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Boğaziçi University

2006



ii

NUMERICAL ANALYSIS OF NEWTONIAN AND NON-NEWTONIAN

LID-DRIVEN CAVITY FLOW IN PLANE AND CURVED GEOMETRIES

APPROVED BY:

Asst. Prof. Kunt Atalık . . . . . . . . . . . . . . . . . . .

(Thesis Supervisor)
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ABSTRACT

NUMERICAL ANALYSIS OF NEWTONIAN AND

NON-NEWTONIAN LID-DRIVEN CAVITY FLOW IN

PLANE AND CURVED GEOMETRIES

The aim of this thesis is to develop a numerical solution to the lid driven cavity

problem in plane and curved geometries for both Newtonian and non-Newtonian fluids.

The planar case is the lid-driven square cavity problem and the curved cases are the

lid-driven polar cavity and the lid-driven arc-shaped cavity problems. For the non-

Newtonian case, inelastic Power-Law fluid model is adopted. The study is carried out in

terms of investigating the inertia effects on the flow field as well as the shear-thickening

and/or shear-thinning attributes of the fluid. The inertia effects are characterized by

the non-dimensional Reynolds number, whereas non-Newtonian effects such as shear

thinning and shear thickening are characterized by Power-Law Reynolds number and

Power-Law indices.
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ÖZET

NEWTONYEN ve NEWTONYEN OLMAYAN

AKIŞKANLARIN KAPAK TAHRİKLİ OYUK

AKIŞLARININ DÜZLEMSEL VE EĞRİSEL

GEOMETRİLER İÇİN SAYISAL ANALİZİ

Bu tezin amacı, Newtonyen ve Newtonyen olmayan akışkanların kapak tahrikli

oyuk akışlarının düzlemsel ve eğrisel geometrilerde sayısal çözümlerinin geliştirilmesidir.

Düzlemsel geometri kare, eğrisel geometriler ise kutupsal ve yay şekilli oyuk olarak

seçilmiştir. Newtonyen olmayan akış modeli için Üssel Kanun ile tanımlı elastik ol-

mayan bir bünye denklemi kullanılmıştır.Çalışmada eylemsizlik kuvvetlerinin etkisinin

yanı sıra akışkanda kayma incelmesi ve/veya kayma kalınlaşması etkileri incelenmiştir.

Eylemsizlik etkileri boyutsuz Reynolds sayısı ile, kayma incelmesi ve kayma kalınlaşması

gibi Newtonyen olmayan etkiler ise Üssel Kanun Reynolds sayısı ve Üssel Kanun endis-

leriyle karakterize edilmiştir.
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1. INTRODUCTION

The problem of lid-driven flows in cavities has been an important subject for

studies because of its fundamental nature and broad range of natural, industrial and

biomedical applications. Understanding the physics of the inertia induced vortex flows

is important for a number of engineering applications such as lubrication systems,

collectors, evaporating sprays and flow channels. Figure 1.1 [1] shows a cross sectional

view of a lubrication device having an upper moving plate and a friction layer, as well

as their relative position during the continuously slipping mode. Figure 1.2 [1] shows

the detail of the recirculation pattern in a single groove. The analysis of laminar flow in

systems similar to lubrication devices has been the main focus of many researchers.The

flow inside the groove can be modeled as a lid driven cavity flow with a top moving lid

and stationary walls.

Figure 1.1. Cross section of a lubrication device showing the relative position of

friction and upper plates

Figure 1.2. Flow pattern and recirculation zone of a single groove
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The lid-driven cavity flow of a Newtonian fluid has been studied since the pio-

neering paper of Burggraf [2] back in 1966. The Newtonian flow of a fluid in square

cavity with a moving lid is shown in Figure 1.3 with some basic features. Over the

years the problem has spawned a huge number of studies. The new numerical schemes

and the new representations of the governing flow equations have been tested with this

classical problem because of its relatively easy boundary conditions and well known

results [3], [4], [5], [6]. For the Newtonian square cavity Barragy & Carey have used a

p-type finite element scheme with a refined element mesh. They have obtained a highly

accurate solution for steady cavity flow [7].

Primary vortex

left corner
eddy

right corner
eddy

U=1, V=0

Figure 1.3. Lid-driven boundary conditions with the basic features of square cavity

flow (for Reynolds Number 5 1000)

Botella & Peyret [3] have used a Chebyshev collocation method and also obtained

highly accurate spectral solutions for the lid driven cavity flow.

Ghia et.al. [8] have applied a multi-grid strategy to the coupled strongly im-

plicit method developed by Rubin & Khosla [9]. They have presented results for high

Reynolds numbers with very fine grids.
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Most of studies dealing with the numerical solution of the lid-driven cavity prob-

lem are concerned with the two dimensional problem in rectangles [4]. For example,

studies of Ghia, et.al. [8] and Theodossiou & Sousa [10], are restricted to the analy-

sis of the fluid motion in a rectangular cavity, and only a few reports deal with the

cavity possessing an irregular shape. Furthermore, in other cases the configuration is

simplified to a rectangular cavity even though it may not really be rectangular. For

instance, the oil grooves installed in the friction material of the wet clutches are ba-

sically deformable and not perfectly rectangular; however, they are normally modeled

to be rigid, rectangular channels with a moving lid by many authors [1], [11].

Recently Chen et.al. [12] have introduced a different geometry, an arc-shape cav-

ity with a moving horizontal lid, and they have obtained results for different Reynolds

numbers with an induced buoyancy. They used stream function-vorticity formulation

for the solution of unsteady Navier–Stokes equations. The numerical scheme they

have adopted is Successive Over Relaxation (SOR) for stream function equation and

Forward Time Centered Space (FTCS) method for the time integration of vorticity

transport equation.

Experimental and numerical results on the flow of viscoelastic fluids and fluids

which can be modeled with Generalized Newtonian model flowing inside a rectangular

cavity have been reported by some authors. Grillet & Shaqfeh [13], [14] have made

an experimental investigation of the lid-driven flow of a Boger fluid and presented the

numerical solution of the problem with a finite element simulation.

Bell & Surana [15] have presented a p–version least squares finite element formu-

lation (LSFEF) for two dimensional, incompressible, non–Newtonian fluid flow under

isothermal and non–isothermal conditions. For isothermal Power–Law model they ob-

tained numerical results for lid-driven square cavity flow using different power–law

indices.

For modeling the viscous non-Newtonian behaviour Neofytou [16] has employed

the Power-Law, Quemada and the modified Bingham and Casson models. Using a
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numerical scheme based on finite volume formulation he presented the non-Newtonian

effects first by using different models and secondly by using shear thinning and shear

thickening attributes of the fluid inside a lid driven square cavity.

In the present study stream function-vorticity formulation is used to solve numer-

ically the lid driven cavity problem in plane and curved geometries for both Newtonian

and non-Newtonian fluids. For the non-Newtonian case, inelastic Power-Law fluid

model is applied. The numerical method that is used is an iterative method for the

stream function formulation and an explicit time integration technique for the vorticity

transport equation. For the validation of the numerical methods and the computational

schemes the square, polar and arc cavity problems are utilized for various Reynolds

(Re) numbers and the results are compared with corresponding results available in the

literature.The study is carried out in terms of investigating the inertia effects on the

flow field as well as the shear-thickening and/or shear-thinning attributes of the fluid.

The inertia effects are characterized by the non-dimensional Reynolds number, whereas

non-Newtonian effects such as shear thinning and shear thickening are characterized

by Power-Law Reynolds number and Power-Law indices.

It is expected to observe the above mentioned effects of inertia as well as shear

thinning and shear thickening on the formation and growth of primary and secondary

vortices in the cavities.

In Chapter 2 mathematical model of the problem is introduced. The governing

flow equations for Newtonian and non-Newtonian cases are covered for both cartesian

and curvilinear coordinates.

In Chapter 3 Numerical method is described. Elliptic grid generation technique is

explained in detail and discretization of the partial differential equations is illustrated.

Finally the comparison of the Newtonian results with the previous studies are presented

to validate the accuracy of the numerical method. In the final chapter the results are

shown and described in detail for square, polar and arc cavity geometries.
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2. MATHEMATICAL MODELING

2.1. Governing Equations for Incompressible Newtonian Fluid Flow in

Rectangular Coordinates

The fundamental equations of fluid motion in differential form are derived from:

(1) Conservation of mass (continuity)

(2) Conservation of linear momentum (Newton’s second law)

(3) Conservation of energy (first law of Thermodynamics)

The resulting system of equations in a differential form are known as the governing

flow equations. In the isothermal case the third set of equations will drop.

For applications in which the density remains uniform throughout the domain,

the assumption of incompressible flow is invoked. In general, in two dimensions, the

governing equations for an incompressible, isothermal two dimensional flow may be

expressed in two different formulations based on the dependent variables used. First

is the primitive variable formulation expressed in terms of the pressure and velocity.

The second form of the equations is the so-called vorticity–stream function equations

which are derived from the Navier–Stokes equations by incorporating the definitions

for the vorticity and the stream function.

