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CMOS CURRENT MODE EXPONENTIAL FUNCTION GENERATOR
CIRCUIT USING PADE APPROXIMATION

SUMMARY

Over the past few years, as a result of the high demand to more powerful mobile
devices, the importance of the high speed wireless communication becomes greater
and greater. Automatic gain control (AGC) is necessary for controlling the signal
amplitude and maximizing the dynamic range of the communication systems. The
most important element of AGC loop is Variable Gain Amplifier (VGA). VGAs are
widely used in biomedical applications, in imaging and signal processing circuits as
well as the communication systems.

VGAs can be classified according to their control function. The control function can
be an analogue (continuous) signal or a discrete signal. The VGAs that are controlled
with continuous signal are either controlled with a linear signal or an exponential
signal. Exponential control signals are preferred because of their higher dynamic
range characteristics. To realize exponential signals, devices with exponential DC
characteristics can be used. Whilst CMOS technology lacks devices that have
exponential characteristics in linear or saturation regions, exponential function
approximations are used as the functions that will be realized with MOSFET devices
working in saturation region.

In the scope of this thesis work, first the exponential function approximations that are
used for designing the control blocks of VGAs are classified. It is found out that
Taylor series approximation, pseudo exponential approximation and their
combinations are mostly used in literature. Recently Pade approximation is also
reported in a work. Mathematical verifications are also presented for these
approximations using MATLAB. Second, the Exponential Function Generator
(EXPFQG) circuit designs in literature are examined and a performance comparison of
these circuits are provided.

Moreover, a new exponential function approximation, using Pade approximations
proposed. Pade approximation is preferred because it provides a better result
compared to most common approximation method, Taylor series approximation with
the same order. Finally, three exponential function generator circuits are designed in
CMOS 0.35um technology using the proposed approximation methodology. Their
performance is measured to verify the mathematical analysis using SPICE tool. The
results verified that Pade approximation equations can be used in design of EXPFGs
and a proper order of numerator and denominator can be selected according the
specifications of the VGA.
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PADE YAKLASIKLIGI KULLANAN AKIM MODLU CMOS
EKSPONANSIYEL FONKSIiYON URETICi DEVRESI

OZET

Son birkag y1l i¢inde, daha gii¢lii mobil cihazlara kars1 olusan yiiksek talep, artan veri
transferi ve yliksek hiz ihtiyact sonucunda, yiliksek hizli kablosuz haberlesme
sistemlerinin 6nemi ¢ok daha biiyiik hale geldi. Haberlesme sistemleri, bilginin isaret
genliginde tutuldugu sistemler ve isaret genliginin degiskenlik gosterebildigi veri
depolama sitemlerini igerdiginden, sinyalinin genligini kontrol etmek, giiriiltii
esiginin lizerinde tutabilmek ve sistemin dinamik aralifini maksimize etmek
haberlesme kalitesi icin kritik rol oynamaktadir. Genis dinamik aralifina ek olarak,
modern teknolojilerde yliksek frekans karakteristigi, diisiikk giic tiiketimi, diigiik
giiriiltii, diistik kirmik alani, 1s1l sartlara diisiik duyarlilik gibi ihtiyaclar da soz
konusudur. Bu ihtiyaglar1 karsilamak i¢in kullanilan farkli teknolojiler ve bloklar
bulunmaktadir. Bu amaglara hizmet eden 6zellikle de dinamik aralig1 arttirmak igin
kullanilan otomatik kazang¢ kontrolii devreleri haberlesme sistemleri i¢in Onemli
yapitaglarindan biridir. Bu devreler giris sinyalinin genligi ne olursa olsun, ¢ikis
sinyalinin genligini sabit tutarak sistemin dinamik araligini arttirirlar. Otomatik
kazang kontrolii dongiisiinde ise en Onemli blok kazanci ayarlanabilir
kuvvetlendiricilerdir.

Elektronik sistemlerde isaretin bloklar arasindaki gecisi sirasinda bloklara uyum
saglayabilmesi, isaretin dogru algilanmasi ve islenebilmesi acisindan kritiktir.
Isaretin uyumlandirilmas: ihtiyac, giris isareti seviyesini uygulanacak elemanin giris
seviyesine uyumlandirmak gerektigi veya sinyalin kayiplarini doldurarak giris isareti
seviyesini sabitlemek gerektigi oldugu durumlarda ortaya c¢ikmaktadir. Kazanci
ayarlanabilir kuvvetlendirici devreleri bu ihtiyact karsilamak amaciyla tasarlanmig
devrelerdir. Bu kuvvetlendiriciler genis bantli haberlesme sistemlerinin yani sira
adaptif anten birlestirici sistemleri, direk doniisiim alicilari, goriintii ve sinyal isleme
devreleri, kablosuz sensor aglari, kablosuz kisisel alan aglari, taginabilir haberlesme
stiriictileri, disk siirliciileri, goriintiilleme devreleri ve isitme cihazlar1i gibi
biyomedikal sinyallerin algilandigi ve islendigi uygulamalarda da siklikla
kullanilirlar.

Kazanci ayarlanabilir kuvvetlendiriciler girig sinyalini, uygulanan kontrol sinyaline
oranla kuvvetlendiren devrelerdir. Bu devrelerin temeli 1968 yilinda Gilbert
tarafindan  olusturulmus ve Gilbert hiicresi olarak adlandirilmistir.  Bu
kuvvetlendiriciler bir kazang kati, bir ortak mod geribildirim blogu ve bir kontrol
katindan olusurlar. Kazanci ayarlanabilir kuvvetlendiriciler kontrol bloklarinda
kullanilan kontrol fonksiyonlarina goére siniflandirilabilirler. Kontrol fonksiyonu
analog (slirekli) bir sinyal ya da dijital (ayrik) bir sinyal olabilir ve bu sekilde analog
kazanc1i ayarlanabilir  kuvvetlendiriciler ve dijital kazanci ayarlanabilir
kuvvetlendiriciler olarak ikiye ayrilabilirler. Siirekli ve tekdiize bir ¢ikis sinyali elde
edebilmek i¢in analog kontrol sinyalleri tercih edilmektedir. Analog olarak kontrol
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edilen kuvvetlendiriciler i¢in kontrol, dogrusal ve ya {istel bir sinyal ile saglanir.
Ustel kontrol sinyalleri, daha yiiksek dinamik aralik sagladiklari icin yiiksek kalite ve
hiz gerektiren sistemlerde tercih edilmektedir.

