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ABSTRACT
ARTINIAN WEAKLY SUPPLEMENTED MODULES

ABDULKAREEM, Aram
MSc in Mathematics
Supervisor: Prof. Dr. Rafail ALIZADE
May 2015, 30 pages

In this thesis artinian weakly supplemented modules and totally artinian
weakly supplemented modules are defined and some properties of these modules
are studied. It is proved that homomorphic image, small cover and finite sum
of artinin weakly supplemented modules are artinian weakly supplemented, but
infinite direct sum of artinian weakly supplemented modules need not be artinian
weakly supplemented. A factor module of totally artinian weakly supplemented
modules is also totally artinian weakly supplemented. A module is artinian
weakly supplemented (totally artinian weakly suplemented) if and only if a factor
of it by a linear compact submodule is artinian weakly supplemented (totally

artinian weakly suplemented).

Keywords:- Supplemented, Weakly supplemented, Artinian weakly sup-

plemented, totally artinian weakly supplemented.
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OZET
ARTIN ZAYIF TUMLENEN MODULLER

ABDULKAREEM, Aram
Matematik Yiiksek Lisans
Tez Danismant: Prof. Dr. Rafail ALIZADE
May1s 2015, 30 sayfa

Bu tezde Artin zayif tiimlenen modiiller ve tiimden Artin zayif tiimlenen
modyiiller tanimlanmis ve bu modiillerin bazi 6zellikleri incelenmistir. Artin zay1f
tiimlenen modiillerin homomorf gortintiisii, kiiglik ortiileri ve sonlu toplam-
larmin Artin zayif tiimlenen modiiller oldugu, fakat Artin zayif tiimlenen
modiillerin sonsuz toplaminin Artin zayif tiimlenen modiil olmayabilecegi
kanitlanmistir. Tiimden Artin zayif tiimlenen modiillerin faktdr modiilleri de
tiimden Artin zayif tlimlenendir. Bir modiiliin Artin zayif tiimlenen (tlimden
Artin zayif tlimlenen modiil) olmas: i¢in bu modiiliin bir lineer kompakt alt-
modyiile gore faktor modiiliintin Artin zayif tiimlenen modiil (timden Artin zay1f

tiimlenen modiil) olmasi gerek ve yeterlidir.

Anahtar sozciikler: Tiimlenen, Zayif Tiimlenen, Artin Zayif Tiimlenen,

Tiimden Artin Zayif Tiimlenen.
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INTRODUCTION

Supplement submodules and supplemented modules play an important
role in the investigation of modules. Different types of supplemented modules
(weakly supplemented, cofinitely supplemented etc.) are used to study deep
properties of modules and their submodules. In this thesis we define and study
artinian weakly supplemented modules, that is modules M whose submodules
N with M/N artinian have weak supplements.

The thesis consists of three chapters. In the first chapter we give some
basic definitions, examples and theorems related to abelian groups, modules,
small submodules and some specific modules as artinian, hollow, uniserial and
linear compact. Also it provides the definition of supplement submodule, which
services us a means to define supplemented, weakly supplemented, totally weak
supplemented and cofinitely weak supplemented modules and gives some prop-
erties of these modules.

In the second chapter we give the definition of artinian weakly supple-
mented module, and prove that the homomorphicimage, small cover, finite direct
sum and finitely M-generated of artinian weakly supplemented are also artinian
weakly supplemented. On the other hand we show by example that an infinite
direct sum of artinian weakly supplemented modules may not be artinian weakly
supplemented.

In the third chapter, we define totally artinian weakly supplemented mod-
ules and prove that every homomorphic image of totally artinian weakly supple-
mented module is totally artinian weakly supplemented. We give an example
showing that artinian weakly supplemented modules need not be totally artinian
weakly supplemented. We also prove that an R-module M is totally artinian
weakly supplemented (artinian weakly supplemented) if and only if M/K is to-
tally artinian weakly supplemented ( artinian weakly supplemented ) for a linear

compact submodule K.



CHAPTER 1

PRELIMINARIES

In this chapter, we give some basic definitions, examples and theorems
related to abelian groups, modules and some specific modules as artinian, hollow,
uniserial and linear compact. Alsoit gives the definition of supplemented, weakly
supplemented, totally weak supplemented and cofinitely weak supplemented

modules with some properties of these modules.

1.1. Abelian Groups

Definition 1.1 A group is a nonempty set G on which a binary operation is defined
(a, b) — a % b satisfying the following properties:

Closure:If a and b belong to G, then a * b is also in G;

Associativity: ax (b *c)=(a*b) *cforalla,b,c € G;

Identity: There is an element e in G (which is called a neutral element) such that a * e =
exa=aforalainG;

Inverse:If a is in G there is an element a*in G such that a % a*=a' *x a=e.

A group G is abelian if the binary operation is commutative, i.e., a % b = b * a for all

a, b in G. We will consider only abelian groups and use additive notation, that is

the operation will be denoted by + and the inverse element of a by —a.

Definition 1.2 Let G be a group, and let H be a subset of G. Then H is called a subgroup
of G if H is itself a group, under the operation induced by G.

Definition 1.3 Let G be a group, and let a be any element of G. The set (1) = {x €
G | x = na for some n € Z} is called the cyclic subgroup generated by a. The group G

is called a cyclic group if there exists an element a € G such that G = (a). In this case a

is called a generator of G.

Definition 1.4 Let a be an element of the group G. If there exists a positive integer n

such that na = e, then a is said to have finite order, and the smallest such positive integer



is called the order of a, denoted by o(a). If there does not exist a positive integer n such

that na = e, then a is said to have infinite order.

Definition 1.5 A is called torsion or periodic group, if every element of A is of finite

order.

For a group A and an integer n > 0, let A[n] ={a € A | na = 0}. Thus g € A[n] if
and only if o(g)|n. Clearly, A[n] is subgroup of A.

Definition 1.6 A group A is called n-bounded if it satisfies nG = 0. A group A is

bounded if it is n-bounded for some n 0.

Definition 1.7 A group D is called divisible if n|a for all a € D and all positive integers

n.

Thus a group D is divisible if and only if nD = D for every positive n. The groups
Q, Zyp~) and Q/Z are examples for divisible groups, but a direct sum of cyclic

groups is not divisible.

1.2. Module and submodule

Definition 1.8 Let R be a ring with identity 1, M be an abelian group and
f:RX M —— M, (f(r, m)=rm) bea function wherer € R, m € M. Then M is
called a left R-module (or a module in brief ) if the following are satisfied:

(i) r(m + n) = rm +rn for every r € Rand m,n € M.

(ii) (r + s)m = rm + sm for every r,s € Rand m € M.

