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ABSTRACT

MARSHALL-OLKIN TYPE SHOCK MODELS AND
THEIR APPLICATIONS

CEMAL MURAT OZKUT
Ph.D. in Applied Mathematics and Statistics
Graduate School of Natural and Applied Sciences
Supervisor: Prof. Dr. Ismihan Bayramoglu
June 2015

In traditional Marshall-Olkin type shock models and their modifications, there
are three type of shocks that arrive at random times. These shocks destroy the
components of a system which has two or more components. In this thesis, we as-
sume that if the magnitude of the shock exceeds some predefined threshold, then
the corresponding component is destroyed; otherwise it continues to survive. It is
obvious that, this approach is different from classical Marshall-Olkin type shock
models. More precisely, we assume that the shock time and the magnitude of
the shock are dependent random variables with given bivariate distribution. The
magnitude of shock is an important factor that should be taken into account.
Hence, this approach is more flexible for modeling many real life applications
of shock models. In this work, new class of bivariate distributions involving the
joint distributions of shock times and their magnitudes are obtained. Dependence
properties of new bivariate distributions are studied. For different examples of
underlying bivariate distributions of lifetimes and shock magnitudes, the joint
distributions of lifetimes of the components were investigated. The multivari-
ate extension of the proposed model is also discussed. The proposed model is a
mixture of a singular distribution function, and an absolutely continuous func-
tion, which makes it difficult to obtain maximum likelihood estimators(MLE)
of the unknown parameters. Using Expectation-Maximization(EM) algorithm,
we analyzed data sets, for both bivariate and multivariate Marshall-Olkin type
distribution with magnitude shock effect models. Also, asymptotic confidence
intervals of the unknown parameters of both bivariate and multivariate proposed
models are constructed.
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Keywords: Marshall-Olkin distribution, shock models, dependence, maximum
likelihood estimation, EM algorithm.



0Z
MARSHALL-OLKIN TIPI SOK MODELLERI VE
UYGULAMALARI

CEMAL MURAT OZKUT
Uygulamali Matematik ve Istatistik, Doktora
Fen Bilimleri Enstitiisii
Tez Damigmani: Prof. Dr. Ismihan Bayramoglu
Haziran 2015

Klasik Marshall-Olkin tipi sok modelleri ve bu modellerin modifikasyonlarinda,

iki ya da daha fazla bilegen iceren sistem farkli kaynaklar tarafindan rastgele
zamanlarda iiretilen goklara maruz kalir ve sistemin ilgili bilegenleri yok olur.
Marshall-Olkin tipi sok modellerinden farkli olarak, iiretilen sokun siddetinin
onceden belirlenen egik degerden yiiksek oldugu taktirde ilgili bilegenin imha
edilecegini aksi takdirde bilegenin ¢aligmaya devam edecegini varsaydik. Daha iyi
anlatmak gerekirse, sok zamani ve siddetinin bagiml iki degigkenli dagilima sahip
oldugunu varsaydik. Soklarin giddetlerinin dikkate alinmasi gerekliligi yaklagimi
bize sok modellerin gergek yasam uygulamalarinda ortaya cikan gereksinimleri
karglamamiza izin veriyor. Bu tez caligmasinda, sok zamanm ve sok siddetinin
ortak dagilimimi igeren yeni iki degiskenli dagihm simifi elde edildi. Yeni iki
degiskenli dagilimin bagimlilik 6zellikleri ¢alisildi. Bilegenlerin yasam stireleri ve
sok zamanlarinin ikili dagimlarinin verildigi farkli 6rnekler icin, bilegenlerin yasam
siirelerinin ortak dagilimlari incelendi. Ayrica onerilen modelin genigletilmig
cok degigskenli modeli ayrica tartigildi. Onerilen modelin tekil dagilim fonksiy-
onu ve tamamiyla siirekli fonksiyonun kombinasyonu seklinde olmasi ortak
dagilimin bilinmeyen parametrelerinin en cok olabilirlik tahmin edicilerini bul-
may1 zorlagtirmaktadir. Bu yiizden, beklenti maximizasyonu algoritmas: kulla-
narak onerilen ikili ve ¢oklu modellerin veri setlerini inceledik. Ayrica, onerilen
ikili ve ¢coklu modellerin bilinmeyen parametrelerinin asimptotik giiven araliklar:
olusturuldu.

Anahtar Kelimeler: Marshall-Olkin dagilimlari, sok modelleri, bagimlilik, en

biiyiik olabilirlik kestirimi, Beklenti engoklama algoritmasi.
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Chapter 1

Introduction

In classical Marshall-Olkin model [26], a system consisting of two components is
subject to three different shocks. These shocks are produced by different sources
at a random time. The properties of the shocks can be described as follows: a
shock from the first source affects the first component, a shock from the second
source affects the second component, and a shock from the third source effects
both components. According to this model, the corresponding component (or
components) dies when a shock occurs. In 1967, Marshall and Olkin [26] con-
sidered the independent exponential shock times and derived the joint survival

function of the components of the system.

Recently, there have been numerous papers which deal with the extensions of
Marshall-Olkin distributions. Ryu [37] extended Marshall and Olkin’s bivariate
exponential distribution to the new bivariate absolutely continuous distribution.
This new distribution does not have lack memory property and has advantage of

identifying the shock arrival rates individually. Also, their impacts are provided.

Marshall and Olkin [27] introduced a new family of distributions, established
by adding a new parameter to an existing distribution. Through this model,

the new family of distributions can be constructed from the existing family with
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survival function F(z), by setting the new survival function as

— . aF(z)

Hiz)=——— —x<zr<o00,0<a<o
1 —aF(x)

where @ = 1 — «. If this method is applied twice, it produce no new distri-
bution. This is because the model has a stability property. Another advan-
tage of the method is the flexibility in the new distribution. Various extended
Marshall-Olkin families of distributions can be obtained by using this method.
For instance, Thomas and Jose [41] considered Marshall-Olkin semi-Pareto dis-
tribution and Marshall-Olkin Pareto distribution. In this study, the new fam-
ily of distributions have Pareto marginals. Also, some characteristic properties
of proposed distribution were investigated. By using a compound distribution
with mixing exponential distribution, Ghitany et al. [II] and Ghitany et al.
[T0] constructed respectively Marshall-Olkin extended Weibull distribution and
Marshall-Olkin extended Lomax distribution. These distributions were used in
the analysis of randomly censored data. Also, efficient estimates of the parameters
were obtained. Jayakumar and Thomas [15] studied Marshall-Olkin distributions
with three parameters, which is the generalization of the family of two parame-
ters Marshall-Olkin distributions. Recently in 2011, Jose et al. [16] constructed
Marshall-Olkin distributions with Weibull marginals and discussed some proper-
ties of this distribution. Li and Pellerey [23] studied the aging properties of the
generalized Marshall-Olkin distributions. On the other hand, some authors have
tried to generalize the bivariate exponential distribution for constructing new
distributions because such distributions can be used affectively in the analysis of
lifetime data. In 1999, Gupta and Kundu [I3] introduced three parameters (loca-
tion, scale and shape) generalized exponential distributions. They also analyzed
the theoretical properties of this family. By using this generalized exponential
distribution, Sarhan and Balakrishnan [39] defined a new bivariate distribution.
However, explicit form of the marginal distributions cannot be derived in their
model. They also discussed the mixture of the proposed bivariate distributions.
The results of Sarhan and Balakrishnan [39] were modified by Kundu and Gupta
[19] by using different marginal distributions. In their modification, the marginal

distributions are generalized exponential distributions. Afterward, Kundu and
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Gupta [20] extended the Sarhan-Balakrihnan distribution by adding a new shape
parameter. This method has an advantage over existing distributions in the sense

that it allows the marginal distributions to be more flexible.

In classical Marshall-Olkin exponential distribution and all its modifications,
there are two types of shocks. One is called fatal shock and it destroys the
corresponding component. Another is called non-fatal shock, and when the shock
occurs, the corresponding component may not be destroyed, but has a chance of
surviving, and each shock to a component represents an independent opportunity

for failure with respective probability.

These two different shocks can be also thought as Poisson processes. Both
approaches lead to classical Marshall-Olkin bivariate exponential distribution.
In addition, there are many application fields, such as life testing, reliability,
economics finance and insurance, in which the bivariate exponential distributions
play a key role. These important probability models can be used in the lack of the

independence assumption, which is questionable or unrealistic in applications.

In the field of financial mathematics, if one deals with the portfolio credit risk
modeling, the unknown future lifetimes of the d credit risky assets are random
variables. Mai [25] considers an appropriate stochastic model for these unknown
lifetimes, and investigates collateralized debt obligations. These are financial
contracts-typically traded between globally active financial institutions, who rec-
ommend insurance to investors, instead of the default of credit risky assets. In
many cases, defaults have been exposed to exogenous shocks, which can be in-
terpreted as economic crises affecting one, two, three or more assets that have

credit risks. The appropriate model for collateralized debt obligations pricing is
the Marshall-Olkin distribution.

Although there has been many researches about modifications of the Marshall-
Olkin distribution obtained from different shock models, there has been little
attention to shock magnitudes. However, there is a need to consider shock models.
These are not always fatal in practical applications, mainly depending on shock
magnitudes. For example, in economic crises, affecting one or more credit-risky

assets at a time, the magnitude of exogenous economic shocks causing the default
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of assets may be different, i.e. small or big shocks may occur. If the shock is
sufficiently big, then there is a failure but if it is not, the effect of the shock can
be ignored. Therefore, it will be reasonable to consider magnitudes of shocks
arriving at a random time. The times of arrival of shocks and their magnitudes
should be considered as stochastically dependent random variables with given

joint distribution function.

