DIFFERENCE SCHEMES OF NONLOCAL BOUNDARY VALUE
PROBLEMS FOR HYPERBOLIC-PARABOLIC EQUATIONS

by
Yildirrm OZDEMIR

A thesis submitted to

the Graduate Institute of Sciences and Engineering
of
Fatih University

in partial fulfillment of the requirements for the degree of

Master of Science
in

Mathematics

January 2005
Istanbul, Turkey



APPROVAL PAGE

I certify that this thesis satisfies all the requirements as a thesis for the degree of Master
of Science.

-

“Prof.
Head c~Pepartment

This is to certify that I have read this thesis and that in my opinion it is fully adequate, in

scope and quality, as a thesis for the degree of Master of Science.
St

Prof. Dr. Allaberen AFSYRALYEV
Superv ..

Examining Committee Members

Prof. Dr. Allaberen ASHYRALYEV W

Prof. Dr. Baris KENDIRLI l/""""“l, \/U"""L"/L_:
Prof. Dr. Muhammet KOKSAL YZIWE L«/

It is approved that this thesis has been written in compliance with the formatting rules
laid down by the Graduate Institute of Sciences and Engineering.

Assist. Prof. Nurullah ARSLAN
Director

January 2005



iii

DIFFERENCE SCHEMES OF NONLOCAL BOUNDARY VALUE PROBLEMS
FOR HYPERBOLIC-PARABOLIC EQUATIONS

Yildinm OZDEMIR

M. S. Thesis - Mathematics
January 2005

Supervisor: Prof. Dr. Allaberen ASHYRALYEV

ABSTRACT

In the present work the nonlocal boundary-value problem

[ 42
d—;zg@mu(z):f(t), 0<r<l,
<d—u;tt—)—+Au(t)=g(t),—1StSO,

u(-1) = au(u) + pu'(A) + o, |al, |B| <1, 0< p, A <1

for the differential equation in a Hilbert space H with the self-adjoint positive definite
operator A is considered. Applying the operator approach the stability estimates for
solution of this nonlocal boundary value problem are obtained. The stability of
difference schemes for approximately solving this nonlocal boundary value problem are
presented. In applications this abstract results permit to obtain the stability estimates for
the solution of the difference schemes for hyperbolic-parabolic equations. The
theoretical statements for the solution of this difference schemes are supported by the
results of numerical experiments.

Keywords: Hyperbolic-Parabolic Difference Equation, Difference Schemes, Stability.
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0z

Bu ¢alismada Hilbert uzaymda verilen fark denklemlerinin self-adjoint pozitif
tanimh A operatorlii lokal olmayan sinir deger problemi

(72
dd”t’?) + Au(t) = (1), 0<t <],
<%§Q+Au(t)=g(t),—1StSO,

u(-1) = au(u) + pu'(A) + @, lal, |ﬁ| <, 0<u A<l

ele alinmistir. Operatér yaklagimim uygulayarak bu lokal olmayan sinir deger
probleminin ¢6ziimiintin karalilik kestirimleri elde edilmistir. Bu lokal olmayan sinir
deger problemlerinin yaklagik ¢6ziimleri igin fark semalarinin kararliligi gosterilmigtir.
Uygulamalarda bu sonug, hiperbolik-parabolik denklemlerin fark semalarinin ¢6zimii
i¢in kararlilik kestirimlerini elde etmemizi saglamistir. Bu fark semalarinin ¢6ziimii igin
yapilan teorik sonuglarin dogrulugu, sayisal denemelerde desteklenmisgtir.

Anahtar Kelimeler: Hiperbolik-Parabolik Fark Denklemi, Fark Semalar1, Kararlilik.
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CHAPTER 1

INTRODUCTION

It is known that most problems in fluid mechanics (dynamics, elasticity) and other areas
of physics and mathematical biology lead to partial differential equations of the hyperbolic-
parabolic type. These equations can be derived as models of physical systems or mathematical
biology are considered as the methods for solving boundary value problems.

Methods of solutions of the boundary value problems for hyperbolic-parabolic differen-
tial equations have been studied extensively by many researches (see [Salahatdinov, M. S.,
1974], [Djuraev, T. D., 1978], [Bazarov, D. and Soltanov, H., 1995], [Krein, S. G., 1966],
[Ashyralyev, A. and Yurtsever, A., 2001], [Ashyralyev, A. and Yurtsever, A., 2001], [Ashyra-
lyev, A. and Yurtsever, A., 2000], [Ashyralyev, A. and Yurtsever, A., 2004], [Ashyralyev, A.
and Yurtsever, A., 2004], [Ashyralyev, A. and Muradov, I., 1995], [Ashyralyev, A. and Mu-
radov, L., 1996], [Ashyralyev, A. and Muradov, I., 1998], [Ashyralyev, A. and Orazov, M.
B., 1999], [Ashyralyev, A. and Orazov, M. B., 1999], [Ashyralyev, A., 1999], [Ashyralyev,
A. and Ozdemir, Y., 2004], [Ashyralyev, A., Akca, H. and Biszewski, L., 2000], [Ashyralyev,
A. and Sobolevskii, P. E., 1994], [Samarskii, A. and Andr’eev, V., 1978], [Ashyralyev, A.
and Karatay, 1., 2003|, [Ashyralyev, A., Karatay, I. and Sobolevskii, P. E., 2004], [Samarskii,
A. and Gulin, A. V., 1973], [Rannacher, R., 1982], [Ashyralyev, A. and Sobolevskii, P. E.,
2001], [Ashyralyev, A. and Aggez, N., 2004], [Ashyralyev, A. and Sobolevskii, P. E., 1995],
[Ashyralyev, A. and Sobolevskii, P. E., 1988], [Ashyralyev, A., Piskarev, S. and Wei, S., 2002],
[Guidetti, D., Karasozen, B. and Piskarev, S., 2004], [Gavrilyuk, I. P. and Makarov, V. L.,
2000], [Gavrilyuk, I. P., 1999], [Wang, Y. G. and Oberguggenberger, M., 1999], [Jurgen, B.
W. and Garay, B. M., 2002, [Rautmann, R., 1997], [Ashyralyev, A. and Sobolevskii, P. E.,
2004], [Ferreira, J., 1996], [Antman, S. S. and Seidman, T. F., 1999], [French, D. A., Jensen,
S. and Seidman, T. I., 1999], [Evje, S. and Karlsen, K. H., 1999], [Doronin, G. G., Lar’kin, N.
A. and Souza, A. J., 2000], [Clark, M. R., 1994], [Gerish, A., Kotshote, M. and Zacher, R.],
[Gerish, A., Griffiths, D. F., Weiner, R. and Chaplain, M. A. J., 2001], [Gripenberg, G., 1994],
[Gripenberg, G., 1994], [Milani, A., 1995], [Milani, A., 1997], [Chen, G. Q. and DiBenedetto,
E., 2001], [Matsuma, A., 1981], [Ferreira, J. and Lar’kin, N. A., 1996], [Rausset, F., 2003] and
the references therein).

Our goal in this work is to investigate the stability of difference schemes of the approximate
solutions of the nonlocal boundary value problems for equations of hyperbolic-parabolic type.

It is known that the mixed problem for hyperbolic-parabolic equations can be solved by
Fourier series method, by Fourier transform method and by Laplace transform method.

Now let us give some examples.



First let us consider the simple nonlocal boundary value problem for hyperbolic-parabolic

equation

¢

\

2 .
%z%——g—x’é—i—u:costsmm, 0<t<l,0<z<m,

%—’Z—%’;‘%—u:@cost—sint)sinm, -1<t<0,0<z<m,

(1.1)
u(-Lz)=u(l,z), 0<z <,

u(t,0) =u(t,n7) =0, —1<t<1.

For the solution of the problem (1.1), we use the method of separation of variables or so called
Fourier series method. In order to solve the problem we need to separate u(t, z) into two parts

where

and )

\

u(t,z) = v(t, z) + w(t, z)

4
v & 4 0=0,0<t<1, 0<z<m,

Qy_g;g_H;:O, —-1<t<0,0<z <,

Dt
¢ (1.2)
v(-1,z)=v(l,z), 0<z <,
L v(t0)=v(t,m)=0, —1<t<L
Pw _ 2w 4 g = costsinz, 0<t<1, 0
5z T2 w = costsmz, ST 1 <r<<m,
%—1;’—%25+w=(2cost—sint)sinw, —-1<t<0,0<z<m,
(1.3)

w(-l,z)=w(l,z), 0<z <,

w(t,0)=w(tnr)=0, —1<t<1L

First we will obtain the solution of the problem (1.2).Now, we consider if 0 < t < 1. By the
method of separation of variables, we obtain

We have that

or

Since

we have that

or

v(t,z) = T(t)X(z) # 0.

T"H+T() X'(z)

() X(z)
T"(t) + T (¢) _ X" (z) _ _
TS X@) — F =
\/—:— = kfﬂ = ‘lﬂ = Ry

X" (z) +kK*X (z) =0,

X (z) = sinkz.



Now to get T'(¢) we can write
T"(t) + T (t) = —K*T (t),

> T"(t) + (L + k%) T(t) = 0.

So the solution for T'(t) is
Tk(t) = Apsinv/1+ k%t + B cos v/ 1 + k2t.

Thus,
o0 o0
v(t,z) = ka(t, z) = z (A;c sin V1 + k2t + By cos 1+ kzt) sin kz.
k=1 k

=1
Now, we will consider if —~1 < ¢ < 0. By the method of separation of variables, we obtain

v(t,z) =T (t) X (z) # 0.

We have that
) +T®) X' (z)

W X
or T’(t)-i—T(t)_X”(x)__ 2
M X@ o N
So,
X" (z) + KX (z) =0,

Xy (z) = sinkz.
Now to get T'(t) we can write
T+ (1+k)T () =0.
So the solution for T'(¢) is
T (t) = Cke_(l-'-kz)t.
Thus,

o0
v(t,z) = Z C’ke—(1+k2)t sin kx.
k=1
Using the nonlocal boundary conditions
{ v(l,z) =v(-1,z),

v(04,z) =v(0_,z),
v (04,2) = (0=, 2),

we can obtain
A, =B, =Cp=0 Vk.

Hence
v(t,z) =0.



Second we will obtain the solution for (1.3). First, we consider if 0 < ¢ < 1. Let

o0
f(tz)= Z Dy, (t) sinkz = costsin z.
k=1

Then
D; (t) = cost,
and
Dy (t)=0for k # 1.
Let -~
w(t,z) = Z Ey (t) sinkz.

k=1

Then

Wyt — Wgg + W = Z (Ex () + (1 + k%) Eg (t)) sinkz = costsinz.
k=1

Ifk+#1,and 0 <{ < 1,then
E{(t)+ (1+K*) Ec(t) =0.
So we obtain
Ey (t) = c1cos V1 + k%t + cosin /1 + k2¢.
Ifk+#1and —1 <t <0,then
G, (t) + (L+ k) Gi (t) = 0.
So we obtain .
Gy (t) = c3e~(1+k ).
Using the nonlocal boundary conditions
Ep (1) = G (-1),
Eg (04) = G (0-),
B (04) = G; (0-),
we get ¢ =c3 =c3=0.
So Ex(t) =G (t)=0 Vk#1

If k=1, then
1 (t) + 2E () = cost.

E; (t) can be found as
Eq (t) = ¢ cos V2t + ¢ sin V2t + cos t.

Thus
w(t, ) = (cl cos V2t + ¢3v/2t + cos t) sinz.

Now, we consider if -1 < ¢ < 0. Let

o0
g(t,z) = Z F (t)sinkz = (2cost —sint)sinz.
k=1



Then
F (t) = 2cost —sint,
and
Fy (t) =0 for k # 1.
Let -
w(t,z) = ZGk (¢, z) sinkz.

k=1

Then
Wt — Wge T W = Z (1+k*) Gi (t)) sinkz = (2cost — sint) sinz.
If k=1, then

1 (t) + 2G1 (t) = 2cost —sint.

G1 () can be found as
Gy (t) = e % (c3 — 1) + cost.

Thus
w(t,z) = {7 (c3 — 1) + cost} sinz.

Using the nonlocal boundary conditions

Ei (1) =G (1),
Ey (04) =G (02),
E;(04) =G1(0-)

bl

we obtain that
w(t,z) = costsinz.

Therefore u (t, z) is found to be
u(t,z) =v(tz) +w(tz),

then
u (t,z) = costsin .

Note that using the same manner one obtains the solution of the following nonlocal boundary
value problem for the multidimensional hyperbolic-parabolic equation

(2562 - 3 0, 538 = f(t,),
z=(x1,...,2,) €EQ0<t LT,
% 2 ara u(tz) = g(t,z),
z=(21,...,2n) € Q,-T <t <0,

(04, 2) = w(0—, z),z € Q

w(-T,z) =u(T,z) + ¢(z), z €9,

L u(t,z)=0,z€ S



where o, > 0 and f(t,z) (t € [0,T], z € Q), g(t,z) (¢t € [-T,0], z € Q), p(z),¥(z) (z € Q)
are given smooth functions. Here £ is the unit open cube in the n-dimensional Euclidean
space R™ (0 < 7 < 1,1 < k < n) with boundary

S, Q=0uUS.

However, the method of separation of variables can be used only in the case when it
has constant coefficients. It is well-known that the most useful method for solving partial
differential equations with dependent coefficients in £ and in the space variables is difference
method.

Now another example for an hyperbolic-parabolic equation is a mixed problem given below.
It can be solved by Laplace transformation method (in ).

([ Sy 2y iy~ 2641, 0<t<1, 0<a< o0,

Py py=-2"+1 -1<t<0, 0<z< o0,

. (1.4)
u(l,z) =u(-1,z), 0 <z < oo,

u(t,0) = ug (£,0) =0, —1<t<1.

\
Let 0 <t < 1. Then, taking the Laplace transform of both sides of the differential equation
Ut — Uge + U = —2e % + 1,

we can write
L{uy} - L{ug}+L{u} =L {(~2e"z + 1)}
or
2 1

s+1+§'

(L{u(t, )}, — L {u(t,z)} + su(t,0) + uy (£,0) + L{u(t,2)} = -

Let
L{u(t,z)} = v(t, s).

So our problem becomes

vet (t,8) — 8% (t,8) + v (t,8) = ﬁ
or 1—s
Vet (t, S) + (1 - 82) v (t, 8) = 's—(s_}_—l)

Now the complementary solution is
vy (¢, 8) + (1 — 82) v(t,8)=0
V=1t + C26—\/T+s§t.

ve (¢, 8) = c1e
And for the particular solution we can write
1-s 1 1

t = . = .
) = I T= ~ s w1




So
B Vo 1
v (t,8) = cie “lstt eVl —_—
s(s+1)
Now, let —1 <t < 0. Then,
Up — Ugy + U= —2 T+ 1.

By taking the Laplace transform of both sides of the last differential equation, we obtain
L{u} ~L{ug}+L{u} =L {(—26_“c + 1)}

(L {u(t2)}), — 5L {u (t,0)} + su (,0) +us (¢, 0) + L {u (£, 2)} = —si—l + %
Let

L{u(t,z)} =v(ts).

So our problem becomes

1-s
v (t, 8) — s%v (t,8) + v (t,8) = SGTD
or y
-8
t -5 o el =
vy (t, 8) + (1 s )v(t,s) SGT D)
So 1
v{t,s) =c¢ G ) S S
() 8 s{s+ 1)2
by using the nonlocal boundary conditions, we have that
v(ts) = — > .
s(s+1)

Hence taking the inverse of Laplace

u(t,z) = L7 {v(t,s)}

B L_l{é}—rl{sil}_L—l{(s:m?}

1—e™® —ge™
1-(1+z)e™.

So
u(t,z) =1—-(1+z)e™®

is the solution of the given nonlocal boundary value problem (1.4).



Note that using the same manner one obtains the solution of the following nonlocal bound-
ary value problem for the multidimensional hyperbolic-parabolic equation

92u(t, 82ult,
—v—’éi 2 Jv—é‘z = = f(t,2),

,

20 - 3 0, L4l = g(t,3),
= (T1,...,Tn) €§+,—T5t§0,
u(~T,z) = u(T,z) + ¢(),

us (04, 7) = 10—, 7) + (), z €O,

L u(t,z) =0, z € ST,

where a, > 0 and [ (¢, z) (te [0,77, a;ef_f-),g(t,x) (te [-T,0], x€ﬁ+), o (z), ¢ (z)

(:c € §+) are given smooth functions. Here Q ¥ is the open set in the n-dimensional Euclidean
space R™ (0 < zx < 00,1 < k < n) with boundary

st, gt =atust.

However, Laplace transform method can be used only in the case when it has constant
coefficients. It is well-known that the most useful method for solving partial differential
equations with dependent coefficients in ¢ and in the space variables is difference method.

And the last example is a mixed problem solved by using Fourier Transformation method.
%%—g—?”z——ku: (3—4:172)6“”2, 0<t<1l, —c0<zx< o0,
g—’j—%’é+u=(3—4xz)e"zz, —1<t<0, —0 <z <00, (1.5)
u(l,z) =u(-1l,2), —oc0 <z < 00.

Let, 0 £t < 1. By taking the Fourier transform of both sides, we obtain

F{u) — Fluee) + F {u} = F {{(3~42") '}

(F {u(6.2)})y ~ (s F {u(t,2)} + Flu(t,2)} = F{ (3 4?) e}

Let
F{u(t,z)} =v(ts).

So our problem becomes

vy (t,8) + (S + D v(t,s)=F {(3 — 4z?) e_“’z} .



Now the solution for the complementary equation is
ve (t,8) = c1cos V82 + 1t + exsin /2 + 1t.

And for the particular equation
vp (t,5) = A.

Substituting in the equation we get
(*+1)A=F{(3-4?) e}

Jal
ence 1

A= 5 F{(-1? e},

So, the particular solution is
]. 2 —p2
vp (£, 8) = §2+—1F{(3—4x )e'}.
By using the nonlocal boundary conditions we get v(t, s) as
v(t,s) =crcosvVs2+ 1l +cysinys?+1 2)6“7”2}.
Now, we consider if —1 <t < 0. By taking the Fourier transform of both, we obtain

F{u} —F{ug}+F{u} =F { (3 - 42?) e—xz}

(F{u(t,2)}), - (s Flu(t2)} + Flut o)} =F {(3-4%) ="}

Let
Flu(t,z)} =v(ts).

So our problem becomes

ve(t,s) + (s* + 1) v (t,s) =F{(3—4x2) e“”z}.

So, the solution is
— e (P11 1 2y ,—a?
’U(t,S)-—-C3C (s )( )+mF{(3—4.’L’)6m}

Since

F{3-1?) e} = Pl }+P{(2-22) e}
p{e}or (e )}
= (1+4) F{e mz}

we have that
v(t,s) = cae™(*H)EHD) 4 {e_”z} .

By using the nonlocal boundary conditions we get v (¢, s) as

v(t,s)=F {e"z}.
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Finally taking the inverse of Fourier transformation we obtain

u(t,z) =e %

is the solution of the given nonlocal boundary value problem.

Note that using the same manner one obtains the solution of the following nonlocal bound-
ary value problem for the 2m-th order multidimensional hyperbolic-parabolic equation

(82 al7l _
# - E Gr Bwrl...gmr’” - f(t,il?),
[r|=2m 1 "

0<t<T,z,reR |rl=ri+--++7rn,

o olrly _ _
< L lrlgmaraw?mgzzn = f(t.2),

—T<t<0,z,7 €RY|r| =11+ +7n,

uw(-T,z) =u(T,z) + ¢(x),z € R",

[ u(0+,z) = u(0—, z), € R,
where ar, f(t,z) (t € [0,T], z € R"), g(t,z) (¢t € [-T,0],z € R"),p(z),¥(z) (x € R") are
given smooth functions.

However, the Fourier transform method can be used only in the case when it has constant
coefficients. It is well-known that the most useful method for solving partial differential
equations with dependent coefficients in £ and in the space variables is difference method.

In the present work the nonlocal boundary value problem

(Lo 4 Aut) = f(t), 0<t <1,
) 1 Auft) = g(t), -1 <t <0,

u(-1) = au(u) + 64’ (A) + ¢,

[ o), 18 £1,0< A< 1

for differential equation in a Hilbert space H, with the self-adjoint positive definite operator
A is considered. Applying the operator approach the stability estimates for solution of this
nonlocal boundary problem are obtained. In applications this abstract result permits to
obtain the stability estimates for the solution of the difference schemes for hyperbolic-parabolic
equations.This result is based on the positivity of the difference operator generated by nonlocal
boundary conditions. The theoretical statements for the solution of this difference schemes
are supported by the results of numerical experiments.

Let us briefly describe the contents of the various sections. It consists of six chapters.

First chapter is the introduction.

Second chapter presents elementary statements in a Hilbert space that is needed for this
work.



11

Third chapter consists of three sections. A brief survey of all investigations in this area can
be found in the first section. In the second section the main theorem about stability
of the nonlocal boundary value problem for hyperbolic-parabolic equations in a Hilbert
space is proved. In applications this abstract result permits to obtain the stability
estimates for the solution of the difference schemes for hyperbolic-parabolic equations.
It is given in the last section.

Fourth chapter consists of two sections.The stable first and second order of accuracy differ-
ence schemes approximately solving the nonlocal boundary value problem for hyperbolic-
parabolic equation in a Hilbert space H with self-adjoint positive definite operator A
are presented. The stability estimates for the solutions of the difference schemes of the
mixed type boundary value problems for hyperbolic-parabolic equations are obtained.

Fifth chapter is the applications. The first and second order of accuracy difference schemes
are studied. A matlab program is given to conclude that the second order of accuracy
is more accurate. The figures and table are included.

Sixth chapter is the conclusions.



CHAPTER 2

ELEMENTS OF HILBERT SPACE

This section is the selected concepts of the elementary Hilbert space theory as developed in
[Krein, S. G., 1966].

2.1 Hilbert Space

Definition 2.1. A complex linear space H is called an inner product space if there is a
complex-valued function (.,.} : H x H — C with the properties
i. {(z,z)>0 and (z,z) =0 <= z=o,

i, {(z,y) = (y,z) forall z,ye H,
iii. {(az,y) = a(z,y), forall z,ye H and a€C,
w. {z+yz)={x,2)+{y,z) forall zyz€H.

The function {z,y) is called the inner product of z and y. A Hilbert space is a complete
inner product space. An inner product on H defines a norm on H given by ||z|| = (z,z)/2.
Hence inner product spaces are normed spaces, and Hilbert spaces are Banach spaces.

Example 2.1. The space Ca [—1,1] of all defined and continuous functions on a given closed
interval [—1,1] is an inner product space with the inner product given by

1
(2, y) = / =()y(0)d. (2.1)
]

Note that the space Cy[—1,1] is not complete. So, Co[—1,1] is not a Hilbert space.

Example 2.2. The space Ly [—1,1] = Cy[—-1,1] with the inner product (2.1) is a Hilbert
space.

