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ABSTRACT

Esra SIMSEK May 2012

How to Make Use of Robust Methods to Better Estimatthe HCCMES

With the help of simulation, sensitivity the Heteroscedasticity-Consistent
Covariant Matrix Estimators (HCCMES) to the outlies shown much more easily.
In the past, there were two research streamlinest éne is Furno (1996, and 1997)
whose suggestion is to decrease the impact ofeositind bad leverage points by
Weighted Least Squares (WLS). The other is the tLsslian of Squares (LMS)
and the Least Trimmed Squares (LTS). But both tectes have some
shortcomings. The purpose of this thesis is togedund remove the shortcomings of
the past techniques which have the negative impadiad leverage points and
outliers and reduce the lack of information, byngsrobust regression techniques.
The HCCMEs are calculated with and without the lmaerage points and outliers
and document better results. The true covariandexma calculated with different
settings of the variance of the error term anddésign matrix and then the outliers
and bad leverage points will be removed by usimgMICD. Observations with high
MCD distances are detected by the help of robugtession techniques. We also
evaluate the improvement of the HCCMEs via Quasatistics and the Symmetric

Loss Function.

Keywords: Heteroscedasticity, MCD, HCO, HC1, HC2, HC3, HEBL5, Bias,
Small Sample, HCCME.



KISA OZET

Esra SIMSEK Mayis 2012

Farkli-Varyans Uyumlu Kovaryans Tahmin Edicilerin d aha iyi Tahmini icin

Dayanikh Yoéntemlerin Kullaniimasi

Kovaryans matrisinin sapmasininiaygozlemlere duyarligni hem
similasyonla hem de teorik olarak gdsterghini Bunlardan ilki Furno’ya (1996 ve
1997) aittir ve aykiri gbzlemlerin etkileriningflastirilmis En Kuguk Kareler
(WLS) yontemi ile azaltiilmasini 6ngérmektedir gBii ise White’'in kullandii hata
terimlerinin kalintilar1 yerine daha dayanikli tahmdntemlerinin (En Kiguk
Kareler Medyani (LMS), En K¢tk Budangi{areler (LTS)) kalintilarinin
kullaniimasi ile elde edilen tahmin edicilerin karilmasidir. Ancak bu iki yontemde
de bazi eksiklikler mevcuttur. Bu tezin amaci, aygozlemlere ve kotl kaldirac
noktalarina kan dayaniklilgl sgslayarak eldeki gozlemlere ait verileri maksimum
dizeyde kullanarak kovaryans matrisini tahmin &meAykiri gézlemler ve koéti
kaldira¢ noktalari En Kucluk Varyans-Kovaryans Detemti (MCD) kullanilarak
temizlendikten sonra kovaryans matrisi tahmin éeliiin daha iyi sonuc vergii
farkli X ve hata terimleri varyanslari i¢in gostemstir.

Anahtar Kelimeler

Farkh varyans, MCD, HCO, HC1, HC2, HC3, HC4, HS&apma, kirpilny
orneklem, HCCME.

vi



LIST OF CONTENTS

Approval Page. .. i
Author DeclarationsS ... iv
ADSIACT e v
KIS OZE oV
LiSt Of CONtENTS. e vii
Listof Tables. .. iX
LISt Of FIQUIES ..o X
List of Abbreviations. ... Xi
Acknowledgements. Xii
Chapter 1 1
INEPOTUCTION e 1
1.1 Gauss-Markov TheOr€IM. ... 1
1.2 Gauss-Markov ASSUMPLIONS .o 1
1.3 Leverage Points.......... 3
Chapter 2 8
HeteroscedastiCity ... 8
2.1 Detection of Heteroscedasticity. ... 10
2.1.1 Breusch-Pagan-Godfrey (BPG) test ... ... 10
2.1.2 White’'s General Heteroscedasticitytest. ... 10
2.2 HCCM ESUMALOIS oo 12
2. 2.1 INtrOAUCTION . e 12
2.2.2 Variance-Covariance Matrix Of ... 15
2.3 LItErature SUIV Y. ..o 17
Chapter 3. 20
Robust Estimation and Other Robust Methods ... 20
3.1 Breakdown Value ... .o 21
3.2 Positive Breakdown RegresSion ... 23
3.3 Masking Effect .. 25
3.4 Detecting Leverage Points by Eye ... 25
3.5 DiagnostiC DiSPlaY. .o 27
3.6 APPIICAtIONS e 29
3.7 Other Robust MethOodsS ... 30
3.8 M- ESUMALOIS. 31
3.9 Basicidea and C-step for LTS ... 32
3.10 Basic ideaand C-step for MCD.... ... 34

Vi



Chapter 4. 36
Removing High Leverage Points and Estimating Vagan  Covariance of

Betanats 36
Chapter B 40
SIMUlation RESUILS .. 40
CONCLUSION. ... 56
APPENDICES . ... oo 58
BIBLIOGRAPHY ..o 72

viii



LIST OF TABLES

Table 4.1: X settings used in the simulations................................ 36
Table 4.2: Sigma settings used in the simulations................................ 37
Table 5.1: Percentage Deviations forthe Case 1 ... ... 41
Table 5.2: Percentage Deviations forthe Case 2 ... 42
Table 5.3: Percentage Deviations forthe Case 3. .. ... 43
Table 5.4: Percentage Deviations forthe Case 4 ... 44
Table 5.5: Percentage Deviations forthe Case 5. ... 45
Table 5.6: Quasi-t Results forthe Case 1. 46
Table 5.7: Quasi-t Results forthe Case 2. 47
Table 5.8: Quasi-t Results for the Case 3. 48
Table 5.9: Quasi-t Results forthe Case. 4. 49
Table 5.10: Quasi-t Results forthe Case.5. ... 50
Table 5.11: Symmetric Lossforthe Case ... 51
Table 5.12: Symmetric Lossforthe Case 2. ... ... 52
Table 5.13: Symmetric Loss forthe Case 3. ... .. 53
Table 5.14: Symmetric Lossforthe Case 4. .. 54
Table 5.15: Symmetric Loss forthe Case 5. .. .. ... 55



LIST OF FIGURES

Figure 1.1: (a) Five points and their least squeggsession line, (b) Same data with

Figure 1.2: (a) Five points with their least sqeamiegression line, (b) Same data with

one outlier in the X-Air€CtiON ..o 6

Figure 1.3: Robustness of LMS regression with resfge(a) an outlier in the y

direction, (b) an outlier in the x direction......_.............. . 7
Figure 2.1: Homoscedastic Disturbances ... ... 9
Figure 2.2: Heteroscedastic Disturbances. ... 9
Figure 3.1: Simple regression data with pointsliofoar types..................... 28

Figure 3.2: Diagnostic display of these data weftical line at the cut off



LIST OF ABBREVIATIONS

HCCME Heteroscedasticity-Consistent Covariance

Matrix Estimator

LS Least Squares

oLS Ordinary Least Squares

RLS Reweighted Least Squares
SRF Sample Regression Function
PRF Population Regression Function
LMS Least Median of Squares

LTS Least Trimmed Squares

MCD Minimum Covariance Determinant

Xi



ACKNOWLEDGEMENTS

| owe my special thanks to my thesis supervisolf. ivtehmet ORHAN, for his
valuable supervision and for providing me with theoretical and conceptual background in
econometrics. | also would like to thank Prof. MukBARAGOZ, Assoc. Prof. Nizamettin

BAYYURT for their valuable comments, and contritwuts as the members of the jury.

I would like to offer my special thanks to my husba Ersagun, who always
encouraging me and believes at me that | can sdcee®l my daughter, Asiya Zeynep,
whose smile make me work even harder. | am alsthaokful to my parents, Muazzez,
Mehmet Yenice and my brother, Emre Yenice, forrtisepports during my education life.
Another special thanks go to my parents in lawyaAsind Seyhuf§imsek who trust at me

and help me to make my life and master studiegeasi

There are also many other names are not here,musupported me and helped me

all along. I thank all of them, my extended fampyofessors, and friends.

| should also mention TUBITAK (The Scientific andedhnological Research

Council of Turkey) for its valuable support durimy graduate education.

xii



CHAPTER 1

INTRODUCTION

The superiority of the OLS estimation in the CleskiLinear Regression
Model addressed in many textbooks is due to thes&Markov Theorem with its

roots introduced to the literature more than twatgges ago.

1.1 Gauss-Markov Theorem

The Gauss-Markov Theorem, states that under themgsons of the
classical linear regression model, the least-sguesgmators, in the class of best,
linear, unbiased estimators, i.e they are BLUE elHtest” means having the

minimum variance.

1.2 Gauss-Markov Theorem Assumptions

The classical linear regression model (CLRM) asdionp (Greene, 2008):

Assumption 1: Linear regression modeas shown in (1) (k-variable). The

regression model specifies a linear relationshtpveen y andts. ... Xz
Yi= By + faXai + - + FruXpa + wy (1)

Assumption 2: Data generatianValues taken by the regressor X are

considered fixed in repeated samples and can benarture of constants and

random variables. More technically, X is assumebegmonstochastic.

Assumption 3: Zero mean value of disturbane¢&, which means that the

independent variables will not carry useful infotioa for prediction of ui.

Symbolically, we have

Ew;lX)=0 (2)



Assumption 4: Homoskedasticity and nonautocorrelati@ach disturbance

u; has the same variang& and is uncorrelated with every other disturbakice

Symbolically, we have

var @;lX;) = o* (3)
where var stands for variance and

cov (Ui uyf) =0 (4)
where i and j are two different observations anérmgtcov means covariance.

Assumption 5: No perfect multicollinearity. There is no exact linear

relationship among any independent variables imtbdel.

Assumption 6: Normal distribution The disturbances are normally

distributed. Symbolically,
u~N(0,a?) (5)

We consider the linear modéii = By + F2X; +; in which Y is the
dependent variable; X is the independent varigblis;the coefficient vector and u is

the error term.
The estimated model is;

6) (

where ¥z is the estimated value dfi. The residual™: is the difference

between the observed value and the estimated value,

e =Y, -1 @)



The most popular method of estimating the coeffitsas the least-squares
method, that is given by; (Gauss and Legendre nard800)

1

-
r

minimize Z e]

=1 (8)

Many empirical studies have shown that assumptainthe Gauss-Markov
Theorem are often not plausible. Although the metbibthe least squares still used,

it is not efficient any more.

1.3 Leverage Points

In the terminology, regression outliers are obsma that do not obey the
linear pattern formed by the majority of the d&acause of the outliers effect on the
trend of the data, it is difficult to make a goathbsis. To be sure about the whole
picture one must work on the outliers. In most sasatliers are not the mistakes,
they represent the data that are coming from th&erdinary conditions. But some
recording or reading errors of the data are alssipte. To make correct inferences,
one has to detect and work on them very carefully.

An observation(x:. ¥:) is said to be a leverage point when its regrebsor
outside of the majority of the regressors. The téleverage” comes from the
mechanics, because such a point pulls the LS ealtdwards it.

The LS method estimat&s from its residualsgi using the formula:



T = ! Zej
S ln—k-—1 !

=1

9)

where k is the number of the regressors. Oncedtimate for variance is calculated
=H
one can obtain the standardized residc@lslt is also common to calculate these

values and label the observations for which tigsre exceeds 2.5, or less than -2.5
as the regression ouliers. The logic behind is tladties generated by Gaussian
Distribution are rarely larger than 2.5 or less nth&.5, whereas the other

observations are considered to obey the model.

In simple regression models, where the number gfessors is small, the
detection of outliers may be possible by lookinghett scatterplot of the regressors
and the regressand, but in multiple regressionyavkes large, the detection by eye
is no longer possible and residual plots becomangortant source of information.
Since most of the regressions are carried by relytimany results must have been

affected or even determined by outliers that reedumnnoticed.

We can see these plots for looking the effecthefautliers.
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Figure 1.1: (a) Five points and their least squares regredsien (b) Same

data with one outlier in the y-directibn

' Source: Rousseeuw , (1990): 16.11
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the data very well as we see in
1.2a. The outlier can also occur
in the x plane. And its effect on
least squares is very large.

Because it tilts the LS line. (1.21
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Figure 1.2: (a) Five points with their least squares regressite, (b) Same

data with one outlier in the x-direction

? Source: Rousseeuw , (1990): 16.12
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If we replace median instead
the sum in this equation:

n
minrmize Z rE

i=1
we get:
minimize median ri

which is the least median of
squares (LMS) method
(Rousseeuw, 1984).

In 1.3a and 1.3b are the desirs
fit for the examples in 1.1b an
1.2b. Its breakdown point is

0.50 that is the highest possib,
value, which means LMS can
cope with the several ouliers.

pf

Figure 1.3: Robustness of LMS regression with respect torfaudlier in the

y direction, (b) an outlier in the x directioh.

* Source: Rousseeuw , (1990): 16.15



CHAPTER 2

HETEROSCEDASTICITY

One of the assumptions (Assumption 4) we have eed is that the errors
u; in the regression equation have a common varigrfce This is known as
homoscedasticity assumption. If the errors do not have a commoranee they are

heteroscedastic. To make clear this definition we can see Figufiead Figure 2.2.

Figure 2.1 shows, the conditional varianceé’nf(which is equal to thati),

remains the same regardless of the values takémebyariable X.

In contrast, consider Figure 2.2, which shows thatconditional variance of
¥; increases as X increases. The variancestiofare not the same, there is

heteroskedasticity. Symbolically,
Ew?®) =g} 10}

To make the difference between homoskedasticity lagidroskedasticity
clear, we can think the two-variable modiel 51 + B2%; + u; | Y represents savings
and X representsincome. Figure 2.1 and Figure 2o2vghat as income increases,
savings on the average increase. But in Figurgtllvariance of savings remains
the same at all levels of income, whereas in Figueeit increases with income. It
seems that in Figure 2.2 the higher-income famitiesghe average save more than

the lower-income families, but there is also maagability in their savings.



Figure 2.1: Homoscedastic Disturbanées

Density

Figure 2.2: Heteroscedastic Disturbanges

Density

Savings

* Source: Gujarati, 2004:73
> Source: Gujarati, 2004:74



2.1 Detection of Heteroscedasticity:

There are some formal methods of detecting hetedasticity.

2.1.1 Breusch-Pagan-Godfrey (BPG) test:

To illustrate this test, consider the k-variabteelr regression model
Yi=PB1+ BaXa + -+ Bl +ug, (11)

Assume that the error variang2 is decribed as

of = flay + a2+ + amZm) (12)

That is,ﬂf is some function of the nonstochastic variables e or all of

the X’s can serve as Z's. Specifically, assume that

crf =gy + agdy o Amdmi (13)

That is, o is a linear function of the Z's. Ity =@z =" =am =10 ,

of = a3 which is a constant. Therefore, to test whe@ieris homoscedastic, one
can test the hypothesis thet = @z == am =0, This is the basic idea behind

the Breusch-Pagan test.
2.1.2 White’s General Heteroscedasticity test:

The general test for the heteroscedasticity prapbgeNhite does not rely on
the normality assumption unlike the BPG. As ansiilation of the basic idea,
consider the following three-variable regressiordaio

Yi =Py + BaXai + BaXai +uy 14

10



The White test proceeds as follows:
Step 1.Given the data, estimate (14) and obtain the uedsci; .
Step 2.We then run the following regression:
Ul =a; +ag g+ agXg + ap X3 + agXi + agXg i Xq +v; (15)

That is, the squared residuals from the origingtession are regressed on the
original X variables or regressors, their squarallies, and the cross product(s) of
the regressors. Higher powers of regressors carbalsntroduced. Note that there is
a constant term in this equation even though tiggnal regression mayo r may not

contain it. Obtain thé&* from this regression.

Step 3.Under the null hypothesis that there is no hetadasticity, it can be
shown that sample size (n) times tRé obtained from the auxiliary regression
asymptotically follows the chi-square distribution with df equal the number of

regressors (excluding the constant term) in théiauxregression. That is,
n.RE~Xg¢ (16)

In our example, there are 5 df since there aregbessors in the auxiliary

regression.

Step 4.1f the chi-square value obtained in Eq. (16) exsed critical chi-
square value at the chosen level of significanbe, donclusion is that there is
heteroscedasticity. If it does not exceed the caiitchi-square value, there is no
heteroscedasticity, which is to say that in the il@ry regression (15),

g = g = fg= g = g = 0.

11



2.2 HCCM Estimators:
2.2.1 Introduction:

The k-variable population regression model (PRKplving the dependent

variable y and k-1 explanatory variables may bigtevr as:
Vi= By + Baxzi + - # Prxp + 1y (17)
i=1,23...n

where £ is the intercept term, the: is the stochastic disturbance term and n is the

sample size.

Equation (17) is a shorthand expressfon the following set of n

simultaneous equations:

vi= fy ¥ faxay + 4 Brxpy +u,

Ya= By # Baxas + - PrXps + Uz (18)

Vn= By + faXan + -+ Brxpn + ug

Let us write the system (18) in an alternative imatre illuminating way as

follows:

¥ Xrz1 Xn
Ya| _ |1 x2z X3
¥n 1 Xzn Zap (29)
y = X B + u
nxil nxk kx1 nxi

12



where column vector of observations on the dependenabbiy

X =nxk matrix giving n observations on k-1 variabls to X,

the first column of 1's representing the interciegpin

B =k x1 column vector of the unknown paramet@isfa, ..., B

u=nx1 column vector of n disturbancys.
System (19) is known as the matrix representatiche general (k-variable)
linear regression model.

Our aim is to estimate the OLS estimatotBof so firstly let us look at the k-

variable sample regression function (SRF):

Vi= By 4 Baxai + - 4 Brxns + 0 (20)
Also it can be written in matrix notation as:
y=XB+1 (21)
And in matrix form as:
M1 a1 X1 - i
Yzl _ x;z x_3= e xfﬂ
1:ﬂ x;ﬂ x;m : x:m 22)
¥y = X B+ u
nX1l nxk kx1 nx1

whereB is a k-element column vector of the OLS estimatdithe regression

coefficients andi is an™ X 1 column vector of n residuals.

13



In the k-variable case, the OLS estimators areidtiaby minimizing;

Zﬁf: - Z(Q”f — By~ Baxzg — - Ekxkf)lz

(23)

3o

where is the residual sum of squres (RSS). In matrivation, it is the

same with minimizingid'2 since;

¥
U= T .. i) ﬂ; =Ty 4Ty Ty :Zﬂiz
ol (24)
Now from (14) we obtain
ft=y- XB (25)
Therefore;
wi=(y— xB) (v - x5) (26)

=yy —2BX'y — B'X'XE

where the properties of the transpose of a matrused.

Equation (26) is the matrix representation of (2B8Y. differentiating (23)

partially with respect t1: Bz, - Bx and setting the resulting expressions to zero

yields k simultaneous equations in k unknowns #e\is:

14



ﬂ;él + E: Zx:z' + Ea Z?Saz' -t Ekzxki = Z}’f
Eizx:f + 5, Zx:z'= + B, szz'xzf + - ‘|‘J§.I|:Z—x:z'xki = Zx:z'}’z'
Eizxzf + 5 Zxaz'x:f + Ba Z«Hz‘z - Ekzxzz'xki = Zxaz'}’z'

E:L ZIM + E: me'x:s + Ea ZIasIm +o 4 Ek Zxx.:f = me' ¥i

(27)
Equation (27) can be represented by matrix forrokswns:

[®(n&FEx,2i &Y5x,3i & .. &Y ki @F Sx,2i &Y= [(x,2i1 72 &55x,31 x,2i&...&Y5x,2i x ki@F:
(28)

(XX)B=X"y (29)

In equation (29) the unique unknowrfis By using the matrix algebra, if the

inverse of(X X) exists, premultiplying both sides of (29) by thiserse, we obtain;
xx) ' (xx) = (xx) X'y

_— | .
Since(¥X) (XX) =1 | an identity matrix of ordef xk | we get;

= @x)' x oy

™)

(30)

kx1 kxk kxn nx1

15



Equation (30) is a fundamental result of the OL&otly in matrix notation.
2.2.2 Variance-Covariance Matrix of

An important assumption of the classical linearresgion model is the
homoscedasticity, that is, the variance of theudistnces are the san®’. Many

empirical studies have shown that this assump$iariten not plausible.

Since this is an assumption of the classical liregression model, it need
not to be guaranteed in practice. So one has tocéeful about the
heteroscedasticity, its detection, consequences t@dremedies to recover this

problem.

When there is homoscedasticity, the variance-camad matrix for the

disturbance vector is

0 0 0
o 0 0
0 0 ot (31)

Where ¢* is the homoscedastic variance ofti- Also this variance-
covariance matrix can be obtained from the follayiormula

var — cov(f) = a* (X X)* (32)

When heteroscedasticity occurs, the variance-canee matrix for the

disturbance vector is

[0 0 0 0]
rorao=]? G 0w O
lo o o cr,_,,fJ (33)

16



The elements on the main diagonal of this mat##) give the variances of
the disturbances and the elements off the mainodaggive the covariances. Here,

disturbances are pairwise uncorrelated.

2.3 Literature Survey

The correct covariance matrix for least squaramesior is:

Cov(fp;s) = XXX ZX( )™ (34)

where the unique unknown is the matrix whose diagonal elements are the

variances of the error terms.

The most commonly used heteroscedasticity-congisterariance matrix estimator
(HCCME) is proposed by Halbert White litonometrica paper. (White, 1980)
White’s estimator, which we shall refer to as HG@lefined as:

HCo = (X X) ! X diag [e1X(X X)) (35)

The entries on the main diagonal of HCO are theuwsguleast-squares residuals.
White’s estimator is implemented into several stetal software and it is easy to
compute and consistent under both homoscedasticttyheteroscedasticity of
unknown form. However, this estimator can be biasduhite samples. (Mackinnon,
& White, 1985; Cribari-Neto, & Zarkos, 1999; Crib&teto, & Zarkos, 2001)

Several variants of HCO were proposed in the liteea Hinkley (1977) made a

simple degrees of freedom adjustment to HCO wisdtnbwn as HC1, is derived
T

from multiplying every squared residuals by thedas — k.

N .
— kdiag[ef]}fﬂi’}'ﬂ_l

HCl=X)y*x

N (36)

To understand the motivation for the second alter@awe will mention about the
analysis of the outliers and influential observasio(Belsley, Kuh, & Welsch, 1980).
In equation 35, OLS residusds are usednot the error terms- Even if the error
terms are homoscedastic, the residuals may ndiige"hat” matrix H and its
diagonalsfii  that diagonals are also known as the leverageesalre defined like
that H= X{XIX]_I'XI, H,—,— = HIi, I'-], then

17



var(e))=c*(1 -H;)+o*® (37)

1
< H

. —= 1
SinceN

i =

, var(e;) underestimates® . Equation (37) suggests that

2
ef

althoughe: is a biased estimator af , 1 - Hi will be less biased. This led
Mackinnon and White (1985) that based on work ssggeby Horn, Horn, and
Duncan (1975).

The bias is primarily due to the existence of tigh leverage points in the X matrix.
So, HC2 is defined as:

e; 1
. )mm

HC2 = (X X)X diag (

L

(38)

The estimator that has come to be widely known @8 I8 actually an
approximation suggested by Davidson and Mackin(t®85), but this variation
approximates a more complicated jackknife estimatdfron (1982). The HC3
estimator is defined as:
vyl v e; ) S

HC3 = WX X diag (—(1 —ye) YO -
Notice that HC3 weights each squared OLS residmafactor of . By the help of the
simulations, Long and Ervin, (2000) evaluated timpieical power functions of the
t-tests of the regression coefficients, by usinthtibe OLS estimator and the four
HCCME estimators that discussed so far. They recend®d to use of HC3
estimator since it can keep the test size at thamal level regardless of the
presence or absence of heteroscedasticity. AlsbaciNeto, Ferrari and Oliveira’s,
(2005) simulation results shows the superiority4@f3 over its predecessors. The
performance of HC3 does depend to some extenteopréésence or absence of
points of high leverage in X. (e.g. Chester, & 31ewti987; Kauermann & Caroll,
2001; Wilcox, 2001). Also, research has shown (&agng & Ervin, 2000, Sudmant
& Kennedy, 1990) that HC3 can have a liberal brasmall samples. This leads to
Cribari-Neto’s (2004) HC4 estimator:

_ "yl g e; "y
HC4 = X X) "X diag (m) XXX

, Hy — 1
5E-=Mm(4,?“), HZHZHE-E
2 .

