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ABSTRACT

DESIGN AND EVALUATION OF COOPERATIVE ADAPTIVE CRUISE
CONTROL (CACC) FOR THE IMPROVEMENT OF HIGHWAY TRAFFIC
FLOW

AL-JHAYYISH, Ahmed M. H.
M.Sc., Department of Electronic and Communication Engineering
Supervisor: Assoc. Prof. Dr. Klaus Werner SCHMIDT

January 2016, 59 pages

The subject of intelligent transportation systems (ITS) began to take worldwide
attention in the last decade. One main purpose of deploying ITS is the improvement
of traffic flow capacity on highways while ensuring safety. Cooperative Adaptive
Cruise Control (CACC) is a method used to support the flow of road vehicles at a
safe distance in the form of vehicle strings. In order to enable small inter-vehicle
spacing, CACC is implemented on each vehicle by the use of vehicle distance
measurements as well as information from other vehicles via vehicle-to-vehicle
communication. An important goal of CACC is the achievement of string stability in
order to attenuate fluctuations in the vehicle motion along vehicle strings. Hereby,
CACC designs in the literature are Imited to the case of homogeneous vehicle
strings, where all vehicles have identical dynamic properties.

In the first part of this thesis, an original CACC H. controller design method is

developed for the practical case of heterogeneous vehicle strings while achieving
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string stability. The second part of this thesis considers the issue of delay in the
CACC control design for platoons of vehicles. Several H. control design methods for
time-delay systems are applied to address both communication and vehicle plant
delay. For each method, a longitudinal controller for a platoon of vehicles is obtained
which results in the achievement of string stability. In addition, a comparison of the
different methods regarding the supported delay and inter-vehicle spacings is
performed. The findings of the thesis are supported by representative simulation
experiments. We note that, to the best of our knowledge, no research has considered

the CACC design for heterogeneous vehicles and CACC design with delay.

Keywords: Intelligent Transportation Systems, Cooperative Adaptive Cruise

Control, String Stability, Heterogeneous vehicles, CACC with Delay, H. Control.
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TRAFIK AKISINI iYILESTIRMEK iCiN KOOPERATIF OTOMATIK
SEYiR KONTROLUNDE DiZAYN VE DEGERLENDIRME

AL-JHAYYISH, Ahmed M. H.
Yiiksek Lisans, Elektronik ve Haberlesme Miihendisligi Anabilim Dali
Tez Yoneticisi: Dog Dr. Klaus Werner SCHMIDT
Ocak 2016, 59 sayfa

Gliniimiizde akilli ulasim sistemlerine (AUS) olan ilgi giderek artmaktadir.Akill
ulagim sistemlerinin gelistirilmesinin ana amaci emniyetli bir sekilde ara¢ yolundaki
trafik akigin1 devam ettirmektir. Kooperatif Adaptif Ara¢ Kontroli (KAAK), arag
dizininde araglar arasi giivenilir bir mesafede trafik akisinin devam etmesini
amaclayan bir metottur. KAAK yontemiyle araglar arast en kisa uzakligi elde
edebilmek icin her aragtan uzaklik oOlciilerini alinir ve aractan araca haberlesme
yontemiyle araglar aras1 uzaklik verileri hesaplanir. KAAK yonteminde dizi boyunca
aracta her hangi bir satlirasyon ya da dalgalanma olmadan dizi kararliliginin
korunmasi amaclanmaktadir. Bundan dolayi, KAAK modelleri literatiirde aym
dinamik oOzellikleri gosteren araglar igin kisitli bir konudur. Tezin ilk béliimiinde,
heterojen araglarda dizi kararliligini saglamak i¢in orijinal KAAK H. kontrol dizayn
yontemi gelistirilmistir. Tezin ikinci bolimiinde, KAAK kontrol modeli arag
dizinindeki gecikme konusu ile ilgili ¢alismalar1 igermektedir. Zaman-gecikme
sistemleri igin birka¢ H. kontrol dizayn yontemi hem haberlesme hem de arag
gecikme modeli i¢in uygulanmigtir. Her yontem i¢in, dizi kararlilig1 korunarak arag

grubunda uzunlamasina kontrolér elde edilmistir. Ayn1 zamanda, farkli yontemler
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kullanarak gecikme ve araglar arasi uzaklik ile ilgili karsilagtirmalar yapilmistir.
Tezde bulunan sonuglar yapilan simiilasyonlar ile desteklenmistir. Sunu belirtmeliyiz
ki bildigimiz kadariyla, heterojen araglar ve gecikme ile KAAK yontemi, bu

calismada ilk defa kullanilmistir.

Anahtar Kelimeler: Akilli Ulastirma Sistemleri, Kooperatif Otomatik Seyir

Kontrolu, Dizi Kararliligi, H. Kontrol.
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CHAPTER 1

INTRODUCTION

Recent advances in automotive engineering aim at fully aiigdgrreplacing human
driver functionality [1, 2]. Transportation systems are af the essentially important
aspects of our daily life. This is due to the rapidly growingan population and
economy [3, 4], and therefore demands of traffic are evaeasing. Accordingly,
there is a need for increasing safety, enhancing mobilithy @nvenience, improving
operational performance, reducing congestion, fuel coip$ion and emissions to arise
[2,5,6,7,8,9, 10, 11].

Intelligent Transport Systems (ITS) have developed intmétable solution for the
improvement of the operational performance of traffic ayst¢4, 12]. This includes
planning, construction design, operations, safety anchd@2). Cooperative Adaptive
Cruise Control (CACC) is a recently developed technique for aatmg the longitudi-
nal vehicle motion [13, 14, 15, 16, 17]. Analogous to Adapt@ruise Control (ACC)
[18, 19, 20, 21], CACC allows to travel at a desired vehicle dpmad inter-vehicle
spacing, hence maintaining a safe distance to predecessiclas based on the distance
measurements (RADAR or LIDAR). Commonly, a velocity-deperndgacing policy
with a constant headway time (time to reach the position ®ptledecessor vehicle) is
chosen. As an extension to ACC, CACC also uses state informdtibe predecessor
vehicles such as acceleration or velocity that is providadsghicle-to-vehicle (V2V)
communication. Accordingly, CACC enables small inter-vihitistances which is a
pre-requisite for high levels of traffic throughout [2, 22)2

CACC's level of effectiveness becomes relevant in dense traffieere vehicles
follow their respective predecessor vehicle at small dis¢a in the form of so-called
vehicle strings Here, it is highly necessary that the fluctuations in theiomobf any
vehicle do not have a negative effect on its followers. Irtipalar, it is desired that

such fluctuations are attenuated by the follower vehicleighwis captured by the for-
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mal condition ofstring stability[23, 24]. Throughout the literature, several control
methods are proposed for the successful achievement of) sttability by the use of
CACC [13], [15] useH. control and [25] proposes a model-predictive control strat
egy to accomplish string stability. [17, 26] studies the bamation of longitudinal and
lateral control for vehicle flowing and [16, 14] focus on tingpiact of communication
delays on string stability. It has to be emphasized thatrallipus studies assume ho-
mogeneous vehicles, where string stability is only obtimethe situation where all
vehicles have the same dynamic properties. There is a simgkption by the work in
[24], which considers the possibility of heterogeneousdalelstrings with a size limit.

The first contribution of thesis is the CACC design for striregodity under the as-
sumption of heterogeneous vehicles. The proposed methadési on thél, — design
for string stability of homogeneous strings in [15]. To tlkeisd, we first develop an
analysis algorithm, that determines if a given controllesign supports string stability.
Further, anH, controller design is developed based on the analysis &hgori The
method used involves a particular weighting transfer fiomcin order to obtain string
stability for a wide range of vehicle dynamics and arbitydiong strings.

Secondly, this thesis contributes to the uselgfcontrol with explicit consideration
of delays in the CACC design. There are two such delays in the CAG@Qd: the de-
lay caused by the wireless communication from predecessduches and the internal
delay of the plant dynamics [13]. In general, time-delay ordCAaffects the stability
of the closed-loop and string stability of vehicle plato¢28]. The existing literature
only uses a Padapproximation to include the delays in the CACC desigilycon-
trol [15]. This thesis offers various methods for the CACC desncluding delay by
H. control. The first method involves the designing dfi@ control by the use of a
Smith-predictor. That is, a predictor is added to the cldsep of the CACC model,
eliminating delays from the closed loop. In the second nutice CACC feedback
loop is extended by Finite Impulse Response (FIR) blocks. Iy, astCACC design
based on a transformed stand&td problem is applied [28]. This method is based
on a transformation of the feedback loop with delay whichgifies the evaluation of
the H,, norm with delay. With this transformation, the infinite dinsonal robust con-
trol problem (with delay) can be solved analogous to theefidimensional problem.

For comparison, we also employ the Baapproximation, where delays are approxi-



mated by rational transfer function. The properties of tiffeidnt CACC designs are
illustrated by extensive simulation experiments in Matkaimulink. Also, a thorough
comparison shows the suitability of the different methoelgarding different delays
and headway times. The controllers for each design areqesbsan the table at the end
of this thesis.

This thesis is organized as follows. Chapter 2 provides backgl information.
In Chapter 3, the CACC design for heterogeneous vehicles iemexs Chapter 4
contains the CACC design with time-delay. Chapter 5 gives camh and directions

for future work.



