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ABSTRACT

OPTIMAL CONTROL FOR HYBRID SYSTEM

CINGILLIOGLU, Ipek Yesim

Master Thesis in Mathematics
Supervisor: Assist. Prof. Dr. Shahlar MEHERREM
May, 2012

This thesis includes a different approach for solving optimal control for switched
systems. We focus on problems in which a prespecified sequence of active subsystem is
given. For these problems we must have optimal switching instants and optimal
continuous inputs. For this reason the derivatives of optimal cost with respect the
switching instants need to be known.

Also in thesis an approach for solving optimal control problems of switched system.In
general,in such problems one needs to find optimal continuous inputs and optimal
switching sequences. After formulating a general optimal control problem, we study
two stage methodology. Since many practical problems only concern optimization
where the number of switchings and the sequence of active subsystems are given, we
think about on such problems and propose a method which uses nonlinear optimization
and is based on direct differantiations of value functions.

Itis also developed a computational method for solving an optimal control problem
which is governed by a switched dynamical system with time delay. Our approach is to
parametrize the switching instants as a new parameter vector to be optimized. Then,we
derive the required the gradient of the cost function which is obtained via solving a
number of delay differential equations forward in time. Finally, there are given
optimality condition for the switching control system.

Keywords: Switched system, Delay, Parametrization, Optimal control.



YEMIN METNIi

Yiiksek Lisans tezi olarak sundugum “’Hybrid System for Optimal Control’” adl1
calismanin, tarafimdan bilimsel ahlak ve geleneklere aykir1 diisecek bir yardima
bagvurmaksizin yazildiginin ve yararlandigim eserlerin ’Bibliography’’ bdliimiinde
gosterilenlerden olustugunu, bunlara atif yapilarak yararlanilmig oldugunu belirtir ve
bunu onurumla dogrularim.
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INTRODUCTION

Switched system are class of hybrid systems which consists of several subsystems and
switching law orchestrating the active subsystemat each time instant.

Optimal control problems for switched systems ,which require the solutions of both the
optimal switching sequences and the optimal continuous input. Many results,which
report progress regarding the theoretical or practical issues for continuos time or
discrete time versions of such problems, appeared the literature [1],[5],[6]

Maximum principle and Hamiltonian Jacobi-Bellman equation for hybrid and switched
systems derived in literature [4].Optimal control problems of hybrid and switched
systems have been attracting researches from various in science and engineering
significance in theory and application,classifiedto categories, theoretical and practical.
These results extended classical maximum principle or dynamic programming approach
for problems. Also, proves a maximum principle for hybrid system with autonoumus
switching only. Another result is proof of existence of optimal control for system with
two subsystems. Complicated versions of maximum principle under additional
assumptions.

The problem formulations and methodologiesare very diverse in this category It is
important that in thesis have different models and optimal control objarctives for hybrid
system. This thesis presents solving optimal control problems of switched systems.

This thesis presents solving of optimal control problems for switched systems. In thesis
focused on problem which a presrecified sequence of active subsystems is given. From
here, in thesis, need to seek optimal instants ans optimal continuous inputs. In order to
redsearch for optimal switching instants,the derivatives of the optimal cost need to be
known. It is important that, method is trancribes an optimal control problem into an
equivalent parametrized by the switching instants and derives the derivatives based on
solution of a two boundary value formed by state, costate, stationary equations, the
boundary and continuity conditions with their differentiations.

In the thesis our approach is to parametrize the switching instants a new parameter
vector to be optimized. After,derived gradient of cost function which is obtained via
solving a number of delay differential equations in time.

NECESSARY OPTIMALITY CONDITIONS FOR SWITCHED SYSTEM



1.1 Switched Systems

We think about switched systems consisting of the subsystems

x=fi (x,u) fi:R"XR™—>R" ie€l2{12,..,M} (1.1.1)
From control switched system we must have continuous input and switching sequence.

A switching sequence int €[t,,t,] regulates the sequence of active subsystems and is
defined as ((to, o), -, (tx, ix)

where 0 < K < oo,tg < -+ <t, andiy €1/ (1.1.2)
fork=0,1, ..., K.

Note that, (t, i) indicates that at instant t, the system switches from
subsystem i, to iy_; during the time interval [ty, tx41] ([tytf if k = K) subsystem
I, is active. For switched systems we consider nonZeno sequences which switch at

most finite number of times in [to, tf]. Also we regard o which discrete input,
then we have control input u with (o, u).

Finally, switching system from general hybrid system is continuous state and does not
jumps at switching instants.

Optimal control problem

In the sequel, U, . 12, which means that {u|u € cp[to, t7], u(t) € R™}. We

torty]
concentrate on problems which involve optimizations and prespecified sequence of
active subsystems.

Problem 1: Think about switched systems which consists of subsystems x =
fi(x,u) i € 1. Given a fixed time interval [to, tf] and a prespecified sequence of active
subsystems (iy, ..., ix), find a continuous input u € Ulto.ty] and a switching

instants t,, .., t; such that the corresponding continuous state trajectory X departs from
a given initial state

x(to) = xo,Sf = {x|¢;(x) = 0,¢,: R™ > RY} and the cost functional
t
J =1 (x(tf)) + [, LGe(®), u(®)de) (1.1.3)
IS minimized.
In order to solve problem 1, needs to also nonlinear optimization techniques.

Problem 1 is basic optimal control of Bolza form. In the sequel, we assume that f, L
are continuous and have continuous partial derivatives with respect the x; ¢; is

continuosly differentiable; y has twice continuous derivatives. We formulate Problem



1 with a fixed final time is mainly fort he convenience of subsequent studies. For with
free final time ¢, we can introduce an additional state variable and transcribe to fixed
final time problem.

Two stage decomposition

Stage (a) is conventional optimal control problem which is research the minimum value
of J with respect the u under given switching sequence

o = ((to io), (t1, 1) -, (tr, ix)). Inthe sequel,we define the coresponding optimal
cost function J, (%), £ 2{ty, ..., tx}".

Stage (b) is constrained nonlinear optimization problem min, J;(t), J;(f) €T

(1.1.4)

{t = (ty,... t)7T|tg < t; < - < tg < t7}. Inorder to solve Problem 1, we need
nonlinear optimization techniques.

Stage(a): We need to find an optimal continuos input u and minimum J. Although
different subsystems are active in different time intervals, stage(a) research J, (£) for
t = (ty,..,tx)7T is conventional intevals are fixed.

Theorem 1: Necessary conditions for stage (a): Think about the stage (a) problem for
problem

1. Assume that subsystem k is active in [t, ,,t ) for 1<k <K and subsystem K+1 in

[tk tisr] With £ g =t Let Ul ¢] be a continuous input such that the

to‘tf
coresponding continuous state trajectory x departs from given x(t,) = x, and

Sy = {x|¢;(x) = 0,¢;: R™ > RY}. In order for uto be optimal it is necessary that
vector function p(t) = [p; (), ..., pa ()], ¢ € [to, t;] such that following conditions
hold,;

a) Foralmostany t € [to, tf] the following state and costate equations hold:

state equation: (Z—I; (x(t),p(t), u(t))T
(1.1.5)

T
s dp®) . (0H
costate equation: == = (ax (x(t),p(t),u(t)))

(1.1.6)
Here H(x,p,u) 2 L(x,u) + pT fi(x,u), t € [tx_1, t,) ifk = Kif t € [ty, tr].

b) For almost any t € [t,,tr] the stationary condition holds:



T
(‘;—;’ (x(t),p(t),u(t))) (1.1.7)

P T lag; T
0 At & p(t) = (S (x(tr)) + (3L (x(t)) 2 (1.1.8)
where A is an le dimensional vector.

d) Atany ty, k =1,2...,K,wehave p(t, —) = p(ty +) (1.1.9)

Proof: Using Lagrange multipliers to adjoin the constraints

x = fi(x,u),k =1,..,K + 1 and ¢;(x(tf)) = 0toJ. The augmented performance
index is

J =(x(tp) + T (x(t) + Tkt [(LCxw) + p" (@O (fi (r, u) — %))dt by
H(x,p,u) 2 L(x,uw) + pT fi (x,w), t € [ty_1, tr), 1 < k...< K and t € [ty, tx4,] With

txrr = tpif k=K+1>] =19 (x(tf)) + 2T ¢ (x(tf))+ YR ((H(uu,p) —
pTx)dt, from calculus of variations

5] = (g—w (x(t)) + A7 2L (x(ty) ) - pT(tf)) x(tr) + Tk " (tet) =
0H

0 . 0 .
P (te=)0x(60) Thoa [ (G2 +p7) 8x) + S ou + (3 - 47) opae.