In this thesis, the new Marshall-Olkin type shock model is introduced. As
mentioned above, in many practical applications there is a need to consider the
magnitude of a shock in order to model real problems. Accordingly, in this work,
we assume that the shocks coming at random times have different magnitudes.
The shock times and their magnitudes are assumed to be dependent random vari-
ables with given joint distribution (or survival) function. The structure of the
classical Marshall-Olkin distribution is changed by this new assumption, i.e. the
distribution function obtained in this work depends on bivariate joint distribu-
tion of shock times and their magnitudes. Therefore, according to the real life
conditions appeared in applications, this model involves some known bivariate
distribution functions and we obtain a broad class of a new type of Marshall-
Olkin bivariate distribution. These distributions are different from existing mod-
ifications of Marshall-Olkin exponential distribution. Also, the proposed model
allows us to use various marginal distributions regarding the nature of the con-
sidered problem. The new Marshall-Olkin type distributions also present an in-
dependent interest for generating new bivariate distributions, thus we discuss the
dependence properties of the new bivariate survival function obtained from this
model. It should be noted that this distribution is not continuous, i.e it has both
absolutely continuous and singular part similar to the classical Marshall-Olkin

distribution. For more details, refer to [33].

In the literature, there are several papers about the estimation of the un-
known parameter of the Marshall-Olkin distribution. Since the Marshall-Olkin
distribution has absolutely continuous and singular parts, the usual techniques are
not considered suitable for deriving the maximum likelihood estimation (MLE)
of the unknown parameter. Several suggestions and approximations methods

have been suggested in the literature. For example, Arnold [2] obtained the



CHAPTER 1. INTRODUCTION 5

maximum likelihood and method of moments estimates of unknown parameters.
Bhattacharyya and Johnson [§] discussed the alternative maximum likelihood es-
timation to Arnold [2]. Method of moment and maximum likelihood estimation
for the parameters of the Marshall-Olkin distribution is also studied by [7] and
they compared results with the results of [2]. Proschan and Sullo [36] studied
MLE for the multivariate Marshall-Olkin model. Pena and Gupta [35] obtained
Bayesian estimation result. Recently, Karlis [I7] and Kundu and Dey [I8] inves-
tigated the estimation of unknown parameters of Marshall-Olkin model. They
consider estimating unknown parameters problem as a missing value problem,
and they used Expectation-Maximization algorithm to compute MLEs of these

kinds of distributions.

A further highlight of this thesis is finding the maximum likelihood estima-
tor of the unknown parameter of the proposed Marshall-Olkin type distribution
with magnitude shock effect. Throughout the thesis, we use MOMSE instead
of Marshall-Olkin type distribution with magnitude shock effect. Since MOMSE
has both singular and absolutely continuous part, statistical inference is not an
easy task because of the complex structure of its density function, similar to the
classical Marshall-Olkin distribution. The another contribution of the present dis-
sertation is to overcome this drawback and find the maximum likelihood estimator
of the proposed model by using the Expectation-Maximization(EM) algorithm.
In order to implement EM algorithm, the problem of finding maximum likelihood
estimator is treated as a missing value problem. Briefly, in the EM algorithm,
in the 'E’-step, the missing values are replaced with the their expected values.
Then, by using expected values, a 'pseudo-log-likelihood’ function is constructed
and in the 'M’-step, maximum likelihood estimates for a sample is calculated
by maximizing 'pseudo-log-likelihood’ function. Next, EM algorithm is analyzed
on some data sets which involve both bivariate and multivariate MOMSE. Also,
asymptotic confidence intervals of the unknown parameters of both bivariate and

multivariate distributions are constructed.

The rest of the thesis is organized as follows. The classical Marshall-Olkin
distribution and its properties are presented in Chapter 2. The construction of

the new Marshall Olkin shock model is given in Chapter 3. For some different
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underlying bivariate distributions of lifetimes and shock magnitudes, the joint
distributions of lifetimes of the components are investigated in Chapter 4. De-
pendence properties of the joint distribution of the lifetimes of the components,
and stochastic comparisons of different shock models are also discussed in Chap-
ter 5. Then, the result of the maximum likelihood estimation of the bivariate
Gumbel distribution of MOMSE is given in Chapter 6. Finally, in Chapter 7 the

multivariate extension of the proposed model and its propoerties is studied.



Chapter 2

Classical Marshall-Olkin

Distributions

In 1967, Marshall-Olkin [26] introduced a two-component system and the com-
ponents are subject to shocks at a random time. According to this model, there
are three types of shocks that are produced by three sources. A shock from the
source 1 affects the first component, a shock from the source 2 affects the second
component and a shock from the source 3 affects both components simultane-
ously. Suppose that X, 7 = 1,2 denotes the life length of the component j and
T;, © = 0,1,2 denotes the waiting time for the shock ¢. Let T;, ¢ = 0,1,2 be
independent exponential random variables having parameters 6; > 0. For that

reason, the lifetime of the component j can be represent as

X1 = HliIl(Tl, T())
X2 = min(Tg, To)

Under this setup, the joint survival function of X; and X5 can be found as follows:

P(Xl > tl,XQ > tg) = P(min(Tl, To) > 1y, min(Tg,Tg) > t2>

P(Tl > tl,To > tl,Tg > tg,To > tg)
P

(Tl > tl,Tg > tg,To > max(tl,tg))
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Taking into account that T; have exponential distribution with parameter 6;, we

have
P(Xl > tl,Xg > tg) = exp(—@ltl — 92t2 — 90 max(tl, tg)) (21)

for every t; > 0 and t, > 0.

In a similar way, the marginal survival function of X; can be derived as:

P(X; > t;) = P(min(T}, Ty) > t)
P(TYJ > tj,TQ > tj)
= P(T; > t;)P(To > t5)

P(X; > t;) = exp(—t;(0; + 0o))

that has exponential distribution with parameter (6; + 6p).

The crucial point of the model is that, as the failure of the components can be
affected simultaneously, the event X; = X5 can occur with positive probability.
As a result, Marshall-Olkin distribution is not absolutely continuous with respect

to the Lebesgue measure in 2 and has a singular part on the line x; = 5.

Theorem 2.1 ([26]) In Marshall-Olkin model, the joint survival function

has both absolutely continuous and singular part. That is

_ 61+ 05 B -
F(ty,ty) = 10 2Fa(t17t2)+£ps(t17t2)7

where singular part is

Fy(t1,t2) = exp(—0 max(ty,t3))

and absolutely continuous part is

_ 0 0
Fa(tl, t2> = mexp(—ﬁltl — 92t2 — Homax(tl, tg)) — 61 _'(_)‘92 exp(—@ max(tl, tg)),

where 0 = 01 + 05 + 6.

The joint density function of the Marshall-Olkin distribution is given by
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91(02 + eo)F(thtg), to > 1
f(tita) =< 02(01 + 00) F(t1,t2), t1 >t

GOF(tl, tg), tl == tg.

In classical and extended versions of the Marshall-Olkin distribution obtained
from different shock models, magnitude of the shocks are not taken into consid-
eration. On the other hand, we need to consider shock models, which are not
always fatal depending on shock magnitudes in real life problems. For example, in
economic crises, affecting one or more credit-risky assets at a time the magnitude
of exogenous economic shocks causing the default of assets may be different, that
is small shocks as well as big shocks may occur. When the shocks have enough
magnitude, their influence may be forceful. On the contrary, if the shocks do not
have enough magnitude, then they are not able to affect. Hence, it will be rea-
sonable to consider magnitudes of shocks arriving at a random time. The times
of arrival of shocks and the magnitudes should be considered as stochastically

dependent random variables with given joint distribution function.

In the next chapter, a new Marshall-Olkin type shock model is introduced.
As mentioned above, it is more suitable for modeling real life problems when
we consider the shocks with their magnitudes. Therefore, we assume that the
shocks coming in random times have magnitudes and the shock times and their
magnitudes are dependent random variables with given joint distribution (or sur-
vival) function. Because of this assumption, a new structure is presented which
is different from the classical Marshall-Olkin distribution, that is the distribution
function obtained in this work depends on bivariate joint distribution of shock
times and their magnitudes. Hence, in accordance with following to the real life
conditions appearing in applications, we model some well known bivariate distri-
bution functions and obtain a wide class of a new type of Marshall-Olkin bivariate
distributions. These distributions are different from existing Marshall-Olkin bi-
variate distribution and their modifications, and allow to use various marginal
distributions regarding the nature of the considered problem. The new Marshall-
Olkin type distributions present also an independent interest for generating new

bivariate distributions, that is why we discuss the dependence properties of the



CHAPTER 2. CLASSICAL MARSHALL-OLKIN DISTRIBUTIONS 10

new bivariate survival function obtained from this model.



Chapter 3

MOMSE

Consider a system with two components and let X; and X, denote the life length
of the component 1 and component 2, respectively. A shock from the first source
which comes at random time 7T} affects the component 1 and this shock has mag-
nitude D;. Similarly, a shock from the second source which comes at random time
T, affects the component 2 and this shock has magnitude D, and a shock from
the third source comes at random time T, with the magnitude Dg affects both
components simultaneously. We assume that the random variables T; and D;,
1 =0, 1, 2 are stochastically dependent and the affect of the shocks for both com-
ponents depends on the upper-threshold d, that is if the magnitude of the shock
is greater than d, then the corresponding component will be destroyed, otherwise
the component has chance to survive. Let us denote the joint distribution func-
tion of the random vector (7}, D;),i = 0,1,2 by Fr, p,(t,d), respectively. Also,
we assume that the bivariate random vectors (17, Dy), (1%, D2), and (Tj, Dy) are
independent. According to this set up, we can define independent conditional

random variables as follows

‘/1 = (Tl‘Dl > d)
‘/2 = (T2|D2 > d)
Vo = (To|Do > d) (3.1)

11
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that is,

V;:is the time of arrival of the shock which has a magnitude greater than
d,i = 0,1,2. In other words, V; is the time of arrival of the fatal shock for the

corresponding component, ¢ = 0, 1, 2.