CHAPTER 2

BACKGROUND

2.1 Intelligent Transportation Systems

The ever-growing demands of traffic during the last few desagkceeds existing road
transportation infrastructure and resources. This leangteased frequency and sever-
ity of traffic problems, such as traffic congestion, trafficidents and environmental
pollution [3]. For these reasons, a robust solution in tharkilies in efficient applica-
tion of presently available means of road transportatiahiafrastructure [12]. Intel-
ligent transportation systems (ITS) are a possible salutoreduce these issues. ITS
can be classified as traffic infrastructure based, vehi¢kgoaies based, diverse roads
based, vehicle to road based or vehicle to vehicle basedaémdies [1, 29, 11, 4]. This
thesis focuses on the vehicle to vehicle based technol@géscles in platoon) of ITS
with the design of cooperative adaptive cruise control (CAGG)e&ns to improve the

highway traffic flow [30]:
e Increasing the road capacity by small inter-vehicle distan(traffic throughput).

¢ Increase driving safety.

2.2 CACC and Vehicle Following

Cooperative adaptive cruise control (CACC) takes an importaatin the developing
traffic flow; the wirelessly communicated data are used inealfirward setting such
that vehicles follow each other in so-calleghicle stringst small inter-vehicle spacing
[13, 30] as shown in Figure 1.

Li, gi andv; denote the length, rear bumper position and velocity ofalehirespec-
tively. Hered; is the gap between vehidle- 1 and vehicla. It is assumed that; can be

measured by vehiclevia using sensors (RADAR or LIDAR) [1, 15, 30]. In addition,

4



" Wireless communication

Figure 1: Vehicle string with CACC.

data such as the acceleration or velocity of other vehidesbe obtained via wireless

communication with the nearest vehicle (vehicle-to-viEh{y2V)) communication.

di(t) = gi—1(t) —ai(t) — Li. (2.1)

A frequently used spacing policy for CACC is given by the constaeadway time
policy [15] as shown in (2.2).

dir =ri+hv. (2.2)

Here,d; ; represents the desired spacing between vehieleand vehicla. It depends
on the distance at standsti|land the headway timlg. That is, at zero velocity, the
desired distance is andd; ; increases proportional . The spacing errag (t) is then

equal to:

&(t) =di(t) —dir(t) = (gi-2(t) —ai(t) — Li) — (ri +hw(t)). (2.3)

2.3 String Stability

The major goal of vehicle-following in dense traffic, (whishessential using CACC),
is subject to requirements related to safety, comfort aathbdity with respect to pla-
toon length [13]. In order to fulfill these requirements, trehicle platoon is desired
to exhibit string-stable behavior. The CACC must be desigett shat disturbances
are attenuated along a vehicle string as depicted in FiguTdat is, a small variation
in the speed or acceleration of any vehicihould not lead to increasing variations in

the motion of its follower vehicles. This is equivalent tstdince errors that are not



amplified upstream from vehicle to vehicle in a platoon [1H, 3

%%} u; Uiz uj
Uz . . —— — . . e
— | vehiclel q: vehicle 2 9> o« o o gy vehicle i qi
gl — P EE—

Figure 2: Inputs for CACC realization.

The stated condition is captured by the notion of strichgtstability in the liter-
ature [15, 16, 17, 23, 24]. Assuming a linear system reptatien with inputu;_1 of

the preceding vehicle, we write

~ Ui(s)
~Uiia(s)

Fi(s) (2.4)
for the transfer function between the control inputs; andu; of successive vehicles.

Consequently strict string stability is achieved if for adhiclesi

ITi(8)]|eo < 1. (2.5)

Hereby,U;(s) denotes the Laplace transform of the signé) and|| e || denotes the
He-norm. Hence, each CACC controller design should ensure. (2B condition
Is only addressed for homogeneous vehicles in the litezatiihis thesis will find a
solution for CACC design in the heterogeneous case (differgmtles) and perform a
CACC design including communication and plant delays in the ceapters.

In order to clarify the idea of string stability, we preseotree simulations examples
for the case with string stability and the case when striabibty is violated. We sim-

ulate a string of 7 vehicles as shown in Figure 3. The leadeicie1 first accelerates

=@
Vehicle 3

Vehicle 4

Figure 3: Vehicle string with 7 vehicles.

with up to 4 m/s2 and then decelerates with up to -4 m/s2 @hgimtd plot). In Figure



4, strict string stable is achieved: the follower vehiclesfprm the same motion as
the leader vehicle with a decreased (attenuated) acdel®idgceleration. In addition
the position plot (left-hand side) indicates that the vidsidollow each other at a safe
distance. Similarly, the velocity variation (center pl®)attenuated along the vehicle
string. This argument is clearly explained by figures. Eaehicle (there is a line for
each vehicle) is following its predecessor without amgaifiocn in the acceleration or

velocity in the platoon. In contrast, string stability ioiated in the scenario of Figure
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Figure 4: Vehicle string with 7 vehicles performing an acceleratitmweleration ma-
neuver and CACC design that fulfills strict string stabilityadh line represents the
motion of one vehicle.

5. Performing the same maneuver of the leader vehicle 1wthads that the accel-
eration and velocity of the follower vehicles are amplifiellieh is clearly undesirable.
It is evident that the signals of vehicle 2 (which is repreéedrby the green line) are
amplified compared to its predecessor vehicle 1 (which iszsgmted by the blue line)
and each vehicle follows its predecessor vehicle with dioption. In addition the

position plot (left-hand side) shows that the vehiclesdiwleach other at an extremely

unsafe distance.
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Figure 5: Vehicle string with 7 vehicles performing an acceleratitawveleration ma-
neuver and CACC design that violates strict string stability.

2.4 CACC Control Structure

The CACC design is an extension of standard Adaptive Cruise QIqACC), feeding

additional data by wireless communication to allow shastathce automatic vehicle
following. The control objective in this chapter is, as ietiterature, only for the case
of homogeneous strings, where all vehicles have the sanmedgrproperties [15, 16].
The most recent approaches [15] use the spacing policy2h2d model each vehicle

by the plant transfer function in (2.6).

e ¥ Qi
(L+s1)s? Ui(s)’

Gi(s) = (2.6)

6 is a possible plant delay angis the time constant of the low-level driveline dynam-
ics. Then, a CACC controller is designed for the feedback lodpigure 6. Here, the
input signalu;_; of vehiclei is transmitted to vehicle via V2V communication and
D = e ¥Srepresents a potential communication deldy= 1+ hsis used to implement
the spacing policy in (2.2) with the constant headwandK is the controller transfer

matrix which can be written as

K = [KH be]. 2.7)



Ks¢ is a feedforward controller transfer function for contirdl acceleration data by
wireless communication ari€y, is a feedback controller transfer function for control-

ling the spacing erroe (s) between the desired distance and the actual distance. For

%
Ui
D ——» U
Gy e | K 1 G >
Ui G - ! qi

Figure 6: Feedback loop for CACC.

the case of homogeneous vehicles, it holds thatt,_; and6 = 6 _1 for any vehicles

I,i — 1. Then, the same transfer functibns found from Figure 6 for ali:

Ui(s)  DKsi+GiKyp

I(s):=Tri(s)= = . 2.8
(5):=Ti(s Ui—i(s)  H(1+GiKsp) (28)

Hence, according to (2.4), the designkofequires that
T (S)]]e < 1. (2.9)

In addition, [15] considers the closed-loop sensitivity as

_ Ei(s)  G(1-DKsy)
s) = Ui_1(s) N 14+ GKip (2.10)

In order to fulfill string-stability, (2.9) has to be fulfike At the same time, it is desired

to minimize the position errag(t). Hence, théHd, control problem

|| T(s)
min <1 (2.11)
“ || S(s)



is solved. The lower fractional transformation (LFT) and torresponding matrikR

are shown in Figure 7.

Ujg Ui

— .
ro—s o1
—P> H
P= G -G
D O

K
-

Figure 7: He control design for CACC.

2.5 Simulation Example For Homogeneous Vehicles

Our simulation platform is based on MATLAB/SIMULINK to evalte the perfor-
mance of CACC for homogenous vehicle strings. An example @xgeet is accom-

plished for 11 vehicles as shown in Figure 8. In order to gbantlues of 1;, we

S e et e s b
Vehicle 8 Vehicle 7 Vehicle 6

@) O = o = T
Vehicle 11 Vehicle 10 Vehicle 9 Vehicle 5 Vehicle 4 Vehicle 3 Vehicle 2 Vehicle 1

Figure 8: Vehicle string with 11 vehicles.

refer to practical experiments in [13], where a valua ef 0.4 is obtained. That is, we

chooser; = 0.4 for each vehicle and desidf according to (2.11). In our simulation,
the leader vehicle is provided with the input signal in Feg@r That is, sharp accel-
erations of 4 mAsand—4 m/< are given in order to study a difficult vehicle following
scenario. The simulation result is shown in Figure 10. Itlsarseen from the vehicle
positions that each vehicle follows its predecessor at @ datance. In addition, the
velocity and acceleration plot suggest that the disturbgrovided by the input sig-

nal is attenuated along the string (the respective signaliardes decrease along the

string). That is, strict string stability is confirmed.
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time [s]

Figure 9: Input signalu; of the leader vehicle.
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Figure 10: CACC design for string stability: simulation with homogensaehicles.
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2.6 H. Control Computation

The results in this thesis are based onlthecontrol design. The optimad., control
is to find all admissible controllens(s) such that théd. norm of the complementary
sensitivity transfer funcctiof(T,, || (between input signal and output signal) is
minimized as shown in Figure 11. We summarize the necessanputations for the
general case as shown in [32].

Assume the interconnected pldhand a general controllé€(s).

Ve -
u__p P J
K |le—

Figure 11: System with controller foH., design.