(40)

where
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Hy = tr(H) = p.
Note thatd: is same as , sinCz Note also that, high leverage of
the ith observation makés more inflated. The truncation at 4 correspondvice

= -’-1.p
that is used in the definition of HC3. Thatds,= 4 whenfa = 4H = —-- 10
numerical results of Cribari-Neto’s (2004) showattHC4 performs better than the

HCO and HC3.

Cribari-Neto, Souza, and Vasconcellos (2007) pre@osew heteroscedasticity-
consistent covariance matrix estimator:

&

con—1 - g;
HCS5 = (X'X) 'X'diag (—*
(1 - Hif] %

Hi; kH -
a; = min{é,max{ f“}}.
H H

Here, 0<k<1 is a pre-defined constant and

tr; = min {i max {—k HE ax}} = min {H—Hﬁ . max {4, ﬂ—k Hmax }}
H H P p (41)

whereHmaxr = maxfH11, .., Hunl is the maximal leverage. Again,

H= n_leﬁ = Ei
i . The constant: determines how much the ith squared residual

should be inflated in order to account for thealiservation leverage; here, it is

) xxx)?

H. Here, allei’s are influenced by the maximal leverage and HCthe first
heteroscedasticity-consistent covariance matrixn@sor that; when the maximal
leverage increases, all squared residuals areuditsd more heavily.

CHAPTER 3

ROBUST ESTIMATION & OTHER ROBUST METHODS

To understand robust estimation better, there isillastrative example,

similar to example in Rousseuw, 1990.

Suppose that there is 5 measurements of the weighgold in grams,
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1.18,1.21,1.12,1.15,1.25

We compute the sample mean for estimating the beight,:

_ 118 +121+112+ 115+ 1.25
X = 5 =1.18

Then we sort the observations from smallest toelstrépr finding the sample

median,
1.12<1.15<1.18<1.21< 1.25
The sample median which is the middle observatgoh,18.
Now, let’s suppose that someone has made an artbisidata set that is;
1.18,1.21,1.12,11.5,1.25
New sample mean is:

_ 118 +121+112+ 115+ 1.25
X = = = 3.23

For the new median we sort the data again;
1.12<1.18<1.21<1.25<11.5

And we find the median value 1.21 which is stihsenable. So, the outlier
has changed the median very slightly that we sayg#mple median is a robust

estimator. But sample median is very sensitiveutiars.
Let’s suppose we have a simple linear regressiaeino
Vi =Bo+ Baxayi + 4 Brxp + & (42)

for i=1,...,n where y stands for the response véiddependent variable) and x

stands for the independent regressors (explanatariables). fa denotes the
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constant term, or the vertical intercept. The atadgheory assumes that the error
term, € follows a Gaussian distribution with mean 0 andarace&*. The Ordinary

Least Squares (OLS) residual for & row of observations:, is given by
gi {En: J§1r 'Ek) =¥i— {En: E’J"n’ e :Ek.xki) (43)

The objective of the LS method is to minimize themsof squares of the

residualsef(ﬁﬂ'ﬁir 'ﬁk). Formally, this can be written as

T
minimize,z = = ef
[’B"E““"E"J; (44)
The basic idea is to make all of the residualsnaallsas possible so that the
sum of their squares should be minimized. Inddeel pbservations that deviate from
the bulk of the data are panelized by taking theasg of the distance from the line.
LS simply wants to place a line among the regrespumints in such a way that the

cumulative squares of the distances is minimized.

3.1 Breakdown Value:

In any data set, one can displace the LS fit ashnaische wants by moving a
single data poin(x]i- ¥:) far enough away. This experiment can be carrigdvith
statistical package by changing one of the obsenst This statement is true for
both single and multiple regression. On the othardh it is possible to find some

robust regression methods that can resist sevetl@rs.
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The breakdown value is a rough but useful measureboistness. This value
was first introduced by Hampel (1971) and is agpte the finite-sample setting by
Donoho and Huber (1983).

Here is the latter version. Consider a dataZsatap"" »%pi:i = 1,...m)

and a regression estimator T. Applying T to Z \seld vector(ﬁw ""JGP) of

regression coefficients.

Now consider all possible contaminated data setsbfained by replacing

any m of the original observations by arbitraryrsi
This yields the maximum bias:

maxbiastm T, Z2) = sups|IT(Z") — T(2)] (45)

Where Il Il is the Euclidean norm. If m outliers can have abit@rily

large effect on T it follows thatmaxbiastu:T,Z)==  henceT @) becomes
useless. Therefore the breakdown value of the agiini at the data set Z is defined

as
en (T, Z) = min ir%;maxbias(m; T.Z) = W]} (46)

In other words, it is the smallest fraction of @mination that can cause the
regression method T to run away arbitrarily farnfr@(Z). For many estimators

£n (T. Z) varies only slightly with Z and n, so that we adamnote its limiting value

(forn =@ ) py *(@).

The breakdown point of an estimator is the smallieattion of the
observations that have to be replaced to carry gbtemator over all bounds.
(Rousseuw, 1991)

The breakdown of the samplefi&. ¥=. ... *»} of n observations is equal to

1/n because it is sufficient to replace a singleseobation by a large value.
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Breakdown point of a sample average is 0% whichnsehat it is very sensitive to
outliers. But for the sample median breakdown p@n.5%, which is the highest

breakdown point attainable.

3.2 Positive Breakdown Regression:

Let us consider the simplest case (p=0) in whiehntlodel (42) reduces to the

univariate location problenyi = Ba +ei. The LS method (44) yields the sample

averagel = Bo=E:, E standing for the expected value or the averagi

againe @) =0% . On the other hand, it is easily verified thaa #gample median

T =med;(y;) hass*(T)=50% | which is the highest breakdown value attainable.
Because for a larger fraction of contamination, nmethod can distinguish between

the original data and the replaced data. Estimatavgh

£(T)=50% | like the univariate median, will be called highedkdown

estimators.

The first high-breakdown regression method the atggb median estimator
proposed by Siegel (1982). It computes univariageians in a hierarchical way. For
simple regression, its asymptotic behavior wasinbthby Hossjer et al. (1994), and

for algorithms and numerical results see Rousseetnval. (1993,1995). But in

multiple regression wherk = 2 | the repeated median estimator is not equivariant

in the sense that it does not transform properlgeuriinear transformations of

(w2 xip ),

However, it is possible to construct a high-breatwonethod which is still
equivariant. It is instructive to look at (44). Shariterion should logically be called
least sum of squares, but for historic reasons dhdre’s terminology) the word
“sum” is rarely mentioned. Now let us replace thensdby a median. This yields the
least median of squares meth{ad1S), defined by
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minimize med;r

(Bo--Bp) (47)

Rousseeuw, 1984 which has a 50% breakdown valude OMS is clearly

equivariant because (47) is based on residuals only

Another method is the least trimmedasga methodLTS) proposed in

Rousseeuw, 1983; Rousseeuw, 1984. It is given by

h
minimize {EIJ--"EF} i (r2)i:E

(48)

where *hn 20" = <(*Inn are the ordered squared residuals (note that
the residuals are first squared and then orde€iterion (48) resembles that of LS

but does not count the largest squared residimdselty allowing the LTS fit to steer
h T
o —

clear of outliers. For the default setting 2 we find<™ = 50% , whereas for larger

Ln—h
h we obtain® =~ ~ = . For instance, puttin§ ® 0-757 yieldse* = 25% which is

often sufficient. The LTS is asymptotically normahlike the LMS, but for

n = 1000 the LMS still has the better finite-sample effiudg. Here we will focus
on the LMS, the LTS results being similar.

When using the LMS regressidgh, can be estimated by

5
g=1483{1 + ———— | jmed;r?
( n—k—l)‘J v

(49)

3
, 1483 = a—l(; -
where 7: are the residuals from the LMS fit, and ] makes &
consistent at Gaussian error distributions. Thaefisample correction factor was
obtained from simulations. Note that the LMS scastimated is highy robust.

Therefore, we can identify regression outliers hgirt standardized LMS residuals
L

.

iaJ.
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In regression analysis inference is \mgortant. The LMS by itself is
not suited for inference because of its low firggmple efficiency. This can be

resolved by carrying out a reweighted least squ@ES) step. To each observation i
ri
one assigns a weighl: based on its standardized LMS resid#ale.g. by putting

o i
Wi = W(I%D where w is a decreasing continuous function. Aptamway, but still

'r'.
<25

- andw: =0 otherwise. Either way, the RLS

effective, is to puw: = 1 if [

fit (Bor ~-Bo) is then defined by:

mn
minimize[ﬁlm Ep } ; Wit (50)
which can be computed quickly. The result inhahtsbreakdown value, but is more
efficient and yields all the usual inferential auttguch as t-statistics, F statistics, and
R* statistic, and the corresponding p-values. Thesalyes assume that the data
with w; =1 come from the model (42) whereas the data witt— 0 do not.
Another approach which avoids this assumption isdotstrap the LMS as done by
Efron and Tibshirani (1993). The LMS, LTS and RL&de computed with the
program PROGRESS by Rousseuw and Leroy (1987).

3.3 Masking Effect

“Outliers can not always be detectable by lookingresiduals from the
classical least-squares (LS), since the latteresuffrom the masking effect
Masking means here that outliers affect the LSmesbr in such a way that
diagnostics based on LS are not capable of detethiem anymore.” (Bramati &
Croux, 2007, p. 521).

“When outliers are clustered, they ‘mask’ each ptral sensitivity analysis

fails to detect such outliers.” (Zaman, Roussed@rhan, 2001, p.2)
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3.4 Detecting Leverage Points by Eye

In a linear regression model a data poitl{ 2. ... ki, 1)  with
outlying pointxi = (x11. X1s, .... i) plays a special role, because a slight change of
the coefficients estimated may give case i a laegedual. Therefore, the LS method

gives priority to approaching such a point in miraimg the objective function.

In general, a poin{xi. ¥:) is a leverage point if its if it&: is an outlier

relative to the majority of the sef = Iy ...xx}. Detecting outliers in the p-
dimensional data set X is not trivial, especiallyere p is greater than two when we

can no longer have the opportunity of inspectioreps.

A classical approach to the solution of the problemto compute the
Mahalanobis Distance defined as:

MD{xE-]=J&E—B[C9”(X])_1{Tf_mt (51)

for eachxi- HereX is the sample mean of the data set X, and Coy X} isample

covariance matrix. The distandPCx:) tells us how far away: from the mass of
the data relative to the size of the mass is.\WdhB known that this approach suffers
from the masking effect, by which the multiple aerg do not necessarily have a

large Mahalanobis DistandéDCx;).

One of the most commonly used statistic to discakerleverage points has
been the diagonal entries of the hat matrix. Indédegke entries are equivalent to the

Mahalanobis Distance since,

;1
R S O (52)

Therefore, the diagonal entries of the hat matremasked when the

distances are masked.
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One can play with the elements in the square roonEla of the (51)

equation to have some more reliable diagnostics.

The Minimum Volume Ellipsoid proposed by Roussed®83b, 1985)
proposes an ellipsoid with the minimum volume tclude some certain percentage
of the data. One can refer to Rousseeuw and L&@8i7j in order to have some
more detailed information about the technique.

3.5 Diagnostic Display

Combining the notions of regression outliers anelage points, we see that

four types of observations may occur in regresediata.:
Regular observationswith interval xi and well-fitting Vi ;
Vertical outliers with interval*: and non-fittingv: ;
Good leverage pointswith outlying *: and well-fitting ¥ ;
Bad leverage pointswvith outlying X: and non-fitting:.

In general, good leverage points are beneficiatesthey can improve the
precision of regression coefficients. Bad leverpgiats are harmful because they
can change the least squares fit drastically. érctiming applications one of the best
techniques is to detect the regression outliers stendardized LMS residuals and
leverage points which are diagnosed by robustmlists Indeed, Rousseeuw and van

Zomeren (1990) proposed a display which plots rotesduals versus robust

distances (Rousseeuw & Van Zomeren, 1992) whereutudfs at thel—2.5,2.5]

band and thel »297= are bordered by horizontal and vertical lines.hfite help of
such a display, the four types of points categdreteove are determined

27



automatically. One can play with the band lengtti goe critical values of thég ,
to be more robust or loose to such points of autlie

DATA
vertical outlier good
leverage point
Ij'l * e
reguiar .
dala T . bad
Y leverage point
x

Figure 3.1: Simple regression data with points of all fouragp

DIAGNOSTIC DISPLAY

_ vertical outlier

[.-]

-

oy

2

o

: - ] - - 2‘5

— Tt . good

@ Tt - - leverage point

5 ** reguia

5 ! 2.5

2

g bad
leverage point

robust distance RD{x;)

® Source: Rousseeuw, 1997: 111
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Figure 3.2: Diagnostic display of these data with verticaélet the cut off

xi‘lnlg?s =224

3.6 Applications

The main obstacle preventing the wide, common asgluent applications of
high breakdown methods was the difficulty and slegs1of computation, but the
invention of powerful computers enabled such comporis available. For example,
there are several incentive users of LMS in finahoarkets, where profits can be
made by finding majority patterns and detectinggsabps that behave in another
way. In management science, the LMS has been dpyaieneasures of production
efficiency by Seaver and Triantis (1995). The LMSused in chemistry after the
publication of Massart, Kaufman, Rousseeuw, anay.€1986). Also, the LMS is
an essential component of a new system for conmmgeatiptical fiber cables
implemented at NIST. (Wang, Vecchia, Young, anddri, 1994). In large electric
power systems, Mili, Cheniae, Vichare, and Rousse€1995) modified positive
breakdown methods to estimate the system’s statmblas. Faster algorithms

needed to be constructed to allow real- time estoima

Positive-breakdown methods have opened new pasiskhiin the rapidly
evolving field of computer vision. The LMS has beesed for analyzing noisy
images, (Meer, Mintz, Rosenfeld, & Kim, 1991) faterpreting color images (Drew,
1994), for discontinuity-preserving surface recamdgion, (Sinha, & Schunck,
1992), for extracting geometric primitives, (RothL&vine, 1993), (Steward, 1994)
for robot positioning (Kumar and Hanson, 1994), &d detecting moving objects
in video from a mobile camera, (Thompson, Lechlei@eStuck, 1993), (Abdel-
Mottaleb, Chellapa, & Rosenfeld, 1993). The MVE wapplied to image
segmentation (Jolion, Meer, & Banaouche, 1991).rCi{p990) used the MVE to
analyze data on surface rocks in New South Wataswhich concentrations of
several chemical elements were measured. Outlrerthis multivariate data set

revealed mineralizations, yielding targets for mgqiprospection. A larger study in
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Finland carried out MVE-based factor analysis, ®hand Salminen (1993). The
same methods apply to environmetrics, since miizetadns in geochemistry are

similar to contaminations of the environment.

3.7 Other Robust Methods
Least median of squar@sMS) is defined (Rousseeuw, 1984) by;

mmamzzem.m B, }me dir; (53)
which has a 50% breakdown vali¢ere p is the number of coefficients, including
the intercept term. The LMS is clearly equivarinatause (53) is based on residuals

only.

Another method is the least trimmed squares methd®) (Rousseeuw,
1983a, 1984). It is given by:

B
minimize Z{szf:?’t
i=1 (54)

where " *hn 2@ *hn = £(r*)nn are the ordered squared residuals (note that
the residuals are first squared and then ordefdthjough it resembles the LS, LTS

does not count the largest squared residuals theaktaving the LTS fit to steer
T

clear of outliers. For the default settir'ﬁlgm 2, 2 =50% is found but for larger h

n—h

“n  The LTS is asymptotically normal unlike the LMSytlor n = 1000

£ &

the LMS still has the better finite-sample effiagn

+p+1

The breakdown value of LTS wit;t]:'l= [" 2 ] equals that of the LMS.
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In spite of the advantages, its major disadvantadbeir large computation
time when the size of the data set increases.

Minimum covariance determinant estimatdMCD) looks for the
observations whose empirical covariance matrix Hhhe smallest possible

determinant.

3.8 M- Estimators:

The earliest systematic theory of robust regressias based on M-
estimators (Huber, 1973,1981) given by

mmimize(gwgp);p (i?] (55)

where @) = Itl yields least absolute valués') regression as a special case. For

general? one needs a robudt to make the M-estimator equivariant under scale

factors. This & either needs to be fixed in advance or estimatéatly with

(E"’ ""EP]. (Huber, 1981) Scale equivariance holds autonibtitar R-estimators

(Jureckova, 1971), and L-estimators (Koenker, &tiwy, 1987). The breakdown
value of all M-, L-, and R- estimators is 0% be@aubkeir vulnerability to bad
leverage points.

The next step was the development of generalizedstitrators (GM
estimators), with the purpose of bounding the ifice of outlyingCai. Xzi, = Xxi)
by giving them a small weight. This is why GM-estitors are often called bounded
influence methods. A survey is given in Hampel, &witi, Rousseuw, and Stahel,
1986. Both M- and GM- estimators can be computeddrgtively reweighted LS or
by the Newton-Raphson algorithm. Unfortunately, theakdown value of all GM-
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estimators goes down to zero for increasing p, where are more opportunitiesfor

outliers to ocur.

In the special case of simple regresd@i™ 1) several earlier methods exist,
such as the Brown-Mood line, the robust-resistar@ bf Tukey and the Theil-Sen
slope. These methods are reviewed by RousseeuwlLamy (1987) with their

breakdown values.

3.3 Basic idea and C-step for LTS

One of the keys of the new algorithm is the fadt tetarting from any
approximation to the LTS regression coefficientds ipossible to compute another
approximation with an even lower objective functigRousseeuw, Van Driessen,
2006)

Property 1. Consider a data s€%1- ¥1). .. (xn. ¥n) consisting of p-variat&:

(typically with ¥z =1) and a response variabi&. Let Hy ©{1,..,n} with

Q1= ) .0
IHil=h | and put leH, where

r(@)=y;— (gixif + é}:x:f +ot é}ix'ﬂf) for all i=1,...n where
6, = (Hlv e '9!91) is any p-dimensional vector. Now tak&z such that
{r@kie Ha}i={Irahim, .. I lkn} where Irihiw Shhibaw = - Silhn  are the

ordered absolute values of the residuals, and ctentpe least squares (LS) @t of

Q2= ) 20
the h observations i{z- This yieldst=() foralli =1....n and ieHa .

Then
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Proof: Becausez corresponds to the h smallest absolute residudlsfm,

Z ry (D)? < Z () =Q,.

we haveleH: feH, Because the LS estimatér: of these h
observations is such that it minimizes @- we find
Q2= ) GOF =) G@F=Q. ¢

ieHx ieH,

Applying the above property td. yields #z with €z =1 . In our algorithm
we will call this a C-step, where C stands for ‘centration’ sinceffz is more
concentrated (has a lower sum of squared residtas)H:- In our algorithmic

terms, the C-step can be described as follows.

Given the h-subséioid then:

. Computegnm = LS regression estimator basedfsa

. Compute the residuatei @ fori =1, ...n

. Sort the absolute values of these residuals, wyiglds a permutation
T for which

I o1 (T)| = |ropa (@) = - 2 |rora (wE))|

. PutHnew = {1}, n(2), ..., m(h)}

. Computegngw = LS regression estimator basednew .

Alternatively, any vectoP o may be given, in that case we do not need any
Hoa . For a fixed number of dimensions p, the C-stéegaonly O(n) time because

Hnew can be determined in O(n) operations without fidbyrting the n absolute

residuald®oza (D)1,

Repeating C-steps yields an iteration proces®li= @1 we stop; otherwise
we apply another C-step yieldirids, and so on. The sequer@ez@:2 ¢z =T s
nonnegative and hence must converge. In fact, simere are only finitely many h-
subsets there must be an index m such &at= @m-1, hence convergence is

always reached after a finite number of stepspfactice, m is often below 10.) This
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is not sufficient for?m to be global minimum of the LTS objective functidmut it is

a necessary condition.
This provides a partial idea for an algorithm:

Take many initial choices of 1 and apply C-steps to each until convergence,

and keep the solution with lowest value of (54).

3.4 Basic idea and C-step for MCD

A key step of the new algorithm is the fact, stagtfrom any approximation
to the MCD, it is possible to compute another appnation with an even lower
determinant. (Rousseeuw, Van Driessen, 1999)

Theorem 1.Consider a data séin = {x1. ... xn} of p-variate observations.

Q)3

Let Hyc{l..nm} with IHI=h,6 and put leH,  and
1 _ _ .
5, = (E) I; [(x; —=]T1)Cx; — T1)

N P
If detS; ¥ 0, define the relative distancée @ —J&* T3 @ = T)

fori=1...n
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Now take Hz such thatlf@li(i);i € Hy}:={(dy)1ms . @140}, where
@dihm £@y)2n =-. (@1 nn are the ordered distances, and comglteand Sz

based orf{=. Then
det(S,) < det(5;)

with equality if and only ifTz =Ty and>z = 51. The theorem requires that

det(51) # 0 which is no real restriction becaused#t(51) = 0 . We already have

the minimal objective value.
In algorithmic terms, the C-step can be descrilzefbiows.

Given the h-subséioia or the paillTsid-So01d), perform the following:

. Compute the distance®w @ fort =1, ...m

. Sort these distances, which yields a permutatiorfor which
|01 ()| £ |doia (m@)] < - 2 |dgia (@)

. PutHnew = {m@),m(2), ..., w(h)},

. Compute Tnew = avelHnew) andSnew = covVHnew),

For a fixed number of dimensions p, the C-stepdakdy O(n) time because

Hnew can be determined in O(n) operations without sgréill thedsia () distances.

Repeating C-steps yields an iteration process. dg§t(S:)=10 or
det(5;) = det(S;), we stop; otherwise, we run another C-step vieldl&tSs), and
so on. The sequené&t(s,) 2 detlS,) = det(S;) = T s nonnegative and hence must
be convergent. In fact, because there are onliefinmany h-subsets, there must be
an index m such thaet(S,) =0 or det(Sy,) = detSp—3) | hence convergence is
reached. (In practice, m is often below 10.) Aftersy running the C-step on
(T'm.Sm) no longer reduces the determinant. This is ndicsest for det(Sx) to be

the global minimum of the MCD objective functionytht is a necessary condition.

Theorem 1 thus provides a partial idea for an algor.
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Take many initial choices of Haand apply C-steps to each until convergence,

and keep the solution with lowest deter minant. (56)

CHAPTER 4

REMOVING HIGH LEVERAGE POINTS & ESTIMATING
VARIANCE COVARIANCE OF BETAHATS

The Monte Carlo experiment was based on a simgeession model. In all
evaluations, the full sample and the incompletemarm which the leverage points
are removed by MCD were compared. Prominent fiveemdint X settings and five
sigma settings (the settings of the variance of étrer terms) were used in the

simulations, that is shown in Table 4.1 and TabPerdspectively.

In all cases the model is:

36



Vi = Ba + Byxy; + 0183, €;~N(0,1)

Table 4.1 X settings used in the simulations.

X SETTINGS

1) U(0,1)

2) N(0,1)

3) tdistribution with 3 degrees of

freedom.

