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ABSTRACT

The initial value problem

d2u(t)

dt?

u@) =y, u'(0)=9¢

+A@uU(t) = f(t), 0<t <1,

for differential equation in a Hilbert space H with the self-adjoint positive definite operators
A(t) is considered. The second order of accuracy difference schemes for the approximate
solutions of this initial value problem are presented. The stability estimates for the solution of
these difference schemes are established. The Matlab implementation of these difference
schemes for hyperbolic equation is presented. The theoretical statements for the solution of
these difference schemes are supported by the results of numerical examples.
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(0Y/

Hilbert uzayinda self-adjoint pozitif tanimli A(t) operatérlii diferansiyel denklemlerinin
ilk deger problemi

d?u(t)
dt?
u0) =y, u'(0)=g,

+Au(t) = f(t), 0<t<1,

ele alinmistir. Bu ilk deger probleminin yaklasik ¢6ziimii icin ikinci derecedeki fark semalari
sunulmustur. Bu fark semalarinin ¢6ziimii i¢in kararlilik kestirimleri kurulmustur. Hiperbolik
denklemler i¢in fark semalarinin Matlab ile ¢oziimleri elde edilmistir. Bu fark semalarinin
¢Ozlimii i¢in bulunan teorik sonuglar, sayisal 6rneklerle desteklenmistir.

Anahtar Kelimeler: Hiperbolik Denklem, Fark Semalari, Kararlilik Kestirimleri, Sayisal
Coziimler, Matlab Uygulamalari.
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CHAPTER 1

INTRODUCTION

It is known that many problems in fluid mechanics, dynamics, elasticity and other ar-
eas of engineering, physics and biological systems lead to partial differential equations of
hyperbolic type.

Methods of solutions of initial-boundary value problems for hyperbolic differential equa-
tions have been studied extensively by many researches (see [Sobolevskii, P. E. and Pogore-
lenko, V. A., 1967], [Sobolevskii, P. E. and Chebotaryeva, L. M., 1977], [Goldberg, M. and
Tadmor, E., 1978], [Goldberg, M. and Tadmor, E., 1981], [Goldberg, M. and Tadmor, E.,
1982], [Goldberg, M. and Tadmor, E., 1985], [Goldberg, M. and Tadmor, E., 1987], [Tad-
mor, E., 1987], [Renaut, R. A. and Petersen, J., 1989], [Duncan, D. B. and Lynch, M. A.
M., 1991], [Ashyralyev, A. and Fattorini, H.O., 1992], [Ashyralyev, A. and Muradov, 1.,
1995], [Mohanty, R. K., Jain, M. K., and George, K., 1996], [Mohanty, R. K., Jain, M.
K., and George, K., 1996|, [Lasiecka, I., Triggianni, R., and Yao, P. F., 1997], [Krupa,
V. G., 1997], [D’Ancona, P. and Racke, R., 1998], [Jeltsch, R., Renaut, R. A., and Smit,
J. H., 1998], [Mohanty, R. K., Jain, M. K. and George, K., 1998], [Chen, Y. and Huang,
Y., 1998], [Ashyralyev, A. and Muradov, I., 1998|, [Cicognani, M. and Zanghirati, L.,
1999], [Peiguang, W., 1999], [Peiguang, W., 1999], [Juras, M., 2000], [Kiguradze, T., 2000],
[Chawla, M. M. and Al-Zanaidi, M. A., 2001], [Minamoto, T., 2001], [Ashyralyev, A. and
Sobolevskii, P. E.; 2001], [Kiguradze, T. and Lakshmikantham, V., 2002], [Kiguradze, T.
and Lakshmikantham, V., 2002], [Cockburn, B., Luskin, M., Shu, C. and Suli, E., 2003],
[Rasulov, M., Coskun, E. and Sinsoyasal, B., 2003], [Lotstedt, P., Ramage, A., Sydow, L.
and Soderberg, S., 2004], [Mohanthy, R. K., 2004], [Mohanthy, R. K., 2004], [Xiao, T. and
Liang, J., 2004], [Rasulov, M., Karaguler, T. and Sinsoyasal, B., 2004], [Ashyralyev, A.
and Aggez, N., 2004], [Guidetti, D., Karasozen, B. and Piskarev, S., 2004], [Ashyralyev,
A. and Sobolevskii, P. E., 2005], [Qikui, D. and Minxia, T., 2005, [Mohanty, R. K., 2005]
and the references therein).

Our goal in this work, is to investigate the stability of difference schemes of approximate
solutions of initial-boundary value problems for equations of hyperbolic type.

It is known that the mixed problem for hyperbolic equations can be solved analytically
by Fourier series, Fourier transform and Laplace transform methods. Now, let us illustrate
these three different analytical methods by examples.



Example 1.1. Consider the following simple initial-boundary value problem for hy-
perbolic equation

( Lu Py — [24+2(1— )2 — 8i(1 — t) + 22 + 262(1 — 1) cos z,

0<t<l1, O0<z<m,

(1.1)

u(0,z) =cosz, u (0,2) =0, 0<z<m,

[ Uy (8,0) =u, (t,m) =0, 0<t<1.

For the solution of the problem (1.1), we use the Fourier series method. In order to solve
the problem we need to separate u(t,x) into two parts

u(t,x) = v(t,x) +w(t, ) (1.2)
where v(t, ) is the solution of the problem

92 2
Pv 20 49p=0,0<t<1, O<z<m,

v(0,z) =cosz, v, (0,2) =0, 0<z<m, (1.3)
vz (6,0) = v, (t,m) =0, 0<t<1.

and

(( Puw _ Pu g =24+ 2(1 — )2 — 8t(1 — t) + 26> + 262(1 — t)*] cos z,

0<t<1, O0<z<m,

w(0,z) =w (0,2) =0, 0<z<m,

[ w, (1,0) =w, (t,m) =0, 0<¢t<1.