Then, the realization of the transfer matAxs taken to be of the form:

Al B B
P(s)=| Cy | D11 D1 (2.12)
C| D2y O

In addition, the following assumptions are employed:

Al) (A Bp) is stabilizable andC;, A) is detectable;

A—jwl B
A2) has full column rank'w e R ;
G D12 |
A—jwl B
A3) has full row rankvw € R ;
R D21 |

A4) D},D1o=1 and Dy;Dj, = 1.

12



Assumption (Al) is necessary for the existence of stahdjziontrollers. Furthermore,
assumptions (A2) and (A3) are needed for a technical reasaguiarantee of the two
Hamiltonian matrices. In addition, assumption (A4) are emgmlsimplify the exposi-
tion. In fact, only the non-singularity of the matricB$,D12 andD21D3; is required.
For the general matricd3;1,D12,D21 andDo», a solution is found in [32].

The solution, which is stated in Theorem 1, involves two Haommian matrices

A 0 B .
Hy = _ R [ D.C, B } (2.13)
—CiC; —Af —CiD1.
A0 C* -
Jy = — R [ D.1B; C } : (2.14)
~B;B; —A —B; D},
where,
| O
R:=Dj,D1. — v ; (2.15)
0O O
~ Il O
R:=D,1D}; — v , (2.16)
0O O
and
Dlo = [ Dll D12 } 5 (2.17)
D
D= | . (2.18)
D21

The stable solutionX andY of the Riccati equations are obtained

X :=Ric(Hyx) andY := Ric(Jy) (2.19)

13



and thestate feedbackndoutputinjectionrmatricesF andL are determined as

Fie
Fi=| | := RIDLC+BX], (2.20)
| Fa
Li=| Ly Lo | = —[BiDi +YCIR Y, (2.21)

with the partitionD, F,, andL1,:

Fiklo F]ik 20 F2*o

[ F/] Li1e | D1121 D1112 O
L/

- (2.22)
12e | D1121 D1122 |

L] o 1 o0

Theorem 1. Assume P fulfills the assumptiof#sl) to (A4). Then there is a stabilizing
controller K, such that|.7| (G,K)||» < yif and only if:

(i) y>maxg[Di111 D111, 0[D3115 Diyq,
(i) Hx € domRic) and X> 0,

(iii) Jy € domRic)and Y> 0,

(iv) g(XY)<y?

Using the notation| for the lower fractional transformation, stabilizing caiters

K(s) is given byK = .7 (M, Q) for arbitraryQ € RH., such that|Q||. <y, where

A ) A U
A \ B B — M,
Moo =] C1 | D11 D12
C|Dyy O
Q |a—

14



and the parameters are given as:

D11 = —D1121D5111(V?! — D1111D5117) *D1112— D1122, (2.23)
D1, andD,; fulfill:

D12D7, = —D1121(y?1 — D7111D1111) Doy, (2.24)

D31D21 =1 — Dj115(V?1 — D1111D5111) *D1112, (2.25)
and

By = Ze (B2 + L12s) D12, (2.26)

Co =D (Co+Fra), (2.27)

Bi = —ZoLas +B2D15 D1y, (2.28)

C1 = Foe + D110, G, (2.29)

A=A+BF+BD,Co. (2.30)
Finally,

Zo=(1—y2Y X)L (2.31)

In this thesis, we use Matlab/Simulink féf, computations for LTI plants. In
particular, we apply the functiolminfsyn, which computes a stabilizirg. optimal

controllerK for a partitioned planP.
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CHAPTER 3

CACC DESIGN FOR HETEROGENEOUS VEHICLES

In this chapter, the CACC design is developed for heterogeneehicles, such that a
platoon of vehicles with different dynamics achieves ghatability and safe vehicle-

following.

3.1 Longitudinal Vehicle Dynamics

Vehicles (cars, trucks, buses) represent interesting antplex mechanical systems
with nonlinear characteristics that require accurateymm[26, 33]. The model dy-

namics have to capture complex aspects of vehicle dynaroads & aerodynamics,
geometry, mass, motion and tire specifications of each lehlherefore, many stud-
ies have been developed in order to understand the behdvmtio light and heavy

vehicles. Moreover, these studies are based on using e@raatization methods to
linearize the input-to-output behavior of each vehiclehia platoon [34, 35, 36, 33]. In

order to control the longitudinal position of platoon vdag; it is considered that the
speed of each vehicle is controlled to a desired value usaghtrottle input [26]. The

longitudinal control system architecture for the cruisateal vehicle will be designed

to be hierarchical, with an upper level controller and a lolggel controller as shown

in Figure 12.

The upper level controller determines the desired acd@aréor the vehicle. The
lower level controller determines the throttle input reqdito track the desired accel-
eration. A detailed vehicle dynamics model are for the loaantroller in calculating
the real-time throttle input required to track the desiredederation [26]. For theth
vehicle in the string, the high-level mode is given by thddwing linear third-order

16



speed set point

desired acceleration

throttle input

Figure 12: Structure of cruise control system.

state-space representation of the longitudinal dynamics:

ai(t) Vi—a(t) —vi(t)
vi(t) | = ai(t) (3.1)
aj —a(t)/Ti+u(t—6)/1

wheregq;, vi anda; are respectively the absolute position, velocity and a&caébn. T
represents the time constant of the internal dynamic veh@&lis a plant delay and

u; is the control input of the-th vehicle. This model is widely used in the literature
as a basis of analysis [15, 16, 34, 35]. Equivalently, by gidiaplace transforms,
Z(gi(t)) = Qi(s) and Z(ui(t)) = Ui(s), the vehicle model can be represented by the

following transfer function as in (3.2):

e @s Qi(s)

Gi(s) = (1+sm)  U(s)

(3.2)

The actual acceleration of the vehicle is assumed to traekiéisired acceleration
with a time constant;, so according to the specific valug we can measure the differ-

ent types of vehicle driveline dynamics. For instance,tthalue of a VolvoS60 car is

17



about 045 [37], while the literature uses®< 1; < 1.4 for heavy vehicles, considering
that the best condition for heavy vehicle is takemas 0.9 according to [38]. For more

information about computing the value, [26] can be consulted.

3.2 Modified Block Diagram

The CACC controller from the existing literature [15] is sbi&a for homogeneous

strings. In particular, the design uses the fact that:

F(s) = Ui(s) _ V(s

~Uina(s) Viaa(s)” (59

That is, although the relati .ig?)s) is relevant in practice[39], it is possible to design
the CACC controlleK using the ratquLiJ_i—(ls()s) according to the block diagram in Figure
13.

uf]
D U;
K
g e —» [/H G, H»
Ui; G 3 ! qi
il

Figure 13: Feedback loop for CACC.

The vehicle has the transfer function

oL Qi
Gi(s) = (1+s1)s?2  Ui(s) (34)

Lt is desired that velocity fluctuations of vehigle 1 are attenuated by vehidle

18



and its predecessor vehicle has the same transfer functibrdifferent value of time

constantr

1 ~ Qi_1(s)

G- l( ) (1—{—ST| 1)52 N Ui—l(s)'

(3.5)

This is no longer true in the case loéterogeneous vehiclegere generally;_1 # 1.

In order to evaluate the rati ._I(ls()s) assume

Vi—1(s) =sQ-1(s) = 1+Tlri_léUil(S) (3.6)
and;
V(9 =5Q(8) = 15 U9 @37)

from (3.2). Together, it holds that;

Vi(s) 1 1 _ -1
Vi_l(s) 1+sr. (1+sr|_ S
_ 1+4s11 Ui(9) Gi(s) .

- 1_|_sr,1U,_1(s) G (s )F(s) =:Ti(s).

Therefore,

Gi DKtf+Gi—1Ksp
Gi-1 H(14+GiKsp)

[ (S) forheterveh :=Ti(S) = (3.8)

In order to obtain strict string stability in the developedtg, it is required by (2.5)
that

IFi(s)]l <1 (3.9)

for all vehiclesi.

3.3 String Stability Bounds

Regarding (3.9), it has to be noted tlrais known when designing the controll&y

for vehiclei. Nevertheless, the dynamics of the predecessor vehicle(represented
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by 1;_1) are not known. Vehiclé can have different predecessor vehicles depending
on the traffic situation. That is, it is essential for eachigkeh that (3.9) is fulfilled

for a sufficiently large range of valuas 1 such that vehicle can follow different
predecessor vehicles without violating strict string 8iigband without changing the
controller.

In this section, we develop an original method for analyzimg range of suitable
values fort;_1. To this end, we assume that a controkgrhas been computed for
vehiclei. It is then desired to find out which time constamts; for vehiclei — 1
are suitable such thaf"i(s)||. < 1. We next propose two bi-partition algorithms in
order to determine an upper bourf8&* (Algorithm 1) and a lower bound™} for 7;_;
(Algorithm 2). Both algorithms are developed using a palidcassumption that can be
verified for the transfer functiofij_1(s) in (3.8): letti_1,7/_; be time constants such
that||[i_1||~ < 1. Then, it holds for ali” ; betweerr;_; andt]_, that||[i_1]|» < 1.

