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ABSTRACT

¢-FLOQUET THEORY AND ITS EXTENSIONS TO
TIME SCALES PERIODIC IN SHIFTS

HALIS CAN KOYUNCUOGLU
Ph.D. in Applied Mathematics and Statistics
Graduate School of Natural and Applied Sciences
Supervisor: Prof. Dr. Murat Adivar
June 2016

This thesis proposes a Floquet theory for ¢-difference systems which are con-
structed on ¢% == {¢" :n € Z, ¢ > 1} U {0} by using multiplicative periodicity
notion. The Floquet decomposition theorem is given by obtaining the solution of
a matrix exponential equation. The existence of periodic solutions of both homo-
geneous and nonhomogeneous systems are investigated by providing the necessary
and sufficient conditions. Additionally, by establishing a linkage between Floquet
multipliers and Floquet exponents of a ¢-Floquet system, stability analysis is
done. The obtained results for g-difference systems are unified on time scales
by using new periodicity concept based on shift operators introduced in [11] (see
also [12]). This approach enables us to discuss Floquet theory of dynamic systems
on more general domains including nonadditive domains, such as {+n? n € Z}
and U2, [Sik, 2.3ik} U{0} . Given results provide a wide perspective for Floquet
theory and they are the most general results that are obtained in the existing
literature.

Keywords: Floquet theory, transition matrix, matrix exponential, multiplicative
periodicity, time scales, shift operator, periodicity in shifts, Floquet multipliers,
Floquet exponents, stability.
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0%
¢-FLOQUET TEORISI VE KAYDIRMA

OPERATORLERINE GORE PERIYODIK ZAMAN
SKALALARINDA GENELLESTIRILMESI

HALIS CAN KOYUNCUOGLU
Uygulamali Matematik ve istatistik, Doktora
Fen Bilimleri Enstitiist
Tez Danmigmani: Prof. Dr. Murat Adivar
Haziran 2016

Bu tezde ¢ = {¢":n€Z, q>1} U {0} tamm arahgnda kurulan g¢-
fark sistemlerinin Floquet teorisi ¢arpimsal periyodiklik kavrami kullanilarak
incelenmigtir. Floquet ayrigma teoremi iistel matris fonksiyonu denkleminin
¢Ooziimiinlin varhgr ispatlanarak verilmigtir. Homojen ve homojen olmayan
g-Floquet fark sistemleri incelenerek, periyodik ¢oziimiin varhigi i¢in gerek
yeter kosullar gosterilmistir. Ayrica, Floquet carpanlari ve Floquet kuvvetleri
arasinda kurulan iligkinin 1g1g1inda elde edilen sonuclar kararlilik analizinde kul-
lanilmistir. Tezin kalan kisminda, ¢-Floquet teorisi zaman skalalarinda kaydirma
operatorlerine bagh olarak tanimlanan yeni periyodiklik kavramiyla ([11] ve [12])
genellestirilmigtir. Bu yaklagim dinamik sistemlerin Floquet teorisinin toplam-
sallik kogulu aranmaksizin +n% n € Z ve U, [3“, 2.3*’“} U {0} gibi daha genel
tamim araliklarinda tartigilmasina imkan tanimigtir. Genellestirilen sonuclar Flo-
quet teorisine daha genig bir acidan bakilmasini saglayip, literatiirdeki su ana
kadar Floquet teorisi lizerine yapilmig caligmalar icerisinde en genel olanlaridir.

Anahtar Kelimeler: Floquet teorisi, dontisiim matrisi, tistel matris fonksiyonu,
carpimsal periyodiklik, zaman skalasi, kaydirma operatorii, kaydirma operatoriine
gore periyodiklik, Floquet carpanlari, Floquet tistelleri, kararhlik.
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Chapter 1

Introduction

In the literature, analysis of periodic equations and systems has taken great inter-
est due to its tremendous application potential in engineering, biology, biomathe-
matics, chemistry ete. (see [35], [42], [45], [57], [66] and [70]). As it is well known,
equations and systems with periodic coefficients are always constructed on peri-
odic domains. To define an w-periodic function on a set T, one need to guarantee
that T is periodic with period P < w. In terms of conventional thinking, the
domain T is periodic if and only if there exists a P € T such that t + P € T for
all t € T (see [53]). The set of reals R, the set of integers Z, hZ := {hk : k € Z} ,

and J [2k, 2k + 1] are examples of periodic domains. Hereafter, these domains
k€EZ
are called as additively periodic domains. There is a vast literature dealing with

periodic solutions of various types of differential, difference and integral equations
and their systems which are constructed on additively periodic domains (see [4],
[49], [50], [72] and [73]).

Floquet theory is an important tool in the study of periodic systems for inves-
tigation of periodic solutions and stability theory of dynamic systems. Indeed, it
is a century-old theory which was introduced by Gaston Floquet in 1883 in order
to analyze the solutions of systems of linear differential equations with periodic
coefficients (see [43]). Afterwards, this theory has been extended to difference

equations/systems, integral equations, integro-differential equations, and partial
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differential equations (see [17], [18], [21], [23], [55] and [65]). The extension of Flo-
quet theory to different type of equations became very useful tool for researchers
in fields of mathematics and physics. By a short literature review, one may de-
duce that Floquet theory is very common in quantum physics, classical physics,

chemistry, electronics, dynamic systems (see [31], [34], [40], [54], [56], [58] and

[61]).

In recent years, the theory of time scales has taken prominent attention in
the area of pure and applied mathematics. This popular theory was introduced
by Stefan Hilger in 1988, in his Ph.D. thesis under the guidance of his advisor
Bernd Aulbach (see [48]). The aim of Hilger’s thesis was threefold: unification,
extension and discretization. The motivation behind this theory and Hilger’s
subsequent works (see [46]-[48]) have opened a new way for mathematicians since
the theory of time scales avoids separate studies for differential and difference
systems by using similar arguments. For an excellent review on time scale cal-
culus, we refer to pioneering works [24] and [25]. Consequently, the mentioned
advantage of the time scale theory has motivated mathematicians especially who
work on applied mathematics, and they have started to develop time scale ana-
logues of existing theories such as: oscillation theory, stability theory, population
dynamics, mathematical modelling, optimization, mathematical physics, integral
equations, probability theory, Floquet theory, economics, boundary value prob-
lems, eigenvalue problems etc. (see [2], [3], [5], [8], [9], [10], [11], [14], [15], [16],
[22], [26], [33], [36], [38], [37], [51], [60], [63], [69], [71], and [74]).

The time scale variant of Floquet theory was first treated by Ahlbrandt and
Ridenhour [14], and this study basicly focused on Floquet’s theorem on mixed
domains and Putzer representations of matrix logarithms. Adamec [1] criticized
the approach in [14] and stated his concerned about suitability of using real
exponential function instead of time scale exponential function. Later on, Jef-
fery J. DaCunha’s work on Floquet theory gave a great contribution to applied
mathematics. Liapunov stability and unified Floquet theory regarding Liapunov
transformations were first handled by DaCunha in 2004 in his Ph.D. thesis. The
study [37] not only improved the results of [14] but also extended the study of
Floquet theory on time scales extensively. The highlights of the thesis are as
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follows:

1. Unification and extension of Liapunov’s direct method.
2. Development of unified Floquet theory including Liapunov transformations.

3. Application of Floquet theory of homogeneous linear dynamic systems to

nonhomogeneous linear dynamic systems.

4. By using monodromy operators, establishing a linkage between Floquet

(characteristic) multipliers and Floquet exponents.

5. Stability analysis of time varying linear dynamic equations on time scales.

In [38], DaCunha and Davis improved the results of [37] by answering the

following questions:

Q1 Does the solution of matrix exponential equation eg(t,7) = M, exist for a

nonsingular, constant, n x n matrix M?

Q2 Is the n xn matrix R in continuous, discrete and unified versions of Floquet’s

theorem necessarily constant? Can it be time varying?

Q3 If the matrix R was time varying, how would we make the stability analysis?

In all existing works on Floquet theory, dynamic systems are constructed on
additively periodic domains. However, additive periodicity assumption is a strong
restriction for the class domains on which periodic solutions of dynamic equations

can be analyzed. For instance
¢ ={¢":neZ}u{0},q>1

is not an additively periodic domain. Since ¢-difference equations are the dy-
namic equations defined on q_Z, Floquet theories in previous studies including [38]

and [37] are insufficient to investigate periodic solutions of systems ¢-difference
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equations. A g¢-difference equation is an equation including a g-derivative D,,

given by

flqt)— f (1)

(q—1)t ) tqu = {qniq> 1is a constant amdneZ}7

Dy () (1) =
of its unknown function. Observe that the g—derivative D, (f) of a function f
turns into ordinary derivative f’ if we let ¢ — 1. The theory of g¢-difference
equations is a useful tool for the discretization of differential equations used for
modeling continuous processes [41], [59], [62]. Pulita [68] concluded that ”in the
p-adic context, g-difference equations are not simply a discretization of solutions
of differential equations, but they are actually equal”. One may also refer to
[20] for further discussion about the equivalence between ¢-difference equations
and differential equations. There is a vast literature on the existence of periodic
solutions of differential equations, unlike the existence of periodic solutions of ¢-
difference equations. Thus, it is of importance to study the existence of periodic
solutions of ¢-difference equations. That is, investigation of periodicity on addi-
tively periodic domains rules out very important domains that are not additively

periodic.

In order to improve and extend the results of the above mentioned works
related to Floquet theory, the definition of a periodic domain should be revisited.

The idea behind this need can be presented briefly as follows:

1. Once a starting point ¢ € T is determined, a periodic domain T should

contain an element at each backward or forward step with size p.

2. Addition is not always the way to step forward and backward on a domain,
for instance, 2%'t lead to one unit backward and forward steps over the
domain {2" :n € Z} U{0}.

3. In some way, we should characterize the backward and forward steps on a

domain without using only addition.
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Periodicity notion and Floquet theory on the domain
¢ ={¢":gq>1landn=0,1,2,...}

have been studied in [28] and [32]. In [28] and [32], an w-periodic function f on
¢"° is defined to be the one satisfying

1
f(g“t) = —f(t) forall t € ¢"° and a fixed w € {1,2,...}.
qw

According to this periodicity definition the function ¢ (¢) = 1/t is ¢-periodic
over the domain ¢"°. Unlike the conventional periodic functions in the exist-
ing literature, the function g (t) = 1/t does not repeat its values at each period
t,q“t, (q‘”)2 t,.... The periodicity notion used in [28] and [32] resembles the peri-
odicity on R in geometric meaning. Their idea is based on the equality of areas
lying below the graph of the function at each period. In parallel with conventional
periodicity perception, we define a periodic function to be the one repeating its
values at each forward/backward step on its domain with a certain size. For
instance, according to our definition the function h(t) = (—1)11%; is a g?-periodic

function on ¢Z = {q > 1: ¢",n € Z} since

h(q2t) = (1) Wt = (—1)Wa = h (1)

Obviously, the function h(t) repeats the values —1 and 1 at each back-
ward /forward step with the size ¢®. Consequently, the use of new periodicity
notion for ¢% in Floquet theory provides not only a generalization but also an

alternative approach to already existing literature in particular cases [28], [32].

The organization of the rest of the thesis is as follows: In the next chapter,
some basics of quantum calculus and time scales calculus are outlined under the
guidance of [24] and [52]. Additionally, the periodicity notion for quantum cal-
culus and the new periodicity concept on time scales are introduced according to
pioneering work of Adivar [12]. In Chapter 3, g-Floquet theory is established with
respect to Lyapunov transformations and Chapter 4 is devoted to generalization

and unification of results by using periodicity in shifts (see [6]).



Chapter 2

Preliminaries

2.1 A brief introduction to quantum calculus

In this section, some definitions and results about the quantum calculus con-
structed on ¢%, ¢ > 1, are presented according to books [24] and[52]. Most of the

definitions, theorems and examples can be found in [24] and [52].

Definition 1. Let f be an arbitrary function defined on ¢%,q > 1. The ¢-
differential of f at a point ¢, m € Z, is given by

dof (¢™) == f (¢™") = f(¢™).

Notice that, symmetry property is lost for production of two functions in quantum

differentials. That is

dg (f (@™)g(@™) = F (") dag (¢™) + g (¢™) dof (¢™)

and
dy (g9(q™) f(@™) =g (") dof (™) + f(q™) dyg (¢™)
may not be equal all the time.

Definition 2. The g-derivative of a function f defined on ¢%,q > 1 at a point

7
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q™, m € Z is given by

_df(q") _ fla™) — f(g™)

deq™ (q—1)qm

Dyf (™)

Obviously, when ¢ — 1, D, f — % and like the ordinary differentiation operator,

g-derivation operator is a linear operator.

The properties of g-derivation operator, D,, are as follows:

Theorem 2.1 Assume f,g : ¢* — R be two functions and o, 8 are constants.

Then

i. Dg(fg)(@™) = Dof (¢™)g(q™) + f(q"™") Deg (¢™),m € Z

ii. If f(g™) f(q™™) #0 for all m € Z, then we have

l my __ DQf(qm)
Dq(f) @)= =Fm 7 @)

iii. If g (¢™) g (¢™ ™) # 0 for all m € Z, then we have

I\ o Dof (@) g (@) — f(q") Dag (™)
P (5) (@) = g(q™) g (g1 '

The following definitions and results are given according to [24].

Definition 3 (¢g-Exponential function). Let p be a regressive function on ¢Z, i.e.
1+ (g—1)q"p(¢™) #0, Vm € Z.
Then e, (., ¢™) yo is unique solution of the initial value problem
Day(q™) = p(d™)y(d™), y(a™) = o

for mgy € Z with m € [mg, 00)NZ. Furthermore, the explicit form of g-exponential

function e, (¢", ¢™) is given by
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(g™ q™) = J[ +@-Ddp@),

TE[mo,m)z

where [mg, m), = [mg, m) N Z.

The following theorem summarizes some basic properties of g-exponential

functions.

Theorem 2.2 Let p and g are regressive functions on ¢“. Then

1

i. eo(q™, ™) =1 and ey(q™, ™)

it. ep(q™t, ™) = (14 (¢ — 1) ¢"p(¢™))ep(q™, ¢™)

m . mo

@i, ep(q™, q™)eg(q™, qM) = epag(q™, ¢™), where p® g :==p+g+pg(qg—1)¢"

iv. ep(q"™,q™) = imogmy = eep(d™, q™), where Op(g™) = —W

v. (g™, ¢™)ep(@™,q7) = (@™, q7).

Definition 4. A matrix function A : ¢ — R™ " is said to be regressive matrix

function if I + (¢ — 1) ¢"™A(¢™) is invertible for all m € Z.

Definition 5 (¢-Matrix exponential function). Let my € Z be fixed and A :
q¢* — R™™ be a regressive matrix function. The unique matrix solution of the

matrix system

DY (q") = A(¢")Y (¢™), Y(¢™) =1, (2.1)

is called g-matrix exponential function and it is represented by e (.,¢™) for

m > mg. Moreover, the matrix function e4 (¢™, ¢™) can be evaluated as

ealg™q™) = [ U+@—-1)dA@)],

TE[mo,m)y

(see also [28]).

In the next result, some properties of the matrix exponential of the system
(2.1) are listed.
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Theorem 2.3 If A is a regressive matrixz function on ¢Z, then we have

i. eo(q",q"™) =1 and e (¢, q™) = I, where 0 and I indicate the zero matriz

and the identity matrix, respectively
ii. ea (g™ q"™) = (I+(q—1)q"A(q™)) ealqd™, q"™)
ii. ea(q",q"™) = ex' (4™, q")
w. ea(q™,q™)ea(q™,q") =ealqd™,q").
Theorem 3, Theorem 2.2 and Theorem 2.3 are the special cases of theorems [24,

Theorem 1.20], [24, Theorem 2.36] and [24, Theorem 5.21] when the time scale

T is chosen to be q_Z,q > 1, respectively.

The definitions of g-antiderivative and g¢-integral, introduced in Chapter 18
and Chapter 19 of [52], are as follows:

Definition 6 (g-Antiderivative). Let f be a function defined on ¢ ¢ > 1. The

function F' is called g-antiderivative of the function f and denoted by

/ f(t)d,t

it D F(q™) = f(¢™) for all m € Z.