In terms of horizontal and vertical velocity components u, v where v = (u, v, 0)

the equations of continuity and conservation of momentum in Cartesian coordinates

are

∂u

∂x
+

∂v

∂y
= 0, (2.1)
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ρ

(
∂u

∂t
+ u

∂u

∂x
+ v

∂u

∂y

)
=

∂τxx

∂x
+

∂τxy

∂y
, (2.2)

ρ

(
∂v

∂t
+ u

∂v

∂x
+ v

∂v

∂y

)
=

∂τyx

∂x
+

∂τyy

∂y
, (2.3)

In Equation (2.2) and (2.3) ρ denotes the fluid density while τij refer to compo-

nents of the stress tensor. For a Newtonian fluid the stress–rate of strain relation (i.e.

constitutive equation) in tensor form is

τ = −pI + 2µD, (2.4)

where p is the pressure, µ is the absolute viscosity, D is the rate of deformation tensor

and I is the identity tensor.

When the Newtonian constitutive relation (2.4) is introduced in (2.2)–(2.3), the

Navier–stokes equations in two dimensional Cartesian coordinates can be written as:

ρ

(
∂u

∂t
+ u

∂u

∂x
+ v

∂u

∂y

)
= −∂p

∂x
+ µ

(
∂2u

∂x2
+

∂2u

∂y2

)
(2.5)

ρ

(
∂v

∂t
+ u

∂v

∂x
+ v

∂v

∂y

)
= −∂p

∂y
+ µ

(
∂2v

∂x2
+

∂2v

∂y2

)
(2.6)
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The set of three Equations (2.1), (2.5) and (2.6) in the three unknowns u, v, p

can be reduced to a set of two equations by eliminating the pressure from (2.5) and

(2.6). Introducing stream function (ψ) and vorticity (Ω) defined by

u =
∂ψ

∂y
v = −∂ψ

∂x

Ω =
∂v

∂x
− ∂u

∂y

(2.7)

then casts the equations in a stream function–vorticity formulation. All velocities are

made dimensionless by choosing velocity of the lid in lid–driven cavity flow u∞ as

characteristic velocity and length of the moving lid in lid–driven cavity flow L as the

characteristic length . The dimensional stream function and vorticity, ψ and Ω are

related to their dimensionless counterparts ψ∗ and Ω∗ through ψ = ψ∗/(u∞L) and

Ω = Ω∗L/u∞, where dimensional time t is related to dimensionless time t∗ through

t = t∗L/u∞. Thus in dimensionless form and in terms of stream function and vorticity

the equations of motion are (dropping the asterisks for simplicity)

∂Ω

∂t
+

∂

∂x
(uΩ) +

∂

∂y
(vΩ) =

1

Re

(
∂2Ω

∂x2
+

∂2Ω

∂y2

)
(2.8)

∂2ψ

∂x2
+

∂2ψ

∂y2
= −Ω (2.9)

where the Reynolds number Re is defined as

Re =
ρ∞u∞L

µ∞
(2.10)

and ρ∞ is the fluid density, µ∞ is the viscosity, u∞ is the characteristic velocity i.e.

lid velocity in lid-driven cavity flow, and L is the characteristic length i.e. length of

the moving lid in lid driven cavity flow.
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In this study we shall use non-dimensional, conservative form of the Navier-Stokes

equations in two space dimensions with stream function-vorticity formulation. One of

the advantages of this formulation is that the pressure term does not appear explicitly

in either of the equations. Therefore the system of equations is solved to provide the

vorticity field. A major disadvantage of the formulation is in the direct extension to

three dimensions. Furthermore, a difficulty associated with the formulation is due to

lack of the boundary condition on vorticity. Therefore, numerical boundary conditions

for the vorticity must be derived. The boundary conditions for lid-driven cavity flow

is:

Figure 2.1. Boundary integration

u = 0, v = 0, ψ = 0, Ωw =

[
2 (ψw − ψl)

∆l2

]
, on the stationary walls (2.11)

u = 1, v = 0, ψ = 0, Ωw =

[
2 (ψw − ψl)

∆l2
− 2u∞

∆l

]
, on the moving lid surface (2.12)

where l is the distance normal to the wall, Ωw and ψw are values at the wall, and Ωl

and ψl are values at an interior point situated at a distance l perpendicular to the

wall as it is indicated in Figure 2.1 and finally u∞ is the velocity of the moving lid in

lid-driven cavity flow.
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2.2. Governing Equations for Incompressible Newtonian Fluid Flow in

Curvilinear Coordinates

For non-rectangular domains, it arises in all fields concerned with numerical so-

lution of partial differential equations the need for accurate numerical representation

of boundary conditions. Such representation is best accomplished when the boundary

is such that it is coincident with some coordinate line, for then the boundary may be

made to pass through the points of a finite difference grid constructed on the coordi-

nate lines. Finite difference expression at, and adjacent to, the boundary may then be

applied using only grid points on the intersection of coordinate lines without the need

for any interpolation between points of the grid.

When we recast the governing flow equations, the vorticity–transport and stream

function equations become in curvilinear coordinates:

∂Ω

∂t
+

1

J

[(
u
∂y

∂η

∂Ω

∂ξ
− u

∂y

∂ξ

∂Ω

∂η

)
+

(
v
∂x

∂ξ

∂Ω

∂η
− v

∂x

∂η

∂Ω

∂ξ

)]

=
1

ReJ2

(
α

∂2Ω

∂ξ2
− 2β

∂2Ω

∂ξη
+ γ

∂2Ω

∂η2

) (2.13)

α
∂2ψ

∂η2
− 2β

∂2ψ

∂ξ∂η
+ γ

∂2ψ

∂ξ2
= −J2Ω (2.14)

where ξ and η denote the components of transformed coordinate system, J is the

transformation Jacobian and α, β and γ are the transformation metrics.

The boundary conditions can be specified in curvilinear coordinates [12]:

u = 0, v = 0, ψ = 0, Ω = − 1

J

(
∂y

∂ξ

∂v

∂η
+ u

∂x

∂ξ

∂u

∂η

)
, on the stationary wall (2.15)
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u = 1, v = 0, ψ = 0, Ω = − 1

J

(
∂x

∂ξ

∂u

∂η

)
, on the moving lid surface (2.16)

2.3. Governing Equations for Non–Newtonian Fluid Flow in

Rectangular Coordinates

Fluids for which stress and rate of strain are directly but non-linearly related to

each other are called non-Newtonian fluids. For these fluids, the viscosity is no more

constant but is a factor of rate of strain. Blood, mud, paints and polymers are some

of the examples of non-Newtonian fluids.For inelastic non-Newtonian fluids one of the

most common models is Power-Law model. For a power-law fluid the stress–rate of

strain relation (or constitutive equation) in tensor form is [19]

τ = −pI + 2µ (D) D, (2.17)

where p is the pressure, µ is the viscosity function, D is the rate of deformation tensor

and I is the identity tensor. Further,

µ (D) = µv = κI
n−1

2
2 (2.18)

where κ is the fluid consistency, I2 is the second invariant of the rate–of–strain tensor

D and n is the power–law index. For values of n between zero and unity the viscosity

is shear thinning i.e. the apparent viscosity increases as strain rate increases, whereas

for n > 1 the viscosity is shear thickening i.e. the apparent viscosity decreases as strain

rate increases and for n = 1 Equation (2.17) reduces to constant Newtonian viscosity

with µ (D) = µ.

For 2−D flow the explicit form of I2 is given in rectangular coordinates by

I2 = 2

(
∂u

∂x

)2

+ 2

(
∂v

∂y

)2

+

(
∂u

∂y
+

∂v

∂x

)2

(2.19)
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Introducing Equation (2.17) in Equations (2.2), (2.3) and taking the derivatives

with respect to y of the x component of momentum equation and with respect to x of

the y component of momentum equation and subtracting the resulting equations from

each other, we will get,

ρ

[
∂

∂t

(
∂u

∂y
− ∂v

∂x

)
+ u

∂

∂x

(
∂u

∂y
− ∂v

∂x

)
+ v

∂

∂y

(
∂u

∂y
− ∂v

∂x

)
+

(
∂u

∂y
− ∂v

∂x

)(
∂u

∂x
+

∂v

∂y

)]
=

2
∂2

∂x∂y
(µv)

(
∂u

∂x
− ∂v

∂y

)
− 2

∂

∂x
(µv)

(
∂2v

∂y2
+

∂2v

∂x2

)
+ 2

∂

∂y
(µv)

(
∂2u

∂y2
+

∂2u

∂x2

)
+

µv

(
∂2

∂x2

(
∂u

∂y
− ∂v

∂x

)
+

∂2

∂y2

(
∂u

∂y
− ∂v

∂x

))
+

∂2

∂y2
(µv)

(
∂u

∂y
+

∂v

∂x

)
− ∂2

∂x2
(µv)

(
∂u

∂y
+

∂v

∂x

)

(2.20)

where µv is the non-Newtonian viscosity for Power–Law model which is the function of

second invariant of the rate of strain tensor as described in Equation (2.18). Introducing

µv and the first and second derivatives of µv with respect to x, y and Ω =
∂v

∂x
− ∂u

∂y
the resulting vorticity-transport equation will be

ρ

(
∂Ω

∂t
+ u

∂Ω

∂x
+ v

∂Ω

∂y

)
= κI

n−1
2

2

(
∂2Ω

∂x2
+

∂2Ω

∂y2

)
+ κ

(n− 1)

2
I

n−3
2

2

(
∂I2

∂y

∂Ω

∂y
+

∂I2

∂x

∂Ω

∂x

)

− κ
(n− 1)(n− 3)

2
I

n−5
2

2

[(
∂I2

∂x

∂u

∂x
+

1

2

∂I2

∂y

(
∂u

∂y
+

∂v

∂x

))
∂I2

∂y

]

+ κ
(n− 1)(n− 3)