Thus, the life lengths X; and X5 of the components 1 and 2 can be written

respectively as follows

X1 = min(V3, )
X2 = min(‘/Za ‘/O>

Theorem 3.1 The joint survival function of X1 and X, is

FTLDI (th d)FT27D2 (t27 d)FTo,Do (max<t1’ t2>’ d)
FD1 (d)FD2 (d)FDo (d)

FXl,Xz (t1,t2) = (3.2)

Proof. By using (i3.1]) we can write joint survival function of X; and X5 as follows

P(Xl > tl,XZ > tg) = P(mln(‘/l,%) > tl,min(‘/g,‘/o) > t2>
:P(‘/l >t1a‘/0>t17‘/2>t27‘/0>t2)
Vi > tl) (‘/2 > tg)P(‘/o > max(tl,tg))

P(
P( > t1’D1 > d)P(TQ > t2|D2 > d)P(TO > H’laX(tl,tg)‘Do > d)
P( > tl,Dl > d)P(T2 > t27D2 > d) (TO > maX(tl,tg),Do > d)
P(Dl > d) (D2 > d) (Dg > d)

and in terms of joint and marginal survival functions it can be expressed as

FleDl (tla d)FTQ Dz( d)FTo Do (max<t17 t2) d)

Fx, x,(t, 1) = Fp, (d)F p,(d)F p,(d)
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Corollary 3.2 Marginal survival functions of Xy and Xy are

Fr, p,(t1,d)Fr, p,(t1,d)

Fx,(t) =

FDl (d)FDo (d)
e F OF d
T 2,02 4 ) t )
Fa,(ts) = -2 ,D_( 2 )_TO,DO( 2, d)
FD2 (d)FDo (d)
Proof.
(Xl > tl) (mln(Vl, ‘/0) > tl)
:P(V >t1,‘/0>t1)
=P(Vi > t)P(Vy > t1)
= P(T > t1|D1 > d) (TO > t1|D0 > d)
P( >t1,D1>d) (To>t1,D0>d)
P(D; > d)P(Dy > d)
— Fr,p,(t1,d)F t1,
FXl(tl): T,D_(l ) ToDo(l )
FDI( )FDO< )
Marginal survival function of X, can be found in a similar way. O

It is seen that the joint survival function of MOMSE involves the survival func-
tion of the random variables T} and 75 and also the marginal survival functions

of the random variables D; and D,.



Chapter 4

Some Special Bivariate

Distributions Examples

In this chapter, we investigate the MOMSE distribution for some different under-
lying joint distributions of random variables (7}, D;), ¢ = 0,1,2. To be more pre-
cise, in particular cases, as a joint bivariate distribution of (7}, D;),i =0, 1,2 we
consider bivariate Gumbel exponential distribution, Farlie-Gumbel-Morgenstern
distribution with exponential marginals, the bivariate Pareto distribution, the
bivariate Logistic distribution, the bivariate exponential distribution and also bi-
variate Lomax distribution. The reason of adopting these particular distributions
is that all of them have been successfully used in modeling, reliability and life time
analysis. Detailed description of each model is given in the corresponding subsec-
tions. Note that the MOMSE distribution like the Marshall-Olkin distribution

has absolutely continuous and singular parts.

4.1 Bivariate Gumbel Exponential Distribution

Consider the bivariate Gumbel distribution
Fpoz,(z1,20) =1—e ™ —e ™ + e~(itzttziz) > 0and 0 <0 < 1. (4.1)

14
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Figure 4.1: Graph of Fy, x,(t1,ts) given in (4.3)), for § = 0.5,d = 1.

The marginal distributions are exponential. This distribution was introduced by
Gumbel in 1960. It has applications in many areas including competing risks,
extreme values, failure times and reliability. For further properties, refer to [12]
and [5]. Let (11, D1),(Ts, Dy) and (Ty, Dy) be the random vectors with bivariate
Gumbel distribution function. Using (4.1)), the joint survival function of (13, D;)

can be written as
Fr,p,(tiy d) = e 00 = 0,12, (4.2)

Then using (4.2)) in Theorem , joint survival function of MOMSE can be found

as follows

Fr, p,(t1,d)Fr, p, (ta, d) F'ry p, (max(ty, t2), d)
FDl (d)FDz (d)FDo<d)

—(tl +d+9t1d) 6—(t2+d+9t2d)€—(max(t1 ,t2)+d+9 max(t1 ,tg)d)

FXLXz (tla t2) =

e

o—3d

FXl X (tlg tQ) _ 6—t1(1+0d) €—t2(1+9d)6— max(t1,t2)(14-0d) (43)

Note that if d = 0, then the MOMSE changes into the usual Marshall-Olkin
bivariate distribution. In Figure , the graph of Fx, x,(t1,t) given in (4.3)) for

particular values of § = 0.5 and d = 1 is presented.

Theorem 4.1 The joint survival function of MOMSE distribution given in
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has both absolutely continuous and singular part. That 1s,
Fi, x,(t,t2) = aFo(ty, t2) + (1 — ) Fy(ty, 1)

where

Q
I
ol o

Fa(tl,tQ) — §€fd(max(t1,t2)+max(t1,t2)d9) (36‘t17t2|(1+d9) _ 1)

Fs(tl, t2) = e_S(maX(t1,t2)+max(t1,t2)d9)

Proof. For t; <ty

O?F(ty,ty)
2N f (.t

Ot, 0t fi(t1,t2)

- 2(1 + Qd)2e—(t1+2t2)(1+9d)
and for t9 < t;

O?F(t1,t5)
2N f (.t

0t,0t fa(tr,t2)

_ 2(1 + 0d)26_(2t1+t2)(1+6d)

filti,ta) St <ty
fa(ti,t2) o<ty

falts ) = é{

aF,(t),ty) = 707f(u, v)dvdu

t1 t2

For t; < ity

Tty ) = i 7 / fu(w, v)dudv + 7 /u Falw, v)dvdu

to t1 ta t2
N 7 N
TV TV

1 2

J/

16
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vA

u<v

1 v<u

S 4

Figure 4.2: Graphical representation of the region of u < v,u > v and u = v.

— 1/1
Fo(ty t2) = ~ (§e‘3t2(1+d") (3¢~ (1=t2)(1+d0) _ 1))

with a symmetric expression when ¢; > ¢5. Combining both cases
F (tl tz) _ l 16—3max(t1,t2)(1+d0) (3e\t1—t2|(1+d9) o 1)
a Y a 3

Since

With a and F,, the singular part F can be obtained by subtraction. That is,

FX17X2 (tl, t2) — aﬁa(tl, t2)
11—«
Fs (tlv t2) — e 3max(t1,t2)(1+df)

Fs (tla tZ) =

So,
— 2 (1 —3max(t1,t2)(1+d6) (g, |t1—t2|(1+d6) 1 max(t1,t2) (1+d6)
F x,(t, 12) = 3\ 3¢ ’ (3e 1))+ 3¢ ;

]
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4.2 Farlie-Gumbel-Morgenstern Distribution

Consider the Farlie-Gumbel-Morgenstern (FGM) bivariate exponential distribu-

tion
Fy12,(21,22) = Fz, (21) F iz (22) [1 + a (1 = Fz,(21)) (1 = Fz,(22))] (4.4)

where —1 < a < 0 and Z; ~ Exp(1). This distribution was used to model the
joint distribution of two adjacent intervals in a Markov-dependent point process.
We refer to [3], [4], [2I] and [5] for more properties. Let (71, Dy),(Ts, D3) and
(To, Do) be the random vectors with the Farlie-Gumbel-Morgenstern (FGM) bi-
variate exponential distribution. Let w = min(¢;,¢2) and f = max(t1,t2) then
from Theorem |3.1] joint survival function of MOMSE can be written as

FleDl (tla d)FT%DQ (t2> d)FTD»DO (max<t17 tQ)? d)
FDl <d>FD2 (d)FDo (d)

Fx, x,(tr,tg) = 7207207202720 (o0 g (e — 1) (e — 1))
% (€d+t2 + (ed _ 1) (6t2 _ 1))
X (ed+ﬁ +a (ed . 1) (65 _ 1)) (45)

Fxl,XQ (t1,t2) =

Absolutely continuous and singular part can be found similarly by using Theorem

4.1 That is,
_ 2__ 1—
FX17X2<t1at2) = gFa(tth) + 5F8<t17t2)7

where

— 1
Fa(tlatQ) — §€*3d72(t1+t2)74ﬂ<a(1 - ed)<1 o eﬁ) 4 €d+5)2
x(3ePPa(l — et — e + e?tv)
2w (1 _ ed _ 66 + ed+6) + 3ed+t1+t2+6 _ €d+t1+t2+w)

— e )

Fy(ty, ty) = e3@+20) (e +a(e?—1) (¢ — 1))3.

Below we provide a graph of Fy, x,(t1,t2) with respect to d for some special
values of t; and t5. It is observed that the probability of X; > 1.25 and Xy > 1.5
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0.050 //—
0.045

0.040 /

0.035 /

/ 2 4 6 8 10

Figure 4.3: Graph of survival function Fyx, x,(t1,ts) given in (4.5) with respect
to d for t; = 1.25,t,, = 1.5 and 6 = 0.7.

increases as d increases.

