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ABSTRACT

GENERALIZED INVARIANTS AND HILBERT IDEAL
IN MODULAR INVARIANT THEORY

DENIZ ERDEMIRCI ERKUS
Ph.D. in Applied Mathematics and Statistics
Graduate School of Natural and Applied Sciences

Supervisor: Asst. Prof. Dr. Ugur Madran
August 2015

The Hilbert ideal is the ideal of the polynomial ring generated by positive-
degree invariants. It has been conjectured that the Hilbert ideal is generated by
polynomial invariants of degree at most the group order, which is known as the

Hilbert ideal conjecture.

In this thesis, we mainly consider two problems. In the first problem, we prove
that the conjecture holds for a modular indecomposable representation of a cyclic
group in a restricted dimension giving two approaches for the open problem.

The other study of this thesis is about generalized invariants. We introduce
the definition of generalized invariants to arbitrary finite group as a new view
for modular invariant theory, in which the characteristic of ground field divides
the group order. Further, we determine explicitly the structural properties of
generalized invariants of a cyclic group for lower dimensional indecomposable
representations. Moreover, we show an analogy of Hilbert ideal conjecture for
generalized invariants of these representations. As one of the main results, we
give a structural theorem for generalized invariant module of any finite group.
Finally, we determine the condition under which generalized invariants coincide

with usual invariants.

Keywords: Modular invariant theory, polynomial invariants, Noether number,

Hilbert ideal, generalized invariants.
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0Z
MODULER DEGISMEZ TEORISINDE

GENELLESTIRILMIS DECISMEZLER VE HILBERT
[DEALI

DENIZ ERDEMIRCI ERKUS
Uygulamali Matematik ve Istatistik, Doktora
Fen Bilimleri Enstitiisi
Tez Danigmani: Yrd. Dog¢. Dr. Madran
Agustos 2015

Hilbert ideali, pozitif dereceli degismezler ile iiretilen polinom halkasinin bir
idealidir. Hilbert idealinin derecesi en fazla grubun mertebesi olan degismezler
ile tretilebilecegi iddia edilmistir, ve bu varsayim Hilbert ideali sanis1 olarak bil-

inmektedir.

Bu tezde baglica iki problemden bahsedilecektir. Birinci problemde devirli
bir grubun kisitlanmig bir boyutta verilen modiiler, parcalanamaz temsilleri i¢in

Hilbert ideali sanisini iki farkl yaklagim kullanarak kanitlayacagiz.

Bu tezdeki diger bir caligma genellestirilmis degismezler iizerinedir. Cismin
karakteristigi grubun mertebesini boldiigii durumla tanimlanan modiiler degismez
teorisine yeni bir bakig olarak herhangi bir sonlu grup icin genellestirilmis
degismezleri tanitacagiz. Daha sonra, devirli grubun kiiciik boyutlu parcalanamaz
temsilleri i¢in genellegtirilmis degismezlerin yapisal ozelliklerini agik bir sekilde
gosterecegiz.  Ayrica Hilbert ideali samisinin bir analojisini devirli grubun
genellestirilmig degismezleri i¢in kanitlayacagiz. Ana sonuclardan biri olarak bir
sonlu grubun genellestirilmis degismez modiilii icin yapisal teoremini verecegiz.
Son olarak, genellegtirilmig degismezlerin hangi kosulda aligilmig degismezlere
kargilik geldigini gosterecegiz.

Anahtar Kelimeler: Modiler degismez teorisi, polinom degismezleri, Noether

sayisi, Hilbert ideali, genellestirilmis degismezler.
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Chapter 1

Introduction

In order to classify mathematical objects with respect to some property, the con-
struction of invariants is required. Invariant theory is concerned with a special
situation of this classification problem. It primarily benefits from representation
theory. Representation theory may be considered in two cases. Let V be an
n-dimensional representation of a finite group G over a field F. In the first case,
the representation V is called non-modular if the characteristic of the field F does
not divide the group order |G| (or equivalently, |G| is invertible in F); otherwise,
it is said to be a modular representation as the second case. It can be asserted
that non-modular representations are more understandable than the others. In-
deed, the representations in non-modular case can be classified by decomposing
completely into irreducible pieces due to Maschke’s theorem. However, this the-
orem fails in the modular case. Because of this, many unsolved and interesting
problems occur in modular invariant theory. In this thesis, we will discuss mod-
ular representations. For a prime p dividing |G|, the ground field F will have the

characteristic p.

Invariant theory is generally interested in the algebraic properties of the struc-
ture obtained from the action of G on the polynomial ring F[V] generated by
x1,...,2, which are a basis of the dual space V*. The action of G on F[V] is
induced from the action on V defining as (o - f)(v) = f(o=! - v) for each o € G,
v eV and f € F[V]. The set of polynomials in F[V] fixed under the group action

1



CHAPTER 1. INTRODUCTION 2

is a central object of invariant theory. This set is denoted by F[V]¢ and it has a
ring structure, so it is called the invariant ring or the ring of invariants. More
explicitly,

FVI={feFV]|o-f=fVoeG}.

Each element of F[V]¢ is said to be an invariant (or a G-invariant) in F[V].

Although the polynomial ring F[V] is a finitely generated F-algebra, its sub-
algebras may not be finitely generated. Therefore, the finiteness of the invariant
ring became a big problem in the nineteenth century, which is known as Hilbert’s
finiteness theorem. Firstly, it was proved by Gordan [16] in 1868 for the special
linear group SLy over the field of characteristic zero. Then Hilbert gave a non-
constructive proof for reductive groups in 1890 ([18]) and a constructive one in
1893 ([19]). The abstract methods of both papers contain many important basics
of commutative algebra such as Hilbert Nullstellensatz, Noether normalization
lemma, Hilbert syzygy theorem. Hilbert’s finiteness theorem was showed in char-
acteristic zero by Noether [32] in 1915. Finally, she proved it in 1926 for all finite

groups in arbitrary characteristic (see [33]).

After it is revealed that the invariant ring is finitely generated, the maximum
degree of a polynomial in a minimal generating set of the invariant ring becomes
the other interesting problem. Noether [32] in characteristic zero, Fogarty [14]
and Fleischmann [12] in non-modular case proved that the invariant ring can be
generated by polynomials of degree at most the group order. This degree bound
is called Noether bound in the literature. However, Noether bound does not hold
for modular representations. It was showed by Symonds in [49] that there is an
invariant ring that required a generator of degree n(|G| — 1) depending on the

dimension n.

As a related structure with the invariant ring, the Hilbert ideal b is the ideal

of F[V] generated by invariants in positive degree:
b= (f€F[V]?| deg f >0).

It was observed that this ideal satisfies the Noether bound in the cases that it
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fails for the invariant ring. Then, it was conjectured that the Hilbert ideal is
generated by polynomials of degree at most the group order (see [8, Conjecture
3.8.6 (b)]).

The Hilbert ideal conjecture is a famous open problem of this century. Fleis-
chmann and Fogarty also proved that the conjecture holds in non-modular case
in [12], [14], respectively. Actually, they obtained this result in the proof of the
Noether bound for the invariant ring. In Section 3.1, we give Fogarty’s proof
simplified by Benson since he used an elegant polynomial identity inspiring from
an argument in [32]. This polynomial identity will become a useful tool to our

targets in this thesis.

Moreover, the conjecture is proved for permutation representations by Fleis-
chmann in 2004 [13]. In order to get this result, Fleischmann also defined an
important polynomial identity as Benson’s. The identity is a special tool to

reach our results (see Section 3.3.2).

Campbell and Hughes in [3] gave the generators for the ring of vector invari-
ants FmV)% of the cyclic group C, of order p, where V; is an indecomposable
two dimensional representation and mV; denotes the m-copy of V, with the di-
agonal action of G. Indeed, it is conjectured and showed by Richman in [35] that
the invariant ring needs a generator of degree m(p— 1) which violates the Noether
bound for sufficiently many copies of V5. However, Shank and Wehlau in [42] are
proved that the Hilbert ideal conjecture holds for the corresponding Hilbert ideal
of F[mV,]¢r.

Also, Sezer in [38] has studied on the Hilbert ideal of indecomposable repre-
sentations for C}, and showed that the conjecture is true for these representations.
The technique he used is similar to Benson’s method. We frequently benefit from
his results along this thesis. He recovered the statement of the conjecture as that
the Hilbert ideal is generated by polynomials of degree at most the group order

for indecomposable representations.

Besides, the calculations in all cases given in [39] satisfy the Hilbert ideal

conjecture. In this thesis, we also show that the examples considered in [53]
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confirm the conjecture.

Not only the degree bound of Hilbert ideal, but also its structure is studied in
the literature. Kohls and Sezer in [24] considered the Grébner basis of the Hilbert
ideal for a class of Dihedral groups. The Hilbert ideals of vector invariants of the

regular representation of the symmetric group S, was examined by Sezer and
Unlii in [40].

The cyclic p-group Cpr is a fundamental group for the open problems in mod-
ular invariant theory. Shank and Wehlau gave the relation of representations of
C, with their subrepresentations in [44]. The invariants of the cyclic group C)p2
were studied for its indecomposable representations and for its p + 1 dimensional

representations in [30] and [43], respectively.

In Section 3.3, we are interested in the Hilbert ideal conjecture for indecompos-
able representations of Cy2. One of the main results of this thesis is that the con-
jecture holds for the representations with the dimension n satisfying n > p? — 2p

or n < 4p.

Beside a generating set of the invariant ring F[V]¢, there are also studies on its
structure. Shephard, Todd and Chevalley proved that in the non-modular case,
F[V]% is a polynomial algebra if and only if G is generated by pseudo-reflections
which are linear automorphisms s : V' — V of finite order fixing a hyperplane.
The sufficient condition of the statement also holds for modular representations
(see [37]). But, the necessary part is not satisfied if p divides the order of the
group (for example, see [27]). Kac and Peterson recovered this part in [21] using
the concept of the ideal of generalized invariants. Also, Neumann, Neusel and
Smith studied this ideal in [28].

In Section 4.2, we define a new concept, generalized invariants, not only for
pseudoreflection groups but for any group. Our definition is completely different
from Kac-Peterson’s definition although we inspire from it. Thus, it brings a
new perspective in modular invariant theory. We call a polynomial f € F[V] a
generalized invariant if for each 1 # o € G, there exists a positive integer ¢ such
that (0 —1)* f = 0 provided that (¢—1)¢ is non-zero. We denote the set consisting



CHAPTER 1. INTRODUCTION 5

of generalized invariants of F[V] by F[V]%. Note that an element f € F[V] is G-
invariant if (0 —1)- f =0 for all ¢ € G. Thus, generalized invariants can be seen
as a natural extension of the invariant ring F[V]¢. However, the set F[V]{ will
provide a different structure from the invariant ring since it has an F[V]%-module
structure by the twisted derivation property of ¢ — 1, see Section 4.3. Moreover,
this module is finitely generated over the ring F[V]¢. We expect that the concept
of generalized invariants may give a solution to some problems in invariant theory
because generalized invariants are more common and computable. During the
thesis studies, we support our hypothesis and ideas by calculations in Magma

([2]) producing examples or counterexamples (see [26]).

Recently, Grosshans and Walcher publish their study [17] on modules of higher
order invariants which arise as an algebraic result of the work [15] on a problem
in ordinary differential equations. As well as the definition of these modules are
similiar to generalized invariant modules, their concept is defined for linear alge-
braic groups and we have different results which are complement of their studies.
Moreover, the paper [17] of Grosshans-Walcher is important as an application of

generalized invariants in various areas of mathematics.

In order to understand the module structure of generalized invariants, we
start with investigating the generalized invariants of the cyclic group C),, as a
basic step, in Chapter 5. We show that the necessary and sufficient condition to
be C)-generalized invariant is being in the kernel Ker Tr% of the transfer map
of C,, where the transfer map Tr® : F[V] — F[V]% is defined by Tr(f) =
Y weqo - f for f € F[V] and it is a powerful tool to construct G-invariants,
especially in the non-modular case. Moreover, the n-th cohomology group of
C, corresponds to the quotient F[V]% /Im Tr if n is even, and to the quotient
Ker Tt” /Im(0 — 1) = F[V]Z"/Im(a — 1) if n is odd, where o is a generator of
C,. Thus, the generalized invariants of C, provide an important structure in
modular invariant theory. In Section 5.2, we describe the structure of generalized
invariants of C,, for lower dimensional indecomposable representations, and show
that for these representations, F[V]ip is a free module over a polynomial ring
generated by a homogeneous system of parameters while at the same time, the

corresponding invariant ring is Cohen-Macaulay. Also, we prove an analogy of
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the Hilbert ideal conjecture for the case of generalized invariants, see Section 5.3.

The structure of generalized invariants becomes more complicated for higher
dimensional representations, even for indecomposable ones. Therefore, it is dif-
ficult to give an explicit description of generalized invariants as in Section 5.2.
Instead of this, we find core structures of generalized invariant modules for any
group G, and we give them in a general form in Chapter 6. To do this, we

investigate some subgroup relations of generalized invariants for a finite group.

In Section 4.4, we prove that in the non-modular case, generalized invariants
correspond to usual invariants. We demonstrate in Chapter 7 the condition in
which these two structures coincide for modular representations. In order to show
this, we benefit from the ladder method which is a powerful technique especially

for representations in zero characteristic (see [25], [34], [52]).

The results about the indecomposable representations of the cyclic group of
order p? have been published in [9], the first results about generalized invariants
of cyclic groups have been published in [10] and some of the last results have been

submitted for possible publication [11].



Chapter 2

Basic Notations and

Constructions

In this chapter, we introduce basic definitions, tools and notations required for
the thesis. These are split up into four main topics: group theory, module and

ring theory, representation theory, and invariant theory.

2.1 Group Theory

Unless otherwise stated, we always consider finite groups. Generally, we denote
a finite group by G, but now, we give the definition of some basic groups with

their notations for our aim.

Reflection Groups: A linear automorphism s : V' — V is called a reflection if

(1) 57&1?

(iii) s fixes a codimension one subspace which is called the hyperplane of s.
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A reflection group is a subgroup of the general linear group GL(V') generated by

reflections.

Dihedral Groups: The dihedral group Do, is the set of all symmetries of a
regular n-gon, where a symmetry is any rigid motion of the n-gon. The group

Ds,, has order 2n and the following presentation
Dy, = (r,s|r" =5 = (rs)* =1)

where it is generated by the rotation r and the reflection s. Now, let s = s,

s9 = rs. Then the presentation can be written with reflections as follows

Doy, = (81, 59| sf = 33 = (s182)" =1).

Coxeter Groups: A Cozeter group is a group given by the presentation
(81,80 | (si8;)™ =1)

where m; = 1 and m;; > 2 for all ¢ # j. Coxeter in [7] proved that every

reflection group is a Coxeter group.

Symmetric Groups: The group S,, of all permutations of the set {1,2,...,n}
is the symmetric group on n letters. The symmetric group S,, is a Coxeter group

as follows
<517 sy Sp—1 | 3? = <5i5i+1)3 = (3i3j>2 =1Vi# j>

where s; denotes the adjacent transposition (i i+ 1). As a consequence, dihedral

groups, symmetric groups and reflection groups are Coxeter groups.

