to infinity at the 

shadow and reflection boundaries. The uniform theory is based on the asymptotic 

relation of 
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for 1>>x  [58-59]. The ( )xsign  is the signum function which is equal to 1 for 0>x  

and -1 for 0<x . The [ ]xF  is the Fresnel function and can be defined by the integral 

of 
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In order to obtain the uniform version of the diffracted fields, two new parameters 

are introduced as 
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for using instead of x  in Eq. (5.28). Hence, the uniform version of the Eq. (5.27) can 

be obtained as 
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The same procedure is valid for the reflected diffracted field, so the uniform version 

of the reflected diffracted field is directly written as 
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If the scattering geometry is symmetric with respect to the 'z  coordinate, the 

generalized PO integral for an arbitrary impedance surface is written as 
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from Ref. [60], where α  is the incident angle, and β  is the reflection angle. 

According to Fig. 20 Eq. (5.34) can be rewritten as 
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where ( )βπφ −,0q  is the compositions of the Maliuzhinetz function and is equal to 
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where ( )xψ  is written as 
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The term ( )xπψ  is the Maliuzhinetz function and can be described as 
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Hence, using Debby asymptotic form of the ( )kRH )2(
0 , which is equal to 
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the scattering integral takes the form 
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where 1R  is the ray path and equal to ( )[ ] 2
1

22' yxx +− . The phase function and the 

amplitude function of Eq. (5.40) are written as 
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The first derivative of the phase function is derived as 
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geometry of the problem. The edge point contribution of Eq. (5.40) can be obtained 
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by using the edge point technique which is given in Eq. (5.20). The reflection angle 

β  takes eβ  value in the edges and equal to φπ − . The Eq. (5.44) is rewritten as 
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Equation (5.45) can be separated into incident and reflected diffracted part using the 

trigonometric relation, which is previously given. After the trigonometric separation 

operation, Eq. (5.45)’s uniform version can be written as 
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by using Eq. (5.28) and Eq. (5.29). According to the PTD, fringe fields can be 

obtained subtracting the PO fields from the exact solution, so the total fringe field 

expression can be obtained as 
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where the ( )PuM  is the exact edge diffracted fields expression from the impedance 

half plane and to be formed as 
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by the addition of Eq. (5.46), (5.47). Also ( )PuPO  is the edge contribution of the PO 

method and to be formed as 

 ( ) ( ) ( )PuPuPu rd
PO

id
POPO +=  (5.50) 

by addition of Eqs. (5.32) and (5.33). The expressions of the incident and reflected 

diffracted fringe fields can be written as 

 ( ) ( ) ( )PuPuPu id
PO

id
M

id
f −=  (5.51) 

and 

 ( ) ( ) ( )PuPuPu rd
PO

rd
M

rd
f −=  (5.52) 

respectively, taking into account Eqs. (5.32), (5.33), (5.46) and Eq. (5.47). Equation 

(5.48) is valid for obtaining the asymptotic fringe field expression. In the beginning, 

asymptotic PO contribution can be obtained from the evaluation of Eq. (5.16) 
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according to Eq. (5.20). After this evaluation, the asymptotic PO field can be found 

as 

 ( )
ρφφ
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eeu
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jk
j

a
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−

+

−

+
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The asymptotic fringe field expression can written as 
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using the subtraction of Eq. (5.53) from Eq. (5.45). 

 

5.2 Numerical Results 

 

In this section, fringe field expressions will be analyzed numerically. In order to 

investigate the far field radiation, the observation distance is taken reasonably away 

from the scatterer. The high frequency asymptotic techniques can be used under the 

condition of 1>>ρk , where ρ  and k  are the observation distance and wave 

numbers, respectively. The wave number k  is equal to 
λ

π2
, where λ  is the 

wavelength. If the observation distance ρ  is taken as λ6 , the high frequency 

condition is found as 112 >>π , so the high-frequency condition is provided by the 

distance λ6 . The angle of incidence 0φ  is taken as 60˚ and the θsin  term will be 

taken as 4. Although the function θsin  takes values between -1 and 1 in 

trigonometry, in the literature for impedance boundary condition it can takes values 

from zero to infinity. It should not be confused with trigonometry. It has been used in 

this way in the literature since Maliuzhinetz [61]. Figure 27 shows the diffracted 

fringe fields where the expressions were given in Eq. (5.48), (5.51) and Eq. (5.52). It 

can be seen that a minor lobe occurs between the reflection and shadow boundaries 

and there is not any amplitude values at the reflection (120˚) and shadow boundaries 

(240˚). The major radiation is observed in the illuminated and the shadow regions. 

The amplitude variations of the incident diffracted fringe fields go to zero at 240˚, 

and the amplitude variation of the reflected diffracted fringe fields goes to zero at 

120˚. Furthermore, it can be observed in Fig. 27 that incident diffracted fringe fields 

concentrate in the shadow regions so compensate the incident fields in the 
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illuminated regions, and also reflected diffracted fields concentrate in the illuminated 

regions to compensate the reflected fields in the shadow regions. 

  0.01

  0.02

  0.03

  0.04

30

210

60

240

90

270

120

300

150

330

180 0

 

 

uf

ufid

ufrd

 

Figure 27 Total diffracted, incident diffracted and reflected diffracted fringe fields 

 

Figure 28 shows the uniform and asymptotic fringe fields. The asymptotic fringe 

field expression is given in Eq. (5.54). Although the amplitudes take equal values in 

the illuminated and shadow regions, in the transition regions take different values. 