From Lagrange theory a necessary condition for a solution to be optimal is &§]=0.
Setting the zero the coefficients of the independent increments 6x(tf), Sx(ty)'s,
éx, 6u, Sp Yields the necessary conditions a)-d). 0

The conditions a)-d) present a two boundary value differential algebraic equation
(DAE), which solved numerical methods.

Stage(b): We need to solve the constrained nonlinear optimization problem( 4) with
simple constraints. Computational methods for finding local optimal solutions of such
problems are abundant in nonlinear optimization literature.

1.2 Approach Based on Parametrization of Switching Instants

In thesis an approach to problem 1 based on parametrization of the switching instants
is presented. The first step is transcribe an optimal control problem into an equivalent
conventional optimal control problem parametrized by the switching instants.

Equivalent problem formulation

Here, defined the transcription of problem 1 into an geuivalent problem
parametrized by the unknown switching instants also switching instants are fixed with
respect to new independent time variable. We think about two subsystems where



subsystem 1 is active in t € [to, t;) and subsystem 2 is active in te[t;, t¢] and also
S} =:12n.

Problem 2: For switched system x=f1(x,u) to<t<t (1.2.1)

x =f,(x,u) ty St <t (1.2.2)

Find a switching instant t; and a continuos input u(t), t € [to, tf] suh that

t
J=(x(tp)) + [] Ll wadt (1.2.3)
is minimized.
For transcribe equivalent problem 2 we define a state variable x,,,4

coresponding switching instant t,.
AXnt1

=0 (1.2.4)
dt
xn41(0) = &4 (1.25)
Next, we introduce t. A piecewise linear relation ship betweent and t is
t=t,+ (X, —t)A 0<z<land ¢t = {(xn41 + (tf — xps1) (T — 1)} for
1<7t<2 (1.2.6)

Let x,,, satisfy

By introducing x,,4 and, T problem 2 is transcribe into following problem.

Problem 3 (Equivalent problem) : For system with dynamics

T = (tnsr — t) (10 (1.27)

and

dXn+1

- =0 for 7€[0,1) (1.2.8)
and

dx(t)
dt

= (xn41 — L) f1(x,w) (1.2.9)
Zr— (1.2.10)
inz e[1,2], find x,,, and u(7), te[0,2] such that;

J=v(x(2)) + fol(xnﬂ — to)L(x,w)dt + flz fol(anrl — to)L(x,w)dt

(1.2.12)
Note that problem 2 and problem 3 are equivalemt in optimal solution for
problem 3 is an optimal solution for problem 2 by proper change of independent
variable and by regarding x,,.; = t;.



Method based on solving a boundary value differential algebraic equation

We develop a method for deriving accurate numerical value %. The method is
1

based on the solution of a two boundary value DAE formed by state, costate, stationary
equations, the boundary and continuity conditions for problem 3, along with their
derivatives with respect to parameter x,,, .

Think about the equivalent Problem 3, define

Ao, xpp1) 2 (xnpr — to) fa(x,w) (1.2.12)
fou,xnp1) 2 (Xny1 — to)fo(x,1) (1.2.13)
Li(au, Xp4q) 2 (X1 — to)L(x, 1) (1.2.14)
Ly, u, Xpe1) 2 (a1 — to)L(x,0) (1.2.15)

Consequently we denote it asx(t, x,41). We define the parametrized
Hamiltonian as

H (X1 p1 U, Xn+1) é{Ei(x! U, Xn+l) + pT fl(x’ U, Xn+l) Te [011)

H (X P, X,.0) 240, 06U, X%,) + P (46U, %) 7€[L2]
(1.2.16)

The necessary conditions a) and b) provide us with following state, costate,
stationary equations:

2= (&) = felw ) (217
re-G) =G (3 (1218)
0= (o) =(3) p+(3) (1219

Note that p andu are coresponding to optimal solution are also functions of ¢
and x,,41.

From the necessary condition c) of theorem 1, we have
x(0,xn41) = Xo (1.2.20)

T
PR i) = (2x(2 x010)) (1221)

the necessary condition d) tell us p(t, x,,41) is continuous at T = 1 for fixed
Xn41- (1.2.22)



Then we have optimal value of J which is function of the parameter x,,,4,

J1(Xpy1) = ¢(x(2,xn+1)) + fol Z1(X, U, Xppq)dT + fol Zz(x. U, Xp41)dT

(1.2.23)

dxn+1 ax ax axn+1

0L Odu 2 dL Ox dL Odu
(a aXn+1)> dT + fl < L(x u) + tf B xn+1 X (ax axn+1) + (ﬁ 6Xn+1)> dT

(1.2.24)

_0 n+1)) 0 n oL d
djy Y(x(2,xn4+1)) x(Zx +1)+f ((L(x,u)+xn+1 to)( L 0x )+

d
9 Xn+1) (xp+1 is fixed) in order to the value 2h
9%nas dXnyq’

Then; %( ox )= 2 (:i) fi+ (pgq — to)x(af1 4 2h o )

So must have dx(t, x,,,) and

Oxn+1 Oxnt1 0x Oxn41 ou 9xn41
(1.2.25)
2 (o0 \_ __0 (3p)_
ot (6xn+1) o OXp41 (31) -
(2, (o or\ o0 o (pyrh_ox \'
(ax) p (6x) (xn+1 tO) X <(§) 0xXn+1 + (p dx? 6xn+1)
(T62f1 ou )T 22L ox 92L  du
0x0U 0xpqq 0x2 Oxppq1  0x0U OXpqq
(1.2.26)
fi\" L\
0—(6—5) p+(£) + (Xn+1 — to)
T T
y af,y p N pTazfl 0x N 0%L ox N %L Ou
ox) 0xXni1 0x? 0xptq 0x2 0xpyq1  0X0UOXpyq
(1.2.27)

fort €[0,1) and

() = (8= o () (1 ) vz

T 6xn+1 axn+1 ax 6xn+1 ou 6xn+1



262 =72 )= () o (=) (52
61(6xn+1 o Oxnyq \OT ~ \ox P+ ox (tf xn+1)>< x 6xn+1+

2 T 2 T 2 2
(i) o () +£0_u) (1.2.29)

9x% 0xpy1 ou? 9xpy1q 0x% 0xpp1  0x0U 0Xpgq

0=- (%)Tp o (ZTLL)T + (tf - xn+1) X (%)T%:H + (pT ﬂa_u)T +

0x0U 0Xpn41
T

R ou 0%L odu %L du
( T2/ ) oL v (1.2.30)
ou? dxp41 0x0uU 0xpyq  OUZ OXpyq
For 7€ [1,2]

Differentiating the boundary conditions (1.2.29) and (1.2.30) and the continuity
condition (1.2.31) with respect to x,,,;, obtain that,

0x(0,xn+1) _
Tl = 0 (1.2.31)
op(2xn+1) _ 0% (2,xn41) 0x(2Xn41)
Fr Py mes (1.2.32)

Op(1-Xn+1) _ OP(1+Xn41)
6xn+1 axn+1

Problems with internally forced switchings
The specifications of switched system with IFS included the switching sets

L, i) € Xi, N X, where X;eR™. In thesis

lei s+
Ui = {xl’y(il,iz)(x) =0, Y(iyip) R™ >R (11,12)}_

Here we focus on optimal control roblems for switched systems withIFS in which a
prespecified sequence of active subsystem is given.