Sylow Subgroups: If G is a group of order p"m, where p is a prime and p { m,
then a subgroup P of order p” is called a Sylow p-subgroup (or a Sylow subgroup)
of G.

Example 2.1. For any prime p dividing the order |G|, the group G has a Sylow
p-subgroup.
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Characteristic Groups: A subgroup NN of a group G is called characteristic in

G if every automorphism of G maps N to itself.
Lemma 2.1 A characteristic subgroup N of a group G is normal.

Proof. Consider the automorphism ¢ : o — gog™! of G for any ¢ € G. By the

definition of a characteristic subgroup, N is invariant under ¢:

©(N) C N.

Therefore, we have gNg~! = N for each g € G. O

Group Actions: A left action of a group G on a set A is a map from G x A
to A, written (g,a) — g-a for all g € G and a € A, satisfying the following

properties
(i) g1+ (92-a) = (g192) - a for all g1, 92 € G and a € A,
(ii) 1-a=aforall a € A.

The kernel of the action is the set of elements of G that act trivially on each

element of A:
{geGlg-a=aVaec A}

An action is faithful if its kernel is trivial.

A map between two sets commuting with the action of a group G is said to
be G-equivariant or equivariant map. More precisely, if G acts on the sets A and

B, and f: A — B is an equivariant map, then for all g € G, a € A,

flg-a)=g- f(a).
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2.2 Representation Theory

Definition. Let V' be a finite dimensional vector space over a field F. A finite

dimensional representation p of a group G on V' is a group homomorphism
p:G— GL(V)

defined by p(o)(v) = o -v for all 0 € G and v € V', where GL(V) is the group of
automorphisms of V. The vector space V may be assigned as a representation p in
the text. The dimension (or degree) of the representation is the dimension of the
vector space V. From now on, we denote p(c)(v) by o(v) when the representation

is clear from the context.

If the group homomorphism p above is injective, then the representation is
called a faithful representation. If a representation is not faithful, we can get an

injective homomorphism by setting
p: G/Ker(p) — GL(V).
Thus, we can always consider faithful representations in this thesis.

Suppose that G acts on a finite set A. Let V' be a vector space having a basis
(€q)aca. For o € G, let p(o) : V. — V be the linear map which sends e, —
€sq- The resulting representation of G is called permutation representation of G
associated with A. If we take itself of GG instead of A, the obtained representation

is called the regular representation of G.

Let V¢ denote the set of vectors fixed by the action of the group G:

Vé={veV|ow)=v VoeG}.

The dual vector space V* of V is the set, Homp(V,F), of all linear functions

from V to IF. The action of G on V' given above induces a left action of G on the
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dual space V* defined by

(o(2))(v) = z(c"(v))

forall c € G, x € V* and v € V. Indeed, for all 0,7 € G,

<O‘(T(ZE))>(U) = (1(z)) (c7"(v))

A subspace W of the vector space V' is called G-invariant (or simply invariant)
if for all 0 € G,
o(W)CW.

The restriction of p to a G-invariant subspace W C V is called a subrepresentation
of V. A representation p of V is said to be irreducible if it has only trivial
subrepresentations V and {0}. An indecomposable representation V means that V'
cannot be decomposed into a direct sum of proper nontrivial subrepresentations.

It follows that every irreducible representation is indecomposable.

The subgroup of the general linear group GL, (V') given by a system of alge-

braic equations is called a linear algebraic group. For example,
SL,(V) = {0 € GL,(V) | det(o) = 1}.

A linear algebraic group G is said to be reductive if each representation V' of GG
is completely reducible, i.e. every G-invariant subspace W C V has a G-invariant
complement U:

V=WaoU.

The following is a famous and useful result in representation theory. However,
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it holds only for a special case which is defined below.

Theorem 2.2 (Maschke’s Theorem) If G is a group and F is a field whose char-
acteristic does not divide the group order |G|, then each representation of G over

F is completely reducible.

A representation of G over F satisfying the condition given in Maschke’s the-
orem (or equivalently, when |G| is invertible in F) is called a non-modular repre-
sentation. A representation of the group G is said to be a modular representation
if the characteristic char(F) of F divides the group order |G|. In representation
theory, there is a dichotomy as modular and non-modular cases. Many of the
problems in invariant theory is better understood in non-modular case due to
Maschke’s theorem, while modular invariant theory of finite groups over finite

fields presents many open problems.

The following well-known lemma is required for the results in this thesis.

Lemma 2.3 If ¢ = p" is a prime power and k € Z*, then

0

== ifq—11k.

Proof. Let a be a generator of F,. Then F,\{0} = {1,q,d?,...,a%?} and

q—2 q—2
Zek _ Z(az>k _ (ak)z
(€T, i=0 i=0

Note that the element of F,, a* is a root of the following polynomial
271 = (-1 -+ +1).

If ¢ — 1|k, then a®* = 1 and the sum is equal to ¢ — 1 = —1. If ¢ — 1 { k, then

a® # 1 and so a* is a root of 972 4 -+ + z + 1. Thus, the sum is zero. m
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2.3 Module and Ring Theory

Integral Extensions: Let B be a subring of a ring A. An element a € A is
called integral over B if it is a root of a monic polynomial with coefficients in B,
ie.

av+ bt 4b, =0,

where b; € B. The ring A is called an integral extension of B if each element of

A is integral over B.

FG-Modules: Let V be a representation of a finite group G. Note that FG is
a group ring and the G-action on the vector space V' constructs an FG-module
structure on V. Therefore, a representation V' of G can also be called an FG-

module.

Projective Modules: An A-module M is said to be a projective module if
every epimorphism ¢ : N — M for any A-module N splits, i.e., there exists a
homomorphism ¢ : M — N such that p oy = 1.

Noetherian Modules: A module M over a ring A is called Noetherian if every

A-submodule of M is finitely generated.

Lemma 2.4 An A-module M is Noetherian if and only if N and M/N are
Noetherian A-modules for any submodule N of M.

Proof. Suppose that M is a Noetherian A-module. Let N < M. Then N is
Noetherian since every submodule of N is also submodule of M. Let K/N <
M/N for N < K < M. Since M is Noetherian, K is finitely generated. Also so
is K/N. Hence, M/N is Noetherian.

For the converse, suppose that N is a submodule of M and both N and
M/N are Noetherian. Let K be a submodule of M. Then the epimorphic im-
age of K in M/N is finitely generated, say my,...,m, € K generate this im-
age. Thus, for any m € K, we have m = )_._, a;m; mod N for some a; € A.
Then, m — >"._, a;m; € KN N. However, since K N N < N and N is Noethe-

rian, K N N is generated by some elements nq,...,ns. Therefore, we obtain
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that m = Y30 agm; + Y5, bjn; where b; € A. Hence, K is generated by

mi,...,My,Nq,...,Nns and M is Noetherian. O

Lemma 2.5 A finite sum of Noetherian modules is Noetherian.

Proof. Let M =" | N; with N; are Noetherian submodules of M. By induction

on n, suppose that

is Noetherian. Then we have M/N, = (K + N,)/N,, =2 K/K N N,,. Since K
is Noetherian, so is K/K N N,, and hence also M/N,,. The submodule N,, is

Noetherian. Thus, the result follows from the previous lemma. O

Lemma 2.6 A finitely generated module 4 M over a Noetherian ring A is Noethe-

4N,

Proof. For m € M, we consider the A-module homomorphism
Om:A—> M

defined by ¢,,(a) = am. Then A/Keryp,, = Imyp,, = Am. Since A is Noetherian,
sois Am. If mq,...,m, is a generating set of M, then the assertion follows from

the previous lemma as

2.4 Invariant Theory

2.4.1 Polynomial Ring

Let V' be an n-dimensional representation of a finite group G over a field F and

{1, 29,...,2,} a basis of the dual space V*. Let F[V] denote the polynomial
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ring F[zy, ..., z,] with n-indeterminates. Note that the polynomial ring F[V'] has
an F-algebra structure and x1, ..., z, generate F[V] as an F-algebra. Define the
monomial in F[V]

I i 7
Tr =Xy Z'nn

for a sequence I = {i;...,i,} of nonnegative integers. Then the total degree

i1+ ...+, of the monomial 2! is called the degree of 2! and denoted by deg(x!).

f=> auh
J

where a; € F. The polynomial f is called homogeneous of degree d if each mono-

Consider a polynomial

mial z! is of degree d. Let F[V]; be the space of homogeneous polynomials of

degree d. Then the polynomial ring F[V] is graded by nonnegative degree:

F[V] = B F[V]a

d>0

Therefore, F[V] has a graded algebra structure, i.e.,

(i) F[V]4 is a subspace of F[V] for each d > 0,

(i) if f € F[V]g and f' € F[V]a, then ff' € F[V]gsa,

We use F[V]" instead of @,.,F[V]4, the vector space generated by positive de-
gree polynomials. A graded F-algebra A is called connected if Aq = F. Therefore,
the polynomial ring F[V] is a graded connected F-algebra.

The action of G on the dual vector space V* can be defined as

(e(f)w) = o™ (v))

forallo € G, f € V*, v € V. This action can be naturally extended to the action
of G on the polynomial ring F[V] additively and multiplicatively as follows

o(f + 1) =olf)+o(f),

o(ff) =a(f)o(f)
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for all f, f' € F[V]. An ideal I of F[V] is called a G-stable ideal if I is invariant
under the action of G, i.e., for all c € G, ol C I.

Let LM(f) and LT(f) denote the leading monomial and the leading term,
respectively, of a polynomial f € F[V] with respect to the given monomial order.
Unless otherwise stated, we will use the graded reverse lex-order induced by

Ty < < Ty

A generating set X for a module M is called minimal if any proper subset of X
generates a proper submodule of M. In this thesis, we use the same term, minimal
generating set, for a minimal generating set with an additional condition that the
leading monomials of the polynomials in this generating set are minimal. The
generators in a minimal generating set are not unique, but the leading monomials

of the generators are unique for a fixed monomial order.

Although the polynomial ring F[V] is a finitely generated F-algebra, not every
subalgebra of F[V] need to be finitely generated as shown in the next example

given in [46].

Example 2.2. Consider the subalgebra A of the polynomial ring IF[x, y] generated
by

n

l,xy,ny,...,my e

Observe that the generator xy™ can not be in the subalgebra generated by the

remaining generators. Thus, A is an infinitely generated subalgebra of F[z, y].

2.4.2 Invariant Ring

The ring of all polynomials in F[V] fixed by the group action of G is called the

invariant ring or ring of invariants, more precisely,
FIVI={f€FV]|a(f)=f Vge G},

and is denoted by F[V]¢. This construction clearly has a ring structure, and it is

the main object in invariant theory. A polynomial in F[V]% is called G-invariant.
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Since the polynomial ring F[V] is a graded algebra, the subalgebra F[V]“ also
has a graded structure. Therefore, without loss of generality, we assume that all
polynomials are homogeneous polynomials unless stated otherwise. We denote
the ideal of the positive degree invariants in F[V]“ by F[V]%*. Notice that for a
subgroup H of G,

F[V]¢ C F[V]".

For f € F[V] and |G| = m, consider the polynomial

m

[TX - o() =3 (-1)isxm. (2.1)

oelG i=1

The coefficients s; of the polynomial are given by

s1=o01(f) +o2(f) + - +oulf),
sy = 0102(f) + o103(f) + -+ + opmer0m(f),

Sm = 010 o (f).

Hence, the coefficients s; are in the invariant ring F[V]¢. These coefficients are

called elementary symmetric polynomials.

In the previous section, we demonstrated that a given subalgebra of F[V] is
not necessarily finitely generated. However, now we show that the invariant ring
F[V]“ is finitely generated an F-algebra. In the literature, Gordan in 1868 proved
this statement for the group SLy over the filed of characteristic zero. But, this
method did not generalize to the other groups. Then, Hilbert gave a proof for
linearly reductive groups in 1890 and a constructive proof in 1893. A constructive
proof when the characteristic of the field is zero or greater than the group order
was given by Noether in 1916. In 1926, she proved the result for all finite groups

in arbitrary characteristic as follows.

Theorem 2.7 (Finiteness Theorem) If G is a finite group acting as automor-
phisms of a finitely generated commutative algebra A over a field F, then A® is a

finitely generated F-algebra and A is finitely generated as a module over AS.
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Proof. Let f € A. Consider the monic polynomial (2.1)

P(X) = [[(x =a(f)

ceG

which lies in A9[X]. Note that f is a root of this polynomial. So, A is an
integral extension of A“. Finitely many generators of A are roots of the monic
polynomials P(X). Let B be the subalgebra of A“ generated by the coefficients
of the polynomials P(X). Then B is a finitely generated F-algebra. Since F
is Noetherian, also so is B by Lemma 2.6. Note that A is a finitely generated
module over B by the construction of B. Thus, A is a Noetherian B-module, so
its B-submodule A% is also finitely generated. Hence, A® is a finitely generated

F-algebra. The last part is clear by the context of the proof. O]

As a consequence of the finiteness theorem, we obtain the following result.

Corollary 2.8 The invariant ring F[V]% is a finitely generated F-algebra. In

particular, it is a Noetherian ring and F[V] is a Noetherian F[V]%-module.

2.4.3 Construction of Invariants

A powerful tool to construct an invariant for a finite group G is the transfer map
Tr¢ : F[V] — F[V]¢
defined by

oeG

where f € F[V]. Indeed, for all 7 € G, we have

TT(f) =D (ro)(f)

oeG

which is the same as the sum defining TrG( f) except for the order of the sum-
mands. Thus, Tr%(f) € F[V]¢ for all f € F[V]. Sometimes, the transfer Tr¢ is
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called the G-transfer. Observe that the transfer Tr¢ is an F[V]%-module homo-

morphism: for any h € F[V]¢, we have

TO(hf) = 3 ho(f) = WTEO(f),

ceG

and it is linear by the definition of the action on the polynomial ring F[V]. Tt
follows that for any f € F[V]¢,

To(f) =D fo(1) = |GIf.

ceG

Thus, in the non-modular case, Tr® is surjective and

1
RY = @TrG :F[V] — F[V]¢

is a well-defined projection onto F[V]¢. This map is called the Reynolds operator.

It satisfies the following split equation
G R G
FV]" < F[V] - F[V]~.
So, we obtain the following decomposition:

F[V] = KerR® @ F[V]°.

Similarly, we can define the relative versions of the transfer map and the

Reynolds operator as follows. Let H < G be a subgroup of G. Consider the map
™% - F[V]¥ — F[V]¢

defined by
TG(f) = Y. o(f)

cHeG/H

where f € F[V]H. Tt is well-defined since F[V]¢ C F[V]# and called the relative

transfer from H to G. Sometimes we call the transfer Tr® as the full transfer to
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avoid confusion. It can immediately be seen that
Tr¢ = Tr% o TvH

by the definition of the relative transfer. If the characteristic of the field does not
divide the index [G : H], then the relative transfer map Tr% is surjective and the
operator RS = ﬁTrg is a projection from F[V] onto F[V]%. Also, we have
the decomposition

F[V]" = KerR$ @ F[V]©.

