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ABSTRACT

ORDER STATISTICS FROM NONIDENTICALLY
DISTRIBUTED RANDOM VARIABLES AND
EXCEEDANCES

Goknur Giner
Ph.D. in Applied Mathematics and Statistics
Graduate School of Natural and Applied Sciences
Supervisor: Prof. Dr. Ismihan Bayramoglu
June 2013

Order statistics and exceedances for some general models of independent but
not necessarily identically distributed (INID) random variables are considered.
The distributions of order statistics from INID sample are described in terms
of symmetric functions. Some exceedance models based on order statistics from
INID random variables are considered, the limit distributions of exceedance statis-
tics are obtained. For the model of INID random variables referred as F'“-scheme
introduced by [62] the limiting distribution of exceedance statistics has been de-
rived. This distribution is expressed in terms of permutations with inversions,
Gaussian hypergeometric function and incomplete beta function. Some applica-

tions in insurance models have also been discussed.

Keywords: Order statistics, INID random variables, exceedances, symmetric func-

tions, Gaussian hypergeometric distribution, permutations with inversions.
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oY/
_FARKLI DAGILIMLARA SAHI[P RASGELE
DEGISKENLERIN SIRA ISTATISTIKLERI VE ASAN

[STATISTIKLER

Goknur Giner
Uygulamali Matematik ve Istatistik, Doktora
Fen Bilimleri Enstitiisii
Tez Yoneticisi: Prof. Dr. Ismihan Bayramoglu
Haziran 2013

Bagimsiz ve farkli dagilimlara sahip rasgele degiskenlerin baz modelleri i¢in sira
istatistikleri ve agan istatistikler kullanildi. Ayrica farkli dagilima sahip rasgele
degiskenlerin sira istatistiklerine ait dagilimlar simetrik fonksiyonlar yardimiyla
tanmimlandi. Farkli dagihimlara sahip rasgele degiskenlerin sira istatistikleri temel
alinan asan istatistiklerin asimptotik dagilhimlar elde edildi. S6z konusu dagilim
bulunurken ilk defa [62] tarafindan Onerilmig olan F°-diizeni kullamildi. Bu
dagihm tersinmeli permiitasyonlar, Gauss hipergeometrik ve tamamlanmamig
beta fonksiyonlar ile ifade edildi. Son olarak da sigortacilik modelleri ile igili

baz1 uygulama onerilerinden soz edildi.

Anahtar Kelimeler: Sira istatistikleri, farkli dagilhima sahip rasgele degiskenler,
agan istatistikler, simetrik fonksiyonlar, Gauss hipergeometrik daglimi, tersinmeli

permiitasyonlar.
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Chapter 1

Introduction

This dissertation centers around the problem of obtaining the distribution of
independent and non-identically distributed (INID) random variables. The study
presented deals with the main difficulties of the given problem and also suggests a
useful method which makes the calculations easier. With the help of this method
which is called F* scheme first presented by [62], we obtained the asymptotic
distribution function of exceedances. An overview of the other relevant paper

and researches are useful to note that at this point.

The developments on order statistics compiled in [73] through early 1960’s.
The book [73] was primarily the contributions of several tables. Comprehensive
tables have also been prepared by [40]. Based on their growing amount of im-
portance and popularity, a considerable amount of research has investigated the
order statistics. There have been books written on many different aspects of
them. The first essential book describing the theory of order statistics is [28].
This book was the culmination of H. A. David’s work from 1971. [2] and [29]
include new developments on order statistics from independent and identically
distributed (IID), INID and dependent random variables. [20] and [21] are two
volumes on theory and applications of order statistics. Books written by [52],
[34], [70], [69] and [30] first presented the asymptotic theory of order statistics.
The theory and applications of order statistics from IID random variables are

both studied well. However, there are not many developments on the theory of

1



CHAPTER 1. INTRODUCTION 2

order statistics from arbitrarily dependent random variables because of difficul-
ties in calculating the joint probability density function (pdf)’s. They are not
factorized as they are in the case of IID. The marginal distribution function of an
order statistic from arbitrary dependent random variables is given in [29]. The
joint distribution function of two or more order statistics from dependent ran-
dom variables can be found in [60]. The distribution theory of order statistics
from INID random variables first mentioned in [78] and it involves the concept of
permanents which is similar to the determinant except that the permanent does
not have an alternating sign. The signs of all the terms in the summation given
in the definition of the determinant are positive in the calculation of permanent.
[17] is an excellent review which gives the theory of order statistics from INID
case. [39] is also a study in the mean residual life functions for INID random

variables in the system level.

Another key concept considered in this dissertation is exceedance statistics
which denotes the total number of observations exceeding a random threshold
value. The concept of a random threshold was first used by [38] and [31]. In
this context, exceedance statistics have received a growing amount of attention
among researchers like [71], [74], [82] and [75] and even earlier in [80], [81]. First
fundamental source in the area is the chapter “The distribution of exceedance”
in the book [36]. Further discussions can be found in [28], [48], [79] and [52].
Based on exceedance statistics, several theoretical studies are contributed to the
area. Papers that examine the exceedance statistics in record model are [3],
[5],16], [13], [12] and the book is [4]. Exceedance models in multivariate FGM
are introduced in the work of [7] and also [8] used exceedances in the progressive
type II censoring scheme. The reader may refer to the literature [14] and [15] for
the discussion on the distributions of exceedances of generalized order statistics.
In [9] the joint behaviour of precedence and exceedances in random threshold
models are obtained and lastly, [10] addresses the waiting times of exceedance

statistics in random threshold models.

In Chapter 1, the fundamental definitions and distributional properties of the

order statistics from IID and arbitrarily dependent random variables are given.
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In Chapter 2, INID random variables are considered, and the distributions
of order statistics are described in terms of permanents and the symmetric func-
tions. Permanents, symmetric functions and their properties are also given, and
the recurrence relations between the distributions of order statistics from INID

random variables are provided.

In Chapter 3, we introduce the exceedance statistics which is one of the main
concepts of this study. We extensively review the literature on exceedance statis-
tics which includes the distribution of IID and INID random variables and arbi-
trarily dependent random variables with respect to a random threshold. Various

exceedance models are included in the last section of the chapter.

In Chapter 4, the major contribution of the dissertation, the exceedance model
from INID random variables is considered. The asymptotic distribution of given
exceedance statistic has been derived, and for a special model of INID random
variables the limiting distribution is studied. Behaviour of the numerical charac-
teristics of derived limiting distribution, such as mean, variance and skewness are
also interpreted. We focus on how the methodological considerations have been
put into practice in insurance models. Lastly, chapter 5, the concluding remarks

are given in the final chapter.



CHAPTER 1. INTRODUCTION 4

1.1 Order statistics from IID random variables

Suppose that X7, Xo, ..., X,, are independent and identically distributed random
variables with absolutely continuous cumulative distribution function F'(x) and
Xin < Xopp < --- < X, are the corresponding order statistics. The joint pdf of
Xy Xogimy e ooy Xepen (L <y <rgev- <1y <m) is for oy <o <o+ <y,

f7”177‘2 ----- Tk(xhx%"'axk)

n!
- (ri = Dlrg —ry — D)l (n— 1) (1.1)

Frta) fan) [Faz) — F(x)]2 77 f(a)

[F(23) — Fw)]7 7 ) - [1 = Fag)]" ™ f ()
Defining ¢y = —00, 2411 = +00,n9 = 0,79 = 0,741 = n + 1, we can simplify
the equation (1.1) as

fm,rz ----- Tk(x17m27 e afsz)

_ [n! H f(xj)] ’“0 { [F (1) — F<>]} 1.2)

(rjpr =7 — 1)!

Jj=1

J]=

Since there are n! equally likely orderings of the z;, it is clear that the joint

pdf of all n order statistics is

= n'Hf(xZ), r <ay <<z, (1.3)

Let f,s(x,y) denotes the joint pdf of X,., and X, (1 < r < s < n).
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Then for # < y, we can obtain f, s, (z,y) by integrating out (1.3) the variables
(Xlzna s 7X7“—1:n)7 (Xr-i—l:n? ce 7Xs—1:n) and (Xs—i-l:na s 7Xn:n)

frsn(z,y) = nlf(x / /fxl flzp_q1)dxy - dx, 4

) { I8 / oo o d}

Ts42

/ / f xs+1 xn)dstrl dmn

[F@) "t [Fly) = Fo)) " [L-Fy)]"

= nlf(z)f(y) r—1)! % (s —r—1)! 8 (n—s)!

n r—1 _ T s—r—1
- (r—1DYs—r—1)! (n_5)|[F(x)] [F(y) — F(x)]

(1= FW)" " f(=)f(y), (1.4)

—0 < < KL ) KT Ty < oo < T <Y < Ty < v ov < Ty < OO

By letting r = 1 and s = n, the joint distribution function of the first and the

largest order statistics becomes

fin(@,y) =n(n = D[F(y) - F@)]"*f(2)f(y), —oco<z<y<oo. (L)

For z < y, the joint cdf of X,.,, and Xj.,, denoted by F, ;(z,y) can be obtain
by integration of f, s(x,y) as follows:

Fru(e,y) / / T @) -

—00 —OQ

[1 = F(y)"dF(x)dF(y) (1.6)
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For discrete case, we have for z < y

F.s(x,y) = P{atleastrof X;’s < z,at least sof X;’s < y} (1.7)

noJ
= Z Z P{exactlyiof X;’s < z,at least j of X;’s <y}

Jj=s i=r

= ZZ“ i @IF ) — Pl - P,

j=s i=r

and for z >y
Fr,s(xa y) - Fs(y>‘

We can obtain the marginal distribution of X,., (1 <r <n), say f.n(x), by
integrating out (1.3) the variables (Xi.p, ..., Xo—1.) and (Xoi1m, -+ X))

Fon®) = nlf( / / F@) - f@p)day - dan s

Tr42

/ / f x?"-i-l xn)dxr-i-l d$n

= nlf(x )[(r(—)}lr)l t an_(fn))];lr

nl L R A A o A
- T @ - P @), (1.8)

— 0L < LT <L Ty <o <Xy, < OQ0.

Distribution of the range statistics

Range is the difference between the largest and the smallest observation in the
sample, i.e. the special case of spacing Z,s = X, — Xy (1 <7 < s < n) where

r=1and s =n.
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Let us start with the pdf of Z,,. To find the pdf of Z,, = X,.,, — X,.,, we put
zrs =y —x in (1.4) and the Jacobian is unit in modulus for transformation from

x,y to x, z.s. Hence we get

o

frs(@,2ms) = (r_1)!(5_:!_1)!(n_5)1 f FT_I(x)[F<$ + Zps) — F(x)]s_r_l

—00

flz+ zp6)[1 — F(x + 2,.4)]" *dF(z).

Therefore, for the case r = 1, s = n, Z,., becomes the range statistics. Let us
denote Zy,, = R, thus the pdf of R can be obtained as follows:

fr(t) = n(n— 1) 7[F(:c 1) — F@)" 2 f(z + t)dF (). (1.9)
The cdf of R is
Fa(t) = n_zz () Of(n ) f(@+ ) [Flo+ ) — F(z)]"2dt d
_ nZ’; f@)F@+1) — F@) o= do (1.10)
- nZ’; [F(z+1) — F(z)]"'dF (2)

1.2 Order Statistics from dependent random

variables

Let X3, Xs,..., X, be arbitrarily dependent continuous random variables with
joint pdf f(xy, o, ..., x,), (x1,22,...,2,) € R". The joint pdf of the correspond-
ing order statistics Xi.,, Xoum, ..., Xn.n can be easily obtained by considering the

limit of
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1

—— Pl < Xy, <ax1+ 0, .. 1, < Xpw < 2, + 01y,

oxy---0x, {o b ! ! ' }
- Y Plm <X, <m+6

— X i x Tiyenny
0y -+ 0xy, ! Lo !
01,82y 0ylin
Ty < X, < Tp+0x,, X, < Xy << X, }
as 0r; — 0,5 = 1,2,..n. Let fx,. xo.. X, denotes the joint pdf of

Xl:nu XQ:na s 7Xn:n7 then
lei’VL7X21’I’L7"'7X7'LZ7'L (x17 x27 c 7$n)

Z f(a:il,a:im...,xin) if T < Lo << xy

= ©1,2,..., n 5 (111)
0 otherwise
where ©12 5 is the class of all n! permutations (iy, is,...,4,) of (1,2,...,n) and

the sum extends over all permutations.