Problem 4: Consider system with IFS. Given fixed time interval [t,,t,]and

l such that the

coresponding continuos state trajectory x departs from a given initial state x(t,) = x,
and

prespecified sequence of active subsystem, find continuous input uEU[tO,tf

Sy ={xl¢p;(x) =0,¢;:R* > RY}. [ =9y ((x(tf)) + f;fL(x(t),u(t))dt

is minimized.



Problems of internally forced switching
Approach 1

1) Denote in redundant fashion that an optimal solution to an 1fs problem contasns both
optimal switching sequence and an potimal continuous input,i.e, regard an 1fs problem
as an efs(externally forced switching) instants.

2) Verify the validitynof solution fort he 1fs problem if the system under the continuous

input can evolve validly and generate the coresponding switching sequence.)
[

Theorem 2: Consider stage(a) for problem (4). Assume that subsystem K is active in
[t-1tx) for 1<k <Kandsubsystem K +1in[ty_ty), txs1=t;. Assume that

x€l, = {x]|yr(x) = 0y:R* > R }at t, . Let u€eU[ey 1] such that the coresponding
continuos state trajectory x departs from a given initial state x(t,) = x, and

S; = {x|¢s(x) = 0,¢;: R™ > RY}.
Also assume that x(t)e int(xg,q1) for te (t ,,t.) 1<k <K and x(t) € xgfor

te (t..t;). Inorderto u be optimal,it is necessary that there exist vector function

p(t) = [p1(t), .., pn(t), t € [to, t¢], such that conditions a)-c) as in theorem 1 hold,

the condition hold.

T
d) Atany t,, k=1.2,....K,we have p(ty, —) + p(t; —)+(("’L) (x(tk)TVk) v, =0.

k
ox
Proof: Similar to theorem 1,except that here in J', we introduce a term V,Zyk(x(tk))

T
and in &§J',we have coefficients of §x(t;) as p(tk—)+<(%) (x(tk)TVk> . Setting to

zero coefficients of the independent increments of 6x(tf), 8x, 6u, p, 6x(ty)'s
therefore yields the necessary conditions a)-d). O



2. SWITCHED OPTIMAL CONTROL FOR NONLINEAR
OPTIMIZATION PROBLEM

2.1 Switched Systems
Definition:
D(I,E) is directed graph indicating the discrete structure of system. The node set

I ={1,2,.., M} is the set of indices for subsytems . The directed edge set E is a subset
of I x I —{(i,i|i € I)} which contains all valid events.If an event e = (i, i,) takes
place,the system switches from subsystem i, toi,. F = {f;: R® X R™ X R - R™,i € I}

with f; describing the vector field for the i — th subsystem x = f;(x, u, t),then the
switched system can be define as,

x(t) = fiey(x(®),u(®),t) (2.1.1)
i) = p(x(®),i(t7), 1) (2.12)
where @: R™ X I X R - I determines the active subsystem at instant t.

Definition: For switched system S a switching sequence o in [t,,t,] is defined as

o = ((to o), -, (Lo ix)) (2.1.3)

with 0 < KSCD,tO < tl < tK < tf io €l e = (ik—l'ik) €EFE
for k=12,..,K. We defineZ , | 2 o's into, t].

An optimal control problem

Problem 2.1 Consider a switched system S=(D,F).Given a fixed time interval[t,, t(],
find a picewise continuous input u and switching sequence o such that is minimized

w(x(tr) + ft;fL(x(t),u(t))dt (2.1.4)
Here x(t,) = x,

Problem 2.1 is basic optimal control problem in Bolza form. we assume that f,L are
continuous and have continuous partial derivatives with respect the x, ¢ is continuos
derivatives.

Two stage optimization

We need to find optimal control solution (¢*, u*) for Problem 2.1 such that

J(o™,u") = minae[to‘tf]lueu[toltf]](a, u). (2.1.5)



Note that for any fixed o, Problem 2.1 reduces to conventional optimal problem which
we need to find u that minimizes J(o*, u*)=J (o, u). For this reason,

Lemma: For problem 2.1 if
a) an optimal solution (¢, u*) exist and

b) for any fixed , there exist a corresponding u” =u_" such that J,(u) = J(o,u) is
minimized, then following equation holds,

MiNgey ueu J(o,u) = mings minyey J(o,u) (2.1.6)
[tots] ™ [toty] [tot/] [tot/]

Proof: Firstly, ming.s ueU J(o,u) < minges, . uev J(o,u)
[tots] ™ [eoty] [0t ™ " Teots]

(2.1.7)

Because for any fixed o,there exist u;u”_ such that J(o,u}) = min,y, . J(o,u).But

[toty]
for every pair (o, u;) we must have/(a*,u*) < J(o,u;) therefore from (2.1.7) we
must have

J(o*u') < nfaeE[to'tf] = infae):[ 'f]ml ueU[ toty] J(o,u) (2.1.8)

While we have inequality,

inf min - g(gu) < e J(o"w) =](0", uy+)

O'EZ[tO,tf] uEU[to,tf] uEU[to,tf]

(2.1.9)

we can choose u,. = u”*, since for any other u,we must have J(a*,u™) due to the
optimality of (¢*,u*). Hence combining (2.1.8) and (2.1.9) we have

J(07,u") < infyex Minyey J(o,w) < J(0%,uy-) =J (0", u") (2.1.10)
[tO,tf] [to,tf] g
Hence all inequalities in (2.1.10) must be inequalities and the infmgz[t o can be
0,'f.
replaced by rru'naez[t o S0 we obtain that
0,'f

* *\ . — .
J(o"u) = MINexy cuev J(o,u) = MiNgey, ¢ ]ml ueU

[tots] [toty]

(2.1.11)



Two stage optimization problem
Stage 1 . Fixing o ,solve the inner minimization problem.

Stage 2. Regarding the optimal cost for each gas a function.

J1=J1 (0) = minueU[ ]](0, u) (2.1.12)

to,tf

Minimize J; with respect to an[to,t /-

Algorithm (A Two Stage Algorithm)

Stage 1 a) Fix the total numbwer of switchings to be K and the sequence of active
subsystems and let the minimum value of ] with respect to u be i.e, function of the K

switching instants for J;_J;(t;, t,, tx) for K>0(to, ty,t, tx < tf). Find J;.

b) Minimize it.

Stage 2 (a) Vary the sequence of active subsystems to find an optimal solution under
K switchings.

(b) Vary the number of K switchings to find an optimal solution for problem
2.1.

More on stage 1 optimization

We concentrate of on stage 1 optimization. Stage 1(a) is in essence a conventional
optimal control problem which seeks the minimum value of J with respect to u under

given switching sequence o = ((to, ip), (t, €1), ., (ti €x))-
Stage 1(b) is in esence a constrained nonlinear optimization problem,

ming J;(t) subjecttoteT (2.1.13)

where T & {f = (ty, 0 ti)T|tg Sty S - < tg < tf}. In order to stage 1 problem,one
needs to resort to not only optimal control methods, also nonlinear optimization
techniques.