4) Log-normal distribution

(log(x)=normal)

5) Cauchy distribution

(N(0,1)/N(0,1))

Table 4.2 Sigma settings used in the simulations.

SIGMA SETTINGS

(The settings of the variance of the error

terms)

a) Homoscedasticity

(equal variance of the error terms)
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b) €0 + (1 sxy;)+ (e2 » (xy;)*)

(Cragg, 1983)

C) {xlf]z

(Flachaire, 2005).

d) « exp(cO = xy4;)

(Lima, Souza, Cribari-Neto, & Fernandes,
2010).

The regression parameters were sébat £2 =1 in all.

The degree of heteroscedasticity, measured by

max[crfz]

A=—>17
min(crz-z}

remains constant when the sample size changes.r Wnieoscedastictiyd = 1 ;

when the error terms not constant across obsensmtithe more intense of

heteroscedasticity, the larger valuelof
The number of outliers, measured by
L = full sample size — short sample size

are shown in the tables for different cases.
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Full sample sizes are adjusted taR040, 50, 60, 80 and 100 for all cases.

All simulations were performed by using GAUSSe($fon 7.0) and were

based on 10,000 replications.
We test the null hypothestoe:£: =0 agains@Hi:f; =0

Test statistic is:

)
T

t:

where 5 % critical values are used.

Besides, the symmetric loss function was analizetl itss formula is below.

Here Q is the covariance matrix. (Sun & Sun, 2005).

Symmetric Loss Function:

Lz (0.0)=tr (20 1)+ tr (0710)- 2k

where k is dimension of the covariance matrix.

We also prepared the Stein, entropy @uadratic losses but preferred just

reporting the symmetric loss because the lossesi@ikar to each other.

The program first generates the dat@s, and then fixing the error terms
from predetermined distribution in each iteratidime MCD procedure detects the
covariates with high leverages (with MCD distandasger than the critical
x?values). These selected observations are remowved the data set and getting
the short sample. Then we estimate the covariaratex(Q) by the help of the
specified HCCMEs with the original (full) sampledathe sample without the high
leverages (short).
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CHAPTER 5
SIMULATION RESULTS

In Table 5.1, 5.2, 5.3, 5.4, and 5.5 the percentieyétions of the HCCMEs
that is the percentage change between the estimatiedhces of the betahats with
HCO, HC1, HC2, HC3, HC4, and HC5 respectively drelttue variances of betahats
for the full and short sample for different X segts (Table 4.1) and sigma settings
(Table 4.2). Also, the number of outliefs  and the degree of heteroscedasticity
(4 ) are shown in the tables for distinct cases. THeron heads are F for full sample

and S for the short sample that is free from tigh leverage observations.
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The results are different across the settingh@fégressors and the
variances of the disturbance term. Positive an@tnegresults can be seen in Tables
5.1, 5.2, 5.3, 5.4, and 5.5 according to its unsterates or overestimates of the
HCCMEs. In Table 5.1, there is the first simulatsmiting of the regressor, we name
it Case 1, all regressors are uniformly distributetiveen 0 and 1. For the first sigma
setting, Case a, in which the error term variaset®qual to 1, removing the
occasional leverage points does not change thésesumuch. When sample size
(T) 20, huge percentage errors belong to HC4 an8. Ao, HCO has the next big

difference as well as HC3.

Case b, in which we introduce heteroscedastic#gabse of limited high
leverage points or the leverages with low MCD dis&s, again short sample results
have not better performance than the full samplenitthe sample size is larger than
50. But short sample HCCMEs are slightly better nvhie<50.For

Case c, short sample results are much better tteafulft sample results, and
when sample size is getting lower, the differeneedmne more significant. One point
that deserves attention is the superior performah&tC2 and the inferior

performances of HC4 and HCS.

In Case d, the short sample results are bettduth®ample results at almost
all sample sizes. It is interesting to note tha#HDd HC5 that are claimed to have

better performance than others are much worseathathers.

In Case 2, standard normal distribution is usedjérerating the covariates.
Especially, in small samples, up to 50, short samgdults have lower percentage
differences than the full sample. When heterosdaitgds introduced in Case b,
percentage differences are large at T=20 and 3@#edT=50, the differences are
getting smaller. Again the largest differences bglto HC4 and HC5. Similar

comments are true for Cases c and d.

T distribution with 3 degrees of freedom gener#tescovariates in Case 3.

The density of this distribution has thick taildeb high leverage covariates. The
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short sample results are generally better thafulheample results. When the
sample size increases, the performance of the &stimmbecome better. Best

performance of HC2 and followed by HC3 stands nifase ¢ and Case d.

In Case 4, the lognormal distribution generatescthariates for increasing
the number and degree of leverages. This timeiffezehces in performances are
obvious. The gap between HC4 and HC5 estimatorshentfue ones become huge
and the larger values for which “>1000” is use@, aloserved. This means that the
estimated value is more than ten times the trugevddere, we observe HC2's failure
because of high leverage covariates. Note alsottiere is an extra failure in the
performance of HC4 and HC5, which suggests thatsboeld avoid from using
these estimators especially when there is highré®eeand heteroscedasticity

simultaneously.

In Case 5, covariates are coming from the rativofstandard normals to let
very large and small values possible. Again, thlefaof HC4 and HC5 can be
observed. When the heteroscedasticity introducé&hse b, the short sample
HCCMEs are much better than the full sample HCCME® slope coefficient’s
variance in Case d, stands out obviously since sti@bestimators fail in full sample
which is a good example of the benefit from detertind eliminating the bad

leverage points with high distances.

Quasi-t statistics are shown in Table 5.6, 5.7, 5.8, and 5.10. The results
can be comparable with the true ones for the &uthigle and the short sample. Again
the short sample results generally match up bedtarthe true ones. The results of

Quasi-t statistics and the percentage deviatiomsiarilar, as we expect.

In Table 5.11, 5.12, 5.13, 5.14, and 5.15 the symamless results are
compared. Especially, for the bigger sample sinelshégher degrees of
heteroscedasticity the gap between the full sarupdethe short sample estimates

becomes clear that results in short sample’s betieverge to zero.
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Table 5.1:Percentage Deviations for the Case 1*

Case 20 30 40 50 60 80 100
1* Fox [ oo | F ] S F | s F | s F ] s F | s F | s
ar A=1; L=2 A=1; L=1 A=1; L=2 =1 =2 | »=1;L=3 A=1; L=8 A=1; L=3
HCco | -25.4| -23.0| -76| -78] -6.0| -6.2] -47| -49] -39| -41] -34| -39| -31| -3.2
HC1 | -17.1| -134| -10| -10] -11| -10] -0.8| -0.7| -0.6/] -0.6] -09| -11| -11| -11
beta 0 |-HC2 02| 02| 01| o0a| -0a| -01] o0o0| 00| 01| 01| 00| 00] 01| 00
Hc3 | 37.8| 348 86| 88| 6.3 6.6] 50 52| 42| 44| 35 40| 34| 33
HC4 | 120.9] 106.8] 35| 27| 35| 26] 21| 18] 19| 19| 18 21| 32| 28
HC5 | 1209 106.8] 35| 27| 35| 26| 21| 18] 19/ 19] 18 21| 32| 28
HCO | -23.6] -22.9] -10.1] -100] -8.4] -8.1] -6.2] -6.1] -5.3] -5.3] -3.4] -39] -3.0] -3.0
HC1 | -15.2| -13.3| -36| -33| -3.6/ -3.0] -2.3| -20| -2.0/ -1.8] -1.0/ -11| -1.0] -1.0
beta 1 |_-HC2 01| o0a| 01| o0a| -0a| o0.0] -01] 00| 00| 0.0] -01] -01] 01| 00
HC3 | 343| 338 11.6] 11.3] 93| 89| 65| 66| 57 57| 35 39| 32 31
HC4 | 104.3] 96.4| 95| 68| 111| 73] 56| 45| 55 49| 16| 18] 27| 24
HC5 | 104.3] 964 95| 68| 111] 73] 56| 45| 55 49| 16| 18] 27| 24
b** 2=4.2;L=1 | »=5.6;1=3 | a=5.5;L=4 | =5.5;L=7| »=5.7;L=1 | A=5.8; L=5 | »=5.5; =3
Hco | -16.4| -134| -88| -80| -6.2| -6.1] -5.1| -5.1] -35| -35| -2.8] -3.0] -2.1| -23
Hc1 | -7a| -32| -23| -06] -1.3] -0.6] -1.1| -05] -0.2| -0.1] -04| -03] -0.1] -0.2
betao |HC2 | 06| 10l 03] o7] o4] o7f 02| 03] 06| 06] 03] 03[ 04| 04
Hc3 | 189| 18.0| 10.6| 104] 75| 8.0] 59| 60| 48 49| 36| 38 30/ 31
HC4 | 192 93| 85| 34| 43| 31] 34| 19| 22| 21| 18| 17| 14| 14
HC5 | 192 93] 85| 34| 43| 31] 34| 19] 22| 21] 18] 17| 14| 14
HCO | -19.7| -14.9| -145| -116] -8.8| -8.1] -7.3| -6.8] -47| -47]| -41| -43| -2.6] -2.7
HC1 | -10.7| -49| -84| -45| -40| -27] -35| 23] -15| -13] -16| -16| -0.7] -0.7
beta1 lHC2 | 81| -07] -24] -10f -10| -04] -08] -05] -02| -01] -04] 04 00| 00
HC3 | 17.8] 16| 11.7] 109] 75| 8.0] 62| 63] 46| 47| 34 36| 27/ 28
HC4 | 220 77| 149| 56| 55/ 35| 51| 26| 21| 19| 19| 18] 11| 11
HC5 | 2200 77| 149 56| 55/ 35| 51| 26] 21| 19] 19 18] 11| 11
o =157.6 2=63466.7 | 1=19886.5 | A=6811.3 | 2=1236.4 | A=237053.3| 2=1203.8
L= L= =2 =3 L= L=4 L=
HCOo | -24.3| -15.9| -10.1] -93| -74| -6.3] -6.2| 58| -59| -59] -33] -31| -29| -2.7
HC1 | -159| 54| -3.7| -25| -25| -11] -2.3| -1.6] -2.6] -2.4] -0.8] -04| -09| -07
betaolHC2 ] 40| o07] 12| 19| o8| 16] 08| 11f 02| 03] 06| 08 04| 05
a0 e | 228 211 144] 147] 100 103 83| 87 67] 69| 46| 48] 39| 3.8
HC4 | 387 147| 15.1| 142| 98| 74| 85| 78] 75 75| 37| 34| 37| 31
HC5 | 387 147| 15.1| 142] 98| 74| 85| 78] 75 75| 37/ 34| 37/ 31
HCo | -28.6] -20.4| -14.4] -13.8] -10.4| -10.0] -8.7| -8.5] -7.7| -7.6] -48| -47| -40] -39
HC1 | -20.6| -10.4| -82| -7.4| -5.6|/ -5.0] -49| -45| -45| -42| -23] -21| -2.0] -1.9
beta1 |HC2 | 78| 35| -28| -25| -15| -12f -14|-13] -14| -14] -07| -06] -0.5| -05
HC3 | 19.8| 17.4| 105 106 82| 85| 65| 65| 53 53] 35 37| 31| 30
HCc4 | 37| 117 1120/ 97| 81| 6.0] 68| 57| 62 57| 26| 23] 29 23
HC5 | 371 117 110/ 9.7] 81| 6.0] 68 57] 62/ 57| 26/ 23] 29/ 23
d* A=1.1;1=3 | a=1.1;1=2 | a=1.1;1=2 | a=1.1;1=7| »=1.1;1=2 | »=1.1;L=6 | »=1.1;L=5
HCO | -12.2| -140| -82| -83| -7.7| -7.2] -7.8| -70| -45| -47]| -38| -38] -2.6|] -2.8
HC1 | -24| -25| -1.7| -13] -29| -20] 40| 24| -12| -13] -1.3] -11| -06] -0.7
betao lHC2 | -02| -01] 00| o01f 02| o00] 02| 02] 00| 00] 01| 00] 01| 00
01 cs | 142 163 93] 95| 89| 7.9 91| 79| 48] 49| 42| 41| 28] 29
HC4 | 105| 45| 64| 37| 96| 45| 172 63| 28| 25| 38 26| 14| 13
HCs | 105] 45| 64| 37| 96| 45| 172 63] 28| 25| 38 26/ 14| 13
HCo | -19.1] -15.6] -11.1] -100] -7.8] -7.4] -7.8] -74] 51| -5.0] -3.9] -40] -2.6] -2.8
betal| HC1 | -10.1| -43| -47| -31| -29| -2.2| -40| -28] -1.8] -1.6| -1.4| -1.3] -0.7] -07
Hc2 | -03] -0a] -0a| 04| 0.0 -01] 01| 02] o0.0| -01] 0.0 00| 01| 0.0
HC3 | 242| 187 12.7| 116 86| 7.8] 9.0 84| 54| 52| 41| 41| 29| 29
HC4 | 371 87| 164 82| 82| 41] 154| 69| 41| 29| 34| 26| 14| 13
HC5 | 371 87| 164 82| 82| 4.1] 154 69] 41| 29] 34/ 26| 14| 13
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Table 5.2:Percentage Deviations for the Case 2*

Case 20 30 40 50 60 80 100
2* Fox [seo | F [ S F | s F | s F | s F | s F | s
ar A=1; L=1 A=1; L=1 A=1; L=3 A=1; L=2 A=1; L=2 =1 =4 | =1 L=2
HCco| -10.4| -107] -7.0| -72| -47| 53] -41| -42| -32| -35] -25| -27] -1.9] -2.0
HCi] -0.4| -02| -04| -04] 03| o01] -01] 00| o021/ 00| 00| -01] 0.1] 0.0
beta 0 |-HC2 01| o0.1] o.0| -02f 01| o1 o0.0]| 0.0 0.0 00| 0.0/ 00f 01| 01
HC3] 13.1| 127] 79| 79| 53| 59| 44| 45| 33| 36| 25| 27| 22| 22
HCc4] 16.6] 39| 60| 32| 33 31| 38/ 27| 12| 12| 14| 13| 12| 09
HCs5] 16.6] 39] 60| 32| 33 31] 38/ 27| 13| 12| 14| 13] 12| 09
HCOo| -19.7] -16.0] -12.4] -11.9] -11.4] -103] -8.8] -7.7| -82| -59] -5.8] -5.1| -4.1] -3.4
HCi]| -10.8| -61| -62| 54| -6.7| -52| -5.0| -3.7| -50| -25| -3.4| -25| -2.1| -1.4
beta 1 |-HC2 03] 03] 01| -0a]f o0/ 00| 01| 01| o0.0] o00] 0.0 -01] 01| 01
“allhcs| 282 204| 150 136] 13.7] 123 102] 88| 96| 6.2 63| 52| 47 38
HC4| 73.0] 16.7] 23.8| 145| 345| 27.2| 225| 144 239| 6.2| 12.6/ 7.0 8.0| 3.8
HC5 | 73.0] 16.7] 23.8| 145| 345| 27.2] 225 144 278 62| 13.0] 7.0] 84| 38
b** 2=62.3; L=1 | 2=29.7; L=1 | »=35.1; L=2 | »=42; =3 | A=31.3; =3 | =32.4; L=2|2=26.7;L=2
HCco| -15.9] -16.9] -9.9| -11.7|] -116| -9.8] -71| -63|] -39/ -56] -6.0/ -3.2| -3.1| -35
HCi] -6.6| -71] -35| -52| -6.9| -48] -32| -21| -06| -22] -35| -07] -1.2| -15
beta 0 |-HC2 04| -12| o7| -05| -13| -14| 04| 0.0 o0.7| -04| -1.0/ 04| 00| -02
HC3 | 23.0] 18.2| 12.8| 124| 108/ 82| 81| 69| 55| 53] 45| 42| 32| 31
HC4| 71.6| 14.6| 125 120] 275 129] 146| 65| 43| 55| 104| 4.0] 3.0/ 3.0
HC5 | 71.6] 14.6] 125 120] 275 129] 146| 65| 43| 55| 12.3] 4.0] 3.0 3.0
HCo| -47.8] -24.4] -22.5] -17.6] -21.5| -18.7] -15.6] -11.5] -12.3] -10.3] -13.2] -7.1] -6.8] -5.6
HC1] -42.0| -15.5| -16.9] -11.5] -17.4| -14.2] -12.0] -75| -9.2| -7.0] -10.9]| -4.7| -4.9| -3.7
b HC2| -233| 61| -70| -41| -6.9| -6.1] -48| -28| -34| -27] -51| -1.9] -2.0| -15
@l hcs| 164 170] 122 119 108 87| 76| 69| 66| 56| 41| 37| 31| 29
HC4 | 177.7| 16.8] 39.6] 15.7| 45.7| 24.7] 26.0] 10.8] 20.7| 10.2| 20.3] 6.2 8.2| 4.3
HCs | 177.7] 16.8] 39.6] 15.7] 45.7| 247] 26.0| 108 20.7| 10.2] 247 6.2 8.2| 43
Cc** A=32747.6 | A=77841.8 | 1=30388.3 2=13682 2=1974.4 | 2=603776 | 2=5059.7
=1 =1 =1 L= =2 =5 =2
HCco| -19.3| -20.8] -13.3] -11.0] -100| -9.9] -94| -72| -59| -62| -6.1| -46| -3.6| -3.7
HC1] -10.4| -125| -71| -44| 53| -50] -56| -33] -2.7| -29] -37] -1.9| -1.6| -1.7
betao fHC2) -06| -2.6] -11| 01} -06] -05| -10] -02f 01| -02[ 00| 03] 01]-02
HC3| 26.4| 212 13.7| 12.3] 100/ 100] 86| 75| 65/ 63| 6.6/ 55| 39| 35
HCa| 92.6] 317 310 9.7 143| 126] 197 83| 86| 75| 150/ 7.0] 55| 4.0
HC5] 92.6] 31.7] 310 9.7] 143] 126] 19.7] 83| 86| 75| 150/ 7.0] 55| 4.0
HCo| -51.2] -32.1| -28.1] -16.8] -15.4| -14.6] -18.6] -11.1| -12.1] -11.4] -13.9] -9.1] -8.4] -6.3
HC1| -45.7| -24.1] -22.9| -10.6] -10.9| -10.0] -15.2| -7.3| -9.1| -8.2| -11.7| -6.6] -6.5| -4.4
b HC2| -255| -11.4| -115| -44| -44| -40| -70| -29| -39| -36] -49| -2.6] -2.8| -1.9
@l lhcs| 181] 166] 99| 100 82| 81 69| 61| 52| 50| 52| 45 33 28
HC4 | 209.6| 355 60.3] 10.2| 16.9| 13.0] 336| 89| 155 11.9] 24.8] 10.0| 115/ 5.2
HC5 | 209.6| 355| 60.3] 10.2] 16.9| 13.0] 336/ 89| 155 11.9] 24.8| 10.0] 115/ 5.2
d* A=15; =1 | a=1.8;L=1 | »=1.9;1=1 | »=2.1;1=2 | 2=1.9;L=3 =2;1=2 |»=2.2;1=2
Hco| -15.3| -140f -6.6| -6.8] -5.0| -54| -46| -48| -3.4| -35] -2.7| -2.6] -2.0| -2.0
HCi] 59| -39] 01| 01| 0.0 -03] -06| -06] -01| 00| -0.2] 0.0] 0.0 0.0
betao fHC2) 14| 07] 01| oo -03] -02f -03] -03f 00| 00] 00| 0.0] 00| 00
HC3| 17.2| 154| 74| 74| 47| 55| 44| 45| 36| 37| 28] 27| 21| 21
HCa] 41.9| 105 41| 18] 11| 24| 44| 21| 30/ 16] 23] 12| 12| 0.9
HC5] 419 105 41| 18] 11| 24] 44| 21 30/ 16] 27| 1.2] 12| 09
HCo| -22.9] -17.2| -14.0] -10.3] -10.2] -9.0] -11.7] -75| -8.4| -65| -7.2] -45| -4.1] -3.7
HC1| -144| -75| -79| -36] -55| -41] -80| -35| -53| -31| -48] -2.0] -2.2| -1.7
beta 1 |HC2) 24| 04] -13] o1 21| oof -15 00f -07| 00| -08/ 01] 0.1] 00
HC3] 26.7] 20.3] 140 119| 175| 102] 106| 83| 78| 69| 6.4 49| 45| 38
HC4| 80.8| 16.3] 26.9] 75| 46.7| 123] 31.0 11.3| 185 79| 16.3] 52| 7.8| 4.4
HC5| 80.8] 16.3] 26.9] 75| 50.1| 12.3] 31.0] 11.3] 185 79| 19.2] 52| 7.8| 4.4
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Table 5.3:Percentage Deviations for the Case 3*

