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METRIK, ULTRAMETRIK VE SIRALI UZAYLARDAKI SABIT NOKTA
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OZET

Bu tezin amaci Banach sabit nokta teoremini, ultrametrik uzay ve sirali uzaylardaki sabit
nokta teoremlerini Kuhlmann ve Kuhlmann (2015) ¢alismasinda ortaya atilan bir yontem
ile ele almaktir. S6zii edilen bu yontem metrik, ultrametrik veya sira yerine bunlarla elde

edilen yuvar uzaylarin1 dikkate alarak ortak genel bir sabit nokta teoremi vermistir.

Alt1 boliimden olusan bu tezin, birinci bolimii, giris boliimii olup tezin igerigi hakkinda
bilgi verilmistir. Ikinci boliimde, metrik uzaylar ve sirali uzaylar incelenmistir. Ugiincii
boliim Banach sabit nokta teoreminin klasik ispatina ayrilmistir. Dordiincti boliimde,
ultrametrik uzaylar ve 6nemli orneklerinden p-sel metrik uzaylari incelenmis olup
ultrametrik sabit nokta teoremi verilmistir. Sirali uzaylardaki sabit nokta teoremleri
besinci boliimde ele alinmistir. Altine1 béliimde Kuhlmann ve Kuhlmann (2015) 1s181nda,
iizerinde calisilan uzay ister metrik, ultrametrik isterse de sirali bir uzay olsun, bir sabit
noktanin var olabilmesi icin yeterli kosullar ele alinmistir. Son olarak, tezde ele alinan
metrik ve ultrametrik teoremlerinin ve tam yar1 sirali uzaylarda ifade edilen Bourbaki-
Witt teoremlerinin hipotezlerinin genel sabit nokta teoreminin hipotezlerini sagladigi

gosterilmistir.
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ABSTRACT

This thesis aims to study a generalization of Banach Fixed Point Theorem in metric,
ultrametric and ordered spaces following a recent paper of Kuhlmann and Kuhlmann (2015)
which points out the common denominator of Banach's Fixed Point Theorem in metric,
ultrametric and topological spaces. The general idea is to give a general fixed point theorem
which works in all of these spaces by the structure of ball spaces and by the concept of

spherical completeness.

This thesis includes six chapters. Chapter 1 introduces the literature and the objective of
this thesis. Chapter 2 gives the preliminaries. In Chapter 3, Banach Fixed Point Theorem is
given. In Chapter 4, we study the ultrametric spaces. Some examples including the
remarkable p-adic spaces are given. Chapter 5 presents the ordered spaces and some fixed
point theorems in these spaces. In Chapter 6, we give the general fixed point theorem due
to Kuhlmann and Kuhlmann (2015) which combines various contents. Finally, we
conclude with the proofs of Banach fixed point theorem, ultrametric fixed point theorem and
as a our contribution to literature Bourbaki and Witt theorems given in ordered spaces by

applying the general fixed point theorem.
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CHAPTER 1

INTRODUCTION

Fixed point theory deals with the maps defined on itself. Let X be a set and f be a
map defined on X, a fixed point theorem states simply that under some conditions
on X and f there exists a point z € X such that f(z) = z. This point is called a
fixed point of f on X. Sometimes it is unique. It has various applications not only
in analysis and topology but also in various domains such as physics, economics and

informatics.

Banach Fixed Point Theorem provides a basis of fixed point theorems in different
branches of analysis. It is a very important tool in the studies of metric spaces and
its applications. Considering a metric space (X, d) and a mapping f defined from X
to itself, Banach Fixed Point Theorem states that the sufficient conditions for having
a unique fixed point on X are that (X, d) is complete and f is a contraction map.
It is first studied and stated by Stefan Banach (1892-1945) in his book published in
1922 ([1]) since then the theorem has been referred as Banach Fixed Point Theorem.
An iterative process producing approximations to the fixed point or the error bounds
are given as the first corollaries of the theorenﬂ Banach Fixed Point Theorem has
important applications in analysis itself. For instance, the theorem is used in order to
obtain the iteration methods for solving linear equations. Also, it is noted in Banach’s
book that the existence and the uniqueness of the solutions of differential and integral
equations while considering the function spaces was the first motivation of Banach

Fixed Point Theorem.

1 We will not discuss the iterative process in this thesis. One may refer to [2].



Following Banach’s work [1], in the 20th century, the fixed point theory was devel-
opped in divers contexts. The questions like the following ones has arised: What are
the conditions on X and on f to have a fixed point? Is X a topological space? a
metric space? an ultrametric space, a partially ordered space or a lattice? What are
the conditions on f? Is f a continous map? a Lipschitz continuous? a contraction?
Or what about if f is not necessarily continuous but only a progressive map? All of

these questions lead the related litterature to classify the fixed point theorems.

Banach Fixed Point Theorem (or Contraction Mapping Theorem) is seen as the most
classical result of the fixed point theory. In the important works of Bourbaki (1949)
and Witt (1950) ([3] and [4]), the analogues of this classical result are given in the
ordered spaces. [5], [6], [7], [8], [9] and [10] give the extensions of Banach Fixed
Point Theorem in the case of ultrametric spaces. Recently, Kuhlmann and Kuhlmann
(2015) ([11]) points out the common denominator of Banach’s Fixed Point Theorem
and its analogues in ultrametric and topological spaces. A general fixed point theorem
is given in [11] which works in metric, ultrametric and topological spaces by the

structure of ball spaces and by the concept of spherical completeness.

In this thesis, we study the fixed point theorems in three main topics. These three top-
ics includes metrical, ultrametrical and ordered fixed point theorems. We first study
the Banach Fixed Point Theorem. The classical result is given with an application on
integral equations Next, we study the ultrametric spaces. Some examples, includ-
ing the remarkable p-adic spaces, are given. We will give the proof of the ultrametric
fixed point theorem following the ideas given in [11]. The essential contribution is
this thesis is to give alternative proofs of the Bourbaki and Witt Theorems (first given
in [3] and [4], considered recently in [14]) by applying the general fixed theorem of
[11]. We prove two theorems of Bourbaki and Witt which are stated for a complete

partial order set for a progressive and order preserving functions respectively.

This thesis is organized as follows. In Chapter 2, we give some preliminary results in
order to present the basic definitions and tools of metrical, ultrametrical and ordered
fixed point theory. Chapter 3 is devoted to the classical proof of Banach Fixed Point

Theorem. In Chapter 4, we study the ultrametric spaces and we state a version of

2 One may refer to [12] and [13] for the applications of Banach Fixed Point Theory in economics.



ultrametric fixed point theorem. Chapter 5 presents the ordered sets and a fixed point
theorems in these sets. Then, in Chapter 6, we give the general fixed point theorem
due to [11] which combines various contentsE] Finally, concludes with the proofs of

all the theorems given in Chapter 3,4 and 5 by using the general fixed point theorem.

3 In this thesis, we do not give a proof this theorem. For a complete proof of the theorem, one may refer to
[11].



CHAPTER 2

PRELIMINARIES

In this chapter, we give some important concepts and definitions which will be helpful

for the rest of this thesis.

2.1 Metric Spaces

In this section, we will consider metric spaces. Metric spaces provides a base for the

important problems in analysis.