Stage 1(a)

For stage 1(a) where switching sequence o = ((to, ip), (t1,e1), ..., (tg, ek)) is given,
finding J; () for the coresponding £ = (¢4, ..., tx)T is a conventional optimal control
problem. We need to find an optimal continuos input u and the coresponding /. In
order to find solutions for stage 1(a) problems,computational methods must be adopted
in most cases. Most of available numerical methods are for unconstrained conventional
optimal control problems with fixed end time can be used.



Stage 1(b)

We need to solve the constrained nonlinear optimization problem (4.1) with simple
constraints. Computational methods for the solution of such problems are abundant in
the nonlinear optimization literature.

Algorithm (A conceptual Algorithm For Stage 1 Optimization)
(1) Set the iteration index J = 0. Choose an initial &’/

(2) By solving an optimal control problem stagel (a), find ]1(1?1').

sy 01 0%j1 (]
(3) Find Fn and W(H)'

(4) Use some feasible direction method to update £/ to be #/** = £/ + a/dt/. Set the
iteration index j =j + 1.

(5) Repeat steps (2),(3),(4) and (5), until prespecified termination condition is satisfied.

|
Key elements of the above the algorithm are

(@) An optimal control for Step (2).
(b) The derivations of % and %(ff) for step (3).
(c) A nonlinear optimization step algorithm for step (4).

Optimization for stage 1 problem based on direct differentiations
i
at?
used in stagel(b)optimizations. The method is based on direct differentiations of the
value functions. We have assume that u is piecewise differentiable. We need to find an
optimal switching instant vector ¢ = (ty, t,, ..., tx) and optimal control inputu .

We propose a method to approximate the values of % and (/) and which can be

Assume that we have nominal £ = (t,,t,, ..., tx)and nominal control input u which is

piecewise smooth. If they are both fixed,then the cost J will be function of (x(¢t,), ty),
but if u is fixed and £ can be varied in small neighborhood of nominal value,then cost |
will be function of (x(ty), to, t1, ..., tx)-

Now let us assume that along with the small variations of £,u varies correspondingly in
the following manner. If variesto ¢ + dt,u varies correspondingly to

u(t, =) + (t=t, )u*", if t € [ty, t;, + dty,) fordt, =0
u(ty +) + (=t )u*, if [t + dty, t;] for dt, < 0

u(t), , else (2.1.14)



e A AU(tp— . du(ty+ .- .
Where ¥ é% and u"*éu(T"). We say that u assumes open loop variations in

this case means that u(t) only has variations in the interval between t, and t;, + dt; as

shown in figure 1. We denote such a cost value function(which is not necessarily
optimal)

VOCx(to), tr, i) = ¥ (x(t)) + 2 LGow Odt + [ LG u, )dt (2.1.15)

where the superscript 0 is to indicate that the starting time for evaluation is t,. We can
define the value of function at the k th switching instant as

VE(x(to), ty, v ti) = P (x(tf)) + f:}f“ L(x,u, Ok dt + ftthL(x, u, t)dt

(2.1.16)

% P ad X
u k ’1""‘ L :

I \l | Lo Ko+

e R N

. B B

t bt + dt bt ot t,

" (a) ()" (c)

Figure 1: The solid curves are u(t). (a) The nominal input u(t). (b) The open loop
variations of u(t) induced by dt, = 0. (c) The open loop variations of u(t) induced

by dt, <0
Single switching

Assume that we are given nominal t;, a nominal u and the coresponding nominal state
trajectory x. We denote #i(t)and X(t)o be input and state trajectory after variation
dt,has taken place. We can write function with a superscript 1-(resp 1+) whenever it is
evaluated at t; and the nominal values

x(ty),u(t; =), resp. t; and the nominal values x(t,),u(t;—). Examples of this
notational convention are

fl_ = fl(x(tl)ru(tl +)' tl)' f1+ = fZ(x(tl)'u(tl +),t1),
Ll_ = L(x(tl)lu(tl _)) tl)

LY = L(x(t),u(ty +),t), V' =V1(x(ty),t1).

It is not diffucult to see that VO(x,, to, t1) = V1(x(t1),t1) + fttOlL(x, u, t)dt (2.1.17)



For a small variationdt; of t;, we have

VOt oty + dty) = VI(R(t, +dty),  + dty) + [

L(x,u,t)dt (2.1.18)
The first term in (2.1.18) can be expanded into second order as
VI(&(ty + dty), ty +dty) = VI + VM dx(ty) + Vitde, + % (dx(t,)TVirdx(t) +

2yt d, (2.1.19)

2 ting

where dx(t;) £ £(t; + dt;) — x(t;) = f1dt; + % (fA + A fi + fut a7 )de,? +
o(dt;?) (2.1.20)

The second order expansion of the second term is derived as follows by distinguishing the
case of dt; = 0.

If dt; = 0, we have

ft1+dt1 L(J’C\ ) ﬁ,t) = ftt;l L(x, Uu, t)dt + ft1+dt1 L(X', u, t)dt

to t1

= ftzl L(x,u, t)dt + L'~dt, + %dtlL%c_dx(tl) + %dtll’%‘_du(tl) *

~L37d(t;)>? (2.1.21)

if dt, < 0,we have f;”dtlL £,4,t) = fttolL(x, w)dt + [T L, )dt =

t1

fttol LCxw, O)dt + Ldty + 2 dty Ly dx(ty) + 5 dty L du(ty) + 5 L2 + d(£)?

(2.1.22)

which has same expression as (2.1.21) for dt, >0 although the derivation is slightly
different. Note that ,

du(ty) 2 a((t; + dty) —u(ty —)) = ultdt, for dt; = 0.

u'~dt; + o(dt,) fordt, <0

(2.1.23)



VO(xy,to,t,) = VIt + ft? L(x,u, t)dt + VA* dx(ty) + VAT dt, + L' dt; +
1 1 1 _
E(dx(tl))TI/;lx*dx(tl) + Ethl“;ldtlz +dt, Vidx(t,) + EdtlL}c dx(t;) +

~dty L du(t) + 5 Li=dt,? (2.1.24)

— — 1 _ _ — — 1=
=VO(xg, to, 1) + (VA7 + VA + L7)dey +35 [V (P + ff17 + flut +

(W FI7 4 VAL + 2V + L F1 + LW + 14| diy? for all dey,

ity
(2.1.25)
Consider V1% is value function for given nominal value u(t).
We have Vit = V! f1* — [1* (2.1.26)
By differentiating (2.1.25) , we obtain
VAL = —VE () - VAL - 13
thlJtrl — —thf;fH _ Vx1+ft1+ _ L}“L _ (Vx1+fu1+ _ L};’)u“

V1+ — (f1+)TVx1x+ 1+ + (Vxl+fX1+ +L%(+)f1+ +Vxl+ft1+ _
Lt 4+ (VM A+ LDHutt (2.1.27)

By substuting (2.1.25), (2.1.26), (2.1.27) we can write

VO = [ — LM 4 VI (F - f1) (2.1.28)

Vi, =L =L+ VI = T = ) = (R A+ LS = 1)
(AT = A = IO G (AT - AT) - LT - L+
R + LW = (B + L)t

(2.1.29)

2.2 Two or more switching

From second order optimization algorithm ,for switched system two or more
switchings,we neeed more information to derives of V° with respect to t, ’s. Letus
first consider case of two switchings. Assume that a system switches from subsystem 1
to 2 at t, and from subsystem 2 to 3 (¢, < t; < ---.tf). The value function is then,



(to < t; < ---.tr). The value function is then,

VO(xo, to, b tn) = V1(x(ty), 1) + [ L(x,u, t)dt (2.2.1)

= V2(x(ty), t,) + ftfj L(x,u, t)dt (2.2.2)

Definition (Incremental change) : Given any variations dt; and dt,, we define

ox(t), min{t, + dt,} <t < max{t, + dt,} to be incremental change of the state due
to dt; and dt,. In detail see figure 3.