If X1, X, ..., X, are exchangeable, i.e. f(xy,z9,...,2,) = f(Ti), Tiny -, Ti,),

V(i1,i2,...,n) € 12,0 and fx,(z) = fx(x), j = 1,2...,n, then we have

fX11n7X21n7~~~7Xn:n (:C17 x27 s ?xTL>
_ nlf(x,z,,...;z,) if 1 <x9<-- <, (1.12)
0 otherwise

The marginal pdf’s of order statistics Xx,.ny Xigms - - s Xy, 1 < by < by <
-++ < k. <n in case of arbitrarily dependent random variables can be obtained

by integrating (1.11) as follows:
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kal:ank2:n7---7Xkr:n (Ikl’xk27 cee ’Ikr)
00 Tp—1 Thyp Tr—1 Tho+1 Thko—1 Thq+1 Thy—1
—00 —00 —00 —00 — 00 —00
IXaim XX (15 Ty <o, Tp) X dxydas - - - da

ky—1

Xdxy, 41 dry,_ drg,,, -+ do,

00 Tp—1 Thp Tr—1 Tho+1 Tho—1 Thi+1 Thy—1
SN DR B N O
f(@i, @iy, 2i,) X danday - dey _ dxg, - dog, day,, - - day,.

The marginal pdf’s of order statistics Xx,.ny Xpgms - -+ Xy, 1 < by < by <
- < k, < n in case of exchangeable random variables can be obtained by

integrating (1.12) as follows:

kaI:ankQ:nr":Xkr:n (xk17xk27 DR/ xkr)
Thy Tp—1 Thko+1 Thko—1 Tki+1 Tky—1
IR R A

flry, 2y, 2,) Xdoydey -+ - dxy _ day, o day,  dog, - dog,.



Chapter 2

Order statistics from INID

random variables

Definitions and properties of order statistics from INID random variables and
permanents presented in this chapter mainly refer to work in [17], [29] and [2]. In
addition, we give the definitions and the recurrence relations of the order statistics

from INID random variables in the meaning of symmetric functions.

Suppose that X7, X»,..., X, are independent random variables with the cu-
mulative distribution functions (cdf) Fi(x), Fa(x),. .., F,(z) and the probability
density functions fi(x), fa(x), ..., fu(z), Vo € R respectively. Let X, < Xo, <

--- < X,,., be the corresponding order statistics.

10
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We can show that the joint density function of X,,.,, X;ym, ..., Xy, ., Which is

denoted by fry vy (1,20, ... ) for 1 < <rg < - <1 <mis
le,TQ ,,,,, Tk(x17$27 s axk’)
ri—1
_ 1
T (m=Dl(re—ri=D)l(rp—rp_1—1)(n—rg)! Z Hf“ {L’] H Fij (1‘1)
©1,2,..., n Jj=1 j=1
T2 — 1 Tk,171
X H zJ (xl)] T H [Fij (l’k—l) - Fij (%—2)]
Jj=ri+1 J=rr—2+1
n—rp—1
< T 1-F, @) 1)
J=rr—1+1

—00 < x1 < Ty < ---xp < 00 and where >  denotes the sum over all n!
©1,2,...,n
permutations (71, j2, ..., Jn) of (1,2,...,n).

Let Fyy ry,..r. (21,22, ..., x)) denotes the cdf of X, ., Xy, ..oy Xy for 1 <

rn <1y < -+ <rp<mn Then F,,, . (x1,22,...,2,) can be expressed as
follows
FTM’Q ~~~~~ rk('TIJ Loy 7xk>
ri—1
— iy €T is X
Z]ﬂh Jk+1'Hf ! 1_[1 By (@)
ro—1 TE—1—1
< T 1By @) = ) ] (5 @) — B ()
j=ri+1 Jj=rir_o+1
n—rk—l
J=rg—1+1
—00 < 1 < Ty < --- < x < o0 and where the sum is over all jq, o, ..., Jki1

with j1 > ri, 51 +J2 > re, ..., > ji > g and j1 + jo + -+ + Jk = 0.
i=1

The joint probability density function of all n order statistics can be obtained
from (2.1) as
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fX1:n7X2:n ----- Xn:n (x17 x27 e ’xn)
> fu(w) fiy(w2) -+ fi, (20) —0 LT <Xy < < Ty < OO
= ©1,2,..., n
0 otherwise

or it can be written explicitly in the form

fX1:7uX2:n 77777 Xnin (x]-? 3327 e 7'2:71)
n
> Hfg(%) —00 < T <Ly <+ <Xy < OO
= ©1,2,...,n Jj=1 (23)
0 otherwise,
where > denotes the sum over all n! permutations (ji,Ja,...,7Jn) of
£1,2,..., n

(1,2,...,n)

Similarly, the following joint density function for X,., and X, (1 <r <s <
n) may be defined as

1
fT,S:n(x7y) = (r—l)!(s—r—l)!(n—s)! Z F‘Z<x>Flr71(x)f2r(x)

©1,2,..., n

X [Er+1 (y) - Fir+1 (ZL’)] e [Fis—l(y) - Es—l(x)]

X fio(w) x [L=Fi ()] -+ [L = Fi, (y)],

—o0 < x < y < oo or explicitly,

1 r—1
frsn(@,y) = r— (s —r—1)(n—s) m;m i (@) fi,(2) 31—11 F, ()
< 1 By ) - By T[ 11 - By ) (24)
j=r+1 j=s+1

—oc0o < x <y < o0.
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The joint cumulative distribution function of X,.,, and X, is

i

1
R = X5 =i, 2 A

=7 j=max(0,5—1) ©1,2,...,n [=1

X H Ftl Ftl )) H (1_th(y>>a (2'5)

where the summation ;5 , extends over all n! permutations (t1,ts,...,t,) of

(1,2,...,n).

,,,,,

We can derive the pdf and the cdf of X,.,, for 1 < r < n as follows respectively,

1
fr:n(m) = (’l”—l) (n—r)‘ Z E1(x) Zr 1( )fw( )

©1,2,...,n

x[L—F,,(@)] - [1 = F,(z)] (2.6)
and
Fr:n(x) = P{Xr:n < l’}
= P{at leastrof X's are < x}
= Z P{exactlyiof X's are < z}
- Y i 2 156 0-AeL @
=T @12 ,,,,, n l=1 l=i+1
where > denotes the sum over all n! permutations (ji,Ja,...,75n) of

©1,2,..., n

(1,2,...,n).
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2.1 Order statistics based on permanents

The distribution theory of order statistics from INID random variables involving
permanents made its first appearance in [78]. [17] also gives a comprehensive

review of the recent developments on this subject based on permanents.

2.1.1 Permanents

Permanent function is investigated by [26] and [24] in their respected memoirs.
Since then, many mathematicians contributed to the subject. The monograph on
permanents written by [42] is a superior reference for anyone interested in theory
of permanents. In [26], it is distinguished determinants as alternating symmetric
functions from determinants as ordinary symmetric functions. In the same paper,
it is also introduced a subclass of symmetric functions given the name permanents
by [58]. Permanent is a concept defined similar to the determinant except that

it does not have an alternating sign, that is, no sign changes occur.

Definition 2.1. The permanent of an n X n square matrix Z = (2j,,) is defined

as
211”12 "t Rin
n
221 %22 22
PerZ = "l = Z H Zimkm (2.8)
e e o o
Znl  An2 " Znn
where ;5 5, is the class of all n! permutations (ki,ks,...,k,) of (1,2,...,n)

and the sum extends over all permutations.

2.1.2 Elementary properties of permanents

Permanents and determinants share many properties because of the similarity of
their definition. However, permanents do not hold two key properties of deter-

minants which are the multiplicative property and the invariance under certain
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elementary matrix operations. Permanent functions have the following funda-

mental properties.

Property 1 If the rows or columns of matrix Z are permuted, the value of PerZ

does not change.

Property 2 The permanent of a matrix can be expanded by any row or column.
Let Zj,,, denotes the sub-matrix of order n — 1 obtained from Z by deleting the
k — th row and the m — th column, then

PerZ = Y zpmPerZym, m=12,...,n
k=1

= Y zmPerZy,, k=1,2,...,n.

m=1

Property 3 Let ¢ be a constant and Z; denotes the matrix obtained from Z

multiplying the elements in the k — th row by ¢, m = 1,2,...,n, then
PerZ, = cPerZ.

Property 4 Let Z, denotes the matrix obtained from Z by adding ¢, to the
elements in the k — th row, m = 1,2,...,n and Z; be the matrix obtained from

Z by replacing the elements in the & — th row by t;,,,, m =1,2,...,n, then

PerZs = PerZ + PerZ,.

2.1.3 Distributions of order statistics by permanents

Let X, Xs,...,X, be independent random variables having the cumula-
tive distributions Fj(z), Fa(x),..., F,(z) and the probability density functions
fi(@), fo(z), ..., fu(z), Y € R respectively, and X1, < X5, < --- < X,,.,, be the

corresponding order statistics.

From the identity (2.6) and (2.8) we can easily see that f,.,(z), the pdf of rth
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orders statistics can be written in terms of permanents as

frn(x) = —Din = T)!Peer,Vx eR (2.9)
where
Fi(z) Fy(z) F,(x) br—1
Z1=| hlx) fz) falz) | 11
Fi(z) Fy(z) - Fu(2) tn—r

and Fy(z) =1 — Fy(x) for i =1,2,...,n.

It is easy to express the cdf of rth order statistics given in (2.7) using perma-

nents, as given in the following equation

n

1
Fr:n(x) = Z mPerTl,Vx eR

i=r

where
Fl(ZL‘) FQ(ZE) Fn
T .. F,

Fl (,CL’) FQ(ZL')

()

T1 =
()

(2.10)

i

tn—i

On taking (2.4) and (2.8) into account we deduce the joint density f, s.n(x,y)

for 1 <r < s <n in the form as follows

frsn(z,y) = e Tl_ (= S)!Peng, Vi, y € R, (2.11)
where
[ F(2) Fy(z) Foz) | -1
fi(z) fa(z) fu() H
Zy = | Fi(y) — Fi(z) Fy(y) — Fa(x) Fu(y) — Fu(z) | }s—r—1
fi(y) fa(y) fa(y) 2l
Fi(y) Fa(y) Fuly) | Jn—s

Similarly, from (2.1) the joint pdf of X, .., Xyym, - -

s Xy for 1 <rp <1y <
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.-+ < 1 < n can be written based on permanents as

1

f7‘177"2 ----- T’k(x17$27"'7xk>: (

—0 <X < Ty < -

Fi(z1)
fi(z1)
Fy(x3) — F1($1)
fi(@2)

Fi(zy) — Fi(zg-1)

fl(l’k)
F1 (ﬂik)

We can show that the joint cdf of X, .., X, .-

...<rk§n

FT1J"2 ~~~~~ Tk (‘Tl? L2y .-

—00 < T < Ty < - -

F1<I1)
Fl(l'g) — Fl(l'l)

r— D) (rp = 7y — Dl(n— 1)

, ) < oo and where

F(x1)
fa(21)
Fo(x9) — F, (1)
fa(2)

Fn(l‘k) — Fn(xk_l)

= 1

, T < 0o and where

Fn(xl)
Fn(x2) - Fn(xl)

1 PerZy, (2.12)

}T’l—l
H
ro—mr —1

H

}T‘k — Tk—1 — 1
H

tn —ry

s Xy for 1 <rp <1y <

(2.13)
}i
}io

Yk
Fkgr

k
and the sum is over ji,ja, ..., jkr1 With j1 > r1, 51 + 72 > 1o, ... > j4; > 7 and

ittt ir=n

=1
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2.2 Order statistics based on symmetric func-

tions

In this section, we present the distributions of order statistics from INID random
variables based on the symmetric functions. Permanent expressions for the distri-
bution function of INID order statistics allow us to gain some recurrence relations
using the expansion of the permanent by some of the rows. However, in some
cases when the applications of order statistics from the INID random variables are
considered, the usage of the permanent expressions for the distributions of INID
order statistics causes some difficulties connected with the complexity of opera-
tions. For instance, the mean residual life function of parallel and k —out —of —n
coherent systems when the life length of the components is INID random vari-
ables can not easily be calculated using permanent expressions. Therefore, the
calculations involving the joint distributions of order statistics from INID random
variables cover technical difficulties, the results are complicated and are not con-
venient for applications. The representations of distributions of order statistics
from INID random variables in terms of symmetric functions have an advantage

if one uses the derivatives and integration in calculations.