2
I

n−5
2

2

[(
∂I2

∂y

∂v

∂y
+

1

2

∂I2

∂x

(
∂u

∂y
+

∂v

∂x

))
∂I2

∂x

]

− (n− 1) I
n−3

2
2

[
∂

∂y

(
∂I2

∂x

∂u

∂x
+

1

2

∂I2

∂x

(
∂u

∂y
+

∂v

∂x

))]

+ (n− 1) I
n−3

2
2

[
∂

∂x

(
∂I2

∂y

∂v

∂y
+

1

2

∂I2

∂x

(
∂u

∂y
+

∂v

∂x

))]

(2.21)

Then, all velocities are made dimensionless choosing u∞, velocity of the lid in

lid–driven cavity flow, as characteristic velocity and choosing L, length of the mov-

ing lid in lid–driven cavity flow, as characteristic length . The dimensional stream

function and vorticity, ψ and Ω are related to their dimensionless counterparts ψ∗ and
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Ω∗ through ψ = ψ∗/(u∞L) and Ω = Ω∗L/u∞, where dimensional time t is related to

dimensionless time t∗ through t = t∗L/u∞. Thus in dimensionless form and in terms

of stream function and vorticity the equations of motion are (dropping the asterisks

for simplicity):

I
n−1

2
2

(
∂2Ω

∂x2
+

∂2Ω

∂y2

)
+

(n− 1)

2
I

n−3
2

2

(
∂I2

∂y

∂Ω

∂y
+

∂I2

∂x

∂Ω

∂x

)

− (n− 1)(n− 3)

2
I

n−5
2

2

(
G1

∂I2

∂y
−G2

∂I2

∂x

)

− (n− 1) I
n−3

2
2

(
∂G1

∂y
− ∂G2

∂x

)
= RePL

(
∂Ω

∂t
+ u

∂Ω

∂x
+ v

∂Ω

∂y

)

(2.22)

∂2ψ

∂x2
+

∂2ψ

∂y2
= −Ω (2.23)

where

G1 =
∂I2

∂x

∂u

∂x
+

1

2

∂I2

∂y

(
∂u

∂y
+

∂v

∂x

)
(2.24)

G2 =
∂I2

∂y

∂v

∂y
+

1

2

∂I2

∂x

(
∂u

∂y
+

∂v

∂x

)
(2.25)

I2 = 2

(
∂u

∂x

)2

+ 2

(
∂v

∂y

)2

+

(
∂u

∂y
+

∂v

∂x

)2

(2.26)

and the Reynolds number for Power-Law model, RePL , is defined by

RePL =
ρ∞u

(2−n)
∞ Ln

κ
(2.27)
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and ρ∞ is the fluid density, u∞ is the characteristic velocity i.e. lid velocity in lid-

driven cavity flow, L is the characteristic length i.e. length of the moving lid in lid

driven cavity flow ,κ denoting the consistency and n is the Power-Law index.

It is clear that when n = 1 (the Newtonian case) Equations (2.22) and (2.23)

collapse to familiar Navier-Stokes equations.

2.4. Governing Equations for Non–Newtonian Fluid Flow in

Curvilinear Coordinates

In curvilinear coordinates the Equations (2.22) and (2.23) become:

An−1
2

1

J2
(αΩηη − 2βΩηξ + γΩξξ)

+
(n− 1)

2J2
An−3

2

[
(Aηxξ −Aξxη) (Ωηxξ − Ωξxη) + (Aξyη −Aηyξ) (Ωξyη − Ωηyξ)

]

− (n− 1)(n− 3)

2J
An−5

2

[
B (Aηxξ −Aξxη)− C (Aξyη −Aηyξ)

]

− (n− 1)

J
An−3

2

[
(Bηxξ − Bξxη)− (Cξyη − Cηyξ)

]

= Re

{
Ωt +

1

J

[
(uyηΩξ − uyξΩη) + (vxξΩη − vxηΩξ)

]}

(2.28)

αψηη − 2βψηξ + γψξξ = −J2Ω (2.29)

where subscripts denote partial differentiation and α, β and γ are the coordinate trans-

formation metrics and J is the Jacobian of the coordinate transformation accordingly

which will be defined explicitly in the next chapter. Then A, B and C can be given

explicitly,

A = 2

[
yη

J
uξ− yξ

J
uη

]2

+2

[
xξ

J
vη− xη

J
vξ

]2

+2

[
(
xξ

J
uη− xη

J
uξ)+ (

yη

J
vξ− yξ

J
vη)

]2

(2.30)
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B =
(yη

J
Aξ − yξ

J
Aη

)(yη

J
uξ − yξ

J
uη

)
+

1

2J2

[
(xξAη − xηAξ) (xξuη − xηuξ + yηvξ − yξvη)

]

(2.31)

C =
(xξ

J
Aη − xη

J
Aξ

)(xξ

J
vη − xη

J
vξ

)
+

1

2J2

[
(yηAξ − yξAη) (xξuη − xηuξ + yηvξ − yξvη)

]

(2.32)

where A is the curvilinear representation of the second invariant of the rate of strain

tensor I2, B is the curvilinear form of expression G1 and C is the curvilinear form

of expression G2 that have been given explicitly in Equations (2.24),‘(2.25)and (2.26)

respectively for the rectangular coordinates. (See Appendix A for detailed curvilinear

transformation expressions of the derivatives of u and v with respect to x and y)
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3. NUMERICAL METHOD

3.1. Grid Generation

Numerical grid generation arose from the need to compute solutions to partial

differential equations of fluid dynamics on physical regions with complex geometry. By

transforming the physical region into a simpler region, one removes the complication

of the shape of the physical region from the problem. Such transformations can be

viewed as a general curvilinear coordinate system for the physical region. The classical

techniques of transforming problems to polar, cylindrical, or spherical coordinates are

special cases. A cost of using such coordinate systems is an increase in complexity of

the transformed equations, i.e., those equations modeling the problem to be solved.

An advantage of this technique is that the boundary conditions become easier to ap-

proximate accurately.

In many applications, it is possible to transform the physical domain to a square

in two dimensions in such a manner that the boundary of the square corresponds

to the boundary of the physical domain (see Figure 3.1). The square is called the

computational domain and the transformation gives rise to a body fitted coordinate

system. The coordinate lines in this coordinate system are given by the images of

uniform coordinate lines in the computational domain. In such coordinate systems, it

is relatively easy to make accurate implementations of numerical boundary conditions.

In this development, the Jacobian of the transformation is required to be nonzero,

and consequently the transformation has an inverse. Because the grids are first chosen

in computational domain and then mapped to physical domain, it is natural to view

the transformation as a mapping from computational to physical domain (see Figure

3.1 [18]). In addition, if a set of points is chosen in computational domain, then the

inverse transformation carries these points to points in physical domain, where they

form a grid (see Figure 3.2 [18]).
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Figure 3.1. Transformation, map, or coordinate system

3.1.1. Grid Generation Equations

Consider a dependent variable in the governing flow equations, such as the x-

component of velocity u. Let u = u(x, y), where x = x(ξ, η) and y = y(ξ, η) The total

differential of u is given by;

du =
∂u

∂x
dx +

∂u

∂y
dy (3.1)

It follows that

∂u

∂ξ
=

∂u

∂x

∂x

∂ξ
+

∂u

∂y

∂y

∂ξ
(3.2)

and

∂u

∂η
=

∂u

∂x

∂x

∂η
+

∂u

∂y

∂y

∂η
(3.3)
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Figure 3.2. A grid

Equations (3.2) and (3.3) can be viewed as two equations for the two unknowns
∂u

∂x

and
∂u

∂y
, Solving the system of Equations (3.2) and (3.3) for

∂u

∂x
using Cramer’s rule,

we have

∂u

∂x
=

∣∣∣∣∣∣∣

∂u

∂ξ

∂y

∂ξ
∂u

∂η

∂y

∂η

∣∣∣∣∣∣∣
∣∣∣∣∣∣∣

∂x

∂ξ

∂y

∂ξ
∂x

∂η

∂y

∂η

∣∣∣∣∣∣∣

(3.4)

In Equation (3.4), the denominator determinant is identified as the Jacobian determinant,

denoted by;

J ≡ ∂(x, y)

∂(ξ, η)
≡

∣∣∣∣∣∣∣

∂x

∂ξ

∂y

∂ξ
∂x

∂η

∂y

∂η

∣∣∣∣∣∣∣
(3.5)



18

Hence Equation (3.4) can be re-written as

∂u

∂x
=

1

J

[
∂u

∂ξ

∂y

∂η
− ∂u

∂η

∂y

∂ξ

]
(3.6)

Now let us return to Equations (3.2) and (3.3), and solve for
∂u

∂y
.

∂u

∂y
=

∣∣∣∣∣∣∣

∂x

∂ξ

∂u

∂ξ
∂x

∂η

∂u

∂η

∣∣∣∣∣∣∣
∣∣∣∣∣∣∣

∂x

∂ξ

∂y

∂ξ
∂x

∂η

∂y

∂η

∣∣∣∣∣∣∣

(3.7)

or,

∂u

∂y
=

1

J

[
∂u

∂η

∂x

∂ξ
− ∂u

∂ξ

∂x

∂η

]
(3.8)

If we apply the chain rule we obtain,

∂u

∂x
=

∂u

∂ξ

∂ξ

∂x
+

∂u

∂η

∂η

∂x
(3.9)

∂u

∂y
=

∂u

∂ξ

∂ξ

∂y
+

∂u

∂η

∂η

∂y
(3.10)

thus ξx, ξy, ηx and ηy are the metrics of transformation and can be defined as,

ξx =
1

J

∂y

∂η
(3.11)

ξy = − 1

J

∂x

∂η
(3.12)
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ηx = − 1

J

∂y

∂ξ
(3.13)

ηy =
1

J

∂x

∂ξ
(3.14)

where J is the Jacobian of the coordinate transformation, ξ and η are the transformed

coordinates.