Case 1: dt; = 0,dt, = 0, (see figure 3(a)).In this case ox(t) is defined to be

ox(t) = X —x(t),t €[ty +dty, t,]
y1(t) — x(t),t € [ty, t; +dtq]
x(t) — x(t),t € [ta, t; +dty,] (2.2.3)
Sx(ty+ dl; ) 5"( t2) Sx(t,+ dt, ) Sx( ty+ dt,)
Yi(t) 4 t) yg() f X(l) 2(:)
axtiy 4K . sty &
o \M T ‘ﬁxm ; ‘5"‘ =
x(t) x(t)
1 L — L. R R —_ 1. . i
t ¢+ dt, t; t+ dt, ty t, + dt, tLrdtt,
(a). dt, > 0,dt,>0. _ (b). dt, = 0,dt, < 0.
Sx(t,+ dt,)
Sx(t, + dt ry3(t) Zi), A 25 (t,+ dt Y4(t) 53(“2: o)
X \ - JRAe - X o
B s S 2 T L“%?;’T S Vet
= o Z (1)
| 1 X(t) 1 1 R | 1 X(t) L
t,+ dt t, t, t,+ dt, t, + dt, t, t,+ dtz t,
(c). dt,<0,dt,20. (d). dt, <0,dt,< 0.

Figure 2: The incremental change ox(t) for (a), where y,(t) is solution of

y1(t) = o (®),u(e), t) ,t € [ty,t; + dtq]
y1(ty +dty) = £,(t; +dty)

(2.2.4)

And z(t) is solution of 7z,(t) = fo,(z.(t),1(t),t) ,t € [ty t, + dt,]

z,(t2) = x(ty) (2.2.5)



Case2: dt, >0, dt, <0 (see figure 3(b).)
ox(t) = X(t) —x(t),t € [ty +dty, t, + dt,]

Y2(t) —x(6), t € [ty, ¢4 + dt,]

z,(t)—x(t),te[t,,t, +dt,] (2.2.6)

Y, (t) is solution of v2(t) = Ly, (), u(t),t),t € [ty,t; + dt;]
y,(ty + dty) = 2(t; + dt;) (2.2.7)

And z,(t) is solution of Z,(t) = f2(z,(t), u(t),t) ,t € [ty t; + dt,]
z,(t, +dty) = X(t, + dty) (2.2.8)

Case 3: dt, <0,dt, > 0(see figure 3(c)).
e
ox(t) = X(t) — x(t),t e[t t,]

< R@® —y3(®),t €[ty +dty, t]

X(t) — z5(t), t € [ty ty + dt,] (2.2.9)

Where Y, (t) is solution of | y5(t) = f,(y5(t), (L), t),t € [ty, t; + dty]

y3(t) = x(t;)
(2.2.10)

And z,(t) is solution of Z3(t) = fo(z3(t), 4(t),t) ,t € [ty ty + dt,]

z3(t3) = x(t3)

(2.2.11)



Case 4: dt, <0,dt, <0 see figure 3(d).

~
ox(t) = X(t) —x(t),t € [tq, t, + dt,]

< () —ya(t), t € [ty, 8, + dity]

z,(t) — x(t),t € [t, + dt,, t,]

-
‘ (2.2.12)
where y, (t) is solution of Y.(t) = Ly, (0), (L), t) ,t € [ty,t; + dty]
{
ya(t) = x(t) (2.2.13)
\
And z,(t) is solution of ([ 2,(t) = fo,(z4(0),u(t),t) ,t € [ty ty + d, t5]
1 z4(ty +dty) = R(t, + dty) (2.2.14)

\

Note that 5x(t) defines the between x(t) andx(t) in the time interval where subsystem
2 is active.

Lemma 2.2.1: Let g(t,u) be areal continuous function of pair of variables t € (a, b),
,ueU < R"™ and let u(t), a<t<bbe a piecewise continuos function with values inU .
If  is point in(a,b) at one of the following three conditions satisfied

(@) @ is apoint at which uis continuous and p, q are arbitrary real numbers,
(b) € is a point at which uis continuous and p, q are positive,

(c) @ isapointatwhich uis continuous and p, g are negative ,then we have

Jorae g(t,u(t))dt = &(q — p)g(6,u(6) + o(e) (2.2.15)

Here ¢ is sufficiently small positive number and o(g) is an finite small of higher order

than ¢, i.el@ @:O.
£-0

Lemma 2.2.2: The expressions of 6x(t,) and 6x(t, + dt,) are as follows
8x(t,) = A(ty, t))(f1 — f1Y)dt;, + o(dty) 6x(t, + dt,) (2.2.16)

Sx(t, +dty) = Aty t)(f'™ — f1H)dty + A, t)(f1 — f1H)dtdt,,
(2.2.17)

Where A(t,,t,) is transion matrix for variational time varying equation



y(0) = TEEEOD y (1) (2218)
for y(t) te[t,t,]in (2.2.18) f is coresponding active subsystem vector field in [t,,t,]

and u, x are current nominal input and state.

The forward decoupling principle: If u assumes open loop variations ,then

(@) The value of incremental change ox(t,) at t, will not be dependent upon dt, .
(b) The value of incremental change ox(t,) at t, will be dependent upon dt, .

Lemma 2.2.3:The expression of dxt, is

dxt, = A(ty, t)(f1™ — f10)dty + fE7A(t,, t)(fY — f1H)dtdt, + f27dt, +
other terms

(2.2.19)

Proof: proof is directly from the fact that

dxt, = 8x(t; + dt;) + fo(x(t2), u(t; —), tz)dt; + o(dt;) (2.2.20)

Remark: It is important that dxt, ,we delibrately express the term,

f27A(ty, t) (1™ — f1M)dt,dt, explicitly because it will contribute to the coefficient
dt,dt, as can be seen from the discussions below. We have expressionséx(t,), 6x(t, +

dt,) and x(t,) we are ready to derive the coefficient for dt, dt, in expansion of

VO(XO, to, tl + dtl, tz + dtz) =

VE(R(t, + dty) 1y + dty) + [

L(x (t),u(t), t)dt (2.2.21)

Taylor expansion of first term is

Vz(jc\(tz + dtz), tz + dtz = V2+ + I/xZ+dX(t2) + Vt22+dX(t2) +

> (dx(t)) TV dx(ty) + V2L, dx(ty) + o(dt,)?
(2.2.22)

In (2.2.21) the terms that will possibly contribute to coefficient dt,dt, are those
containing dx(t,). They are Vx“dx(tz),é (dx(t)) Vst dx(ty), d(ty), VELdx(t,) .

(2.2.23)
Substituting dx(t,) into ( 2.2.22) and summing them, we have first term to the
coefficient of dt,dt, as [V2* 2~ + (f2) VA" + VALIA(t, t), (Y — 1) (2.2.24)

For the second term in (2.2.21) we have lemma.