Definition 2.1. Let X be a nonempty set. Consider the distance map d : X x X — R
such that the following axioms are satisfied:

(M1) Forall x,y € X, d(z,y) =0ifand only if v =y

(M2) Forall x,y € X, d(z,y) = d(y, z)

(M3) Forall x,y,z € X, d(x,z) < d(x,y) + d(y, z) (triangle inequality)

We call such a distance map d, a metric on X and we call the couple (X, d) a metric

space.

Example 2.2. Let X = R. Consider the map d : R x R — R defined as

The map d satisfies the conditions (M1)-(M3) for every z,y € R. Therefore, d is a

metric (which is called the usual metric) on R.



Example 2.3. Consider the map d : R?> x R? — R, defined by

d(z,y) = |v1 — yi| + |22 — 2]

where x = (11,23), y = (y1,v2). (R?,d) is a metric space since:

We have d(x,y) = 0 if and only if |x1 — 1| + |xa — y2| = 0. |21 — 1| = 0 and
|zo — yo| = 0 implies that x1 = y, and x5 = yo. Hence, x = y and (M1) is satisfied.
We have

d(z,y) = o1 =y |+ |22 — ya| = |y1 — 21|+ |y2 — 22| = d(y, x) for every z, y € R?

Therefore, (M2) is satisfied.

Finally, we have

d(z,2) = |x1 — 21| + w2 — 22| < |21 — | + |11 — 21| + |22 — y2| + Y2 — 22|
= d(z,y) + d(y, z) for every x,y,z € R?

Hence, (M3) is also satisfied.

This metric d is also called the taxicab metric.

Example 2.4. Consider the following set X which is defined as all bounded sequence

of real numbers:

X ={{=(&, &) |&G] <co, & eERco e Ry}

Let £,¢ € X, wehave & = (£1,&,...) and & = (€,,&,,...). Let us define the map
d: X xX >R,

with

d(€,€) = supent|& — &}

The map d satisfies axioms (M1) and (M2). Let us verify the axiom (M3): For any
£,¢,¢" € X, we have

G =&l =16—& +& -l <& —&1+1¢ — ¢



Hence,
(&, &) = supien{|& — &1} < supijen|é — & | + supsjen|€; — &

= d(¢,€) < d(&,¢) +dE €

Thus (X, d) is a metric space which is usually denoted by (..

Example 2.5. The usual metric defined on R? can be generalized to as follows by the
help of Cauchy-Schwarz Inequality on n-dimension. Let d is a map which is defined

as.

d(.l", y) = \/(xl - y1)2 + (-772 - y2)2 + . + (xn - yn)2

forevery x = (x1,x9, ..., %), Yy = (Y1, Y2, -y Yn) € R™ (R™, d) is a metric space.

Example 2.6. Consider the map d : X x X — R, given by

0, fr=y
d(z,y) =

L fx#y

The axioms (M1) and (M2) are clearly satisfied by the map d. Let us show that (M3)
is also satisfied for all v,y,z € X :

For x # y, we have three cases:

Case 1: If z = x : We have d(x,z) = 0 and d(x,y) = d(y,z) = 1 which implies
0=d(x,z) <d(z,y) +d(y,z) =2

Case 2: If z = y : In this case, d(x,z) = d(z,y) = 1 and d(z,y) = 0. We have
l=d(z,2) <d(z,y)+d(y,z) = 1.

Case 3: If z # x and z # y : In this case d(x,z) = d(z,y) = d(y,z) = 1. We have
l=d(z,2) <d(z,y)+d(y,z) = 2.

For x =y, we have two cases:

Case 1: If z = x : In this case d(z, z) = d(z,y) = d(y, z) = 0. We have

0=d(x,z) <d(z,y) +d(y,z) =0.

Case 2: If z # x : In this case d(z,y) = 0 and d(z,z) = d(y,z) = 1. We have
l=d(z,2) <d(z,y)+d(y,z) = 1.



Hence, (X, d) is a metric space which is called discrete metric space.

Example 2.7. Let X be a set of all real-valued functions which x, vy, ... are continuous
functions on closed interval I = [a,b]. Consider the map d : X x X — R, defined

d(z,y) = mazer|z(t) — y(t)]

The map d satisfies the axioms (M1) and (M2). Let us verfy (M3): For every x,y,z €

X, we have

2(t) —y(O)] = [e(t) — 2(t) + 2(t) —y(@)] < |(t) — 2()] + [2() — y(2)]
Hence,
d(z,y) = mazer|o(t) — y(t)] < mazier|o(t) — z(8)] + mazie|2(t) — y(t)]
which implies d(x,y) < d(x,z) +d(z,y) for every z,y,z € X
(X, d) is thus a metric space which is usually denoted by C|a, b).

Example 2.8. Let d : R x R — R, be a map defined by

d(z,y) = (z —y)*

We can immediately remark that for some values like v = 5,y = 4 and z = 1. (M3)
is not satisfied:

d(z,z) =16 £ d(z,y) + d(y, z) = 10.
Thus, d is not a metric on R.

Definition 2.9. Ler (X, d) be a metric space. Let Y be a nonempty subset of X. Let

us define d' := d|yxy. The metric d' is said to be the induced metric by d on'Y'.

Example 2.10. The subsets Q and |0, 1] of R are metric spaces with induced metrics
on these sets by usual metric. Generally, all subsets on R are metric spaces with

induced metrics on these intervals by usual metric.

Definition 2.11. Let R be a ring with unity element 1 = 1p. A function N : R — R
is called a norm on R if the followings hold:

(N1) Forallz € R, N(z)=0ifandonlyifz =0



(N2) Forallz,y € R, N(zy) = N(z)N(y)
(N3) Forallz,y € R, N(z+y) < N(z)+ N(y)
Let X be a vector space. (X, N) is called a normed space if the norm N defined on
X.
Example 2.12. Let X = R". Consider the map N : R" — R, defined as
N(x) = |zl = lwa] + |w2] + o + |2

forany x € R™. The map satisfies the conditions (N1)-(N3). Then (R, N) is a normed

space.

Proposition 2.13. Every normed space is a metric space.

Proof: Let (X, N) be a normed space. Consider the map d : X x X — R defined
by

For (M1): We have d(z,y) = N(z —y) =0 ifand only if x = y

For (M2): We have

d(z,y) = N(z —y) = N(=(y = z)) = N(=1)N(y — =) = N(y — =) = d(y, z)
For (M3): We have

dlz,y)=N(x—y)=N(x—2+ 2z —vy)
<N(x—2)+N(z—y)=d(z,2)+d(zy)

Therefore, a norm on X defines a metric d on X which is defined by
d(z,y) = N(x —y)
for any z,y € X and d is called the metric induced by the norm.

Example 2.14. Consider the (X, d) discrete metric space. Let x # y and |a| # 0, 1.

d(az, ay) = d(a(z,y)) = |ald(z,y) = |a| # 1 = d(z,y)

Thus, discrete metric is not a norm. So, every metric space is not a normed space.



Definition 2.15. Let (X, d) be a metric space. A sequence (x,,) defined on X is said
to be convergent if there is an element x of X such that lim,,_,. d(z,,z) = 0. x is
called the limit of (x,) and we write lim,,_,, x,, = x. We say that (x,,) converges to

x. If (x,,) is not convergent, it is said to be divergent.

Remark 2.16. The convergence of the sequence () is defined by the convergence
of the real numbers sequence a,, = d(z,,x). That is, lim,_,, z,, = = means that for
an arbitrary ¢ > 0, there exists N = N(e) € N such that for all a, withn > N
implies |a, — 0] < e.