Case 20 30 40 50 60 80 100
3 For [ S | F ] S F | s F ] s F|] s F | s F | s
ar A=1; L=2 A=1; L=5 =1 =7 | == | A= =4 | =1 =6 | A=1;1=3
HCo | -13.1| -13.2| -105| -105| -5.9| -7.4| -4.2| -43| -36| -41| -2.6| -29| -2.0] -2.0
HC1| -35 -23| -41| -28] 09| -14| -02| 03] -0.2| 05| -0.1] -0.2| 0.0] 0.0
beta 0 |HC2 0.0/ 00| -02| 03] 02| o01] -01| -01] 00| 00| 00| 00| 01| 01
HC3 | 16.3] 154| 122| 127] 6.7 83| 41| 43| 37| 43] 26| 30| 22| 23
HC4 | 169 51| 199| 81| 41| 41| os6| 07| 09| 1.4 05/ 09| 04| 05
HC5 | 169 51| 199| 81| 41| 41| o6 07| 09| 1.4] 05/ 09| 04| 05
HCO | -16.4] -13.9| -13.7] -11.2] -7.6] -7.8] -5.3] -5.4] -4.2] -46] -3.2] -35| -2.5]-2.6
HC1| -7a1| -32| -75| -35| -2.8| -1.9| -1.3| -1.4| -09] -1.1] -0.7] -0.8] -0.5| -0.5
beta1 |HC2 ] 01| -01] 03] o0af o1] 00} -02] -02f 00 0.0] 01| 01f 0.1} 01
HC3 | 205/ 16.1| 159| 13.1] 86| 85| 51| 53| 45| 49| 34| 38| 27| 28
HC4 | 238/ 51| 284| 78| 64| 38| 16| 17| 1.7/ 19| 14| 18] 09| 10
HC5 | 238/ 51| 284 78| 64| 38| 16| 17| 1.7] 19] 14| 18] 09] 1.0
b** 2=14.9; L=2 | »=17.3; L=4 | 4=37.7; L=5] 2=9.6; L=6 | 2=2.5; L=5] 4=5.3; =3 | »=4.4; L=8
HCo | -23.0| -19.6] -11.0| -12.6] -6.9| -6.3] -5.3| -6.4] -3.2| -3.4] -3.1| -3.4| -2.0| -2.1
HC1| -145| -95| -47| -53| -2.0/ -0.6] -1.3] -2.0] 02| 0.2 -0.6/ -0.8] 0.0 0.1
betao |HC2 | 53] -2.9] -08| -14f -01] 13| -0.3] -06f 02| 03] -01| -01f 00| 01
HC3 | 175 178 108| 114| 73| 98| 50| 57| 36| 42| 30| 32| 21| 25
HC4 | 258 128 84| 72| 40| 67| 19| 20| 07| 1.2 09| 12| 03| 07
HC5 | 258 128 84| 72| 40/ 67| 19| 20| 07/ 1.2] 09| 12| 03] 07
HCOo | -24.9| -18.1| -14.4| -145] -9.4| -9.3| -6.9] -7.3] -4.1] -45] -3.8] -41| -2.6] -2.7
HC1| -16.6| -7.8| -83| -7.3] -46| -3.8| -3.0| -29]| -08| -09] -1.3| -15| -0.6/ -0.6
beta 1 |HC2 1 74| -34] -29| -3af -18] -15] -12] -12 00| 01] -04] -05 -0.2| 0.2
HC3 | 15.1| 143| 102| 99| 63| 71| 49| 54| 44| 50 30| 33| 22| 25
HC4 | 226/ 58| 89| 53] 35 29| 21| 19| 14| 18] 10| 13| 04| 05
HC5 | 226/ 58/ 89| 53] 35 29| 21| 19| 14| 18] 10| 13| 04| 05
Cc** 2=9810.1 | »=196809.8 =491.7 | a=2226.4 | a=253; | 2=2316146.5| 1=5522.3
L= L=2 L= L= L=3 L=4 L=12
HCo | -30.4| -21| -87| -96| 6.6/ 6.8 -5.1| -5.3] -45| -51| -3.3] -3.6| -3.0] -3.4
HC1| -22.6| 110 -2.2| -26] -1.7| -1.8] -1.1] -1.3] -1.2| -1.6] -0.8] -1.0] -1.0] -1.1
betao | HC2 | 66| 126] -02| -02| -0.3] -03] 00| -01f-01]-02] 00| 00] -02| 0.0
HC3 | 270/ 298 9.2| 103| 6.6/ 6.8] 53| 55| 44| 48] 34| 37| 28| 36
HC4 | 75.8] 179 3.1| 39| 23| 25| 17| 19| 16| 22| 14| 18] 16| 25
HC5 | 75.8/ 17.9] 3.1 39| 23| 25| 17| 19| 16| 22| 14| 18] 16| 25
HCo | -26.4] -10.8| -11.1] -12.3] -8.1] -8.2| -6.3] -6.6] -5.6] -6.1] -4.3] -4.6| -3.7| -3.7
HC1| -182| 11| -48| -55| -33| -32| -24| 27| 23| -27] -1.9| -20| -1.7| -15
betaq |HC2 1 -70[  14] -20] -23{ -15] -15] -10] -1.1f -10| -1.2] -08] -08 -0.7| 0.6
HC3 | 19.6| 154 8.0 89| 56| 57| 47| 47| 38| 40| 29| 31| 23| 26
HC4 | 513 27| 22| 29| 13| 12| 12| 12| 10| 1.4 10[ 12| 11| 09
HC5 | 513 27| 22| 29| 13 12| 12| 12| 10| 1.4 10| 12| 11| 09
d* =14 =2 | a=1.1;1=4 | a=1.6;L=1 | a=1.4; L=1 [a=1.8; L=2] 3=1.9;1L=2 | =1.3;L=4
HCo | -11.0/ -125| -88| -86| -51| -54| -41| -42| -3.3| -35] -2.6] -2.8] -2.0| -2.2
HC1| -11| -16| -23]| -09] -01| -03]| -0.1] -01] 00| 0.0 -0.1] -02| 0.0] -0.1
betao | HC2 | 01| 00| 03] oif 00| 00] -0.1] -01f 00| 00] 00| 00] 00| 00
HC3 | 125 145| 107] 97| 55| 57| 41| 43| 35| 37| 27| 29| 21| 22
HC4 42| 37| 111] 25| 10| 12| o5| 06| 04| 06] 05/ 07| 03] 04
HC5 42| 37| 111] 25] 10| 12] o5 06| 04| 06] 05/ 07| 03] 04
HCo | -13.7] -135| -11.1] -10.3] -6.5| -6.8] -4.9] -5.0] -4.0]| 42| -3.2|] -33| -2.5|-2.6
HC1| -41| -27| -48| -29| -16| -1.8] -09] -1.0] -0.7] -0.8] -0.7] -0.8] -0.5|-0.5
beta1 |HC2 | 03] 00| 01| -01f 00| -01] 0.0 00f 00| 00] 00| 00] 00| 00
HC3 | 15.4| 157| 131 113| 7.0/ 72| 51| 53| 41| 43| 33| 35| 25| 27
HC4 76| 44| 139 47| 25| 28| 14| 15| 09| 12| 11| 13| 07| 08
HC5 76| 44] 139 47| 25| 28| 14| 15| 09| 12| 11| 13| 07| 08
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Table 5.4:Percentage Deviations for the Case 4*

Case 20 30 40 50 60 80 100
4 Frox [ Geex F | s F | s F | s F | s F | s F | s
ar A=1; L=4 A=1; L=4 A=1; L=9 A=1; L=7 A=1; L=9 A=1; L=14 A=1; L=12
HCO 70| -164| -78| -89] -58| -92| -6.4| -6.0 -6.8| -47| -59| -43] -39| -27
HC1 33| 45| -12| -13] -09| -30] -25 -14 36| -08] -35| -1.3] -1.9] -04
beta 0 |-HC2 0.1 0.0 0.0/ -01f -01| -01 0.0/ -0.1 -0.2| 0.0 0.0 0.0 0.0] 0.0
HC3| 85.9] 221| 104 97 7.2| 107 8.1 6.3 10.8| 5.0 9.1 45 45| 2.7
HC4 | >1000, 36.8] 31.1| 38| 187 18.7] 252| 53 60.0[ 3.8] 443| 46| 121] 1.2
HC5 | >1000, 36.8] 39.3] 38| 313 18.7] 685/ 53| >1000 3.8] >1000| 46| 445 1.2
HCo | -91.1] -25.4] -23.4[ -125] -19.3| -13.4] -17.6] -85| -30.8] -7.4] -28.2] -6.0] -11.2] -3.6
HC1| -90.1| -14.7| -17.9| -52| -150| -7.5] -142| -41| -285| -3.7] -26.3] -31| -9.4| -14
beta 1 | -HC2 0.6/ -0.2 01| -02| -02| -01 0.0 -0.1 -0.9| 01 00| -01 0.0] 0.0
“al 1 ics | >1000] 39.1| 363 14.2] 268 164] 246 9.4 536/ 84| 465 63| 13.6] 3.8
HC4 | >1000| 117.6] 165.7| 11.7| 114.6] 41.8] 102.6] 14.4| 349.7| 12.6] 258.8| 99| 48.3| 3.7
HC5 | >1000| 117.6] 206.4] 11.7] 185.7] 41.8] 2655/ 14.4] >1000| 12.6] >1000| 9.9| 166.8 3.7
b** 2=60.2; L=3 | 2=54.9;1=6 | 2=59.7,L=6 | 2=255.6; L=9 | »=1380.6; L=8| 4=206.6; L=10] 2=1439; L=19
HCco | -35.8| -16.7| -38.9| -24.6] -32.4| -12.0] -75.3| -10.7] -67.6| -7.3] -345| -57| -82.4| -6.9
HC1| -28.7| -5.6] -345| -17.7| -288| -6.5] -743| -6.1| -66.5| -3.6] -32.8| -3.0] -82.0| -45
betao |HC2 ] -105] 02 -154] 57| -11.2| -10] -493| -1.4] -36.3| -04] -138| -05] -57.8 -13
HC3| 30.6] 209| 226| 204 193] 120] 153] 93 39.4| 72| 150] 51 85| 4.8
HC4 | 190.9| 18.4| 179.8| 88.5| 125.0, 22.0| 574.9| 16.9] 6879 115| 1115 8.0| 671.4] 12.8
HC5 | 190.9] 18.4] 221.9] 885| 1854 22.0] >1000] 16.9] >1000| 11.5] 882.7] 8.0 >1000| 12.8
HCO | -44.4| -25.4] -415| -29.4| -35.4| -159] -76.6] -13.8] -67.8] -9.9] -345| -7.6|] -825| -8.6
HC1| -38.2| -155| -37.3| -22.9| -32.0| -10.7] -75.6] -9.4| -66.7| -6.3] -32.8] -49| -82.1| 6.3
beta1 | HC2] -153| -45] -161] -83] -127| -30] -501| -29] -354] -14] -137| -13] -57.8 2.0
HC3 | 32.3] 230] 244 212 200| 124] 154 98 411| 81| 152| 56 8.6/ 5.2
HC4 | 216.4| 25.8| 186.6] 102.8] 133.2] 26.4| 581.3] 20.7| 6859 14.3] 110.7| 10.0] 671.4| 14.9
HC5 | 216.4] 258] 229.7| 102.8] 197.1] 26.4] >1000] 20.7] >1000| 14.3] 865.0] 10.0] >1000| 14.9
Cc** A=1211.1 2=4135 2=62114.1 2=2313.8 2=19995.2 2=3655.2 2=24314.2
=2 =5 =8 L=10 L=6 L=14 L=14
HCOo| -59.2| -7.8] -49.1| -26.3| -87.4| -18.3] -45.6| -17.8] -25.2| -7.4] -21.0] -9.7| -655| -6.9
HC1| -54.7| 37| -455| -19.9| -86.7| -12.8] -43.4| -135| -22.6| -3.9] -189| -6.8| -64.8 -4.6
betao |HC2 ] -293] 74| -175] -6.7] -646| -30f -222| -37 90| -02| -6.6| -1.7] -384| -11
HC3| 34.2| 255| 401| 19.6] 23.3] 158] 14.4| 133 11.3] 76| 108] 7.0 149] 5.0
HC4 | 461.4| 155| 343.2 68.4] >1000 41.2] 159.8) 47.8 67.2| 9.7 56.7] 185] 329.3] 12.1
HC5 | 461.4| 155| 733.3] 68.4] >10000 41.2] 677.7] 47.8 815 9.7] 112.4] 185] >1000 12.1
HCo | -63.3] -143| -52.1| -28.7| -89.5| -21.0] -42.9] -19.6] -24.8] -9.5] -20.6] -10.7] -62.2| -7.5
HC1| -59.2| -3.6] -48.6| -225| -89.0| -15.8] -40.5| -154| -22.2| -6.0] -185| -8.0| -61.5 -5.3
beta1 |HC2] -825] 04] -190] -9.0] -664| 52| -204| -50 91| -1.7] -65| -25] -359 -1.7
HC3 | 327 17.8] 406| 172 229| 142| 142 1238 105/ 69| 105| 65| 156 4.6
HC4 | 4685 7.4| 350.7| 63.4] >1000, 39.8] 147.9| 474 63.1] 95| 544| 181| 3159 11.3
HC5 | 4685 7.4| 7395 63.4] >1000] 39.8] 619.4] 47.4] 765/ 95| 107.0/ 18.1] >1000 11.3
d* 2=2.8; L=2 2=3.6; L= A=2.4; L=6 2=12.5;L=7 | »=4.3;1=10 | 2=3.7;L=17 | 2=46.7; L=17
HCo | -15.3| -11.3| -32.3| -88| -105 -7.2] -49.6] 59| -265| -54| -95| -47| -65.2| -3.0
HC1 5.8/ -02| -275 -15| 58| -1.4| -475| -1.3| -240| -1.4] -7.2| -1.6] -645| -0.6
beta 0 |HC2 -1.3| -0a| -134| o0a] -11] 00| -357 01| -11.9] 04| -21| -0.1] -42.8] 0.0
HC3| 18.4| 128| 31.7] 101 112 80| 368 65 16.0| 6.0 72| 5.0 99| 3.2
HCa| 620 33| 426.7] 49| 398 8.0] >1000 34| 1729 58| 30.3| 83| 4323 3.0
HC5| 620/ 3.3] >1000] 49| 447/ 8.0] >1000] 3.4] >1000| 5.8] 114.6/ 8.3| >1000 3.0
Hco | -35.7] -18.2] -60.3| -12.1] -245| -11.6] -91.3] -7.a| -48.8] -8.1] -21.1] -7.8| -75.1] -5.0
HC1| -285| -8.0| -575| -50| -205/ -6.0] -90.9| -25| -47.1| -43] -19.1] -48| -746| -2.6
beta 1 |HC2 -6.1| -1.0| -271| -05]| -36] -03] -67.2| 01| -224| -0.2] -52| -0.3] -49.0] -0.2
HC3 | 40.9| 206| 57.3] 129 252| 129] 667 7.8 201| 87| 154 82| 123 49
HC4 | 206.7| 18.1| 838.4| 11.8| 114.9] 22.6] >1000] 56| 3289 13.3] 74.1| 20.1| 503.8 85
HC5 | 206.7| 18.1] >1000] 11.8| 128.8] 22.6] >1000/ 5.6 >1000| 13.3] 274.3] 20.1] >1000 8.5
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Table 5.5:Percentage Deviations for the Case 5*

Case 20 30 40 50 60 80 100
5 Frox | Gk F | s F | s F | s F | s F | s F | s
ar* A=1.L=5 A=1.L=6 A=1. L=9 A=1.L=3 A=1. L=7 A=1.L=8 A=1. L=17
HCO -5.4| -14.3 -4.1 79| -45| 75| -24| -42| -18] 37| -21| -27 -1.8]  -2.6
HC1 51| -11 2.7 0.5 05| -1.2 1.7/ 0.0 16| 0.1 04| 01 02| -02
beta 0 |-HC2 0.0/ -0.2 -0.1 -0.2 0.1 0.0 0.1 0.0 0.0/ 01 0.0/ 01 01| -01
®a0 I'ics 6.3| 17.1 4.0 8.4 57| 8.8 28| 46 22| 4.0 3.0/ 3.0 1.8 25
HC4| >1000] 7.4 -1.5 1.8 120 136 49| 15 6.4 25| 148 15 2.2 1.9
HC5| >1000] 7.4 -1.5 1.8] 27.2| 136] >1000] 1.5] >1000] 2.5| >1000] 1.5 15.9 1.9
HCOo| -91.3] -23.8 -29.3]  -15.6] -29.9| -149| -60.1] -6.7| -63.9] -8.2] -44.1] -5.0 -25.6] 55
HC1| -90.4| -12.1 -24.2 -8.0] -26.2| -9.0| -58.4| -2.6] -62.7| -46| -42.6/ -2.3 241|  -31
beta 1 |-HC2 0.3 0.0 0.2 02| -02| -02 09| 0.2 04| 00| -03] 01 03| -01
“alica| >1000] 34.1 46.8| 19| 44.8| 17.9| 270.8] 7.6] 290.2| 9.1| 1201 5.6 43.8 5.6
HC4| >1000| 52.4 231.9] 33.7| 218.0] 43.2| >1000, 6.5] >1000| 16.7] >1000| 7.3 249.9] 111
HC5| >1000] 52.4 254.2|  33.7] 505.8] 43.2| >1000] 6.5] >1000] 16.7] >1000] 7.3] >1000] 11.1
b** 2=41682.4; L=3] 1=29940.8; L=6 | 1=463.6;L.=5 | 2=8723.2;L.=8] »=11836; L=6| »=5880; L=13 | »=423933.2; L=17
HCo| -58.3| -20.7 -4.4|  -232| -149| -13.0] 39.0/ -57| 155| -7.1] -432| -4.9 -8.8] -5.0
HC1| -53.7| -10.1 24| -16.2| -10.4| -7.8] 448 -1.0| 194| -35] -41.7] -2.0 69| -2.6
beta 0 |HC2]  -484] -18 5.5 -46| -2.0| -1.0| 487 o0.7] 313] 00| -232| -02 17.7]  -0.3
HC3 749| 231 66.6] 19.9] 13.7| 132| 59.2| 7.6] 684 78| 228 47 91.6 4.8
HC4| >1000] 25.9] >1000] 53.3| 456| 246| 60.9] 4.6| 887.0 10.8] 406.0 4.8 >1000 8.7
HC5| >1000] 25.9] >1000] 53.3] 45.6| 24.6] >1000/ 4.6| >1000, 10.8] >1000] 4.8] >1000 8.7
HCOo| -99.2] -33.3 -98.6] -29.5| -23.0] -19.0] -83.9] -15.3] -92.8| -11.4] -76.8] -10.5 -89.7] -9.8
HC1| -99.1| -245 -985| -23.1| -19.0| -14.1| -83.3| -11.1] -925| -8.0] -76.2| -7.8 -89.5| -7.6
beta 1 |HC2] -91.7| -105 -88.3 -8.6| -7.3| -49| -58.4| -44| -72.9] -2.7] -51.0/ -32 635 -2.9
HC3 67.1] 20.9 321 19.0] 12| 119 234 82| 295/ 70| 131 49 82.3 4.6
HC4| >1000] 33.3] >1000] 56.0 57.4| 28.7] >1000| 22.0] >1000| 13.1] 576.2] 14.2] >1000| 15.1
HCcs| >1000] 33.3] >1000] 56.0 57.4| 28.7] >1000/ 22.0] >1000| 13.1] >1000, 14.2] >1000| 15.1
- 2=101039 2=1010567 2=393244 2=926006 | »=9408017 | 2=10802473 | %=1830570.8
L=2 L=5 =6 L=11 L=9 L=11 L=18
HCo| -35.6| -19.2 81.7| -10.6] -72.2| -11.4] -15.6| -13.0] -47.7| -85 49| -58 179 53
HC1| -28.4| -9.1 94.7 29| -70.7] 59| -12.1| -8.3| -459| -47 76| -3.0 203]  -2.9
beta 0 |-HC2 28| -0.9 94.8 27| 474 04 6.2| -1.4] -97| -01] 170/ -01 30.5 0.1
HC3 61.9| 23.2 109.6] 19.0] 25.2| 135 383 125| 69.1] 94| 353| 6.0 45.9 5.8
HC4| 4775 329 611.2| 26.9| 897.5| 19.7| 161.1] 34.5| 601.1| 17.4] 1242 93 91.8] 11.2
HCcs| 658.1] 32.9] >1000] 26.9] >1000] 19.7] >1000| 34.5| >1000| 17.4] >1000, 9.3] >1000] 11.2
HCO| -69.0] -37.5 -995] -30.1] -80.6] -18.7] -55.5| -22.1] -57.8] -15.0] -71.3] -10.5 -75.2]  -11.0
HC1| -65.6] -29.7 -995| -24.1| -79.6| -13.7| -53.6| -17.9] -56.3| -11.6] -70.6| -7.8 747 -8.7
beta 1 | HC2] -34.1| 151 -93.4| -10.1| -546| -54| -26.2| -7.7| -17.0| -42| -448| -31 -48.4|  -3.4
“allics 50.7| 17.0 53.2| 16.6] 22.8| 10.3] 280/ 9.7] 69.0/ 81| 15.0 49 16.5 4.9
HC4| 797.4| 53.8] >1000] 57.9] 956.6] 21.0| 326.1] 42.5| 664.6] 23.7| 459.5| 13.9 570.2| 18.6
HCcs| >1000] 53.8] >1000] 57.9] >1000] 21.0] >1000] 42.5| >1000| 23.7] >1000| 13.9] >1000 18.6
d* 2=4.6; L=2 | »=314031510; L=3| 4=2294.6; L=7| 1=210.5; L=8 | »=48.5; L=11 | A=52585; L=15| 1=433.8; L=15
HCO -8.3| -10.2 -4.7 -6.3] -105| -47| -3.0| -46] -88] -6.0 3.0/ -31 52|  -25
HC1 19| 1.0 2.1 12| -58/ 15 10| 02| -57| -20 57/ 0.0 32| -041
beta 0 |-HC2 06| 0.7 0.6 0.6 0.7 0.9 26| 02| -23] -07] 306/ 0.0 -1.2 0.0
HC3 8.2| 137 58.1 83| 147 69| 153 53 63| 52| 825 33 3.2 25
HC4 31| 61| >1000 26| 442 27| 178.9] 35| 27.4| 92| 3823 27 10.3 15
HC5 31| 6.1] >1000 2.6] 532 27| >1000] 35| 119.0] 9.2| >1000] 2.7 24.7 15
HCo| -155] -204 38.6] -14.8] -20.6] -140] 26.0] -11.5] -39.3] -11.1] -20.7] -8.0 -10.4]  -4.6
HC1 -6.1| -10.4 48.5 79| -16.4| -84| 31.2| -7.1] -37.2| -7.3] -18.6| 51 86| -2.3
beta 1 |-HC2 179 -0.6] >1000] -1.3 02| -0.9| 150.6] -0.8] -17.9] -0.1] 27.1| -0.2 2.4 0.0
HC3 81.8| 24.8] >1000] 14.8] 27.3] 14.7| 594.3] 115 13.4| 12.6] 1139 85 17.3 4.9
HC4| 446.5| 25.8] >1000] 18.1] 103.5| 27.0|] >1000| 23.5| 124.8| 35.4| 597.2| 20.7 54.6 7.2
HC5| 446.5| 25.8] >1000] 18.1] 126.4| 27.0] >1000| 23.5| 568.6] 35.4] >1000| 20.7 141.1 7.2
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Table 5.6:Quasi-t Results for the Case 1*

