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ABSTRACT

ORDER-PRESERVING MODELS FOR DISCRETE EVENT
SYSTEMS: THEORY AND APPLICATIONS

NOORULDEEN, Anas

Ph.D., Department of Electronic and Communication Engineering
Supervisor: Prof. Dr. Klaus Werner SCHMIDT

Co-Supervisor: Assoc. Prof. Dr. Hiisnii Deniz BASDEMIR

February 2020, 80 pages

Flexible manufacturing systems (FMS) are characterized by the processing of
different product types on the same manufacturing systems. In particular, it is
possible that the paths of different product types through an FMS overlap and
different product types share the same production components such as machines
or conveyor belts. That is, when designing controllers for FMS, it is required to
keep track of products traveling through the FMS in order to process products
correctly. In particular, it is important that the sequential order of different
products is captures by dynamic models of FMS. In this context, the modeling
formalism of discrete event systems (DES) is suitable since it allows capturing

the sequential behavior of FMS.

iv



Accordingly, this thesis develops a new modeling technique for the supervisory
control of FMS in the framework of DES. In particular, the thesis considers the
general case of an FMS, where different product types can share production com-
ponents and production components can hold multiple products. It is first pointed
out that a suitable model for such production component needs to keep track of
the product type and the order of products entering and leaving production com-
ponents. Then, order-preserving languages are introduced as a new model for
FMS. Several important properties of such order-preserving languages are for-

mally proved and their benefit for modeling FMS is discussed.

In addition, a general method for algorithmically constructing the required order-
preserving models using finite state automata is proposed. The practicability of

the developed method is demonstrated by several application examples.

Keywords: Discrete Event Systems, Flexible Manufacturing Systems, Supervi-

sory Control, Order-Preserving Models.
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AYRIK OLAYLI SISTEMLER ICIN SIRASAL DEVAMLILIGI
KORUMA MODELLERI: KURAM VE UYGULAMALAR

NOORULDEEN, Anas

Doktora, Elektronik ve Haberlesme Miihendisligi Anabilim Dali
Tez Yoneticisi: Prof. Dr. Klaus Werner SCHMIDT

Ortak Tez Yoneticisi : Assoc. Prof. Dr. Hiisnii Deniz BASDEMIR

Subat 2020, 80 sayfa

Esnek Uretim Sistemleri (FMS), farkl iirtin tiirlerinin ayni imalat sistemleri
tizerinde iglenmesi ile karakterizedir. Bir FMS cakismasi yoluyla farkli iirtin
tirlerine ait yollarin ve farkl iiriin tiirlerinin, makine veya tagima bantlar1 gibi
ayni iiretim bilegenlerini paylagmalart miimkiindiir. Yani, FMS ile ilgili kontrol
birimlerini tasarlarken triinleri dogru bir gekilde iglemek icin FMS araciligiyla
taginan trtinleri takip etmek gereklidir. Farkli tirtinlerin sirali diizeninin FMS’nin
dinamik modelleri tarafindan yakalanmasi ozellikle 6nem arz etmektedir. Bu
baglamda ayrik olayh sistemlerin (DES) modelleme formalizmi FMS’nin sirah

davranigin1 yakalamaya olanak sagladig: i¢cin uygundur.
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Dolayisiyla bu tezde, DES cergevesinde FMS’nin denetleyici kontroliie yonelik
yeni bir modelleme teknigi geligtirilmigtir. Tez bilhassa farkli {iriin tiirlerinin
iiretim bilegenlerini paylasabilecegi ve bu tiretim bilegsenlerinin ise ¢oklu tiriinleri
barindirabilecegi FMS™nin genel bir durumunu ele almaktadir. Ik olarak séz
konusu iiretim bilegeni i¢in uygun bir modelin, bu turiiniin tiriini ve iretim
bilegsenlerine giren ve c¢ikan tiriinlerin sirasimi takip etmesi gerektigine dikkat
gekilmigtir. Sonrasinda sirasal devamliligi koruma dilleri, FMS i¢in yeni bir
model olarak sunulmustur. Bu sirasal devamliligi koruma dillerinin bir¢ok ¢inemli

ozelligi, usulen ispat edilmis ve FMS modellemesi icin faydalar: tartigilmigtir.

Bununla birlikte, sonlu durum otamat1 kullanilarak gerekli sirasal devamliligi
koruma modellerini algoritmik olarak olusturmaya iliskin genel bir yontem
onerilmigtir. Gelistirilen bu yontemin uygulanabilirligi birka¢ uygulama ornegi

ile gosterilmigtir.

Anahtar Kelimeler: Ayrik Olayl Sistemler, Esnek Uretim Sistemleri, Denet-

leyici Kontrol, Sirasal Devamliligi Koruma Modelleri.
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CHAPTER 1

INTRODUCTION

Discrete event system (DES) models are used for systems that reside on a discrete
state space and whose state evolution depends on the occurrence of discrete events
[1]. Examples for DES are human-made systems such as manufacturing systems,
transportation systems or communication networks [2, 3, 4, 5, 6]. In particular,
DES models are suitable for Flexible manufacturing systems (FMS). FMS have
the ability of manufacturing different types of products using a given hardware
setup with various production components such as machines, robots and conveyor
belts [7, 8,9, 10, 11]. In an FMS, it is generally desired to move products along pre-
defined paths through the FMS and use pre-specified production components for
processing these products in a given sequence [12, 13, 14]. Considering that FMS
can process different types of products using the same production components,
it is important to keep track of the products traveling through and FMS and to
avoid blocking situations in case different products require processing by the same

production component.

The logic control of FMS can be carried out in the framework of supervisory con-
trol for discrete event systems (DES) [1]. In this formal framework, the desired
production sequences are realized by a supervisor that is designed based on a for-
mal DES model of the FMS and a formal specification of the production sequence.
The existing literature considers various aspects regarding the supervisory con-
trol of FMS. The work in [15, 16, 17, 18] focuses on the avoidance of deadlocks
or forbidden states in FMS and [12, 13, 19, 20] develop modular and hierarchical



methods for the efficient computation of supervisors for FMS. Furthermore, there
is recent work such as [14] that proposes the concept of distinguishers in order to
facilitate the modeling of FMS with different product types. In this context, it has
to be noted that, although an FMS should keep track of the sequence of products
traveling through the FMS, the existing methods avoid this necessity by certain
modeling tricks that facilitate the FMS modeling and that restrict generality.

Accordingly, the main subject of this thesis is the modeling of an additional prop-
erty of FMS that has not been addressed in previous work on the supervisory
control of FMS. In particular, it is possible that production components can hold
multiple products and then process them sequentially. In this case, it is required
that a product that enters the production component first will also be processed
first and then leave the production component first. That is, if a production
component is able to process different product types, it is necessary to keep track
of the different product types entering and leaving such production component.
Nevertheless, this case does not appear in the existing literature. For FMS with
different product types it is either the case that these product types have inde-
pendent paths in the FMS [9, 14, 21], the product paths are defined such that
it is not necessary to remember the product order [7, 12, 13, 19, 20, 22, 23] or
the product order is not taken into account and it is implicitly assumed that the

production component knows which product is currently transported [8, 15, 16].

In order to address this issue, the thesis first determines scenarios under which
a suitable model for a production component needs to keep track of the product
type and the order of products entering and leaving. Then, a formal modeling
framework denotes as ”order-preserving languages” is introduced and important
properties of order-preserving languages are studied. In particular, it is shown
that order-preserving languages are closed under arbitrary union and the compo-

sition of order-preserving languages again yields an order-preserving language.

As an extension of the theoretical investigation of order-preserving languages,
the thesis further develops a general method for algorithmically constructing the
required order-preserving models of production components. This method takes

into account the neighborhood relationship between production components and



is applicable to production components that can hold an arbitrary number of prod-
ucts and that can process an arbitrary number of product types. We demonstrate
the practicability of the proposed modeling method by different FMS examples
with multiple products and overlapping product paths.

The remainder of the thesis is organized as follows. Chapter 2 introduces the
basic notation regarding DES and supervisory control. Chapter 3 formulates the
problem addressed in this thesis based on a variety of motivating examples. Then,
Chapter 4 introduces the new modeling formalism of order-preserving languages
and derives their most important properties. The proposed order-preserving mod-
eling method using finite state automata is developed in Chapter 5 and applied
to various FMS examples in Chapter 6. Chapter 7 gives conclusions and states

ideas for future work.



CHAPTER 2

BASIC NOTATION

This chapter gives the necessary background information about modeling and
supervisory control of discrete event systems (DES) that are studied in this thesis.
First, Section 2.1 defines DES and introduces the modeling formalisms of formal
languages and finite state automata. Then, Section 2.2 discusses the supervisory

control of DES.

2.1 Discrete Event Systems

The expression ”discrete event system” (DES) was introduced in the early 1980s
to model an increasingly important class of human-made dynamic systems with
a discrete state space and state transitions that are given by the asynchronous
occurrence of discrete events. Such systems are encountered in a variety of fields
and have been successfully employed in many areas, for example in manufactur-
ing systems and communication networks [1, 24]. The operation of a DES is in
principle governed by sequences of events, whereby the order of events is most
relevant. The exact timing of events is nevertheless not important. A DES model
can hence very well describe systems with activities such as turning some device
"On ,Off”, sending one or multiple message packets, or detecting if an object

arrives at a certain location.
DES can be characterized by the following distinctive properties:

4



A DES has a finite or countably infinite number of discrete states

Each change of state occurs at a discrete time instant. State changes are

called transitions

Each transition is driven by the occurrence of an event

A DES spends time only in states. That is, state transitions occur instan-

taneously (they do not need time).

A light switch is a simple example of a DES. The switch has two discrete states,
which can be identified as 7On” and ”"Off”. There are further two possible events
switchOn and switchOff. If the light switch is for example in state ”Off”, the
event switchOn can occur, and the light switch performs an instantaneous tran-
sition to the state "On”. Analogously, in state "On”, a transition with event

switchOff leads to state 7Off”.

In the established literature, the behavior of a DES is modeled by a formal lan-

guage [1]. We next introduce the concept of a formal language.

2.1.1 Formal Language

The behavior of discrete event systems is represented by formal languages over
finite set of events, also called alphabet . This set consists of all the events that

can possibly happen in a given DES.

A string (or trace) is a finite sequence of events from . The length of a string s,
denoted by |s| is given by the number of events in s. The empty string, denoted by
¢, is the string with zero length (i.e., |s| = 0). Each element o € ¥ is denoted as
an event, 2* denotes the set of all finite strings over . whereby the x-operation

is called Kleene Closure.

Considering the light switch example, the alphabet is given by ¥ = {switch0On,
switchOff}. A possible sequence of events is s = switchOn switchOff switchOn
with length |s| = 3. The Kleene closure of ¥ in this case is ¥* = {¢, switchOn,

switchOff, switchOnswitchOn, switchOnswitchOff, switchOff switchOn,



switchOff switchOff,..., }. Note that not all strings in ¥* must be possible
in the DES.

The concatenation of two strings s;so € ¥* is defined as s1, s € ¥*. 51 < s
indicates that s; is a prefix of s and € € ¥* is the empty string. With a slight
abuse of notation, we write 0 € s for a string s € >* and an event 0 € ¥ if o

appears in s.

For any string s = oy,...,0 € ¥* with 0, € ¥ for i = 1,...,[s|, we fur-
ther write pre,(s) = oy...04 for the prefix of s with the first k£ events and
sufy(s) = Ojs|—k+41 - - 0)5| for the suffix of s with the last k events. In particular,

s = preg,(s)sufis_x(s) for any k < |s|.
A formal language over ¥ is a subset L C ¥*. Then,
L:={s; €X*|3s € Lst. s <s}
defines the prefiz closure of L, and L is called prefiz closed if L = L.

Consider two alphabets f], S such that 3 C 2. The natural projection erases all
events in X\ ¥ (\ is the set difference) from strings s € £*. This function is
defined as p : ¥* — S iteratively such that
ple) = e
o ifoed

€ otherwise

For example, if we are only interested in the event switchOn of the light switch,
we can project each string to the alphabet 3= {switchOn} and make occurrences
of switchOff invisible. For the string s = switchOn switchOff switchOn, the

projection gives p(s) = switchOn switchOn.

The set-valued inverse of p is written as

pt S = 27 N (t) = {s € DY pils) = t}

Consider two languages L; C 7 and Lo C Y3 for alphabets X;,%,. Using the

6



natural projection, the synchronous composition Li||Ly C (X1 U 3y)* of Ly and

Ly is computed as Ly||Ly = p; ' (Ly) Npy ' (Ly).

2.1.2 Automata

A very widely used compact model for languages is the automaton. It allows to
describe and study the structure of DES and the automaton graph visualizes the

behavior of DES. Usually, a DES is modeled by a finite state automaton.

A finite state automaton is a 5-tuple G = (X, X%, §, zg, X;n) with

the finite set of states X;

the finite alphabet of events 3;

the partial transition function § : X x ¥ — X

the initial state g € X; and

the set of marked states X, C X.

Hereby, 6(z,0)! is written if § is defined at (z,0) and we extend the transition
function 0 to a partial function on X x ¥* in the usual way. That is, if §(z, s)
exists for some s € ¥*, §(z, s) represents the state reached starting from state z

and executing the string s.

We use the example automaton G = (X, %, 0, g, X,,) in Fig. 2.1 to explain the

notation introduced before.

Figure 2.1: Example finite state automaton G.



G has 6 states with X = {1,2,3,4,5,6} and an alphabet with 4 events ¥ =
{a,b,c,d}. The transition relation § is defined with §(1,a) = 2, 6(1,b) = 5,
d(1,¢) =3,0(2,b) =4, 6(4,d) =3, 6(5,d) = 6. The initial state is 7o = 1 and the
set of marked states is X,,, = {1,4,6}.

