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ABSTRACT

FRACTIONAL DERIVATIVES WITH MITTAG-LEFFLER KERNEL AND
THEIR APPLICATIONS

CAN, Halil Sezgin
M.Sc., Department of Mathematics

Supervisor : Assist. Prof. Dr. Dumitru BALEANU

February 2018, 50 pages

In this thesis, we concentrate on studying the properties of a new fractional
derivative with Mittag-Leffler kernel and presenting its discrete version. After that,
we show some applications of these new fractional operators to couple real-world
phenomena from the fields of engineering. In these applications, the results obtained
from existing fractional derivatives are kept to express the performance of the

considered new fractional derivative.

Keywords: Mittag-Leffler Function, Fractional Calculus, Atangana-Baleanu

Fractional Derivative, Mittag-Leffler Kernel.



0z

MITTAG-LEFFLER CEKIiRDEGI iLE FRAKSiYONEL TUREVLER VE
UYGULAMALARI

CAN, Halil Sezgin
Yiiksek Lisans, Matematik Anabilim Dali

Tez Yoneticisi : Yrd. Dog. Dr. Dumitru BALEANU

Subat 2018, 50 sayfa

Bu tez calismasinda Mittag-Leffler g¢ekirdegi kullanilarak yeni bir kesirli
tirevin ozellikleri lizerinde durulmakta ve bunun ayrik versiyonu sunulmaktadir.
Bunun ardindan miihendislik alanlarindan gercek diinya olgulariyla eslestirecek
sekilde bu yeni kesirli operatorlerin bazi uygulamalar1 gosterilmektedir. Bu
uygulamalarda, mevcut kesirli tlirevlerin sonuglariele almman yeni kesirli tiirevin

performansini vurgulamak i¢in korunmustur.

Anahtar Kelimeler: Mittag-Leffler Fonksiyonu, Kesirli Hesaplamalar, Atangana-

Baleanu Kesirli Tiirevi, Mittag-Leffler Cekirdegi.
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CHAPTER 1
INTRODUCTION

Fractional calculus deals with the derivatives and integrals of any real or
complex order [1-40]. This type of calculus was initiated and developed by many
great scientists like Leibniz, L’Hospital, Euler, Bernoulli, Riemann, Liouville, and
many others [10-11]. Since its beginning many people have been working in this
field to help its development and its applicability to various areas of mathematics,
physics and engineering. It has been found that fractional calculus can be extensively
used for many physical phenomena as a strong and effective tool to describe
mathematical modeling [41-62].

Valuable uses for the Mittag-Leffler (M-L) functions have also been
identified in various fields of the physical and applied sciences. In the last 20 years,
about nine decades after being discovered by Swedish mathematician GM. Mittag-
Leffler [3-8], these functions have grown in importance because they can potentially
be utilized to solve problems in various applications, such as engineering, biological
and physical sciences.

The aim of this master thesis is to introduce the new fractional derivative so
called Atangana-Baleanu derivative as well as present some of its applications.

In this attempt to introduce readers of this thesis to the current state of
research on M-L type functions and kernels, some particular articles are of key
importance. The work by Atangana and Baleanu [1] made a significant contribution
to the field of fractional derivatives and is valuable for its applications to models of
heat transfer. In 2016, Abdeljawad and Baleanu [2] introduced discrete versions of
fractional derivatives employing the M-L function together with proofs for formulas
for the discrete integration by parts, further extending the field of applications for
these functions. The following year, the same authors in [3] focused on monotonicity
in the case of fractional difference operators with comparisons to the classical cases.
Significant work has been done recently to establish the roles of Riemann-Liouville
derivatives [2], Liouville-Caputo and Caputo-Fabrizio operators [3], and Bateman-

Feshbach-Tikochinsky oscillators [5] in the context of M-L functions and kernels. In



2016 some work was conducted on applying such M-L function-based derivatives to
finding the solutions for electrical RLC (resistor, inductor, capacitor) circuits, a type
of circuit that happens to demonstrate fractality. Therefore its becomes an interesting
example of the real-world demonstration for applications of these functions and
derivatives [6].

The thesis is structured on five chapters. In the second section some basic
tools regarding the Mittag-Leffler function, Riemann-Liouville and Caputo
Fractional derivative and Atangana-Baleanu fractional derivative are given. Section 3
Is devoted to the discrete Mittag-Leffler function and its properties. Section 4 deals
with some properties of the discrete fractional derivatives with Mittag-Leffler kernel.
Section 5 presents some illustrative applications. The conclusion part ends this

master thesis.



CHAPTER 2
BASIC TOOLS

The Mittag-Leffler (M-L) function has a significant place in solving
fractional-order differential equations. It can be applied in diverse fields, both
theoretical and practical, including the flow of fluids, electric networks, probability,

the theory of statistical distribution [8].

2.1 Mittag-Leffler Function and Its Properties
We denote by  E, (X) the Mittag-Leffler function and by E,z (X)

generalized version.

Definition 2.1 [11]:(Mittag-Leffler Function-one parameter)

Zk
Ea(Z) = ;m, a € C, R(CZ) > 0. (21)

Definition 2.2[11]:(Generalized Mittag-Leffler Function-two parameter)

Zk
Ea,ﬂ(z) = kzzom, a,ﬁ € C, R((X) > 0, R(,B) > 0. (22)

It follows from the definition that if we puta =1, f = 1 we get E; 1(z) = e?.

Fora=1and B=2or p=3,weconculude [11]

e?-1

E,(2) = (2.3)
Eya(z) = S5
Also we have [11]
m-1
Z
Eym(2) = { F} (24)
k=0
Second, the hyperbolic sine and cosine are also specific cases of the M-L function,
z#* cosh (z)
Bz (z) Z T (ak + 1) Z Qo z (2:5)



g (2)_§: 72k _15: z2*t sinh (z) ”6
2217 __k_OF(ak—FZ)__Zk_O(Zk—kl)!__ z (2:6)

and we continue with the hyperbolic function. We look at the order of n [11]:

nk+r—1

(o] Z ) .
h.(z,n) = ;m =z 1En,r(Z ), (2.7)

which it is also a M-L function.
The other one is an error function. We take the general form of the M-L

function and put a instead of % and b instead of 1 [11].

o

E1, (1) = Eop(@) = ). ("Z+ y
k=0 ?

The error function is also defined by the following:

erfc(z) = \/%fooe_tz.

k

= eZ erfc(z). (2.8)

Laplace transform (LT) of the Mittag-Leffler (M-L) Function
We will examine the relationship of the LT and the M-L function [10]. First, let us
prove the following [11].

* 1
J e tet?qtr = T |z| <0, (2.9)
O —_
© 1 > (+2)¢ (@ =
f e tet?tdt = T :Z(_k') f e‘ttkdt=2(i2)k
0 2= e k=0 (2.10)
1
147
@ k!
f e—t tkehiztdt = m |Z| < 1. (211)
0

Derivatives of the Mittag-Leffler Function
Using Riemann-Liouville (R-L) fractional-order differentiation (D} (y is an

arbitrary real number) of series demonstration, we obtain [11]

ODg/ (tak-'-ﬁ_lEg’z(Vta)) — tak+,8—1E(k)

o, @to). (2.12)

Take the particular case of the relationship for k=0, A=1 and infer that y is given [11]:



m

Performing the substitution t = Z% and m =1 we obtain [11],

n -k

1d z
——(Z(B ORE) np(2)) = 2P~ 1E1 (Z)+Zﬁn IZ—.
1F(ﬁ—ﬁ

Differential Equations for the Mittag-Leffler Function

n —mk

(ot =g () 05

Showing the M-L function and its corresponding equations differential equation, we

indicate the following [11].

m
= b1 n — -1 m
() =t Em  (e0), ya(t) = tF Em o (£,
S (B-1Dn
ys(®) =t m Em(0), ya(®) = t#"DEm (0).
n’ n’
Then these functions satisfy the following respective differential equations[11]:
n m
d™y, (t tn"
dJ;n( ) —y1(t) = tﬁ_lz—m.
G(B-%)
d™y,(t)
T = Y2(0) =0,
n -k
(Zem D)y -y = Y
Bl s () = —m
n dt =1 ’8 - ?k)
1dy,(t) SR
— Ya(t) — t" "y, (t) = tﬁn_lz o~
n dt
f(-5)

Summation Formulas
We have [11],

m—1
Z pizavi/m _ {m, if k=0 (modm),
. 0, if k#0 (modm).
V=
We start with the apparent formula.

m

z i2uvk {Zm +1, if k=0 (mod2m+ 1),
e 2m
0, if k#0 (mod2m+ 1).

v=—m

We then acquire the following [11].

(2.15)

(2.16)

(2.17)

(2.18)

(2.19)

(2.20)



m

1
2Zm+1
v

Ea,ﬁ’ (z2) =

-1
1 i2uv
E a B(22m+1e 2m+1>. (2.21)
- 2m+T

A generalization of the summation formula has thus been obtained.

m-1

720V i2pv(m-n)
ZE%,,) — e M =M B pna(Z™) 2.22)

v=0

Apparently, for n=0, the relationship gives the summation formula.