Case 20 30 40 50 60 80 100
1* Foox | oo | F ] 5 F ] s F | s F | s F | s F | s
a>* |TRUE | 1,557 0,921 3,034 2,956 | 3,649 3464 | 3,842 3,702 | 4,355 4,161 | 4,247 3,390 | 4,042 3,692
HCO | 1,803 1,049 | 3,157 3,078 | 3,764 3,577 | 3,937 3,795| 4,442 4248| 4,321 3,458| 4,106 3,752
HC1 | 1,710 0,989 | 3,050 2,970 | 3,669 3,482 | 3,857 3,715| 4,367 4,173 | 4,267 3,409 | 4,065 3,713
beta o | _HC2 | 1,556 0920 | 3,033 2,954] 3,650 3,465 | 3,842 3,701 4,354 4,160 | 4,247 3,390 4,040 3,692
HC3 | 1,327 0,793| 2,911 2,834| 3,538 3,355 | 3,749 3,609 | 4,267 4,072| 4,175 3,324| 3,975 3,633
HC4 | 1,048 0,640 | 2,982 2,917 | 3,586 3,420 | 3,802 3,669 | 4,313 4,121 | 4,209 3,355| 3,978 3,641
HC5 | 1,048 0,640 | 2,982 2,917 | 3,586 3,420 | 3,802 3,669 | 4,313 4,121| 4,209 3,355| 3,978 3,641
TRUE | 1,205 0,688 | 1,454 1,342| 1,702 1,464 | 1,867 1,684 | 2,031 1,778 2,503 2,104 | 2,760 2,560
HCO | 1,265 0,784| 1,533 1,414| 1,779 1,526 | 1,928 1,738 | 2,086 1,827 | 2,547 2,145| 2,802 2,599
HC1 | 1,200 0,739 | 1,481 1,365| 1,734 1,486 | 1,889 1,701 | 2,051 1,795| 2,515 2,115| 2,773 2,572
beta1 | _HC2 | 1,104 0688 | 1,453 1,342] 1,703 1,464 | 1,868 1,684 2,030 1,778| 2503 2,104| 2,759 2559
HC3 | 0,953 0,595| 1,376 1,272| 1,628 1,403 | 1,809 1,632 | 1,975 1,729 | 2,460 2,064 | 2,717 2,520
HC4 | 0,773 0,491 | 1,389 1,299| 1,615 1,413 | 1,817 1,648| 1,977 1,736 | 2,482 2,085| 2,723 2,530
HC5 | 0,773 0,491 | 1,389 1,299| 1,615 1,413 | 1,817 1,648| 1,977 1,736 | 2,482 2,085| 2,723 2,530
b** |TRUE | 3,721 3,688| 8,454 8,645| 7,939 7,857 | 9,086 8,878 | 8,704 8,676 | 11,428 11,342| 10,300 9,429
HCO | 4,068 3,963 | 8,852 9,011 | 8,198 8,107 | 9,324 9,113 | 8,862 8,830 | 11,594 11,514| 10,411 9,537
HC1 | 3,860 3,748 | 8,552 8,670| 7,990 7,878 | 9,136 8,899 | 8,713 8,679 | 11,448 11,359| 10,30€ 9,438
beta o |_HC2 | 3.733 3670 | 8440 8,613] 7,924 7,830 [ 9,075 8,865 8,680 8,649 | 11,410 11,323 10,279 9,411
HC3 | 3,413 3,395| 8,037 8,229 | 7,656 7,561 | 8,830 8,622 | 8,502 8,471 | 11,227 11,134| 10,14¢€ 9,287
HC4 | 3,408 3,527 | 8,117 8,501 | 7,774 7,739 | 8,934 8,794 | 8,612 8,588 | 11,327 11,247| 10,227 9,362
HC5 | 3,408 3,527 | 8,117 8,501 | 7,774 7,739 | 8,934 8,794 | 8,612 8588 | 11,327 11,247| 10,227 9,362
TRUE | 1,785 1,701 | 2,834 2,5558| 3,174 2,841 | 3,521 2,954 | 3,836 3,771 | 4,598 4,300 | 4,919 4,658
HCO | 1,991 1,843| 3,065 2,721| 3,323 2,963 | 3,658 3,061 | 3,931 3,862 | 4,696 4,395| 4,986 4,723
HC1 | 1,889 1,744| 2,962 2,618| 3,239 2,880 | 3,584 2,989 | 3,865 3,796 | 4,636 4,336 | 4,936 4,674
beta1 |_HC2 | 1,813 1707 | 2,869 2,571] 3,190 2,846 | 3,535 2962 3,840 3,772| 4,608 4,310 4,919 4,659
HC3 | 1,644 1,578 | 2,681 2,429| 3,061 2,734 | 3,416 2,866 | 3,751 3,685| 4,521 4,226| 4,854 4,595
HC4 | 1,616 1,638 | 2,644 2,490 | 3,090 2,792 | 3,434 2,916 | 3,797 3,735| 4554 4,263 | 4,892 4,632
HC5 | 1,616 1,638 | 2,644 2,490 | 3,090 2,792 | 3,434 2,916 | 3,797 3,735| 4554 4,263| 4,892 4,632
c* |TRUE | 5,869 7,350 | 9,494 10,084| 9,485 9,902 | 9,039 9,653 | 10,474 11,359| 13,065 13,661| 11,808 12,136
HCO | 6,746 8,014 | 10,014 10,586| 9,857 10,230| 9,332 9,946 | 10,795 11,708| 13,283 13,876| 11,982 12,304
HC1 | 6,400 7,556 | 9,674 10,214| 9,607 9,957 | 9,143 9,732 | 10,613 11,497| 13,116 13,692| 11,862 12,178
beta o | HC2 | 5,990 7.325( 9,436 9,992 9,446 9,823 | 9,004 9,598 [ 10,464 11,344| 13,027 13,608 11,782 12,106
HC3 | 5,295 6,680 | 8,878 9,417 | 9,045 9,428 | 8,684 9,260 | 10,139 10,988| 12,774 13,344| 11,584 11,910
HC4 | 4,984 6,862 | 8,850 9,437 | 9,051 9,552 | 8,677 9,298 | 10,101 10,956| 12,828 13,433| 11,595 11,950
HC5 | 4,984 6,862 | 8,850 9,437 | 9,051 9,552 | 8,677 9,298 | 10,101 10,956| 12,828 13,433| 11,595 11,950
TRUE | 1,739 1,806 | 2,508 2,510| 2,706 2,642 | 2,897 2,871 | 3,232 3,201 | 3,968 3,900 | 4,076 4,083
HCO | 2,058 2,024| 2,710 2,704 | 2,858 2,785 | 3,032 3,002 | 3,364 3,330| 4,066 3,995| 4,160 4,164
HC1 | 1,953 1,908 | 2,618 2,609 | 2,785 2,711 | 2,970 2,937 | 3,307 3,270| 4,015 3,942 | 4,118 4,121
beta1 | _HC2 | 1,812 1838 | 2,544 2,541 2,727 2,658 | 2,918 2,891 3,255 3,223 | 3,982 3,912 4,087 4,093
HC3 | 1,589 1,666 | 2,385 2,387 | 2,601 2,537 | 2,808 2,782 | 3,150 3,119 | 3,900 3,830 | 4,015 4,023
HC4 | 1,486 1,709 | 2,380 2,396 | 2,602 2,566 | 2,803 2,793 | 3,137 3,113 | 3,917 3,856 | 4,018 4,036
HC5 | 1,486 1,709 | 2,380 2,396 | 2,602 2,566 | 2,803 2,793 | 3,137 3,113 | 3,917 3,856 | 4,018 4,036
d** |TRUE | 2,624 2,175| 2,961 2,775| 2,534 2,134 | 2,587 1,752 | 3,753 3,642 | 3,779 2,998 | 4,743 4,234
HCO | 2,800 2,345| 3,091 2,899 | 2,638 2,214 | 2,694 1,817 | 3,842 3,730| 3,853 3,056 | 4,805 4,293
HC1 | 2,656 2,203| 2,986 2,793 | 2,571 2,155 | 2,640 1,774| 3,777 3,665| 3,805 3,015| 4,756 4,248
betao |_HC2 | 2.626 2176 | 2,960 2,774 ] 2,532 2,133 | 25584 1751 3,754 3,643 | 3,777 2,997 4,741 4,233
HC3 | 2,455 2,017 | 2,832 2,652 | 2,428 2,054 | 2,476 1,687 | 3,667 3,557 | 3,702 2,938| 4,677 4,173
HC4 | 2,497 2,128 2,870 2,724| 2,420 2,087 | 2,389 1,699 | 3,702 3,598 | 3,709 2,959 | 4,710 4,205
HC5 | 2,497 2,128 | 2,870 2,724| 2,420 2,087 | 2,389 1,699 | 3,702 3,598 | 3,709 2,959 | 4,710 4,205
TRUE | 1,082 0644 1,334 1,118| 1,626 1,408 | 1,601 1,058 | 1,932 1,794| 2,297 1,900 | 2,761 2,533
HCO | 1,203 0,701 | 1,415 1,178 | 1,693 1,463 | 1,667 1,099 | 1,983 1,841 | 2,343 1,939| 2,799 2,570
HC1 | 1,141 0,658 | 1,367 1,135| 1,650 1,424 | 1,634 1,073| 1,950 1,809 | 2,314 1,912| 2,770 2,543
beta1 | _HC2 | 1,083 0644 1,335 1,117 1,626 1,408 | 1,600 1,057 1,932 1,795 2,297 1,900| 2,760 2,533
HC3 | 0,971 0,591 | 1,256 1,058 | 1,560 1,356 | 1,533 1,016 | 1,882 1,750 2,251 1,862 | 2,723 2,497
HC4 | 0,924 0,618 | 1,236 1,075| 1,563 1,380 | 1,490 1,023 | 1,894 1,769 | 2,259 1,876 | 2,743 2,517
HC5 | 0,924 0,618| 1,236 1,075| 1,563 1,380 | 1,490 1,023 | 1,894 1,769| 2,259 1,876 | 2,743 2,517
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Table 5.7:Quasi-t Results for the Case 2*

Case 20 30 40 50 60 80 100
2* Foor | g | F ] S F | s F | s F | s F | s F | s
a** |TRUE | 4,454 4217 | 5427 5,235| 6,267 6,073| 7,040 6,880 | 7,618 7,483 | 8,941 8662 | 9,999 9,871
HCO | 4,706 4,462 | 5628 5436| 6,419 6,240 | 7,188 7,028 | 7,745 7,617 | 9,054 8,781 | 10,097 9,971
HC1 | 4,464 4221 | 5437 5245| 6,257 6,069 | 7,043 6,880 | 7,614 7,484 | 8940 8,664 | 9,995 9,868
betao | HC2 | 4452 4215] 5427 5237| 6,264 6,070 | 7,039 6879 7,620 7484 | 8,942 8,663 | 9,995 9,867
HC3 | 4,189 3,973| 5,224 5040| 6,109 5901 | 6,889 6,730 | 7,495 7,352 | 8,829 8,546 | 9,892 9,764
HC4 | 4,126 4,138 5,272 5152 | 6,167 5981 | 6,909 6,790 | 7,572 7,439 | 8,879 8,604 | 9,942 9,825
HC5 | 4,126 4,138 | 5,272 5152 | 6,167 5981 | 6,909 6,790| 7,570 7,439 | 8,877 8,604 | 9,940 9,825
TRUE| 5,742 4,716 | 5490 4,914 | 6,254 4,770 | 6,594 5,620 | 8,191 6,964 | 10,072 8,353 | 9,432 8,619
HCo | 6,408 5,144| 5866 5,236| 6,643 5037 | 6,904 5850| 8549 7,178 | 10,377 8,574 9,630 8,771
HC1 | 6,079 4,866 | 5667 5052| 6,475 4,899 | 6,764 5,727 | 8,406 7,053 | 10,246 8,460 | 9,533 8,682
beta1 | HC2 | 5733 4708 5487 4917| 6253 4,769 | 6591 5618 8,189 6,965| 10,073 8357 | 9425 8,615
HC3 | 5071 4,297 | 5,120 4611| 5866 4,502 | 6,281 5,389 | 7,823 6,757 | 9,769 8,143 | 9,220 8,461
HC4 | 4,366 4,365| 4,935 4593| 5392 4,230 5957 5255| 7,358 6,757 | 9,491 8,073 | 9,075 8,459
HC5 | 4,366 4,365 | 4,935 4593 | 5392 4,230 5957 5,255| 7,246 6,757 | 9,476 8,073 | 9,061 8,459
b** |TRUE | 6,295 6,505 | 8,223 8,518 | 10,372 11,376| 10,877 12,026| 13,327 13,456 14,902 16,769| 16,026 16,280
HCo | 6,866 7,135| 8,663 9,065 | 11,029 11,979| 11,285 12,423| 13,595 13,849| 15,366 17,048| 16,283 16,569
HC1 | 6,513 6,749 | 8,369 8,747 | 10,750 11,660| 11,057 12,156| 13,366 13,604| 15,173 16,828| 16,119 16,399
betao | HC2 | 6283 65441 8,196 8541 | 10,440 11,456 10,871 12,026| 13,283 13481| 14,977 16,738| 16,028 16,300
HC3 | 5,676 5,984 | 7,744 8,036 | 9,853 10,935| 10,460 11,634| 12,974 13,116| 14,578 16,429| 15,776 16,033
HC4 | 4,806 6,077 | 7,752 8,049 | 9,185 10,705| 10,159 11,652| 13,048 13,103| 14,181 16,441| 15,789 16,042
HC5 | 4,806 6,077 | 7,752 8,049 | 9,185 10,705| 10,159 11,652| 13,048 13,103| 14,060 16,441| 15,789 16,042
TRUE| 3,943 4,946 | 5555 5,711 | 5,622 6,205 | 6,707 7,319 | 7,820 8,224 | 8,665 9,215 | 10,607 10,925
HCo | 5,456 5,689 | 6,309 6,292 | 6,346 6,881 | 7,299 7,779 | 8,348 8682 | 9,298 9,561 | 10,989 11,247
HC1 | 5,176 5,382 6,095 6,071| 6,185 6,697 | 7,152 7,611 | 8,208 8528 | 9,181 9,438 | 10,879 11,132
beta1 | HC2 | 4501 5105] 5762 5831 | 5827 6404 6874 7,423| 7,955 8337 | 8,895 9,302 | 10,716 11,005
HC3 | 3,654 4573| 5,245 5400| 5,340 5951 | 6,467 7,080 | 7,574 8,003 | 8,494 9,048 | 10,447 10,768
HC4 | 2,366 4,578 | 4,702 5309 | 4,658 5556 | 5976 6,954| 7,119 7,833 | 7,901 8,940 | 10,197 10,697
HC5 | 2,366 4578 | 4,702 5309 | 4,658 5556 | 5976 6,954| 7,119 7,833 | 7,759 8,940 | 10,197 10,697
c* |TRUE | 4,635 5280 6,848 7,576 | 6,718 7,140 | 6,474 7,076 | 7,582 7,985 | 8,683 10,814 10,731 11,124
HCo | 5,160 5,934| 7,355 8,030 | 7,082 7,521| 6,802 7,347| 7,816 8,246 | 8,962 11,069| 10,927 11,335
HC1 | 4896 5,613| 7,105 7,748 | 6,903 7,326 | 6,664 7,195| 7,685 8,102 | 8,849 10,920| 10,817 11,219
betao | HC2 | 4649 53511 6,887 7581 | 6739 7,158 [ 6507 7,082| 7,579 7,994 | 8,685 10,796| 10,727 11,135
HC3 | 4,122 4,796 | 6,423 7,151 | 6,405 6,807 | 6,212 6,824 | 7,346 7,747 | 8,410 10,528| 10,527 10,936
HC4 | 3,340 4,600| 5984 7,234| 6,282 6,730 | 5917 6,801| 7,276 7,702 | 8,098 10,456| 10,450 10,910
HC5 | 3,340 4,600| 5984 7,234| 6,282 6,730 | 5917 6,801| 7,276 7,702 | 8,098 10,456| 10,450 10,910
TRUE| 2,168 2,639 | 3,128 3,562 | 3,808 3,835 | 3,983 4,504 | 4,599 4,745 | 4,404 5,018 | 5807 6,329
HCO | 3,102 3,204 | 3,688 3,905| 4,140 4,150 | 4,415 4,777 | 4,906 5,041 | 4,746 5,263 | 6,066 6,539
HC1 | 2,943 3,030 | 3,563 3,768 | 4,035 4,043 | 4,326 4,678| 4,824 4953 | 4686 5,192 6,005 6,472
beta1 | HC2 | 2512 2804 3,326 3643 | 3,894 3914 | 4130 4571 4,692 4833 | 4516 5083 | 5889 6,390
HC3 | 1,995 2,444 | 2,983 3,397 | 3,660 3,689 | 3,854 4,372 | 4,484 4632| 4,294 4,909 | 5715 6,243
HC4 | 1,232 2,268 | 2,471 3,394 | 3,522 3,608 | 3,446 4,317 | 4,280 4,487 | 3,942 4,783| 5501 6,170
HC5 | 1,232 2,268 | 2,471 3,394 | 3,522 3,608 | 3,446 4,317 | 4,280 4,487 | 3,942 4,783| 5501 6,170
d** |TRUE | 4,080 3,654 | 5463 5,352| 6,118 6,124 | 7,021 6,759 | 7,705 7,477 | 8,860 8,738 | 9,975 9,879
HCO | 4,433 3941 | 5652 5543 | 6,277 6,298 | 7,187 6,927 | 7,840 7,611 | 8,982 8,854 | 10,075 9,980
HC1 | 4,206 3,727 | 5,460 5,348 | 6,118 6,134 | 7,042 6,781 | 7,708 7,477 | 8,869 8,740 | 9,973 9,878
betao | HC2 | 4209 3,667 | 5461 5353] 6127 6129 | 7,031 6,769 | 7,705 7477 | 8861 8738| 9,974 9,878
HC3 | 3,769 3,401 | 5,271 5166 | 5979 5962 | 6,871 6,613| 7,569 7,344 | 8,739 8,622 9,872 9,776
HC4 | 3,426 3,476 5,353 5305| 6,085 6,053| 6,870 6,688 | 7,592 7,416 | 8,759 8,686 | 9,917 9,834
HC5 | 3,426 3,476| 5,353 5305| 6,084 6,053| 6870 6,688 7,592 7,416 | 8,743 8,686 | 9,917 9,834
TRUE| 3,234 2,740 | 5422 5011| 5984 4,869 | 6,623 5,820| 7,671 6,666 | 7,549 6,840 | 9,640 8,834
HCo | 3,684 3,012| 5,848 5290| 6,315 5,106 | 7,048 6,051 | 8,015 6,893 | 7,838 6,999 | 9,844 9,001
HC1 | 3,495 2,849 5649 5,104 | 6,155 4,973 | 6,905 5924 | 7,881 6,771 | 7,739 6,908 | 9,745 8,909
beta1 | HC2 | 3273 2746 5458 5007 | 5924 4,869 6673 5820 7,699 6,667 | 7,579 6838 | 9,637 8834
HC3 | 2,873 2,499 | 5,079 4,738 | 5520 4,639 6,298 5593 | 7,387 6,447 | 7,317 6,679 9,432 8,668
HC4 | 2,405 2541 | 4,814 4833| 4,941 4595| 5787 5517 | 7,047 6,418 | 6,999 6,669 | 9,283 8,644
HC5 | 2,405 2541 | 4814 4833| 4,885 4595| 5787 5517 | 7,047 6,418 | 6,915 6,669 | 9,283 8,644
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Table 5.8:Quasi-t Results for the Case 3*

Case 20 30 40 50 60 80 100
3* Feoox [ s | F [ S F | s F | s F | s F | s F | s
a** |TRUE | 4,047 3,169| 4,876 2,928 6,014 4,003 7,024 6,922 | 7,533 6,984 | 8,857 8,261 | 9,927 9,703
HCO | 4,342 3,401 | 5,154 3,096 | 6,198 4,159| 7,176 7,077 | 7,671 7,131 | 8,973 8,385| 10,026 9,803
HC1 | 4,119 3,206 | 4,979 2,969 | 6,041 4,031| 7,031 6,931 | 7,542 7,003| 8,860 8,271| 9,925 9,702
beta 0 | _HC2 | 4047 3169 4879 2924 6,009 4,001) 7,028 6,927| 7532 6984| 8857 8261| 9,923 9,698
#4013 | 3,753 2949 | 4603 2,758| 5822 3846| 6,883 6,779| 7,396 6,838| 8742 8139 9,821 9,504
HC4 | 3,744 3,091| 4,453 2,816| 5,895 3,924| 7,004 6,899 | 7,498 6,935| 8,833 8,224| 9,906 9,678
HC5 | 3,744 3,091| 4,453 2,816 | 5,895 3,924| 7,004 6,899 | 7,498 6,935| 8,833 8,224| 9,906 9,678
TRUE | 13,558 10,032| 2,628 1,496 | 10,540 6,417 14,702 14,336| 2,900 2,603 | 5,673 5,063 | 3,955 3,801
HCo | 14,830 10,813| 2,829 1,588 | 10,967 6,684 15,105 14,739| 2,964 2,665| 5,766 5,155| 4,005 3,851
HC1 | 14,069 10,195 2,733 1,523 | 10,689 6,479| 14,800 14,436| 2,914 2617 | 5694 5,085| 3,965 3,811
beta 1 | _HC2 | 13563 10,038| 2,632 1,495 10,534 6,418)14,718 14,352| 2,900 2,603 | 5671 5061 | 3,954 3,800
HC3 | 12,351 9,311 | 2,441 1,407 | 10,114 6,160 14,340 13,973| 2,837 2541 | 5578 4,969 | 3,903 3,749
HC4 | 12,185 9,784 | 2,320 1,441| 10,216 6,300 14,590 14,217| 2,876 2,579| 5635 5,019 | 3,936 3,781
HC5 | 12,185 9,784 | 2,320 1,441| 10,216 6,300 14,590 14,217| 2,876 2579 5635 5,019 | 3,936 3,781
b** |TRUE | 6,426 7,416 | 8,179 8,611 | 6,798 8,355| 13,417 12,748| 23,690 22,674| 20,748 20,065| 27,295 26,947
HCO | 7,325 8,269 | 8,672 9,211 | 7,044 8,631| 13,785 13,179| 24,073 23,074| 21,078 20,414| 27,577 27,235
HC1 | 6,949 7,796 | 8,378 8,849 | 6,866 8,381| 13,507 12,876| 23,669 22,651| 20,813 20,147| 27,30C 26,938
betao | HC2 | 6604 7526 8212 8673 6801 829913436 12,786 23,669 22,638( 20,759 20,078 27,294 26,927
HC3 | 5,928 6,832| 7,770 8,159 | 6,563 7,974| 13,093 12,402| 23,270 22,207| 20,444 19,748| 27,012 26,620
HC4 | 5,729 6,983 | 7,855 8,317 | 6,665 8,088| 13,294 12,620| 23,612 22,536] 20,659 19,950| 27,25C 26,856
HC5 | 5,729 6,983 | 7,855 8,317 | 6,665 8,088| 13,294 12,620| 23,612 22,536] 20,659 19,950| 27,25C 26,856
TRUE| 5,292 5,373| 6,493 6,393 | 8,399 7,356| 8,724 8,327 | 4,106 3,619 | 9,436 9,107 | 9,459 8,449
HCo | 6,108 5,935| 7,019 6,913 | 8,822 7,725| 9,042 8,649 | 4,194 3,704 9,621 9,299 | 9,585 8,567
HC1 | 5,794 5,596 | 6,781 6,641 | 8,599 7,501| 8,860 8,450 | 4,123 3,636 | 9,500 9,177 | 9,489 8,474
beta 1 | HC2 | 5500 5465| 6590 6495 8478 7,411) 8776 8375| 4,106 3,617| 9457 9,128 | 9,469 8,456
HC3 | 4,933 5,025| 6,185 6,099 | 8,145 7,108| 8,517 8,109 | 4,019 3,533 | 9,296 8,961 | 9,355 8,346
HC4 | 4,780 5,223| 6,223 6,232| 8,257 7,252 8,635 8,250 | 4,079 3,587 | 9,390 9,048 | 9,439 8,426
HC5 | 4,780 5,223| 6,223 6,232| 8,257 7,252| 8,635 8,250 | 4,079 3,587 | 9,390 9,048 | 9,439 8,426
c* |TRUE | 7,947 8,654 | 13,276 13,283| 5,729 5,828 22,942 22,924 6,295 6,350 | 13,930 14,283| 8,074 9,416
HCO | 9,523 8,746 | 13,895 13,970| 5,929 6,038| 23,544 23,558| 6,442 6,518 | 14,167 14,545| 8,199 9,579
HC1 | 9,034 8,215 | 13,424 13,462| 5,779 5,881| 23,069 23,072| 6,333 6,402 | 13,989 14,352| 8,116 9,469
beta 0 | HC2 | 8225 8,157 | 13,287 13,204 5736 5,836) 22,941 22,933| 6,299 6,358 | 13,930 14,282| 8,080 9,414
HC3 | 7,052 7,595 | 12,702 12,647| 5549 5,639 22,352 22,323| 6,159 6,202 | 13,697 14,023| 7,963 9,251
HC4 | 5,994 7,971 | 13,076 13,030| 5,664 5,756 22,746 22,712| 6,245 6,282 | 13,832 14,157 8,012 9,299
HC5 | 5,994 7,971 | 13,076 13,030| 5,664 5,756| 22,746 22,712| 6,245 6,282 | 13,832 14,157 8,012 9,299
TRUE | 3,080 2,217 | 4,310 4,102 | 5,197 5,144| 5,744 5,659 | 6,139 5,907 | 7,003 6,784 | 7,739 7,189
HCO | 3,590 2,347 | 4,572 4,380| 5,421 5,369 5,935 5,857 | 6,319 6,098| 7,160 6,944 | 7,886 7,326
HC1 | 3,406 2,204 | 4,417 4,220| 5,284 5,230| 5,816 5,736| 6,212 5990| 7,070 6,852 | 7,807 7,243
beta 1| HC2 | 3195 2201 4355 4150 5237 5184) 5773 5691| 6,171 5943 7,031 6,811 | 7,767 7,211
@l ics | 2816 2064 | 4147 3931| 5058 5004 5615 5530 6,026 5792| 6,904 6,681 7,650 7,007
HC4 | 2,504 2,187 | 4,263 4,044| 5,164 5,113| 5,711 5,624 | 6,108 5,867 | 6,970 6,745| 7,697 7,155
HC5 | 2,504 2,187 | 4,263 4,044 | 5,164 5,113| 5,711 5,624 | 6,108 5,867 | 6,970 6,745| 7,697 7,155
d** |TRUE | 4,258 3,715| 4,722 3,194| 6,227 6,109| 7,046 6,959 | 7,693 7,554 | 8,694 8513 | 9,959 9,685
HCo | 4,513 3,973 | 4,946 3,341| 6,393 6,279| 7,194 7,110| 7,824 7,689 | 8,811 8,634 | 10,061 9,790
HC1 | 4,282 3,746 | 4,778 3,210| 6,231 6,116 7,049 6,963 | 7,692 7,555| 8,700 8,522 | 9,960 9,688
beta 0 | _HC2 | 4260 3,716 4716 3193 6,226 6,109] 7,048 6,961 | 7,693 7,553| 8,693 8513 | 9,959 9,684
a0 cs | 4015 3472 4487 3050| 6,063 5942 6,904 6,815| 7,563 7,419| 8577 8393| 9,857 9,578
HC4 | 4,172 3,648 | 4,480 3,155| 6,195 6,072| 7,028 6,939 | 7,678 7,532 | 8,671 8,485| 9,944 9,664
HC5 | 4,172 3,648 | 4,480 3,155| 6,195 6,072| 7,028 6,939 | 7,678 7,532| 8,671 8,485| 9,944 9,664
TRUE | 4,183 3519 1,679 1,114| 7,726 7,498| 6,794 6,626 | 12,699 12,251 14,159 13,748| 7,549 7,174
HCO | 4,504 3,784 | 1,781 1,177 | 7,991 7,768| 6,968 6,799 | 12,959 12,515| 14,390 13,984| 7,645 7,270
HC1 | 4,272 3,567 | 1,720 1,131 | 7,789 7,566| 6,827 6,658 | 12,741 12,298| 14,209 13,803| 7,568 7,194
beta 1 | HC2 | 4290 3519 1,678 1115( 7,726 7,500( 6,796 6,627 [ 12,702 12,253 14,158 13,748 7,550 7,175
HC3 | 3,893 3,271| 1,579 1,056 | 7,470 7,241| 6,627 6,458 | 12,450 11,996| 13,930 13,516| 7,456 7,080
HC4 | 4,032 3,444| 1,573 1,089 | 7,631 7,397| 6,747 6,575 | 12,641 12,180| 14,081 13,661| 7,523 7,144
HC5 | 4,032 3,444| 1,573 1,089| 7,631 7,397| 6,747 6,575 | 12,641 12,180| 14,081 13,661| 7,523 7,144
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Table 5.9:Quasi-t Results for the Case 4*

