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ABSTRACT

DERIVATIONS ON TM-ALGEBRAS

KABALAK, Zeynep
MSc. in Department of Mathematics

Supervisor: Asist. Prof. Dr. Sule AYAR OZBAL
January 2016, 28 pages

This thesis consists of three parts. In the first part, preliminaries and related
properties about the TM-Algebras are given.

In the second part, the notions of derivation, symmetric bi-derivation and
generalized derivation of 7M-Algebras are given and the related properties are listed.

In the third part, the notion of the symmetric f* bi-derivation of the 7M-algebras
is defined. Then some important properties are given and proved. In addition, the
notion of the generalized f~derivation is defined and related properties are studied.

Keywords: Derivation, symmetric f bi-derivation, symmetric mapping, trace,
generalized f derivation.
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OZET

TM- CEBIRLERINDE TUREV

Zeynep KABALAK
Yiiksek Lisans Tezi, Matematik Bolimu
Tez Damismani: Yrd. Dog. Dr. Sule AYAR OZBAL
Ocak 2016, 28 sayfa

Bu tez esas olarak ii¢ boliimden olugsmaktadir. Birinci bélimde TM cebirleri ile
ilgili 6n bilgiler ve 6zellikler verilmistir.

Ikinci boltimde, TM cebirlerinde tiirev, simetrik ikili tiirev ve genellestirilmis
tiirev tanimi verilmis ve ilgili 6zellikler listelenmistir.

Uciincii boliimde, TM cebirlerinde simetrik ikili ftiirev tanimi verilmistir. Daha
sonra 6nemli dzellikler verilmis ve ispatlanmistir. Bunun yaninda 7M cebirlerinde
genellestirilmis f tiirev tammi verilmistir ve ilgili 6zellikleri ¢aligilmistir.
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1. INTRODUCTION

Imai and Iseki introduced BCK and BCI Algebras and many researchers
investigated extensively these algebras. It is known that the class of BCK-Algebras is
a proper sub class of the class of BCI-Algebras. Tamilarasi and Mekalai introduced
another algebra based on propositional calculi named with 7AM-Algebras. The notion
of derivation on a ring has an important role for the characterization of rings. As
generalizations of derivations, a-derivations, symmetric bi-derivations, permuting tri-
derivations on prime and semi-prime rings are studied by a lot of researchers. M.
Chandramouleeswaran, T. Ganeshkumar introduced the notion of derivation on 7M-
Algebras in “Derivations on TM-Algebras’ and studied some simple but elegant
results. Later, they studied the properties of symmetric bi-derivations on 7M-
Algebras and proved that the set of all symmetric bi-derivations on TM-Algebras
form a semigroup under a suitably defined binary compositon in ’Symmetric Bi-
Derivations On TM-Algenras”’. Additionally, they introduced the notion of
generalized derivation and some of its properties on TM-Algebras in *’Generalized
Derivation on TM-Algebras’’. In this paper, we introduced the notion of symmetric f
bi-derivations and generalized f~derivation and some of its properties on 7M-algebras.




2. PRELIMINARIES

In this chapter, in order to facilitate the readability of the thesis some basic
definitions and properties of 7M-Algebra that are used in proofs are given.

Definition 2.1: A TM-Algebra (X,*,0) is a non-empty set X with a constant 0
and a binary operation * that satisfying the following axioms for all x,y,z in
X: (Tamilarasi and Megalai, 2010)

I. xx0=1x
2. (xxy)s(x*xz)=2z+y.

Definition 2.2: A TM-Algebra X is said to be associative if (x *y) * z = x *
(y * z) forall x,y,z € X. (Chandramouleeswaran and Ganeshkumar, 2013)

Definition 2.3: For any TM-Algebra (X,*,0) we define the set G(X) =
{x € X |0 * x = x} (Chandramouleeswaran and Ganeshkumar, 2013).

Remark 2.4: In a TM-Algebra X, by definition, x A y = y * (y * x). However,
in a TM-Algebra, x = y * (y * x). Hence, in a TM-Algebrax Ay = x forall x,y € X.
(Chandramouleeswaran and Ganeshkumar, 2013)

Definition 2.5: Let X be a TM-Algebra. If we define an operation +, called
addition, as x +y = x * (0 * y) for all x, y € X, then (X ,*) is an Abelian group with
identity 0 and the additive inverse —x = 0 * x for all x € X. (Chandramouleeswaran
and Ganeshkumar, 2013)

Remark 2.6: If we have a TM-Algebra (X,x,0) it follows from the above
definition that (X,+) is an Abelian group with —y = 0 *y, ¥ ye X. Then we have
x—vy=xxy, Yx,y € X. On the other hand if we choose an Abelian group (X,+)
with an identity 0 and define x * y = x —y, we get a TM-Algebra (X,*,0) where
x+y=x*(0=*y),Vx,y e X. (Chandramouleeswaran and Ganeshkumar, 2013)

Definition 2.7: Let X be a TM-Algebra. A mapping D(.,.): XxX = X is
called symmetric if D(x,y) = D(y, x) holds for all x, y in X. (Chandramouleeswaran
and Ganeshkumar, 2013)

Definition 2.8: Let X be a TM-Algebra. A mapping d : X — X defined by
d(x) = D(x,x) is called the trace of D(,.,), where D(.,.) : X x X - X isa
symmetric mapping. (Chandramouleeswaran and Ganeshkumar, 2013)



3. DERIVATIONS, SYMMETRIC BI-DERIVATIONS AND
GENERALIZED DERIVATION ON TM-ALGEBRAS

3.1 Derivations on TM-Algebras

Definition 3.1.1: Let (X,*,0) be a TM-Algebra. A self map d : X — X is said to
be a (1,r)-derivation on X if

dx*y) =(dx)*y)A (x*d(y)), forall x,y € X.