Integration of the Mittag-Leffler Function
We have [11],

] Eqp MF71dt = 2PEq 5.1 (A2), (B> 0). (2.23)
0
We acquire a more general relationship.

1 VA
mfo (z— )V Eqp(At*)tP1dt = 2PV 1Ey, 5y, (A2%), (2.24)

Z
f tF=1 Eq p(at®)(t — )Y T E,, (—a(t — 1)¥)dt = tF*V1E,, 5, (a?t?).  (2.25)
0

Asymptotic Expansions
Integration of the relationship gives [11],

E1 (2) = 7(1-Bngz" {Zél—ﬁ)ne—z{}Evl (z0) ,
B B

n . (2.26)
+nj e ™" Z ! 7 31 dty, (m<1),
< \& (-5
which is valid for arbitrary zo# 0.
Then we put =1, zo=0[11],
N z N n_l,[k—l
Ell(z) =e? {1+ nf e " z - | (n=2). (2.27)
" o \E R

Taking n=2 as before, we acquire the following formula:

2 2 z 2
E1 (z) =e* 1+—f e " dtrty. 2.28
L= (g [ o] (229
from which the following asymptotic formula follows [11]:

Vs
E1 ~2e%,|arg (2)| < 7121 - . (2.29)
:



Wright Function
The Wright function is significant for the explanation of particular linear fractional
equations. This function is connected to the M-L function in two parameters, E, g (X)
[10].

We give the definition of the Wright function [11]:

i K
VA
W (z; = E —_ . .
(z;a,B) 2 KTk + ) (2.30)
We can also represent this function with the integral formula given below:
W(z;a,B) = = f 7B ez gt (2.31)
T 2mi H,, ' '

Finally, we can write the LT of the Wright function to also contain the M-L function.

Lt Byis) = L{ —}
RZO k'TI'(ak + B)

4 i 1 1
r k+1
k=0F(ak +p)s

(2.32)

=S5 E p(s7h).

2.2 Basics of Riemann-Liouville and Caputo Fractional Operators
The Riemann-Liouville Fractional Differential Operator
First, it is helpful if the fractional integration operator is defined. Let us assume that
a>0,t>a, a,a,teR. Then the fractional operator [11]
1 t
Jef(t):= mfo ()(t — )% dt. (2.33)
is referred to as the R-L fractional integral of order a [12]. Next we show the R-L
fractional differential operator.
Supposing thata >0, t > a, a, a, teR [12]:
1 d* ("t f@
J

rn—a)dt" ), (t —t)eti—m
n

dt, n—1<a<née€N,

Daf(t): = (2.34)

kmf(t), a=nE€N.

and this is referred to as the R-L fractional derivative or the R-L fractional
differential operator of order a [12].



The Caputo Fractional Differential Operator
Let us assume that a>0, t>a, a, a, teR. The fractional operator

! o dt, n—1<a<ne€eN
pef(eyi= "G m (=T )
Wf(t) a=n€EN.

is the Caputo fractional derivative or Caputo fractional differential operator of order
a [13].

LT of the Basic Fractional Operator
Suppose that p > 0 and additionally that F(s) is the LT of f(t); then the following
statements hold.

The LT of the R-L fractional differential operator of order a is given as shown
here,

LDEf (O} = s9F(s) = ) s« [DEI™f ()];mo 036)
k=0 '

n—1<a<n.
Let the LT of the Caputo fractional differential operator of order a be given by [10]

n-1
L{DIf (D)} = s*F(s) — Z s@k=1f0)(QQ) , n—1<a<neN. (2.37)
k=0
This can also be acquired in the form below, as well [10].

STF(5) = s"H(0) = sPTI(0) = = fOTVO) g

Sn—a

L{DIf()} =

Next, LT of the two-parameter function of M-L type can be given as follows [14].
m!s* B

L{t“m+ﬁ_1Ea,ﬁ (m) (i/lta)} — W'

1
Re(s) > |A|a. (2.39)
2.3 Fractional Atangana-Baleanu Derivative
Definition 2.3[1]: If we take f € H(a,b),b > a,a € [0,1], we have the definition

of the new fractional derivative as follows:

B(a) (¢ (t—x)°
ABEDE (F(1) = T—a fb f(x)E, [—a T ]dx. (2.40)
Here, B(a) has properties similar to those in the Caputo and Fabrizio case. The above

definition is important in discussing practical real-world problems. It will also be of

8



great help when we use LT to solve some physical problems under the initial
conditions. However, if alpha is 0, we do not regain the original function except
when the function vanishes at the origin. The following definition is proposed with

the goal of avoiding this situation.

Definition 2.4[1]: Letting fe H(a,b),b > a,a €[0,1], the new fractional

derivative can be defined as follows:

w508 (1) = 1 [ £8e [~ ax @41

Equations (2.40) and (2.41) have a kernel that is nonlocal. Additionally, in equation

(2.40), we obtain zero if the function is a fixed function.

Properties
We begin here with the relationship between both derivatives and the LT. It can be

concluded by a straightforward calculation that [1]

B(a) p°L
£{4BED& (F(6))}(p) = (“ippa{f“)i(p) (2.42)
l1—«a
and
a a-—1
L{*PEDE (f(0))}(p) = B(aip L{f(;)j(f) P f(o) (2.43)
1—«a

respectively.
Proceeding from this, the following result is then reached.

Theorem 2.1[1]: Letting f € H(a, b),b > a, « € [0,1], the following relation is
obtained.

ABEDE (F(©) = “PEDE (1) + H(D). (2.44)

Proof [1]: If we take definition (2.44) and apply the LT on both sides, the result

below can be easily obtained:

B(a:) PLFOIp)  p*f(0) B(@) 2.45
apa_i_lfa pa+1aa1—a' ( )

L{#75DE (f (D)} (@) =

Following equation (2.42), we have:



p*1£(0) B
L{*EGDE (£ ()} () = L{**FDE (f ()} (p )—p +f (a) 1(_02 (2.46)

1—«a

If we apply the inverse Laplace on both sides of equation (2.46), the result will be as

follows:

48¢Dg (f(9)) = 425D¢ (£(©)) = ¢ f (O (~7——t%) (247)

The proof is thus completed.

Theorem 2.2[1]: Taking a continuous function on the closed interval [a,b] gives the

following inequality on [a,b]

142508 (F(©)]| < 222 K, Ih(E)] = maxoseaplh (Ol (2.48)
Proof [1]:
d A
Jouso (ol = |2 [ o[-« S22 o
B( , @ (2.49)
a
1% [ 7 o H=—Ilf( 1!

If we take K to be || f(x)|l, we complete the proof.

Definition 2.5[4]: We can define the fractional integral associated with the

derivative with the nonlocal kernel is as follows:

a t _
PIEFO) = 55O + e | f D=9 (2550)

10



CHAPTER 3
DISCRETE MITTAG-LEFFLER FUNCTION AND ITS PROPERTIES

Definition 3.1[4]: (V discrete M-L) Forp € R, |u| < 1, and a, 8, z € C with
Re(a) > 0, the nabla discrete M-L function can be given as:
ta+ﬁ 1

E 5 2) = Z.U NCET) (3.1)

For the case of g = 1, we have the following:

ta

Z
_ A i t
Ea(i,2) 2 B3 (1,2) Zu T <L (3.2)

The generalized M-L function with three parameters was previously introduced as

follows[4]:

E} 5(2) = ;(P)t T+ B (3.3)
Here (p); = p(p +1)--(p +t—1). Notice that (1), =t! and so E'Na,B(z) =
E;'ﬁ, (2).

Moving on to the discrete process, it is necessary to define the version of the
M-L function of three parameters as follows:

at+f-1

t'I'(at + B) (34)

B0, = ) i (o)
t=0

Definition 3.2[4]: The (V) discrete general M-L function having the three parameters
a, 5, and p is defined as shown here:

ta+p-1

t'I'(at + B) (3.5)

p — t
E252) = ) u (o)
t=0

Here, it can be noted that E;,—g(ﬂ» z) = Eq5 (1, 2).

11



Proposition 3.1[4]: (Summation and difference for the discrete M-L functions)
ViEa(u z) = Eqga(u, 2),
ViETp(w z) = Exgz(u 2),
ViEqp' (1 2) = Egp=1’ (1, 2), (3.6)

Z Eczut—a) =E 5z - a).

t=a+1

Definition 3.3[4]: Suppose that function f is defined on N,. Thus, for 0 < a < 1,

we have its a-order Caputo fractional derivative as follows:
VS (k) =Ty OVF (k)
= oo T (ke = p(N VS (), (3.7)

where p(s) =s—1and Vy%f(k) = %Zé‘ﬂ(k — p(s)%1 f(s) is seen to be the

V left fractional sum with the order of a.
If we take f as being defined on N, it will follow that V& f (k) is defined
on
N, ={1,2,3,..}.
For the Caputo fractional difference possessing the orderof m—1 < a <m

beginning from a(a) = a + m — 1, please see [46].