4.3 Bivariate Pareto Distribution

Consider the second kind bivariate Pareto distribution. The joint survival func-
tion is

le,ZQ(Zh 29)=(1+21+2)°, 21,20 > 0. (4.6)

Bivariate Pareto distributions are very popular in many areas such as modeling
of performance measures for general systems, reliability, and modeling of daily
exchange rate data. For more details one may refer to [29], [14], [30], [34] and [5].
Let (T, Dy),(Ts, Ds) and (T}, Dy) be the random vectors with the bivariate Pareto
distribution. Let w = min(ty,s), f = max(t;,t2) and the parameter ¢ = 2, then
using in Theorem [3.1}joint survival function of MOMSE can be found as

follows

Fr, p,(t1,d)Fr,.p,(ta, d)Fr, p,(max(ty, ta), d)
Fp,(d)Fp,(d)F p,(d)
I+t 4+d) (A +ty+d) > (14 max(ty, to) +d) >
(1+d)"°
(1+d)°

= 5 5 5 (4.7)
(I+d+t)"(1+d+t)" (1+d+B)

Fxl,XQ (t1,t9) =
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LILy 06

Figure 4.4: Graph of survival function Fx, x,(t1,t2) given in (4.7), for d = 5 and
d = 15.

which has both absolutely continuous and singular part. That is,

_ 2 1—
Fx, x,(t1,t2) = gFa(tl,tQ) + ng(th ta),

where ,
6 (3(1+d+B)*
Falt,ts) = 0+ (i 1)
a ) 2 (1 + d+ /8)6 )
_ 1+d)°
Fy(ty,ty) = <+—>6'
(1+d+p)

Further studies show that, if ¢>2, then calculations become complicated. Be-
cause the order of polynomial expressions, which are to be integrated, has in-
creased . Other examples also show that the role of parameters in the model are

important and they should be considered regarding to the nature of the model.
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4.4 Bivariate Logistic Distribution

Consider the bivariate Logistic distribution. We have the following joint distri-

bution and survival function, respectively
Flo.y) = (14+e7 +e)!

Fl,y)=1—(14+e )T —(1+e?) ' +(1+e+e¥) L (4.8)

For further information, refer to [I] and [5]. Let (7%, D;),(T3, D2) and (Tp, Do)
be the random vectors with bivariate Logistic distribution function. Let w =
min(ty,ty) and f = max(ty,ts). Using in Theorem , joint survival func-
tion of MOMSE can be found as follows

FTLDI (tla )FTQ (t2 d)FTO Do(maX<t1,t2> d)
Fp,(d)Fp,(d)Fp,(d)
_ 8(1 + 2e®)3 (e + e + 2e®) (e + € + 24172
T (T4 3ed)3(1 4 ew)(ed + e + edtw) (1 + ef)2(ed + ef + ed+8)2°
(4.9)

Fx, x,(t1,t2) =

Using Theorem [4.1] we can easily obtain both absolutely continuous and singular
part. That is,

— 2 1—

Fx, x,(t1,t2) = gFa(tlth) + ng(tlatQ)

A(1 4 2eD)3(e + €f + 2em)2(—e2(1 + e?) (e + € + 2eTF))
(1+3ed)3(1 + ev)(ed + ev + ed+) (1 + eB)3(ed + €8 + ed+5)3
4(1 + 2e?)3(e? + €F + 2e8T8)2ed(2e + 3e25(1 + ) + 27 (1 + 2¢%))

(14 3ed)3(1 + ev)(e? + e¥ + edt) (1 + €F)3(ed 4 €f 4 ed+P)3
4(1 + 2e?)3(e? + P 4 2e4T8)2 (e (1 + 2e4) (2e? + 3?2 (1 + e?) + 2e°(1 + 2¢)))
(14 3e?)3(1 + ev)(e? + ev + edtw) (1 + ef)3 (e + ef + ed+h)3

Fa<t17 t2) ==

8(1 + 2e4)3(e? + €f + 2e1+5)3

Fy(t,ty) =
(t1, 1) (1+ 3ed)3(1 + €P)3(ed + f + ed+5)3




CHAPTER 4. SPECIAL BIVARIATE DISTRIBUTIONS EXAMPLES 22

Figure 4.5: Graph of survival function Fx, x,(t1,%2) given in (4.9 for d = 1

4.5 Bivariate Exponential Distribution

Consider the bivariate Exponential distribution. We have the following joint
survival function

Fuoz(z1,2) = (€ +e2—1)"" (4.10)

This distribution is the special case of the Ali-Mikhail-Haq distribution. Bivariate
Exponential distribution is studied in the reliability analysis. For further infor-
mation we refer to [I] and [5]. Let (T3, Dy),(Ts, Do) and (Ty, Dy) be the random
vectors with bivariate Exponential distribution function. Let w = min(¢q,¢2) and
B = max(t1,ts). Using in Theorem , joint survival function of MOMSE

can be found as follows

= _ Frp,(t,d)Fr, p,(ta, d)Fy py (max(ty, t2), d)
FX1,X2<t1at2) -

FDl (d)FD2 (d)FDo (d)
(etl 4ol — 1)*1 (€t2 4oed — 1)*1 (emax(tl,tg) 4oed — 1)—1
- ()™
X (1 + 2max(ty, ty) + 3d + 4 max(ty, to)d)
3d
- (<) (4.11)

(et1 + ed _ 1) (etz + €d _ 1) (emax(tl,tz) + ed _ 1) .
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Ll 2 4 6 8 10 12 " 16 18 2

Figure 4.6: Graph of survival function Fxl, X, (t1,t2) given in 1) with respect
to d for t; = 1.25,t5 = 2.

Using Theorem (4.1} we can easily obtain both absolutely continuous and singular
part. That is,

_ 2 1—
FX1,X2(t17t2) = _Fa(t17t2) + §Fs(tlat2)

3
where Sd( . ﬁ)
— e’ (—2 4+ 2e* — e¥ + e
Fo(ti,ts) = 3
2(—1+4el+ev) (=14 el 4 €f)
o e3d
Fs(tlth) == ( )

(—1+ed + ef)’
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Figure 4.7: Graph of survival function Fx, x,(t1,ts) given in (4.11)), for d = 2.

4.6 Bivariate Lomax Distribution

Consider the bivariate Lomax distribution. We have the following joint survival

function

Fz 2,(z1,2) = (1 4+ az + bz + 02129) ", a,b,c >0 and 0 < 0 < (c+ 1)ab
(4.12)
The name of this distribution is also known as Durling distribution. Bivariate
Lomax distribution is studied in the reliability analysis. For further information
we refer to [31], [38], [22] and [5]. Let (T3, D1),(T%, Ds) and (Ty, Dy) be the random
vectors with bivariate Lomax distribution function with the parameters a = 2,
b=3,0=4and ¢ = 3. Let w = min(t1,?2) and f = max(t;,t2) using in
Theorem [3.1] joint survival function of MOMSE can be found as follows
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Figure 4.8: Graph of survival function Fx, x,(t1,2) given in (4.13) with respect

to d for t; = 1.25,t5 = 1.5.

FTluDl (tlu d)FT2 Do (t27 (maX(tl, tg) d)

FX X (tl tQ) = )
L (T Fp,(d )FDQ( ) o(d)

(142t +3d + 4tad) 7 (14 2ty + 3d + 4tod)

(1+3d)~°
X (14 2max(ty, ty) + 3d + 4max(ty, t5)d) >
(1+3d)°

T (1 +3d + 26, +4dty)® (1 + 3d + 2t + 4dts)® (1 + 3d + 25 + 48d)°>

(4.13)

Using Theorem (4.1} we can easily obtain both absolutely continuous and singular

part. That is,
_ 2 1—
Fx, x,(t1,t2) = gFa(t1>t2) + ng(tbtz)

where \
9 3(14-3d+26+4dB)
o (t ; ) _ (1 + 3d) (_1 + (1+2w+d(3+4w))3)
e 2(1+ 2B +d(3 +48))°
_ 1+ 3d)°
Pty ty) = — L34

(14 3d+ 283 +4dp)°

In the next Corollary, marginal probability density function (pdf) of X; ob-

tained easily by using Corollary (3.2)).
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Corollary 4.2 Marginal survival functions of Xy and Xy can be written as

— 1+ 3d)°
Frt) = — 02
(1+3d + 2t; + 4dt;)

=1,2.

Marginal pdf of X; can be derived as follows

in<ti) - _8_tiFXi(ti)
6 (1+3d)° (2 + 4d)

(t,) = .
Jxi(t) (1+ 3d 4 2t; + 4dt;)"

Theorem 4.3 The conditional pdf of X;, given X; = t;, denoted by f;;(t;|t;)(i #
Jj=1,2), is given by

fi5 ilty) if t > 1
fg(tlty) = £l ifti <ty
£ty if ti = t;
where
6 (1+2d) (1+3d)” (1+ 2t; + d(3+ 4t;))°
(14 3d + 2t; + d(3 + 4,))"
3(1+3d)* (2 + 4d)
(1+ 3d + 2t + 4dt;)*

1
Pl =

2
FP(tilty) =

(1+2d) (14 3d)* (1 4 3d + 2t; + 4dt;)"
(2 +4d) (1 + 2t; + d(3 + 4t;))"°

0
FO(tilty) =

Proof. Proof follows from the following well known definition of conditional den-

sity.
Ixx; (tis )

]

By using the Corollary (4.2) and Theorem (|4.3)), we can easily obtain co-
variance and correlation coefficient of the components X; and X5 in the next

Corollary.
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Corollary 4.4

E[X']_/ 6 (1 +3d)° (2 + 4d)

' / "(1+ 3d + 2t; + 4dt;)”
1+ 3d

10(1 + 2d)

o0 6
E[Xﬂ :/t? 6 (1+ 3d) (2—|—4al)7
(1 4+ 3d + 2t; + 4dt;)

_ (1+3a)°
~40(1 + 2d)?

