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ABSTRACT

PROBABILITY THEORY APPLICATION ON TIME SCALES

In this thesis we introduce probability theory adapted on time scales. In
this study, we have modified some concepts of probability theory on time scales.
A-Probability Function has been constructed on time scales. After providing
some basic concepts of Probability Theory, the review of the fundamental concepts
of time scale has been provided. Time scale unifies continuous and discrete
analysis. With the help of the definition of A—Measure and the A—Probability
Function, random variable has been constructed on time scale. Mathematical

expectation and some probabilistic inequalities are provided to Time scale.
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OZET

ZAMAN SKALALARINDA OLASILIK KURAMI
UYGULAMALARI

Bu tezde, zaman scalasina uyarlanmis olasilik teorisini ¢alistik. Bu c¢alismada
olasilik kuraminin bazi kavramlarim1 zaman skalasina uyarladik. Delta olasilik
fonksiyonunu zaman skalasinda tanimladik. Olasilik kuramiyla ilgili baz1 temel
kavramlardan soz ettikten sonra, zaman skalasinin kisa bir tekrarini verdik. Za-
man skalasi stirekli ve ayrik analizi birlestirir. Delta-6l¢tim ve delta-olasilik
fonksiyonlar1 yardimiyla zaman skalasindaki rassal degiskenleri tanimladik.
Matematiksel beklenen deger ve bazi olasiliksal esitsizlikleri zaman skalasina

uyarladik.
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CHAPTER 1

INTRODUCTION

Time scale unifies continuous and discrete analysis. Probability theory on
time scale has been constructed on time scale. This thesis is organized as follows:
In chapter one, same basic concepts about Probability Theory are given. In chap-
ter two, we gave the review of the fundamental concepts of Time Scale. In chapter
three, Measure on time scale was discussed. In chapter four, A—Probability Func-
tion and random variable have been constructed on time scale. We also have
derived some properties of expectations of random variables on time scales, they
need not be discrete or be continuous only. In addition, expectation, variance and

some important probabilistic inequalities are modified to Time scales.

1.1. Basic concepts of Probability Theory

We express our behavior of believing in change by the use of words such as
“random” or “probability”. The mathematical theory of probability incorporates
these concepts of chance. Such a theory formalizes these concepts as a collection of
axioms. Any experiment involving randomness can be modelled by a probability
space. Such a space comprises of the set () of all possible outcomes of by the
experiment, the set ¥ of events, and the probability measure P.

This chapter contains the essential ingredients about the probability theory:

1.1.1. Events and sets

In everyday life we come across many phenomena which can not be pre-
dicted in advance or many experiments whose outcomes may not be known
precisely. We may know that the outcome has to be one of the several possibil-
ities. The weight of a newborn baby can be known before the birth. However,
when a coin is tossed, we know that the outcome has to be a head or a tail.
In this case, possible outcomes should be finite, but also the observation of the

phenomenon such as the weight of a new born baby or the weather condition of



certain region,the number of possible outcomes is infinite. The concept of random
experiment is very important for studying probability theory.

1. Sample Space: The set of all possible outcomes of an experiment is called the
sample space and is denoted by Q.

2. Outcomes: The results of an experiment are called outcomes. w is also called
a sample point.

3. Events: Any subset of a sample space Q is called an event.

1.1.2. Fields and o—Fields

Let ¥ = {all events associated with the experiment E on Q}. If A is an event

A°¢ is also an event which means that the event A is not occurred.

Definition 1.1 Let F be a class of the sets of all subsets of €. If these conditions are
satisfied;

a)IfA,BeF then AUBeF and ANBeF,

b)IfAeT then A€ T,

c) The empty set belongs to F,

then any collection F of subsets of € is called a field.

Lemma 1.1 Every field contains the empty set @ and the whole space (.

The class containing only @ and ) is a field which is called the smallest field (trivial
field).

The power set consisting of every subset of () is also a field and is the largest field.

Theorem 1.1 The intersection of arbitrary number of fields is a field.

Proof (Royden 1988). O

Since events are any subsets of a sample space it can be considered that a collection

of these events is a field:

Example 1.1 Suppose a coin is tossed three times. The set of possible outcomes is finite

and is denoted by

Q={HHH, TTT,TTH,HTT, THT, THH,HTH, HHT}



= {wli Wy, W3, Wy, ..., wS}
Let A be the event that at least one head turns up, then
A = {wy, w3, wy, Ws, We, Wy, W}

then A = {TTT} = w, represents the event that no head turns up. This is fine when () is
a finite set, but we will deal with the common situation when Q is infinite. For example, a
coin is tossed repeatedly until the first head turns up. We are concerned with the number

of tosses before this happens. The set of all possible outcomes is the set
Q= {wll Wy, W3, }

In this case the experiment E has an infinite number of outcomes. Let A be an event that

the first head occurs after an even number of tosses, then
A= {w2/ Wy, We, }

This is an infinite countable union of members of Q) and we require that such a set belong

to F.

Definition 1.2 A collection ¥ of events of Q) iscalled a o—field if it satisfies the

following conditions:

a) @ and Qe F,

b) IfAeF then A€ F,

c) If A1, Ay, ...€ F then 2, AieF.

Remark 1.1 A o—field is always a field, but a field need not be a o—field.

Example 1.2 Let Q = {1,2,3,4,5,6,...} and D = {A : A C Q, either A contains a
finite number of points or A contains a finite number of points} Then D is a field , but

not a o—field. Because, the set A = {A,}", and its complement is not belong to the set D.
Here are some examples of o—fields:

Example 1.3 The smallest c—field associated with Q) is the collection ¥ = {@, Q}.