Remark. Similar to the conventional calculus, ¢g-antiderivative is not unique. It
is well known that uniqueness of the antiderivative of a function on set of reals
is valid up to adding a constant. However, in quantum calculus having a zero
derivative, D,p(¢™) = 0, does not mean that ¢ is a constant function. Obviously,
any nonconstant function ¢ satisfying ¢ (¢™*') = ¢ (¢™) for m € Z has a zero

g-derivative.

Definition 7 (g-Integral). The indefinite integral of a function f defined on

q%,q > 1is given by the geometric series expansion

[r0at= -0 s ).
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Additionally, the definite integral from ¢ to ¢" of the function f is defined by

[ 16 s = -0 0w,

The following definition is the g-discrete analogue of the definition of transition

matrix on arbitrary time scales given in [39], [38].

Definition 8 (Transition matrix). Let mg € Z be fixed and A : ¢ — R™" be a

regressive matrix function. The solution of the ¢-difference matrix system
DY (q™) = A(g™)Y (¢™), Y (¢™) = Yo
for m > my is expressed by the equality
Y(q™)=Palq™ q™) Yo,

where ® 4 (¢, ¢™°) is called g-transition matrix of the system and given by

m

q

q qm
A(Tl)dq71+/ A(Tl)/ A(TQ) ququTl+...
0 q

qm m(

Da(g" q™) = I+/
q

mo

m T T3

q q 1 q i—1
+/ A(Tl)/ A(Tg)/ A(Ti)qui--~qul+--~~ (22)
qmo qmo qmo

2.1.1 Periodicity notion on quantum calculus

In order to discuss periodic solutions of ¢-difference equations and systems which
are constructed on the domain ¢%, ¢ > 1, one needs to provide periodicity notion
on quantum calculus. By employing results of [12] in the special case T = q_Z, q >

1, periodicity on quantum calculus is discussed in this part.

Definition 9 (Periodic functions on ¢Z). Let f be a real valued function defined

on ¢%, ¢ > 1. We say that f is periodic if there exists a T’ € [1, o), such that

f (qmiT) = f(¢™) for all m € Z. (2.3)
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The number ¢7 is called the period of f, if it is the smallest number satisfying
(2.3).

Example 2.1. The function h(¢g™) = (—=1)" on ¢% is a ¢* periodic function since

In qm:tQ In g™

Bg™) = (-1 = () = ()RR = ()R = (21" = h),

for all m € Z.

Definition 10 (Multiplicatively periodic functions on g-calculus). A real valued
function f on ¢%, ¢ > 1 is called multiplicatively periodic function if there exists

aT € [1,00), such that
f(@™*") " = f(g™) for all m € Z. (2.4)

The smallest number ¢” satisfying (2.4) is called the period of the function f.

Example 2.2. The function f (t) = % is a multiplicatively ¢-periodic function

on ¢”.
One can deduce the following result using Theorem 2 in [12]:

Theorem 2.4 Let f : ¢ — R be a multiplicatively periodic function with period
q¢', T €[1,00),. Then

m m=+T

| sty = / S

2.2 A brief introduction to time scale calculus

This part is devoted to some basic concepts of time scale calculus. The definitions,

results and examples given in this section can be found in [19], [24], and [25].
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2.2.1 Basic calculus on time scales

Any arbitrary, nonempty closed subset of real numbers is called a time scale. Any
closed interval and the sets R, Z, hZ, Ny, ¢* U {0} and Cantor set are examples
of time scales. It should be emphasized that Q,R\Q,C are not time scales.
Henceforth, a time scale will be denoted by T. The basic operators on time scales

which enables moving forward and backward steps on T are defined as follows:

Definition 11. Let T be a time scale and ¢t € T. The forward and backward
jump operators o, p : T — T are defined by

o(t):=inf{seT:s>t},

and

p(t):=sup{seT:s<t},

respectively. The step size function (graininess function) p : T — [0, 00) is defined
by

p(t) :=o(t)—t.
Moreover, any point on a time scale can be classified by using forward and back-

ward jump operators. The following table introduces several types of points on

a time scale.

t right-scattered t<o(t)
t right-dense t=o(t)
t left-scattered pt) <t
t left-dense p(t)=t

t isolated p(t)<t<olt)

t dense p(t)y=t=0(t)

Table 2.1: Classification of points on a time scale

Example 2.3. The next table shows forward&backward jump operators and step

size functions for the most well known time scales: .

In order to define differentiation on an arbitrary time scale, we have to define
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T |[R| Z | hz | ¢Z g>1
p(t) |t |t—=1|t—h t/q
o)t [t+1|t+h qt
p) 0] 1 h | (g=1)t

Table 2.2: Basic operations on R, Z, hZ and q_Z, qg>1

the set T* by using T as follows: If T has a left-scattered maximum m, then
T* =T — {m}. Otherwise, T* = T.

Definition 12 (Hilger derivative of a function). Let f be a real valued function
on T and t € T*. Then f2(t) is defined to be a number (provided it exists)
with the property that given any e > 0, there is a neighborhood U of ¢ (i.e.,
U:(t—0,t40)NT for some § > 0) such that

1 (0 ) = £ ()] = 1 ) o () — s]| < elor(t) — 5] for all s € U
Furthemore, f is called A-differentiable on T* if f2 (¢) exists for all ¢ € T*.
Now, we present the result of [24] which provides some important properties
regarding A-derivative of a function f on an arbitrary time scale.

Theorem 2.5 Assume f is a real valued function defined on a time scale T and

t € T". Then we have the following results:

1. If f is differentiable at t, then f is continuous att

1. If f is continuous at t and t is right-scattered, then f is differentiable at t

" Flo) =1 ()
o(t))—f(
2=
(1)
1. If t is right dense, then f is differentiable at t if and only if the limat
0= f )
s—t t— s

exists as a finite number
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w. If f s differentiable at t, then

Flo () =f(t)+n(t) f2 ()

Example 2.4. The following table shows A-derivative of a function defined on

the time scales R, Z and q_Z, q>1.

T R 7 q_q>1
P | (8 = lim RO AR (1) = F(t+1) = f() | Dof (1) = L0

Table 2.3: Continuous and discrete counterparts of A-derivative

Theorem 2.6 Let f and g are A-differentiable functions at t € T". Then, we

have

i (of 4+ Bg)™ (t) = af™ (t) + Bg™ (t), for any constant o and 3
ii. (f9)™(t) = fA () g (1) + f (0 () g* (¢)
iii. If  (t) f (o (1)) # 0, then (;) = s

l>

. A A A
. If g (t) g (o (t)) # 0, then (5) = 20001020,

Regularity and rd-continuity notions for functions defined on arbitrary time

scales are introduced in the next definition:

Definition 13. Let f be a real valued function defined on a time scale T. f
is said to be regular if its right and left sided limits exist as finite numbers at
all right dense and left dense points in T. Moreover, f is called rd-continuous if
it is continuous at all right dense points in T and its left sided limits exist as
finite numbers at all left dense points in T. Hereafter, C,; and C}, stand for the
class of rd-continuous functions and differentiable functions with rd-continuous

derivatives, respectively.

Theorem 2.7 Suppose the function f is defined on a time scale T. Then we have

the following implications:
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i. Continuity = rd-continuity
1. Rd-continuity = regqularity
i, f7 is requlated (rd-continuous) when f is requlated (rd-continuous).

Theorem 2.8 The sufficient condition for a function to have an antiderivative
18 being rd-continuous. In particular if to € Y the antiderivative F of an rd-

continuous function f is defined by
b
:/ f(r)AT forteT.
to

Example 2.5. The following table shows integration on time scales R, Z and ¢%:

Z q_q<1

Jo FOAE | [T F(0)dt | S0s f(1), (0<b) | [ F(t)dgt = (1 — @) b7 ¢/ F (D)

Table 2.4: Continuous and discrete counterparts of integration on particular time
scales

2.2.2 Hilger’s complex plane and time scale exponential

function

Definition 14. Hilger complex numbers are defined by the set
C { €eC:z# ! }
D=4z tEFE—— .
. p(t)

Moreover, Hilger real axis, Hilger alternating axis and the Hilger imaginary circle
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are given by the sets

1
R = zEC:zERandz>——},
8 { 8 p(t)
1
A = zEC:zERandz<——},
" { 8 p(t)
1 1
I =q2€C :z+—’:—},
8 { 8 )] ()

respectively. Notice that when p (t) = 0 we have Cy = C, Ry = R, [y = iR and
AO == @
The following figure illustrates the Hilger’s complex plane: Re, (2),Im, () and

A
e T e %
z .:’ \\
o “1‘ ~ FEEEE T N
i Im#(z) » N \
P \\ \
£ \
. e
\ —1/p ; Rc‘u(z}
N /
- s
lem#(z)
Y

Figure 2.1: Hilger’s complex plane

7 are called Hilger real part of z, Hilger imaginary part of z and Hilger purely

imaginary number defined by

o ap@®) + 1 -1
Re, (z) == o) ,
_ Arg(eu(t) + 1)
Im, (2) := ) )
and A
W = et — 1 for <w< T
() p(t) T ()
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respectively.

Definition 15. The circle plus, @, on C,, is defined by

z@w=z+w+zwp(t).

Notice that (C,, ®) is an Abelian group. Moreover, the inverse of z with respect

to the operation & is represented by &z given by

z

gpi= T
1+ zp(t)

and the operation & satisfies
i zow=z2® (6w)
ii. z262=0
. 280w = Hz;—;"(t)
Observe that for any complex number z in C, can be decomposed as
2= Re, (2) ®1Im, (2).
Definition 16. A function p : T — R is said to be regressive if

L+ p(t)p(t) #0 for all t € T".

Hereafter, we use the notation R to represent the set of all regressive and rd-

continuous functions defined on T.

Definition 17. Let p € R. Then the time scale exponential function e, (¢, s) is
defined by

ey (t,s) = exp (/t Eury (0 (7)) AT> for s,t € T,

where &, is the cylinder transform given by

Euy (2) = log (1 + zpu(t)).
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Furthermore, for a fixed ty € T the time scale exponential function is defined as

a solution of the following regressive initial value problem

y>=p(t)y, y(to) =1
on T.
In the following result, basic properties of time scale exponential function are

given.

Theorem 2.9 Let p,q € R. Then

i. eo(t,s) =1 and ey(t,t) =1
i ep(o(t),s) = (14 u(t)p(t))ep(t,s)
iii. ey(t,s) = ﬁ = egp(s, 1)
. ey(t,s)ey(s,r) = ey(t,r)
A
D U R (O
v <<>> T gl

Example 2.6. The following table demonstrates some exponential functions over

some particular time scales.

T | eal(t, to)

R ea(t—to)

Z | (14a)"

hZ | (14 ha)t=0/"

g H 1+ (¢—1Das], t > tg
se[to,t)qNO

iz | (1+2)"

Table 2.5: Exponential functions on some particular time scales
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2.2.3 Regressive matrices and time scale matrix exponen-

tial

Definition 18. Let A be an n x n matrix function so that A : T — R™". A is
said to be rd-continuous if each entry of A is rd-continuous on T. The notation

C,q is also used for the representation of rd-continuous matrix functions.

Definition 19. Let A be an n x n matrix function on T. A is said to be regressive
on T if I + p(t) A(t) is invertible for all ¢ € T*. The notation R represents the

class of regressive rd-continuous matrix functions on T like the scalar case.

Definition 20. Suppose A is an n x n regressive matrix valued function on T and
to € T. Then the matrix exponential function, e, (.,to) is defined as the unique

matrix valued solution of the following matrix initial value problem
YA&=AM®)Y, Y (t,) =1,

where [ indicates the the identity matrix.

Example 2.7. If A is chosen to be a constant n x n matrix, then we have the
matrix exponentials

e (t, 1) = eAlt=t)

on T =R and
ealtt) =(I+A)"

on T = Z provided A # —1I.

The following theorem summarizes the basic properties of time scale matrix
exponential functions:
Theorem 2.10 Let A be an n X n regressive matriz function on T. Then, we

have

i. eg(t,s) =1 and ey (t,t) = I, where 0 denotes zero matriz

it. ea(o(t),s) =T+ u(t)A(t))ealt,s)
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iii. eq(t,s) = e, (s,1)

. eq(t,s)ea(s,r)=eal(t,r).

For an arbitrary matrix A, the solution of the system
2 () = A(t)x(t), z(te) = o
is given by the equality
z (t) = ®a(t,t0) o,
where @4 (t, 1), called the transition matrix for the system (4.1), is given by

t t T1

@A(t,to)=1+/A(ﬁ)ml+/A<Tl)/A(TZ)ATQAﬁ+...

to to to
t T1 Ti—1
+/A(7'1)/A<7'2).../A(TZ’)ATi...ATl—F... (2.5)
to tO to

As it is discussed in [39], the matrix exponential e4 (, o) is not always identical
to @4 (t,tp). We have ey (t,tg) = Pa(t,to) only if the matrix A satisfies the

equality
t t

A(t)/A(T)AT:/A(T)ATA(t).

S S

2.2.4 The new periodicity concept on time scales

In this part, shift operators and new periodicity notion based on shift operators
on time scales are introduced according to studies [11] and [12]. Given results

and examples can be directly found in [12].

Definition 21 (Shift operators). Let T* be a nonempty subset of T including
a fixed number ¢, € T* such that there exist operators 04 : [ty,00); x T* — T*

satisfying the following properties
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i. Shift operators ¢4 are strictly increasing in their second arguments, if

(T,t),(T,u) € Dy :={(s,t) € [to,00)p x T* : 64 (s,t) € T*},

then
T <t <wuimplies 04 (T,t) < 04 (T, u)

e

i If (Th,u),(Te,u) € D_ with T} < Ty, then §_ (Th,u) > d_ (Ts,u) and if
(Tl,U) s (TQ, U) € D+ with Tl < T27 then 5+ (Tl,U) < 5+ (TQ,U)

ii. If ¢t € [to, 00)y, then (¢,t9) € Dy and d4 (¢,ty) = t. Moreover, if t € T*, then

(to,t) € ,D+ and (5+ (to,t) =1
iv.

(a) If (s,t) € Dy, then (s,d4 (s,t)) € D_ and 0_ (5,0 (s,t)) =t
(b) If (s,t) € D_, then (s,0_(s,t)) € D; and 04 (s,0_ (s,t)) =1

v. (a) If (s,t) € Dy and (u,d04 (s,t)) € D_, then (s,0_(u,t)) € Dy and
0 (u, 04 (s,1)) = 0 (s,0- (u, 1))

(b) If (s, ) € D_ and (u,0_(s,t)) € Dy, then (s,d4 (u,t)) € D_ and
Oy (u,0-(s,1)) = 0 (5,04 (u,1)) .

The operators 0, and d_ are called as forward and backward shift operators
corresponding the initial point t,. Moreover, the sets D, and D_ are the domains

of the forward and backward shift operators, respectively.

Example 2.8. The following table shows the shift operators d4 (s,¢) on some

time scales:

T to | T* d_(s,t) 0+ (s,t)
R 0| R t—s t+s
/ 0 7 t—s t+s
¢ U{0},g>1]1] ¢* £ st
N'/2 0 N2 (@2—s)" | (2 +1)"

Table 2.6: Shift operators on particular time scales
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Definition 22 (Periodicity in shifts). Let T be a time scale with the shift oper-
ators 04 associated with the initial point 3 € T*, then T is said to be periodic in
shifts 0y, if there exists a p € (o, 00)r+ such that (p,t) € Dy for all t € T*. P is
called the period of T with respect to T* if

P =inf{p € (ty,00)r- : (p,t) € Ds for all t € T*} > .

Note that additive periodic time scales are unbounded sets. The following

example indicates that a periodic time scale in shifts may be bounded.

Example 2.9. The time scale T= {

is a bounded time scale which is periodic in shifts with respect to

T 0 ¢ > 1is constant and n € Z} u{0,1}

’]I‘*_{ d :q>lisconstantandn€Z}.
14 g

and shift operators

(st 1)
[ )

Ing
q _ 4 1
ln(lt_t>iln(1pp)) ! 1+q7 2

0 (Pt) =

Ing

1+q<

Definition 23 (Periodic function in shifts 6.). Assume that T is a time scale
P-periodic in shifts and f is a real valued function defined on T*. The function

f is periodic in shifts 0, if there exists a T' € [P, 00). such that
(T,t) € Dy and f (61 (t)) = f(t) for all t € T*, (2.6)

where 0% (t) = 04 (T,t). The possible smallest number 7" satisfying (2.6) is called
the period of f.