Case 20 30 40 50 60 80 100
4 e S F [ s F | s F | s F | s F | s
a* |TRUE | 4,179 2,399] 4,065 2,825| 4,860 2,824] 5078 3,628| 6,331 4,001] 7,377 4,005| 7,272 5,184
HCo | 4,334 2625| 4,234 2,959| 5,009 2,964| 5248 3,743| 6,557 4,191| 7,605 4,094| 7,417 5,254
HCl | 4,111 2,455| 4,000 2,843| 4,882 2,867| 5,142 3,655| 6,447 4,108 7,509 4,031| 7,343 5,194
betao | HC2 | 4178 2390 4065 2827 4862 2,825 5080 3631 6337 4,092 7,377 4005| 7,274 5185
Hc3 | 3,065 2,171| 3,869 2,698| 4,694 2,684| 4,884 3,519 6,016 3,993 7,063 3,917| 7,116 5,116
Hca | 0,102 2,051| 3,550 2,773| 4,461 2,591| 4,539 3,536| 5,006 4,016| 6,141 3,916| 6,868 5,154
Hcs | 0,000 2,051| 3,443 2,773| 4,241 2,591| 3,912 3,536 0,852 4,016 0,816 3,916| 6,050 5,154
TRUE| 45,170 3,004| 11,024 3,723| 14,442 2,726| 10,411 4,062| 24,851 6,468 21,941 4,297| 15,175 6,089
HCo | 151,603 3,477| 12,596 3,979 16,074 2,929 11,469 4,248| 29,882 6,724| 25,888 4,432| 16,103 6,203
HC1 | 143,823 3,253| 12,169 3,823| 15,667 2,833| 11,238 4,148| 29,379 6,590| 25,562 4,364 15,941 6,132
beta1 | .HC2 | 45043 3,007| 11,017 3,726( 14,458 2,726( 10,410 4,065 24,959 6,465| 21,939 4,299 15175 6,089
HC3 | 6,943 2547| 9,441 3,484| 12,823 2,526| 9,327 3,885| 20,048 6,212| 18,130 4,168| 14,237 5,976
Hca | 0,154 2,037| 6,763 3,522| 9,859 2,289| 7,315 3,797| 11,718 6,096| 11,584 4,099 12,462 5,979
HCs | 0,001 2,037| 6,298 3,522| 8,544 2,289| 5445 3,797| 1,427 6,096] 1,038 4,099| 9,291 5,979
b [TRUE | 3,008 4,278] 2,741 2,951| 3,391 4,591| 2,109 5,049| 1,752 5,927| 3,407 6,908 1,851 7,902
Hco | 3,755 4,689| 3,506 3,398| 4,123 4,895| 4,245 5,342| 3,078 6,157| 4,210 7,115| 4,413 8,189
HC1 | 3,562 4,404| 3,388 3,253| 4,018 4,749| 4,159 5,210| 3,026 6,037| 4,157 7,012| 4,368 8,087
betao | HC2 | 3180 4282 2981 3040 3508 4,614 2961 5084 2,196 5939 3670 6925| 2850 7,954
HC3 | 2,632 3,891| 2,476 2,690| 3,105 4,337| 1,964 4,830| 1,484 5,723| 3,176 6,737| 1,777 7,719
Hca | 1,764 3,932| 1,639 2,150| 2,260 4,156| 0,812 4,668| 0,624 5,612 2,343 6,646| 0,666 7,441
HCs | 1,764 3,932| 1,528 2,150| 2,007 4,156| 0,042 4,668| 0,012 5,612| 1,087 6,646| 0,000 7,441
TRUE]| 2,672 2,673 2,807 2,205| 3,140 3,205| 2,554 3,673| 2,594 4,621| 3,848 5,130| 2,648 5,210
Hco | 3,583 3,005 3,669 2,623| 3,908 3,495| 5280 3,958| 4,570 4,869| 4,756 5,338| 6,323 5,449
HCl | 3,399 2,907| 3,545 2,512| 3,809 3,391| 5,174 3,860| 4,494 4,775| 4,696 5,261| 6,260 5,382
beta | -HC2 | 2903 2736 3065 2303[ 3360 3254 3616 3,727| 3229 4653( 4,142 5162 4,077 5263
HC3 | 2,323 2,410| 2,517 2,003| 2,866 3,023| 2,378 3,506| 2,184 4,444| 3,585 4,991| 2,541 5,081
Hca | 1,502 2,383| 1,658 1,548| 2,056 2,851| 0,979 3,344| 0,925 4,323| 2,651 4,891| 0,953 4,860
HCs | 1,502 2,383| 1,546 1,548| 1,822 2,851| 0,051 3,344| 0,018 4,323 1,239 4,891| 0,000 4,860
c |TRUE| 1,549 2,957| 1,487 3,290| 0,733 2,594| 1,618 2,840| 2,084 3,365| 2,348 4,141| 1,384 5,035
Hco | 2,426 3,080 2,085 3,716] 2,062 2,869| 2,195 3,133| 2,410 3,498| 2,641 4,356| 2,357 5,217
HCl | 2,301 2,904| 2,014 3,564| 2,010 2,778| 2,150 3,053| 2,369 3,433| 2,608 4,290| 2,333 5,156
betao | HC2 | 1842 2854f 1637 3303[ 1,233 2,634 1,834 2895| 2,185 3370 2429 4177 1,764 5064
Hc3 | 1,337 2640| 1,257 2,918] 0,660 2,410| 1,513 2,668| 1,975 3,244| 2,230 4,003| 1,291 4,913
Hca | 0,654 2,752| 0,706 2,459| 0,173 2,182| 1,004 2,336| 1,611 3,213| 1,875 3,803| 0,668 4,755
Hcs | 0,654 2,752| 0,515 2,459| 0,002 2,182| 0,580 2,336| 1,547 3,213| 1,611 3,803| 0,007 4,755
TRUE| 1,280 1,817 1,512 1,933| 1,217 2,114| 1,983 2,125| 2,438 2,912| 2,631 2,939| 1,746 3,458
Hco | 2,111 1,963| 2,183 2,288| 3,762 2,379| 2,624 2,371| 2,811 3,061| 2,952 3,111| 2,842 3,595
Hcl | 2,003 1,851| 2,209 2,195| 3,666 2,303| 2,571 2,311| 2,763 3,004| 2,915 3,063| 2,813 3,553
beaq | HC2 | 1557 1814] 1680 2026 2,100 2,172 2222 2180| 2557 2937 2,721 2977| 2180 3,487
Hc3 | 1,111 1,675 1,275 1,785| 1,098 1,978| 1,855 2,001| 2,319 2,817| 2,503 2,847| 1,624 3,382
Hca | 05537 1,754| 0,712 1,512| 0,285 1,788| 1,259 1,750| 1,909 2,783| 2,118 2,705| 0,856 3,278
Hcs | 0,537 1,754| 0,522 1,512| 0,004 1,788| 0,739 1,750| 1,835 2,783| 1,829 2,705| 0,009 3,278
d~ [TRUE | 2,820 2,539| 3,087 2,641| 4,013 3,150| 4,313 2,912| 4,580 3,502| 5,753 4,249| 3,433 5,033
Hco | 3,063 2695 3,752 2,76d 4,242 3,271| 6,073 3,003| 5,342 3,600| 6,047 4,352| 5819 5,112
HCl | 2,906 2541| 3,625 2,662| 4,135 3,173| 5950 2,932| 5253 3,527| 5971 4,283| 5,761 5,050
betao | HC2 | 2838 2540 3317 2640 4,035 3151f 5379 2911) 4878 3500 5815 4251 4541 5034
HC3 | 2,592 2,391| 2,690 2,517| 3,806 3,031| 3,688 2,822| 4,252 3,401| 5556 4,147| 3,275 4,955
Hca | 2,216 2,498| 1,345 2,578| 3,395 3,032| 0,821 2,864| 2,772 3,404| 5,040 4,084| 1,488 4,959
HCs | 2,216 2,498| 0,427 2,578| 3,337 3,032| 0,000 2,864| 0,329 3,404| 3,927 4,084| 0,001 4,959
TRUE| 6,154 4,162| 5,827 3,828| 6,607 3,345| 5676 2,183| 7,497 3,548| 9,930 3,832| 6,192 6,326
Hco | 7,674 4,602| 9,249 4,083| 7,706 3,557| 19,253 2,265| 10,480 3,702| 11,179 3,991 12,416 6,489
HCl | 7,280 4,339| 8,935 3,928| 7,511 3,451| 18,864 2,211| 10,304 3,627| 11,038 3,928 12,292 6,410
betaq | HC2 | 6352 4184f 6824 3830f 6,821 3350 9,909 2183 8511 3551| 10,198 3,838 8,675 6,332
Hc3 | 5,184 3,790| 4,646 3,604| 5,984 3,148| 4,396 2,103| 6,599 3,403| 9,243 3,685| 5,842 6,176
Hca | 3,514 3,829| 1,902 3,621| 4,568 3,020| 0,796 2,124| 3,620 3,334| 7,526 3,497| 2,520 6,074
Hcs | 3,514 3,829| 0,578 3,621| 4,427 3,020] 0,000 2,124| 0,392 3,334| 5,133 3,497| 0,002 6,074
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Table 5.10:Quasi-t Results for the Case 5*

Case 20 30 40 50 60 80 100
5 il F | s F | s F | s F | s F | s F | s
a* |TRUE | 4,368 3,161| 5,204 4,772| 6,298 5456 | 6,945 6,855 | 7,627 7,272| 8,938 8,415| 9,890 9,038
HCO | 4,492 3,414| 5,315 4,971| 6,444 5674| 7,029 7,004 | 7,698 7,408| 9,032 8532 | 9,982 9,159
HC1 | 4,261 3,178 5,134 4,760 6,281 5488 | 6,887 6,853 | 7,568 7,267| 8,918 8,413 | 9,882 9,048
beta 0 | HC2 | 4369 3,164 5208 4,776| 6295 5456 6,942 6,853 | 7,625 7,269 8936 8413 | 9,894 9,044
@01 ca | 4237 2921| 5103 4584 6127 5231 6851 6,704| 7,546 7,120| 8807 8,293 9,801 8928
HC4 | 1,125 3,050 5,244 4,730 5951 5,120| 6,781 6,803 | 7,395 7,181| 8,340 8,353 | 9,781 8,952
HC5 | 0,005 3,050 5,244 4,730 5,583 5,120 | 0,021 6,803 | 0,002 7,181 0,014 8,353 | 9,187 8,952
TRUE| 67,877 3,366| 82,286 5,806 92,416 11,478| 31,113 9,899 | 89,081 9,020| 45,374 12,064| 68,965 13,866
HCO | 230,701 3,857| 97,828 6,321 110,375 12,443| 49,242 10,250| 148,274 9,412| 60,675 12,376| 79,938 14,262
HC1 | 218,862 3,591| 94,511 6,052| 107,580 12,034| 48,247 10,029| 145,782 9,233| 59,912 12,202| 79,134 14,089
beta 1 | HC2 | 67,777 3,366 82199 5813| 92510 11,491f 30,977 9,891 [ 88,903 9,020f 45432 12,055 68,876 13,875
HC3 | 10,193 2,906| 67,923 5,321| 76,800 10,573| 16,158 9,542 | 45,097 8,636| 30,584 11,739 57,510 13,493
HC4 | 0,215 2,727| 45,165 5,022| 51,828 9,591 | 3,712 9,591 | 9,942 8,350| 11,661 11,646| 36,866 13,155
HC5 | 0,001 2,727 43,721 5,022| 37,549 9,591 | 0,003 9,591 | 0,001 8,350| 0,007 11,646| 1,184 13,155
b** |TRUE | 0,706 4,404 1,773 5,818| 3,202 4,541 | 3,801 9,834 | 3,334 7,568| 2,969 12,859| 0,836 12,078
HCO | 1,095 4,945 1,813 6,639 3,471 4,869 | 3,224 10,125| 3,103 7,851| 3,938 13,188| 0,876 12,391
HC1 | 1,038 4,645 1,752 6,357| 3,383 4,728 | 3,159 9,881 | 3,051 7,704| 3,889 12,990| 0,867 12,241
beta o | HC2 | 0984 4,444 1,726 5957 3234 4563 3,117 9,800 | 2,910 7,567 3,388 12,875| 0,771 12,094
HC3 | 0534 3,970 1,374 5,313| 3,002 4268| 3,012 9,482 | 2569 7,289 2,679 12,565| 0,604 11,798
HC4 | 0,030 3,925 0,194 4,699 2,653 4,069 | 2996 9,615| 1,061 7,191 1,320 12,559| 0,174 11,587
HC5 | 0,000 3,925 0,000 4,699 2,653 4,069 | 0,329 9,615| 0,000 7,191 0,004 12,559] 0,000 11,587
TRUE| 1,953 4,430 1,984 4,478 5505 5769 | 2,565 6,911 | 2,238 7,441 2,984 8565 | 2,182 8,861
HCo | 21,650 5,426 17,014 5,333| 6,274 6,411 | 6,399 7,511 | 8,332 7,905| 6,191 9,055| 6,789 9,330
HC1 | 20,539 5,097| 16,437 5,106 6,115 6,225| 6,270 7,330 | 8,192 7,757| 6,113 8,919 | 6,720 9,217
beta1 | HC2 | 6782 4,682 5801 4,684| 5716 5916 3,978 7,069 [ 4,207 7543| 4262 8706 | 3,611 8,993
HC3 | 1,511 4,029 1,726 4,105 5,198 5454 | 2,309 6,645 | 1,966 7,195| 2,806 8,364 | 1,616 8,663
HC4 | 0,071 3,837 0,148 3,585 4,388 5085| 0,726 6,255 | 0,381 6,998] 1,147 8,014 | 0,287 8,260
HC5 | 0,001 3,837 0,000 3,585 4,388 5,085| 0,006 6,255| 0,000 6,998] 0,003 8,014 | 0,000 8,260
c* |TRUE | 1,483 3,564] 0,804 3,994| 0,891 4,241| 0,773 4,105 | 0,616 4,692 1,863 4,779 | 2,000 6,075
HCo | 1,847 3,965 0,596 4,225 1,689 4507 | 0,841 4,402 | 0,852 4,904 1,819 4,923 | 1,842 6,242
HC1 | 1,753 3,738 0,576 4,053| 1,647 4372| 0,824 4,287 | 0,838 4,807|] 1,796 4,851 | 1,823 6,165
beta 0 | HC2 | 1504 3581 0576 3,941) 1229 4,239 0750 4,134 | 0,648 4,693 1,722 4,782 1,751 6,073
a0 ca | 1165 3211 0555 3662| 0796 3981 | 0657 3871 | 0474 a487| 1,601 4642 1,656 5,905
HC4 | 0,617 3,091 0,301 3,546 0,282 3,877 | 0,478 3,540 | 0,233 4,330| 1,244 4,572 | 1,444 5,762
HC5 | 0,538 3,091 0,000 3,546 0,014 3,877 | 0,158 3,540 | 0,009 4,330| 0,015 4,572 | 0,002 5,762
TRUE| 1,520 2521] 1,043 2,703] 1,542 3,328| 1,826 3,325 | 1,511 3,757| 1,721 4,766 | 1,618 4,721
HCO | 2,731 3,188| 14,573 3,235 3,504 3,692 | 2,737 3,767 | 2,326 4,076| 3,213 5,037 | 3,247 5,004
HC1 | 2,590 3,006 14,079 3,102| 3,415 3582 | 2,681 3,669 | 2,287 3,995| 3,172 4,963 | 3,214 4,942
beta 1 | HC2 | 1872 2,736 4,069 2,850| 2,287 3422 2126 3,461 | 1,659 3,839 2315 4,842 | 2,254 4,804
@l ica | 1238 2331 0843 2508 1392 3169 1614 3,174| 1162 3614 1,605 4653 1499 4611
HC4 | 0507 2,033 0,035 2,51| 0,474 3,025| 0,885 2,785 | 0,546 3,378| 0,727 4,466 | 0,625 4,335
HC5 | 0,426 2,033] 0,000 2,151| 0,024 3,025| 0,194 2,785 | 0,021 3,378| 0,006 4,466 | 0,000 4,335
d** |TRUE | 4,257 4,202| 4,405 5,124] 4,298 5,620 | 6,628 6,466 | 6,967 6,494 6,630 8,035| 8,492 9,082
HCO | 4,445 4,435 4513 5295 4543 5755| 6,729 6,618 | 7,297 6,699| 6,533 8,162 | 8,720 9,197
HC1 | 4,216 4,181 4,360 5,095 4,428 5578 | 6,593 6,459 | 7,174 6,561| 6,450 8,035 | 8,633 9,088
beta o | HC2 | 4268 4,187 4391 5109| 4283 5595 6542 6,461 | 7,049 6517 5801 8035| 8544 9,083
a0 hca | 4002 3941 3503 4925| 4014 5435| 6172 6302| 6756 6,331] 4,908 7,907 | 8360 8969
HC4 | 4,192 4,079 0,142 5,059 3,579 5544 | 3,969 6,355 | 6,172 6,215] 3,019 7,928 | 8,085 9,015
HC5 | 4,192 4,079 0,000 5,059 3,473 5544 | 0,015 6,355 | 4,708 6,215] 0,061 7,928 | 7,605 9,015
TRUE | 13,548 5,054| 222,183 8,706| 19,841 7,744 | 37,549 5,899 | 14,969 9,357| 11,965 8,564 | 29,541 11,616
HCO | 14,740 5,664| 188,725 9,430| 22,263 8,350 | 33,456 6,270 | 19,217 9,923| 13,433 8,927 | 31,212 11,894
HC1 | 13,984 5,340| 182,325 9,074| 21,699 8,093 | 32,780 6,119 | 18,894 9,718| 13,264 8,789 | 30,898 11,754
beta 1 | HC2 | 12477 5,069| 48,233 8,762| 19,817 7,778 | 23,721 5923 | 16,521 9,362| 10,612 8,572 | 29,195 11,616
HC3 | 10,049 4,523 7,618 8,127| 17,587 7,230 | 14,250 5,586 | 14,057 8,817| 8,181 8,223 | 27,271 11,342
HC4 | 5,795 4,505 0,182 8,011| 13,907 6,871 | 4,102 5,309 | 9,983 8,041| 4,531 7,796 | 23,755 11,221
HC5 | 5,795 4,505 0,000 8,011| 13,186 6,871 ] 0,012 5,309 ] 5,789 8,041 0,091 7,796 | 19,027 11,221
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Table 5.11:Symmetric Loss for the Case 1*

Case

Symmetric Loss

1*

20

50 60

80

100

F***

S***

F S F S

a**

HCO

HC1

HC2

HC3

HC4

HC5

0.094
0.036
1E-05
0.111
0.565
0.663

0.083
0.021
1E-05
0.104
0.663
0.565

0.016
0.002
2E-06
0.017
0.006
0.011

0.016
0.001
1E-06
0.017
0.011
0.006

0.011
0.002
2E-06
0.011
0.007
0.015

0.01
0.001
1E-06

0.01
0.015
0.007

0.006
7E-04
1E-06

0.006
0.003
0.004

0.006
5E-04
1E-07
0.006
0.004
0.003

0.004
6E-04
4E-07
0.004
0.003
0.004

0.004
5E-04
5E-07
0.004
0.004
0.003

0.002
1E-04
1E-06
0.002
4E-04
3E-04

0.002
1E-04
1E-06
0.002
3E-04
4E-04

0.001
1E-04
4E-07
0.001
8E-04
0.001

0.001
1E-04
9E-08
0.001
0.001
8E-04

b**

HCO

HC1

HC2

HC3

HC4

HC5

0.055
0.014
0.002
0.042
0.008
0.041

0.036
0.003
8E-04
0.04
0.041
0.008

0.027
0.009
0.001
0.018
0.003
0.02

0.019
0.003
3E-04
0.018
0.02
0.003

0.01
0.002
3E-04
0.009

0.001
0.003

0.009
0.001
2E-04
0.01
0.003
0.001

0.007
0.001
2E-04

0.006
7TE-04
0.003

0.007
7E-04
1E-04
0.006
0.003
7E-04

0.003
4E-04
1E-04
0.003
5E-04
5E-04

0.003
3E-04
1E-04
0.004
5E-04
5E-04

0.002
4E-04
8E-05
0.002
4E-04
4E-04

0.002
4E-04
8E-05
0.002
4E-04
4E-04

1E-03
8E-05
4E-05
0.001
2E-04
2E-04

0.001
8E-05
4E-05
0.001
2E-04
2E-04

C**

HCO

HC1

HC2

HC3

HC4

HC5

0.116
0.071
0.018
0.07

0.023
0.118

0.052
0.026
0.01
0.063
0.118
0.023

0.025
0.017
0.008
0.031
0.021
0.023

0.023
0.017
0.009
0.032
0.023
0.021

0.012
0.008
0.004
0.015
0.007
0.01

0.012
0.009
0.004
0.017
0.01

0.007

0.009
0.006
0.003
0.01

0.007
0.008

0.008
0.006
0.003
0.011
0.008
0.007

0.006
0.004
0.002
0.007
0.006
0.006

0.006
0.004
0.002
0.007
0.006
0.006

0.002
0.002
8E-04
0.003
0.001
0.002

0.002
0.002
9E-04
0.004
0.002
0.001

0.002
0.001
5E-04
0.002
0.001
0.001

0.002
0.001
5E-04
0.002
0.001
0.001

d**

HCO

HC1

HC2

HC3

HC4

HC5

0.061
0.016
2E-05
0.063
0.009
0.134

0.045
0.002
7TE-06
0.045
0.134
0.009

0.019 0.016
0.003 0.001
3E-06 4E-06
0.02 0.018
0.008 0.03
0.03 0.008

0.009
9E-04
9E-06
0.01
0.002
0.008

0.009
5E-04
7TE-06
0.009
0.008
0.002

0.008
0.002
3E-06
0.009
0.005

0.008
9E-04
3E-06
0.009
0.026

0.004
3E-04
5E-07
0.004
9E-04

0.004
3E-04
2E-06
0.004
0.002

0.026 0.005] 0.002 9E-04

0.002
2E-04
3E-06
0.002
7E-04
0.001

0.002
2E-04
2E-06
0.002
0.001
7TE-04

0.001
5E-05
9E-07
0.001
2E-04
2E-04

0.001
6E-05
1E-07
0.001
2E-04
2E-04
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Table 5.12:Symmetric Loss for the Case 2*