The asymptotic fringe field takes different than zero amplitude value at 120˚ and 

240˚ when compared with the uniform fringe field. This is a predicted scene for the 

asymptotic fringe fields for an impedance structures. The reason of the enhancement 

at 120˚ is the result of the asymptotic expressions, which is given in the Eq. (5.54). In 

Fig. 28 this behavior is tried to explain. According to the PTD, asymptotic 

expression of the fringe field can be obtained subtraction of the PO asymptotic 

expression from the exact asymptotic solution. The asymptotic expressions give 

infinite values at the transition regions. Due to the uncertainty resulting from the 

extraction process, finite field values are obtained after this operation. Although the 

fields compensate to each other in all direction of observation, at the reflection 

boundary the fields can’t compensate to each other so the enhancement at 120˚ is 

observed. Figure 29 shows that the asymptotic fringe field amplitude varies with the 

observation angle. In this case amplitude value takes more understandable at 120˚ 
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(reflection boundary). This behavior is related to the reflection coefficient. Incident 

diffracted fields are independent of the surface reflection coefficient so at 240˚ there 

is no amplitude change in that region. 
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Figure 28 Uniform and non-uniform fringe fields 

 

In the reflection coefficient when θsin  approaches to infinity in Eq. (5.54), surface 

acts as a perfectly conducting surface. It can be seen from Fig. 23 that the reflected 

diffracted fringe field’s amplitudes will become equal point with respect to the 

incident diffracted fields. Therefore at 120˚ and 240˚ amplitudes take equal values. 

The amplitude values for all plots were found as expected because diffracted fields 

compensate the deficiencies of the GO fields in the transition regions and take half of 

the amplitude values of the GO fields. 
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Figure 29 The asymptotic fringe field when ∞→θsin  
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CHAPTER 6 

 

CONCLUSION 

 

In this thesis, fringe field’s contributions to the scattered fields were investigated for 

different geometries. Initially cylindrical structures are investigated taking into 

account the PEC and impedance boundary conditions. The PEC cylinder was 

revisited for increasing the intelligibility of the method used. Uniform currents and 

uniform scattered fields were obtained using PO method. PO integral was converted 

to the series form using the Hankel functions, which are the combination of the 

solution of Bessel’s equation. Then to take into account the known exact scattered 

field from the cylinder, the contribution of the non-uniform current to the scattered 

field was obtained using the PTD method. In this thesis, the PO integral was 

converted to a series solution because its conversion is much easier than the 

conversion of the total exact scattered field from the series form to the integral form. 

In addition, the non-uniform scattering field can be found from the integration of the 

fringe current but it is too complex to evaluate the exact current over the surface of 

the scatterer. Moreover, we investigated the scattered and the diffracted fields from 

an impedance cylinder with the method of the PTD. Although the PO scattered field 

includes the edge diffraction it gives wrong values. Total field includes total surface 

diffraction and total reflected fields. The difference between the total field and the 

PO field is fixed by the non-uniform field. Surface diffractions and non-uniform 

current's contribution to the scattered field were investigated numerically. The 

benefit of this theory is fixing the defects of the PO methods in the diffraction part 

for curved impedance surfaces, which do not exist in the literature. It is possible to 

investigate the complex geometries like parabolic, hyperbolic or ellipsoidal surfaces 

using these fringe currents. It is seen that the contributions of the non-uniform parts 

are not negligible for scattering. 
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In addition, in this thesis scattering surface integrals were reduced to the line 

integrals for investigation of the exact diffracted fields. Hence this formulation was 

generalized for various diffraction applications. This formulation is based on the 

MTPO axioms. In contrary to the other approaches, this derived expression is based 

on the MTPO axioms and scattering angle is variable at the corners and the edges. 

This is the main advantageous of this approach. This new formulation was applied on 

the PEC cylindrical parabolic reflector geometry, which was fed by the H-polarized 

line source. The PO diffracted fields were found. Fringe field’s expressions were 

derived. The asymptotic evaluations of the diffraction integrals lead to the fringe 

fields. The fringe fields were used for fixing the PO diffracted fields and the exact 

diffracted fields were obtained. The PO, the fringe and the exact diffracted fields 

were analyzed numerically. The exact diffracted fields were investigated numerically 

for different incident angles. It is observed that the results are in the harmony with 

the theory. 

 

Furthermore, uniform and asymptotic fringe field expressions were derived for a half 

plane with the impedance boundary conditions by using the method of PTD. First of 

all, the contributions of the PO fields were derived by integrating the fields in the 

given surface. Then, the field expression, which had been obtained from the surface 

integral was subtracted from the exact solution in order to obtain the asymptotic form 

of the fringe fields. The asymptotic fringe fields were transformed into the uniform 

fringe fields by using the method which is given in Refs. [58-59].  

The derived uniform fringe fields were found to be more reliable than the asymptotic 

forms because asymptotic expressions give wrong field values in the transition 

regions. It was observed that the separated fringe fields compensate the reflected and 

incident fields in the shadow regions. Numerical analysis showed that the uniform 

fringe fields are in harmony with the theory. We observed that amplitudes of the 

asymptotic fringe field are finite for all direction of observation and nearly consistent 

with the uniform fringe fields except for the reflection and shadow boundaries. In 

this respect, when compared to Ufimtsev’s works, it appears that Ufimtsev’s 

amplitude values were exaggerated [5-62]. In chapter 4, Fig. 4.2 of Ref. [5], 

amplitude values of asymptotic fringe field components take equal value with GO 

fields [5]. However, it is noticeable that diffracted fields amplitude values have to be 
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half of the GO amplitude values in the shadow and reflection regions. The more 

rigorous expressions were presented and numerically analyzed in this thesis.
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