Ustel sinyalleri gergeklestirmek icin, iistel DC 6zelliklere sahip elemanlar
kullanilabilir. Mesela BJT lerde gerilim dogrudan iistel fonksiyonun degiskeni olarak
kullanilabilmektedir, fakat BiCMOS uygulamalar daha maliyeli oldugu i¢in bu
uygulama c¢ok tercih edilmemektedir. CMOS teknolojisinde ise, dogrusal veya
doymal1 bolgelerde iistel DC 6zelliklere sahip eleman bulunmamaktadir. Parazitik
bipolar transistorler {iiretilebilmektedir fakat bu elemanlar sicaklik ve {iretim
sartlarina bagimli karakteristik 6zellikler gdstermektedir. Bu sebeple iistel fonksiyon
yaklagimlar1 kullanilarak doymada c¢alisgan MOSFET elemanlarla gergeklestirilen
iistel fonksiyonlar iireten devreler tasarlanmaktadir.

Taylor serisi yaklasimi, sozde iistel yaklasim, Pade yaklasimi gibi matematiksel
yaklasimlar ele alinarak bu yaklasimlarla iiretilen fonksiyonlar CMOS devre yapilari
kullanilarak ger¢eklenmektedir. Ayrica Taylor serisi yaklasimi ve sozde iistel
yaklagim ile elde edilen birlestirilmis Taylor serisi ve sozde iistel yaklasim veya
katsayilar1 optimize edilmis sozde iistel yaklasim gibi bu fonksiyonlarin
kombinasyonlar1  kullanilarak ve bu kombinasyonlara eklenen katsayilar
diizenlenerek de yeni fonksiyonlar iretilebilmektedir. Bu fonksiyonlarin
gerceklendigi devrelere eksponansiyel fonksiyon iiretici devreler denmektedir ve bu
devreler kazanci ayarlanabilir kuvvetlendiricilerin  kontrol blogu olarak
kullanilmaktadirlar. Eksponansiyel fonksiyon {iretici devreler ile elde edilen
fonksiyonun ¢ikis araligi, kazanci ayarlanabilir kuvvetlendiricilerin dinamik araligim
dogrudan belirlemektedir.

Bu tez calismasi kapsaminda, ilk olarak kazanci ayarlanabilir kuvvetlendiriciler,
kontrol bloklarmin tasariminda kullanilan {istel fonksiyon yaklagimlarina gore
simiflandirilmigtir.  Eksponansiyel fonksiyon {ireticilerinin tasariminda kullanilan
Taylor serisi yaklasimi, sozde iistel yaklasim ve bu yontemlerin kombinasyonlari
literatiirde en ¢ok rastlanilan yontemlerdir. Son zamanlarda yapilan bir ¢alismada
Pade yaklasimi da iistel fonksiyon iiretiminde Onerilmistir. Tez kapsaminda tiim iistel
fonksiyon yaklagimlar1 i¢in matematiksel dogrulamalar MATLAB kullanarak
yapilmistir ve fonksiyonlarin ideal iistel fonksiyon ile arasindaki iliskiler ve hata
fonksiyonlar1 sunulmaktadir. Daha sonra bu fonksiyonlar giris araliklarina gore
kiyaslanmig ve performanslar1 degerlendirilmistir. Ayrica, literatiirdeki {iistel
fonksiyon tiretici devrelerin tasarimlari incelenmis, ilham verici olabilecek 6rnekler
secilip agiklanmis ve bu devrelerin ¢ikis dinamik araliklari karsilastirilmistir.

Bu c¢alisma kapsaminda, Pade yaklasimi baz alinarak yeni bir iistel fonksiyon
yaklagimi Onerilmistir. Pade yaklagimmin segilmesindeki baslica sebep, aymni
dereceden fonksiyonlar igin, literatiirde en ¢ok kullanilan metot olan Taylor serisi
yaklasimina oranla daha genis bir aralikta dogru sonu¢ vermesidir. Yapilan
MATLAB hesaplamalarinda ikinci dereceden rasyonel Pade fonksiyonun, iigiincii
dereceden Taylor serisi yaklagimi ile elde edilen fonksiyondan daha yiiksek
performans gosterdigi goriilmiistiir. Kullanilan fonksiyonun derecesi, tasarlanacak
devrenin karmagikligini ve kirmik boyutunu dogrudan etkiledigi i¢in, Pade yaklasimi
baz alinacak iistel yaklasim fonksiyonu olarak se¢ilmistir.

Pade yaklasimi fonksiyonuna, literatiirde sikg¢a rastlanan ve verilen ornek
caligmalardan birinde de Onerilen, ¢ikis dinamigini arttirmak i¢in giris isaretinin
yarilanip daha sonra ¢ikisin karesinin alinmasi yontemi uygulanmistir. Bu yontem

XX



genel olarak devrelerin performansini arttirmak i¢in kullanilan ve bilenen bir
yontemdir. Elde edilen bu yeni fonksiyon ile hesaplamalar yapilmis ve Pade
tablosundaki konjuge fonksiyonlarin ¢arpimi kullanilarak, ayni derecedeki Pade
fonksiyonlaria oranla daha genis aralikta dogru sonug saglayan bir tistel fonksiyon
yaklasimi elde edildigi goriilmiistiir. Boylece, bu tez ¢alismas1 kapsaminda Pade
tablosundaki konjuge fonksiyonlar1 kullanan ve yiiksek dinamik aralik saglayan yeni
bir iistel fonksiyon yaklagimi onerilmistir.

Bu yeni iistel fonksiyon yaklagimi Pade tablosundaki fonksiyonlar kullanildig1 i¢in
rasyonel Ozelliktir ve bu sebeple devreyi kompleks hale getirecegi diigiiniilebilir.
Fakat, literatiirde kullanilan ve {istel fonksiyon iiretici devrelerin yapitasi olan
carpma devrelerinin karakteristikleri rasyonel oldugu i¢in, bu islem devrenin
icerisinde ek bir maliyet getirmeden yapilabilmektedir.