Now, let us obtain the solution of (1.3), by the method of separation of variables. To do
this a solution of the form
v(t,x) =T(t)X(x) #0

is suggested. Taking the partial derivatives and substituting the result in (1.3), we obtain

T +T () X'()
T(t) X(z)

=0,
or
T'(t)+T () X"(v)
T(t)  X(w)
The boundary conditions presented in (1.3), require X’(0) = X’ (7) = 0. Hence, from (1.5)
we have the ordinary differential equation

Y (1.5)

X'(z) = AX(z), X'(0) = X' () = 0. (1.6)

If A > 0, then the boundary value problem (1.6) has only trivial solution X (z) = 0. For
A < 0, the nontrivial solutions of the boundary value problem (1.6) are

Xi(z) = cos(kx), where k =1,2,3,---., A= —k?



For A\ = 0, the nontrivial solution of the boundary value problem (1.6) is
Xo(x) =1.
So, the nontrivial solutions of the boundary value problem (1.6) are
Xi(v) = cos(kx), where k =0,1,2,3,---, and A = —k?
The other ordinary differential equation presented in (1.5) is
T't)+T(t) =T (),
with A = —k%, £ =0,1,2,---. The solution of this ordinary differential equation is

Ti(t) = Agsin V1 + k%t + By cos V1 + k?t, where k =0,1,2,3,---.

Thus,
v(t,x) = ka(t, x) = Z (Ak sinv'1+ k%t + B cos V1 + k2t> cos k.
k=1 k=1

Using the initial conditions
v (0,2) = cosx, v (0,2) =0,

we obtain
A =0, Bi=1 A, =B,=0, k=0,2,3,---.

Hence, the solution of (1.3) is
v (t,x) = cos V2t cos .

Second we obtain the solution of (1.4). We seek a solution of the form

w(t,z) = Z Ey (t) cos kx.
k=0

Then -
Wy — Wap + W = Z[E,Z (t) + (1 - k‘z) Ey (t)] cos kz
k=0
= [242(1 —¢)* = 8t(1 — t) + 2¢% + 2t*(1 — t)*] cos .
If & # 1,then

E; (t)+ (1+ k%) By (t) = 0.

So we obtain

Ex (t) = ¢y cos V1 + k2t + cosin V1 + k2t.

Using the initial conditions
Ei(0) = E;(0) = 0,

we get ¢; = co = 0 and Ej, (t) = 0.
k =1, then

EY (t)+2E; (t) = [2+2(1 — 1) = 8t(1 — t) + 26> + 2t*(1 — t)?] .



Using the initial conditions
E1(0) = E1(0) =0,

we get ¢; = ¢y = 0 and F) (t) = t*(1 — ¢)* . Thus the solution of (1.4) is
w(t,z) = [1 +t*(1 — t)?] cos .
Finally, using (1.2) we obtain
w(t,z) =v(t,x)+wtz) =[cos V2t + 1+ t3(1 —t)*] cos .

Note that using similar procedure one can obtain the solution of the following initial-
boundary value problem for the multidimensional hyperbolic equation

(

Pu(t,x) Z aTBQU(t,z) _ f(t7l'>,

ot? Ox2
r=1

r= (1, 1,) €Q, 0<t<T,

u(0,z) = P(z), x €

ut(O,ZE) = gO(I’), xr e Qa

Qut,x) =0, z€8

\

where a,, > a > 0 and f(t,2) (t € [0,T], x € Q), p(x),¥(x) (x € Q) are given smooth
functions. Here € is the unit open cube in the n-dimensional Euclidean space R" (0 <
xp < 1,1 < k <n) with the boundary

S, Q=QUS.

Here a% indicates differentiation in the direction of the exterior normal to S.

However, the method of separation of variables described in solving (1.3) can be used
only in the case when (1.1) has constant coefficients.

Example 1.2. Now, we will consider the application of Laplace transformation

method (in z) to the problem

Pu _ Pu oy =201 —1)2 =81 —t) + 2% e, 0<t<1, 0<z< o0,

u(0,2) =u (0,2) =0, 0<z < o0, (1.7)
u(t,0) =t2(1 — )%, wu, (t,0) = —t2(1—#)?, 0<t<1.
We denote
L{u(t,z)} = v(t, s).
Then using the properties of the Laplace transform, we obtain

12t — 12t + 2

pore] + 121 = t)*(1 — s).

v (t,s) + (1= s°) v (t,s) =
Solving it we can write

t2(1 —t)?
\/*1+82t+c267\/71+32t+ ( )

v (t,s) =ce i)



Now, using the initial conditions (1.7) which are transformed to
v(0,s) =0,v:(0,s) =0,

we obtain
t2(1 —t)?
(s+1)

Finally taking the inverse Laplace transform of this equation, we obtain

t2(1 —t)?
(s+1) }

v(t,s) =

u(t,r) =L " {v(t,s)} =L {

1
(s+1)

=t*(1—-t)’L! {

Hence, the solution of (1.7) is

} =t*(1 —t)% ™.

u(t,z) =t*(1 —t)%e "

Note that using similar procedure one can obtain the solution of the following initial-
boundary value problem for the multidimensional hyperbolic equation

( 52u(t, 92,
g — 2 ot = f(t,x),
r=1

r= (a1, x,) €ﬁ+,0§t§T,
U(O,l’> = QO(I)?

w(0,2) = (z), v€Q

[ u(t,z) =0, x € ST,

where a,, > a > 0 and f (¢, ) (t €10,7], x € ﬁ+>, o (z),¥(x) (m eﬁJr) are given
smooth functions. Here € T is the open set in the n-dimensional Euclidean space R"
(0 <z < 00, 1 <k < n) with boundary

st Qf=otust.
However, as the method of separation of variables, Laplace transform method can be used

only in the case when the differential equation has constant coefficients.

Example 1.3. The last example is a mixed problem solved by using Fourier transform
method. Consider the problem

Ou — Bu oy =[2(1— 1) —8t(1 —t) + 262 + 13(1 — 1) (3 — 4a?)] e,

0<t<1l, —o0<z<o0, (1.8)
uw(0,z) =u; (0,2) =0, —o0 <z < 0.