Example 2.10. Let T = R with initial point ¢y = 1, the function

In |¢|

- (22w xo g
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is 4-periodic in shifts d. since

f (0 (4,1)) {f(t4 ) ift>0

(t/4%1) if t <0

In|t| £21In(1/2)
In(1/2)

an
(1 W ”%)
J

=2

si

I
»,

sin

1Iltl)

Definition 24 (A-periodic function in shifts 01). Assume that T is a time scale

f(t

P-periodic in shifts and f is a real valued function defined on T*. The function

[ is A-periodic function in shifts if there exists a T' € [P, 00). such that

(T,t) € Dy for all t € T* (2.7)
the shifts 61 are A-differentiable with rd-continuous derivatives (2.8)

and
FEE®) 62" (1) =1 () (2.9)

for all t € T*, where 6% (t) = d4 (T, t). The possible smallest number T satisfying
(2.7-2.9) is called the period of f.

The following result is useful for integration of functions which are A-periodic
in shifts.

Theorem 2.11 Let T be a time scale that is periodic in shifts 0+ with period P €
(to,00)r+ and f a A-periodic function in shifts 64 with the period T € [P, 00)q. .
Suppose that f € Cpq(T), then
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g-Floquet theory

In this chapter, g-analogue of Floquet theory for homogeneous and nonhomoge-
neous dynamic systems constructed on ¢Z for ¢ > 1 is established to give sufficient
conditions for existence of periodic solutions by using Lyapunov transformation.
Lyapunov transformation on g-domain can be defined similar to Definition 2.1 in
[38] as follows:

Definition 25. A matrix valued function L : ¢* — R™" is called Lyapunov
transformation if L(¢™) is invertible, has a bounded matrix norm, and for some
neRy

|det L (¢")| > n for all m € Z.

3.1 Homogeneous case

Consider the nonautonomous regressive g-difference system
Dz (¢™)=A()x(¢™), x(¢"™) = xo, m,mg € Z and m > my, (3.1)

where the matrix function A : ¢ — R™™ is multiplicatively periodic with period

q'. Hereafter, the system (3.1) is called g-Floquet system.

25
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In order to construct the matrix R which is a solution of the matrix exponen-

tial equation, the definition of real power of a matrix is essential.

Definition 26 (Real power of a matrix). [38, Definition A.5] Given an n x n
nonsingular matrix M with elementary divisors {(\ — )\i)mi}le and any r € R,

the real power of the matrix M is introduced by

k (S N M — NI’
Mr;:ZB(M)Ag[ZﬂF(ifjll)( y )] (3.2)

i=1 j=0

where

B (A) = ai(A) b (A),

b (V) =TT (A — ),

Jj=1

1w
mm‘égu—&W“

and p () is the characteristic polynomial of M.

It can be seen from Proposition A.3 in [38] that M*™" = M*M" for any
r,s € R.

Theorem 3.1 Let M be a nonsingular, n x n constant matriz and R : ¢>— C"™*"

be a matriz function. A solution of the matriz exponential equation
€R (qm0+T7 qmo) = M7 mOaT € Za

s given by

M@ ™ T
= 7. .
R = S m € (33)

Proof. Let’s construct the matrix exponential function eg (¢, ¢™°) as follows
er (q", q™) = M@ m=mo)), (3.4)

where real power of a nonsingular matrix M is given by Definition 26. In order to

show that the function eg (¢, ¢™°) constructed in (3.4) is the matrix exponential
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one can observe that eg (g™, ¢™) = M° = I. Then, differentiating (3.4) yields
Dyer (¢",q™) = R(q") er (¢™,q™),

which can be seen from

er (qm—Q—l’qmo) —ep (qm7 qmo)

D €Rr qqumo =
oen ) (g—1)qm
AT mA—mo)) _ (T (m=mo))
(¢—1qm
—T+1
yr M(q ) — IM(q7T+1(m_m0))
(¢—1)qm
=R(q™)er (", q™).
This shows that (3.3) is a solution of eg (g™, qmo) = M. ]

Corollary 3.2 The matrices R(q™) and M defined in Theorem 5.1 have the

same eigenvectors.

Proof. Let {\;,v;}, i = 1,2,....,n be eigenpairs of M, i.e., Mv; = \w; for all

1 =1,2,...,n. Consider

M@ ™ g AT g
R(¢")v = ———v; = | —— | v 3.5
) (g—=1)q" (g—=1)q (35)
o NCEE IR
Substituting v;(¢™) = D into (3.5), one can conclude that R(¢™) has the

eigenpairs {7;(¢™), vi }i=; - [

Lemma 3.3 Let P : ¢% — R™" be a regressive, multiplicatively periodic matriz

valued function with period q* such as

P(qm) =P (¢™7")q¢", meZ.

Then the transition matriz of the q-difference system

DY (¢")=P (™) Y (¢"), Y (¢"™) =Yy, m,mg € Z with m > my, (3.6)
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is unique up to period q* . That is
®p(q",q™) = Pp (¢, ") (3.7)

for all m,mgy € Z.

Proof. By [39], the unique solution to (3.6) is Y (¢") = ®p (¢, ¢"°) Yy. Observe
that
DY (¢") = De®p (™, q™) Yo = P (¢™) p (¢™, ™) Yo

and
Y (¢™) = ®p(¢™,q™) Yy = Yp.

To verify (3.7), it should be shown that ®p (¢™F7, g™ ") Y, also solves (3.6).
Taking the g-derivative of ®p (qm+T, g™ ™) Yy gives

D, [®p (qm+T’ qmo+T) Yo] = P (qm+T) T p (qm+T7 ¢™*T) Y,
= P(¢™) ®p (¢, ¢™"T) Yo

On the other hand,

Pp (¢, gm0 Yo =@p (¢, ¢™T) Yy = Yo,

m=mgo

which means that ®p (qm+T, qu)*T) Yo solves (3.6). From the uniqueness of the

solution of (3.6), we get (3.7). O
The next result can be proved in a similar way.

Corollary 3.4 Let P : ¢“ — R™ " be a regressive, multiplicatively periodic matriz

valued function with period q*. Then
ep (q",q™) = ep (¢",¢™"T) form,mg € Z. (3.8)

Theorem 3.5 (Floquet decomposition) Let A be a matriz valued function that

is multiplicatively periodic with period q*. The transition matriz for A in (3.1)
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can be decomposed in the following form
O (g™ q") = L(q")er(q™q") L7 (q7), for allm,T € Z, (3.9)

where R : ¢“— C™" as in (3.3) is multiplicatively q* -periodic and L : ¢% — R™"
is defined by

L(q™) :=®4(q™,q™)ex" (¢",q™) for m,mg € Z (3.10)

periodic with period q° and invertible.

Proof. Let the matrix function R defined as in Theorem 3.1 with a constant

matrix M = $y (qm“T, qmo). Then consequently, we have ep (qm°+T, qmo) =

Dy (qm°+T, qmo) and we define the Lyapunov transformation L as in (3.10). Ob-
viously, L is defined on ¢Z and invertible. The equality

4(q",q™) =L(q")er (", q™) (3.11)
along with (3.10) implies

Dy (¢, q") =€z (" ¢™) L (¢™)
=er (g™, q™) L7 (¢™). (3.12)

Equation (3.9) can be obtained by combining (3.11) and (3.12). The periodicity
of L can be shown by using (3.7) and (3.8) which yields

L) = @ () ! (a7 ™)
= @a (¢ q") @a (¢ ¢™) er (470, 0)
—_ q)A <qm+T mo+T ) A ( mo+T mo) er (qu, qmo+T) er (qu+T,qm+T)
= (T e (07 )
= (T ()
=Pa(q".q™) e (¢ ™)
= L(¢™) for m,mo € Z
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]

Hereafter, (3.9) is refered as the ¢-Floquet decomposition for ® 4. The following

result can be proven similar to Theorem 3.7 in [38].

Theorem 3.6 Let the transition matriz ® 4 of the system (3.1) is decomposed as
Dy (¢, q™) = L(q™) er(q™, q™). Then, x(¢") = ®a (g™, q™)xo is a solution
of the q-Floquet system (3.1) if and only if the linear q-difference system

D,z (q™) =R (¢™)z(q™), z2(¢™) = x9, m,mg € Z and m > myq

has a solution of the form z (¢™) = L™ (¢™) = (¢™).

Theorem 3.7 The q-Floquet system (3.1) has a q -periodic solution with a

nonzero inital state x (¢™°) = xo if and only if at least one of the eigenvalues

of
€Rr (qu+T7 qmo) = q)A (quJrT? qmo) , Mo € 7

1s 1.

Proof. Let z(¢™) be a ¢'-periodic solution of (3.1) corresponding to nonzero
initial state x (¢™°) = . Then, the decomposition of the solution = can be

written as
z(q™) = P4 (q",¢™)zo = L(¢™) er (g™, q™) L (¢™) xq for m,my € Z,
by employing Theorem 3.5. Furthermore, we have
v (q™) = L (g™ ) er (¢, q™) L7 (¢™) wo,
and using ¢’ -periodicity of x and L, one can obtain

er (¢, ¢") L7 (¢™) zo = er (¢™",¢™) L™ (¢") 2o,
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which gives the equalities

er (qm7 mo> L—l <qmo) To = €R (qm-‘rT’qmo—&-T) er (qmo—‘rT7 qmo) L—l (qmo) Zo

m _mg mo+T1  _mo

= €R (q »q )eR (q yd )Lil (qmo)xm
where we use Corollary 3.4 in the last equation. Hence
Lil (qmo) Ty = C€Rr (qu+T7 qmo) Lil ((]mo) Ty,

for m, mg € Z and, we deduce that L™ (¢™) xq is an eigenvector of the matrix

eR (qm0+T, qmo) corresponding to the eigenvalue 1.

Conversely, let us assume that 1 is an eigenvalue of eg (qm“T, qu) with corre-
sponding eigenvector zy. This means zj is real valued and nonzero. Let us define
the function z(¢™) = eg (¢", ¢"°) zp. By using Corollary 3.4, one may show the

q"-periodicity of z as follows:

Fixing zo := L (¢™) 29 and employing Theorem 3.5, the nontrivial ¢”-periodic

solution z of ¢-Floquet system (3.1) is obtained as follows

z(g™) =Pa(q™,q") 2o = L(q") er (¢" q™) L' (™) xo
=L(q™)er(q™,q™) 20 =L(q") 2 (q").

This completes the proof. m

Example 3.1. Consider the following linear homogeneous 2 x 2 diagonal ¢-

difference initial value problem

Dy =A@ x (@), (1) =x9, m € Z, (3.13)
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where -
r(g™) = [i . ] ,
(1) = [ i ] ,
and . O
Ald") = [ Cl% cy?‘m ]

with positive reals ¢; and ¢y. Then, the matrix function is multiplicatively ¢-

periodic and the transition matrix for the system (3.13) can be given as

<I)A (qm7 ]-) =

[+ (g—1)e]™ 0 ]
0 1+ (g—1)ca]™

where we also use the explicit form of ¢- exponential function (see Definition 3).

Now as we did in Theorem 3.1, we have

1—|—(q—1)01 0

Pa(g, 1) =er(q1) = 0 1+(q_1)02]=M.

Then the matrix function R(¢™) in Floquet decomposition is given by

M—1
(g—1)qm

B 1 (g—1) 0
 (g-1)gm 0 (g—1)cy

R(q™) =

Furthermore, by (3.4) we have eg (¢™,1) = M™ and the matrix function L is
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obtained as

L(q") = ®a(¢™ Dep" (¢™ 1)

[ @-De” 0 ]
0 1+ (g—1)ca]™

T+(g—1)e™ 0
0 T+ (g—1)ca]™

3.2 Nonhomogeneous case

This part of the thesis concerns with the existence of a periodic solution of the

following nonhomogeneous regressive initial value problem
Doz (¢") = A(q™)x (q") + [ (¢"), = (¢™) = xo for m,me € Z,  (3.14)

where A : ¢Z— R™", f : ¢>— R" and f is regressive. Hereafter, A and f are
supposed to be multiplicatively periodic with the period g7

Lemma 3.8 A solution x (¢™) of (5.14) is q* -periodic if and only if x (qm°+T) =
x (q").

Proof. Assume that x (¢™) ¢ -periodic and define z (¢™) as

2(¢") =z (") —x(¢™), meZ,

and obviously z (¢™) = z (¢™*) — z(¢™) = 0. Additionally, taking the ¢-
derivative of both sides of (3.14) yields

Doz (q™) = Dyl (™) —x(q™)]
= D, (I (qm+T)) — Dy (x(¢™))
= A" a (™) "+ (@) " = Alg™) 2 (™) = f(q™).
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Since A and f are multiplicatively periodic with period ¢”, we have

Doz (q™) = A(@™)x (¢™")+ f(d") —A(@™)z(¢™) — f (™)
= A(¢™) [z (™) =z (q™)]
= A(¢") z(q™).

By the uniqueness of solutions, one can conclude that z (¢") = 0 and x (qm+T) =
x (¢™) for all m € Z. O

Theorem 3.9 The solution of (3.14) is q* -periodic for any inital point g™, mg €
Z and corresponding initial state x (¢™°) = xo if and only if the multiplicatively

q" -periodic homogeneous initial value problem
Doz (q™) = A(q™) 2 (q"), 2(¢™) = 20, (3.15)

has not a periodic solution for any nonzero initial state z (¢"™°) = zp.

Proof. In [13], the solution of
22 (t) = A(t)x(t) + f(t) (3.16)

is given by

r(t)=X({t) X! (T)x0+/ X ()X (o (s)) f(s)As

on an arbitrary time scale, where X (¢) is a fundamental matrix solution of the
homogenous part of the system (3.16) with the initial condition z (1) = zo. As
it is shown in [13], one can express the solution x (¢) of (3.14) as follows:
qTrL
P = Ba (" )0k [ alamas) f()ds (BT
qmo

where s is of the form ¢” for 7 € Z.

By the previous lemma it is known that z (¢™) is ¢’-periodic if and only if
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z (¢m*7T) = zg or equivalently

mo+T

q

[1— @4 (q™FT, q™)] 29 = / D4 (¢" qs) f () dys, (3.18)
qmo

where s is in the same form as in (3.17). By guidance of Theorem 3.7, we have to

show that (3.14) has a solution if and only if eg (qm0+T, qmo) has no eigenvalues

equal to 1.

Let er (¢™7, ¢?) = @4 (¢°™7, ¢?), for some ¢ € Z, has no eigenvalues equal to
1. That is,
det [I —dy (q9+T, qg)} # 0.

Invertibility and periodicity of ®4 imply that

0 det [Da (¢™ ¢*™") (I = P4 (¢°.¢%)) Pa (¢ ¢™)]
= det [(I>A (qm“T, q“T) Dy (g%, q™) — Py (qm°+T, qmo)} ) (3.19)

By periodicity of ® 4, the invertibility of [I — Py (qm0+T,qm°)] is equivalent to
(3.19) for any ¢, mg € Z. Thus, (3.18) has a solution in the following form

qm0+T

my m -1 m
Ty = [[ —dy (q °+T,q 0)} / Dy (q °+T7q5) f(s)dys
qmo
for any initial point ¢ and for any multiplicatively periodic function f with
period ¢7. Let £ (¢™) := ¢'~™"™°. From the definition of £, we have & (qm+T) =
q%ﬁ (¢™). This shows that ¢ is multiplicatively periodic with period ¢?. For an
arbitrary initial point ¢™° and corresponding fy := f(¢™°), one can define a

regressive and multiplicatively periodic function f as

F(g™) = ®a (g™ ™) E(G™) fo, m € [mo,mo+T)y. (3.20)

Then,

mo+T qu +T

/ZO Dy (qm°+T, qs) f(s)d,s = f()/ € (s)dys. (3.21)

qmo
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Thus, (3.18) can be rewritten as

qu +T

[[ — Py (qmoJrT,qu)} Ty = fo/ € (s)dys. (3.22)

mo

For any f given in (3.20), and hence for any corresponding fy, (3.22) has a solution

for xg by assumption. Therefore,
det [I — Dy (qm°+T, qmo)} #0.