Onerilen iistel fonksiyon yaklasimini kullanarak farkli derece ve karmagiklik
seviyelerinde 1ii¢ fonksiyon iiretici devre, CMOS 0.35um teknolojisinde
tasarlanmigtir. Literatiirden segilen bir carpici/bdliicti devre bu amag icin oncelikle
tasarlanmig ve bu devrelerde yapitasi olarak kullanilmistir. Segilen carpici/boliicii
devrenin semasi, kullanilan elemanlarin boyutlar1 ve analiz sonuglar1 bu g¢alisma
dahilinde verilmistir.

Tasarlanan eksponansiyel fonksiyon {iretici devrelerinin performans: SPICE
benzetim aracini kullanarak olgiilmiis ve matematiksel analiz ile benzerligi
karsilagtirilmistir.  Sonuglar Pade yaklasimi denklemlerinin verdigi sonuglarla
benzerlik gdstermektedir. Ornek olarak baz alinan 2,1x1,2 devresi ise literatiirde
benzer ikinci dereceden devrelere gore daha yiiksek performans gostermektedir.
Diger ornek devreler ile, sistemin tasariminda segilen Pade fonksiyonlarinin
dercesinin, sistemin kompleksitesi ve performansi ile dogru orant1 sergiledigi
gosterilmistir.

Sonug olarak, Pade yaklasimini kullanan yeni bir eksponensiyel fonksiyon yaklagimi
onerilmistir. Onerilen bu yeni yaklasimda kullanilacak Pade denklemlerinin
dereceleri tasarlanacak sisteme uygun olarak secilebilmekte ve dinamik ¢ikis aralig
istenildigi gibi ayarlanabilmektedir. Daha karmagik devrelerle daha yiiksek dinamik
araliklar yakalanabilirken, daha diisiik dinamik araliklarda caligsmasi yeterli olan
sistemler i¢in daha basit devre yapilar1 tercih edilebilmektedir.
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1. INTRODUCTION

Over the past few years, the importance of high-speed wireless communication
becomes greater and greater due to the high demand of more powerful mobile
devices [1]. Automatic Gain Control (AGC) circuits including Variable Gain
Amplifiers (VGA) are acting an important role as a building block of wireless
communication systems by providing fixed output power for different levels of input
signal. This characteristic increases the dynamic range of the entire system [2]. The
VGAs are widely used in communication systems such as the Wideband Code-
Division Multiple Access (WCDMA) wireless communication systems [3], CDMAs
[4], wireless sensor networks (WSN) [5], Adaptive Antenna Combining (AAC)
systems [6], Wireless Personal Area Networks (WPAN), Portable communication
drivers [7], and direct-conversion receivers [8]. The VGAs also play important role
in biomedical signal acquisition [9], medical equipment [10], hearing aids [11],
imaging [12], disk drives [13] and audio/video analogue signal processing circuits

[14].

1.1 Variable Gain Amplifiers and Their Control Functions

Variable Gain Amplifiers, amplify the input signal with a gain that canbe varied with
a control signal. A VGA can be demonstrated with three blocks, which are an
amplifier block, a control block and a common mode feedback block as shown in

Figure 1.1.

According to the type of the control block, Variable Gain Amplifiers can be
classified to two types. The digitally controlled VGAs are controlled by a switchable
signal and have discrete step gain. Analogue VGAsare controlled by a continuous
control signal and their output signal is also continuous. Continuous type control

blocks are preferred to obtain smooth gain transitions.
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Figure 1.1 : A basic VGA Block.

Linear or exponential control functions can be used as continuoss control signals.
Linear gain control can be realized by current steering technique [15, 16]or by using
variable feedback resistance [17, 18].There are various ways to realize exponential

gain controls and they are widely used to achieve wide dynamic range.

To realize exponential functions, devices with exponential DC characteristics can be
used. DC current-voltage characteristic of bipolar transistors are very suitable for this
purpose but this method is not preferred because BICMOS technologies are not cost
efficient [19]. Parasitic bipolar transistors can be created in CMOS technology but
this solution strongly suffers from temperature and process variations [20].
Moreover, MOSFETs operates in subthreshold region can be used to generate
exponential control signals due to their exponential current-voltage characteristic
[19]. However, this kind of circuits will suffer from noise, will have low bandwidth
and will operate in low frequencies. It is also possible to realize exponential

functions by using differential characteristics of MOS devices [21].

Another way is to use exponential function approximations as the functions that are
going to be realized with the MOSFETs,which operates in linear or in saturation
region. Taylor Series Approximation function with different order of the series is
widely used [22-24]. Pseudo Exponential Approximation is another common
prefferedmethod [25, 26]. Extended versions of these methodscan be found as
Pseudo Exponential Function with Optimized Coefficient Values [27, 28] and United
Taylor Series and Pseudo Exponential Approximation [29-32]. Pade approximation

is also used in a resent work [33].

The classification of the VGASs in terms of their control functions are listed below.
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Figure 1.2 : Classification of VGAs in terms of the control functions.
1.2 Motivation

VGAs are very useful in AGC circuits as their wide dynamic range characteristic
helps minimizing the settling time of the circuit, so that the output signal will be a

uniform transient response.

As mentioned earlier, the exponential function generators (EXPFQG) are necessary for
design of wide dynamic range VGA circuits and a standard CMOS process does not
have devices providing exponential characteristics in saturation region. This absence
makes it difficult to design VGAs with monolithic CMOS based analog and mixed-
signal circuits than bipolar technologies, where exponential functions can be easily
obtained by their I-V law characteristics [34]. To be able to achieve exponential
signals approximation methods are used so that the approximation function can be

realized with MOSFETSs working in saturation region or in linear region.

The techniques to generate exponential functions usually bring extra cost due to the
need of complex circuitries [2].In this thesis work, formerly proposed exponential

function generators that are used as a control block for VGA circuits are explored



and classified according to their approximation functions. The mathematical
approaches are examined in detail to identify the advantages and the disadvantages.
A new approach is proposed with the combination of these methodologies and is

verified with PSPICE simulation.