Example 2.17. Let (z,,) be a sequence on the induced metric space (0,1) C R by

usual metric such that (x,) = (=). Consider

lim d(z,,0) = lim

n—oo n—o0

1
——0':0
n

but 0 ¢ (0,1). Thus (x,,) is not convergent on (0, 1).

Definition 2.18. Let (X, d) be a metric space. A sequence (x,,) defined on X is said
to be Cauchy sequence if for every € > 0, there exists N = N(e) € N such that

d(xp, xm) < € is satisfied for all m,n > N.

The metric space X is said to be complete if every Cauchy sequence defined on X

does converge in X.

3
Example 2.19. Let (z,,) = 27;1 1 be a sequence in R.
For any € > 0, we can the choose N > (2—)5 such that the following holds for all
€
m,n > N:
o — ] = n+3 m+3| |m — nl
T 2n 41 2m+1 T (2n+1)(2m+ 1)
_ 2m + 2n _2m+ D)+ 2n+1) -2
2n+1)2m+1) (2n+1)(2m+1)
B 1 v 1 2
S 2m+1) 2n+1) 2n+1D@2m+1)
- 1 n 1
2m+1) (2n+1)
2
n— Ty < oo <
[ = ml < SNy <€

Thus, (x,,) is a Cauchy sequence in R.



Example 2.20. Consider the sequence (x,) = (—1)" in R with usual metric. Since
|$2n+1 - 1‘2n| = |(—1)2n+1 - (_1)2n| =2
forall n € N. Therefore (—1)" is not a Cauchy sequence.

Example 2.21. Let d : X x X — R be the discrete metric. Let (x,,) be an arbitrary
Cauchy sequence in X.
Let e = % There exists N > 0 such that for all n,m > N, we have:

1

d _ -
(T, T) < € 5

Also, by the definition of discrete metric, since there are 0 and 1 as distance we have:
. 1
if d(xp, x,) =0< 5 then x, = T,.

(x,,) is then a constant sequence, after an arbitrary natural number N which is (x.,)

convergent in X. Hence, discrete metric space is a complete metric space.

Example 2.22. (Q, d) is a metric space with induced usual metric on R. We will
show that (Q, d) is not complete.

Consider the rational sequence (x,,) which is given by the following sequence:

ZTo =2
Tn = T 1
SO S,
n

(z) is a Cauchy sequence in Q but (1) converges to /2 ¢ Q. Thus, Q is not

complete.

Definition 2.23. Let (X, d) be a metric space which is not complete. Let C'x be the
limit points of Cauchy sequences defined on X. The set X= X UC is then a complete
metric space with respect to d:= d |xucy- Thus a complete metric space is created

by adding all possible limit points of Cauchy sequences defined on that metric space.
(X.d) is called the completion of (X, d).

Theorem 2.24. R is a completion of Q with usual metric.E]

L We will see also [Chapter 4] that Q has an another completion with respect to p-adic metric. See also [15].

10



In the following, we will consider various definitions and examples of continuous

functions.

Definition 2.25. Let (X, d) be a metric space. A mapping f : X — X is said to be

continous at xo € X, if for every € > 0, there exists a 6 > 0 such that
d(z, o) < § implies d(f(x), f(xg)) < €.
If f is continuous at each xy € X then we say that f is continuous on X.

Example 2.26. Let us denote by dx the usual induced metric on R7.. Let us show
that f(x) = x* is a continuous map on R’ : Let xg € X C R*. Assume d(z,x) =
| — x| < . If we take § := min(1,e/2a) with a = x¢ + 1, we have |x — xo| < 1.
This implies:

2

|2? — 22| = |7 + zo||7 — 20| < 20|z — T0| < 200 < 2a2i =c
a

Hence, [ is continuous at x = x. But is it continous on whole R* ? However, this x

is chosen arbitrary then f is continuous where R*,..

Example 2.27. The function f : R — R defined as follows:

1 ifz>0
fz) =
0 ife<0

is not continuous at x = 0 with respect to the usual metric on R, since,
Forxz =0, choose 6 > 0. Putx = §/2. Then |x —xo| = 6/2 < 6 but |f(x)— f(xo)] =

|1 — 0| =1 > e. Thus, f is not continuous at xo = 0.

Definition 2.28. Ler (X, d) be metric space. A function f : X — X is uniformly

continuous on X if for every € > 0 there exists 6(e) > 0 such that, for every x,z € X
satisfying d(x, z) < 9, we have d(f(z), f(x)) < e.

Example 2.29. Let us consider X = (0,4) with usual induced metric and f is uni-

formly continuous on X, since:

flx)=a% Letd =¢/8 z9 € X with0 < zg<4and) <z <4500 < x+ 10 <8.

Assume |x — xo| < 6. Then

|f(z) — f(xo)] = ]a:z —:1:8\ = |z — zol||x + 20| < 85 = €.

11



Example 2.30. Let us now consider X = (0,00). The function f(x) = x? is not
uniformly continuous on X = (0,00). Since: There exists ¢ > 0 and for all § > 0 we

can find vy € X and x € X such that |v — xo| < § and |v* — 23| > e.

Let ¢ = 1. Choose § > 0. Let xy = 1/ and x = xo + §/2. Then |z — xo| < 6/2 < o

but )
1 9 1 )

2_2: - _2__2:1 s 1=¢.

ol =+ D - =1 D=

Definition 2.31. Let (X, d) be a metric space and f : X — X be a function. If there

exist A\ > 0 such that
d(f(x1), f(22)) < Ad(21, 22)

then f is said to be Lipschitz continuous. The smallest \ for which the inequality

holds is called Lipschitz constant of f.

Definition 2.32. If f is Lipschitz continuous with A = 1 then f is said to be non-

expansive, that is,
d(f($1), f(I2)) S d(xhx?)

forall xi,z5 € X.

Definition 2.33. Let (X, d) be a metric space. If, for all x1,x5 € X we have

d(f(x1), f(z2)) = d(x1, 72)

then f is called an isometry.

Example 2.34. The function f(x) = x + 1 defined on R with usual metric d is an

isometry.

Definition 2.35. Let (X, d) be a metric space. A map [ : X — X is called a

contraction map if there is A with 0 < X\ < 1 such that for all v,y € X

d(f(x), f(y)) < Ad(z,y)

Proposition 2.36. Let f be a contraction map on X. Then f is uniformly continuous
on X.
Proof: Given ¢ > 0 and let pick 6 = ¢. Then if d(x,y) < 0, we have

d(f(z), f(y)) < Ad(z,y) < A6 =Xe <¢
which implies directly that f is uniformly continuous on X.
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Corollary 2.37. Let (X,d) be a metric space. A Lipschitz continuous map is uni-

formly continuous on X, hence continuous on X. The converse is not true in general.

Example 2.38. Let us show that cos x is a contraction on [0, ] with the usual induced
metric.
By means of the Mean Value Theorem in differential calculus and the boundedness of
sine function on [0, 5|, that is there exists c € (0, 5) such that

| cosz — cosy| = |sinc||lz — y| < |z — y| for every z,y € [0, g] and c € (0, g)
Therefore, cos x is a contraction mapping on [0, T].