Example 3.1[4]: Take 0<a<1l,a€R, as well as the Vv left Caputo

nonhomogeneous fractional difference equation as follows:

Uy =y@®+f®),  y(0)=ap, tEN,. (3.8)
Now it is possible for one to write the solution for (3.8) in the following way:

y(©) = agFz(A ) + ) Eaz (At = p())f(s). (39)

Remark 3.1[4]: The solution of (3.12) witha = 1and ay = 1is

00 -

y(t) = ZA"‘ iiak (t=p (S))k L) e, (3.10)

k=0 s=1k=0

12



The function &,(t,0) =(1—21)"% a V discrete .exponential function,
represents the first part of the solution above, with |A| < 1. Please see [49] for more
information.

Next we will review some facts about the discrete LT of the M-L type and
convolution type functions (for detailed information, refer to [48]).

Definition 3.4[4]: Take se R,0<a <1, and f,g:N, = R. Then the V discrete

convolution of f with g can be given according to the following:
k

Frt)= D g(k=p©)Fs). (3.11)

s=a+1

Here, p(s) = s — 1 is understood to be a backward jumping operator employed in
the case of 7-analysis for the time scale of Z. Such a backward jumping operator is
required for showing the following discrete convolution theorem. It is also needed in
order to acquire the dual relations existing between the left and right fractional sums
and the differences by way of the Q-operator.

Proposition 3.2[4]: Let a function f be defined on N,. Then the nabla discrere
Laplace transform has the form Nf(z) =Yi,(1 —2)71f (), N, f(2) =
Y2 (1 —2)1f(t). In the case of any a € R\{...,—2,—1,0}, m€ R, and f, g

defined on N, the following can be written:

(Vo (f * 9)) ) = (N )Y (Ng) (). (3.12)

Proof [4]:

[ee]

WalF gD = D" (1=K > f(m)g(t - p(m)

t=a+1 meail
- i i(l—k)t"l Zt: f (m)g(t = p(m)) (3.13)
m=a+1t=m a1

= i i( 1-kB)" A -k™ 1 fm)g(r)

m=a+1r=1

= (VoK) g) (k).

where the alteration of variable r = t — p(m) has been applied.
For more information about the situation in which a = 0 and g(t) = t%,
please consult [48].

13



Lemma 3.1[4]: For and a € R{...,—2,—1,0},

r'(a)

i M) == 11—kl <1, (3.14)
i, N (k) = ("Hbf (1‘;) 11— k| < b. (3.15)

Lemma 3.2[4]: If we assume that f is a function that is defined on N, we have:

(W7 (£(®))) () = kYY) — £(O). (3.16)

Lemma 3.2 can be generalized as follows.

Lemma 3.3[4]: Assume that the function f is defined on JV,. For this case, the
following result holds:

NV (F () (k) = k(N f)(k) — (1 = k) f (@) (3.17)
To express this in a more general fashion,

n—-1

WNa@ V" )(k) = k" Na(a) ) (k) = (1 = k)*@ Z k"0 f(a+ 1), (3.18)

i=0

Lemma 3.4[4]: For any positive real number v,
(Na-1Va21 1) () = s77(Na-1) (5). (3.19)
A different proof can be provided for the lemma below, avoiding convolutions as can

be seen in the work presented in [48].

Lemma 3.5[4]: If f is defined on N, and 0 < a < 1, we have the following:
VEVg ) = k*(V (k) — k1 f(0). (3.20)

Proof: We get the following thanks to the definition and Lemma 3.2 that were
established in [50]:

Al

t

CvEN® = (v v ) = (v “f) ) - o/ © (3.21)

By employing the Vv discrete LT and also using Lemma 3.1 and Lemma 3.2, the

following is obtained:

1-a -(1-a rq-
NETEN) = k(75 1)) — (70 F) 0) o

A ae/ @ 322

The result then follows by Lemma 3.4 witha = 1 and (VO_(I_“))f(O) = 0.

14



Remark 3.2[4]: It is possible to generalize Lemma 3.5 as follows. We get the

following for f when it is defined on Naand 0 < a < 1:
Na VeI = k*Naf () — (A — k) *k* f(a). (3.23)

Remark 3.1 allows this to be proved.

Lemma 3.6[4]: Supposing that 0 < a < 1 and letting f be defined on N, we have:

i (WEz(w ) =

(3.24)

i, (NEzz(nt) (k) = — (3.25)
Proof [4]: The proof of (ii) is repeated because of an error in the calculation in
Lemma 3.4 (ii) in [40]. (ii) Here it can be easily seen that VEg(u,t) = uEgz(u t).

In fact,

Zakza—l

VEz(u k) = Zuz
z=0

Division by balls of the gamma function results in zero, which subsequently results

in
00 kza kza+a za+a—-1 (3 27)
VEqUt) = ) W= uzk e = M. G
Using V" along with (i) and Lemma 3.2, it can be concluded that
NEga(u t)(k) = [kN Ez(u, t))(k) Ez(u,0)] (3.28)
= ka—u'
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CHAPTER 4
PROPERTIES OF THE CONTINUOUS AND DISCRETE FRACTIONAL
DERIVATIVES WITH MITTAG-LEFFLER KERNEL

4.1 Right Fractional Derivatives and the Formula for Integration by Parts
Defining f on the interval of [c,d], the Q-operator’s action can then be written
in the form of (Qf)(t) = f(c +d —t) [2].

Definition 4.1[2]: Assuming that f € H(c,d), c <d, a € [0,1], the new (Left
Caputo) fractional derivative in the way defined in the work of Atangana and

Baleanu has the following definition:

(42D f)(6) = 22 1 ' () Eo[- 2 lx. (4.)
In the left R-L sense, it is defined by:
B(a) d ( )*
(“BRDF)(£) = 222 [1 f()Ey [—a =] dx. (4.2)
The associated fractional integral is given by:
AB
(B = 5o f (O + 505 (ol “F) O 43)
The new right R-L fractional derivative being proposed here can be indicated by

ABRpC and its corresponding integral by “81S. Classical fractional calculus shows us

that ( J2Qf)(t) = QUSF) () and ( D4Qf)() = Q(DSf)(t). This relation should

be satisfied for the new left and right fractional derivatives as well as for the integrals

[2].

(a) (t —x)"
l1—a

(D)) = ldx

dtJ flc+d—x)Ey[—«a
(4.4)

_B(a) d (u—(c+d—-1t)*
B 1—aafc+d_tf(u)Ea [—a l1-a ]dx.

Here the alteration of the variable u = ¢ + d — x has been applied. Relation (4.4) leads

to a definition for these new right fractional derivatives as follows.
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Definition 4.2[2]: The new right fractional derivative having a M-L kernel of the

order of a € [0,1] can be defined in the manner given below:

(*PFDEf)©) = =22 L [ G0 B [-a G2 d (45)

Furthermore, we have [2]:

1 —
(“BI*Qf)(t) = ﬁf(a +h—t)+ % (0N (®)
( )f(a+ b—t) +ﬁo<1bf)<t) (4.6)
= 0[5 F© + 505 5P

The equation (“D{ £)(t) = u(t) can also be solved. Indeed,
(“Dyf)@®) = (“PDFQQf) () = (Q*5D* Q) (1) = u(t)
or 4.7)
(2D Q) (1) = Qu(b),

and hence
Qf(t)— Bla )Q (t)+ﬁ al Qu(t)— Bla )Q u® +5 Bla )leu(t) (4.8)
If we apply Q to both of the sides as given above, the following result is obtained:
-«
=1 ORIt 10} (4.9)

Relations (4.6) and (4.9) yield a definition of the new right fractional integral as

follows.

Theorem 4.1[2]: The functions (ABXD* f)(t) and (*PRDEf)(t) are found to satisfy

the following respective equations:

(At ® =f@ (*PI59)® = f©. (4.10)

Proof [2]: Here only the left case is demonstrated. It is possible to demonstrate the
right case using the Q-operator. According to the definition, it can be said that the
first equation has equivalency with the following:

1- a o
Bla )g() (a)(al g)@®) = f(©). (4.11)

Applying the LT makes it possible to state that
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1—«

B( ) (a) sT*G(s) = F(s), (4.12)
from which it follows that
B(a) F(s)s“
G = )
(s) = [—dgay @ _ (4.13)

In the end, the Laplace inverse leads to g(t) = (4B2D* f)(¢).

Definition 4.3[2]: The definition of the new (right) Caputo fractional derivative with
the order of 0 <o <1 can be given as

S t)a] dx. (4.14)

(PDEF)®) = 2 f F (E [-a
Next, the right version of

(76D F)(8) = (*PEDF)(1) = 1 f(O)Eq (~ 12 ()7) can be given by

employing the Q-operator that was discussed above.