1.3 Thesis Organization

VGA circuits, their applications and their control function approaches are introduced
in Section 1. A detailed literature search is fulfilled and the control functions of

VGAsare classified and listed.

In section 2, mathematical verifications are used to understand the Taylor series
approximation, pseudo exponential approximation and their compositions.
Mathematical verifications are also applied to Pade approximation which is recently

reported as a new method for realizing exponential function generators.

Many exponential function generator circuits are examined during this thesis work.
In section 3,some examples of cirduit designs are provided and performance

comparison of these EXPFG circuits is listed.

In section 4, a new methodology for design of an exponential function generator by
using Pade approximation is proposed. Three different circuit examples are designed
in 0.35um CMOS process and simulated by using SPICE to measure their

performances.

In section 5, conclusion and recommendations are presented.



2. EXPONENTIAL FUNCTION APPROXIMATIONS

2.1 Taylor Series Approximation

Taylor series expansion of exponential function is given in Equation (2.1).

ax a’x’ a"x"

e =1+—+ +..+
1! 2! n!

+... 2.1)

For |ax| « 1, high order of Taylor series can be eliminated to obtain the exponential
function with small error. The 2™ order Taylor series equation is given in Equation
(2.2) [23].

2.2
ax a x

e =1+—+
I! 2!

2.2)

For a=1, the error function of Equation (2.2) due to the ideal exponential function is
given in Figure 2.1. The comparison between these functions is given in Figure 2.2.
The range for x is —0.57 to 0.81 for keeping the error between positive and negative

five percentages.

(exp-taylor)/exp

- L 1 L L L L L L L
-1 £8 406 04 02 0 02 04 06 08 1

Figure 2.1 : Error function of Taylor series approximation.



10
X-0.8178 p
8r v:6858 | -]
<
6 -~
r S 1
-
4t ~ i
5l 4
o
©
c Of .
2k _
X: -0.5762
4t Y:-4588 A i
n”
/(/‘;:/.
S—"_~ 4
P Taylor
&1 e ideal exp |
_10 1 1 1 1 1 1 1 1 1

-1 08 06 04 02 0 0.2 04 06 08 1

Figure 2.2 : Comparison of Taylor series function and ideal exponential function.
2.2 Pseudo Exponential Approximation

The equation of Pseudo Exponential Approximation is given below in (2.3) [35].

nx

1+x/2
1-x/2

) ; lxl<1 (2.3)

By using MATLAB, for n=1, the error function of this approximation is drawn for in
Figure 2.3 and the comparison between ideal exponential function and this function

is drawn in Figure 2.4 by using MATLAB.

The range for x is —0.8 to 0.8 for keeping the error between positive and negative
five percentages. When x approaches to 1 or -1 this function approaches to zero or

infinite.
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Figure 2.3 : Error function of Pseudo Exponential approximation.
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Figure 2.4 : Comparison of Taylor series function and ideal exponential function.

2.2.1 Pseudo Exponential Function with Optimizated Coefficient Values

Shortening the Taylor series to first order, an exponential function can be written as

equation (2.4).

x _ Xtax—ax __ 1+ ax

¢ =e _1—(1—a)x 2.4)

In this equation, negative or positive range of x will increase when the value of a
chosen like 0.25 or 0.75 [27]. In Figure 2.5, the error function, in Figure 2.6, the

comparison between the ideal exponential function are drawn for ¢=0.75 and x>0.



In Figure 2.7, the error function, in Figure 2.8, the comparison between the ideal

exponential function are drawn for ¢ =0.25 and x <O0.
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Figure 2.5: Error function of pseudo exponential approximation with optimizing
coefficient (¢ =0.25 and x>0).
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Figure 2.6 : Comparison of pseudo the function and ideal exponential function (a
=0.25 and x>0).
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Figure 2.7 : Error function of pseudo exponential approximation with optimizing
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Figure 2.8 : Comparison of the function and ideal exponential function (a=0.75 and
x <0).

The range for x is —2.6 to 2.58 for keeping the error between positive and negative

five percentages.
2.2.2 United Taylor Series and Pseudo Exponential Approximation

In equation (2.5) a composition of Taylor series and pseudo exponential

approximation is given [31].

_k+(+ ax)’
K+ (1 - ax)? (2.5)

pY

The function is drawn for different k£ values in Figure 2.9. The function reaches its

maximum value for £=0.15 and the range for x is —10 to 10 for keeping the error



between positive and negative five percentages. The comparison of this function and
the ideal exponential function is given in Figure 2.10 for k£=0.15. The error function

is given in Figure 2.11. It is seen that the dynamic range is 60dB.
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Figure 2.9: Taylor and pseudo exponential approximation values and ideal
exponential function for £=0.15, k=0.25 and k =1.

40 T T T T T T T T T

30+ 1
20} e .
10+ E
)
T o :
‘®
)
-0l i
20t i g ]
pd
30 / — k=015 |
—— 20log(exp(0.35x))
_40 1 1 1 1 1 1 1 1 1

-10 -8 -6 -4 2 0 2 - 6 8 10

Figure 2.10 : Comparison of Taylor and pseudo exponential approximation values
and ideal exponential function for k=0.15.
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Figure 2.11 : Error function of Taylor and pseudo exponential approximation.

2.3 Pade Approximation

Recently, it is observed that there is connection between some Pade approximants
and ideal exponential function [33].

When the Pade table is constructed for the exponential series given in (2.6), the
equations given in Table 2.1 are established to represent the function given in (2.7)

[36].

e‘“—l+ﬂ+azx2 +anxn +
= ' 3 R (2.6)
n, (x)
P, (x)="—""
wan (X) 4.() Q.7)

Table 2.1 : A portion of the Pade table for e”.

m
0 1 2
\n ’
1 1 1 1
0 7 1—x+1y2 1o x+1yx2_1y3
1 1—x XTox XTXm—gX
1 1 1
) 1+x 1+EX 1+§X 1+ZX
1 1-1x 1-2x+1x2 1-3x+2ix2-1y3
2 37 T 6 A 24

11



Table 2.1 (cont’d): A portion of the Pade table for e”.