Moreover, the image ImTr“ of the transfer is an ideal of F[V] since the
transfer map Tr% is a module homomorphism. The following theorem states that

this ideal is proper in the modular case which is proved in [41, Theorem 2.2].

Theorem 2.9 If p| |G|, then the image ImTrY of transfer is properly contained
in F[V]C.

The other tool to construct invariants of finite groups is the norm N¢ defined

as

NE(f) =[] o (),

oeG

and the relative norm N for a subgroup H < G is

NG = ] .

ocHeG/H

The image ImTr® of transfer is also a nonzero ideal as shown below.

Lemma 2.10 [/, Corollary 9.0.17] For a representation V' of G, the image of
the transfer Tr® : F[V] — F[V]¢ is nonzero.

Proof. We extend the action of the group G to the field of the fractions F(V).
Since any set of field automorphisms is linearly independent, Tr® is nonzero in
F(V), i.e., there are polynomials f,h € F[V] such that

TRC(f/h) 0.



CHAPTER 2. BASIC NOTATIONS AND CONSTRUCTIONS 21

However, notice that N9(h)f/h € F[V]. Therefore, for the F[V]¢-module homo-
morphism Tr%,
TYO(NC(h) /) = NE(RYTLC(f ) # 0,

2.4.4 Cyclic p-Groups

Let G denote the cyclic group C)r of order p” with generator o, and let V' be a
finite dimensional indecomposable representation of G of dimension n over the
field F of characteristic p. Let H be a subgroup of G of order p. Then we can
give the transfers and the norms of C)- as follows: for all f € F[V],

(i) the full transfer of f is Tr(f) = S0,  o(f),
(i) the H-transfer of f is Trf (f) = 32025 o '4(f),
(iii) the G-norm of f is NY(f) = ?;61 at(f),
(iv) the H-norm of f is N7 (f) =[]0 o? (f),
(v) if f € F[V]¥, the relative transfer of f is Tr%(f) = f;;l_l a?*(f)
which are required for the rest of the thesis. The order of G implies that o?" = 1.

It follows that every eigenvalue A of ¢ is a p"-th root of unity in the ground field

F. Since char(F) = p, we have

A=D1 =N —1=0.
Thus, A = 1 is the only p"-th root of unity that lies in F. Let {ej,...,e,} be
a basis of V' such that ¢ is in the Jordan canonical form. If ¢ has more than
one Jordan blocks, then V' has a direct sum decomposition corresponding to the

blocks. It is a contradiction by the assumption on V. Hence, the representation
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of o has the form

10
1

o=
00 ...10
L 1 .

and we obtain the following result.

Lemma 2.11 With the above notations, if a representation V' of G with degree

n is indecomposable, then p"~1 < n < p".

Proof. The above matrix has order p” if and only if p"~! < n < p". It completes
the proof. O

Corollary 2.12 There are exactly p"-many inequivalent indecomposable repre-

sentations Vi, Va, ..., Vyr of G. Moreover, we obtain the following inclusion:

ViCVaC-er C V.

Since we generally use the cyclic group C, in this thesis and for the simplicity
of the notations, the following corollary is given in a special case although it is

true for any cyclic p-group Cr.

Corollary 2.13 If V is a finite dimensional representation of C,, then it decom-

poses into indecomposable Cy-representations as follows

p
=1

where m; is the number of the copies of V; in V.

Lemma 2.14 The only projective indecomposable representation of Cy, is V,, which

is isomorphic to the reqular module FC,,.

Proof. Let {e1,...,e,} be a basis for V), as defined by the above lower triangular

matrix and let V,. be the subspace spanned by {e, 41, €p—ri2,...,€,} for r < p.
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Suppose, for contradiction, that V, is projective. Define a map ¢ : V, = V,. by

0 if i >r,
ple;) = {

epryi if 1<
Then we obtain the following exact sequence of C,-modules
0 — Kerp — V, 5V, — 0.

But V, is projective. Then, the sequence splits and we get

V, = Kero V.

Since V), is indecomposable, it is a contradiction. Hence, V, is not projective. [

Lemma 2.15 An invariant in a projective indecomposable Cy,-module is either a

norm or a transfer of a polynomaial.
Proof. The assertion follows from Lemma 2.14. O

The following division about C,-invariants is useful for the reduction of the

degrees of invariants.

Lemma 2.16 If f € F[V]° and f = gN®(x,) + r, where the degree deg, r of
T in x, is less than p, then q,r € F[V].

Proof. Applying a generator o in C, to both sides of the above equation, we

obtain
f=0(qN () + o(r).

Since deg, (o(r)) = deg, r < p and deg, (o(q)) = deg,, ¢, the uniqueness of

the remainder implies that o(r) = r and so o(q) = gq. O

For a representation V' of a finite group G, let @.", V be denoted by mV.

Then the invariant ring F[mV]% is called the ring of wvector invariants. The
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following result was conjectured by Richman in [35] and proved by Campbell and
Hughes in [3].

Theorem 2.17 Let mV; be a representation of C, with a basis {x;,y;} for each
copy of Vo' and for i =1,...,m. Then the invariant ring FlmVa]®» is generated
by:
(Z) L1, X2y ..., T,
(i) the Cp-norms N (y;) = yf — Py, fori=1,....m,
(1it) w;j = x;y; — 2y, for 1 <1< j<m,
(iv) the C,-transfers T (yi* - - ykm) with 0 < k; < p.

Remark. It is proved in [42] that if k4 - -+, < 2(p—1), then TrO (5 . .. yfm)
is in the subalgebra generated by the remaining generators above, and if we
omit the invariants satisfying above condition, F[mV,]“ can be generated by the

remaining elements.

By the above theorem and the remark, we immediately obtain the following

results.
Corollary 2.18 The invariant ring F[Va]% is equal to Flx, N (y)].

Corollary 2.19 The invariant ring F[2V5)% is equal to Flx1, 29, N (y1), N (y3), u12]

with the notations introduced above.

2.4.5 Homogeneous Systems of Parameters

For a commutative ring A, a chain of its prime ideals

PoSP1 & P

has length m. The supremum of the lengths over all chains of prime ideals in A

is called the Krull dimension of A.
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Proposition 2.20 /29, Proposition 10.17] The Krull dimension of the polynomial
ring F[V] is equal to the dimension of V.

Definition. Let A be a finitely generated F-algebra. A set of homogeneous
elements {f1,..., f,} is called a homogeneous system of parameters (h.s.o.p.) of

positive degree for A if

(i) the Krull-dimension of A is n, and

(ii) A is finitely generated as a module over the ring F[fi, ..., f.].

The following fundamental theorem, Noether Normalization Lemma ([33])

states that h.s.o.p. always exists.

Theorem 2.21 If A is a finitely generated graded connected F-algebra, then A

has an h.s.o.p.

Definition. Let A be a finitely generated F-algebra. A sequence {ri,...,7,} in

A is called a regular sequence if

(1) (Tla s 7Tm)A 7& A7
(ii) 7 is not a zero divisor in A,

(iii) r; is not a zero divisor in A/(ry,...,r;1)A for alli=2,... m.

2.4.6 Noether Number

In Section 2.4.2, we showed that the invariant ring F[V]¥ can be minimally gen-
erated as an algebra with a finite collection of homogeneous invariants. The
maximum degree of these polynomials is said to be the Noether number. We will
consider in more detail on this number in Chapter 3. The following result asserts

that the Noether number is independent of the choice of the generating set of the
group.
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Lemma 2.22 (Graded Nakayama Lemma) The F[V]%-module F[V]%* is (mini-
mally) generated by f1, ..., fm if and only if the quotient space F[V]%* /(F[V]%+)?
is spanned by their (linearly independent) images f1,..., fm.

Proof. Suppose that fi,..., fm span the F-vector space F[V]%+ /(F[V]9*)2. Let
M =" F[V]¢f; be the submodule of F[V]%". Since f; are homogeneous, M
has a graded structure. For contradiction, assume that M # F[V]%T and let d
be the smallest degree satisfying M, C F[V]g’Jr. Let h be in F[V]dc’+ and not in

M, and its image
h=> kfi
i=1
where k; € F. Then

m t
1= j=

where g;, h; € F[V]%*. We may suppose that deg(g;h}) = d for each i =1,...,t.
Therefore, the degree of h; is less than d since degg; > 1, so h; € M for all
j =1,...,t. It follows that h € F[V]%*. It is a contradiction. The converse

statement is obviously true. O]

Corollary 2.23 The lifting of a basis for F[V]%* /(F[V]%*)? minimally generates
the F-algebra F[V]C.

By the previous corollary, we can say that a minimal generating set for F[V]¢ is
not unique; however, the number of generators in a given degree remains stable.
Then, we obtain that the Noether number is independent of the choice of the

generators.



Chapter 3

Hilbert Ideal Conjecture

In Section 2.4.2, we proved that the invariant ring for a representation of a finite
group is finitely generated. The natural question after this result is what the
maximum degree of a polynomial in a minimal generating set of the invariant
ring is. In this chapter, we consider such upper degree bounds and give some
examples. Then we define an alternative structure to the invariant ring, the
Hilbert ideal. We mention a famous conjecture, Hilbert ideal conjecture, with
a review of some recent results on this conjecture. Further, we prove that this
conjecture holds for a restricted dimension of an indecomposable representation

of the cyclic group €2 which is the main result of this chapter.

3.1 Hilbert Ideal

Consider a representation V' of a finite group G over the field F. With respect
to this representation, we define 5(G) as the maximum degree of a generator in
a minimal generating set for the invariant ring F[V]“. By the graded Nakayama
lemma in Section 2.4.6, this number does not depend on the choice of the minimal

generators. The number 5(G) is called the Noether number for G.

27
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We show that the Noether number for the invariant ring F[V]“ of a non-
modular representation is the order |G| of group G. Originally, Noether proved
this in characteristic zero (see [32]). We give the statement of the theorem in the
general case where |G| is invertible in F. It was shown independently by Fogarty
in [14] and Fleischmann in [12]. Then, Benson simplified the proof of Fogarty

using the following elegant lemma (see [8, Section 3.8.]).

Lemma 3.1 Let A be a commutative ring with unity, and G be a finite group of
automorphisms of A. If |G| is invertible in A, and I is a G-stable ideal in A,
then

116 C 194,

where 19 denote the subset of G-invariants in 1.

Proof. Consider the set {f,|g € G} consisting of |G|-many elements of I indexed
by the group elements. For every h € GG, we have the following identity

H(hg(fg) — fg) =0.

geG

Expanding each component of this product and summing over all h € G, we

obtain that T (1) KZHh(gfg))( 11 fg)] _0

SCG heG ges geG\S

where S corresponds to a subset of G in each case of the sum. Note that when
S = (), the term is

+|GI ] £

geG

and all other terms lie in /%A because >, . [I,es M(gf,) is in the image of the
transfer Tr“ and I is a G-stable ideal. Thus,

+|GI ] £, € 1°A.

geG

Since |G| is invertible in F, it follows that [] .. f, € [9A. O
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The following is an important object in invariant theory. Benson used this

concept in the proof of the Theorem 3.2 below.

Definition. The ideal of F[V] generated by the positive degree polynomials in
F[V]¢ is called the Hilbert ideal and denoted by b, i.e.,

b= (feFV]®) <F[V].

Theorem 3.2 For a representation V' of a finite group G, if |G| is invertible in

IF, then F[V]% is generated by polynomials of degree at most |G|. In particular,

plG) <Gl

Proof. Put A = F[V] and I = F[V]* in Lemma 3.1. Thus, (F[V]")I¢ C h. We
claim that the Hilbert ideal § is generated by polynomials of degree at most
|G|. Since F[V] is a Noetherian ring, there are finitely many invariants fi,..., f,
which generate h. Suppose that fi,..., f. is a minimal generating set for . If

the degree of f; is greater than |G| for some ¢, then

fi = Z fz‘jxj

for some f;; € F[V]. So, deg(f;;) > |G| and f;; € h by Lemma 3.1. Since
deg(fi;) < deg(f:), for each j, f;; is in the ideal of F[V] generated by the set

{fi,---, fiy- .., fr} obtained by omitting f;. It contradicts with the minimality of
the generating set. Thus, the Noether number of the Hilbert ideal, () = |G|.

Now, consider an invariant f of degree > |G|. Then f € b by Lemma 3.1.
Thus,

f = Z kifi>

where k; is a polynomial in F[V]* and f; € F[V]“. Since |G| is invertible, by the
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Reynolds operator, we have

1 |G|
[= @;gj(f)

G| r

- 2 i)
j=1 i=1
G| -

-G L wkf

7j=1 =1
G|

= |—(1;| Zfi(zgj(ki»

Since Zﬁ'l g;(ki) € F[V]9T for each i, f cannot be in a minimal generating set
of F[V]C. O

Definition. The upper bound given in Theorem 3.2 is called the Noether’s bound.

In the modular case, Noether’s bound does not hold. By Richman in [36], the
vector invariant ring F[mV5]¢ of the cyclic group of order p needs a generator of
degree m(p — 1). Thus, it shows that the Noether bound does not satisfied for
decomposable representations mV, of dimension large enough. As a more explicit

example:

Example 3.1. Consider the representation Cy < G Lg(V') given by the permu-

tation matrix

If the characteristic is different from 2, then the invariant ring Flx1, yy, 72, ¥, 73, y3]?
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is generated by

fi = xz_’_yz fOI'iG{l,Q,?)},
hi = Z;Y; for i € {1,2,3},
w; = xjx + Y,y for distinet 4, j, k € {1,2,3}.

But in our case, when char(FF) = 2, since

1
T1T2T3 + Y1Y2Y3 = §(f1f2f3 —uy fi — usfo — usfs)

is not defined, the following cubic polynomial is required for the generating set

U = T1T2X3 + Y1Y2Y3-

Now, we will consider a new structure defined above and which is similar to
the invariant ring, Hilbert ideal. In the proof of Theorem 3.2, we also showed the

following result.

Corollary 3.3 For non-modular representations, the Hilbert ideal b is generated

by polynomials of degree at most the group order.

Even though the vector invariants F[mV5]“ have generators of arbitrary large
degrees, the corresponding Hilbert ideal needs only the generators of degree at

most the group order (proved in [43]) as shown in the following example.

Example 3.2. We consider the representation given in Example 3.1. In this
example, it is required a generator v for F[V]¢ when char(F) = 2. We can write

v as follows:

v = 12273 + Y1923

= fifafs + woysfi + z3u3 + Yous

Hence, it is in the Hilbert ideal b = (f1, fa, f3, h1, he, h3, uq, uz, uz). Therefore, b

satisfies Noether bound.
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As a generalization of the Noether bound for the invariant ring, it is conjec-
tured that the Noether bound holds for the Hilbert ideal (see [8, Conjecture 3.8.6

(b)])-

Conjecture 3.4 (Hilbert Ideal Conjecture) Let V' be a representation of a finite
group G. Then the corresponding Hilbert ideal is generated by polynomials of
degree at most |G|.