Var [X;| = E[X]] — (E [X,])?

_3(1+43d)
~200(1 + 2d)2

E[X1 X5 = //t1t2f12(t17t2)dt1dt2

oo to oo t1

://tltgfl(tl,tg)dtldtz+//t1t2fg(t1,t2>dt1dt2+
0 0 0 0

t1<to t1>1o t1=to
 (1+3d)?
70 (1 + 2d)

8

t1fo(te, t1)dty

ro\

J/

Hence the covariance is given by

COU [Xl, Xg] =F [XlXQ] —F [Xl] E [XQ]
_3(1+3a)”
700 (1 + 2d)°
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and the correlation is

Cov [Xl, XQ]

X1, Xo| =
fl | VVar [Xi]Var [X,]

From Corollary (4.4]), we get desired result such that 0 < p[X;, Xp] < 1.

28



Chapter 5

Dependency and Comparison

Results

In this chapter, we discuss the dependency properties of the new proposed bi-
variate survival function MOMSE. First, we need to give some definition and

dependency properties in order to obtain our results.

Definition. [32] Let X and Y be continuous random variables. X and Y are

right corner set increasing (RCSI [X,Y]), if
P[X > tl,Y > tg’X > il,Y > ??2]

is nondecreasing in ¢; and in ¢, for all ¢; and t,. The following theorem can be
found in [32], page 198.

Theorem 5.1 Let X and Y be continuous random variables with joint distribu-

tion function H. Then
RCSI[X,Y] <= H (t1,t2) H (t1,15) > H (t1,t2) H (t1,12)
for all ty,ta,t1,t5 in [—00, 00| such that t; < t; and ty < ts.

Theorem 5.2 MOMSE satisfies the RC ST [Xy, Xs| property.

29
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Proof. From (3.2) we have

Fopy.p,(t1,d)Fr, p,(t2, d)Fry py(max(ty, t2), d)
FDI (d)FDz(d>FD0(d>

FXl,XQ (t1,t9) =

By using Theorem ([5.1)), we need to show that

Fr, p,(t1,d)Fr, p,(t2, d)Fr, py(max(ty, ta), d)Fry, p, (t1, d) F'r,.p, (t2, d) o
i —;
Fp (d)Fp,(d)Fp,(d)

FTO,DO (max(ty, ), d)

N FleDl (tb d)FT2,D2 (57 d)FTo,Do (max<t1 ) 5)? d)FTI:Dl (E’ d)FTz,Dz (t2> d) %
—2 —2 —2
Fp, (d)Fp,(d)Fp,(d)

Fry,py(max(ty, t3), d)
> 0.

Namely, we need to check, whether

Fo, p,(t1,d)Fr, p,(t1,d)Fry p, (t2, d) Fry p, (2, d)
Fp, (d)Fp, () Fp, (d)
[F'r,.py (max(ty,t5), d) Frr, p, (max(fy, ), d)—
Fr,.p,(max(ty, %), d) Fr, p, (max(ty, t3), d)]

>0

or not. Since the first factor is always is nonnegative, we need to analyze the

second term. That is, we need to verify

Fry.p,(max(ty, t2), d)Fq, p, (max(ty, 3), d) —
)

FTD,DO (max(tl, E), d)FTo,Do (max(ﬂ, tg), d) Z 0.

Hence, for t; < t; and t5 < t, the following six cases need to be analyzed :
Case 1. t; <t; <ty <ty
Case 2. t1 <ty <t; <ty
Case 3. t1 <ty <ty
Case 4. ty < t; <ty

=

1

IA A
~

1
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Case 5. ta <ty <t; <t
Case 6. ta <t; <t; <ty

Casel =t; <t <ty <ty
It is clear that

Fr,.po(ta, d)F1, py (t2,d) — Fry p, (ta, ) F'7y o (t2, d) = 0.

Case2 =t <ty <t <ty
We have to check

o - . _ o R
Fr,.p,(ta, d)F'py p, (ta, d) — Fr1, py(t2, d)F'1y py (t1,d) > 0 or

_ _ _ _ ?
Fr,.p,(t2,d) FTO,D()@Q, d) — Fp, p,(t1, dﬂ > 0.
Since ; > ty, then clearly F'p, p, (1, d) < Fr,.p,(t2,d) and
Fr,.0,(t2,d) [FTO,DO (ta,d) — Fr, p, (t1, d)] > 0.

Case3 =t <ty <ty <t
We need to show that whether below inequality is hold or not.

o o o - o I
Fr, po(te,d)F'ry py(t1,d) — Frp, py (2, d) F'ry py (t1,d) > 0 or

Fr,.p,(t1,d) FTO,DO (ta,d) — Fr, p, (T2, d)} > 0.
Since t; > ty, then clearly F', p,(fa2,d) < Fr,.p,(t2,d) and
Fr,.p,(t1,d) [FTO,DO (ta,d) — Fr, p, (T2, d)] > 0.

Case 4 =t <t; <ty <t

31



CHAPTER 5. DEPENDENCY AND COMPARISON RESULTS 32

We have to analyze this condintion in order to satisfy below inequality

. . o o o _ . ?
Fry.p0(t1,d) Fry p, (t1,d) — F1y py (t2, d) Fzyy p,y (1, d) > 0 or

_ _ _ - ?
Fry.p,(th,d) [FTO,DO(tla d) — Fr, p,(t2, d)} > 0.
Since #; > t1, then clearly Fy, p,(f2,d) < Fr,.p,(t1,d) and
Fr,.p,(t1,d) [FTO,DO (t1,d) — FTO,DO (ta, d)] > 0.

Case b =ty <ty <t <t
It is clear that

Fry.po(t1, d)Fry py (t1,d) — Fryy py (t1, d) F'ry o (E1, d) = 0.

Case 6 =t <t; <t; <ty

Finally, we need to check

o - . _ o R
Fr,.p,(t1,d)F'py p, (ta, d) — Fr, py(t2, d)F'1y py (t1,d) > 0 or

_ _ _ _ ?
Fr1,.p,(ta2,d) FTO,D()(tl; d) — Fr, p,(t1, d)} > 0.
Since ; > t1, then clearly F'p, p,(f1,d) < Fr,.p,(t1,d) and
Fr,.p,(t2,d) [FTO,DO (t1,d) — Fr, p, (t1, d)] > 0.

Consequently, all cases are verified clearly, then we can say that MOMSE satisfies
the RCST [X1, X5| property. ]

In the following sections, some properties of the stochastic comparison and

some ageing properties of the proposed conditional random variables are given.
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5.1 Stochastic Comparison

Stochastic orders among random variables play an important role in statistics,
especially in reliability theory. There are many kinds of stochastic orders in the

literature. In this section, we focus on only the usual stochastic order.

Definition. Let U; and U, be two random variables. If
P(U; >t) < P(Uy > t) for all t € (—o0, 00), (5.1)

then U; is said to be smaller than U in the usual stochastic order. It is denoted

by Uy <4 Us. For more information about the stochastic order, we refer to [40)].

Theorem 5.3 ([40],part a, page 273) Let X and Y be two n-dimensional random
vectors. If X <y Y and g:R™ — R* is any k-dimensional increasing (decreasing)

function, for any positive integer k, then the k-dimensional vectors g(X) and

9(Y) satisfy g(X) <st (>st)9(Y).

Let {Vi,V5,Vo} be independent conditional random variables as defined in
(3.1) and {W7y, W, Wi} be another set of independent conditional random vari-
ables defined as W, 4 Vi, where 2 stands for equality in distribution. Let the

random vectors X and Y be defined as follows:
X = (X17X2) and Y = (}/17 }/2)

where X; = min{V;,Vp}, Xo = min{V5, Wi}, Y1 = min{W;, Wy} and Y, =
min {Ws, Wy }.

Theorem 5.4 If V; <, W, fori=20,1,2, then X <, Y.
Proof. Since V; and W;, i = 0,1, 2, are independent random variables, V; <, W;

imply (Vi, Vo, Vo) <g (Wi, Wao, Wy). Then the assertion of the theorem follows
from Theorem [5.3] O
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5.2 Residual Life and Ageing Properties

Let X; = [(X; — ¢, Xy — )| X1 > t, Xy > t] denote the residual life of X given
that the components have survived at time t. Denote by F;(z|t) the residual life

function of ¢th component given that it survives at time ¢, i.e.
Fi(z|t) = P{X;—t>a| X; >t}i=1,2.

Then it is easy to see that

Fi(t+ )

Fi($|t): F(t) )

F;(t) > 0. For more information about residual life, we refer to [6]. The survival

function of X, is given in the following theorem.

Theorem 5.5 Let x =(x1,x3) and (Vi) = [V; =t | V; > t],i = 0,1,2. The sur-

vival function of Xy is

P(X; > x) = P(min{(V1)¢, (Vo) } > z1, min{(Va)s, (Vo)¢} > x9).