0 1 2 3
\n
2 1 1 1 2 1
1 z 242 = 2.2 £ = .2
5 1+x+§x2 1+3x+6x 1+2x+12x 1+5x+20x
_1 _1 1.2 _3 1.2_1.3
1 1 35X 1 2x+12x 1 5x+20x e

3 1 1 3 1 1 1 1 1
1ox4ipz_ 1 THox+-x?4+—x> 14+-x+=—x*+—x 1+-x+=x*+—x°
3 X zx PR 4 4 24 5 20 60 2 10 120
_ 1 2 1 1 1 1
1 1-—-x 1—=-x+—x? 1—=x+—x2——x3
4 5 20 2 10 120

By using MATLAB and for m=2 and n=2, the error function is drawn in Figure 2.12
and the comparison between ideal exponential function and pseudo exponential

approximation function is drawn in Figure 2.13. Input ranges are given in Table 2.2

for different m and n values.
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Figure 2.12 : Error function of Pade approximation.
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Figure 2.13 : Comparison of ideal exponential functionand Pade approximation
function for m=2, n=2.
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Table 2.2 : Input ranges of Pade functions for different m and n values.

m,n Function Input Range
0,0 1 +0.06
1
0,1 +0.3
1—x
2
0,2 _— +0.6
2 —2x + x2
1,0 1+ x +0.3
1,1 2+x +0.85
2—x
6+2
12 0T 05
6 — 4x + x2
2
2.0 2+ 2x+x7 +0.6
2
2
21 OEHAXT g5
6 —2x
2
2.2 12 + bx + x~ +2.03
12 — 6x + x2

These Pade approximation functions are obtained by extending the Taylor
polynomial approximation to rational functions. Coparison of Taylor series

approximation and Pade approximation is given in Figure 2.14.

60

40 r

20 .

Gain dB

Taylor
Pade
ideal exp

60 L . L . .
-3 -2 -1 0 1 2 3

Figure 2.14 : Comparison of Taylor series approximation and Pade approximation.
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In Figure 2.14 the order of the Taylor series approximation function n,equals to 2 and
the order of Pade approximation’s numerator, m and denominator n also equal to 2.
For the same order of equations, it is obvious that Pade approximation is more

accurate for a larger interval.

In order to obtain an improved performance, an immediate approach is to increase
the order of the Taylor approximation. However, in case the order is set to 3 or
higher, the corresponding circuit requires building blocks realizing x’ terms
whichcan be usually realized using complicated circuitry compared to x* or x* terms.
This is because the voltage-current transfer characteristic of the MOSFET obeys the
square-law characteristic, thus CMOS circuits have simpler circuit implementation of
x> and x" terms. Hence, very effective and high-performance squarer circuits are
already presentedin the literature. On the other hand, asshown in Figure 2.15, the
rational Pade functions of second-orderprovides similar or better errors performance

compared to third order Taylor approximation. This is the main motivation of using

Pade approximations in the realization of the exponential function generator.
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Figure 2.15 : Error function of Taylor series approximation and Pade approximation.

It can be argued that the rational form of the Pade function complicated the design,
which in fact is not true. This is because in the any multiplier block, input-output

characteristic is inherently of rational form, e.g. for current-mode multipliers:

14



Tout = —=. 2.8
7 (2.8)

Therefore, we think that the general rational form of Pade approximation does not

implies any difficulties in circuit implementation.

Considering all the above discussion, in this thesis work, instead of using a higher
order Taylor series approximation, Pade approximation is preferred as the base

approximation function.

15
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3. EXPONENTIAL FUNCTION GENERATOR (EXPFG) EXAMPLES

3.1 A Pseudo-Exponential Function Generator

An exponential function generator using a composition of Taylor series and pseudo-
exponential function approximation is presented in [25]. The method is based on a

new approximation formula given in equation (3.1).
e =ax* +bx* +cx +d 3.1

In this formula the coefficients “a” and “d” are to be optimized. This method is

considered instead of the conventional Taylor approximation or “pseudo-exponential
approximations because it is simpler and more accurate to implement x*or x”than

to implement a rational function. The coefficient x’ is very close to zero and

eliminated with an acceptable approximation.

Another method used in this design is a technique that is used to improve the
accuracy. The input signal range is decreased by halving the amplitude of the input
signal. For a smaller input signal range the circuit approximates the exponential
function with a better accuracy. The output signal is then squared to compensate

decreased signal range. The equation for this technique is given in (3.2).

e =(") (3.2)

The blocked diagram of the circuit is given in Figure 3.1. Here the coefficients a, b ¢

and d are selected as 0.01214, -0.1129, 1.332 and 0.5388 respectively for the

0.5x

equation of e ". The simulation result of the circuit is given in Figure 3.2. It can be

seen that the circuit achieves a 78dB output range.

17
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Figure 3.1 : The block diagram of EXPFG [25].
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Figure 3.2 : The simulation result of the proposed circuit [25].

3.2 A Superior Order Taylor Series Approximation Exponential Function

Generator

An exponential function generator using a superior order of Taylor series is

presented in [24]. The method is based on the formula given in equation (3.3).

2 3

18

X X
e’ sl+x+7+z+...,f0rx<<l

(3.3)



The ratio of currents, input current /,, and the reference current /,is used as
expansion variable and the equation (3.3) is written again as equation (3.4).

2 3
1 1 1(1 (1
Iyexp| =l |1+ 2+ 2 +—| 2] |+... 3.4
(1 1, 2\1, ] el (3.4)

o

The circuit is designed using a squaring CMOS circuits. The block diagram of the n-
thorder polynomial series expansion of exponential function is given in Figure 3.3. A

block is used to compute the a, coefficients for £ =0,1,...,n+1. By increasing the

value of n, the precision of the circuit can be increased.
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Figure 3.3 : The block diagram of EXPFG [24].

Simulationresults for n=3 confirmed that the pseudo-exponential function genetrator

circuit works as expected.



3.3 A New United Taylor Series and Pseudo Exponential Approximation

A new composition of pseudo-exponential, 4™-order Taylor series and coefficient

optimization is proposed in [35]. The equation is given below in (3.5).