As can be seen from Figure 3.1 we need an analytic relation between the two

coordinate systems : computational domain (ξ, η) and physical domain (x, y). After

that brief introduction to coordinate transformation, we consider the second derivatives

of u with respect to ξ, η and mixed derivative,

uξξ = uxxξξ + uyyξξ + uxxx
2
ξ + uyyy

2
ξ + 2uxyxξyξ (3.15)

uηη = uxxηη + uyyηη + uxxx
2
η + uyyy

2
η + 2uxyxηyη (3.16)

uξη = uxxξη + uyyξη + uxxxξxη + uyyyξyη + uxy(xηyξ + xξyη) (3.17)

Then we have a system of Equations (3.15), (3.16) and (3.17). If we re-write this

system in matrix form as b = Ax we will get:




uξξ − uxxξξ − uyyξξ

uηη − uxxηη − uyyηη

uξη − uxxξη − uyyξη


 =




x2
ξ y2

ξ 2xξy
2
ξ

x2
η y2

η 2xηy
2
η

xξxη yξyη yξxη + yηxξ







uxx

uyy

uxy


 (3.18)
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If we apply the Cramer’s Rule to this system, the unknown definitions uxx, uyy

and uxy can be found as;

uxx =
(yη

J

)2

uξξ +
(yξ

J

)2

uηη − 2
yηyξ

J2
uξη

+
1

J3

[
yξ

(
y2

ηxξξ + y2
ξxηη − 2yηyξxξη

)− xξ

(
y2

ηyξξ + y2
ξyηη − 2yξyηyξη

) ]
uη

+
1

J3

[
xη

(
y2

ηyξξ + y2
ξyηη − 2yξyηyξη

)− yη

(
y2

ηxξξ + y2
ξxηη − 2yηyξxξη

) ]
uξ

(3.19)

uyy =
(xη

J

)2

uξξ +
(xξ

J

)2

uηη − 2
xηxξ

J2
uξη

+
1

J3

[
yξ

(
x2

ηxξξ + x2
ξxηη − 2xξxηxξη

)− xξ

(
x2

ηyξξ + x2
ξyηη − 2xηxξyξη

) ]
uη

+
1

J3

[
xη

(
x2

ηyξξ + x2
ξyηη − 2xηxξyξη

)− yη

(
x2

ηxξξ + x2
ξxηη − 2xξxηxξη

) ]
uξ

(3.20)

and

uxy = −xηyη

J2
uξξ − xξyξ

J2
uηη +

xξyη + xηyξ

J2
uξη

+
1

J3

[
xξ (xηyηyξξ + xξyξyηη − (xξyη + xηyξ) yξη)

− yξ (xηyηxξξ + xξyξxηη − (xξyη + xηyξ) xξη)

]
uη

+
1

J3

[
yη (xηyηxξξ + xξyξxηη − (xξyη + xηyξ) xξη)

− xη (xηyηyξξ + xξyξyηη − (xξyη + xηyξ) yξη)

]
uξ

(3.21)

where J denotes the Jacobian of the coordinate transformation as described in Equa-

tion (3.5) and subscripts denote the partial derivatives.
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The coordinate transformation should have an inverse so it has to be unique. If

we consider the second derivative of u with respect to x, y and mixed derivative, we

can write,

uxx = uξξξ
2
x + uηηη

2
x + uξηξxηx + uηηxx + uξξxx (3.22)

uyy = uξξξ
2
y + uηηη

2
y + uξηξyηy + uηηyy + uξξyy (3.23)

uxy = uξξξxξy + uηηηxηy + uξη (ηxξy + ξxηy) + uηηxy + uξξxy (3.24)

The second derivative representations of u i.e uxx, uyy and uxy must be identical

no matter how we describe them. So from previous equations we derived one can

easily show that Equation (3.19) is identical to Equation (3.22) and Equation (3.20) is

identical to Equation (3.23). In Equation (3.19) the coefficient of uη must be equal to

the coefficient of uη in Equation (3.22) and then

ηxx =
1

J3

[
yξ

(
y2

ηxξξ + y2
ξxηη − 2yηyξxξη

)− xξ

(
y2

ηyξξ + y2
ξyηη − 2yξyηyξη

) ]
(3.25)

ξxx =
1

J3

[
xη

(
y2

ηyξξ + y2
ξyηη − 2yξyηyξη

)− yη

(
y2

ηxξξ + y2
ξxηη − 2yηyξxξη

) ]
(3.26)

in the same manner,

ηyy =
1

J3

[
yξ

(
x2

ηxξξ + x2
ξxηη − 2xξxηxξη

)− xξ

(
x2

ηyξξ + x2
ξyηη − 2xηxξyξη

) ]
(3.27)

ξyy =
1

J3

[
xη

(
x2

ηyξξ + x2
ξyηη − 2xηxξyξη

)− yη

(
x2

ηxξξ + x2
ξxηη − 2xξxηxξη

) ]
(3.28)
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The most common partial differential equation used for elliptic grid generation is

the Poisson equation:

∇2ξ = ξxx + ξyy = P (ξ, η) (3.29)

∇2η = ηxx + ηyy = Q(ξ, η) (3.30)

and with boundary conditions specified by

ξ = F (x, y),

η = G(x, y),
(3.31)

where (ξ, η) and (x, y) are the curvilinear and cartesian coordinate frames respectively.

If we put Equations (3.26) and (3.28) into Equation (3.29) we will get;

(x2
η + y2

η)xξξ − 2(xξxη + yξyη)xξη + (x2
ξ + y2

ξ )xηη = −J2(Pxξ + Qxη) (3.32)

and if we put Equations (3.25) and (3.27) into Equation (3.30) we will get,

(x2
η + y2

η)yξξ − 2(xξxη + yξyη)yξη + (x2
ξ + y2

ξ )yηη = −J2(Pyξ + Qyη) (3.33)

then as a generic representation we can obtain the classical elliptic grid generation

equations as:

αxξξ − βxξη + γxηη = −J2(Pxξ + Qxη) (3.34)

αyξξ − βyξη + γyηη = −J2(Pyξ + Qyη) (3.35)
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where;

P =
1

J3

[
xη (αyξξ − βyξη + γyηη)− yη (αxξξ − βxξη + γxηη)

]
(3.36)

Q =
1

J3

[
yξ (αxξξ − βxξη + γxηη)− xξ (αyξξ − βyξη + γyηη)

]
(3.37)

α = x2
η + y2

η (3.38)

β = xξxη + yξyη (3.39)

γ = x2
ξ + y2

ξ (3.40)

The functions P and Q can be selected according to a specific need. The require-

ment may be clustering of grid points at some prescribed location (as in shock wave

problems) or forcing orthogonality at the surface (as in heat transfer problems with

temperature gradient at the surface). In this study these source terms P and Q are

used for grid orthogonality at the surface to increase the accuracy of the numerical

scheme.

3.1.2. Grid Generation for Cavity Problems

In this study we have adopted three different cavity geometries. These geometries

are square geometry,polar geometry and arc- shaped geometry.

The grid inside the flow field in the square and polar cavities have been generated

by elliptic grid generation technique.
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The physical model of the square cavity is a unit square as in Figure 1.3. Only

the top wall is moving with a constant velocity u∞ and other the walls are stationary.

The physical model of the polar cavity can be seen in Figure 3.3. Only the bottom

wall is moving with a constant rotational velocity u∞ and other walls are stationary.

This geometry is first described by Fuchs et.al [23] as an experimental setting. The

details of the geometry can be found in Fuchs study [23]. The Reynolds number, Re, is

based on the lid velocity which drives the fluid, the radius of the inner circle (i.e. the

moving lid parameter) and the kinematic viscosity of the fluid as it has been described

in detail in the previous chapter.

Figure 3.3. Physical model of polar cavity with a moving lid

The grid for the flow field in an arc-shaped cavity has been generated by elliptic

grid generation technique.
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The physical model of arc-shaped cavity problem is shown in Figure 3.4. This

geometry is inspired by the work of Chang et.al. [12]. The enclosure of width L is

confined by an arc-shape wall and a flat lid which is moving at a velocity of u∞. The

arc shape is defined by the expression (x−p)2 +(y− q)2 = R2 which denotes a circle of

radius R with the center located at (p, q). In this study , the ratios p/L,q/L,and R/L

were fixed at 1/2,1/2
√

3 and 1/
√

3, respectively [12].

Figure 3.4. Physical model of arc-shape cavity with a moving lid

Examples of grids generated for square, polar and arc cavities by body-fitted

coordinate transformation (i.e. elliptic grid generation) are demonstrated in Figures

3.5(a), 3.5(b), 3.5(c), respectively.