Theorem 2.1. Let x,y be any two vectors in o Hilbert space, then

[z, y)| < llz|] [yl ( Schwartz inequality). (2.2)

12
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Note that the inner product is related to the norm by the following identity

(@) =7 [(lo+ 9l ~ llo =) +3 (o + iyl — 1z — iwl)] (23)

A norm on an inner product space satisfies the important Parallelogram law
Theorem 2.2. If H is a Hilbert space, then

lz + y||2 + ||z — ?J”2 =2 H:I:||2 +2 Hy||2 , Yz,y€ H. (Parallelogram law) (2.4)

Conversely, H is a complex complete normed space with the norm ||| satisfying the

equation (2.4) then H is a Hilbert space with the scalar product {-,-) satisfying ||z| =
(z, :1:)1/ Z

Example 2.3. The space IP of all sequence, x = (&;) = (€;,&3, ...) such that [&;]7 + &P + ...
converges with p # 2 is not an inner product space,hence not a Hilbert space.

Example 2.4. The space C [a,b] is not an inner product space,hence not a Hilbert space.

2.2 Bounded Linear Operators in H

Definition 2.2. Let Hy; and Hs are two Hilbert spaces. A linear operator A is an operator
such that A: H;y — Hy

Alax + 0y) = aAz + BAy forall o€ C and z,y € H;.
The domain of A D (A) = {z € Hy,3Az € H,} is a vector space and
R(A) = {y = Az,Vz € D (A)} denotes the range of A.

A linear operator A : H — H is said to be bounded if there exist a real number M > 0
such that

|Az||y; <M |z||y forall ze H. (2.5)
If A linear operator A : H — H is bounded with M, then
|A|| = inf M (2.6)

is called the norm of operator A.
Example 2.5. A bounded linear operator from H = Ly [0,1] into itself is defined by
Az =tz(t), 0<t<1. (2.7)

Example 2.6. Another bounded linear operator Ly [0,1] into itself is defined by

1
Az(t) = /ts:v(s)ds. (2.8)
0
Theorem 2.3. The norm of the bounded linear operator A is
Az
4l = sup ll4a] =sup 22l = sup g (29)
lell<1 oo |1 llefl=1

Example 2.7. A is an operator defined by Ax = axz(t), A:Ly[0,1] — L;[0,1]. Show
that || Azl = |of .
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2.3 Adjoint of an Operator

Definition 2.3. Let A : Hy — Hs be a bounded linear operator, where #H; and Hy are
Hilbert spaces. Then the Hilbert adjoint operator A* of A is the operator

A* : H2 b Hl,
such that for all z € Hy; and y € Hy
(Az,y) = (z, A*y) .

Theorem 2.4. The Hilbert adjoint operator A* of A is unique and bounded linear operator
with the norm
A% = 114] . (2.10)

Definition 2.4. A bounded linear operator A : H — H on a Hilbert space H is said to
be self-adjoint if (Az,y) = (z, Ay) for all z,y € H.

Definition 2.5. A self-adjoint operator A is said to be positive if A > 0, that is (Az,z) >0
forall x € H.

Example 2.8. A is an operator defined on the ezample 2.5. Show that if o € R, then A is
a self-adjoint operator.

Example 2.9. A is an operator defined on the example 2.7. Show that A is o self-adjoint
positive operator.

Definition 2.6. Let A: D (A) — H be a linear operator with D (A) = H. Then A is called
a symmetric if (Az,y) = {z, Ay) for all z,y € D(A).If A is symmetric and D (4) = D (A*),
then A is a self-adjoint operator.

2
Example 2.10. Let Au= ~%§- +u , u(a)=ulb)=0 and H= Ly[a,b]. Show

that A is o self-adjoint positive operator.

2.4 Spectrum

Definition 2.7. Let H be a Hilbert space and A : H — H be a linear operator with
D (A) ¢ H. We associate the operator Ay = A — Al , where A € C and [ is the identity
operator on D(A).

If A, has an inverse, we denote it by Ry (A) and we call it the resolvent operator of A,
or simply, resolvent of A.

Ry(A) =4 -AD"1. (2.11)

Definition 2.8. (Regular value, resolvent set, spectrum)

Let A be a linear operator with the D (A) C H and H is a Hilbert space. A regular
value A of A is a complex number such that

(R1) R)(A) exists.
(R2) Rx(A) is bounded.
(R3) Ry(A) is defined on a set which is dense in H.
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The resolvent set p(A) of A is the set of all regular values of A. Its complement
o (A) = C — p(A) is called spectrum of A , and A € o (4) is called spectral value of A.
Furthermore, the spectrum p (A) is partitioned into three disjoint sets as follows.

The point spectrum or discrete spectrum op, (A) is the set such that Ry (A) does not
exist. A A € o (A) is called an eigenvalue of A.

The continuous spectrum o, (A) is the set such that Ry (A) exists and satisfies (R3)
but not (R2), that is Ry (A) unbounded.

The residual spectrum o, (A) is the set such that Ry (A) exists (and may be bounded
or not) but does not satisfy (R3) , that is the domain of Ry (A) is not dense in H.

If Ayz = (A — Al)z =0 for some z # 0, then A € o, (A), by definition, that is, A is
an eigenvalue of A.

The vector z is called an eigenvector of A corresponding to eigenvalue A. The subspace
of D(A) consisting of 0 and all eigenvectors of A corresponding to an eigenvalue X of A is
called the eigenspace of A corresponding to that eigenvalue .

g (A)=o0.(A)Uoy(A)Uo,(4), (2.12)
o(A)Up(A) =C.
Definition 2.9. Let H be a Hilbert space over the field of real numbers and for any z € H

let ||z|| denote the norm of z. Let J be any interval of the real line R. A functionz:J — H
is called an abstract function. A function z(t) is said to be continuous at the point ¢y € J, if

lm [|z(t) — z(to)|| = 0;

t—ilo
ifx:J— H is continuous at each point of J, Then we say that x is continuous on J and we
write z € C [J, H].

Definition 2.10. The Stieltjes integral of a function z : [a,b] — H with respect to a
function y : [a,b] — Hj. Let H, H; and Hy be three Hilbert spaces. A bilinear operator
P: H x H — Hy whose norm is less than or equal to 1, that is,

1P (z, ) [I< [zl yll, (2.13)

is called a product operator. We shall agree to write P (z,y) = zy. Let z:[a,b] > H and
y : [a,b] — Hy be two bounded functions such that the product z(t)y(t) € Ha, for each
t € [a, b] is linear in both x and y and

Iyl < =@ v @l

(for example, z(t) = A(t) is an operator with domain D [A (t)] D Hi, or one of the function
X,y is a scalar function). We denote the partition (a =ty < t; < t2 < ... < tp = b) together
with the points 7; (t; < 71 < ti41,1=0,1,2,...,n — 1) by 7 and set |r|=max; |t;+1 —t;] . We
form the Stieltjes sum

n—1
Se= Y& (r) [y (tir1) —y ()] (2.14)
i=1

If the lim S, exist as || — 0 and defines an element I in Hy independent of 7, then [ is called
the Stieltjes integral of the function z (£) by the function y (¢) , and is denoted by

b

/ 2 (8) dy (£). (2.15)

a
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Theorem 2.5. Ifz € C|la,b],H] and y: [a,b] —» Hy is of bounded variation on [a,b],
then the Stieltjes integral (2.15) exists.
Consider the function y : [a,b] — H1 and the partition

Tia= typ <ty <ty <..<tp,=Dh

Form the sum »
V=3 lly () -y )l (2.16)
i=1

The least upper bound of the set of all possible sums V is called the (strong) total
variation of the function y (t) on the interval [a,b] and is denoted by V2 (y). If V2 (y) < oo,
then y (t) is called an abstract function of bounded variation on [a,b].

Example 2.11. Ifz € C|[a,b],H] and y : [a,b] — Hy is of bounded variation on [a,b], then
b

b
[e0a0)] < [leolotye < plkoOIRye. @)

a

2.5 Projection Operator. Spectral Family

Definition 2.11. A Hilbert space H is represented as the direct sum of a closed subspace
Y and its orthogonal complement Y- :

H=YoY! (2.18)
z=y+2z , where yeY,zecY™ .

Since the sum is direct, ¥ is unique for any given = € H. Hence (2.18) defines a linear
operator
P.:H— H,
z — y= Pz
P is called an orthogonal projection or projection on H.

Theorem 2.6. A bounded linear operator P : H — H on a Hilbert space H is projection if
and only if P is self-adjoint and idempotent that is, P? = P.

Spectral family from dimensional case as follows: If matrix A has n different eigenvalues
A1 < A2 < Az... < Aq. Then A has an orthogonal set of n vectors z1, x2, 3, ..., 2, where z;
corresponds to A; and we write these vectors as column vectors, for convenience. This basis
for H, has a unique representation:

T
T = Z Yizi s v = (@,x5) = xT:c_j , (2.19)

z; is an eigenvector of A, so that we have Azx; = A;z;.

n
Az =" Ay (2.20)
j=1
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We can define an operator
P;i:H — H, (2.21)

T — V;T; -

Obviously, P; is the projection (orthogonal projection) of H onto the eigenspace of A corre-
sponding to A; . From the equation (2.19) can be written

kO3 n
T = Z P,z hence [ = Z B, (2.22)
=1 =1
where I is an identity operator on H. Formula (2.20) becomes

n n
Az =) MNPz hence A=) AP, (2.23)
Jj=1 ij=1

This is a representation of A in terms of projections.

Theorem 2.7. (Spectral Theorem) A family of an orthogonal projection operators Ex (—oo < A < 00)
is said to be spectral representation identity if:

1) E) is strongly left-continuous in X;

2) E)\Eu, = E,,,E)\ = E) for A < u;

3) E_o = /\lim Ey=0and B,y = )‘Iim E, = I, where the limits are understood in the
——00 —00

sense of strong convergence. For every bounded function F (X)) give to entire real azis, one
can define the Stieltjes operator integral

/ " F () dE,. (2.24)

This integral is defined as the limit in the norm of integral sums of the form

N
ZF()\k) (E’\k+1 - E)‘) ’
k=0

if the segment [a, b] is finite, and as an important integral if a = —oo or b = co. The integral
(2.24) is a bounded operator with

< sup |F ().
a<A<b

/:F(,\) dE)

If the function F(A) takes on only real values, the operator (2.24) is self-adjoint. If the
function F (X) is real and unbounded, then formula (2.24), after assigning an appropriate
meaning to the integral, yields a self-adjoint and generally speaking unbounded operator whose
domain consists of only those elements = for which

/_°° IF (N d (Exz, z) < oo.

It turns out that to every self-adjoint operator A there corresponds some spectral representation
E\ of the identity with

sz/ ME\x
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for z € D(A). The operators Ey commute with any operator commuting with A.

If A is bounded, and m and M are the greatest lower bound and least upper bound of its
spectrum then Ey = I for A > M, so that

M+0
Az = / ME\z.

m

If the operator A is positive definite and (Az,z) > a{(x,z), then
o
Az = / AMEyz.
a

The real reqular points of A are characterized by the fact that in their neighborhoods the
operator Ey is constant. Thus, the points of the spectrum of A coincide with the points of
growth of the operator function Ej.

By using the spectral representation one may bring into consideration o wide class of func-
tions of an unbounded self-adjoint operator. Thus, for example, for any continuous function
F () it is natural to put

o0
F(A)s = / F () dBys.
a
where E, is the spectral resolution of the identity corresponding to operator A. Here, to the
operations of addition and multiplication of the corresponding operators.
Example 2.12. A is a self-adjoint positive definite operator. Show that
exp(—At)|| < &%, (2.25)

Hcos (Al/zt) H <1, HA1/2 sin (A1/2t) M <1.

Solution. Using the speciral representation of the self-adjoint positive defined operators
we can write

o
exp(—At)p = /5 exp(—ut)dEup,
where (Ey,) is the spectral family associated with A. Therefore, for any t > 0 we have that
[ exp(—At)|[g—m £ sup |exp(—ut)| = exp(—dt).
s<u<oo

The estimate (2.25) is proved. Using the spectral representation of the self-adjoint positive
defined operators it can be written

e:tiAl/zt(p _ / * eiimlﬂ dE,p.
4
Therefore, using the last theorem

ALl/2 0172
”e:i:zA tl < sup Ie:l:zt,u l =1
f<u<oce

is obtained.

So,
iAY2 | —iAL/%t )
Jeos (4¥20)| = | 57— < 3 [l + =] <3
and
SA1/2 _ial/2
o ] - £ < b o e
% g




CHAPTER 3

NONLOCAL BOUNDARY VALUE PROBLEM FOR
HYPERBOLIC PARABOLIC DIFFERENTIAL EQUATIONS

3.1 Introduction

We consider the nonlocal boundary value problem

(LUt | Au(t) = f(t), 0<t <1,

) | Au(t) = g(t), ~1 <t <0,
(3.1)

u(—1) = ou(p) + Bu’ (A) + ¢,

\ ]alvlﬁlgl,0<u,,\31

for differential equations of mixed type in a Hilbert space H with self-adjoint positive definite
operator A. It is known (see, for example, [Salahatdinov, M. S., 1974], [Djuraev, T. D., 1978],
[Bazarov, D. and Soltanov, H., 1995], [Krein, S. G., 1966]) that various nonlocal boundary
value problems for the hyperbolic-parabolic equations can be reduced to the nonlocal boundary
value problem (3.1).

A function u (f) is called a solution of the problem (3.1) if the following conditions are
satisfied:

i) u (t) is twice continuously differentiable on the interval (0, 1] and continuously differen-
tiable on the segment [—1,1]. The derivative at the endpoints of the segment are understood
as the appropriate unilateral derivatives.

ii) The element u (t) belongs to D (A) for all ¢ € [~1,1], and the function Au () is
continuous on the segment [~1,1].

iii) u (t) satisfies the equations and nonlocal boundary condition (3.1).

Methods for numerical solutions of the nonlocal boundary value problem (3.1) in the case
(3 = 0 have been studied extensively (see [Ashyralyev, A. and Yurtsever, A., 2001], [Ashyra-
lyev, A. and Yurtsever, A., 2001], [Ashyralyev, A. and Yurtsever, A., 2000], [Ashyralyev, A.
and Yurtsever, A., 2004], [Ashyralyev, A. and Yurtsever, A., 2004], [Ashyralyev, A. and Mu-
radov, L, 1995], [Ashyralyev, A. and Muradov, I., 1996], [Ashyralyev, A. and Muradov, L.,
1998], [Ashyralyev, A. and Orazov, M. B., 1999] and the references therein). For example, in
the paper [Ashyralyev, A. and Yurtsever, A., 2001] it’s proved the following theorem on the
stability.

19
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Theorem 3.1. Suppose that ¢ € D(A) and f(t) be continuously differentiable on [0,1] and
g (t) be continuously differentiable on [—1,0] functions and B = 0 . Then there is a unique
solution of the problem (3.1) and the stability inequalities

max [u(d)]ly <M [Ilsollg + max llg(8)ll + mix HA*ﬂf(t)HH} ,

—1<t<1 H

A1/2u(t)H <M [HAI/%H + lg(0) ||z + /Hg () [|Hdt+ max ||f(t)||H]

max £

max
~i<t<0 o<t<i || dtz _1<t<1

du(t) “

} T+ omax [Au(®)g
H

—1<t<0

1
<M {nAsonH + 260, + 17O+ max |9+ [ Hf’(t)llHdt}

hold, where M does not depend on f (t),g(t), and .

We are interested in studying the stability of solutions of the problem (3.1) for g # 0. We
have not been able to obtain the same stability estimates for the solutions of the problem (3.1)
for 8 # 0. Nevertheless, in the present paper the stability estimates for the solution of the
problem (3.1) under a stronger assumption than f (¢) be continuously differentiable on [0, 1]
and g (t) be continuously differentiable on [—1,0] functions are established. In applications,
the stability estimates for the solutions of the mixed type boundary value problems for the
hyperbolic-parabolic equations are obtained.

3.2 The Main Theorem

Theorem 3.2. Suppose that ¢ € D(A), g(0) € D (A*?),¢'(0) € H, f(0) € D (AY?) and
f1(0) € H. Let f (t) be twice continuously differentiable on [0,1] and g (t) be twice continuously
differentiable on [—1,0] functions. Then there is a unique solution of the problem (3.1) and
the stability inequalities hold:

g ) < M [l + pam [A=256)], (32)
o], 42 s0], + g 4], ]
o, |G| o [am], < v [la], (5.3)

+19(0)|lg + max ||g (t)HH + £ Ol + max ||f’(t)||H} )

—-1<t<0 0<t<1
du d?u
—1<t<0 dt 0<t<1 W + Iln<a£)é | Au(®)| & (3.4)

<M [nAcan + HA%(O)HH + g O+ max llg" @)l

+ 4250, + 17O + g ||f"<t>HH],

where M does not depend on f(t),t€[0,1], g(t), t € [-1,0] and ¢.
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Proof: We will obtain the formula for solution of the problem (3.1). It is known that for
smooth data of the initial value problems

u () +Au(t) = (), (0<t<1), (3.5)
% (0) = ug, v’ (0) = uy, ’
u’(t)+Au(t)=g(t)’ (_1St50)1 (36)
uw(-1) =u_y, ’
there are unique solutions of the problems (3.5), (3.6) and the following formulas hold:
£
u®)=cu©+s®u 0+ [ st-n)f@)ds 0<t<l, (5.7
0
where gitAY? | o—itAM/ pitAY? _ o —itA/?
= = AT1/2 _
C (t) B 3 S (t) A 2% 3
and .
u(t) = e 4y +/ e () dy, —-1<t<0. (3.8)
Using formulas (3.7), (3.8) and equation (3.1) we can write
0
w )=o) - As @] {e s+ [ Sgan] 39
~1

¢
+5(0)9 0+ [ =07 Gy
Now, using the condition u(—1) = au (i) + Bu’ (A) + ¢, we obtain the operator equation

{I-alc(u) —As@)]e?+8[s(\) +c(\)]de 4} uy (3.10)

=a {C(u) /0 g (y) dy + s (1) [g (0) ~ A/j e¥g (y) dy}

+£u8(u—y)f(y)dy}
wo{-as [ @to@aren [s0 -4 [ gwa)

A
s [eo-nrma)+e
0
The operator
I~ ale(u) - As (W] e+ Bls () + c(\)] Ac~
has an inverse

T=(-ale@)-As@]e?+0[s () +cX)]4e™4) ™

and the estimate holds:
I Tlg—r < M. (3.11)

Actually, the proof of this estimate is based on the estimate

[—erle(n) — As ()] e™ +B[s (A) + e (V)] Ade™[| 4y < L.
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Using the definitions of ¢ (1) and s (1) and positivity self-adjointness property of A, we obtain
|—ale(n) — As(W]e ™+ B[s (V) + cN)] 4™ y_

< sup |—afcos (v/pr) — Vpsin(vpw)l e

§<p<0
+08 [/psin (y/pA) + pcos (y/pA)]} e,

Since

cos (v/pu) — /psin (v/pp) = v/ p + 1cos (vop — 1) »
Vpsin(y/pA) + pcos (y/pA) = v/py/p + 1cos (v/pp — 1) »

we have that
[—rle () — As ()] ™4+ Bs (\) + c(N] Ae™4

< sup /p+1(1+/p)e””.

§<p<oo

It is easy to show that sup +/p+1 (14 /p)e ™ < 1. So, the estimate (3.11) is proved.
§<p<oo

Therefore, for the solution of the operator equation (3.10) we have the formula

ug =T {a {C(u) /_ 01 Vg (y) dy (3.12)

+s (1) [g (0)-4 /_ 01 g () dy}
+/Dp8(u—y)f(y)dy}
+6 {—As (\) /_01 Vg (y) dy +c(\) [g 0)-—A /_01 g (y) dy]

+/0A6(/\—y)f(y)dy}+<p}-

Hence, for the solution of the nonlocal boundary value problem (3.1) we have the formulas
(3.8), (3.9) and (3.12).

Now, we will establish estimates (3.2), (3.3) and (3.4) for the solution of the nonlocal
boundary value problem (3.1). From the symmetry properties of the operator A it follows
that

le@llg—g <1 [|42s)] <10, (3.13)

A%~ S MtT7e™1>0,0<y<1,6>0,M >0. (3.14)

First, we obtain estimate (3.2). Using formula (3.12) and an integration by parts, we
obtain 0

vy =T [a {C(u) [A"l (9 0)—e*g(-1) - / 1 iy’ (y)> dy] (3.15)

ro (o0 [

e (y) dy)
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+471 [f(u) —c(p) f(0) —/UuC(u—y)f’(y)dy”

5 {—so\) (g © 91~ [

0
e¥4g’ (y) dy)

+o (<0 + [ ety way)

+8(/\)f(0)+/0AS()\—y)f'(y)dy}+¢]~

Using estimates (3.11), (3.13) and (3.14), we obtain

lu-tls < 1Tl [l {le @l 472, _ (|42 @],

e
e Al [| 420 @), + 4729 (1) - 9] ]
[ g 4720 W], )|
Hlas@], (e lun A2 @, + |40 -1 - 50 ]
o P Ve W), ) + |4
<[|azr @, + a2 0 ) - £ @), + e @l 4725 O],
+ [ 1=l 4727 @), )}

Ho{||a2s )|, (lelum [J420 @), +[|47219 (<1) - g0}, ]

H—H

[ 1 g [ 470 @] ) + Te Ol

(a7 (14770 @, + 470 -0 st

H—»H[

N e P P I RV W e

H—-H
o f s, e o)), )

+lellal < ol +_mas |40,

~1<t<0
-1/2 -1/2 —1/2 g1
+] 4 90, + |4 f(O)”H + max |a2 5 ) H} . (3.16)
Using formulas (3.8), (3.9) and an integration by parts, we obtain
u(t) = e DAy | 4+ 471 (9(t) — e 4g(-1) (3.17)

t
—/ ¥4 () dy, —15t50,)
-1
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w () = [c(t) — As ()] {e~Au_y (3.18)
w47 (50 - tgn- [ ety wa) )
b5 (D)9 (0)+ AT (1) — e (61 0)
—/OtC(t—y)f’(y)dy, 0<t< 1—]
Using estimates (3.13) and (3.14), we obtain

le@lly < [l @Al + 472,

< (a2 @, + e s |40 ), + 47210 1) - g )],
e g [ 421 (-1 —g<0)1|| + [ tl v 47120 )], dy)

1/2 /
<M [“u 1l + max HA

ol =450, ] -2 seso

e Ol < NleOllg— lle™ |l g g lu-1llm

e N L I

y’ [”C(t)”H"H HA_l/zHH—aH + HAl/zs(t)HH—»H]
x (42 @, + e g |40 @),

e e |42 0 (-0 - g @),

1 a0 ) )

Hatsl,_, [a s o, + |4

H-H H-H

< [|a2r @], + 4721 O - £ O, + e @)
x |42 )+ / el -9l |a2r )|, dy]

<3t [ [aree], + ol

O<t<1

-1/2 ¢
#lually + max 4720

4ol ]. osisn

Then from (3.16) and the last two estimates, it follows (3.2).