Example 1.4 If A be any subset of Q) then F = {0, A, A°, QO} is a o—field.



Example 1.5 A power set of (), which is written P and contains all subsets of Q), is

obviously a o—field.
Theorem 1.2 The intersection of an arbitrary number of o—fields is a o—field.

Example 1.6 Let us consider O = {[a,b) € ,a,b € R,a < b} is not a field, since this
class is not closed under complementations (nor under countable intersections). Let us

define 0(D) = B be the minimal o—field containing D, since

[a, b]

1
N> la, b+ E) (by countable intersection)

(—o0,a) U (b, o)

(a,D)

([a, b)) (by complementation)

(=00,b) N (a,0) (a < b)
(a,b], (o0, a], etc. also belong to the set D for a,b € R.

$ is called the "Borel Field” of subsets of the real line. The sets of 8 are called
"Borel sets’.

From now on with each experiment E, we denote () as the space of all outcomes of
the random experiment and ¥ as the o—field of events. This pair (Q, ) is called

a measurable space.

1.1.3. Probability Measure

Definition 1.3 A Probability measure P on (Q,F) is a function P : ¥ — [0,1],
satisfying

a) P(@) =0and P(QQ) =1

b) If A1, A, ... is a collection of disjoint members of ¥, in that case A; N A; = @ for all
pairs i, j satisfying i # j then

n=1 n=1

The triplet (Q3, F, P) is called a probability space.

A probability measure is a special example of what is called a measure on a pair
(Q, F). A measure is a function u : ¥ — [0, o) satistying u(@) = 0 together with
the condition b) as mentioned above. A measure u is a probability measure if

u(Q) =1 (Grimmett and Stirzaker 2006).



Proposition 1.1 Let Ay, Ay, ... be subsets of Q.
a)IfA1 CA C ... then Ay, — A =U,2, Ay (Wedenote this by A, T A.)
b)IFA{ 2A2... then A, - A =\, An. (This is written as A, | A.)

Proof (Royden 1988). O

Elementary Properties of Probability Measure:

Let (3, 7, P) be a probability space. Then,

a) P(0) = 0.

b) P is finitely additive: if A, ..., A, are (pairwise) disjoint, then

P(O Aj) = i P(A)).
=1 P

c) Foreach A, P(A°)=1-P(A).

d)If A C B, then P(B\A) = P(B)—P(A), where B\ A is the set such that B\A = BNA°.
e) P is monotone: if A C B then P(A) < P(B).

d) For all A and B (disjoint or not),

P(A UB) + P(ANB)=P(A) + P(B).
f) P is (finitely) subadditive: for all A and B, disjoint or not,

P(A U B) < P(A) + P(B).

1.1.4. Random Variables

A random variable is a quantity that is measured in connection with a
random experiment. If () is a sample space, and the outcome of the experi-
ment is w, a measuring process is carried out to obtain a number X(w). Then a
random variable is a real valued function on a sample space. For example, the
experiment is to throw a coin 15 times, and X be the number of heads. We take
Q = {all sequenceso f length 15 with components H(head), T(tail)} For this Q2 we have
2" points all together. A typical sample pointis w = {HTHTHTHTTTTTTTT}, so
for this point X(w) = 4.

Aa another example, consider picking a person at random from a certain city

and measure his/her height and weight, this is the set of all pairs (x, y), where x



denotes the height and y denotes the weight of this person. Let X be the ratio of
height to weight; that is X(w) = .

If we are interested in a random variable X defined on a given sample space we
generally want to know the probability of events involving X.

If X is a random variable on the probability space (€, ¥, P), we are generally
interested in calculating probabilities of events involving X, that is we generally

want to know P(w : X(w) € B) for various Borel sets B.

Definition 1.4 A random variable is a function X : QO — R with the property that
inverse image under X of B € B(IR) is the subset of () given by

X'(B) = {w : X(w) € B},

Definition 1.5 A random variables is a function X : Q — R such that X1(B) € F for
every B € B(R).

Definition 1.6 (A o-algebra Generated by a Random Variable:) The family of

events that are inverse images of Borel sets under a random variable is a o-algebra on Q).

The way in which probabilities are calculated will depend on the particular nature
of X. The random variable X is said to be “discrete” if and only if the set of possible
values of X is finite. In this case, if {x1, x2, ..., x,} are the values of X that belong to

B then

P(X € B)

P(X =x, X = x5, ...)

Z P(X =x;) = Z px(x:)

x€B x€B

where px(x) is the probability mass function of X, defined by px(x) = P(X = x).

1.1.5. Distribution Function

Definition 1.7 The distribution function of a random variable X is the function
F:R — [0,1] given by F(x) = P(X < x).
If the random wvariable is discrete then:

F(x) = P(X <2) = ) px(x)

X;<x



where px(x;) is a probability mass function. If the random variable is continuous then:

F(x)=P(X<x) = fx f(t)dt

where f(x) is the probability density function. Distribution Function satisfies the
following conditions:

1) Ifa < b then F(a) < F(b)

2)limy,_ F(x) =0 and lim,_ . F(x) =1

Proof 1)A={x:X<a}and B = {x: X < b} since

A C B then P(A) < P(B) whichis
P(X <a) < P(X <Db)then

IA

Fa) < F().

2) limy_, o P(X < x) = P(@) = 0
limy_,. P(X < %) = P(Q) = 1. O

1.1.6. Expected Value

Definition 1.8 Expected value is an averaging process for random variables. If random
variable X is discrete then expected value of X is given by

E[X] =) xpx(x).