(iii) (rs)m = r(sm) for every r,s € Rand m € M.

(iv) 1.m = m for every m € M.

Definition 1.9 A subset N of an R-module M is called a submodule if N itself is a

module with respect to the same operations. Notation: N < M.

Definition 1.10 Let M be an R-module and N be a submodule of M. The set of cosets
M/N ={x + N | x € M} is a module relative to the addition and scalar multiplication
defined by (x + N) + (y + N) = (x + y) + N, r(x + N) = rx + N. The resulting module
M/N is called a factor module of M by N.



Lemma 1.1 (Modular Law) Let K, N, L be submodules of M and N < K then

KN(N+L)=N+Kn L.
Proof (S)Letk &€ Kn (N +L). Then k can be represented as k = n + [ for some
ne N,l€L.SinceN<c K,nc€ Kwehavel=k—n&€ K+ N < K+ K=K. Hence
leKNLandk=n+l€ N+Kn L.

(2) Obvious. m

1.3. Isomorphism

Definition 1.11 If M and N are two modules, then a function f : M —— N is a

homomorphism in case forall v, s € Rand all x, y € M
flx+sy)=rf@)+sfQy)
If N = M, then the homomorphism f is called endomorphism.

Definition 1.12 A homomorphism f : M —— N is called an epimorphism if it is onto.

1t is called a monomorphism if it is one-to-one .

Definition 1.13 Kernelof f: Kerf = {m € M | f(m) = 0} € M. Imageof f:
Imf={f(m)| me M} < N.

So it can be easily verified that fis an epimorphism if and only if Im f= N,

and f is an monomorphism if and only if Ker f = 0.

Definition 1.14 A homomorphism f is called an isomorphism if it is both an epimor-

phism and a monomorphism (i.e. it is a bijection).

Theorem 1.1 Factorization Theorem
Let f : M —— N be a homomorphism of R-module. If U is a submodule of M with

U < Ker f, then there is a unique homomorphism f : M{U —— N with f = g f, i.e. the
following diagram is commutative:

f

Ar 3

8 /
f'

M/u
Moreover, Im f =Im f and Ker f = Ker f/U.



Theorem 1.2 Fundamental Homomorphism Theorem

Let M and N be left R-modules and f : M —— N be a homomorphism, then
M/ Ker f+1Im f.
If f is an epimorphism, then M/Ker f+ N.

Theorem 1.3 Second Isomorphism Theorem

If N and K are submodules of M, then
(N + K)/K + N/(N N K).

Theorem 1.4 Third Isomorphism Theorem

IfK < N <M, then
(M/K)/(N/K) + M/N.

Definition 1.15 An R-module M is called finitely generated if there exist elements

mi, Mo, ..., M, € M so that each m € M can be written as
m=ammi+amy+...+am,
for some ay, az, . . . , a, € R. The elements my, my, . . . , myare called generators of M.

One important property should be pointed out immediately: Any factor
of a finitely generated module is also finitely generated. Indeed, if my, . . ., m,

generate M then the cosets m; +N, ..., m,+ N generate the factor module M/N for

every N < M.

Defirll_ition 1.16 Let M be an R-module and {N; | i € I} be a set of submodules of M.
M= 1Ni is called internal direct sum (or direct sum) if the following conditions hold:

1. M=’ N,
i€l

2. Foreveryj €1, N; ﬁc’, N;=0
ij

L
Then M =  Njis also said to be a decomposition of M.

i€l
Definition 1.17 Let M be an R-module. A submodule A is called direct summand of M
if M= A & B for some submodule B = M.

Definition 1.18 Let M be an R-module. Then an R-module N is called (finitely) M-

generated if it is a homomorphic image of a (finite) direct sum of copies of M.



Definition 1.19 A sequence

fn+1 fn
—— My ——M,—— M- ...

of modules {M,},ez and homomorphisms { fu}nez is exact if Im f,+1 = Ker f, for each

ne’lz

A sequence 0 —— A —— B of R-modules is exact if and only if f is one-
8
to-one, and a sequence B —— C —— 0is exact if and only if ¢ is onto. ~ An exact

sequence of the form
f 8
is said a short exact sequence. In this case, fis a monomorphism and g is an

epimorphism, soIm f + A and C + B/Im f. Thus we can assume that A < B and
say C + B/A.

1.4. Small Submodule and Radical

Definition1.20 Let M be an R-module. A submodule K of M is small (superfluous) in
M if for all proper submodules L of M, L + K ¢ M holds. Small submodule is denoted by

K« M.

Definition 1.21 An epimorphism f: M —— N is called small if Ker f « M. In this

case a module M is called a small cover of a module N with small epimorphism f.

Lemma 1.2 (Wisbauer, 1991) Let M, N and L be R-module. Then:

1. An epimorphism f : M —— N is small if and only if everyhomomorphism g : L —— M
with epimorphism f g is epimorphism.

2.Iff: M —— N ;g: N —— Lare two epimorphism, then g o f is small if and only if f
and g are small, i.e. Ker(g o f) « Mifand only if Ker f « Mand Ker g « N

Definition 1.22 Let M be an R-module. A submodule N of M is called a minimal
(simple) if N C 0 and there is no proper non-zero submodule of N, that if 0 < N < M
then either N = 0 or N = M. N is called a maximal submodule of M if N is proper and
there exists no other proper submodule K of M such that N C K, that if N < K < M then
either K=Nor K= M.



Definition 1.23 Let (Tq)aca be an indexed set of simple (minimal) submodules of M. If

M is the direct sum of this set, then

L
M= Tjq
A

is a semisimple decomposition of M. A module M is called semisimple in case it has a

semisimple decomposition.

Theorem 1.5 For an R-module M, the following statements are equivalent:
(a) M is semisimple;

(b) M is generated by simple modules;

(c) M is the sum of some set of simple modules;

(d) M is the sum of its minimal (simple) submodules;

(e) Every submodule of M is a direct summand.

Definition 1.24 Let M be an R-module. The radical of M is the sum of all small
submodules of M, equivalently intersection of all maximal submodules of M. The radical

of M is denoted by Rad(M).