The behavior of an automaton G is given by its closed language:
L(G) := {s € ¥*|6(x0, s)!}
and its marked language:

Ln(G) == {s € L(G)|6(x0, 5) € Xin}

The closed language L(G) contains all event sequences that follow the transitions
of G starting from the initial state. The language L,,(G) contains all strings
of events, starting from the initial state of G and leading to a marked state in

X For the example automaton in Fig. 2.1, we determine the closed language

L(G) = {e,a,ab, abd, c, b, bd} and the marked language L,,(G) = {¢, ab, bd}.

A finite state automaton G is said to be nonblocking if

This property holds, when every string generated by G can be extended to a
marked (desired) state in G. Finite state automata can be cyclic or acyclic. A
cycle in a finite automaton is a sequence of states xi, s, ...,z (k is a natural
number) such that z; = x; and for all ¢ = 1,...,k — 1, there exists an event
o; € 3 such that 0(x;,0;) = x;41. This means, it is possible to start at a state z;
of GG, follow the transitions in G and return back to x;. Then, an automaton G

without cycles is called acyclic.

Now we introduce several relevant properties and operations for automata:

e Accessible: The automaton G = (X, X, 0, xg, X,,) is accessible, if all states

in X can be reached from the initial state zy. Formally, we write
Vo € X,3s € ¥* such that §(zo,s) =

In addition, we write Acc(G) for the automaton, where all states from G

that are not reachable from z( are removed. Then, Acc(G) is accessible.

8



e Coaccessible: The automaton G = (X, X, 0, x0, X)) is coaccessible, if it is

possible to reach a marked state from any state in X. Formally, we write
Vo € X,ds € ¥* such that §(z,s) € X,,

It holds that a coaccessible automaton is nonblocking: L,,(G) = L(G). In
addition, we write CoAcc(G) for the automaton, where all states from G
that are not coaccessible are removed. Then, CoACC(G) is coaccessible.

o Trim

The automaton G = (X, X, d, o, X,,) is trim, if it is accessible and coacces-

sible at the same time. We write

Trim(G) = Acc(CoAce(G)) = CoAcc(Ace(G))

The example automaton G in Fig. 2.1 is accessible because all states in X are
reachable from the initial state 1. Hence, Ace(G) = G. However, G is not
coaccessible because there is no path from the state 3 to a marked state. Hence
CoAcc(G) is obtained by removing state 3 from G. Then, CoAcc(G) is a strict

subautomaton of GG. It can also be seen that G is acyclic.

If a DES is modeled by more than one finite state automaton (for example, if the
system has several components with their own automata model), the synchronous
composition operation can be used to obtain a single automaton model of the DES.
Assume two automata Gy = (X1, X1, 01, 20,1, Xm 1) and Go = (Xa, X9, 62, 20,2, X 2)

are given.
The synchronous composition is written as:
G2 = (X12, 212, 512,$0,12>Xm,12) = GlHG%

and is defined such that

e X5 = X; X X5 (canonical product of states from X; and X5)

e Yo = X1 U, (union of events in X1 and )

® To,12 = (x0,17x0,2>



° Xm,12 = Xm,l X Xm,2

e the transition relation takes care that events in ¥; N X, that are shared by

G and Go are synchronized. For (z1,23) € X132 and o € X1o:

((51(1’1,0’),(52(.’172,0’) ifoe 21 N 22 A (51(1’1,0’)! A (52(1’2,0')!
(512((%1,1}2),(7) = ((51(1’1,0’),$2) ifoed; \ Yo A 51(1‘1,0')!
(ZE17(52($2,0')) if o€y \ X1 A 52(1‘2,0')!

That is, the important point of the synchronous composition [1] is that is syn-
chronizes the shared events (events that appear in both automata), whereas
all other events can occur independent of each other. In relation to the syn-
chronous composition of languages, it holds that L(G1||G2) = L(G1)||L(G5) and
Lin(G1|G2) = Lin(G1)[| Lin(Ga).

Until now, we described how a DES can be modeled by formal languages and
finite state automata, respectively. The supervisory control theory for DES is

introduced in the next section.

2.2 Supervisory Control

The supervisory control theory for DES was first established by Ramadge and
Wonham [25]. It offers a formal framework to design and implement control for
DES. The control of the system is executed by allowing or preventing specific
events from occurring in the plant. Such control is performed by a controller
(or supervisor) while taking into consideration the necessity to ensure the desired

behavior of the system.

In supervisory control, we write ¥ = ¥.. U X, for controllable (X.) and uncontrol-
lable (¥,) events. We say that an automaton S = (Q, X, v, o, @m) is a supervisor
for a plant GG if S can only disable events in >.. In particular, it must hold for
all s € L(G) N L(S) and o € X, with so € L(G) that also so € L(S). Then,
L(G)||L(S) and Ly(G)||Lw(S) represent the closed and marked behavior of the
closed-loop system G||S, respectively. A supervisor S is called nonblocking if the

automaton G||S is nonblocking.
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The design of the supervisor S is based on the desired behavior of the plant.
This desired behavior is usually given in the form of another automaton C' =
(Y, X%, 5,90, Yn) and K = L,,(C) is called the specification language for the control
problem. The meaning of K is, that it contains all strings that are desirable. On
the other hand, a supervisor should disable all strings in L(G) that do not belong
to K. The question if this task is possible is answered by the controllability

condition.

A language K C L,,(G) is said to be controllable for L(G) and 3, if

In this expression, K is the prefix-closure of K and K'Y, represents the set of all
strings that start with a prefix in K concatenated with an uncontrollable event
in X,. In words, K is controllable with respect to G and X, if, whenever a string
s € K that is allowed by the specification can be extended by an uncontrollable
event in the plant (s € L(G)) the extended string must again belong to the
specification (so € K). This is necessary, because o could not be disabled by a
supervisor after s. There exists a supervisor S such that L,,(G||S) = K if and

only if K is controllable for L(G) and %, [25].

In case, K is not controllable for L(G) and ¥, the supervisor will implement the

supremal controllable sublanguage of K. We write

L.(S||G) = SupC(K, G, %,)

That is, SupC(K,G,3,) includes all sublanguages of K that are controllable
with respect to G and X,. It is ensured that such supervisor is nonblocking and

maximally permissive if SupC(K, G, %,) # 0 [24].

In summary, the supervisory control theory allows to algorithmically compute
a supervisor S for a DES plant G such that a given language specification is
fulfilled, which means that L,,(G||S) C K. The design problem is summarized in
the following table.

11



Table 2.1: Design procedure for the supervisory control problem.

Given \ Desired \ Solution ‘
Plant G Find supervisor | Compute SupC(K, G, X,)
Specification K S such that Use supervisor S with
Uncontrollable events ¥, | L,(G||S) € K | Ln(G||S) = SupC(K, G, %,)

12



CHAPTER 3

MOTIVATION AND PROBLEM STATEMENT

In this chapter, we introduce the main issues addressed in this thesis. First,
Section 3.1 gives several motivating examples. Then, Section 3.2 discusses the

main observations and states the main problem considered in this thesis.

3.1 Motivating Examples

The main focus of this thesis is the generation of DES models that retain the order
of products for production systems. In this section, we illustrate the need for such
models by two example scenarios. The first scenario in Section 3.1.1 considers
the modeling of conveyor belts with multiple products. As an extension, Section
3.1.2 discusses DES models for a small production systems with one conveyor belt

and two machines.

3.1.1 Conveyor Belt with Multiple Products

The work in this thesis is motivated by an observation from modeling complex
flexible manufacturing systems (FMS) where (i) different product types can be
processed on the same production component and (ii) production components
might have different capacities. That is, such production component is able to
hold several products that are then processed sequentially. In order to illustrate

this observation, we consider different conveyor belts (CBs) as shown in Fig. 3.1.
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(a) (b)

Figure 3.1: CBs with different product types and capacities: (a) one product type
and capacity one; (b) two product types and capacity one; (¢) one product type
and capacity two; (d) two product types and capacity two; (e) two product types
and capacity three; (f) three product types and capacity three; (g) two connected
CBs with different product types.

We next discuss the cases in the different parts of Fig. 3.1 together with possible
models. Hereby, we introduce events such as inp;, inps, ... for products entering
the CB and outp;, outpy, ... for products leaving the CB. Part (a) and (b) show
the case of a CB with one and two product types and a capacity of one product.
That is, the CB in part (a) will always take a single product, whose type is
unique. Differently, the CB in part (b) will take a single product but its type
can be either P1 or P2. In addition, part (c) considers the case of one product
type and a capacity of two. This means that two products can be present on the
CB simultaneously. However, since these products have the same type P1, it is
clear that always a product of type P1 will leave the CB. The cases (a), (b) and
(c) can be straightforwardly modeled by the automata in Fig. 3.2 (a), (b) and
(¢). In particular, it can be directly seen that the order of product types entering

and leaving the CB is either irrelevant (case (a) and (c)) or is preserved by these

models (case (b)).
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Differently, the modeling becomes more involved in part (d) of Fig. 3.1. Here,
the CB has a capacity of two products and there are two different product types.
That is, products of different types will leave the CB in the same order as entering
the CB. For example, if two products with type P1 and P2 enter the CB in the
sequence P1-P2 (represented by the string inp;inps), they also must leave the CB
in this sequence (represented by the string outpjoutpy). In this case, the model
in Fig. 3.2 (d-1), which is commonly used to model the scenario with two product
types is not suitable. Specifically, such model suggests that product type P2 can
leave the CB before type P1 even P1 enters the CB first (string inp; inps outp;).
A model that captures the correct order of product types entering and leaving
the CB is shown in Fig. 3.2 (d-2). Here, only outp; is possible in state 5 (after
inp;inps) and only outps is possible in state 6 (after inpsinp;). More complicated
scenarios can easily be envisaged by increasing the capacity (as in Fig. 3.1 (e))
and/or the number of product types (as in Fig. 3.1 (f)). Moreover, it is possible
to consider the connection of multiple CBs that keep the order of product types
as in Fig. 3.1 (g).

Ges
Ger in inp inpg
O—) PR
out outp outp
(a) (b)
Ger in in
out out
(c)
inpg inpg
Ger inpp inpp
Pu— ) Pa—
outp outpr
outpy outpy
(d-1)

Figure 3.2: CB models for different cases: (a) one product type and capacity one;
(b) two product types and capacity one; (c) one product type and capacity two;
(d-1) two product types and capacity two with arbitrary order; (d-2) two product
types, capacity two and order-preserving.
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3.1.2 Small Production System

In the second motivating example, we take into account that production systems
are generally composed of multiple production components. That is, we study
the simple production system with one conveyor belt (C) and two machines (M1

and M2) in Fig. 3.3.

output
—>
/ ) M1
input C to M1
Bl ovocecccedy
\ output
—>
M2

Figure 3.3: Example system with one conveyor (C) and two machines (M; and
Ms,).

In analogy to the previous section, we focus on the case where the conveyor belt
(C) is potentially long and can hold multiple products simultaneously. Products
are fed to C from the left and are then transported to one of the machines M1 or
M2 on the right hand side of the figure. Each product is then processed in the

respective machine and leaves the example system on the right hand side.

In this simple setup, the common automaton model G¢ of the conveyor and the
automata models Gy;; and Ghye of the machines are as given in Fig. 3.4. That is,
the conveyor receives products with the event inC and delivers products towards
the machines with the event outC. If C can hold at most n products simultaneously
(that is, the capacity of Cis n), G¢ has n+1 states to keep memory of the number
of products in C. The machines M1 and M2 obtain products with the event inM1
and inM2, respectively. After processing products are delivered to the outside

with outM1 and outM2.

Although such models are frequently used in the modeling of manufacturing sys-
tems, flexible manufacturing systems (FMS) [26] as well as reconfigurable manu-
facturing systems (RMS) [27], we again argue that these models are not suitable

if there are different product types (with different processing requirements).
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G . .
c GD inC "1

nC
outC outC

inC Gm inM1 Gz inM1
() - @Q—0 O@—O
outC outMl outM2

Figure 3.4: Automata models for the conveyor belt (C) and machines (M1 and
M2).

To this end, we next discuss four relevant scenarios and their effect on the conveyor
model as depicted in Fig. 3.5. Different from the example in the previous section,
we now consider that the conveyor belt has neighboring production components
(M1 and M2) with different processing capabilities. That is, it is important to

move the correct product type to the correct machine.

I vl MLl | b I o
—» € — C
A, | P2 N2
(a) (b)
j_-_ M1 Pl# (VE
P1 p. 4 o
— C -Bi> C —=—
P2 ) P2 )
(c) (d)

Figure 3.5: Conveyor belt: (a) One product type and capacity one; (b) two
product types and capacity one; (c) two product types and capacity two; (d)
three product types and capacity two.

3.1.2.1 Scenario with a single product type and capacity of one prod-

uct on C

Fig. 3.5 (a) shows the case where there is a single product type and C has capacity
for a single product. It is further desired that any product is delivered to one of
the machines arbitrarily. In this case, it needs to be taken into account that (i)
there is no difference between products that enter C; (ii) any product that enters
C can leave to two different machines. Accordingly, input of a product to C can

be modeled by the event inC, whereas product output has to be modeled by two
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different events C-M1 (from C to M1) and C-M2 (from C to M2) as is shown in
Fig. 3.6. Similarly, the model of the machines in Fig. 3.4 has to be adjusted such
that inM1 is replaced by C-M1 and inM2 is replaced by C-M2 in order to match
the events defined for C.

Ge inC Gwi c-M1 Gwm C—M2
C-M1 outM1l outM2
C-M2

Figure 3.6: Models for the case in Fig. 3.5 (a).