Let (X,*,0) be a TM-Algebra. A self map d : X — X is said to be a (r,/)-
derivation on X if
d(x*y) = (x*d(y) A (d(x) *y), forall x,y € X.

(Chandramouleeswaran and Ganeshkumar, 2012)

Definition 3.1.2: Let d : X — X be a self map on 7TM-Algebra (X,*,0). The
map d is said to be a derivation on X'if d is both a (1,»)-derivation and a (r,/)-
derivation on X. (Chandramouleeswaran and Ganeshkumar, 2012)

Example 3.1.3: Let (X,*,0) be a TM-Algebra with the following Cayley table:

|

LW RO *
W N = oo
N WO ==
= O WM
O RPN WW

The self map d : X — X be defined by d(0) = 3,d(1) = 2,d(2) =1,d(3) =
0 is a derivation. (Chandramouleeswaran and Ganeshkumar, 2012)

Remark 3.1.4: If d is a derivation on X, then for all x,y € X

dx*y) =d(x)*y=x*d(y)

(Chandramouleeswaran and Ganeshkumar, 2012)

Definition 3.1.5: Let X be a TM-Algebra. A self map d : X — X is said to be
regular if d(0) = 0. (Chandramouleeswaran and Ganeshkumar, 2012



Definition 3.1.6: If X'is a TM-Algebra then we define a partial ordering < such
that x < y, whenever x * y = 0. (Chandramouleeswaran and Ganeshkumar, 2012)

Proposition 3.1.7: Let (X,*,0) be a TM-Algebra. If d : X — X is a regular (r,/)-
derivation on X then x < d(x) for all x € X. (Chandramouleeswaran and
Ganeshkumar, 2012)

Proposition 3.1.8: Let (X,*,0) be a TM-Algebra. Let d be a derivation on X.

1. Ifx=*=d(x)=0forall x € X, then d is regular.
2. Ifd(x)+x =0 forall x € X, then d is regular.
(Chandramouleeswaran and Ganeshkumar, 2012)

Proposition 3.1.9: Let d be a self map of a TM-Algebra X.

1. Ifdisregular (I, r)-derivation on X, then d(x) = d(x) A x forall x € X.
2. If disregular (r,])-derivation on X, then d(x) = x A d(x) for all x € X.
(Chandramouleeswaran and Ganeshkumar, 2012)

Definition 3.1.10: Let d,d, be self maps on a TM-Algebra X. We define
d,od, as follows: (d,0d,)(x) = d;(d,(x)), for all x,y € X .(Chandramouleeswaran
and Ganeshkumar, 2012)

Lemma 3.1.11: Let (X,*,0) be a TM-Algebra. Let d,, d; be two (I,r)-derivation
on X. Then (d,od;) is also a (I,r)-derivation on X. (Chandramouleeswaran and
Ganeshkumar, 2012)

Lemma 3.1.12: Let (X,*,0) be a TM-Algebra. Let d,, d; be two (r,/)-derivation
on X. Then (d,0d,) is also a (r,/)-derivation on X. (Chandramouleeswaran and
Ganeshkumar, 2012)

Theorem 3.1.13: Let (X,*,0) be a TM-Algebra. Let d4,d, be two derivations
on X, then (d,od,) is also a derivation on X. (Chandramouleeswaran and
Ganeshkumar, 2012)

Theorem 3.1.14: Let (X,*,0) be a TM-Algebra. Let d,,d, be two derivations
on X, then (d;od;) = (dod,). (Chandramouleeswaran and Ganeshkumar, 201



Definition 3.1.15: Let (X,*,0) be a TM-Algebra. Let d;, d, be two self maps
on X. We define (dy *dy): X —: X as (d; * d,)(x) = dy(x) * dy(x) forall x € X.

Theorem 3.1.16: Let (X,*,0) be a TM-Algebra and d,, d, be two derivations of
X, then d; * d, = d;, * d;. (Chandramouleeswaran and Ganeshkumar, 2012)

Lemma 3.1.17: In a TM-Algebra both right and left cancellation law hold good.
(Chandramouleeswaran and Ganeshkumar, 2012)

Theorem 3.1.18: Let d be a (Ir)-derivation of TM-Algebra X. Then the
followings hold:

1. d0)=d(x)*x forall xeX.

2. dis1-1.

3. Ifdis regular, then d is the identity map.

4. 1If there is an element xeX such that d(x) = x, then d is the identity map.

5. If there is an element xeX such that d(y) * x = 0 or x * d(y) = 0 for all
y € X, then d(y) = x, (ie) d is a constant map.

(Chandramouleeswaran and Ganeshkumar, 2012)

Theorem 3.1.19: Let d be a (r/)-derivation of TM-Algebra X. Then the
followings hold:

d(0) =x*d(x) forall x e X.

d(x) = d(x) Ax for all xeX.

dis 1-1.

If d is regular, then d is the identity map.

If there is an element xeX such that d(x) = x, then d is the identity map.
If there is an element xeX such that d(y) * x = 0 or x * d(y) = 0 for all
y € X, then d(y) = x, (ie) d is a constant map.