For this reason, we give the definition and the some properties of symmetric

functions in the following subsection.

2.2.1 Symmetric functions

The books [54] and [76] can be used as guides for giving the following definitions.

Definition 2.2. Let A = (A,...,\,) € R” (n > 1) and S,(\1,...,\,) denotes
the rth elementary symmetric function, where 1 <r <mn. S.(A,..., A\, >n) is
defined as

Se(A s ) = > PYRND Vil (2.14)

that is, S,(A1,...,A,) is the sum of all products of r distinct variables chosen

from n variables.
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Definition 2.3. Let U,.(\, ..., \,) denotes the rth complete symmetric function,

in variables A1, ..., A, W, (Aq, ..., \,) is expressed as

U d) = ) AR (2.15)

al+...+ap=r

where the summation extends over all choices of a1, ...,a, € {0,1,...,7}.

Both elementary and the complete symmetric functions satisfy the following

condition

1 <0 >
So Oy M) = WA, M) =4 S m e
0, =0

For other types of symmetric functions, one can see [76].

Generating functions for elementary and the complete symmetric functions

can be defined as follows, respectively

O(A) = JJ(1 =N =D (=1)" S (A, AN (2.16)
i=1 r=0
and
1 o
— = U (A, ... A\ 2.1
q)()\) TX; 7”( 1 5 n) ( 7)
Since ®(z)—— — 1, th
ince ®(x QJ(:L’)_ , then
Z(_l)rsr(/\b 7>‘ )\Ijn—r()\la 7>\n) = 07
r=0
n > 1.

The following recurrence relations of the symmetric functions may be obtained
from (2.16) and (2.17) respectively

SeAy s An) = Se Ay Anet) + AaSe 1 (A Anet) (2.18)
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and
U A1, e ) = (A, A1) F V1 ( A, ) (2.19)

forr >1and n > 2.

2.2.2 Distributions of order statistics by symmetric func-

tions

Let X1, X5,..., X, be independent but not necessarily identically distributed
random variables with cumulative distribution functions Fi(x), Fy(x),. .., F,(z)

and X1, < Xs.,, < ... < X,,., be corresponding order statistics.

For any borel set B € R, where R is the Borel o—algebra of subsets of the set

of real numbers R, consider the indicator

1, X;,eB

i=1,2,...,n and let v*(B) = > Ix,(B).
i=1

Define the empirical distribution of the INID sample X, Xs,...,X, as
Py(B) = =7,

n

It is clear that

Bl (B) = P{X, € B} = [ dFi(x) = P(B)

B

and
Var(Ix,(B)) = P{(B)(1 - Fi(B)).

n n

It’s also obvious that EP;(B) = + %" Py(B) and Var(P;(B)) = & > P(B)(1 —
i=1 i=1
Fi(B)).
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The empirical distribution function of the INID sample then is defined as
* * 1 -
(@) = Pi((—o0,a]) = —~ > Ix(),
i=1

where Iy, (z) = 1if X; <z and Ix,(x) = 0, otherwise.

According to the Kolmogorov’s theorem the sequence of mutually indepen-

dent random variables &1, &s,...,&,, ... obeys the strong law of large numbers, if
> V%(f") < oo (see [35], Page 215).
n=1
Since
Var(Ix,(B)) P.(B)(1—- P,(B)) < 1
n? B n? =~ n?

then the series

converges.

Then the sequence of mutually independent random variables Ix,(B), ..., Ix, (B),...

obeys the strong law of large numbers, i.e. as n — oo, with probability 1

%i[xi(B) — %iEIX(B) — 0. (2.20)
i=1 i=1
From (2.20) we have
P:(B) — %iPZ(B) —0, Be®R
i=1
and .
Fr(x) — %ZF,@) —0, zeR.

PUR(B) =1} = e 3 T[Ru) [] - Pum))

T 12,0 =1 i=k—+1
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and k
* 1 n
P{nF;(z) =k} = T S T1E@ [ 0-F@),
’ ’ ©1,2,....n =1 i=k+1
where the summation @15, extends over all n! permutations (ji,j2, ..., Jn) Of
(1,2,...,n).

Denote now

A(n, k;x) = (Z) (1 —2)" (2.21)
0<z<1, k=0,1,2,...,n; n>1 and the symmetric function

n

k
1
B(n, k;zy,x9,...,2,) = W= h) Z Hl‘ji H (1—xj,), (2.22)
©1,2 L

n =1 i=k+1

Ek=012....nyn>1 0<ax <1, 1=1,2,...,n, where the summation
©12..n extends over all n! permutations (ji, jo,...,J,) of (1,2,...,n) assuming

j
[] a; are equal to 1.
i=j+1

It is useful to note that

B(n,n;z1,x9,...,2,) = T122 -+ - Ty
and
B(n, 021,22, ., 2n) = (1 —21)(1 —22) -+ - (1 — ).
Since B(n, k;z;,,%j,, ..., xj,) = B(n,k;x1, 29, ..., x,) for all n! permutations

(J1,725 -+ -5 Jn) Of (1,2,...,n), then

P{nF;(x) =k} = B(n, k; Fi(x), F»(z),..., F,(x)). (2.23)

If i =F,=---=F,=F, then (2.23) becomes

P{nF:(z) =k} = A(n,k; F(z)). (2.24)
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The following recurrence relation can be useful.

Lemma 2.2 For 0 < x; <1, [ =1,2,...,n, the following recurrence relation is

valid for k=1,2,...,n—1 and n > 2

B(n, k;z1,29,...,2,) = B(n—1,kjx1,29,...,2,1)T,

+B(n—1,k—1L;21,29,...,Tp1)T,, (2.25)

where T, = 1 — x,.

Proof. We can prove that assertion expressing the symmetric function

B(n, k;z1,x9,...,2,) by permanent.

B(n,k;x1,29,...,2,)

1 _ _
m Z Lj1Lgy * Ljpljppr " Lin

§1,2,...,n
1
= ——PerA 2.26
Kn— k) O (2.26)
where z;, =1 —x;,2=1,2,...,n and
‘,'Ul ZIJ‘Q PR "En
X X9 Tp
P@?”Alz
jl 532 Tn
-‘1'1 :CQ o e xn-

It is easy to see that expanding the permanent along the last column we have
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x To T
:L‘l :L'2 .« .. l‘n
Ty Ty - Tp
| T Ty o I |
-951 Ty $n71-
Ty T2 - Tp—a
= kx,
Ty T2 ot Tpa
| 71 T2 Tp-1 |
(2.27)
-551 Ty - l"n—l-
Ty T2 o Tp—a
+(n —k)z, (2.28)
T1 X2 Tn—1
}n—k—ltimes
| T1 T2 Tp—1 |
From (2.26) and (2.28), we obtain the assertion of the lemma. O

Using (2.25) the cdf of rth order statistic X,., given in (2.7) can be shown in

terms of symmetric functions as

Frn(z) = Z B(n,i, Fy(z), Fy(z),. .., F,(z)). (2.29)
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and the relevant recurrence relationship may be expressed by using Lemma 2.2

Frn(®) = E(2)Fpp 1 (2) + F(2) Fp 11 (), 1 <7 <. (2.30)

where F,.,,_; denote the cdf of the rth order statistic from INID random variables

X1, Xo, ..., X,_1 with corresponding cdf’s F, Fy, ..., F},_4.

The relation given in (2.30) may be obtained using Lemma 2.2

Frn(z) = ZB(n,i,Fl(x),}B(:r), L Eu(2)

= i B(n,i, Fi(z), F5(x), ..., Fy(x)) + B(n,n, Fi(z), Fao(z),..., F.(x))
= Fn(:z:)iB(n 1, Fi(x), Fa(x),. .., Fh_1(x))
+ F.(x) ZB(n —1,i—1, Fi(z), F5(x),..., F,_1(x))

+ F(2)B(n —1,n — 1, Fi(2), Fa(x), ..., F,_1(x))

= Fp(2)Frp_1(2) + Fu(7) | B(n— 1,7, Fi(z), Fa(x),. .., Fh_i(x))

For r = n we have F,,.,(x) = F,_1.n,—1(2)F,(z). Note that (2.30) and related

recurrence equalities can be found in ([29], p. 105).
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Since,

P{nF}(x) =i} = B(n,i, Fi(x), F5(x),..., F,(x)), i=0,1,2,...,n,

then

n

> B(n,i, Fi(z), Fy(x),..., Fu(x)) = 1. (2.31)

1=0

We also have,

P{X,n <2} =) P{nF;(x)=i}.

Now, for 0 <z, <y, < 1,t =1,2,...,n denote by

C(n7i7j;xlax27"'7xn;y17y27"'7yn)

1 i
= W= _-;ZH%
Z.(j Z)(TL ‘7)' ©1,2,....n [=1
J n
X H (2, — 1) H (1 —ys), (2.32)
l=i+1 l=j+1
where the summation ;5 , extends over all n! permutations (t1,ts,...,t,) of

(1,2,...,n).