3.1.2.2 Scenario with two product types and capacity of one product

on C

We next investigate the scenario in Fig. 3.5 (b). Here, the conveyor can hold a
single product but there are two product types. Product P1 (blue) needs to be
processed by M1, whereas product P2 (green) has to be processed by M2. In
this case, it needs to be taken into account that (i) different products enter C; (ii)
depending on the product type in C, the product leaves to M1 or M2. That is, the
model of C in Fig. 3.6 is not suitable since it cannot distinguish products entering
C. In order to distinguish the product type, a refinement of the event alphabet of
(¢ is required by introducing separate events for the different product types. That
is, instead of ¥ = {inC,C-M1,C-M2}, we use ¢ = {inCpy, inCpy, C-M1, C-M2}.
In addition, the model needs to respect the order of products entering and leav-
ing C. In particular, it is not possible that P2 leaves C (C-M2) after P1 enters
C (inCp;) and vice versa. A suitable model for this scenario is shown in Fig. 3.7.
Here, G¢ expresses that each event C-Mi is only possible after the respective event

inCpi, ie {1,2}

G c-M1 Gz c-M2
outMl outM2

Figure 3.7: Models for the case in Fig. 3.5 (b).
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3.1.2.3 Scenario with two product types and capacity for two products

on C

A more complicated modeling problem is encountered in the scenario in Fig. 3.5
(c). Here, two different product types P1 and P2 are produced and C can hold up
to two products. In this case, it needs to be taken into account that (i) different
products enter C; (ii) depending on the product type in C, the product leaves to
M1 or M2; (iii) the order of products entering and leaving C must be preserved in
the model. Similar to the previous case, it is again necessary to refine the event
alphabet of G¢ as ¥¢ = {inCpy, inCpy, C-M1,C-M2}. In addition, the model has
to remember the order in which products enter the system since products have to
leave C in the same order. A suitable model for this purpose is shown in Fig. 3.8.
Here, G has one state for each possible product combination on C as is indicated
by the color code in the respective states (P1 — blue; P2 — green). For example,
it can be seen that the input order P1, P2 of products (string inCp; inCpy) leads
to a state where only P1 can exit C to M1 (event C-M1), whereas P2 has to wait
until P1 leaves C.

Figure 3.8: Models for the the case in Fig. 3.5 (c).

3.1.2.4 Scenario with three product types and capacity for two prod-

ucts on C

The next example shows that the modeling problem need not be restricted to a
single component of a production system. To this end, we consider the scenario

in Fig. 3.5 (d). Here, there are three product types P1, P2, P3 and C has a
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capacity of two products. P2 is delivered to M2, whereas both P1 and P3 are
delivered to M1. That is, P1 and P3 share the same path within the example
system but might follow a different path after leaving the example system. In
this case, it needs to be taken into account that (i) different products enter C;
(ii) depending on the product type in C, the product leaves to M1 or M2; (iii)
the order of products entering and leaving C and M1 must be preserved in the
model. Since there are three products in C and two products in M1, we refine the
respective alphabets as ¥ = {inCpy, inCpy, inCpz, C-M1ps, C-M1p3, C-M2py }, Xy =
{C-M1ps, C-M1p3, outMipy, outMipsz} and Xy = {C-M2py, outM2p,}. In addition,
the model has to remember the order in which three different products enter C
(capacity 2) and the order in which two different products enter M1 (capacity 1).
A suitable model for this purpose is shown in Fig. 3.9. Similar to Fig. 3.8, G¢
has one state for each possible product combination on C. Since there are more
product types, more combinations have to be considered. Finally, the model for
M1 has the same structure as the model for C in Fig. 3.7 since there are two

products types and the capacity is one.

Figure 3.9: Models for the the case in Fig. 3.5 (d).
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3.2 Discussion and Research Problem

The main purpose of the example scenarios in Fig. 3.1 and Fig. 3.5 is to clarify the
effect of different product types and different capacities of production components
on the structure of the respective automaton model. In particular, it can be
observed from the scenario in Fig. 3.1 (b) and Fig. 3.5 (b) that DES models need
to distinguish products if there is more than one product type. In addition, the
scenarios in Fig. 3.1 (d) to (f) and Fig. 3.5 (c¢) indicate that the DES model needs
to remember the order of products if there are multiple product types and the
capacity of the production component is greater than one. Finally, the scenarios
in Fig. 3.1 (g) and Fig. 3.5 (d) show that the information about capacity and
different product types has to be incorporated in the DES models of all relevant

production components.

In view of the previous discussion, the main aim of this thesis is the construction of
models for production components that keep the order of product types entering
and leaving the component. Instead of constructing a separate model for each
scenario, we develop a general order-preserving DES model that is parametrized
by the possible product types and the capacity of the component. In addition,
we show that reduced models can be constructed when composing such order-

preserving models from multiple components.

It is interesting to note that, although the existing literature considers the control
of production systems with different product types [7, 8, 9, 12, 13, 14, 15, 16, 19,
20, 21, 22, 23], none of the existing works develops DES models that preserve the
order of products. In order to avoid the need for order-preserving DES models
existing work restricts the general case by means of the control specification. In

particular, two special cases can be observed.

The first special case is restricted to production systems, where different product
types use disjoint paths through the system and are hence processed by different
production components [9, 14, 21]. In this case, products need not be distin-
guished and models as in Fig. 3.2 (a) and (c) are suitable. In the second case, it

is possible that the paths of different products intersect [7, 8, 12, 13, 15, 16, 19, 20,
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22, 23]. Although this implies that the same production component is passed by
multiple products, these research works again make simplifying assumptions. One
the one hand, [7, 12, 13, 19, 20, 22, 23] choose the control specification such that
remembering the product order is straightforward. Specifically, this is achieved by
using production components, whose capacity does not exceed one. On the other
hand, [8, 15, 16| allow for production components with multiple product types
and a capacity that is greater than one. However, these papers use models as
in Fig. 3.2 (d-1) for such production components. That is, the order of products
entering and leaving the production component is not taken into account. This
means that knowledge about which product leaves such production component
must be implicitly known. In a real application this implies that sensors need to
be installed to t detect the product type leaving such production component. In
addition, using a model as in Fig. 3.2 (d-1) for an order-preserving production

component means that the model contains unnecessary behavior.

Accordingly, this thesis focuses on the problem of developing a formal framework
for order-preserving DES models of production components with multiple product
types and capacities that are greater than one. Parts of the work are published

in [28] and are under preparation in [29].

22



CHAPTER 4

ORDER-PRESERVING LANGUAGES

The previous chapter motivates the need for order-preserving models in DES. This
chapter defines and analyzes order-preserving DES models in the framework of
formal languages. First, Section 4.1 introduces the required notation for the def-
inition of order-preserving languages and then determines their basic properties.
Then, Section 4.2 shows the existence of a supremal order-preserving language
and Section 4.3 studies the composition of order-preserving languages. Finally,
Section 4.4 shows that reduced order-preserving models can be obtained after

composition.

4.1 Notation and Definitions

We consider an alphabet X that is divided into disjoint sets of input events X"
and output X°" such that ¥ U 3° = ¥ and X" N X% = (). Moreover, we
introduce the natural projections to the respective alphabets as p™™ : ¥* — (Xin)*
and p°"t : ¥* — (X°")*. In addition, we define a bijective input/output mapping
m : ¥ — 3°u guch that for each input event a € ¥, m(a) € X°% denotes the

L.oyout _y yiin fo1 the inverse

corresponding output event. We further write m™
mapping. Relating this definition to the discussion about production systems in
the previous section, an input event o € ¥™ and output event m(«) represent a

product entering and leaving a production component, respectively.

Given the above notation, we introduce the new notion of an order-preserving

23



language, whose strings preserve the order of input events and their corresponding

output events.

Definition 1 Consider ¥, ™, Yo% p" p°t and m as introduced above. A

string s € X* is denoted as order-preserving if

m(p™(s)) = p”(s). (4.1)

A language L C ¥* is denoted as order-preserving if it holds for all s € L that s

18 order-preserving.

That is, each order-preserving string has the same order of input events and cor-
responding output events. In particular, it must be the case that each order-
preserving string s € 3* has the same number of input and output events:
Ip™(s)| = |p°(s)| and each prefix s’ < s of an order-preserving string s must

fulfill

p(s") < m(p™(s")).

This means that output events can only occur after the corresponding input event.

For illustration, we consider the languages L; = L;,(G;) and Ly = L,,(G2) of
the automata GG; and G5 in Fig. 4.1. Here, we assume that X = {a;, as, by, bs},
Y= {aj,ap}, B = {by,by} and m(a;) = by, m(az) = by. For example, it
holds that s; = ajasbiby € Ly and s; = asbsajasbiby € Ly are order-preserving
strings. Specifically, m(p™(s;)) = m(ajaz) = biby = p°™(s;) and m(p™(s2)) =
m(agajas) = bobiby = p°™(sy). It can be further verified that L is an order-
preserving language. Nevertheless, it is the case that L is not order-preserving.
This can be seen by looking at the string s3 = ajasbeb; € Ly with m(p™(s3)) =
biby # p°*(s3) = baby.

Referring to Definition 1, we write
LOF(x v m) = {L C (™ U X)*|L is order-preserving} (4.2)
for the set of all order-preserving languages. In addition, we introduce the notion

of the capacity of an order-preserving language.
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Figure 4.1: Example automata

Definition 2 Assume X7, ¥4 ¥, p™ and p°“* are given as above. Consider an
order-preserving string s € ¥*. Then, the capacity of s is defined by the function
c:X* = Nas

ols) = max{[p" ()| — [p"(5)}. (43)

FExtending this notion to languages, the capacity of any order-preserving language

L € LOP(S out) s defined as

c(L) = maLX{c(s)}. (4.4)

se
That is, the capacity of an order-preserving string s € ¥* captures the maximum
difference between the number of input events and the number of output events
in any prefix s’ of s. Analogously, the capacity of an order-preserving language is

given by the maximum capacity of any string s € L.

Consider the languages Ly = Ly,(G2) and L3 = L;,(G3) of the automata G5 and
G5 in Fig. 4.1. It holds that ¢(Ls) = 2 since the largest difference between the
number of input and output events is obtained for strings s € Ly that contain
the substring ajas. Differently, ¢(L3) = 1 since each input event a;, i = 1,2, is

directly followed by the corresponding output event b;.
In order to relate the notion of capacity to practical systems, we consider pro-
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duction systems as discussed in the previous section. Here, input events could
be identified with products of certain types entering the system, whereas output
events can characterize the corresponding products exiting the system. There-
fore, modeling a production system by an order-preserving language L ensures
that products leave the system in the order of entering the system. In that case,
the capacity ¢(L) indicates the maximum number of products that can be in the

system simultaneously.

4.2 Supremal Order-preserving Language

In order to analyze properties of order-preserving languages, we introduce
LOF (X v m) = {L € £LOP(S™, 5% m)|e(L) = O} (4.5)

as the set of order-preserving languages with alphabet ¥ = ¥ UX°" and capacity
C. Our first result shows that order-preserving languages of a given capacity C

are closed under arbitrary union with a supremal element L& (3™, X% m).

Theorem 1 Let LI7(X™, 30U m) be as defined in (4.5). Then, LIP(T™, $0u m)

18 closed under arbitrary union and contains a supremal element

LEP (5 50U m) = U L. (4.6)

LeLdP(sin sout m)

We note that, for ease of notation, we write £OF, £3F and L3 whenever ¥,

>°ut and m are clear from the context.

We first show that £EF is closed under arbitrary union. To this end, let Ly, Ly €
L3P We have to show that L; U Ly € LEF. Take an arbitrary string s € Ly U Lo.
Then, s € Ly or s € Ly. In both cases, it holds that s is order-preserving since
Ly and L, are both order-preserving. Hence, it follows that L; U L, is order-
preserving. Moreover, ¢(s) < C since ¢(L;) = ¢(Ly) = C. It remains to show
that there exists at least one string s’ € Ly U Ly such that ¢(s’) = C. Without
loss of generality, we can take some s’ € L; C L; U Ly such that ¢(s') = C

since ¢(L;) = C. Together, we conclude that L; U Ly is order-preserving and
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c(Ly U Ly) = C. Hence, Ly U Ly € LEF. Now, consider L3\? = UL€£8P L. Since
L2F is closed under arbitrary union, it must hold that Ly® € £IF. Hence, L3P

is indeed the supremal order-preserving language with capacity C.

In order to further characterize L,”, we first define the function
S = (™) f(s) = sufjpous) (™ (s)) (4.7)

for any given s € L. That is, f(s) characterizes the string of input events in
s, whose corresponding output events did not occur, yet. Consider for example
the string s = ajasbibsasbsajay € Ly = L, (Gs) in Fig. 4.1. Then, f(s) =
suf‘b1b2b2|(pin(s)) = sufs(ajazasajas) = ajas. Then, we define the equivalence

relation =pp as the equivalence kernel of f such that for any two strings s, s’ €

—sup
Lq,

s=op § < f(s) = f(5). (4.8)
Using =op, we introduce the automaton G¢” = (Xg®, %, 65", 250, X;'P ) such
that X = L, / =op is the quotient set of Ly, , Ty = [e] and X3P = {[e]}.

Furthermore, the transition relation is defined such that for all s € L' and
o € ¥ with so € Ly,
o ([s], 0) = [so]. (4.9)
Then, Theorem 2 shows that G;" has a finite number of states and recognizes
sup

the supremal order-preserving language with capacity C. In particular, L is

regular.

Theorem 2 Let L;” be as defined in (4.5). Then, Lg"” is a regular language and
it holds that | X5 = S0, |%™|7.

We show the theorem by constructing an automaton G' = (X, X, §, 9, X;,) that is
isomorphic to G*. We define zy = [¢], X;, = {[¢]}. Furthermore, the transition
relation is defined with the following rules:

R1 0([e],a1) = [y] for all a; € X

R2 (Jou],wi) = [¢] for wy = m(ay)
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R3 0([ou, ..., aj], ap1) = [an, ..., oja4q] for all [aq, ..., 0] € X and a4 €

yin j=1,...,0-1

R4 (5([@1,0&2,...,0@'],&)1) = [042,...,06]'} for all [@1,0&2,...,0@‘] € X and W =

m(ay), j=2,...,C.