(Chandramouleeswaran and Ganeshkumar, 2012)

D P o e e

Theorem 3.1.20: Let X be a TM-Algebra and d4, d,, ... d,, be derivations on X,

then d,,(d,,—1 (dn—z (dn_3 (dz (dl(x)))))) < x forall x € X.
(Chandramouleeswaran and Ganeshkumar, 2012)



Definition 3.1.21: Let L Der(X) denote the set of all (/,7)-derivations on X.
Define the binary operation A on L Der(X) as follows. For d;, d,€ L Der(X), define
(dy A dy)(x) = dqy(x) Ad,(x) for all x € X. (Chandramouleeswaran and
Ganeshkumar, 2012)

Lemma 3.1.22: If d, and d, are (/,r)-derivations on X, then (d; A d;) is also a
(I r)-derivation. (Chandramouleeswaran and Ganeshkumar, 2012)

Lemma 3.1.23: The binary composition A defined on L Der(X) is associative.
(Chandramouleeswaran and Ganeshkumar, 2012)

Theorem 3.1.24: L Der(X) is a semi-group under the binary composition A
defined by (dy A d;)(x) = d1(x) Ad,(x) for all x € X and dy, dy€ L Der(X).
(Chandramouleeswaran and Ganeshkumar, 2012)

Theorem 3.1.25: R Der(X) is a semi-group under the binary operation A
defined by (dy A d;)(x) = dy(x) A d,(x), for all xeX and d;, dy€ R Der(X).
(Chandramouleeswaran and Ganeshkumar, 2012)

Theorem 3.1.26: If Der(X) denotes the set of all derivations on X, it is a semi-
group under the binary operation A defined by (dy A d,)(x) = dy(x) A dy(x),
for all x € X and d;, d; € Der(X). (Chandramouleeswaran and Ganeshkumar, 2012)

Definition 3.1.27: A TM-Algebra (X,*,0) is said to be 0-commutative if
x* (0 *y) =y*(0*x) for all x,y €X. (Chandramouleeswaran and Ganeshkumar,
2012)

Lemma 3.1.28: If (X,*,0) is a 0-commutative TM-Algebra. Then for all
x, ¥,z teX:
O*x)*(0*xy)=y=*x.
(zxy)x(zxx)=x=*y.
(xxy)rz=(x*2)=*y.
(s ey)) ey =0,
(x*xz)x(y*t) = (t*+y) *(z*x).
xx(x*xy)=y.
(Chandramouleeswaran and Ganeshkumar, 2012)

S B i B

Theorem 3.1.29: Let (X, *, 0) be a 0-commutative 7M-Algebra and d be a

derivation on X. Then d(x) = d(y) = x * y for all x, y € X. (Chandramouleeswaran and
Ganeshkumar, 2012)



3.2 Symmetric Bi-Derivations on 7M-Algebras

Definition 3.2.1: Let X be a TM-Algebra and D : X x X —» X be symmetric
mapping. If D satisfies the identity D(x * y,z) = (D(x,z) *y) A (x * D(y,z)) for all
x,¥,z in X, then D is called left-right symmetric bi-derivation. ((/,r) symmetric bi-
derivation)

If D satisfies the identity D(x *y,z) = (x * D(y,2)) A (D(x,z) *y) for all
x,¥,z in X, then D is called right-left symmetric bi-derivation. ((r,/) symmetric bi-
derivation)

If D is both an (Z,r) symmetric bi-derivation and (r,/) symmetric bi-derivation,
then D is called a symmetric bi-derivation. (Chandramouleeswaran and
Ganeshkumar, 2013)

Example 3.2.2: Let (X,*,0) be a TM-Algebra with the following Cayley table.

W= O
W N = OoOIc
N WO =
= O W NN
O =N WW

Define the symmetric map D : X x X — X such that
D(x,x) =3 ifx = 0,1,2,3.
D(0,3)=D(3,00=D(1,2) =D(2,1)=0.
D(0,2)=Db(2,0)=D(1,3)=D(31) =1.
D(01)=D(1,00=D(23)=D(32) =2,

Then D is symmetric bi-derivation. (Chandramouleeswaran and Ganeshkumar,
2013)



Proposition 3.2.3: Let X be a TM-Algebra. Define a symmetric map D :
XxX—->X by D(x,y)=x+y for all x,yeX. Then D is a (/r) symmetric bi-
derivation. (Chandramouleeswaran and Ganeshkumar, 2013)

Theorem 3.2.4: Let X be an associative TM-Algebra. Then the symmetric map
D:XxX— X defined by D(x,y) =x+y for all x,yeX is a symmetric bi-
derivation. (Chandramouleeswaran and Ganeshkumar, 2013)

Proposition 3.2.5: Let X be a TM-Algebra and D : X x X — X be a symmetric
map. Then the followings hold:

I. If Dis a (I,r)- symmetric bi-derivation, then D(x,y) = D(x,y) A x for all
x,yekX.

2. If Dis a (r,])-symmetric bi-derivation, then D(x,y) = x A D(x, y) for all
x,y € X ifand only if D(0,y) = 0 forall y € X.

(Chandramouleeswaran and Ganeshkumar, 2013)

Proposition 3.2.6: Let X be a TM-Algebraand D : X x X — X be a (1,r)-
symmetric bi-derivation. Then the followings hold:

1. D(a,y)=D(0,y)*(0*a) =D(0,y) +aforalla,yeX.
2. D(a+b,y)=D(a,y)+D(b,y)—D(0,y) foralla,b,y € X.
3. D(a,y)=aforall a,yeX ifand only if D(0,y) = 0.

(Chandramouleeswaran and Ganeshkumar, 2013)

Proposition 3.2.7: Let X be a TM-Algebra and D : Xxx = X be a (r,])-
symmetric bi-derivation. Then the followings hold:

D(a,y)e G(X) forall a € G(X).

D(a,y) =a+D(0,y) =a+D(0,y) foralla,y € X.
D(a+b,y) =D(a,y)+ D(b,y) —D(0,y) foralla, b,y e X.
D(a,y) =aforall a,y € X if and only if D(0,y) = 0.