2.2 Ordered Sets

Let X be a set. The pair (X, ) is called a partially ordered set (poset) if for all

x,y,z € X, the following conditions are satisfied:
@) x < z (reflexivity)
@) If r <X y and y < 7 then x = y (anti-symmetry)

@i) If r <X yand y < 2 then x < 2 (transitivity)

Remark 2.39. The following two conditions are equivalent:

@ 2z <y and y < x implies x =1y

(b) = <y, x#y implies y £ x

Suppose that statement (a) holds. Let v < y and x # y. If y < x by using definition
(a) we would have x = vy but this is a contradiction because of the fact that © # .
On the other hand, suppose that the statement (b) holds. Let x < y andy < x then by

using definition (b) we would have y £ x. But this is a contradiction. Hence © = y.

Definition 2.40. Let X be a partially ordered set. Let x,y € X, x and y are said to
be comparable if the relation "x <X y ory <X x" is true. X said to be totally ordered
if it is partially ordered and if any two elements of X is comparable. The pair (X, <)

is called a totally ordered set (toset).
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Example 2.41. Let X = R. Consider the relation < defined by
ry=c<y

The relation of < in real numbers satisfies the conditions (i),(ii) and (iii). Thus (R, <)
is a partially ordered set. Moreover, for all x,y € R, we have either v < y ory < x.
Therefore (R, <) is a totally ordered set. In particular, we can choose any nonempty

subset of R instead of R. Thus, any subset of R is also a totally oredered set.

Remark 2.42. Every totally ordered set is a partially ordered set.
Every subset of totally ordered set is totally ordered by the induced ordering.

Example 2.43. Let Y be a set. All subsets of Y can be denoted as X = P (Y).

We claim that X is a partially ordered set with the relation inclusion satisfying the
following conditions:

(@) Forall A € X we have A C A

(@) Forall A,Be€ X if AC Band B C Awe have A =B

@@i) Forall A,B,C € X if AC Band B C C we have A C C

Therefore, (X, C) is a poset. If Y is empty set or it has exactly one element, it can be

considered as totally ordered set with respect to the inclusion.

Let A = {a,b,c}. Let us draw the Hasse diagram of the set of all subsets which has

a three elements of the set A, by inclusion order:

14



fahbrc}

{ah} fac} {b.c}

{a} {b} {c}

N

&

Figure 2.1: This figure is adapted from the [14].

A is a partially ordered set with the inclusion. However, (P(A), C) is not a totally
ordered set with inclusion since, sets on the same horizontal level don’t share a prece-

dence relationship. Some other pairs, such as {a} and {b, c}, do not either.

Example 2.44. Let X = N. Consider the relation < defined by
rxyszrlyeN

Note as a convention that 0 < 0. We claim that (N, X) is a partially ordered set:

(i) For all z € N, we have x|x = 1, which implies © <X .

(ii) Let * < y and x # y. x|y means that y = ax for some a € N. If y|x we have
x = by for some b € N. Thus v = by = bax,; soa =1, b= 1. That is, x = y.
(@ii) Let v,y,z € N. Let x < y and y < z. We have y = ax and z = by for a,b € N.
Therefore; z = (ax)b = (ab)x which implies x < z.

Thus (N, X) is a poset.

Since we can not have divisibility relation between an arbitrary natural numbers,

(N, x) is not a totally ordered set.
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CHAPTER 3

BANACH FIXED POINT THEOREM

In this chapter, we will present Banach Fixed Point Theorem and we give its proof
which is the primary source of the fixed point theory. We will also give some exam-

ples and applications.

Definition 3.1. Let (X, d) be a metric space and f : X — X be a map. If there exists
a point g € X such that f(xo) = xq then xy is called a fixed point of f on X.

Example 3.2. Let f : R — R be a map such that f(x) = 2% Then f has two fixed
pointson x = 0 and x = 1.
Remark that if f : (0,1) — (0, 1) the domain of f is changed as (0, 1) such that then

f has no fixed point on this domain.

Example 3.3. Leta # 0 and f : R — R be a map. Let f(x) = x + a. Then f has no
fixed point.

Theorem 3.4. (Banach Fixed Point Theorem) Let (X,d) be a metric space with
X # 0. Suppose that (X, d) is complete and f : X — X is a contraction. Then f

has a unique fixed point xo € X.

Proof: First, we will show the uniqueness part. We will consider the case that we
have two distincts fixed points and end up with a contradiction by using property of
contraction map. Secondly, we will show the existence part. The idea of the proof is
we construct a Cauchy sequence by iteration in (X, d) and show that as it is Cauchy

therefore converges in the complete metric space (X, d), that is, has a limit z € X.
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Then show that this z is the fixed point of f.

Uniqueness. Suppose that f has two fixed points z1, x5 € X such that z; # x, that

is f(z1) = xy and f(z3) = 29 on X. Then we have,

(1, 22) = d(f (1), f(22)) < Ad(x1, )

with 0 < A < 1 as f is a contraction. This is only possible if d(z1,x2) = 0, i.e., if

T, = T9. A contradiction.

Existence. Let us choose zy € X and define an iterated sequence z,, 11 = f(x,) for

all n € N such that by induction we will have:

o, T1 = f(w0), 22 = f(21) = f*(w0)--.

Now we can consider d(z,,41,x,) = d(f(x,), f(x,_1)) as follows

d(Tpi1,70) = d(f(2n), f(2n-1)) < Ad(Tp, Tp-1)

since f is a contraction. We will have then:

d(Tny1,20) = d(f(2n), [(Tn-1)) < Ad(2n, Tno1) = A(f(2n-1), [(Tn-2))

Again, using the fact that f is a contraction, we have:

A2, Tp_1) = M(f(2n_1), f(Tn_2)) < N2d(2p_1, Tp_s)...

Thus,
d(Tni1, Tn) < A*d(21, 30) = A*d(f(20),20) for n €N.

Hence forn € Nand m > 1:

A(Zntms Tn) < A Tpgms Tngm—1) + A Tnpm—1, Tntm—2) + o + A(@Tpt1, Tn)
< AL F o), wo0) + NTT2A(f (), o) + - + N f (o), 7o)
= (AP AR NS L A d(f (o), o)
=AML+ A+ A2+ o+ NDA(F(20), 20)

1— A" A
’ 1 — )\ d(f(x(])?m()) S 1— /\d(f(fﬂo),l'o)
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Since A < 1, we can get the last expression as small as we want by choosing n large
n

A
)\d(f(950)> zp) <

enough. Given € > 0, we can, in particular, find an /N such that ]

€. Thus for n,n +m > N, we have

n

1—-A

A(@pgm, Tn) < d(f(zo), o) < €

Therefore {z,} is a Cauchy sequence. Since (X, d) is complete {x,,} converges to a
point z € X.
To prove that z is a fixed point that we are looking for we can just observe that we

have x,,.1 = f(x,) for all n, and taking limit as n goes to infinity we get f(x) = z.

x is a fixed point of f. By contraction of the Cauchy sequence with x,,,; = f(z,,) for
all n and by the fact that f is a contraction which implies f is uniformly continuous
on X, we will have
lim z,4, = lim f(x,)
n=s00 n—s00
= f(z)
and

lim z,4, =2
n—oo

Thus f(z) = 2. B

Fredholm Integral Equation of Second Kind is one of the principal example for the
application of Banach Fixed Point Theorem. One may refer to [2] for different appli-

cations in mathematics.

Example 3.5. Let K(z,y) : I x I — Rand g : I — R be continuous functions

where I = [a, b] for some a,b with a < b, let X be a real number. Consider

f(t) = / K(t,5)f(s)ds + g(t) 3.1)

t € [a,b]. This equation has a solution. We need to show that 0 : C(I) — C(I) is a
contraction which is defined on the complete metric space C(I) and by Banach Fixed

Point Theorem 0 will have a fixed point fo € C(I) such that fo = 0(fo).