Second, we obtain estimate (3.3). Applying A'/2 to the formula (3.15) and using estimates
(3.11), (3.13) and (3.14), we obtain

4720 < T [l {lle G [[| 472, (9 Ol
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0
1 g B Ol + 1 (-0 =60l + [ [ 15 W)

+ a2 @], Ue g s @l + lls (<1) — 5(0) ]

[l @) + 4],
X [IF Ol + 1 () = F Ol + el g 1 O
"
o= Wl 17 )] 0]

w1 {] a2 )|, (e Lo 9 Ol + g (1) = g(O)l1 ]

0
+ [ 16 9 @l ) + e O

x((|at2e4| Mg @)l + 19 (1) - 5O)llz]
0
<[], o il o)
e[ ], 15O+ [ [22s0-)], 176l

el ) < ool + s, ool

7
+ 100+ 17Ol + gos |76 319
Applying A2 to the formulas (3.17), (3.18) and using estimates (3.13) and (3.14), we obtain

Jareal, < ], |4, + 4]

H—»H‘ H—-H

X (Ilg O + le™ s 19 Ol + g (&) ~ g (0)]|

T O PTG EFTOTREY N T P P ey

=M {”A” |, + max 90, + Hg(O)MHJ , —1<t<0,

”Al/zu (t)HH Sle@llp_gy ”e_A“H—>H HAl/zu‘l”H

g el P s W e

+le@l 472, + 45500
< (o Ol + e s o @)l

el 0 =9 O+ [ 16 o )] )

lasw|,  lo@y + a2

H—»H]
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X7 Ol + 117 ) = £ Ol + lle @Ol 1F Ol
[ et =0 17 ) 8] < | 170+ 15O

F ], + w91+ 19@l] . 0t

Then from (3.19) and the last two estimates, it follows (3.3).
Third, we obtain estimate (3.4). Using formula (3.15) and an integration by parts, we

obtain
u_y =T [a{c(u) [A"l (g(0) - e 4g(-1)

O A L)

s () (e Ag (1) + 47 [g' © - (1) [ ° Ag" (y) dy])
A7 10 = e 1@ - [s6) 7 O+ [Csw-n s G a) |}
+ﬁ{—5(>\)(9(0—6"‘49( 1) 4t [g’(O) e~Ag/ (-1) - /1A "()dyD

+e) (g (-1 + a7 {g' © - (1) [ " gy )dyD

A
HWIO+A7 P W=7 O~ [ ct-n) s G| |+
Using estimates (3.11), (3.13) and (3.14), we obtain
[Avllg < N1 go g el {lle D g [(lg (Ol

+ e | g g Ol + llg (1) — g(0) |l 7]

1A e [ 1 19 ) )
H AT e e @ + ||6—A“H—*H g @) + g (=1 = g @l 4]])
|l (a2 g @l + e (1) - g@)liz]

+a2s )|, |47, (U9 Ol + el

x [[lg" Oz + llg' (=1) = g'©O)| 4] + /_1 e N o 9" @) dy)

+LF Oz +1f () = f O + e @llzgm If O)lx +

+ae] (AW, 17 O,

+ /0“ | 41725 (- y)”H_,H 17 @) dy} }

wa{|ae ], (|40 @, + 4],
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<[4 14729 @), + 1o (1) — 9Ol

waz] Ml @l + el o @l
e |9/ © =8 Dl + [ 14 ) 0]

e O (14 [|472]
<425 @), + s (1) - 9@l])
+ 9" Ol + e |- [lg' @l + 9" ©) — ¢’ (=1)]| ]
b1l ) )

Hlazsm, a2 o, + 17 Ol + 17 0 -7 0,

A
+leMlg |7 O]l + / leO = lg—w || £ (y)HH}

+ LAells] < [LAvlly + g 1970+ 19 O

0<t<1

+[ 4290)| + |42 + 1 Ol + max 157 HH] (3.20)

Using formulas (3.17), (3.18) and an integration by parts, we obtain

u(t) = e DA 1 A (g(t) — e4g (1)

-A7? {g’ (t) — e~ g (-1) - /_ 1 ev4g” (y) dyD -1<t<0,
u(t) = [e(t) — As ()] {e Pu_1 + A7 (g (0) — e~ g (-1)
0
-A™1 [9 (0) —e™g (—1)—/_16”“9 (y)dyD}
+5()g0)+ A7 f () —c(t) £ (0)
- [s<t>f'(0)+/ts(t—y>f"(y>dy], 0<t<1
0

Applying A to the last two formulas and using estimates (3.13) and (3.14), we obtain

lAu @)l < D4 fAucyly

(a4 O+ e g 477, |40 0,
+lg®) =g Ollg + e gogla (1) =g @l + A7 4
[lg @llg +llg' ) = @Oy + el g

<115 O+ 15 =5 O] + [ 165 I )l ]
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< M I Aually + g "0l + 47250, + IO ).

-1<t<0,
4w @) < le@lgom lle™ || o 1Aully

T P

H—»H‘ H—H

+ [le @y |47,
(|47 @, + I lmn |40 0],
+ [l @4+ a0 ] 477
[lg" @l + “e_A“H—»H [’ @l + 9" (1) — g (O] ]
0
[ 1 g @)
e Ay A2l (<) - O]
+ [ 1 e[ 4720 6] )
tamaw],_, |40,
+[a2] L |42 @], +11F @) - £ ©@)lls
+le@la |47, 47 @,
e[l @], 4], e Ol
T ) B Fs W T TP

<M | g | 05 + |42, + 17Oy

0<t<1

wlarse] )

vy + max o'+ |40 + ||g’<0)llH] , 0<e<.

Then from (3.20) and the last two estimates, it follows (3.4). Theorem 3.2 is proved.

Remark 3.1. We can obtain the same results for the solution of the following multipoint
boundary value problem

(EO L Aulty=f(t) 0<t<1),
4D 4 Au(t) =g () (-1<t<0),

y w(=1) = T, osu ) + T B’ (N) + o,

Y el X 18 < 1,

[ 0<p; <L1<i<SNO<N<SL1<i<L
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for differential equations of mixed type in a Hilbert space H with self-adjoint positive definite
operator A.

3.3 Applications

Now, we will consider the application of Theorem 3.2. First, we consider the mixed problem
for hyperbolic- parabolic equation

Uyy — (a(2)Vz)e +0v = fy,2),0<y <1, 0<z <1,
—(a(z)vg)z + v =g(y,z), -1 <y <0, 0 <z <1,
v(—-1,z) =v(l,z) +vy(l,z) + p(z),0 <z < 1, (3.21)

v(,0) = v(y, 1), v2(y,0) = (9, 1), -1 Sy < 1,
v(0+,z) = v(0—, z), vy (0+,2) = vy(0—,2),0 <z < L.

Problem (3.21) has a unique smooth solution v (y, z) for the smooth a (z) > 0 (z € (0,1)),
@ (z)(z €[0,1]) and f (y,z) (y € [0,1],z € [0,1]), g (v, z) (y € [-1,0],z € [0, 1]) functions and
§ = const > 0. This allows us to reduce the mixed problem(3.21) to the nonlocal boundary
value problem (3.1) in Hilbert space H with a self-adjoint positive definite operator A defined
by (3.21). Let us give a number of corollaries of the abstract Theorem 3.2.

Theorem 3.3. The solutions of the nonlocal boundary value problem (8.21) satisfy the sta-
bility estimates

1@ tons < M [1FO) o+ s, 1501y

1< <1

o0+ 8 90 L + el

ax |v(y) “W2 0,1] <M {”f(o)“Lzm + max ”fy(y ”L2[0,1]

1< <1 0<y<1

o a0+ 185, 195100+ lelbngn]

max “'U(Z’/)”W2 o1 T ””y(i‘/)”];2 o] T I ”Uyy(y)“L2 0,1]

_T<y<1 1< <0 0< <1

<M [”‘P”Wzl[o,l] + 17O lwgpo,1y + 1fy O 0,1 + max (| fyy (W) 1500,

Eees)
+ ”9(0)“W22[0,1] + “91/(0)”1,2[0,1} + max ”g?!y(y)”_[,z[o,l]]

1<y<0

where M does not depend on f (y,z) (y € [0,1],z € [0,1]), g (y,z) (y € [-1,0],z € [0,1]) and
o (z) (z €[0,1]).

The proof of this theorem is based on the abstract Theorem 3.2 and the symmetry prop-
erties of the space operator generated by the problem (3.21).

Second, let 2 be the unit open cube in the n-dimensional Euclidean space R® (0 < z; < 1,
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1 < k <n) with boundary S, @ = QU S. In [0,1] x Q we consider the mixed boundary
value problem for the multidimensional hyperbolic-parabolic equation

4 (3

vyy — 2, (ar(2)s,),, = f(y,2),0<y <1,

r=1

z=(21,...,Zn) € Q,

n
- = ' ), -1<y< 07
Uy Tzzjl (a"f‘(x)/uzr)z,. g(y ) y (322)

z=(z1,...,2,) €Q,

v(~1,z) = v(l,z) + v, (1, z) + p(z),z € Q,

L u(y, ) =0,z€8,-1<y<L

where a'r‘(m)a ((17 € Q)a@(m) (w € ﬁ) and f(y:m) (y € (Oa 1)a S Q),g(y,x) (y € (_170)$ T Q)
are given smooth functions and a.(z) >a>0.

We introduce the Hilbert spaces L2(Q) of the all integrable functions defined on {,
equipped with the norm

1/2

1l =9 [ [ f@ P o

z€eN

Problem (3.22) has a unique smooth solution v(y,z) for the smooth a,(z) > 0 and f(y,z)
,9(y, z) functions. This allows us to reduce the mixed problem (3.22) to the nonlocal boundary
value problem (3.1) in Hilbert space H with a self- adjoint positive definite operator A defined
by (3.22). Let us give a number of corollaries of the abstract Theorem 3.2.

Theorem 3.4. The solutions of the nonlocal boundary value problem (3.22) satisfy the sta-
bility estimates

s o)l < M 17O +

_1<y<1 ”fy(y ||L2(Q)

0< <1

ol +_ms a0l + el

”fy(y)”z,z(g)

1< <1

”v(y)”WI(Q) <M [”f(o)”m(ﬂ) T o< <1

+ 9Ol , @ + _max gy 2@ + ”‘P“Wl(ﬁ)J ;

lv@Wllwzy + max (v (W), @ + m

_15<0 “”yy(y)”LZ(g)

1< <1 0<y<1

< M1 [l + 1O g + 15Oy + s 1wl

0<y <1

+lgOlwza + 19Ol @ + _max lgw@)llz,@

where M does not depend on f (y,z) (y € [0,1],z € [0,1]), g (y,z) (y € [-1,0],z € [0,1]) and
¢ (z) (z €0,1]).
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The proof of this theorem is based on the abstract Theorem 3.2 and the symmetry prop-
erties of the space operator generated by the problem (3.22).



CHAPTER 4

THE HYPERBOLIC-PARABOLIC DIFFERENCE
EQUATION

4.1 The First Order of Accuracy Difference Scheme

Let us associate the boundary-value problem (3.1) with the corresponding first order of accu-
racy difference scheme

(772 (ugg1 — 2ug + up—1) + Aupyr = fr,

fe=F (k1) e =(k+1)7,1<k<N-1,

77 (ug — ug) = —Aug + go,

7 (ug — up—1) + Aug = g, gk = g(tx),

b=kt —(N-1)<k<0, (4.1)
u_n = aug + B (—Aug +go) + o, <27, A< 27,

u-N = aup,/r + B (—Aug + go) + ¢, 27 < p, A < 27,

u_N=auO+ﬁMM"—l+<p,u§27,2T</\,

(| UoN = oy + BT ) 97 <y, 27 < A

A study of discretization, over time only, of the nonlocal boundary value problem also permits
one to include general difference schemes in applications, if the differential operator in space
variables, A, is replaced by the difference operators Ay that act in the Hilbert spaces Hy, and
are uniformly self-adjoint positive definite in A for 0 < h < hg.

First of all let us give some lemmas that will be needed below.

Lemma 4.1. The estimates hold:
|2 (zra)|

<1, HTAl/zR (:I:TAl/z) H <1, (4.2)

H—H HoH

HR’“H < M(1+6m)7", HAR"“H_)H <MK E>1, (4.3)

H—H

32
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where M does not depend on 7. Here R (iTAl/ 2) (I + 47 AY 2)
R=R(rA)=(I+T1A)™" .

Lemma 4.2. The operators
I—(a—BAe ™A

—(ale(w) — As(w)] — BA)e™
—(a—B[s(\) +cN)]4)e™4

have inverses

(I - (o — BA)e4),
(I - (afe(w) - As (w)] - BA)eA) ™",
(T (@=Bls() +eW)] A)e) ™

and the estimates hold:

(I = (@ = BAY™) | g < M, (4.4)
|- @lew) - As @] - pye )| <M, (4.5)
|- @-slm+eonaen™|  <m (4.6)

Proof: First, we obtain the estimate (4.4). The proof of this estimate is based on the
estimate

[ =(c = BA)e™ 4|y < L.
Using the positivity self-adjointness property of A, we obtain

H—(a - ﬂA)e”A”H_)H < sup |(a — ﬁp)e“"| < sup (1+ple™™.
§<p<oo §<p<oo

It is easy to show that sup (p+ 1)e™ < 1. So, the estimate (4.4) is proved. Second, we
I<p<oo
obtain the estimate (4.5). The proof of this estimate is based on the estimate

| —(efe(n) — As (W) — BA)e ™|,y < L.
Using the definitions of ¢ () and s (1) and positivity self-adjointness property of A, we obtain
I=(erle (k) ~ As ()] = BA)e ™| 4y
< _sup_|afeos (y/7u) — Vpsin (V7] = Bole .
<p<oo
Since
cos (v/pu) — v/psin (v/pp) = v/p+ 1cos (v/or — ) »

we have that
| —(erle (1) — As ()] — BA)e |,

< sup (\/m+ p) e P,

§<p<oo
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It is easy to show that sup (v/p+ L+ p)e® < 1. So, the estimate (4.5) is proved. Third,
§<p<oo

we obtain the estimate (4.6). The proof of this estimate is based on the estimate

“— (a—Bs(A)+c(N)]A4) 6~A“H—>H < 1.
Using the definitions of ¢ (u) and s (1) and positivity self-adjointness property of A, we obtain
H—(a — B[s(A) +c(N)] A)e—AHH_)H
< 5<Su£ lo — By/psin (y/pA) + pcos (y/pA)]| e™".
<p<oo
Since
Vosin (y/pA) + pcos (/pA) = /p/p+ 1cos (vpu — 1),

we have that
[—(@—Bls(\) + W] Ae™ 5y < S (1 +/p+ 1@) e".

It is easy to show that sup (1 ++vp+ 1\/;_)) e P < 1. So, the estimate (4.6) is proved.
§<p<oo
Lemma 4.2 is established.

Lemma 4.3. The operator

( I—(a—BAYRNif p<2r,A<2r,

— (o ({3 [RI1S (rA3%) + R ()]
L4 /2 [RW/TI=1 (1 AL/2) 4 Rlw/n=1 (—7 41/2)]]
+ 24) (R (o A7) — RO (A1)} < p4) RN

if 27 <p, <27,

g

T B3 (3[R (073 + BT (r )
+& 1 A1/2 [R[)\ T (TAl/Z) + RlIATI-1 ( Al/Z)]}
1 A1/2 I+ 724) [ RIMT] (—TA1/2) — R/ (TAI/Z)]}

1 I:R[/\/'r] (TA1/2) + R/7-2 (_TA1/2)]
21A172 [R[/\/T] ( A1/2) + RIMT)-2 (_TA1/2);
+LAV2 (T4 724) [R RIS (—r A1/2) — RIVTISL (24l 1] BY
Qr =< if p<2r,2r < A

= o { {3 [RM7 (rA1/2) 4 RIS (< A1)
1A1/2[ Rle/ml-1 ( AI/Z) +R[u/r (_TAI/Z) }

—%Al/22 (I + 72A) [RW/™ (—7AY?) — RIW/™ (1 AY2)]} RV
o e )

1A1/2 (I+T2A) [ [)\/-r]( TA1/2) RIMT] (TAI/ )]}

_{{ [ RIMTI- (A1/2)+R[A/ﬂ—2 (_TA1/2)]
+1 A1/2[ RIMTI- 2( A1/2)+R[,\/T]—2 (_TAI/Z)}}

N:
M

7

+2%.Al/2 (I+’7’2A) [R[)\/T]~1 (—TA1/2) — R/r-1 (TAl/Z)} }) RN]
\ if 97 < p, 2T < A
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has an inverse

( (I-(a—BAYRN ™ if p<2r,x<o2r,

(1- (ai{% [RW/TI=1 (1 A1/2) 4 RI/TI=1 (—r A1/2)]
+& A2 [RI/71-1 (r41/2) J R (—r AV2)])
— L AY2 ([ 4 72 A) [RI/T] (—7A/2) — RIW/7) (£ AV/2)]} — BA) RN)‘l
if 2T < :u‘a )\ S 27',

( . [(j— iz/;l[({[){\/zﬂh 2:41/2(;11;:[2\;]ﬁ[z/_ijll(/;ﬁ?l/z)]

1 A1/2 (I+ TZA) [R[/\/T] ( TA1/2) _ R[/\/'r] (TA1/2)]}
{1 [R[)\/'r] (TA1/2) + RP‘ T]—2 _TA1/2)]
éliAﬁz (R RIMTI~2 (rAY2) + RIMTI-2 (—rAMYE))}

7= ) THAVE (14 724) [RNT (—rAl/2) — RIMTISL (rAl/2)11)] RY) T
T if p <2121 < A

(I-a{{} [R[u/ﬂ =il (TAI/Z) Rlu/- (- Al/Z)]
+LZ_A1/2 [R[u/f]— ( A1/2) + Rlw/l= ( A1/2) }
w2%141 2 (I+ TzA) [R[n/r] ( 7.‘41/2) Rlu/7] (TA1/2)]}RN
)]
¥

+[67.—1 ({{ [i /\/'r ( A1/2)+R[/\/T ( A1/2
+a 1 A1/2 [R A/1]~-1 (TAI/Z) + R[’\/T ( A1/2)]
1 A1/2 (I—i—TzA) [ A/T ( TAl/z) RIMT] (TAI/ )]}

1 [R[)\/T]—2 (TA1/2) + R[/\/T]—2 (_TA1/2)]
+%A172 I:R[)\/'r}~—2 (,,.Al/2) + RIM7I-2 (—TA1/2)]}

_}_%Al/z (I +724) [R[/\/'r}—-l (_TA1/2) — RVt (TA1/2)} N RN])A
L if 2r<pu,2r<A

and the estimate holds:
1T || g—rr < M, (4.7)

where M does not depend on 7.

Proof. Note that if u <27, <27, then
T, — (I - (a — BA) e"A)_l

=T, (I-(a— ,BA)e"A)_1 (o — BA) [RY ~ e_A] .
If 27 < u, A <27, then

T, — (I = (ale(u/rlr) — As ([u/7]7)] - BA)e™)
=T, (I - (alc(lu/rlr) — As ([u/rr)] — BA)e~4) "

o ((a { {% [RW/1 (7 AY2) 4 Rlur1-1 (—rat/?)]



36

A [ () 1 )]
g AV (1 72A) [R#7 (= a2 — R (2] } - ﬂA) RV

~(a[e([u/rlr) — As (lu/7]7)] - BA)e™).

If u<27,27 < A, then
T~ (1= (a=Bls (W/r)7) + e(/rIr)] 4)e)
=T (I —(a—-p [3 ([)\/T]T) + c([)\/T]T)] A) e—A) -1

[l (sl eam) e (o)

b A2 [EVI (2 12) 4 g (_TAl/z)]}
A2 (1 4 724) [RM7 (e 41/2) — R/ (74002)] }
{3l ) e (o)
+gp V2 [RAA72 (r12) 4 RV ()]}
o A2 (I -+ 724) [RWTH (~rat/2) — R (rg202)] })] RY

Bl (/rlr) + (/i) A)e4] .
If 27 < u, 27 < A, then

1 = (I = a(le(ln/7Ir) — As (lu/rlr)] = Bls (M 7]r) + e (A7) A)e™4)
=T (I = a(le(lu/7lr) — As (lu/rlr)] - Bls (M/7IT) + e (0 /71r)] A) e=4) ™

(o f{z e (o) e ( &)

b A2 [Rf1L (7 41/2) B (o g12) }
— 5 AY? (1 +724) [Rl/] (- 41/2) - R ( Al/z)]}
o ({3 ) )
A (1 () o ot (r )]

L4 (14 72y [RV (=g 7) - e ( ar)]}
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_ {{% (B2 (7a32) 4 12 (—p i)
_% V2[RI (2 1/2) 4 B2 (rp102)] }
7

+§12A1/2 (I +724) [R[z\/r]—l (—TA1/2> _ giMr-L (TA1/2)] })} RN

—a([e(lu/T)r) = As(lu/]r)] = Bls (\/7]7) + c((A/7Im)] A)e™).
Using the last formulas and the estimates (4.4), (4.5), (4.6) and

|ARY — Ae < Mr,

Maow <

[|(c — BA) [RY — e74] < Mr,

(.

(o { {3 oo () s tos (o)

+% AL2 [ Rln/r-1 (T Al/z) + R/ (_T A1/2)} }

—-21—iA1/2 (1 +724) [RU/7) (—ral/2) — R/l (1412} } - ﬂA) RN
—(ale([u/Ir) = As ([u/I7)] = BA)Ye ™| 4y < M,

[a gt ({{% [R[,\/r]—1 (TA1/2> + g (_TAl/Z)]

+% a1/2 [ (ra12) gt (e pt)] }

L AV (1472 A4) [BV (e a2 — R (¢A1/2)]}
{3l () s ()
o A2 [RIVTI2 (1 41/2) 4 RN (—¢A1/2)]}
b A2 (1 724) [RA/71 (e ah/2) — BT (0077)] })] RY
~(e = Bls (WIr) + e(/rID] Ae™ |y < M,

{3l ) e (o)

+21i Al/2 [ Rlw/r-1 (T A3 4 I (_T Al/z)} }

_2% AY2 (I 4 724) [R[u/r] (_T Al/z) — R/l (T Al /2”}

. ({{% [R[,\/TH (TA1/2) 4 gl (—TA1/2)]
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+% AL/? [R[A/T]—l (T A1/2) 1+ RIMTI-1 (_T A1/2)]}
7
_2% AL/2 (I +7%4) [R[A/r] (_,, Al/Z) — R (T Al /2)]}

- {{% [R[,\/T]—z (TA1/2) + RWTI-2 (_TA1/2):|

+%A1/2 [R[A/T]—Z (TA1/2) 4 pM/-2 (—TA1/2):I}

L (1) [RV (7)1 (Tsz)] 1]

—a(le (/1) = As ([u/r})] - Bls (M7Ir) + e (V7] A) Ay < M.

we can obtain the estimate (4.7). The proof of these estimates are based on estimates (3.13),
(3.14), (3.11), (4.2) and (4.3). Lemma 2.3 is proved.