Lemma 2.3 Let 0 < x; < y, < 1,t = 1,2,...,n. The following recurrence
relation is valid for 1 <i<j<nandn >3
C(nai7j;x17x27 sy Ty Y1, Y2, - - 7yn)

= 2,Cn—1,i— 1,7 —L;21,20, ..., Tp1;Y1,Y25 - - -y Yn—1)

+(yn - an)C(n - 17i7j - 1;$lax2a e Tp—15Y1, Y2, - - - 7yn—l)

+(1 = y)C(n — 1,4, J; 21,2y« oy T 15Y1, Y2y« -+ Yn1) - (2.33)
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Proof. The proof can be made by mathematical induction or can be obtained

from permanent expressions. X,., and Xj.,

1
C(n,i,J;T1, %9, o s T Y1aY2s e ooy Yp) = ——— — PerA 2.34
( J; L1, L2 Y1, Y2 Yn) G — )l —j)! 2 ( )
where
i :'El IR :En ]
1 times
X1 e Tn
Y — 1 - Yn — Tn
PerAy = : : j-1 times
Yy — &1y - Yn — T
L=y o 1-y,
: : n-j times
1=y o 1T—yn |

It is easy to expand PerA, as follows

[ xl o« s . :L'n ]
1 times
xl PR :L‘n

yl — I yn — Tn
j-1 times

Y1 — I Yn — Tp

11— Y1 1— Yn
n-j times

1— U1 1— Yn




CHAPTER 2. ORDER STATISTICS FROM INID RANDOM VARIABLES 28

r . )
L1 T Tn—1
i-1 times
L1 Tt Ln—1 J
)
Y =21 - Yn—1 — Tn-1
= 1Ty : : > j-i times
Y—21 - Yp—1 — Tp-1 )
L=y - I —=yna
: : n-j times
L 1=y - 1=yp
r T )
551 “ .. an—l
1 times
LL‘I PR xn—l )
)
i =71 - Yn—1— Tn-1
+(J = 1) (Yn — n) : : j-i-1 times
h— T Yn—1 — Tp—1 )
- n 1- YUn—1
: n-j times
l—wu I —=Yna
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l‘l PR xn—l
1 times
xl oo xnfl
Y1 —T1 - Yn—1 — Tp-1
+(n =) (1 —yn) : : j-1 times O
=21 - Yn-1 — Tp-1
e
: : n-j-1 times
I S/ S el V|

Now we can be express the joint distribution function of order statistics X,.,
and Xj., in terms of the symmetric function C(n, 7, j; 1, T, . . ., Tn; Y1, Y2, - - - » Yn)

as follows:

Fou(zy) = > Cnij; Fi(x), B(x),..., F(2);

j=s i=r

Fi(y), Fa(y), - Fu(y))- (2.35)

Using Lemma 2.3 one can write the following recurrence relation for

1<r<s<n,n=>3

Fr,szn(xa y) = Fn(x)Frfl,sfltnfl(za y) + [Fu(y) — Fu(z)] x

XFr,s—l:n—l(x7 y) + (1 - Fn(y))Fr,s:n—l(xv y)a (236)

where F, s 1.,-1(x,y) is the joint cdf rth and (s — 1)st order statistics from INID
random variables X7, Xs, ..., X,,_1 with corresponding cdf’s F, Fy, ..., F,_;. (see
also [28], P.106).

Indeed, one can write
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Es(7,y)
= S Ci i R B Fa@) i), By Fal)

1=r j=max(0,5—1)

n n—i

=Y > [F@)Ch-1i-1j-1LF(), ), .. Fuoir); F(y);

t=r j=max(0,s—1)

+(1 = Fo(y))B(n — 1,4, j; Fy (z), Fa(x), ..., Fyoi(@); F1(y), Fo(y), - - ., Faa ()]
= z_: z_: F.(x)C(n—1,i—1,j — 1; Fi(z), F»(x), ..., F. 1(x);

1=r j=max(0,5—1)
F1<y)7 FZ(y)7 cee 7Fn*1<y))

Y Y (B - Fa()Cln— L — 1 Fy(x), o). .., Fyr(a):

i=r j=max(0,5—1)

Fy(y), Fa(y), - - Faea(y))

Y Y (- BW)Co - i Fi(x), Ba(@), ... Fy (o),
i=r j=max(0,s—i)
F1<y)7 F2(y)v cee 7Fn—1(y))

= Fn(x)Frfl,sflznfl(xa y) + [Fn(y) - Fn('r)]Fr,sfl:nfl(xv y)

+(1 - Fn(y))Fr,s:n—l(xv y)



Chapter 3

Exceedance Models

The exceedance statistics denote the total number of observations over a ran-
dom threshold. Random thresholds were first used in the work of [38] and [31].
Exceedance models with random thresholds are generally constructed consider-
ing two independent random samples. After determining the random thresholds
based on the first sample, one can investigate the behaviour of the observations
in the second sample regarding the behaviour of these random thresholds. Ran-
dom threshold values make the problem of finding the distribution of exceedance
statistics complicated and difficult. However, if the threshold value is fixed, then
the calculation is easier and closely related to the binomial model. A particular
type of such a problem for the threshold being an order statistic from the initial
sample is related to the concept of tolerance limits ([71]) and invariant confidence
intervals containing the future observations ([16]). In the 1950’s, the theory of
tolerance limits were widely studied (see [38], [31], [74], [82]).

Exceedance statistics are also used for constructing a test for whether two
monitored random samples are from the same population. Non-parametric tests
of identity of distributions with respect to the exceedances have been demon-
strated by [49], [50], [56], [44] and [47]. Another aspect of the theory of ex-
ceedances is being closely related to the inverse hypergeometric distribution (see

[77], [38] and [74]).

31
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3.1 Exceedances based on order statistics

3.1.1 Invariant confidence intervals

Invariant confidence intervals containing a future observation which is introduced
by [16] is an important concept to mention in support of the use of order statistics

as a random thresholds.

Definition 3.1. Let X, X,,...,X, be a random sample of size n with
distribution function F' € §, where § is some class of distribution func-
tions.  Assume that ¢i(.) and g¢o(.) are two Borel functions satisfying
g1(z1, 29, .. ) < goxy, 20, .. 2,), (21,29,...,2,) € R". The random in-
terval (g1(X1, Xo,..., X5), g2(X1, Xo,...,X,)) is called an invariant confidence

interval containing the future observations for class §, if Ja € (0, 1) such that

P{Xn—l—l - (gl(Xl,XQ, . ,Xn),gg(Xl,XQ, R 7Xn>)} = Oé,VF € %

The quantity « is the same for all F' € § and is called a confidence level of an

invariant interval. Let §. be the class of all continuous distribution functions and

gzgc-

It is known from [16] that under some certain conditions any invariant con-
fidence interval for the class §. can be constructed only by the order statistics.
Therefore g1(X1, Xo, ..., X)) = Xy, 92(X1, Xo, .., X)) = X, 1 <1 < s < n,
where X1., < Xo., <--- < X,,.,, are order statistics obtained from X, Xo, ..., X,
which is defined with the probability 1, and

S—r

P{Xn—H € (Xr:naXs:n)} = n+ 17 (31)

i.e. (Xpm,Xsn) is a distribution free confidence interval containing a future ob-

servation in the class of all absolutely continuous distribution functions F..



CHAPTER 3. EXCEEDANCE MODELS 33

3.1.2 Exceedances from IID random variables

Suppose that X = (X3, Xs,...,X,,) is a random sample of size n from a popu-
lation with an unknown absolutely continuous cumulative distribution function
Fx(.). Now suppose further observations X1, X, 12,..., X,y are drawn from
the same population, independent from X. Let X;., < X,, < --- < X,,., be
the order statistics related to the first sample, where 1 < r < n. It is easy to
obtain the probability of a future observation being greater than the rth largest

observation in the initial sample

— 1
P(Xpss € (X, 00)) = % i=1,...,N (3.2)

Denote the number of future observations exceeding the rth largest value in

N
the first sample by S, = >~ If(x,..,00)} (Xn+i), where
i=1

1, Xy € (X, 00)
Iiix,., Xpii) = '
(e (Xnti) { 0, otherwise
The distribution of the number of exceedances in N future observations over

the rth largest value of the first sample is

where 1 <r <n,0<x <N.

It can be obtained as shown below
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P{ST ::L‘}

N 00
= ( ) /P{Xn—i-l < t)"'aXn-i-a: < taXn+:r:+1 > t)"'aXN > t}frn(t)dt

- (];[> <7;)T 7 FEr=H(t)(1 = Fx ()M dFx (1)
_ (]D (Z)rBeta(:c+r,N—x+n—r+1)

where Beta(a,b) = (a(;}r);—(_bl_)})'

Since the probability given in (3.3) depends on only the parameters n, m, and

N, it is distribution-free and it is clear that

Further aspects of given distribution can be found in [38].

Assume that X = (X, Xy,...,X,) is a random sample of size n from a
population with cumulative distribution function Fx(-). Consider another sample
Y = Y,,Ys, ..., Yy of size N with cumulative distribution function Fy () and
independent from X. Let X7, < X5, < --- < X,,., be order statistics obtained
from the first sample. It is clear that under the hypothesis Hy : Fix(-) = Fy (),
(3.1) can be given

s—r
P{Y; € XT"THXS'H = )
¥ € (Koo Xen)} = 2
where 1 <r<s<n,k=12,...,N.
Denote the number of future observations Y3, Y5, ..., Yy falling into interval

N
(Xrin, Xon) Y Srs = 37 I(Xp.x0n)} (Yi), where
=1

17 }/k S (Xr:naXs:n)

0, otherwise

]{(Xv-:me;n)} (Yk) = {
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The distribution of S, is

(s =)L)

(s—?"+a;)(”+N)

T+s—r

P{S,, =z} = x=0,1,2,...,N (3.4)

(see theorem 2 in [16]) and also the joint pdf of future observations falling into
(Xr:nu Xs:n)

n(N+s—r—1)!

PLXo i1, Xovos oo Xoinw € (Xpoms X)) = 3.5
{ +1 +2 +N ( )} (s—r—l)'(N—l—n)‘ ( )
(see e.g., [16], [44], [56]).
For s =n and r = 1, (3.5) can be easily written as
n(n —1)
P{X, aXn 7'-->Xn X:naXn:n = .
{ X1, Xoto +N € (Xi )} (n+ MIN +n—1)
When Hy : Fx(-) = Fy(-) = F(-), the asymptotic distribution of 2z is
. Srs
lim sup |P <wz,—P{Z,<z} =0 (3.6)
N—oo 0<z<1 N

where Z,.s = Fy(Xs.) — Fy(X,.) (see [3]). The probability density function of
Z,s given in (page 33, [28]) is
L 257N = 2T i 0< 2,5 < 1,

f(zrs) = { Beta(s—rn—s+r+1)7Ts < |

0 otherwise

that is, Z,s has a Beta(s —r,n — s 4+ r + 1) distribution. (3.6) can be extended
for any random interval (g1(X71,...,X,), 92(X1,..., X)) as

lim sup
N—o00 0<z<1

P { Lj:fs < a:} — P{Fy(g2(X1,..., X0)) = Fy(1(X1,..., X)) <z}

=0,
where ¢1( X1, ..., Xp) < g2(Xy, ..., X)) Y(21,29, ..., 2,) € R (see [3] and [11]).
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When Fx(+) is not necessarily equal to Fy(-), the statement

lim sup
N—o0 0<z<1

P{fV < } CPF(Xen) — Fr(Xe)} =0l =0 37)

is true for any r and s satisfying 1 <r < s <n.

3.2 Exceedance statistics from dependent ran-

dom variables

In this section we present the distributional properties of exceedance statistics of
finite Farlie-Gumbel-Morgenstern (FGM) sequences regarding a random thresh-
old which is studied by [7]. FGM class of multivariate distributions was discussed
by [57], [37] and [33] and improved specifically in the works of [45] and [46] who

introduced an additional parameter to achieve stronger correlation structure.

3.2.1 FGM and s-FGM random variables

First we give the general definitions of random FGM and s-FGM sequences.

Definition 3.2. Let {X;};>; be a random sequence of random variables with
the cumulative distribution functions Fi(x), Fy(x),..., F,(z), and «f-,-) be a
symmetric function (i.e. «a(m,k) = a(k,m)). If the joint distribution of
X, X; o X,

by - is

Hilﬂé ..... Z'n(l’l, c. 71'”) = H sz (Ik) {1 -+ Z Oé(im, Zk)ﬁzm (Im>sz (Sl}k)} s

k=1 1<m<k<n

(3.8)
where F(z) = 1 — F(z), then the sequence {X;};>1 is called FGM random se-

quence.

The following definition is important to understand the distributional be-

haviours of exceedances from dependent variates.
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Definition 3.3. Let (X3, X5,...,X,,) be a n variate FGM random vector with
the marginal cdfs Fy(z), Fa(x), ..., F,.(x), respectively and «,, be a real number.

If these random variables have the following joint distribution function

Hp,.. n(:ﬁ,...,%):HFi(:vi){l%—an D Fm(xm)ﬂ(g;k)}, (3.9)

=1 1<m<k<n

where F,,(r) =1 — F,,(z,,) and for a given n the real number «,, is admissible,

that is
1+, Z €Em€r > 0

1<m<k<n

holds for all €, = 41 then the random variables (X, Xs,...,X,) are called

simple FGM random variables.