. 0.025+(1+0.125x)*
e = 7 (3.5)
0.025+(1-0.125x)

The circuit is realized by generating the numerator and the denominator functions
separately by using squaring circuits. These functions are divided by using a Single-
Quadrant Divider to receive the exponential output signal. The block diagram of the

designed circuit is given in Figure 3.4.
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Figure 3.4 : The block diagram of the proposed EXPFG [35].

The simulation results for the proposed circuit is given in Figure 3.5. The circuit has

an input range of x as -5.75 to 5.75 and the output range is measured 96dB.
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Figure 3.5 : Linear-in-dB characteristic of the proposed EXPFG [35].

3.4 Performance Comparison Between Different Exponential Approximations

Approaches

Performance comparison between different exponential approximations approaches
found in literature is given in Table 3.1. It is obvious that for the higher order of the

equation, the output precision is also higher.

Table 3.1 : Performance comparison between different exponential approximations

approaches.
Output
Approximation Equation Input Range R(Zr];g)e
2" order Taylor series [37] 1+x+ %xz -0.6< X <0.85 13
4" order Taylor series [38] 1+x +%x2 +%x2 +%x4 -1.2<XxX<2.0 30
Pseudo exponential [39] iig:i -0.85< X <0.85 14.8
?;e:ufd)o[-;l"za]ﬂor approximation Z : 8 t gzgz 108 < X< 1.08 178
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Table 3.1 (cont’d): Performance comparison between different exponential
approximations approaches.

Output
o ) Range
Approximation Equation Input Range ( ng)
2
Pseudo-Taylor approximation m + (1 +0.5x) 1.63< x<1.63
- 77 -1.63< x<1. 27.2
(m=0.82) [32] m+(1-0.5x)*
) 2
Modlﬁfad P§eudo-Taylor 0.12+(1+0.25x)" 3.1< x<3.1 56
approximation [29] 0.12 + (1-0.25x)*
. . —_ 2
Ratlongl fupctlon 0.026ax + (1 +0.25ax) -33<Xx<33 60
approximation [40] 0.026ax + (1 - 0.25ax)*
Pseudo exponential [25] at+bx’ +ox+d - 74
Pseudo-Taylor approximation 0.025+ (1+0.125x)* 575< X<575 96

[35]

0.025+(1-0.125x)"
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4. DESING OF A NEW EXPFG USING PADE APPROXIMATION

An exponential function generator based on Pade Approximation is proposed in this
thesis work. A current-mode, simple-structured circuit is designed in this manner and

high dynamic output range is achieved.

4.1 A New Exponential Function Approximation Using Pade Approximation

Pade approximation functions are obtained by extending the Taylor polynomial
approximation to rational functions. Calculations showed that using the Pade
approximation function with same degree of numerator and denominator gives better

result than polynomial method for the same amount of computation effort [33].

pade
—8— Taylor-1
| e Taylor-2
—&— Taylord

Linearity gain errors (dE)
i

Figure 4.1 : Linearity gain errors of exponential function approximations [33].

In Figure 4.1 the linearity gain errors of different approximation functions are

presented. “pade” function is the Pade approximation of € with 2,2 order, which is

given in (4.1).
2
1+24+5
et 2 12
L 32 4.1)
2 12
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The function named “Taylor-1” represents the pseudo-exponential approximation

given in (4.2).
x X
v o I+ —
oF = -2 8
o2 ¥ i 4.2)
l-—+—
2 8

The function named “Taylor-2” represents the pseudo-exponential approximation

given in (4.3).

X

(ex/4)2 (1 + z)2

e =
ey (- f)2 4.3)
4
And, “Taylor4” is the 4™ order Taylor series approximation given in (4.4) [39].
el iy x_2 + x_3 + x_4
T TR TR (44)

The input range and the output dynamic ranges varies -1.2 to 1.2, -1.3 to 1.3, -1.25 to
1.25 and -2.0 to 2.0 for Taylor-1, Taylor-2, Taylor4 and Pade respectively. It is
shown in [33] that 35.4dB output range can be achieved with a simple circuitry,
which is higher than the output range of Taylor-2, 23.4dB.

A combination of pseudo-Taylor approximation, where ¢* = ¢/ ¢**, and Pade

approximation is proposed in this work and the equation is modified as below.
e =e' e 4.5)

Using MATLAB for calculations, it is found out that instead of using the same Pade
function e.g. Pade,, twice in (4.5), using conjugate pairs gives better result. The

approximations functions are shown in Figure 3.2.
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Figure 4.2 : Pade Approximations with different numerator and denominator orders.

In Figure 4.2, Padeyi[exp(x)], Padess[exp(x)], Pade, [exp(x/2)]* and
Pade, [exp(x/2)] * Pade;.[exp(x/2)] represents the equations (4.6), (4.7), (4.8) and

(4.9) respectively.
X __ _ n2 ('x)
e’ =PADE, | (x) = —dz ) (4.6)
x _ n3 (X)
e" =PADE;(x) = 4.(x) 4.7)
¢' = [PADE, (x),/ PADE, (x) (4.8)
¢" = [PADE, ,(x),/ PADE, (x) (4.9)
Where,
. n (x)
e" ~PADE, ,(x) = di ) (4.10)

It can be easily seen that Equation (4.9) gives a better result. Input ranges for these

functions are given in Table 4.1 for dirrent m and n values.
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Table 4.1 : Input ranges of different combination of exponential function
approximations with Pade functions of e*.

Puyn X Pon Function Input Range
8 8
P p . +0.99
02X Vo2 8 —4x +x%2 8—4x+ x2
44+x 4+x
Pi1xP . +1.36
R 4—x 4—x
b b 24 + 4x 24 + 4x 99
X ) .
L2rL 24 — 8x + x2 24 — 8x + x2
2 2
Prox Pao 8+ 4x +x .8+4x+x 40.99
8 8
2 2
Pyix Pas 24+ 8x + x .24+8x+x 99
24 — 4x 24 — 4x
2 2
PaoX Py 48 + 12x + x .48+12x+x 13551
48 — 12x + x2 48 — 12x + x?
8 8 + 4x + x?
PoaXx P +1.1
R 8—4x+x2 8
2
Pa1x P 24+ 8x + x 24 + 4x 4305

24 —4x 24 —8x + x?2

4.2 EXPFG Generator Circuit Using PADE 3 1)x1,2)

4.2.1 Circuit Design

To implement Equation (4.9), the ratio of input current /. and the reference current

I, is used as expansion variable in the system below. x = sz
’ ref
In]
—» InIInZ
GM1
— 12
InZ > I_a = Lour
1, b
| GM3 o Sqr |
ref
RN
Lai 3
Iy
GM2
—> IdIIdZ
s
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Figure 4.3 : The block diagram of the proposed exponential function generator.