Algorithm 1 bisects the difference between an upper vaJl#& and a lower value
1" until they are sufficiently close (threshold valgle Hereby, it is initially required
that|[li(s)]| < 1 for i1 = 5™ and||T"i(s)|| > 1 fOr 1j_1 = ngx_z The resultr™®
gives an upper bound far_; (slowest possible predecessor vehicle) to obtain strict

string stability. In analogy to Algorithm 1, Algorithm 2 d&@tmines a lower bound on

Algorithm 1 Bi-partition algorithm for computing™g*

1 input: T8 10 €
2: output: 7"

. rMax _ +max max __ rmax
Ty =Tyon T =T
4: while 1" — "™ > g do
Tlmax+ .[Lrjnax

5: Ti_1:= >
6:  if [|[i(S)||e > L1then
7: =11
8: else
9: =11
10: end if
11:

12: end while
. max _ +max
13 "™ =1,

T;_1 (fastest possible predecessor) for strict string stgbilititially, it is required that

21MaX can be obtained from the controller design aff§* >> 1; can be chosen manually.
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IFi(S)|]e < 1 for rm'” and||li(s)|] > 1 for T|T)i”. Based on Algorithm 1 and 2, it is

Algorithm 2 Bi-partition algorithm for computing™J

Cd . +min +min

1: |nput. Tu,O ) TI,O , €

. . +min

2: ou_tput. Ti_—l . .
. +min _ +min  +min _ +min
3: I, =T T| = TI,O

u,0°
4: while T — g™ > ¢ do
5 _—— Tlmin + Tlrjnin

2

6:  if [|[i(S)||e > 1then
7: "N =1_q
8: else
9: TN —1;_q
10: end if
11:

12: end while
mln min
13: " =1

possible to determine a range of valuestion in order to achieve strict string stability.

Accordingly, we obtain the following result.

Proposition 1. Let G(s) be a plant and Ks) be a controller. Assume thaf"$* and
1™ are computed with Algorithm 1 and 2, respectively, whergR§ < TL“(')” Then,

ITi(8)]|eo < 1forall M < 15 < MEX

According to Algorithm 1, strict string stability is fulféid for 7jp® < 7,5 < "9
Likewise, Algorithm 2 implies that strict string stabilitg fulfilled for t™ < 1;_; <
T, Sincer/T* < 1", this directly implies that following-vehicleis valid to follow

predecessor vehicle- 1 with range of vehicles™] < ;_; < g3

3.4 Controller Design Method for Heterogeneous Vehicles

The previous section analyses the possible dynamics okepesgors of a vehicle
such that strict string stability is guaranteed under theueption that; is already
determined. In this section, we propose the first methoderliterature for designing
Ki under the assumption of heterogeneous strings. To thisvemdecall thatk; must
be found such that (3.9) is fulfilled for each vehicland for all possible predecessor
vehiclesi — 1. We useH-design with the following block diagram. Heré/ is a

weighting transfer function.
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1; u;

H;!jg W
D |—p
K; qi
C]f-l é; = ]/H m G;‘/Gg'-} Gf-f

Yy G, »?-»
H |-

Figure 14: Feedback loop for CACC with heterogeneous vehicles.

We note that the block diagram is arranged such gﬁé% =Ti(s) in (3.8). The

modified sensitivity is

Ei(s) _ Gi_1+DK;j ¢ G

S) = 3.10
S0 Ui—1(s) 1+Ki b Gi (3.10)
We propose to computg for each vehicle such that
] Fi(s)\W
min <1 (3.11)
“ 1 s(s)

and choos®V such that string stability is achieved for a sufficient ranfyg 1. To this
end, we use the LFT in Figure 15 with the matAxevaluated from Figure 14. In this

designG™1 denotes the vehicle model with the smallest possible velug = ™.

Ui ; , u".
_>
(&
P —p o GW
- - G"H
R=| G" -G
o " D 0
z Uiy Glrrl? -G
K;
- ——

Figure 15: H., control loop for heterogeneous vehicles.
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The described design method computes the contréliéo be implemented on
vehiclei. That is, the dynamics of vehiclgtime constant;) is known. Nevertheless,
the dynamics of the predecessor vehiclel is uncertain. The idea of the design
method is to assume the fastest vehicle{= ™" as predecessor- 1. If the design
achieves strict string stability for,_; = t™", it is expected that the design is also
successful for values af_, > ™. In addition, the weighting transfer functiaM is

used to further increase the rangerof,. Examples are provided in the next section.

3.5 Simulation Study For Heterogeneous

3.5.1 CACC Controller Computation

In this section, computations and simulations for hetemeges vehicle strings are per-
formed. In first example Figure 16, we assume deviations otia@3 from that av-
erage value off; = 0.4 such that we are interested in the rangke < 1; < 0.7 with
TMN — 0.1. As the first step of our evaluation, we use (3.11) to deteerj for the
different vehicle parameter valugs= 0.1,0.2,0.3,0.4,0.5,0.6,0.7. Table 1 shows the
respective weighting transfer function and the upper ametdounds for string stabil-
ity according to Algorithm 1 and 2. It can be seen that stritadpiity is achieved for
the whole range of vehicles Wiﬂiﬁi{‘ <0.1< 1.1 <0.7< "9 Hereby, we note that
the choice of the weighting transfer functigviis tuned manually and the plant delay

6 and communication delay are assumed to be zero in this initial research.

T W ™ | Ty T W ™t | Ty
179 1785

0.1 11{%925 0O | 0.758]| 0.5 ﬁ%é 0 | 0.723

0.2 ﬁ'ggi 0O | 0.758| 0.6 ﬁ%éi 0 | 0.723

0.3 F 0 [0723][07] #5510 [0.722

04 £551 0 [0.723

Table 1: Parameters for the CACC controller design for first example.

In the second example in Figure 18, we assume deviationsoft &b} to the av-
erage value off; = 0.5 such that we are interested in the range 0 1; < 0.9 with
TN — 0.1. K is computed according to (3.11) for differenvalues as shown in Table

2, which are fulfiled (3.9) by using Algorithm 1 and 2.
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o | W[ g [ W[ [y
I1+s 1+1.3s

0z E15 o7 o7 ELR o | 6

03 11—0——’—]...%53 06 : 1 08 111_1?)255 0 : 1

' 1+.4s ' : 1+.2s

04| 752 0 | 98|09 HL5] 0o [ 92

05[] g2 || O 1

Table 2: Parameters for the CACC controller design for second example.

3.5.2 Simulation with Heterogeneous Vehicles

We now evaluate the controller design in the previous sediypsimulations in Mat-
lab/Simulink. To this end, we consider the same heterogeneehicle string as in
Section 2.5. In the simulation, the controll€r for the respective time constantas
computed in Section 3.5.1 is used for each vehicle.

The simulation result is shown in Figure 16 and 18. From thstjom signal for
each example, it is readily observed that the vehiclesviotleeir predecessor at a safe
distance and the velocity signals confirm that strict ststapility is achieved in the
proposed design. The velocity disturbance of the leadecheh is indeed attenuated
along the heterogeneous vehicle string. In addition, wemez@o on the interesting
part of the simulation in Figure 16 for the velocity and aecation signal in order to
study the heterogeneous vehicle behavior in platoon. Eidgidrshows that vehicle 2
(which is represented by the green line) is following itsd@eessor vehicle 1 (which is
represented by the blue line) fast since vehicle 2 has fdgteamics than vehicle 1. At
the same time, string-stability is fulfilled. In contrasthicle 3 (which is represented by
the red line) is following its predecessor vehicle (grear)islowly since vehicle 3 has
slower dynamics than vehicle 2. Nevertheless, stringigials still fulfilled. Finally,
each line shows that the vehicles are following their respepredecessor vehicle in a
safe distance and without violating string-stability. 38 independent of whether fast

vehicles (smalk) follow slow vehicles (large) or vice versa.
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Figure 16: CACC simulation with heterogeneous vehicles and strictgstability for
first example.
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Figure 17: Zoom in figure for velocity and acceleration of first example.

25



1200

1000

800

600

400

position [m]

200

0 10 20 30 40 50 0 10 20 30 40 50 0 10 20 30 40 50
time [s] time [s] time [s]

111=0.6  T10=0.1 719=0.2 18=0.9 1,=0.3 16=0.8 15=0.4 1,=0.5 i

7,=0.4

T3=O.

Figure 18: CACC simulation with heterogeneous vehicles and strictgstability for
second example.
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CHAPTER 4

CACC DESIGN WITH TIME-DELAY

The objective of the chapter is to find a solution for CACC desiggh time delay in
order to obtain string stability for realizing safe vehitdowing at small inter-vehicle

spacing.

4.1 Introduction

Time-delay exists in many real-world engineering systenth @s the control systems,
communication networks, intelligent transportation eyss (ITS), hydraulic systems,
heating systems and so on [28]. It has been realized thaikatay predominantly is a
source for instability of system or poor performance of colntystems [40]. For this
reason, the presence of delay makes system analysis andlaegign complicated
[28, 41]. Therefore, the stability analysis and robust cardf time delay systems are

of theoretical and practical importance [42]. Delay is dedfiras a unit that causes a

/] \\
/ \

acceleration [m/@]
OCTJ DN O N D
.

—

—

10 20 3
time [s]

40 50

Figure 19: System with delay.

time-shift in the signal. An ideal delay is a delay systemahhhas no effect on the
signal characteristics at all [41, 43, 40], for example gethacceleration signal as

shown in Figure 19.
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4.2 CACC Model with Delay

The general form of a CACC model includes 2 delays [15], as showiigure 20.

Ui g >
D — L u;
, K —»| [//H >

@)

S

Figure 20: CACC model with delay.

D = e~ refers to the communication delay of data which is transditly wireless
communication from the predecessor vehicle. Communical&lay undertaken in
vehicle platoons is widely dependent on the network archite adopted [42]. On
the other hand, the vehicle dynamics with delay is describdge Laplace domain by
the transfer functios(s):

. B e ¥s B Qi(s)
Gils) = (1+s1)s2 Ui(s)’

(4.1)

whereG;(s) = e #SG(s) and G(s) is the rational part of the dynamic plant model,
Is a time constant ang is a time delay of internal vehicle dynamigj; is the vehicle
input (desired accelerationand the positiorQ; is the output desired distancde This

chapter is focused on finding a solution for thg control design for CACC with delay.