W=

(Chandramouleeswaran and Ganeshkumar, 2013)




Definition 3.2.8: Let D, denote the set of all (/,7)-symmetric bi-derivation on X.
Define the binary operation A on D, as follows: For Dy, D, € D, define (D; A
D,)(x,y) = Dy(x,y) ADy(x,y) for all x,yeX. (Chandramouleeswaran and
Ganeshkumar, 2013)

Proposition 3.2.9: Let D, and D, are (/,r)-symmetric bi-derivation on X, then
(D, AD,) is also a (lr)-symmetric bi-derivation. (Chandramouleeswaran and
Ganeshkumar, 2013)

Proposition 3.2.10: The binary composition A defined on D, is associative.
(Chandramouleeswaran and Ganeshkumar, 2013)

Theorem 3.2.11: D, is a semi-group under the binary composition A defined by
(D ADy)(x,y) = Dy(x,y) ADy(x,y) forall x,y € X and Dy, D, € Dy,
(Chandramouleeswaran and Ganeshkumar, 2013)

Theorem 3.2.12: Dy is a semi-group under the binary operation A defined by
(Dy A DY) (x,y) = Di(x,y) ADy(x,y) for all x,y € X and Dy, D, € D where Dy, is
the set of all (r,/)-symmetric bi-derivation. (Chandramouleeswaran and Ganeshkumar,
2013)

Theorem 3.2.13: If D denotes the set of all symmetric bi-derivation on X it is a
semi-group under the binary operation A defined by (D; ADy)(x,y) = Dy(x,y) A
D,(x,y) for all x,y € X and D;, D, € D. (Chandramouleeswaran and Ganeshkumar,
2013)

3.3 Generalized Derivation on TM-Algebras

Definition 3.3.1: Let X be a TM-Algebra. A mapping D : X = X is called a
generalized (I, r)-derivation of X if there exist an (I,r)-derivation d : X — X such that
Dx*y)=D0)=y)A(x+d(y)) forall x,y e X.

Let X be a TM-Algebra. A mapping D : X — X is called a generalized (r,/)-
derivation of X if there exist an (r,/)-derivation d : X — X such that D(x *y) = (x *
D)) A (d(x) * y) for all x,y € X. (Chandramouleeswaran and Ganeshkumar, 2013)



Definition 3.3.2: Let X be a TM-Algebra. A mapping D : X — X is called a
generalized derivation of X, if there exist a derivation d : X — X such that D is both a

(1,r)-generalized derivation and a (r,/)-generalized derivation. (Chandramouleeswaran
and Ganeshkumar, 2013)

Example 3.3.3: Let (X,*,0) be a 7M-Algebra with the following Cayley table:

WK = O *
wNeR oo
RNWo P
=0 W NN
S =N WWw

d:X—>X be defined by d(0)=3,d(1)=2,d(2)=1,d(3)=0 is a
derivation on X. The map D : X — X defined below is a generalized derivation on X.

D(0)=2,D(1)=3,D(2) =0,D(3) = 1.
(Chandramouleeswaran and Ganeshkumar, 2013)
Lemma 3.3.4: Let D be a sel map o a TM-Algebra X. Then the followings hold:

1. IfDis a generalized (I r)-derivation of X, then D(x) = D(x) Ax
forall x € X.

2. If Dis a generalized (r,/)-derivation of X, then D(0) = 0 if and only if
D(x) = x Ad(x) for all x € X and for some (¥,/)-derivation d of X.

(Chandramouleeswaran and Ganeshkumar, 2013)

Lemma 3.3.5: Let D be a generalized (/,7)-derivation of a TM-Algebra X. Then
the followings hold:

1. D(a) =D(0)+a,VxeX.
2. Dla+x)=D(a)+x,VxeX.
3. D(a+b)=D(a)+b=a+D(b),VabekX.

(Chandramouleeswaran and Ganeshkumar, 2013)

10



Theorem 3.3.6: Let D be a generalized (r,/)-derivation of a 7M-Algebra X.
Then the followings hold:

D(a) e G(X), Vae G(X).

D(a) =a*D(0)=a+D(0), VaeX.
D(a+b) =D(a) + D(b) — D(0), Ya,beX.

D is the identity map on X if and only if D(0) = 0.

Wb e

(Chandramouleeswaran and Ganeshkumar, 2013)

Definition 3.3.7: A TM-algebra X is said to be torsion free if it satisfies for all
x,yeX.

x+x=0=2x=0.

If there exist a non-zero element x € X such that x + x = 0, then X is not
torsion free. (Chandramouleeswaran and Ganeshkumar, 2013)

Theorem 3.3.8: Let X be a torsion free TM-Algebra and let D; and D, be two
generalized derivations. If D;D, = 0 on X, then D, = 0 on X. (Chandramouleeswaran
and Ganeshkumar, 2013)

Corollary 3.3.9: Let X be a forsion free TM-Algebra and D be a generalized

derivation. If D=0 on X, then D =0 on X. (Chandramouleeswaran and
Ganeshkumar,2013)

11



4. SYMMETRIC fBI-DERIVATIONS AND GENERALIZED
f-DERIVATION ON TM-ALGEBRAS

In this chapter, the definitions of symmetric f bi-derivations and generalized /-
derivation on 7M-Algebras are given. Then the main theorems and related properties
are investigated.

4.1 Symmetric f Bi-Derivation on TM-Algebras

Definition 4.1.1: Let X be a TM-Algebra and D : X x X — X be a symmetric
mapping. We call D is a (I,r) symmetric / bi-derivation on X if there exists a function
f:X = X such that D(x *y,z) = (D(x,2) * f(¥)) A(f(x) * D(y,2)), for all x, y, z
in X.