For further discussions on s-FGM distribution, we refer the reader to [7].

3.2.2 Exceedances in multivariate s-FGM distributions

Suppose that X is a random variable with the continuous distribution function
F() and Y7,Ys, ..., Yy are s-FGM random variables with identical marginal dis-
tribution and pdf G(x;) and pdf g(z;) (—oo < z; < 00,i=1,...,N), respectively.
The joint pdf of (Y1,Y2,...,Yy) is given as follows

h(z,...on) = [ g(x:) {1 tay Y (1-2G(zm))(1- 2G(:ck))}

i=1 1<m<k<N

with ay satisfying

1
Ny
()

where [a] denotes the integer part of the real number a.

— - <a< (3.10)

| -

Denote the number of observations of Y7, Y5, ..., Yy’'s falling into interval
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N
(—00,X) by S = > If(—oo,x)}(Ys), where
k=1

1, Y, € (-OO,X)

0, otherwise

I o)y (Vi) = {

The exact distribution of S is obtained by [7] as given in the following theorem

Theorem 3.1 For any integer N > 1 and real number « satisfying (3.10)

N—k —N—k+2

P{S=k} = (V) [E(G’“(X)@ (X)) + ay (@E(Gk(){)a (X))

—N—k+1

—k(N — k)E(G*Y(X)G (X)) (3.11)
+ (N—k)(N—k-1) E(Gk‘*‘Q(X)EN_k(X)))]

2

where k =0,1,..., N and G(z) = 1 — G(x). (see theorem 4.1 in [7]).

Proof.
P{S = k)
:(]IZ)P{Y;lSX77Y;k SX’Y;k+1>Xa"'7)/iN>X}
=(3§)/P{YhSx7-..,nka,nk+l>x,...,m>x}f<x>dx
= / ////hl 77777 k,,,7N(x1, ,ZL‘N)d[EldﬂdeF(Qf)
© =z T 00 0o
_(]Z)/////lng(xz){l—i‘azv Z (1—-2G(zy,))
—00 —00 —00 w p L=l 1<m<k<N

(1 =2G(zx))}] x dzy ... dendF(2)
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By changing variable G(z;) = z;, ¢ = 1,..., N we obtain the following inte-

gration
oo G(z) G(z) 1 1

N
:(k)//... //
—oo 0

0 Glx) Gl
duy ...dzydF(x)

Ltay Y (1=22,)(1—22)

1<m<k<N

o0

- ) [ e @@ @+ aw (e )

—0o0

—N—k+1

k(N — K)GH (@) (@)

+ (=B (N—k-1) *‘”GW@)@N"“(@} dF ()

Corollary 3.2 [t is easy to obtain that under the hypothesis F(-) = G(+)

PLS = k}
= (V) [Bk+ LN =k + 1)+ ay (*52B(k+1,N — k+3)
~k(N —k)B(k+2,N -k +2)

RO D B 4 3N — k4 1) )]

k=0,1,...,N and —L) < a < 1, where B(a,b) is a beta function.

Assume that X, Xs, ..., X,, is the finite s-FGM sequence of random variables
and Y1, Y5, ..., Yy,... is a sequence of IID random variables with distribution
function F and G, respectively. Let X, < X, < --- < Xy, be the order
statistics corresponding to X, Xs, ..., X,,.

Denote the number of observations of Y7, Y5, ..., Yy’'s falling into interval
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N
(=00, Xyin) by T'= 3" If(—o0,x,.)3 (Yi), where

=1

17 Yk € <_OO7X7‘ZTL)

0, otherwise

I{(—oo 0y (V) = {

The exact distribution of S is obtained by [7] as given in the following theorem

Theorem 3.3 It is true that under the hypothesis F(-) = G(-) for any integer
N>1land1<r<n

P{T =k}

= () D)) () BG4 kN — k4 1) (3.12)

= (MNP < Xy Yip < X, Yipoy > Xy o, Yig > X}

9 1k TNy Tk+1 I IN

(3.13)

[e.e]

- (]IX) /P{Yi1 <z, Y, <5Y,,, >z, Y > @} frin()do

—00

It is important to note that for symmetrically distributed random variables
the distribution function of the rth largest order statistic can be given (page 99
in [29])

P(X,., <) = i(-gi—r (Z - 1) (’Z) P(Xi; < ) (3.14)

, r—1
1=r
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Since for any s-variate marginals of X, Xs,..., X,, the a; is equal to «,,

P(X.: < 2) = Fi(x) {1 G - Y F(@)?} |

Substituting (3.14) in (3.13), we obtain the following equation

P{T =k}
- f e+ S ()

x {iFi @) f(2) + 0, 2GR P @) (1 - F(2))*f(2)
—ani(i = DFi(2)(1 = F(2))f(2)} da

Since F(-) = G(-) and using the transformation F(x) = z, one can easily get

P{T =k}

= () SV S [ F Y s

1
+ani2(z‘2_1) /Zi—l-k—l(l i z)N_k+2dz . Z . 1 / z+k N k—‘rldz}
0

0

Corollary 3.4 Forr =mn, (3.12) becomes

P{T =k} = (Y)nB(n+k,N —k+1)

baan (PS04 5N < k4 3) — (o — DB+ k+ 1N~ k+2))]
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3.3 Various examples of exceedance models

In this section we aim to create an understanding of the theory and applications of
exceedances for the reader by discussing the findings and developments presented

in several early and recent research papers.

3.3.1 Statistical prediction with respect to the tolerance

limits

In the early 1940’s, exceedance statistics are used by [81] in statistical quality
control to make statistical predictions about measurements on a specific quality
characteristic in the future production. [81] first supposed that a random sample
X = (X1, Xs,...,X,) of n observations of a certain characteristic are continuous

random variables with common pdf f(x).

Considering the order statistics X;.,, < X5, < -+ < X,,.,, corresponding
to the given sample, the problem of tolerance limits for one or two quality
characteristics based on the initial sample is discussed. After a future sample
Y = (Y1,Ys,...,Y,,) of size m, the problems of prediction related to the second

sample are considered in [81].

These problems can be briefly addressed as

1. What is the probability that at least mg of the values of X in the second

sample will exceed the smallest observation in the initial sample?

2. What is the probability that at least mq of the values of X in the second
sample will lie between the smallest and the largest observation in the initial

sample?

Now it is interesting to see the findings about the given problems in the following

sections.
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General probability formula

Define 1005, % tolerance limits Tjoper (1, T2, - - -, T5) and Toypper (21, T2, . . ., ) for
probability level « as two functions of the X’s in the first sample. The probability
that at least 100S5,% observations of the second indefinitely large sample will fall

between Tjoyer and Tyypper is o which is

p {/Tww dF(x) > Sa} =a. (3.15)

ﬂower

When the size of the future sample is finite, the same notation can be used.
However, this time we are interested in the largest integer m, such that the

probability that at least 1005,% (S = o) of the Y's will lie between Tiguer and

Tupper 1s at least a.

Now considering the tolerance limits are the order statistics, the results might
be simple and independent of the pdf f(z). Remember X, < X5, <--- < X,
are the order statistics obtained from the initial sample. Assume that r,79,..., 7%
are the integers such that 1 < r <7y < --- <1y, < n. Let o, ,2p,,..., 2,
be real numbers. By integrating the product of the conditional probability
that mq,mo, ..., mgy1 of the values from second sample will fall in the inter-
vals (—oo,zy, ), (T, Tpy), ..., (T, 00) respectively given that the joint pdf of
Xoyin Xy -y Xy and the joint pdf of X, ., Xopon,y - .., Xy (given in (1.1)))

with respect to the x’'s we obtain

P{mo,ml,...,mkH} =
mInl(my +r — Dl ma+1r9 —ry — D)L (mye + 11 — 11 — D mgas + 10— 18)!
(ri—Dl(rg—ry = Do (rg — rp—1 — DY — )1 (m 4+ n)myImao! - - - myg !

(3.16)
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One tolerance limit

Considering only one tolerance limit for instance the smallest value, Tioyer = X1,
the probability that mg of the m future observations will exceed the smallest value
of the first sample can be simply obtained using (3.16) for k = 1, r; = 1, mg = myg

and m; = m — my

nm!(mo +mn — 1)

g1(mo) = (3.17)

mo!(m + n)!
Analogously, the probability that mg of the m future observations will exceed
the largest value of the first sample can be simply obtained using (3.16) for k = 1,

ry =mn, my = mg and my = m — my.

The recurrence relation

mo

R 3.18
m0!+n+191(m0) ( )

gi(mo —1) =

makes it easy to calculate the values of g1(my).

Two tolerance limits

Now considering two tolerance limits such that the smallest (X.,) and the largest
(X,.n) observations of the first sample, using (3.16) for k = 2, 1y = 1, 75 = n,

me = Mg, M3 = m — mg — mq we obtain the joint distribution of mg and m,

ml(mg +n — 2)
mo!(m + n)!

(3.19)

g(mo,my) =n(n —

Summing up (3.19) with reference to m; from 0 to m_myg, the probability

that mg of the m future observations will lie between X;., and X,,., is

m!l(mo +n — 2)
mo!(m +n)!

g2(mg) =n(n —1)(m —mg + 1) (3.20)
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and the recurrence relation is

mo(m —mg + 2)

g2(mp — 1) = )92(m0)-

mo!(m —mg + 1)(me +n — 2

The remainder of the paper [81] will focus on further discussions, such as

tolerance limits for two quality characteristics and the problems

1. For given values of n, m and level of significance («), what is the largest

integer m,, such that the probability is at least a that mg > m,?

2. What is the limiting value of S, = ™= as m increases indefinitely (i.e. the

second sample is the population)?

3.3.2 Some distribution free properties of statistics based

on record values

Record values and exceedance statistics are of great importance in several re-
search areas and real-life problems such as weather, economic and sports data.
The statistical study of record values started with Chandler (1952). However
it has now spread in different areas. As we mentioned before many theoretical
studies based on exceedance statistics are also contributed to the studies of record
statistics. For further details, we refer [1], [34], [61] and [64] to the reader. In this

section we examine a couple of leading papers in this area which are [79] and [3].

The exceedance statistics in record models considered in [3] can be summa-

rized as given in the following part.

Let X, X5, ..., X,, be a sequence of IID random variables with continu-
ous cumulative distribution function (cdf) F(-). Suppose that the sequence

U1),U(2),...,U(n) is a sequence of upper record times defined as;

1, k=1

U(k) = (3.21)
min{j:j>U(n—1),X; > Xym-1} k=n
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where & > 1 and Xy, denotes the nth upper record value. It’s known that the

distribution function of Xy (see [1]), for r =1,2,...,n

xT

Fa) = Puoee = =17 | (11—;1’()) fu)du, —o0 < @ < oc.