4.3 Controller Realizations

4.3.1 Rational controller

In previous chapters, CACC is designedHhy control that does not consider delays to

achieve the string stability conditions [chapter 2, 3]. Tasic feedback loop for the
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CACC is shown in Figure 20K is the controller transfer matrix which can be written

as
K= [Kff be} : (4-2)

Kt is a feedforward controller andsy, is a feedback controller transfer function. As-
suming that all vehicle dynamics are similar, the transterctionl” is formed from
Figure 20, for all vehicles

M(s):=Fi(s) = Ui(s) B DKst + GiKgp

- Ui1(s)  H(1+GiKpp) (43)

For a rational controller desigi, and ¢ are assumed to be zero. The platoon vehicles

achieve strict string stability if and only if tHe of all vehiclesi is:
T (S)]]eo < 1. (4.4)

In order to fulfill (4.4) and at the same time minimize the piosi errore (t), the He,
control problem is formulated as;

min e <1l (4.5)

“ || S8
Here,S(s) is the closed-loop sensitivity corresponding to vehiads shown in (4.6).

_ Ei(s)  G(1-DKsy)
S(S)_Ui—l(s)— 1+GKip (4.6)

The method in chapter 2 is proposed to design contréll@which considers that the
delays are zero) under the requirement of string stabM$/a consequence, the lower
fractional transformation (LFT) with the correspondingtmaP is evaluated from Fig-

ure 20, as shown in Figure 48.
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Figure 21: H., design for CACC.

4.3.2 Modified CACC with Predictor

One of the possible approaches to control processes fordetay with stable closed-
loop, high performance and stability, is the usage of a clietrwith predictor as seen
in the literature [28, 44, 45, 46, 47]. Moreover, this preoiigrovides useful and prac-
tical guidelines for the development of a systematic rolesign method for system
with delay.

In the new proposal of CACC model, a predictor is added to theecldoop as
shown in Figure 22. Particularly, this model with predia®developed to desigH.
control for CACC with delays under the requirement of strirapdity.

Controller

f
|
* |
- e-sH Ui > Ky with |
: Predictor : u;
i ; : K, : fmmmmmmmmm |
U] | ) \9i-1_ €i | | ! -s® |
e ™ ¢ H ™ K M UH fe e G i
| — ! | : | l
: Predec(jssur-vehlcle i I : | Following-vehicle I
© dynamic with delay [ | | I dynamic with delay
_____________ | | e e =
| |
| |
| |
' G 59 e |
| |
|
N —___
H -l

Figure 22: CACC model with predictor.
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From Figure 22, the plart(s) = e S G(s) is a dynamic vehicle system with delay
@, 6 is a communication delay anilis assumed as a mutual delay between communi-
cation and dynamic delays. The predictor helps to shift #laydoutside the feedback
loop and preserving stability of the closed-loop. As a cqne@ce, the control design
and system analysis are considerably simplified. This iBzeghby introducing lo-
cal feedback to the main controll&t(s). Hence, a main controller combined with a

predictor forms the overall controll&(s) of the system as shown in (4.7).

Ktbo
14+ Kipo G(1— 6‘755) '

K= |Kffo 4.7)

4.3.3 Modified String Stability for CACC with Predictor

The definition of the string stability of a platoon of vehigles assumed as seen in

previous chapters which is obtained from a linear systemesgmtation;

_ Uiy
a Ui_l(S).

ri(s) (4.8)

From Figure 22, the transfer functidi(s) with predictor is written for each vehicie

as

Ui (S) B g st Kifo +€ 59 GiKsp

r(s):=Ti(s) = U1(s)  H(1+eS4GKrp)

(4.9)

Here, the feedback controlléts, represents the main controll&;y, with predictor

loop as shown in (4.10);

beo
Kip(s) = : 4.10
() = K G(1_e ) (4.10)
To this end, strict string stability is achieved if and orflall vehiclesi fulfill
ITi(8)]]e0 < 1. (4.11)
In order to achieve (4.11), we need to compute the infinitymof ||I"||», which in-

cludes an exponential term (time delay). According to teason, the computation of

the ||l"||. is performed by utilizingoode or nyquistplot since the considered system
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has a single input and single output.

4.4 Pack-Approximation

The transfer function of delag—ST is irrational. Therefore, in some conditions, it is
possible to substitute"ST with an approximation in form of a rational transfer func-
tion. The most common approximation is the Bagpproximation which is based on a
minimization of the truncation errors in a finite series exgian ofe~ST [15, 48, 49,

50, 51, 52] as shown in the form of:

sT l—k1$—|—k232—|—---:|:kn5n
1+ kis+ ko2 + -+ -+ knS"'

e (4.12)

wheren is the order of the approximation. The coefficiekitare functions oh.

4.4.1 Controller Design by Pa@-Approximation

It is assumed that the lower fractional transformation (LM®ith the corresponding
matrix P includes delays as shown in a Section4.3.1. In additionh saenario of

delay in the CACC is converted to rational transfer functiorPlayk-approximation as
shown in the Table 3. To this end, the computatiofgfcontrol is identical to Section
2.6. Furthermore, high and low ordérsf the Paé-approximation are utilized in the

controller design.

Delay value| Second-order Fifth-order
es0.1 o £-60s+1200 | —s°+300s*—420005+3.361Fs*—1.5121Fs+3.02410
~ $24+60s+1200 £+300s%+420003+3.36 1P ?+1.5121F s+3.024 18
e50.3 o £—20s+1333 —5°+1005% —466755+1.244105°—1.867 1Fs+1.24410
~ £420s+1333 $1100s?+466753+1.244 102 +1.867 10 s+1.24410
505 2125148 —5°4+60s"—16805°+2.688 10 2—2.41910 s+9.6771C
~ $£+12s5+48 4+ 60s5%+1680s3+2.688 10 2+2.41910s+9.677 10

Table 3: Some converted delays by Fadpproximation.

4.4.2 Simulation and Experimental Results

Experiments show the impact of the Ragpproximation on string stability for the

CACC design whemy and@ are same. These simulations are executed with a string of

Lincreasing order of the Paeapproximation, makes the controller more complex dudgh brder
of transfer functions
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6 vehicles by MATLAB/SIMULINK as shown in Figure 23. wherg,= 0.4 is consid-

Figure 23: String of six vehicles .

ered for each vehicle and headway time is 0.7. The contsla@re computed by using
the second-order and fifth-order of Radpproximation for each scenario of delay as
shown in Table 3. In the first simulation, the dynamic and camitation delays are
assumed to be 0.1s. In the second simulation, the delayssuenad to be 0.3s. In the
last simulation, the delays are assumed to be 0.5s. Therleeldiele is provided with
the input signal in Figure 24. That is, sharp acceleratid@s’ and -4m/$ are given

in order to study a difficult vehicle following scenario.

I

acceleration [m/s 2]

0 5 10 15 20 25 30 35 40 45 50
time [s]

Figure 24: Acceleration input.

The simulation results are shown in Figures 25, 27 and 29 dsigth by second-
order Paé-approximation and Figures 26, 28 and 30 for design by 6iftter Paé-
approximation. It can be seen from the vehicles positioaseach vehicle follows its
predecessor at a safe distance, and smoothly tracks thex leckleration and velocity
while maintaining small fluctuations around the targetatise. In addition, the veloc-
ity and acceleration plot suggest that the disturbanceigeovby the input signal is
attenuated along the string (the respective signal and@#ulecrease along the string).

This confirms strict string stability. Furthermore, the exments show that the design
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Figure 25: CACC design for 0.1s delay by second-order&agproximation.
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Figure 26: CACC design for 0.1s delay by fifth-order Radpproximation.

by different orders of Pagapproximation lead to similar results for string stapiéind

fast following vehicles.
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Figure 27: CACC design for 0.3s delay by second-order&agproximation.
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Figure 28: CACC design for 0.3s delay by fifth-order Fadpproximation.
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Figure 29: CACC design for 0.5s delay by second-order &agproximation.
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Figure 30: CACC design for 0.5s delay by fifth-order Radpproximation.

4.5 Smith-Predictor

The Smith predictor has an important role in the controlmitidelay systems which is
efficient for processes with long time-delay [28]. It wasodigered in 1957 by Otto J.
M. Smith. Smith-predictor design is based on an inner logp @imain controller that
can simply be designed without the time-delay. The resuhas the delay is shifted
outside the feedback loop [45, 46, 47]. The basic struct@itbe Smith-predictor is

shown in Figure 31.

Figure 31: System with Smith-predictor loop.

G(s) = e ST G(s) is a plant system with a delay, where the Smith predictorps re
resented aSP= G(s) —e ST G(s). G(s) is the rational part of5(s) (without delay)
[28, 44, 53]. It can be seen that the delay is moved outsidéetaback loop and the

36



main controllerK(s) can be designed according to the delay-free G&és) of only the

plant as seenin (4.13).

Ks(S)

S = RS e T6E)

(4.13)

45.1 Modified CACC with Smith-Predictor

We add the Smith-predictor to the feedback loop. The new fization of CACC

with Smith-predictor is shown in Figure 32. Hefg(s) is a rational dynamic vehicle

Controller
with
Smith-

|
|
|
|
| -
Predictor | U;
- | | .
7 ! . | I !
i-1 | -sD - o ! -s@ |
e ™ G [ o ™ I/H H»l e —» G
|
| I
| |
| |
|
|
|
|
|
|
|
|

\

I Predecessor-vehicle Following-vehicle

L dynamic with delay dynamic with delay

Figure 32: CACC model with smith-predictor.