Lemma 2.2.4: The contribution of fttoz L(z (t),a(t), t)dt to the coefficient of dt,dt,
is LAt t1), (f '~ — f1). (2.2.25)

Remark : The above this results stil holds even whent, = t;. Vix 2* which can be

obtained similarly to Vt finally we have

Vt(itz = [V + 27+ (F)VE + Vtzx + LT 1At t), (f = 1)

= [V + (7 =2+ (27 = £2D)TVE + L7 = L3 A t), (F~ = 1)
(2.2.26)

This result can be extended to case of K switchings to relate 6x(t;) anddt, .

The implementation of algorithm

This algorithm is modified version of the conceptual Algorithm 4.1 can be used for
Stage 1 optimization.

Algorithm (Algorithm for stage 1 optimization)

(1) Set the iteration index j =0.Choose an initial £/.

(2) By solving an optimal control problem fort he currené’t (Stage(1)a),find the
coresponding optimal or suboptimal control input u’.

(3) For the currrent ffand its corespondingu‘ supposing that u’assumes poen

loop variations, fin

2 2’
to 22 and at’;(tf)

(4) Use some faesible direction method to update to bef/ < 0,£/*! = £/ +
a’dt/. Set the iteration index j = j+1.

Proof of Lemma 2.2.5:

Casel: dt; = 0,dt, = 0.

t1+dt, ty+dt,

i@, 0, t)dt — f £, 0, 0t

t1

Sx(t, +dt,) = f

ty

Using lemma 2.2.1,

ti+dty
[ A and = AGE). a0, )G + o)

1



ti+dt, ty+dt,

fi(x, 14, t)dt—f fo(%,4,t)dt

t1

Sx(ty +dty) = f

t1

Using lemma 2.2.1,

1+dty PN R .
fttl +dt fi(x,4,t)dt = f,(x(ty), U(ty), ty)dty + o(dt;)

= fi(x(t), u(t; ), ty)dty + o(dty)
= fl7dt; + o(dt;)

Using lemma 2.2.1, (x(t),u(ty), ty)dt; + o(dt,
1 d 1
fttl T e e, )dt = f(x(t), ulty +), t)dt; + o(dt,)

= f17dt; + o(dt,)

Hence 6x(t; + dt;) = (f1~ — f1*)dt; + o(dt;) and we conculude that form
property ofvariational equation that,
Sx(ty) = A(ty, t; + dty)6x(t, + dty) + o(dty)
= [A(ty, t1) + Atydty + o(dt)](f1™ — f1M)dt, + o(dt,)) + o(dt,)
= A(ty, t)(f'~ — f19)dt; + o(dty)
Sx(t, + dty) =

ty+dt, t,+dt,

)+ [, T LG 4OdE -2y () + [ fa(za(0) 0, O)dt

ty+dt, t,+dt;

ox(ty +dty) = 6x(t) + [7 7 (@, @, 0)dt — [7 7 (21(0) , 1, )dt
Ox(ty +dty) = 6x(ty) + fL,(R(t2), u(ty =), t3) — fo(x(t2), u(ty; —), t)dt, +
o(dt,)

= 6x(t,) + ;2 6x(ty)dt, + o(dt,)

= A(ty, t)(f'™ = f15)dty + A, t)(f'™ = f1H)dtdt, +
other terms

Case 2: dt; = 0,dt, <0,

2tdt;
8x(ty + dty) = 2p(8) + [2 7 fo(zo(2) ,w, )t — x(1) +

ftt22+dt2 f2(x(8),u, 0)dt = z,(t; + dt;) — x(t; + dty)



t,+dt,

= 2,(6) + [T fo(za(6) e = x(6) + [ fo(x(0) u 0)de =

t2

2(t) + [ foza(t) w )dt — x(8) + [T fo(x(0) ,w t)de

t2
= 5x(t) + [T fo(22(62) s, 00t — f(x(0), u(®), D)t

= 6x(ty) + f2(z2(t2), u(t, —), t)dt, — fo(x(t2), ulty, —), tp)dt,
+o(dt,)

= 6x(ty)+£2 8x(ty)dt, + o(dt,)
= A(ty, t) (Y™ = f1D)dty + F A, t)(f = f1H)dtdt, +

other terms

Case 3:dt; < 0,dt, =0

sx(ty) = [ & (0,26, O)dt — [T £, (), u®), dt

= fo(x(ty +dty), u(ty +),ut*dty, ty + dty)(—dty) — fr(x(ty + dty),
u(ty +dty), (t; + dty)(—dty) + o(dty)
= f1(x(t), ulty —), t)dty — fo(x(ty), uty +),t)dt; + o(dty)
= (f'7 = f1)dt, + o(dty)
we use last equations,
x(t; +dty) = x(t;) + x (t; —)dt; + o(dt,),
u(t, +dty) = u(t,) +u (t; —)dt; + o(dt;)
And
8x(t;) = ALz, t)8%(tr) + 0(dty) + [2(8) + [T (2 (0), (0), )] ~

t2
z3(t2)

= A(ty, t)(f'~ = f1H)dty + o(dty)

= [2(t) + [ £, (0,800, ] - 23(t2) + [T £,z (0,200, yat

t2

= 8x(t) + [T f,2 (0,200, O)de — [ fo(z: (0, 8(0), )t
= 0x(ty) + fL(X(t2), u(t, —), tr)dt, — fo(x(t2), u(t, —), tz)dt, + o(dt,)

= 6x(t,) + f2~6x(t,)dt, + o(dty)



Cased4:dt; <0,dt, <0

ox(t, +dt,) =
t2+dt2 t2+dt2

[z(&) + [,) 7 o (20, u(®), O)dt] — [x(&) + [0 fo(x(0),u(t), H)dt]

t,+dt;

=8x(t) + [, (20, u(®), O)dt — f,(x),u(t), t]dt

= 6x(tz) + f2(z4, u(ty —), tp) — f(x(t2), ult, —), t2)]dt, + o(dty)
= 6x(t,) + 2~ 6x(ty)dt, + o(dty)

Proof for Lemma 5.4: Note that

ty+dty

f L(%, 4, t)dt

to
t,+dt,

L(%, 1, t)dt+f L(x + 8%, 4, t)d

maX{tl,tl +dt1}

j- max{tl,tl +dt1}
0

Case 1: f;ﬁdtz L(%,q,t)dt

ty+dt, A B
fmax{t1.t1+dt1} L(x,a,t)dt =

ty+dt;

[ferdts L(x + 6%, 6)dt + [77% L(%, 0, t)dt

max{tq,t1+dt,} t
§x(t) = A(t, t)(f*~ — f1)dty +o(dty), a(t) = u(t)
[ L@z (), 2(6), )dt = L(R(t2), ult, —)dt, + o(dt,)

t2

= L(x(ty), u(ty, —), t)dt, + Li~6x(t,)dt,

Case 2: dt, < 0,x(t) = 8x(t) = x(t) and u(t) = u(t)

ft2+dt2 L(j’ﬁ, t)dt — ft2+dt2

maX{tl,t1+dt1} maX{tl,t1+dt1} L(x + Sx' u, t)dt =

ftz L(x + 6x,u,t)dt + ft2+dt2

maX{tl,t1+dt1} %) L(x + Sx' U, t)dt

ftt22+dt2 L(x + 6x,u, t)dt = L(x(t;) + 6x(t,), u(t, —), ty)dt, + o(dt,) =

L(x(ty), u(t, =), ty)dt, + L2 8x(t,)dt,.