18



dsup(e(f)a 0<f0>> = SUpteIW(f)@) - e(fo)(t>’
For f, fo € C(I), consider the following:
PO = 0] = I [ K6 ()ds +9(0) = [ K9 fals)ds + o)
<IN [ 1)) = olo)lds
¢ b
< N supierl F5) — fo(s)| [ 1)

< Al supser|f(s) = fo(s)| mawser| K (s, £)[(b — a)

Just for notation T = |\| max s er| K (s,t)|(b — a). Thus we have,

dsup(0(f), 0(f0)) < T supser|f(s) = fo(s)]

If T' < 1 then 0 will be a contraction and Banach Fixed Point Theorem tells us that

Fredholm Integral Equation of Second Kind has a solution.
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CHAPTER 4

ULTRAMETRIC SPACES

The aim of this section is to give a fixed point theorem which is an analogue of
Banach Fixed Point Theorem for ultrametric spaces. We give first the definition of
an ultrametric space. Then will give some related notions and some examples of
ultra metric spaces. p-adic metric spaces will be investigated as the most important

examples of ultrametric spaces.

Definition 4.1. Let X be a non-empty set. Let 1" be a partially ordered set and 1"y =
F'U{0}. Amap u: X x X — Ty is called ultrametric if the followings hold:

(Ul) Forall z,y,z € X, u(z,y) = 0ifand only if x =y
U2) Forall z,y,z € X, u(z,y) = u(y, x)

(U3) Forall z,y,z € X, ifu(x,y) <randu(y,z) <rthenu(x,z) <r

When we replace 1" in the third axiom (U3) by a totally ordered set, the axiom be-

comes.

(U3) Forallx,y,z € X, u(x,2) < maz{u(z,y),u(y, 2)} (Strong triangle inequal-
ity)
(X, u) is then called an ultrametric space.

Remark 4.2. A metric space (X, d) is an ultrametric space with I' = R if it satisfies

foreachx,y,z € X :
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d(w, z) < maz{d(z,y),d(y, z)}

Example 4.3. Discrete metric space is an ultrametric space.
Proof: Let X be a non-empty set. The axioms (Ul) and (U2) is clearly satisfied by d.
Forz,y,z € X let us show (U3):

For x # y, we have three cases:
Case 1: If z = x: In this case d(z,z) = 0 and d(z,y) = d(y,z) = 1. We have
d(z,z) < max{d(z,y),d(y, z)}.
Case 2: If z = y: In this case d(x,z) = d(z,y) = 1 and d(z,y) = 0. We have
d(x,z) < max{d(z,y),d(y, z)}.
Case 3: If z # x and z # y: In this case d(x,z) = d(x,y) = d(y, z) = 1. We have
d(z,z) < max{d(z,y),d(y, z)}.

For x = y, we have two cases:

Case 1: If z = x: In this case d(x,z) = d(x,y) = d(y,z) = 0. We have
d(z,z) < max{d(z,y),d(y, z)}.

Case 2: If z # x: In this case d(z,y) = 0 and d(z,z) = d(y,z) = 1. We have
d(z,z) < max{d(z,y),d(y, z)}.

Remark 4.4. We will denote discrete metric by ug : X x X — {0,1}.

Definition 4.5. A norm is called ultranorm (or non-Archimedean) if (N3) is replaced
with
(N3')N(x +y) < maz{N(z), N(y)}

forall v,y € R. It can be strengthened if (N3') is replaced with
(N3")N (x +y) = maz{N (x), N(y)}
if N(z) # N(y).

Remark 4.6. A metric is an ultranorm(non-Archimedean) if it is induced by an ultra-

norm, since in that case;

d(z,y) = N(x—y)=N(x—z+2z—vy) <mazx{N(x —2),N(z—vy)} =
max{d(z,z),d(z,y)}
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One can say that the metric which is induced by an ultranorm is called an ultrametric

space.

Example 4.7. (Alphabetical metric) Let X be the set of words in alphabet of any
language. Let v,y € X be two words of any length. Let n be the first letter where x
and y differ. The alphabetical metric u, : X x X — [0, 1] is defined as:

0, fe=y
Ug(,y) =
1 .
-1’ ifx#y

Let us check the axioms of an ultra metric given in definition 4.1. The axioms (Ul )-

(U2) are satisfied trivially. We will verfy the axiom (U3):

If v = z then uy,(z,2) = 0 < maz{u.(z,y),u.(y,2)}. Similarly, for y = z and

xr=y.

1
When © #+ y and y # z and x # z, assume that u,(z,y) = T ug(y,2) = =—
1
oam—1°
Thus, forall j < n, x; = y;. Forall j <, y; = zjand forall j < m, z; = z;.

and ug(x,z) =

These facts imply that x; = z; for all j < min{n,l} and m > min{n,l}.

Hence,
1 1

o1 1)

or equivalently

ua(, 2) < max{ua (2, y), ua(z,y)}

Therefore (X, u,) is an ultra-metric space.

4.1 p-adic Metric Spaces

In the following, we will give the most common example of ultrametric spaces,
namely p-adic metric spaces. We give first the definition of p-adic order and then

we will define p-adic metric and show that p-adic metric is an ultrametric.
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Definition 4.8. Let p be a prime. Let R = Z. Let x be a non-zero integer v € 7, we

define the p-adic order of x as follows:
ordyx == max{r | p"/x} >0
Let R = Q. For a/b € Q, the p-adic order of a/b
a
ordpg = ordpa — ord,b.

Let us write y € Q in the form y = $p" where r,a,b € Z, b # 0. Here p divides

neither a nor b then ordyy = 7.
28 . .
Example 4.9. Let x = % be a rational number. Let us show the 2-adic order of x:
28
ordgﬁ = ordy28 — ordy16
= ordy(7 - 2%) — ordy2*

=24
=2

Convention 4.10. We have then the following:

(@) ord,0 = oo
@) ord,p =1
(@) ord,1 =0

Proposition 4.11. The p-adic order has the following properties:

(@) Forallx,y € Q, ordy(zy) = ord,x + ordyy;

@) Forall x,y € Q, ord,(z +y) > min{ordyz, ord,y} with equality if ord,z #
ordyy.

Proof: Let x, y be non-zero rational numbers. We have x = $p" and y = <p°.
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(@)
ord,x = maz{l | p'/x} = max{l | pf/%p”} =r

c
ordyy = max{m | p™/x} = max{m | pm/aps} =5

However; xy = Z—C‘;p’"“ and p divides neither ac nor bd, bd # 0. So we have:

ord,(ry) = max{k | p*/zy} = maz{k | pk/%p’”“s} =71+ s =ord,r + ordyy.

(ii) The case where x = 0 and (or) y = 0 straightforward.

If r = s, we have:

. a c . (ad + bc)
TSP P e

Thus, ord,(z+y) > r = s since p does not divide neither b nor d so p does not divide
bd.

If r # s, let s > r. We have:

A .. . (ad +p*~"cb
ety=p(3+p7" ) =p %'

Thus, ord,(x + y) = r = min{ord,z, ord,y} since p divides neither b nor d so p is

not divide bd and also s — r > 0.