(without delay),6 refers to communication delag,represents internal dynamic delay
andd is assumed as a mutual delay between communication delagtandal dynamic

delay. The main controlldf,(s) is represented as:

Ko(s) = [Kffo beo] : (4.14)

To this end, the controlléf(s) is computed as the main controller with Smith-predictor

loop.

_ Ktpo(s)
K(S) = {K”O Ko (G(s)—eSTG<s>>] ' (4.15)
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4.5.2 Modified CACC with Smith-Predictor for 6=¢ Case

In the casef=@, the H,, control computation can be easily performed, because the
CACC loop with Smith-predictor does not include any delay. tTibaall delays are
moved out of the feedback loop. The new block diagram is disgd in Figure 33.

The o value is assumed to be the samebasp value. Again, theH. control for a

Ko
~ K
Ujg | Ui qi-1 € ° i o |
—> 5 —»{ G P Kb, » I/H e —»

A

v

Figure 33: Modified CACC in6=¢ case .

CACC model with Smith-predictor is formulated to minimize thesition errore(t)

and achieve string-stability (4.11). That is, we want

| T
min <1 (4.16)
“ || Sls)

wherer (s) is given as:

Ui(s) _ Ko+ GiKips
Ui,]_(S> H (1—|—Gi beo)'

r(s):=Ti(s) = (4.17)

andS(s) is a sensitivity:

Ei(s) G(1— Ksso)

)= U 19  1+GKpp - (4.18)

For this purpose, the lower fractional transformation ().lEihd the corresponding

matrix P are as shown in Figure 34.
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Figure 34: Structure oH., control for CACC with Smith-predictor.

4.5.3 Experimental Results

The simulations are performed to confirm a vehicle platodh sfiring-stability for the
modified CACC with Smith-predictor for different delay scanar These simulations
are executed with the same parameters and input that areruSedtion 4.4.2. It can

be seen that string-stability is indeed achieved in allgase

o

position [m]
a1
1

acceleration [m/s 2]
|
N

|
w

5 -4
0 10 20 30 40 50 0 10 20 30 40 50
time [s] time [s]

Figure 35: CACC with Smith-predictor design for string stability withl@.delay.
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Figure 36: CACC with Smith-predictor design for string stability with33.delay.
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Figure 37: CACC with Smith-predictor design for string stability with58.delay.

4.6 Finite Impulse Response (FIR) Blocks

Finite impulse response (FIR) blocks are frequently usedoasgisn for control of
time-delay systems. The FIR operator divides into the cetign operator and the

truncation operator [28]. Consider
G(s) = (4.19)
C

is a rational transfer matrix (without delay) such t&s) = C(sl — A)~1B. To this end,

the following two operators combined wi(s) are widely used as:
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thetruncation operatorrT {G} is defined as:

A|B | AleTB
T{G} = —e®
C|D cl o
=C(I —el"S"AT)(sI—A) B=G-e°TG (4.20)

and thecompletion operatorg {€ STG} is defined as:

A B Al B
TEr{e_STG} _ . e—sT
ce”AT|o0 C|D

—Ce STl —eSAT)(sI—A)B=G-e°TG (4.21)

These two operators map any rational transfer matrix intd-k&h block. It can be
verified that bothve {e STG} andtr {G} are entire functions whose impulse responses
have finite support (FIR systems) [28, 54, 55].

4.6.1 Modified CACC By FIR Block In Same Delays Case

In order to extend CACC by an FIR block, firsty CACC is modified in aywthat

all delays move out of the closed loop as shown in Figure 3&nThssume that the

Ky
K
Uig o | Ui qi-1 _ € i | i
— > ¢ > G Lt Kp »  //H e —»

A

v

Figure 38: Modified CACC model in same delays case.

1 {€~STG} operator is appropriate for CACC model. The new extension of CACC
model is by inserting FIR block to the feedback loop as shaowFigure 39.

41



——

Controller
with
FIR

Block

=

Uj-g

LB E [
qi
H il
Figure 39: CACC with FIR block.
Here,
G(s) A |8 (4.22)
S) = .
ce”T|0

Is a plant including the value of the delay, which is représeé@sT . After modification
as seen in Figure 40, it can be concluded that the FIR blockvesmall delays from
system. The controllegf(s) can be designed according to the main controller with FIR

block as seenin (4.23).

K(s) = [Kffo ————=]| (4.23)

4.6.2 String Stability

We want that the transfer functidr(s) from U;(s) to U;_1(s) fulfills the string stability

condition of a platoon of vehicles;

i e S0 Ksro +e 54 GiK
F(s) == Fi(s) = Ui(s) _ ffo+ i Kb

T Ui H(1+eS9GiKpp) (4.24)
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Figure 40: Modified CACC by using FIR block.

where the feedback controll&r, represents the main controll&gy,, with FIR block

as shown in (4.25);

beo
be(S) — m. (425)
To this end, the strict string stability is achieved if fohahiclesi
ITi(9)]]e0 < 1. (4.26)

4.6.3 Ho control Structure
In order to desigiid, control such that string stability is fulfilled (4.26) andthé same
time we minimize the position err&(t), theH., control problem is written as

|1 T(s)
min <1 (4.27)

“ || S8
where,l" is obtained from Figure 40 as:

Ui(s)  Kifo+GiKip

" U019 H(A+GKip) (4.29)

r(s):=Ti(s)

S(s) is the closed-loop sensitivity corresponding to vehids shown in (4.29).

E(s)  Gi+GKiro

= = = ) 4.29
U_1(s) 14 GiKpo (429

s)
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This method is proposed for designing the main contrddleunder the requirements

of string stability, which can be written as:
Ko = [Kffo beo} - (4.30)

To this end, the lower fractional transformation (LFT) witie corresponding matri

are shown in Figure 41 as evaluated from Figure 40.

—» e 1
P |—» 0 ﬁA
g P(s=| G —
e 18 %

K

Figure 41: H., design for CACC with FIR block.

4.6.4 Simulation Results

For simulations of CACC with FIR block model, it performs thergaparameters and

input as in Section 4.4.2. In addition,is considered same gs
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Figure 42: CACC with FIR block for string stability with 0.1s delay.
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Figure 43: CACC with FIR block For string stability with 0.3s delay.
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Figure 44: CACC with FIR block for string stability with 0.5s delay.
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4.7 A Transformed Standard H. Problem

4.7.1 Introduction

A transformed standarti., Problem is used to solve the, control of time-delay
systems by Qing-Chang Zhong [28]. This method is based onnaftnaned delay
in the H,, design which is presented as a beneficial way to computeltheorm with
delay. With this transformation, all robust control prabke can be solved analogous
to the finite-dimensional versions. In addition, this tfansation has a trade-off in
the performance such that the controller obtained has & guitple and transparent
structure with a modified Smith-predictor. Moreover, thare no additional hidden

modes in the Smith predictor. To this end, the practicaliance of the approach is
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obvious.

Let,
ae= |22 (4.31)

with the rational plant transfer functiag®(s) = C(sl — A)~!B. The transformation uses
truncation operatorr {G} and completion operator {€ STG} as defined in Section

4.6, such that these two operators map any rational tramsfeix into an FIR block.

4.7.2 Transformation

Consider the standard feedback configuration with delay showigure 45. It con-

sists of the interconnected platnd a general controllég(s) with delay.

[ ey T
e L B B
K [t

Figure 45: General control setup for time-delay systems.

ConsiderP as

Py P
P(s) = 11 Pr2 (4.32)
P1 P

The closed-loop transfer matrix fromto zis:

TEw(S) = Pii+e STPLK(I —e STRuK) 1R,y (4.33)
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Then, the FIR block is represented as
Ai(s) = tr{Pu} = Pi1— Puy(s)e > (4.34)

Subtracting it from the feed-forward pah;, as shown in Figure 47, we obtain

TFRw(S) = A1(S) + Tw(S)- (4.35)
> P
w Y o u z
Pz ™ e K > P
Pzy [ h

Figure 46: An equivalent structure.

That is,

TFuw(s) =€ ST{Pi1+ PoK (1 —e SThyuK) 1Py}, (4.36)
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Figure 47: The graphic interpretation of the transformation.

4.7.3 Hs, Control Design with a Single Delay

Assume that the realization of the rational part of the galimsd process in Figure 45

is taken to be of the form

Al B B
P(s)= | C; | D11 D1 (4.37)
Co | D21 D22

then, we suppose that the system parameter matrices ghedfyllowing assumptions:

Al) (A, By) is stabilizable andCy, A) is detectable;

A—jwl By
A2) has full column rank/w € R ;
G D12 |
A—jwl Bj
A3) has full row rankvw € R ;
| G Da |

A4) D>’3|<_2D12 = andD21D§1 =1.