X

Similarly, if X is continuous random variable with probability density function f, then

the expected value of X is defined as follows:

E[X] = f‘” xf(x)dx.

Expected value has the following properties:

1. Constants preserved: For any constant ¢, then E[cX] = cE[X].
2. Monotonicity: If X <Y, then E[X] < E[Y].

3. Linearity: Fora,b € R, E[aX + bY] = aE[X] + bE[Y].

4. Continuity: If X, — X, then E[X,,] — E[X].

5. Separation: For any independent two random variables X and Y,

E[XY] = E[X]E[Y].



1.1.7. Variance

Definition 1.9 Let X be a random variable on (Q, ¥, P). Ik > 0, the number E[X*] is
called the k'th. moment of X. If k = 1 then E[X] is called the mean of X. The variance of
X is defined as follows:

Var[X] = E[(X - E[X])*]
Variance has the following properties:
1.Var[X] = E[X?] — (E[X])*.
2.Var[cX] = ?Var[X].



CHAPTER 2

TIME SCALE

A time scale is an arbitrary nonempty closed subset of the real numbers.
In 1988 the calculus of time scales was initially introduced by Stefan Hilger in his
Ph.D thesis. Stefan Hilger and his supervisor Bernd Auldbach have constructed
time scale in order to create a theory that can unify discrete and continuous

analysis. In this section we are going to introduce the theory of time scale.

Definition 2.1 A time scale is a closed subset of the real numbers. Thus, R , Z, N
and union of any closed intervals such as [5,7] U [8,11], or any closed intervals plus
some single points for instance [4,6] U [9,14] U {16, 19}, are some examples of time scales,
whereas Q and C are not time scales. Because they are any subsets of real numbers that
are not closed or not union of closed intervals or single points. Time scale is denoted by

the symbol T.

Definition 2.2 Let T be a time scale. We define the forward jump operator o : T — T
by

o(t):=inf{s € T:s>t}
and the backward jump operator p : T — T by

p(t) :=supfs € T:s <t}

If o(t) > t, tis called right-scattered, if p(t) < t, t is called left-scattered, if the points that
are both right-scattered and left-scattered are called isolated, if o(t) = t, then t is called
right-dense, if p(t) = t, then t is called left-dense, if the points that are both right-dense
and left-dense are called dense points.

For a special case if t = maxT, o(t) =t andif t =minT, p(t) =t.
Definition 2.3 The function p : T — [0, o0) is defined by
u(t) == o(t) - t.

is called graininess function.



2.1. Derivative on Time Scale

Now we consider a function f : T — IR and define so-called delta or Hilger
derivative of f at a point t € T*. T¥ is a new term derived from T if T has a left

scattered maximum m, then TF = T — {m}. Otherwise, T* = T.

Definition 2.4 Assume f : T — R is a function and let t € T*. Then we define delta
derivative f(t) to be the number provided it exists with the property that given any € > 0,
there is a neighborhood U of t (i.e, U = (t — 6, + 6) N T for some 6 > 0 ) such that

(Fo(®) — F(5) — FADO@() ~9)| < elot) —s|  for all se Ul

We call f2(t) the delta derivative of f at t. Moreover, we say that f is A-differentiable on
T* provided f2(t) exists for all t € T*. The function f*: T* — R is then called the delta
derivative of f on T,

Theorem 2.1 Assume f : T — R is a function and let t € T*. Then we have the

following:
(i) If f is differentiable at t, then f is continuous at t.

(ii) If f is continuous at t and t is right-scattered, then f is differentiable at t with

)~ f(#)

Af) = flo(

o H(®)

(iii) If t is right-dense, then f is differentiable at t if and only if the limit

LSOO
m-—--

s—t f—s
exist as a finite number, in this case

(v) If f is differentiable at t, then f(a(t)) = f(t) + u(t) f2).

10



2.2. Integration on Time Scale

Definition 2.5 A function is called a rd — continuous if it is continuous at all right
dense points and its left sided limits exists at all left dense points. C,; denotes the class of

rd — continuous functions.

Definition 2.6 A function F : T — R is called an antiderivative of f : T — R
provided FA(t) = f(t) holds for every t € T*. The indefinite integral is defined by

ff(t)At =F(t) +¢,
where c is arbitrary constant. We define the Cauchy integral by
b
f f(t)At = F(b) — F(a), foralla,be'T.
Theorem 2.2 Let F: T — R be an rd-continuous function, for ty € T and t € T*
t
F(t) := f f(r)At
fo
is antiderivative of f.

Proposition 2.1 IfF : T — R is rd-continuous function and t € T, then
a(t)
F$)As = () f().
t
Proof (Bohner and Peterson 2001). O

Theorem 2.3 Leta,b € Tand f € Cy.

(i) If T =R, then

h (DAt = ’ (t)dt,
| ome= [ s

where the integral on the right hand side is the usual Riemann integral from calculus.
(ii) If T =Z, then
b L f) , a<b;
f fHAt=10 , a=Db; (2.1)

~Yrl Ay, a>b.

11



(iii) If [a, b] consists only isolated points, then

, Liteapy f(Ou(t) , a<b;
f fHAt=1{ 0 , a=b; (2.2)
— Yteppy f(Ou(t) , a>0.

Example 2.1 Let us compute f02 2iAt on the time scales T=R, T=27Z,and T = %Z.