B(a)

Proposition 4.1[2]: The following identity is used in order to relate the new right R-
L fractional derivative along with the new right Caputo fractional derivative:

(DE® = (PDEF)D) T DI (~ b 0F). (419

Proof [2]: Applying the Q-operator to identity

(P5Df)(®) = (“PEDUI() =~ f(0)E, (—% (t)“) and employing both

Q(*E5D ) (1) = (“"*DgQ f)(t) and Q(“2$D% £)(t) = (“E°DEQf)(t) allows one
to obtain that [2]

B(a)

(“*Dgf)(® = (***Dgef)(® — Lf (0)E, (—%(b ~0°).  (416)

Replacing f(t) with (Qf)(t) = f(b — t) makes it possible for the claim to be
concluded.

Proposition 4.2[2]: (Integration by parts for the Caputo fractional derivative

[J(4BD* ) (0)g(®) = f) £(&) (*BFDEG)(t) + =2 f(DEL, - o, 9Ol (417)
[y CHEDEFY g (1) = [ F() (45D g)(0) + 22

B(a)

f(t)E1 -a 0+g)(t)lo (4.18)
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B(@)
1-a

Proof [2]: (“#5D“ £)(t) = (“P§D“ F)(®) —

f(0)Eq (- == (6)%) and (4.16)

allow for the first part to be proved, while proving the second part is further made

possible.

Definition 4.4[3]: When m € (0,1) and f are defined on N,, or

case, the following definitions can be obtained:
The new left (V) Caputo fractional difference:

B(a)
1—a

> (mHA - @) P®

k=m+1

m Vif)(2) =

=B@ ) (THU1 -

k=m+1

The new right (V) Caputo fractional difference:

n-1
B
TT)(2) = 1(_—022( — V)R (1 — a)k=P@
k=z

= B(@) ) (- %A - )%,
k=z

The new left (V) Riemann fractional difference:

I = 1o, Y FOL— @y

s=m+1

=BV, ) f)0-a)k

s=m+1

The new right (V) Riemann fractional difference:

(CPREF)(2) =

29 ) ka ()(1 — @)P®

= B(@)(=8,) ) fI(1 - )<
k=z

2N in the right

(4.19)

(4.20)

(4.21)

(4.22)

Here, B(«) is a normalizing positive constant that is dependent on « and satisfies

B(0) = B(1) = 1.

Remark 4.1[3]: In the limiting cases of « — 0 and a — 1, the following remarks can

be made:
GV > fk)—f(a) as a—0,
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and
FVER) > Vf(k) asa—1,

(CFCvg k) —» f(k) — f(b) as a =0,
and
(CFevg k) » =Af(k) as a—1, (4.23)

gFevefyk) - f(k) as a—0,
and
SRVAFY(k) » Vf(k) as a-—1,

(CFRVEY(k) — f(k) as a—0,
and
(CFRVZEFY(k) » —Af (k) as a— 1.

Remark 4.2[3]: (the discrete Q-operator’s action) The Q-operator presents regular
action between the left and right new fractional differences, which can be shown as
follows:

Q&MY (k) = (CR75Qf) (k)

(QETVEN (k) = (CFevgQf) (k)
where (Qf)(k) = f(a + b — k).

(4.24)

Definition 4.5[3]: For 0<a <1 and u:N, » R, a<b, a=b (mod 1), it was

found that the corresponding left fractional sum can be defined as:

k
l—«a a

(Fy-a = — 4.25
V() = s u(k) + g Z u (s)ds, (4.25)

s=a+1

the right fractional sum can be defined by
b-1
l1—-«a a

Fyrru) (k) = u(k) + —— ) u(s)ds. 4.26
T w) k) = s ulk) B(a);() (4.26)

In [29], it was shown that, (4°7~% C(Fr) (k) = f(k) and
( Frye CFyEf)(k) = f(k) It was furthermore shown that
Ve GFVTEN ) = f(k) and (P P f)(k) = f (k).
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Proposition 4.3[3]: (relation of Riemann- and Caputo-type fractional differences
with exponential kernels)
SFEvar) (k) = (ERPEP(R) — 22 (@)1 - @),
B(a) (4.27)
(P (k) = (CFRVb)(k)__f(b)(l_ )Pk,

For us to be able to continue, the lemma below is required.

Lemma 4.1[3]: When 0 < a < 1 and for g defined on N, the following is found:

(1_a)a+1
B(a) '’

i. Z(A-a)tS=a(l-a)s,

iii.  (@Vvg© = O VYO —559(@,

iv. VA-a)f=-al-a)?,

v. (RO -ao)'(1) = B@1 - )1~ alt - a)],
vi.  (GFR7e)(t) = B(a)t %L

L (T A -0 =

(4.28)

Proof [13]: It is only necessary to provide the proofs (i), (iii), (v), and (vi) as the
proofs of the others are straightforward.
Proof of (i) [13]:

t
T - @O = ey (1= @ + g Z (1-a

o0 R Shrg €
GO B(a) 1-(1-a (4.29)
1
— % [(1 _ a)t+1 + (1 _ a)a+1 _ (1 _ a)t+1]
3 1— aa+1
- B(a)
Proof of (iii) [13]:
GV T = 5 V90 + 5 oo
St (4.30)
1-
= ng( ) +m[g(t) g(a)]
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Bla )g()

1— t
7|5 90 + ()2 96)|-

= (Vv g)(0) —

Bla )g()

Proof of (v): By (iv) we have [13]

t
G- = B@V ) (1-a) 1 -a)

s=a+1
=B(@)V[(t — a)(1 — a)'] (4.31)
=B(@)V[(t—a) t—alt—a)(1—a)!]
=B(a)(1 — )" 11— a(1l-a)l.
Proof of (vi) [13]:

t
RPN = B, ) (1-a)'™

s=a+1

- t

- B(a) -1+S—Z.+1 v, (1—a)f‘S]

=B(a)[1-«a Z (1-a) 1" S] (4.32)
s

= B(a) _1—a ; (1—06)1]

= B(a) _1—a1_1(_1(_1a_)2;_1

= B(a)(1 —a)t %L,

Definition 4.6[3]: If the function y: N, — R satisfies y(b) = 0, then y is said to be
an b-increasing function on N, if

y(k +1) = by(k) for allk e N, (4.33)
Furthermore, if y is increasing on Ny, then y is said to be an b-increasing function on
N,, and if b = 1, we have coincidence between the concepts of increasing and b-

increasing.

Definition 4.7[3]: If the function y: N, — R satisfies y(b) < 0, then y is said to be

an b-decreasing function on N, if
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y(k+1) < by(k) forall k € N, (4.34)
Furthermore, if y is decreasing on N,, then y is said to be an a-decreasing function
on N,, and if b = 1, we have coincidence between the concepts of decreasing and b-

decreasing.

4.2 Monotonicity Results
Theorem 4.2[3]: Assume that y: N,_; — R. Further suppose that, for 0 < a < 1,
CFRyayy(k) >0, k € N,_;. (4.35)

Then y (k) is a-increasing.

Proof [3]: It is possible to rewrite ($"RV%y) (k) = B(a)VS(k), where

k
S(k) = Zy ($)(1 — a)*=>.

By supposition, it is possible to write the following:

k-1
S(k) = Sk — 1) = y(k) — %Z Y (s)(1 — @)k > 0. (4.36)

When we substitute k = a into (4.36), it can be seen that y(a) = 0, and when we
substitute k = a + 1 into (4.36), we obtain the following:

a
ya+1)— my(a)(l —a)=y(a+1)—ay(a) = 0. (4.37)
As aresult, y(a + 1) = ay(a) = 0. We can continue by induction on k € N,. It can

be assumed that y(i + 1) = ay(i) = 0 for all i < k. It can also be shown that
y(k+ 1) = ay(k). If we replace k with k + 1 in (4.36), it results in

y(k +1) 2 ——[(1 = *"17%y(@) + (1 - ¥y (a+ 1) + -

+ (1= a)y(k)]

(4.38)

or

y(k+1) 2 [a(l - ) %Y@ +y(@+ (A - ) y(a+ 1)+

(4.39)
+ay(k)] = ay(k).

Q.E.D.
The Caputo fractional difference monotonicity result can be stated as follows
if Proposition 4.3 and Theorem 4.2 are used.
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Theorem 4.3[3]: If the function y:N,_; — R satisfies y(a) = 0 and we assume
that, for 0 < a < 1,

iV 2 il i)f(a —DA-a)7, t€Ngy, (4.40)

then we see that y(t) is a-lncreasing.