. We call D is a (r,]) symmetric f bi-derivation on X if there exists a function
f:X = X such that D(x * y,z) = (f(x) * D(y,2)) A (D(x,2) = f(y)), forall x, y, z
n X.

If D is both a (7,r) symmetric f bi-derivation and (#,/) symmetric / bi-derivation,
then D is called a symmetric f'bi-derivation.

Example 4.1.2: Let X = {0,1,2,3}, and we define the binary operation " * "
on X as follows:

*|0 1 2 3
019 2 1 3
11 0 3 2
2|2 3 0 1
3131 2 0O

Then (X,*,0) is a TM-Algebra and a symmetric map D : X x X — X by

ifx=v,x=0,12,3

if x=0andy=3)or(x=1andy=2)
if x=0andy=1or(x=0andy = 2)
if(x=1landy=3)or(x=2andy =3)

-

D(x,y) =

wwo o

Then D is not a symmetric bi-derivation.
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D(1#2,3) =D(3,2) = 0. On the other hand, (D(1,3)*2)A (1%D(2,3)) =
(3+«*2)A(1%3)=2A2=2+(2%2)=2+0=2. Since 0+ 2 and then D(1 =
2,3) # (D(1,3) *2) A (1 * D(2,3)).

Define a new function f : X — X by

N W

e ={3

==

Then we can see that D is a symmetric f* bi-derivation on X.

Example 4.1.3: Consider the TM-Algebra defined in Example 4.1.2 and a
symmetricmap D : X x X = X by

if x=0andy=0)or(x=1andy=2)or(x =3 andy = 3)
; if x=1andy=3)or (x=0andy =2)
; if (x=0andy=1or(x=3andy = 2)
if x=0andy=3)or(x=1andy=1)or(x=2andy = 2)

D(x,y) =

WMo

Then D is not a symmetric bi-derivation. D(3 * 1,0) = D(1,0) = 2. On the
other hand, (D(3,0) * DA(3*D(1,0)) =B*DAB*2)=1A2=2+(2+1) =
2 #3 = 1. Since 2 # 1 and then D(3 * 1,0) # (D(3,0) * 1) A (3 * D(1,0)).

Define a new function f : X — X by

0, x =0
2 x=1
=11, x=2
3, ¥=3

We can obtain that D is a (I,r) symmetric /' bi-derivation.

Proposition 4.1.4: Let X be a TM-Algebra. Then the symmetric map D : X x X = X
defined by D(x,y) = f(x) + f(y) for all x,y € X where the function f : X — X sucht that
flx*y) = f(x)* f(y), forall x,y € X is a (I,r) symmetric f bi-derivation.

Proof: Let x,y,z € X. Then

13



D(x*y,2) = fx x ) + f(2)
=flx*y)*(0+f(2))
= (fQ) *fO) * (0 * f(2))
=[f@)* O+ f@N]*fB) by (x*y)*z=(x*2)*Y)

= [fC) + f(2] *f(¥)

= [f@) = (F&) + @) * (£ * (FO) + £ )
(fOO) + £@) * FO]

=[(fG) + £ @) * FD] ALF G * (F Q) + f(2)]
= (D@, 2) *fO)) A (f(x) * D(y,2))
This shows that D is a (I,r) symmetric f* bi-derivation.

Theorem 4.1.5: Let X be an associative 7M-Algebra. Then the symmetric map
D : X xX — X defined by D(x,y) = f(x) + f(y) for all x,y € X where the function
f:X > X such that f(x *y) = f(x) * f(y) for all x,yeX is a symmetric f bi-
derivation.

Proof: By the Proposition 4.1.4 we have D is a (/,7) symmetric / bi-derivation.
Then

D(x *y,2) = f(x *y) +f(2)
=fx*y) (0% f(@)
= (f)* f0)) * (0*f(2))
= (fe* 0+ f@))*fO)

=([fx)*0)*f(2)*f() by (Xis associative)
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=(fQ*f@)xfO)=(F@*fO) *f(@) ... (1)
From the right hand side,
(FG) * D, 2)) A(D(x,2) * f(3)) = () * D(y,2) by (x Ay =y * (y *x) =)
=)« FO) + f(2))
= fC) * (fFO) * (0 * f(2)))
=f) « (0N *0)*f(z)) by (Xisassociative)
=fO* (O *f@) = (fFC)* D) +f(@) ... @)

by (X is associative)

From (1) and (2), D(x *y,2) = (f(x) * D(y,2)) A(D(x,z) = f(y)) for all
x,v,z€X. This proves that D is a (r,/) symmetric f bi-derivation and hence a
symmetric f bi-derivation.

Proposition 4.1.6: Let X be a TM-Algebra and D be a symmetric map on X.
Then the followings hold:

i) IfDis a (lr) symmetric f bi-derivation where f{())=0, then D (x,y) =
D(x,y) A f(x) forall x,y € X.

ii) IfDisa (r,]) symmetric f bi-derivation where f{0)=0, then D(x,y) =
f(x)AD(x,y) forall x,y e X if and only if D(0,y)=0 forall y € X.