3.2 Recent Studies on the Hilbert Ideal

The Hilbert ideal conjecture is an interesting problem in the invariant theory.
There are many studies about this conjecture. However, the conjecture is proved
only for special cases in these studies. Until now, it has been not achieved to
show it for all representations. In this section, we will list the studies about the

Hilbert ideal supporting the conjecture.

1. Due to Noether, Fleischmann and Fogarty, the conjecture holds for non-

modular representations (Corollary 3.3).

2. Due to Fleischmann, the conjecture holds for permutation representations
([12, Theorem 4.1]).

3. Due to Shank and Wehlau, the conjecture holds for vector invariants
F[mV5]% of the cyclic group C, ([43]).

4. Due to Sezer, the conjecture holds for the indecomposable representations
of C, ([38]).

5. Due to Sezer and Shank, the conjecture holds for some given examples of

decomposable representations of C), ([39]).

6. Due to a result of Wehlau, the conjecture holds for given examples of de-

composable representations of C, ([53]).
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7. Due to Erdemirci Erkug and Madran, the conjecture holds for indecompos-
able representations of Cj2 having dimension < 4 or > p? — 2p (see Section
3.3).

3.3 Hilbert Ideal of the Cyclic Group C

Beside the cyclic group C,, the cyclic group Cp2 of order p? and its invariants were
studied especially for indecomposable representations and for p + 1-dimensional
representations (see [30], [43]). Now, we examine the Hilbert ideal of the group
Cp2 for indecomposable representations in two different approaches. In Section
3.3.1, we give the first approach by considering the representations in dimension
p + 1. Here, we obtain invariants in an inductive way, increasing the degree of
a representation and identifying the invariants of the extended representation,
Vi1 D V. Then, Section 3.3.2 include the other approach given for a more
general case. Although the result of the second one covers the result of the first
one, we provide this direct approach to initiate an inductive argument which we

expect to provide a more general and complete result.

In the rest of this section, let G = C2 be the cyclic group of order p* and H be
its subgroup of order p. Let V,, denote the n-dimensional indecomposable faithful
representation of GG. If the dimension is clear in the context, we will denote it
by V for simplicity of notations. For a faithful indecomposable representation, n
must be in the interval p < n < p? (see Lemma 2.11). Because of this constraint,

our first step starts with the representations in p 4+ 1-dimension.

For the representation V' of G, we consider the corresponding polynomial
ring F[V] = Flxy,...,2,] with indeterminates z1,...,z,. If p is the faithful
representation of G with p(o) = [, j(0)] € GL(n,F) for all 0 € G, then the
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action of G on F[V] is given by

o1 ar1(o) aia(o) ... ain(o) T
0Ty | az1(0) aga(0) ... agu(o) To
| 0T ] an1(0) ana(o) ... apn(o) | [ 2]

Along this section, the monomial ordering is the graded reverse lex order with
Tig1 = x; for i = 1,2,...,n — 1. Let o be a generator for the group G. It is

showed in Section 2.4.4 that o has the following Jordan canonical form

L ;
1 1 .0 0

o=
10
(00 ...1 1|

and hence

if1 =1
0($i):{x1 if ¢ ,

Setting A := ¢ — 1, we obtain

0 ifi=1
A(xi):{ if ¢ ,

The main aim of the section is to prove the Hilbert ideal conjecture for in-
decomposable representations of the cyclic group G. For this, it is essential to
know about the generators of the invariant ring F[V]¢. Therefore, the following
theorem of Symonds given in [48] is a necessary tool in the section. We restate

the theorem in our notations as follows:

Theorem 3.5 The invariant ring F[V]% is generated by the G-norm N%(z,,) and
invariants of degree less than p* modulo modules which are projective relative to

the proper subgroups of G.
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Corollary 3.6 The invariant ring F[V|¢ is generated by the norm N¢(x,), in-

variants of degree less than p?, and the image of the relative transfer Tr&.

Proof. Since the only nontrivial proper subgroup of G is H and Im Tr C Im Tr%,
we obtain that the fixed points of the projective modules not in the ideal generated
by G-norms are in the image of the relative transfer Tr% by Lemma 2.15. Then
F[V]“ is generated by the G-norm N¢(z,,), invariants of degree less than p?, and

the image of the relative transfer Tr%. O

By the previous result, in order to prove the Hilbert ideal conjecture, the only
obstacle may be the image of relative transfer. Thus, in two approaches, we try
to show that the image of the relative transfer can be written with elements of
Hilbert ideal of degree at most the group order, p?>. For the rest of the section,
the Hilbert ideal b denotes the ideal in F[V] generated by the G-invariants in

positive degree.

3.3.1 Hilbert Ideal in F[V,.]

Suppose that the dimension of the representation V' is p + 1. Let A denote the
proper subalgebra Flzi, o, ..., z,] of F[V]. Note that by the canonical form of

o, the generator o? of the group H has the following form in p + 1 dimension

0

10 ... 1

Then, it can immediately be seen that every element of A is H-invariant since

Ty, To, ..., 1, € FV]H.

Now, we construct an auxiliary polynomial in F[V] as a polynomial generated

by H-transfers given in [38].
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Construction of the Polynomial: Consider a monomial m = wjws - - - wp—1 in
A of degree p — 1. For any subset S of {1,2,...,p— 1}, let

mgsg ‘= ij

jes

and let S” denote the complement of S in {1,2,...,p — 1}. For such a monomial

m and a polynomial f in F[V]¥ we define

Fog= > (=1)¥mgTef(fms). (3.1)

Sg{1a277p71}

Note that the polynomial F,, ; is in the Hilbert ideal h since mg € F[V]? for each
S C{1,2,...,p— 1} and the image of the relative transfer Tr% lies in F[V]¢.

Other Constructions: For the monomial m = wyws - - - w,_1, define the follow-
ing monomial

Ay, = Awy)A(ws) - - A(wp—1)

of degree p — 1 or zero. Let B be the subalgebra F|xy, 2o, ..., x,_1] of F[V], and
B; denote the vector subspace of B consisting of homogeneous polynomials of

degree i. Thus, we obtain that A,, is either 0 or a monomial in B,_;.

Recall that we denote the leading term of a polynomial f with LT(f), leading
monomial of f with LM(f), and leading coefficient of f with LC(f).

Some technical properties of the polynomial constructed above is given in
the following two deductions. Indeed, these two results can be derived from [38,

Lemma 2, Lemma 3] considering the action on the algebra A instead of F[V].

Lemma 3.7 With the above notations, the polynomial F,, s given in (3.1) has
the following properties:

(i) Foy=0if Ay =0,
(ii) LT(Fps) = —Ap LT(f) if A # 0,

(iii) Fy s € By_y - F[V].
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Proof. Expand the product Hf;ll (wi — ae(wi)) and apply of. Then, we obtain

AN(TTwi-o'w)) = > (1) ¥mgo'(fms)
i=1 SC{1,2,...p—1}

for each 0 < £ < p — 1. Since the relative transfer is Tr& = S0~ ¢¢, summing

over { yields

—_

p—1

af(f)(H (w; — ag(wi))> = ;. (3.2)

0 i=1
If A, =0, then A(w;) = 0 for some 1 < i < p — 1. Therefore, by the definition
of A, w; — o(w;) = 0 for all £ = 0,1,...,p — 1. Thus, the summands in the

p—

~
Il

polynomial F}, ; become zero. So the property (i) is satisfied.

Now assume that A, # 0. From the identity
l-o'=(140+0c*+ -+ - 1-0),
we obtain
w; — ot (w;) = (L +o+0*+ -+ (=A(w)). (3.3)

Since the action of o respects the monomial order, in the sense that LT(o(f)) =
LT(f), we get
LT (w; — o (w;)) = —CA(w;).

Hence, the leading term of o( f )< - (w; — o (wz))> is computed as

p—1
LT(f)(—=0) " [ ] Alws) = LT())*~" A
i=1
Summing over ¢ proves the part (ii) since S0, ' = —1 (Lemma 2.3).

By the equation (3.3), we can say that the variables that appear in w; — o (w;)
are in the algebra B. Then, if A,, # 0, the product Hf;ll (w;—0(w;)) is of degree
p — 1. Thus, the product is in B,_;. Hence, F,, s € B,_1 - F[V], completing the
proof. O]

Lemma 3.8 The subspace B, is in the Hilbert ideal b.
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Proof. Suppose, for contradiction that B,_; \ b is nonempty. Let f be a polyno-
mial in B,_; \ h with minimal leading monomial . Then u is not in h. Indeed,
if u were in b, the polynomial f — LC(f)u would be in B,_; \ b, and this would
contradict with the minimality of f. Moreover, since u € B,_1, there exists a
monomial m € A such that A,, = u. Now, consider the polynomial F,,;. By
Lemma 3.7, LT(F},, 1) = —A,, = —u. Therefore, the leading monomial of u+ F,, ;
is strictly smaller than u. Since F),,; € b, we have u+ F,,; € B,—1 \ h. But again
this contradicts to the minimality of f. Therefore B, ; C h. m

For k € Z*, let
ber == (f € b |deg(f) <k)

denote the ideal of F[V] generated by polynomials in b of degree at most k. As a
consequence of Lemma 3.7 and Lemma 3.8, we can deduce the following desired

result.

Proposition 3.9 The polynomial F, ; is in the ideal h<pe.
Proof. 1t follows from Lemma 3.7 (iii) and Lemma 3.8. O

By the above representation of o, we have

oy = | it1<i<p,

Therefore, the invariant ring F[V]? is generated by z1, s, ..., 2y, N (z,,1):
FIVI" 2 Flzy, 29, ..., 2p, N7 (z41)].

Notation 3.1. We use the following notations for simplicity.
(i) For a polynomial f € F[V], deg,.(f) denotes the maximum degree of f in
Z;.

(ii) For a monomial m € F[V], deg,(m) denotes the total degree of m with

respect to variables in A.
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Proposition 3.10 If a polynomial f and a monomial m are given as above,

TG (fm) is in the ideal 2.

Proof. We can rewrite the polynomial F}, ; as:

Fog=Tig(fm)+ 3 (=1)Flms TG (fms).
Sc¢{1,2,....p—1}

Notice that deg(fmg) is strictly less than deg(fm) for each proper subset S of
{1,2,...,p—1}. If degpo(TrfI(fms)) > p?, then we can reduce it by dividing
N%(z,11) using Lemma 2.16. Otherwise, degxp+1(TrfI(fmS)) < p* —p, so it can
be written as a product of an H-invariant (possibly containing N*(x,,,)) and a
monomial of degree at least p in A. Therefore, using induction on deg(fm), we
obtain that Tr%(fm) € h<,e. O

Definition. A polynomial f € F[V]7 of degree greater than p* is called an
invariant with enough invariants in A = Flzy,...,x,], or shortly said it has
enough invariants in A if f = Zle fim; such that for each 1,

(i) m; is a monomial in A with deg(m;) =p — 1,

(ii) f; € F[V]H.

Lemma 3.11 If f has enough invariants in A, then Tr(f) is in the ideal h<,p2.
Proof. By the linearity of the relative transfer, we have
¢ ¢
TG (f) = TGO fimi) = TeG(fim).
i=1 i=1

Thus, by Proposition 3.10, we obtain the result. O]

Proposition 3.12 If f € F[V]" is of degree greater than p* and deg, . (f) < p?,

then f has enough invariants in A.

Proof. Suppose that f € L is of degree greater than p? and deg, (f) < p?. Then
deg,1(f) is a multiple of p because deg,  (N"(z,11)) = p. Therefore, f can be
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written as a sum of polynomials which are a product of H-norm, N (z,,,) and

some monomial of degree at least p in A. Thus, f has enough invariants in A. [J

Proposition 3.13 For any f € F[V]¥, the image of the relative transfer Tr(f)

is in the ideal h<p2.

Proof. 1f f € L is of degree greater than p* and deg, . (f) < p?, then by Propo-
sition 3.12 and Lemma 3.11, we have Tr%(f) € hepe. If deg, . (f) > p?, the
polynomial f has the form f = N%(z,.1)g+ h for some polynomials g, h € F[V]#
with deg, . (h) < p* by Lemma 2.16. Thus, h and N%(z,,) are in h<,2. Hence
so is f. Finally, if deg(f) < p?, the result is clearly true. O

Hence, we obtain the following main result in this section.

Theorem 3.14 For an indecomposable representation Vi1 of G, the correspond-

ing Hilbert ideal b is generated by invariants of degree at most p?.

Proof. By Corollary 3.6, F[V]¢ is generated by the norm N%(z,,,), invariants
of degree less than p?, and the image of the relative transfer Tr%. Hence by

Proposition 3.13, we get the desired result. O

3.3.2 Hilbert Ideal in F[V,]

In this section, we analyze the Hilbert ideal for a more general case. For the rest
of this section, let V' denote the n-dimensional indecomposable faithful represen-

tation of the cyclic group G of order p*.

We need two technical results from [13]. The first one is obtained by taking
G = C,2 with H as the nontrivial proper subgroup in [13, Lemma 2.2].

Lemma 3.15 If m = wwq - - wp2_1 is a monomial in F[V] with degree greater

than p?, then

T%m) = > (D5 o' (wi)Tr%w [ [ wi)-

SC{0,1,...p2—1} i¢S €S
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Proof. For fixed ¢ € {0,1,...,p* — 1}, consider the following equality

Expanding this eqution, we obtain that

>> Ve (Lo ) =0

Multiplying by o(w) for the fixed ¢ and summation over ¢ € {0,1,...,p* — 1}

gives
p*-1 p*—1
Zae(wwowl = -wp2_1)+z (—1)|S|H o' (w;) (Zaz(w)H ag(wi)>: 0.
=0 SC{0,1,...,p2—1}  i¢S =0 i€s

It means that

Tr%(m) = Z (—1)ISt Hai(wi)TrG(wHwi).

SC{0,1,....p2—1} i¢S i€s

Lemma 3.16 If f, fo,..., f,—1 € F[V]¥, then

TG (ffofrfr) = >, (O] TG [ )

S¢{0,1,...p—1} i¢S i€s
Proof. Consider the equality
p—1
[T (r) =o' (f)) =0.
i=0

Expanding and multiplying by o*(f), we obtain that

> VT (TIe ) o () =o.

SC{0,1,....p—1} i¢s ics
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Summation over £ € {0,1,...,p — 1} gives

p—1 p—1
o (fhofi- Jp) + Y DS T () (o' D T o)) =0
i=0 Sc{0,1,...p—1} ¢S £=0 i€s

It means that
TG (ffofi fo) = > ()T T ).
Sc{0,1,...p—1} i2S icS

O

Remark. The previous lemma says that the image of the product of at least
p-many H-invariant polynomials under the relative transfer can be written as a
combination of some polynomials in h of degree less than the first polynomial.
Indeed, the lemmas provide a reduction in the degree of the given transfer image

of polynomials.

Proposition 3.17 For any polynomial f € F[V],

TrG(f) € hSan

i.e., the image of the full transfer Tv® is in the ideal H<p2.