Theorem 4.1. Suppose that ¢ € D(A), go € D(AY?) and f; € D(AY?). Then for the
solution of the difference scheme (4.1) the stability estimates hold:

NN et 2 (4.8)

<t [+ |45, + g 47

2<k<N-1
+ HAMlmgO”H + _(lellsa)ik<0 HA 1/2 (gx — Gk—-1) “ }
NN HA1/2uk “H (4.9)
M [”Al/%DHH 1 Aulle + a<hen—1 I(fe = fe) 77 4

_ -1
ol +_ g 106 = 967 .
sy 772 (w1 — 2wk + we—1) | (4.10)

77" (up—up—1)|| fp +  mmax [ Auglly

+ max
—(N-1)<k<0 —N<k<N

< M [ Al + [ 4R, + 102 = )7

oA 2”(fk+1 2k + fr-1) T 2||H+”A1/2gg“

+l(go = g-1) 77 + v O | (gk+1 — 29% + gx—1) 7_2”11} :

where M does not depend on 7, fr,1 <k< N -1, g&p, -N+1< k<0 and .
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Proof. We will obtain the formula for the solution of the difference scheme (4.1). It is

known that there are unique solutions of the initial value difference problems

o =F (k1) thma = (k+1)7, 1<k <N -1,

{ 772 (W1 — 2ug + Ue—1) + A1 = fis
ug =&, 77 (ug —up) =1,

7l (up — upo1) + Augp =gk, g = 9(tk),
ty=kr, —(N—-1)<k <0, u_y is given

and the following formulas hold:
(w1 =€+ 7Y,

we = {3 (R (rAY2) 4 R (- A0

¢ +5AY2 [RF1(rAY2) + REL (—TAM2)]} €

+LATV2 (14 124) [RF (~TAY2) — R (r4Y2)] g

+Zk~1 LA—1/2 [Rk;—s (—TA1/2) _ Rk-s (,’.A1/2)] fo, 2<k < N,

\ s=1 2¢
k
we=RNTPu_y+7 Y RFTlg, —(N-1)<k<O.
s=—N+1
Using (4.13) , (4.14) and the formulas
77 (uy — wo) = —Aug + go, ug = E,7  (ug — ug) =,
we obtain .
E=uy = RN’LL_N +7 z R_8+1gs,
s=—N+1
0
=71 (up —up) = —A RNu_n+7 Z R g, | + g0.
s=—N+1
Therefore

w = (1= 7A) [RNu_y + 759y Bg,] + g0,
up = {{3 [R*7} (7A1?) + BF~1 (-1 41/72)]

+5; AY? [RE! (1AM?) 4 RF1 (—7412)]}

LAY (14 724) (B (~rAV2) — R (raV2)])

X [RN UN T Yo N1 R_SHQS]

+& ATV + 72 A) [RE (—TAYZ) — Rk (1AY2)] gq

|+ 2 A2 [RE-s (—7AY?) — RES (1AV?)] f,, 2< kK < N.

(4.11)

(4.12)

(4.13)

(4.14)

(4.15)



If u < 27, A < 27, then using the condition
u_n = oug + B(—Aug + go) + ¢,
we obtain the operator equation

0
RN’LL_N +r Z R—s+1gs
s=—~N+1

u-y = (o — BA) + Bgo + .

The operator
I—(a—BAYRN

has an inverse )
T, = (I - (a — BA)RN)™

and the formula holds

0
u_ny =T, {(a —- BAYT + Z R™*%lg . + Bgo + ¢
g=—-N+1

If 27 < p, X € 27, then using the condition
u_N = oy + B (—Auo + go) + &,

we obtain the operator equation
Uy = & H{% [R[#/'r]—l (TAI/2) + Rle/rl-1 (—TAI/Z)]
+% AL/ [ Rlufrl-1 (T A1/2) + Rls/-1 (_T A1/2)]}

_2%,41/2 (1 +1%4) [R[u/ﬂ (_TA1/2) _ R/l (’I'Al/z)]}

0
% {RNU_N—FT Z R_8+1gsj'
g=—N-+1

+§1; ATV (14 724) [RII‘/’T] (_T A1/2) _ Rlw/l (T Al/2ﬂ %

., [u:zj;—l %A_1/2 [RIH/T}—S (_TA1/2) _ plu/rl-s (7.A1/2)] fsil

0

—BA [RN U-N+T Z R—S-HQS} + Bgo + ®.
s=-~N+1

I- (a H {% (R (r41/2) 4 Rt (et

+%A1/2 [R[p/TH (TA1/2) 4 Rlw/T-1 (—TAW)]}

The operator

_% AY2 (1 4 724) [R[u/f] (_TA1/2) —~ Rlu/l (TA1/2)]} + ﬂA)} RY

40

(4.16)



41

has an inverse

T, = (1 - (a H{% R/ (rad/2) 4 Rl (—p p1/2)]

+§12A1/2 [R[p,/'r]—-l (TAl/Z) . Rlw/r-1 (_TA1/2)]}

——21—3,141/2 (I+724) [RWT] (—TA1/2) — Rle/7l (TA1/2)}} + ﬁA)] RN> -

and the formula holds

we=1Ts (o [{{5 [0 (rair2) - it (<o) (@17
+2%‘141/2 [R[/L/T]—'l (TA1/2) + Rlw/7l-1 (—TA1/2)]}

- L A2 (1 4 124) [B7] (2102 — R (ml/z)]}

0

XT Z R™tlg,
s=—N+1

+—21—2.A“1/2 (I +724) [RWT] (=7av2) - R/ (741/2)] g
/-1

+ Z ;-—.A—l/2 [R[ﬂ/f]—s (_TA1/2) _ Rlu/tl—s (TA”ZH fs}

1
s=1

0
—BAT Y R™*Mg,+8g0+ <,o) .

s=—N+1
If 4 < 27, 217 < A, then using the condition

U] ~ YAfr]-1

un = og + B + ¢,

we obtain the operator equation

0
U_N = O [RNU_N +7 Z R‘8+1g3}
g=—N+1

+8rt ({{% [R[/\/T]—l (TAl/Z) + RMTI-1 (—'rAl/z)]
+%A1/2 [R[)\/T]—l (TA1/2) 4 R/ (_TAl/Z)]}
)

_512 AV (1 +724) [R[A/T] (_,r A1/2) — g1l (T A /2)]}

X

0
RNu_n+7 Z R—“lgs}
s=—N+1
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+1A-1/2 (I +724) [ RIM) (—¢A1/2) — R/ (TAW)] %

N /\/zr: _A 1/2 [ RIMT)-s (_,’_Al/z) _ plMTl-s (TA1/2):I 1,

- {{% [R[A/T]— (TAI/Z) 4 RV/TI-2 (—TAW”
+%A1/2 [R[z\/rl—2 (TAl/Z) + RIMTI-2 (—TAl/z)]}
i

_1_51%141/2 (I +24) [R[z\/'r]—l (—’I’Al/2) _ g1 (TA1/2)]}

X

0
RVu_n+7 Z R“‘”‘lgs]
s=—N+1

_iA—l/z (I +724) I:R[)\/'r]—l (—1A1/2) _ plvr-1 (TA1/2)] %

/7] 2

_ Z = A-L/2 [ RMTl-1-3 (—TA1/2> _ piA/Tl-1-s (TAl/z)] fs) +o.
Z

The operator
1 [ ({5 0 ) e ()]
+§12A1/2 [RIVI=1 ('rAl/z) + R/ (—TAI/Z’)}}
— gAY (472 4) [V (7 A1) — R/ (TAuz)]}
(Bl ) s (e
b A2 [RMA=2 (- AV2) 4 A2 (- TA1/2)]}

+_21_iA1/2 (I +724) [R[A/T]—l (_TAl/z) _ pM7-L (TA1/2)] })] RN

has an inverse
T, = (I - [oz - prt ({{% [R[A/T]—l (TA1/2) + RM-1 (_TA1/2)]
+%A1’ 2[RI (r422) 4 RV (o Al/z)}}
2
—%Al/ 2(1+724) [RWT] (—TA1/2) RV ( A1/z)}}

{3 e ) s (o)
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+§i AL/ [ RA/TI-2 (T Al/z) L g2 (—7- Al/z)”

N _21_Z AV2 (T4 724) [R[A/ﬂ—l (—TAl/z) — RM7I-1 (TAl/z)] })} RN) B

and the formula holds

0

u_n =T {om- > R, (4.18)

s=—N+1

o ({{% [R[,\/T]—1 (TAl/z) 4 pivri- (_TAl/z)]

o AV [RVTIL (2 4112) 4 g1 (—TA1/2)]}

_512 AV2(1+724) [R[A/f] (_T Al/z) _ RIM7 (T Al /2)]}

0

XT Z R~*tlg,

s=—N+1
+§1—A—1/2 (I +724) [ R (_TA1/2) _ RV (TA1/2)] 0
[A/7]—

+ Z A-1/2 [ RIM7l=s (_TAl/z) _ RMl-s (TAW)] 7,
(e o)

+§1—iA1/2 {R[Am-z (TAW) 4 RVl (—TAW)]}

+%A1/2 (I+724) [R[’\/’]”l (—TAl/z) _ g1 (T Al/Z)] }

0

XT Z R™%*1g,

s=—N+1
__1_A—1/2 (I +724) {R[/\/T]—l (_TA1/2) _ RiMm-1 (TAI/Z)] %
A/7]—2
B Z ; —1/2 [ RIMTI-1-s (_TA1/2) _ RpiMTI-1-s (TA1/2)] fs) +(p} )
7
If 27 < u, 27 < A, then using the condition

U/r)-1

Ul
U_N = QU+ 0 [A/r] — - + ¢,

we obtain the operator equation

U_N = [{{% [R[#/T]—l (TA1/2) + Rlw/rl-1 (_TA1/2)]



+%A1/2 [R[u/r]—1 (TA1/2) + Rlu/r-1 (_TA1/2)]}

—2%,,41/ 2(I +724) [RWTI (—¢A1/2) _ R/ (TA1/2)} }

0
X {RNu_N +7T Z R“‘”“gs}

s=—N+1
+i A2 (14 72 4) [ R/ (_T Al/z) _ R/l (T Al/z)j %

lw/7]—

+ Z —-A 1/2[ Rlw/ml- s( A1/2) Rlu/rl- (A1/2) fs}
+pr ({{%[R[’VT] (rav/2) + RN (—ra1/)]

+%A1/2 [R[/\/T] (TA1/2) + R)\/T TA1/2 }
2

_%Am (I + 724) [R[A/T] (—TA1/2> _ g/l (TAW)]}

0
X [RNU_N +T Z R_S‘HQS}

s=—N+1
+lA_1/2 (I +724) [R[’VT] (—TA1/2) — R/ (TA1/2)] 90

A/7]—

+ Z A-L/2 [ RV/l-s (_TAl/Z) _ plM/Tl-s ('rAl/Z)] 7y
~{{%[wa} (s 1075 (o)
+% 4172 [RAI=2 (r412) 4 B2 (_T 4] }

+%A1/2 (7 +724) [RV1 (—ra4/2) = RV7I=L (741/2)] }

0
X [RNU,_N +7T Z R_S'Hgs]

s=—N+1
_%A—1/2 (1 +724) [ R (—TA1/2) _ g1 (TA1/2)] %

[A/7]-2

_ Z 2T 1/2 /- s( TAl/z)_R[A/T]—l—s (TA1/2)]f8) +o
2

The operator
I— {a{{% [R[M/TH (TA1/2) 4 Rlw/m-1 (__TAl/z)]

g [ () 4 0 ()
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L A2 (1 4 724) [B7] (e a2) — g (ra12) } RY
o ({{3 1 (o) s ()
—l—%AW [RIV7IE (raV/2) 4 RTIL (- TAl/z)]}
—%AW (1+724) [RVT (—ral/?) — RV (7412)] }
(gl ) < v (e
b A2 [RVI2 (- g117) 4 RV (_TAw)]}

+%A1/2 (I +724) [R[,\/T]-l (—TAVZ) _ gy (TAW)] }) RN]

has an fnverse
1= (1= o { {3 [ ) oo ()
+%A1/2 [RIs/mI=2 (7.41/2) . Rl (_TAW)”
A3 (1 4 724) [R07) (e V7)) (rA102)] } RY
ot ({5 [ () e ()
e A2 [RVTIL (22107) 4 VI (_TAW)”
——%Al/z (z+724) [RV7 (—rav2) - RV ( Alfz)]}

_ {{l [Ri/r=2 (- rAY2) 1 RV-2

2 TAW)]

)

A ) [0 (o) 0 ()] ) )

and the formula holds

(-
+2liA1/2 [R[A/r] ( Al/z) + RV 2(

-1

wy =T, (a [{{% [RW/1=2 (ra12) 1 /i1 ()] (4.19)
+2ii V2[RI (2 /2 4 g1 (pp12)] }

_,21_2.,41/2 (I +724) [RWT] ( A1/2) Rlw/7] ( A1/2)}}
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0

XT Z R—s-&—lgs

s=—N+1
+_1_ A2 (] 1 724) [R[ﬂ/r] (_T A1/2) RI/7] ( AL/2 %

lu/r] -

)
4 z A-1/2 [RWT] 3( ,rAl/z) Rlu/Tl—s (TAl/z) fs}

L ({{% [R[)\/T] ( Al/2)+R/\/T ( 7_141/2)

+%A1/2 [R[,\/ﬂ (TA1/2) 4 RW/-1 TAI/Z }
1

~%A1/2 (I +724) [R[,\/T] (_TA1/2> R (TA1/2)]}

0

XT Z R™stlg,

s=—N+1
+lA-1/2 (I+724) [ R (—TAW) — R/ (TA1/2)] 9

IN/7]—

1 Z A-L/2 [ RMTI-s (_TA1/2) — RAMl-s (TAl/z)} s

p { {_21_[ RWTE (212 4 RV1-2 (—r 1)

L que [R[,\/T}-z (TA1/2) £ pI-2 (_TAI/Z)]}

_i_lAl/Z (I+7'2A) I:R[/\/T}—l (_TAl/z) _ g1 (TA1/2):|}

0

XT Z R5t1g,

s=—N+1

—%,A—l/? (I +7%4) [ RMTI-1 (_T Al/z) _ pivr-1 (T A1/2)] o

A/r]-2

_ Z T A-l/2
2z
% [ RIMTl-1-s ( . A1/2) RIMTI-1 (T Al/2)] f) T (p)
Now, we will obtain estimates (4.8), (4.9) and (4.10). First, we obtain the estimate for

el -
If p <27, X < 27, then using the Abel’s formula and formula {4.16), we obtain

u_y =T, [(a— BA) A {-RNg_ny1 (4.20)

0

+ >, R (g1 - gs)} +aA g + 90} .
s=—N+2
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Using formula (4.20), estimates (4.10), (4.7), (4.2) and (4.3) we obtain

el < 1T g [Jod A7 e {[| 272N, 47 20-0vaa ],

H—H

S CC n W e
s=—N+2

474 so] ] + i {422

H—-H

+lo uA—wu |47 20w,

H—-H H—H

+ HAl/zR“ +1HH_}H HA“1/2 (gs—1 — gs)HH} + ”QDHH]
s=—N+

-1
SM{ %; 1)\/(‘_‘s_|_—1H 12 (g5 — g5-1) H +I|<,0HH+||A ”290” }

<[, mae 470, )+ bl 4]

<3 [t ], oo -0

+HA 1/290)] [A—l/z fy ., 4 “ J (4.21)

mex ol
H ~—(N 1)<k<0

If 27 < p, A < 27, then using the Abel’s formula and formula (4.17), we obtain

oy =T, (a H {% (R (r41/2) 4 B0/ (e gif2)] (4.22)
+_21_iA1/2 I:R[u/r]—l (’TAI/Z) + Rl#TI-1 (HTAl/z)}}

_%Alﬂ (I+ 7-2A) [R[P'/T] (_TA1/2) — Rlu/7) (TAl/z)]}

XA_l g0 —

0
RNg_nup+ Y., B*ge ;- gs]J
s=—N+2

op AT (14 74) [RW7 (—r 12 — R (- 0) | gy

{f[ﬂ P [R[u/ﬂ (<rat/2) + Bt (a12)] 1

. u/i: 1 1 [RU‘/T ( TA1/2) + Rlu/T]-s (TAl/z)] [fs—1 — fs]}

—B

0
~RNg_nya+ Y, RMg- gs]] + 90) .

s=—N+2
Using formula (4.21), estimates (4.10), (4.13), (4.2) and (4.3) we obtain



-l < e (10l ({14, 5 [ ()

+ “R[M/T]—l (—TA1/2)

-

e e [ e C [ M)

wgllosay e pam) o @ e (), 1)

Qo+ 1 420 ]

S L A Ve
s=-N+2

H—H

lles o e, ,

<[4l + a2

MR G| M

H—H H‘A /Zf“/T ’H

vy (| (o) B a2,
[u/]-1
<amesl,+ % 3 [l (ea)],

s )]s )

vl I ona,
+ ”‘PHH)

[ ZN T 4 G0 el 47 1/290'(}

blA V2 Fupr—1

H—»H:|

H—H

- e, el

R ) N

I /\

AR IR IR RN

< [l + 4725+ e a2 - e,

a4,

If u< 271,27 < A, then using the Abel’s formula and formula (4.18), we obtain

H —(N 1)<k<0

48

(4.23)
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u_y =1r laA—l

0
go-RVg_ny1+ D RVl g - gs]:| (4.24)
g=—N+2

LB ({{% [R[,\/r]-l ('TAl/Z) + R (wTA1/2)]
+%‘41/2 |:R[)\/T]—-1 (TA1/2) 4 vt (_TAI/Z)}}
i

_%Alm (I+712A) [R[)\/T] (_TA1/2) _ RIM7) (TAWH}

0
XA~1 [_RNQ-—N+1 + Z R—8+1 [gs—l - gs]}
s=—N+2

1Al {f[/\/"']—l _ % [R[,\/T]-1 (_TA1/2) 4 R/ (—rAW)] f

A/rl-1

S % [RWT}_S (_T A1/2) 4 gM/r—s (TAW)} [fs—1 — fs]}

({5 s ) e o)
Jr%141/2 [R[,\/T]—z (TA1/2) 4 piMl-2 (_TAl/Z)]}
1

+2lz.A1/2 (I+7°4) [RWﬂ-l (—TA1/2) _ R/ (T A1/2) ] }

0
x A~ [—RNQ—NH + Z R gy — gs]]
s=—N+2

_ 1
A7t {fp\/ﬂ—z -5

2
[A/7)-
2
§=2

Using formula (4.24), estimates (4.10), (4.13), (4.2) and (4.3) we obtain

[ RIMTI-2 (_T A1/2) + RVTI-2 (T A1/2)} f

2

% [RWTH—S (_TAI/L)) + R/rl-1-s (rA”“’)] [foe — fs]} +4 .

ol S el [l 472

X [HA_l/ngHH + “RN”H—»H HAﬁl/zg“NHHH

b3 I g |47 0

(1 {{3 [ () = (o),

ey (10 ) |y v v (),




v [l B (ea)| st m )T
< 1BV e HA—l/zg—N“HH + =§ \ (R PP HA_1/2 [95-1 = gS]HHJ

+[[ae| L A nme = fam-al |

gl ([ (cra ) RN ()]

1 e .| +|z (e

x| A7 [fingeyz = Fomal |

. WTZJ‘ ’ % i e (o) s ()|
8§=2

X HA“l/2 [fs—1 — fs]”HD + HQOHHJ .

1/2”
H—H

s a2

(7))

H—-H H—)H]

<M

-1
- L=_(ZN_1) Vi{—s+1)

g SR P A

(/7] ~
5 o=

e, el + ]

<30 [l + 45+, g 7 G- e

H 2<k<N 1

R R i A

If 27 < p, 27 < A, then using the Abel’s formula and formula (4.19), we obtain

u_y =Ty (a H{% [RI/m=1 (7 A1/2) 4 RIMTIZL (e p1/2)]

_1_51?41/2 [R[u/r]—1 (TAl/z) 4 Rlw/rl-1 (_TA1/2)]}

AV (1472 4) [B (e 1/2) — R (TAl/z)]}

0
x A~ {—RN g-N41+ Z R™**! g1 ~gs]]
=—N+2

a7 fea - 3[R0 ( raV5) 4 F (g g

50

(4.25)

(4.26)



lu/r]-1 1
4 Z 5 {R[u/r]—s (—TA1/2) + Rlu/l=s (TAl/Z)] [fo1 — fs]}

8=2

gt ( { {% [RVA=1 (4102 + RV (—rat)]

+2%‘41/2 [R[,\/T}-l (TAl/z) 4 R/ (_TA1/2)]}

_%Alﬂ (I+ 7‘2A) [RD\/T] (_TA1/2) _ R/ (TA1/2)]}

0

xA™H [ ~RNg_ni1 + Z R ge — gs]:'
=—N+2

[ et — 5 RIM7- TA1/2) + RV (TAW” f

Z [ RV~ ( A1/2) + RMl=s (TAl/z)] [foo1 — fs]}
— {{% [RWT]—z (TAl/Z) + RMTI-2 (_TA1/2)]

+%A1/2 [R[,\/T}-z (TAI/Z) 4 pW-2 (_TA1/2)]}

+%A1/2 (I+72A) [R[)\/'r]—l (—TA1/2) — gM/r-1 (TAl/z)]}

0
xA™H [—RN g-np+ Y, R ge- gs]]
s=—N-+2

_4-1 {f[/\/r]—z _ % [R[A/r]—2 (__TAI/?) 4. V12 (TAl/Z)} £

A/r]-2

n 2; ; [ RMTI- ( TA1/2) + RM/7l-1-s (TA1/2)] [fs—1— fs]} +90) :

Using formula (4.26), estimates (4.10), (4.13), (4.2) and (4.3) we obtain

ol < T (1o [{ {5 [ (),

o (o)

H—>H]

e (o M L C DT

< B gy A7 20-0a ]|, + _éﬁ 127 gy [ A7 L0 ‘%JM

[” (1 +724) R/ (—ralf?) H

z 14]
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e (A’)HHQH]}U\A”R”HH.,H\\A"Q vl

888888

], [l MHUWf<AwuH
e )|, T
I L | L G
i mmﬂmﬂrwwuﬂ
s (o] [ (e
Ao ()], (e, )

Al ()]s e )], )
[l 4l
- 3 e, i,
a7 U=

il (o) 5 )l
Ay W) o o s

oS SR (A e ()]
3=2

“Aﬁl/z fo-1 = fs]”l{——»H] + ”"DHH)

+
eV
{
>

a0y ot

+WwWW+wwuﬂ%WMmrw4
<ot el + 47250, + o a2 (- e,

2<k<N -1

+HA OHH + ~(N{I.l1ﬁa§k§o HA (g~ ge-1) T 1”1{} ' (4.27)
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Finally, applying estimates (4.21), (4.23), (4.25) and (4.27), we obtain

-l < M [l + 4725+, e 420 G = e 7

+ HA"I/zgoHH L T HA"”2 (9% — gk—1) T_lllH} . (4.28)

Now, we will obtain the estimate for ||ug| gz, ~N +1 <k < N. Let — (N —1) <k <0. Then
using the Abel’s formula and formula (4.14), we obtain

up = RNty _y (4.29)

k
+47 {gk — RN lg v+ ) RFTHL[ge - gs]} .
s=—N+2

Using formula (4.29) and estimate (4.3) we obtain

luelly < [RY*] s
L o PR [ i Pl e P et
o Lt W T
< fu-nlly +2 (40|, +  max 4720 —gen) 7, @30)

Let 1 <k < N. Then using the Abel’s formula and formula (4.15), we obtain
(uy=(I —7A) (RNu_n+ A7 [go— RNg_n41
+ ZO=_N+2 R_8+1 [93—1 - gs]]) + 740,
we = {{§ [BF (rA2) 4 B (—r A1)
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\ 1 41/2 2 k 1/2 k 1/2 (4.31)
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+A-1 [fk—l _ % [Rlc—l (_TA1/2) + Rk-1 (TAl/z)] f

\ +3k-1d [RE=5 (—TAY?) + Rk (1 AY?)] [four — fs]] 2<k<N.