Definition 4.12. Let p a prime. For x € Q, define the p-adic norm of x as follows:

pfordp:(:7 lfl’ 7é 0

’$|p =

0, ifr=20

Proposition 4.13. The p-adic norm |.|,, : Q — Ry has the properties

(N1) Forall x € Q,

x|, =0ifand only ifr =0
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(N2) Forall z,y € Q,

Iylp = |x‘p|y‘p

(N3) Forallz,y € Q,

z +yl, < max{|z|y, lylp} with equality if |z|, # |y|p.

Hence, |.|, is an ultranorm (non-Archimedean norm) on Q.

Proof: First property is trivial. We will therefore prove (N2) and (N3).
For (N2): If zy = 0 then x = 0 and (or) y = 0 then it is evident. Let xy # 0. Then

|l'y|p _ p—ordpzy _ p—(ordpx-i-ordpy)
— p—ordpzp—ordpy
= |zlplyly

For (N3'): Let ord,x < ordyy, that is, maz{ord,z,ord,y} = ord,y and then
max{|z|,, |y|,} = |z|,- Moreover with the fact that ord,(z+y) > min{ordyz, ord,y} =

ord,z, we will have

1
pordp (z+y) < pordpy

|z + y’p = = ’y|p < max{|37|pv |y‘p}

If ord,z # ord,y, then ord,(x + y) = min{ord,x,ord,y} = ord,z then we have

the equality
B 1 1
|$ + y|p - pordp(x+y) - pordpx
= ||,
= mazx{|xz]p, [yl}
Example 4.14.
1 1
755 = 3.5%]s = = = —
75]s = [3:5%5 = 55 = o
2 2
— |5 =1]z.5735 =5=125
ol = 1557
12 1
13s = 14l = Tls = |15 = 5
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Definition 4.15. The map |.|, : Q x Q — R induced by p-adic norm(ultranorm) is

called a p-adic metric. (Q, |.|,) is then a p-adic metric space with d,(x,y) = | —y|,.

Example 4.16. Let d(z,y) = |x — y|s.

1
N — 3
d3(3,30) = |30 — 3|3 = [27]3 = |3°|3 = 3~ o7

1
d3(2,3) =3 —=2|5= 1|3 =35 = =1

Proposition 4.17. The p-adic metric is an ultrametric.

Proof: (U1) and (U2) proporties are trivial. We will therefore prove (U3). Let x, y be

. a c
non-zero rational numbers. We have r = —p” and y = —p°.

b d
For (U3): Since z — z = (x — y) + (y — 2),

ordy(x — z) > min{ordy(z — y), ord,(y — 2)}

We have

—ordp(z—2) —ordp(z—y)

< maz{p ,p "N = maz{|z — yl,, ly — 2|}

|x_Z|p:P

Theorem 4.18. Given a prime p and the p-adic metric, every rational number can be

written in a unique way as a power series of the form

Zbkpk forsomen € Z, and b, € 0,1,....p—1 foreach k > n

k=n
We will not give a proof of Theorem 4.18. One may for a proof refer to [16] or [17].
This series is called the p-adic expansion of the number. If z € Zx( has a finite

expansion. For example; let us look to 3-adic expansion of 25:
25 =1.3"+2.3'+23*4+ 0.3 +0.3" + ...

Negative integers and many non-integers are represented by infinite series. Let us

write the 3-adic expansion of —1:

Let (2,) be a sequence such that 2, = 2.3° + 2.3' +2.3% + ... +2.3™.

1 — 3n+1

— =31
1-3

Zn=2.(1+3+ ... +3"1+3") =2
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and

lim |z, — (=1)]3 = lim 3" — 1+ 1|3 = lim [3""!]3 =0
n—00 n—00 n—r00

Hence,

—1=23"4+23"4+2324+ . 4+23"+ ..

Similarly,

—2=13"423"4+23%2+ ... +23"+ ...
—3=03"4+23"+23%+ ... +23"+ ..
—4=23"4+13"4+2324+ .. 4+23"+ ..

The p-adic metric, for a fixed prime p, two points are close each other if their differ-
ence is divisible by a large positive power of p. In example 4.16., d(3,30) < d(2, 3).

In the following, we will give a picture due to [18] of a 3-adic metric space (Z, dg).EI

Example 4.19. (Picture of a p-adic metric space). Let us consider the metric space
(Z,d,). Let p = 3. In this example, we sketch a picture of 3-adic metric space Zs.
The 3-adic metric between any two integers x and y can be at most 1, corresponding
to ords(xz — y) = 0 and can be closer with possible distances 1/3,1/3% 1/33, etc.
Thus, this metric space can be traced as a rooted tree, where the root represent the
least possible order ords = 0 and highest possible distance 1/3° = 1. There will be
infinitely many order and distance levels.

The 3-adic metric between any two integers x and vy is the height, as labeled in the

distance column, to which one must climb in traversing a path from x’s leaf to y’s leaf.

order distance
0 1
1 1/3
2 1/3°
3 1/3%
4 13

0 9 3 [ 10 26 -1

Figure 4.1: This figure is adapted from [16].

! In the literature, we may also cite [19] for a different picture of p-adic spaces.
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4.2 Fixed Point Theorem for Ultra Metric Spaces

In this section, we first give some topological properties of an ultrametric space fol-

lowing [11], [20], [21] and [22].

Definition 4.20. In a metric space, given a point xo € X and a real number r > 0,
the set

B(zo,r) = {x € X | d(xo,z) < 1} is a called a closed ball with center x, and
radius 7.

In a ultrametric space, given a point xo € X and a real number o > 0, the set
B(zg,a) = {x € X | u(zo,z) < a} is a called a closed ball with center x, and

radius c.

Remark 4.21. Let x,y,z € X. Each three points x,vy, z of any ultrametric space
represent either vertices of an equilateral triangle or vertices of an isocales triangle
with the unequal side being the shortest one. So each triangle in an ultrametric space

is isocals or equalited. We will should show that u(x,z) = u(x,y) = u(y,z) or
u(z, z) = u(z,y) (oru(z, z) = u(y, z)).

When u(zx,y) = u(y, z) by the condition (U3) we have

@™ ul(z, z) < ulz,y) oru(z, z) < uly,z)

In the case (1), we have two cases

(1a) u(z,2) < u(x,y)

(Ab) u(z,z) = u(z,y)

Ifu(z,y) # u(y, z) by the condition (U3) we have

2) u(z,2) <u(z,y) oru(z, z) < uly, z)

In the case (2) we have two cases

(2a) u(x,z) = u(x,y)
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(2b) u(z,z) < u(z,y)

But also u(z,y) < max{u(z, z),u(z,y)}. If maz{u(z, z),u(z,y)} = u(x, z) or
max{u(z, z),u(z,y)} = u(z,y), therefore u(x,y) < u(x,z). This case is a contra-

diction with (2b). So, u(x, z) = u(z,y).

Proposition 4.22. Let (X, u) be an ultrametric space if y € B(x, «) then B(x,«) =
B(y,«). That is, every element of a closed ball is also center of the ball. In that

sense, the ultrametric can be called a democratic metric.

Proof: By definition, y € B(z,«) if and only if u(x,y) < «a. Let z € X such
that u(z, z) < a. We have u(z,y) < maz{u(x,z),u(z,y)} < «. This implies that
z € B(y, a) which shows that B(x, o) C B(y, «). In a similar way, we have
B(z,«a) D B(y, «). Thus B(z, o) = B(y, a).

Proposition 4.23. Let (X, u) be an ultrametric space. Every closed balls of X are

either distinct or nested.