4.3 Discrete Fractional Differences Having Discrete Mittag-Leffler Kernels
Definition 4.8[4]: If we assume that f is defined on Na, N, N, N,a < ¢, a € [0,1],
then it follows that the v discrete new (left Caputo) fractional difference as given in
the course of the work recently presented by Atangana and Baleanu has the following

definition:

@) = -0 Z o f )z (7=, k = p(m)
* mSa (4.41)

1 B(a) [Vf(k) *Eo (1—C{a’ k)],

while in the left Riemann sense it is defined by

K
B(a) —a
@R = > f (mEz (1= k—p(m))
m=a+1 (4,42)
_ B() —a
= =i [f00) * Ea (1= k)|
It is to be noted that since for 0 < a < % we have —1 < 1 = —% > 0, and then

Ez(A, k) is convergent for any k € N. As an example, Ez(4, 1) =(1—-a) if 0 <

a < % As a result, all of the AB types of fractional differences have convergence
under the constraint 0 < a < % Also note that since t¢ is increasing on Ny, Ez(4, k)

is found to be monotonically decreasing for 0 < a < % t>0,and A = % > 0 (for

more detailed information about the continuous case E,(—k%) please refer to the

1, k=m __

work in [55]). We can show that lim,_o = Eg(=, k — p(m)) = 8, (k) = {0’ =

a = 1; this is the delta Dirac function on the time scale of Z. Therefore, like it is
possible to illustratively see in [56], it can be shown that, for &« — 0, we find

ABRpa (k) - f(k), and for a — 1, one finds (4BRV*f) (k) — Vf (k). Notice that

ET(‘;{ k —p(m)) = (1 — )P, g = 1770‘ and hence, for example,

lim @B vEf) (k) = lim B ()Vie Bm=ga f (M)A — )™ = VS (k).

24



This is because the V discrete exponential function possesses the following form:

ea(k, p(m)) = (=5)*"P™ and E; (1, k — p(m)) — e(k, p(m)).
For derivation of the appropriate fractional difference for the fractional
difference that was explained above, the following equation must be considered:
@°RVEf) ) = ulk). (4.43)
With the application of N, to (4.43) above, as well as by using Lemma 3.3,
Proposition 3.2 with g(k) = Ez(4, k) with A = _T“ and Lemma 3.6,

B
1(a)N(\7f(k) Ez(4, k))(k)—— 2(Vaf (k) * Ez(2, 1)) (0)
B(a ) La-1 (4.44)
o | Ve () - | = (Wau()) (@),
That is,
(Naf)(2) = B( ey Ve u(k))(z>—— z (Vo)) (). (4.45)

With the application of the inverse of IV, and by using Proposition 3.2 and Lemma

3.1, the following can be concluded:

u(k) +—

fl) = (Ve ) (k). (4.46)

B( ) B( )
From this, the definition below follows for the case of the fractional sum related to

the fractional difference having a discrete M-L function kernel.

Definition 4.9[4]: The fractional sum that associates with (4BRVaf)(t) with order

0 < a < 1 has the following definition:

1—a
@°Pvaf)(t) = mf ) + (Za *F)(@). (4.47)

B()

From this, it can be understood that @« = 0 yields the function f; furthermore, « = 1
yields X¢_q11 f (5.

We have what follows due to the definition of the discrete fractional integral:
(@°Rve PRV ) = f(O. (4.48)

In addition, the following can be stated:

Theorem 4.4[4]: For any 0 <« <1 and f being defined on N, (2BRV*f)(¢t)

satisfies the equation
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aPRV=eg(t) = f(©). (4.49)
Proof [4]: Taking the fractional sum’s definition, the equation as stated in the

theorem can now be taken as being equivalent to the following:

B(a) — () + ( ) (Va “g) (@) = f (D). (4.50)
The discrete LT N, can be applied and Lemma 3.4 can be used in order to acquire
1 —0{ —
B( ) B( ) G(s) = F(s), (4.51)
where G(s) = (W,g)(s) and F(s) = (N, f)(s). From this, it follows that
B s?B(a) B B(a) s%
G(s)—(l_a)sa_l_aF(s)—]T a_/lF(s), (4.52)

where )l=%. Finally, the inverse of N, can be applied and the discrete

convolution theorem, Proposition 3.2, or (4.44) can be used in order to reach the
conclusion that g(t) = (4BRV¥f)(¢).

Theorem 4.5[4]: The following can be written:

(P10 = V) ) ~ (@) T Eg(A,~a), (453)
Proof [4]: From (4.44), we have
N, BT @) = L [ () @) @54
where 1 = —. Now we also have
NV, 4CV5)(2) = T NTF () = Ex(2, ) @)
= 29 PN E 1) (@)
- ()[ (Nafxz)—(l—z)af(a)][ — (45
- a-of@ e z—1
From (4.54) and (4.55), we see that
M BV@D =W, PTN@ - (-2 2| (@5

If the inverse of IV, is applied to (4.56), (4.53) can be concluded. Above,
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WV, f(k—a))(z) = (1 —2)*(Nf(k))(z) has been used.
With the Q-operator’s action on the left and right fractional sums and
differences, it was found in recent work that the right fractional sums (427, %f) (k)

as well as the differences (427, %f) (k) can then be defined as below.

Definition 4.10[4]: If we take 0 < a < 1, and if f is taken as being defined on N,

the right fractional difference of f can then be written as

(RS0 = D (-4 Z fis )E—( (s - p<t>)) (457)

that of the right Caputo one can be written as

(4BTEF(E) = “Z( Afxt)E( (s—p (t))) (4.58)

Definition 4.11[4]: (the new right fractional sum having M-L kernel) If we take 0 <
a < 1,and if f is taken as being defined on N, it follows that the definition of the

right fractional sum of f can be written as

(PO = ) —F(®) + GVEH®. (4.59)

( ()

Theorem 4.6[4]: Assuming that f is a function that is definedon ,Nand 0 < a <
1, (“BRyf 4By 2f)(2) = f(2) and (ABVF  4BRp“f)(z) = f(z) are obtained.

Applying the Q-operator to both of the sides as well as replacing f(z) with
(Qf)(2) = f(a+ b — 2), itis now possible for the following to be stated.

Theorem 4.7[4]: It is now possible to write the following:

(PErR ) = (PRUF () — f(b)LEa(/lb t). (4.60)

4.4 Integration by Parts for the Fractional Sums and Differences Having
Discrete Mittag-Leffler Kernels
A formula for integration by parts for fractional sums needs to be stated and

proved first.
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Theorem 4.8[4]: Assuming that both f and g are able to be defined on N, n

N ,a = c(modl),and 0 < a < 1, we subsequently have the following:

Z 9OV =5 Z 9 OO+ 5 Z f O 9)®

t=a+1 t=a+1

- Z f (OAET7g) (o). (4.61)

t=a+1
Similarly, we have

c—-1

= Y gOETHE©

t=a+1

B(a) Z g(t)f(t)+B( ) Z f OV (@) (4.62)

t=a+1

Z f O g)(®).

t=a+1

Proof [4]: Utilizing the new left fractional sum as it has been defined, the formula
for integration by parts for the V classical fractional sums [57], and finally the new

right fractional sum as it has been defined, the proof follows.

Theorem 4.9[4]: Assuming that both g and f are able to be defined on N, n

pN,a = c (modl), and 0 < a < 1, one has the following:

> gOERTEGE) = D g (IEPRIE(). (463)
s=a+1 s=a+1
Likewise:
c-1 c-1
> gOETEGE) = Y g IRV (4.64)

Proof [4]: The proof can be accomplished by Theorem 4.9 and fact demonstrated
earlier that these new fractional sums and differences can be said to be each other’s

inverses. It is possible to write:

D gEOETEDE = ) (T BT EET)(S),

28



c-1

D ETOOET B = Y g@OETEN).  (469)

s=a+1 s=a+1

For the presentation of a formula for the integration by parts intended for the Caputo
type fractional differences having M-L kernels, it is now necessary for the discrete
versions of the (left) generalized fractional integral operator to be defined. These
were presented and discussed at length in [44]:

(B} pwa®) = fx(x —OFE) Jo(x — O)le(t)dt, q>a. (4.66)

Y R Io) (Y)kzk : . . . .
Here, E, ,(2) = Xik-o rokiom S the generalized M-L function being defined for

the complex p, uy (Re(p) > 0) [10, 44]. In this thesis only the case of the discrete

version for y = 1 will be addressed.