3. TIME DELAY OPTIMAL CONTROL PROBLEM

3.1 Problem Formulation

Consider switched dynamical systems defined in [0, T] with one time delay and N-1
switches:

x(t) = ﬁ-(t,x(t),x(t — h)), t e(ri_lj‘ri], i=12,..,N (3.1.9)
With initial condition x(0) = x,, x(t) = ¢(t), te[—h,0), (3.1.b)

Where x € R™, h is delay time, f;: R**"*1 - R™ i = 1,....,N and ¢:R* - R™ are given
functions. Assume that the switching sequence is preassigned, such as
0:T0<T1<"‘.STN_1 STN =T (312)

where the switching times t;,i =1, ...... N — 1, are decision variables. This approach is
to find a switching vector t = (74, T, ....., Ty—1) Subject to condition (2.2) for time
delayed switched systems(2.1a) and (2.1b) such cost function J(t) = ®(x(T|t))

(3.1.3)

is minimized, where x(T|7) is solutiuon of system (3.1a) and (3.1b) at terminal time
t = T corresponding to the switching vector 7 = (tq, ...., Ty—1)-

Remark

If the cost function is given by

J=@)= d)(x(TIT))+f0TL(t,x(t|r),x(t — h|1))dt, (3.1.4)
convert it into an objective function of the form (2.3) by introducing an additional state
with dynamics

Xne1(t) = L(t,x(tlr),x(t — hlr)), Xn4+1(0) = 0.
The objective function of (2.4) can be written as
J(¥) = ®(2(T|1)), where £(T|t) = [x(T|7)7, %41 (T|7)]"and
@(Q(Tlr)) = d)(x(TIT)) + X1 (T|7).
We assume that the following conditions are satisfied:
(1) all switching durations are larger than the delay timeh, i. e,
T, —Ti,=h, Vi=12,...,N (3.1.5)

(2) the functions f_i "(t,x(t),x(t — h)),i = 1,2,....,N" and
(D(x(T))are continuously differentiable.



3.2 Problem Formulation and Gradient Formula

To solve this problem we need gradient Formula of terminal cost function with respect
to switching vector 7.

Foreachi =1,..,N, {=t;-1;—y, i=1,....N (3.2.1)
be duration between the switching times t;_, and t; .Clearly that,

T =Y &) i=1,....N (3.2.2)
Let& = (&1, .&,)eR™ be duration vector.

& =0, i=1,...,N (3.2.3)
S & =T (3.24)

The determination of switching vector is equivalent to determination of duration vector.
Also, x(t), which is dependent only on switching instants {z;:7; < t,i = 1,..,N}, can
be viewed as being dependent on duration vector ,i.e,

x(t) = x(t; &, ., &g Jfor te(ri_y 7], i = 1, ..., N. Then,(2.1a),(2.1b) we can write

% (t; gi—l) gi—ZJ reney fl) = fi(tl X(t, Ei—l,fi—Zr very fl)' X(t - hr Ei—lr Ei—Zr ey gl))

te(ti_,7i), i=1,...N (3.2.5a)
With

x(t, i1, Simzr s ) =iy = X(6 6122, o) )le=ry, (3.2.5h)
x(t = hy &y ) = x(riq +E— o &), (3.2.50)

For te(t;_1,T;—1 + h],i = 2,...,N and

x(t)|¢=0 = %o (3.2.5d)
x(t) = ®(¢t), te [—h, 0] (3.2.5¢)
And J(&) = ©(x(T|8)), (3.2.6)

Which x(.|&)is solution of (3.5).
Now this problem can be formulated as;

Given dynamical system (3.2.5) find a duration vector £eRVsatisfying (3.2.3) and
(3.2.4) such that the terminal cost function (3.6) is minimized.This problem referred to
as problem(RP).To solve(RP),we need the gradients of terminal cost (3.6) with respsect
to duration vector ¢.Note that,



0J(§) _ 90(x(T|9) 9x((TI$))

L ) i = 12, N 3.2.7)
We need to able to calculate, Z(01E) 9x(TE)) | 0x((TIE) (3.2.8)
23 0%, 23N

Theorem:
Let y(i) (t),i =1,2,..,N — 1,satisfy the following delay differential equations:

ayO@ _ a o - 2 i
= fia (Y@, 59®) YO + 555 fin (67 ©,59®)) 7O,

dyD ) 9 . (s . F) . (i (i
e = 5an i (£Y'@.50®) Y O + g fira (67 @.50®) 7O @

(3.2.9)

dyD ) 9 , (i . a i ~(i ~(i :
20 = 2 (6510, 590) Y1) + 525 fu (610,700 5O 0) with,

YO Ole=r, = £ (671, 5O©) le=e, (3.2.10a)
y® (t-h)| = 0, (3.2.10)
where

D) = y® (t-h). Then

0x((TIE) _ (1) 0x((TI9) _ . (2) ox((TI8) _ . (N-1)
afl y (T)) afz y (T)l y aEN—l y (T) :

Furthermore w = fu (T,x(T, En-1.8n-2, ....,51)'x(T —h,&n_1&n-2, fl))

N-1

(3.2.11)
Where x(t, fN—1,....,f1) is solution of system (3.5) corresponding to duration vector ¢.

Proof: Note that f;(t, x(t),x(t — h))), i = 1,2..., N, are continuosly differentiable
with respect to their arguments. Thus,by taking the partial differentiation of both sides
of(3.5a) with respect to &;, obtain

T (6611, §0= 3 filt X6 Eimnorn 1) B (6 i) 32 (6 6

# e it X6 im0, B (6 imrenf0)) 55 (6 Eimonens ) WitH

%(t) = x(t — h),since x(t) is dependent on those ¢; such that Zj-zl ¢; < t, itfollows
that

) . . '
a_;(tifj»fj—l;----,fl) =0, ift<Yi_ &, i>k



Let yO(t; & &y, s &) = ;’—;(t; o iens v &),k = 1,2, N — 1.
New Results and Open Problems for Optimal Control Problem
3.3 Switched Systems

Definition: A switched system is a tuple s = (F, D) where F={f;: R" X R™ —
R™, iel'} with f; is the vector field for the ith subsystem
x = fi(x,u).I ={1,2, ..., M} is the set of indices of subsystems.

D=(1,E) is asimple finite state machine which can viewed as directed graph. | serves
as the set of discrete states indexing the subsystems. E € [ x I — {(i,i)|i € [} isa
collection of events. If an event e = (i, j) takes place, the switched system will switvh
from subsystem i to j.

Aswitched system is a collection of subsystems which are related by a switching logic
restricted by D.

The continuous state x and contnuous input u satisfy x € R™ and u € R™. Then
switched system can be described as

X =fye) (x(6), u(t)) (33.1)
i(6) = Y(x(),i(t),0) (33.2)
Where y: R™ X I X R — I determines the active subsytem at time t.

Note: If f;(x,u)=f;(x),Vi € I,then switched system is said to be autonomous.

Definition: For swiched system S, a switching sequence o in[to, tf] is defined as

o= ((tO! eO)l (tll el)l ey (tKl eK))l (333)
WIthO S K < OO,tO S tl S tz S S tK S tf andeo = iO € I,ek = (ik—lrik) € E

fork =1,2,..,K and i; is active in [ty, ti4q) if ), < typ1 ([tx—1, tx] if k=K —1),
and iy, is switched trough at instant t;, if t; = tj,,. For switched system we consider
nonZeno sequences which switch at most finite number of times in[¢,, t;]. For a
switched system to be well behaved ,we generally exclude undesirable Zeno
phenomenon.

Note: In thesis we assume that a switching is external in the sense that it is forced by a
designer.