We denote

v(t,s)=F{u(t,z)}.



Then, taking the Fourier transform of both sides of the differential equation in (1.8), we
obtain
(o (t, S) + (32 + 1) v (t, S)

::F{pu—¢V—8ﬂr—w+2ﬁ+¢%1—w2@+s%}5ﬁ}.
Solving it we can write
v (t,s) = ¢y cos Vs + 1t + ¢y sin Vs + 1t + t3(1 — t)°F {e’xz} .
Now using the initial conditions in (1.8) which are transformed to
v(0,5) = 0,1 (0,s) =0,

we get

v (t,s) = £2(1 — t)°F {e-w“’}.
Finally taking the inverse of Fourier transformation we obtain the solution for the problem
(1.8) as

2

u(t,r) =t*(1 —t)%e .

Note that using the same manner one obtains the solution of the following initial value
problem for the 2m-th order multidimensional hyperbolic equation

( Il
atQ - Z a’!’ax;‘? gl."n = f(t7 x)’

[r|=2m
0<t<T,x,reR™ |r|=r1+- - +ry,,

u(0,2) = ¢(x), = €R™,

| w(0,2) =¢(z), zeR"

where a, > a > o, f(t,z) (t € [0,T], v € R"), p(x),¢(x) (xr € R") are given smooth
functions.

However, all analytical methods described above, namely the Fourier series method,
the Laplace transform method and the Fourier transform method can be used only when
the differential equation has constant coefficients. It is well-known that the most general
method for solving partial differential equations with dependent coefficients in ¢ and in the
space variables is difference method, which is basially realized by digital computers and
known to be numerical method. However the stability of different difference schemes used
in numerical methods need to be proved or justified theoretically.

It is known that various initial-boundary value problems for hyperbolic equations can
be reduced to the initial value problem for differential equation in a Hilbert space H with
self-adjoint positive definite operator A. In the present work the initial value problem

T+ Atu(t) = f(1), 0<t <,

u(0) = ¢,u'(0) =4

for differential equation in a Hilbert space H, with the self-adjoint positive definite op-
erator A(t) is considered. The second order of accuracy difference schemes are con-
structed.Applying the operator approach, the stability of difference schemes for the ap-
proximate solution of differential equations are obtained. The theoretical statements for
the solution of this difference schemes are supported by the results of numerical examples.



Let us briefly describe the contents of the various sections of the thesis. It consists of
five chapters.

First chapter is the introduction.

Second chapter presents elementary statements in a Hilbert space that is needed for this
work.

Third chapter consists of two sections. The stable second order of accuracy difference
schemes approximately solving the initial value problem for hyperbolic equation in
a Hilbert space H with self-adjoint positive definite operator A(t) are presented.
The stability estimates for the solutions of the difference schemes of the initial value
problems for hyperbolic equations are obtained.

Fourth chapter devoted to the applications. The first and second order of accuracy
difference schemes are studied. A matlab program is given to conclude that the
second order of accuracy is more accurate. Figures and tableS are included.

Fifth chapter containes conclusions.



CHAPTER 2

ELEMENTS OF HILBERT SPACE

This chapter covers selected concepts of the elementary Hilbert space theory as developed
in [Krein, S. G., 1966]. It also includes tha basis for the solution proporties in an Hilbert
space of the initial value problem considered in this thesis.

2.1 HILBERT SPACE

Definition 2.1. A complex linear space H is called an inner product space if there is a
complex-valued function (.,.) : H x H — C' with the properties

i. (r,z) >0 and (r,x) =0 <= z=o0,

ii. (r,y) = (y,x) forall z,y € H
iti. (ax,y) = a(zr,y), forall z,ye H and «€C,
w. (xr+y,2)=(x,z) + (y,z) for all x,y,z € H.

The function (z,y) is called the inner product of z and y, C is the set of complex
numbers and the overline indicates the complex conjugate. A Hilbert space is a complete
inner product space. An inner product on H defines a norm on H given by ||z| = (z, z)"/2.

Example 2.1. The space Cy[—1,1] of all defined and continuous functions on a given
closed interval [—1,1] is an inner product space with the inner product given by

1

(x,y) = /m(t)wdt. (2.1)

-1

Note that the space Co[—1,1] is not complete. So, Cy[—1,1] is not a Hilbert space (The
overline denotes the closure).

Example 2.2. The space Ly [—1,1] = Cy[—1,1] with the inner product (2.1) is a Hilbert
space.

Theorem 2.1. Let x,y be any two vectors in a Hilbert space, then

[z, )| < |||l |lyll ( Schwartz inequality). (2.2)

Note that the inner product is related to the norm by the following identity

(z,y) = i [(lz +yll* = llz = ylI*) +i (Il +ayll” - llz —iy[*)] - (2.3)



Theorem 2.2. If H is a Hilbert space, then

lz+yl>+ |z —yl> = 2||z|> +2|lyll> , Y a,y€ H (Parallelogram law) (2.4)

This theorem states that a norm on an inner product space satisfies the important
Parallelogram law. Conversely, H is a complex complete normed space with the norm

I-|| satisfying the equation (2.4) then H is a Hilbert space with the scalar product (-,-)

satisfying ||z|| = (z, z)"?.

Example 2.3. The space IP of all sequence, © = (§;) = (§1,&s, - - -) such that |&;]7+|E|"+-
converges with p # 2 is not an inner product space, hence not a Hilbert space.

Example 2.4. The space C [a,b] is not an inner product space, hence not a Hilbert space.

2.2 BOUNDED LINEAR OPERATORS IN H

Definition 2.2. Let H; and H, are two Hilbert spaces. An operator A : H; — H> is said
to be linear operator if

Aoz + fy) = aAx + fAy  forall o, € C and z,y € H;.
The domain of A D (A) = {x € H,,3Ax € Hy} is a vector space and
R(A) ={y = Axz,Vz € D (A)} denotes the range of A.