Proof. Indeed, we have

PX;>x)=P(X1—t>x,Xo—t > x| X7 >, Xy > 1)
=Pmin{V; —t,Vo —t} >z, min{Vo — ¢, Vo —t} > 9|V, > ¢,i=0,1,2)
P> o+t, Vo> o+, Vo> a4,V > 1+ t)

PV >t Vo>t Vy>t)
B P(Vi >x +t, Vo > a9 +t, Vo > max(zy,x2) + 1)
PVi>t, Vo>t Vo >t)
_ Fi(t+ 1) Fat + 20) Fo(t + max(zq, 25))
- F(b) Fa(t) Fo(t)
P((Vi)e > 1) P((Va): > 22) P((Vo): > max(zy, 22))

= P(min{(V1);, (Vo)e} > @1, min{(Va)s, (Vo):} > 22).
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Definition. A nonnegative random vector X = (X7, X5) is said to be bivariate
new better than used (BNBU) if X >, X, for all ¢t > 0.

Corollary 5.6 If V; is new better than used (NBU) for i = 0,1,2, then X is
BNBU.

Proof. By Theorem 1.A.30(b) of [40] page 15, if V; is NBU then V; > (V;), for
allt > 0 and ¢ = 0,1,2. Since min{z, y} is an increasing function with respect to

x and y, then from Theorem 6.B.16(a) of [40] page 273, we get

X = (min{V;, Vo }, min{V%, Vo })
> (min{(V1)s, (Vo)e}, min{(V2)e, (Vo)i}) = X



Chapter 6

Maximum Likelihood Estimation

This chapter deals with finding the unknown parameter 6 of the MOMSE. Be-
cause if sampling is from a population described by a pdf f(x|f), knowledge of
the parameter 6, provides knowledge of the entire population. In the literature,
parameter estimator of the Marshall-Olkin type distribution is widely studied.
There are four methods which can be used to find estimators. These methods are
the method of moments, maximum likelihood estimators, bayes estimators and
EM algorithm. The EM algorithm is different from other methods because of
its nature. This method is specifically designed to find the maximum likelihood
estimator. In this thesis, only maximum likelihood estimator and EM algorithm
are considered. Due to the fact that, MOMSE has both singular and absolutely
continuous parts similar to the classical Marshall-Olkin distribution. Statistical
inference is not an easy task because of the complex structure of its density func-
tion. To overcome this drawback and find the maximum likelihood estimator
of the proposed model, we use the EM algorithm. First, we introduce the EM
algorithm, then we apply this algorithm to the proposed MOMSE model.

36
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6.1 The EM Algorithm

An expectation-maximization (EM) algorithm is an iterative method for finding
maximum likelihood estimates of unknown parameters. Generally, this algorithm
is preferred when the problem is considered as a missing data problem. For more
details about this algorithm, we refer to [28] and [9]. According to setup of the
MOMSE model, the vector X; = (Xi;, Xo;) is considered as observed data. On
the other hand, the missing data consists of the random vector V; = (Vi;, Vi, Vo),
which is non-observable. In the E-step, we calculate the conditional expectation
of V; given X;, and then use these results to calculate the MLEs for a sample.

Consider a random bivariate sample {(t11,%21), ..., (f1n,t2n)} . Let ng,ny and ng
denote the number of observations for which t1; = t9;,t1; < to; and ty; > to,

respectively. More precisely,

Io={i:ty =tu} no= |l
I :{Zth<t21} ny = ‘[1‘
I, = {’l ct > tgz} Ng = ‘IQ‘

and n = ng + ny + no. For a given sample of observations, the log-likelihood
function of the MOMSE model with bivariate Gumbel distribution function can

be written as

L(go, 01, 02) =N In [(1 + 01d)(2 + d((go + Qg))] + no In [(]_ + 02d)(2 + d(e() + 91))]
+ ng 111(1 + eod) — (1 + Gld) i tlz’ - (1 + ng) i tgz' - (1 + eod) i max(tli, t2i>
(6.1)

Suppose t; < ty, that is, X; = min(V, Vy) < min(Va, Vy) = X3. We have only
two inequalities

Vi<Vo<Vy and Vi < Vo <V

which satisfy this condition among all the permutations of V4, V; and V5. Also, it
is obvious that Vy > max(t1,t3). We need to find the conditional density function
Vo, Vi and Vj.



CHAPTER 6. MAXIMUM LIKELIHOOD ESTIMATION 38

First, consider the probability under the condition that components X; and X,

are affected at time t; and t,, respectively. More precisely,

1
hm —P (to S % S to + AtQ|X1 - tl,XQ - t2,9)

Atg—0 Ato

From the inequality V; < Vp < V5.

t; = Xy = min(V4, Vp) = V] and
to = Xo =min(Va, Vo) = Vo =t

It is clear that ¢, = max(t1, ). Under this setup conditional density function of
Vo can be obtained as
fvi(8) fvi (to) Fy, (o)
tolty, ta, 0) = LIV 2
fusfolta, 2. 6) Ix1.x,(t, t2)

B 1+ 6od
2+ (6 + Or)d’

where Fy(z) denotes the survival function of the random variable Y and s =
min(ty, t3). Now, consider the inequality V; < V4 < Vj. Since tg > max(t,t5), the
conditional density function of Vj is

oot 1) = Pl el s

e (o) (400D (1 4 gd)(1 + byd)
o 24 (02 + 00)d

Hence
)
Lt6od ) tO = t2

24 (0o+02)d
Jvo(tolts, t2,0) { ef(t()*tz)(lw(ocg(1-12-390d)(1+02d)
2+(92+90)d

y o >t
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The conditional expectation can be computed as

14 6od
E(Volty,ta,0) = <m) to+
/oo . (e—(to—tz)(1+60d)<1 + 6od)(1 + 92d)) s
tg 2+ (02 +6y)d
_ ta(lL+6d) | (14 6xd)[1+t2(1 + Ood)]
24 (0p+0)d  [24 (B + 02)d] (1 + Opd)

Similarly, one can easily show that

_ ta(1+6od) (1 4+ 6od) [1 + to(1 + 02d)]
24 (0p+0)d T [24 (B + 02)d] (1 + Oad)

E(Vilt1,t2,0)

In addition, it is easily to see that E(V;|t;,t2,6) = t;. On the other hand, these
conditional expectation of the random variables V{, V; and V5 can be easily derived
for the case t; > to. Now, consider the last case t; = t5, i.e. X7 = min(Vp, V) =

min(Vp, Vo) = Xs. In this case, again there are two inequalities
Vo< Vi< Vyand Vp < Vo < V)

Using these inequalities, for ¢, > t; = t5 conditional density function of the
random variable Vj is

_ fVI (to)fvﬂ(tl)FVQ(tl)
fV1 (t0|t17t270) - le,XQ(t17t2)

(1+ 01d)(1 + fgd)e~ (- (1+010)
2 + (01 + eg)d

and the conditional expectation of the random variable V7 is

1+t(1+6:d
E(‘/l|t17t279) = (11‘(i‘ 01d>1 )

Similarly, one can obtain the conditional expectation of the random variable V;

as follows . (14 6,0)
+ 41 (1405

E(WL|ty,t0,0) =

(Valt. to.6) = 1S
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In this case, it is clear that E(Vp|tq,te,0) = t1. For all cases, conditional expec-
tations of the random variables V;, V; and V5 are given in Table

E(Vylty,ts,0) E(Vilty,t,,0)
to< t t2(1+00d) %+ (14-02d)[1+t2(1+00d)] ¢
1 2 [2+(00+62)d](1+00d) 1
P t1(1+00d)%2+(1+01d) 1+t (1+00d)] | t1(1+01d)%2+(1+00d)[1+t1 (1+6:1d)]
1 2 [2+(00+01)d]|(1+00d) 2+ (8o +02)d](1161d)
_ 1+t1(146:1d)
b =1 by (1+6:d
E(Valty, ta,0)

bt to(1+02d)%+(1+00d)[1+t2(1402d)]

1 2 [24-(00+02)d](1+02d)

t1 > 1 to

to— ¢ 1+t1 (1+62d)

1 2 (14-62d)

Table 6.1: The conditional expectations of the random variables 1}, V; and V5.

The algorithm can be described as follows:
E-step: After kth iteration, for ¢ = 1,...,n, calculate the pseudo-values a; =
E(Viilti, t2,0%),b; = E(Viilty,t2,0%) and ¢; = E(Vylty, ta, 0%)) by using the
data and the vector parameters ) = (Qék), 9§k), 95“ ) which are obtained at the
kth step.

M-step: Since the shock times T;, 1 = 0, 1, 2 are exponentially distributed with
parameter (14 d#f;), the maximum likelihood estimates from the exponential dis-
tribution are obtained using the pseudo-values a;, b; and ¢;. Hence, the estimates

are updated by

1 n 1 n 1 n
g+ _ 2 1 U+ — = 1 g+ _ 2 1
0 d\ Y a; ! d \ > b; 2 d\> ¢

The iterating process should stop when some convergence criterion is satisfied,

otherwise process returns to the E-step.
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6.2 Data Analysis for Bivariate Case

For illustrating the EM algorithm to obtain the unknown parameters of the
MOMSE, we generated data from a MOMSE using 6y, 6, 6 and d as 0.4, 0.3,
0.6 and 3, respectively. (see Table[6.2).

t t t t
0.2327 | 0.2327 | 0.0423 | 0.0454
0.0622 | 0.5326 | 0.1656 | 0.1656
0.2123 | 0.3321 | 0.6828 | 0.1787
0.0705 | 0.2253 | 0.1621 | 0.1621
1.0792 | 0.5612 | 0.0523 | 0.0771
0.6471 | 0.0423 | 0.2964 | 0.2964
0.0095 | 0.0982 | 0.0255 | 0.3624
0.2936 | 0.2936 | 0.1716 | 0.1716
0.0976 | 0.0115 | 0.3564 | 0.2575
0.1223 [ 0.1223 | 0.1669 | 0.1669
0.1228 | 0.8988 | 0.4179 | 0.4344
0.1304 | 0.1312 | 0.0055 | 0.3758
0.3826 | 0.1618 | 0.0946 | 0.0646
0.0562 | 1.6152 | 0.1557 | 0.1440
0.2868 | 0.0262 | 0.5715 | 0.5715
0.2029 | 0.1026 | 0.5590 | 0.0397
0.2714 | 0.5140 | 0.0648 | 0.0648
0.0406 | 0.1988 | 0.2898 | 0.2898
0.1307 | 0.3028 | 0.7291 | 0.4573
0.1692 | 0.1005 | 0.0056 | 0.0056

Table 6.2: Simulated data from MOMSE model.