Assumption(A4) is made to simplify the exposition. Factually, only the non-

singularity of the matriceB},D1, andD;1D3, is required.
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Now consider a Smith predictor-type controller:
K(8) = Keo(8)(I = D2(9)Ko(8)) *

as shown in figure 47. The predictor is designed to be

A B, ST Al B,
Ce AT 0 Co | Do

then, the system can be re-formulated as
ZI/
y

with e STZ/ = Z, where

Do(s) = T {e TPy} =

A ‘eATBl B,
IS(S>: C 0 D12

Ce”AT| Dy O

The closed-loop transfer function fromto Z becomes
TFEw(s) =€ STTRuy(s) = e ST.%/(P(s),K(9)).
Hence, theH., control problem
ITRwW(S) [ <.
Is converted to

171 (P(s), Ko (8))[|eo < ¥

(4.38)

(4.39)

(4.40)

(4.41)

(4.42)

(4.43)

(4.44)

(4.45)
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The solution of theH., control involves two Hamiltonian matrices;

A y2ATB BN T B>
Hy — 1= | DiCiBy | (4.46)
~CiCy —A* —C;D12
and
A* V—2c>kcl e—A* Tc* .
Jr= i ! — 2 [ D21B?‘LEA TCe AT |.
—-eATBBieA T —A —eATB1D3,

(4.47)

Theorem 2. There exists an admissible main controller such tf&t,(s)||» < y, if and

only if the following three conditions hold:
(i) Hr € domRic) and X= Ric(Ht) > 0;
(i) Jr e domRic) and Y= Ric(Jr) > 0;
(i) p(XY) < y2.

Moreover, when the conditions hold, one such main conirdle

Ar | —-L
Ko(s) = |—— ! (4.48)

I:l_ZT 07

where

Ar = A+ L1Ce AT+ y2YCCL+ (B2 + Yy 2YCD1o)FrZy, (4.49)
Fr = —(B5X +Dj,C1). (4.50)
Lt = —(Ye X TC +€&*TBDj,). (4.51)
Zr=(1—y2yx)~L (4.52)

Furthermore, the set of all admissible main controllersigbat| T, () ||« < y can be

parameterized as

Ko(s) = 1 (M(s),Q(9)) (4.53)
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where

At —Lt Bo+y ?YCD12
M(s) = FrZt 0 | (4.54)
—(Coe AT+ y 2D BN TX)Z7 | | 0

andQ(s) € He , [|Q(3)[]e < Y-

4.7.4 CACC Design by A Transformed StandardH. Problem
Consider our CACC model as shown in Figure 20 is designed.bgontrol with
|| T(s)
min <1, (4.55)

< s ||

wherel (s) andS(s) are as seen in (4.3), (4.6) respectively. Then, the lowetifnaal
transformation (LFT) with the corresponding matRxare as shown in Figure 48 as

evaluated from Figure 20.

Ui g U
i- _>
€;
P +—>» 0 1
—P> H
P(S): G -G
D O
el | u G -G
K
—

Figure 48: Structure ofH., optimal control for CACC model.

The new control design of CACC model by a transformed stanHargroblem is
evaluated as shown in Figure 49. Herg;(s) is neglected due t&; = 0 in CACC
model, so it has no any affect on the string-stability if thex/A1(s) or not. Ay(s) is
computed according to (4.39), then it is added to the cldseppart in CACC model.
In addition, the conditions oD;,D1> = | and D»;D5; = | are met by adding a new

row [0 1] in the 3rd column ofP for regularization (this means the extra outpis)(
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is assumed to be the same as the model given in Figure 49).isTertt, the control

design is formulated for:

r(s)
: - .
rr?<|n S(s) <1 (4.56)
Eo(9)
Uig
—
T o 1]
— e > 0 5
G -G
P(S): 0 1
G -G
1 0 |
K

Figure 49: Structure of a transformed standaid for CACC model.

4.7.5 Simulation Results

Consider a CACC model with delays using the transformed stdrtdlamethod. The
simulations are performed with the same parameters and ugad in Section4.4.2.
Figures 50, 50 and 50 show the impact of design by a transtbstadard., control

on the string-stability.

4.8 Discussion

In this chapter we provide many methods to find a useful smutor CACC design
with delay. Controller with predictor gives a good perforroarior obtaining string-
stability. In the first method, the dynamic and communicatitelay are converted
to the rational transfer function by using Radpproximations with different orders.

Whereas, in the design by Smith-predictor or FIR blocks, &ssumed that predictor
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Figure 50: CACC design by a transformed standatd with 0.1s delay.
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Figure 51: CACC design by a transformed stand&td with 0.3s delay.

helps moving all delays out of the closed-loop. For thisoed, control design is easy
to compute. However, in the last method, the solvabilitydibons of the standarHl.,

problem with a delay depends on a transformed delay itdthdesign. The existence
of solutions then depends on two delay-independent algeRrecati equations and the

non-singularity property of a delay-dependent matrix.

4.8.1 Simulation Results for Comparison

In comparison experiments, we execute each simulation aviskring of 2 vehicles,
considering the same parameters and input as in Sectiéh £iyures 53,54 and 55
show that the controller design by using Baabproximation and FIR blocks lead to a

faster response than the design by Smith-predictor orfsemed standaréfi., control.
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Figure 52: CACC design by a transformed standatd with 0.5s delay.

This is true for both small and large delays. Furthermore swagport the figures by

zooming in order to show the vehicle motion for each method.

4.8.2 Headway Time Problem

The main objective of CACC in vehicle platoon is to design colférs that obtain a safe
and stable vehicle following at small inter-vehicle spadiy a small headway time. In
order to check the headway for each method, we perform saomaations with dif-
ferent scenarios of delays. We consider same input and péeeasras used in Section
4.4.2 . The experiments show that the controller designdoy gmall delays by using
Pacde-approximation or FIR block gives string-stability forery small headway. How-
ever, the disadvantage of these two methods is seen wherldneidcreases. Then,
the headway needs to be large in order to achieve stringistalm addition, it has to
be noted that the controller order can be very high when usiedaé-approximation
(see Table 10). Whereas, the Smith predictor works for allesbf delays (large or
small) but can not support very small headway times. Fintilytransformed standard
H. method works for large headway times. The computation fallsheadway times
causes numerical problems in the solution of the Riccati #aus The tables below

show the results for different delays and methods.
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Method

String-stability if headway<

Pacde-approximation 0.101
FIR block 0.11
Smith predictor 0.301

A Transformed Standarie., 0.5

Table 4: Control design for 0.1 delay.

Method String-stability if headway<
Pack-approximation 0.32
FIR block 0.31
Smith predictor 0.301
A Transformed Standarid 0.5

Table 5: Control design for 0.3 delay.

Method String-stability if headway<
Pacde-approximation 0.56
FIR block 0.53
Smith predictor 0.301
A Transformed Standarié., 0.5

Table 6: Control design for 0.5 delay.
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Figure 53: Design methods for string stability with 0.1s delay.
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CHAPTER 5

CONCLUSION AND FUTURE WORK

This thesis developeH., controller design methods for Cooperative Adaptive Cruise
Control (CACC) in string of vehicles in platoon. Here, it is deslito realize a short
distance between vehicles in order to increase the traffauthput, whereas driving
safety must be ensured.

The first part of this thesis presents the general backgrabodt CACC and ve-
hicle motion with the definition of string-stability. Moreer, theH., controller design
for homogeneous vehicles is introduced. The second pahntoftiesis, develops a new
H. control method that ensures strict stability for heteragers vehicle strings. That
Is, velocity and acceleration disturbances in the strirggadtenuated along the string
even if the string is composed of vehicles with different alync properties. String
stability is analytically evaluated and also supporteddsutts from simulation exper-
iments. The third part of this thesis focuses on the desigBACC with delay by
H. control. In this thesis, different methods are suggestedthé first method, the
communication and dynamic delays are converted to ratiwaasfer function by us-
ing Pac-approximation. In the second and third methods, the CACCodified by
addition of a Smith-predictor or FIR block to the closedgaection such that delays
are shifted outside the feedback loop. In the last method, CACdesigned by a
transformed standaird., problem, which is based on a transformed delay. Simulation
experiments are presented for each method and a compahieas their advantages.

Some suggestions for future work, include the CACC design &terogeneous
vehicles include time-delays and the CACC design in the cagetdmmunication and

dynamic delay are different.
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APPENDIX A

CONTROLLER TABLES

Control transfer function
1431s° + 8485s% + 1.923 10%s + 1.433 10%

Ker=
I 4 143553 + 848952 + 1.923 10%s + 1.433 10
3150s° + 1.337 10%s? + 1.51710%s + 3571

K =
b %4 143553 1+ 848952 + 1.923 10%s + 1.43310*

Table 1: Controllers computation for experiment of chapter 2.

Control transfer function

5.1310°5°+1.761107s*+2.1821085°+1.148 10%5°+2.291 10%5+1.496 10°

Kff((ll) ~ $941.46610%5+7.3731005%+1.6421085s34+1.13710%524+-2.329 10%s+1.552 10°

7.22710°5°+2.373107574+2.71210%53+1.197 10752+ 1.37910%5+2.226 108

be(o«l) 551 1.46610%551+7.373 1055% + 1.642 10853+ 1.137 10952+ 2.329 10%5+ 1.552 10°

5.31710°5°+1.55910757+1.614 10853 +7.058 10352+ 1.26510%s+7.751 108

Kff (0.2 s0+761055+3.821 10657 +8.51110753+5.892 108s2+1.207 10%5+8.042 108

)
K _ 7.4910°5°+2.085107s7+1.95510%5°+6.907 1055°+7.261 10%s+1.154 10°
fb(02) = 61761055+3.82110°5* £8.511 10753 +5.892 10852+ 1.207 10%5+8.042 108

1.84510°s°+4.56710°5%+3.948107s°+1.4371085%4+2.239 10%5+1.23710%

Kff (0.3) = "§6135455516.924 10557+ 1.459 10753 +9.847 10752+ 1.953 1085+ 1.25 108

)
2.24310%5°+5.22810°574+4.024 10757 +1.142 10852 +1.027 10%5+1.054 107
) 504354555 +6.924 1095%+1.459 10753+9.847 10752+1.953 1085+ 1.25 108