If T=NR, then
2 2 _n0
2-2 3
2'At = = —
fo In2 In2

If T=2Z,then

If T=1Z, then

3
2

2
1 1 : s 3+ V2+ 8
A=Y 2= = (2422 421 423y == T~
fo tZo‘ 7= % ) 2

2.2.1. Double Integration on Time Scale

Integration on time scale was studied by G.Guseinov in 2003 (Guseinov
2003). Multiple Lebesgue integration on time scale was introduced by M. Bohner
and G. Guseinov in 2006 (Bohner and Guseinov 2006). The relationship between

Riemann and Lebesgue multiple integrals is investigated in that paper.

Definition 2.7 Let T, and T, be two time scales. For i = 1,2 let ;, p; and A; denote
the forward jump operator, backward jump operator, and the delta differentiation operator,
respectively on T;. Suppose a < b are points in Ty, ¢ < d are points in T,. [a, b) be a half
closed bounded interval in T4, and [c, d) be a half closed bounded interval in T,. Let us

introduce a rectangle in Ty X T, by
R =[a,b) x[c,d) = {(t,s) : t €[a, b),s €[c,d)}.

First we define Riemann integrals over rectangles R. A partition of [a, b) is any ordered
subset P = {to,t1,..t,} C [a,b] wherea =ty < t; < .. < t, = b. Similarly, S =
{s0,51,...sk} C [c,d] where c = sy < s1 < ... < s = d. The number n and k are arbitrary

positive integers. The collection of the intervals

Pi={[ti-1,t);1 <i<nj

12



Si={[sj-1,8);1 < j<k}
is called a A—partition of [a, b) and [c, d) respectively. Let us set
Rij = [t,‘_l, ti) X [S]'_l,S]‘), where 1<i< n, 1< ] <k.

We call the collection

a A—partition of R. The set of all A—partitions of R is denoted by P(R). Let f be a bounded

function we set
M = sup{f(t,s): (t,s) € R} and m =inf{f(ts): (¢ 5) € R}
andfor1<i<n, 1<j<k
M;j = sup{f(t,s) : (t,s) € R;;} and m;; = inf{f(t,s) : (t,5) € R;j}.

The upper Darboux A-sum U(f, P) and the lower Darboux A-sum L(f, P) of f with respect
to P are defined by

n k
U(f,P)= ) ) Mt =t =si), L) =) )

n=1 j=1 n=1 j

n k
mij(ti — ti1)(sj — 8j-1)
=

The upper Darboux integral U(f) of f from a to b defined by
U(f) = inf{U(f, P)}
and the lower Darboux integral L(f) of f from a to b defined by

L(f) = sup{U(f, P)}.

Definition 2.8 f is said to be A-integrable over R if L(f) = U(f). In this case, we write
f f of OA1tAss for this common value and call this integral the Riemann A-integral.

Definition 2.9 A bounded function f on R is A-integrable if and only if for each € > 0,
there exists 6 > 0 such that

U(f,P) - L(f,P) < e.

for all partitions P € Ps(R).

13



Definition 2.10 Let E C T; x T, be a bounded set and f be a bounded function de-
fined on the set E. Let R = [a,b) X [c,d) C Ty X T, be a rectangle containing E

(obviously such a rectangle exist) and define F on R as follows:

f(t,s), if(t,s)eE
0, if (t,s)e R\ E

F(t,s) =

Then f is said to be Riemann A—integrable over E if F is Riemann A—integrable over R,

fE f F(t, ) ArtAgs = fR f E(t $)A tAgs.

(Bohner and Guseinov 2006).

we write

14



CHAPTER 3

MEASURE ON TIME SCALE

In this chapter we will introduce the concept of A-Measure. A—measure
and V-measure were first defined by Guseinov in 2003 (Guseinov 2003). Then
in further study, the relationship between Lebesgue A-integral and Riemann
A—integral were introduced in detail by Guseinov and Bohner (Bohner and Gu-
seinov 2003). Delta measurability of sets was studied by Rzezuchousky (Rzezu-
chousky 2005). And after that, Cabada and Vivero (Cabada and Vivero 2004)

were developed this concept.

3.1. Definition of A—Measure

Let T be a time scale, 0 and p be the forward and the backward jump
functions defined on T respectively as given in Definition 2.2. We shall denote by

%1 the class of all bounded left closed and right open intervals of the form
Fi1=1{la,b)NT:a,beT,a<b}

It is easy to see that if 2 = b, then interval is equal to the empty set.
We define the function m; : 7 — [0, +o0) that assigns each interval [a, b) to its
length such that,

my([a, b)) = b —a. (3.1)

where F; is the set of all semi-closed intervals. The set function m; is countably

additive measure on ;. Indeed,

1) my([a,b)) =b—a>0sinceb > a.

2) ml(U[ai, b)) = Z mi([a;, b;)) for pairwise disjoint intervals [a;, b;).
i=1 i=1

3) m1(0) = my([a,a)) =a—a =0holds foralla € T.

For describing the Caratheodory extension pi5 of m;, first we will discuss the outer

measure on all subsets of T by using m;.

15



Definition 3.1 Let E be any subset of T. If there exists at least one finite or countable
system of intervals I; € F1 (j = 1,2,...) such that E C U I;, then

]
mi(E) = inf, Z]] (1)

is called the outer measure of the set E, where the infimum is taken over all coverings of E

by a finite or countable system of intervals I; € F;.

The outer measure is always nonnegative and also could be infinite so that in

general we have 0 < mj(E) < oo.

Definition 3.2 A set A C T is called m}-measurable or A-measurable if the following
equality,
mj(E) = mi(E N A) + mj(E N A°)

holds for all subsets E of T.

Now defining the family
M(@m}) ={ACT:Ais A—measurable},
the Lebesgue A—measure, denoted by pi,, is the restriction of m] to M(m}).