Proof: (i) Let D be a (I,r) symmetric f bi-derivation where f{0))=0. Then

D(x,y) =D(x=0,y)
= (D(x,¥) * £(O)) A (F(x) * D(0,3))
= (D(x,y) * 0) A (f(x) * D(0,¥))
= D(x,¥) A (f(x) = D(0,))
= (f(x) * D(0,9)) * ((f () * D(0,¥)) * D(x,¥))
= (f@ *D(O,) * ((F@) * D(x, ) * D(0,7))
by ((x*y)+z=(x+*2)*y)
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= [(f(x) * D(0,¥)) * D(0, )] * (f (x) * D(x,¥)) |
by ((x*y) xz= (x*2) *y)

= [f(x) * (D(0,y) * D(0,y))] * (f (x) * D(x,y))

=(f(x) *0) * (f(x) * D(x,¥))

=f(x) = (f(x) * D(x,¥))

=D(x,y) A f(x)

(ii) Let D be a () symmetric f bi-ferivation where £{0))=0 and D(0,y)=0 for all
x,y € X. Then
D(x,y) = D(x * 0,y)
= (f() *D(0, ) A(D(x, y) * £(0))
= (f()+0) A (D, y) * £(0))
=(f(x)*0)A(D(xy)*x0) = f(x) AD(x,y)
Conversely, if D(x,y) = f(x) A D(x,y) for all x,y € X, then we have
D(0,y) = f(0) AD(0,y)
= D(0,y) * (D(0,y) * f(0))
=D(0,y) * (D(0,y) * 0)
=D(0,y) * D(0,y)
=0
Proposition 4.1.7: Let X be a TM-Algebra and D be a (/,7) symmetric fbi-

derivation where f{0)=0, f(x *y) = f(x) * f(y) and f(x + y) = f(x) + f(y) for
all x,y € X. Then the followings hold:

(i) D(ay)=D(0,y)*(0xf(a))=D(0,y)+ f(a) forall x,y € X.
(i) D(a+b,y)=D(a,y)+D(b,y)—D(,y) foralla,b,yeX.
(iti) D(a,y) = f(a) forall a,y € X if and only if D(0,y)=0.
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Proof: Let X be a TM-Algebra and D be a (1,r) symmetric f bi-derivation where
f0)=0, f(x*y) = f(x) = f(y) and f(x +y) = f(x) + f(y) forall x,y € X.

(i) Leta=0%(0#a). Then
D(a,y) =D(0*(0+a),y)

= (D(0,y) * f(0*a)) A(f(0) *D(0 *a,y))
=D(0,y) * f(0+a)

= D(0,y) * (f(0) = f(a))
=D(0,y) + (0 = f(a))
=D(0,y) + f(a)
(i) By ()
D(a+b,y) =D(0,y) + f(a+b)

=D(0,y) + f(a) + f(b)
=D(0,y) + f(a) + D(0,y) + f(b) — D(0,y)
=D(a,y) + D(b,y) — D(0,y)

(iii) Let D(a,y)=f{a) for all x,y € X. Put a=0, D(0,y) = f(0) = 0 for all
y € X. Conversely, if D(0,y)=0, then D(a,y) = D(0,y) + f(a) =0+

fl@) =0+ (0+*f(a)) = f(a).

Proposition 4.1.8: Let X be a 7M-Algebra and D be a (r,) symmetric f bi-
dervation where f{0)=0 and f (x + y) = f(x) + f(y) for all x, y € X. Then the
followings hold: '

1) D(a,y)eG(X) forall a e G(X).

(i) D(a,y)=f(a)*D(0,y) = f(a)+D(0,y) foralla,y € X.
(iii) D(a+b,y) =D(a,y) + D(b,y) — D(0,y) forall a,b,y € X.
(iv) D(a,y) = f(a) for all a,y € X if and only if D(0,y)=0.

Proof: Let X be a TM-Algebra and D be a (r,/) symmetric f bi-dervation where

f0)=0 and f(x+y) = f(x)+ f(y) for all x,y € X. Now, lets prove that given
conditions.

(i) Letae G(x), then we have 0 * a = a such that
D(a,y) =D(0+*a,y)

= (£ (0) * D(a,y)) A (D(0,y) * f(a))
= (0+D(a,y)) A (D(0,y) = f(a)
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= (0*D(a,y))
This shows that D(a, y) € G(X).

(i) By the definition of the TM-Algebra we know that a * 0 = a.
D(a,y) =D(ax0,y)
= (f(a) * D(0,y)) A (D(a,y) * f(0))
= (f(a) *D(0,y)) A (D(a,y) * 0)
= (f(@) * D(0,y)) AD(a,y)
= D(a,y) * (D(a,y) * (f(a) * D(0,¥)))
=f(a) = D(0,y)
Again
D(a,y) = f(a) * D(0,y)
=f(@*D(0+0,y)
= f(@) * [(F(0) * D(0,y)) A (D(0,y) * £(0))]
= f(a) = (f(0) » D(0,7))
= f(a) = (0* D(0,¥))
= f(a) +D(0,)
(i) By using (ii) we get,
D(a+b,y) =f(a+b)+D(0,y) = fla) + f(b) + D(0,y) = f(a) +
D(0,y) + f(b) + D(0,y) — D(0,y) = D(a,y) + D(b,y) — D(0,y).
(iv) IfD(0,y) =0, then D(a,y) = f(a) * D(0,y) = f(a) * 0 = f(a).

Conversely, by (ii) if D(a,y) = f(a) for all x,y € X, then D(0,y) =
f(0) =0.
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Semigroup of Symmetric f Bi-Derivations on TM-Algebras

Definition 4.1.9 : Let D; denote the set of all (7,r) symmetric /' bi-derivations on
X. Define the binary operation A on D, as follows: For D,, D, € D, define (D; A
Dy)(x,y) = Dy(x,y) ADy(x,y) forall x,y € X.

Proposition 4.1.10: Let Dy and D, are (/,r) symmetric f bi-derivations on X,
then (D, A D,) is also a (/,r) symmetric /'bi-derivation.