3.2. Discretization of Partial Differential Equations

Analytical solutions for partial differential equations (PDEs) involve closed-form

expressions which give the variation of the dependent variables continuously throughout

the domain. In contrast, numerical solutions can give answers only at discrete points in

the domain, called grid points. The differentials of the dependent variables appearing

in partial differential equations must be expressed as approximate expressions in order

to solve the governing flow equations by using a numerical technique.
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(a) Elliptic grid generated for the square

geometry with a clustering parameter=

1.8

(b) Elliptic grid generated for the polar

geometry

(c) Elliptic grid generated for the arc-

shaped geometry

Figure 3.5. Sample grids
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In this study the method of finite-differences has been used. The philosophy of

finite difference method is to replace the partial derivatives appearing in the governing

equation of fluid dynamics (as derived in the previous chapter) with algebraic difference

quotients, yielding a system of algebraic equations which can be solved for the flow field

variables at the specific, discrete grid points in the flow.

In order to demonstrate the discretization of the equations by finite difference

scheme we will discretize the aforementioned Newtonian flow equations. We used

forward difference scheme in time and centered difference scheme in space. Recalling

the Equation (2.13), vorticity-transport equation in conservative form, the discretized

form is,

Ωn+1
i,j − Ωn−1

i,j

∆t
+

1

J

[(
yi,j+1 − yi,j−1

2∆η

)(
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(3.41)

where ∆t is the time step, ∆ξ and ∆η are the grid sizes which are fixed to unity.

n denotes the time level where +1 and −1 refer to the adjacent time levels. The

discretized stream function equation is

αi,j

(
ψn

i+1,j − 2ψn
i,j + ψn

i−1,j

∆ξ2

)
− 2βi,j

(
ψn

i+1,j+1 − ψn
i+1,j−1 − ψn

i−1,j+1 + ψn
i−1,j−1

4∆ξ∆η

)

+ γi,j

(
ψn

i,j+1 − 2ψn
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= −J2Ωi,j

(3.42)
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where α, β and γ denote the coordinate transformation metrics and J is the Jacobian

of the transformation.

After the coordinate transformation functions ξ = ξ(x, y) and η = η(x, y) denot-

ing the curvilinear coordinate system are obtained numerically, governing equations

are discretized into a set of simultaneous algebraic equations (as in Equations (3.41),

(3.42)) and then the resultant algebraic equations are solved for each discrete node

surrounding the grid points.

The finite difference equations obtained for ψ and Ω may be solved individually.

The 3rd order Adams Bashforth method is well accepted and hence is adopted in this

study to deal with the highly non-linear unsteady vorticity transport Equation (2.28),

on the other hand the Successive Over Relaxation (SOR) method with Chebyshev

acceleration is used to solve Equation (2.29) for stream function, ψ.

3.2.1. Time Integration Algorithm

We have got two coupled partial differential equations (PDEs) to be solved. The

first PDE is the unsteady vorticity transport equation in curvilinear coordinates in

which the stress term has been described with a power law constitutive model (2.17).

In order to solve this equation we have disretized all terms with finite difference scheme

in the same manner as (3.41) and (3.42). The resultant algebraic expression is to be

solved explicitly because of the highly non-linear and unsteady nature. To manage this

unsteadiness and nonlinearity we have adopted an accurate explicit scheme, Adams-

Bashforth.

For demonstration purposes, we consider the following system,

du

dt
= f(u, t) (3.43)
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Adams Bashforth Methods are a class of explicit methods including the simple forward

Euler (Forward Time Centered Space so called FTCS) method for which the discretized

system is:

un+1 = un + ∆tfn (3.44)

applying the popular second-order Adams Bashforth method, the discretized system

can be written as,

un+1 = un +
∆t

2

[
3fn − fn−1

]
(3.45)

the still more accurate third-order method gives,

un+1 = un +
∆t

12

[
23fn − 16fn−1 + 5fn−2

]
(3.46)

and even higher-order versions can be considered, see Table (3.1).

Table 3.1. Explicit Adams-Bashforth Methods

p Adams Bashforth Methods Local Error (for ζn ∈ [xn−p, xn+1])

0 un+1 = un + ∆tfn ∆t2

2
u′′(ζn)

1 un+1 = un + ∆t
2

[3fn − fn−1] 5∆t3

12
u(3)(ζn)

2 un+1 = un + ∆t
12

[23fn − 16fn−1 + 5fn−2] 3∆t4

8
u(4)(ζn)

3 un+1 = un + ∆t
24

[55fn − 59fn−1 + 37fn−2 − 9fn−3] 251∆t5

720
u(5)(ζn)
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3.2.2. Space Integration Algorithm

The second partial differential equation is stream function Equation(2.14) in

curvilinear coordinates which can be classified as an elliptic equation. Any numeri-

cal scheme introduced to solve an elliptic equation can be used to solve this Poisson

equation. If an elliptic PDE discretized by the use of finite difference method, a linear

system of equation is obtained as

Ax = b (3.47)

where A is the matrix of coefficients, x is the column vector of variables, and b is the

input column vector. The Successive Over Relaxation method (SOR) is a method of

solving a linear system of equations like Equation (3.47). The following description is

based on the book by H. William [25]. This method can be written for each component

in one space dimension and in condensed form as:

x
(k)
i = ωxi

(k) + (1− ω)xi
(k−1) (3.48)

where x denotes an iterate which is an initial guess and/or result from previous iteration

and ω is the extrapolation factor and where i refer to the node and k is for the iteration

level. The idea is to choose a value for ω that will accelerate the rate of convergence

of the iterates to the solution.

In matrix terms, the SOR algorithm can be re-written as

x(k) = x(k−1) − (L + D)−1 · [(L + D + U)xk−1 − b
]

(3.49)

where the matrices D, L , and U represent the diagonal, strictly lower-triangular, and

strictly upper-triangular parts of A, respectively. The term in square brackets is just

the residual vector Rk−1, so Equation (3.49) becomes

x(k) = x(k−1) − (L + D)−1 · Rk−1 (3.50)
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if we overcorrect the Equation (3.50),the resultant equation will be

x(k) = x(k−1) − ω (L + D)−1 · Rk−1 (3.51)

Here ω is called overrelaxation parameter, and the method is called successive

overrelaxation (SOR). This method is convergent only for 0 < ω < 2 and the optimal

choice for ω is given by

ω =
2

1 +
√

1− ρ2
jacobi

(3.52)

where as a reference definition the value of ρjacobi can be given for a model problem on

a rectangular J × L grid allowing for the possibility that the grid sizes ∆x 6= ∆y:

ρjacobi =
cos π

J
+

(
∆x
∆y

)2

cos π
L

1 +
(

∆x
∆y

)2 (3.53)

For this choice, the spectral radius for SOR is

ρSOR =


 ρjacobi

1 +
√

1− ρ2
jacobi




2

(3.54)

Choosing ω for a problem for which the answer is not known analytically is the

weak point of SOR. One way to choose ω is to map the problem approximately onto a

known problem, replacing the coefficients of the equation by average values. However

the known problem must have the same grid size and boundary conditions as the actual

problem.
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In this study we have used Successive Over Relaxation Method with Chebyshev

acceleration. In SOR with Chebyshev acceleration, we used odd-even ordering and

changed ω at each half sweep according to the following prescription:

ω(0) = 1

ω(1/2) = 1/(1− ρ2
jacobi/2)

ω(n+1/2) = 1/(1− ρ2
jacobiω(n)/4), n = 1/2, 1, ....∞

ω(∞) → ωoptimal

(3.55)

3.3. Code Validation

The numerical method described in the previous sections is tested by solving a

number of Newtonian flow cases i.e. n = 1 in Equation (2.28). Example flows presented

herein are a lid-driven square cavity flow, a lid-driven polar cavity flow and a lid-driven

arc-shaped cavity flow. For the validation of the code ,the results are compared with

the results by previous researchers and very good agreement with the results for these

cases in literature [8], [4], [12], [23], [24], [26] has been obtained for several Reynolds

numbers.

Lid driven square cavity flows at Re = 100 and Re = 1000 are considered below to

confirm the accuracy of the present numerical method. For the solution of the unsteady

Navier-Stokes equations in terms of stream function and vorticity Adams-Bashforth and

SOR methods are used as explained in previous chapter. The computational domain

is discretized by an unequally spaced 81× 81 grid with concentration of the grid near

the wall region with a clustering parameter 1.1. The steady state results are obtained

at dimensionless time t = 20. The calculated streamline contours are shown in Figure

3.6(a) and 3.6(c) for Re = 100 and Re = 1000 respectively.
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For an assessment of the accuracy of the present results, the u velocity compo-

nent through the vertical centerline of the cavity is compared with the corresponding

numerical results of Ghia et al. [8] in Figure 3.7 for both Re = 100 and Re = 1000.

The comparison shows good agreement with the results in literature.

Table 3.2 tabulates the minimum streamline value and the center location of

the primary vortex for Re = 100 and Re = 1000 along with similar result found in

literature.