Proposition 3.1 The family M(m) of all m}-measurable (A — measurable) subsets of T

is a o-algebra.

Proposition 3.2 If E, is an increasing sequence of sets in a time scale T, then
Ha(USL ) = Tim pia(E,).

Similarly, if {E,} is a decreasing sequence of sets in a time scale T, then
Ha(M2, En) = im pia(Ey).

In other words, A-measure on T is continuous.

Theorem 3.1 For each ty € T — {maxT} the single point set {t,} is A—measurable and

its A—measure is given by ur({to}) = o(to) — to.

16



Proof Casel. Let {ty} be right scattered. Then {t,} = [to, 0(ty)) € F1. So {to} is
A-measurable and ua({to}) = o(to) — to.

Case2. Let {to} be right dense. Then there exists a decreasing sequence {t;} of
points of T such that ty < ty and # | t. Since {to} = (Nr=;[fo, tx) € F1. Therefore {to}

is A—measurable. By Preposition 3.2

pa(Npe,[to, tr)) = %1_{{)10 pa(lto, t) = %1_15}0 tk —to = 0.

which is the desired result. m|

Every kind of interval can be obtained from an interval of the form [, b) by adding

and subtracting the end points a and b. Then each interval of T is A—measurable.
Theorem 3.2 Ifa,b € T"and a < b, then

a) ua([a, b)) =b—-a.

b) pal(@,b) = b - o(@)

Ifa,beTanda < b, then

O ua((a,b]) = o(b) - o).

d) ua(la,b]) = o(b) —a.

Proof (Guseinov 2003). O

Definition 3.3 We say that f is A—measurable if for ever o € R the set
f([~o0,a)) ={teT: f(t) < a
is A—measurable.

Theorem 3.3 Monotone Convergence Theorem Adapted to Time Scale: Let {f,},en
be an increasing sequence of nonnegative A—measurable functions defined on a

A—measurable set E and let f(t) = lim f,(t) A—a.e., then

f lim f(s)As = lim f fa(8)As
E E
Proof Asin (Aliprantis and Burkinshaw 1998). O
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CHAPTER 4

PROBABILITY THEORY ON TIME SCALE

Probability Theory involves discrete and continuous random variables. In
this chapter we introduce A—Probability Measure which unifies both continuous
and discrete cases. Also some distribution functions are adapted to time scale.
Uniform and Normal random variables are constructed on time scale. Some
Mathematica applications of Normal random variable on time scale are given.

Very important inequalities on probability theory are also adapted to time scale.

4.1. Random Variable on Time Scale

Let Xt be a real valued function from Qr to T such that Xt : Qr — T. The

inverse image under Xt of By € B(T) is the subset of Qr given by
X5 (Br) = {w : X(w) €Br, w € Q)

For example, let Oy = [1,2] U {3} U [5,7] be a sample space of an experiment, and

X(w) = 2w + 1 be a random variable on Qr, so,
X(Qr) =[3,5] U {7} U [11,15].

Definition 4.1 A random variable is a function Xy : Qr — T such that X;'(By) € 73
for every By € B(R).

4.2. A—Probability

A-Probability is a real valued set function P that assigns to each event A
in the sample space Qt a number P, (A), called the probability of the event A. We

define A—Probability function on a Time Scale as follows:

pa(A) .
, ifAcCQ
PA( A) — ua(Qr) T
0, otherwise.

Since this function satisfies the following conditions:

i) PA(A) = H’i’?g) > 0 by the definition of A-measure.
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ii) PA(Qr) = 1 since, PA(Qr) = % -1

iii) Let A; be pairwise disjoint subsets of QOr;

* ‘UA(Uzl Aj)
A) = ——
PA(lUl ) Q)

pua(Ar)  pa(Az) pa(An)

yA(QT) i HA(QT) a (UA(QT) B
PA(Al) + PA(Az) + ..+ PA(An) + ...

i Pa(Aj)
P

Then PA(A) is a probability function on a time scale.

Definition 4.2 A random variable X1 = a on time scale T is called almost surely (a.s)

if
Pa(Xt # a) = 0.
4.2.1. Properties of the A—Probability

Theorem 4.1 Let (Qy, 1, P) be a probability space. Then,
1) PA(@) = 0.

2) Py is finitely additive: if A4, ..., A, are (pairwise) disjoint, then

PA(O Aj) = i PA(A)).
i1 i=1

3) For each A, Po(A°) =1 — PA(A).
4) If A C B, then
PA(B\A) = Pa(B) — Pa(A).

5) P, is monotone: if A C B then Po(A) < Pa(B).
6) For all A and B (disjoint or not),

PA(A U B) + Pa(A N B) = Pa(A) + PA(B).

7) P is (finitely) subadditive: for all A and B, disjoint or not,

PA(A U B) < PA(A) + PA(B).
Proof 1) If we use the definition of A—Probability

(CZ)) -
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2) This property can be showed easily by using Axiom3 of being A—Probability.
3) We know that A U A° = Q),

1 = PA(Q) = PA(A U A®) = PA(A) + PA(A°).