Consequently, er (qm°+T, qmo) =0y (qm0+T, qmo) has no eigenvalue 1. Then, one

can conclude by Theorem 3.7 that (3.15) has no periodic solution. O

3.3 ¢-Floquet multipliers and ¢-Floquet expo-

nents

In this section, Floquet multipliers and exponents of the ¢-Floquet system (3.1)
and their properties are investigated. Let ® (¢™) be the fundamental matrix
solution at ¢” (i.e. ®(q") = I) for the system (3.1). Then, any fundamental

matrix solution W (¢™) can be written as follows
W (g™) =@ (q")W(g") or ¥ (¢™) = Palq™ q") ¥ (q"™), (3.23)

where ® 4 is the transition matrix of the system (3.1).

Definition 27. For a nonzero initial state zq € R", the monodromy operator
M :R"™ — R" is given by

M (xg) == D4y (qm°+T, qmo) 2=V (qm°+T) Ut (g™0) 2o, (3.24)

where ® 4 is the transition matrix and ¥ is any fundamental matrix solution of
(3.1). The eigenvalues of the monodromy operator are called Floquet (character-

istic) multipliers of the system (3.1).
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The following result can be presented in a similar way as in Theorem 7.1 in
[37].

Lemma 3.10 The monodromy operator is an invertible matriz and as a conse-

quence, every Floquet multiplier is nonzero.

Theorem 3.11 The monodromy operator M corresponding to different funda-

mental matrices of the system (5.1) is unique.

Proof. Suppose that M; and M, are monodromy operators corresponding to fun-
damental matrices ¥y (¢™) and Wy (¢) for m € Z, respectively. By using Def-
inition 27, one can obtain the monodromy operator Ms () corresponding to
U, (g™) as follows

M, (170) =, (qu+T) \1’51 (qmo) Zo-

Using (3.23), we get

=Wy (™) W3 (¢™) zo

=y (¢"*7) xpz ) Ut (¢ Ut (g™) 2o
=¥ (qm°+T) ") o

= M ().

By using Theorem 3.5, (3.23), and (3.24), we obtain
O (g™, ") = Vi (q™) U7 (¢™) = L(q")er (¢",q™) L7 (¢™)  (3.25)

and
M (zo) = @4 (¢™", ™) mg = Wy (¢™) U1t (¢™) . (3.26)

Combining (3.25) and (3.26) yields

q)A (qu+T,qm0) — \Ijl (qmo-i-T) \Ifl_l (qmo) - I (qmo+T) er (qu+T, qmo) L—l (qm0+T) )
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The periodicity of L gives
D (g™, ™) = L(g™) er (¢™ T ¢™) L1 (™), mo € Z. (3.27)
Hence, it is observed that Floquet multipliers of the system (3.1) are the eigen-

values of the matrix e (¢™*7, ¢™).

Definition 28 (Floquet exponent). The Floquet exponent of the system (3.1) is

defined as to be the function satisfying the equation
ey (¢™,q™) = A,
where A is the Floquet multiplier of (3.1).

The next result is the g-analogue of the spectral mapping theorem and it can

be proven by following the same way of the proof of [38, Theorem 5.3].

Theorem 3.12 Let R(q¢™) be a matriz function as in Theorem 5.1,
with eigenvalues 1 (¢™) ...,y (¢™) repeated according to multiplicities. Then
WA(G™) .. A2 (¢™) are the eigenvalues of RP (t) and the eigenvalues of er are
Cryps -y Cy,. As a consequence, Floguet exponents are the eigenvalues of the ma-
trix R.

Next theorem shows that Floquet exponents of the system (3.1) are not

unique.

Theorem 3.13 Let v be a Floquet exponent of the system and X\ be the corre-

sponding Floquet multiplier such that e, (¢™%",q™) = X. Then~ (qm)@i(qiﬂ);mo

is also a Floquet exponent for (3.1) for all T € Z.

Proof. For all 7 € Z and any initial point ¢"° for my € Z we have

mo+T  _mo\ _ mo+1 _mo mo+T1 mo
€ oo o (@™ q™) =€ (@™ q™) s our q"™)
IOV G=) ™0 (g—1)q"™0
where
i2wrq""t
o 2T e a0 —1

a=Dgm  (g—1g"
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Then by using explicit form of g-exponential function, we obtain

i27w7q?
A —
1+ (-1 [—”

(g—1)q°

(@™ qm) = e (@™ q™) |1

0€[mo,mo+T),

i2n7q?
— e’y (qmo-‘rT’ qm()) I I e 40

0€[mo,mo+T),

e

o 27T
1B G=1)gm0

= €5 (qm0+Ta qmo) )

which gives the desired result. ]

Lemma 3.14 Let ™ € Z. Then the exponential functions s 5., and €53 2mr
40 (g—1) q™0(g—1)

are q periodic.

Proof. Consider the explicit form of 2% on g-calculus

o 27T exp(i2rTg™—™0) — 1

i =

qm (g —1) (¢—1)qm
which enables to write

exp(i2rTq?™"™0) — 1
e 2 (¢ 0™) = I[I 1+@-ve¢ p( ( _ql) Q)
oD 0€[mo,m+1),, q q
. . exp(i2rTq? ") — 1
= exp(i2n7q 0) 1+ (¢g—1)q°
Il (g—1)¢
0€[mo,m)y
exp(i2rTq? ™) — 1
Qe[m07m)Z 9 g
= 62 2T (qm’ qmo) .
q"0(¢—1)

The periodicity of e o9 2nr  CAN be shown by repeating the same procedure,
q"0(¢—1)

hence we omit it. ]

Theorem 3.15 If the q-Floquet system (3.1) has a Floquet exponent vy (¢), then

the transition matriz ® 4 (¢, q™°) has the following decomposition
P4 (g™ q™) =L(q")er(q™,q™),

where v (¢™) is an eigenvalue of R (¢™).
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mo . mo m . mo

Proof. Consider the Floquet decomposition ® 4 (¢™,¢™) = L (¢™) eg (g™, q™)
and let v be the Floquet exponent according to Floquet multiplier \. The matrix
function R (¢™) has an eigenvalue 7 (¢™) such that es5 (qm*T, g™) = X, where

7 (¢"™) can be generated from Theorem 3.13 for 7 € Z as

- o 27T
(@) =7(") &1 ——n
Then, we set
~ o 27T
R(¢")=R(¢") o ,
(@)= RU") O iy g
and
L(q™) = z(qm) 6"( }STWOI( "4,
gives
~ o 27T
R(@"):=R(q™) D
(™) (™) TR
Hence,

L(q™)er(q™.q™) = L(g™)es s (q™.q™)er (¢ q™)

T
(¢g—1)q"0

= L(¢™es on ,n(@d™)=L(qg") eq(q" q™).

T
(¢g—1)q"™0

This shows that ®4 (¢, ¢™) = L (¢™)er (¢™,¢™) is another Floquet decompo-
sition of (3.1) where v (¢"™) is an eigenvalue of R (¢™). O

Theorem 3.16 Let A be a Floquet multiplier of the q-Floquet system (3.1) and
v (q™) be the corresponding Floquet exponent. Then, (3.1) has a nontrivial solu-

tion of the form
z(q") = ey (¢",q™) K (¢™) (3.28)

satisfying
T (qm-l-T) — \r <qm) ’

where k 15 a ¢ -periodic function.
Proof. Let ®4 (¢™,q™) be the transition matrix of (3.1) and ®4 (¢™,¢™) =

L(q™)er (g™, q™) is Floquet decomposition such that v (¢") is an eigenvalue of

R (q™) for m,my € Z. There exists a nonzero vector u # 0 such that R (¢")u =
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m . mo

v (¢™) u, and therefore, e (¢™, ¢ ) u = e, (¢, ¢™°) u by spectral mapping theo-
rem stated in Theorem 3.12. Then, the solution = (¢™) := ®4 (¢™,¢™) u can be

represented as follows

v (q") = L(q™) er(d™ q™) u= ey (¢",¢™) L (¢") u.
The above equation implies (3.28) when « (¢") = L (¢™) u.

In order to prove the second part of the theorem consider the following equation:

2 (¢"") = ey (@™, q™) & (1)

ey (@™ d™ ) ey (@ g

A (@™ ™) ey (7, q™) L (™) u
ey (™7, q™) x (¢™)

Az (¢™),

) k0

I
o

which completes the proof. ]

This theorem provides a procedure for the construction of a solution to the
system (3.1) when a Floquet multiplier is given, where the next one shows the
linear independence of two solutions corresponding to two distinct characteristic

multipliers.

Theorem 3.17 Let Ay and Ay be the characteristic multipliers of the system (3.1)

and v1, 72 are Flogquet exponents such that
e (@™ g™ = Ny, i =1,2.

If \{ # Xo, then there exist T -periodic functions x1 and xo such that

mo . mg

2;(¢™) = ey, (", ¢ )xi(¢™), i=1,2

are linearly independent solutions of the system(3.1).

Proof. Let ®4(¢™,¢™) = L(¢™)er(q™,¢™) and 7 (¢™) be an eigenvalue
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of R(q™) corresponding to eigenvector wv;. Since Ay is an eigenvalue of

Dy (qm0+T, qmo), by Theorem 3.12 there is an eigenvalue 7 (¢") of R (qg™) satis-
fying

ey (@™, q™) = A2 = ey (¢ 4™)
Hence, for some 7 € Z we have v,(¢™) =~ (qm)@i(qfl%. Furthermore, A\; # Ay

implies that v(¢™) # 71 (¢™). If vy is a nonzero eigenvector of R (¢") correspond-
ing to the eigenvalue v(¢™), then the eigenvectors v; and vy are linearly indepen-
dent. Similar to the related part in the proof of Theorem 3.16, we can state the

solutions of the system (3.1) can be written as

21 (¢") = ey, (¢™,¢™) L (¢™) 1 (3.29)
and

22 (¢™) = ey (¢™,¢™) L (q™) vo.
Since 1 (¢"™) = vy and x5 (¢™°) = w9, the solutions z; (¢™) and x5 (¢™) are

linearly independent. Moreover, the solution x5 can be rewritten in the following

form

mo . mg

r2(q™) = €qs (™. q™) €voy2 (", q™)L(q" )
= 6’)’2 (qm7 qu) € _o 2T (qm7 qmo) L(qm)VQ <330)

O =1

The conclusion of proof follows by substituting x; (¢™) = L (¢™) vy and x2 (¢") =

€oo 2 (¢™,q™) L(g™)v2 in (3.29) and (3.30), respectively. O
(q—1)q"0

3.4 Stability properties of ¢g-Floquet systems

In this section, ¢g-Floquet theory established in previous sections is employed to
investigate the stability characteristics of the regressive multiplicatively periodic

system

Dz (¢™) =A(@™)x(¢™), z(¢"™) = zo, for m,mg € Z, m > my. (3.31)



Chapter 3. q-Floquet theory 43

By Theorem 3.1, the matrix function R is given by

[‘I)A (qm0+T7 qmo)](q—T-H) _7

R(¢™) = TENYE :

(3.32)

where it is used in the Floquet decomposition theorem (see Theorem 3.5). Also,

Theorem 3.6 concludes that the solution z(¢™) of the uniformly regressive system
Dyz(q™) = R(q™) 2 (¢"), 2(¢™) = o (3.33)
can be expressed in terms of the solution x(¢™) of the system (3.31) as follows
2(q™) = L7 (g™)=(q") (3.34)
where L(¢™) is the Lyapunov transformation given by (3.10).

In preparation for the main result, the following definitions and results regard-
ing stability properties of homogeneous systems are presented. Notice that the
literature provided below is just g-analogues of definitions and results established
on time scales. We address [38] for stability and asymptotical stability properties
of the solution. Moreover, we refer to [30] for exponential stability criteria for the

solution of the homogeneous system (3.31).

Definition 29 (Stability). The g¢-Floquet system (3.31) is uniformly stable if
there exists a positive constant a such that for any my € Z the corresponding

solution x(¢™) satisfies
lz(g™)|l < all=(g™)I, m = mo.

Theorem 3.18 Let ® 4 be the transition matriz of the q-Floquet system (3.51).
Then, (3.31) is uniformly stable if and only if the inequality

[Palg™, q")|| < o

holds for a positive constant o > 0 and for all m > my.
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Definition 30 (Asymptotical stability). In addition to uniform stability condi-
tion, if for any given ¢ > 0, there exists a K > 0 such that the inequality

(g™ < elle(g™)l, ¢" = ¢™ + K.

holds, then the system (3.31) is uniformly asymptotically stable.

Definition 31 (Exponential stability). The ¢g-Floquet system (3.31) is uniformly
exponentially stable if there exist «, f > 0 such that the inequality

l2(g™)]| < [lx(g™)]| aeep(q™, ¢™), m > ma,

holds for any initial state and associated solution.

We provide necessary and sufficient conditions for exponential stability in the

next result.

Theorem 3.19 The system (3.31) is uniformly exponentially stable if and only
if there exist o, 5 > 0 such that the inequality

[Palg™, q™)|| < aecp(q™, q™)

is satisfied for the transition matriz ® 4o for all m > my.

Given a constant n x n matrix M, let S be a nonsingular matrix that trans-

forms M into its Jordan canonical form
J = S'MS = diag [Jm, (M), -y T, (\8)]

where k < n, Zle m; = n, \; are the eigenvalues of M, and J,, (\) is an m x m
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Jordan block given by

1
A

The uniform regressivity notion for functions defined on ¢%, ¢ > 1 is given in the

next definition:

Definition 32. ( [67], See also [38, Definition 7.1]) The scalar function v : ¢?— C
is uniformly regressive if there exists a constant § > 0 such that 0 < 07! <

14+ (¢ —1)g™y (¢™)|, for all m € Z.

Lemma 3.20 The g-Floquet system (3.31) has uniformly regressive Floquet ex-
ponents i.e. all eigenvalues of the matrixz function R (¢™) in (3.33) are uniformly

regressive.

Proof. Similar to Corollary 3.2, let

AT
() =i =12,k 3.35
= g (3:35)

be any of the & < n distinct eigenvalues of R (¢™). Then |1+ (¢ — 1) ¢™v; (¢"™)| =

—T+1 . _ . —T+1 —T+1 .
)\Eq )‘ and setting 0~ := min{ A Aif’ ) }, gives

gy

0<0 ' <[1+(¢—1)q™ (™),

where 0 < #~1 is obtained from Remark 4.3. ]

The following definition is the g-analogue of the Definition 7.3 given in [38].

Definition 33. A matrix function H (¢™) is said to have a dynamic eigenvector

w (¢™) with the dynamic eigenvalue £ (¢™) if the pair {£ (¢™),w (¢™)} satisfies

Dgw (q™) = H (¢")w(¢"™) = &(¢™)w ("), m € Z. (3.36)
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Then the pair {£ (¢"),w (¢™)} is called a dynamic eigenpair. Moreover, the

vector function

Xi = eg (", q™) wi (q™) (3.37)
is called the mode vector of the matrix function H (¢™) associated with the pair
{&(g™) w(g™)}

The following result can be given in a similar way in Lemma 7.4 in [38].

Lemma 3.21 Any regressive matriz function H has n dynamic eigenpairs with
linearly independent eigenvectors. Moreover, if the dynamic eigenvectors form
the columns of a matriz function W (¢™), then W satisfies the matriz dynamic

eigenvalue problem
DW (¢™) = H (¢")W (¢") = W (") E(@™), (3.38)

where = (¢™) = diag [§1 (¢™) ..., & (@)
The following theorem basically shows that mode vectors can be used for
stability analysis.

Theorem 3.22 Solutions to the uniformly regressive (but not necessarily peri-

odic) time varying linear q-difference system (3.31) are

1. stable if and only if there exists a v > 0 such that every mode vector x; (¢")
of A(q™) satisfies ||x; (¢™)|| < v < oo forall1 <i < n;

2. asymptotically stable if and only if, in addition to (1), ||x; (¢™)|| — 0, for
all1 <1 <n,

3. exponentially stable if and only if there exists v, A > 0 such that ||x; (¢™)]] <

vear (@™, q™0), for all 1 < i <mn and m > my.

Proof. Proof can be done by using exactly the same procedure in [38, Theorem
7.5]. ]
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Definition 34. For each y € Ny the mappings h, : ¢“xq” — R*, recursively
defined by

m

q
q
ho(q™,q™) :=1, hy1(¢",q™) :/ ————hy(7,¢™)d,T (3.39)
Y gm0 (q _ 1) T Yy q

are called monomials.