Lemma 1.3 Let M be an R-module and K = L and L; (1 < i < n) be submodules of M
for some positive integer n. Then the following hold:
1. L « Mifandonly if L+ N C M for any proper submodule N of M.
2. Let L « M, then any submodule of L is also small in M.
3. L « Mifandonlyif K « Mand L/K « M/K.
4. Li+Ly+---+L, «Mifandonlyif L; « M(1 <i < n).
5. If M'is an R-module and ¢ : M —— M"is a homomorphism, then ¢(L) « M"
whenever L « M.
6. If Lisadirect summand of M, then K « Lifand only if K « M.
Proof 1. (=) Suppose that L + N = M, then by definition of small submodule
N =M.
(<) Assume that L+ N = M but by assumption this is true just for the case N = M.
2. LetK<Land K+ X=M. Thenwe get L + X =M. Since L « M, it
follows that X = M and this implies K « M.
3. (»)Let K+ N =M forsome N < M. Since K < Lwehave L+ N =M.
Thus N = M since L « M. Hence K « M.



LetL/K+T/K = M/Kforsome T < M containing K. Then L+ T = M. Since L « M
we have T = M and this implies that T/K = M/K. Thus L/K « M/K.
(<)LetL+ N =M for some submodule N of M. Thus L/K+ (N + K)/K = M/K.
Since L/K « M/K, (N +K)/K=M/K= N+ K =M. Since K « M, N =M. Hence
L « M.

4. (=) LetL;+N = M for some submodule Nof M. Fori Cj(j =1, 2, ..., n),
Li+L,+ +L;+ - +L,+N = M. By hypothesis, Ly +L,+ - +L, « M,soN =M
then ~ ici L;+ N = M, therefore L; <« M.

(«<)LeteachL; « Mand Li+Ly+:+ +L,+N = M. SinceL; «< M, L+ +L,+N = M.
Then since L, « M, L3+ - - - + L, + N = M. Continuing in this way we get N = M,
therefore Li+L,+ - - - +L, « M.

5. Let §(L) + N = M" for some submodules N € M'and L € M. M =
¢~ (M") = ¢7H(D(L)+N) = ¢~ (D(L) + ¢ (N) = (L+Ker ¢) +¢~'(N) = L+¢~'(N).
Since L « M, ¢ '(N) =M. M'=¢(L)+ N < ¢(M) + N=d(¢"'(N)) + N < N, so
M'= N. Hence ¢(L) « M".

6. (=) Let K+ T = M for some submodule T of M. Then (K+T) N L =L.
By Modular Law, K+(TNL)=L. Since K« L, TNL=L=LcT. SinceK<SL,
KcTie M=K+T=T=>M=T= K« M.

(<) Let K « M. Suppose Lis a direct summand of M. There exists a submodule
Nof MsuchthatL+ N=Mand L NN =0. Let K+ T = L for some submodule T
of LM=L+N=K+T+N.Since K« M, T+ N =M. Then by Modular Law
L=(T+N)NL=T+NNL.SinceNNL=0,L=T, therefore K « L. O

1.5. Artinian Modules

Definition 1.25 An R-module M is called artinian if every non-empty set of submodules

has a minimal element.

Theorem 1.6 (Kasch, 1982)Let M be an R-module and A be a submodule of M. The
following properties are equivalent:

1. M is artinian.

2. A and M/A are artinian.

3. Every descending chain A1 D Ay D Az D - - + of submodules of M satisfy descending



chain condition, i.e. every descending chain of submodules of M is stationary.

4. Every factor module of M is finitely cogenerated.

5. Inevery set{A; | i € I} C @ of submodules A; C M there is a finite subset {A; | i € Ip}
(i.e. finite Iy C I)with

iel iel
Example 1.1 1. A module with only finitely many submodules is artinian. In particular,
finite abelian groups are artinian over Z.
2. Finite dimensional vector spaces V are artinian, as every submodule is a subspace with
dimension less that or equal to dim(V). However, infinite dimensional vector spaces are
not artinian. For, suppose V is infinite dimensional vector space over the field K with
basis B. Let u; € B for all i € N be distinct elements in B. Define U, = (U, ttp+1, . ..) as
a subspace of V.. Then U1 G U, C - - - is an infinite descending chain of subspaces.
3. Zz1s not artinian.

ZC2)CHWCPO®C- - -

is a non-stationary descending chain of Z-submodules of Z.

Corollary 1.1 Every non-zero artinian module contains a (simple) minimal submodule.

Proof Let M be anon-zero artinian R-module. Let F be a family of all proper

submodules of M. Then (0) € F = F ¢ . Then F has a minimal element, say,

N. Clearly N is a minimal submodule of M. O

Corollary 1.2 Sum of finitely many artinian modules is artinian.

Proof LetM; M,, ..., M, be artinian modules over the same ring R. Let

M = 7_; M, Proofisby induction onn. Forn = 1, there is nothing to prove.

Suppose the result holds for m < n. Now M = ~""'M; + M,. Let N = ~""' M,
=1 =1

Then by induction hypothesis N is artinian. Now
M N+M, M,
N~ N “NnM,

is artinian. As M/N and N are artinian, by Theorem 1.6, we get M is artinian. O



Note that this implies that the direct sum of finitely many artinian modules

is artinian. However, this does not hold for an infinite direct sum.

1.6. Hollow, Uniserial and Linearly compact Modules

Definition 1.26 Let M be an R-module. If every proper submodule of M is small in M,

then M is called a hollow module.

Proposition 1.1 (Clark et al., 2006) For M the following are equivalent:
1. M is hollow.

2. Every non-zero factor module of M isindecomposable.

f 8
3. For any non-zero modules K and N and any morphisms K — M —— N, if fo g is

surjective, then both fand g are surjective.
Note that factor module of hollow modules are again hollow.

Definition 1.27 A module is called local if it has a largest proper submodule. Equiv-
alently, a module is local if and only if it is cyclic, non-zero, and has a unique maximal

proper submodule.

Definition 1.28 Let M be an R-module. M is called uniserial if its submodules are

linearly ordered by inclusion.

Definition 1.29 A submodule K of a nonzero module M is said to large or essential

(KB M) if KN L CO for every nonzero submodule L < M. If all nonzero submodules of
M are large in M, then M is called uniform.

The following proposition gives some characterizations of uniserial mod-

ule.

Proposition 1.2 (Clark et al., 2006) Let M be an R-module. The following are equiva-
lent:

(a) M is uniserial;

(b) Every factor module of M is uniform;

(c) Every factor module of M has zero or simple socle;

(d) Every submodule of M is hollow;

10



(e) Every finitely generated submodule of M islocal;

(f) Every submodule of M has at most one maximal submodule.

Definition 1.30 Let M be an R-module. M is called linearly compact if for every family
of cosets {x; + Mile, xi € M, and submodules M; C M (with M[M,finitely cogenerated)
such that the intersection of any finitely many of these cosets is not empty, then also

T
gxi+ M) ¢ Q.
The following lemma gives some properties of linearly compact modules.

Lemma 1.4 (Wisbauer, 1991) Let N be a submodule of the R-module M.