Proof. Suppose that deg(f) > p* because otherwise the result is trivial. Without
loss of generality, we can assume that f is a monomial in F[V] by the linearity

of the transfer map. Then, we can write f = wwow; - - - wy2_; for some variables

Wo, ..., Wp2—1 and some monomial w. By using Lemma 3.15, we obtain that
TeC(f) = Z (—1)‘S|+1Hai(wi)TrG(wHwi).
5¢{0,1,...,p2—1} i¢s i€s

Note that deg(Tr%(w [[,q w;)) is strictly less than deg(Tr(f)). Hence Tr“(f) is
either in h,2 or in the ideal (Tr®(f’) | deg(f’) < deg(f)) for some monomial f’ in
F[V]. Therefore, by using induction on deg(f), we obtain the desired result. [

Now, we try to deduce the same result for the image of the relative transfer.
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Proposition 3.18 Let g = Hf:o fi, where each f; s H-invariant of degree at

most p for some k. Then
Tr%(g) € ( bepe, Tt (g)) | deg(g’) < deg(g) and ¢’ € F[V]7 ).

Proof. 1f deg(g) < p?, then there is nothing to prove. Otherwise, we obtain that
k is at least p. That is, g is product of at least p+ 1 many H-invariants of degree
at most p. Let f = f,fp+1 - fx. Therefore from Lemma 3.16, we obtain that

Tfi(g)= > ()] mE ] -

Sc{0,1,....p—1} i¢S icS

Note that deg(Tr% (f [Lics f;)) is strictly less than deg(Tr%(g)) for any proper

subset S. Hence Tr%(g) is either in h<, or in the ideal

(Tr§(g') | deg(q)) < deg(g))

for H-invariant ¢’ as a product of some f;’s. O]

Remark. The result is true for any linear combination of the polynomials satis-
fying the hypothesis of Proposition 3.18 by linearity of the transfer. From now

on, we will use the same approach for the simplicity of the notations.

Corollary 3.19 If g = Hf:o fi with f; € F[V|H of degree at most p, then
Trg(g) € hpe.

Proof. The result directly follows from Proposition 3.18 by induction on deg(g).
O

The following result is given by Wehlau in [53]. Its difference from the result
of Symonds given in Theorem 3.5 is that it is true for any representation not only
for indecomposable one. Thus, it is suitable for Proposition 3.21 below since F[V]

has decomposable structure as F H-modules.

Theorem 3.20 /53, Theorem 9.15] The invariant ring F[V]H is generated by the

H-norms, a finite set of H-transfers and a finite set of integral invariants.
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Proposition 3.21 If the degrees of integral invariants in a generating set of

F[V]H are at most p, then the image of the relative transfer Tr$ is in the ideal

H<p2.

Proof. Suppose that the degrees of the integral invariants are at most p. Then
by Corollary 3.19, the relative transfers of the integral invariants, the H-norms
and their products are in h<,2. Now, let (ImTr") be the ideal of F[V]# generated
by H-transfers. Let f be any element of (ImTr"). Then f = hTr"(g) for some
h € F[V] and g € F[V]. So we can write f = Tr"(hg) since h is H-invariant.
Therefore, Tr% (f) = (Tr$ o Tr*)(hg) = Tr®(hg). By Proposition 3.17, the image
of the full transfer Tr% is in h<p2. Thus, also the relative transfer of the ideal

(ImTr") is there. Hence the image of the relative transfer Tr% is in the ideal
bSPQ. D

Remark. The result of Proposition 3.21 is satisfied in all known examples even
if the hypothesis does not hold. Actually, there is an integral invariant of degree
6 for the case mVj in the list of Wehlau [53], but this invariant is not necessary
for p = 5. For this particular representation of degree 4m, p cannot be 2 or 3.
Thus, the results of Proposition 3.21 and Corollary 3.22 are believed to be valid

for more general cases then they appear.

Corollary 3.22 If the degrees of integral invariants are at most p or the ones
with degree greater than p are in the ideal (Im TrH>, then the Hilbert ideal b is

generated by invariants of degree at most p*.

Proof. By Theorem 3.5, F[V] is generated by G-norm N%(z,), invariants of
degree less than p?, and the image of the relative transfer Trg. Thus, Proposition
3.21 gives the desired result. O]

Let V be an FH-module with the decomposition
V=V,®V,, &V,

into indecomposable F H-modules by Lemma 2.13. Then F[V] has an N"-grading
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given by
FV]a, doydr = FlViyla, @ F[Viola, ® -+ @ F[V,,, ]a

)

where F[V}, |4, denotes the subspace of homogeneous polynomials of degree d; for
the vector space V,,, of dimension n;. Let z; be an FH-module generator of the
dual space V7 for i = 1,2,...,r. Define the norm of z; by N; = [152) o(2) and
define F[V]* to be the ideal of F[V] generated by the norms Ny, N, ..., N,. The
following famous result is known as the periodicity theorem (see [20, Lemma 2.9,
2.10]).

Theorem 3.23 (Periodicity Theorem) The ideal F[V]* is a direct summand of
the FH -module F[V]:
F[V]=F[V] @ F[V],

where F[V)* is defined as the complement of F[V]* as FH-modules. In particular,

we obtain
]F[V]dl,d2 77777 dr - ]F[V]ﬁdth ..... dr @ ]F[V](b:ll,dg ..... dr*

Also, if there is an index i such that d; > p — n;, then F[V]} 4, is a free
FH -module.

Lemma 3.24 For p <n < p?, V decomposes as an FH-module
Vi1 @® (p —7)Vi,

where n = kp + r.

Proof. By the representation of o”:

10 .0 0 O
0
oc’=11 0 . 1 0 0 ,
01 .0
0 0 .10 1
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the corresponding Jordan canonical form consists of r-many Vi, with basis el-

ements Z;, Tpti, ..., Lgprs for each ¢ = 1,...,r and (p — r)-many Vj; with basis
elements T, i, Tpirti, - - - » T(h—1)p4r+i for each i = 1,... p—r. This completes the
proof. n

Lemma 3.25 If f is an H-invariant in F[V]> with degree greater than p> — n,
then it is in the image of the H-transfer Tr'.

Proof. By Lemma 3.24, as an FH-module, the decomposition of V' is
V:rVkH@(p—r)Vk

forn =kp+r. Since r(p— (k+1))+ (p—r)(p— k) = p* — n, it follows that f is
an invariant in the free module which is a complement to the ideal generated by

norms by the periodicity theorem. Then, the result follows from Lemma 2.15. [

Theorem 3.26 For an indecomposable FG-module V' with n > p? — 2p, the

corresponding Hilbert ideal by is generated by invariants of degree at most p>.

Proof. Tt is enough to consider the image of the relative transfer Tr% by Theorem
3.5. Moreover, by Theorem 3.20, we know that an H-invariant f is either a
transfer, a norm or an integral invariant. The result is clear for the following
cases: if f is in the ideal (ImTr"), by Corollary 3.22; if f is a product of some
norms and integral invariants of degree < p, by Corollary 3.19; and if f is a
product of some integral invariants which is not divided by any norm N; and
deg(f) > p?> — n, by Lemma 3.25. The only remaining case is to consider an
invariant of degree greater than p? which is a product of some N;’s and some
integral invariants of total degree at most p?> — n. Without loss of generality, we
can take f = g - h, where h is the product of all H-norms dividing f and g is the
product of integral invariants such that deg(g) < p* — n. Since deg(f) > p?, we
should have deg(h) > n > p* — 2p. Thus, h is the product of at least p — 1 many
norms. Hence, we obtain that f is a product of at least p many H-invariants.

This completes the proof by Lemma 3.16. O

Remark. Since n > p + 1, for an indecomposable representation of GG, we have

p+1 > p*—2p for p = 3. Therefore, the corresponding Hilbert ideal b is generated
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by invariants of degree at most p?> = 9. So, for the rest of the section, we can
take p > 5.

We can extend our result to representations of degree at most 4p by using the

list of generators in [53].

Theorem 3.27 For an indecomposable FG-module V' with p+1 < n < 4p, the

corresponding Hilbert ideal by is generated by invariants of degree at most p*.

Proof. By Lemma 3.24, we have
FV] = FlrViq @ (p—7r)Vil.

When p +1 < n < 2p, the result follows from the conjecture of Richman [35]
which is proved by Campbell and Hughes in [3].

The integral invariants of F[rVj, 11 & (p—r)Vj] can be obtained from invariants
of CIRy ® 7R, ® (p— 1) Rp_1]>™ by [53, Section 5]. Since Ry ®rRy ® (p—1)Rp_1
is a subrepresentation of R; @ pRy, the invariants can be obtained by projection
of invariants of Ry @ pRy. Complete set of generators for k& < 3 are given in [53,
Section 10].

If 2p < n < 3p, it is sufficient to consider the invariants of C[R; @& pRy|>™.
However, the integral invariants listed in [53, Theorem 10.5] have degrees at most

3, as required.

If 3p < n < 4p, the set of covariants listed in [53, Table 10.3] have degrees at
most 6. Since the polarization does not change the total degree of covariants, it
follows that the degrees of generating covariants of pR3 are at most 6. Therefore,

by Corollary 3.22 if p > 5, we obtain the result.

The only case left is the integral invariants of F[V]¥ when p = 5. If p > 5,
n > 3p so that n > p? — 2p. Hence, by Theorem 3.26, the corresponding Hilbert

ideal is generated by invariants of degree at most p?. This completes the proof. [

Remark. In this approach, we have used the idea of wvector invariants. So,

studying vector invariants for C,, the cyclic group of order p, is still important in
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modular invariant theory. We expect that, the only disadvantage of this approach,
“finding generators for each dimension explicitly”, can be avoided with a better

understanding of vector invariants.



Chapter 4

(Generalized Invariants

In this chapter, we define generalized invariants of any finite group as a new
concept in the literature. They are appeared as an extension of the notion of
invariants. They give a new point of view to modular invariant theory. We
consider general and structural properties of generalized invariants. Then, we

examine them in non-modular case.

4.1 History of Generalized Invariants

The concept of generalized invariants is firstly introduced by Kac-Peterson in [21]
as ideal of generalized invariants. However, the ideal of generalized invariants was
defined only for pseudo-reflection groups in [21] and used the same definition in
an other study [28]. In this section, we give Kac-Peterson’s definition in order to

show that our definition is distinct from it.

Definition. A linear automorphism s : V' — V is said to be a pseudoreflection if

() s #1,
(ii) the order of s is finite,

(iii) s fixes a hyperplane of s.

49
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Definition. Let p : G — GL(V) be a faithful representation. The group G is
called a pseudoreflection group if G is generated by its pseudoreflections. Pseu-
doreflection groups are a generalization of reflection groups. Sometimes, the term

reflection is used for a pseudoreflection.

Let s : V' — V be a pseudoreflection with hyperplane H; = Ker(1 — s). Then
Im(1 — s) is a 1-dimensional subspace of V. Thus, if =, is a nonzero vector in
Im(1 — s), then Im(1 — s) = Fz,. Since sv —v € Im(1 — s) for v € V, it follows
that

sv = v+ ls(v)xs,

where (5 : V' — F is a linear functional with Ker(¢;) = H,. Here, /5 depends only
on the choice of zs. For f € F[V], consider the polynomial sf — f. Its division
with ¢4 gives

Sf_f:q€8+r7

where 7 is a constant. Let uw € H,. Then,

(sf = () = sf(u) = f(u)

= f(s7 (W) — f(u)
= f(u) = f(u)
=0.

Thus, r(u) = 0 since u € Ker(¢,). It implies that r = 0. So, 5| (sf — f). We
define A4(f) to be the quotient:

sf—f =2/

Thus, As(f) € F[V] has degree deg(f) — 1 and A; depends only on the choice of

Ts.

Definition. The ideal of generalized invariants J of F[V] is defined by [21]
J={feFV]" | Ay Ay (f) EFIV]" Vsy,...,5. € G},

where F[V]" is the ideal of F[V] generated by positive degree polynomials.
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The following theorem is one of the main results in [21]. An analog of the
theorem is mentioned in Section 5.3 in terms of our definition. Thus, the theorem

is given for the completeness of the context.

Theorem 4.1 [21, Theorem A] Let J be the ideal of generalized invariants as
defined above. Then

(i) J is generated by a reqular sequence, say of degrees dy,ds, . . .,

(1t) If G is finite, then |G| =[], d; if and only if J = .

4.2 Properties of Generalized Invariants

We redefine the concept of generalized invariant not only for pseudo-reflection
groups but also for any group. Although the notations in this section are similar
to ones used in Kac-Peterson’s definition, their meaning is completely different.
In order to give the definition of generalized invariants, firstly we need to consider

a twisted derivation on the polynomial ring.

4.2.1 Twisted Derivation

Let V be an n-dimensional representation of a finite group G over a field F of
characteristic p, and let 0 € G. We define A, (or simply, A if o is clear from the
context) as the element o — 1 of the group algebra FG, and we extend the action
of G to FG on F[V]. Actually, A, is an F-linear map on F[V] such that for any

feF[V],

Ag(f) = (e =1)(f)

and satisfying a twisted product rule (Leibniz rule):

Ag(fh) = B (f)h+ a(f)As(h),
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where f, h € F[V]. For this reason, A, is known as the twisted derivation on F[V]

in the literature.

For any ¢ € Ny, we write A’ for (0 — 1)* in FG, and A2 = 1. The general

twisted product rule of A, has the following form:

AL(fh) = 2:() (AZ'()As(h) (4.1)

for any f,h € F[V].

Remark. The following lemma demonstrates in particular that A’ is a non-
zero map for non-modular representations. However, in the modular case, this

situation does not continue to hold. For example, if o € G is of order p*, then

since the characteristic of the ground field F is p.

Lemma 4.2 For any group G, let o0 € G of order p*m with ged(p,m) =1, m # 1
and k € Ng. Then AL # 0 for all { € N.

Proof. Suppose that ¢ is the minimum number satisfying A? = (o — 1) = 0.
Then 7 = (0 — 1)1 # 0 and (6 — 1)7 = 0 implies that o7 = 7. In this case, note
that ¢ > 2 since o # 1, and
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If ¢ > p¥,

It implies that p|m, which is a contradiction. If ¢ < p*, then (o — 1)pk = 0.
Thus, o® = 1 since char(F) = p. But it is again contradiction because the order
of o is p*¥m. Hence, (0 — 1) # 0 for all /. O

4.2.2 Definition of Generalized Invariants

Definition. An element f € F[V] is called a generalized invariant if for every
1# 01,...,01 € G, there exist {1, ..., ¢, € Ny such that

Ag A (f) =0

provided that A2 --- Al £ 0. We denote the set of all generalized invariants
analogously by F[V]§.
The condition A -+ A% # 0 cannot be removed from the definition, because

otherwise, any element of F[V] for p-groups becomes a generalized invariant.

Also, generalized invariants can equivalently be defined as follows. We use

this simplified definition for our purposes.

Lemma 4.3 (Simplified Definition)

FVIS ={fe€F[V]|V1#0c€G, 3¢ Ny: AL(f) =0 provided that A #0}.
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Proof. We label the first definition with 1 and the second definition with 2.

(1 = 2) Take k = 1.