Lemma 3.23 Let v (¢™) be an eigenvalue of R(q™) and X\ be the corresponding
Floquet multiplier. If
— Re,v(¢™) >0 (3.40)

holds, then

m _mo

Tim by (g™, ¢™ ey (6™ 4™) =0

fory € Ny and initial point q".

Proof. Inspired by [47, Theorem 7.4], it suffices to show that lim,,
h,(q™, qmo)eRep/\/(qm) (g™, q¢™) = 0, where

V(@) (g—=1)g™ +1] -1
(q—1)qm '

Reyy(q™) =
We proceed by mathematical induction. Taking y = 0 gives ho(¢™,¢™°) = 1 and
by [67, Lemma 17], we have

Tim_epe,y(gm) (¢, ™) = 0 for fixed my.

)th

Suppose that it is true for a fixed y € N and consider the (y 4+ 1)™" step

m _mg

nll_lgo hy+1 (4™, 4™) €Rre,migm) (4™, 4™)

r m

q
. q m m ™m -
= lim / ———hy (7,q O)qu] (e@Rew(qm) (¢",q 0)) 1

m—00 | Jomq (q— 1)7‘ Y
; [ q m o m €Re,v(g™) (qm—o—l,qu)
= lim |——h, (¢",q 0} .
ke o g T R )

3.41
m—00 —RePﬂ/(qm) ( )

q mo . m m+1 . m
g | T 0™ erenw (@7 0)],
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where g-analogue of I'Hospital theorem is used [24]. Using (3.35) we obtain

1— ’)\(q‘T“)
— Re,i(q™) = e

(3.42)

Substituting (3.42) into (3.41), one can obtain

. m o mo m o ' q ’)\(q‘TH) hy <qm7 qmo> € Rer(q™) (qm’ qmo)
n%l_rgo hy+1 (4™, 4™) €Rre,migm) (@7, 4™) = nll_rgo 1_ ‘)\(qu+1)|
= L

]

Theorem 3.24 Let {; (¢™)}_, be the set of conventional eigenvalues of the
matriz R(¢™) given in (3.32) and {w; (¢™)};_, be the set of corresponding
linearly independent dynamic eigenvectors as defined by Lemma 3.21. Then,
{7 (@™) ,wi (¢™)}i, is a set of dynamic eigenpairs of R(q™) with the property
that for each 1 <1 < n there are positive constants D; > 0 such that

m;—1

lwi (¢ < D; Y by (g™, q™) (3.43)
y=0

holds where h, (¢™,¢™), y = 0,1,...,m; — 1, are the monomials defined as in
(3.59) and m; is the dimension of the Jordan block which contains the i'" eigen-
value, for all 1 < i <n.

Proof. There exists an appropriate n X n constant, nonsingular matrix S which

transforms & 4 (qm0+T, qmo) to its Jordan canonical form given by

J =570, (g™ g™) S

Jml <)‘1)

_ Tz (R2) ) , (3.44)

de (Ad)

L -4 nXn
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where d < n, Z?zl m; = n, \; are the eigenvalues of ® 4 (qm0+T, qmo). By utilizing

above determined matrix S, one can define the following:

K(¢™):=S"'R(¢™S
o mo+T ,mo\1(¢g~ Tt _ I
S_1<[ a (g™t gmo)] )S

(¢—1)qm
STy (qmot T, )] IS — 1
B (¢g—1)qm '
ry

This along with [38, Theorem A.6] yields K (¢™) = £ -

(g—1)g™

Note that, K (¢™) has the block diagonal form
K (t) = diag [K1(¢™), ..., K (q™)]

in which each K; (¢™) given by

_ _ —T+1 e
)\Z(q T“Ll q—T“/\Eq T+1_y (HZ;S[‘TTH—T]))\E(I —n+1)
(g=1)q™ (g=1)g™ T (q—l)qm(n—l)lTJr1
—T+1 - —n
)\7(:51 + )_1 (Hz;g[q7T+1_T])>\§q +2)
" (q=1)g™ T (g—1)g™(n—2)!
Ki(q") = '
(= T+
- (g=1)g™ o xm;

It should be mentioned that, since R (¢"™) and K (¢™) are similar, they have the

same conventional eigenvalues

=l
Vi \4 = - - t=1Lz4..,Nn
(¢—1)gm

with corresponding multiplicities. Furthermore, if the dynamic eigenvalues of
K(q™) are taken as the conventional eigenvalues 7; (¢"), then the correspond-
ing dynamic eigenvectors {u; (¢™)},_, of K (¢") can be given by wu,; (¢™) =
S~w; (¢™).

In order to prove this claim let’s show that {v; (¢"),u; (¢™)}_, is a set of



Chapter 3. q-Floquet theory 50

dynamic eigenpairs of K (¢™). By Definition 33,

Dyu; (¢™) = S 'Dyw; (¢™)
= SR (qm) Wy (qm) - 571%‘ (qm) W; (qu)
= K (¢™) 5™ wi (¢™) =7 (¢™) S™wi (¢")
= K (¢™) wi (q"™) =7 (™) wi (@), (3.45)

for all 1 <4 < n. The next step is to show that u,; (¢™) satisfies (3.43). Since
{7 (@™) ,u; (™)}, is the set of dynamic eigenpairs of K (¢™), it satisfies (3.45)
for all 1 < i < n. By choosing the i"* block of K (¢™) with dimension m; x m;,

one can construct the following linear dynamic system

n—2

[ [l
0 g T+ ¢ T+ (g~ T+1-1) =0
(g=1)g™X; 2(g—1)gmA] T (=)l (g=1)gmAr !
n—3
- [ L]
qu (qm) = Ny (qm) v (qm) = 0 g~ T+1 =0
(a=1)g™N; (n—2)!(g—1)gmA" 2
0 :
g T+
(q=1)g™ s
i 0

(3.46)
where K; (¢™) := K; (¢™) &7 (¢"™) I. There are m; linearly independent solutions
of (3.46). Let us denote these solutions by v; ; (¢™), where i corresponds to the
i'" block matrix K;(¢™) and j = 1,...,m,;. As it is done in the proof of [38,
Theorem 7.6], we have the following construction. For 1 < ¢ < d, we define
l; = Zi_:t ms, with mg = 0. Then, the form of an arbitrary n x 1 column vector

w5 for © < j < m; can be given as

w;=10,...,0 ;07 (¢™), 0,...,0 |1xn- (3.47)
—_— —
mi+...+m;—1 m; Myt 150--,Mg

Considering all vector solutions of (3.45), the solution of the nx n matrix dynamic
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equation can be written as

where T" (¢") := diag [v1 (¢™), ..., 7 (¢™)], and hence

U(q™) = [u17-~~aumu""U(Z;;;ﬁmk)’”'7U(Z}e:1mk)7.”7u(zzzlmk)_

V11 V12 ... V1,m,
V1,1 o Uimy—1
(%
L 1’1 4 mi1Xmq

Vg1 Va2 --- Vd,my
Vg1 o Udmg—1
Vg1

The m; linearly independent solutions of (3.46) have the form

Vi1 (") = [Uz‘,mi (¢™),0,... 70]:%%1 )

Vi2 (") = [Vigm,—1 (@™) , Vim, (@), 0,. .., O}ZM_M ,

Vian, (@™) = (031 (¢™) 012 (€) s+ - s Viam—1 (@) s Vigm, (@)1 -

Then, the dynamic equations are in the form

quivmi (qm) = 0,

qul}mi*l (qm) -

—T+1
q

mvi,mi (q )

51

MmgXmg -

nxn
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g~ T+ <q7T+1 _ 1) ~T+1

Patim =2 (0") = 5 Ty o (4

q

mi—=2 7 _T+41 T
Dyvii (") = [0 Lo ,]n.,l Vim,; (@)
(m; — 1) (g — 1) gmA\™
HT;BB [quJrl T T] Vi1 (qm)
(mi —2)! (g — 1) gmAl 2 "™
quJrl

T o Vi
(g —1)qgmA\

+
oo (")

Moreover, one can get the following solutions

qm q—T+1
Vim; qm =3 17'Ui,mi—1 qm) == / T~ ~x Vim; \T d T,
(") @)= [ G O

mo

V1 ("
(@—=1)gmA; 1(@")

52

U U il %
Vimi—2 (q") = / ( >'Ui,mi (T) dq + / i1 (7).
q q

mo 2(q—1)7A2 o (q—1) A

=1 Vi,m; <T> qu

Vi (qm) - /qm HZ’L:Z(;2 [q_T—H - Q]
’ gro (mi — g = 1) A"
N / T e o]

gro (mi —2)H (g — 1) TA"

) 'Uz’,mifl (7') qu +

m

q g
. 4 () d,r
-l-/qmo (q—l)T)\iv’Q(T> T

It can be shown that each v is bounded. There exist constants B; ;, ¢ = 1,...

and j =1,...,m,, such that

[Vim (@™)| = 1< Bimho (¢™,4™) = Bim,,
qm —T+1
m q
Vim;—1(q < / Vi, (T) | dgT
| 1(¢™)] o [la=Dn (7)] dq

m

-T q
q q

= ho (7,q™) d
N oo oy () da

,d
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q—T
PV hi(¢",q™) < Bim—1hi (™, 4™),
am q—T-H (q—T+1 o 1)
o) < | et )| do
qm q—T+1
+/ . mvhmi_l@') qu
qTT’l 7
T (~T+1 _ 1 qm
< d (q 2 )/ 1 ho (1,4™°
2A7: 7”0 (q - 1)
—2T qm
q q mo
+ 12 / (=17 hy (7,¢™°) dgT
< Bim,—2(h(q™,¢™) + ha(q™,¢™)),
m;—1
lvia (¢™)] < Bia Z hy (¢ q™)

Setting f; := max;j_1,_m, {Bi;} for each 1 <i < d gives

-----

m;—1

45 (™) < B Z hy (@™, q™)

for1<i<dandj=1,2,...,m;. Since w; = Su;

m;—1

[[wi (") = 5w (¢™)I] < [IS1] i Z hy (@™, 4™)

m;—1

_DZh g

where D; := ||S|| ;, for all 1 <i <n.

) dyT

53

O

The following definition is the special case of Definition 7.8 in [38] when T =

q_Z,q>1.

Definition 35. Let C, := {z eC:z# —m} . Given an element ¢, m € Z,

the Hilger circle is defined by

Hem :={2€C,: Re,(z) <0}.
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Next, we present Floquet stability theorem which shows the strong relation-
ship between the stability results of the ¢-Floquet system (3.31) and the eigen-

values of the corresponding nonautonomous linear dynamic system (3.33).

Theorem 3.25 (Floquet stability theorem) The stability results for the solutions
of the system (3.31) are given as follows

1 If
— Re,vi(¢™) >0 (3.48)

foralli=1,... ,n, then the system (3.31) is asymptotically stable. More-

over, if there is a positive constant € such that (3.48) and
— Re,i (") > ¢ (3.49)

foralli=1,...,n, then the system (5.31) is exponentially stable.

2. If
—Re,vi(¢™) >0

foralli=1,...,n, and if, for each characteristic exponent with

Re, (7i (¢™)) =0

the algebraic multiplicity equals the geometric multiplicity, then the system

(3.31) is stable; otherwise the system (3.31) is unstable.

3. If
Re, (7i(q™)) >0

for some i =1,...,n, then the system (3.31) is unstable.

Proof. Let er (¢™, ¢™°) be the transition matrix of the system (3.33) and R (¢"™)
be defined as in (3.32). Given the eigenvalues {7; (¢™)};_, of R(¢™), one can
define the set of dynamic eigenpairs {v; (¢") ,w; (¢™)};_, and from Theorem 3.24,
the dynamic eigenvector w; (¢™) satisfies (3.43). Moreover, let us define W (g™)
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by
W(q™) =er(q™,q") ea= (¢, q"). (3.50)

Then we have
er (™, q") = W(g™e=z (¢",q"), (3.51)

where 7 € Z and Z(¢"™) is given as in Lemma 3.21. Employing (3.51), one can

write that
r(q.q™) =e=(q",¢™) W (¢™). (3.52)

Combining (3.51) and (3.52), the transition matrix of the system (3.33) can be
represented by

er (g™, q™) =W (¢ ez (™, ¢") W (™), (3.53)

where W (¢™) = [wy (¢™), w2 (¢™), ..., w, (¢™)]. The matrix W~ (¢™) can be

denoted as follows:

Wt (g™) =

Since = (¢™) is a diagonal matrix, (3.53) can be written as follows
¢a™) Zem AW EW () (354)

where F; := d,; is n x n matrix. Using v} (¢™)w; (¢™) = 6;; for all m € Z, F,

can be written as
Fr=wW=(¢g™][0,...,0,w; (¢™),0,...,0]. (3.55)

By means of (3.54) and (3.55) we have

", ™) Ze% ™) wi (g™ v (q70) =Y xi (@) ] (q)

i=1
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where y; (¢™) is mode vector of system (3.33).

Case 1 By (3.37), for each 1 <i < n, we can write that
di—1
i (™) < D> by (47, q™) les, (g™, q™)]
y=0
di—1
S ‘D'L Z hy (qm7 qmo) eRE;L(’yi) (qm7 qm0>
y=0

where D; is as in Theorem 3.24, d; represents the dimension of the Jordan block

which contains i'" eigenvalue of R (¢™).Using Lemma 3.23 we get

Tim hy (g™, 4™) ere,(,,) (4".4™) =0

foreach 1 < i < nandall y =0,1,...,d; — 1. This along with Theorem 3.22
implies that (3.33) is asymptotically stable. By Theorem 3.6, since the solutions
of (3.31) and (3.33) are related by Lyapunov transformation, we can state that

solution of (3.31) is asymptotically stable. For the second part, consider

=8
|

i—1
i (@™ < Di 3 hy (6,07 ey, (6™, 4™)]

<
o

L
—

0

Di y hy(q",4™) €re, ;e (@75 ¢™) e (¢7,4™) . (3.56)

IN

<
o

If (3.49) holds, then Re,, (v;) @ ¢ satisfies (3.40). Hence, by Lemma 3.23 the term
i (g™, 4™) €Re,.(,,)ee (¢ ¢™°) converges to zero as m — oo. That is, there is an
upper bound C. for the sum Z;li:_ol hy (@™, 4™) €Re,(,,)ee (¢ ¢™°). This along
with (3.56) yields

Ixi (¢")| < DiCeece (g™, ™) -

Hence, Theorem 3.22 implies that (3.33) is exponentially stable. Using the above

given argument (3.31) is exponentially stable.

Case 2 Assume that Re,, [7. (¢")] = 0 for some 1 < ¢ < n with equal algebraic

and geometric multiplicities corresponding to 7.(¢"). Then the Jordan block of
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7.(¢") is 1 x 1. Hence,

mo . mg

Ixe (@™l < lim Deley. (g™, ¢™)]

lim
m—00

< li o DC@R@M(W:) (qm’ qm0>

m—

=D..

By Theorem 3.22, the system (3.33) is stable. By Theorem 3.6, the solutions of
(3.31) and (3.33) are related by Lyapunov transformation. This implies that the
system (3.31) is stable.

Case 3 Suppose that Re,(y; (¢™)) > 0 for some i = 1,...,n. Then, we have
s mo_mo\|| —
rrlzgnooHeR (q » q )H = 00,

and by the relationship between solutions of (3.31) and (3.33), one can write that

lim ||®4 (¢, ¢™)| = 0.
m—00

Therefore, (3.31) is unstable.

The proof is complete. [

Example 3.2. Let us reconsider the Example 3.1 given in Chapter 3:

cig”™ 0

—m

x(q™), x(1) =x9, m € Z and ¢1,¢c9 € R,
0 C24

(3.57)
As in Example 3.1, R (¢™) can be obtained as follows:

cg ™ 0
0 g ™|

" and Y2(¢™) = c2¢”™. As a con-

Then R (g™) has eigenvalues v1(¢™) = c1q~
sequence, Re,(y12(t)) > 0. Thus, it can be seen by the last theorem that the

system (3.57) is unstable.
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One state the following corollary as a consequence of Theorem 3.25.