First, we show that G has the same number of states as G&P. To this end,
we observe that the state set X contains the equivalence classes of =gp. Since
any string s € Li" has a capacity ¢(s) < C, it must be the case that |f(s)| =
Ip™(s)| — [p°(s)| < C. Hence, the possible equivalence classes are given by
le] and sequences [o---a ] for 1 < j < C and with arbitrary input events
a; € 3", 1 <4 < j. That is, the state set of G&¥ is X5% = {[e]} U {[au]|ou €
Yy U o ac]|ar, - acor € YU {[ag - ac]|aa, -, a0 € X0
This coincides with the state set X of G.

Considering that there are |¥™|7 combinations for each equivalence class [ay - - - ],
j=1,...,C and there is one equivalence class [e], it already follows that G has

a finite number of 4
x| =Y (s (4.10)
j=0

states. It remains to show that L, (G) = L (Ga") = Lg®. To this end, we show
that (i) Lw(G) C LY and (ii) L,(G) 2 LEP.

For (i), it is required to show that each string s € L,(G) is order-preserving with
capacity c(s) < C. We use induction on the string length to show that for each
prefix s;, := pre,(s) < s, p°(s) < m(p™(sk)), c(sx) < C and §(xo, sx) = [f(sk)]-

Let s € Ly(G) be arbitrary. For the initialization, we consider sy = ¢ < s.
Then, it holds that p®(sp) = m(p™(so)) = € and ¢(sq) = 0 < C. Furthermore,
6(x0,50) = [f(s0)] = [€]-

Now assume that for some k < |s|, we have that p°"*(sz) < m(p™(si)), c(si)
and (g, s;) = [f(sk)]- We show that also p°™(sp11) < m(p™(sg+1)), c(Skr1)
and 6(o, sp+1) = [f(sk+1)]-

<C
<C

There are three cases. In the first case, let |f(sg)] = 0. That is, [f(sx)] =

[e]. Then, sp;1 = spa; with a; € Y™ according to (R1). Furthermore, it
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holds that p°™(sgy1) = p°™(skar) = p°™(sk) < m(P™(sk41)) = m(p™(sp1)) =

m(p™(sg))m(ay), c(sps1) = c(spay) = max{c(sg),1} < C and §(zg, Spy1) =
d(le], 1) = [aa] = [f(sk+1)]- In the second case, let |f(sg)] = C. That is,
[f(sk)] = [aray---ac] for some ay,...,ac € ¥ Then, spi = Spw; with

w; = m(ay) € X according to (R4). Noting that f(sx) = ajaz---ag, we

further conclude that

P (sk41) = PP (srwn) = p™ (sp)wn
= m(Pre|pout(sk)|(Pin(sk)))wl
= m(pre|pout(3k)l(pi“(sk,)))m(al)
< m(pre‘pout(sk”(pi“(sk)))m(alag )
= m(PTe|pout(s )|(pin(sk))SUflp"“t(sk)(Pi (s)))
= m(p"(s)) = m(p" (skw1)) = m(p"™ (s+1))-
Furthermore, f(spy1) = f(spw1) = ag---ac and accordingly 6(xg,Sgr1) =

([ -+ agl,wr) = [ag -~ ac] = [f(sk+1)] with (R4). Finally, since ¢(sg) < C
and c(spy1) < ¢(sg), it follows that ¢(sg1) < C. In the third case, 0 < |f(sx)| <
C. That is, [f(sx)] = [oq - - - o] with j < C. Then, there are two possible transi-

tions. First, let o0 = a1 € ™ according to (R3). Then, the same argument as

O (spp1) = P (sktjg1) = P (sk) < m(p™(sp41)) =

m(Pin(Skaj+1)) = m(pin(sk))m(ajﬂ), c(Skr1) = c(spajy1) = max{e(sy), | f(sk)] +
1} < C and 0(wo, sp11) = 0([ar -+~ ], aj41) = [ar -+ aja1] = [f(sg41)]. Sec-

ond, let 0 = w; = m(aq) € X according to (R2) or (R4). Then, the same

in the first case shows that p

ot (g0 1) < m(p™(sps1))s f(Sky1) =

ay - - - oy and accordingly 6(xg, sg+1) = 0([aran - - - aj],wi) = [ag - - - ;] = [f(Sk+1)]-

argument as in the second case shows that p

Since k was arbitrary, it follows for k + 1 = |s| that p°™*(s) < m(p™(s)), ¢(s) < C
and 6(xg,s) = [f(s)]. Considering that s € L,,(G), it is further the case that
§(xg,s) = [¢]. Hence, it is the case that m(p™(s)) = p°(s). That is, s is order-

preserving according to Definition 1.

For (ii), we consider an arbitrary string s € Ly” and we show by induction that
it holds for each k < |s| that s, € L(G) and d(xo, sx) = [f(sx)] in order to
show that s € L,,(G). For initialization, we consider sy = e. Then, it holds

that 0(zo,€) = [¢] = [f(so)]. For the induction step, we let k < |s| and assume
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that d(xg, sx) = [f(sk)]. Then, we show that d(xq, Sgr1) = [f(Sk+1)]- In general,
Sgr1 = Spo for o € X and there are different cases for o. First, consider that
f(sx) = €. Since s is order-preserving, this implies that p°"*(sg) = m(p™(sz)).
Hence, it must be the case that ¢ = a3 € ¥™. But then, (R1) ensures that
d([e], 1) = d(xo, skar) = d(xo, Sk+1) = 1] = [f(sk+1)]. Second, consider that
f(sk) = aqas - - - a. Since the capacity of s is ¢(s) = C' and s is order preserving,
it must be the case that ¢ = w; for wy = m(ay). But then, (R4) ensures that
o([araz -+ acl, 1) = 6(xo, spar) = 0(xo, k1) = [oz- - ac] = [f(sk+1)]. Third,
consider that f(s;) = aqag---a; for 1 < j < C. Since 0 < |f(sx)] < C and s is
order preserving, it is possible that o = ;4 for some a4 € X™ or 0 = w; =

m(ay) € ¥ If 0 = aj1q, (R3) ensures that 0([aq - - - o], ovji1) = 6(@o, Spvjp1) =

dzo, Skt1) = [on -] = [f(sg41)]. If 0 = wi, (R2) or (R4) ensure that
0([anaz -~ aj],wi) = d(wo, spwr) = (o, spr1) = [az -+~ o] = [f (sk41)]-
In particular, for &+ 1 = |s|, we have that d(zo, s) = [f(s)] = [e] = w0 since s is

order-preserving and, hence, [p™(s)| = |p°"*(s)|. That is, s € L, (G).

According to Theorem 2, L{® can be realized by a canonical recognizer Gg*
with a finite number of states as given in (4.10) that depends on the number of
input events |X™| and the capacity C'. Hereby, each state of Gi.¥ represents an
equivalence class of =pp as defined in (4.8) and the transition relation of G¢*
is defined by the rules (R1) to (R4) in the proof of Theorem 2. It is hence
straightforward to compute Gg;*. As an example, consider ¥ = 3" U 3% =

{a1, a2} U{by,by}. Then, Fig. 4.1 shows G3 = G]"* and G4 = G5™.

Moreover, as a more practical example, we consider a conveyor belt (CB) in a
production system that can transport 3 different product types P1, P2 and P3 and
that can hold up to 2 products simultaneously. It is further the case that products
leave the CB in the same sequence as entering the CB. Hence, the behavior of
such CB should be modeled by an order-preserving language with the input events
Y = {ip),ipy, ips} and the output events 3°U = {op;.opy, op3}. The mapping
m is defined by m(ip;) = op; for i = 1,2,3 and the capacity is C' = 2. Hence, the
canonical recognizer G5 for the CB as shown in Fig. 4.2 has 13 states. Hereby,

there is one product on the CB in the states shaded in light gray, whereas there
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are two products on CB in the states shaded in dark gray.

Figure 4.2: Order-preserving model of a CB with three product types P1, P2, P3
and capacity C' = 2.

4.3 Composition of Order-preserving Languages

Practical DES are commonly composed of various modular system components.
That is, we next investigate the composition of multiple components with order-
preserving languages. To this end, we first consider the case of two order-
preserving languages L; C 3* over the alphabet ¥; with given capacities ¢(L;) =
C; and maps m; : X" — X0 for 4 = 1,2. in addition, we assume that the
output events of the first language are the input events of the second language:
¥0ut = ¥, In a production system, such languages could represent two produc-
tion components, whereby the first component delivers products to the second
component. Defining the alphabets ¥ = it out = ygut 33 = yin (y yout | the
natural projections p : (X; U Xo)* — X%, p; @ (B UX0)* — XF, i = 1,2 and the
mapping m : (X™)* — (X°)* : m(s) = ma(my(s)), we determine the composed

language

We next show that L is an order-preserving language with capacity C' < C; + Cs.
Theorem 3 Assume that Ly € L&P(X7, 50", my), Ly € L&F (X5, 85%, my), my,
my, X, m and p : (X1 U Xe)* — X* are as introduced above and let X" = X",
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Yout = YUt gnd Y9 = Y. Further, assume that Ly||Ly # 0. Then, L =
p(L1||Le) € LEP(X™, 504 m) for some C' < Cy + Cs.

In the sequel, we again write £", £ and Lg” for brevity.

Since Li||Ly # (0, there is at least one string s € p(L1||L2). Now consider any
arbitrary string s € p(L1||L2). We need to show that s is order-preserving and
c(s) < Cy + Cs.

We first show that s is order-preserving. Assume the contrary. That is s € L and
s is not order-preserving. Then, we can write s = ujauswus with wuy, ug, uz € X%,

a E Zin and w E Eout’ SuCh tha.t fOr some k < ‘pln(S)H

out (

pre,m(p™(s)) = m(p™ (u1)) = pregp™ (s) = p™ (w0us)

but

preg m(p™(s)) = m(p™ (ur)) # preg p™(s)

out (

=p out(

uugw) = p° (ujaug)w.

In words, we consider that the order of the first k£ input events in s is equal to
the order of the first k£ output events, whereas the order of the first k£ + 1 input
events of s is different from the order of the first £ 4+ 1 output events. Since
out(

m(p"(w)) = p(wras), this implies that m(a) # w.

We further know that s € L = p(Li||Ly) implies that there are s; € Ly and
Sy € Lo such that s = p(s1||s2). Since L; is order-preserving for i = 1,2, also
s; is order-preserving for i = 1,2. Considering that Xt = ¥in ygut = yout
Y NE = 0 and ¥y N XM = (), we further conclude that pP(s;) = p™(s),
Pt (s2) = p™*(s) and p"*(s1) = p§'(s2).

Accordingly, we determine pre,,  mi(p"(s1)) = preami(pm(s) =
my(p™(ura)) = my(p™(ur))er and prek+1mz_1(178ut(32)> = prek+1m2_1<pom(5)) =
my H(p (ur qugw)) = my (P (uyomg))my H(w). Since  m(p™(uy))
= mo(mi(p™(u1))) = p°"(uiaus) and 3" = ¥ we conclude that
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preyma (pi(s1)) = pregmy ' (p3*(s2)). However,
pregyma(py(s1)) = ma (p™ (wr))mi (@)
#Pregmy ' (p" (s2)) = my” (P (wauz)Jmy (W)
because m;(a) # my'(w) (which follows from m(a) # w). Hence, pS™(s;) #

P (s2) such that pi'(sy) Np3l(sy) = 0, which implies that s & p(p;*(s1) N py *(s2))
C p(L4||Ls) = L. This is a contradiction, because we assumed that s € L.

It remains to show that ¢(L) = C < Cy + C5. To this end, let s € p(L;||Ls) and
s1 € Ly, s9 € Ly such that s = p(s1]|s2). From the previous discussion, we know
that for each s" < 's, p™(s') = p'(s}), p™'(s') = p3"'(s}) and pi"'(s}) = py'(sh) for

some s < s1, sh < s9. That is, we compute
c(s) = max{[p"(s')] — [p™" ()|}
s'<s

= max {!p (s1)] — |pout< 5)[}

! !
51<s1,85<s2,s'=p(s

= omax {ipl (1)1 = It (1)

s1<s1,55<s2,5'=p(s}]s5)

SC'l

+ [pa'(sp)] — [p3" (s3)} < C1 + Co.

>

g

<Cs

Since s € L was arbitrary, it follows that ¢(L) = C' < Cy + Cs.

We demonstrate the implications of Theorem 3 using the example automata in

Fig. 4.1 and 4.3.

Figure 4.3: Example automata

First consider the languages Ly = L,,(G3) with Cy = 2 in Fig. 4.1 and L; =
Lyn(Gs) with C5 = 1 in Fig. 4.3. A canonical recognizer Gy; (excluding the
states shaded in gray) with Loy = L, (Gas) = p(Le||Ls) and X" = {a;,a,} and
Yout = {cy,co} is shown in Fig. 4.4. It is readily observed that Los is order-
preserving and Cos = ¢(Las) = 3 = Cy+ C5. For illustration, the states of Gos are
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colored such that orange, blue and green states correspond to strings with capacity
1, 2 and 3, respectively. Moreover, GGo5 shows two blocking states 2 and 6 that
are shaded in gray. In particular, it holds that L,||Ls # Ls||Ls such that L, and
Ls are conflicting. That is, even Theorem 3 shows that any string s € L,,(Gas)
is order-preserving, there might be strings in L(Gs5) that cannot be extended to
an order-preserving string. Next, we consider Ly = L,,(G2) with Cy = 2 in Fig,.
4.1 and Lg = Ly (Gs) with Cg = 2 in Fig. 4.3. A canonical recognizer Gy for
Log = Lin(Gas) = p(La||Le) with ™ = {a;,a5} and Z°* = {cy, co} is shown in
Fig. 4.4. Here, it turns out that Cys = 3 # C1 + Cy = 4. That is, the capacity
of Log is smaller than the accumulated capacity of Lo and Lg. This is possible
according to Theorem 3 and occurs since Ly C L3 and Lg C L3™. We finally
consider the composition of Ly = L, (G3) = L] and Ly = Ly, (Gy) = L™ in
Fig. 4.1 with L; = L,(G;) = Li™ in Fig. 4.3. The resulting order-preserving
languages Ls; = L, (Gsr) and Ly = Ly, (Gar) are shown in Fig. 4.4. Hereby, it is
interesting to note that Lsy; = L3 and Ly; = L3™. In addition, L3 and L; as well
as L4 and L7 are non-conflicting. In the sequel, we will formalize the observations

from this example in Theorem 4 and 6.