Definition 4.12[4]: The discrete (left) generalized fractional integral operator can be

written as follows:

(B 0)(® z (t = pU))F Ep(w, t — p(k))@(k), t €N, — (467)

k=a+1

The discrete (right) generalized fractional integral operator can be written as follows:

b—1
(B 0)(® Z(k — POV B (w k — p()p(k), tE€,N.  (468)
k=s

Theorem 4.10[4]: When both functions f and g are taken as being defined on N, n

p N, it is possible to write
b—-1 b-1
D F T = ) g (PRI ()
= = (4.69)
+9(p©) 1o (B, o )OI
Similarly,
b b
D FEOEETELE = Y g IEHT)
k=a+1 k=a+1 (4.70)
—g(o(t))% (Eigparf)©OIL,

meA=f&
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Proof [4]: By (4.53) and Theorem 4.9 we have
b-1

PWEGIGAENG
k=a

b-1
= r 0 [@mvag ) - gla - DT Bk~ p(@)] @47
k=a

b-1 b
Z 9 PR FIK) — gla— 1) T 2 f (Ez(A k - p(@))
k=a k=a

Z g () (“PRVE_ (k) + g(p(t))L(Eiub-f)(t)la
k=a

The second part of the above proceeds from (4.60) as well as from the secondary part
of Theorem 4.9.
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CHAPTER 5
APPLICATIONS

5.1 Fractional Euler-Langrange Equations
Here the Euler-Langrange(E-L) equations for the case of the Lagrangian

including a new Left Caputo derivative will be demonstrated [2].

Theorem 5.1[2]: Take 0 < a < 1 as a value that is a noninteger, ¢ € R, 0 <c, and let
us suppose that the functional J:
C?[0, ¢c] — R taking the form

J(f) = fo i (k, £(k), ABED® f(k)) dt, (5.1)

possesses a local extremum in P = {y € C?[0, c] : y(0) = A, y(c) = B} at some f € P,
where L:[0, c] X R X R — R. It follows that
[L.(s) + “BBDYL,(s)] = 0 for all s € [0, ],

where L,(s) = % (s) and L,(s) = #ﬁ)%(s)-

Proof [2]: Without losing the generality, it is possible to suppose that J possesses a
local maximum in P located at f. As a result, we have the existence of ¢ < 0 such

that J(f) —J(f) <0 for all cases of f € P with ||f — f|| = supken,. |/ K) —
f(k)| <e. For any case of f €P we also have n € H={y € C?[0,c], y(0) =
y(c) = 0} such that f = f + en. Following from this, the e-Taylor theorem implies
this equality:
L(k,f,f) = Lk, f + en,“BSD £ + €4B5Dn)
= L(k, f,*P5D* ) + €[nLy + *75D“nL,] + 0(e?).

Furthermore,

1) =1 = [ (k760,760 F0) = [ 10k £, 4760 £ i)

= Gfo [ (k) Ly (k) (“PGD* 1) (k) L2 (k)] + O (€?).
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Now we take 6&/(n,y) = foc[n(k)Ll(k) + (“BED*n) (k) Ly(k)]dt as the first
variation of J.

Evidently, if n € H it follows that —m € H, and 3J(n, y) = —8J(—, y). For ¢
small, the sign of J(f) — J(f) is determined by the first variation’s sign, excepting
the case in which 8J(n, y) = 0 for every n € H. For the parameter to be n free, the

integration by part formula of Proposition 4.2 can be used in order to obtain

c B(a)

8(1.y) = fo ML) + (DL + 1) T (EL, -, L2) (D15 =0,

for all n € H. Now the conclusion follows due to the calculus of variation and its

fundamental lemma.

The term (E; L@ c_LZ) (k)|§ = 0 as shown above is referred to as the
1

natural boundary condition.
Employing a similar approach, if we assume that the Lagrangian is dependent

upon the right Caputo fractional derivative, the following can be stated:

Theorem 5.2[2]: Take 0 < a < 1 as a value that is a noninteger, ¢ € R, 0 <c, and let
us suppose that the functional J:
C?[0, ¢c] — R taking the form

J(f) = JO L (k,f(k), ABCDs‘f(k))dk, (5.2)

possesses a local extremum in S = {y € C?[0, c] : y(0) = A, y(c) =B} atsomef € S,
where L:
[0,b] x R x R — R. It follows now that

[Li(s) + ABRD* L,(s)] = 0 forall s € [0, c].

Proof [2]: The proof is the same as in Theorem 5.1. from Proposition 4.2, the second

integration by parts can be applied with the aim of obtaining a natural boundary

condition that can be written as follows: (Ezc,l,l'—“,c+L2> (k)] = 0.

Theorem 5.3[2]: If we assume o, L, p, W, v, v € C (Re(n), Re(v), Re(p) > 0), it

follows that
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f (x = O™ E) , (A[x — t]P)t"ES, (AtP)dt = x“*“‘lEg‘Lﬁ’NO\tP). (5.3)
0

Furthermore, if u=1, p=aand y = 1, the following is yielded:
X
f Eq(Alx — t])t"2EZ, (At*)dt = xVE 1%, (At). (5.4)
0

From [10] we have the following helpful differentiation formula. Fory, A , a, un € C

(Re(o.> 0) and n € N the following can be written:

n

(%) [z Epu(A2%)] = 2M " TEg _n (A2). (5.5)

Now, by the help of (5.4) and (5.5), we have

B(a) d B(a
T S 0) = LR, 59

By the help of (5.4) and (5.5), we also have

ABEDY [x"TEG, (x*)] = ( ) X" Eq(A(x = 1)“)% [t"'EGy(AxM)]dt  (5.7)

0

ABRDS [x* 1, (x)] =

B(a) V +o o
= T X LR )

Remark 5.1[2]: Due to (5.6) and (5.7), the function

90) = lim Zosy g (ay) (58)

axa—l
~ B(@r(a)

is a nonzero function; furthermore, its fractional ABC and ABR derivative is also

found to be zero. We can see that this is the case because (=1)o =1, (=1)1 = —1 and

(—k=0fork =2, 3,4, ... and also because

v—1

Eov(Ay) = Yy 0, v—- 07, (5.9

r'(v)
Here we can also see that when a tends to 1 the function g(y) will tend to the

constant function 1.

If we apply relation [53]

(ABED* £) (1) = (ABSD* £) (1) — Qf(O)E A%, A= 1__“a, (5.10)
along with the identity [54]
(oI*tP1E g[At*](y)) = y* P E, i p[At"], (5.11)
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where the M-L function possessing the two parameters of o and  can be given by

1) mk
EH'B(m);)F((Xk—-FB) , (m,B € (C; RE(O() > 0), (512)

for which E,g(m) = Eq(m), then the following conclusion can be stated. It is

helpful for solving fractional dynamical systems within Caputo fractional derivatives
having M-L kernels.

5.2 Discrete Fractional Euler-Langrange Equations
In this section, Euler-Langrange equations for the case of a Lagrangian
possessing the left new discrete Caputo derivative will be demonstrated[4].

Theorem 5.4[4]: Take 0 < a < 1 to be a noninteger, a,c € R,a < c¢,a = ¢ (mod1l).

Furthermore, we can suppose that the functional able to be written as
b-1

10 = D L (s P45 7o (s)), (513)

s=a
has its local extremum in S ={y:(No_1Nc.1 N)=>Riy(a—1) =4,y(c—-1) =
B} atsome f € S, for which L: (N,_; Nn._; N) X R x R = R. Subsequently,
[L,(t)+4BRVE [ L,(1)] =0 for all t€ (Ny_q Ne_q N), (5.14)

aL aL
where L (£) = 7 () and Ly (¢) = 3ATras (®).

Proof [4]: Without losing generality here, we can say that J possesses a local
maximum in S at f. Therefore, we have the existence of £ > 0 such that J(f) —

J(f) <0forall cases of f € Swith Il f — f lI= sup |f(s) — f(s) < ¢. For any

teNgNpN
fes we have n € H ={y:(Ng_; N1 N) > R:y(a—1) = y(c — 1) = 0} such
that we also have f = f + ¢n. Subsequently, the @-Taylor theorem together with the
assumption imply the first variation quantity &8/(n,y) = X2l [nP(s)L,(s) +
(ABSy ) (s)L,(s)]ds = 0, for all cases of n € H. For us to guarantee that the
parameter is n free, the integration by parts equation (4.69) can be utilized for

obtaining the following:

c—-1

SJ1.f) = ) 1 (Ol (O+ VL, Ly (0)] (5.15)

t=a
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B(a)

NP (s) (Eal—ac Ly)(s)la =0,

for all n € H. The result then follows due to calculus of variation and its discrete
fundamental lemma.

(Ei_liC_Lz)(sNg:O above is referred to as the natural boundary

1-a
condition.
Likewise, if the Lagrangian here depends on the discrete right Caputo

fractional derivative, it is possible for the following result to be written.

Theorem 5.5[4]: Take 0 < @ < 1 to be a noninteger, a,c € R,a < ¢,a = ¢ (modl).

Furthermore, it is assumed that the functional J possessing the following form of

Cc

J0) = ) L f2& A T (5)), (516)

a+1

has its local extremum in S ={y:(Ng;1 Nez1 N) =2 Riy(a+1) =4, y(c+1) =
B} atsome f € S, for which L: (Ng ;1 Nc41 N) X R X R — R. Subsequently,

[Ll(t)+ABR\7“L2(t)] =0 forall t€ (NgqNgqN), (5.17)

d
where L, (t) = af—a (t) and L,(t) = W (®.