1. Assume N to be linearly compact and M,ce to be an inverse family of submodules of

M. Then
N+ NegM; = ﬂ(,(N+ Mi)

2. M is linearly compact if and only if N and M/N are linearly compact.

1.7. Supplement and Supplemented Modules

Definition 1.31 Let U be a submodule of the R-module M. A submodule V of M is

called a supplement or addition complement of U in M if V is a minimal element in the

set of submodules L C M with U+ L = M.

Remark 1.1 Zero submodule is a trivial supplement of every module.

Lemma 1.5 V'is a supplement of U in M ifand only if U+ V=Mand UNV « V.
Proof (=) LetVbe asupplementof Uin M such that M =U + V. Suppose
UnV)y+X=VforsomeX <V, thenM=U+V=U+UNV)+X=U+X. By
minimality of V, X=V. Thus U NV « V.

(¢)LetM=U+Vand UN V « V. Suppose M = U+ Y forsome ¥ & V.
V=MnNnV=U+Y)n V=(UnN V)+Yby Modular Law. Then Y = V since
UNV «V.Hence Visasupplement of U in M. m

11



The following propositions gives some properties of supplement.

Proposition 1.3 (Wisbauer, 1991) Let U, V submodules of R-module M. Assume V to
be a supplement of U in M. Then:

1. If W+ V=M for some W C U, then V is a supplement of W also.

2. If M is finitely generated, then V is also finitely generated.

3. If Uis a maximal submodule of M, then V is cyclic and U N V = Rad(V) is a (the
unique) maximal submodule of V.

4. If K « M then, V is a supplement of U + K.

5. IfK « M, then VN K « Vand Rad(V) =V N Rad(M).

6. IfRad(M) « M, then U is contained in a maximal submodule of M.

7.IfL < U, V+L/Lis asupplement of U/L in M/L.

8. IfRad(M) « M or Rad(M) < U and p : M —— M/Rad(M) is canonical epimor-
phism, then M/Rad(M) =p(U) & p(V).

Definition 1.32 If for every V. C M with U + V = M there is a supplement V* of U
such that V' € V, then it is said that U has ample supplements in M.

Lemma 1.6 (Wisbauer, 1991) Let U be a linearly compact submodule of an R-module
M. Then U has ample supplements in M.

Proof Let U, V S M such that U is linearly compact and M = U + V. Define
Fr={Viev|Uu+V=M}LT COsince Ve T. Take a chain {V)\} in . It is an
inverse family of submodules V) since {V)} is a chain. T V) is a lower bound for
{\l. U + (T Vy) = (U + V)) = M by the property of linearly compact module.
Thus V) €. By Zorn’s Lemma there is a minimal element K in ' such that
M = U+KsoKisasupplement of U and K € V. Hence U has ample supplements
in M. O

Definition 1.33 Let M be an R-module. If every submodule of M has a supplement, M

is called a supplemented module.

Clearly semisimple modules are supplemented. Every artinian module is
supplemented. Really, if U is a submodule of M then there is a submodule V of
M such that U + V = M. Suppose there is a submodule V; of V with U + V = M,

12



U+Vi=Mand V;C V- - - continuing in this way we have a descending chain
of submodulesV >V, >V; > - >V, - - Butsince Misartinian, this sequence is
finite. Denote the module at the end by V.. Therefore V,, is a supplement of U in
M. Note that hollow module is supplemented since every proper submodule is
small. Since local module is hollow, a local module is supplemented.

The following proposition gives some properties of supplemented mod-

ules.

Proposition 1.4 (Wisbauer, 1991) For an R-module M, the following properties hold:
(i) Let U and V be submodules of M such that U is supplemented and U + V has a
supplement in M. Then V has a supplement in M.

(ii) If M = My + Mo with My and M, are supplemented modules, then M is also
supplemented.

(iii) If M is supplemented, then

(a) Every finitely M-generated module is supplemented.

(b) M/ Rad(M) is semisimple .

Proposition 1.5 (Top, 2007)Let R be a ring and M be an R module with N = M. If in

the exact sequence
0O-——-N-—-M-—M/N—--20

N, M/N are supplemented and N has a supplement in every H with N € H S M, then
M is supplemented.

Definition 1.34 A submodule N of an R-module M is called cofinite if the factor module
M]/N is finitely generated.

Definition 1.35 An R-module M is called cofinitely supplemented if every cofinite
submodule of M has a supplement in M.

Clearly supplemented modules are cofinitely supplemented. Moreover,
the class of cofinitely supplemented is closed under homomorphic image and
any direct sum by (Alizade et al., 2001). Let M be any module, then Loc(M) will
denote the sum of all local submodules of M and Cof(M) the sum of all cofinitely
supplemented submodules of M. The following Theorem give a characterization

of cofinitely supplemented module.
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Theorem 1.7 (Alizade et al., 2001) Let R be any ring. The following statements are
equivalent for an R-module M.

1. M is cofinitely supplemented.

2. Every maximal submodule of M has a supplement in M.

3. The module Loffv)does not contain a maximal submodule.

4. The module CO]‘}ﬁI(T)does not contain a maximal submodule.

1.8. Weakly Supplemented Modules

Definition 1.36 Let M be an R-module and U, V submodule of M. Then V' is called a
weak supplementof Uin M, if U+ V =Mand U NV « M.

Definition 1.37 Let M be an R-module. M is called a weakly supplemented module if

every submodule of M has a weak supplement in M.

Example 1.2 Supplemented, artinian, semisimple, linearly compact, uniserial and hol-

low modules are weakly supplemented modules.

Lemma 1.7 (Alizade and Biiyiikasik, 2003) If f : M — N is a homomorphism and a
submodule L containing Ker f is a weak supplement in M, then f(L) is a weak supplement
in f (M).

Proof If L is a weak supplement of K in M then f (M) = f (L + K) = f (L) + f (K)
and since L N K « M, we have f (L N K) « f(M) by Lemma 1.3(5). As K 2 Kerf,
f(L) N f(K)=f(L N K).Sof(L)is a weak supplement of f (K)in f(M). O

Proposition 1.6 (Alizade and Bii yii kasik, 2003) If K is a weak supplement of N in a
module M and T « M, then K is weak supplement of N + T in M as well.

Proof Letf : M — (M/N) & (M/K) be defined by f (m) = (m + N, m + K) and
g : (M/N) ® (M/K) — (M/(N + T)) ® (M/K) be defined by g(m + N, m"' + K) =
(m+N+T, m*'+K). Then fisanepimorphismas M = N+KandKer f=NNK « M
as K is a weak supplement of N in M. So f is a small epimorphism. Now
Kerg =(N+T)/N® 0and (N + T)/N =0(T) « (M/N)since T « M, where
0:M — M/Nis the canonical epimorphism. Therefore gis asmall epimorphism.