A linear operator A : H — H is said to be bounded if there exist a real number M > 0
such that
|Az|; <M x|l  forall z € H. (2.5)

If a linear operator A : H — H is bounded with M, then
|A|| = inf M (2.6)
is called the norm of operator A.

Theorem 2.3. The norm of the bounded linear operator A is

Ax
1Al = sup 1 Az]] = sup 22— g e (2.7)

p Ll
lel<1 azo |7 Jef=1

Example 2.5. A is an operator defined by Ax = ax(t), A: Ly[0,1] — Ly[0,1]. Then,

[Az|| = |a].

2.3 ADJOINT OF AN OPERATOR

Definition 2.3. Let A: H; — H, be a bounded linear operator, where H; and H, are
Hilbert spaces. Then the Hilbert adjoint operator A* of A is the operator

A* : H2 — Hl;
such that for all x € H; and y € H,

(Az,y) = (z, A"y) .
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Theorem 2.4. The Hilbert adjoint operator A* of A is unique and bounded linear operator
with the norm

LA = [lAll - (2.8)

Definition 2.4. A bounded linear operator A : H — H on a Hilbert space H is said
to be self-adjoint if (Ax,y) = (z, Ay) for all z,y € H.

Definition 2.5. A self-adjoint operator A is said to be positive if A > 0, that is (Az,z) > 0
for all z € H.

Example 2.6. A is an operator defined in the example 2.5. Then, if « € R, then A is a
self-adjoint operator.

Definition 2.6. Let A : D(A) — H be a linear operator with D (A) = H. Then A
is called a symmetric if (Az,y) = (x, Ay) for all z,y € D(A). If A is symmetric and
D (A) = D (A*), then A is a self-adjoint operator.

dQ
Example 2.7. Let Au= —d—z +u , ula)=ulb)=0 and H= Ly[a,b]. Then,
x
A is a self-adjoint positive operator.

24 SPECTRUM

Definition 2.7. Let H be a Hilbert space and A : H — H be a linear operator with
D (A) C H. We associate the operator Ay = A — Al , where A € C' and [ is the identity
operator on D(A).

If Ay has an inverse, we denote it by Ry (A) and we call it the resolvent operator of
A, or simply, resolvent of A.

Ry (A)=(A=XI)"". (2.9)

Definition 2.8. (Regular value, resolvent set, spectrum)

Let A be a linear operator with the D (A) C H and H is a Hilbert space. A regular
value A of A is a complex number such that

(R1) Ry(A) exists.
(R2) Ry (A) isbounded.
(R3) Ry (A) is defined on a set which is dense in H.

The resolvent set p(A) of A is the set of all regular values of A. Its complement
o (A) = C\p(A) is called the spectrum of A , and A € o (A) is called the spectral value of
A. Furthermore, the spectrum p (A) is partitioned into three disjoint sets as follows.

The point spectrum or discrete spectrum o, (A) is the set such that Ry (A) does
not exist. Any A € o (A) is called an eigenvalue of A.

The continuous spectrum o, (A) is the set such that Ry (A) exists and satisfies
(R3) but not (R2), that is Ry (A) unbounded.

The residual spectrum o, (A) is the set such that Ry (A) exists (and may be
bounded or not) but does not satisfy (R3) , that is the domain of Ry (A) is not dense
in H.

If Ayx = (A— M)z =0 for some x # 0, then A € 0, (A), by definition, that is, A
is an eigenvalue of A.



11

The vector x is called an eigenvector of A corresponding to the eigenvalue \. The
subspace of D(A) consisting of 0 and all eigenvectors of A corresponding to an eigenvalue
A of A is called the eigenspace of A corresponding to that eigenvalue .

o(A)=0.(A)Uo,(A)Ua, (A), (2.10)
og(A)Up(A)=C.

Definition 2.9. Let H be a Hilbert space over the field of real numbers and for any
x € H | let ||z|| denote the norm of z. Let J be any interval of the real line R. A function
x:J — H is called an abstract function. A function z(t) is said to be continuous at the
point ty € J, if

Jim [l2(¢) — 2(to)]| = 0

if x:J — H is continuous at each point of J, Then we say that x is continuous on J and
we write x € C'[J, H].

Definition 2.10. The Stieltjes integral of a function x : [a,b] — H with respect to a
function y : [a,b] — H;. Let H, H,; and H, be three Hilbert spaces. A bilinear operator
P: H x H — Hs whose norm is less than or equal to 1, that is,

1P () 1< [l gl (2.11)

is called a product operator. We shall agree to write P (z,y) = zy. Let x : [a,b] — H and
y : [a,b] — H; be two bounded functions such that the product z(t)y(t) € Hs, for each
t € [a,b] is linear in both x and y and

lz@y@I < [l=@1 @)

(for example, z(t) = A(t) is an operator with domain D [A (t)] D H;, or one of the function
X,y is a scalar function). We denote the partition (a =ty < t; < t2 < ... < t, = b) together
with the points 7; (t; < 71 < t;11,0=0,1,2,-- -, n—1) by 7 and set |r|=max; |[t;11 — t;| .
We form the Stieltjes sum

i
L

Sr = x (1) [y (tigr) —y ()] (2.12)

1

i

If the lim S; exist as || — 0 and defines an element [ in H, independent of 7, then I is
called the Stieltjes integral of the function x (t) by the function y (t), and is denoted by

/ (1) dy (1) (2.13)

Theorem 2.5. [fx € C[a,b],H] and y: [a,b] — Hy is of bounded variation on [a,b],
then the Stieltjes integral (2.13) exists.

Consider the function y : [a,b] — H; and the partition

Tia= tg<t;<tyg<---<t,=0.