Proof [4]: This proof is found to be similar to that of Theorem 5.11 with application
of equation (4.70) for the second integration by parts in order to obtain the natural

boundary condition able to be written as (E1 —a +L2)(s)|a =0.

Example 5.1[4]: Now an interesting physical action will be presented as a means of
support for Theorem 5.4. The fractional discrete action can be considered as follows:

) = X8l L(ABCpay(£))2 — V(yP(t))], where we have 0<a<1 and
additionally with y(b — 1), y(a — 1) being assigned or having the natural boundary
condition

(B - 2257 ®)la = 0. (5.18)

With application of Theorem 5.4, the E-L equation is
dv
(ABRp | o4BC 7y (s) — E(S) =0 forall s€ (Ny_;Nn,_;N). (5.19)

The E-L equation above is interesting in cases of a composition comprising the
discrete right and discrete left types of fractional derivatives. Please consult [50] to
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find valuable comparisons with cases of classical discrete fractional E-L equations
within V. We likewise suggest for the reader the references for the classical fractional
dynamical systems comprising left and right fractional operators in such a case that
delay exists.

5.3 Fractional Bateman-Feshbach-Tikochinsky Oscillator
The classical Lagrangian of the Bateman-Feshbach-Tikochinsky oscillator
can be given as follows[5]:
L =mg:1q, + (9192 — 4192) — Kq1q>. (5.20)
In this equation, g, is the damped harmonic oscillator coordinate and g, represents
the time-reversed counterpart, while parameters m, p, and K are time-independent.
The fractional Lagrangian (5.20) can be written as [4]
LF = muDfqy oDFqz + p(q1 aDF42—aDf 0102)) — Kq1Q2 (5.21)
while the Lagrange model of fractional order is
maDt' oDf'qy + paDi'qs + Kqy =0,

5.22
maDf oDf'qz — paDf'qz + Kqz = 0. (.22)
The generalized momentum can subsequently be written as follows [4]:
oLF
= 5.23
pl aanglﬂ ( )

where LF is the Lagrangian of fractional order and i = 1, 2. The two generalized
momentums can be written as

_ aLF B DeaD p
PL = G DEq, et 1T (520
oLF " p '
P2 =mgDiql — > q;.

= 9.D%q, 2
When the Legendre transformation is applied, the Hamiltonian of fractional order
can be obtained [4]:

HY(t,q;,p1) = Z pi oDfqi(qup) — L(t, 9 DE9:(qi, pD)- (5.25)
i
Utilizing equation (5.25), we have the following:
2
P P 414
HF = <K - R) 0192 + 5~ (q2p2 = q1py) + :nl- (5.26)

We define w = fo—;l and the Hamiltonian takes the following form:

b1Db2
p—
The fractional Hamilton model of the B-F-T oscillator can be given as follows:

p
H' = w?q,q, + 7 (@2p2 = @1py) + (5.27)
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Ped == o
Pq2 D1

aDEq _%-I_E’

e P on (5.28)
P q1 PP

aDfp2 = A om K

Next the fractional operators of Liouville-Caputo (L-C) and Caputo-Fabrizio-Caputo
(C-F-C) and the fractional derivative based in the M-L kernel will be considered.

Case 5.1: We have the following in the L-C sense [5]:

n—1 .
Ot 1 t
CCEDXE OO %+ | (=0 (22 + 2
QZ(t)—ZQZ( 005+ s [ (- (M2 1)<,
pl(t)—Em DL s ) e (X = Xpl(K)—KQz(K))dK,

pz(t)=zp2< O 4 (= 1(" L m(")—quw))dm
i=0

Numerical approximation of (5.29) can be achieved with the assistance of

(5.29)

algorithm 4.

Case 5.2: In the C-F-C sense [5]:

Gra+n(@®) = qu@®) + {B( ) [ % Gra+ (@) + (%) P2(z+1)(t)]}

a

B(a) z €121 [ (ZL ‘h(l)(t) + (;) Pz(z)(t)].
—a

Gar(@® = q@@®)+ { )[ZL G2a+1) () + ;)Pl(zn)(t)]}
L

(=
B(a) ZZ: €271 [(Zm G2)(t) + (;) P2q) (t)]
(am

]

(5.30)

N

1—«a
Pia+n(®) = pry() + {B(a)

|
)ZZES“K:

|

(

f—m) G2a+1)(0) + )P1(z+1) ®) - ZCI1(1+1)(t)]}

2
‘h(z)(ﬂ"‘ p)pl(l)(t) ZCIza)(t)]

N————

4 4m
L
4im

_ 1—«a
P2a+(®) = P + {B(a)

Gra+1)(8) — ( [;n) P2a+1)(t) — ZCI1(1+1)(t)]}

N
N———

p*
im

>Q1(z)(t) + P )Pz(z)(t) - Z‘h(z)(t)].

B( )Z&;zz[
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where
IF-(1-0-a)(l—-a), z=0

238zt {(l D (- 2 -2+ D, 0sz<1 O3

Case 5.3: It is possible to use the numerical approximation scheme developed in [59]

for the fractional derivative based on the M-L kernel [5]:

l—a [f(tm) f(tz)l

0 IEIf ()] =

B(a)
@ O [f () = f(E2) 632
z+1 4 a
+mz L
where
bE = (z+ )% — ()1, (5.33)
and the system of (5.28) is further represented as follows:
1a+1) (L 1) (¢t
10+ () — Q1 () = CI&)(t) {B(a) l om <q Gl )m CEIO) )>
1\ (P2a+1)() — P2y (D) a a P\ [Aiz+1) () — Qi) (t)
« ) (e O PO} S - ) (e )
1\ (P2(z+1)(t) — P2(x)(t)
+(3) < ’ )l (5.34)
1—al, p\ [(92a+1)®) — q2@)(t)
42041 (®) = €20y () = aly () + { 5@ | @m) ( > )
1\ (P1a+1) (@) — Py () ‘h(z+1)(t) — Q2 (t)
G )+ e ) )
m 2 B(a)
1\ (P1z+1) (1) — D1 (D)
+ (E) < _ >l (5.35)
G0+ () — G = gy (O
1—al; p\[920+0)(®) — q20)(0) P1a+1) (1) — D1y (D)
+{B(a) ( )< m ) (m)( 2 )
G2(z+1)(t) — Q2 (t) CIz(z+1)(t) G2(2)(t)
‘Z< 2 >} B(a)Z ( 2 )
1\ (P1a+ () — Py (E) G2(z+1)(t) — Q2 (t)
() ( g ) _ z< g )] (5.36)

P2a+1) () = P2y (1) = p()(©)
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1—al/ p\ [(P2a+1) () = P20y (D) P2@+1)(8) — P2y ()
+{B<a>( )< m > (m)< 2 >

G1z+1) () — G1(2) () ql(z+1)(t) — 1z ()
- < 2 )l} B@ Z < 2 >
P (P2a+1)(£) — P2y (T) G1z+1) () — quz) (1)
_ (E) ( z > - Z< > ) (5.37)

5.4 Fractional RLC Electrical Circuit
With the work in [60], auxiliary parameter o was presented together with the

finality to preserve the temporal operator’s dimensionality:

d 1
T - = ‘Df, v—1<a<v, v=1.23,.., (5.38)
and
d? 1
— 5 —— D} v—1<a<v, v=123,.., (5.39)
dt? o2«

Here, s is in the dimension of seconds. It was stated that this parameter is related to
temporal elements of the system [60]; in the case that a = 1, we see that (5.38) and
(5.39) are recovered in the traditional sense. With the application of Kirchhoff’s

laws, the RLC circuit has the following equation:
Dzl(t)+RD1(t)+ ! 1(t) = 1E(t) (5.40)
t Lt Lc " L 7 '

Here, L is inductance, R is resistance, and E (t) is source voltage.

5.4.1. RLC Electrical Circuit with Fractional Operator with Mittag-Leffler
Kernel
In light of (5.38) and (5.39), the fractional equation that corresponds to (5.40)
via the fractional operator with M-L kernel can be written as follows:
ABCD2aI(k) + A DEI(k) = BCE(K) —BI(k), 0<a<1  (541)
and the analytical solutions of equations (5.41) can be obtained with the
consideration of different source terms[6].