By Lemma 1.2(1), fgis a small epimorphism, i.e. (N +T) N K = Ker(fg) « M.
Clearly (N +T)+ K=M, so Kis aweak supplement of N + T in M. m
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Lemma 1.8 (Alizade and Biiyiikagik, 2003) If f : M — N is a small epimorphism, then
a submodule L of M is a weak supplement in M if and only if f (L) is a weak supplement
in N.

Proof If L is a weak supplement of K in M then by Proposition 1.6, L + Ker f
is also a weak supplement of K and by Lemma 1.7, f (L) = f (L + Ker f) is a weak
supplement in N. Now let f (L) be a weak supplement of a submodule T of N, i.
e. N=f(L)+ Tand f(L) N T « N. Then M = L + f "}(T). It follows from the proof
of Corollary 9.1.5 in (Kasch) that the inverse image of a small submodule of N is

smallin M. SoL N fXT) < fY(f(L) N T) « N. Thus f~Y(T) is a weak supplement
of L. O

Proposition 1.7 (Clark et al., 2006) The class of weakly supplemented modules is closed

under homomorphic images, finite direct sums and small covers.

Example 1.3 Q/Zisa wela_kly supplemented Z-module.

Firstlywrite M:=Q[Z=  M,as thedirect sum ofits (prime) p-components M, :=
p

Z,~. Every submodule N of M is of the form N = - N, where N, =N N M, € M, are
the p-components of N. Since M, is hollow, either N, = M, or N, « M,. Thus N « M
ifamli_only if N, CM,, forall p. If N is nolt_small inM,set N\={p | N, ¢ M,}and
L:= M, ThenN+L=MandNNL= N, «M. HenceLisaweak supplement
of N frj /]\\/I "<

Example 1.4 Q is a weakly supplemented Z-module.

Since Q is a small cover of the weakly supplemented module Q/Z, by Proposition 1.7 Q

is also weakly supplemented module.

Definition 1.38 An R-module M is called cofinitely weak supplemented module if every

cofinite submodule has (is) a weak supplement.

Clearly cofinitely supplemented modules and weakly supplemented mod-
ules are cofinitely weak supplemented. Obviously any finitely generated modules
is weakly supplemented if and only if it is cofinitely weak supplemented. In addi-
tion, by (Alizada and Biiytikasik, 2003) the class of cofinitely weak supplemented

modules is closed under homomorphic image, direct sums, and small covers.The
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following theorem give a characterization of cofinitely weak supplemented mod-

ule.

Theorem 1.8 (Alizade and Bii yii kasik, 2003) For a module M the following statements
are equivalent.

1. M is a cofinitely weak supplemented module,

2. Every maximal submodule of M has a weak supplement,

3. M/cws(M) has no maximal submodules, where cws(M) is the sum of all weak supple-

ments of maximal submodules of M.

1.9. Totally Weakly Supplemented Modules

Definition 1.39 An R-module M is said to be totally weakly supplemented if every
submodule of M is weakly supplemented.

Example 1.5 Artinian, linearly compact, uniserial and semisimple modules are totally

weakly supplemented modules.

Lemma 1.9 Every factor module of totally weak supplemented module is totally weak

supplemented.

Proof Let M be a totally weak supplemented module and N/K be a submodule
of M/K for some submodule N which contains K. Since M is totally weak sup-
plemented N is weakly supplemented. Hence N/K is weakly supplemented as a
factor module of weakly supplemented module. Therefore M/K is totally weak
supplemented module. O

Totally weak supplemented modules are weakly supplemented but con-
verse does not hold in general. The Z-module Q is weakly supplemented. Sup-
pose that Z is weakly supplemented. Take any integer n > 1. ThennZ has a
weak supplement mZ in Z, thatisnZ+ mZ = Z and [n,m]Z = nZ " mZ « Z.
Take any prime integer p that doesnotdivide [n,m]. Then[n,m]Z+pZ =2, so
[, m]Z isnot smallin Z. Contradiction, so the submodule Z of Q is not weakly

supplemented, therefore Qis not totally weak supplemented.
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CHAPTER 2

ARTINIAN WEAKLY SUPPLEMENTED MODULES

In this chapter, we define artinian weakly supplemented module, and
prove that the class of artinian weakly supplemented modules is closed under
homomorphicimage, small cover, finite direct sum and finitely M-generated. Also
we prove by example that an infinite direct sum of artinian weakly supplemented
modules may not be artinian weakly supplemented. In addition we give theorem
such as example to show that artinian weakly supplemented module will not be

weakly supplemented in general.

Definition 2.1 Let M be an R-module. A module M is said to be artinian weakly
supplemented module if for every submodule N of M where M/N is artinian N has a weak
supplement in M.

Example 2.1 Supplemented, artinian, semisimple, linearly compact, uniserial and hol-

low modules are artinian weakly supplemented modules.

Proposition 2.1 Every factor module of an artinian weakly supplemented module is

artinian weakly supplemented.

Proof Let M be an artinian weakly supplemented module and N be a submodule
of M. Suppose that L/N < M/N where N < L < M and (M/N)/(L/N) is artinian.
Note that M/L + (M/N)/(L/N), by third isomorphism theorem, so M/L is artinian.

Since M is artinian weakly supplemented, L has a weak supplement K in M, i.e.

M=L+Kand L N K « M. It follows that
M/N =(L+ K)/N=L/N+ (K+ N)/N
Since L N K « M and by Lemma 1.3(5)
L/NNn (K+N)/N=(Ln (K+N))/N=(N+ (Kn L))/N « M/N

Therefore M/N is artinian weakly supplemented. O
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Corollary 2.1 A homomorphic image of an artinian weakly supplemented is artinian

weakly supplemented.

Proposition 2.2 A small cover of an artinian weakly supplemented module is artinian

weakly supplemented module.

Proof Let N be an artinian weakly supplemented module and f : M —— N be
a small epimorphism. Let L be submodule of M such that M/L is artinian. By
factor theorem we have the epimorphism g : M/L —— N/f(L), therefore N/f(L) is
artinian and since N is artinian weakly supplemented, f(L) has weak supplement
in N. By Lemma 1.8, L also has a weak supplement in M. Thus M is artinian

weakly supplemented. O

Corollary 2.2 Let N « M and M/N be artinian weakly supplemented. Then M is

artinian weakly supplemented.

Corollary 2.3 Suppose that M is an R-module with RadM « M and M/RadM is

artinian weakly supplemented. Then M is artinian weakly supplemented.