Form the sum

V=3 Iyt w0 2.1

The least upper bound of the set of all possible sums V is called the (strong) total
variation of the function y (t) on the interval [a,b] and is denoted by V! (y) . If VP (y) < oo,
then y (t) is called an abstract function of bounded variation on [a,b] .
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Example 2.8. If x € C[la,b],H] and y : [a,b] — Hy s of bounded variation on |a,b],

then
b

[ < [Ie@1dv ) < max e @IV p@©).  @13)

2.5 PROJECTION OPERATOR, SPECTRAL FAMILY

Definition 2.11. A Hilbert space H is represented as the direct sum of a closed subspace
Y and its orthogonal complement Y+ :

H=Yo®Y"t

t=y+z , where yeY,ze€Y"
Since the sum is direct, y is unique for any given z € H. Hence (??) defines a linear
operator
P.:H— H,
r — y = Pux.
P is called an orthogonal projection or projection on H.
Theorem 2.6. A bounded linear operator P : H — H on a Hilbert space H is a projection

if and only if P is self-adjoint and idempotent that is, P?> = P.

Spectral family for finite dimensional case as follows: If matrix A has n different
eigenvalues Ay < Ay < A3 < --- < \,. Then A has an orthogonal set of n vectors
x1,T2, %3, -, Ty, Where x; corresponds to A\; and we write these vectors as column vectors,
for convenience. This basis for H, has a unique representation:

T = Z Vi, vy = () =2"T; (2.16)
j=1

x; is an eigenvector of A, so that we have Ax; = \;z;.

Ax = Z YT (2.17)
j=1
We can define an operator
P;:H— H, (2.18)

T — V;Tj
Obviously, P; is the projection (orthogonal projection) of H onto the eigenspace of A
corresponding to A; . From the equation (2.16) can be written

r= Z Pz hence I = Z P, (2.19)
j=1 j=1
where [ is an identity operator on H. Formula (2.17) becomes
Ax = Z N P;x hence A= Z N P (2.20)
j=1 j=1

This is a representation of A in terms of projections.
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Theorem 2.7. (Spectral Theorem) A family of an orthogonal projection operators
E\ (—o0 < X < o0) is said to be spectral representation identity if:
1) E, is strongly left-continuous in X;
2) E\E, = E, E) = E) for A < p;
3) B o = Alim E, =0 and F, = lim £y = I, where the limits are

——00 A—00

understood in the sense of strong convergence. For every bounded function F' () given in
the entire real axis, one can define the Stieltjes operator integral

/b F (\) dE. (2.21)

This integral is defined as the limit in the norm of integral sums of the form

N
Z F (M) (Bx, — BN
k=0
if the segment [a,b] is finite, and as an important integral if a = —oo or b = oo. The

integral (2.21) is a bounded operator with

< sup |F (M.
a<A<b

/abF()\) i,

If the function F' (\) takes on only real values, the operator (2.21) is self-adjoint. If the
function F'()) is real and unbounded, then formula (2.21), after assigning an appropriate
meaning to the integral, yields a self-adjoint and generally speaking unbounded operator
whose domain consists of only those elements = for which

/Oo |F (N[ d(E\z, z) < .

oo

It turns out that to every self-adjoint operator A there corresponds some spectral repre-
sentation E) of the identity with

Ax:/ MNE\x

o0

for z € D (A). The operators E) commute with any operator commuting with A.

If A is bounded, and m and M are the greatest lower bound and least upper bound of
its spectrum then Ey = I for A > M, so that

M+0
Ax = / N E\z.

m

If the operator A is positive definite and (Az,z) > a(x,z), then

AZL‘:/ MNE\x.

The real regular points of A are characterized by the fact that in their neighborhoods
the operator F) is constant. Thus, the points of the spectrum of A coincide with the points
of growth of the operator function FE.
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By using the spectral representation one may bring into consideration a wide class of
functions of an unbounded self-adjoint operator. Thus, for example, for any continuous
function F'()) it is natural to put

FA)x = /OOF(/\) dE\z,

where F), is the spectral resolution of the identity corresponding to operator A. Here, to
the operations of addition and multiplication of the corresponding operators.

Lemma 2.1. .
H(I Firas) | <, (2.22)
T -t T
' (1 T ?41/2) (1 + ?41/2) <1, (2.23)
H—H
. —1
rAY? (I + gAl/Q) <2 (2.24)
H—H
|4y < M (2.25)

Proof. Using the spectral representation of the self-adjoint positive defined operators
it can be written

, -1 o , _
(IF ZTA1/2) o= / (1F 7iy/1) ! dE, .
5

Therefore, using the last theorem we get

4172\ L . -1 _ 1
H(IJFZTA ) oy S 6;1500|1 Firy/pl™ = S Mgy < 1.

So, estimate (2.22) is proved. Now, using the same manner, we can write

. -1 . 00 Ti\/l

T T 1+ ==
IF —AY? I+ —AY? :/ —— 2 _JF.o.
( F 3 5 =) S P

. 7-2
14 TE \/1—1-7“_1

Therefore, using the last formula, we get
< sup | sup

. —1 .
(1 ¥ Z—TA1/2> (1 + Z—TA”?) 2| —
2 2 g 0Sw<eo 1F %’j < pu<oo /1 + %
Estimate (2.23) is proved. Now, using the same manner, we can write

. -1 00
- AL/2 (I + %Am) o= / idEugo.

Therefore, using the last formula, we get

. -1
TAV? (1 - Z—TAW)
2

TV
H—>H_5§“<°O \/1—1-7?7“
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T T 27V 0
= sup l < sup VH = Vo =
< pu<oo 1+ 2p o< pu<oo 2p T\/g
\V 4 V 4
Estimate (2.24) is proved. Now, using the same manner, we can write

_ > 1
(A p)SO_/(; /?dEuSO-

Therefore, using the last formula, we get

2.

_ 1 1
HA p||H—>H < 638;1500 |l7| =5 <M

Estimate (2.25) is proved. So, Lemma is established.

2.6 THE INITIAL VALUE PROBLEM FOR HYPERBOLIC
EQUATION IN A HILBERT SPACE

We consider the initial-value problem

u + At)u(t) = f(t), 0 <t <T, u(0) =wup, u'(0) = ug (2.26)

in a Hilbert space H. Here A(t) is a self-adjoint positive definite operator, having a region
of definition D = D(A(t)) that does not depend on ¢, acting in H.