Case

Symmetric Loss

20

50

60

80

100

F*** S***

F S

0.061 0.0425
0.0147 0.004
1E-05 1E-05
0.0775 0.0482
0.0264 0.3686
0.3686 0.0264

0.0226 0.0212
0.0043 0.0031
7E-07 2E-06
0.0248 0.0216
0.0195 0.0507
0.0507 0.0195

0.017¢€
0.0052
1E-06

0.019¢
0.066¢
0.0971

0.0149
0.0029
1E-06
0.017
0.0971
0.0669

0.0101
0.0026
2E-06
0.0113
0.0186
0.0435

0.0083
0.0014
2E-06

0.0089
0.0435
0.0186

0.008¢
0.002¢
6E-07

0.009¢
0.003¢
0.066¢€

0.0049
0.0007
2E-07

0.0049
0.0506
0.0039

0.0043
0.0013

4E-07
0.0045
0.0048
0.0167

0.0035
0.0007
1E-06

0.0033
0.0158
0.0048

0.0021
0.0005

3E-06
0.0026
0.0015
0.0072

0.0016
0.0002
1E-06

0.0018
0.0067
0.0015

0.438
0.3156
0.0844
0.0784
0.0348
1.1606

0.0963
0.03
0.0046
0.0531
1.1606
0.0348

0.0909
0.0468
0.0071
0.0291
0.0365
0.1855

0.0515
0.0172
0.0018
0.027
0.1855
0.0365

0.0637

0.038
0.0062
0.0224
0.0672
0.163¢

0.0518
0.0251
0.004
0.015
0.1635
0.0672

0.0337
0.0174
0.0025
0.0129
0.0174
0.0798

0.0188
0.0065
0.0009
0.0106
0.0798
0.0174

0.019¢
0.0101
0.0013
0.007=
0.0134
0.0432

0.0148
0.0057
0.0007
0.0061
0.0432
0.0134

0.0298
0.0208
0.0039
0.0037
0.0073
0.0875

0.0068
0.0025
0.0004
0.0035
0.0615
0.0073

0.0065
0.003
0.0004
0.0021
0.0027
0.0099

0.0043
0.0015
0.0002
0.0019
0.0099
0.0027

0.5931
0.4323
0.1037
0.087
0.1729
1.5747

0.2076
0.0946
0.0163
0.0604
1.5747
0.1729

0.1303
0.0788
0.0175
0.0258
0.018
0.2911

0.0476
0.0148
0.0021
0.0224
0.2911
0.018

0.038¢
0.0167
0.0022
0.0151
0.0293
0.0428

0.0356
0.0139
0.0017
0.0151
0.0428
0.0293

0.0508
0.032
0.0061
0.0108
0.0136
0.1106

0.0192
0.0069
0.0009
0.0087
0.1106
0.0136

0.021¢
0.0107
0.001¢
0.006¢
0.018¢

0.031

0.0189
0.0083
0.0014
0.006
0.031
0.0188

0.0263
0.0168
0.0026
0.0066
0.0138
0.0683

0.0114
0.0051
0.0007
0.0048
0.0683
0.0138

6.5389
6.4718
6.3898
6.2432
6.1699
6.1699

0.0057
0.0023
0.0004
0.0019
0.0148
0.0043

0.0831
0.0281
0.0008
0.0691
0.0252
0.4097

0.0488
0.0065
8E-05
0.047
0.4097
0.0252

0.0274
0.0069 0.0015
0.0004 5E-05
0.0224 0.019
0.0081 0.0594
0.0594 0.0081

0.017

0.0143
0.0032

0.0008
0.033
0.015
0.213

0.0117
0.0018
6E-05
0.0126
0.1894
0.015

0.0178
0.0078
0.0003
0.0117
0.0123
0.0767

0.008
0.0014
6E-05
0.0082
0.0767
0.0123

0.0089
0.0031
0.0001
0.006¢ 0.006
0.0062 0.0301
0.0301 0.0063

0.0057
0.001
4E-05

0.0063
0.0026
1E-04 1E-05
0.0046 0.003
0.0027 0.0234
0.0316 0.0027

0.0027
0.0004

0.0021
0.0005 0.0003
2E-05 5E-06
0.0024 0.0019
0.002 0.0059
0.0059 0.002

0.0018
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Table 5.13:Symmetric Loss for the Case 3*

Case Symmetric Loss
3 20 30 40 50 60 80 100
Frox | Qx| F S F S F S F S F S F S
-
HCO | 0.045 0.037| 0.029 0.021| 0.009 0.011| 0.005 0.005| 0.003 0.004| 0.002 0.002| 0.001 0.001
HC1 | 0.007 0.001| 0.008 0.001| 0.001 4E-04| 2E-04 2E-04| 1E-04 2E-04| 6E-05 9E-05| 3E-05 3E-05
HC2 | 9E-06 9E-06| 1E-05 9E-06| 7E-06 3E-06| 6E-06 7E-06| 4E-07 5E-07| 6E-07 8E-07| 2E-06 2E-06
HC3 | 0.049 0.036| 0.029 0.023| 0.01 0.011| 0.004 0.004| 0.003 0.004| 0.002 0.002| 0.001 0.001
HC4 | 0.003 0.065| 0.007 0.085| 0.002 0.006| 4E-04 3E-04| 6E-04 4E-04| 4E-04 2E-04| 1E-04 1E-04
HC5 | 0.065 0.003| 0.085 0.007| 0.006 0.002| 3E-04 4E-04| 4E-04 6E-04| 2E-04 4E-04| 1E-04 1E-04
b**
HCO | 0.113 0.071| 0.03 0.036| 0.016 0.015]| 0.007 0.008| 0.003 0.003| 0.002 0.002| 0.001 0.001
HC1 | 0.046 0.013| 0.008 0.007| 0.003 0.002| 0.001 1E-03| 8E-05 9E-05| 2E-04 3E-04| 4E-05 3E-05
HC2 | 0.007 0.002| 0.001 0.001| 4E-04 5E-04| 2E-04 1E-04| 3E-05 4E-05| 3E-05 3E-05| 2E-05 3E-05
HC3 | 0.039 0.041| 0.018 0.019| 0.009 0.015| 0.005 0.005| 0.003 0.004| 0.002 0.002| 0.001 0.001
HC4 | 0.015 0.067| 0.006 0.01 | 0.009 0.005| 6E-04 6E-04| 9E-04 4E-04| 2E-04 1E-04| 3E-04 2E-04
HC5 | 0.067 0.015| 0.01 0.006| 0.005 0.009| 6E-04 6E-04| 4E-04 9E-04| 1E-04 2E-04| 2E-04 3E-04
e
HCO | 0.188 0.019| 0.022 0.027| 0.012 0.013| 0.007 0.008| 0.005 0.007| 0.003 0.004| 0.002 0.003
HC1 | 0.101 0.03 | 0.003 0.004| 0.002 0.002| 8E-04 1E-03| 8E-04 0.001| 5E-04 6E-04| 5E-04 4E-04
HC2 | 0.009 0.031| 5E-04 6E-04| 3E-04 3E-04| 1E-04 1E-04| 1E-04 2E-04| 7E-05 7E-05| 6E-05 4E-05
HC3 | 0.07 0.11 | 0.014 0.017| 0.007 0.007| 0.005 0.005| 0.003 0.004| 0.002 0.002| 0.001 0.002
HC4 | 0.053 0.388| 0.002 0.001| 0.001 1E-03| 6E-04 5E-04| 8E-04 4E-04| 5E-04 3E-04| 9E-04 4E-04
HC5 | 0.388 0.053| 0.001 0.002| 1E-03 0.001| 5E-04 6E-04| 4E-04 8E-04| 3E-04 5E-04| 4E-04 9E-04
d**
HCO | 0.033 0.035| 0.019 0.018| 0.007 0.008| 0.004 0.004| 0.003 0.003| 0.002 0.002| 0.001 0.001
HC1 | 0.002 0.001| 0.003 1E-03| 3E-04 4E-04| 1E-04 1E-04| 7E-05 1E-04| 8E-05 1E-04| 3E-05 4E-05
HC2 | 4E-05 8E-06| 2E-05 9E-06| 1E-05 1E-05| 7E-06 8E-06| 8E-06 8E-06| 2E-06 2E-06| 8E-07 8E-07
HC3 | 0.032 0.036| 0.021 0.018| 0.007 0.008| 0.004 0.004| 0.003 0.003| 0.002 0.002| 0.001 0.001
HC4 | 0.003 0.007| 0.002 0.024| 8E-04 7E-04| 4E-04 3E-04| 5E-04 3E-04| 2E-04 1E-04| 1E-04 8E-05
HC5 | 0.007 0.003| 0.024 0.002| 7E-04 8E-04| 3E-04 4E-04| 3E-04 5E-04| 1E-04 2E-04| 8E-05 1E-04
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Table 5.14:Symmetric Loss for the Case 4*

Case

Symmetric Loss

4*

20

50

80

100

F***

S***

F S

a**

HCO

HC1

HC2

HC3

HC4

HC5

21.47
19.13
4E-05
42.57
0.788
5E+09

0.112
0.032
6E-06
0.14
91173
0.788

0.09 0.026
0.052 0.004
3E-06 3E-06
0.115 0.025
0.018 1.174
1.568 0.018

0.056
0.034
5E-06
0.067
0.155
1.349

0.027
0.008
TE-07
0.03
0.693
0.155

0.044
0.028
5E-07
0.056
0.024
2.096

0.011
0.002
2E-06
0.011
0.578
0.024

0.152
0.126
8E-05
0.2
0.02
311.6

0.008
0.002
2E-06
0.009
2.849
0.02

0.12 0.005
0.103 0.001
2E-07 2E-06
0.156 0.005
0.012 1.946
457.3 0.012

0.016
0.011
2E-07
0.018
0.002
1.121

0.002
3E-04
3E-07
0.002
0.174
0.002

b**

HCO

HC1

HC2

HC3

HC4

HC5

0.361
0.259
0.038
0.112
0.054
1.527

0.09
0.035
0.005
0.064
1.527
0.054

0.308 0.124
0.239 0.072
0.037 0.009
0.061 0.048
0.522 1.262
1.662 0.522

0.201
0.16
0.022
0.043
0.056
1.342

0.031
0.014
0.002
0.019
0.782
0.056

2.759
2.596
0.551
0.047
0.036
2539

0.023
0.011
0.001
0.012
5.071
0.036

1.588
1.499
0.248
0.168
0.018
21231

0.011
0.005
5E-04
0.008
6.216
0.018

0.2
0.18
0.027
0.027
0.009
8.141

0.006
0.003
3E-04
0.004
0.616
0.009

4.348
4.235
0.873
0.046
0.02
5E+08

0.008
0.004
5E-04
0.004
5.965
0.02

C**

HCO

HC1

HC2

HC3

HC4

HC5

0.028
0.024
0.02
0.085
3.959
0.035

1.114
0.908
0.181
0.138
0.035
3.959

0.598 0.121
0.512 0.081
0.074 0.018
0.167 0.054
0.29 2.831
6.741 0.29

8.503
8.016
1.445

0.057
0.038
0.009
0.144 0.035
0.129 16.48
1E+05 0.129

0.394
0.347
0.072
0.035
0.164
5.925

0.049
0.033
0.005
0.023
0.998
0.164

0.091
0.075
0.013
0.018
0.01

0.373

0.01
0.006
0.002
0.009
0.276

0.01

0.06
0.05
0.008
0.016
0.031
0.607

0.013
0.009
0.002
0.007
0.212
0.031

1.256
1.209
0.258
0.048
0.014
41473

0.006
0.004
8E-04
0.004
2.568
0.014

d**

HCO

HC1

HC2

HC3

HC4

HC5

0.22
0.129
0.004
0.133
0.038
1.475

0.057
0.011
2E-04
0.05
1.475
0.038

0.947 0.023
0.805 0.004
0.103 7E-05
0.216 0.021
0.016 7.57
100.7 0.016

0.086 0.02
0.058 0.005
0.001 1E-05
0.055 0.02
0.053 0.645
0.76 0.053

9.653
9.195
1.378

0.008
8E-04
7TE-07
0.269 0.008
0.004 48.91
3E+09 0.004

0.469
0.422
0.065
0.067
0.02
364

0.009
0.003
1E-05
0.009
2.53
0.02

0.058
0.046
0.003 1E-05
0.022 0.008
0.04 0.32
2.028 0.04

0.008
0.003

2.289
2.215
0.48

0.003
9E-04
5E-06
0.019 0.003
0.008 4.209
9E+06 0.008
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Table 5.15:Symmetric Loss for the Case 5*

Case

Symmetric Loss

5*

20

50

60

80

100

F***

S***

F S

a**

HCO

HC1

HC2

HC3

HC4

HC5

22.7
20.24
1E-05

447
0.222
6E+09

0.098
0.019
8E-06
0.114
1E+05
0.222

0.151
0.101
8E-06
0.175
0.107
2.054

0.038
0.008
9E-06
0.04
1.828
0.107

0.134 0.032
0.097 0.01
6E-06 9E-06
0.146 0.033
0.155 1.553
441 0.155

0.992 0.007
0.904 7E-04
8E-05 6E-06
2.044 0.007
0.004 70.11
1E+08 0.004

1.236 0.009
1.151 0.002
2E-05 2E-06
2.219 0.009
0.026 80.02
2E+1C 0.026

0.365
0.334
7TE-06
0.674
0.005
4E+07

0.003
5E-04
3E-06
0.004
13.48
0.005

0.09
0.078
8E-06

0.137
0.011
3468

0.004
0.001
3E-06
0.004
1.824
0.011

b**

HCO

HC1

HC2

HC3

HC4

HC5

237.1
213.3
11.12
0.742
0.137
3E+06

0.215
0.088
0.013
0.082
760.8
0.137

75.83
70.76
7.111
0.545
0.335
2E+08

0.171
0.088
0.01
0.067
178.1
0.335

0.094 0.064
0.057 0.03
0.007 0.003
0.03 0.029
0.111 0.341
0.341 0.111

4.925
4.694
1.029
0.264
0.046
2E+05

0.032
0.015
0.002
0.012
10.89
0.046

15.68
15.13
2.419
0.429
0.032
7E+10

0.021
0.009
8E-04
0.011
33.44
0.032

2.985
2.883
0.668
0.137
0.026
1E+06

0.016
0.007
0.001
0.005
5.232
0.026

14,91
14.59
1.693
0.845
0.026
5E+20

0.013
0.007
0.001
0.005
59.05
0.026

C**

HCO

HC1

HC2

HC3

HC4

HC5

2.332
1.925
0.318
0.44

0.279
14.04

0.281
0.147
0.032
0.069
9.563
0.279

295.4
275.7
14.21
0.76
0.251
2E+11

0.145
0.088
0.016
0.053
901.6
0.251

4.976 0.057
4.66 0.025
0.887 0.003
0.16 0.025
0.067 9.348
4381 0.067

0.802
0.719
0.132
0.179
0.202
97.58

0.079
0.045
0.007
0.022
3.319
0.202

1.421
1.314
0.106
0.576
0.07

7524

0.034
0.017
0.002
0.014
9.48
0.07

1.869
1.797
0.438
0.129
0.025
95002

0.016
0.008
0.001
0.006
4.01

0.025

2.381
2.312
0.551
0.17
0.042
3E+07

0.017
0.009
0.001
0.005
5.208
0.042

d**

HCO

HC1

HC2

HC3

HC4

HC5

0.04
0.006
0.054
0.579
0.057
5.324

0.065
0.013
6E-04
0.066
5.324
0.057

0.686
0.814
53.95 5E-04
2303 0.025
0.03 4E+06
6E+1€ 0.03

0.031
0.009

0.279 0.027
0.299 0.009
0.388 4E-04
0.692 0.023
0.061 1.996
2.573 0.061

0.154
0.185
1.511
7.596
0.049
1E+07

0.018
0.006
2E-04
0.015
117.4
0.049

0.258
0.227
0.048
0.033
0.096
4.888

0.015
0.006
5E-04
0.017
0.723
0.096

0.788
0.807
1.791
4.485
0.036
80792

0.008
0.003
1E-04
0.008
23.35
0.036

0.033
0.032
0.036
0.082
0.005
1.284

0.003
6E-04
5E-05
0.003
0.306
0.005

represents the X settings. (see Table 4.1)

** represents the sigma settings. (see Table 4.2)

*** | stands for Full sample

S stands for Short sample

58




CONCLUSION

OLS is very sensitive to the high lege observations that one can change
the OLS estimate of a coefficient with a small pilayan observation. By the help of
the Robust Regression techniques, estimation c@ndbected from misguiding
results due to outliers and bad leverage pointesé&outliers can be coming from the
recording errors or the measurement errors or treoriginal data set. In all these
situations one has to get rid of the bad effecthe$e outliers. Although the good
leverage points are valuable for the OLS for pglline regression line to the target,
bad leverage points are extremely harmful becatipalling the estimated
regression line to the wrong directions. Here, Mi@ethod is used to detect the

observations with high distances from the wholeugro

Earlier studies in the literature hefpfor choosing the 5 different settings of
X and the 4 variances of the error terms that wetihhem in the simulations settings.
The Monte Carlo experiment was based on a simglession model, with sample
size to 10,000 replications.

Firstly, the program which is coded in Gauss gemeser#he covariates, and

then fixing the error terms from predetermined ribsition in each iteration. The
detection of high leverages (with MCD distancegéarthan the criticajy® values) is
satisfied by the MCD procedure. The selected olagiemns are removed from the
data set and short sample is obtained. We estithateovariance matrix(§) with
the help of the specified HCCMEs by the full and gihort sample.

Under homoscedasticity in which case there is nednto use of the
HCCMEs, OLS is the best performer. And for the renng cases, the results of the
short sample in which the outliers are removedhgyrhethod of MCD are generally
much better than the full sample results, expegtddbwever, in some cases, good
leverage points can cause slightly worse resulshort sample than the other. When

there is an increase in the sample size or imlégeees of heteroscedasticity, the gap
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between the full sample and the short sample estsrizecomes huge that results in

short sample’s converge to true ones.

The other point to mention that HC4 and HC5 whielvénbeen introduced
recently, have worse performance than other HCCM&=ecially when the high

leverage points are not removed.

It should be borne in mind that simalatstudies rely on certain types of Xs
and sigma settings, therefore we can’t generatiemt The performances of the
HCCMEs can be better or worse according to thesieage Although proof-type
studies is a better way to making analysis, thesiaf study does not yet include
such proof-types and simulations give us a good a®ut making the comparisons.

Note that, the program codes and theladubmitted can be made available
to the interested readers as well as the list ehicates and error term variances for

each case and sample size.
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APPENDIX A

PROGRAM CODES
/* kkkkkkkkkkkk MCD PROCEDURE STARTS HERE kkkkkkkkk ** */

proc (1) = mymcd(mcdmat,hperc,chicri);

/* mcdmat includes the covariates X, with dimensik, k is the number of
independent variables. */

local olddet, newdet, Tproc, kproc, Xproc, Xshariew, Snew, dists, sortedmat,
newcov, outmat, boolvec, Hproc;

[* chicrit is the Chi-square critical value */
/* initializations */
Tproc=rows(mcdmat); kproc=cols(mcdmat);
Hproc=floor(Tproc*hperc+.1); /* number of trimmetbservations */
Dists=mcdmat[.,1]; /* just to initiate, startinglua not important */
Xshort=mcdmat[1:Hproc,.]; Lnew=(meanc(Xshort))’;
newdet=det((Xshort-Lnew)*(Xshort-Lnew));
olddet=2*newdet;
Xproc=mcdmat;
mcdmat=(seqga(1,1,Tproc))~mcdmat;
sortedmat=mcdmat~dists; /* for initialization orily
do while olddet>newdet;
olddet=newdet;
Xshort=sortedmat[1:Hproc,2:(1+kproc)];
Lnew=(meanc(Xshort))'; /* L denoting the &ion */
Snew=(1/Hproc)*((Xshort-Lnew)*(Xshort-Lneyy)
/* S denoting the scatter */
dists=sqrt(diag((Xproc-Lnew)*inv(Snew)*(Xprd_.new)'));
sortedmat=sortc((mcdmat~dists),(kproc+2));
[* Xs rows are sorted according to the dis&s */
if rank(snew)==kproc;
newdet=det(snew);
else; newdet=olddet;
endif;
endo;
outmat= sortc(sortedmat,1); /* obs with inital scaihd distances */
boolvec=(outmat].,cols(outmat)]).<chicri; /* largest obs marked 0*/
outmat=outmat~boolvec;
retp(outmat);
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endp;

* This outmat includes the index of obs~X~distad®ooleans */
/* *kkkkkkkkkkk MCD PROCEDURE ENDS HERE *kkkkkkkkkk */
/******************* S ETT I N G S *****************/

output file=outlaT20.out RESET;

Tp=20; /*n*/

kp=2; [*k+1*/

bigmat=zeros(Tp,Tp);

[rrxxxxeiix Design matrix definition BEGIN **x¥kx wkkkx/
[*Case 1*/

x2=rndu(Tp,1);

xp=ones(Tp,1)~X2;

[*Case 2*/

[*x2=rndn(Tp,1);

xp=ones(Tp,1)~x2;*/

[*Case 3*/

[*[* this procedure generates t random numbers*/
proc(1)=tstudent(r,c,f);

/* rrnumber of rows, ¢: number of columns, f.degreé freedom*/
local k1,k2,k3,k4;

k1=2*pi*(rndu(r,1));

k2=sgrt(f*(((rndu(1,c))(-2/f))-1));

k3=sin(k1);

k4=k3*k2;

retp(k4);

endp;

f=3; /[*degrees of freedom*/

x2=tstudent(Tp,1,);

xp=ones(Tp,1)~x2;*/

[*Case 4*/

I*x2=exp(rndn(Tp,1));

xp=ones(Tp,1)~x2;*/

[*Case 5*/

[*x2=rndn(Tp,1)./rmdn(Tp,1);

xp=(ones(Tp,1))~x2;*/

[rrxexxxeiix Degign matrix definition END *xxkkrek ko
[Frexxxkixk \ariances of the error terms definition BEGIN *xx*¥krxxk/
[*Case a*/

varvec=ones(Tp,1); /*homoscedasticity*/
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[*Case b*/

/*c0=3.1;

c1=3.1;
varvec=exp(c0*(x2)+c1*((x2)"2)); */
[*Case c*/

/*c0=0.1;

c1=0.2;

c2=0.3;
varvec=c0+c1*(x2)+c2*((x2)"2); */
[*Case d*/

[*varvec=(x2)"2; */

[*Case e*/

/*c1=0.285;

varvec=sqrt(exp(c1*x2)); */
[Frxeexxkrxxk \ariances of the error terms definition END ***xxkkk/
betap=ones(kp,1);

consta=0.7;

perc=0.50;

hpercen=0.75;

criti=2.71 /* 10 percent*/;