An optimal control problem

Problem 1 For a switched system S = (D, F),find a switching sequence geX [.t] and
0™ f

an input ueU such that cost functional J = v (x(tf)) + ftsz(x(t),u(t))dt (3.34)
is minimized,where t,,ty and x(t,) = x, are given Y: R™ - R,L: R™" X R™ - R.
This problem is fixed final time,free final state problem.

Two stage optimization

Problem 1 requires the solution of an optimal control input (¢, u*) such that

J(o*,u*) = minaez[to‘tf],usu J(o,u) (3.3.5)

Note that, for any given switching sequence ¢ ,Problem 1 reduces to a conventional
optimal control problem for which we only need to find an optimal continuous input u
as to minimize

Jo(u) = J(o,u). The following lemma provides a way to formulate (5) into a two stage
optimization problem.

Lemma: For Problem 1, if

(1) an optimal solution (¢*, u*) exists and
(2) for any given switching sequence o ,there exists a corresponding u* = u* (o)
such that J,(u) is minimized,then following euations hold

mn - J(o,u) = minges

aez[toltf],ueu [to,tf]

mingey J(o,u) (3.3.6)

Two stage optimization method

Stage 1 Fixing o ,solve the iner minimization method.

Stage 2 Regarding the optimal cost for each ¢ as a function J; = J; (o), minimize J,
with respect to ogeX [t ]

This method is difficult to handle.From here the above method is using.

Algorithm

1. Fix the total number of switching s to be Kand the order of active subsystems,let the
minimum value of ] with respect to u be a function of the switching instants,i.e,
]1 = ]1(t1,t2! ey tK) fOI' K=>0 and then f|nd ]1.

2. (a) Minimize J;with respect to t; t;, ..., tk.



(b) Vary the order of active subsystems to find an optimal solution under K
switchings.

(c) Vary the number of switchings K to find an optimal solution for problem 1.

Note : This algorithm has high computational costs.In practice we usually find
suboptimal solutions with fixed number of switchings by using steps 1,2(a),2(b).

The variational approach to optimal control problems

We derive necessary conditions for optimal control assuming that the admissible
controls are not bounded.

Necessary conditions for optimal control

The problem is to find an admissible control u* which causes the system

x(t) = a(x(t),u(t),t) (3.3.7)

To follow an admissible trajectory x* minimizes the performance measure

J@) = h(x(t;) + ft";f g(x(D),u(t), Hdt (3.3.8)
admissible state and control regions are not bounded also x(t,) = x,, t, are specified.

Usually x isn x 1 state vector and u is m X 1 vector of control inputs. The m control
inputs are independent functions.

Assume that h is differentiable function , then,

h(x(t) tf) = fttof = [h(x(), O] dt + h(x(to), to) (3.3.9)
so performance measure can be expressed as

J@) = [/ {9 Ge(0),u(®),6) + 5 h(x (), O} dt + h(x(to), to) (3:310)

x(ty) and t, are fixed and minimization does not affect the h(x(t,),t,) , S0 we think
about only

Jw) = [ {g (@), u(®), ©) + = [n(x(0), )]} dt (33.11)
Using chain rule of differentiation,
1@ = [ g@,u®,0 + 2 x©,0] 10+ Lo}

(3.3.12)



From differential equation constraints,we form augmented functional

Jaw) = ¥ {g(x(t) ,u(t), t) + [ E (x(D), t)]T #(t) + 22 (x(2), £) +} i (3313)
P (a0, u®), t) - x(t)]
P1(D), ..., pa(t) is lagrange multipliers.
9a(x (), 2(0), u(t), p(£), £) 2 g(x (1), u(®), t) + p" (D[alx(®), u(t), t) — x(t)]
F2@m,0] 20+ 20,0
so that
Ja@) = [/ {ga(x(®), %(6),u(®), p(6), )} dt (33.14)

Assume that t = t; can be specified or free. To determine J, we define
6x,0x,6u, ép, 6tf SO

8aw) = 0 = |32 (x(6), 4 () w' (6) " (1), )| 6%

+ [ga(x*(tf)’x*(tf)'u*(tf)'P*(tf)' tp — % Cer () 2 () w () 07 (87), tf)]T"C*(tf)l Sty

{Haga (e ()5 () () (), -

aga 2 (" (), % () w () 0 (t), tf)] ]5x(t) +

aga 29 (" (), %" (t) w* (t), 2" (tr), tf)] sut) +

["’g“ (e ()4 () (1), (1) 17)] 8] (3315
Notice that u(t) and p(t) do not appear.
aa_x [[3—2 G (8), t)]T (6 + 2 (e (1), t)] - %{:_x [[Z_: (x*(t),t)]Tx*(t)]}

(3.3.16)
Writing out the indicated partial derivatives gives us

[—(x ), t)]x(t)+[—(x ®), t)]——[ (x*(b), t)] (3.3.17)

ato

With applying chain rule

0%h 0
l ACHOF t)lx (®) +l (x*(2), )l I ACHOP t)lx (t) = Iata (x*(2), t)l



1f assume that second order partial derivatives are continus,the order of differentiation
can be interchanged ,and these terms add to zero.In the integral term ,

I {[[Z—i CHORNO? t)]T +p T[22 0 (0,1 (1), 0] - L [-p T (0] 6x(0) +
[[Z—i @ (©O.0] +p7O [2 6,0 @, t)” su(t) + [[alx (0), u*(¢) —
x*(t)]T]6p(t)} dt. (3.3.18)

This integral must vanish on extremal regardless of the boundary conditions. First
observe that

x(t) = a(x*(t),u*(t),t)) (3.3.19a)
must be satisfied by an extremal so that coefficient of dp(t) is zero. Lagrange
multipliers are arbitrary so 8x(t)is zero that is

- «T da . * T g, . *
p'(0) = —pT(®) [ (0,0 (0),0] -6 ®,u'(®),0) (3.3.19h)

. ou(t) is independent so its coefficient must be zero
0 * * d * * T *
0=22 (" (1), (), 1) + [S= (" (B, (), )] p7(®) (3.190)
The variation must be zero so
oh T

oh
+ 90 (6) w (tr) ) + 57 (6), 1)

+p T () [alx(tr) v (tr) tr)]| 6t = 0

(3.3.20)

. It is important that these necessary conditions consist of a set of 2n ,first order
differential equations . The solution of the state and costate equations will contain 2n
constants of integration. To evaluate these constants using n equations x*(t,) = x, and
additional set of n or (n + 1) relationships depending on whether or not ¢, is specified
from equation (15). In the following find it convenient to use the function H called
Hamiltonian ,defined as



H(x(®), u(®), p(®),t) 2 g(x(), u(®), t) + p" (O)[alx(t), u(t), t)]. (3.3.21)
We can write necessary conditions:

() = 5 (@ (0,u ©,p" (©),0)
p*(t) = —Z—Z(x*(t),u*(t),p*(t), t) . forall te[to, ts].
0 =22 (x" (1), " (£), p* (1), £) (33.22)
" —/
And

% (), tr) = ()] 6 +

|HGe () w (), 2" ().t + 5 (x (8), )| 8t = 0



CONCLUSION

In thesis, reults for optimal control for hybrid system are reported. We studied optimal
control problems for switched systems in which prespecified sequence of active
subsystem is given. ldea of two stage optimization , proposed method to obtain
accurate values of derivatives that is necessary for stage (b). This method is trancribes
an optimal control problem into an equivalent parametrized by the switching instants
and derives the derivatives based on solution of a two boundary value formed by state,
costate, stationary equations, the boundary and and continuity conditions.

Then, we considered class of optimal control problems governed by switched systems
with time delay. We parametrized switching instants and derived the required gradient
of cost function, which some delay differential equations are required to be solved
forward in time.
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