8=2 2
Using formula, (4.29) and estimates (4.2), (4.3) we obtain

el < (1T = 7A) R [y ol + 4772
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Combining the estimates (4.28), (4.30), (4.32), (4.33) and using the triangle inequality
we obtain estimate (4.8).

Second, we obtain the estimate for ”Al/ 2 N” g+ I p <27, X <27, then using formula
(4.20), estimates (4.10), (4.7), (4.2), and (4.3) we obtain

|4 < 1T (1047 s {J472RY Nt

+ i HAl/zR—s-l-lHH_'H“gs—l_gs“H}
s=—N+2

+lof a2 loll] + 161 {|42RY | lo-walla
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If 27 < u, A < 27, then using formula (4.21), estimates (4.10), (4.13), (4.2), and (4.3) we
obtain
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syl we eam)], s e (a1}

X [llng“H + ”RN“H_,H ”9—N+1”H

0
+ Z ”R_SHHH_,H lgs—1 — 93“H]
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=M [ i \/(—%Tl—) (g = gum) 770+ || 4172, + ||90”H:|
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(/7]
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(el vk + s D=
llgolly + _ max (g —ge-1) 7" HH:| (4.35)

If u <27, 21 < A, then using formula (4.24), estimates (4.10), (4.13), (4.2) and (4.3) we

obtain
R e e (2] e
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lu/T]-
+ || Frugri—all g + Wil + Z | fomr — f”H}

8=2
<M L< aax  [|(gs = go-1) 7 g+ |42, + llgoll
+“f1”H+2<II?<N 1||(f’“ Ji- 1)7'*1“11]' (4.36)

If 27 < p, 27 < A, then using formula (4.26), estimates (4.10), (4.13), (4.2) and (4.3) we

2] < 8 ({45 [l ()],

o ()

obtain
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+[la2| et nsmer = fgm-alllin
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R ()| + 1R )G I s = fagm-il
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=M [ i . (g5 — gs—1) 77| 5 + “Al/290HH + llgollz
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8=2

<1 |4, + 1Al g = fcs) 70

{9k — ge-1) 771 H} : (4.37)

Finally, applying estimates (4.34), (4.35), (4.36) and (4.37), we obtain

+lgolly + _ jmax,

||(flc fo-1) 77

v, < [l + i+, s

Hloll +_ e, 106 = 9e-2) 7 (4.38)

Now, we will obtain the estimate for “Al/zuk”H, ~N+1<kE<N. Let —(N-1)<k<0.
Then using the formula (4.29) and estimate (4.3) we obtain

2], = ] 4]

a2 T+ [BY gl

H-H [ H-H

s [amasl IS ugs_l—gsuH}
s=—N+2

< [4un ] 2ol N ged ] a9)

Let 1 <k < N. Then using the formula (4.29) and estimates (4.2), (4.3) we obtain

O P P Cs P

[“ (I —-r14) RNHH—»H lg-—~n+1llg



59

0
+ 3 U =rA R gy llger - gsllHH

g=—N+2

[l ool
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g=—N+2
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o L G| P
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<M UlAl/Qu_NHHﬂL I f1llz + 2n

+ llgoll g + (g — gr—1) T~ IHH} 2<k<N. (4.41)

—(N- 1)<k<0

Combining the estimates (4.38), (4.37), (4.39), (4.40), (4.41) and using the triangle in-
equality we obtain estimate (4.9).

Third, we obtain the estimate for [Au_n|ly. If p <27, A < 27, then using the Abel’s
formula and formula (4.20), we obtain

Au_y =Ty [~ (@ - BA) RN g_N+

-1
Bt |goy —go— BN (g1 — g-nt2) + Y, BT (gsa1 — 20+ 93—1)}
s=—N+2

0
+o Yy RN (gs-1—gs) +ogo+ Aw} :
g=—-N+2

Using the last formula, estimates (4.10), (4.7), (4.2) and (4.3) we obtain

lAu_nlly < 1Tl g [I(e = BA) BY | 5y lg-Nall
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0
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—(N- 1)<k< 1

If 27 < p, A < 27, then using the Abel’s formula and formula (4.17), we obtain

s = (a[ {3 0 () 0 ()
+%A1/2 [RWT]—l (TA1/2) + Rle/rl-1 (_,}_Al/2)]}
1
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+ Y R (ger1 — 26s + gam1)
Using formula (4.21), estimates (4.10), (4.13), (4.2) and (4.3) we obtain
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+ 4290+ ll(go = g-) 7|+ max ||(9k+1—2gk+9k—1)7"2llﬂ]- (4.43)

—(N-1)<k<-1

If © <27, 27 < A, then using the Abel’s formula and formula (4.18), we obtain

Au_n =T: [a[go — RN g-_Nn41
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Using formula (4.24), estimates (4.10), (4.13), (4.2) and (4.3) we obtain
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If 27 < u, 27 < A, then using the Abel’s formula and formula (4.19), we obtain
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Using formula (4.26), estimates (4.10), (4.13), (4.2) and (4.3) we obtain
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~(N-— 1)<k< 1

Finally, applying estimates (4.42), (4.43), (4.44) and (4.45), we obtain
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+, e 2H(fk+1 2fk + fe-1) T 2HH+HA1/290HH

+lgo = g—1) 77| 5 + | (gk+1 — 20% +gk—1)7—2HH} . (4.46)

max
~(N=1)<k<~1



67

Now, we will obtain the estimate for ||Auglly, —-N+1 <k < N.Let —(N—-1) <k <0
Then using the Abel’s formula and formula (4.14), we obtain
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Let 1 <k < N. Then using the Abel’s formula and formula (4.15), we obtain
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-1
A w5 IRl s =2 il |
§=—N+2

a4 U= Al ]

<[l (e v 2 2]

A3 127 ) 172 (27 ]

x |77 L = falll g + ”A_IﬂHH—»H

S )yl ()],

77 s = 2fs + foualll ]
< M [u-ll o+ [ 442 15] 4 1= 207

232158’131(—2 “(fk+1 —2fk + fr_1) 7__2“H

el [4751

+ “Al/ngHH + [(g-1 —90) 7|

-2
-2 - ,2<k<N.
—(N—nzl)agxkg—l ||T (gs+1 — 295 + gs 1)||H] <K<

Combining the estimates (4.28), (4.30), (4.32), (4.33) and using the triangle inequality
we obtain estimate (4.10). Theorem 4.1 is proved.

Now we consider the applications of Theorem 4.1. First, we consider the mixed problem for
hyperbolic-parabolic equation (3.21). The abstract Theorem 4.1 is applied in the investigation
of difference scheme of the first order of accuracy with respect to one variable for approximate
solutions of the mixed boundary value problem (3.21). The discretization of problem (3.21)
is carried out in two steps. In the first step let us define the grid space

0,1], ={z : 2 =nh,0<n < M,Mh=1}.

We introduce the Hilbert space Lop = L2 ([0,1],) of the grid functions ¢"(z) defined on
[0, 1], equipped with the norm

|+

M-1 1/2
o= (Sle@l)

To the differential operator A generated by the problem (3.21) we assign the difference
operator A7 by the formula

Fe(z) = {—(a(w)cpg)z,n + Jgon}l , (4.48)
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acting in the space of grid functions ¢*(z) = {¢"}{ satisfying the conditions ¢® = M
! — 0 = M — oM=L Tt is known that AY is a self-adjoint positive definite operator in Lgy.
With the help of A7 we arrive at the nonlocal boundary-value problem

4

D) + Aoy, @) = fP(y.z), 0Sy <1, z€ 0,1,

—d”’;(;’x) + Afv(y,z) = f*(y,z), -1 <y <0, z € [0,1],,
4 (4.49)
vh(~1,z) = __LQ_{Z + ¢h(z),z € [0,1],,

dv® (04, dv(0—,
oh(0+,2) = oh(0-, ), GRS = 22622 € [0,1],

for an infinite system of ordinary differential equations.

In the second step we replace problem (4.49) by the difference scheme (4.1)

( uk+1(m) 2'u,k(:z:)+u,c . ()
T2

@) = {f e, 2) P k1 = (k+ 1)1, 1<k<N-1, Nr=1,

+ Aful = fR(x), z €[0,1],,

MJrA 2ul = gh(z), z €[0,1],,
< (4.50)

= {9k )W e =k, —-N+1<k <0,

u% (z) ——u’l{, 1{z)

uh \(z) = ufy (z) + 2 4+ oM (x), € [0,1],,
uh —uh ke
| HE@E@ - Azl (z) + gh(2), g(7) = 6"(0,2), = €[0,1],.

Theorem 4.2. Let 7 and h be a sufficiently small numbers. Then the solutions of difference
scheme (4.50) satisfy the following stability estimates:

b h -1
+  max ”( _ )'r
1o T ol I — Je-1

:I
3
L2h

+ max H(uk)
Ly, —N<k<N z

(fk f/?—l) 7!

< My {Hff‘

max Huk
—N<k<N Ly Lo

A A h -1
* Hg()‘ Lan * N Sk<0 ” (gk g’“‘1> T + H(‘D

Lap,

max ”T (up -y
~N+1<k<N

<M [Ilflh

Lop,

+ o8|
Lon | 2<kEN-1

b\ -1
- 9k—1) T
~2(, h ho h

Ugepy — 2up + ukz—l)

max || (
1<k<N-1

+_ ey | (4),

Lap,
h
- 9
&z Lgh
Lap

h h
E Uk—1)

+ Hgé‘

+_ymax [ (st |
Lo —N+1<k<0 Lap

max HT 1 ('u,
Lan —N+1Sk50 Lan
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<M [Hffz

T ()]

Lap

o (- )], + b, ¢ ()

W L]

Here M; does not depend on 7, h, @*(z) and fi(z),1<k< N — 1,g,’j, —-N+1<k<0.

The proof of Theorem 4.2 is based on the abstract Theorem 4.1, and the symmetry prop-
erties of the difference operator A¥ defined by the formula (4.48).

Second, we consider the mixed boundary value problem for the multidimensional hyperbolic-
parabolic equation (3.22).

s
2<k<N-1

—2( h b, h
max -2 . )
_N+1<k<—1 HT (g’““ 9 T Jk-1

Now, the abstract Theorem 4.1 is applied in the investigation of difference schemes of the
first order of accuracy with respect to one variable for approximate solutions of the mixed
boundary value problem (3.22). The discretization of problem (3.22) is carried out in two
steps. In the first step let us define the grid sets

ﬁh = {m:mm = (hlmla"'yhnmn)7m= (mla' "amn)a
OSmr SNr,h.,‘N.,.=L,7‘=1’...’n},
thﬁhﬂﬂ Sh=§hﬂs

We introduce the Hilbert space Loy = Lo(Q) of the grid functions ¢"(z) = {@(hymy,- -
, hnmay)} defined on Qh, equipped with the norm

1/2

) - 2 ‘gah(x { e hy

:z:Eh

|+

To the differential operator A generated by the problem (3.22) we assign the difference operator

A% by the formula
= — E (a,.(x)u ) (4.51)
Tr

Trsr

acting in the space of grid functions u"(z), satisfying the conditions u”(x) = 0 for all z € Sj,.
It is known that Af is a self-adjoint positive definite operator in Ly (Qh) With the help of A7
we arrive at the nonlocal boundary-value problem

(M;J’—Z—}-A = fi(y,z), 0<y <1, xEQh,

dv” (y,w) + AZ h(y, T) = fh(y, z),-1<y<0, z¢€ ﬁh:
(4.52)
h ~
vh(—1,z) =v"(1,z) + i’%;’—z) + P (x),z € Qp,

L ’l)h(0+, CL’) = ’Uh'(O—, x), dvhg);-’Z) — dvhg)y—,w),x S ﬁh

for an infinite system of ordinary differential equations.
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In the second step we replace problem (4.52) by the difference scheme (4.1)

( uk_H(z) 2uk(“’)+""1¢ (@)

f;?+1(37) = {f(yk+1axn)}iw_layk+l =k+1)r,1<k<N-1, Nr=1,

M + Ahuk = gk(ﬂf) T € \Qha
(4.53)

glicl(m) = {g(ykamn)}iw—l?yk = kTa —-N+1 < k < '—17

'”'}X/ (z) —uj‘v _q1(=)

ul o (z) = ul(z) + -+ pt(z),z € O,y
u(z)—ul z
\ 1($)T ig(e) _ —AZul(z) + gh(z), g (z) = g"(0, ),z € Q.

Theorem 4.3. Let 7 and |h| be a sufficiently small numbers. Then the solutions of difference
scheme (4.53) satisfy the following stability estimates:

ui

<M Mf{‘

I - flf:l—l) !

h ]
b
Lop,
(ut)
Tr,Jr

- fi?—1) 7!

+oam
Lan  2<k<N—1

- 91}:—1) !

max |
~Nk<N 1 Ly, n

e

h
+ Hg‘]) Lon p N k<o H (g’“ Lan

+ max
Lyn  —N<ksSN £

max HT_l (uz = ufc‘_l)
—N+1<k<N Lo

} ,
Lon

Lap,

< |

Hm

R [CRE e
Lap —N+1<k<0 gk gk 1 L2 +Z x'r;]r

—2f n h h
max (|7 (u — 2uy, + up )
1<k<N -1 H k+1 L

(ug)_ ) + max H'r"l (uﬁ—uﬁ_O
@r@r e || f,, =~ —N+ISk<O

(%),

T2 (f1?+1 —2fF + f/?~1) L

L+ (7

]

Lop
n

+ max
-N<kSN £

SM[Z

r=1

| (- )

Lap

Lap,

o+ g ’(96") -
S LJ

Here My does not depend on T, h, o"(z) and f,ﬁ‘(w),l <kE<N- l,gk, -N+1<k<0.

+ max H
2<k<N-1

—2( n b, h
max T -2 _ )
+ _N+I<k<~1 H (ng Ik T Jk-1

Ly,

The proof of Theorem 4.3 is based on the abstract Theorem 4.1, and the symmetry prop-
erties of the difference operator A7 defined by the formula (4.51).
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4.2 The Second Order of Accuracy Difference Schemes

In the present section the second order of accuracy difference schemes

(772 (ugg1 — 2up + up_1) + Auy + = Ay = fi,

fk—— (tk) t,=kr, 1<k N-1,

77T + 72 A) (wy — uo) = Z1,

Zy = 5(f(0) — Aug) + (9(0) — Aug),

T_l(uk —Up_1) + A(I + %A)uk =({I+ %A)gk,

ge=9(te— %), te=kr, -(N-1)<k<0,

u_n = a(uo + pu (—Aug + go)) + B (—Aug + 9o

+A (A + fo)) + o, <21, A< 27, (4.50)
oy = (g + (4 — [£]r) el etz )

+8(—Aug + go + A (—Aug + fo)) + ¢, 27 < p, A < 27,

u_n = a(uo + u(~Auo + go))

+8 (w + A =[2r+ %)(f[él - Au[é})) +o,u < 27,27 < A,
U_N =« (u[u/'r] + (:u’ - [g]’r)w)

1 (MAATUAI (X — 27 + 5) () — Aupap)) + 9, 27 < 1, 27 <A

(772 (up1 — 2up + up—1) + FAug + FA(ups1 + up—1) =
flczf(tk)a thkT,ISk‘SN“L
7'_1([ + 7'2A)(U1 —ug) = Zy,
Zy = Z(f(0) — Aug) + (9(0) — Awy),
T ug — up—1) + A + FA)uy = (I + 5A) g,
gk:g(tk_%)a tk-:k?T, —(N—l)Sk?SO,
u_n = a(up + p(—Aug + go)) + B (—Aug + go
+A (—Auo + fO)) R 2 < 27', A < 27—:
ey = (g ) Bt
+8 (—Aug + go + A(—Aug + fo)) + 9,21 < p, A < 27,
U_N = a(UQ-i-ll«( Aug + go))
+,@< ,\/r]—u LYZIES ST 6 W [ Ir+ %)(f[%] - Au[%])) + o, u <2121 < A,
U = (u[u/ﬂ + (-4 T)W)

5 (MATEA 1 ( — (B + 5Ny — Aupny)) 9, 27 <1, 27 <A

for the approximate solutions of the boundary-value problem (3.1) are presented. The stability
estimates for the solutions of these difference schemes are established.

Theorem 4.4. Suppose that ¢ € D(A), go € D(AY?) and fo € D(AY?). Then for the
solution of the difference scheme (4.54) the stability estimates hold:

NIkl g (4.56)

(4.55)

\

N<k;<N

e e e

1<Ic<N 1

+”A_1/290HH+ 2 (gk — gk—1) ” }

—(N-1)<k<0 ”

_NEREN “ Al “ H (4.57)
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| (fe = fe—1) 77 4

e[|+ 1l + o |

+ llgollzr + . 1)<k<0||(9k—9k 07 HH}
e (1772 (1 —2u + we—1) || (4.58)

HT_l (uk—uk—l)“H+ max || Aug|l

+ max
—(N-1)<k<0 —N<k<N

< M [l Apll + [ 4720, + G2 = F0) 77 |

1<1,§1<a§ 2”(fk+1 = 2fk + fr—1) 2||H+ ”Al/zgon

g0 - 9) 7 + I(gers 201+ 90-1) 77

—(N- 1)<Ic< -1
where M does not depend on 7, fr,0< k<N -1, g, - N+1< k<0 and p.

Proof. We will obtain the formula for the solution of the difference scheme (4.54). It is
known that there are unique solutions of the initial value difference problems
fe=F (), ts=kr, L<E<N -1, (4.59)
uo =&, 77 (w1 — up) = 9,

71 (ug — ug—1) + A (T + ZA) w = (I + ZA) g,
ge=9t—%),te=kr,—(N—-1) <k <0, u_n is given

{ 772 (upyr — 2up + upo1) + Aug + 5 A1 = fi,

(4.60)

and the following formulas hold:

( Ul=§+’”/1,

ug = % [Rk_l(TAl/z) (I— Efg_/z) + RF-1(—7 AY/?) ( + zTAl/z)} ¢
(4.61)
ﬁ +L A1/ (I+ #) [Re(—TAL/2) — RE(rAY2)]

[+ S £ A2 [RE(—rAV?) - R(rAV2)] £y, 2 <K SN,

-1
where RF~1(+£7AY?) = (Ij:WAl/z = ) ,
k

wp= RN u_y 47 Y (I+ %A) RE=s*lg —(N-1)<k<0, (462
s=~N+1

-1
where R = (I + 1A+ %2-A2) . Using (4.61) , (4.62) and the formulas

7w —ug) = (I+ 7'2A)_1 (—(% + 1) Aug + -;:f(O) + go) ,

u = &,7° (u1 up) = 1,
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we obtain .

E=uy=RVu_y+7 Y. (I+ZAR*g,
2
s=—N+1
Y=7""(u —ug) = (I +724)7"
T 0 T T
x¢=A(z+1) [RNu_y+7 Y (I+5AR* g | +5f(0)+g0 -
2 s=—N+1 2 2

Therefore

0
w = (1 rAG + DI+ 7247 |RVuy +7 §:(1+gm3ﬂﬂ%}

s=—N+1

L
LA

. 41/2 AL/
k=1, a1/2\ [ TA k=1 . 41/2 i
R*(TAY?) (I 5 ) + R (—TAY%) (I—I— 3

:AL/2
+RFL (-1 AYZ) (I + ”g )

0
lRNu_N +T Z (I + 72—-A) R_8+1gs}
s=—N+1

4 42
+i,A“1/2 (I+ T*A ) [Rk(_TA1/2) r Rk(TAl/Z)]
2 4
T d 7z T
x(I+72A)7 {—A(§ +1) |RNun+7 D I+ EA)RFSHQs +5/(0) +go}
s=—N+1
k-1
T s—1/2 [ pk—s¢___ 41/2\ _ pk—s(_A1/2 <k<
+s§2iA [R (—7AY?) — RF=3(r A )} fo 2<k<N. (4.63)

If u <27, A < 27, then using the condition
u_n = o (ug + p (—Aug + go)) + B(—Aup + go + A (—Auo + fo)) + @,

we obtain the operator equation

0
u-n = (a = (ap + 61+ X)4) [RNu_N +r oy, U+ %A)R—”lgs}
s=—N+1

+(op + B)go + Afo + .
Since the operator
I—(a~(ap+B(1+X)A)RN
has an inverse ”
T = (I —(a—(ou+B(L+N)ARN),
we have that
u_y =T [(a— (ap+ B(1+ X)A)T (4.64)

0

> (I + %A) R™**gs + (au+ B)go + ABfo + ¢ | -
s=—N-+1
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If 2r < p, A < 27, then using the condition

Uy /el — Ul /rl—
UN = Oc{'u,[‘u/.,-} + (,u - [—I;]T)—'MT—[‘M—/‘]—E} + ﬁ(“A’UO + g0+ )\(“A'U'O + fO)) + ¥,

we obtain the operator equation

wa=ai (-2 {;

o AL/2
wiri=10 arjey [ 7 #TA
R (rAV/?) (I : )

0

RNu_ny+7 Y I+ ZA)R“S“'lgS}

2
s=—N+1

Loy THA?N T ol /2y _ plu/l (- A1/2
+5:4 (I+ ; [R (—rAY/2) - R (7 A1)

0
T _
RNu_n+T Z (I+§A)R stlg.

x(I 4 72A)7* {—A(% +1)
s=—N+1

+ 50+ go}
+[!j1§—11 %A"l/z [R[I;J—s (—TAW) _ Rll-s (TA1/2)] fs}

IR BRTIAN B N R Ry ir A2
o5 -t {5 [p a1

+R[;1./T]—2(_7_A1/2) (I—i— i7§1/2>

0
X [RNu_N +7 Z (I-l— %A) R"SHQsJ
s=—N+1

7.4 A2

+2iiA~1/2 (I + ) [R[;l,/'r]—l(__,rAl/Z) _ R[u/r]—l(TA1/2)]