Corollary 3.26 Let \; be a Floquet multiplier of the q-Floquet system (3.31) for

1=1,...,n. Then, we have
1 If [N < 1 for alli = 1,...,n., then the system (3.31) is exponentially
stable;

2. If\Ni| < 1 foralli=1,...,n and if, for each |\;| = 1 for somei=1,...,n,
the algebraic multiplicity equals to geometric multiplicity, then the system
(5.31) is stable.

3. |Ni| > 1 for some i =1,...,n, then the system (3.51) is unstable.



Chapter 4

Extension of Floquet theory to

time scales periodic in shifts 04+

In this chapter, Floquet theory is reconstructed on more general domains in-
cluding both additively and nonadditively periodic time scales. Hereafter, T is
supposed to be a T-periodic time scale in shifts d+ and that the shift operators
04+ are A-differentiable with rd-continuous derivatives. For brevity, the term ”pe-
riodic in shifts” is used to mean periodicity in shifts d.. Throughout the chapter,
the notation ¢% () is employed to indicate the shifts o4 (7', ¢). Furthermore, the
notation 5(i") (T,t), n € N, represents the n-times composition of shifts, §%, by
itself, namely,
5 (T,t) =0 06 0...0 (53;(75) .

-
n—times

Observe that, the period of a function f does not have to be equal to period of
the time scale on which f is determined. However, for simplicity of the results
the period of time scale T is assumed to be equal to period of the all functions

defined on T. The following definition plays a key role in the following analysis:

Definition 36. [38, Definition 2.1]JA Lyapunov transformation is an invertible
matrix L (¢) € C, (T, R™*™) satisfying

|L(t)] <pand |det L (t)| >nforallt €T

99
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where p and 7 are arbitrary positive reals.

4.1 Floquet theory based on new periodicity

concept: Homogeneous case

Consider the following regressive nonautonomous linear dynamic system
2 () =At)x(t), z(t) = xo, (4.1)

where A : T*— R™" is A-periodic in shifts with period T. Observe that if the
time scale is additively periodic, then 62 (T,t) = 1 and A-periodicity in shifts
becomes the same as the periodicity in shifts. Hence, the homogeneous system
focused in this section is more general than that of [37] and [38].

In preparation for the next result, the following set

P (ty) = {55{” (T.ty), k=0,1,2,.. } (4.2)
and the function
m(t) . .
o)=Y 5 (5& (T, to) 09 (T, to)) +G (1), (4.3)
j=1
where
m (t) := min {k; € Ny : 6 (T, ) > t} (4.4)
and
T 0 (800 (T)) it ¢ P (ko) |
are defined.

Remark. For an additive periodic time scale one always has O (t) =t — t,.

Theorem 4.1 For a nonsingular, n x n constant matric M a solution R :
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T — C™" of matriz exponential equation
€Rr (5I (to) ,to) =M

can be given by
Mree®)-e)] _ g

R(t) =1 4.6
(1) = lim = (16)
where I is the n X n identity matriz and © is as in (4.3).
Proof. Let’s construct the matrix exponential function eg (¢, o) as follows
er (t,tg) = M7T9O for ¢ > t,, (4.7)

where © is given by (4.3) and real power of a nonsingular matrix M is given
by Definition 26. To show that the function e (¢,ty) constructed in (4.7) is the

matrix exponential we first observe that
er (to, to) = MTO) = ],

where we use (4.7) along with © (¢y) = G (tg) = 0. Second, differentiating (4.7)
yields
en (ttg) = R(t)er (t,to).

To see this, first suppose that t is right-scattered. Then,

er (0 (1), to) = er(t,to)

A
t,ty) =
€Rr ( ) 0) o (t) —¢
MEE®) _ ppEew
B o(t)—t
110(e (1)) —
_ MHeCO-ew
o(t)—t

— R(t)er (tto) .

If ¢ is right dense, then o (t) = t. Setting s =t + h in (4.3) and using (4.7) one



Chapter 4. Extension of Floquet theory to time scales periodic in shifts 0+ 62

can obtain

€Rr (t + h,to) — €ER (t,to)

e (t,to) = lim

h—0 h
M%@(tJrh) o M%@(t)
= lim
h—0 h
Lie@+h)—e@)] _
i M7 1 rew
h—0 h

= R(t)eg (t,to).
In any case, we have 6% (t,to) = R(t) er (t,to). Finally, we obtain
6 (5 (1)) = o {1061 (1) = 51 (1) = T,

and therefore,
er (07 (to) ,to) = MTO(%) — pf.

The following result is generalization of Corollary (3.2).

Corollary 4.2 The eigenvectors of the matrices R (t) and M are same.

Proof. For any eigenpairs {\;,v;}, i = 1,2, ...,n of M, using Mv; = \;v; one can

write that
%[@(o(t))f@(S)]v_

7.

lim M TeEM)=0(),, — Tim )
s—t ' s—t

This implies

)\_%[Q(G(t))—@(S)] 1
R(t)v; = lim | = ;. (4.8)
st o(t)—s
%[ew(t))—e(sﬂf1
Substituting 7;(t) = limg_,; [ = O ) into (4.8) one can conclude that
R(t) has the eigenpairs {v;(t),v; }1;. O

The following two results can be proven similar to the Lemma (3.3).
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Lemma 4.3 Let T be a time scale and P € R (T*,R"*") be a A—periodic matrix

valued function in shifts with period T, i.e.
P(t) = P (57 (1)) 627 (1)
Then the solution of the dynamic matriz initial value problem
Y2t =P1)Y (1), Y (t) = Yo, (4.9)
is unique up to a period T in shifts. That is
Op (t,t0) = @p (05 (1), 0% (o)) (4.10)

for all t € T*.

Corollary 4.4 Let T be a time scale and P € R (T*,R™™) be a A—periodic

matriz valued function in shifts. Then
ep (t,to) =ep (01 (t), 0% (to)) - (4.11)

Theorem 4.5 (Floquet decomposition) Let A be a matriz valued function that
is A-periodic in shifts with period T. The transition matriz for A can be given in
the form

Oy(t,7)=L({t)eg(t,7) L (1), forallt,7 € T, (4.12)

where R : T — C™" is A-periodic function in shifts and L (t) € C*, (T* R™™)
is periodic in shifts with the period T.

Proof. Let the matrix function R is defined as in Theorem 4.1 with a constant
n X n matrix M = &4 (5JTr (to) ,to) . Then,

er (07 (to) ,to) = @a (07 (to),to)

and the Lyapunov transformation L (¢) is defined as

L(t):=®a(t,tg) ex (t,to). (4.13)
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Obviously, L (t) € C}, (T*,R™") and L is invertible. The equality
Dy (t,tg) = L(t)er(t,ty). (4.14)
along with (4.13) implies

Dy (to,t) = egx' (t,to) L1 (2)
= ep (to,t) L7 (t). (4.15)

Combining (4.14) and (4.15), one can obtain (4.12). The periodicity in shifts of
L is shown by using (4.10-4.11) as follows

Il
B
S
>,

LT ()

(%)

b

(%)

b
—~~ Y~/
> (o9
+48 +8 +9 +9 +4

I
h*@**@*?@*@*

S

b

—~
~
~+~

[e=}

S~—
[

=vli

—
~
~
(=}

~+~
~—

]

The following result is the extension of Theorem (3.6) and [38, Theorem 3.7]

and it can be proved similar to [38, Theorem 3.7].

Theorem 4.6 Assume that the transition matriz ® 5 of the unified Floquet system
(4.1) has the decomposition of the form ®4 (t,tg) = L (t)er (t,to). Then, z (t) =

D4 (t,t0) zo 18 a solution of (4.1) if and only if the linear dynamic equation
22 () =R(t) 2 (1), z(ty) = zo.

has a solution of the form z (t) = L™ (t) x (¢).

Next, the necessary and sufficient condition for the existence of solution of
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Floquet system (4.1) which is periodic in shifts is given.

Theorem 4.7 The solution of the unified Floquet system (4.1) has a T-periodic
solution in shifts with an initial state x (ty) = xo # 0 if and only if at least one

of the eigenvalues of

en (57 (10) .1o) = @ (57 (t0) . 1o)

15 1.

Proof. Let z (t) be a solution of the periodic system (4.1) which is T-periodic in
shifts corresponding with the nonzero initial state x (ty) = xo. Then according to

Theorem 4.5, the Floquet decomposition of x can be written as

z(t) = P4 (t,to) o = L (t)er (t,to) L (o) 20,
which also yields

z (67 (t)) =L (65 (1)) er (65 (£),to) L™ (to) zo.
By T-periodicity of x and L in shifts, one can obtain

er (t,to) L' (to) mo = eg (67 (t) ,to) L™ (to) o,
and therefore,

er (t,to) L' (to) wo = eg (07 (t), 07 (to)) er (67 (to) ,to) L™" (to) zo.
Since eg (67 (t),0% (to)) = er (t,to) the last equality implies
er (t,to) L' (to) w0 = eg (t,to) er (0% (to) , to) L™" (to) zo

and thus
L_l (to) Tog = €ER ((SEC (to) ,to) L_l (to) Zo-

Hence, the matrix ep (5I (to) ,to) has an eigenvector L' (ty) zg corresponding to
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the eigenvalue 1.

Conversely, assume that 1 is an eigenvalue of ep (51 (to) ,to) with corresponding
eigenvector zg. This means 2, is real valued and nonzero. Using ey (t,tg) =

er (01 (t),6% (t9)), one can arrive at the following equality

which shows that z (t) = eg (¢, to) 2o is T-periodic in shifts. Applying the Floquet
decomposition and setting xy := L (ty) zo, the nontrivial solution x of (4.1) is

obtained as follows
X (t) = (I)A (t,to) Ty = L <t) €Rr (t,to) L_l (to) Ty — L (t) €R (t, to) zZ0 — L (t) z (t) s

which is T-periodic in shifts since L and z are T-periodic in shifts. This completes

the proof. O

Example 4.1. Suppose that T = U, [3**,2.3*%] U {0}. Then, T is 3-periodic
in shifts 0y (s,t) = s*'¢. Setting A (t) = 11242, one may get

A0+ (3,1)62(3,t) = A(3)3=A (1)

which shows that A is A-periodic in shifts with the period 3. Consider the system

=

s+l= O

] x(t),z(1) =z

whose transition matrix is given by

(I)A(t,l):[el/t(t’l) ! ]

0 el/t(t, 1)
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Then

By (6% (1),1) = Dy (3,1) = [ an(31) 0 ] .

0 el/t(37 1)
As in Theorem 4.1, one can write that

61/t(3> 1) 0

er(3,1)=d4(3,1) = [ 0 e ] = M.

On the other hand, by (4.6) and (4.7) one can obtain

ER (t, 1) = M%O(t)
{ MiBrO=3"ON iy g p (1)

7

M) ift e P(1)

and

M@ -0@) _ |

R(t) = lim

s—t o (t) — S
2 <M%[@(%t)—@<t>] — J) if o(t) >t

L0(t)]* Log[M]  ito(t)=t

)

where P (t) and m (t) are defined by (4.2) and (4.4), respectively. Then the matrix

function L () which is 3-periodic in shifts is given as

Lt)=®4(t,1) ez (t,1)

_ [ e1/:(t, 1) 0

)
e1(3,1) 0 :
0 61/t(t, 1) 0 el/t(?), 1)

Example 4.2. Consider the time scale T = R that is periodic in shifts d. (s,t) =

sT1t associated with the initial point to = 1. Let us define the matrix function
A(t): T*— R™" as follows
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Then A(t) is A-periodic in shifts with the period 4. The following system

has the transition matrix

o, (1)< | oD 0
' 0 eu(t) (t, 1) 7
where u(t) = 1 sin (7). Moreover,

Dy (03 (1),1) =D4(4,1) = [(1) (1)] = M.

Thus, R(t) is 2 x 2 zero matrix, and hence, eg(t,1) = I. Finally, the matrix

function L(t) which is 4-periodic in shifts is obtained as follows:

4.2 Floquet theory based on new periodicity

concept: Nonhomogeneous case

Let us focus on the nonhomogeneous regressive time varying linear dynamic initial
value problem
2 () =AWz (t)+ F(t), z(t) = xo, (4.16)

where A : T*— R™" F € R (T*,R"). Hereafter, both A and F are supposed to
be A-periodic in shifts with the period T'. Similar to Lemma 3.8, one can prove

the following result.

Lemma 4.8 A solution z (t) of (3.14) is T-periodic in shifts if and only if
z (0% (to)) =z (to) for all t € T*.
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Theorem 4.9 The solution of (4.16)is T-periodic in shifts 0+ for any inital point
to, and corresponding initial state x (to) = xo if and only if the T-periodic homo-

geneous initial value problem
Ay =A@)2(t), z(t) = 20, (4.17)

has not a T-periodic solution in shifts for any nonzero initial state z (to) = zo.

Proof. In [13], the following representation for the solution of (4.16) is given
t
r(t)=X )X (1) wo + /X () X (o (8)) F (s) As,

where X (¢) is a fundamental matrix solution of the homogenous system (4.1)
with respect to initial condition x (7) = xy. As it is done in [13], z (¢) can be

expressed as
t
z(t) = P4t to) zo +/ Dy (t,o(s)) F (s)As.
to
By the previous lemma z (t) is T-periodic in shifts if and only if z (63{ (to)) =

xo or equivalently

67 (to)
[T~ @4 (57 (t0) ,10)] 20 = / B4 (67 (t0) 0 () F (s) As. (4.18)

to

By guidance of Theorem 4.7, it should be shown that (4.16) has a solution with
respect to initial condition x (tg) = ¢ if and only if eg (5JTr (to) ,to) has no eigen-

values equal to 1.

Let er (53; (n) ,77) =,y (5_{ (n) ,77), for some n € T*, has no eigenvalues equal
to 1. That is,

det [I — Py (cﬂ (n) ,77)} #0.
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Invertibility and periodicity of ®4 imply

0 # det [@4 (07 (to) , 05 (1) (I = a (67 (1) 1)) Pa (1, t0)]

= det [0 (57 (1), 37 () @ (1) — 04 (07 (1) 10)] . (4.19)

By periodicity of ®4, the invertibility of [I —dy ((51 (to) ,to)] is equivalent to
(3.19) for any ¢y € T*. Thus, (4.18) has a solution

6% (to)

2o = [T —®4 (67 (1) ,10)] " / 4 (67 (to) 0 (5)) F (s) As

to

for any ¢ty € T* and for any A-periodic function F' in shifts with period 7.

Suppose that (4.18) has a solution for every ¢, € T* and every A-periodic
function F' in shifts with period T'. Let us define the set P_ () as

P (t) = {k cZ: 6" (T,t)} .
It is clear that, P_ (t) = P_ (07 (¢)). Additionally, let the function £ be defined

cty= [ (57"

seP_(H)N[to,t)

-1 e -1
= (337 (- (@) x (57 (52 (@.0)) T X x (&T <5E ) (7, t))) |
where m™ () = max {k: e7: 6% (T,t) > to}. By definition of £, one can write

¢ (87 (1) = 11 (627 (s)) "

seP_(67())N[to,6T (1))

o | GO

seP_(t)N[to,67 (1))
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= @7 I (3T (s)

sEP_(t)N[to,t)

= (35T (1)) "€ (t),

which shows that £ is A-periodic in shifts with period T. For an arbitrary ¢

and corresponding Fp, define a regressive and A-periodic function F' in shifts as

follows
F(t) =4 (0(t),67 (o)) £(t) Fy, t€ [to, 87 (to)) NT. (4.20)
Then,
T (to) 67 (to)
/ B4 (57 (ts),0 (s)) F (s) As = Fy [ €(s)As. (4.21)

Thus, (4.18) can be rewritten as follows

61 (to)

[T~ @4 (67 (t0)  to)] 0 = / £(s) As. (4.22)

For any F' which is defined in (4.20), and hence for any corresponding Fy, (4.22)

has a solution for xg by assumption. Thus,

det [I — @4 (0% (to) ,to)] # 0.