4) Since A and B N A° are disjoint sets,we can write B = A J(B () A9),

Take the uymeasure of both sides and divide by ux(Qr) then we get

paB)  _ pald)  pa(BNAY
pa(Qr) pa(Qr) pa(Qr)
PA(B) PA(A) + PA(B\A)

5) We know that if A C B then ux(A) < pa(B).
and divide both sides by ux(Qr) then we get

pa(A) - a(B)
ua(Qr) = ua(Qr)

Px(A) < Pa(B).
6) Since
(ANB)U(A\B)=A 4.1)
(ANB)U(B\A)=B 4.2)

take the measure of both sides of (4.1) and (4.2) and divide by pa(Qr) then we get;

La(A N B) N Ha(ANB) _ pa(A)
ua(Qr) pa(Qr)  pa(Qr)
La(ANB) N pa(BNA) — ua(B)
pa(Qr) pa(Qr)  pa(Qr)

then we have

PA(A N B) + PA(A\B) = Pa(A) (4.3)
Pa(A N B) + P(B\A) = Pa(B) (4.4)

By adding these equations we get
PA(A N B) + PA(A\B) + PA(A N B) + PA(B\A) = PA(A) + PA(B)
which is
PA(ANB)+ PA(A U B) = PA(A) + PA(B)

7) This property can be showed easily by using Property 5. m|
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Example 4.1 An experiment is performed. During a day, the first observation is taken
at any time from midnight to one p.m., second observation is taken at any time from 2 to
3 p.m. and so on. The sample space is

Qr =1[0,1]U[2,3]U...U[22,23]. Let A be the event which observations have been either
during [2,3] or [8,9] that is A = [2,3] U [8,9] and these two intervals are disjoint, by

using the Theorem 3.2 we can compute
pua(Qr) = ua([0,1]U[2,3] U ... U [22,23]) = 23

PA(A) = Pa([2,3]) + PA([8,9])

_ ua(2,3D) | pa(8,9) _ 4
Pald = 1a(Qr) ’ ua(Qr) 23

Example 4.2 A bus stops at the station every day at some time between
[0,1],[8,9],[12,13],[16,17],[18,19], [20, 21], [22,23]. Ewvaluate the probability of the
bus arrive the station during [1,9] or [1,9) or (1,9] or (1,9).

Solution:
Qr=[0,1]U[8,9] U [12,13] U [16,17] U [18,19] U [20,21] U [22,23]

pua(Qr) = pa([0,1] U [8,9] U [12,13] U [16,17] U [18,19] U [20,21] U [22,23]) = 23

PALOD = o
PAL9) = 2
P9 =
PAL9) = o=

4.3. A—Probability Density Function on Time Scale

A-Probability Density Function on time scale satisfies the following con-
ditions:
1) fa(x) >0 for allx € T.
2) [T fa(x)Ax = 1.
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4.4. A—Distribution Function

For the density function fa on time scale A—Distribution Function is defined

as follows:
Fa() = Po(X <) = f JAO

A-Distribution Function has the following conditions:

1)F is increasing function.

2)lim,,_o FA(x) =0 and lim,_, . Fa(x) =1

where Fo(a) = PA(X < a) = [*_ fa(HAt

Proof 1)A={x:X<a}and B = {x: X <b} wherea <b. Since A C B

PA(X < El) < PA(X < b) then
Fa(a) < Fa(D).

lim, ,_w Po(X < x) = Po(@) = 0
limx_mx, PA(X < X) = PA(Q) =1. O

4.5. Some A—Distribution Functions

In this section we are going to adapt some well known distribution func-
tions on time scale. Uniform and Normal Distributions are studied on time scale.
In addition, some Mathematica applications for Normal Distribution on time scale

are given.

4.5.1. Uniform Random Variable on Time Scale

LetT = [to, tl] U [tz, t3] U [t2n, t2n+1] where to=a and tone1 = b and
Sk = {ti,t3, ..., tons1} be the set of all right scattered points of T. Uniform

A-probability function on T can be defined as follows:

1
fa(t) = @D ifte T

0, otherwise.
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[o¢]

yA(U(Ai) = Z ua(A;) for pairwise disjoint sets (A;)
i=1

=1
HA(CJ Aj) i pa(A;)
i=1 =1

Z pa(ltizi, ti))
im1
ua([a, b)).

and since this function satisfies the following condition:

00 b 00

]fA(t)At+f2fA(t)At+fafA(t)At+...+

ton Fon+1

o (ton+1)
fa(h)AL + fa()AE + f fa(t)At

bon-1 ton bon+1

since fta(t) f(s)As = u(t)f(t), for scattered points t;, wherei =1,3,5,...,2n + 1.

1 & .
= - ‘U ([t i+ ,G(t i+ ))) + ‘Ll ([t i/t i+ ))
yA([a,b)){; Allt2iv1, 0(E2is1 ; Alt2i, baist }
1
ua(la, b))
towyi—to _b—a _

= =1
alla, b)) b-a
then fA(t) is a probability density function on Q. Also Uniform A-Distribution

—t1+t1—t0+t4—t3+t3—t2+...+0(t2n)—t2n_1+t2n+1—t2n+b—b]

function on time scale is defined as follows:

0, t <aor te(t, o(t;)) where t; is right scattered
_ ) panne) .
Fa(t) = ilA([ﬂ/b)) , if teT
1, t>b

This function satisfies the all distribution function properties:

HNQ
lim Fy(f) = lim Halla, N Y

t—+oo b—a
. Uala tlr
= lim
t—+00 b—a
_ o(t)—a
B t—lirx}o b—a
b—a
B b—a_l
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since a is right dense o(a) = a and max(T) = b = o(b)

fim pa(la, t) N Q)
t——o0 b —a
1 palfah)r
= lim
t——o0 b —a
o(a)—a
b—a
a—a
" b-a 0.