0
x(I+724)7! {—A(g +1) [RNu_N +7 z I+ gA)R“S'Hgs
s=—N+1

+§ﬂm+%}

[£1-2
+ Z %A~1/2 [R[ff}—l—s(_,rAlﬂ) _ R[{‘%]—l——s(,rAl/2):| fs}
s=1

0

—B(1+ M)A [RN’UI—N +r 0y (I + gA) R‘S“gsJ + Bgo + MBfo + .
s=—N+1

Since the operator

I- o+ (2 - [4]) {%

i AL/2
+R[,u/r}—1(_TA1/2) (1+ Z’rf; )J RN}

. A1/2
w/rl-1( a1/2y [ y_ TA
R (TAY=) (I 5 )
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_ 1 (I+ 74,42) [R[u/r](_,,.Al/2) _ Rm/f](TA1/z)]
24 4
2014 (T N
x (I +72A) A(2 +1)R
(P H Y -2 4172 _iTA1/2
o= — | ]){2 R (r A2 (T - —

-
: 1/2
+RW/TI=2(_7 AV/2) (I+ irAY )} RN

2

4 12
_%A-lﬂ (I+ Tf ) [R[p,/r]—l(_TAl/2) _ RWT]—1(TA1/2)]

(I +724)" A (-;- + 1) RN} — B(1+ NARN

has an inverse

T, = (I - a1+ (£ - 5)) {% R/ (7 AV2) (; A 2)

0 1
+R[LL/T]—1(_TA1/2) ([+ ZTxg /2):! RN}

_%A——lm (I + 122_) [R{N/T}(_TA1/2) r R[}A/T}(TA]./Q)]
7

4
x(I +724) A (% +1) RV

TN
-a(——[—l){—2—

T T

: 1
+RIMTI=2(—r A/2) (I-l— ”‘3 /2” R
_% Py ( I+ LZA_z) [R7171 (< A113) — Ri11 (1)

2 414 (T N _ AN
x (I +72A) A(2+1)R } ﬁ(1+,\)AR) :
we have that

iT Al/?
uw =T, (a(l + (¢ - 1) { ; [R“‘/ () (I - (4.65)

N—

, 1/2 0
+R[;1,/T]~1(_7_A1/2) <I+ iTA )} , z (I‘f‘ ZA)R_S-HQS
2 2
g=—N+1
7.4142
4

R ( I+ ) (Rl (—ra¥/2) — R (rAY2)]
%

0
x(I +724)7! {—A G+ 3 @+ zAR g+ 2O +9°}
s=—N+1
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[£]-1

T

]
T A-172
+ 3 2iA

RIEIS (=7 A4Y/2) — RIS (rA1/2)] fs}

Rp'/T 2(’]"A1/2) ( iTAl/Z)
2

N =

1/2 0
+R[IJ'/T 2( TA1/2) I+Z7'A ):|‘T Z (I+%A)R—s+lgs
s=—N+1

+ 1 A 1/2 (I+ ) R[u/’r A1/2) . R[/.L/T]—l(TAl/2)]

><(I+T2A)"1{ ( +1) Z I+ A)R_s+lgs+ f(0)+go}

s=—N+1

g=1

Fl-2
T —8 ~1-s
+ Y AT [R[‘fl—l (—7AY?) — RlFI-1 (TAl/z)] fs}

0
—BL+NAT > I+ 72-A)R”3+lgs + Bg0 + ABfo + t,o) .
s=—N+1
If p < 27, 27 < A, then using the condition
T} T T A
u_y = a(up+ (-~ Auo+go))+ﬁ(—i/~lT—W——+(A Eir+ )y ])>+cp,

we obtain the operator equation

u-n = a(l — uA)

s=—N+1

0
RNu_y +7(I+ %A) > R_SHQSJ

2o Da

- AL/2 1/2
R[%]—l(,rAl/2) (I _ '&7'13 ) + R 1(— A1/2) ( ZT/‘; )

0

RNu_y+1 Y I+ ZA)I‘Z”“""lgg}

2
s=—N-+1

{1
X —
2

X

T4A2

+2iiA—1/2 (I+ ) [ RI21 (_TA1/2) _ [é](TAl/z)}

RNu_n+7 Z I+ A)R“”lgs
g=—N+1

(I +724)7t {—A (g +1)

+ f(o)"“go}
+ Z A—l/z[ A-S( TAY?) _R[g]—S(TAuz)] fs}

; 1/2 . 1/2
{§ RT3 (rAY?) (I - ”‘2 ) + RIFI=2(—r a1/ (1+ W; )}

—

R R
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0
x |RNu_y +7 Z (I+§A)R“3+193]

g=—N+1

1 4 A2
+§2A—1/2 (1_,_ T : ) [R[%]—l(_TAl/z) _ R[é]—-l(TAl/Z)]

Nu_n+7 Z I+ A)R"“"*lgs
s=—N+1

+ f(o) +go}

(I +724)7 {—A(g +1)|R

[2]-2
T a-12 [ pl2l-1-s¢__a1/2y _ pl2l-1-s/_ s1/2
+ ; A [R (—7AY?) _ R (rA )] fs}
+B(A — [ ] + )f[%] + auge + ¢.
Since the operator
I—a(l — pA)RN — @-(1 - = [-)—\]’7' + D)A)
T T 2
o A1/2 1/2
x {% RIFI= (A2 (1 - ”‘; > + RIZI-Y (—r.AY/2) (1+ gz )1 RN

1 —1/2 142 1217 4172y _ pl2] 1/2 2 =14 (7 N
—5-A (1+ : [RT(TA ) — RZ(rA )}(HTA) A<2+1)R

i AL/2 1/2
+8 {1 RIFI2(r 412 (1 g ) + RIFI-3(—rA1/2) (I+ el ) RN
T |2 2 2
_i -1/2 442 [R]-1/_. 41/2 A -1 1/2
A <I+ 7 [R (—TAY2) - (rA )}
2 -1 (7 N
(I +724) A(2+1)R }
has an inverse
T, =1I - a(l — pA)RN — -ﬂ—(I— (A — [-)i]r+ Tya)
T s T T 2
RN

4172 1/2
x{% RI21-1(r 41/2) (I—”i )+R (- TAl/z)( +”‘; )

4
. A1/2 1/2
+,§ {% R[A]—2(TA1/2) (I— 7«7'1‘; ) +R 2( TA1/2) (I"I‘ iTA ) RN
X g TN TRt g2y RlRI-1( 172
A <I+ . [R (—7AY2) — RZI-1(74 )]
-1
(I +724)" 1A( +1) RV},
we have that o
wn =Ty |l - uA)T(I—i—gA) 3 R, (4.66)
s=—N+1
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Ber _on_r T L pidgmryquyzy [, iTAY
+ou -0 -Er 2)A){2 RIS A2 (1~ T8
+R[%]—l(_TA1/2) (I+ i7i1/2>

1o (o TR TRdla1ey  pldle g1/
+5:A (I+ Z [RT(TA ) — R(rA )]

Z I+ = A)R“S“

s=—N+1

0
><(I+TZA)-1{—A(-;—+1)T 3 (I+§A)R"s+lgs+§f(0)+go}

g=—N+1

[2]-1
T a-1/2 [ pl2l=s(_ A1/2y _ &—s 1/2
+; AT [RIF (—r 4 (rat?)] 5 }

A 7:’I'A1/2 2 T —8
+RIF-2(—741/2) (1+ 5 )]r > (I +5A4)R g,

s=—N+1

L T4 [R[%J—l(—ml/?) - R[%1~1(TA1/2)]
% 4

0
x(I+724)™" {—A (% + 1) u Z (L + %A)R_ngs it %f(O) * go}

s=—N+1
+ Z — A~ 1/2 [ A ——3( TA1/2) —l—s(TA1/2)] fs}

A
+B(A - [;]T + %)f[%] + apgo + ‘PJ .

If 27 < p, 27 < A, then using the condition

Wiy sr] — Wfr]—
[44r) 2~ i 1)

U_N =0 (%/r] + (- ~

+ﬁ(%+(’\ [/\]T+ )(f — Ay J))‘{‘S"a

we obtain the operator equation

U_N = a(l + (é — [ ])) { R[/L/'T l(TAl/g) ( i7§1/2)

- AL/2
f7)=1(__ A1/2 iTA
R g )(H ‘ ﬂ

0
X [RN u_N+T Z I+ %A)R"”lgs}
s=—N+1
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+§12A—1/2 ([+ 7'44;42) [R[M/T](_TA1/2) _ Rlu/7) (TAl/z)]

0
x(I+72A)71 {-A(g +1) [RNu_N +7 Z I+ gA)R_”lgg} + %f(O) + go}
s=—N+1

[£]-1
T oa-172 [ pil-s(_ . A1/2y _ pl&l-s 1/2
= ; AT R (< A — Rl (e A1) fs}

—0(5-¢§D{% R“”F%n&ﬂ>(f—i“§m>

: 1/2
RIWTI=2(_p A1) (I + "‘g / )}

0
x |RNu_n+7 Z (I+ ZA)R_S"'lgs
s=—N+1 2

74/12

+2li 4172 ( I+ ) [Ris/r1=(r 1/2)  RM/71=1 (2]

0
T -5
RNu_y+7 Z (I+§A)R g,

(I +72A)7t {—A(g +1)
s=—N+1

+§ﬂ®+%}

s=1

[2]-2
+ Z %A—I/Z [R[g]-1-3(_TA1/2) —R[’f]‘l‘s(TAl/?)] fs}
a
T

o Al/2 L A1/2
L g1 4212y (I - ”“; ) + R (_rAL2) (I + ”‘z )

A

2a- o+ Dy

0

x {RNU_N +T Z I+ ZA)R_“"""lgs}

2
s=—N+1

4 A2
T4A ) [R[él(—rAl/z) _ R[%J(TAVZ)]

Ll (I +
2%

(I +72A4)7 {—A (g + 1)

0
RNy n+T Z I+ ZA) R g, + Z£(0)+ go
s=—N+1 2 2

[2]-1
T 4-1/72 [ pl2l-s(_ . 41/2y _ pl2]-s 1/2
+§%A [R (—7AY?) — R¥-3(r A )]fs}

. AL/2 cm AL/2
RI21-2(r A1/2) (1 - ”‘g ) + RM-2(—r AL/2) (I + ’”; )}

s
-

;

0

X [RNu_N +7 Z (I+ IA)R_s'HgsJ

2
s=—N+1



1 4A2
+-2—ZA_1/2 ([+ T 4 ) [R[%]—I(_TA1/2) _ R[é]—l(,rAl/Z)]

0
(I + r24)7L {—A (g + 1) RNu_y+r > I+ gA)R—SHgs] + g 7(0) + go}

g=—N+1

[2]-2
T a-12 [ pldl-1-s,__ a1/2y _ pldl-1-s(_41/2

A T
+B(A - [;]r + )y e
Since the operator

f—a(1+<$—[§1>>{§

. A1/2
[u/7)=1(m. A1/2 _iTA
R (TAY%) (l 5 )

+R[u/‘r]—1(_7_A1/2) <I+ i7é1/2>1 RN

7_4 A2

_1 41 /) (o AV/2Y _ Rl 41/2
A (1+ )[R (—rAY2) — RW/T(r A )}
214 (T N
x(I4+1*A) A(2+1)R })
TN B O R Vo G
o [T]){2 R (TAY*) | I .

- A1/2
s o) (14 )

L amase (o TR [ plaini=1_p 412y _ Rlulri=1(, 4172
oA (I+ - [R (—7AV2) = R/TI1(r 112

A

p
i AL/2 . AL/2
R[é}—l(TA1/2) (I— zn; ) +R[%]—l(—TA1/2) (I+ zng )

7_4 A2

x(I+ 72474 (L +1) BV + g(z - (- Bl + 2)4)

RN

{1
X p—
2

—%A"W <I + ) |[RIP (= aY2) — RIFI(ral/2)]
2 4y-14 (7T N
(I +72A) A(2+1)R }

. A1/2 L AL/2
RIZI2(r 412 (I - ”‘3 ) + RIFI2(—r 41/2) (I+ W; )} RN
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T2

7_4 A2

—-2—1—,A“1/2 (I+ ) {R[%]-l(_TAl/Z) - R[é]—l(TAl/z)]
7

x(I+7124)7'A (% + 1) RN



has an inverse

« 1
2

s
-

we have that

¢

T, = (I—a(1+(’;’—[§])){%

i AL/2
[y,/q-]...l 1/2 T
R (rAl/2) (I -5 )

+R[;A/T]—1(_TA1/2) (I—}— ’l}réﬂ?.) BN

_LA—1/2 (I + ﬁ) I:R[,U'/T](__TAI/2) _ R[p,/'r] (TAl/z)]
24 4
2314 (T N
x(I +72A) A(2 +1)R })
_a(ﬁ_[/_‘]) 1 Rlw/r=2( g1y [ [~ it A2
T T 2 2

+RW/TI=2(_ 1 AL/2) (I+ inél/z)

RN

SRSV (I + ﬁ) [R[u/r]—l(_TAl/z) v R[#/T]—I(TA1/2)]
21 4
2 Ay—1 T N é yF o
XL+ 74 A(Z+1) R + 20 - (A=

: A1/2 i A1/2
RIF1-1(7A1/2) (I r ”‘3 ) + R (7 Al/2) (1 + ’”é )

4 A2
A (1 5 )[R - )

2+ 2)4)

RN

x(I+724)71A (% + 1) RN}

; 1/2 . 1/2
1 R[%]_2(TA1/2) (I _ ZTg ) + R[é]—2(_TA1/2) (I+ ’l/Té )J RN

7.4 A2

LY [2-1(__41/2y _ Rl21-1( 41/2
A (I+ )[R (~rAV2) - RE (7 41%)]

x(I+712A)1A (g + 1) RN})_I

u-y =T [a(l +(E-15) {g [R[“/T]“l(TAl/z) (, ) m;lﬂ)

s A1/2 0
+RWT]“1(—¢A1/2) (I-{— 1T ; )} - Z (I + %A)R~s+lgs
s=—N+1

4 A2
+.2—1-'-],:A_‘1/2 (I + %) [R[.“/T](__TAl/?) _ R[,u/*r] (TA1/2):I

0
X(I+TZA)—1{_A(§+1)T > (I+§A)R“3+lgs+%f(0)+90}

s=—N+1
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+ 3 Za [R[%]—S(—TAW) —R[‘fl-S(TAl/Z)} fs}

_1— [R[“/T]_2(TA1/2) (I— 7/7-131/2>

ir AL/2 0
1+ )} 7 3 (I+LA)R "y,
2 2
g=—N+1

+l,A—1/2 (I n 7-4A2) [RW/T]—I(_TA1/2) _ R[p,/r}—l(TAlﬂ)]
oayv-1)_4(T T ovpestl, LT
x(I +7%A) { A(2+1)T Z (I+2A)R g3+2f(0)+g0}

s=—N+1

[£]-2
T oa-12 [ plBl-1-s(__A1/2y _ plll-1-s 1/2
+§22A | R (—rat/2) - REL=o(ra )]fs}
Biro—iMrg T
+2I- (- S+ D4)

i AL/2
52 {% R[%]“l(TAl/z) (I-— z'r/; )

o A1/2
+RIZI (—rAL/2) (I+ ”‘3 )

0

I —s+1
T E (I+ 2A)R Js
s=—N+1

7.4A2

—i—%A“l/2 (I + ) [R[é](_TAl/Z) 4 R[%](TAl/z)]

0
(I +72A)~! {—A (—27: + 1) T Z (I+ gA)R_ngs + gf(o) ""90}
s=—-N+1

[2)-1
T a-1/2 [ pl21=s¢_ 41/2\ _ pl2l-s( a1/2
JF,; ATV [RIRIs(—ra}/2) - BIFI=(rA )]fs}
B e e [, A2
. {2 R (TAYH | T 5

A iTAL/? 0 T
R e AV (T4 =5— | |7 Y I+ ARy,
s=—N+1

7_4 AZ

+§12A“1/2 (I-}- —4——) [R[%]*l(_TAl/Z) _ R[é]~1(7_A1/2)]

0
(I +72A)"L {_A (% + 1) T Y U+ %A)R—S-HQS + gf(ﬂ) + 90}
s=—N+1

2)-2
T _ A_1—s Al_1_g
+ Zl 54 1/2 [R[,} 1-s(_7AY/2) _ plzl-1 (TAl/z)] fs}
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T

F80 = 2l + Dy + go] .

The proof of estimates (4.56), (4.57), (4.58) follows the scheme of proof of Theorem 4.1
and relies on the formulas (4.62), (4.63), (4.64), (4.65), (4.67), (4.66) and on the estimates

Tl g < M, (4.68)
HR(:&:TAI/Z)HHHH <1, “TA”2R(:|:TA1/2)HHHH <1, |‘7-2AR(:I:TA1/2)“HHH <1, (4.69)
(kr)? HAﬂRkHHHH <M, k>1, 0<8<L (4.70)

Note that if g <27, < 27, then
T, — (I - (a— BA) )™

=Ty (I (a~BA) ™) [(a = (ep+ B+ N) A) BV — (o - BA) 4]
If 27 < pu, A < 27, then

T, — (I = (ale((p/7]r) — As (Ju/rr)] — BA)e™4) ™
=T, (I - (ale(lu/7)r) — As (lu/]r)] — BA)e™4) "

x (a(l + (é — [é])) {% R[/‘/T]—I(TAI/2) (I B iTA21/2)

+ R/ (7 A2 (I + —Z—T%ﬂ)

RN

7242) [R[‘U'/T](—TAUZ) _ Rl (TAl/Z)]

)

A e (1 THARN [ pluiri=1_ 4172y _ plafrl-1( 4172
oA (1+ - [R (—rAY?) — R (rA )]

—%A-l/z (I +
(I +724)"1A (% + 1) RN}
—a(t - 1) {%

. A1/2
+RW/TI=2 (7 A1/2) (I+ ”‘3 )} RN

. Al/2
wfrl~2¢ at/2y [ 7 _ T4
R (A=) (I 5

(I +724)1 A (g + 1) RN -1+ A)ARN}
—(ac([u/7]T) — As ([u/7)7)] - BA)e ™).
If pw<27,27 < A, then

T, — (I~ (a—Bls (A7) 7) +c(Mr]r)] A)e?) ™
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=T, (I = (@ = Bls (\/7]r) + e (M/7]n)] A)e4) ™
X Ha([—p,A)RN — ;(I— (A= [%

1/2 . A41/2
x{%{ RIF1(r 412 (I—”“; >+R[] Y(—rAY2) (1+”‘2 )

4 42
_%A—1/2 (I-l— 7';4 ) {R[%J(*TAl/z) (TAl/Z)] (I+T2A) 14 ( + 1) RN}

; 1/2 . 1/2
(=)o)

4 A2
a0 (1 Y [ oy - ] 2 (G 1) )

Ir+2)4)

~(a = Bls (M/7]7) +c(M/7]m)] A)e 4] .
If 27 <, 27 < A, then

T, — (- a (e (u/rlr) — As (u/rIn)] = B1s (/71 + e (A/rir)] A)e) ™
=T, (1 - a(le(u/mir) = 4s (u/rlr)] = 8s (Mrir) + e (N/rin)] 4)e)
x [ a1+ (L - [2]) { [RWT a1 ( szz)

- A1/2
+ R/ (7 A1) (I+ Z—TAT—)} RN

4 42
_% Py ( 47 f ) R/ AY/2) — 7] 4112)]

e G )
_a(g - [g]) {% RIMTI=2(7 41/2) (I B z'q-,gl/2)
+RI/T=2(_r A1) ( I+ m;l/z)} N
1

1A
_ 2t oa-l/2 /-1 1/2 ;z/'r]~1 1/2
-4 (1+ ; )[R (—7AM?) - (rA )]

x(T+ 72y A (3 +1) BY + 20— - 21 + D))

RIFI-1(rAV2) (I— ”‘2 >+R (- TA1/2)< ”Al/z)
2

L e (o TN Tl a1sey  pi2) a1
A <I+ 4 [Rr(—TA ) — RF(rA )}

szv
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x(I+724)7 4 (2 +1) RV

1/2 AL/2
{% [R[%]—2(TA1/2) (I—— 7'7—‘3 ) —I—R 2( ,,_Al/z) (I+ ZT’: )

_ L (L TR [Ridor g1y _ R 412
A (I—[— - [RT (—7AY?) _ R (74 )]

g RN
P

(I +724)" 1A( +1) RN]

—a(fe([u/7l7) = As (lu/7I0)] = B[s (IM/7]7) + e ((A/7]7)] A) e™*]

Using the last formulas and the estimates

(e — (ap+ BA+N)A)RY — (a - BA)e™||,_ ; < MT, (4.71)

(e nfsforoam(r- 2

+RITIL(_r AL/2) (I + ”‘3 /2)} RY

L e (o TN TRl /2y Rl (A2
24 <I+ - [R (—rAY2) — RIMT(r A )}
(I +724)" 1A( +1) RV}

ol iy I | ez qia [ iTAY
o [T]){2 B2 4107 (1 - T4
+RIW/TI=2(_ A1/2) <I + ”‘3 /2)} RN

1 4A2
AT ( I+ TT) [RI/r1= (o a¥/2) R/~ (12

(I + 72A)” 1A( +1) BY - B(1+ N ARN |
—(ae(lu/rIr) — As ([u/7])] — BA)e ™) ||, x < M, (4.72)

|| |atz - pimr -2 - 3= 2+ Dy

. AL/2 L AL/2
% {% { RI2] “Lr A2y (1 ( m; ) +R[%]—2(—TA1/2) (I+ zﬁ; )

—%A‘W (I + %) [RIP (=7 41%) - RN a/2)] (1 + P2 a)7 24 (5 +1) RN}

. Al/2 1/2
+§ {% RIFI2(7A1/2) (I— ”‘; ) + RIFIF1(—7rAY/2) (1+ Wé )} RN

RN
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_%A—l/z (I+ 7'4;42) [R[%]—l(_rAl/z) _ pl2 ‘1(¢A1/2)} (I+724)A ( N 1) RNH
(o= Bl (M7lr) + e (W] A)e Al y_y < M, (473)
a(l+ (é [ D) { R/l (TA1/2) (I B irél/2>

+R[;L/T]—1(_TA1/2) (I—[— iT§1/2)

_%A—l/z ([ + 7—4;12) [R[M/T](_TAl/Z) — Rlw/7] (TA1/2)]
7

RN

x(I+7%2A)~ 1A( + 1) RN})
_a(ﬁ _ [g]) {% R[“/T]‘Z(TAV?) (I B iq—,gl/z)

-
+RW/M-2(_7AL/2) <I+”A/ )

RN

1 4AZ
—2_iA_1/2 ([ + 24_) [Rm/r]—1(_TA1/2) - R[u/f]—l(TA1/2)]

A

x(I+ 724 A (2+1) BV + 20— - 2+ Dya)

2

. A1/2 1/2
RIS (A2 (I— ”‘3 ) + RIZIY(—r A1/?) (I+ ”‘3 )

1 _ T4A? 2 A
T W( + )[R[f](—'rAl/2)—R[r](TAl/z)]

RN

wil
2

x (I + 72 A)~ 1A( +1) BN
i AL/2 1/2
RI31-2(7 41/2) (I _ W; ) LR I=2(_7 41/2) <I+ zré )J RN

1 4A2
A (I g ) [RIF7 (—ral/?) - RII-L (7 412

(I +72A)" 1A( +1) RN]

~a(le([u/r]r) = As ([n/7)r)] = Bls (V7Ir) + c(NV/TIn] A e || 4y < M7, (474)

we can obtain the estimate (4.68). The estimates (4.71), (4.72), (4.73) and (4.74) are proved
using the estimates (4.69), (4.70). Theorem 4.4 is proved.