[*criti=3.84; /* 5 percent*/*/
ROBmat=mymcd(xp[.,2:(cols(xp))],hpercen,criti);
bools=ROBmat[.,cols(ROBmat)];
xpR=selif(ROBmat,bools);
TpR=rows(xpR);
xpR=(ones(TpR,1))~(XpR[.,2:kp]);
bigmatR=zeros(Tpr,Tpr);
varvecR=selif(varvec,bools);

T1=invpd((xp)™*(xp))*(xp);

T2=(xp)*invpd((xp)™(xp));
hat=(xp)*invpd((xp)*(xp))*(xp)';  /*Hat matrix#
chat=diag(hat);

T3=diagrv(zeros(Tp,Tp),varvec);

covarTR=T1*T3*T2; /[* True covariance matrix oétas */
T3R=diagrv(zeros(TpR,TpR),varvecR);
T1R=invpd((xpR)*(xpR))*(xpR)’;
T2R=(xpR)*invpd((xpR)™*(xpR));
hatR=(xpR)*invpd((xpR)*(xpR))*(xpR)";  /*Hat ntex*/
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chatR=diag(hatR);
covarRTR=T1R*T3R*T2R;

[* Terms for HC1 */
factorl=1/(Tp/(Tp-kp));
factorlR=1/(TpR/(TpR-kp));
[* Terms for HC2 */
factor2=1-chat;
factor2R=1-chatR;

[* Terms for HC3 */
factor3=(1-chat)"2;
factor3R=(1-chatR)"2;

[* Terms for HC4 */
hatm=meanc(chat);
newhat=chat./hatm;
matl=seqa(4,0,Tp)~newhat;
mat2=(matl)"
mat3=minc(mat2);
factor4=(1-chat)*(mat3);
hatmR=meanc(chatR);
newhatR=chatR./hatmR;
matlR=seqa(4,0,TpR)~newhatR;
mat2R=(matlR)’;
mat3R=minc(mat2R);
factor4R=(1-chatR)*(mat3R);
[* Terms for HC5 */
hmax=maxc(chat);
terml=(consta*hmax)/hatm;
term2=4~term1,;
term3=(term2)’;
term4=maxc(term3);
term5=newhat~seqa(term4,0,Tp);
term6=(term5)’;
term7=minc(term6);
factor5=(1-chat)*(term7);
hmaxR=maxc(chatR);
term1R=(consta*hmaxR)/hatmR,;
term2R=4~term1R;
term3R=(term2R)’;
term4R=maxc(term3R);
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term5R=newhatR~seqa(term4R,0,TpR);

term6R=(term5R)’;

term7R=minc(term6R);

factorbR=(1-chatR)"(term7R);

mcss=100000;

counter=1;

sumO0=0; sum1=0; sum2=0; sum3=0; sum4=0; sum5=0;
sumR0=0; sumR1=0; sumR2=0; sumR3=0; sumR4=0; suR5=

do while counter<mcss;
[*counter;*/
eps=rndn(Tp,1).*sqrt(varvec);
eps=eps-meanc(eps); /*epsilons*/
yp=(Xxp)*betap+eps;  /*population regressiondiion*/
ypR=selif(yp,bools);

betaest=yp/xp; [*betahAts*
resp=yp-xp*betaest; /*residuals*/
respsq=(resp)"2; [*residuals square*/

betaestR=ypR/XpR;

respR=ypR-xpR*betaestR;

respsqR=(respR)"2; /*Ols residuals*/
hcoO=respsq; [*HCO full and short péas*/
hcRO=respsqgR,;

hcol=respsq./factorl; /*HC1 full and short ptas*/
hcR1=respsgR./factorlR;

hco2=respsq./factor2; /*HC2 full and short ptas*/
hcR2=respsgR./factor2R;

hco3=respsq./factor3; /*HC3 full and short ptas*/
hcR3=respsgR./factor3R;

hcod=respsq./factor4; [*HC4 full and short ptas*/
hcR4=respsgR./factor4dR;

hco5=respsq./factor5; /*HCS5 full and short ptas*/
hcR5=respsgR./factor5R;

sumO=sumO+hco0;

suml=suml+hcol;

sum2=sum2+hco2;

sum3=sum3+hco3;

sum4=sum4+hco4;

sum5=sum5+hco5;
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sumR0O=sumRO0O+hcRO;
sumR1=sumR1+hcR1;
sumR2=sumR2+hcR2;
sumR3=sumR3+hcR3;
sumR4=sumR4+hcR4;
sumR5=sumR5+hcR5;
counter=counter+1;
endo;

[k THIS PART CALCULATES THE DESIRED STATIST ICS OUT OF
THE LOOP BEGIN **************/

meO0=sumO0/mcss;
mel=suml/mcss;
me2=sum2/mcss;
me3=sum3/mcss;
me4=sum4/mcss;
me5=sum5/mcss;
FO=diagrv(bigmat,me0);
Fl=diagrv(bigmat,mel);
F2=diagrv(bigmat,me2);
F3=diagrv(bigmat,me3);
F4=diagrv(bigmat,me4);
F5=diagrv(bigmat,me5);
meOR=sumR0/mcss;
melR=sumR1l/mcss;
me2R=sumR2/mcss;
me3R=sumR3/mcss;
me4R=sumR4/mcss;
me5R=sumR5/mcss;
FOR=diagrv(bigmatR,meOR);
F1R=diagrv(bigmatR,melR);
F2R=diagrv(bigmatR,me2R);
F3R=diagrv(bigmatR,me3R);
F4AR=diagrv(bigmatR,me4R);
F5R=diagrv(bigmatR,me5R);
omega0=T1*(FO)*T2;
omegal=T1*(F1)*T2;
omega2=T1*(F2)*T2;
omega3=T1*(F3)*T2;
omegad=T1*(F4)*T2;
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omega5=T1*(F5)*T2;

omegaR0O=T1R*(FOR)*T2R;

omegaR1=T1R*(F1R)*T2R;

omegaR2=T1R*(F2R)*T2R;

omegaR3=T1R*(F3R)*T2R;

omegaR4=T1R*(FAR)*T2R;

omegaR5=T1R*(F5R)*T2R;

[*Operations for Quasi-t test calculations*/

b0=1; b1=1,;
u0=(diag(omega0))’;ul=(diag(omegal))’;u2=(diag(ca@¢x;u3=(diag(omega3l));ud
=(diag(omega4))’;u5=(diag(omegas))’;
seb00=sqrt(u0[1,1]);seb01=sqrt(ul[1,1]);seb02=a8ff(,1]);seb03=sqrt(u3[1,1]);se
b04=sqrt(u4[1,1]);seb05=sqrt(u5[1,1]);
t0=b0/(seb00);t1=b0/(seb01);t2=b0/(seb02);t3=b 08¢ t4=b0/(seb04);t5=b0/(seb
05);

/*Quasi-t results for beta O-full sample*/
uRO0=(diag(omegaR0))";uR1=(diag(omegaR1))’;uR2=(diamggaR2))";uR3=(diag(o
megaR3))';uR4=(diag(omegaR4))';uR5=(diag(omegaRR5))’'
seRb00=sqrt(uR0[1,1]);seRb01=sqrt(uR1[1,1]);seRBAREUR2[1,1]);5eRb03=sqrt(
uR3[1,1]);seRb04=sqrt(uR4[1,1]);seRb05=sqrt(URg)1,1

tRO=b0/(seRb00);tR1=b0/(seRb01);tR2=b0/(seRb02%:RB seRb03);tR4=b0/(seR
b04);tR5=b0/(seRb05);

/*Quasi-t stats for beta 0-Short sample*/
seb10=sqrt(u0[1,2]);sebl1=sqrt(ul[1,2]);sebl2=84fi(,2]);seb13=sqrt(u3[1,2]);se
bl4=sqrt(u4[1,2]);

seb15=sqrt(u5[1,2]);
tt0=b1/(seb10);tt1=b1/(sebll);tt2=b1/(seb12);tt3xb13);tt4=b1/(sebl14);tt5=b1/(
sebl15);

/*Quasi-t results for beta 1-full sample*/

seRb10=sqrt(uR0[1,2]);seRb11=sqrt(uR1[1,2]);seRf2fUR?2[1,2]);seRb13=sqrt(
uR3[1,2)]);

seRb14=sqrt(uR4[1,2]);seRb15=sqrt(uR5[1,2]);

ttRO=b1/(seRb10);ttR1=b1/(seRb11);ttR2=b1/(seRWtE23=b1/(seRb13);ttR4=b1/(
seRb14);ttR5=b1/(seRb15);

/*Quasi-t results for beta 1-Short sample*/
/*Quadratic Loss Functions by Full Sample*/;

lossQFO0=(covarTR-omega0)*(covarTR-omega0);lossQedvarTR-
omegal)*(covarTR-omegal);

lossQF2=(covarTR-omega2)*(covarTR-omega2);lossQe@BarTR-
omega3)*(covarTR-omega3);
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lossQF4=(covarTR-omega4)*(covarTR-omega4);lossQe®drarTR-
omegab)*(covarTR-omegab);

/*Quadratic Loss Functions by Short sample*/;

lossQRO=(covarRTR-omegaR0)"*(covarRTR-omegaR0)Qéxk=(covarRTR-
omegaR1)*(covarRTR-omegaR1);

lossQR2=(covarRTR-omegaR?2)*(covarRTR-omegaR2)Qéx3=(covarRTR-
omegaR3)*(covarRTR-omegaR3);

lossQR4=(covarRTR-omegaR4)"*(covarRTR-omegaR4)Qé¥s=(covarRTR-
omegaR5)*(covarRTR-omegaR5);

[*Entropy Loss Functions by Full Sample*/;
lossEFO=sumc(diag((inv(omega0))*covarTR))-log(afmg(@megal)*covarTR))-kp;
lossEF1=sumc(diag((inv(omegal))*covarTR))-log(almg(@megal)*covarTR))-kp;
lossEF2=sumc(diag((inv(omega2))*covarTR))-log(almg(@mega2)*covarTR))-kp;
lossEF3=sumc(diag((inv(omega3))*covarTR))-log(almg(@mega3)*covarTR))-kp;
lossEF4=sumc(diag((inv(omega4))*covarTR))-log(almg(@megad)*covarTR))-kp;
lossEF5=sumc(diag((inv(omega5))*covarTR))-log(almg(@mega5)*covarTR))-kp;
[*Entropy Loss Functions by Short sample*/;

lossERO=sumc(diag((inv(omegaR0))*covarRTR))-
log(abs(inv(omegaR0)*covarRTR))-kp;

lossER1=sumc(diag((inv(omegaR1))*covarRTR))-
log(abs(inv(omegaR1)*covarRTR))-kp;

lossER2=sumc(diag((inv(omegaR2))*covarRTR))-
log(abs(inv(omegaR2)*covarRTR))-kp;

lossER3=sumc(diag((inv(omegaR3))*covarRTR))-
log(abs(inv(omegaR3)*covarRTR))-kp;

lossER4=sumc(diag((inv(omegaR4))*covarRTR))-
log(abs(inv(omegaR4)*covarRTR))-kp;

lossER5=sumc(diag((inv(omegaR5))*covarRTR))-
log(abs(inv(omegaR5)*covarRTR))-kp;

[*Symmetric Loss Functions by Full Sample*/;
lossSFO=sumc(diag((inv(omega0))*covarTR))+sumc(@iagega0*inv(covarTR)))-
2*Kkp;
lossSF1=sumc(diag((inv(omegal))*covarTR))+sumc(@iagegal*inv(covarTR)))-
2*Kp;
lossSF2=sumc(diag((inv(omega2))*covarTR))+sumc(@iaega2*inv(covarTR)))-
2*Kkp;
lossSF3=sumc(diag((inv(omega3))*covarTR))+sumc(@iagega3*inv(covarTR)))-
2*Kp;
lossSF4=sumc(diag((inv(omega4))*covarTR))+sumc(@iaegad*inv(covarTR)))-
2*Kkp;
lossSF5=sumc(diag((inv(omega5))*covarTR))+sumc(@iagega5*inv(covarTR)))-
2*Kp;
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[*Symmetric Loss Functions by Short sample*/;
lossSRO=sumc(diag((inv(omegaR0))*covarRTR))+sunag(bmegaR0*inv(covarR
TR)))-2*kp;
lossSR1=sumc(diag((inv(omegaR1))*covarRTR))+sunagmegaR1*inv(covarR
TR)))-2*kp;
lossSR2=sumc(diag((inv(omegaR2))*covarRTR))+sunag(bmegaR2*inv(covarR
TR)))-2*kp;
lossSR3=sumc(diag((inv(omegaR3))*covarRTR))+sunagbmegaR3*inv(covarR
TR)))-2*kp;
lossSR4=sumc(diag((inv(omegaR4))*covarRTR))+sunag(bmegaR4*inv(covarR
TR)))-2*kp;
lossSR5=sumc(diag((inv(omegaR5))*covarRTR))+sunagbmegaR5*inv(covarR
TR)))-2*kp;

/*Stein Loss Functions by Full Sample*/;
lossStFO=sumc(diag(omegaO*(inv(covarTR))))-log(&siegal)*(inv(covarTR))))-
kp;
lossStF1=sumc(diag(omegal*(inv(covarTR))))-log(&segal)*(inv(covarTR))))-
kp;
lossStF2=sumc(diag(omega2*(inv(covarTR))))-log(&siega2)*(inv(covarTR))))-
kp;
lossStF3=sumc(diag(omega3*(inv(covarTR))))-log(&sega3)*(inv(covarTR))))-
kp;
lossStF4=sumc(diag(omega4d*(inv(covarTR))))-log(&msiegad)*(inv(covarTR))))-
kp;
lossStF5=sumc(diag(omega5*(inv(covarTR))))-log(&segab)*(inv(covarTR))))-
kp;

/*Stein Loss Functions by Short sample*/;
lossStRO=sumc(diag(omegaR0*(inv(covarRTRY))))-
log(abs((omegaR0)*(inv(covarRTR))))-kp;
lossStR1=sumc(diag(omegaR1*(inv(covarRTR))))-
log(abs((omegaR1)*(inv(covarRTR))))-kp;
lossStR2=sumc(diag(omegaR2*(inv(covarRTR))))-
log(abs((omegaR2)*(inv(covarRTR))))-kp;
lossStR3=sumc(diag(omegaR3*(inv(covarRTR))))-
log(abs((omegaR3)*(inv(covarRTR))))-kp;
lossStR4=sumc(diag(omegaR4*(inv(covarRTR))))-
log(abs((omegaR4)*(inv(covarRTR))))-kp;
lossStR5=sumc(diag(omegaR5*(inv(covarRTR))))-
log(abs((omegaR5)*(inv(covarRTR))))-kp;

[Frixxxxk THIS PART CALCULATES THE DESIRED STATIST ICS OUT OF
THE LOOP END **************/

[rrxsiecs OUTPUT PREPARATION BEGIN i)
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cls;

output on;

"case la T is" tp;

"Xis";

(xpL.. 2]

"number of obs removed";

Tp-TpR;

"degrees of heteroscedasticity";

(maxc(varvec))/(minc(varvec));

“"true variance of epsilons”;

(varvec)’

"True Covariance followed by HCO, HC1, HC2, HC3,4EIC5 FULL SAMPLE";
(diag(covarTR))'|(diag(omega0))’|(diag(omegal)dt{(bmega?2))’|(diag(omega3))’|(d
lag(omega4))’|(diag(omega5))’;

"True Covariance followed by HCO, HC1, HC2, HC3,HEIC5 SHORT
SAMPLE";

(diag(covarRTR))'|(diag(omegaR0))’|(diag(omegalKdg(omegaR2))’|(diag(omeg
aR3))'|(diag(omegaR4))’|(diag(omegaR5))";

"HCO, HC1, HC2, HC3, HC4, HC5 Quadratic LossES Fldample ";
(diag(lossQF0))'|(diag(lossQF1))'|(diag(lossQRA)#p(lossQF3))'|(diag(lossQF4))'|(
diag(lossQF5)),

"HCO, HC1, HC2, HC3, HC4, HC5 Quadratic LossES SHGBmple ";
(diag(lossQRO0))'|(diag(lossQR1))'|(diag(lossQR@)ap(lossQR?3))’|(diag(lossQR4))’
|(diag(lossQR5))’;

"HCO, HC1, HC2, HC3, HC4, HC5 Entropy Losses FUlaowple *;

(diag(lossEF0))’|(diag(lossEF1))'|(diag(lossER2)#p(lossEF3))'|(diag(lossEF4))'|(d
iag(losseFb))’;

"HCO, HC1, HC2, HC3, HC4, HC5 Entropy Losses SHGRmple ";

(diag(lossERO0))’|(diag(lossER1))'|(diag(lossER@j#p(lossER3))'|(diag(lossER4))’|(
diag(lossER5))’;

"HCO, HC1, HC2, HC3, HC4, HC5 Symmetric Losses Fldample ";
(lossSF0)|(lossSF1)|(lossSF2)|(lossSF3)|(lossIeRHEFS);

"HCO, HC1, HC2, HC3, HC4, HC5 Symmetric Losses SHG@Ample ",
(lossSRO0)|(lossSR1)|(lossSR2)|(lossSR3)|(loss3#35RR5);

"HCO, HC1, HC2, HC3, HC4, HC5 STEIN Losses FULL gdan';

(diag(lossStF0))’|(diag(lossStF1))'|(diag(lossStKd)ag(lossStF3))'|(diag(lossStF4))'
|(diag(lossStF5));

"HCO, HC1, HC2, HC3, HC4, HC5 STEIN Losses SHORmMpk ";

(diag(lossStR0))'|(diag(lossStR1))'|(diag(lossSHRA)ag(lossStR3))’|(diag(lossStR4)
)'|(diag(lossStR5))';
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"True Quasi-t stat for betaO full sample is";

1/sqrt((covartr[1,1]));

"HCO, HC1, HC2, HC3, HC4, HC5 Quasi-t STATS FULL MRLE for betaO";
tO|t1]t2|t3|t4|t5;

"True Quasi-t stat for betaO short sample is";

1/sqgrt((covarRTR][1,1]));

"HCO, HC1, HC2, HC3, HC4, HC5 Quasi-t STATS SHORAMPLE for beta0";
tRO|tR1|tR2|tR3|tR4|tRS5;

"True Quasi-t stat for betal full sample is";

1/sqrt((covartr[2,2]));

"HCO, HC1, HC2, HC3, HC4, HC5 Quasi-t STATS FULL MRLE for betal";
tto|tt1[tt2|tt3]tt4|tt5;

"True Quasi-t stat for betal short sample is";

1/sqrt((covarRtr[2,2]));

"HCO, HC1, HC2, HC3, HC4, HC5 Quasi-t STATS SHORAMPLE for betal";
ttRO|ttR1|ttR2|ttR3|ttR4[ttR5;

"percentage deviations FULL";
100*((diag(omega0)-diag(covarTR))./(diag(covarTR)))
100*((diag(omegal)-diag(covarTR))./(diag(covarTR)))
100*((diag(omega?2)-diag(covarTR))./(diag(covarTR)))
100*((diag(omega3)-diag(covarTR))./(diag(covarTR)))
100*((diag(omega4)-diag(covarTR))./(diag(covarTR)))
100*((diag(omegab)-diag(covarTR))./(diag(covarTR)))

"percentage deviations SHORT";
100*((diag(omegaR0)-diag(covarRTR))./(diag(covarR)IR
100*((diag(omegaR1)-diag(covarRTR))./(diag(covarR)IR
100*((diag(omegaR2)-diag(covarRTR))./(diag(covarR)IR
100*((diag(omegaR3)-diag(covarRTR))./(diag(covarR)IR
100*((diag(omegaR4)-diag(covarRTR))./(diag(covarR)IR
100*((diag(omegaR5)-diag(covarRTR))./(diag(covarR)IR

"number of obs removed";

Tp-TpR;

output off;

[rreeekax QUTPUT PREPARATION BEGIN **tkkkkkiik |
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APPENDIX B

SOME EXAMPLES OF X & SIGMA SETTINGS THAT WERE
USED IN THE SIMULATIONS

Case 1b T20
Xis

0.78667715 0.012676156  0.014068436).49968462

0.78390375 0.62613287  0.053984818).31571816

0.011010702 0.82559118 0.3903200M®.63640308

0.080682491 0.25893282 0.386820810.23964318

0.30769482 0.95708474 0.71299373).11844922
number of obs removed (L);

1.0000000

degrees of heteroscedasticidy)(
321.20784

true variance of epsilons;
78.035827 1.0405966 1.045218210.206706
76.330104 23.484562 1.1929002 3.6245421
1.0351114 106.94291 5.377782325.238664
1.3103518 2.7470702 5.27510652.5116084
3.4811053 332.48589 44.0884001.5078522
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Case 4c T40
Xis;
0.22938746
4.0130835
0.48960753
1.7610061
1.7101567
1.3364725
4.0206580
3.0657919
2.5027104
1.2367816
number of obs removed;

8.0000000

0.63366499 1.38204387.6052041
19.148250 0.679980694.3984843

0.36804470 2.09104040.89006850
1.2784532 2.4077469 .68918268

0.73399660 1.28343232.1462074
0.67480130 0.10060327 .28916444
0.66105598 3.69821761.6457247

4.9081569 0.182411081.1998420
3.1334276 0.75724971 .65923017
0.94862803 4.4135908 07@&B30523

degrees of heteroscedasticity;

62114.157
true variance of epsilons;
0.052618605
16.104839
0.23971553
3.1011424
2.9246359
1.7861586
16.165691
9.3990802
6.2635592
1.5296288

0.40153132 1.910045057.839130
366.65548 0.4623737419.346664
0.13545690 4.37245010.79222194
1.6344427 5.7972450 47407277
0.53875101 1.64719844.6062063
0.45535679  0.010121017 083¥%89665
0.43699501 13.6768132.7084096
24.090005 0.0332738031.4396209
9.8183683 0.57342712 .434b8442
0.89989515 19.479784 030029293
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Case 5d T60
Xis;

-1.8782138
-1.9624709
-1.1352397

3.7101551

4.2379683

6.5850926
-3.8317838

2.9046793

3.3870421
-1.4914349

-0.87996832
2.1425748
-0.96226851
-1.2760617
0.15542203
number of obs removed
11.000000

-2.0442186
0.40333014
-0.44574163
-0.14362663
1.6114211
-9.8014936
-0.42463207
-0.53971552
-1.6854313
-1.3362404
0.73971898
-11.763302
3.2545907
0.95672633
15.479210

degrees of heteroscedasticity

48.523971
true variance of epsilons
0.76517901
0.75604672
0.85063542
1.6967202
1.8292581
2.5558266
0.57924532
1.5127313
1.6203683
0.80853648
0.88214796
1.3570550
0.87186275
0.83373573
1.0223947

0.74729060
1.0591583
0.93845706
0.97974123
1.2581313
0.24740890
0.94128429
0.92597369
0.78649103
0.82661663
1.1111660
0.18707034
1.5900718
1.1460640
9.0773959
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-6.9892272-1.2213341
0.059312801-4.2440208
-0.707756801.1816206
-0.105135240.32185545
-1.44743970.49617025
0.322720080.84408043

-1.8345097-1.3428783

-4.0687116®.086784310
0.263303470.55347980

-0.384408830.23078413
-0.550900030.98055163
6.18149620.41240309
-0.266229120.90192779
-0.192725273.9222556
-0.620014490.74121844

0.36936688).84026320
1.00848790.54619842
0.904063801.1833873
0.985129901.0469324
0.813621381.0732638
1.04706140.88667084
0.76995929.82583510
0.560015171.0124435
1.0382339.92415925
0.946695051.0334335
0.92449909.86959421
2.41298171.0605286
0.962772971.1371495
0.972910341.7487853
0.91543853).89976323
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