(3.22)
Hence the pdf of Xy () may be easily seen as
fr(x) ! 1 ! - <z < (3.23)
() = n , —00 < & < 00. :
(r—1)! 1—F(x)
Suppose that Yi, Y, ..., Y, is another sequence of IID random variables

with continuous cumulative distribution function(cdf) F(-). Consider the record
values Xy (1), Xu@), ..., Xum) and Yy, Yy, ... Y, for any ¢ = 1,2,...,m and
r=1,2,...it is true that

1
PYi < Xup}p=1-5 (3.24)
which can be proved as
P{Y; < Xy}
= / P(Y; < x)f.(x)dx
= L 7F( ) (1 L - dF(u)
G AT F) B
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It’s clear that for any k,r =1,2,... and s > r

1 1
P{XU(T) <Y; < XU(s)} = ? — §

Define &(r) = 1if Y; < Xy and &(r) = 0 otherwise for given r and denote
the number of observations Y3, Ya, ..., Y, which are less then Xy, by Si(r) =

> &(r). It’s important to note that since & (r),&(r),. .., &n(r) are generally
=1

(iependent, we cannot consider Bernoulli trials here. The exact distribution of

Sm(r) is derived in [3] as In particular, for any m =1,2,... and r = 1,2, ...
P{S,.(r) = 0 / —Em=ktD) (] _ em)Rrolgy (3.25)
0

where k = 0,1,...,m. Proof of (3.25) is given
P{Sy(r) =k}

= (?)P{Yi < XU(r)7--~7Yk < XU(T‘)aY;C—}—l > XU(T),...,Ym > XU(T‘)}

- (’:)7P{Y1<z,...,Yk<z,Yk+1>z,...,Ym>z}fr(z)dz
“ o[ [ [ )
Y

XdF(z1) - dF(zp)dz
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It’s true that

, Sin(r) 1 1\
1 P < — 1 du| = 0. 2
g PR = [ (ns) e o
0

3.3.3 Models of exceedances based on records

[79] considered more general models of exceedances based on records of two inde-
pendent sequences { X, },>1 and {Y,},>1 with distribution functions Fx(-) and
Fy (-), respectively. Investigating the behaviour of a sequence of IID random
variables with respect to a random threshold, three exceedance statistics are in-
troduced and their exact and asymptotic distributions are derived in [79]. Now

we present the interesting theoretical results of this paper.

Let X be a random variable with a distribution function Fx(-) and Y =
{Y1,Ys,...,Y,,} be a sequence of IID random variables with a common distri-
bution Fy(:), independent of X. Let Yi.,,...,Y,.m be the corresponding order
statistics. Denote the number of observations in the sample Y which is below the
random threshold X by

ST:#{TS’)?’L:Y;SX},
for m > 1. It can also be defined as follows

Sy =max{r <m: Y., <X}
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For any integer m > 1, the distribution, mean and variance of S, are given

) P(s, =) = () B COFY (X)) 0 =01,

E(S,) = mE(Fy(X)) and Var(S,) = mE(Fy(X)Fy(X)) + m*Var(Fy (X)),
where Fy (X)) =1 — Fy(X).

Secondly, the number 7, of Y’s below the random level X in a sample of the

size T, +m with the last observation exceeding the level X is considered.

For any integer m > 1
T, =#{r>0:S1r—1=7Ynu > X}
In terms of order statistics
T, =min{r > 0: Y, 1.mer > X}

The distribution and the first two conditional moments of 7. can be given as

follows.

Assume that P(Fy(X) < 1) > 0. For any integer m > 1

P(T, = ) = (m;fz 1) E(FE(X) T X)),z =0,1,...

E(T,) = mE(l—;i(é)) L0.1)(Fy(X))) and

Var(T,) = mE(gs g Lo (Fy (X)) +m?Var(£453 Lo (Fr (X))

The last exceedance investigated in [79] was the number of records K of the
sequence Y falling below the random threshold X. Let U(r) be the rth record
time for the sequence Y, r = 1,2,..., ie. U(l) = 1 and U(r) = min{i >
Ulr—=1):Y,>Yye-n}, r=2,3,... Then

K =min{r > 0: Yyu41) > X}



CHAPTER 3. EXCEEDANCE MODELS 20

Assume that P(Fy(X) < 1) > 0. The exact distribution, mean and variance of
K is

P(K =) =~ B(Fy(X)(~los(Fy (X)) To (F (X)), 2 = 0,1,...

E(K) = — E(log(Fy (X))o Fy (X)) and

Var(K) = —E(log(Fy (X))o, Fy (X)) + Var(log(Fy (X))l 0.1 Fy (X))
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Main Results

Assume that X, X5, ..., X,, are independent random variables with continuous
distribution functions Fi(t), Fy(t), ..., Fy,(t), respectively and Y;, Ys, ..., Y,, are
independent copies of random variable Y with continuous distribution function G.
Let Xi., <--- < X,., be the order statistics constructed from X;, Xo, ..., X,,.

For 1 <r < s <mn, let us define the random variable

S = Z fiv
=1

where &; is zero when Y;, € (X,.,, Xs.n) and 1 otherwise. It is clear that S, is
the number of observations falling into random threshold (X,.,, X;.,) and is the

exceedance statistic defined as

P{S,, =k}

= Z P{fil:17---7’£ik:17€ik+1:07""€im:0}

11,82,-0m

- Z P{Kl € (Xr:nst:n)) cee 7Y;k S (Xr:nst:n)7 (41)

11 7i2 ----- im

Y;k+1 §§ (Xr:na Xs:n)> v 7}/;»,” ¢ (Xr:na Xs:n)}

51
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The distribution theory of exceedance statistics have been studied in numerous
papers which appeared in recent years in statistical literature. See e.g. [3], [79],
[5], [6], [7], [13], [12] and [4].

In general, the derivation of the distribution of exceedance statistic S,, faces
technical difficulties connected with the permanent expressions for joint distribu-

tion function. Indeed, one has

P{S, =k} = Z' //P{Y;lE(x,y),...,YikE(x,y), (4.2)

01,02y 0s0
Vi & (2,y), ., Y, & (2,9)} frs(@, y)dody,

where the summation extends over all m! permutations (iy,ds,...,%,) of

1,2,...,m.

Considering the formula (1.4) one can observe that even for the special distri-
butions F, Fy, ..., F, the calculation of P{S,, = k} meets with great difficulties
and the formula that can be obtained is not convincing for applications. How-
ever, the asymptotic distribution of Sﬁ’" can be found by using the functional

representations using empirical distribution functions.

In this study we focus on asymptotic distributions of exceedance statistics

based on INID random variables. We show that *?;*L” converges in distribution to
the random variable G(Xs.,) — G(X,.,). Afterwards, we investigate some special
distributions for which the distribution of exceedance statistics can be expressed
in a good form. More precisely, we consider the F** scheme introduced by [62]

(see also [62], [67], [68]) and in a special case when r =1 and s=n derive the
distribution function of G(X,.,) — G(X1.,).

Theorem 4.1 Assume that X1, Xs,...,X,,... and Y1,Ys,...,Y,,... are idepen-
dent. It is true that

m—00 0<z<1 m

lim sup {‘P{Sm Sx} — P{W,s <z}

} —0, (4.3)

where W.s = G( X)) — G(Xp).
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Proof. We have
=1 =1

where I4(z) = 1if x € Aand I4(z) =1 if 2 ¢ A. Using the representation (4.4)

and conditioning on X,.,, and X, we can write

P {8 <a)

1 m
= P{—)Y 1 Y;) <
{m ; {(XT‘Cn7XS:TL)}( ) — x}
oo oo 1 m
- / / —P {E Zl ‘[{(X'rn Xs: n)} ) < x|Xrn - t XSTL - Z} dFX'r:nst:n(t7 Z)

oo oo 1 m
= / /P {E;[{(t 2 (Y3) < z} AFx, ... x (1 2) (4.5)
= [ [ P8 [ T wdGyw) <o p Py, (62
where G7,(u) = =3 Ijy,<yyis the empirical distribution function of sample
i=1
le; Y'27 s 7Ym-

Denote the functional of G as

() / Ty () dG () (4.6)
and then .
<G*>=/ o ()G (1),

Since the functional ¥(.) is continuous according to uniform metric, and using
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Glivenko-Cantelli Theorem P {w : sup,, |G%,(u) — G(u)| — 0} = 1 we have

(G, — S(G), as. as m — 00,

ie.
P {w : lim S(Gr) = s(G)} = 1.
m—ro0
Then from (4.5) we have for m — oo
P {%n <z}
= [ [ P4 [ oG <0t dFxx 0:2)

1
—
8\
|
8\
P
=
QU
Q
£
A
&
5
st
3
o
3
~
&

= / / P / I(t,Z)(u)dG(u) S Z | XT:n == t7Xs:n =z dFXr:n,XS;n(t, Z)
= P /I(Xm,xsm)}(u)dG(u) <z
XSITL

= P /dG(u)ﬁx

™n

= P{G(Xs;n) — G(Xr:n) < JZ}

Thus the Theorem is proved. O
Remark 4.2 The distribution function of the random wvariable W,s in case of

independent and identically distributed random variables can be found in [28].

For INID random variables the distribution of W, in general has complicated

form. However, for some special cases this distribution can be easily calculated.
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In the following theorem the pdf of Wy, = G(X,..,) — G(X1.,) is derived. It is in-
teresting that this pdf can be expressed in terms of permutations with inversions,
incomplete beta function and hypergeometric functions. For permutation with
inversions see [51] and for incomplete beta function and hypergeometric functions
see [22]. Below we provide information about permutations with inversions which

can be found e.g. [55].

4.1 Asymptotic distribution of the exceedance

statistics from INID random variables

Permutation Inversions

Definition 4.1. Let ay,as,...,a, be a permutation of the set {1,2,...,n}. If

i < j and a; > aj, the pair (a;, a;) is called an “inversion” of the permutation.

For example, the permutation 4312 has five inversions which are (4, 3), (4,1),
(4,2), (3,1) and (3,2). Each inversion is a pair of elements that is out of order,
and it’s clear that the only permutation with no inversions is the unordered
permutation. Let I, (k) denote the number of permutations of length n with k&
inversions. In the following an explicit formula for I,,(k) when k£ < n (see [51]) is
given

Lk = (n—i—/}: 1) +;(_1)g(n+lg_zj—; 1)

ssev (I

The binomial coefficients are defined to be zero when the lower index is neg-
ative. The u; are the pentagonal numbers defined as
j3j—1)

== j=12
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L(k) = 1.((3) — k)
k, number of inversions
n\k||O[1]|2] 3 4 5 6 7 8 9 10 11
191
21111
31112 2
41113 6 ) 3 1
5 114191 15 | 20 22 20 15 9 4 1
6|1 |5]14] 29 |49 | 71 90 | 101 | 101 90 71 49
71116120 49 | 98 | 169 | 259 | 359 | 455 531 573 573
81 17|27 | 76 | 174 | 343 | 602 | 961 | 1415 | 1940 | 2493 | 3017
91 18|35 | 111|285 | 628 | 1230 | 2191 | 3606 | 5545 | 8031 | 11021
10| 1 19|44 | 155 | 440 | 1068 | 2298 | 4489 | 8095 | 13640 | 21670 | 32683

Table 1. The exact value of I,,(k) for specific n and k values

Theorem 4.3 Let X1, X,,...,X,,... bea sequence of independent random vari-
ables with the continuous distribution functions Fy, Fs, ..., F,, ..., respectively
and Yy, Y, ..., Y, be independent copies of random variable Y with continuous

distribution function G where

Fi(t)=G'(t), VteR, i=1,2,...,n (4.7)

Consider W,, = Wy, = G(Xp.n) — G(X1.n). Then the pdf of Wy, is
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£ 000 {2<_1>—<i+1>(g)w<"31)1Bem 12041, () —it1]
(4.8)

(1) () =) w3 ) Beta [1 - L4 1, (%) — ]

—n(l—w) w2 F [1,(5) +1,i+1,1— 1]

n+1

#i-D (3) =) 03 Bera 1~ 3,0, 3) - 1]

if 0 <w <1 and fw(w) = 0, otherwise. In (4.8) 2F1 [a,b, ¢, z] is the Gaussian

hypergeometric function which is defined as

a(a+1)b(b+1)

oFilabc,z] = 14+ 224 el T) 2

= (@a(b)
o 7’;) (c)n m!

and (), = Fgf(:;)") =xz(z+1)...(x+n—1) forn >0, and Beta|z,a,b| is the

incomplete beta function defined by

Beta|z,a,b] = /u“l(l — )" du.