In a similar manner one establishes the following theorem.
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Theorem 4.5. Suppose that ¢ € D(A), go € D(AY?) and fo € D(AY?). Then for the
solution of the difference scheme (4.55) the stability estimates hold:

_ e N||uk||H <M [“SDHH*' ||A 1/2f0H + o max 11|A Y2 (fo = foa) T HH

+ lIA_l/zgoHH + A7 (g — gp) T_luH} ,

max |
—(N-1)<k<0

(e = fo-1) 77 4

1<Ic<N 1

_N<Ic<NHA1/2ukH <M[I|AI/2‘PH + | foll g +

| (gk — gr—1) IHH}

“g()”H —(N=1)<k<0
-2 +
-9 -
1<k<N-1 1772 (1 = 2up + wi-a) | g
~1f + m A
_(N—l%)élcSOHT (ug Uk—l)HH —NSE}c)éN” uell

< M [JAgly + 475, + G~ fo) 7

R 2H(fk+1 2fk + fo—1) T 2HH+HA1/290H

+ (g0 — g-1) 775 + Y | (g1 — 29 + gre—1) HHJ

where M does not depend on 7, fr,0<k<N-1, g, - N+1< k<0 and ¢.

Note that applying the second order of accuracy difference schemes (4.54) and (4.55), we
can construct the second order of accuracy difference schemes with respect to one variable
for approximate solutions of the boundary-value problems (3.21) and (3.22). This approach
permit us to obtain the stability estimates for the solutions of these difference schemes.



CHAPTER 5

NUMERICAL ANALYSIS

We consider the nonlocal boundary value problem

(

\

azgg,z) _ 62:945;2,@‘) =f(tz),0<t<l, 0<z<]1,

%—%@:g(t,x% —1<t<0,0<z<1,
u(0+,2) = u(0—, z), us(0+,z2) = u(0—,2),0 <z < 1,
u(—l,:z:):u(l,x)—i—ut(l,x)-t—(p(:z), OSCUSL

u(t,0) =u(t,1) =0, —1<t<1,

for hyperbolic-parabolic equation.

Let

f(tz)
g(t,x)

and

¢ () = 2sinwz.

The exact solution of this problem is

u(t,z) = (1 —t*) sinrz.

= [-24 (1-t?)7*]sinmz, 0<t <1, 0<z <1,
= [-2t+ (1-#*)n%]sinnz, ~1<t<0,0<z<1,

(5.1)

For approximate solutions of the nonlocal boundary value problem (5.1), we will use the

first order of accuracy and a second order of accuracy difference schemes with 7 =

=L
h= 3.

We have the second order or fourth order difference equations with respect to n with matrix
coefficients. To solve this difference equations we have applied a procedure of modified Gauss
elimnination method for difference equations with respect to n with matrix coefficients. The
results of numerical experiments permit us to show that the second order of accuracy difference
schemes are more accurate comparing with the first order of accuracy difference scheme.
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5.1 The First Order of Accuracy Difference Scheme

Consider the nonlocal boundary value problem (5.1) for hyperbolic-parabolic equation. For
approximate solution of the nonlocal boundary-value problem (5.1), consider the set [0, 1], x
10, 7]y, of a family of grid points depending on the small parameters 7 and A

[0,1] x [0, 7]y, {(tgszn) st =k7, 1<k<N-1, Nr=1,
z, = mnh, 1<n<M-1,Mh=r}

Il

Applying the formulas

u(tk+1) — 2u(t;c) + ‘U,(tk_l) _

= u(tge1) = O(7), (52)
U(Tnt1) — 2“}5‘:”) + @) u'(zn) = O(h?),
and
_’ﬁ(_ll;_“(_o) —d(0) = O(n), (5.3)
WD —ul=7) ey = o)

the first order of accuracy in t for the approximate solutions of the nonlocal boundary value
problem

( k+L ok k1 Bl gy bl g g ket
Un “Puptun  _ Zadl W sl = f(tger,Zn), 1SESN-1,1<n< M -1,
k_, k-1 k —9 k k
Uy, ;l'n TS :2',1,+“n~1 — g(tk,a}'n), -N+1 < k < O, 1<n< M — 1’
ul ~ud =ul —usl1<n<M-1,

J N_ N-1 .
u"N=u5+%+2smwm,1§n§M—l,

uf =uk, =0,0<k <N,

flt,z) = (-2 + n?(1 — 2)) sin 7z,

g(t,z) = (=2t + 7%(1 — t?)) sin 7z,

\

for hyperbolic-parabolic equation (5.1) are presented.

Here we have (2N + 1) x (2N + 1) system of linear equations and we will write them in
the matrix form. By resorting the system
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((—az) vpn + (=2 un™ + (24 &) un + (—30) vy = 9(t, 7a),
~N+1<k<0,1<n<M-1,

(—siz) wd + o+ (=) ul + () uf ™+ (<) untl = F(ter1, 2a),
1<k<N-1,1<n<M-1,

up —ud =l —u7t, 1<n<M-1,

n

N
usV = ul +——-+2sm7r:z:, 1<n<M-1,

L uf=uk, =0, 0<k<N,

AUn+1+BUn+CUn_1=Dg0n, 0<n< M,
" (5.4)
Up=0, Uy =0.

2sin(mzy,),
b ) gtk o), ~N+1<k<0
P Fltheran), LSE<SN -1,
0, k=N.

(p?v1
ot

Pn = ‘P% s
Pn

X

(2N +1)x1

oo

OCoOoCR OO O
COoOOR OO C O
[~ eNoNoNoNoNoNo)
oL oo oCcCOoOOoOo o

OO OO OOOoOCOoOOo
OO OO R O
OO0 ODOOOR OO
COOCOOoOR OO O
S OO0 OO OO OoCO

ol ol eNeNo Nl

- < (2N+1)x(2N+1)



<o
o

o
o
o

o
o
o
o
o

<
o!
oo
o

and C = A.

O =
—- O

L 8

1
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0o 0 0o L -1-17

0 0 0 0 0

0 0 0 O 0

c 0 0 O 0

d e 0 0 ’
0 d e s 0

0 0 d e s

-2 1 0 0 0 - (2N+1)x(2N+1)
0 0 07
0 0 0
1 0 0
0 1 0
0 0 1] (2N+1)x(2N+1)

1 S§= n— ]-, n, mn + 1

(2N41)x(1)

For the solution of the last matrix equation, the modified variant Gauss elimination method
is used. We seek a solution of the matrix equation by the following form

U'n, = an+1Un+1 + ﬁn+17

n=M-1,..,2,1,0,

where a; (§ = 1,..., M —1) are (2N +1) x (2N +1) square matrices and 8; (j =1,..., M —1)

are (2N + 1) x 1 column matrices and a1, 8 :

0
0
] = 0

0
0
0

0

61

Using the equality

0
0
0

Il

[ R}

0

0

0

0 ;

0 (2N+1)x(2N+1)
(2N+1)x1

U, = ctoy1Ust1 + Bapy, (for s =n, n—1)



and the equality
AUpy1+BU, +CUp_1 = Dy,

we can write
[A+ Bani1 + Contni1)Unta + [BBpyy + Canfuiy + CB,] = Dey,.
The last equation is satisfied if it is to be selected
A+ Bayq + Canopyr =0,

[BBpy1 + Canfpyy +CB,] =Dy, 1<n<M-1

Formulas for a1, Buy1:

pp1 = —(B+Cayp) ™4,
Bns1 = (B+Can)™ (Dy, —CB,),n=1,2,3,..M—1.
So, _
Uy =0,
Up = 0ny1Uni1 + Bppr, n=M—1,...,2,1,0.
Algorithm

. Step Input time increment 7 = 1—{7 and space increment h = ﬁ

. Step Use the first order of accuracy difference scheme and write in matrix form

AUps1 + BUp+C Uy =Dg,, 0<n<M.

. Step Determine the entries of the matrices 4, B, C and D.
. Step Find oy, 3;.

. Step Compute anq1, Bpy1-
. Step Compute U,’s (n=M —1,...,2,1), (U M= 5) using the following formula

Up = op41Ung1 + ,an+1-

Matlab Implementation of the First Order of Accuracy Difference Scheme

function [table,es,p]=rothermethod(N,M)
% first order accuracy rother method
% mixed type
close; close;
if nargin<1; N=30 ; M=30 ;end; tau=1/N; h=1/M;
A=zeros(2*N+1,2*N+1);
for i=2:N+1;
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A)=1/("2);
end;

for i=N+2:2*N;
A(i,i+1)=-1/(h"2);

end;
B=zeros(2*N+1,2*N+1);
B(1,1)=1; B(1,2*N)=1/tau;
B(1,2*N+1)=-1/tau-1;

for i=1:N; B(i+1,i)=-1/tau;

end;

for i=2:N+1;
B(i,i)=1/tau+2/(h"2);
end;

for i=N+2:2*N;
B(i,i)=-2/(tau"2);

end;

for i=N+2:2*N-1;
B(i,i+1)=1/(tau"2)+2/(h"2);
end; for i=N-+2:2*N;
B(i,i+1)=1/(tau"2)+2/(h"2);
end;

for i=N-+1:2*N-1;
B(i+1,i)=1/(tau"2);

end;

B(2*N+1,N)=1;
B(2*N+1,N+1)=-2;
B(2*N+1,N+2)=1;

for i=1:2*N+1;

C(i,i)=1;

end ;

C(2*N+1,2%N+1)=0;
alpha(2*N+1,2*N+1,1:1)= 0 ;
betha(2*N+1,1:1) =0 ;

i(j) = fi(k,j) hesaplaniyor ’ ;
for j=1:M; x=j*h;
fii(1,j:j)=2*sin(pi*x); %%% alfa(xn)
for k=2:N+1;
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x=j*h;

t=(-N+k-1)*tau ;

fii( k, j:j ) = g(t,x); %(pi~2)*sin(pi*x); %%g(t,x,aaa);

end;

for k=N+2:2*N+1;

t=(-N+k-1)*tau+tau ;

x=j*h;

fii{ k, jij ) = f(t,x) ; %(pi"2)*sin(pi*x); %%L(t,x,aaa);

end;

end;

’alpha(N+1,N+1,j) ve betha{N-1,j) ler hesaplanacak’ ;

for j=1:M-1;

alpha( :, :, j+1:j+1 ) = - inv(B+A*alpha(;, 3, j:j))*A ;
betha(:,j+1:j+1)=inv(B+A*alpha(:,:, j:j)Y*(C*(fi(:, j:j ))-(A* betha(:,j:j)));
end;

U( 2*N+1,1, M:M ) = 0;

for z = M-1:-1:1

U(:.:, z:z ) = alpha(:,:,z+1:z+1)* U(:,:,z4+1:241 ) + betha(:,z+1:z+1);
end;

for z = 1:M ;

p(t,z+1:24+1)=U(:,:,z:2);

end;

'EXACT SOLUTION OF THIS PDE’ ;

for j=1:M+1;

for k=1:2*N+1;

t=(-N+k-1)*tau;

x=(j-1)*h; %exact solution on grid points, es(k,j) = exact(t,x);
end;

end;

"ERROR ANALYSIS’ ;

maxes=max(max(es)) ;

maxapp=max(max(p)) ;

maxerror=max(max(abs(es-p)));
relativeerror=max(max({(abs(es-p))))/max(max(abs(p)) );
cevap = [maxes,maxapp,maxerror,relativeerror]

%% % % %0 % % % % %6 % % % %6 %6 %0 %0 % % %6 % % % % % % % % % % % % % % %0 % % % %6 %
table=[es;p|;table(1:2:end,:)=es; table(2:2:end,:)=p;
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% %% %% %% % %% % %% %%GRAPH OF THE SOLUTION %%%%%%%%%
g=min{min(table));

w=max(max(table));

figure; surf(es); titleCEXACT SOLUTION); set(gca,’ZLim’,[q w]);
rotate3d;

figure; surf(p); titleCEULER-ROTHER’); rotate3d ;

set(gea, ZLim’,[q w]);

%%% %% %% % % % % % % % %o % %0 %o % %0 % % % %6 % %6 %0 %o %6 % % % % %6 %6 %0 %6 % % %o
%% % % % %% % %o %o % %% %0 %o % %o %6 %o %o %o %o %o % %0 %o % % %0 %0 % % %% %o %o % % % %o
function estx=exact(t,x)

estx= (1 - t)*(1 + t)*sin(pi*x);

function ftx=£(t,x)

ftx=(-2 - pi"2*(-1 + t"2))*sin(pi*x);

function gtx=g(t,x)

gtx=(-2%t - pi"2*(-1 + £"2))*sin(pi*x);

5.2 Second Order Accuracy Difference Scheme

First, we consider again the nonlocal boundary value problem (5.1). The second order of
accuracy in t for the approximate solutions of the nonlocal boundary value problem (5.1)
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k-1 k k. k ktl o b+l kbl k—1_o k=1, k-1
ubttgukpubt  up —2uftel w1 —2un’ tu T tun g —2un dunly f(tlc z )
- Rt (V]

72 2h2 4h?

Tp=nh, tp=kr, 1<k<N-1,1<n<M-1,

- k ko k k k k k
uk —ubt _ Upgg —2uptun U g =40y 4 g FHOUR —duy +uf_y
T h2 +7 2ht

=gtk — 5, %n) — 572 [9 (ts — 5, Tnt1) — 29 (te — 5, 2n) + 9 (tk — 51 Zn-1)],
Tpo=mnh, tp=k7, 1<kE<N-1,1<n<M-1,

ul —ub

1

— i (Upgr — 2up g —ud g+ 2u) —ud )
=Z(f(0,zn) + h% (udy —2ud + 1))
+ (g (0, ) + % (wl,y —2ud +u8_1)), zp=nh, 2<n< M -2,

3u£’ —4u1nv“1+uﬁ“2

u N =ud + b +@(@n), zn=nh, 1 <n<< M -1,

uf =ul, =0,0<k <N,
_ 1,k .k 4,k 1,k
= 3Ug — 5U3, Upr_y = FUs_p — gU4-g 0SE SN,

flt,z) = (-2 + 7%(1 — t*)) sin 7z,

L g(t,z) = (=2t + 7%(1 — #?)) sin 7,

are presented.

We have again the (2N + 1) x (2N + 1) system of linear equations. We will write in the
matrix form. We will resort the system
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( () it (o) i+ (o) 1+ G o) o+ ()
# (G ) 7+ () o ) s+ () v = £ )
1<k<N-1,2<n<M-2,

() una + (3 — ) unn + (D) w7+ (F+ 2+ ) un

+

+ (=5 — ) i+ (Fr) wie

T

=9 (t = %:%n) = 5z [9(ts = 5:%n11) =29 (& — 5:2n) + 9 (b — 5, 20-1)],
~N+1<k<0,2<n<M-2,

ot — T (up gy — 2up, by —up g+ 2up —u )

=5 (f (0 zn) + 7z (udyr — 2uy +uy))
+(9(0,n) + 2 (Wl —2u) +ud_})), zn=nh, 2<n <M -2,

N_, N—1, N-2
ugV = oV 4 Bn v tun (), 0<n < M,

2T

L g(t,z) = (—2¢ + n%(1 — t?)) sinnz.

where
2sin(nzy),
k_ ) 9te— % )—#[ (tk = %, Tn1) + 90tk — 5, 2n) + 9tk — 5, Tn—1)] , ~N+1 <k <0
P Fltza)l <ESN 1,
0,k=N

We have that

AUnt2+BUpp1 +CUy+ DUy 1+ EUp 2= Ryp,, 2<n<M-2,
Uy=0, Uy,=0

Uy = —Uz—-U3

Upm- 1—-UM 2 — tUnm-3,



100

4 @N+1)x1

where

— )
o ¥
+
2 Z
S g,
X X
-~ Ay
— i
+ +
2, 2,
o o~
& &
T L T 1)
(=N eNoNaREN e No N Nl COoOOCOC OO0 VLo
OCoQ0O0O oo oo OO IO U O
OO0 o000 O OO0 VSO
[eNoNoNolENeNeNoNaol COoOOoOO wWmouoo g
w g
OO0 R o000 oo C ™ o oo
OO RO OO0 CO DO coc oo
O ROO foco O O OO0 oo oo
SO0 O o0 O co oo oo oo
L | L - §
I I
< Q

=
+
2,
R
X
oy
+
Z
8
T 1
L]
|
3_%00 ftoo vo
|
N[O O PO Vs ©
.
1“200 IR ST
o oo [ie~ B S Be B < 8
3 o
S oo [ o i R~
oo 3 o oo
O 3N ftooc oo
— N O fto oo o
) I ]




101

where
s = T
oY
- 27 1 1
v = Kt 2n2°7 T
T oor R Ry
1 1
¢ = Tgp T= e
T T 1 T
ms TR T T
_ 1+ 1 de 2+ 1
CT Ry YT TAT g2
_ 1w 1 w2
P = o dT T T T 2T e
and D=B, E=A,
1 0 0 0 0 07
0 1 0 0 0 O
0 0 1 0 0 O
R=
0 0 O 1 0 0
0 0 O 0 1 O
L0 0 0 001 4 @N+1)x(2N+1)
[ U
U,
Uy
U, = Ug’ , wheres=n—-2,n—1,n, n+1, n+2.
(}N—l
N
L Uy (2N+1)x(1)

For the solution of the last matrix equation, we use the modified variant Gauss elimination
method. We seek a solution of the matrix equation by the following form:

Un = 0nt1Unt1 + Brp1Uni2 + Ve, n=M—-2,..,2,1,0,

Uy =0,

Unm—1 = [(Bar—z +5I) — (4I — ang_2)ong—1) (4T — apr—9)¥ar—1 — Yarals
Unr—2 = [(4I — apr—2)] " (Bpg—2 + 5D Uni—1 + Yar_2)s

Uy =0.

Here aj , 8; (= 1:M —1) are (2N + 1) x denkl(2N + 1) square matrices and ;-s are
2(N +1) x 1 column matrices.

000 .. 0 000 0
000 ..0 000 0
ar=|000 0 , Bi=]000 0
000 ..0 000 0

(2N +1)x (2N +1) (2N+1)x (2N +1)
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0 0
0 0
T1=10 sy Y2= 10
0 (2N+1)x(1) 0 (2N+1)x(1)
4 1
200 0 -2 0 0 0
0 £ 0 0 0 -t 0
a=|0 0 % 0 , Bz=1] 0 0 -} 0
) ; . 1
000 5 J(2N+1)x(2N+1) 0 0 0 T8 J @N41)x(2N+1)

Using the equality
U, = an+1Un+1 + ﬂn+1Un+2 + Ynt1

and the equality
AUpnya+BUpy1 +CUp+ DU,y + EUp_p = Re,,

we can write

(A4 CBpy1 + +DanB i1 + Ean10mBp11 + EBpy10p41]Uni2
+[B + Cany1 + Dapapty + DB, + Ean_yonyy + Eoy_18, + EBy_10m41]Uns1
+07n+1 + Dan7n+1 + D’Y'n, + Eo‘n~1a"l’y‘n+1 + Ean—lan + Eﬂn—1'7n+1 + E"Yn—l = Rgon‘

The last equation is satisfied if it is to be selected :

A+CBuyy ++DomfBr iy + Eon_10mfBnyy + EBp 18,11 =0,
B + Cany1 + Dagonyy + DB, + Eop—10m+1 + Eom 18, + EB,_10n41 =0,
C(’y'n,+1 + Da’ﬂ’yn+1 + nyn + Ean—-lo‘n7n+1 + Ean—lan + Eﬁn—l’yn+l + E’Yn—l = R@n‘

Then we obtain the formulas for any1, Bpy1s Vet

Buy1 = —(C+ Don+ EB, 1+ Ean_10,)7 (A),
ont1 = —(C+ Dan+EB,_;+ Eoy_105) Y (B+ DB, + Ean-18,),
Tnt1 = +(C + DOén + Elgn—l + Ean—la’n)_l(R‘pn - D7n - Ean—17n - E’Yn—l)!

where n=2: M — 2.

After determining these values, we can use modified Gauss formula to compute Up,-s.
{ Un = Qp41 Un+1 + ﬁn+1Un+2 + 7'n,+13 n= M- 35 ceey 21 17
where,

Uy =0,

Um—1 = [(Bag—z + 5I) — (4I — anr—a)ons—1] (4] — apm-2)vpr-1 = Va2
Um—2 = [(4I — an—2)] "M (Bar—z +51)Un-1 + Yag-2)s

Uy =0.
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Algorithm

1. Step; Input time increment 7 = ﬁ— and space increment h = ﬁ

2. Step; Substitute the second order difference approximations into the equations and write these
equations in matrix form to obtain the equality

AUpyo+BUpy1 +C U, + DU, 1 +EU, 0 =Ryp,, 2<n<M-2.
3. Step; Determine the entries of the matrices A, B, C, D, E and R.

4. Step; ai,B,7; and ag, By, are put.

5. Step; Compute dpt1, Bpi1s Yne1s Using the following formulas (n = 2 to M — 2),
Bri1 = —(C+ Dan + EBy_; + Ean—lan)—l(A)s

any1 = —(C + Day, + EB,_; + Eon_100) (B + DB, + Ectn_18,),
Tnt+1 = (C + Dan + Er@n—l + Ean-1an)—l(R(pn - D7n - Ean—l’yn - E7n—1)’

wheren=2: M — 2.