Figure 4.4: Composition of order-preserving languages.
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Theorem 4 Assume that L, = Lsculp and Ly = L‘g;p for Cy,Cy > 0. Let my, mao,
m, ¥, p: (T UD)* — T*, X = i yout = yiout gnd Y9 = i be introduced
as above. Then, L = p(L1||L2) = LF ¢, -

That is, Theorem 4 states that the composition of two supremal order-preserving
languages again yields a supremal order-preserving language, whose capacity is

the sum of the capacities of the composed languages.

In order to prove Theorem 4, we establish three lemmas that show general proper-
ties of L = p(L1||Ls). Lemma 1 determines that the capacity of L is ¢(L) = C =
C; + Cy if both languages L;, i = 1,2 are supremal order-preserving languages

with capacity Cj.

Lemma 1 Assume that Ly = Lg? and Ly = Lg?Y for Cy,Cy > 0. Let p, yin =

Y ot = ¥out gnd L9 = Y be introduced as above. Then, ¢(L) = C =
e have to show that ¢(L) = C = C; + C5. Since L; = LIP (X)) and Ly =
CEE 1

L) (3g) for C1,Cy > 0, it holds that € € Ly|[Ly # (). Hence, we already know
from Theorem 3 that C' = ¢(L) < Cy + Cs. In order to show that C' = C} + Cy,
it remains to show that C' > C;| + C,.

We consider two cases. In the first case Cy, < ;. In addition, for simplicity, we
assume that ¢ < 2C5. The extension for the case C'y > 25 is conceptually
straightforward. Since the capacity of L; is ¢(L1) = Cy and Ly = L (%), it

holds for an arbitrary a; € ¥ and w; = my(ap) € 9" that

51 :051"‘041001"'wloél"'Qlwl"'wlwl"'wl e Ll
e — e e e e e e e e
Co Ca C1 Co C1—Cs
and c(s1) = C;. Now consider that ap = w; € L = 39" and wy = ma(ay) € 19U,

Since the capacity of Ly is ¢(Lg) = Cs and Ly = L,"(X2), it holds that

522052'"OZQ(AJQ"'CL)QO&Q"‘OCQCL)Q"'(A)QOZQ"'OCQWQ"'WQ
S——— N — Y —

Co Ca Ca Co C1—C> C1—Co2

:wlu..w1w2...w2w1..-w1w2.-.w2wl-..w1w2...w2
N e e e e N e e e N
Co Co Ca Co C1—Co2 C1—Co2

€ L,
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and c(sy) = Cy since C — Cy < Cy by assumption (if C; — Cy > Cy, it is sufficient

to add additional substrings wy -+ w;j wa -+~ wy). Since ¥; N Xy = L = T it

Co Cs
further holds that,

S:Oél"'O{lOél"‘OélWQ"‘CL)QWQ“‘WQWQ"'WQ
N e N e N e N e’
02 Cl CQ 02 C'1*CV2

:p(&l ... al wl DY wl @1 DY al w2 DERIY w2 wl DY wl w2 ... w2 wl o e wl w2 .. w2)
——— ——— N —
Ca C> C1 Ca C> Ca C1—Cs C1—Co

= p(s1]|s2) € p(L1]|L2) = L
and
c(s) =lp™(ay...aq aq...a1)| — [p°(ay...aq ...«
(s) =[p"(1...ap ar...ap)| — [p™(n..ap i)

CQ Cl CQ Cl

Ciy+0Cy—0=0C1 + 0.

In the second case, C; < Cs. In addition, for simplicity, we assume that Cy < 2 (Y.
The extension for the case Cy > 2 (' is conceptually straightforward. Since the
capacity of Ly is ¢(Lg) = Cy and Ly = Lg;” (¥2), it holds for an arbitrary o € Yin
and w; = my(ap) € L that
51:0‘1"‘041w1"'001051'"Oélwl"'Wlal"‘alwl“'wl
—— — T —
Ch Ch Co—C1 Cy—C1 C1 C1

€y

and c(s;) = C;. Now consider that ap = w; € ¥ = X9 and wy = mo(ay) € L.
Since the capacity of Ly is ¢(Ly) = Cy and Ly is full, it holds that
Sg =g Qg - QgWg " Wy Qg ***QyWy "Wy
—_—
Cl CQ—Cl CQ Cl Cl

:wl...wlwl...w1w2...w2w1...w1w2...w2 E L2
N e N e e s e e, e’
Cl 02—01 CQ Cl Cl
and c(sy) = Cy. Since w; € ¥ N Yy = X% = ¥ it follows that
5:al...alal...alal...alw2...w2w2...w2
e e — e — N — — —
C1 CQ*C]_ C1 Cz Cl

:p(&l .. -al wl .. -wl &1 .. .O{l wl .. .wl al .. .al w2 .. .w2 wl .. .wl w2 .. .w2>
N e e e e e e e e N e e e
C1 C1 Co—C1 Co—C1 C1 Co Ch Cq

€ p(s1l|s2) € p(Li1[|L2) = L.
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and

C<S) = |pin(061...0é1 aq...001 Oél...Oél)|—
e N e N
C Cy—C1 Cq

out(

|p Oél...CYlOzl...OélOél...Oél)l :Cl+02.
S——

Ch Cy—Cq Ch

That is, indeed, ¢(L) = C = Cy + Cy

Lemma 2 introduces a decomposition of f(s) for any string s € L = p(L;||Ls).

Lemma 2 Consider Ly, Ly, ¥, p, m, mi, ma, L™ and X°“ as defined above
and let s, € Ly, 85 € Ly and s € Lyi||Ly such that s = p(si||ss). Further, let
[ = (M) f1: 37 = (27 and fy 0 35 — (X5)* be defined as in (4.7).
Then, it holds that

F5) = mi M (fo(s2)) fuls). (412)

That is, assuming a string s = p(si||s2) € p(L1||L2) the excess input events f(s),
whose corresponding output events did not occur, yet, are either excess input
events fi(s1) or correspond to excess input events fs(s2). We next give the proof

of Lemma 2.

We prove the lemma by induction on the length of prefixes of s, = pre,(s). For

the initialization, we start from k£ = 0. It holds that sy = € and sy = p(s1,0]]520)

and f(So) = mfl(f2<32,o)) f1(81,0) = ¢ for 51,0 = € < 81, S20 = € < So.

For the induction step, assume for some k < |s|, s1x < s1, Sox < $o that s, =
p(S1k||s2%) and f(s) = ml_l(fg(slk)) fi(s1%). We have to show that for sz, =
sko < s, there are sy ;11 < 51, Sopp1 < S2 such that sp1 = p(s1p41]|s2.4+1) and

f(sra1) = mi ' (fa(s2041)) f1(S1,41)-

Consider s11 = sgo < s and write f(sz) = aq---a; for some 0 < j < C with
ai,...,a; € ™ (with a slight abuse of notation, we define f(sz) = € if j = 0).
Then, it is possible that (i) o € X" or (ii) o € XU,

(i) Assume that ¢ = a1 € X™. Then, it must be the case that j < C'. Consider
the contrary, that is, j = C' = Cy +Cy. Since |f(s)| = |mi " (fa(s24)) f1(s1.4)] and
c(si) < C; for i = 1,2, this implies that |f;(s;x)| = Ci. Since spy1 € p(Ly1||Ly),
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sk = p(sikllser) and aji1 & g, it must further be the case that sy =
p(s1puai||sepu) for some v € X9 = 3. Considering that |fa(sox)| = Co
it follows that u = € (otherwise, |fa(s2,u)| > Co. But then, |fi(siruaji1)| =
|fi(sikaji1)] = C1 + 1, which implies that s;raj11 & L; and hence s, ¢
p(L1||Ls). This contradicts the assumption that s € p(L;||Ls). Hence, indeed
Jj < C. Accordingly, |fi(six)| < Cy or |fi(six)] = Cy and |fa(sox)| < Co. If
|f1(s14)] < C1, we know that m " (fa(sax)) = ay -y and fi(s1h) = apqq-- o
for | < Cy and j —1 < (). Then, it holds that s; 0511 € Ly since L; =
Lscillp(Zl). Furthermore, g1 = Spjp1 = p(S1k+1||S2.441) for s1 441 = 150541 and
Soup1 = S and f(spp1) = 1+ qousy - e = my (fa(sopr1)) fi(sipr). I
|fi(s14)] = C1 and |fa(s2x)| < Ca, we have that mi'(fa(sax)) = a1+ and
fi(s1k) = g1+ for | < Cy and j — 1 = C;. Consider v41 = my(ou41).
Since Ly = LgP(31), Ly = Ley(32) and 41 € X9 = X, it must be the
case that sy ivyi41 € Ly and So.kVi+1 € L,. But then, also SLEYi410G41 € I
since |fi(s1x+1)] = C1 — 1 < Cy. That is, defining sy 541 = $1 5410541 and
Sok+1 = Sok7Vi+1, We have that spi1 = spajp1 = p(s1p41|[S2.k41) since ajq & Xo.
In addition, it holds that f(sg11) = a1+ ajaji1, fi(s1e41) = upo -+ jyq and
my (fa(sapks1) = 1 - agagyy with [fi(s1p1)=j+1—(+1)=3j—1=C; and
| fa(S2,k+1)] = I + 1 < Cs. Moreover,  f(Sg+1) =

o1 Qg G OG = my ' (fa(s2,41)) f1(S1p41)-

(i) If o € X°" it must be the case that j > 0 (if j = 0, |f(sxo)] = =1 < 0).
Accordingly, |fa(sax)| > 0 or |fa(s2x)] = 0 and |fi(s1x)] > 0. If | fa(sax)| > O,
we know that fi(s1x) = ouy1-- -« and ml_l(fg(sm)) = oy -+ for some [ > 0.
Then, it holds that sy w; € Lo since Ly = L) (Xs) and Ly is order-preserving.
That is, 0 = wy. Furthermore, sp11 = sgw1 = p(s1k+1]|S24+1) for s1 41 = s and
Sokt1 = Sopwi and f(spy1) =gy = ml_l(f2(32,k+1))f1(31,k+1)' If | fa(so)| =
0 and |fi(s1x)| > 0, we have that fi(six) = a1---a; and m;'(fa(s9r)) =
e. Since Ly = LgP(X1), it holds that sy € L, for vy = mi(a;). Since
Ly = LEP(X2), m € B9 = X5 and wy = mo(n) = m(og) € X9, it is
further the case that sy pyiw; € L. That is, S = spwi = P(S1k+1]|52,k41)
for s1 g1 = s1xy and Sopy1 = Saxpyiwr. In addition, it holds that f(sgy1) =

gy =my (fa(sops1)) fi(s1ee1) since my ' (fa(sopi1)) = my  (fa(sopmiwr)) =
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my (fa(sox)) = € and fi(sipi1) = fi(sipm1) = @2+ - ;.

Since k < |s| was chosen arbitrary, the proven relation also holds for k = |s| — 1.

That is,

F(s) = f(sre1) = my (fa(S2041)) f1(51,041)
= my ' (f2(s2)) f1(s2).

Lemma 3 shows that any extension so € p(L1||Ls) of a string s € p(L;||Ls) with
an event o € ¥ has a corresponding extension of any string ¢ € L;||Ly that has

the projection p(t) = s.

Lemma 3 Assume that Ly = Lg." (1) and Ly = L) (32) for C1,Cy > 0 and X,
p: (X1 UX)* — * are as introduced above. Further, let ™ = %1, Yout = gut
and Y% = Y. Then, it holds for any t € Li||Ly and o € ¥ that

p(t)U & p(ElHZQ) =dJv € (21 U 22)* s.t.
p(v) = o and tv € L||Ls. (4.13)

Consider an arbitrary string t € Ly|| Ly and let 0 € ¥ such that p(t)o € p(Ly||Ls).
We write s = p(t). According to Lemma 2, it holds that s = p(s,||s) for s; € L,
and sy € Lo. In addition, f(s) = my'(fa(s2))fi(s) = a1+ qagyr -+« with
mi (fa(s2))lr - au| = Land |fi(s1)l[ fieurr - ay)| = j —land 0 < j < O =
Ch + Cs.

We now consider that (i) ¢ =€ X™ or (ii) o € XU,

(i) If o € ¥ = ¥ it must be the case that j < C. Otherwise, |f(so)| =
|f(s)o| = j+ 1 > C. There are two cases. In the first case, |fi(s1)] < Ci.
Since Ly = Ly (%), it holds that s,0 € L. Since it N ¥y = (), it follows that
to € s10|lsy € Ly||Ly and p(to) = p(t)o = so. That is, (4.13) is fulfilled with
v=o0 € (X UX)* In the second case, |fi(s1)] = Cy and hence |fa(s2)| < Co.
We write yi41 = mq(op) € £ = X5 Since Ly = LiP(X;) and Ly = LgiP(3s),
it is the case that s;y1 € Ly and S9Y41 € L,. Furthermore, Vi1 € 29U

implies |f1(s1Yi41)| = |agg2---aj] = C1 —1 < Cy. That is, s1y410 € Ly since
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Ly = LyP(31). Together, we have that ty10 € s1y410|[s2m41 € L[ L2 and
p(tyi110) = p(t)o = so. That is, (4.13) is fulfilled with v = v,,40.