We use some initial values for € to start the EM algorithm and use the con-
vergence criteria as \%\ < 1072 (L, denotes the the log-likelihood value at
the kth step). Table presents the initial values and number of iterations until
convergence. For example, if we start the algorithm using 6’(()1) = 0.1, 69) =0.1
and 0&1) = 0.1 as initial values, iteration stops after 46 steps. Similarly, when
the algorithm starts from the values 9(()1) = 0.7, 951) = 0.4 and «951) = 0.1, the

algorithm converges to the same point after 47 iterations.

In all cases, we derive MLEs of 6,60, and 6, as 0.2499, 0.4422 and 0.3084
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49%1) Qél) 9(()1) number of iteration
0.1 0.1 0.1 46
0310303 44
0501105 47
0710301 46
0.6 | 0.8 09 40
0.1 1 0.5 0.1 43
0.1 0105 48
0.5 101 0.1 40
0510208 47
0401107 47

Table 6.3: Number of iterations until convergence.

-2.7 |

Lag-L kelihood valua

a 5 10 i5 20 25 30 a5 40
ltaration numbar

Figure 6.1: Value of Log-Likelihood function at different iteration.

respectively and corresponding log-likelihood value -2.3156. It can be seen from
Figure that log-likelihood function is nondecreasing. In 1982, Louis [24] sug-
gested a technique for computing the asymptotic confidence interval by using the
observed Fisher information matrix obtained from the EM algorithm. By using
this technique, we have also computed the 90% confidence intervals of 6y, , and
6y as follows (0.0134,0.4864), (0.1467,0.7377) and (0.0470, 0.5698), respectively.
Detailed procedure can be seen in Appendix section.

Now, consider two components which are connected in series. This model is called
a censored bivariate MOMSE. Let us denote Z = (X1, X»), 61 = I[(X; < X3) and
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dy = I(X; > Xs) with I(A) denoting the indicator function of the event. In this
model, the random vector observed on system failure is (Z,d1,02). See [35] for
more details about properties of a censored model with classical Marshall-Olkin

distribution. The random variable Z has the following survival distribution
P(Z >t) =exp(—t[(1+dby) + (1 +dbs) + (1 + dby)])

Bivariate random vector (d1,d2) has a multinomial distribution

(1 . 1+db; 1+dOo
?34d(60+61+62) 7 3+d(6o+01+62)

with respect to the product of the Lebesgue measure on Rt = [0, 00) and counting
measure on M = {(0,0),(0,1),(1,0)} as

). Joint density of the vector (Z, §1, d2) can be written

f(z,my,mqe) = [(1 4+ dby) + (1 4 dbs) + (1 + dby)] x
exp(—t [(1+dfy) + (1 4 dbs) + (1 + dby)]) x

( 1+ db, )””( 1+ db, >m2( 1+ dby )mO
34 d(fo + 61 + 6) 3+ d(0y + 61 + 6) 34 d(0y + 61 + 6-)

for (Z,01,09)=(z,m1,my)€ RT x M and my = 1 — my; — mo. In this model,

maximum likelihood estimation can be found using EM algorithm. First, it is
necessary to have conditional expectations similar with the usual model. It can
be clearly seen that z; substitutes in all cases t; and ¢, in Table We can use
EM algorithm after deriving conditional expectations for all cases, as can be seen

in Table [6.4]

51:1752:0 51:0,52:1
2(1+00d)°+(14+02d)[1+2(1+00d)] | 2(1+00d)*+(1+01d)[1+2(1+60d)]
E(Volz,61,02,0) o0 00 h0d) ( ([)2;(90(+01)1d1)([1+90(d) j :
E(Vi|z 01,02, 0) 2 R AT (i
E(Vs|z,61,09,0) 2(1+02d)?+(1+00d) [1+2(1+02d)] EEEe—
2|%,01, 02, [2+(00+02)d](1+02d) :
51 = 0, (52 - 0
E(%|276175279) <
1+2(1+61d
E(Vi|z,61,02,0) jhgretgl)d)
14+2(1
E(Va|z, 01,02, 0) _lesretj) :

Table 6.4: The conditional expectations of random variables Vj, V; and V; for the
series system with two components.



Chapter 7

Multivariate Extension of
MOMSE

If the system has more than two components, the extension of MOMSE model
can be constructed similar to the classical Marshall-Olkin distribution,. Firstly,
let us consider a system having three components. Let X7, X5 and X3 denote the
life length of the first, second and third components, respectively. A shock from
the first source at random time 77 with the magnitude D, affects component 1, a
shock from the second source at random time 75 with the magnitude Dy affects
component 2, and a shock from the third source at random time T3 with the
magnitude Dj affects component 3. Another source, at random time 7f with the
magnitude Dy affects all of the components. We assume that the random vari-
ables T, and D,, a € {0, 1,2, 3} are stochastically dependent, and the affect of the
shocks for all components depends on the upper-threshold d. More precisely, if
the magnitude of the shock is greater than d, then the corresponding component
is destroyed, otherwise it survives. Denote the joint distribution function of the
random vector (15, D,) by Fr, p,(t,d), a € {0,1,2,3}. We assume that the bi-
variate random vectors (11, Dy), (Ty, D), (T3, D3), and (T, Dy) are independent.

According to this setup, we can define independent conditional random variables

44
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as follows:

Vi =T|D; >d
Vo =To|Dsy > d
Vs = Ty|D; > d
Vo = Ty|Dy > d

that is, V, : is a time of arrival of the shock which has magnitude greater than
d. Thus the life lengths X;, Xsand X3 of components 1, 2 and 3 can be written

respectively as follows

X; = min(Vy, V)
Xy = min(Va, Vo)
X3 = min(Vs, Vo)

Theorem 7.1 The joint survival function of X1, Xy and X3 is

Fx, x5, (L, ta, t3) = P{X1 > t1, Xo > t9, X3 > 13}
3
HFTi,Di (ti, d) Fry p,(max(ty, ta, t3), d)

_ =l
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Proof. Indeed, we have

P(Xy > t1, Xy > tg, X3 > t3) = P(min(V3, V) > ty,
min(Va, Vo) > to, min(V3, Vo) > t3)
= P(Vy > t1,Va > to, V3 > t3, Vo > max(ty, to,t3))
= P(Ty > t1]D1 > d)P(Ty > t3|Dy > d)P(T3 > t3|D3 > d)x
P(Ty > max(ty,ta, t3)| Dy > d)

3
HFTi,Di (ti, d) Fry p, (max(ty, ty, ts), d)
i=1

= 3 -

i=0

Now, consider the system having r components. Using similar idea one can

easily derive the joint survival function of X, Xs,..., X, as follows

r —

H FTi,Di (ti,d>FTo,Do (max(tl, tz, Ce ,tf,«), d)

Let (T, Dy), (T3, Ds), ..., (T, D,) and (Ty, Dy) be the random vectors with bi-
variate Gumbel distribution function with parameter 6;,2 = 0,1,...,r . Then

the joint survival function of X, X5 ..., X, is

T

—Z(1+9id)ti

P(X1 > tl,Xg > tg, .. ,XT > tr) —e =1 67(1+00d)max(t1,t2 """ tr)

Similar to the bivariate case, the joint density function is not absolutely continu-

ous with respect to the Lebesgue measure in R”, and has singular parts. Hence we
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have to separate all the possible cases to derive joint density function as follows

( _
(14 600d)Fx, x,... x,(t1,t2, ..., 1)
iftlztgz"':tr>0

(24 (6o + 0;)d) Fx, x5, x, (tr, tay o ) [T (1 + 0,d)

=
—_

f<t17t27 s 7t'r) = ) 7é (71)
if t; = max(ty,2,...,t,),j=1,...,r

Fx, Xy x, (t1,ta, . 1) (L+ 600d) TT (1 +6;,d)
m=1

=
<

if ¢

i17ti27"'>tiw <tj1:tj2:“':tjl:t0

7.1 EM Algorithm for Multivariate MOMSE

For the construction of the EM algorithm, we need to derive the conditional
expectations for all cases given in formula ([7.1)). Let T and 6 denote the observed

data and vector of the unknown parameters respectively. Consider the first case

where all ¢;’s are equal, i.e. t; = to = --- = t,.. Similar to bivariate case, it
is clear that E(Vp|T,6) = ty, while for i = 1,...,r, E(V|T,0) = “pGrd,

Now, consider the case that there is a value ¢; which is greater than all other
t; values,.ie. t; = max(t1,ta,...,t,), j = 1,...,r and ¢; # t;. Again similar to
the bivariate case E(V4|T,0) = 222(19:4?35)) -+ (éi%ﬁ;;g]((ﬁ?;?)] and E(V;|T,0) =
ﬁg:fgj)) y %;i?gjﬂ;;gjgigﬁ Z))]. Finally, there is a case which is the combination

of the first and second cases. Some shocks could come before the common shock

which affects all the live components at time t;. More precisely, ¢;,,ti,, ..., t;, <
tj, =tj, = ... =15, =ty for some w+! = r. Similar to previous cases for the values
of the left hand side of the inequality E(V; |T,0) =t; wherem =1,...,w . For
the values of the right hand side of the inequality E(V;,|T,0) = %J:(;’)’Cl) d
E(V,|T,0) =togwherep = 1,..., 1. After constructing all conditional expectations

values, the EM algorithm can be applied as follows.