(2 = 1) Let f be a generalized invariant with respect to the definition 2. Then
for all 1 # o}, € G, there exists ¢ € Ny such that A% (f) = 0 and A% # 0. Thus,
for given oy,...,0, € G,

AL AL AZ(f) =0,

Ok—1
Hence, f is a generalized invariant with respect to the first definition. O]

Remark. Note that the ring of invariants can be written in terms of A notation

as follows:

F[V]% = {f € F[V]|A,(f) =0 for all ¢ € G}.

Therefore, F[V]“ is always contained in F[V]¥. Also it means that generalized

invariants are a natural extension of the usual invariants.

The following is an example which will often be mentioned in the next sections

and given in this part as a sample for the generalized invariants.

Example 4.1. Let F3[V] = Fs[z,y, 2|, and G = C3 x C5 be a group generated
by ¢ and 7. Consider the action of G on F3[V] defined as

1 10 1 01
c=101 0 and T=10 10
0 01 0 01

Then the polynomial yz is in IF[V]?; indeed,

A2(yz) = (0 — 1*(y2) = (0 + 0 + 1)(yz) = 0.

Similarly, yz € IF[V]T.
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4.3 Module Structure of Generalized Invariants

We determine an introduce the structure of the set F[V]% in this section. Firstly,
we investigate whether it satisfies the ring axioms since the set of invariants has a
ring structure. We consider Example 4.1. In this example, while the polynomial
y € F[V]%, the polynomial 4?2 is not in F[V]% since A2(y?) = 222 and A3 = 0.
Because AZ(y?) can not be written as A%(y)A2(y) as usual product rule. If we
use the general form of twisted derivations (4.1) in Section 4.2.1, we can see
that A’(fh) may not be nonzero for any ¢ satisfying A? # 0 while f and h
are generalized invariants. This demonstrates that for any group G, F[V] has
no ring structure in contrast to the invariant ring F[V]¢. Indeed, it is due to
the twisted product property of the operator A. However, the set of generalized

invariants F[V]% has an F[V]%-module structure as shown below.

Proposition 4.4 F[VI|§ is an F[V]9-submodule of F[V]. In particular, it is a
finitely generated F[V]%-module.

Proof. By Corollary 2.8, F[V]¢ is a Noetherian ring and F[V] is a Noetherian
F[V]%module for a finite group G. Since for each f € F[V]|§ and g € F[V]¢,
AYgf) = gA'(f), we can obtain that F[V]§ has an F[V]%module structure.
Thus, F[V]§ becomes an F[V]%-submodule of the Noetherian module F[V]. This
gives the result. ]

Remark. We consider the algebra F[fi,..., fx] generated by a homogeneous
system of parameters (h.s.o.p.) {fi,..., fx} of F[V]Y. Since f;’s are invariant

polynomials, we can say that F[V]% has also an F[fi,. .., fi]-module structure.

4.4 Generalized Invariants for non-Modular

Representations

The concept of generalized invariant modules is created as an alternative structure

to the invariant ring. But these two structures are the same for non-modular
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representations as shown below. From this viewpoint, generalized invariants are
a generalization of the usual invariants from the non-modular case to the modular

one. Therefore, they are worth studying only in modular case.

Proposition 4.5 Let G be a finite group with non-modular representation V.
Then AL(f) = 0 for some { satisfying AL # 0 if and only if A, (f) = 0 for any
ogeG.

Proof. 1t is clear that every o-invariant is a generalized o-invariant. For the con-
verse statement, suppose that A’(f) = 0 for ¢ € G. Then ALY(f) € F[V]C.
Since Tr® o A, = A, o Tr% and the image of % is invariant, we have
Tr(ALY(f) = AL (T (AL 2(£))) = 0. Thus, ALY(f) € Ker(RY), where RE is
the Reynolds operator L Tr" : F[V] — F[V]¢. In Section 2.4.3, we showed that

1G]
RY is surjective and F[V] = F[V]¢ @ Ker(RY). Therefore, we get A71(f) = 0.
Proceeding the induction on ¢, we conclude that A, (f) = 0. O

This result can be extended to any non-modular subrepresentation of a group

using same method above.

Corollary 4.6 Let H be a subgroup of G such that its order is coprime with p.
Then FIVIE =TF[V]H.



Chapter 5

Generalized Invariants of Cyclic

Groups

In many aspects, the cyclic group C, of order p plays a central role in modu-
lar invariant theory. As mentioned in previous sections, there are many studies
investigating C),-invariants in characteristic p. In this chapter, in order to under-
stand the structure of generalized invariants, we start to analyze the generalized
invariant module of the basic group C,. In the first section, the general structure
and some properties of ]F[V]Zp is given. Then for the lower dimensional inde-
composable representations, the structure of F[V}gp is considered explicitly. In
the last section, the generalized Hilbert ideal of F[V]S in F[V] is defined and an

analog of the Hilbert ideal conjecture is proved for this ideal.

Unless otherwise stated, for the rest of this chapter, we take G as a cyclic
group of order p and o as a generator of G. We identify G = {1,0,...,077!}
whenever elements are explicitly required. Note that generalized invariants of C,
corresponds to usual invariants when p = 2. Thus, it is meaningful to take p > 2

in this chapter.

o7
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5.1 Structural Properties

In this section, we consider some properties of generalized invariant module
F[V]%. The following result can be used as a definition of generalized invari-

ant module of a cyclic group of order p.

Proposition 5.1 An element f € F[V] is a generalized invariant if and only if
Tr%(f) = 0. In particular, F[V]§ = Ker TrC.

Proof. By the identity, (t — 1)P7! = (tt__ll)p = 11__t: =1+t+t*+---+ P over

F for t # 1, we can write AP = 140 4 02+ --- + 0P~ = Tr®. Moreover,

AP = gP — 1 = 0. Therefore, a polynomial f is a generalized invariant if and only
if A°(f) =0 for some ¢ < p— 1. Hence, the result follows. O

Remark. The proof of Proposition 5.1 demonstrates that a polynomial is C)-
generalized invariant if and only if it is generalized invariant with respect to the

generator o.

Proposition 5.2 For any finite group G and for all o € G,

Im A, C Ker Tr%.

Proof. Let f be a polynomial in F[V]. Then the result follows

T (As(f)) = A (TEC(f)) = 0.

Corollary 5.3 If G is the cyclic group Cy,, for all o € G,

Im A, C F[V]S.

Proof. As well as this is a corollary of Proposition 5.1 and Proposition 5.2, the

result is obvious since A is nilpotent operator for C), in characteristic p. O
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The relation between F[V]§ and Ker Tt for any finite group G is given in
Section 6.1. Now, it is worth noting that the above inclusion is strict as showed

in the following example.

Example 5.1. Let V' = V5, be a 2-dimensional representation of C, for an odd
prime p. By choosing an appropriate basis, we can write F[V] = F[x,y] where
A(y) = 2 and A(z) = 0. Note that A?(y) = 0 and therefore AP~!(y) = Tr%(y) =
0, hence y € Ker Tr% \ Im(A) = F[V]$ \ Im(A).

Remark (Group Cohomology). Generalized invariant module of G corresponds
to an important structure in modular invariant theory. Indeed, by the projective

resolution of FG, we have the following complex

When the functor Hompq (., F[V]) is applied and the cohomology of the complex

is taken, we obtain

HY(G,F[V]) =F[V]*

KerTr®  F[VIG
BTG FV]) = A = h[m]AA

_ KerA  F[V]¢
C ImTr¢ ImTr©

H* (G, F[V])

for £ > 0.

Let V' be an indecomposable representation of G. Recall that by the Jordan
canonical form of ¢ given in Section 2.4.4, o(x;) = x; + x;_1 for n > i > 1 and
o(x1) = x1. Denote the norm of x; by N(x;) so that N(z;) = [[2—; 0¥ (x;). The

following weight condition characterizes the monomials in F[V§.

Lemma 5.4 (Weight condition) For a monomial m = x{*x5* - - -z, if wt(m) :=
ST(i —1)a; < p— 1, then Tr®(m) = 0.

i=1
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Proof. Note that

p—1

Te%(m) =) o' (x1)" 0" (22)™ -+ - 0" ()™
i=0
p—1 Z an
= Zx‘l“(xg +ixy)®2 - (fn + 9Ty -+ (n B 1)x1) .
i=0
with the convention that (;) = 0 whenever ¢ < j. By expanding the binomial
coefficients as a polynomial in ¢, we conclude that the maximum degree of i in

the last sum is equal to wt(m) and wt(m) < p — 1. By Lemma 2.3,

Zpl .o _17 p_1|@>
7 =
0,

Py p—11a.

Then we deduce that all coefficients in the expansion of the transfer map vanish,
hence Tr%(m) = 0. O

Lemma 5.5 If f € F[V|§ and f = gN(z,,) + r where the degree deg, (r) of r in
T, 1is less than p, then q,r € F[V]K.

Proof. Since N(z,,) €F[V]G for any integer £>0, we have
A(f)=A@)N () +Ar).

Moreover, deg, Af(r) < deg, r < p while deg, N(z,) = p. Therefore,
AP7Y(f) = 0 implies that AP~!(¢) = 0 and AP~}(r) = 0. Hence, ¢,r € F[V]S. O

The result in Lemma 5.5 does not hold when f is divided by the norm of the

other variables x1,...,x,_1 as showed in the next example.

Example 5.2. Suppose that F[V] = F[z,y, 2]. For any f € F[V]S, if

f=aN(y) +r

with deg, 7 < p, we would not say that ¢ and r are in F[V]{. Indeed, deg, A(r)
may be greater than deg, () depending on deg, (1) and the division algorithm does
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not work. For p =5, f = y°23 + a2t + 22y22* + 223y 2* + 3042* + 22523 € F[V]§.
If it is divided by N(y) = 3°+4ay, we obtain that f = 2°N(y)+r with deg, r < 5.
But z* is not in F[V]§. Notice that deg, A(r) = 4 while deg, r = 3.

Recall that a generating set of a module is called minimal if it satisfies that
the leading monomials of the polynomials in it are minimal and its each proper
subset cannot generate the whole module. Note that the action of G (and A)
is represented by a triangular matrix, therefore if necessary, we can refine any
generating set to a minimal generating set with minimal leading monomials by
the usual Gaussian elimination. The monomial order is the graded reverse lex-

order given by x1 < -+ < x,.

Proposition 5.6 If f € F[V|S is in a minimal generating set of F[V]S, then
deg,, LM(f) =0 and deg, LM(f) <p— 2.

Proof. Let m = LM(f) and suppose that m = % ---z7* with a; > 0. Then all
the other terms of f are also divisible by z{*. Thus, f = x]'g for some g € F[V].
Since f € F[V]K and Tr%(f) = 29'Tr%(g) = 0, we get Tr(g) = 0 and therefore
g € F[V]€. This contradicts with the minimality of f. Hence deg, m = 0.

By Lemma 5.5, we have deg, m < p. Suppose for contradiction that

deg, m = p— 1. By the first part, we have m = z,»"'z;" " - - - 252, So,
p—1
e -1 -
Te"(m) = Y (zp+ax,q+ - )P (Tpog + )" (g + ax)®?
a=0
p—1
_ Gn—1t+p—1_an—2 az p—1
=ux," T,y Xy aP™" + lower terms
a=0
_ _ on—1tp=l_an—2  as +1 t
=—x,"; T, - x5 + lower terms,

hence LM(Tr%(m)) = 20 P7 2% 2 ... 292 Since Tr(f) = 0, the leading mono-
mial of Tr%(m) should be annihilated by the transfer of another term in f, say

_ b b1 G _ ap—1+p—1_an_2 as
u=x,"---z7" such that LM(Tr"(u)) = z,"3 PR o

Since m > u, we have by = ay,...,b;_1 = a;_1 and b; > a; for some 1 < i < n,

where we take a; = 0 and a,, = p — 1. Moreover, f is homogeneous, therefore
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Yo bi =" a; Finally, since the action is triangular, ., b; > >"" , a; for
all 1 < k <n—1. This system of inequalities implies that by = ay,...,b,_ 2 = a,,_»
and b, + b,—1 = a, + Ap_1.

Therefore, b,_1 > a,—1 and b, < a, = p—1. Let b, = p—k and b,_; =
(n_1 + k — 1 for some k > 1. But then the coefficient of "7~ g2
TrC(u) is evaluated to S-P_ a?~* = 0 since k # 1. Thus, LM(Tt%(m)) cannot
be annihilated, contradicting to the fact that Tr%(f) = 0. Hence, deg, m <

p—2. O

az
..-xz 11’1

5.2 Lower Dimensional Representations and

Free Modules

When it is desired to give completely the structure of generalized invariants, it
becomes more complicated for higher dimensional representations, even for inde-
composable representations. In this section, we give the structure of generalized
invariant modules for 2 and 3 dimensional indecomposable representations of
G = C, with some counterexamples. Recall that by remark in Section 4.3, these
F[V]%-modules are also F[fy, ..., fx]-modules for an h.s.o.p. {fi..., fx} of F[V]C.
We investigate whether they are free modules over F[V]% or F[fy, ..., fi]. For the
rest of this section, we consider the h.s.o.p. {x1,N(xs),...,N(z,)} consisting

of the norms of z;. For simplicity of notations, we denote the polynomial ring

Flx1,N(xg),...,N(z,)] by A.

5.2.1 Structure of 2-Dimensional Representations

Proposition 5.7 Let V' be a 2-dimensional indecomposable representation of G

with dual basis x,y. Then
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where A is the polynomial ring F[z,N(y)] = F[V]%. In particular, F[V]S is a free
A-module.

Proof. By Lemma 5.4 and Proposition 5.6, we have F[V]§ = Z y'A. Note that

leading monomials of any f - g are different for f € A and g E {1 Y, ..., yP 2
Indeed,
LM (xaN(y)byz) — xayprri'

Hence, the above sum is direct and F[V§ is a free module over A = F[V]¢. O

In general, F[V]§ is not a free F[V]%module as shown in the next example.

Example 5.3. Let V = V5, & V5 be a representation of G where V5 de-
notes the 2-dimensional indecomposable representation and the action is diag-
onally extended to the direct sum. By Corollary 2.19, we know that F[V]¢ =
Flx1, 22, N(y1), N(y2), u12] where uis = y1xe — x1y2. Moreover, by direct calcu-
lation, it can be shown that F[V]|§ = Y o<iti<p— L Y F[V]C. Notice that since
y1, Y2 € F[V]S and 1, 2, € F[V], the invariant u;5 can be decomposed as a lin-
ear combination of y;xs and ysx1. It can also be written as 1 - uqo, for 1 € F[V]g
and uio € F[V]%. Therefore, F[V]% cannot be free as an F[V]%-module. However,
F[V]S is a free A-module, where A = F[z1, 22, N(y1), N(y2)].

Remark. If we consider all vector spaces mV, = @, V5 instead of 2V5, it can

be seen that
FimVoR = > wit-yim - A

0<i1 4 +im<p—2
However, although F[2V5]% has a free module structure over the polynomial ring
A, this situation does not proceed along all representations mV5;. By calculations
in Magma, we have constructed a counterexample for the representation 3V5 in

characteristic p = 3. In this case, F[315]§ has the following 8 generators in degree
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fi = 2x2y5 + yowsys,
fo = 22195 + 1123y3,
f3 = 2x192y3 + Y172Y3,
f1=2x192y3 + Y1y23,
fs = 2xa10ys + Y33,
fo = 2z1y1y3 + yias,
fr =231y + y122ys,
fs = 2m1y192 + yizs.