Consequently, er (5{ (to) ,to) =,y ((LTr (to) ,to) has no eigenvalue 1. Then, one

can conclude by Theorem 4.7, (4.17) has no periodic solution in shifts. O

4.3 Floquet Multipliers and Floquet exponents

of unified Floquet systems

This part of the thesis is devoted to Floquet multipliers and Floquet exponents
of systems periodic with respect to new periodicity perception on time scales.
Similar to the ¢-Floquet theory, let ®4 (¢,y) be the transition matrix and  (¢)

the fundamental matrix at ¢ = 7 of the system (4.1). Then any fundamental
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matrix U (¢) can be represented as follows:
U(t)=D(t)U (1) or W (t) =D, (t,to) V(o). (4.23)

Additionally, for a nonzero initial vector zy € R”, the monodromy operator M :
R™ — R" is defined by

M (z0) := ®4 (67 (to) ,to) mo = W (87 (to)) ¥ (to) o, (4.24)

In parallel to preceding chapter, the eigenvalues of monodromy operator M are

called Floquet (characteristic) multipliers of the system (4.1).

Similar to [38, Theorem 5.2 (i)], the following remark can be given:

Remark. The monodromy operator of the linear system (4.1) is invertible and

consequently, every Floquet (characteristic) multiplier is nonzero.

Theorem 4.10 The monodromy operator M corresponding to different funda-

mental matrices of the system (4.1) is unique.

Proof. Suppose that M; and M, are the monodromy operators corresponding to
fundamental matrices Wy () and Wy (¢), respectively. One can write the mon-

odromy operator My (zg) corresponding to W, (¢) as
M2 (Io) = \IJQ ((S_{ (to)) \112_1 (to) Zo-

Using (4.23) yields
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By using Theorem 4.5, (4.23) and (4.24), one can obtain
D (t,tg) = Wy (£) U (tg) = L(t)er (t,to) L7 (to) (4.25)
and
M (.I’o) = (I)A (5_7,; (to) ,to) Tog — \Ill (5_7,; (to)) \I/II (to) Zo- (426)

The following equation is obtained by combining (4.25) and (4.26)
(I)A ((53; (to) 7t0) = \Pl ((51 (to)) \Iffl (t()) =1L ((5}; (to)) E€R ((51 (to) ,to) Lil ((53: (to)) .
By using the periodicity in shifts of L, the following equality

@4 (0% (t0)  to) = L (to) er (0% (to) ,t0) L™ (to) - (4.27)

is obtained. Hence, the Floquet multipliers of the unified Floquet system (4.1)

are the eigenvalues of the matrix er (5{ (to) ,to).

Definition 37. The Floquet exponent of the system (4.1) is the function ()
satisfying the equation
€y (51 (to) ,to) = )\,

where A is the Floquet multiplier of the system.

The next result can be proven similar to [38, Theorem 5.3].

Theorem 4.11 Let R (t) be a matriz function as in Theorem 5.1, with eigenval-
ues vy (t),...,vn (t) repeated according to multiplicities. Then ¥ (t), ..., 7% (t)

are the eigenvalues of R* (t) and eigenvalues of ep are e,,,. .. €.,

Theorem 4.12 The Floquet exponent v of (4.1) with corresponding Floquet mul-

27k
5_1; (to) —to

tiplier X is not unique. That is, v (t) & 1
(4.1) for all k € Z.

is also a Floquet exponent for
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Proof. For all k € Z, we have

27k

Cret 5T (t0)—to

which gives

(67 (to) o

) =&y (51 (to) 7t0) 6‘;%

(67 (to) . to

)

sT (t)—to
" log (14 4 () zr2et)
= e, (03 (to) ,to) ex / (t)~to) A
5 (05 (to) s o) exp J -
T
= e, (61 (to) . to) exp 670)108; (exp (l( 521}’;5(_720» A
w(r
to
8% (to) w
i2m
= (0 {fa) to) exp Z o% (to) —toAT

the desired result.

]

Lemma 4.13 Let T be a time scale that is p-periodic in shifts d+ associated with

the initial point to and k € Z. If 5

oh (1)t
"(t) to

€ Z,

€ o  ome  arep periodic in shifts.
A=
Proof. 1t 220=1 ¢ 7 1
roof. PATEN € Z, then
o ()
127k
€o  on of (t),tg) = ex /
‘ﬂéoffto (0% (¢) , o) p 5;; (o) — to
5?
/ 121k
= ex -
P 5 (o) — to
of (t)
= 2k ———
exp (2 T 5 (750 —750

then the functions ec o,  and
AT
Ar
/ k
127
AT | ex — AT
P / o (to) —to
127k
Ar
5” (to) — to
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t

127k
= ex — AT | =€ ., t,t
P /(ﬁ (to) — to ) o (%)

to

which proves the periodicity of e ,,, . The periodicity of e o ,., can be
Z5i(to)*to o 8% (t0)—to
proven by using the periodicity of es 5n  and the identity eco =1 /eq- ]

st (t0)—to

o8 (t)—t
% (to)—to
periodic time scales but also for the many time scales that are periodic in shifts.

For example for the time scales 2 and U4 [3ﬂC , 2.3i(k+1)] U{0} periodic in shifts

o (t)—t
6% (to)—to €z

Remark. Notice that the condition € 7 holds not only for all additive

4 (s,t) = st associated with the initial point ¢y = 1, the condition

is always satisfied for p = 2 and p = 3, respectively.

Theorem 4.14 [f the unified Floquet system (4.1) has a Floquet exponent =y (t),

then the corresponding transition matriz 4 can be decomposed as

D,y (t,tg) = L(t)er (t,to),
where v (t) is an eigenvalue of R (t).

Proof. Consider the Floquet decomposition ® 4 (,ty) = L (t) e (t, o) and let  be
a Floquet exponent of (4.1) with corresponding Floquet multiplier A\. Moreover,
there is an eigenvalue 7 (t) of R (t) so that e (6 (to), to) = A, where 7 (t) can be

defined as
(1) = (1) &
= ?
! ! o (to) — to

by Theorem 4.12. Setting

~ o 27Tk
R(t):=R(t) o
(t) (t) 5T (1) — o

and

L(t):=L(t)es sm (L to),

5T (r0)—10

then one can write

~ o 27Tk
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and hence,

L(t)er(t,to) = L(t)es om ,(t,t0)er (tto) = L(t)es sm op(tt0) = L(t) e (t o).

?
51 (t0)—to s3 (t0)—to

This shows that ® 4 (¢,t0) = L (t) er (,to) is an alternative Floquet decomposition
where ~y (t) is an eigenvalue of R (t). O

Theorem 4.15 Let y(t) be a Floguet exponent of the system (4.1) and X be the
corresponding Floquet multiplier. Then, the unified Flogquet system (/.1) has a

nontrivial solution of the form
2 (t) = e, (t,to) K (1) (4.28)

satisfying
z (67 (1) = A (1),

where Kk 1s a T-periodic function in shifts.

Proof. Let ®4(t,tg) be the transition matrix of (4.1) and P4 (t,t)) =
L (t)eg(t,to) is Floquet decomposition such that v (¢) is an eigenvalue of R (¢).
There exists a nonzero vector u # 0 such that R (t)u = v (t)u, and therefore,
er (t,to) u = e, (t,tp) u. Then, the solution z (t) := P4 (¢,%y) u can be represented
as follows

x(t)=L(t)er(t to) u=-e,(t to) L(t)u.

Setting x (t) = L (t) u, the last equality implies (4.28). Thus, the first part of the

theorem is proven. The second part is proven by the following equality.
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Next result shows that two solutions of (4.1) according to two distinct Floquet

multipliers are linearly independent.
Theorem 4.16 Let Ay and Ay be the characteristic multipliers of the system (4.1)
and vy, and 7o are Floquet exponents such that
e (00 (t0), to) = N, i=1,2.
If A\ # \a, then there exist T-periodic functions k1 and ko in shifts such that

.Z‘Z(t) = 6%. (t,to)/ﬂ?i(t), r— ]., 2

are linearly independent solutions of the system (4.1).

Proof. Let @4 (t,ty) = L (t)er (t,to) and 71 (t) be an eigenvalue of R (t) corre-
sponding to nonzero eigenvector v;. Since A\ is an eigenvalue of ® 4 (5{ (to) ,to),

by Theorem 3.12 there is an eigenvalue «y (f) of R (t) satisfying

ey (07 (o) o) = A2 = e (07 (t0) ;o) -

Hence, for some k € Z we have y(t) = v (¢) & %5150% Furthermore, A; # Ao
implies that v(t) # 71 (¢). If vy is a nonzero eigenvector of R (¢) corresponding to
eigenvalue ~y(t), then the eigenvectors v; and vy are linearly independent. Similar
to the related part in the proof of Theorem 4.15, one can state the solutions of

the system (4.1) as follows:
T (t) = €y, (t, to) L (t) U1 (429)

and
xo () = e, (t,t0) L (t) va.

Since x1 (tg) = L(to)vy and x5 (tg) = L(to)ve, the solutions z; (t) and zs (t) are

linearly independent. Moreover, the solution x5 can be rewritten in the following
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form

To(t) = €4, (t,10) eyeny (t, o) L(t)12
= 672 (t, to) 692 ok (t, to) L(t)VQ (430)

sT(to)—to

Letting 1 (1) = L (t) vi and ko (1) = €_o__am (¢, t0) L(¢)v2 in (4.29) and (4.30),
51 (t0)—to
respectively, we complete the proof. ]

4.4 Stability properties of unified Floquet sys-

tems

In this section, the unified Floquet theory established in previous sections is
employed to investigate the stability characteristics of the regressive periodic
system

22 () =AMz (t), x(t) = xo. (4.31)

By Theorem 4.1, the matrix R in the Floquet decomposition of ®4 is given by

1
B, (57 (tg) . 1) FOCD-0GI _
R(t) = lim 4 (9% (), o) .

lim s (4.32)

Also, Theorem 4.6 concludes that the solution z(¢) of the regressive system
A )=R(@) 2 (1), z(ty) =z (4.33)

can be expressed in terms of the solution z(¢) of the system (4.31) as follows:
z(t) = L7 (t)x(t), where L(t) is the Lyapunov transformation given by (4.13).

In preparation for the main result, the following definitions and results which
can be found in [37] and [38] are presented for stability and asymptotical sta-
bility properties of the solution of (4.31). Furthermore, the exponential stability

definition is given according to [30].

Definition 38 (Stability). The unified Floquet system (4.31) is uniformly stable
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if there exists a constant a > 0 such that the following inequality
(O] < aflzto)ll, ¢ = to

holds for any initial state and corresponding solution.

Theorem 4.17 Let 4 be the transition matriz of the system (4.51).Then, (4.51)

1s uniformly stable if and only if there exists a o« > 0 such that the inequality
[Palt; o)l < a, t =t

satisfied.

Definition 39 (Asymptotical stability). In addition to uniform stability condi-
tion, if for any given ¢ > 0 there exists a K > 0 such that the inequality

[zl < cllzo)ll, t = to+ K
holds, then the unified Floquet system (4.31) is uniformly asymptotically stable.

Definition 40 (Exponential stability). The unified Floquet system (4.31) is uni-
formly exponentially stable if there exist «, f > 0 such that the inequality

lz@I < [lz(to)|| aess(t, to), ¢ > to

holds for any initial state and corresponding solution.
Moreover, necessary and sufficient conditions for exponential stability can be
stated as the following:

Theorem 4.18 The system (4.31) is uniformly exponentially stable if and only
if there exist a, B > 0 with such that the inequality

1At to)l| < ceep(t, to), = to

15 satisfied for the transition matriz @ 4.
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Definition 41. ( [67] See also [38, Definition 7.1]) The scalar function v : T* — C
is uniformly regressive if there exists a constant § > 0 such that 0 < 67! <
|1+ w(t)y(t)], for all t € T*".

Lemma 4.19 Fach eigenvalue of the matriz R (t) in (4.33) is uniformly regres-

sive.

Proof. Define A(t, s) by
A(t,s):=0 (o (t) —O(s). (4.34)

As it is done in Corollary 4.2, let

L A(t,s)
A" —1
@) =lim [ 2— ") =12, ..k
7() 1111( O'(t)—S) L

be any of the k < n distinct eigenvalues of R (¢). Now, there are two cases:

1. If || > 1, then

LA(t,s)
14 0 (8) 7y (8)] = lim |14 () 21| — 3 [ AP 5 1
H i e H o (t) — s sy i ’
2. If0 < ’)‘7,| <1, then,
%A(t,s) 1 1A(t )
. =i L Tl TS S
14 () 7 (O] = lim 1+ p(s) o = lim | A; > |l
Setting 6~ := min{1, [\1|,...,|\|}, then one can obtain

0< 67 <1+ u(t) ).

]

Definition 42. [38, Definition 7.3] A matrix function H(t) is said to admit a dy-

namic eigenvector w (), where w (t) is a A-differentiable nonzero vector function,
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if the following equality is satisfied
wr () =H ) wt)—E@)w (t), te T (4.35)

for corresponding dynamic eigenvalue £ (t). Then the pair {& (t),w (¢)} is called
a dynamic eigenpair. Additionally, the mode vector x for a function H(t) is given
by

Xi = eg, (t,to) w; (1), (4.36)

where {&; (t),w; (1)} is associated dynamic eigenpair.

The following results can be proven similar to [38, Lemma 7.4, Theorem 7.5]:

Lemma 4.20 Any regressive matrix function H has n dynamic eigenpairs with
linearly independent eigenvectors. Moreover, if the dynamic eigenvectors form
the columns of a matriz function W (t), then W satisfies the matriz dynamic

ergenvalue problem

W2 () =H@E)W(t) =W (t)Z(t), where Z(t) := diag &, (), ..., & (1)].
(4.37)
where = (t) := diag [&1 (1), ..., & (1)].

Theorem 4.21 Solutions to the uniformly regressive (but not necessarily peri-

odic) time varying linear dynamic system (4.51) are:

1. stable if and only if there exists a v > 0 such that every mode vector x; (t)
of A(t) satisfies ||x; (t)|| < v < oo, t>ty, foralll <i<m;

2. asymptotically stable if and only if, in addition to (1), ||x: (t)|| = 0, t > to,
foralll <i<n,

3. exponentially stable if and only if there exists v, A > 0 such that ||x; (t)]| <
veon (t, 1), t > to, for all 1 <i < n.

Definition 43. For each & € Ny the mappings h;, : T* x T* — R™, recursively
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defined by
t

ho(t, to) == 1, hkﬂ(t,to):/(hm A(7, 5)

g 0_(7_) _ S) hk(Ta tO)AT for n € Ng, (438)

to
are called monomials, where A(t,s) is given by (4.34).

Remark. For an additive periodic time scale we always have © () =t — ¢;, and
hence, A(t,s) = o(t) — s.