A function u(t) is called the solution of the problem (2.26) if the following conditions
are satisfied:

i. u(t) is twice continuously differentiable on the segment [0, 7']. The derivatives at the
endpoints of the segment are understood as the appropriate unilateral derivatives.

ii. The element wu(t) belongs to D for all ¢ € [0,7], and the function A(t)u(t) is
continuous on the segment [0, 7.

ili. u(t) satisfies the equations and the initial conditions in (2.26).

In the paper [Sobolevskii, P. E. and Pogorelenko, V. A.; 1967] the initial-value problem
(2.26) in a Hilbert space H was investigated.

Let A(t) for arbitrary ¢ € [0,7] be positive-definite self-adjoint operator having a t
independent region of definition D. From [E. Heinz, 1951] it follows that A”(¢) (0 < p < 1)
also has a constant region of definition D,.

Let the operator-function A(#)A~'(0) be strongly continuously differentiable. In [Dalet-
skii, Yu. L., 1958] it was proved that the operator-function [A?(t)]'A=*(¢) is bounded and
strongly continuous with respect to ¢.

Lemma 2.2. Let the numbers a; (i = 1, 2, 3) be such that

ZO&Z' == 0, |Oél| S 1.

Then the operator-function B = A% (t) [A*2(t)]" A% (t) is either strongly continuous or it
admits a strongly continuous closure.
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Proof. 1f ay = 0, then B = 0, Furthermore, let as = —a where a > 0. Then, as is
well-known

(A7 (@)] = —AT () [A ()] A7)

and therefore the case as< 0 reduces to the case ay > 0.

For as > 0 it is necessary to consider the following cases:

Day > 0, a; =0, a3z<0;
2)as > 0, a3 >0, asz<0;
as > 0, ay <0, az>0;
4)ay > 0, a; <0, az<O0;
5)as > 0, a3 <0, az=0.

In case 1) a proof of the lemma is established in [Daletskii, Yu. L., 1958].

Let us show (case 5) that the operator B = A~"(t) [A?(t)]' (0 < p < 1) admits a
strongly continuous closure.

Let x € D,, y € H. Then, having used the symmetry of the operator [A?(t)]" on D,, we
have

(Bx, y) = (z, [A()]' A" ()y).

Hence
(B, y)| < [[[A2@)) A~ @)|| <]l 1yl -

Having taken y = Bz, we obtain
Bz < [[[A2@)) A~ @) [l -

Since D, is dense in H, then from here it follows that the operator B is bounded.

If x € D,, then v = A™?(0)y, where y € H and
Bz = AP()[A7(1)]' AP (t) A (t) A" (0)y.

Since the operators A™*(t), [A?(t)]'A7F(t) and AP(t)A°(0) are strongly continuous, then
B is strongly continuous on D,. Using the fact that B is bounded and D, is dense in H,

we conclude that B is strongly continuous.

For consideration of cases 2) and 4) it is convenient to change the notation: as = 8 > 0,

a3 = —a < 0, a; = a — (. In this connection for a > [ we have case 4).

Let us consider case 2). The initial operator B in terms of the new notation appears
as: B= AP [AP())A~(t) (a > f).
Let x € H, y € D,. We write down the identity

(APt + A AP () A (), y) — (A P(AP (A (t)z, y)

+ (APt + A) A (), APt + At) y) — (AP() A (t)a, AP (t + At) y)
+ (A7t + At) 2, A%(t + At) y) — (A7 (t)z, A%(t + At) y) = 0.
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Having combined the terms in pairs and having divided by At, we obtain

AL A~ A0
( 9 A (0

N <Aﬂ(t + At) — AP(1)

At
A~ (t+ At) — A~
At

Since o > (3, then on the basis of [Daletskii Yu. L., 1958] as At — 0 there exists a strong
limit to the expression Aa_ﬁ(HAAti AP fB- (t), this limit is equal to [A*~#(¢)]A°~(¢). In
(t) strongly converges to [A%(t)]'A=%(t). It is obvious that

AT (), AP (t 4+ At)y >

<t)x, A%(t + At)y) =0 (2.27)

AB(t+At)—A—B(2) A-

similar fashion A7

A (Hm) A% has a limit —A~(£)[A%(¢)]A=*(t). Finally, by taking into consideration
that the operators A%A(t) and A°%(t) are strongly continuous on D,, we conclude that in
the identity (2.27) we can go over to the limit as At — 0. After passing to the limit we
obtain

([P @) AP ()2, y) + (AP () A= (), AP (t)y)
— (A*a(t) [A“(6)) A= (t), Aa(t)y) =0

or

(A% A (D), AP (t)y) = ({[A* OV A () — [A () A (1)} 2, ).

Now let y be any element of D,,_5 and let 2 = A% Py. Since Dy is dense in H, then there
exists a sequence of elements z, € Dg such that z, — APy as n — oo. The elements are

yo = A7z, € Dy, y, — y and APy, — Ay,

The last identity is valid for any y,. Its validity for arbitrary y € D,_g can be estab-

lished by taking the limit.

Since the operator appearing inside the curcly brackets is bounded, then [A?(#)[A=%(t)x €
Da_g and

B = A"P()[A° () AT (1) = [A* () AT(1) — [A*TP () AT (1),

Strong continuity of the operator B follows from here.

Now let us consider case 4) (o < ). Let x € Dg_,, y € D,. For these x and y in

analogy to the previous case one can justify the feasibility of taking the limit as At — 0
in the identity (2.27).

After taking the limit and simplifying, we obtain

(Bz, y) = ({A7O[A @) + [A ()] A1) } 2, y).

Since D,, is dense in H, then

B = A"P()[AP (1) + [A" (1)) AT ().
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The operator standing to the right admits a strongly continuous closure (case 5). Conse-
quaently there exists a strongly continuous operator B.