6. Step; Compute

Uy = 0,
Uy-1 = [(Ba_g +5I) — (4I — ap—2)onr—1] (4] — amr—2) Va1 — Yar—als
Un—s = [(4] — ap-2)] 7" [(Bpr—a +51) Unr—1 + (41 +v3120)] -

’7I . Step; Compute U,-s (n=M-3,...,2,1), using the following formula

Un = ant1Uny1 + ﬁn+1U'n+2 + Vg1

Matlab Implementation on Second Order of Accuracy Difference Scheme

function [table,es,p]=ss(N,M) %p=parsecor %(sest,spt)=
% mixed type
% second order
close;close; close;close;
if nargin<1;N= 30 ; M= 30 ;end
tau= 1/N ;
h=1 /M ; A=zeros(2*N+1,2*N+1);
for i=2:N+1;
A(i,i)=tau/(2*(h"4)); % diagonal

end;



B=zeros(2*N+1,2*N+1);

for i=2:N+1;

B(i,i)=-1/(h"2)-2*tau/(h"4); %diagonal

end;

for i=N+2:2*N;

B(i,i)=-1/(2*h"2); %% 2. diagonal

end;

for i=N+42:2*N;

B(i,i-1)=-1/(4*h"2); % 2. diagonal alt

end;

for i=N+2:2*N;

B(i,i+1)=-1/(4*h"2) ; % 2. diagonal istii

end;

%% %% % %% % %% %% % %

B(2*N+1,N+1)= tau/(h"2)-tau /(2*(h"2))-1/(h"2);
B(2*N+1,N+2)=-tau/(h"2);

% %% %% %% % %% % % %%
C=zeros(2*N+1,2*N+1);

C(1,1)=1;

C(1,2*N-1)=-1/(2*tau);

C(1,2*N)=4/(2*tau);
C(1,2*¥N+1)=-3/(2*tau)-1;

for i=2:N+1;

C(i,i-1)=-1/tau; %diagonal alt1

end;

for i=2:N+1;
C(i,i)=2/(h"2)+1/tau+3*tau/(h"4); %diagonal
end;

for i=N+2:2*N;

C(i,))=1/(h"2)-2/(tau"2); %% 2. diagonal

end;

for i=N+2:2*N;

C(i,i-1)=1/(2*n"2)+1/(tau"2); % 2. diagonal alt:
end;

for i=N+42:2*N;
C(1,i+1)=1/(2*h"2)+1/(tau"2) ; % 2. diagonal iistii

end;
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%C(2*N+1,N)=1/tau+2*tau/(h"2);
C(2*N+1,N+1)=-1/tau-2*tau/(h"2)+tau/(h"2)+2/(h"2);
C(2*N+1,N+2)=1/taut2*tau/(h"2);

% %% %% %% %% % %%

E=A ;

D=B;

for i=1:2*N+1; R(i,i)= 1 ; end;

%R(1,1)=0;

alpha(1:2¥N+1,1:2¥N+1,1:1) = Q%eye(2*N+1) ;
betha(1:2¥*N+1,1:2¥N+1,1:1) = 0*eye(2*N+1) ;
gamma(2*¥*N+1,1:1)= 0 ;

alpha(1:2*N+1,1:2*N+1,2:2) = (4/5)*eye(2*¥N+1) ; %% %% %%
betha(1:2¥N+1,1:2*N+1,2:2) = (-1/5)*eye(2*N+1);
gamma(2*N+1,2:2)= 0 ;

fi(j) = fi(k,j) hesaplaniyor 7 ;

for j=2:M-1;

x=j*h;

fii(1,j:j)=2%sin(pi*x); %%% alfa(xn)

for k=2:N+1;

x=j*h;

t=(-N+k-1)*tau ;

t=t-tau/2;

fii( k, J:j ) = g(t,x)-(tau/(2*0"2))*(g(tx+h)-2%g(t,x) +g(t,x-h));
end;

for k=N-+2:2*N+1;

t=(-N+k-1)*tau ;

x=j*h;

fii( k, j:j ) = f(t,x) ; %(pi"2)*sin(pi*x); %%f(t,x,aaa);
end;

fii(2*¥N+1,j:j)=(tau/2)*f(0,x)+g(0,x);

end;

fii;

‘alpha(N+1,N+1,j) ve betha(N+1,j) ler hesaplanacak’ ;
forn = 2:M-2;

bebek = C + D*alpha(:,: , n:n ) + E*betha(:,:,n-1 : n-1)...
+ E*alpha(:,:,n-1in-1)*alpha(:,:, nin) ;

betha(:,;,n+1:n+1 ) = - inv( bebek )*(A) ;
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alpha(:,:,n+1:n+1) = - inv(bebek )*(B +D*betha(:,;,n:n) ...

+ E * alpha(:,:,n-1:n-1)* betha(:,:;,n) ) ;

gamma(:,n+1m+1) = inv( bebek )*...

(R*fii(:,n:n) - D * gamma(:,n:n)...

-E * alpha(:,:,n-1:n-1)* gamma(:,n:n) - E¥*gamma(:, n-1: n-1) ) ;
end;

U(1:2*N+1,1:2*N+1)=nan;

U( 1:2*N+1, MM ) =0;

U( :, M-1:M-1 ) = inv( (betha(:,;,M-2:M-2) + 5%*eye(2*N+1)) ...
- (4*eye(2*N+1)-alpha(:,:,M-2:M-2) Y*alpha(:,:;,M-1:M-1))...
*((4*eye(2*¥*N+1)-alpha(:,:;,M-2:M-2)) *gamma(: , M-1:M-1)- gamma(: , M-2:M-2) );
U(: , M-2:M-2 ) = inv(4*eye(2*N-+1)-alpha(:,;,M-2:M-2))*( (betha(:,;,M-2:M-2) +...
5% eye(2*N+1) Y*U(:,M-1:M-1)+gamma(:,M-2:M-2) );
INITIAL VALUEs OF U Is OBTAINED HERE’ ;

for z = M-3:-1:1 ;

U(:,z:z Y=alpha(:,:,z+1:2+1)*U(:,z+1:z+1)+ ...
betha(:,:,z+1:24+1)*U(:,242:2+2)+gamma(:,z+1:z+1);

end;

forz=1:M;

p(:,z24+1:24+1)=U(:,2:2);

end;

"EXACT SOLUTION OF THIS PDE’ ;

for j=1:M+1;

for k=1:2*N+1;

t=(-N+k-1)*tau;

x=(j-1)*k;

%exact solution on grid points,

es(k,j) = exact(t,x);

end;

end;

"ERROR ANALYSIS’ ;

maxes=max(max(es)) ;

maxapp=max(max(p)) ;

maxerror=max(max(abs(es-p)));
relativeerror=max(max{(abs(es-p))))/max(max(abs(p)) );

cevap = [maxes,maxapp,maxerror,relativeerror]

% %% %% % %0 % 6% 76 % %% % %6 % %6 %0 %0 % %o %% %0 % %o %o %o % %o % Y0 % %o % %o % % %0 %o
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table=[es;p];table(1:2:end,:)=es; table(2:2:end,:)=p;
%%%%%%% % %% %% %% %GRAPH OF THE SOLUTION %%%%%%%% %%
g=min(min(table)); w=max(max(table));

figure;

surf(es); titleCEXACT SOLUTION’);

set(gca,’ ZLim’,[q w]);

rotatedd;

figure;

surf(p); titleCSECOND ORDER APPROXIMATE SOL.’);
set(gca,”ZLim’,[q w]);

%% % % % %% % % % % % % % %0 % % % % %o % %6 %0 % % %0 % % %6 %0 %o % %6 % %o %o %6 Yo
%%% % % %% % %0 % % %% % %o % % %6 %o %o % %6 %o % %6 %0 % %o %6 %0 %o % %6 % %o %o %6 %o
function estx=exact(t,x)

estx= (1 - £)*(1 + t)*sin(pi*x);

function ftx=£(t,x)

ftx=(-2 - pi"2*%(-1 + t"2))*sin(pi*x);

function gtx=g(t,x)

gtx=(-2%t - pi"2*(-1 + t"2))*sin(pi*x);

Second, we consider again the nonlocal boundary-value problem (5.1). The second order
of accuracy in ¢ for the approximate solutions of the nonlocal boundary value problem (5.1)

4 — k. k k+1 k41 k41 k+1 k+1
uftloouk k1w, —2uftul + 72 Uppn =4y g H6UR" —du, T 4, T
2 72 T 4h1

:f(tkaxn)a 1SI€SN—1,2$TZSM—2,

wh—ub~l uf, —2uftuk + (ufﬁz“4“514-1'*'6“5—4“?»—1‘*‘“2—2)
= 72 T 2rA
¢ i

1 1 1 Q 0 0
Up — Uy T (un+1 —2un+un—1_un+1+2un-un—1)

7 Bz =5 (£ (0,z0) + 5z (ud iy — 2u] +upy))

+(g(0,mn)+h%(ug+l—2u2+ug_1)), Tp=nh, 1 <n<M-1,

-N _ 3uN—4ug_1+uﬁ"—2
uy N =yl L - +o(z,), 0<n< M,

uf =uk, =0,0<k <N,

Ot

ko 4 1
( uf = guk — Luf, U’Xx[—1=3“ﬁ4—2_3u’fu—3’ 0<k<N,

(S
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where
ftz) = [-2+ (1—1t*) n?]sinnz,
g(tz) = [-2t+ (1—t*)n?]sinwz,
plz) = 2sinnz

are presented.

We have again the (2N + 1) x (2N + 1) system of linear equations. We will write in the
matrix form. We will resort the system

+ (=) by (5wt + (Fr) wbth = F (Bemn), 1SKSN-1,2Sn<M -2,

N_4, N-1, N—2
upN = uly 4 oMt 4 (), 0<n < M,
u’gzu’X,I=0,O§k§N,

f(t,z) = [-2+ (1 — t3) n?] sinwz,

L g(t,z) = [—2t + a2 (1 —¢?) 7r2] sin 7z

where
28in(72n), g(tk — 5, %n) — 55z (9 — 51 Zn11) + 9(tk — 5, @n) + 9tk — 5, Tn-1)],
Pn = Fltry@n), 1<k<N -1,

0, k=N.
We have that

AUn+2+BUn+1+CUn+DUn—1+EUn——2:R‘Pns 2SnSM_2a
Up=0, Uy,=0,

Uy = %Uz - 1Us,

Up-1= $Un—2 — tUns,

where

Pn =

L #n Laninxa
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4 (aN+1)x(2N+1)
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0 00O
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oo}
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Us= | U3 , wheres=n—-2,n—1, n, n+1, n+2.

L 8

(2N+1)x(1)
For the solution of the last matrix equation, we use the modified variant Gauss elimination
method. We seek a solution of the matrix equation by the following form

Un = a’n+1Un+1 + :Bn+1Un+2 + Yol = M — 21 (] 2: 1: Oa

Um =0,

Un—1 = [(Bpr—2 + 51) — (41 — ang2)anr—1] (4] — canr—2)Yar—1 — Yar—2ls
Un—z = [(4 — ap—2)] 7 (Bar—2 + 51 Un—1 + Yar—2)-

Here o , 8; (j =1: M —1) are (2N +1) x (2N +1) square matrices and v,-s are (2N +1) x 1
column matrices.

000 0 000 0
00 0 0 000 0
=000 0 , Bi=]000 0
000 ..0 (2N+1)x(2N+1) (000 .0 (2N+1)x(2N+1)
0 [0
0 0
’712 0 ) Yo = 0
0 (2N+1)x(1) L 0 (2N+1)x(1)
£ 00 0 -3 0 0 0
0 £ 0 0 0 -¢ 0 0
ap=10 0 % 0 , Be=1{ 0 0 -% 0
- ; SRR
000 5 4 (2N+1)x(2N+1) 0 0 0 .. -3 (2N+1)x(2N+1)

Using the equality
Un = ant1Uni1 + Bpy1Uni2 + Yng

and the equality
AUpyo+ BUpy1 +C U, + DUy + EU,—3 = Ry,
we can write
[A+CBpy1 + DanByy + Ean—10nByiy + EBpy_1 84 1]1Uny2

+[B + Cony1 + Dogomyr + DB, + Eap—10nt1 + Ean-168, + Eﬁn—lan+1]Un+1
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+C’Yn+1 + DanYpiy + Dy + Ean"lan’yﬂ-i-l + Eon_10m + EBy 1Ypi1 + BV = Roy,.

The last equation is satisfied if it is to be selected

A+ CBuyy + +Danfy 1 + Ean—10nfy1y + EBy 10,41 =0,
B+ Capy1 + Dogomar + DBy, + Ean_10m41 + Eon-18,, + Efp_10n+1 =0,
CYpy1 + DanYpy1 + Dy + Eap-_10n Y41 + Eap_10n+ EBy,_1Vny1 + EVp-1 = Ry,

Then we obtain the formulas

tnt1 = —(C + Dan, + EB,,_1 + Eay_10n) (B + DBy, + Ean_15,),
ﬂn+1 = —(C + DOén + Eﬂn—l + Ean—lan)_l(A)’

Yni1 = (C+ Dayn + EB,_4 + Ean_lan)—l(chn — Dv,, — Ean_1v, — Ev,_1),
where n =2 : M — 2.
After determining these values, we can use modified Gauss formula to compute Up,-s.

{ Un = a’n+lUn+1 + :Bn+1Un+2 + Yo+l N = M — 3a (33 23 17

where,
UM =0,
Unt—1 = [(Bar—a + 5I) — (41 — ang—2)ans—1] " (4] — omg—2)Var—1 — Yar—ahs
Ups—2 = [(4I — apg—2)] 7 [(Brr—2 + 5N Unr-1 + ¥ar 3l
Uy =0.
| Algorithm

Step; Input time increment 7 = —]1\7 and space increment s = ﬁ

2. Step; Substitute the second order difference approximations into the equations and write these
equations in matrix form to obtain the equality

AUn+2+BUn+1 +CUn+DUn-—1+EUn_2=RQDn, 2<n<M-2.

3. Step; Determine the entries of the matrices A, B, C, D, E and R.

4. Step; oy, 8,7, and «g, 85,7, are put.

5. Step; Compute ant1, Bphy1r Yni1, using the following formulas (n=2 to M-2)

Bas1 = —(C + Dan + BBy + Eon_100) 7 (A),

Op+l1 = —(C + Dap + Eﬁn—l + Ean—lan)_l(B + -D/Bn + Ean—lﬂn)a

Yny1 = (C+ Doy + EB,_; + Ean-105) " (Re, — Dv,, — Eon—_1v, — Evp_y).
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wheren=2: M — 2.

6. Step; Compute
Uy =0,
Unt-1 = [(Bas—g + 5I) — (4T — apg—o)opr—a]) (4] — ong—2) Va1 — Yar—2hs
Unt—2 = [(4I — apr—2)] M (Bar—z + 5D Unr—1 + (41 + ypr_s)-

7. Step; Compute U,-s (n=M-3,...,2,1), using the following formula

Un = ant1Uny1 + Brt1 Unt2 + Vnt1-

Matlab Implementation on Modified Second Order of Accuracy Difference Scheme

function [table,es,p]=ss(N,M)
% mixed type
% second order . % modified
if nargin <1; N=30 ; M=30 ;end;
tau= 1/N ;
h=1/M;
A=zeros(2*N+1,2*N+1);
for i=2:N+1;
A(ii)=tau/(2*(h*4)); % diagonal
end;
for i=N+2:2*N;
A(i,i+1)=(tau"2)/(4*(h"4)); % 2. diagonal
end;
B=zeros(2*N+1,2*N+1);
for i=2:N+1;
B(i,i)=-1/(h"2)-2*tau/(h"4); %diagonal
end;
for i=N+2:2*N;
B(i,i)=-1/(h"2); %% 2. diagonal
end;
for i=N+2:2*N;
B(i,i+1)=-(tau"2)/(h"4) ; % 2. diagonal iistii
end;
%%%% % %% %% % % % %%
B(2*N+1,N+1)= tau/(h"2)-tau /(2*(h"2))-1/(h"2);
B(2*N+1,N+2)=-tau/(h"2);
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%% %% % %% % %% % % % %

C=zeros(2*N+1,2*N+1);

C(1,1)=1;

C(1,2*N-1)=-1/(2*tau);

C(1,2*N)=4/(2*tau);

C(1,2*N-+1)=-3/(2*tau);

for i=2:N+1;

C(i,i-1)=-1/tau; %diagonal alt1

end;

for i=2:N+1;

C(i,1)=2/(h"2)+1/tau+3*tau/(h"4); %diagonal

end;

for i=N+2:2*N;

C(i,i)=2/(h"2)-2/(tau"2); %% 2. diagonal

end;

for i=N+2:2*N;

C(i,i-1)=1/(tau"2); % 2. diagonal alt1

end;

for i=N+2:2*N;

C(1,i+1)=3*(tau"2)/(2*h"4)+1/(tau"2) ; % 2. diagonal tstii
end;

%C(2*N+1,N)=1/tau+2*tau/(h"2);
C(2*N+1,N+1)=-1/tau-2*tau/(h"2)+tau/(h"2)+2/(h"2);
C(2*N+1,N+2)=1/tau+2*tau/(h"2);

%9%% %% %% %0 % % % % % %0 %o % % % % % % % % % % % % % %% %
E=A;

D=B;

for i=1:2*N+1; R(i,i)= 1 ; end;

%R(1,1)=0;

alpha(1:2*N+1,1:2*¥N+1,1:1) = 0*eye(2*N+1) ;
betha(1:2¥*N+1,1:2*¥N+1,1:1) = 0*eye(2*N+1) ;
gamma(2*N+1,1:1)= 0 ;

alpha(1:2*N+1,1:2*N+1,2:2) = (4/5)*eye(2*N+1) ; B%%%%%
betha(1:2*N+1,1:2*N+1,2:2) = (-1/5)*eye(2*N+1);
gamma(2*N+1,2:2)= 0 ;

fi(j) = fi(k,j) hesaplaniyor * ;

for j=2:M-1;



x=j*h;

fii(1,j:j)=2*sin(pi*x); %%% alfa(xn)

for k=2:N-+1;

x=j*h;

t=(-N+k-1)*tau ;

t=t-tau/2;

Bi( K, ji ) = @(t%)-(baun/(2%0°2)) (gt x-+h)-2%g(1.5)-+g(6x-h);
end;

for k=N+2:2*N-+1;

t=(-N+k-1)*tau ;

x=j*h;

fii( k, j;j ) = f(t,x) ; %(pi“2)*sin(pi*x); %%f(t,x,aaa);
end;

fii(2*N+1,j:j)=(tau/2)*{(0,x) +g(0,x);

end;

fii;

‘alpha(N+1,N+1,j) ve betha(N+1,j) ler hesaplanacak’ ;

for n = 2:M-2 ;

bebek = C + D*alpha(:,: , n:n ) + E*betha(:,;,n-1 : n-1)...
+ E*alpha(:,;,;n-1:n-1)*alpha(:,:, n:n) ;

betha(:,:;,;n+1:n+1 ) = - inv( bebek )*(A) ;
alpha(:,:;,;n+1:n+1) = - inv(bebek )*(B +D*betha(:,:,n:n) ...
+ E * alpha(:,:;,n-1:n-1)* betha(:,:,n} ) ;

gamma(:,n+1:n+1) = inv( bebek )*...

(R*fii(:,n:n) - D * gamma(:,n:n)...

-E * alpha(:,;,n-1:0-1)* gamma(:,n:n) - E¥*gamma(:, n-1: n-1) ) ;
end;

U degerleri olushturuluyor. ve matrisine atiliyor.’;
U(1:2¥*N+1,1:2*N+1)=nan;

U( 1:2*N+1, MM ) =0 ;

U( :, M-1:M-1 ) = inv( (betha(:,;,M-2:M-2) + 5*eye(2*¥N+1)) ...
- (4*eye(2*N+1)-alpha(:,;,M-2:M-2) )*alpha(:,:;, M-1:M-1))...

*((4*eye(2*N+1)-alpha(:,;M-2:M-2))*gamma(: , M-1:M-1)- gamma(: , M-2:M-2) );
U(: , M-2:M-2 ) = inv(4*eye(2*¥N+1)-alpha(:,;,M-2:M-2))*( (betha(:,:;, M-2:M-2) +...

5% eye(2*N-+1) )*U(:,M-1:M-1)+gamma(:,M-2:M-2) );
INITIAL VALUEs OF U Is OBTAINED HERE’ ;
for z = M-3:-1:1 ;
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U(:,z:z )=alpha(:,:,z+1:2+1)*U(:,z+1:z2+1)+ ...
betha(:,:,z+1:2+1)*U(:,2+2:2+2)+gamma(:,z+1:2+1);

end;

forz=1: M;

p(:,24+1:241)=U(:,2:2);

end;

"EXACT SOLUTION OF THIS PDE’ ;

for j=1:M+1;

for k=1:2*N+1;

t=(-N+k-1)*tau;

x=(j-1)*h;

Y%exact solution on grid points,

es(k,j) = exact(t,x);

end;

end;

"ERROR ANALYSIS’ ;

maxes=max(max(es)) ;

maxapp=max(max(p)) ;

maxerror=max(max(abs(es-p)));
relativeerror=max(max((abs(es-p))))/max(max(abs(p)) );

cevap = [maxes,maxapp,maxerror,relativeerror]

%% % % % %% %0 %6 % % % % % %o % % % % % % 76 % % % % % % % % % % % % % % % %
table=[es;p|;table(1:2:end,:)=es; table(2:2:end,:)=p;

%% %%%%%% %% %% %% %GRAPH OF THE SOLUTION %% %% %%
g=min(min(table)); w=max(max(table));

figure;

surf(es); titleCEXACT SOLUTION’); set(gca, ZLim’,[q w]);

rotate3d;

figure;

surf(p); titleCMODIFIED SECOND ORDER APP. SOL.’); rotate3d ;
set(gca,”ZLim’,[q w]);

%% %% % %% % % %0 %6 % %6 %6 % % % %o % % % %0 % % % % % % % % % % % % % % % %
%% %% % %% % % % % % % % % % % % % % % % % % % % % % % % % % % % % % % %
function estx=exact{t,x)

estx= (1 - t)*(1 + t)*sin(pi*x);

function ftx=£(t,x)

fix=(-2 - pi"2*(-1 + £°2))*sin(pi*x);
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function gtx=g(t,x)
gtx=(-2*t - pi"2*(-1 + t"2))*sin({pi*x);

5.3 Numerical Analysis

Consider the nonlocal boundary value problem for hyperbolic-parabolic equation (3.1). For
the approximate solutions of the nonlocal boundary value problem (3.1), the first and the
second order of accuracy difference schemes with 7 = %, h = £ will be used. The exact and

numerical solutions are given in the figures 5.1, 5.2, 5.3 and 5.4.



EXACT SOLUTION

taxis X axis

Figure 5.1: Exact Solution

EULER-ROTHER

taxs 1

Figure 5.2: The first order of accuracy difference scheme
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SECOND ORDER APPROXIMATE SOL.

4 0
taxis X oxls

Figure 5.3:  The second order of accuracy difference schemes (4.54)

MODIFIED SECOND ORDER APP. SOL.

<10
tads x axis

Figure 5.4: The second order of accuracy difference schemes (4.55)
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The errors

EAA} = u(th, Zn) — uﬁ

max
—N<k<N1<n<M-1

of the numerical solutions are given in the following table.

Difference schemes EY

The first order of accuracy difference scheme (4.1) 0.0214
The second order of accuracy difference scheme (4.54) | 0.0060
The second order of accuracy difference scheme (4.55) | 0.0052

Thus, the second order of accuracy difference schemes are more accurate comparing with
the first order of accuracy difference scheme.



CHAPTER 6

CONCLUSIONS

This work is devoted to the study of the stability of the nonlocal boundary value problem for
hyperbolic-parabolic equations. The following original results are obtained:

e the abstract theorem on the stability estimates for the solution of the nonlocal boundary
problem for hyperbolic-parabolic equation in a Hilbert space is proved,

e the theorems on the stability estimates for the solution of the nonlocal boundary prob-
lems for hyperbolic-parabolic equations are obtained,

e the first and second order of accuracy difference schemes for the approximate solutions
of the nonlocal boundary problem for hyperbolic-parabolic differential equations are
presented,

s the abstract theorems on the stability estimates for the solution of the first and sec-
ond order of accuracy difference schemes for the approximate solutions of the nonlocal
boundary problem for hyperbolic-parabolic differential equation in a Hilbert space are
established,

¢ the theorems on the stability estimates for the solution of difference schemes for hyperbolic-
parabolic equations are obtained,

o the theoretical statements for the solution of this difference schemes are supported by
the results of numerical experiments

e two papers from this work are submitted for publication in the journals.
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