(a) Re = 100 [Present work] (b) Re = 100 [4]

(c) Re = 1000 [Present work] (d) Re = 1000 [4]

Figure 3.6. Comparison of Newtonian results of square cavity for Re = 100 and

Re = 1000. The streamline value equals 0 on the cavity boundary and contour levels

shown for each plot are from the inner most contour −0.111, −0.095, −0.075, −0.055,

−0.035, −0.015,−0.005, −0.001, 0.0, 0.0001, 0.0005 and 0.0009
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Figure 3.7. Centerline U-velocity for Reynolds numbers 100 and 1000. The dashed

line is for Re = 100 and the solid line is for Re = 1000. ¢ and ∗ are results of Ghia

et. al [8] for Re = 100 and 1000 respectively

Table 3.2. Strength and location of the centers of primary vortex for the lid-driven

square cavity problem

Re ψmin x y

100 [8] -0.103 0.6172 0.7344

[4] -0.103 0.6189 0.7400

[20] -0.103 0.6168 0.7375

[21] -0.103 0.6167 0.7417

[22] -0.103 0.6196 0.7373

[5] -0.103 0.6125 0.7375

[Present] -0.102 0.6125 0.7408

1000 [8] -0.118 0.5313 0.5625

[4] -0.117 0.5335 0.5639

[20] -0.117 0.5438 0.5625

[21] -0.116 0.5286 0.5643

[22] -0.118 0.5333 0.5647

[5] -0.117 0.5250 0.5625

[Present] -0.119 0.5439 0.5634
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Polar cavity flow is a well known test case for codes that has been written in

curvilinear coordinates. A Newtonian, i.e. n = 1, laminar polar cavity flow at Re = 60

and Re = 350 is considered to test the accuracy of the present numerical method in

curvilinear coordinates. The Reynolds number is based on the tangential velocity of

the lid and the radius of curvature of the lid. The polar cavity is schematically shown

in Figure 3.3. The flow domain is discretized by 121 × 121 grid points. The Dirich-

let boundary condition for velocities was prescribed at all boundaries. The solution

reached steady state when the dimensionless time t = 20.

(a) Re = 60 [Present work] (b) Re = 60 [24]

(c) Re = 350 [Present work] (d) Re = 350 [24]

Figure 3.8. Comparison of Newtonian results of polar cavity for Re = 60 and

Re = 350. The streamline value equals 0 on the cavity boundary and contour levels

shown for each plot are from the inner most contour −0.111, −0.095, −0.075, −0.055,

−0.035, −0.015, −0.005, −0.001, 0.0, 0.0001, 0.0005 and 0.0009
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The calculated streamline contours are shown in Figure 3.8(a) and 3.8(c) for

Re = 60 and Re = 350 respectively. It can be seen in the Figure 3.8 that both

computational results are in good agrement with the literature [24].

The Newtonian case, i.e. n = 1, for arc-shaped geometry is solved for Re = 100,

Re = 1000 and Re = 1500 with the aforementioned numerical technique and good

results have been obtained. The Reynolds number is based on the lid velocity and

the length of the lid. The arc cavity is schematically shown in Figure 3.4. The flow

domain is discretized by 61×61 grid points and the orthogonality conditions have been

satisfied for both the stationary arc and the moving upper lid. The solution reached

steady state when the dimensionless time t = 20.

The results obtained for Re = 100, 500 and 1000 can be seen in Figure 3.9(a),

3.9(c) and 3.9(e) respectively. Table 3.3 tabulates the maximum and the minimum

streamline values for Re = 100, Re = 1000 and Re = 1500 along with similar result

found in literature [26].

Table 3.3. Strength of the maximum and minimum vortices for the lid-driven

arc-shape cavity problem

Re ψmin ψmax

100 [26] -0.0415832 0.0

[Present ] -0.051261 0.0

1000 [26] -0.0450499 0.0001003

[Present] -0.0550949 0.0002553

1500 [26] -0.0437994 0.0016739

[Present] -0.060935 0.00172326
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(a) Re = 100 Present work (b) Re = 100 [26]

(c) Re = 1000 Present work (d) Re = 1000 [26]

(e) Re = 1500 Present work (f) Re = 1500 [26]

Figure 3.9. Comparison of Newtonian results of arc cavity for Re = 100,Re = 1000

and Re = 1500. The streamline value equals 0 on the cavity boundary
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4. RESULTS

Numerical solutions have been obtained for Reynolds number RePL = 100, RePL =

1000 for square geometry, RePL = 100, RePL = 1000 and RePL = 1700 for polar geom-

etry and RePL = 100, RePL = 500, RePL = 1000 and RePL = 1500 for arc geometry.

For each Reynolds number computations were carried out for various values of the

Power-Law index, n. The flow is completely characterized by the parameters RePL

and n. The initial guess is the same for all flow conditions and it is chosen as the

starting up flow. To determine the appropriate grid size several runs were performed

with different values of grid size. It is found that the 81× 81 grid is a good choice for

square cavity with a clustering parameter 1.1 near the walls for all Reynolds numbers

used in this study. It is also found 121 × 121 grid is adequate for polar cavity and

61× 61 grid is adequate for arc -shaped cavity.

Similarity in non-Newtonian flows of a certain model is achieved when all param-

eters derived from the non-dimensionalisation procedure are the same [16]. Following

the non-dimensionalisation procedure described in Section (2.1) and (2.2) one can con-

clude that the parameters upon which similarity depends are: RePL and n for the

Power-Law model which reduces to Newtonian case when n is equal to 1. Therefore

the non-Newtonian effects of the aforementioned model can be studied by investigating

the flow effects caused by changing the values of these parameters.

In order to investigate the effects of non-Newtonian parameters Power-Law model

is used for three cavity geometries: square cavity, polar cavity and arc-shaped cavity.

It is important to stress out that the first geometry is a planar geometry where the grid

orthogonality is satisfied automatically whereas the second and the third geometries

are curved and it is relatively harder to achieve an orthogonal grid for the arc-shape

cavity.
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The streamline patterns of the square geometry for RePL = 100 are shown in

Figure 4.1 for n values varying from 0.75 to 1.5. For RePL = 100 Figures 4.2(e), 4.2(a)

and 4.1(c) are for n = 0.75, n = 1 and n = 1.5 respectively. As can be seen form

the figure as Power-Law index n decreased the corner vortices vanished and as the

Power-Law index n increased the corner vortices became bigger.

The corner vortices have been investigated in detail for shear thinning case where

n < 1. For that purpose several n values are examined in Figure 4.2 for which the

corner vortices show weakening and finally vanish. Table 4.1 tabulates the maximum

strength of corner vortices for n = 0.75, n = 0.8, n = 0.85, n = 0.9 and finally n = 1.

It is clear that as the Power-Law index n gets smaller because of the shear thinning

effect the intensity of the corner vortices diminish.

Table 4.1. Strength of the maximum corner vortices for the lid-driven square cavity

problem for RePL = 100 for various n values

RePL = 100 ψmax

n = 1.0 0.0000135

n = 0.90 0.00000235

n = 0.85 0.00000041

n = 0.80 0.00000001

n = 0.75 0.0

The streamline patterns of the square geometry for RePL = 1000 are shown in

Figure 4.3 for n values varying from 0.75 to 1.5. For RePL = 1000 Figures 4.3(a),

4.3(b) and 4.3(c) are for n = 0.75, n = 1 and n = 1.5 respectively. In shear thinning

case i.e. n = 0.75 the corner vortices became smaller whereas in the shear thickening

case i.e. n = 1.5 the intensity of the right and left corner vortices equalized compared

to the Newtonian case i.e n = 1.
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Transient variation of the flow field is displayed in Figure 4.4 for the case at

RePL = 1000 and n = 1.5 at non-dimensional time levels t = 1, t = 5, t = 10, t = 15,

t = 20. For this case, the steady state is reached approximately at t ∼ 15. As can

be seen from the figure, the primary vortex core is almost moving along the square

cavity diagonal line. The change of the horizontal component of the velocity (i.e. u)

at point (0.135; 0.135) in time is shown in Figure 4.5(a). The value of u converges

approximately to 0.019.

In order to demonstrate the convergence of the solution to steady state we calcu-

late the relative error norm (REN) of the vorticity at each (k + 1)th Adams-Bashforth

iteration as

REN =

√√√√
∑Nx,Ny

i,j=1

(
Ωk+1

i,j (i)− Ωk
i,j(i)

)2

∑Nx,Ny

i,j=1 Ωk+1
i,j (i)2

(4.1)

where Nx and Ny denote the number of grid points in the x and y directions respectively.

Figure 4.5(b) shows a log-log scale of REN versus the number of iterations at RePL =

1000 and n = 1.5. The figure shows an exponential decay on REN which is close to

4.5× 10−8 after 300000 Adams-Bashforth iterations.

Due to the numerical restrictions, we fixed our parameter range to 0.75 < n <

1.2. Although aforementioned range is close to the Newtonian case it is possible to

draw conclusions about the shear thinning and shear thickening effects.The streamline

patterns of the polar cavity for RePL = 100 are shown in Figure 4.6 for n values varying

from 0.75 to 1.2. For RePL = 100 Figures 4.6(a), 4.6(b) and 4.6(c) are for n = 0.75,

n = 1 and n = 1.2 respectively. Both in shear thinning and shear thickening cases the

vortex core moved to the polar cavity center and the upper left corner vortex became

bigger.
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The streamline patterns of the polar cavity for RePL = 1000 are shown in Figure

4.7 for n values varying from 0.75 to 1.2. The movement of the lower lid lead to

the onset of a contour-clockwise vortex core where the corner vortices are rotating

in opposite direction. For RePL = 1000 when n = 1 the primary vortex is rotating

in contour-clockwise direction whereas the upper corner vortices are rotating in the

clockwise direction. In shear thinning case, i.e. n = 0.75, this fact does not change,

but the upper right vortex pushes the primary vortex and gets bigger where the upper

left vortex gets smaller. However in shear thickening case at RePL = 1000 with n = 1.2

an upper left secondary vortex is observed to rotate in a contour-clockwise direction

where the other vortices are rotating in the same direction, i.e. the primary vortex in

contour-clockwise direction and upper left and right vortices in clockwise direction (See

Figure 4.8 for details). Additionally in shear thickening case the central vortex moves

to the center of the cavity and both left and right upper vortices get bigger.