Lemma 2.1 Let N and L be submodules of R-module M with artinian weakly supple-
mented L and artinian M/N. If N + L has a weak supplement in M, then N also has a

weak supplement in M.

Proof Let K be a weak supplement of N + Lin M, i.e.

M=K+N+Land KN (N+L)«M

By 2ed and 3rd isomorphism theorem

L _L+N+K M M/N

LAN+K) N+K ~N+K (N+K)/N

The last module is a factor of artinian module, hence L/(L N (N + K) is artinian.

Since L is artinian weakly supplemented, then L N (N +K) has a weak supplement
HinlL,ie.

L=H+[LN(N+K)] and
HNLN(N+K)=HnN (N+K) «L

Now

M=K+N+L=K+N+H+Ln (N+K) =N+ (H+K)

18



and

NN H+K)<[HN (N+K)]+[Kn (N+H)]
<[HN(N+K]+[KN(N+L)] «M

Therefore H + K is a weak supplement for Nin M. O

Proposition 2.3 Let M = M +M,, where M and M, are artinian weakly supplemented,

then M is artinian weakly supplemented.

Proof Let N be a submodule of M such that M/N is artinian. Then M =

N + M; + M,. Note that
M . M/N

My+ N~ (My+ N)/N

Thus M/(M,+N) is artinian. Since 0 (zero) submodule is a trivial weak supplement

of N + M+ M;and M, is artinian weakly supplemented, thus N +M; has a weak
supplement in M by Lemma 2.1. Since M, + N has a weak supplement and M, is
artinian weakly supplemented again by Lemma 2.1 N has a weak supplement in

M. O

Corollary 2.4 Every finite direct sum of artinian weakly supplemented modules is ar-

tinian weakly supplemented.

Proposition 2.4 Let M be an R-module. If M is an artinian weakly supplemented, then
every finitely M-generated module is artinian weakly supplemented.
Proof Let N be a finitely M-generated module. Then there exists an epimor-

phism f: M" —— N for some positive integer n.
M
M" = Mi s Mi =M
i=1

Since M is artinian weak supplemented, by Corollary 2.4, M" is artinian weakly

supplemented and by Corollary 2.1, N is artinian weakly supplemented. O

Lemma 2.2 Let p be a prime integer, A = @5 (a;) where o(a;) = p'and B « A. Then B

is bounded.

Proof Suppose that B is unbounded. As a subgroup of the direct sum of cyclic

groups B is also a direct sum of cyclic groups: B = ®(b;) Each (b;) can be embeded
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into Z,~ by b;>— c;. Then there is a homomorphism f : B — Z,~ with f (b;) = c.
Since B is unbounded, f is an epimorphism. Z,~ is injective, hence f can be

extended to g: A — Z,~. Since g(B) = f(B)=Im f =Z,~,
A=g ! (Z) =8 (g(B) = B+ kerg

Sowehave gotacontradiction with B « A. O
The following example shows that an infinite direct sum of artinian weakly

supplemented modules need not be artinian weakly supplemented.

Example 2.2 Let p be a prime integer and A = &2, (a;) where o(a;) = pi. Each (@) is a
hollow, so is supplemented, therefore artinian weakly supplemented. We will prove that
A is not artinian weakly supplemented.

Proof Suppose that A is artinian weakly supplemented. Each (a;) can
be embeded into Z,~ by a; >— c¢. Therefore there is a homomorphism
fiA = Zy with f (@) =ci
Clearly fis an epimorphism. Let K = kerf. Since A/K + Z,~ is artinian, Khas a

weak supplementLin A, thatisK+L=Aand KNL « A.

fL)=f(K+L)=f(A)=2Zp

therefore L is unbounded. By Lemma 2.2 KN L is bounded, that is p"(K N L) = 0 for

somen € Z*. Then KN L < L[p"], therefore there is an epimorphism L/(K N L) ——
L/L[p"]. But
L/(KN L)+ (L+K)/K=A/K=*Zp~

so L/L[p"] is divisible. L < A = @~ (g;), therefore L is also a direct sum of cyclic p-
groups; L = &(c;)) with o(c;) = p™. Then
LIp"1 = &(edp"] = @m»n(p™ "ci)

therefore
L/L[Pn] - eami>71(C1')/(Pmi_nci)+ 69mz‘>n(di)

where o(d;) = p™". So L/L[p"] is reduced. Then L/L[p"] = 0, thatis L = L[p"] is

bounded. Contradiction. So A is not artinian weakly supplemented. O
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The following theorem gives an example of an artinian weakly supple-

mented Z-module that is not weakly supplemented.

Theorem 2.1 QN is an artinian weakly supplemented Z-module, that is not weakly
supplemented.

Proof LetM = QWM and K < M such that M/K is artinian. Then there is a finite
set ] such that M = K + QU). Since ] is finite and Q is weakly supplemented, then
QY is weakly supplemented. Let L be a weak supplement of KN Q¥ in QY. Then

L+KNnQP=QVYand LN KN QV=KN L « Q¥

We get
M=K+QV=K+L+KnQV=K+L
and
KNL«QP <M

Hence L is a weak supplement of K in M, therefore M is artinian weakly supple-

mented.

Now, suppose that Q™) is weakly supplemented. Let ZM < Q™). Then
QM/Zz™ +(Q/Z)™

is weakly supplemented, because factor modules of weakly supplemented are
weakly supplemented. Q™/ZM is divisible and torsion. It has a direct summand

isomorphic to (Z,~)™. We claim that (Z,~ )( is not weakly supplemented;
i=1

(N) :
Suppose the contrary. Let X = &, (@), la| =p . Then X< (Zw~) -Soithasa
weak supplement, say A. Then X + A = (Z,~)™ and X N A « (Z,~)™. Since
X N Ais small and torsion, it is bounded, that is p*(X N A) = 0 for some n € Z*.

Since
X A (Z )( )

XN A XNA  XNA
is divisible, X/(X N A) is divisible. Then p(X/(X N A)) = X/(X N A). Therefore
(pX+(XNA))/(XNA) = X/(XNA), so pX+(XNA) = X. Then p"(pX+(XNA)) = p'X,
that is p(p"X) = p"X. It means that p"X is divisible by p. But it is a p-group, sop"X

is a divisible subgroup of X. Since X is reduced, p"X = 0, that is X is bounded.
Contradiction. So (Z,~ )™ is not weakly supplemented, therefore Q™ also is not

weakly supplemented. O
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Lemma 2.3 Let M be an artinian weakly supplemented module. For every submod-
ule N/RadM of M/RadM with (M/RadM)/(N/RadM) artinian, N/RadM is a direct

summand.