0

Remark 4.4 [In special cases when n = 2,n = 3,the pdf given in (4.8) is

fws(w) = 9w — 18w? + 14w® — 5w, 0 <w < 1,
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respectively. It is clear that these densities are polynomaial for any n.

Before proving Theorem 4.3 we need some auxiliary lemmas. Also the follow-

ing theorem due to [25] will be used in the proof.

Theorem 4.5 ([25]. see [27] Section 6.4, Theorem B) The number I,(k) of

permutations of n with k inversions satisfies the following recurrence relations:

Lk)= Y ILa(j)

max(0,k—n+1)<j<k
for each n > 1. 1,(0) =1 for each n > 1 and Iy(k) =1 for each k > 1.

Lemma 4.6 For any x,y € R and positive integer n the following identity is

valid

Proof. We use mathematical induction. For n = 1 we have

L ()
[ -2) =w—2)=@-2 1 (i)ya) iy

= (y — x) [[1(0)y°2°] = (y — x),

and for n = 2 we have
2 ' ' (g) 2 L
[[v -2 =222 =(y- 9:)22)12(73)y(2>"x7’

= (y — 2)* [(0)y'2” + L(1)y "]

=(y—2)(x+y) =(y—2)(y> —2?).

Therefore the assertion of the lemma is clearly true for n =1 and n = 2.
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Now, using mathematical induction we will show that if for each n > 1 it is

true that
. 6
[y -2 =@w- x)”ZJ,L(Z)y(J*@xZ,
then
n+1 ' ' (";1) .
[T = = =2y 3 Lun(y ()

Indeed, one has

n+1

(v — ) = " —2=)[[ (¢ ~ )

=1 i=1

g (y - $)n+1(yn + yn_ll‘ + e + yxn—l + I‘n)z_[n(@)y(z)_’xl

0 @)
= (y — )"V S L, (i) (B) g
k=0i=0

= (y — x)nﬂkéo [[n(O)y(g)J“”*kxk + ]n(l)y(g)ﬂszflxwrl 4.

F1((3) — Dy ()]

Therefore,
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and

T —a%) =@ =) [0y

i=1

+ (1,(0) + L, (1) y(B) 1y

+ (1(0) + Ln(1) + L (2) y ()" a2 4

 (I(1) + Tn(2) 4 - + Lp(n + 1)) y(3) " 1gnt
+(1,(2)+ 1,(3)+ -+ I,(n+2)) y(g)—2xn+2 b

+ L((5) + n)$(g)+n] :

Finally, using Theorem 4.5 one can write



CHAPTER 4. MAIN RESULTS 61

n+1 ) ) 1 1
[[@ —a") =@yt =)

=1

max(0,0—(n+1)+1)<j<0 max(0,1—(n+1)+1)<j<1

[ > 1n(j) y@*” + S 1)) y(g>+”_1x 4.

+ S L3) 2(3)+n

max(0,()+n—(n+1)+1)<G<(5)+n

n+1 n+1

= (yn+1 _ xmrl) [[n+1(0)y( 3 + ]n+1<1)y( N >71$ ...

n+1

+In+1((n;l)>$( ? )}

nal ("_2'—1) i (n+1)_i i
=(y—=) g (i)yt 2 /7",
=0

which proves the Lemma. O

Lemma 4.7 Let the conditions of the Theorem 4.3 be satisfied. Denote by H(x,y)
the joint distribution function of G(X1.,) and G(X,.,). It is true that

n(n+1)

Hiry)=y™5" — (-2 ) Ly (4.9)

for0 <z <y and 0 <y <1, where I,(k) denote the number of permutations of

length n with k inversions.
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Proof.
H(z,y)
= P{G(X1) < 2,G(Xnn) <y}
= P{Xpn <G Yy)} — P{GHx) < X1, Xpn < G 1(y)}
=P{Xi <G (y),....Xn <G '(v)} (4.10)

—P{G7(2) < X1 <G Hy),...,G M (z) < X, <G y))

[1A(G w) = TTIRG () - R @)

=1

(2

3

1 =1

s
[

7

where G™!(z) = min{t € R : G(t) > z} is the quantile function of G.

Then using Lemma 4.6 the last expression given in (4.10) can be written in

terms of permutation with inversions as

Hizy) =y 5 —(y—a)" Y L)y o,
=0
O
Remark 4.8 [59] showed that
Lo B |
[Ta-)=> 5n0¢. (4.11)
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Using (4.11) one has

and

n

H(z,y) = Hy - T[w - ="

=1

_ 1(1(3))”%”@)(5)1' e

Corollary 4.9 Let the function h(x,y) denote the joint probability density func-
tion of G(X1.,) and G(Xy.m). Then

26 (@) =) i (() )i
G- -y G-z g | P

for0 <z <y and 0 <y <1, where I,(k) denote the number of permutations of

length n with k inversions.
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Proof.

1=0
2(75) n((;)fz) ni ((g),z)
XN\ T ooy~ Go)e Ve

Now using Lemma 4.6 and Corollary 4.9 we are ready to prove Theorem 4.3.

Proof. (Proof of Theorem 4.3) It is clear that the probability density function of
W, = G(X,.n) — G(X1.) can be obtained from the joint probability density func-
tion of G(X1.,) and G(X,,.,) — G(X1.,) using the linear transformation. Denote
G(X1.n) = Z1 and G(X,,.,) = Z5. Using transformation T = 7, Ty = Zy— Z;,we
have Z; =Ty, Zy = T1 +T,. The Jacobian of this transformation equals to 1 and

therefore

from (W, v2) = f20, 20 (0 1)1

1—w
fT2(w)_/thZz(yl?yl"'_y?)dyl
0

1—w

Jw, (w) = / fG(le),G(Xm)(x,x + w)dx
0
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ARG {2(-@)—@*1) M) Beta [t — i1, (%) — it 1]

n+1

(=16 (1) — i) w3 ) Beta 1 - L1, (7) — ]

2
—n(1 —w)'w™? o F (1,14 (5),i+1,1— 1]

n+1

i(=1) 0 (1) = ) w5 ) Beta [L = L4, () — 1}}
forn>1,0<w<1.

Thus the theorem is proved. O

4.2 Some numerical results

4.2.1 Moments of the distribution of W

In Theorem 4.3 for special case of F; = G* we have obtained the expression
of fw,(w), the pdf of the limiting distribution P{Wy, < z} = P{G(X,..) —
G(X1.,) < 2} which is given in (4.8). This pdf presents an independent interest
and below we provide some numerical results and graphs concerning the numerical
characteristics, as first, second and third moments, variance and skewness of the

distribution.
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n | EW,) | E(W?) | E(W3) | Var(W,) | Skewness
2 1] 0.333333 | 0.166667 | 0.100000 | 0.0555556 | 0.565685

3 || 0.466667 | 0.269048 | 0.175000 | 0.0512698 | 0.137187

4 11 0.529293 | 0.326647 | 0.222161 | 0.0464964 | 0.00484184
5 1] 0.562734 | 0.360383 | 0.251653 | 0.0437131 | —0.0377184
6 || 0.582385 | 0.381309 | 0.270722 | 0.0421366 | —0.0492966
7 0.594799 | 0.395001 | 0.283555 | 0.0412154 | —0.0502751
8 || 0.603094 | 0.404379 | 0.292525 | 0.0406568 | —0.0480019
9 || 0.60889 | 0.411053 | 0.299006 | 0.0403066 | —0.0451022
10 || 0.613089 | 0.415959 | 0.303826 | 0.0400806 | —0.0424507

Table 2. Moments, variance and skewness of fy, (w)

forn=2,...,10.

Below we provide the graphs of the pdf and cdf of W), for different values of

fw,(w)

;-w

06

Figure 1. The graphs of fy, forn =2 ....0.

Since fw,(w) = 2 — 2w, as can be seen from the Figure 1 for n = 2 the pdf of
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W is linear.

Fy, (w)

67

i )

L L L
04 06 08 L

Figure 2. The graphs of Fy, forn =2, ...,09.

Figure 3 and Figure 4 below provides the graphs of E(W,), E(W?2), E(W?)

and skewness with respect to n.

o

Var(Wy)

Figure 3. The graphs of moments and variance with respect to n.
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04}

0lf \

Figure 4. The graph of skewness with respect to n.

Additionally, from Figure 2-4 and Table 1 it can be seen that the moments
E(W,), E(W?), E(W3) increase as n increases. The graph of fy, (w) is right
skewed for n = 2,3 and left skewed for n > 3.

4.2.2 An application in insurance models

Suppose that the stationary series {Y;, i = 1,2,...} exhibits long-range de-
pendence and has a marginal distribution function G with upper endpoint
y“ = sup{y : G(y) < 1}. Interest is in upper extreme values of {Y;}, which
we take to be those that exceed a threshold u such that 1 — G(u) is small. In his
study of emergency markets, [72] noted that Latin American markets have signifi-
cantly fatter tails than industrial markets. So, depending on the chosen threshold
value u, the industrial markets data coming from regions with stable economics
rarely show extreme realizations. However, the finance data generally exhibit
extreme observations. The key to deriving all statistical models for such extreme
values is the asymptotic theory as u — y“ (see [23], Chapter 2). The most widely
used approach is peaks over threshold method. A motivation of using INID ran-

dom variables to model the extremes can be found in [32]. The authors derive
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and illustrate the advantage of a new model for the distribution of a peaks over
a threshold obtained under a subasymptotic threshold u < y®. The suggested
exceedance modeling involves identifying independent clusters (with possible de-
pendent extremes within the cluster) over u, selecting a cluster maxima X; in the

1th cluster and fitting these by independent Pareto random variables.

The exceedance models are used also in the modeling of insurance claims,
in the case of existence of observations exceeding predefined thresholds in the
portfolios. In general, under the assumption that the claim sizes are iid random
variables, it is common to use the loss distributions which fit the observed data
well, for example, the lognormal, Weibull, Pareto, Generalized Pareto. However,
these loss distributions fail to fit the data in the case of the existence of long
tails in exceedance models. Since insurance claims data generally includes large
extreme observations and may not be identically distributed, modeling them
with INID random variables is more realistic than the iid case. Focusing on the
exceedances and using the proper distribution in models can provide a new and
efficient approach. The exact distribution and the asymptotic properties of the
number of observations falling near the maximum for iid case have been studied
by [66], [53], [65], [43] and [19].

[41] describes a claim reinsurance treaties model in which X, Xo, ..., Xk, ...

are INID random variables that denote the claim sizes arising from a specific

portfolio with continuous cumulative distribution functions Fy, Fs, ..., Fj, ...,
respectively. Let Xi; < Xop < -+ < Xjpp be the ordered values of claim
sizes in the given portfolio corresponding to the random sample X, X5, ..., X

Let {Ny(t),t > 0} be a stochastic process which counts the number of claims
that occur in [0,t],¢ > 0 and we observe X1, X5, ..., Xy, claims up to time
t > 0. We assume that N;(t) is independent of X/s. Let Y,Ys,...,Y,,,... be
the sequence of independent and identically distributed random variables with
the common continuous distribution function G and let us assume that given
Ny(t) =m the random sample (Y7,Y5,...,Yn,) is the unprocessed claim sizes
in another specific portfolio, where {Ny(t),t > 0} is another counting process
independent of Y's. The following statistic Sy, counts the number of claims

from the second portfolio which falls between the lower and the higher claim
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sizes in the first portfolio.