Lemma 4.22 Let T be a time scale which is unbounded above and ~y (t) be an

eigenvalue of R(t). If there exists a constant H >ty such that
inf im (A6 V) g )] >0 (4.39)
in — [ lim e :
te[H,co)r s>t \o(t) — s w

thHl hk (t, to) €y (t, to) = O, ke No. (440)
—00

holds, then

Proof. 1t suffices to show that limy_.. Ay (£, %0) €re, v(t) (t,%0) = 0 (see [47, Theo-
rem 7.4]). Let’s proceed by mathematical induction. For k& = 0, it is known that
ho (t,ty) = 1 and by [67], we have

tlir{.lo €Re,, i (t) (t,tg) =0fortyeT.
Suppose that it is true for a fixed k& € N and consider the (k + 1) step.
tlggo Piy1 (t,t0) €re, () (E; o)

t
= lim /lim (M) hi (T, t0) AT | € Re, A1) (t,to)_l

t—o00 s—=T \ T (7‘) — S
to

= lim [lim( A, s) )hk (t,to)] ERe, (1) (0(1), o)

t—oo | s—t o'(t) — S — RQu ’y(t)

[t (56522 B 0 t0) e, (010). 0
T e —Re, (1)

: (4.41)
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where (4.39) is used together with [24, Theorem 1.120] and [27, Theorem 3.4] to

obtain the second equality. The last term in (4.41) can be written as

1irns%t (:(gi)s) hk (tv tO) €Re, (t) (O-(t)a tO)

i
P —Re, (1)
~ lim (14 p(t) Re, (1)) hi (£, o) €re, @) (L5 to)
o 0o . s -1
= — (time (252)) " Re, (7()
1+ () Rey v(£)) g (L, to) enen o) (£, ¢
Sthm ( +lu( ) el»‘fY( )) k( I O)GR;L'Y(t)( 0) (442>
—oo | . . s -
it |- (1 (262)) " Reu (0 0)
Now, one may use (4.3) and (4.34) to get the inequality
) )\%A(t,s) -1
L4 p(t) Rey7(t) = |1 4 p(t) lim o =5 < max {1, [Al}
which along with (4.42) implies
tliglo P (t,t0) €re, () (E,t0) = 0
as desired. ]

Theorem 4.23 Let {; (t)}._, be the set of conventional eigenvalues of the matriz
R(t) gwen in (4.52) and {w; (t)};_, be the set of corresponding linearly indepen-
dent dynamic eigenvectors as defined by Lemma 4.20. Then, {v; (t),w; (t)};_; is
a set of dynamic eigenpairs of R(t) with the property that for each 1 < i < n

there are positive constants D; > 0 such that

m;—1

lwi (B)]] < Di > I (¢, o) (4.43)

holds where hy (t,to), k =0,1,...,m; — 1, are the monomials defined as in (4.38)
and m; is the dimension of the Jordan block which contains the i'" eigenvalue,
foralll <i<n.
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n

Proof. By Lemma 4.20, it is obvious that, {v; (t) ,w; (¢)},_, is the set of eigenpairs
of R(t). First, there exists an appropriate n X n constant, nonsingular matrix S

which transforms ® 4 ((LTr (to) ,to) to its Jordan canonical form given by

J = Sil(I)A (51 (to) ,to) S

Jml ()‘1)

_ Jm2 ()‘2) ) (444>

de ()‘d)

L 4 nXn

where d < n, 2?21 m; = n, \; are the eigenvalues of ¢ 4 (6_{ (to) ,tg). By utilizing

above determined matrix S, define the following:
K({t)=S"'R()S

_ o1
Y o) —s

1
S=1P (67 (o) 1) T 5 — 1
= lim A( + 01 0) .

s—t g

This along with [38, Theorem A.6] yields

TAMs) T
K (t) = lim JT—
sot o(t)—s

Note that, K (¢) has the block diagonal form

K (t) = diag [K;y (t),..., Kq(t)]
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in which each K; (t) given by

LA, ) LA(ts)—1

FAEs)AT
(o(t)—s)2!

o(t) s

K, (t) :==lim K; (t) := lim

s—t s—t 7/\@ s)

(H[;A(t,s)—k]) A

n—2

%A(t,s)7n+1

k=0

(n=1)l(o(t)—s)

n—3
(H[%A(t»s)k]) )\TA(" ,8)—n+2

k=0

(n=2)!(o(t)—s)

)\%A(t s) .

o(t)—s

It should be mentioned that, since R (t) and K (t) are similar, they have the

same conventional eigenvalues

LiA(t,s)]
AT _4]
() =lm | ), i=1,2,...

s—t

with corresponding multiplicities.

Moreover, if we set the dynamic eigenvalues

of K(t) to be same as conventional eigenvalues ~; (t), then the corresponding

dynamic eigenvectors {u; (t)};_, of K (t) can be given by w; (t)

This claim can be proven by showing that {v; (¢),
eigenpairs of K (t). By Definition 42, one can write that

= 87w} (1)

= STIR(t)wi (t) — Sy (t) wf (1)
K (t) 8™ w; (t) — 7 (£) S™Hwf (1)

= K ()u (1) = (t)w (1),

ui (1)

)
i (

= S~ w; (1).

u; ()}, is a set of dynamic

(4.45)

for all 1 <i < n and this proves our claim. Now, it should be shown that u; (¢)

satisfies (4.43). Since {; (t),

u; ()}, is the set of dynamic eigenpairs of K (t) , it

satisfies (4.45) for all 1 < i < n. By choosing the i*" block of K (t) with dimension

My XMy
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m; X m;, we can construct the following linear dynamic system:

B n—2
H[;A(t,s)—k])
0 LA(ts)  (FAES)(FA(Es)—1) k=0
(o(t)—s)Ai (o(t)—s)A;2! T (=)o) —s)AT !
n—3
- H[%A(t,s)—k]
v (t) = Ki(t)v(t) = 1313’1}/ 0 2 A(t,5) k=0
(o(t)=8)A; (n—2)!(a(t)—s)AT 2
0 :
%A(t,s)
(o(t)—s)Xi
i 0
(4.46)

where K; (t) (t) := K; (t) © 7: (t) I. There are m; linearly independent solutions

of (4.46). Let us denote these solutions by v; ; (¢), where i corresponds to the 7"
i1

block matrix K;(t) and j = 1,...,m;. For 1 < i < d, define [; = st, with
s=0

mo = 0. Then, the form of an arbitrary n x 1 column vector u;,4; for i < j <m

can be given as

wg =1 0,...,0 ;v (£),0,...,0 1 (4.47)
mi+..+mi_1 m; Mjt150,Mg

Considering the all vector solutions of (4.45), the solution of the n x n matrix
dynamic equation
US () =K@U ) -U7 ()T (1),

where I' (t) := diag [y1 (t),. .., (t)], can be written as

U(t) = Uy Uy e ,U(Z;::lmky ce ’U(Z;;:lmk)’ RN ,u<zi:1mk)_1,un
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V1,1

V1,2

V1,1

/Ulvml

V1,mi—1

V1,1

mi1 Xmiy

V4,1 Vd2 Vd,mg
V4,1 Vd,mg—1
Vd,1
L - mgXmgqg -
The m; linearly independent solutions of (4.46) have the form
Vil (t) = [Ui,mi (t) ,0, ...,0 mix17
fUZ‘72 (t) = [Ui,mifl (t) 7Uz’,mi (t) 70, c ey O]:%_Xl 5
Ui,mi (t) = [/Ui,l <t) 7vi,2 (t) PR )vi,mi—l (t) 7Ui,mi (t)]ilxl .
Then, we have the dynamic equations
A : [A(ta S)}
'Uz,mifl ( ) Slir% T(O'(t) B 5))\1 1 ( )
[lA(t7 S) - k]
v () = lim ’g ) v, (1) +Tim )
om0 =TS e Ty — e
mi—2
[T A s) - k})
A k=0
=~ (t) = lim i (T
U@,l( ) ot (mz_]_)!(o_(t)_s))\ml—l P z( )

nxn
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( TT 120G s) - k])

+ lim —*=0 S
s—t (m’b — 2)'(0’(t) — S))\mZ—Q sy

(H[%A(t, 5) — k])
T G — o

() +

Moreover, we have the following solutions:

t

; T
Vign, () =1, Vim,—1 (8) = /ll_{g mvi,mi (1) AT,

to

() to/il_{? (mi — D))o (1) — s)Am 1 0™ (1) Ar
t ( [T A0 - k])
+!l1_{2 (m; = 2)!(o (1) — )N ? Vi1 (T)ATY

Then we can show that each v;; is bounded. There exist constants B; ;, i =

1,....,dand j =1,...,m;, such that

|Ui7mi (t)| =1< Bi7mih0 (tutO) - Bi,mi;
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t t
. A(r, s) 1 [ Alr,s)
S < | ——— | Vi, AT < 1 _ A
i 01 < [ Jim <T(a(7) - S)Ai) vim ()| AT < T|Ai|/;§i (0(7') ) o) AT
to to
hl <t7 t(])
< < B;m.—
=T |)\1’ >~ 1M lhl (t, tO) ’
1
t (H[%A(T7 S) - k])
o < [ Jlim ~+=2 o
a1 < f i S5 i (7 A7
to
t A(7,9)
. 7,8
+ /lbni ( (o(1) — 5))\1) Vi1 () AT
to
Since
0<O(o(r)—0O(s)<Tass—r,
we get
‘%A(T,S) — k‘ <kass—rtfork=1,2,...
Then

¢
1 , A(T, s)
. < — -
Vim,—2 ()] < QTAZZ/?LE (0(7') — S) ho (T,t0) AT

0

e [ (A0 b i o

T%\?t sor \o(T) — s
0

_ hy (t,to)  ha(t, o)
oTAZ T2\

2
< Bi,mif2zhj (t,to)

j=1

m;—1

‘Ui,1| < Bi,l Z hj (t, to) .

J=1
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Setting f; := max;_1,_m, {Bi;} for each 1 <i < d, we obtain

77777

m;—1

s (O < B Y he (o)

k=0
for1<i<dandj=1,2,..,m; Since w; = Su; we have

m;—1

lws ()| = 11Sus (D] < NS85 b (2, t0)

m;—1

=D; Y hi(tto),

k=0

where D; := ||S|| 5;, for all 1 <1i <mn. The proof is complete.

]

Theorem 4.24 (Unified Floquet stability theorem) Let T be a periodic time

scale in shifts that is unbounded above. We get the following stability results for

the solutions of the system (4.31) based on the eigenvalues {v;(t)}, of system

(4.33):

1. If there is a positive constant H such that

ey [_ (?ﬂ% (gjzt()t:i))_l Re,, i (t)] >0

(4.48)

foralli=1,...,n, then the system (4.31) is asymptotically stable. More-

over, if there are positive constants H and & such that (4.48) and

—Re,vi(t) > ¢

(4.49)

forallt € [H,00)r and alli=1,...,n, then the system (4.31) is exponen-

tially stable.

2. If there is a positive constant H such that

ey [_ (Ei‘% (%))1 Re,, i (t)] >0

(4.50)
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foralli=1,...,n, and if, for each characteristic exponent with
Re, (7i (t)) =0 for all t € [H,00)r,

the algebraic multiplicity equals the geometric multiplicity, then the system
(4.31) is stable; otherwise it is unstable.

3. If Re, (vi (t)) > 0 for allt € T and some i = 1,...,n, then the system
(4.31) is unstable.

Proof. Let eg (t,ty) be the transition matrix of the system (4.33) and R (t) be
defined as in (4.32). Given the conventional eigenvalues {~; (t)}_, of R(t), we
can define the set of dynamic eigenpairs {~; (), w; (¢)},_, and from Theorem 4.23,
the dynamic eigenvector w; (t) satisfies (4.43). Moreover, let us define W (t) as
the following:

W(t) = er(t,7)ecz (t,7) (4.51)
and we have

er(t,7) =W(t)ez(t,7), (4.52)

where 7 € T and Z(¢) is given as in Lemma 4.20. Employing (4.52), one can
write that

€Rr (7', to) = €= (T, to) Wﬁl(to). (453)

By combining (4.52) and (4.53), the transition matrix of the system (4.33) can
be represented by
er (tto) = W (t) ez (t,to) W (to), (4.54)

where W () := [wy (t) ,wq (t),. .., w, (t)]. Furthermore, the matrix W~! (#;) can

be denoted as follows:

W (tg) =
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Since = () is a diagonal matrix, we can write (4.54) as
r(ttg) = Zq (t,to) W (t) EW ™ (to), (4.55)

where F; := ¢;; is n X n matrix. Using v} (¢)w; (t) = d;; for allt € T, F; can be

rewritten as follows:
F=w=@®)]0,...,0,w; (t),0,...,0]. (4.56)

By means of (4.55) and (4.56) we have

NADE Ze% (£, to) w; ( sz

where x; (t) is mode vector of system (4.33).

Case 1 By (4.36), for each 1 < ¢ < n, we can write that

d;i—1

i ()] < DiY e (£, to) les, (o)
k=0
d;—1

< Dizhk (t,t0) €Repu(y;) (t,to)
k=0
where D; is as in Theorem 4.23, d; represents the dimension of the Jordan block

which contains i*" eigenvalue of R (t).Using Lemma 4.22 we get
tliglo hk (t, to) eReM(%) (t, to) =0

foreach 1 < i < nandall k =1,2,...,d; — 1. This along with Theorem 4.21
implies that the system (4.33) is asymptotically stable. By Theorem 4.6, since
the solutions of the systems in (4.31) and (4.33) are related by Lyapunov transfor-

mation, we can state that solution of the system (4.31) is asymptotically stable.
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For the second part, we first write

di—1

i (O < DY it to) les, (¢, o))

k=0
d;—1

< DY by (t,to) Rey (e (t o) ece (¢, to) (4.57)
k=0

If (4.49) holds, then Re,, (v;) ® ¢ satisfies (4.39). Hence, by Lemma 4.22 the term

hy. (t,t0) €Re,(,,)ee (T to) converges to zero as t — oo. That is, there is an upper
di—1

bound C for the sum ) Ay, (¢, %) €Re,(,,)ee (t, o). This along with (4.57) yields
k=0

i ()] < DiCeeee (L, to) -

Thus, Theorem 4.21 implies that the system (4.33) is exponentially stable. Using

the above given argument the Floquet system (4.31) is exponentially stable.

Case 2 Assume that Re, [y; (t)] = 0 for some 1 < k < n with equal algebraic
and geometric multiplicities corresponding to v (¢). Then the Jordan block of
Ye(t) is 1 x 1. Then,

lim | (1) < Jim Dy les, (¢, t0)

t—o00

= tgr& DkeReu(vk) (t’ to)

— Dy

By Theorem 4.21, the system (4.33) is stable. By Theorem 4.6, the solutions of
the systems in (4.31) and (4.33) are related by Lyapunov transformation. This
implies that the system (4.31) is stable.

Case 3 Suppose that Re,(v; (t)) > 0 for some i = 1,...,n. Then, we have
tliglo ”eR (ta tO)” = 00,

and by the relationship between solutions of the systems in (4.31) and (4.33), one
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can write that

lim ||® 4 (L, to)|| = oo
t—o00

Therefore, the Floquet system (4.31) is unstable.

O

Remark. In the case when the time scale is additive periodic, Theorem 4.24
gives its additive counterpart [38, Theorem 7.9]. For an additive time scale the
graininess function p(t) is bounded above by the period of the time scale. How-
ever, this is not true in general for the times scales that are periodic in shifts.
The highlight of Theorem 4.24 is to rule out strong restriction that obliges the
time scale to be additive periodic. Hence, unlike [38, Theorem 7.9] our stability

theorem (i.e. Theorem 4.24 ) is valid for g-difference systems.

Corollary 4.25 Let \; be a Floquet multiplier of the T-periodic linear dynamic
system (4.31) fori=1,...,n. Then, we have

1. If [N < 1 for alli = 1,...,n., then the system (4.31) is exponentially
stable;

2. IfIN| <1 foralli=1,...,n and if, for each |N;| = 1 for somei=1,... n,
the algebraic multiplicity equals to geometric multiplicity, then the system

(4.31) is stable, otherwise it is unstable.

3. |\l > 1 for some i =1,...,n, then the system (4.51) is unstable.



Chapter 5

Conclusion

In this thesis, Floquet theory of g-difference systems is established on ¢%,q > 1
by using two periodicity notions on quantum calculus (see Chapter 2). At first
homogeneous case is analyzed and canonical Floquet decomposition is obtained
for the transition matrix of the ¢-Floquet system by employing Lyapunov trans-
formation and the solution of the matrix exponential equation (see Theorem 3.1
and Theorem 3.5). Then, necessary and sufficient conditions for the existence of
periodic solutions of homogeneous and nonhomogeneous systems are provided.
Unlike the existing literature (see [28], [32]), we define the periodic solution of
systems to be the one repeating its values at each forward and backward step
with a fixed period in parallel to the conventional periodicity perception. Thus,
the g-Floquet theory constructed in this thesis also serves an alternative approach
to [28] and [32]. In the remaining parts of ¢-Floquet theory, Floquet multipliers,
Floquet exponents and their properties are introduced and proved. Moreover,
stability properties of g-Floquet system is analyzed via Floquet exponents and
Floquet multipliers despite the unbounded step size (graininess) of ¢*,q > 1. By
doing so, the gap on the stability characteristics of g-Floquet systems is fulfilled.
The generalization and extension of ¢g-Floquet theory to more general domains,
which are called time scales periodic in shifts, is performed in Chapter 4. Shift
operators and the new periodicity concept on time scales are introduced (see

Chapter 2) and the extension of ¢-Floquet theory is established by employing

95
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periodicity notion by means of shift operators. The use of the new periodicity
concept on the unification of ¢-Floquet theory enables us to focus on time scales
which do not need to be additively periodic. As an alternative the existing lit-
erature, the extension of g-Floquet theory is valid on more time scales such as
q%, UX, [37%,2.3%%] U {0} and N'/? which can not be covered by [37] and [38].
Moreover without assuming the bounded step size (graininess) of the time scale
dissimilar to [38], the stability properties of the Floquet system are analyzed for

the time scales unbounded from above.
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