Proof. Leta # b. Let B(a,a;) = {z € |u(a,z) < a1} and B(b,as) = {z €
lu(b,z) < s} two closed balls in X with the property that oy < «ay. Therefore,
there are two possibilities either B(a, a1) N B(b, az) = 0 or B(a, 1) € B(b, az). In
particular, if o; < g and if a € B(b, o) then B(a, aq) C B(b, ay).

Two closed balls in (X, u) are contained in each other, i.e., B(a,a1) N B(b, as) is

non-empty then either B(a, a;) C B(b, as) or B(a, o) 2 B(b, as).

Proposition 4.24. Let (X, u) be an ultrametric space. Let B(a, o) and B(b, as) two
closed balls in X. If B(a, 1) C B(b, ) and if b ¢ B(a, ;) then u(b,a) = u(b, z)
for each z € B(a, ay).

Proof. Since u(b,a) > «; and as u(a,z) < «a; for every z € B(a,q), we have

u(b, a) > u(a, z). However, u(b, z) = max{u(b,a),u(a, 2)} = u(a, 2).

Example 4.25. Remember the discrete metric is an ultrametric. Let us define the
closed balls in discrete metric. In particular, if « < 1 then the closed ball B(x,«) =
{z} and if « > 1 then B(z,a) = X. Moreover, if y € B(x,«a) then B(x,a) =
B(y, ).
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Definition 4.26. Any collection of balls in B which is totally ordered by inclusion is
called a nest of ball.

Definition 4.27. (X, u) is a spherically complete if every nest of balls has non-empty

intersection.

Definition 4.28. Let (X, u) be an ultrametric space. Amap f : X — X is called a

contracting map such that for all v,y € X

u(f(2), f(y) < u(z,y)

Definition 4.29. Let (X, u) be an ultrametric space. f is contracting on orbits if

u(f(2), f*(x)) < ulz,y)
forall x € X such that v # f(x).

Theorem 4.30. (Ultrametric Fixed Point) Every non-expanding function on a spher-

ically complete ultrametric space that is also contracting on orbits has a fixed point.

We will give the proof of Theorem 4.30 in Chapter 6.
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CHAPTER 5

ORDERED SPACES

In this section, we will give some fixed point theorems in the spaces, notably in totally
ordered spaces and in complete partially ordered spaces. We had already defined the
totally ordered set and partially ordered set in Chapter 2.

In the following, we define complete partially ordered space and lattices ( [13], [14]
and [23]).

Definition 5.1. Let (X, <) be a partially ordered space. (X, <) is complete if every
nonempty subspace S of X has a least upper bound in X.

Definition 5.2. A complete partially ordered set is a pointed complete partially or-

dered set if each of its subsets has a least element.

Definition 5.3. A partially ordered space (X, <X) is a lattice if and only if every S C
X consisting exactly two elements has a least upper bound and a greatest lower

bound.

Example 5.4. Let X be a cartesian square some of the natural numbers such that
X ={(0,0),(0,1),(1,0),(1,1)}. X is a partially ordered set with (a,b) < (c,d) if
a < cand b < d. Every two-elements subset of X has least upper bound (1,1) and

greatest lower bound (0,0) in X. So, X is a lattice.

Definition 5.5. A partially ordered space (X, <) is a complete lattice if and only if

every S C X has a least upper bound and greatest lower bound.
Remark 5.6. Every complete lattice is a bounded lattice.

Definition 5.7. Let X be a partially ordered set. An interval R in X is said to be a
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rectangle if it is defined as follows:
R={zeX |a<z<ba<banda,be X}

Theorem 5.8. If X is a complete lattice, then for any a,b € X, the interval R =

{z € X | a < x < b}isacomplete lattice.

Proof. Consider any subset S of . We will prove that S has a least upper bound and
a greatest lower bound.

Since X is a complete lattice than, there exists s* in X such that supS = s*. We will
show that s* € R.

As b is an upper bound for R. Then, b is also an upper bound for S C R such that
s* <b.

As a is a lower bound for R. Then, a is also an lower bound for S C R such that
a <z <s" <bforanyzinS. Thus s* € R.

On the other hand, since X is a complete lattice then, there exists a 5§ in X such that
infS = 5. We will show that § € R.

As a is a lower bound for R, a is also a lower bound for S C R such that ¢ < 3.

As b is an upper bound for R, b is also an upper bound for S C R such that a < 5 <
y < bforany y in S. Therefore, 5 € R.

Hence, every S C R has a least upper bound and a greatest lower bound, which

means R is a complete lattice.

Definition 5.9. Ler (X, X) is ordered space. Let f : X — X be defined. If f(x) > x

where © € X then f is called progressive function.

Definition 5.10. Ler (A, <) and (B, X) are ordered spaces. Let f : A — B be a
function satisfying v < y implies f(z) < f(y) where x,y € A then f is called an

order preserving function.

5.1 Fixed Point Theorems for Ordered Spaces

In the following, we will state the fixed point theorems for an order preserving and
progressive function which are defined in an ordered space.

The following theorem is important in the same that in order to have a fixed point
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in totally ordered space X = ([0, 1], <), we will not need continuity, being order

preserving will suffice.

Theorem 5.11. Let f : [0,1] — [0, 1] be an order preserving function. Then f has a
fixed point.

Proof. Let A := {z € [0,1] | z < f(x)}. We will show that there exists « such that
supA = « and then f(«o) = a.

First observe that 0 € A by definition of A and f on [0,1]. A is bounded since
A C R. There exists a € [0, 1] such that & = supA because A is nonempty and

bounded. Therefore, for every z € A, x < a. Then we have
r < (@) < f(a).
Thus, f(«) is an upper bound for A such that
a < fa) ().

By using (1) and as f is increasing, f(«) < f(f(«)). This implies that f(a) € A by
definition of A. Therefore,

f(a) < a=supA ().
By the (1) and (2), we will have f(a) = a. Thus « is a fixed point of f.

Similarly, let B := {z € [0,1] | z > f(x)}. We will show that there exists /5 such
that infB = [ and then f(3) = f.

First, observe that 1 € B by definition of f and f on [0,1]. B is bounded since
B C R. There exists 5 € [0,1] such that 5 = infB because B is nonempty and
bounded. Therefore, for every z € B, x > (3. Then we have

x> f(x) = f(B).

Thus, f(/3) is an lower bound for B such that

B> f(B) 3.

By using (3) and as f is decreasing, f(3) > f(f(3)). This implies that f(/3) € B by
definition of B. Therefore,

f(B) =B =infB 4.
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Inequalities (3) and (4) show us that f(/3) = . Thus [ is a fixed point of f, then the

result follows. B

Theorem 5.12. (Bourbaki-Witt 1) Let (X, <) be a complete partially ordered space.

Then, every progressive function [ : X — X has a fixed point on X.

Theorem 5.13. (Bourbaki-Witt 2) Let (X, <) be a pointed complete partially ordered

space. Then, every order preserving function f : X — X a fixed point on X.

The proofs of Theorem 5.12 & Theorem 5.13 are given in Chapter 6.
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CHAPTER 6

A GENERAL FIXED POINT THEOREM

In this chapter, we will give a general fixed point theorem given in [11]. This theorem
offers a general idea on the fixed point theorem which is in fact working with ball
spaces instead of metrics, ultrametrics, order or topology.

Our aim in this chapter is to prove the fixed point theorems that we gave in Chapter
3,4, 5 by using this general fixed point theorem due to [11].