4.5.2. Normal Random Variable on Time Scale

Simon (Simon et al 2005) studied on Gaussian Bell for time scales. He
introduced a function f(x) such that

foy=c []a+um

te[0,x)
We take this function as probability density function on time scale T, every x € T,
such that T, = {x € T|x > 0}.
fa®) = ¢ [Ligjon(1 + u(t) ™" every x € T,

If we take T = hZ* and h > 0, then this function satisfies the following condition:

i fathn) =1

n=1
since

falhn) = cTTZa (1 + h)™M = ¢(1 + )™ Zink = ¢(1 + h)"(0-"72 every n € N.
By substituting x = hn then we get

falx) = c[(1 + By /]er2 (4.5)

and every x € T, and for all functions of fo(x) we can find the values of ¢’s which

satisfy the following condition

ZfA(x) = Z c[(1 + k)62 =
n=1 n

=)
If we take h =1,1/2,1/4,1/8,1/32 then by using Mathematica we can find

the values of c respectively which are ¢ = 0.60915, ¢ = 0.350264, c = 0.187143,
c =0.0966356, c = 0.0248695. Then f,(x) is a probability density function on time
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Figure 4.1. Graph of fx(1n), fa(3n), and fa(551)

scale T.
The graph of fa(x) for h = 1,1/4,1/32 are respectively given as follows:

By observing Figure 4.1, it is easy to see that if & — 0 then the function
fa(x) will coincide with the Gaussian Bell density function. Now, let us see this

result by analytically.

Lemma 4.1 lim;,o fa(x) = ce™/2

Proof Lettake fo(x) in Equation (4.5)

fax) = cl(1 + b)Y/

By taking the natural logarithm of both sides,
In fy(x) = Inc — X2 In[(1 + k)]

by taking the limit of both sides when h — 0

. T x(x —h) 1/h
}113(} In fa(x) = }gr(} Inc > In[(1 + h)™"]
_ . X(x—h) . 1/h
= Inc EE& > %E)I(} In[(1 + h)™'"]
2
:1m—%m@
x2
= Inc- >
m@%mﬁm):em4ﬂ
= ce

We get Gaussian Probability density function.
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4.6. A—Expected Value on Time Scale

Expected value is an averaging process for random variables x;’s on time
scales. The expectation gives an idea of the central tendency which is used as a
parameter of location of the probability distribution of X.

Since the definition of A—integral on time scale involves discrete and continuous
case, and besides expected value on time scale involves discrete and continuous

case, then the Expected value on time scale is given by

EA[X] = f xfa(x)Ax.
where f, is a A—probability density function on time scale.
Definition 4.3 (Simple random variable:) The function 15, defined by

1, ifwe Ax

Ip, =

0, otherwise.

is called characteristic function of Qr and a linear combination of the characteristic

functions as
n

X = Z kuAk

k=1
is called a simple random variable on time scale Qy where Ay are pairwise disjoint sets

with
Ar={w: X(w)=x} i=1,2,..n.
and |J_, Ay = Qr.

The indefinite A — integral or indefinite A—expectation of X over A € ¥ on hN is

defined as follows:

EAlXI4] = [, XAP = Ex(¥y xidaa,) = Xy xkPaAAL.

4.6.1. Properties of A—Expected Value on Time Scale

Theorem 4.2

1) If X and Y are jointly distributed random variables, then;
EAlX + Y] = EA[X] + E[Y]

where a,b e R.
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2) EA[CX] = CEA[X]
3) If X > 0 then EA[X] > 0.

4) For any two independent jointly distributed random variables X and Y,
EAIXY] = EAIX]EALY].

5) If X, — X, then EA[X,] — EA[X].

Proof

1)

EA[X + Y]

[ : f :(x + 1) falx, y)AxAy

I: I: x falx, y)AxAy + I: f: yfa(x, y)AxAy
‘[:xI:fA(x, YAyAx + I:yf:: falx, y)AxAy

- f X fx(X)Ax + f yfr(yAy
EA[X] + EA[Y].

chance of order

2) ExleX]= [ exfa@)Ax =c [ xfa(x)Ax = cEz[X].
3) Since fa(x) > 0 for allx & T. then EA[X] = [ xfa(x)Ax > 0.

4) Let X and Y be any two independent jointly distributed random variables, then

Bl = [ [ sy

change of order

EA[XY] f x fx(x) f yfy(y)AyAx

EY] [ wfone
EAIXIEA[Y]
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5) There exist a monotone increasing sequence of simple functions X,, converging
to X. EA[X,] is a monotone increasing sequence which converges to a limit value
related with X, sequences. By using the Monotone Convergence Theorem on time
scale,

EAlX,] = f X fx, (X)Ax

(oe]

lim X fx, (X)Ax

n—-oo

f lim x,, fx, (x)Ax

f‘x’ xfx(x)Ax
= EA[X]

Corollary 4.1 If X <Y as., then EA[X] < EA[Y]

Proof SinceY > X a.s.,, Y — X > 0 a.s. and since 3.th property of the expected
value

EA[Y — X] > 0. By linearity property

EAlY — X] = EA[Y] - EA[X] = 0.

This implies EA[X] < EA[Y]. O

4.7. A—Variance on Time Scale

Let X be a random variable on (Qr, %1, P). If k > 0, the number E[X] is
called the k.th moment of X. If k=1 then EA[X] is called the A—mean of X.
Var,[X] = E[(X — EA[X])?] is called the A—Variance of X. A—Variance on time scale
has the following properties:
L. Vara[X] = EA[X?] = (Ea[X])*.
2. Vara[cX] = c2Vara[X].

4.7.1. Moments

EA[X —a]* (k =1,2,3...) is the k’'th A—moment of X about a. Ex[X] is called
the k’th A—moment about the origin.
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EA[IX —al]¥ (r > 0) is called the r'th A—absolute moment of X about a. EA[|X]]* is
called the k.th A—absolute moment.
EAl(X = EA[X])?] the second A—moment about the A—expected value is called the

A-variance of X on a time scale T and as we discussed above denoted by Var,[X].
EAl(X = EAIX])’] = EA[X?] = (Ea[X])* 2 0.