Proof Note that
M . M/RadM

N N/RadM

Since M is artinian weakly supplemented, then N has a weak supplement K in M,

is artinian

ie M=N+ Kand N N K « M. Since M = N + K+ RadM we have

M N K+ Radm
= +
RadM  RadM RadM

Since N N K < RadM, N N (K + RadM) = (N N K) + RadM < RadM. Then from
N K+ RadM N N (K+RadM) RadM

RaM | TRaM  RadM  RadM
It follows that
M N K+RaM
RadM ~ RadM & " RaaM
as required. O

Theorem 2.2 Let 0 — L —— M —— N —— 0 be a short exact sequence of R-modules
L, M, N. If L and N are artinian weakly supplemented and L has a weak supplement in
M, then M is artinian weakly supplemented.

Proof Without loss of generality we will assume L < M. Let S be a weak

supplement of Lin M, i.e. L+ S=Mand L N S « M. Then we have,
M/(LNS)+=L/(LNn S)y® S/(LNS)

L/(LNS) is artinian weakly supplemented as a factor module of L which is artinian

weakly supplemented. On the other hand
S/(LN S)+(S+L)/L=MJL+N

is also artinian weakly supplemented. Then M/(L N S) is artinian weakly supple-
mented module as a sum of artinian weakly supplemented modules. Therefore

M is an artinian weakly supplemented by Proposition 2.2. O
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Proposition 2.5 Let M be an R-module. M is artinian weakly supplemented if and only
if M/K is artinian weakly supplemented for a linearly compact submodule K of M.
Proof (=) Clear.

(<) Consider the following exact sequence:
0-—— K-——M-— M/K—-—0.

with K linearly compact and M/K artinian weakly supplemented. Since K is
linearly compact it is artinian weakly supplemented. By Lemma 1.6, K has an
ample supplement in M, therefore K has a weak supplement in M. Hence M is

artinian weakly supplemented by Theorem 2.2. O

Proposition 2.6 Let M be an R-module. M is artinian weakly supplemented if and only
if M/U is artinian weakly supplemented for a uniserial submodule U of M.

Proof (=) Clear.

(<) Consider the following short exact sequence:
0O——-U-——M-—M/U--0.

Since U is uniserial, it is hollow by Proposition 1.2 so U artinian weakly supple-
mented.

Case 1: If U « M, then M is artinian weakly supplemented by Proposition 2.2.
Case2: If U ¢ M, then there is a proper submodule N of M such that U+ N = M.
Since U N N =< U and U is hollow, every proper submodule is small in U, i.e.

UNN « UsoUNN « M. Thus U has a weak supplement in M. Hence M is

artinian weakly supplemented by Theorem2.2. m
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CHAPTER 3

TOTALLY ARTINIAN WEAKLY SUPPLEMENTED
MODULES

In this final chapter, we introduce the definition of totally artinian weakly
supplemented modules and prove that every homomorphic image of totally ar-
tinian weakly supplemented module is totally artinian weakly supplemented.
We give an example showing that artinian weakly supplemented modules need
not be totally artinian weakly supplemented. We also prove that an R-module
M is totally artinian weakly supplemented if and only if M/K is totally artinian
weakly supplemented for a linear compact submodule K as well as for uniserial

submodule.

Definition 3.1 An R-module M is said to be totally artinian weakly supplemented, if

every submodule of M is artinian weakly supplemented.

Example 3.1 Artinian, semisimple, linearly compact and uniserial modules are totally

artinian weakly supplemented modules.

Lemma 3.1 Every factor module of a totally artinian weakly supplemented module is

totally artinian weakly supplemented.

Proof Let M be a totally artinian weakly supplemented module and N/K be a
submodule of M/K for some submodule N which contains K. Since M is totally
artinian weakly supplemented, N is artinian weakly supplemented. Hence N/K
is artinian weakly supplemented as a factor module of artinian weakly supple-
mented module. Therefore M/K s totally artinian weakly supplemented module.

O

Corollary 3.1 Every homomorphic image of a totally artinian weakly supplemented

module is totally artinian weakly supplemented module.

Totally artinian weakly supplemented modules are artinian weakly sup-

plemented but converse does not hold in general. ~ The Z-module Q is weakly
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supplemented, so it is artinian weakly supplemented. But Z-module Q isnot
totally artinian weakly supplemented. For this take the submodule Z of Q. We
must show that Z is not artinian weakly supplemented. Take any integer n > 1.
Z[nZ is artinian. Suppose that nZ has a weak supplement mZ in Z, that is
nZ+mZ=2Zand [n,m]Z=nZ N mZ « Z. Take any prime integer p that does
not divide [n,m]. Then [n,m]|Z+pZ =2Z, so [n,m]Zis not smallin Z. Contra-
diction, sothe submodule Zof Qisnotartinian weakly supplemented, therefore

Z-module Q is not totally artinian weakly supplemented.

Proposition 3.1 Let K be a linearly compact submodule of an R-module M. Then M
is totally artinian weakly supplemented if and only if M/K is totally atinian weakly
supplemented.

Proof (=) Clear.

(<) Let M/K be totally artinian weakly supplemented, where K is linearly compact

submodule of M. Consider the following exact sequence:
0-——K-—M~-— M/K-~- 0.

Take a submodule N of M.

Case 1: If N < K, then N is artinian weakly supplemented since it is a linearly
compact submodule.

Case 2: If N ¢ K, then
(N + K)/K + N/(N N K).

Hence we have the following exact sequence:
0-—— NNK-— N-— N/(Nn K)—-— 0.

Since N N Kis a submodule of a linearly compact module, N N K is linearly
compact so it is artinian weakly supplemented. Since M/K is totally artinian
weakly supplemented and N/(N N K) + (N + K)/K, then N/(N N K) is artinian
weakly supplemented asisomorphictoasubmoduleof M/K. Hence Nisartinian

weakly supplemented by Proposition2.5. m

Proposition 3.2 Let M be an R-module. M is totally artinian weakly supplemented if
and only if M/U is totally artinian weakly supplemented for a uniserial submodule U of
M.
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Proof (=) Clear.

(<) Consider the following exact sequence:
O——-U--M-—-M/U--0.

Take a submodule N of M. If N < U, then N is artinin weakly supplemented
because submodules of uniserial modules are uniserial and uniserial modules are

artinian weakly supplemented. If N ¢ U, then

(N + U)/U + N/(N n U)

Hence we have the following exact sequence:
0O-—— NNnU-—- N-—-N/(Nn U)—-— 0.