Finally, we consider case 3). Here it is convenient to introduce the notation oy = S,
a; = —a, az3 = o — J where a > 3. Changing from the initial operator B to its conjugate
B*, we obtain the operator considered in case 2). Therefore the initial operator admits a
bounded closure which is strongly continuous with respect to ¢, since the initial operator
is strongly continuous over the everywhere dense set D,. The lemma is proved.

Let wu(t) be a classical solution of the problem (2.26). Then it is obvious that the pair

of functions v(t) and w(t) = —iA~Y2(t)dv/dt will satisfy the system of equations

du — A2 (tyw,

(2.28)
b — G A2ty — ATV2(t) [AYV2(0)] w — 1AV () £ ().
equation (2.28) it follows that
debw) — AV () (u+w) — A7V (t) [AV2(4)]) w — i ATV () f (1),
(2.29)
W) — AV () (u —w) + A7V () [AV2()] w + ATV () £ ().
this it follows that
( U(t) _ U+(t,0)—gU7(t,0)u0 + U+(t,0);U7(t,0) (—ZA71/2(O)U6)
t
— [ U [ 412 () [AV2(s)] w(s) + A2 (5) (5)] s,
0
X (2.30)
w(t) _ U+(t,0)J2rU*(t,0)u0 + U+(t,0);U’(t,0) (—iA_1/2(0)u6)

_ f LU a) | A112(s) [AV2(5)) w(s) +iA™Y2(s)(5)] ds.

\

Here U*(t,5) (0< s <t < T) is a certain operator-function which is strongly continuous
with respect to the set of variables and the semigroup identity

Ut(t,s) = UX(t,p)UE(p,s), (0<s<p<t<T), US(t,t)=1

is valid. Hence, in particular it follows that for any g € D the function U*(¢, s)xq is
continuously differentiable with respect to s and ¢ and the following relations

0 A1/2
O (U1, )0) = (A O)U(1, ),

0

a(Ui(t, s)xo) = —UE(t, s)(£iAY2(s))xg

are valid. Then, consequently u(t) satisfies the equation
Ut(t,0)+U(t,0) U*(t,0) — U (t,0)
N 2 o 2

u(t) (—=iA72(0)) ug
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t

_/ U+(t73> ; Uﬁ(t73)A71/2(5> —q [Al/Q(S)}/Alﬂ(S)dl;—? —i—if(s) ds.

In the paper [Sobolevskii, P. E. and Chebotaryeva, L. M., 1977] the first order of accuracy

difference scheme

T2 (U1 — 2up + up—1) + Axtir = fi, A = A(ty),
fe=[ftr), ti=kr, 1<k<N-1, N7=T, (2.31)
up = u(0), wuy; —up = 7u/(0)

was investigated. The following theorems summarise Sobolevskii and Chebotaryeva’s re-
sults.

Theorem 2.8. Assume that the operator-function A%(t)A_%(O) has a finite variation on

the segment [0,T] and
|4t oAb )| < mje
for any t € [0,T], u(0) € D(A(0)),u'(0) € D(AY?(0)) . Then the following estimate holds:

U — Up— o 1 _ -
%}iv o + A2 (0wt e, +luTle,

It

N-1

< My[|| A2 0)uol [ + [l + Y ||l 7],
s=1

Here O, is the normed space of the mesh functions u™ = {ug} ‘with the norm

T —
o lle, = mass [l

Theorem 2.9. Assume that operator-function A(t)A~'(0) has a finite variation on the
segment [0,T] and
|A0)AT @) < M,

for any t € [0,T], u(0) € D(A(0)),u'(0) € D(AY2(0)) . Then the following estimate holds:
AL/2 Up — Uk—1{N-1 A N-1
[I{ (0)7}1 e, + 1{AO)ur} " e,

HIH{T 72 (w1 — 2up + 1)} e,

N-—1
< AV olln + 143 Ol + s 1l + 32 1 = Sl

In the following Chapter we consider the stable second order of accuracy difference
scheme approximately solving the initial value problem (2.26) .



CHAPTER 3

THE DIFFERENCE SCHEMES OF INITIAL
VALUE PROBLEMS FOR HYPERBOLIC
DIFFERENTIAL EQUATIONS

3.1 THE CONSTRUCTION OF DIFFERENCE SCHEME

We will consider the initial value problem (2.26). By (2.28), we have the equivalent initial
value problem for a system of the first order linear differential equations

{ dqji_(tt) = @A1/2(t)1)(t), 0<t< T, U(O) = Uy, U,/(O) = u67
(3.1)

PO — G A2 (tyu(t) — AV2(t) [AV2(4)] w(t) — iATV2 (1) £().
For construction of a two-step difference scheme, we consider the uniform grid space
0,7, ={tr=kr, 0< k<N, Nt =T}
Using the central difference formula for the derivative, we have that

T (W) — ulte)) = P42 po(tearse) +0(7%), 0< k<N —1,

_ 41/2 —1/2 1/2
T (1) = v(te) = ALY pultesnye) = A lA Sl 0(besa o)

| A (i) +o(7), 0< k<N =1, vy = —idy"uy,

where

/! !/ T
Allcfl/g = AV (tyi1p0), [Allcfl/g] = (AN (trgrj2), thrje = (e + 5) Ao = A(0).

Then, replacing the functional values at t;,1/o by their means at ¢, and #;4,

(

T N u(thyr) — ulty)) = %z'A,lcfl/z(v(t,m) +o(ty) +o(r?), 0<k<N-—1,
T (w(tken) — 0(t)) = FIAL o (ultirn) + u(te)

— LA AYE ) (0(tkn) + v(t) — AL, F(teae) + 0(7%), 0< k<N -1,

4 —1/2
vg = —i4, / (s
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Neglecting the last small terms of o(72) and using (3.1), we obtain the following differ-
ence scheme for the approximate solution of the initial value problem (2.26) :

( . _
Tﬁl(ukz—&-l —ug) = @Allgfl/ﬂ ! (V1 + vk)
UJD:U«))’ OSkSN_L

— . 41/2 — -1/2 1/2
T 1(Uk+1 — Uk) = ZAk{&-l/22 1(Uk+1 + Uk) - %Ak—i-{/Q [Ak:-l/Q]/(Uk"‘l + Uk> (32)

—iA o frerp 0<ESN -1,

a2y
\ vo = —tAy 7 Tug.