(i) if o € X" = X" it must be the case that j > 0. Otherwise, |f(so)| =j—1 <
0. There are two cases. In the first case, |fa(s2)] > 0. Since Ly = L (Xs), it
holds that syo € Ly. Since ' N, = 0, it follows that to € s,|[se0 € Lyi[|Ly
and p(to) = p(t)o = so. That is, (4.13) is fulfilled with v = 0 € (X; U X9)*. In
the second case, |fa(s2)| = 0 and hence |fi(s1)| > 0. In addition, it must hold
that 0 = w; = m(ay) since f(s) = a1 -+~ a;. We write y1 = my(a) € B¢ = X
Since L1 = Lg"(X1) and Ly = Lg (¥,), it is the case that s;y; € L, and
s9Y1 € Ly. Furthermore, v, € X, implies |m; ' (fa(s271))| = |o1| = 1 > 0. That

is, s;7iw1 € Ly since mo(y1) = m(a;y) = wy and Ly = Ly (X2). Together, we

have that ty,0 = tyiwr € s1y41||seyiziwr C Li||Le and p(ty410) = p(t)o = so.
That is, (4.13) is fulfilled with v = y0.

That is, (4.13) holds in all possible cases, which proves the lemma.
Using Lemma 1 to 3, it is now possible to prove Theorem 4.

In order to show that L = p(L||Ls) = L, ¢,, we show that (i) L C Lg.”, o, and
(i) L 2 Leyoe

(i) Since Ly = Lg? and Ly = Ly, for C1, Cy > 0, it holds that € € Ly||Ly # 0.
Hence, we know from Theorem 3 that L is order-preserving and Lemma 1 implies

that ¢(L) = C' = Cy + Cy. Hence, L C LgP ¢, .

(ii) In order to show that L O L;®, we take an arbitrary order-preserving string
s € Lyy®. First, we show by induction that s € p(Ly||Ls). To this end, we write

s=o0y1- 0 witho; € X fori=1,...,]s|.

For the initialization, consider sy = pre,s = €. Since € € L; and € € Lo, it follows
that € € Ly||Ly C Ly||Ly. Hence, we have that tg = ¢ € Li||Ly and sy = p(t) €
p(L1||Ly). For the induction step, we assume that s,_; = pre, ;5 = o1+ 0p_1
for some 1 < k < |s| and there is a t,_; € L1|| Lo such that p(t;_,) = sx_1. Now
consider o, € ¥. Then, it holds that t,_; € L;||Ly and s,_1 € p(Ly||L2) and
or €Y and p(ty_1)ok = sp_10% = pregs € p(L||Ls). According to Lemma 3, this
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implies that there is a v, € (X; U X)* such that p(vy) = oy and ty_1v;, € Ly || Lo.
In particular, for k = |s|, it follows that ¢ = tovy - - - vjy € L1||Ls and s = prej, s =

p(t) € p(L1][L2).

This concludes the induction step and we found that s € p(L1||Ls). It remains
to show that s € p(Li||Ls). To this end, we first conclude that f(s) = e since
s € L3P and t € sq|sq for some 51 € L, and sy € Ly since t € Ly||Ly. Considering
that f(s) = m;'(fa(s2))fi(s1) according to Lemma 2, it must be the case that
|f2(s2))] = |fi(s1)] = |f(s)| = 0. Hence, s; € L; and sy € Ly, which implies
that ¢ € Ly||Le. Therefore, s = p(t) € p(L1||L2). Since s € L{;” was arbitrary, it
follows that Ly” C p(Ly||Ls), which concludes the proof of Theorem 4.

The next theorem confirms the observation from the previous example. It holds

that the composition of two supremal order-preserving languages is non-conflicting.

Theorem 5 Assume that Ly = L and Ly = Lg) for C1,Cy > 0. Let p
(X USe)* — X*, B = 3in yiout = 30ut gnd $9% = 3 be introduced as above.

Then, Ly and Lo are non-conflicting.

We first show that L; and L, are non-conflicting. Consider an arbitrary string
t € L1||Ly. Then, it holds that ¢ € s1||sy for some s; € Ly, sy € Ly and f(s) =
oy oy = mi (fa(s2)) fi(s1) for s = p(t) and some 0 < j < C = C) + Cy. We
further write my ' (f2(s2)) = a1 -~y and fi(s1) = agy1 -+ ;. We consider w; =
m(a;) € X for 1 < i < j and define the string v = wy - - - W Y1Wi41 -+ YW, €
(31 UX)* for v = my(a;) = my ' (w;), i = [+ 1,...,7. In addition, we write
v1 = p1(v) = Y1+ y; and vy = pa(v) = v. Since fi(s1) = g - = my (vy)
and L, = Lg", it holds that sjv; € Li. Furthermore, we first conclude that
mi(f2(sawr - - -wy)) = € since m(my*(f2(s2))) = ma(fa(sz)) = wi---w;. That is,
fa(saws « - -w;) = €. Then, it directly follows that fo(sows - - wiypiwis -« - Yiwi) =

eforallt=1+1,...,5. Hence, also syvy € Ly. Together, we have
tv € (81||32)U g 81U1||82U2 g L1||L2,

which implies that ¢t € L;||Ls. Since t was arbitrary, it follows that L; and Ly are

nonconflicting.
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The implications of Theorem 4 and 6 can be observed from G3; and Gy47 in Fig. 4.4
and the related automata in Fig. 4.1 and 4.3. According to the previous discussion,
it is the case that Ly, (Gs7) = LE® = Lw(G3)||Lm(G7) = Leysup||Le,sup with
C; =1,Cy = 1and C = C; + Cy; = 2. Furthermore, GG3; is nonblocking,
which indicates that L,,(G3) and L,,(G7) are nonconflicting. Similarly, L,,(G47) =
LE® = Liy(G4)||Lm(G7) = Le,supl||Le,sup with C =2, Cy = 1 and C = C) +
Cy = 3 and G4z is nonblocking, Differently, Ly, (Gag) # L3" (Xa6) since Ly, (Ga2) #
L3® and Ly, (Gg) # L3™. In addition, Gog is blocking, that is, L (G2) and
L.,(Gg) are conflicting. Here, we further note that the conditions in Theorem 4 are
sufficient but not necessary. Consider for example the order-preserving languages
L (Gsg) in Fig. 4.5 and L,,(G7) in Fig. 4.3. Then, it holds that L,,(Gs) # L™ but
Lin(Gg7) = Lin(Gs)|| L (G7) = L™ and L, (Gs) and Ly, (G7) are nonconflicting.

Figure 4.5: Sufficiency of Theorem 4.

An important outcome of Theorem 4 is that the composition of two supremal
order-preserving languages is again a supremal order-preserving language. That
is, the result of the composition operation has the same properties as its argument.
Using this fact, we next state the following corollary, which shows that the com-
position of an arbitrary number of supremal order-preserving languages is again

a supremal order-preserving language and these languages are nonconflicting.

Corollary 1 Consider alphabets X", X% 3, such that ¥; = L U X2 and
YrAXe =0 fori=1,...,n and assume that X" =X", fori=1,...,n— L
Further, let m; : X" — L0 be defined as in Section 4.1. Assume that L; =
L (3, 599, my) with C; > 0 fori = 1,...,n. Write X" = X", 5% = %04 ¥ =
YrUXe and let p 2 (U;_, Xi)* — X% as well as m : ™ — X such that m(s) =
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My (- - -ma(s)) for any s € (X™)*. Then, L = p(||i_Li) = L&P . o, (87, X%, m)

and L+, ..., L, are nonconflicting.

We prove the corollary induction. To this end, we introduce the alphabets 'y, =
Yy nout Ay = Ule Y and I, = ¥ U X, for k = 2,...,n. We further use
the natural projections py, r, : Ay = 'y, po,r, : Iy — I'; and the languages

Lip=pa,r,(Li---Ly) for k=2,... k.

For the initialization, we know that Ly s = pa,r,(L1|[L2) = L, ¢, from Theorem

4 and Ly, Ly are nonconflicting from Theorem 5.

For the induction step, we assume that L;; = LSCuler,,_Jer and Ly,..., L, are

nonconflicting. Since L; j, = LSCuler“_ vo, and Ly = Lgil, it directly follows from

Theorem 4 that

PAii1. Tt Lyl -+ L[ L)

(
=Pt 1, Tpr (Pagry (L] -+ - || Lie) | [ L)
:kaH,FkH(LLkHLk—i-l)
:ka+1:Fk+1(Lap+~~-+0k||Lail) - LSCl‘llp+Ck+1'
With the same argument, Theorem 5 implies that L;||--- Ly and Lg,; are non-
conflicting. Hence, Ly, -, Lyy; are non-conflicting.

In order to discuss the practical implication of Corollary 1, we consider a produc-
tion system with an arbitrary number of production components that exchange
products and that are modeled by supremal order-preserving languages. Then, it
holds that the composition of the production components is again represented by
the supremal order-preserving languages and the joint operation of the production

components is nonblocking.

4.4 Usage of Composed Order-preserving Models in Supervisory Con-

trol

The previous section indicates that supremal order-preserving languages are non-

conflicting and their composition again leads to a supremal order-preserving lan-
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guage. In this section, we argue that it is possible to efficiently use composed
order-preserving models for nonblocking supervisory control. As the first step,
we recall the notion of a natural observer [30] that is commonly used for the

supervisor synthesis based on abstracted system models [12, 13, 19].

Definition 3 Let L C ¥* be a language, and let p : ¥* — Y be the natural
projection for S C Y. pis a natural observer for L if it holds for all s € L and
t € ¥* that

p(s)t € p(L) = Ju € ¥* s.t. su € LAp(u) =t.

In words, p is a natural observer for L if any string s that belongs to the prefix-
closure L of L can be extended to a string in L whenever its projection p(s) can be
extended to a string in p(L). We next show that the projection p : (3, U Xy)* —
¥*, which is used for computing the composed order-preserving language p(L1||L2)

in the previous section, is a natural observer for Li||Ls.

Theorem 6 Assume that Ly = L and Ly = Lg) for C1,Cy > 0. Let p
(L] USe)* — X*, B = yin, yiout = 30ut gnd $9% = 3 be introduced as above.
Then, p : (31 U X5)* — X* is a natural observer for Ly||Ls.

In order to show that p is a natural observer for L;||L,, we take an arbitrary
string ¢ € Ly|[Ly = Ly||Ly and u € ¥* such that su = p(t)u € p(Ly||Ly). We
next show by induction that there is a v € (X; U X5)* such that p(v) = u and
tv € Lq||L,. To this end, we write u = oy - - o), with o, € ¥ for k =1,...,|ul.
For the initialization, we note that there is a v; € (X1 U 35)* such that tv; €
Ly||Ly and p(vy) = o1 because of Lemma 3. For the induction step, we consider
that t;_, = tvy---vx_1 € Li||Ly such that p(vy---vp_1) = 01 ---0k_1. Applying
Lemma 3, it directly follows that there exists a vy € (X1 U X9)* with p(vx) = 0%
and such that tv; --- vy € Ly||Ly and p(vy ---vi) = 01 - - - 0. That is, for k = |u,
it holds for v = vy -+ - vy, that tv € Ly||Ly and p(v) = o1+~ 0},. It remains to
show that tv € Ly||Ls. Since su € p(L1||Ls), it must be the case that |f(su)| = 0.
In addition, tv € Li||L implies that tv € s;||sy for some s; € Ly, sy € Lo.

Then, according to Lemma 2, we have that f(s) = m; "' (fa(s2))fi(s1) and hence,
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| fa(s2)| +|f1(s1)| = 0. Accordingly, fa(s2) = fi(s1) = €, which shows that s; € L;
and sy € L. Therefore, tv € s1||sy C Ly||Ls, which concludes the proof.

Two main features of the observer property are used in this thesis. Consider
canonical recognizers G and G such that Ly,(G) = L and Ly(G) = p(L) in
Definition 1. First, it is the case that G cannot have more states (and generally
has fewer states) than G if p is a natural observer for L [30]. Second, it holds that
nonblocking supervisors computed using the smaller automaton G instead of G are
as well nonblocking for the original modular system with G [13, 19]. That is, when
computing supervisors for modular systems, where order-preserving components
are composed, it is possible to use the composed order-preserving model with a

smaller state count than the composition of the original order-preserving models.

We illustrate the discussed features by the example automaton G47 in Fig. 4.4
that is computed such that L.,(Ga7) = p(Lm(G4||GT7)) with G4 in Fig. 4.1 and G
in Fig. 4.3. Assuming that G4 and G7 are components of a modular system, it
is not required to use the automaton G,4||G7 with 21 states for the nonblocking

supervisor synthesis. Instead, it is possible to use G47 in Fig. 4.4 with 15 states.

We finally extend the result in Theorem 6 to the case of an arbitrary number of

supremal order-preserving languages similar to Corollary 1.

Corollary 2 Consider the setting in Corollary 1. Then, p: (31U---UX,)* — X*

is a natural observer for Ly||Ls.

As the main implication of Corollary 2, it is possible to use the automaton G with
Ln(G) = p(L1]| - - - ||Ly) with a smaller state count than the automaton G with

Lw(G) = Ly||-- - || Ly for the nonblocking supervisor computation.
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CHAPTER 5

MODELING OF MODULAR PRODUCTION SYSTEMS

Based on the discussion in the previous chapter and the results on order-preserving
languages, this chapter systematically addresses the problem of modeling produc-
tion systems with multiple product types and production components with a ca-
pacity greater than one. Section 5.1 formalizes the notion of an order-preserving
DES model and proposes an algorithm for determining such models. Section 5.2
discusses further properties of the order-preserving model and Section 5.3 provides

an illustrative FMS example.