Proof: To show that (D; A Dy) is a (I,r) symmetric /' bi-derivation we must
prove following implication.

(Dy ADy)(x +y,2) = (D1 ADR)(x, 2) * f(¥)) A (f (x) * (D1 A D2)(¥,2))

(DL ADy)(x *y,z) = Dy(x*y,2) ADy(x *y,2)
=D, (x *y,2) * (D (x * y,2z) * Dy(x * y,2))

=Dy (x*y,2)
=(D1(x,2) * fY)) A (f(x) * D1 (¥, 2))
=Di(,2)*f(y) ... (1)

From the right hand side,

(Dy ADy)(x,2) * f(y) A f(x) * (Dy ADy)(y,2)

= (f(x) * (D1 AD)(¥,2)) A ((f(x) * (Dy ADy)(y, Z))
* (D1 ADR)(x,2) * (1))

= (D A Dy)(x, 2) * f(¥)

= (D1(x: z) A D, (x, Z)) * f(y)

=D, *f) ... @
From (1) and (2), we get (D; A D,) is a (/,r) symmetric f'bi-derivation.
Proposition 4.1.11: The binary composition A defined on D, is associative.

Proof: Let X be a TM-Algebra. Let Dy, D, D3 are (Ir) symmetric f bi-
derivation. By the Proposition 4.1.10, we will prove the associativity.
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((D1 A Dy) AD3)(x * y,2) = ((Dy ADy)(x *¥,2)) AD3(x *y,2)
= (Dy(x,z) * f(¥)) AD3(x *y,z) by (Proposition 4.1.10 (1))
= Dy(x *y,2) * [D3(x # y,2) + (D1 (x,2) * f())]

=Di(x2)*f) .. (1)

From the right hand side
(Dy A (Dy AD3))(x % y,2) = Dy (x *¥,2) A(Dz AD3)(x * y, 2)
=D, (x *y,2) A(Dy(x,2) * f(y)) by (Proposition 4.1.10 (1))
= (D2 (x,2) = f)) * (D(x,2) * f(3)) * Dy (x * y,2))
=D,(x *,2)

= (D1 (x,2) * f(¥)) A (f (x) * D1 (v, 2))

= (f@) * Dy(y,2) * ((f(x) * D1 (3, 2)) * (D1 (x, 2) * fF (D))
=D,(x,2)*xfQy) ... @
Combining (1) and (2) we get,

(Dy ADy) AD3 =Dy A(D; A Ds)
This proves that A is associative.

Combining the above two proposition, we get the following theorem.

Theorem 4.1.12: D, is a semigroup under the binary composition A defined by
(D; ADy)(x,y) = Dy(x,y) ADy(x,y) for all x,y € X and Dy, D, € D;. Analogously
we can prove that.

Theorem 4.1.13: Dy, is a semigroup under the binary composition A defined by

(Dy ADy)(x,y) = D1(x,¥) ADy(x,y) for all x,y € X and Dy, D, € Dp where Dy is
the set of all (,/) symmetric fbi-derivations.
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Combinig the above two theorem we get the following theorem.

Theorem 4.1.14: If D denotes the set of all symmetric / bi- derivations on X, it
is a semigroup under the binary operation A defined by (Dy A D;)(x,y) = Dy (x,y) A
D,(x,y) forall x,y € X and Dy, D, € D.

4.2 Generalized f~-Derivation on TM-Algebras

Definition 4.2.1: Let X be a TM-Algebra. A mapping D : X — X is called a (/1)
generalized f~derivation of X, if there exists a derivation d and a function f'of X such
that

D@xxy) =D(x)* f(y) A f(x) d(y),
forall x,y € X.

Let X be a TM-Algebra. A mapping D : X — X is called a (/) generalized f-
derivation of X; if there exists a derivation d and a function f'of X such that

D(x +y) = f(x) * D(y) Ad(x) = fF(¥),
forall x,y € X.

Example 4.2.2: Consider the TM-Algebra defined in Example 4.1.2. We define
amapping D : X — X by for all x € X as follows:

Z, x=0
3 x=1
Disgle= 0 x=2
1, x =3

Andlet d : X — X be a derivation of X which is defined as

3, x=0
2 o =1
dx) =31 x=2
0, ¥ =3
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Then D is not a generalized derivation of X. D(0 * 1) = D(2) = 0. On the
other hand (D(0) * 1) A (0% d(1)) = 2*1)A(0*2) =3A1=1+(1%3) =1%
2 = 3.Since 0 # 3, then D(0 * 1) # (D(0) * 1) A (0 = d(1)).

But if we define fas a function of X as

0, x=0

2 r=1
f(x)_ 1’ x =

3, =3

Then D becomes (/,r) generalized f~derivation of X.

Example 4.2.3: Consider the 7M-Algebra defined in Example 4.1.2. We
define a mapping D : X — X by for all x € X as follows:

7 I ¥=172
D(x) = {2, =03

And let d : X — X be a derivation of X which is defined as

3, x=0
Z ¥=1
d(x) = 1 x=2
0, X =.3

Then D is not a generalized derivation of X. D(0 * 0) = D(0) = 2, On the
other hand, (0 * D(0)) A (d(0) *0) = (0*2)A(3%0) =1A3=3%(3+1) =3 %
1 = 1. Since 2 # 1, then D(0 * 0) # (0 x D(0)) A (d(0) * 0).