We have already presented the notion of "ball", "nest of balls", "spherically complete-
ness" in Chapter 4 for ultrametric spaces. We will also present the analogue notions

for metric spaces and ordered spaces.

We first define the ball spaces which will be common for all the spaces.

Definition 6.1. (Ball Space) Let X be a space (with a metric, ultrametric or ordered

space). Let B is a collection of closed balls with respect to the structure of the space.

(X, B) is the called a ball space.
Then the following theorem stated in ball spaced notions will cover all concepts of
metric, ultrametric and ordered spaces.

Theorem 6.2. (General Fixed Point Theorem) Let (X, B) be a spherically complete
ball space. Let f : X — X be a function on a ball space (X,B) satisfying the
following conditions:

(1) f(B) C BforallB€B

(2) B is a singleton or there exists a ball B’ ;Cé B

(3) The intersection of any nest of balls is a singleton or contains a ball
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Then f has a fixed point.

We will not give a proof of the Theorem 6.2 in this thesis but refer to [11] for a proof.
In the following, we will give the proofs of Theorem 3.4, Theorem 4.30, Theorem

5.11 and Theorem 5.12 by using the General Fixed Point Theorem.

6.1 Proof of Theorem 3.4

First of all, let us construct the ball space (X, B) for the complete metric space X.
By the generalized triangle inequality axiom of a metric space and since f is a con-

traction with 0 < ¢ < 1, we have:

< d(@, f2)1+e+ P+t

Thus, we can choose the collection of the following balls in order to have a ball space

(X,B).
d(z, f(x))

B, = X <
c= {y € X [ d(ey) < C000

}

As (X, d) is complete, (X, B) is spherically complete.
By this choice of ball, it is clear that f*(z) € B, for all i > 0. In particular, x € B,.

We wish to show that f(B,) C B, and By (,) C B,.

For y € B,,

d(z, f(y)) < d(x, f(x)) +d(f(x), f(y))
d(z, f(x)) + cd(z,y)

dl, /(@)
1—c

IN

< d(z,

_d(, f(2))
1—c

=
=
_l’_

f(y) € B, which will imply also f(B,) C B, in the case of x # f(z). (1) is
satisfied.
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Let x # f(x). Let 2 € By(,), where
Biw) = {z € X [d(f(2),2) <

then we will have

d(f(x), f*(x)) _ d(=z f(z)) _ d(z, f(x))
d(f(z),2) < l—c ¢ T—c = 1-¢

which means z € B,, hence By, C B,.

We will prove also that for some & > 1, B i) © B,.

Since one can always find £ > 1 for ¢ > 1 such that

we will have

d(f* (@), (@) _

1—c¢ —1l—c

e, () < 5 da, £ (2)

which implies that 2 and f(z) can not lie in By (,). Hence B,y C B,.
Hence there is a ball B’ C B for all B € B or B is a singleton. (2) is satisfied.

Take a nest of balls N = { By := By (,,) } Where 1o € NN.
Pick any B, € N, k > 0.

d(fk(‘r)af(xO) S Cd(fk_l(x)ax()) (61)
using zp € NN C Bfk(x)
d(xo, f(x0)) < d(wo, f*(x)) + d(f*(x), f(x0))

< d(xo, fF(z)) + ¢ d(f* (), 20)) by (6.1)
d(f* (), ) - d(f ), (@)

1—c¢ l—c
< Fd(z, f(z)) n ¢ ld(x, f(x))
- 1-c l-c

<% (e, f(w)

— C

Since, limit of right hand side is 0 as k — oo.
Thus, o = f(x¢), we have found a fixed point that means also B,, C NN, in fact

NN = xy = B,,. (3) is satisfied.



Then, f has a fixed point.
Note that if we had two distinct fixed z and y, points then d(xq, yo) = d(f(x0), f(yo) <

¢ :d(zo,Y). 0 < ¢ < 1 contradiction. ll

6.2 Proof of Theorem 4.30

First of all, let us construct the ball space (X, B) for the spherically complete ultra-

metric space (X, u) with the following balls:

By :={y € X Ju(z,y) <ulz, f(x))}

(X, u) is spherically complete then every nest of these balls of also has non-empty

intersection. By this choise of balls, it is clear that
x € B, as u(z,z) =0 <u(z, f(z))
Let y € B,. Thus by the definition of balls,

u(z,y) < u(z, f(x)) (6.2)

Since (X, w) is an ultrametric space u(f(y),x) < maz{u(f(y), f(x)),u(f(z),z)}.
Morever since [ is non-expanding, u(f(y), f(z)) < u(y, ) but by (6.2), we will have

u(f(y), f(x)) < uly, =) = ulz,y) < u(z, f(z))

Hence max{u(f(y), f(x)),u(f(x),x)} = u(f(x), ) and we will have u(f(y),z) <
u(f(z), z) that means by the definition of B, that f(y) € B,. We have thus showed
that if y € B, then f(y) € B,, which can be written as f(B,) C B,. Condition (1)
of General Theorem is satisfied.

If z € By—j(),we will have

uly, z) < uly, f(y)) < ulz, f(2)) = u(z,y)

Also u(z,z) < max{u(z,y),u(y,z)} = u(z, f(z)) which implies z € B,.

Thus, we have proven that B, C B,, which is equal to B,y C B,. If x # f(x),
By © B,. Thus (2) is satisfied.

Let N be a nest of balls B,. If z € NN # () we have B, C NN. Since B, C B,
for every z € B, which is implied by (1) as z € B, which means that f(z) € B,. If
B, = {z} we have UN = {z}. (3) is satisfied.
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6.3 Proof of Theorem 5.12

Let us choose the ball space (X, B) for the complete partially ordered space. (X, B)

is a spherically complete space. We have :
B, = {[z,+c0) | z € X}

We wish to show that = € B, and f(B,) C B,.
Let y € B,. Since f prograssive and by the definition of ball:

fly) z2y=>x

Hence f(y) € B, which will imply f(B,) C B, for all z € X in the case of
x # f(x). (1) is satisfied.

If there does not exist a y € X such thaty > z, B, = [z,4+00) = {z}. B, isa
singleton.

Otherwise, if y € X there exist such that y > 2 which implies the existence of B’
such that B' = [y, +00) € B, = [z, +00). (2) is then satisfied.

Take a nest of balls of B,, N = {[z;, +00)}ics. As X is a complete partially ordered
set such that there exist a s = sup{x; | i € I}. Therefore N{[z;, +00)}ics = [s, +0)
is a ball. (3) is satisfied.

By General Fixed Point Theorem, there exist a z( such that f(zq) = xo.

6.4 Proof of Theorem 5.13
Let us choice the ball space (X, B) for the complete partially ordered space. (X,B)
is a spherically complete space. We have:
By = {lx, +oo) | f(z) = «} U {z}
We wish to show that y > x. Since f order preserving function
fy) =z f(z) 2

Hence f(y) € B, which will imply also f(B,) C B, for all z € X in the case of
x # f(x). (1) is satisfied.
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If f(xr) = x. B, = {x} such that B, is a singleton. Otherwise, if f(z) > =z,
B' = [f(z),+00) C B, = [z, +00). (2) is satisfied.

Take a nest of balls N = {[x;,+00)}ic;. As X is a complete partial order set such
that there exist a s = sup{x; | i € I}. s > x; and since f order preserving f(s) >
f(x;) > x; by definition of B,. Therefore N[x;, +00) = [s,+00) € B, is a ball. (3)

is satisfied.
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