“GM” blocks represent the 2-input geometric mean circuits and “Sqr” represents a
squarer circuit. The output current of the circuit above is given in equation (4.11),

which is the circuit implementation of equation (4.9).

@.11)

4.2.2 Multiplier/Divider

Thecurrent-mode analogue multiplier/divider circuit in [41], which consists of a
geometric mean block and a squarer block, is usedfor implementation.Figure 4.4

shows the operation principle of the multiplier/diverdir circuit.

—> km
_%

g_mean lnur

I \L\?‘

squarer — ——

L,
—>

Figure 4.4 : Principle of multiplier/divider circuit [41].

The input-output characteristic of the multiplier/divider is given below.

Low = (4.12)

This structure is very suitable for this work hence multiple g-mean circuits and a

squarer can be used to form the exponential function generator circuit.

The transistor level circuit scheme of the multiplier for k=2 is shown in Figure 3.5.
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Figure 4.5 : Circuit scheme of multiplier/divider circuit [41].

In this circuit, transistors M1, M2, M3 and M4 generate the translinear stacked
topology given in Figure 3.6 [41].

Figure 4.6 : Stacked topology [41].

Assuming all transistors are operating in saturation region and applying KVL,

equation (4.13) can be written.

Lo | L L]
W /L) N, /L) \OW/L) \(W,/L,) (4.23)

The aspect ratios are chosen as below for k=2.

L LT (4.34)

Multiplier/Divider circuit is designed in 0.35um CMOS process and simulated by

using SPICE. The circuit schematic is shown in Figure 3.7.
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Figure 4.7 : Schematic of the Multiplier/Divider circuit.

The dimentions of the transistors in the circuit shown in Figure 4.7 are given in Table

4.2.

Table 4.2: Device dimentions of the designed multiplier/divider.

Transistor W (um) L (um)
1\ EPNEY 20 24
M3A-4A 80 24
Msa-6a 40 2.4

Mya 20 0.6
MgA_19A 25 1.4
M20A 24 0.6
M4 14 1.4

The simulation result is given in Figure 4.8. It can be seen that the results are as

expected.
1.0mA ~
= =100u
w=10uA P Y:
A
A
0.8mA >~
// =gl
e ot ly=75ul
L
0.6mA > —
T
o IR il
- " ly=50uA
"
0.4mA // > =
e e ——
ot -
— 7
,r// i ////’ . TCY —
0.2mA > —— P — G
= -
T [ » I
L /j/ :/ il I s T ; Iy=0UuA
0A = i :
0A 10uA 20uA 30uA 40uA 50uA 60UA 70uA 80uA 90uA  100uA
A0V lout Ix

Figure 4.8 : Simulation result of the Multiplier/Divider circuit.

29



4.2.3 Circuit Realisation and Simulation Results
According to the Pade Table PADE ; and PADE, ; functions are given below [42].

n(x)  6+2x
d(x) 6-4x+x’ (4.15)

PADE, , (x) =

m(x) 6+4x+x°

PADE, ,(x) = e 6z (4.16)

I

Iref

For = , these equatios can be written as (4.18) and (4.20), where the coefficients

are also divided to 2 for device size considerations.

6+2 I]X
n,(x) ref
PADE, ,(x) = d‘ ) = 7 T 4.17)
! 6-4—% 4 (=)
Iref Iref
1 " 3/ ref T I
PADE,, = = 2
Idl 3] -2 + Ix (4.18)
ref X 2 o
" 64410 4 (II’“)2
LX) ref ref
PADEZ’I(X) = 4, (%) = ., I 4.19)
Iref
2
3, +21 +
L 2, (4.20)
PADE, , Id2 3 [wf 1

The expected result for 7, = 10udiscalculted and given in Figure 4.9.
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Figure 4.9 : Calculated output of proposed function.

Proposed circuit is designed and simulated by using SPICE to examine the results. »,

,n,,d, and d, are realised by summation of currents which are produced by current
mirrors with proper width factors. Current mode realisation of these functions are

given in Figure 4.10.

3
hec =
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vt 100 »L” - mncm Ix f_:} fo {5
VoN=15 ? ? w2 ( ucse cuose ‘J cuose ) |
e > §82 —l
lre
e a s i e
o o H
...... e o 2lref 2lref
|~1

e =
We30u M2 W= M0 We30u Wi W MiTT
[T Le0su Le08u Le08s We 104 MeTS Wetos i We3ou M We3ou M9
1 I} 1 ] L-08 L=08 [ -om ]
1 I} | | |
|
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i3
gz
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i
2
—t
iF
L
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J
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4
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™ | 3lref ™ | 3lref
In21 =3I 21, 7’X2 In12 = 3lref + Ix
n21 = 3Iref + x+2lre[ n12 = 3Ire x
I1d21 = 3Iref — Ix I1d12 = 3Iref — 21 +_lx2
a =3Iref — I = 3lref —
re, x 2Iref

Figure 4.10 : Current mode circuit realization of n,,n,, d, and d, functions.
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Circuit realisation of the block diagram is given in Figure 4.11. Current mirrors are

used to change the direction of the output currents of G-mean blocks.

Gmean - :
l.lT&EW; 20u W=200 MT25 :
Ly L=24 v
Il_ftMOSP Cl.!QSPt—E Mu'/DIv
: sls 1 PETTTITIR :
In12i , : :
—> 838 : VInl2 In21i po—gc :
R o P —> . 778 i JTout
=1 TR BRI ; e G, e
In21 ... ?. z
I ———— E T —— — Ire Tamspmsfiasnannnnnnnnnnn
: Ml N =
I dlz : [Ruose cmose] | . cmosi ]
S : VInl2 In21 R
e | 853 :  ——
id21 : GM_OuT
E E g

Figure 4.11 : Circuit realization of proposed EXPFG.