The streamline patterns of the polar cavity for RePL = 1700 are shown in Figure

4.9 for n values varying from 0.75 to 1.2. For RePL = 1700 when n = 1 the left

corner vortex became dominant. In shear thinning case, i.e. n = 0.75, left corner

vortex moved downwards and pushed the primary vortex and the right corner vortex

got smaller. The directions of vortices are not changed for Newtonian and the shear

thinning cases. However in shear thickening case at RePL = 1700 with n = 1.2 an

upper left secondary vortex is observed to rotate in a contour-clockwise direction where

the primary vortex in contour-clockwise direction and upper left and right vortices in

clockwise direction. Additionally in shear thickening case the central vortex is moved

to the center of the cavity. The upper left vortex is bigger whereas the upper right

vortex is not changed.

Displayed in Table 4.2 are maximum and minimum values of streamlines of arc

cavity for RePL = 100, 500, 1000 and 1500 and various values of n. For each case, min-

imum and maximum values of the streamlines within the solution domain are provided

for a quantitative comparison.
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Table 4.2. Strength of the maximum and minimum vortices for the lid-driven

arc-shape cavity problem for RePL = 100, RePL = 500, RePL = 1000 and

RePL = 1500 for various n values

RePL ψmin ψmax

100 n = 0.75 -0.057202 0.0

n = 1 -0.051261 0.0

n = 1.2 -0.049009 0.0

500 n = 0.75 -0.0391821 0.0

n = 1 -0.0616643 0.0

n = 1.2 -0.0422601 0.0

1000 n = 0.75 -0.0632133 0.000025938

n = 1 -0.0550949 0.0002553

n = 1.2 -0.0547259 0.000422858

1500 n = 0.75 -0.0698844 0.00000359

n = 1 -0.060935 0.00172326

n = 1.2 -0.0549559 0.00174505

The streamline patterns of the arc-shaped cavity for RePL = 100 and RePL = 500

are shown in Figure 4.10, 4.11 for n values varying from 0.75 to 1.2. For RePL = 100

Figures 4.10(a), 4.10(b) and 4.10(c) and 4.11(a), 4.11(b) and 4.11(c) are for n = 0.75,

n = 1 and n = 1.2 respectively. For both shear thinning, i.e. n = 0.75, and shear

thickening, i.e. n = 1.2, only the contour levels are changed, the characteristic of the

flow is not changed in appreciable amount.

The streamline patterns of the arc-shaped cavity for RePL = 1000 are shown in

Figure 4.12 for n values varying from 0.75 to 1.2. For RePL = 1000 Figures 4.12(a),

4.12(b) and 4.12(c) are for n = 0.75, n = 1 and n = 1.2 respectively. For RePL = 1000

in Newtonian case, i.e. n = 1, a secondary vortex is observed at the bottom of the

cavity. As the movement of the flat lid leads to the formation of a main vortex cell

rotating in the counter-clockwise direction whereas the secondary vortex is rotating in

the clockwise direction. Both in shear thinning and shear thickening cases this fact is
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not changed. In shear thinning case, i.e. n = 0.75, the secondary vortex is smaller so

that it almost vanishes. However in shear thickening case at RePL = 1000 with n = 1.2

the lower secondary vortex is bigger and pushes the main vortex core upwards and the

center of the secondary vortex moves to left.

Transient variation of the flow field for arc shape cavity is displayed in Figure

4.13 for the case at RePL = 1000 and n = 1.2 at non-dimensional time levels t = 1,

t = 5, t = 10, t = 15, t = 20. As can be seen from the figure, the primary vortex

core is moving to the center of the arc cavity. The secondary vortex is appears almost

at dimensionless time t = 5 and develops. For this case, the steady state is reached

approximately at t ∼ 12.5. The change of the horizontal component of the velocity

(i.e. u) at point (0.135;−0.135) in time is shown in Figure 4.14(a). The value of u

converges approximately to 0.09.

In order to demonstrate the convergence of the solution to steady state we calcu-

late the relative error norm (REN) of the vorticity at each (k + 1)th Adams-Bashforth

iteration as described in Equation (4.1). Figure 4.14(b) sshows a log-log scale of REN

versus the number of iterations at RePL = 1000 and n = 1.2. The figure shows an

exponential decay on REN which is close to 5 × 10−10 after 500000 Adams-Bashforth

iterations. The peaks in that figure is caused by the highly non-linear nature of the

vorticity transport equation.

The streamline patterns of the arc-shaped cavity for RePL = 1500 are shown in

Figure 4.15 for n values varying from 0.75 to 1.2. For RePL = 1500 Figures 4.15(a),

4.15(b) and 4.15(c) are for n = 0.75, n = 1 and n = 1.2 respectively. For RePL = 1500

in Newtonian case a secondary vortex is observed at the bottom of the cavity. In

shear thinning case, i.e. n = 0.75, the secondary vortex is smaller so that it almost

vanishes. However in shear thickening case at RePL = 1500 with n = 1.2 the lower

secondary vortex is bigger and pushes the main vortex core upwards and the center of

the secondary vortex moves to left.
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(a) RePL = 100, n = 0.75

(b) RePL = 100, n = 1

(c) RePL = 100, n = 1.5

Figure 4.1. Effects of Power-Law index n on the stream line contours for RePL = 100.

The streamline value equals 0 on the cavity boundary and contour levels shown for

each plot are in the interval (−0.11) - (0.01)
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(a) RePL = 100, n = 1 (b) RePL = 100, n = 0.9

(c) RePL = 100, n = 0.85 (d) RePL = 100, n = 0.8

(e) RePL = 100, n = 0.75

Figure 4.2. Shear thinning effect of Power-Law index n on the stream line contours

for RePL = 100. The streamline value equals 0 on the cavity boundary and contour

levels shown for each plot are in the interval (−0.11) - (0.01)
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(a) RePL = 1000, n = 0.75

(b) RePL = 1000, n = 1

(c) RePL = 1000, n = 1.5

Figure 4.3. Effects of Power-Law index n on the stream line contours for

RePL = 1000. The streamline value equals 0 on the cavity boundary and contour

levels shown for each plot are in the interval (−0.11) - (0.0009)
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(a) RePL = 1000, n = 1.5, t = 1 (b) RePL = 1000, n = 1.5, t = 5

(c) RePL = 1000, n = 1.5, t = 10 (d) RePL = 1000, n = 1.5, t = 15

(e) RePL = 1000, n = 1.5, t = ∞

Figure 4.4. Transient variation of the flow field for RePL = 1000 and n = 1.5. The

streamline value equals 0 on the cavity boundary and contour levels shown for each

plot are in the interval (−0.11) - (0.0009)
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Figure 4.5. Convergence plots for RePL = 1000 and n = 1.5
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(a) RePL = 100, n = 0.75

(b) RePL = 100, n = 1

(c) RePL = 100, n = 1.2

Figure 4.6. Effects of Power-Law index n on the stream line contours for RePL = 100.

The streamline value equals 0 on the cavity boundary and contour levels shown for

each plot are in the interval (−0.25) - (0.00001)
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(a) RePL = 1000, n = 0.75

(b) RePL = 1000, n = 1

(c) RePL = 1000, n = 1.2

Figure 4.7. Effects of Power-Law index n on the stream line contours for

RePL = 1000. The streamline value equals 0 on the cavity boundary and contour

levels shown for each plot are in the interval (−0.25) - (0.00001)
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(a) RePL = 1000, n = 1.2

(b) RePL = 1000, n = 1.2 upper left corner sec-

ondary vortex detail

(c) RePL = 1000, n = 1.2 upper right corner vortex

detail

Figure 4.8. Directions of vortices for RePL = 1000 and n = 1.2
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(a) RePL = 1700, n = 0.75

(b) RePL = 1700, n = 1

(c) RePL = 1700, n = 1.2

Figure 4.9. Effects of Power-Law index n on the stream line contours for

RePL = 1700. The streamline value equals 0 on the cavity boundary and contour

levels shown for each plot are in the interval (−0.25) - (0.00001)
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(a) RePL = 100, n = 0.75

(b) RePL = 100, n = 1

(c) RePL = 100, n = 1.2

Figure 4.10. Effects of Power-Law index n on the stream line contours for

RePL = 100. The streamline value equals 0 on the cavity boundary and contour levels

shown for each plot are in the interval (−0.055) - (0.0002)
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(a) RePL = 500, n = 0.75

(b) RePL = 500, n = 1

(c) RePL = 500, n = 1.2

Figure 4.11. Effects of Power-Law index n on the stream line contours for

RePL = 500. The streamline value equals 0 on the cavity boundary and contour levels

shown for each plot are in the interval (−0.055) - (0.0002)



55

(a) RePL = 1000, n = 0.75

(b) RePL = 1000, n = 1

(c) RePL = 1000, n = 1.2

Figure 4.12. Effects of Power-Law index n on the stream line contours for

RePL = 1000. The streamline value equals 0 on the cavity boundary and contour

levels shown for each plot are in the interval (−0.055) - (0.0002)
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(a) RePL = 1000, n = 1.2, t = 1 (b) RePL = 1000, n = 1.2, t = 5

(c) RePL = 1000, n = 1.2, t = 10 (d) RePL = 1000, n = 1.2, t = 15,

(e) RePL = 1000, n = 1.2, t = ∞,

Figure 4.13. Time evolution of arc shape cavity for RePL = 1500, n = 1.2



57

0 500000 1E+06 1.5E+06 2E+06

Number of iterations

-0.11

-0.1

-0.09

-0.08

-0.07

-0.06

-0.05

-0.04

-0.03

-0.02

-0.01

0

H
or

iz
on

ta
lv

el
oc

ity
co

m
po

ne
nt

at
po

in
t(

0.
13

5,
0.