K _ 1.8810°5°+4.49610°5%+3.686 1075 +1.2411085°+1.805 10%5+9.45 107
S1(0-4) = §64271455+5.291055% 4+ 1.1151075347.523 10752+ 1.492 108549.55 10

2.28410°5°+5.13510%5%+3.7191075°+9.487 10752 +7.929 107 s+8.054 10°

be(0-4 T $5427145945.291035%+1.115 10753 +7.523 10752+ 1.492 10854-9.55 107

1.91510%5°+4.48510°5%+3.551 1075°+1.128 10852 +1.548 10%5+7.703 107

2.32810°5°+5.116 10°5%+3.556 1075°+8.353 10752 +6.529 107 s+6.565 10°

)
Kr£(05) = 52217544.312105 10,085 1005316.132 10757+ 1.216 105+ 7.785 10
)

504221755 +4.31210°5%4+9.08510053+6.132107s2+1.216 1085+7.785 107

_ 1.95210°5°+4.507 10%*+3.481075°+1.057 1085’ +1.381 10%5+6.543 10’
S1(0.6) — 6 188655+3.6631055%+7.717 10053+5.209 10752 +1.0331085£6.613 107

2.37210%5°+5.136 10°5%4+3.467 10753 +7.622 1072 +5.602 107 s+5.577 10°

504+ 18865543.663 10554 +7.717 10053 +5.209 10752 +1.033 1085+6.613 107

K _ 1.9911055°+4.54810%5%+3.447 10757 +1.01 1085°+1.264 10%5+5.719 107
SF(0.7) = $6316525513.202105571-6.745 10053 +4.553 10752 +9.0291075+5.78 107

K _ 2.4191055°+5.17910%57+3.421075°+7.12210"s° +4.945 107 s+4.87410°
Sb(0.7) T $61165255+3.2021055%+6.745 10053 +4.55310752+9.029 1075+5.78 107

Table 2: Controllers computation for first example of chapter 3.
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Control design by Smith-predictor

Krp. — —143157184855°11.92310%+1.433 10
Jfo — 1435531848952+ 1.923 10%s+1.433 107

K — 315057 41.33710% +1.517 10%s+3571
Jbo — 11435531 848952 +1.923 10%s+1.433 107

Control design by FIR block for 0.1 delay

Kep. — 17675°+1.03110%57+2.27110%541.656 10°
Jfo = 11435531 8804s2+2.146 1075+ 1.656 107

K — —35195741.48310%°11.65410%5+3618
fbo — 1435534 880452+2.146 10%5+1.656 107

G — 0.013615*—0.255+2.5
5342.552

Control design by FIR block for 0.3 delay

Ko — — 9118107545196 10%5°41.110%547.76 10°
ffo = $34.70610753+3.086 10852+9.21410%5+7.826 108

Ko — _1:56110%16.508 10%5°47.061 10%5+1.361 10°
fbo T 4 14.70610753+3.08610852+9.2141085+7.826 108

G = 0.14685>—0.755+2.5
_ s3+42.552

Control design by FIR block for 0.5 delay

Kor — 0931543863107 +7.83410%5+5.328 107
ffo = S 15235341.16210%52+5.455 10%5+5.329 10

996953 +4.08710%s%+4.22710% 546053
s 4152353+ 1.16210%s2+5.455 10%5+5.329 10%

Kypo =

G — 049615°—1.255+2.5
s3+2.552

Control design by a transformed standard H.. problem for 0.1 delay

Kep. — —11.235146.735” +50.55549.568
ffo — 1123553 442.9152449.59519.568

K — 117110757 14.59910 75°44.18110 s
fbo s7112.3553142.9152+49.595+9.568

Control design by a transformed standard H.. problem for 0.3 delay

Kep. — — 44.045°11835°1196.75+36.05
ffo = 3423534149252 1189.55+36.05

Ko — 44110 754173310 5> +1.57510 O
fbo 54 134.23534+149.252+ 189.55+36.05

Control design by a transformed standard H., problem for 0.5 delay

Ko — 11235446735 +50.555+9.568
ffo = 1123553 442.9152+49.595+9.568

K — L171107757+4.59910 75 +4.18110 's
fbo sY112.3553+42.9152149.59519.568

Table 3: Controllers computation for experiment of chapter 4.
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Second-order Padé-approximation for 0.1 delay

Kp— 17685+2.22510%°+1.1871075°43.19210%57 +4.169 10 +1.8221075> +3.511 10"5+2.386 107
S T 155557 41.871055949.836 10055 +2.637 105573468 10°s3 + 1.588101052.+3.33 10105-+2.386 1010

K — 352057 +4.37210%5°+2.2921075°+5.979 1085* +7.305 10%5°+2.377 101952 +2.435 100s+5.211 10°
b T 84 155557+1.87 1055°+9.836 10555+2.637 10854 +3.468 10953+ 1.588 101052+ 3.33 1010542386 1010

Second-order Padé-approximation for 0.3 delay

_ _29565°+7.59610%s7+7.663 1035°+2.98 10057 +5.247 10°5+3.348 10°
Sf T 6114565513.922 10714257 10553 +1.939 10052 +4.46110°5 13,348 10°

K — 504054 1.21810%s7+1.11510%743.258 10%43.112 10%15.699 10°
fb 64 145655+3.92210%5%+4.257 10553 +1.939 10052 +4.461 10°5+3.348 10°

Second-order Padé-approximation for 0.5 delay

Kep— 74805°4+1.31810%57+9.503 10° s> +3.121 10°5%+4.897 10°5+2.892 10°
S~ $6114525513.408 10%5%13.236 10553+ 1.483 10652+ 3.714 1065+2.892 105

Ky, — 1.16910%+1.88710%* +1.19310%° +2.944 10%5% +2.563 10°5-+4.138 10°
Sb — §61145255+3.40810%5*+3.236 10553 +1.483 10052 +3.714 10°5+2.89210°

Fifth-order Padé-approximation for 0.1 delay

_ 768s'°+1.07 5§ 743.13 s 5. 1075V +7. s°+7.1 s°+4. s'+2.5 s°4+9. 10757 +2. 107°s"+2.6610°°s°+1. 107°s°+2. s+1.51
K 1768s13+1.07110°5™2+3.138 10851 7+5.82410™0s10+7.55 101257 28 10™58+4.96210"57+2.5210"85°49.003 10757 +2.091 102757 +2.66 102257 +1.158 10552 4+2.229 1055+ 1.515 105
S~ $T1203558311.044 1065124+2.869 108511 +5.143 10105104 6.522 10259 +6.064 1058+ 4.173 101657 +2.102 101855+7.466 10055 +1.73 102153 +2.214 102253 +1.009 10235242115 1085+ 1.515 103

Ky — — 3520s0+42.12710°5™+6.21410°" T+ 1.1510" 570+ 1.485 10757 +1.39510"°5°+9.653 10'°57+4.86 1015+ 1.713 1075 +3.881 10° 57 +4.648 105 +1.51 1075° +1.546 1075-43.31 10>
fb  §T%12035513+1.04410051242.869 1085 11+5.143 101051016522 101259 £6.064 101455+ 4.173 107057 +-2.102 101850 +7.466 10055 +1.73 102157 +2.214 10?253 £ 1.009 10352 +2.115 10535+ 1.515 103

Fifth-order Padé-approximation for 0.3 delay

Kor— 295657 +6.08110%5216.056 10751 13.828 109577+ 1.696 10157 +5.502 107554 1.327 10™57+2.369 10755 +3.053 1057 +2.697 10777+ 1.488 10" +4.424 1057 4-6.677 105 1-3.889 108
Sf = 44163655 +3.1691055124+3.104 1075 T41.954 10%510+8 671 107057 +2.83 101255+6.897 10137+ 1251 101550+ 1.652 101655+ 1,519 10175748999 10175343 078 101852 £5.765 10155+ 3.889 108

Ko — 504055 +1.029 10°57241.017 108517 +6.369 10°504-2.793 10157 +8.946 10258 +2.123 101457 +-3.706 101350 +4.617 10705 4-3.857 107 s* +1.908 10'85°+4.334 10185 +-3.714 10"85+6.62 1017
Jb ~ $T41 16365343169 105512+3.104 10751+ 1.954 109510+ 8.671 101059 +2.83 101258 +6.897 101357+ 1.251 101550+ 1.652 101655+ 1.519 10175%+8.999 1017 53+3.078 101852+ 5.765 10185+ 3.889 1018

Fifth-order Padé-approximation for 0.5 delay

Ker— 74815+49.3971075724+5.72 10751 T+2.21310%51746.021 107057 +1.204 10258+ 1.804 107357 +2.02 10"+ 1.661 1075 +9.662 10757 +3.728 107057 +8.673 101052 +1.096 1017 5+5.643 10™®
S ST 15605831 1.965 105512+ 1.234 107511 1 4.974 1085194+ 1.419 101094 2.999 101158+ 4.793 101257 15.813 101356 1+5.287 101455 +3.51 L [01s%+ 1.626 101653+ 4.901 1016521 8. 657101"s+5 6431016

_ 1.1710%+1.23410%57046.09 10757 +1.838 10°5s%+3.722 107057 +5.21210s°4+5.01 10" 5°+3.168 10557 +1.203 105 +2.303 1052+ 1.77310M5+2.779 1073
K —
fb — $724 15425714+ 1.676105510+8.779 10659+2.855 10858+6.328 10957 +9.926 101050+ 1.109 101255+ 8.665 101257 +4.54 101353+ 1.498 101452 +2.856 105+ 1.943 1014

Table 4: Controllers computation for experiment of chapter 4.
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