E-step: After kth iteration, for ¢ = 1,...,n and j = 0,...,r calculate the
pseudo-values aj; = E(Vj;|T;,0®) by using the data and the vector §*) of pa-
rameters 0](-k), J =20,...,r which are obtained at the kth step.
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M-step: Since the shock times T}, j = 0,1, ..., are exponentially distributed
with parameter (14 df;), the maximum likelihood estimates from the exponential
distribution are obtained using the pseudo-values aj;;. Hence, the estimates are

updated by

1 n
gy _ L n )
! d \ > i_ aji

Iterating process should stop when some convergence criterion is satisfied, other-

wise process returns to the E-step.

7.2 Data Analysis for Trivariate Case

To illustrate how the EM algorithm obtains the unknown parameters of the mul-
tivariate MOMSE, we use a generated data set from a trivariate MOMSE. First,

we need to derive the density function as

(

(14 00d) Fix, xp x5 (t1, ta, t3) if t) =ty = t3 > 0

(24 (0o + 01)d) Fx, x5.55 (t1, 2, t3) (1 + 02d) (1 + 63d)
if t; = max(ty, t, t3)

(24 (B + 02)d) Fx, x5.x5 (t1, 2, 3) (1 + 61d) (1 + 63d)
if to = max(tq, to, t3)

(24 (0o + 03)d) Fx, x5.55 (t1, 2, t3) (1 + 61d) (1 + 62d)

if lfg = max(tl, tg, tg)

f(tl,tg,tg) - (72)

.....

A\ O TVT/AT D TOTT AL Ay

then using formula ([7.2)) one can construct the conditional expectations as Table
[Z1l and Table [.2]
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Case

EWo|T, 0)

EW|T,0)

ty =ty =13

1

111 (1161d)
(14-61d)

tl = max(tl, tg, t3)

t1(1+00d)%2+(1+01d) [1+t1 (1+60d)]

t1(1+01d)%+(1+00d) [1+¢1 (1+6,d)]

[2+(90+91 )d] (1+90d)

[24+(00+01)d](1+0:1d)

ta(1+00d)%+(1+02d) [1+t2 (1+60d)]

ty = max(ty, ty, t3) [2+(00+02)d](1+00d) t

by = max(ty, ta, t5) | SO CT R h
t1 <ty =13 to t1
o <ty =13 ty %
t3 <11 =19 t W

Table 7.1: The conditional expectations of the random variables Vjj and V; of the
trivariate MOMSE model.

Case E(V,|T,0) E(V3|T, 0)
t _t _t 1+t1(1+92d) 1+t1(1+93d)
1=12=13 T (40xd) T (1+0sd)
tl = max(tl, t27 t3) t2 t3
_ to(1+02d)%+(1+00d) [1+t2 (1+02d)]
ty = max(ty, o, t3) | = T2+(00+92)0d](1+922d) : . t3
— t3(14+03d) 2+ (1+00d)[1+t3(1+03d)]
ts = max(ty, s, ts) : tl? . } f2+(1eo+egfd}9(1;e§d) }
hh <ty =13 +(t125_9+d2 : +t3(—1—,~_ .
24) 1+§1J(191§) )
ty <t =ty ts hd
— 1+t2(1462d) Lt
t3 <t =15 T (t6d) l3

Table 7.2: The conditional expectations of the random variables V5 and V3 of the
trivariate MOMSE model.

We use a generated data set from a trivariate MOMSE model (Table |7.3]).
In this data set generation, we use threshold (d) and the paramters vector
(6o, 01,05,05) as 5 and (0.35,0.55,0.45,0.5), respectively.

We looked the relative change of the loglikelihood value and algorithm ter-
minated when this relative change is smaller than 107'2. In this example, if we
use (1,1,1,1) as the initial values ((9(()1),051),951),(9&1))), EM algorithm converged
after 36 iterations, and similarly if we use 0(()1) = 0.3,951) = 0.3, 951) = 0.3 and
0:(51) = 0.3, algorithm converged after 33 iterations. We obtained following esti-
mates of (6,01, 605,03) as (0.2996, 0.2358, 0.3911, 0.3197) and the corresponding
loglikelihood is 6.3075 . We have also computed the 90% confidence intervals of
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t1

t2

t3

t1

t2

t3

0.069659

0.044139

0.031041

0.226058

0.226058

0.17106

0.16356

0.16356

0.068778

0.253304

0.237616

0.253304

0.465493

0.040193

0.024975

0.25822

0.219427

0.290669

0.077449

0.077449

0.077449

0.410006

0.195078

0.410006

0.05118

0.05118

0.05118

0.268739

0.09944

0.268739

0.200402

0.40109

0.002241

0.247194

0.104735

0.215409

0.036085

0.036085

0.036085

0.223542

0.01098

0.381222

0.139267

0.062295

0.500786

0.210235

0.210235

0.15786

0.033714

0.033714

0.033714

0.174155

0.174155

0.174155

0.169444

0.169444

0.169444

0.199255

0.199255

0.141193

0.302772

0.324536

0.094643

0.041135

0.041135

0.041135

0.023782

0.311853

0.493157

0.617889

0.457925

0.172914

0.274754

0.022399

0.340186

0.003366

0.110081

0.466479

0.19749

0.065659

0.09662

0.379499

0.011359

0.173795

0.06028

0.496606

0.496606

0.093903

1.02822

0.345047

20

Table 7.3: Simulated data from trivariate MOMSE with parameters vector (0.35,
0.55, 0.45, 0.5) and threshold 5.

0o, 01,02 and 05 as follows (0.2732, 0.7255), (0.1224, 0.6637), (0.3581, 0.9453) and
(0.2561, 0.8097), respectively.



Chapter 8

Conclusion

There is a need to consider shock magnitudes in many practical applications of
Marshall-Olkin shock models . For example, in financial applications, if one deals
with shocks affecting the financial markets and causing financial crisis, some of
the companies can survive if the magnitudes of shocks do not exceed a predefined
threshold. This threshold may depend on the financial resistance of the company,
flexibility and the capability to survive in extremal situations. Similar necessity
can be encountered in investigations of earthquakes. The shocks with small seis-
mic intensity are not catastrophic. There is also a need to consider shocks with
magnitudes in biological and medical applications. For instance, in the case of
usage of chemical preparations under needed dosage the treatment may not be
effective. Hence, there is a need to consider a new Marshall-Olkin shock model
where the magnitudes of the shocks are taken into account. In this thesis, un-
der some restrictive assumptions on independence and distributions of considered
random variables, we introduce a shock model where the shocks coming from dif-
ferent sources can destroy the components of the system if the magnitudes of the
shocks exceed predefined threshold. The corresponding bivariate survival func-
tions are presented and their stochastic properties are investigated. Some special
examples with well known bivariate underlying distributions of shock times and
magnitudes are presented. In addition, we study statistical inference for proposed
model based on the maximum likelihood. Since MOMSE has both singular and
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absolutely continuous part, statistical inference is not an easy task because of the
complex structure of its density function similar to the classical Marshall-Olkin
distribution. Another contribution of the present dissertation is to overcome this
drawback and find the maximum likelihood estimator of the proposed model by
using the EM algorithm. In order to implement the EM algorithm, the problem
of the finding maximum likelihood estimator is treated as a missing value prob-
lem. The EM algorithm is applied to some data sets which involve both bivariate
and multivariate extensions of MOMSE. Also, asymptotic confidence intervals
of the unknown parameters of both bivariate and multivariate distributions are

constructed.



Appendix A

Observed Fisher Information

Matrix

In this chapter, we study how observed fisher information matrix can be con-
structed. Let the matrix H and the vector G denote the Hessian matrix and
gradient vector of the log-likelihood function. We can obtain the observed fisher
information matrix as H — GG”. As an example for bivariate MOMSE model,

we can construct matrix H and the vector G as follows:

_9%L(00,01,02)  9%L(60,01,62)  92L(60,01,02)

962 90000, 960003
H=| _2L000105) _ 8°L(60.01.05) _ 9*L(00.61.02)
d60001 962 961962
02 L(00,01,02) 82[/(90,91,92) 92 L(00,01,02)
T 900002 T 90100, o 202

OL(00,01,02)
90p
_ 9L (60,01,62)
G = 061
OL(60,61,02)
002

93



APPENDIX A. OBSERVED FISHER INFORMATION MATRIX

. n0d2 n1d2 4 n2d2
Y b 2+ d(Bo+02))2 (24 d(Bo +6r))?
TLQdQ
H12 — H21 — ~ ~
(2+d(0y+ 61))?
2
H13 - H31 - n}d =
(2 +d(0 + 02))?
n1d2 n2d2
29 = = + = —
(1+6:d)?> (2+d(0y+ 61))?
Hy3 = Hzy =0
2 2
Has = md” + nzd
(24+d(0y+02))2 (14 6,d)?
— nAld = ‘I— n?d ~ + noii — dzma}((tli,t%)
(24+d(0o+02))  (2+d(0+061)) (14 6od) i—1
d n
Gy = md e —dY
(1+01d)  (2+d(0y+ 61)) i1
d d u
G = a TR LA dZtQi

2+d(0y+0,) (1+6d) =

For more information, we refer to [24].
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