Case 5.4[6]: The unit step source, E (k) = u(k),1(0) = Iy, (I, > 0),1(0) = 0, (5.41)

has the following definition:
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AECD2aI (k) + A DEI(k) = B Cu(k) — BICK). (5.42)
When we apply LT to (5.42), the current’s expression IS:

. (1—a)s?* 1 2a(1 — a)s* ! a? 1
I(k)=B + + +=
S2AK + s+ M  s22K +s*L+M s2@K+sL+M s
R | sl —a)+a
B(a)? 4+ AB(a)I, (s ) ). (5.43)

S2eK + s®L + M S2eK + s®L + M
With the inverse LT of (5.43) it is possible to obtain the analytical solution:
B(a)?l, AB(a)*I,(1 - a)
KT K l

1(k) = [3(1 —a)+

2o CoreEmH(tE) AB(@)lya
ZZI"[ta+(m+1)2a—2a+1]k( Z)Iza(l_“H K l

o o m m+t
Z z (O™ (=H)' ( ) Je@(t+2m) (5.44)
F[ta+(m+1)2a—2a+1]

2a(m+1)—-1 ( C) ( H) ( ) a
+_J- > 4 ZZ Fka+(n+1)2a] ks,

K =B(a)?+ AB(a(1 —a) + D(1 — a)?,
L=AB(a) + 2D(a)(1 — a),

where

M = D(a)?, (5.45)
M

C= I’
L

H= E

Case 5.5[6]: The exponential source, E (k) = e_g, 1(0) = I,, (I, > 0),1(0) = 0,
(5.41) has the following definition:

ABCD2a[ (k) + A DEI(k) = B C e~k — BI(K). (5.46)

Upon application of LT to (5.46), the current’s expression is obtained as follows:

1 (1 —a)s?*t 2a(1 — a)s® 2a
I(k) = B + + +
s+a S2AK + S¢L+ M s *K +S*L+ M  s?%K +S°L+ M

s2e71] s Is*(1—a)+a
Y+ AB(a)I, (" ~a) + @)
S?2¢K + SeL+ M S?2¢K + SeL+ M
After we take the inverse LT to (5.47), we are able to obtain the following solution:

+B(a)? (5.47)
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B(a)?I, N AB(a)*I,(1 — a)l

I(k):[ K K

© oo m +t
ZZ (=O)™(=H)* (m ) at+2m)
Ita+ (m+1)2a —2a + 1]

m=0 t=0

o o +t
AB((Z)IO(CZ) a -O™(-H) (m ) a(t+2m
Tk ZZFta+(m+1)2a—2a+1]k( :

m=0 t=0

LB f B (@ — (k = )71

m+t

SAY (_C)m(_H)t (_) a(t+2m
ZZ F[ta+(m+1)2ta] e mdr (5.48)

B(l—a) 4 Om 1) () a(t+2m
f Bae(a=(k=D)7 ZZ Fta+(m+1)2a] T

Y™ (—H m+t
(06)2] Epo (a— (k — 7))7260m+D-1 Z z = _ 2a 5— (0)+(1)2a] ) e dr

for which K, L, M, C, and H are defined by (5.45).

Case 5.6[6]: The periodic source, E(k) = sin (jk),1(0) = I,, (I, > 0),1(0) = 0,
(5.41) has the following definition:

ABCD2a[ (k) + A DEI(k) = B C sin (k) — BI(k) (5.49)
Upon application of LT to (5.49), the current’s expression is obtained as follows:
_[sPet—a)? +2a(1 —a)s®+a’] ¢
() = s?aK + s*L+ M s? 4+ @2
s2a-1p, s (s*(1—a) + a
B(a)? AB 5.50
+B(a@) s?aK + s*L+ M +4B(a) s?aK + s*L+ M (5:50)
With the inverse LT to (5.50), we have the following solution:
(1-a)? (¥ _
I1(k) = - sin (@(k —1))t71

0

ii COEM (M) vy

I'ta+ (m+1)2a —2a + 1]
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m+t)

AN - C)m( H) ( a(t+2m
ZZF ta+(m+1)2a—2a+1]k (e (5.51)

m=0 t=0

2a(m+1)—-1 ( C)m( H) (m+t) ta
+_f sin (g (k —D))z*e0m ZZFta+(m+1)2a—2a+1]k de

m=0 t=0

[B(a) I, N AB(a)Iy(1 — @) N AB(a) Iy e

K K K
© oo m+t
(—Om(—H)t (F5—)
z z ka(t+2m)d1.’
r[ ta+(m+1)2a—2a+1]
m=0t=0

for which K, L, M, C, and H are defined by (5.45).
In order to compare our results with same other produced by different

fractional derivatives we present below two different approches.

5.5 Fractional Schriédinger Equation with Atangana-Baleanu Fractional
Derivative

Here the one-dimensional time-dependent Schrédinger equation involving the
C-F fractional operator and the new operator with M-L kernel with arbitrary order
will be analyzed [7].

(t )¢

Case 5.7[7]: Considering 4B¢DE () = i%fatf(e)Ea [ ]de the fractional

Schrodinger equation via the C-F fractional operator is given by

2

h
inSFDEW(x,t) = ™ V2W(x, t) + V(x)¥(x, 1), (5.52)
in which # is the Planck constant, m is mass, and Y (x,t) is the particle’s wave
function. We consider that V(x) =0 for |x| < 1,V(x) = o for |x| = 1 (infinite

square well). Now, considering V (x) = 0, it is possible for us to write

2

o, (5.53)

x2

0
SFDEY(x,t) = a >

for which W(x, 0) = Wy(x) and @ = i~
Upon application of LT to (5.53), the following is obtained:

sP(x,s) —¥(x,0) 0*¥
s+a(l—ys) ~ T oxz

Y(x,s) (5.54)
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The relationship between the Fourier transform (FT) operator and the C-F fractional
operator was given in [61]. Applying the FT to (5.54), we have

W (k,s) — Wo(k)
stad—s) ak?¥(x,t), (5.55)

where [7]
Po (k)
s+ak?(s+a(l—5s))

W(k,s) = (5.56)

Now, applying the inverse FT and inverse LT to (5.56), we have

5.57
wS+ak?(s+a(l—5s)) ke (557

1 1 (®  exp¥ (k)
ex
lp(x't)zz_nie;tpdsﬁf P 7o

Considering the initial condition to be equal to W(x,0) = §(x), equation (5.56)
yields [7]

1
v k,S = ) .

(k. ) 5(1 +ak?(1— a)) + aak? (5.58)

applying the inverse Laplace and inverse FT to equation (5.58), we have

1 (® E%% aak?
= — _ (5.59)
¥x0) 27 j_oo 1+ak?*(1—a) <1 + ak?(1— a)) R
In the case when a — 1, we have
1 © _ikx

Y(x,t) = ﬂj exp exp (— ak?®)tdk. (5.60)

Equation (5.59) describes the Schrodinger equation using the C-F fractional operator.

(t-6)°
1-a

Case 5.8[7]: Considering 4BSDE () = i%fatf(e)Ea [—a ]de, the fractional

Schrodinger equation via the fractional operator with M-L kernel understood in the

L-C sense is given by [7]

hZ
iRABCDIW(x, t) = ——V2W(x, t) + V(x)¥(x, 1), (5.61)
0 t m

where we consider that V(x) = 0 for |x| < 1, V(x) = oo for |x| = 1 (infinite square
well). Now, considering V(x) = 0, we have [7]
2

~W(x, t), (5.62)
dx

ABCDAY(x,t) = a

where W(x, 0) = ¥o(x) and a = i -~

Upon application of LT (5.62), we have the following [7]:
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B(a) s*¥(x,s) —s* "W (x,0) 9°¥

l1-«a Sa_l_lfa  Ox?

Y(x,s),

(5.63)

The relationship between the FT operator and the fractional operator with the M-L

kernel understood in the sense of L-C was given in [62]. Upon application of the FT

to (5.55), we have the following equation [7]:
B(a) s®¥(x,s) — s "W (x,0)

= —ak?¥(x,s)
1_a a ) )
s* + 1—a
where
B(«a 1-—«a sy (k
Wit s < 2@ o)
1—aB(a)+ak2(1—a)Sa+ aak

B(a) + ak?*(1 — a)
Finally, applying the inverse Laplace and inverse FT(5.65) , we have [7]

ikx
_B(a) e exp
¥t = 2 j_ooB(a)+ak2(1—a)
E i3 «|w, (k) dk
‘& [<_B(a)+ak2(1—a)>tl o(k) dk.

In the case when W(x0) = §1, we have

1 (® =i
Y(x,t) = ﬂf e;cx exp ( — ak?®)tW¥, (k) dk,

(5.64)

(5.65)

(5.66)

(5.67)

where W(x, 0) = §(x). Equation (5.66) describes the Schrodinger equation using the

fractional operator with the M-L kernel understood in the sense of L-C. It should be

noted now that this representation is the general case and the representation given in

Equation (5.59) is a particular case of this representation.
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6. CONCLUSION

During the last few years in the area of fractional calculus some new
fractional derivatives were introduced. Among those, there is one-so called-
Atangana-Baleanu derivative which is a non-singular fractional operator with a
Mittag-Leffler kernel. The main aim of this thesis is to understand the fundamentals
of this operator as well as its discrete version.

In this work, I reviewed, understood and applied the properties of the Mittag-
Leffler operator in several real-world problems appearing in engineering sciences. |
realized through the presented applications that this operator is a good potential
candidate to describe better the properties of non-locality which is different than the

one described by Riemann-Liouville and Caputo fractional derivatives.
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