But if we define f'as a function of X as:

0, x=1,2
fl) = {3, =03

Then D becomes (r,1) generalized f~derivation of X.
Remark 4.2.4: Tn a TM-Algebra, x Ay =y * (y *x) forall x,y e X. If we

take D as a (I,r) generalized fderivation of X, then D(x * y) = D(x) * f(y) for all
x,yeX.
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Lemma 4.2.5: Let D be a self map of a TM-Algebra X. Then the followings
hold:

[. IfDisa(lr) generalized f-derivation on X and f{0)=0, then D (x) =
D(x) A f(x), forall x € X.

2. IfDisa () generalized f~derivation on X and f{0)=0, then D(0))=0 if and
only if D(x) = f(x) A d(x), for all xe X and for some (#,/) derivation d
on X.

Proof:

1. If D be a (1,r) generalized f~derivation on X, then there exists a (/,7)
derivation d on X such that
D(x*y) = (D) * f) A (x) *d())
forall x,y € X.
D(x) = D(x *0)
= (D(x) = £(0)) A (f (x) * d(0))
= (DC) * ) A (f(x) * d(0))
= (f(0) »d(©) * (f () * d(0)) * D(x))
= (f(x) *d(0)) * ((f(x) * D(x)) * d(0)
=fe)*(f(x)*«D(x) ... ((xxz2)*x(y*z)=x*y)
=D A f(x)

2. Let D be a (#,]) generalized f~derivation on X such that f{0))=0 and
D(0)=0. Then
D(x xy) = (F®) * DOY) A (d) * f3))
for all (r,/) derivationd ... (1)
Putting y=0in (1), we get
D(x *0) = (f(x) * D(0)) Ad(x)
= (f(x) *0) Ad(x)
= f(x) Ad(x)

forall x € X.

Conversely, if D(x) = f(x) A d(x), then
D(0) = f(0) Ad(0)

=0Ad(0)

= d(0) = (d(0) x 0)

=d(0) = d(0)

=(
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Lemma 4.2.6: Let D be a (/,r) generalized f~derivation of a 7M-Algebra X,

fl0)=0and f(x *y) = f(x) * f(y), f(x+y) = f(x)+ f(y) forall x € X. Then the
followings hold:

1. D(a) =D(0)+ f(a) forallaeX.
2. Da+x)=D(a)+ f(x) foralla,xeX.
3. D(a+b)=D(a)+ f(b) =f(a)+D(b)foralla,beX.

Proof:

1. By the definition of TM-Algebra we know that a = 0 * (0 * a).
D(a) = D(0* (0 * 2))
= (D(0) * (0 * @)) A (f(0) * d(0 * a))
=D(0) * (0 * a)
= D(0) * (f(0) * f(a))
=D(0) * (0 * f(a))
=D(0) + f(a)

D(a) = D(0) + f(a) forall a € X.

2. By using Remark 4.2.4 such that
D(a+x) =D(a = (0 *x))
=D(a) * f(0 *x)
= D(a) * (f(0) * f(x))
= D(a) * (0 * f(x))
= D(a) + f(x)
D(a+x)=D(a)+ f(x) foralla e X.

i

Since (X, +) is an Abelian group, the result follows from:
D(a)+ f(b) =D(a+b)=D(b+a) =D(b)+ f(a)

Theorem 4.2.7: Let D be a (r,/) generalized f~derivation of a TM-Algebra X
and f{0)=0 where f(x + y) = f(x) + f(¥). Then the followings hold:

D(a) € G(X), for all a € G(X).

D(a) = f(a) * D(0) = f(a) + D(0), for all a € G(X).
D(a +b) = D(a) + D(h) — D(0), for all a, b €G (X).
D is the identity map on X if and only if D(0) = 0.

Ll ol i

24




Proof:

l. ForaeG(X), D(a)eG(X). For;

D(a) = D(0 *a) = (f(0) * D(@)) A (d(0) * f(a)) = 0 * D(a)
D(a) € G(X).

2. Since we know that a = a * 0.
D(a)=D(a * 0)

=(f(a) * D(0)) A (d(a) * £(0))
= (f(a) * D(0)) A (d(a) + 0)
=(f(a) * D(0)) Ad(a)
=f(a) » D(0)
=f(a)* D(0 *0)
= f(a) = [(f(0) * D(0) A (d(0) * f(0))]
= f(a) * (f(0) * D(0))
= f(@) * (0 * D(0))
=f(a) + D(0)

3. Byresult (2) above, we have
D(a+b) = f(a+b)+ D(0)
D(a+b) = f(a)+ f(b) + D(0)
Since (X,+) is an Abelian group, on satisfying the right hand side, we get

D(a+ b) = f(a) + D(0) + f(b) + D(0) — D(0) = D(a) + D(b) — D(0)

4, 1f D(0) = 0, then D is the identity map. For;
D(a)=D(a * 0)
=f(a) * D(0)
=f(a) =0
=f(a)
forall a e X.

Conversely, if D is the identity map on X, then D(a)=f(a)=a for all a € X. In
particular D(0)=f(0)=0.

Remark 4.2.8: Example 4.2.3 satisfies all the given conditions in Theorem
4.2.7.
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5. CONCLUSION

The aim of this work was to study derivations, symmetric bi-derivations and
generalized derivation which are defined on TM-Algebra and to define new types of
derivations that are symmetric f bi-derivations and generalized / derivation in this
algebraic structure. In the first part, in order to clarify the reading of the thesis, some
basic definitions are given about the TM-Algebra. Then, in the second part, the notion
of derivations, symmetric bi-derivations and generalized derivation introduced by
Chandramouleeswaran and Ganeshkumar and the main properties of them are also
listed. In the last part, after giving necessary knowledge, the notion of symmetric /bi-
derivation and generalized derivation are defined, examples are satisfying its
properties are given. Then, related theorems and properties are investigated.
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