Since N N U is uniserial, it is artinian weakly supplemented and N/(N N U) is
isomorphic to a submodule of M/U so N/(NNU) is artinian weakly supplemented.
Therefore N is artinian weakly supplemented by Proposition 2.6. O

In chapter 2, we proved that if M and N are artinian weakly supplemented
modules, then the module M + N is also artinian weakly supplemented. Clearly
this implies that any finite direct sum of artinian weakly supplemented is also
artinian weakly supplemented module. This raises an obvious question: suppose
that M and N are totally artinian weakly supplemented modules, is then M & N
totally artinian weakly supplemented? We begin to deal with this question by

considering the case when one of M, N is semisimple.

Proposition 3.3 Let M = My ® M, be the direct sum of submodules MM, such that
M, is semisimple. Then M is totally artinian weakly supplemented if and only if M, is

totally artinian weakly supplemented.

Proof The necessity follows from by Corollary 3.1. Conversely, suppose that
M, is totally artinian weakly supplemented. Let N be a submodule of M. Since
M, is semisimple, then M, = (N N M,) & L for some submodule L of M. It follows
that

M=M+M,=M; & [(Nﬂ MQ) @ L]
and hance

N=NNM=NN[M& (NNM)® L]
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by modular law

N=(NNM)e[NnN @M e L)

Now consider the submodule H=N N (M; ® L) of M; & L. Note that H N L =
NNn(M;eL)NL = NNL =0. So Hembedsin M;. By hypothesis, H is artinian weakly

supplemented. Since M, is semisimple, N N M, is artinian weakly supplemented.
Therefore N is artinian weakly supplemented by Proposition 2.3. Thus M is totally

artinian weakly supplemented. O

Corollary 3.2 Let M = M; ® M, ® M3 be a direct sum of submodules M, M, and M3
such that M, linearly compact and Ms is semisimple, then M is totally artinian weakly
supplemented if and only if My is totally artinian weakly supplemented.

Proof (=) Clear by Lemma 3.1.

(<) Suppose that M; is totally artinian weakly supplemented. Note that

M/Mz = (M1 e M, ® M3)/M2 =M;® M;

Since M; is totally artinian weakly supplemented and M3 is semisimple, then

M, ® M3 is totally artinian weakly supplemented by Proposition 2.3. Hence M/M,
is totally artinian weakly supplemented. Since M, linearly compact, then M is

totally artinian weakly supplemented by Proposition 3.1 O

Definition 3.2 Let M be an R-module. The annihilator of M is ann(M) ={r € R |
rm=0forallme M}

Lemma 3.2 (Smith, 2000) Let a module M = M; & - - - & M, be a finite direct sum of
submodules M; (1 < i < n), for some n = 2, such that R = ann(M;) + ann(M;) for all
1<i<j<n. Then

N=(NNM)® - - - & (NNM,)

for every submodule N of M.

Lemma 3.3 Let R be a noetherian ring and M = M; & Mo @ ..... ® M, be a direct sum
of totally artinian weakly supplemented submodules M;(1 < i < n) for some n = 2.
Let R = ann(M;) + ann(M,) for all 1 < i < j < n, then M is totally artinian weakly

supplemented.
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Proof Let U and V be two submodules of M such that U/V is artinian. By

Lemma 3.2

U=(UNM)® UN M) ... ® (UN M,)

and

V=(VAM)® (VN M) ... ® (VN M,)

Since U/V + (U N M;)/(V N M,), then forevery 1 < i < n,(U N M;)/(V N M;)
is artinian. By assumption, U N M;is artinian weakly supplemented, then there
existsaweak supplement K;of VN M;inUNM;. LetK=K; ® K> & ..... ® K,,. Then
foreveryl <i<n, UNM,;=(VNM,)+K. Now

U=[(VNM)+K]® [(VA M)+ K. ® [(V O M,) + K]

S[(VAM)+ e + (VA M+ [K1# e + K] =V+K

Also,
VNK=(VnNK)® ...® (VN K,)

Hence by Lemma 1.3 (4), Kis a weak supplement of Vin U. Therefore U is artinian

weakly supplemented. O
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CONCLUSION

In this thesis we define artinian weakly supplemented and totally artinian
weakly supplemented modules, and we reached some properties of these mod-
ules. As a result of this study, we have artinian weakly supplemented is closed
under homomorphic image, small cover and finite sum. Also we obtained that
artinian weakly supplemented (totally artinian weakly supplemented) can be

characterized in terms of factor module of them by linear compactsubmodule.

29



REFERENCES

Alizade, R., Bilhan, G. and Smith, P.F., 2001. “Modules Whose Maximal Submod-
ules Have Supplements”, Comm. Algebra. Vol. 29, No. 6, pp. 2389-2405.

Alizade, R. and Biiyiikasik, E., 2003. “Cofinitely Weak Supplemented Modules”,
Comm. Algebra. Vol. 31, No. 11, pp. 5377-5390.

Anderson, F. W. and Fuller K. R., 1992. Rings and Categories of Modules, (Springer,
NewYork).

Bilhan, G., 2007. “Totally Cofinitely Supplemented Modules”, (Int. Electron. ].
Algebra. Vol. 2, pp. 106-113.

Eryilmaz, F.and Eren, S., 2012. “Totally Cofinitely weak Rad-supplemented Mod-
ules”, (Int.Journal of Pure and Appl. Mathematics. Vol. 80,No. 5, pp. 683-692.

Clark, J., Lomp, C., Vanaja, N. and Wisbauer, R., 2006. Lifting Modules, (Birkhauser
Verlag, Basel).

Fuchs, L., 1970. Infinite abelian groups. Vol. I., (Pure and Applied Mathematics, Vol.
36, Academic Press, New York-London).

Kasch, F., 1982. Modules and Rings, (Academic Press Inc., London).

Lomp, C., 1999. “On Semilocal Modules and Rings”, Comm. Algebra. Vol. 27, No.
4, pp. 1921-1935.

Rudlof, P., 1991. “On The Structure of Couniform and Complemented modules”,
Journal of Pure and Appl. Algebra. Vol. 74, No. (1-2), pp. 281-305.

Sharp, R. Y., 2000. Steps in Commutative Algebra, (Chambridge University Press,
Chambridge).

Smith, P. F., 2000. “Finitely Generated Supplemented Modules are Amply Sup-
plemented”, Arab. |. Sci. Eng. Sect. C Theme Issues. Vol. 25, No. 2, pp. 69-
79.

Top, S., 2007. Totally Weak Supplemented Modules , (M.Sc.thesis, Izmir Institute of
Technology, The Graduate School of Engineering and Sciences).

Wisbauer, R., 1991. Foundations of Module and Ring Theory, (Gordon and Breach).

30