13
5)

(a) RePL = 1000, n = 1.2 Horizontal velocity at

point (0.135;−0.135) vs. number of iterations
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Figure 4.14. Convergence plots for arc shape cavity, RePL = 1000 and n = 1.2
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(a) RePL = 1500, n = 0.75

(b) RePL = 1500, n = 1

(c) RePL = 1500, n = 1.2

Figure 4.15. Effects of Power-Law index n on the streamline contours for

RePL = 1500. The streamline value equals 0 on the cavity boundary and contour

levels shown for each plot are in the interval (−0.055) - (0.0002)
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5. CONCLUSIONS

Numerical simulations on lid-driven cavity flows of Newtonian and non-Newtonian

fluids are presented. The inelastic Power-Law fluid model has been chosen as the

non-Newtonian constitutive relation. A finite difference method based on unsteady

vorticity stream-function formulation has been applied in two dimensional plane and

curved geometries. The main advantage of the present method lies in the elimination

of the pressure term from the governing equations. For the accuracy of the numeri-

cal solution, the body-fitted coordinate system has been used such that the boundary

conditions have been represented in a way that the boundary is coincident with some

coordinate line.

It has also been shown that the present numerical method yields accurate com-

putational results even when highly skewed, unequally spaced, curved grid were used.

Equally importantly, the present method was found to be strongly convergent for high

Reynolds number non-Newtonian flows as well as for flows with complex geometries.

Newtonian ad non-Newtonian flow computations were performed using three dif-

ferent geometries, namely, lid-driven square cavity, lid-driven polar cavity and lid-

driven arc-shape cavity. The code is validated against Newtonian lid-driven cavity

flow cases for all geometries. Results from current study are in very good agreement

with results by previous researchers for Newtonian flow case. Then, the code is used

to obtain solutions for several Reynolds numbers with both shear thinning and shear

thickening fluids.

It is observed that, for Re = 100 and Re = 1000, in square cavity the intensity

of lower left and lower right corner vortices are decreased in the shear thinning case.

However in the shear thickening case they become more intensive compared to the

Newtonian case.
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In polar cavity flow the upper left corner vortex became more intensive in both

shear thinning and shear thickening cases for all Reynolds number covered in that

study, i.e. Re = 100, Re = 1000 and Re = 1700. For both high inertia cases, i.e.

Re = 1000 and Re = 1700, the primary vortex moved to the center of the cavity where

the upper left corner vortex had more space to rotate. In addition to that growth, in

high Reynolds numbers and in the shear thickening case a secondary upper left corner

vortex is observed to rotate in the same direction with the primary vortex where the

other vortices are observed to rotate in the opposite direction.

In arc-shaped cavity flow at relatively low Reynolds numbers, i.e. Re = 100 and

Re = 500, in both shear thinning and shear thickening cases the values of the stream-

lines are varied in a way that the minimum streamline value decreased as Power-Law in-

dex n decreased (See Table (4.2) for detail). At high Reynolds numbers, i.e. Re = 1000

and Re = 1500, the secondary vortex is observed. The intensity of the bottom sec-

ondary vortex is decreased and finally the vortex is vanished in the shear thinning case,

whereas, it is increased in the shear thickening case. In the shear thickening case, at

high Re numbers, the center of the bottom secondary vortex is moved to upper left

and pushed the primary vortex upwards.

It can be concluded that, for Re ≤ 1000, when shear thinning effects are dominant

intensity of the corner vortices are increased in square and arc cavity cases. For higher

Reynolds numbers, in polar cavity, inertial forces appear to be effective in the growth

of corner vortices compared to Newtonian case. Also, as shear thickening increased

this growth becomes more appreciable. Additionally, as described above in detail, at

high inertia regimes secondary vortices are observed.

As a future work, it may be interesting to study the non-Newtonian effects such

as shear thinning and shear thickening in the low inertia regime. Also, it may be

interesting to study the behavior of a viscoelastic fluid and observe the combined effect

of inertia and elasticity on the formation of the vortices in plane and curved lid-driven

cavity flows.
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APPENDIX A: TRANSFORMATIONS

In Cartesian coordinates the vorticity transport equation for Power-Law fluid is

as:

I
n−1

2
2

(
∂2Ω

∂x2
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∂y2
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∂I2
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∂y
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1

2
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∂y
+
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I2 = 2

(
∂u

∂x

)2

+ 2

(
∂v

∂y

)2

+

(
∂u

∂y
+

∂v

∂x

)2

(A.4)

If we put the next curvilinear expressions into necessary derivatives we will au-

tomatically get the curvilinear form of the equations.

ux = uξξx + uηηx (A.5)
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uy = uξξy + uηηy (A.6)

uxx = uξξξ
2
x + uηηη

2
x + uξηξxηx + uηηxx + uξξxx (A.7)

uyy = uξξξ
2
y + uηηη

2
y + uξηξyηy + uηηyy + uξξyy (A.8)

uxy = uξξξxξy + uηηηxηy + uξη (ηxξy + ξxηy) + uηηxy + uξξxy (A.9)

uxxx = (3uξξξx + uξηηx) ξxx + uξξxxx + (3uηηηx + uξηξx) ηxx + uηηxxx

+ (uξξξξx + uξξηηx) ξ2
x + (uηηηηx + uηηξηx) η2

x

+2 (uηξξξx + uηηξηx) (ηxξx) + 2uξη (ηxxξx + ηxξxx)

(A.10)

uyyy = (3uξξξy + uξηηy) ξyy + uξξyyy + (3uηηηy + uξηξy) ηyy + uηηyyy

+ (uξξξξy + uξξηηy) ξ2
y + (uηηηηy + uηηξηy) η2

y

+2 (uηξξξy + uηηξηy) (ηyξy) + 2uξη (ηyyξy + ηyξyy)

(A.11)

uxxy = (uξξξx + uξηηx) ξxy + uξξxxy + (uηηηx + uξηξx) ηxy + uηηxxy

+ (uξξξξx + uξξηηx) ξxξy + uξξ (ξxxξy + ξxξxy) + (uξηηηx + uξηηξx) ηxηy

+uηη (ηxxηy + ηxηxy) + (uξξηξx + uξηηηx) (ηxξy + ηyξx)

+uξη (ηxxξy + ηxξxy + ηxyξx + ηyξxx)

(A.12)
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uxyy = (uξξξy + uξηηy) ξxy + uξξxyy + (uηηηy + uξηξy) ηxy + uηηxyy

+ (uξξξξy + uξξηηy) ξxξy + uξξ (ξyyξx + ξyξxy) + (uξηηηy + uξηηξy) ηxηy

+uηη (ηyyηx + ηyηxy) + (uξξηξy + uξηηηy) (ηxξy + ηyξx)

+uξη (ηyyξx + ηyξxy + ηxyξy + ηxξyy)

(A.13)

vx = vξξx + vηηx (A.14)

vy = vξξy + vηηy (A.15)

vxx = vξξξ
2
x + vηηη

2
x + vξηξxηx + vηηxx + vξξxx (A.16)

vyy = vξξξ
2
y + vηηη

2
y + vξηξyηy + vηηyy + vξξyy (A.17)

vxy = vξξξxξy + vηηηxηy + vξη (ηxξy + ξxηy) + vηηxy + vξξxy (A.18)

vxxx = (3vξξξx + vξηηx) ξxx + vξξxxx + (3vηηηx + vξηξx) ηxx + vηηxxx

+ (vξξξξx + vξξηηx) ξ2
x + (vηηηηx + vηηξηx) η2

x

+2 (vηξξξx + vηηξηx) (ηxξx) + 2vξη (ηxxξx + ηxξxx)

(A.19)

vyyy = (3vξξξy + vξηηy) ξyy + vξξyyy + (3vηηηy + vξηξy) ηyy + vηηyyy

+ (vξξξξy + vξξηηy) ξ2
y + (vηηηηy + vηηξηy) η2

y

+2 (vηξξξy + vηηξηy) (ηyξy) + 2vξη (ηyyξy + ηyξyy)

(A.20)
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vxxy = (vξξξx + vξηηx) ξxy + vξξxxy + (vηηηx + vξηξx) ηxy + vηηxxy

+ (vξξξξx + vξξηηx) ξxξy + vξξ (ξxxξy + ξxξxy) + (vξηηηx + vξηηξx) ηxηy

+vηη (ηxxηy + ηxηxy) + (vξξηξx + vξηηηx) (ηxξy + ηyξx)

+vξη (ηxxξy + ηxξxy + ηxyξx + ηyξxx)

(A.21)

vxyy = (vξξξy + vξηηy) ξxy + vξξxyy + (vηηηy + vξηξy) ηxy + vηηxyy

+ (vξξξξy + vξξηηy) ξxξy + vξξ (ξyyξx + ξyξxy) + (vξηηηy + vξηηξy) ηxηy

+vηη (ηyyηx + ηyηxy) + (vξξηξy + vξηηηy) (ηxξy + ηyξx)

+vξη (ηyyξx + ηyξxy + ηxyξy + ηxξyy)

(A.22)

where the subscripts indicates the partial derivatives.
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