5.1 Modular Production Systems and Order-preserving Models

We consider modular production systems (MPSs) with a set C = {C1,...,Cm} U
{I, O} of m production components and the virtual input component I and output
component O. We assume that the MPS is processing a set of n products P =
{P1,...,Pn} and the main aim of this thesis is to model the flow of products in
such production system. To this end, we introduce P¢c; C P as the set of products
that pass component Ci. Considering production components Ci, Cj € C such that
Ci # Cj, we define Pcicj € P as the set of products leaving component Ci to
Cj and Pcjci € Pai as the set of products arriving at Ci from component Cj. In
particular, Pc;cj = 0 if no products are transported from Ci to Cj and it must
hold that

U Peici = U Paas: (5.1)

Cjec Cjec
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That is, all products entering component Ci should also be able to leave Ci.

For the example in Fig. 3.3, we have C = {C, M1, M2,1,O}. Then, the sets Pc; g;
depend on the product flow. Consider for example the scenario in Fig. 3.5 (d).
Here, Prc = {P1,P2,P3}, Poany = {P1,P3}, Poar = {P2}, Panro = {P1,P3},
Puz,o = {P2}. The remaining sets are Py = Prvz = Pro = Pog = Pomi =
Pomz = Po,c = Pui1 = Puzi = Peg = 0.

Using the information about the product transport between production compo-
nents, we suggest to define appropriate alphabets for the DES model of each
production component. Specifically, for any Ci € C we introduce the input alpha-

bet X and the output alphabet Y2 as

a=U U cicipu |J inCim, (5.2)

CjeC PkePg;j, ci PkePr,ci
sat =) | ciCinU [(J outCip. (5.3)
CjeC PkePc;i,cj PkePci,o

In words, % contains events for each product transport from neighboring com-
ponents (including the input component I) and for each possible product type.
Similarly, 2! contains events for each product transport to neighboring compo-
nents (including the output component O) with each possible product type. Then,

out

the overall alphabet of any production component Ci € C is Y¢; = 3% U D2,

We note that the alphabets of the models in Section 3.1.2 are selected according
to (5.2) and (5.3). For example, we have X% = {inCp;, inCpy, inCps} and 2" =

{C-M1py, C-M2p,, C-M1ps} for component C in Fig. 3.9.

Finally, we write cg; for the product capacity of component Ci € C (maximum

number of products that can be in component Ci simultaneously).

Using cci, 2ci, Pej,ci and P g for Cj € C, we define a general automaton model
Gai = (Xai, Zai, 0ci, ©o.ci, Xm,ci) for a production component Ci with multiple
product types and a product capacity that is greater than one. Referring to G¢
in Fig. 3.8 and 3.9, we note that each state of the automaton model represents a

possible sequence of products entering the component. For a production compo-
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nent Ci, with the capacity ccy, the state set X¢; is hence given by

CCi

Xei = {E} U (4, Par)- (5.4)
=1

Hereby, E is the empty state and the Cartesian product with the set P¢; represents
the combinations of products in the component. Then, the initial state is given
as zo,ci = E and the set of marked states is X, ci = {E} since it is always desired
to go back to the empty state of a production component in order to complete all

production tasks.

For example, the state set for component C in Fig. 3.8 with the products in P =
{P1,P2} is found as X¢ = {E, P1, P2, (P1,P1), (P1,P2),(P2,P1), (P2,P2)}. Then,
To,c = E and Xm,C = {E}

It remains to determine the transition relation dc;. To this end, we first observe
that any input event in 3% adds one new product to the production compo-
nent and each output event in X" removes the oldest product from the produc-
tion component. That is, assuming that the current state of Ci is (Pk,--- ,Pl)
and an input event with product Pm occurs, the new state is (Pm, Pk, .- Pl)
(adding the new product PM). Similarly, assuming that the current state of Ci
is (Pk,---,Pl,Pm), then only output events with product Pm are possible and
the new state is (Pk,--- ,Pl) (taking out the "oldest” product Pm). Using this

observation, the transition relation is defined for any state x € X¢; and op,, € Y

as
( (Pm) if r=F and op,, € I8
(Pm,Pk,---,Pl) if z = (Pk,---,Pl) and op,, € &
dci(z,0pm) = ¢ E if 2 = (Pm) and opy, € L
(Pk,---,Pl) if z = (Pk, --- ,Pl,Pm) and op,, € X2
undefined otherwise.

(5.5)

We note that this model coincides with the automaton model for a supremal order-
preserving language as introduced in Section 4.2 and formulated in the proof of

Theorem 2.
Consider for example the model G in Fig. 3.8. Here, the transitions d¢(E, inCp;) =
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(P1), c((P1),inCpy) = (P2, P1), dc((P1, 0utCpy) = E and ¢ ((P1, P2), outCpy) =
(P1) are introduced according to the rules in (5.5).

5.2 Order-preserving Models

We recall that the main objective of this thesis is the modeling of production
components that can hold multiple products with different types, while preserving
the order to products entering and leaving the component. For the first time in
the literature, the model introduced in the proof of Theorem 2 and restated for
the special case of MPC in Section 5.1 fulfills this purpose. In particular, we
point out that the label of each state in G¢; keeps track of the order of products
entering the component Ci. In the list [Pk, ..., Pl], old products appear on the
right, whereas new products appear on the left. On the one hand, any new
product Pm entering the component with an input event op,, € L% is added to
the state label from the left, to obtain the next state (Pm,Pk,...,Pl) in (5.5).
Hence, indeed, the state label always correctly characterizes the order of incoming
products. On the other hand, any product that leaves the system at some state
(Pk,...,Pl,Pm) must be the oldest product Pm on the right of the tuple as
stated in (5.5). Hence, products indeed leave the component in the same order
as entering the component. Accordingly, we denote the model in Section 5.1 as
an order-preserving DES model since its marked language is the supremal order-

preserving language for the respective alphabet.

As a further interesting feature of the proposed model, it is possible to determine
the number of states | X¢;| depending on the product capacity ¢ and the number

of products |Pg;|. Inspecting (5.4) and the proof of Theorem 2, it holds that

CCi CCi
Xcil =1+ [Pail* =D [Pail”. (5.6)
=1 k=0

In particular, for each possible number k£ of products in the component with

0 < k < ng;, there are |7301|k combinations of product types.

For example, an order-preserving model for a production component Ci with

capacity nc; = 2 and |Pg;| = 3 product types, the model has 143 +9 = 13 states
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(see Fig. 3.9) and the model of a production component with capacity nc; = 4

and |Pg;| = 2 product types has 1 + 2 + 22 4 23 + 21 = 31 states.

5.3 Illustrative Example

In this section, we apply the modeling technique introduced in Section 5.1 to an
FMS example that is adapted from [8, 15]. Section 5.3.1 describes the components
of the example system and Section 5.3.2 determines suitable automata models.

The supervisor computation for the FMS is discussed in Section 5.3.3.

5.3.1 FMS Example

The FMS example consists of 3 robots R1, R2, R3 and two machines M1 and
M2. That is, C = {R1,R2,R3,M1,M2,1,0} including the virtual input and
output components. Hereby, it is assumed that the capacity of the robots is
CrR1 = Crz = Ccrz3 = 1 whereas the machines can hold up to ey = oy = 2
products. There are two product types P1 and P2 that arrive at the FMS from
the virtual input component I and leave the FMS to the virtual output component
O. P1 is picked from I by R3, moved to M2, then transported to M1 by R2 and
finally transported to O by R1. P2 is picked from I by R1, moved to M1, then
transported to M2 by R2 and finally transported to O by R3. That is, both
product paths overlap and both products are processed by M1 and M2, whose
capacity is two. Hence, the models for these machines need to keep track of the

product order.

5.3.2 Order-preserving Model for the Example System

In order to model the FMS, we first determine the sets Pc; ¢j that characterize the
product exchange between neighboring components. It holds that Prrs = {P1},
Pramz = {P1}, Pyare = {P1}, Provn = {P1}, Purri = {P1}, Prio = {P1},
Prr1 = {P2}, Primi = {P2}, Puire = {P2}, Prome = {P2}, Paors = {P2},
Prso = {P2}. All remaining sets are empty.
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Figure 5.1: Schematic of the FMS.

Accordingly, it is possible to define the input and output alphabets of different
production components according to (5.2) and (5.3) as X, = {inR1p,, M1-R1p,},
Yot = {R1-Mlpy, outR1p; }, X, = {M2-R2p;, M1-R2p, }, 104 = {R2-M1ps, R2-M2p, },
i = {inR3p;, M2-R3py }, TG4 = {R3-M2py, outR3py }, Tii; = {R2-M1ps, R1-Mipy},
Y = {M1-R1p;, M1-R2p,} and X, = {R3-M2p;, R2-M2py }, 0 = {R2-R2ps, M2-R3p, }.

Considering that the robots all have a capacity of one product, their models

according to (5.4) and (5.5) have 3 states as shown in Fig. 5.2.

Figure 5.2: Robot models.

Differently, the machines have a capacity of two product and two product types
pass M1 and M2. Hence, their models need to remember the product order similar
to the model in Fig. 3.8. The resulting models for M1 and M2 are shown in Fig.
5.3 and 5.4, respectively.

The overall model G of the FMS is then given by the synchronous composition
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uncontrolled FMS will encounter deadlock situations.

GMl

R1-M1p,

M1-R1lp; M1-R2p,

M1-R2p, M1-R1p; @
, E M1-R2p,

1-M1p,

M2-R2p, M2-R3p

MZ-R3 P2 M2‘R2P1

-M2y,

Figure 5.4: Model of machine M2.

of the component models are

G = Gr1||Gre||Grs||Gmi||Gma-

Since this model has 2368 states, it is not displayed in the thesis.

5.3.3 Supervisor Computation for the Example System

as green triangles.
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The FMS model G already represents all the possible product paths as specified
in Fig. 5.1. However, it turns out that G is a blocking automaton, that is, the
Two examples of such
deadlock situation are illustrated in Fig. 5.5. The figure shows the production
components (robots and machines), whereby, the machines are displayed in the
form of a FIFO (first-in-first-out) queue that can hold up to two products and
such that the product entering the component first will also leave first. Products

of type P1 are represented by blue disks, whereas products of type P2 are shown



Consider the scenario on the left-hand side of Fig. 5.5. Here, two products of
type P1 are present in M1 and one product of type P2 is present in R1. That
is, the products in M1 need to be picked by R1, whereas the product in R1 must
be placed in M1. This is not possible since both M1 and R1 are fully occupied.
Hence, the FMS will deadlock when reaching this scenario. Similarly, the FMS
deadlocks in the scenario on the right-hand side of Fig. 5.5. Here, M2 is fully
occupied and the first product of type P2 has to be picked by R3. However, R3
is already occupied by a product of type P1, which has to move to M2.

M2 M1

SO E S o] oo BH O«

Figure 5.5: Two examples of deadlock situations.

In order to avoid such deadlock situations, we design a maximally permissive and
nonblocking supervisor as described in Section 2.2. The supervisor automaton
S for this case has 72 states and restricts the behavior of G in order to avoid
deadlocks. Since the supervisor S is too large it cannot be displayed in this

thesis.

We next illustrate the operation of the computed supervisor S and demonstrate
the practicability of the proposed modeling technique. To this end, we compare
the designed supervisor with a supervisor that is computed for a plant model
without keeping track of the product order. In the modified plant, the robot
models in Fig. 5.2 remain the same, whereas the machine models are replaced by
the automata Gy and Gy in Fig. 5.6. Here, both products can leave the respec-
tive production component in the state (P1, P2) independent of the arrival order
of the products. In that case, the modified plant G = Gr||Gra||Grs||Gu|| Gz
has 24956 states and the corresponding maximally permissive and nonblocking

supervisor S has 564 states.

We next compare the operation of the supervisor S for the order-preserving
model GG and the supervisor S for the modified model G by following an ex-
ample product path. Here, the left-hand side of Fig. 5.7 shows the operation
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Figure 5.6: Model of the machines M1 and M2 without preserving the product
order.

of S and the right-hand side shows the operation of S. In both cases, we con-
sider two products of type P1 and P2. The product of type P2 step by step
approaches M1 and enters this machine first. The product of type P1 also
moves towards M1 and enters this machine after the other product. In Fig.
5.7, this state of the FMS is reached at the step that is shaded in gray. After
this step, both supervisors may exhibit a different operation. Since .S is order-
preserving, it must be the case that the product of type P2 which entered M1
first must also leave M1 first. That is, this product next moves to R2. After
that, the product of type P1 can move to R1 and leave the FMS. Differently,
the product of type P1 can move to R1 first and leave the FMS if S is used
since S does not keep track of the product order. Re-visiting the discussion in
Section 5.2, we further note that the realization of the supervisor S needs addi-
tional information compared to the realization of S. In the described situation
with two products in M1, S needs to know which product leaves M1 first. This is
only possible by installing a sensor for identifying products leaving M1. No such

sensor is required when using the proposed order-preserving supervisor .S.
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Figure 5.7: Example product path: Order-preserving case (left) and case with
arbitrary product order (right).
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CHAPTER 6

APPLICATION EXAMPLES

This chapter applies the order-preserving modeling technique introduced in the
previous chapters to different example systems. Section 6.1 considers an FMS
with multiple robots, machines and three product types. In addition, FMS whose
behavior can be validated in a simulation environment are taken into account in
Section 6.2. Hereby, Section 6.2 focuses on changes in the capacity of production

components.

6.1 Flexible Manufacturing Systems Example

In this section, we apply the proposed modeling framework to the FMS example
in [8, 15]. This example is chosen since it offers different product types that share
machines and robots. We first describe the original FMS in Section 6.1.1 and
then provide order-preserving models of the relevant system components and a
supervisor design in Section 6.1.2. Finally, Section 6.1.3 performs a modification

of the FMS that illustrates the advantage of composing order-preserving models.