The comparison of the ideal exponential function and the gain function of the circuit
in Figure 4.11are shown in Figure 4.12. SPICE analysis and the MATLAB results
are shown to be agreeing within the gain range of -26.3dB to 26.3dB.

40 -
r
(2.9219.26.286) §
~ |
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=
5‘/”54
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o i
L=
el
el
=
20 o
gl
e
i (29219,-26344)
49 -~
-3.2 -3.0 -2.5 -2.0 -1.5 -1.0 -0.5 0 0.5 1.0 1.5 2.0 2.5 3.0 3.2
v DB(lout/Iref) A DB(EXP(x/Iref)) Ix/Iref

Figure 4.12 : The comparison of the ideal exponential function and the gain function

of the circuit in Figure 3.8.
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The error function of the output current is given in Figure 4.13. It can be seen easily

that the error is always less than 1dB within the -2.9 to 2.9 input range.

2.0 *
|
\
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A
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\\
-2.0 \
-3.0 -2.5 -2.0 -1.5 -1.0 -0.5 o] 0.5 1.0 15 2.0 2.5 3.0
o DB(EXP(Ix/Iref)) - DB(lout/Iref) Ix/Iref

Figure 4.13 : The error function of the output current.
4.3 EXPFG Generator Circuit Using PADE 3 0)x0,2)
Another EXPFG is designed using the function given in (4.19).

4 + x + x? 8
8 '8 — 4x + x2

2x

e (4.19)

For = le , these equatios can be written as (4.20).The block diagram of the
ref

proposed exponential function generator is given in Figure 4.14.

2

Ix
2.+ 1y +
ref X 4lof

X

2) - IXZ
2ler — Ix + .

(4.20)

I PADE; (g) I PADEO'Z(

U n
In Z = Iaut
; MUL/DIV | —
ref

1y |

Figure 4.14 : The block diagram of the proposed exponential function generator.
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Proposed circuit is designed and simulated by using SPICE to examine the results.

Circuit realisation of the block diagram is given in Figure 4.15.
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Figure 4.15 : Circuit realization of proposed EXPFG.

The comparison of the ideal exponential function and the gain function of the circuit

in Figure 4.15 is shown in Figure 4.16.

SPICE analysis and the MATLAB results are shown to be agreeing within the gain
range of -10.3dB to 10.3dB.
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Figure 4.16 : The comparison of the ideal exponential function and the gain function

of the circuit in Figure 4.15.
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The error function of the output current is given in Figure 4.17. It can be seen easily

that the error is always less than 1dB within the -1.3 to 1.3 inputrange.

1.0 (1.3098,981. zasm/ )
2
0 / — \-n\\\us p—— o
>
(:1.3059,:973.454m), /"
-1.0 )
-llz DB(EXP(Ix/Iref)) - DB(It;i;(;Iref) * Ix;’lref ° e "
Figure 4.17 : The error function of the output current.
4.4 EXPFG Generator Circuit Using PADE ;1)
Another EXPFG is designed using the function given in (4.21).
2% 4+x 4+x
For = le , these equatios can be written as (4.22). The block diagram of the
ref
proposed exponential function generator is given in Figure 4.18.
; , (Ales + I\
PADELl(’Z—‘) PADEl_l(’Z—‘) ~\a1, r— Iy 4.22)
IV[2I}"€
In i 2 f = Iaut
| - [:- Id
; MUL/DIV > Sqr I
ref

A
I d | Iref

Figure 4.18 : The block diagram of the proposed exponential function generator.
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Proposed circuit is designed and simulated by using SPICE to examine the results.

Circuit realisation of the block diagram is given in Figure 4.19.
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Figure 4.19 : Circuit realization of proposed EXPFG.

The comparison of the ideal exponential function and the gain function of the circuit

in Figure 4.19 is shown in Figure 4.20.

SPICE analysis and the MATLAB results are shown to be agreeing within the gain
range of -16dB to 16dB.
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Figure 4.20 : The comparison of the ideal exponential function and the gain function

of the circuit in Figure 4.19.
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The error function of the output current is given in Figure 4.21. It can be seen easily

that the error is always less than 1dB within the -1.7 to 1.7 inputrange.
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Figure 4.21 : The error function of the output current.

4.5 Chapter Summary

In this chapter, a new Pade Approximation based exponentialfunction
approximationis proposed to be used as a methodology to design an exponential
function generator. Afterwards, three different exponential function generators are
designed using the different orders of numerators and denominators from Pade table.
The comparison of the circuits output dynamic range and input range as well as the

ideal input range calculated by MATLAB are given in Table 4.3.

Table 4.3: Circuit performance with different Pade functions.

Function Output range Input Ideal input
(dB) range (£) range (£)
P2,1x P12 52.6 2.9 3.05
P2,0x Po,2 20.6 1.3 1.1
P11x P11 32 1.7 1.36
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5. CONCLUSIONS AND RECOMMENDATIONS

Exponential function generators are used to provide control signal to VGA circuits in
communication systems where high dynamic range is required. In this thesis work, a
comprehensive literature search was performed to examine and classify the
exponential function generators according to their approximation functions that are

used that are used to realize the exponential signal.

Pade approximation is reported as a new approach forrealizing exponential function
in a recent work found in literature, where Taylor series approximation is very
common. Using MATLAB for calculations, it is found out that Pade functions of
second-order provides similar or better errors performance compared to third order
Taylor approximation.In this thesis work, by using the accuracy improvement
method mentioned in Section 3 with second order complex conjugate of the
equations in Pade table, a new approach is proposed for realizing exponential

function.

Three different circuits are designed with different Pade equations, simulated using
SPICE. The circuit using P»; x P, equation has 52.5dB output range. The output
range can be increased by using Pade functions with higher order of numerator and

denominator.

Future works could be to use simpler multiplier/divider architecture with higher

performance to reduce the possible die size and increase the dynamic range.
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