A—Moment Generating Function
If A—-moments of all orders exist and are finite then

Ql/l

2
M(O) = 1 + (EA[X])O + (EA[XZ])% Fot (Es[XD

is called the A—-moment generating function of X and also

d"M(0)

EA[XH] - W|9=O'

4.7.2. Probabilistic Inequalities on Time Scale

M. Bohner and R.Agarval (Agarwal and Bohner 2001) studied about
inequalities on time scales. In this section we modify some important Probabilistic

Inequalities on time scales.
Lemma 4.2 (C,—Inequality on time scale)
EA|X + er < CrEA|X|r + CrEA|Y|r

1, ifr<l
21, ifr>1

C, =

Proof Ifa > 0andb > 0then

(ajl_b)r"'(ai)_b)r > 1 forall r<1

a+b > (a+b)
Hence for all w, a = [X(w)|, b = |Y(w)| and r < 1 we get

IX@)" +[Y(@)" = (X(@)|+[Y(@)])

> | X(w) + Y(w)|".
now let us consider the function

Yp)=p'+(1-p) @¢=>1) O<p<r)
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This function has a minimum value when p = % Thusa >0and b > 0,

r b r —(r—
(a—lil-b) +(a+b) > 20

2@+ V) = @+b).

\Y

Soforallwandallr > 1

2N (X@) + [Y@)) = (X@w)| +|Y@w)|)

\Y

[ X(w) + Y(@w)l'.
The proof is completed. O

Lemma 4.3 (Holder’s Inequality on time scale)

EAIXY| < vEAXI AEAlYE

wherer > 1and 1 +1 =1.

Proof For nonnegative real numbers a and b, the basic inequality

arbs <=+ g (4.6)

NI

holds. Now suppose without lost of generality, that
(EAIXI)Y".(EAlYF)' # 0.

Apply (4.6) to a = |X(w)|"/EAlX|" and b = |[Y(w)]’/EAlY|" and taking expectations
of both sides then we get
X(w Y(w 1 X(w)|" 1Y(w)f
EA[ | X( )|1. | Y( )|1] < EA[_l ( )|r+_| ( )L]
(EalXI")7 (EAlYF): r EAlXI" s EalY]

1EAX@)l" | 1EAY(w)P
r EAIX| s EAlYF

This directly yields Holder’s Inequality adapted to time scales.

EAlX(w)Y(w)| < (EalX")7 (EAlYF):.
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Corollary 4.2 (Cauchy-Schwartz Inequality on time scale) Ifweputr=s=2
then

EAlXY] < VEAIXP.EAIYP?

is called Cauchy Schwartz Inequality on time scale.

Proof We can show the proof easily by using Lemma 4.3 above. O

Lemma 4.4 (Minkowski’s Inequality on time scale)

VEAX + YI" < NJEAIXT + A/EAIYT.

wherer > 1.

Proof If we separate the expectation and applying Holder’s inequality

EAIX+Y]" = EA(X+YLX+YI™

IA

EAQXLIX + YI'™) + Ea(IYLIX + YI'™)

1
s

(EalXI")T(EalX + YIT)5 + (EalY)7 (EslX + Y|07)

IA

IA

(EalX + Y[U™9) ((EAIX)T + (EAIYT)")

(EalX + Y1) < (EAIXT)7 + (EaYT)?

IA

with1—-1 =1 we get the desired result.

(EalX + YI')7 < (EAIXI")" + (EAYT)".

Convex Function: Let f be a real valued Borel function defined on an open interval
I which is finite or infinite subset of real numbers, is said to be convex if for every
pair of points x;, x; of I,

X1+ X2

FES2) < S0+ 5 fe).

An alternative definition of a convex function is that, for every x, € I, there exist a

number A(xp) such that for all x eI,

A(xo)(x = x0) < f(x) = f(xo). (4.7)
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Lemma 4.5 (Jensen’s Inequality on time scale) Iffis convex and EA[X] is finite,

then
F(EALX]) < EAlf(X)].

Proof Let X be a random variable whose values lie in I, replacing xo by EA[X]

and x by X in Inequality (4.7), then we have
AMEAXD(X(w) = Ea[X]) < f(X(w)) = fF(EaX]).

Taking expectations and left hand side vanished, so we get the desired result. O

Lemma 4.6 (Markov’s Inequality on time scale) If X >0anda >0

PA(X > a) < EALEX].

A A
f; xfa(@)Ax + f xfa(x)Ax

> foo xfa(x)Ax

foo afa(x)Ax

= af fa(x)Ax
= aPx(X >a)

Proof If we separate the A—integral

EA[X]:f xfa(x)Ax
0

Since xfa(x) > afa(x) when x > g,

\%

EA[X] 2 QPA(XZIZ)

Lemma 4.7 (Chebyshev’s Inequality on time scale) Let X > 0 bea random vari-
able with mean EA[X], and A—variance Var,[X] = Gi and a > 0, then

1
PA(IX = EA[X]| 2 koa) < 2

—_ 2 . .
Proof Since “iﬁ > 0 (nonnegative random variable)
A

=1

(X - EA[X])Z] _ Eal(X - EA[X])’]

2 2
A A

Es|

(0 o
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by using Markov’s inequality

p(CEF

> >
OA

<

which means that

1
PA(IX = EAlX]| 2 ko) <

1

k2

k_z.
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