6.1.1 FMS Description

The outline of the FMS in [8, 15] is shown in Fig. 6.1. It consists of 3 robots
R1, R2, R3 and 4 machines M1, M2, M3, M4. The robots are able to transport

products from/to the machines.

26



In addition, the robots can take products from the input buffers I1, 12, I3 and
deliver them to the output buffers O1, O2, O3.

Input 1 IE Output 3

Robot 1
Machine 1 Machine 3
Input 2 E Output 2
Robot 2
Machine 2 E Machine 4
Input 3 Output 1
D Robot 3 P

Figure 6.1: FMS overview.

In principle, it is desired to process 3 different product types using the FMS in
Fig. 6.1. For the first product type, R1 takes a product from I1 and moves it to
M2. Then, R2 delivers the product from M2 to O1. The second product is taken
from I2 by R3 and transported to M4. Then, R2 moves the product to M3 and
R1 delivers the product to O2. The third product has two alternative paths that
start from I3. On the first path, R1 moves the product to M3, R2 moves the
product to M4 and R3 delivers the product to O3. On the second path, R1 moves
the product to M1, R2 moves the product to M2 and R3 delivers the product to
03. The product paths are also indicated below.

e P1: [1-R2—-M2—R2—-01,

e P2: 2—+R3—M4—R2—-M3—R1—-02,

o P3: I3—-R1—-M3—-R2—+M4—+R3—03 or
I3—R1—M1—R2—M2—R3—03.
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6.1.2 Modeling of the FMS

According to the FMS setup, it is clear that several production components share
different product types. For example, R1 moves P2 and P3, R2 transports P1,
P2, P3 and R3 delivers P2, P3. In addition, M2 processes P1, P3, M3 processes
P2, P3 and M4 processes P2, P3. That is, it is clear that order-preserving models
are needed for R1, R2, R3, M2, M3 and M4. Following the description in [8], the
robots can hold a single product, whereas the machines are able to hold up to
two products simultaneously. That is, a simple order-preserving model as in Fig.
6.2 is suitable to represent the robots. Hereby, we use the following convention
for the event names: each event name captures the component name, where the
product comes from, the component name that holds the product after delivery
and the product type. For example, the name for the event that characterizes

moving a product of type P3 from I3 to R1 is written as I3-Rips.

Figure 6.2: Robot models.

Different from the robots, an order-preserving model with capacity 2 is needed to
capture the behavior of M2, M3 and M4 as is shown in Fig. 6.3. Since there are
two different product types on each of these machines, the resulting model has 7
states. Note that no order-preserving model is needed for M1 since this machine

only processes a single product type.

Finally, [8] provides models for the input and output buffers that limit the num-
bers of products of a certain type that can enter the FMS to 3 for P1, 7 for P2
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Figure 6.3: Order-preserving machine models.

and 11 for P3. These buffer models are shown in Fig. 6.4.

In this context, we note that [8] does not employ order-preserving models for
M2, M3, M4. The respective models in [8] are shown in Fig. 6.5. That is, these
models assume that, even a certain product type (such as P1 on M2) enters M2
before P3, it is possible that P3 leaves M2 first. In practice this means that a
product can overtake another product when moving through the FMS. Although
this might be possible, it is then required to determine the type of each product
leaving such machine (since the event indicating the departure of a product is
directly related to the product type). This requires additional sensor information
and implementation effort. Differently, the order-preserving models in Fig. 6.5

naturally keep track of the products entering and leaving each machine.

We next discuss the supervisor computation for the FMS according to Section
2.2. To this end, we first note that the aim of this thesis is not an efficient
supervisor design method but the usage of order-preserving models as introduced

in Chapter 5. In addition, it holds that the product paths are already encoded in
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Figure 6.4: Buffer models.

the component models such that no additional specification is required. That is,

we compute the overall plant as
G = Gril|Gro||Grs||Grn||Griz| | Grs| | Graa| |G 1 [ G2 || Gas.- (6.1)

Then, we compute a nonblocking supervisor S such that L, (S||G) =
SupC(Ln(G), G, %,) with 3, = 0 with 30692 states.

In addition, we recall that the machine models in [8] as shown in Fig. 6.5 are not
order-preserving. For comparison, we also compute the nonblocking supervisor S

for the original model
G = Gri||Gro||Grs||Grit |Gz || Gais| | Gaial |G || G| | Gs. (6.2)

with 27770 states. In addition, it can be verified that Ly (S||G) C Lun(S||G).

This is due to the fact that the machine models in [8] do not preserve the order
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Figure 6.5: Machine models.

of products. That is, the allow products to enter and leave the machines in an

arbitrary order, which is observed as additional behavior in Ly, (S]|G).

6.1.3 Composed Order-preserving Models for the FMS

In order to illustrate the benefits of composing order-preserving models as de-
scribed in Section 4.4, we consider a slightly modified version of the FMS in
Section 6.1.2. To this end, we replace the machines M2, M3, M4 by correspond-
ing workcells W2, W3, W4 that consist of two conveyor belts (CBs) and one

machine. The outline of these workeells is shown in Fig. 6.6.

That is, products enter the workcell from the input CB (CB2i, CB3i, CB4i), are
then processed by the respective machine (M2, M3, M4) and leave the workcell
from the output CB (CB20o, CB3o, CB40). Assuming a capacity of 1 for each

of the workcell components, we use the following order-preserving models in Fig.

6.7.
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CB2_in CB3_in CB4 in
M2 M3 M4
CB2_out CB3 out CB4_out

Figure 6.6: Workcell outline.

Then, we first determine the state sizes of the original and reduced workcell

models. We write

Gwa = Gepail |Gz |Genaos
Gws = Gepsil|Gus||Gepso,

GW4 = GCB41| ’GM4| |GCB40

for the original workcell models with the alphabets Xwo = YXcgoi U 2ve U XeB2o,
Yws = 2cBsi U2z UXceBso and Ywy = Yepai U Xvs U X cBao. According to Section
4.4, we also introduce the alphabets of the reduced order-preserving models for
the workeells as Sws = Swo \ XMz, Sz = Lws \ Ym3 and Ywi = Swa \ Xna
with the related natural projections pws : X3y, — f){w, Pws  2iys — 2%3 and
Pwa @ 2y — 26\14- That is, the reduced models only contain the external events of
the workcells that are shared with the robots. Then, we write G’Wg, ng and GW4

for the reduced order-preserving models such that Lu(Gws) = pwa(Lm(Gws)),
Lm(GWS) = pw3(Lm(Gws)) and Lm(é\m) = pwa(Lm(Gwa)).

It holds that Gws, Gws and Gw, have 27 states, whereas GW2, Gws and Gy
have only 15 states (which complies with (4.10)). Accordingly, a nonblocking
supervisor for the overall system with the original workcell models G2, Gws and
Gwa has 2444 288 states, whereas a nonblocking supervisor for the overall system
with the reduced workecell models GWQ, ng and Gw4 has 643 100 states. That is,
in addition to correctly modeling the order of products traveling to the FMS, it is
possible to reduce the size of the required models using the particular properties

of composed order-preserving languages.
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Figure 6.7: Workcell models.
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6.2 Simulation of Flexible Manufacturing Systems

In this section, we investigate FMS models that can be simulated using the soft-
ware library libfaudes and the manufacturing system simulator FlexFact [31, 32].
Section 6.2.1 considers a small FMS and Section 6.2.2 extends the small FMS by

a long conveyor belt.

6.2.1 Small FMS Model

In this section, we consider the FMS in Fig. 6.8. It consists of two stack feeders
(SF1 and SF2), two machines (M1 and M2), one rotary table (RT1) and two exit
slides (XS1). The stack feeders are production components that can hold a certain
number of products and then deliver these products to the FMS. In this example,
we assume that SF1 and SF2 hold products of type P1 and P2, respectively. The
machines process the products and deliver them to RT1. RT1 is a rotary table,
that is, RT1 can rotate and hence deliver products to 4 different directions. The

exit slides are simply storage areas that receive products from RT1.

P1: ——p
P2: ——pp»

Figure 6.8: FMS model with different production components.

We next present order-preserving automata models for the small FMS. Fig. 6.9
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shows the machine models Gy; and Gye of M1 and M2. In particular, each
machine receives products from the neighboring stack feeder and delivers them to
RT1. Here, the event Ml1-wpar and M2-wpar characterize the arrival of a product
at the machine. In addition, Fig. 6.9 shows models for the stack feeders and the

exit slides.

SF1-M1 SF2-M2 RT1-XS1 RT1-XS2
GsFl GSFZ GXSl ' stz

Figure 6.9: Machine, stack feeder and exit slide models of the small FMS.

The rotary table model Ggrr; is given in Fig. 6.10. It captures that products
can arrive at RT'1 from M1 or M2. In addition, the model of RT1 captures that
RT1 has to rotate clockwise (cw) or counter-clockwise (ccw) in order to deliver

products to different directions.

RT1-XS1p;
RT1-M2

Figure 6.10: Rotary table model of the small FMS.
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The overall model of the small FMS is given by the synchronous composition

GFMS = GSFl | |GM1 | |GSF2 | |GM2 | |GRT1 | |GX81 | |GXSQ~ (63)

Different form the previous example, we next use an additional feature of order-
preserving languages. Instead of using order-preserving languages for only mod-
eling DES, we specify the desired behavior of the FMS by the order-preserving
language G¢p in Fig. 6.11. This specification indicates that products arriving at
M1 and M2 should move to RT1 in the order of arrival.

RT1 rccw

Ml-wpar ‘Q‘ Ml-wpar
A

Figure 6.11: Order-preserving specification for the small FMS.

Using Gy in (6.3) and Gy, it is now possible to compute a maximally permissive

supervisor Sgyg for the FMS such that
Lin(S]|G) = supC(Lm(Ger), Grus, 0). (6.4)

For this example, S has 52 states and is hence to large to be shown in the thesis.
Nevertheless, we are next able to illustrate the operation of S by showing the

sequence of products in Fig. 6.12 and 6.13.

It is readily observed that the product keep the order of entering M1 and M2.
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Figure 6.12: Snapshots of the FMS operation.
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Figure 6.13: Snapshots of the FMS operation (continued).
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6.2.2 FMS with a Long Conveyor Belt

We finally consider the FMS in Fig. 6.14 which is a modification of the small FMS
in the previous section. It contains an additional long conveyor belt CB with a

capacity of two products and a rotary table RT1.

Figure 6.14: FMS model with different production components.

The models of M1, M2, SF1 and SF2 are identical to the models for the small
FMS in Fig. 6.9. RT1 is now connected to the conveyor belt CB such that its

model is modified to the automaton Grr; in Fig. 6.15.

Figure 6.15: Model of RT1.
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A similar model is used for the rotary table RT2 in Fig. 6.16.

CB-RT2;;
CB-RT2p,

o RT2 rcw 9
g\
RT2-XS2

RT2-CB  CB-RT2:3

CB-RT2;,
XS2-RTZ

GRTZ

CW

XS1-RT2

Figure 6.16: Model of RT2.

Finally, Fig. 6.17 shows the automata models of the long conveyor belt CB and
the exit slides. Since CB has a capacity of 2, the model has 7 states in order to

remember the order of incoming products of type P1 or P2.

GCB

RTZ2-XS1

GXSI

RT1-CBp,

CB-RT2;,

G
CB-RT2p, =

RT1-CBp,

Figure 6.17: CB and exit slide models.

Using the previous models, the overall plant model of the extended FMS is given
by

Grus = Gsri||Gsr2| |G | |Gzl |Grri || Gesl | Grrz2 || Gxst || Gxsa- (6.5)

However, instead of computing a supervisor for the overall model, it is convenient
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to divide the system into two modular components. We use the plant model
G1 = Ggr1||Gsre| |G| |Gaz||Grr1 (6.6)

to represent the modular component of the FMS until RT1. For this modular

component, we employ the order-preserving specification C; in Fig. 6.18 similar

to the small FMS.

RTl_rccw

Figure 6.18: Order-preserving specification for the small FMS.

No additional specification is required for the second module
Gy = GeBl|Grra||Gxsi]|Gxsz (6.7)

of the FMS since the order of products is already captured by the plant models.
We finally compute modular supervisors S; and Sy for the two modular compo-
nents. For this example, it turns out that S; has 35 states and Sy has 18 states. It
is further ensured that the Overall closed loop is nonconflicting. Fig. 6.19 and 6.20
show snapshots of the FMS operation, preserving the order of products entering

the system from SF1 and SF2.
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Figure 6.19: Snapshots of the FMS operation.
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Figure 6.20: Snapshots of the FMS operation (continued).
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CHAPTER 7

CONCLUSIONS

The subject of this thesis is the development of a new discrete event system (DES)
model for the supervisory control of flexible manufacturing systems (FMS). The
new model considers that FMS consist of various production components such as
machines and robots that exchange products among each other. In addition, the
model accounts for the fact that FMS are able to manufacture different product
types that potentially share various production components such as machines and
robots. Different from the existing literature, the proposed model also addresses
the case where a production component can hold multiple products and then
processes these products sequentially. Specifically, if the capacity of a production
component is greater than one, any product that enters the production component

first is processed first and also leaves the production component first.

In order to formalize this scenario, the thesis introduces the new class of order-
preserving formal languages. We show that a supremal order-preserving language
exists and can be represented by a finite state automaton. In addition, we prove
that it is possible to compose order-preserving languages to again obtain an order-
preserving language. Accordingly, we suggest to employ order-preserving language
as a model for FMS that keeps track of the different product types entering and
leaving production components. After presenting an algorithmic procedure for
constructing such order-preserving model depending on the processed product
types and the capacity of a production component, the thesis demonstrates the

practicability of the proposed method by several FMS application examples, in-
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cluding a comparison to existing models that allow products to enter and leave a

production component in an arbitrary order.

Possible ideas for future work include the study of nonblocking system behav-
ior depending on the connectivity of production components of order-preserving

FMS.
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