The generators f1, fo, f3 gives the following relation between generators:

r1f1 — 22 fo +w3f3 = 0.

Hence, F[3V5]% can not be a free module over the polynomial ring A.

5.2.2 Structure of 3-Dimensional Representations

In this part, we construct a minimal generating set of the generalized invariant
module for 3-dimensional representations and investigate freeness of the general-
ized invariant module. For the rest of this section, V' denotes the 3-dimensional

representation V3. In this case, we use z, y, z for the dual basis elements x1, zo, 3.

Lemma 5.8 Let f be in a minimal generating set of F[VIS. If f € Im(A), then

deg, LM(f) < p.

Proof. Suppose that LM(f) = 2%°z¢ and b > p. By Proposition 5.6, a = 0
and ¢ < p—2. Since f € Im(A), f = A(g) for some g € F[V]. Thus, LM(g) =
Y7121 where b—1 > p. So, we have g = ¢N(y)-+r for some ¢, r € F[V] such that
deg, r < p. Hence, we get f = A(q)N(y) + A(r). Note that A(q), A(r) € F[V]%.
Therefore, it is sufficient for contradiction to show that LM(A(r)) < LM(f).
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Notice that LM(r) < LM(g). Furthermore, deg,r < p implies that LM(r) is
divisible by x, and so is LM(A(r)). Hence, LM(A(r)) < LM(f). Therefore, f is

not in a minimal generating set, a contradiction. Thus, b < p as required. O]

In Lemma 5.8, we can refine the condition f € Im(A) as follows.

Lemma 5.9 If f € F[V|S and LM(f) = y*2¢ with b > p, then f is not in a

minimal generating set of F[V]S.

Proof. Suppose that f is in a minimal generating set of F[V]¥. Then ¢ < p—2 by
Proposition 5.6, and f ¢ Im(A) by Lemma 5.8. Let m = y*~12°"! and note that
LM(A(m)) = y°2¢, as b > 0 and ¢ < p — 2. Then, g := f — A(m) # 0 because f
is not in Im(A). Moreover, g € F[V]% and LM(g) < LM(f). The condition b > p
implies that A(m) can be written as an A-module combination of generalized
invariants with smaller leading monomials by the proof of Lemma 5.8. Hence, f

cannot be in a minimal generating set. O]

The following lemma gives a bound on the exponent of the variable z for a

polynomial in a minimal generating set when the exponent of y is p.

Lemma 5.10 If f is in a minimal generating set of F[V|§ and LM(f) = yP2¢,

then ¢ > ;%1.

Proof. By the hypothesis, f can be written as f = N(y)q + r, where deg, r < p

and LM(q) = 2¢. If ¢ < 21, then Tr%(2¢) = 0 by Lemma 5.4. Moreover, for

any monomial u := 2%’2¢ appearing in ¢, we have a + b+ d < 2 and thus
wt(u) < p — 1. Therefore, Tr%(q) = 0 and ¢ € F[V]$. By the same arguments of
the previous proof, we have r € F[V]§ with LM(r) < LM(f). Hence, f is not in

a minimal generating set. O

Corollary 5.11 There is a minimal generating set F[V|S consisting of polyno-

mials with the leading monomials

(i) 7, 1<j<(p—1)/2
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(iti) y?=, (p—1)/2<j<p-2.

Proof. Note that the monomials 27 of the first item satisfy the hypothesis of
Lemma 5.4; hence, they are generalized invariants. Moreover, by Proposition 5.6,
Proposition 5.9, and Lemma 5.10, the monomials in the second and the third
items list all other possible monomials. Finally, f = A(y*'2/*1) € F[V]§ and
LM(f) = v’z for any 1 < i < p, 0 < j < p — 2, hence we obtain a generating

set, with required leading monomials listed in the second and the third items.

For the minimality condition, observe that the leading monomials given in
the first and the second items cannot be obtained from the other generators as
an element of F[V]%. Note that only P27 can also be obtained as LM(N(y)z7),
provided that 2/ € F[V]%. By Lemma 5.10, the case yPz7 for j < p%l is excluded.

Hence, the result follows. m

Theorem 5.12 F[V|S is a free A-module.

Proof. For a generator g from a minimal generating set satisfying the Corollary

5.11, we have either

o LM(fg) = a%yPlzreti, 1<j<(p—1)/2,0r
o LM(fg) =a"yrtzreti (p—1)/2<j<p—2,or

o LM(fg)=ay?"tizpti, 1<i<p 0<j<p-—2

for some nonnegative integers a,b, c and any f € A. Suppose that > . fig; = 0,
where f; € A and g;’s are in the minimal generating set of F[V]§. Then for each
i, LM(g;) has the form 3% 2¢ such that b; < p and ¢; < p — 2. If a term of f; is
divided by a power of x or z”, so is a term of f; for each j # ¢. Therefore, the
only remaining case which can satisfy the equation ), fig; = 0 is that y* divides
a term of f; for some ¢ and that b; = p for a generator g; # g;. In this case,

for the generator g; corresponding to f;, LM(g;) = 2% ,where ¢; > p%l. But while
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LM(g;) = 2% with ¢; > ’%1, g; is not a generalized invariant by Lemma 5.10.

Hence, we can not obtain such a relation Y, figi = 0. It means that F[V]§ is a
free A-module. O

Remark. Since F[V3]§ and F[V5]% are free modules over the corresponding poly-
nomial ring A, it can be asked whether it holds for all indecomposable represen-
tations of G. But, based on calculations in Magma [2], we have shown that F[V]§
is not a free A-module for V' = Vj over characteristic p = 5. Indeed, there is a
unique relation of degree 12 among 100 generators. For the details in calculations,
see [26].

5.3 Ideal of Generalized Invariants

If we return to Chapter 3.3, the Hilbert ideal b is the ideal in F[V] generated by

invariants of positive degree, i.e.,
h=(f €F[V]“| deg f>0).

As an analogy of the Hilbert ideal, we define ha as the ideal in F[V] generated

by positive degree elements of F[V]§.

Now, we give an analogue of Theorem 4.1 proved by Kac-Peterson in [21].

Theorem 5.13 For an indecomposable representation V=V, of a cyclic group
G of order p,

(i) Ha is generated by a reqular sequence, say of degrees dy, ..., d,,

(ii) dy---dy = |G| if and only if B(ha) = B().

Proof. Since Im(A) C F[V]§, we have {x1,...,7, 1} C F[V]S as A(z;) = x4
for 1 <i < n. Hence (z1,...,2,-1) C ha.

If n < p, then wt(x,) =n —1 < p— 1 and hence z,, € F[V]%. Therefore, ha

is the unique maximal ideal in F[V], with generators {xy,...,x,}.
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Otherwise, we have n = p. Note that, LM(N(z,)) = 22, hence z£ € ha.
Moreover, any polynomial f € F[V] with LT(f) = az? cannot be a generalized
invariant for @ < p by the fact that LT(Tt“(f)) = —a(})2? %’ _,_, where
k=|2"] and b = p — 1 — ak. Therefore,

hA:{<x1,...,xn> n<p,

(x1,...,Tp_1,22) n=np.

It is clear that these generating sets are regular. Finally, it is known by [38] that
B(h) = p. Therefore, S(ha) = B(h) if and only if n = p which is only possible
when d; ---d, = p = |G]. O

As a result of this proof, the ideal ha of generalized invariants for C, has the

following generators:

bA:{<x1,...,xn> n <p,

(x1,...,Tp_1,22) n=np.

This shows that the Hilbert ideal conjecture is satisfied for generalized invariants
of C).

Corollary 5.14 The ideal ha is generated by polynomials of degree at most the

group order p.



Chapter 6

Structure of Generalized

Invariants

In Chapter 5, we determined explicitly the structure of generalized invariant
modules for 2 and 3 dimensional indecomposable representations of the cyclic
group C,. However, it is hard to obtain the same result for any representation.
Instead of this, we give a general structure of generalized invariant module of any
group GG and bring out the core modules of the structure. Especially, generalized
invariant module of its subgroups of order p plays a key role. Therefore, as in

Chapter 5, we take p > 2 for the rest of the thesis.

6.1 Relation with Subgroups

Along this section, we consider some subgroup properties of generalized invari-
ants. We compare these structures with generalized invariant module of any
group. Moreover, we check that generalized invariant module has some properties
of invariant rings. For the rest of the section, let V' be a modular representation

of a finite group G.
Lemma 6.1 If H is a subgroup of G, then F[VI{ C F[VIH. In particular,
F[V]g = ﬂHgGIF[V]Z'

69
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Proof. 1t is immediate consequence of the definition of generalized invariants. [

For the cyclic group C, of order p, we proved that IF[V]Z” = KerTr% in
Proposition 5.1. The following result investigates the relation between F[V]§

and Ker Tr¢ for any finite group G using the subgroup property.

Proposition 6.2 For a modular representation V' of the finite group G,

F[V]% C Ker TrC.

Proof. 1t is known that G has a cyclic subgroup H of order p by Sylow Theorem.
Then by Proposition 5.1,
FIV]E = Ker Tr".

Since Tr% = Tr% o Tr, we always have
Ker Tr? C Ker Tr®.
On the other hand, F[V]§ C F[V]¥ by Lemma 6.1. Hence,

F[V]S C FIV]H = Ker Tr" C Ker TrC.

Note that for all g,h € G and f € F[V], we have the following relation

Agn(f) = gAn(f) + Ag(f)- (6.1)

Thus, if f € F[V] is invariant with respect to the generators {g1,...,gx} for G,
then f € F[V]%, i.e.,

In Section 5.1, as a similar property, we proved that f € IF[V]Z” if it is a

generalized invariant with respect to a generator of C),. We can extend this result

as follows.
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Lemma 6.3 Let G be a cyclic group with a generator o and f € F[V]. If f is a

o-generalized invariant, then f € F[V]%.

Proof. Using the above relation (6.1), for any 0% € G,
Apie(f) = (0" + "+ 4+ 1)A(f).

This proves the result. [

However, this property does not hold for generalized invariants of all groups

as shown in the next example.

Example 6.1. We consider the polynomial ring F3[x, y, z] and the group action
in Example 4.1. We showed that yz € IF[V]X> N IF[V]?. But,

AZ(yz) =227 # 0

while A3_ = 0. Thus, yz ¢ F[V]S. Hence, F[V|§ # F[V]'" NF[V]¥

Despite the previous counterexample, generating set of a group is still impor-
tant for generalized invariants. Having a non-modular generating set, in the sense
that the orders of its elements are co-prime with p provides that the generalized

invariant module acts as in the non-modular case as follows.

Proposition 6.4 If G has a non-modular generating set, then F[V|§ = F[V]¢.

Proof. Let A ={g1,...,9x} be a generating set of G such that p 1 |(g;)| for each
i=1,...,k Then by Corollary 4.6, F[V]'¥ = F[V]‘). Thus, by Lemma 6.1,
k k k
(FVI = F[V]° C FIVIE € (FIVIE = (\FIV] .
i=1 i=1 i=1

Hence, F[V]§ = F[V]¢. O

Remark. By Proposition 6.4, the invariant rings of some important groups as

dihedral groups, symmetric groups, reflection groups, more generally Coxeter
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groups are equal to their generalized invariant module. This demonstrates that
if the generalized invariant module can be calculated more efficiently, then the

invariant rings of these groups will be calculated more effectively.

6.2 (Generalized Invariant Module of Some Spe-

cial Groups

Some groups have a fundamental importance to understand the structure of
groups, such as cyclic groups, p-groups, quotient groups, p-residual subgroups.
As we explain below, they will also help to comprehend the structure of the

generalized invariants.

6.2.1 Cyclic p-Groups

In Chapter 5, we have analyzed the generalized invariant module of a cyclic group

of order p. Now, we consider cyclic p-groups.

Proposition 6.5 (Generalized Invariants of Cyclic p-Groups) If G = (o) is a
cyclic group of order p* and H; = <0pk7i> is the subgroup of G of order p' for each
i1=1,...,k—1, then

Proof. By Lemma 6.1, we have
F[V]X CF[V]x* < --- CFVIL

Let f € F[V]4'. Then there exists ¢ such that Af;pk,l(f) = 0 and Af;pk,l # 0.
Since char(F) = p, it follows that A?*7"(f) = 0 and A®?*™" £ 0. Thus, f is a
generalized invariant with respect to o. Hence, f € F[V]§ by Lemma 6.3. It

completes the proof. O
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Lemma 6.5 shows that the generalized invariant module of cyclic p-groups has
the same structure with the module of C,. Thus, we can extend the structural

properties of ]F[V]gp to the module of cyclic p-groups.

Corollary 6.6 With notations in Proposition 6.5,

(i) F[V]§ = Ker Tx™,
(ii) Im Ay, C F[V§,

(iii) hE = bha'.

Proof. They are the consequences of Proposition 5.1, Proposition 5.2, Corollary

5.14 respectively with Proposition 6.5. O

6.2.2 p-Groups

Proposition 6.7 (Generalized Invariants of p-Groups) If G is a p-group, then
F[V]S is the intersection of the generalized invariant modules of its subgroups of

order p, i.e.,
FVIE= () FVIX.

ceG
lo|=p

Proof. Note that F[V]§ = N IF[V]XJ> by definition. Since any element of G

has p-power order, it is enough to take generalized invariants with respect to all

geG

elements of order p by Proposition 6.5. O

The following is an immediate result of Proposition 5.1.

Corollary 6.8 If G is a p-group, then

F[VIS = () KerTr'.

ceG
lo|=p
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The elements of order p in a p-group has an important structure in the group

theory as considered below.

Definition. Let G be a group. The subgroup generated by the minimal normal
subgroups of G is called the socle of the group G and denoted by Soc(G).

Remark. By the definition, the socle of a finite p-group G consists of the elements

of order p in the center of G. Therefore, if G is also abelian,
Soc(G) = (o € G: |o| =p).

Proposition 6.9 If G is abelian p-group, F[V|§ = V]9,

Proof. Since Soc(G) = (o € G : |o| =p),
oeG
lol=p

Moreover, (o) < Soc(G) for each ¢ € G with |o| = p. Thus, IF[V]SAOC(G) C IF[V]?.
It completes the proof. O

6.2.3 Quotient Groups

The following result is well-known and enables us to describe the invariant ring
with smaller groups.

Lemma 6.10 Let V' be a representation of G and H be a normal subgroup of G.
Then G acts on the invariant ring F[V]2. In particular, F[V]¢ = (F[V]H)¢/H.

Proof. Let 0 € G, 7 € H. By the normality of H in GG, we have 7o = o7’ for
some 7/ € H. If f € F[V]", then

T(of) = (ro)f = (o7)f =0 f.
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Therefore, of € F[V]? and G acts on F[V]¥. Since the action is defined, it
follows that F[V]¢ = (F[V]¥)%. Note that H trivially acts on F[V]?. Hence,
F[V]¢ = (F[V]H)/H. O

Also, we can say that G acts on the generalized invariant module F[V ] which
is proved in the next section after the required structure theorem. However, in
order to describe generalized invariant module of G using smaller groups H and

G/H, we need an additional condition.