Denote

L, Yie (Xunw, Xnw:ne)
& = ,
0, otherwise

and
Na(t)

SNo(t) = Z &
=1

Therefore, conditioning on Np(t) and Na(t), a model for the second claim
sizes can be represented by the probability density function obtained in [41]. The
results can be useful in evaluating the asymptotic distributional properties of the
number of claims whose size falls between the lower and higher thresholds of
the first portfolio. For example, the data can be assumed to be INID with very
special case of F'* scheme as in the paper. This assumption is supported with
the consideration in practical applications saying that the distribution function
of the first claim is greater than the distribution function of the second claim and
so on. Mathematically, this can be written as P{X; <t} > P{X, <t} >.-- >
P{X, <t},... therefore the F'* scheme can be accomplished for this case.
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Conclusions

Exceedance models have been of great interest to researchers. Various aspects of
exceedance statistics have been studied by the researches from different disciplines
of science. Especially in quality control models, finance, insurance, modelling
flood risk, etc. This study contributes to the growing body of research that

addresses the impact of exceedances in models mentioned above.

In this dissertation, we explore the distributions of INID order statistics and
the recurrence relations between them regarding the symmetric functions. Af-
terwards we deal with some difficulties of obtaining the limiting distribution of
exceedances when they are from INID random variables. Based on the work of [3]
the asymptotic distribution of exceedance statistics from INID random variables
is derived considering F'“-scheme. Consideration of F'*-scheme in calculation
of such problems contributes to the understanding of a INID random variables

concept and also makes the calculations easier.

Moreover, the function we introduce in this study involves permutations with
inversions and Gaussian hypergeometric function. So we give some detailed in-
formation based on permutations with inversions. The statistical characteristics
of this function and graphical representations of them are derived and included

in the study.

71
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Mathematica Codes

A.1 Permutations with inversions

The following Mathematica code which provides the coefficients list of the n per-
mutations with the k inversions is retrieved from the website (http://oeis.org/
search?q=1%2C4%2C97%2C15%2C20%2C22&sort=&language=&go=Search) in the
On-Line Encyclopedia of Integer Sequences (OEIS)

In[1]:=f[n_]:=CoefficientList [Expand@Product [Sum|[x 1,
{i,0,j}].{j,n}],x];Flatten [Array[f,9 0]]

mm=9;T[1,1]=1;T[n_,1]=0;
T[n_,k_]:=T[n,k]=Sum|[T[n—i ,k—1],{i,1,k—1}]
MatrixForm [ Table [T[n,k] ,{n,nn} ,{k,nn}]] ;

So the coefficients are listed below:

In[2]:= A[1]={1};

In[3]:= A[2]={1,1};
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In[4]:= A[3]={1,2,2,1};

In[5]:= A[4]={1,3,5,6,5,3,1};

In[6]:= A[5]={1,4,9,15,20,22,20,15,9,4,1};

In[7]:= A[6]={1,5,14,29,49,71,90,101,101,90,71,49,29,
14,5,1};

In[8]:= A[7]={1,6,20,49,98,169,259,359,455 531,573,
573,531,455,359,259,169,98,49,20,6,1};

In[9]:= A[8]={1,7,27,76,174,343,602,961,1415,1940,2493,

3017,3450,3736,3836,3736,3450,3017,2493,1940,1415,961,
602,343 ,174,76,27,7,1};

In[10]:= A[9]={1,8,35,111,285,628,1230,2191,3606,5545,
8031,11021,14395,17957,21450,24584 ,27073,28675,29228 ,
28675,27073,24584,21450,17957,14395,11021,8031,5545,
3606,2191,1230,628,285,111,35,8 1}

73

A.2 Code for the probability density function

fw(n)

In[11):= e[n_,i_-]:=Integrate|[w'n(n (n — 1)/w'2 x"i(w + x)
"(n(n—1)/2 — i)+n(n(n—-1)/2—i)/wx"i(w + x) " (n(n—1)/2—1-1)
—ni/wx"(i—1)(w+x) " (n(n—-1)/2—1)—i(n(n—1)/2—1i)x" (i —1)(wtx)
“(n(n—-1)/2—1-1)),{x,0, 1 — w},Assumptions—>n(n—1)/2 >= i

> 0 &&n>1 && O<w<1]
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In[12]:= k[n_]:=w"(n)(n(n—=1)/((n(n=1)/24+1)w"2)(1—w
“(0(n=1)/24+1))+n/w(1-w" (n(n—1)/2)))

In[13]:= r[n_]:=Expand[k[n]+Sum[A[n]|[[i+1]]e[n,i],
{i,1,Binomial[n,2]}]]

In[14]:= r[1]

Out[14]= 0

In[15]:= r[2]

Out[15]= 2—2w

In[16]:= Plot[r[2],{w,0,1}]
Out[16]:=

In[17]):= Integrate[r2[2],{w,0,s}]

Out[17]:= 2s—s"2
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In[18]:= Plot[Integrate [r2[2],{w,0,s}],{s,0,1}]

Out[18]=
10F —
08} K,f-/
z'(}"'
ik iy
0.6 /,-'
rd
s
D4F /
/
v
01r //
¥
;
I
£
) ! ] L ] ]
0.2 0.4 0.6 0.8 1.0

In[19]:= r3[3]
Out[19]= 9w—18w 2+14w"3—5w" 4

In[20]:= Plot[r3[3],{w,0,1}]
Out [20]=
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03r / \

06 / \\
0sf \
02 -f '\

In[21]:= Integrate[r3[3],{w,0,s}]
Out[21]= (95°2)/2—6s"3+(7s°4)/2—s"5

In[22]:= Plot|[Integrate[(r3[3],{w,0,s}],{w,0,1}]
Out[22]=

0k 'Jz'
06 v

o4l Vg

01 /
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In[23]= r4[4]

Out[23]= (288w"2)/7—144w"3+228w 4—210w 5+ (364w 6)/
3—44w" 7+9w 8 —(31w"9) /21

In[24]:= Plot[r4[4] ,{w,0,1}]

Out[24]=

In[25]:= Integrate[rd [4],{w,0,s}]

Out[25]= (965°3)/7—365s 4+(2285°5)/5—355"6-+(52s"7)/3
—(11s°8)/2+s°9—(31s"710)/210

In[26]:= Plot[Integrate[r4[4],{w,0,s}],{s,0,1}]
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Out[26]=
10f p -
.l"'-/’.
0} V4
/K/
06F //
D4k /
v
7
0zf rd
|_—4-"-.-;’-T;’ L 1 | 1 1 1
02 04 06 08 10
In[27]):= Plot[r5 [5],{ w,0,1}]
Out[27]=
: Tl
L5 // H\\\
zf \‘-\
£ S
/ A
10} /
/ \
0st f \
/ \
:If Ill\‘
J’/. e A B R (R TR ] ) Ii
02 04 06 08 10
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In[28]:= Plot[Integrate [r5 [5],{ w,0,s }],{s,0,1}]
Out[28]=

10 y -
/”/!
08 /
e
/
04k /
04} ; i
v
0 7 t
01F /
."’H/
___1--&.1 — 8 TR
In[29]:= Plot[r6 [6],{ w,0,1}]
Out[29]=
o ey
1 / H"‘-\
/ b
fr’ ? N
4 \\
10 / A\
/ x
/
/ \
0 \
/ \.
.l’f II|
// |I
_-"’Jn 1 | | I T TR T NN TR TR 1 ||
02 04 05 08 10

In[30]:= Plot[Integrate [r6 [6],{ w,0,s }],{s,0,1}]
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80
Out[30]=
10} ,
f'fll-
0t v i
//
i
06t A
04}
//
0t /
_FT"'}!;
02 04 0 08 10
In[31]:= Plot[r7 [7],{ w,0,1}]
Out[31]=
1 b H'“"m
/ ™~
i ,
.f'rr )

|

/ \
] /i I|I
/ I|

/ |
i ||

/

-"n-'l 1 | L | I T TR S NN TR T 1 ||

01 04 0.6 0 10

In[32]:= Plot[Integrate [r7 [7],{ w,0,s }],{s,0,1}]
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Out[32]=
10k =
",;J'-’.-
(4N /;”
/
T
06F /
04k 7
% f/f
01F , S
p-"f
_h_;-l = ‘.'I.I4 -'.'I.I{S I 'JIE l.ICI
In[33):= Plot[r8[8],{ w,0,1}]
Out[33]=
P i
1 "/ I‘H‘\\
.f;/ H\\\
L.
/ X
A
10 / \
/ x.
{ |
/ |
f |
/ |
0 / !
J/ ||
/ [
xf |
d | 1 1 ||
01 04 0.6 0.8 10

In[34]:= Plot[Integrate [r8 [8],{ w,0,s }],{s,0,1}]
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Out[34]=
Lop -
f’/""’
08k
¥4
06f ,f'/
04f /,f/
/
01t -
% 5 01 0
In[35]:= Plot[r9 [9],{ w,0,1}]
Out[35]=
] 5= _---'H“-\\
a"/ \‘\.
/ By
.l'llrf
10 /
/ \
x/ I‘,
."'l ‘I
05k I.."III ||
|
/ |
/.
.J/lf ||
Y, 0 06 08 10
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In[36]:= Plot[Integrate [r9 [9],{ w,0,s }],{s,0,1}]
Out[36]=

03+ 7

06 i

A.3 Expected value of f(w)

In[37]:= ex[n_,i_-|:=Integrate[w Integrate [(w'n
(n(n—1)/w"2 x"1(wtx) (n(n—1)/2—i)+n(n(n—1)/2—1)
Jwx"i(wtx) (n(n—1)/2—i—1)—ni/w x"(i—1)(wtx)
"(n(n—-1)/2—i)—i(n(n—-1)/2—i)x"(i—1)(wt+x) " (n(n—1)
/2—1—-1))),{x,0,1—w},Assumptions— n(n—1)/2 >=i>0
&& n>1 & O0<w<1],{w,0,1}]

In[38]:= kex[n_]:=Integrate [w(w (n)(n(n—-1)/
((n(n—=1)/241)w"2)(1—w" (n(n—1)/24+1))+n/w(l—w
A(n(n_l)/2)))) ){W70 71}]

In[39]):= ex[n_]:=N[Expand | kex [n]+Sum[A[n]
[[i+1]]ex[n,i],
{i,1,Binomial [n,2]}]]]
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In[40]:= ex|[1]
Out[40]= 0

In[41]:= ex[2]
Out[41]= 0.333333

In[42]:= ex[3]
Out[42]= 0.466667

In[43:= ex[4]
Out[43]= 0.529293

In[44]:= ex|[5]
Out[44]= 0.562734

In[45]:= ex[6]
Out[45]= 0.582385

In[46]:= ex|[T7]
Out[46]= 0.594799

In[47]):= ex[8]
Out[47]= 0.603094

In[48]:= ex[9]
Out[48]= 0.60889

A.4 h(z,y) and H(z,y) and their plots

Inf[49]:= el[n_,i_|:=(y—=x) ' n(n(n—-1)/(y—x) "2x"i(y)
“(n(n-1)/2—i)+n(n(n-1)/2—1i)/(y—=x)x"i(y) (n(n-1)



APPENDIX A. MATHEMATICA CODES
[2=i=1)=ni/(y=x)x" (i =1)(y) " (n(n-1)/2=1)=i(n(n-1)
/2=1)x (i =1)(y) " (n(n=1)/2-1-1))

In[50]:= Integrate[x y el[n,i],{y,0,1},{x,0,y},
Assumptions —> n(n—1)/2>=i> 0]

In[51]:= pdfh[n_]:=Simplify [Sum[A[n]|[[i+1]]el[n,i],
{i,0,Binomial [n,2]}]]

In[52]:= intpdfh[n_|:=Simplify [Integrate [Sum[A[n]
[[i+1]]el[n,i],{i,0,Binomial[n,2]}],{y,0,1},{x,0,y}]]

In[53]:= pdfh[2]
Out[53]= 2 (x + vy)
In[54]:= Plot3D [pdfh[2],{y,0,1},{x,0,y}]

Out[54]=

85
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In[55]:= Plot3D [pdfh[3],{y,0,1},{x,0,y}]

Out[55]=

In[56]:= Plot3D [pdfh[4],{y,0,1},{x,0,y}]

Out[56]=
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