Proposition 6.11 If H A G and F[V]|H = F[V]#, then F[V]S = (]F[V]g)i/H.

Proof. Since G acts on F[V]# | clearly we have (F[V])$ = F[V]% and also, G/H

acts on F[V]#. Moreover, the normal subgroup H satisfies
(cH — H)" = (0 —1)'H*

for any ¢ € N. Thus, we obtain that (F[V]H)g/H =F[V]S. O

Remark. The previous proposition does not hold without the additional condi-
tion F[V]{ = F[V]¥. Example 6.1 shows that F[V]§ # F[V]X’) N F[V]X> by the

given representation GG, in other words,

since G/ (o) = (7).

6.2.4 p-Residual Subgroups

Definition. The subgroup generated by all elements of G whose order is coprime
with p is called the p-residual subgroup of GG, and it is denoted commonly by
OP(G). However, we simply denote it with N in the rest of the text:

N = (g€ G|gcd(lgl,p)=1).
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The following is the known results about p-residual subgroups.
Lemma 6.12 The p-residual subgroup N of a group G is characteristic in G. In

particular, N is normal in G.

Proof. Let ¢ be an automorphism of G. If the order of ¢(g) for ¢ € N were
divided by p, p||g| because ¢ € Aut(G). Thus, N is characteristic in G. The
last result follows by Lemma 2.1. O]

Note that for the p-residual subgroup N of G, the quotient group G/N is a
p-group by the definition.

Corollary 6.13 We have the following results about p-residual subgroups:

(i) FVIx =F[V]".

(ii) FIVIZ

(FEVINST.

Proof. By the definition of a p-residual group, N has a non-modular generat-
ing set. Thus, the results are immediate consequences of Proposition 6.4 and
Proposition 6.11. O

6.3 Structure Theorem of Generalized Invari-

ants

In this section, we consider a general structure of generalized invariants module
of any finite group G. Actually, this structure gives the core modules of the
generalized invariant module with their intersection. Even though it can not
determine all structural properties, we get some important consequences using

the following structure theorem.
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Theorem 6.14 (Structure of the Generalized Invariant Module) For any finite
group G, F[VI§ is the intersection of the generalized invariant modules of sub-

groups of order p with the invariant ring of p-residual subgroup N, 1i.e.,

FIVIS = ([ FIVISH (N FIVIY.

geG
lo|=p

Proof. Generalized invariant module F[V]§ clearly lies in the righthand-side of
the equation by Lemma 6.1 and Corollary 6.13. For the converse, suppose that
f is in the above intersection. Let g be a nonidentity element of G of order pFm.
When m = 1, |g| = p*. By Proposition 6.5, there exists £ such that Af;(f) =0
and AL # 0. If m # 1, ¢*" € N so that (¢*" — 1)(f) = 0 and ¢** — 1 # 0.
Therefore, A?g’k( f) =0 and Agk # 0. Since g is arbitrary, f € F[V]S. O

Remark. This structure theorem provides a useful method to compute F[V]%
by first calculating all generalized invariants of elements just of order p in G\N

and then intersecting them with the invariant ring F[V]".

We have the following result by Proposition 6.9

Corollary 6.15 For a finite abelian group G,

FVI§ = FVIX< N FIV]Y.

Using the following lemma, it is enough to take the quotient group PN/N of
order p*~° for a Sylow subgroup P of G instead of all elements of order p in the
Structure Theorem for the Generalized Invariant Module. Although the proof of

the Lemma is elementary, it is given for the completeness of the section.

Lemma 6.16 If G is a group of order p®m with (p,m) = 1, P is a Sylow p-
subgroup of G, and H is a normal subgroup of G of order p°n with (p,n) = 1,
then |PNH| =p’ and |PH/H| = p*~*.

Proof. By the diamond isomorphism theorem, PH < G, H<PH, PNH <P and
PH/H = P/PNH. Since P < PH and PH < G, Lagrange Theorem implies
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that |PH| = p*k. Then |H| | |PH|; so, we have |PH/H| = p*~’u for some integer

u with (p,u) = 1. Because |P/P N H]| is a p-power and PH/H = P/PN H, we

obtain that u = 1. Therefore, |P/P N H| = |PH/H| = p**. Hence, |PNH| =
b

D [l

Corollary 6.17 If N is proper in G and P is a Sylow p-subgroup of G, then

FVIE =FIVIX(FIVI".

Proof. Let |G| = p®m such that (p,m) =1 and |N| = p®m for some non-negative
integer b < a. By Lemma 6.16, we obtain |[PN/N| = p®®. Since G/N is the
largest p-group onto which G surjects and PN/N < G/N, |G/N| = p*~* and
G/N = PN/N. Furthermore, G = PN since |PN| = % = p*m. Then by
Proposition 6.11, we have

]

Remark. Previous corollary emphasizes that the generalized invariant module
of Sylow p-subgroups plays a fundamental role to understand the difference of

the generalized invariant module of a group from its invariant ring.

Example 6.2. Consider a representation of the cyclic group G = C; x (), in

2-dimension represented by

A
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By Theorem 6.14 and Proposition 5.7,

Hence, BIVIS = (@107 Fle", N2(0)] ) @ ( @04 o+ BLu?, 3] ) for the
h.s.o.p. {2%, N%(y)} of F[V]C.

In general, for G = C, x C, with ¢ | (p — 1),

= (B y'Fla, N W) () ( P #'v'Flz?,y).

i=0 i+j=q
1,j<q

Example 6.3. Let G' be the group SLy(F3) of order 24 for the vector space V
over the field F3 of characteristic 3. It is generated by

(el

Then its p-residual subgroup N is generated by the first two elements in the above
set and has order 8; also clearly, the other element generates the cyclic group Cj.

By Proposition 5.7 and using calculations in Magma, we obtain that

FIVIS =FLf1, fo] €D hFIf1, £
FVIY = Flhfo+ £ 1LV DS + FOFRS + £ uf),

where {f1, fo} and {hfy+ fi, fifo} are h.s.o.p. of F[V]% and F[V]V, respectively,
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and

fl =,
fa =1y + 227y,
h=uy.

We know that F[V]S = F[V]* NF[V]Y by Theorem 6.14. If we rewrite this
intersection using the h.s.o.p. {fif2, f2 + f8} of F[V]¢, then

FVIK = Ffifo, f5 + SYTED (A2 + FOFffo, f5 + f1]-

6.3.1 Results of the Structure Theorem

The following lemma is promised in Section 6.2.3. Therefore, it is given as a
consequence of Theorem 6.14 in this section.

Lemma 6.18 Let V' be a representation of G and H be a normal subgroup of G.

Then G acts on the generalized invariant module F[V]X .

Proof. If f € FI[V]{ and 7 € G\ H, then for each element o € H of order p,
FV]H C IE‘[V]X’> and Tr'”(f) = 0 by Lemma 6.1 and Proposition 5.1. Because

of the normality of H, we have

e (7f) = 7Tr' (f) = 0.

Thus,
7fe () KT = () FVIY.
oceH oc€EH
lo|=p lo|=p

Moreover, if f is invariant, so is 7f by Lemma 6.10. Hence, Theorem 6.14 shows
that 7f € F[V]4. O

In Section 6.2.1, we obtained the structure of the generalized invariant module

of cyclic p-groups as the kernel of the transfer map. Now, we extend this result
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to the groups in which the index of their p-residual subgroups is p.

Proposition 6.19 Let G be a finite group and N be its p-residual subgroup. If
|G : N| =p, then
FV]§ = Ker Tr§.

Proof. Since |G/N]| is a cyclic group of order p, F[V]g/ N = Ker TtV Thus the

structure theorem gives
F[V]S = Ker Tr" (\F[V]".

Hence, F[V]{ = Ker Tr§. O



Chapter 7

Generalized Invariants and
Ladder Method

In Section 4.4, it is proved that the usual invariants and the generalized invariants
are the same for non-modular representations. Also, in this chapter, we answer
the question when they are equal in the modular case. Our tool is the ladders
which are used efficiently in characteristic zero (see [25], [34], [53]). The ladder
method is also studied in the modular case ( see [42], [4]). In the first section,
we review these studies. Then, we give the results obtained from the ladder

technique.

7.1 Ladder Method

It is known that F[V]¢ = (F[V]7)¢/" for a normal subgroup H of G (Lemma
6.10). Thus, computing F[V]¢ can be reduced to the problem of computing F[V]#
and then G/ H-invariants of F[V]. However, F[V] is generally not a polynomial
ring. It causes a difficulty on computing G/H-invariants of F[V]#. When G/H
is a reductive group, this problem can be solved by replacing successfully F[V]#

by a polynomial ring as follows:

82
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Let D = (F[V]#)2 be the ideal of the decomposable invariants in F[V].
Then D is G/H-stable. Since G/H is a reductive group, it follows that

FVI" =D& Q,

for some G/ H-stable complement of D in F[V]#. Thus, a basis {fi,..., fi} of
Q can be extended to a generating set of F[V]%. We consider a G/H-action

on the algebra F[y, ..., y,] with indeterminates y1, ...,y of degree 1 using the
G/ H-action on Q:

,
—— g
0 Yi = E &, Y55
=1
o i
where af ; is given by

s
o fi=> alf;
j=1

Let W denote the representation dual to the space generated by v, ..., y,. Then

we have the following G/ H-equivariant epimorphism

p:FW]=Fly, v, Ym| = Flf1, foo oo, fr] = ]F[V]Hv

defined as p(y;) = f; for each i = 1,...,m. Since G/H is a reductive group, the
restriction of p to F[W]¢/#

FIWISH = Blyy, yo, ..y = Ff1, fo. .. f] H = F[V]C

is an epimorphism.

If G/H is not reductive, there are some modifications as follows. In this case,
we need a GG/ H-stable vector space () as in the previous case. But here we only

give the desired construction since our aim is not the computation of F[V]¢.

Let H be a normal subgroup of G. Suppose that {fi, fa,... fm} is a set of

generators for the invariant ring F[V]". Define

Q :=spang{o- filo € Gand i =1,...,m}.
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Then @ is a G/H-stable vector space over F. Take {hy,hy...,h.} as a basis for
Q. We consider the polynomial ring Fly;,ys, ..., y,| of Krull dimension r and
define an action of o € G/H on Fly, v, ..., y,] as follows:

(s
. g
0 Yi'= E @ 3Yj
j=1

where a7 ; is defined by

o - hz = E Oé;:jh,j.
Jj=1

Let F(W] = Flyi,vya,...,y,] such that W = @ is the r-dimensional G/H-

representation dual to spang{y1,¥s,...,y,}. Define
p:FIW] 2 Fly,v2,-- -, = Flhy, by ..., h,] =F[V]?

as p(y;) = h; for alli = 1,...,r. By the above construction, p is G/H-equivariant

|G/

algebra surjection. The restriction of p into Flyi, ya, ..., ¥, is defined onto

(F[V]H)G/H = F[V]%, but not surjective as shown in the following example.

Example 7.1. [4, Example 14.2.3] Consider the field F; = {0, 1,w, w?} of order
4 with w? +w + 1 = 0. Consider the following 3-dimensional representation G

generated by

and

q\
—
Il
S = =
_ = O
—_— O O
\]
L
Il
E o
S = O
_ o O

Let G act on the polynomial ring Fy[V] = Fy[x,y, z] and H be the subgroup of
G generated by 0. Then H has the order 4 and it is a normal subgroup of G

since the order of GG is 8. By calculations in Magma, we can easily obtain that
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F[V]? = Fy[f1, fo, f3, f1], where

fi=u,

fo =y +ay,

fz3 =9 +ay* + 2% + 272,

fa= At y222 + xyzQ + nyZ + x2yz.

Let A denote 7 — 1. Then G/H-action on F[V] is given by

A(f1) =0,
A(f2) =0,
A(fs) = 7,
A(fa) = fi(f2+ f7)-

Let W = 2V ®2V5 such that the dual space W* has the basis {uy, us, us, vs, ug, v4}
with

p(u;) = u; for i =1,2,3,4,
p(v;) = u; + v; for i = 3, 4.

Now, define p : F4[W] — Fy[V]H as

plur) = fi,

puz) = fa,

p(vs) = fs,

pluz) = A(fs) = f7,

p(vs) = fa

plus) = A(fa) = fi + fi for
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Then p is G/H-equivariant surjective map. Consider the image

P(FZL[W]G/H) = p(Faluq, us, U% + u3vs, Ui + Ugvy, UzVg + UgVs3))

=Fulfi, fo, fi + i fas fE+ Flfa+ PP fa B fa+ fifs + fi oo

Let f5 1=y +xz* + 23y* + 2*2. Since A(f;5) = z(wz)* + 2 (wz) = 0, f5 € F[V]Y.
If f5 € p(F4[W]S/H), then f5 € Fy[f1, fo]s because deg(f;) = i. However, each
element of Fyf1, fo]5 is divisible by f; = x and the leading monomial of f5 is 3/°.
Thus, we obtain f5 ¢ Fy[f1, fals. So, f5 & p(F4[W]9/H). Hence, the restriction of

the epimorphism p into F,[W]%/# is not surjective.

7.2 The Results

Now, we consider the relation of the ladder method with generalized invariants.
Actually, we don’t give this method as a convenience for the calculation of gener-
alized invariants. Only we use it as a tool to answer the question when generalized

invariants are the usual invariants in modular case.

We saw in the Example 7.1 that the ladder method is not efficient as in the
reductive groups since the restriction of the map p into the invariant ring F[W]¢/#
is not generally surjective. On the contrary to this situation, we can obtain the

following result.

Lemma 7.1 Suppose that H is a normal subgroup of G such that the quotient
G/H is a p-group. By the notations introduced in Section 7.1, if y; ¢ F[W]/H
then

hi = p(y;) ¢ F[V]°.

Proof. If y; is not in F[W]%/#  we can consider non-zero A,(y;) for o € G/H.
Because of the p-group structure of G/H, A,(y;) = y;—1 after a reordering of the
indeterminates. Suppose that h; € F[V]¢. Then for G/ H-equivariant map p, we

have
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Since h;_; is a basis element, it is a contradiction. So, h; ¢ F[V]C. O

The following gives the main result of this chapter.

Theorem 7.2 The group G has a non-modular generating set if and only if
F[V]S = F[V]Y. In particular, G = N if and only if F[V]% = F[V]C.

Proof. If G has generators whose order is coprime with p, then the equality
F[V]§ = F[V]¢ is satisfied by Proposition 6.4. For the converse statement, let N
be the p-residual subgroup of G and suppose that N is proper in G. Since N is
a normal subgroup, we can use the construction given Section 7.1 and the same
notations only changing H with N. Then there exists y; € F[W]g/ M\F[W)e/~.
Since p is G//N-equivariant, p(y;) is also in F[V]%, and not in F[V]¢ by Lemma
7.1. Hence, F[V|X # F[V]. O

Remark. The necessary and sufficient condition of the previous theorem shows
not only that usual and generalized invariants are same for a representation with
non-modular generating set, but also it gives information about the group struc-

ture when these two structures are same.
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