Eliminating vy, collecting u; on the left side and ¢; on the right sides of the equation and
rearranging the terms, we obtain

(772 (upyr — 2up + up_1) + Apgr/o47 (upgr + ug) + Allgfl/gA]i/_Ql/QZl_l (ug + up—1)

_ 1/2 1/2 ~1/2 __
+77 (Ak—l/Z - Ak+1/2> k—1/2T " (up — up-1)
T k1 T k12T Ukt — Uk
1/2 “1/2 41— 1/2 1/2 “1/2
+Ak{&-1/2Ak—{/22 trt <Ak/ - Ak/_1> k_{/gT Y(ugp — ug_1)
_ o— 1/2 1/2 —1/2 o_
=921 (fk—1/2 + fk+1/2) + (Ak+1/2 — Ak_1/2> Ak_1/22 lfk_1/2,

1<k<N-1, u=u(0),

!/
7 uy —ug) + A1 227 (ug +ug) + 5 (Aig) A1_/12/27'*1(u1 — )

. 1/2 ,—1/2
=5fi2 + A1§2A1/2/ U
(3.3)

Now, we will obtain the solution of the difference scheme (3.3). We can rewrite equation
(3.2) as follows

(

7—71 (Uk+1 — Uk) = 7:14’1{'»21/2271 (Uk+1 + Uk;) s 0 S k S N — 1, Uy = U(O),
-1 _ A2 o
T (Uk+1 Uk) =111/ (Uk+1 + Uk) T Prt1>
—1/2 _q ( 41/2 12\ . 4 -1/2 —1)2
Pr1 = Ak+{/27 ' <Ak/+1 - A/ ) ZAk+{/27- (g — ug) — ZAk+{/2fk+1/2> 0<k<N-1,

- 4-1/2
vy = —i4, / ug.

\

By making the transformation 7, = u; + vy and p;, = ur — vy in the above equations,



we obtain the following system of the difference equations

(

_ CA1/2 ol
T l(ﬂk+1 — ) = _ZAkérl/ﬂ ! (Mk+1 + Hk) — Pra1s

-1/2 _ 1/2 1/2\ . ,—1/2 _ La—1/2
on+1 = A].H-{/QT ! (Ak/+1 - Ak/ > ZA]H_{/QT ! (uk-i-l - uk) - ZAk+{/2fk+1/27

0<k<N—1, py=uo+iAgu.

\

— . 41/2 _ -
T My — M) = ZAk{}-l/QQ "gegr 1) + Ppp1, 0SB N =1, ny=ug —i4,

22

1/2

U(),

Now, we will obtain 1, and p, for all k =0,---, N — 1. First, the first two equations are

solved for 7, ; and p, ., respectively. The reslut are

i 12 \ 7! it A1/2 ir g2 )7
nk+1 = (I — EAk+1/2> (I + 314]“_1/2) N —+ T ([ — 3Ak+1/2> ¢k+17
-1 -1
ir A1/2 it A1/2 it AL/2
M1 = (I + 7Ak+1/2> <I - iAk+1/2> P =T <I T 7Ak+1/2) Pl
Then, using the induction method, we get

s = P (k) (ug — iAyPup)

k+1 ) -1

1T 12 -1/2 __ 1/2

+Y R (k)T <1 -5 A vz /2) [Am ' LT AN - A%
m=1

XiA;ll_/f/gT_l<um - um—l) - ZAT_nl_/f/Qfm—l/Q] )

fesr = Py (k) (uo + Ay )
k+1

. -1
Y R, (k)r (1 + gA}ﬁl /2) [A;L{/f T A2 — A2
m=1

iAo = tmet) = AL o ]

Here
Br(k) = X Xy - X5, R (k) = X X - X,

where i . i
1/2 1/2
Xy = (I + EAk+1/2) <I + §Ak+1/2) :

Then, using the formula u;, = %(nk—I— ), we obtain

uner = 5 (1P () + Py (R — [P (R) — P (k)idg 24

2

m=1
XZ‘A;Llf/f/fil(um — Um—1) — iAT:Ll,/lz/gfm—l/Q] } .

By making the transformation £ —m + 1 = s, we obtain

uner = 5 (1P () + Py (R — [P (R) — Py (k)idg ™2

k+1 . -1 . -1
+ Z[th(k)T (I - zA%iﬂ) — R (k)T <I + %Az:m) ] [A;zl—/f/ﬂ_l (A}T{Z - Arlﬁl

(3.4)

)
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k . -1 . -1
1T _ 1T
+ E [Bj<k)7 (I — §A11€/_28+1/2> - Bs (k?)T (I + EAlt;/—QS-i-l/?) ]

s=0

—1/2 =1 41/ 12\ . 4—1/2 _1 -
[Ak s+1/27 (Ak:—s—i-l _Ak—s>2 k—s+1/27 (Uk—s41 — Up—s) — 1A, s+1/2fk s+1/2}}

where
B (k) = Xii X - - X

Finally, from the last formula it follows that
_ 1
Mt — wg) = { [@A;fl/Q [BE(k) + Py (k= 1)) —iAY2 [Py (k) + Py (k — 1)}} u

AL [P+ Bk = 1] (A5772) + A2, [P () + Pk = 1) (A72)] g

_ L2

. -1 . —1
1T 1/2 _ 1T 1/2
k+1/2 BJ(MT (I - EAk{f—l/2> + By (k)T <I + EAI@{H/Q)

-1/2 __ 1/2 1/2\ 4-1/2 __—
[Ak—&-l/Q 1<Ak+1_Ak> k+1/27 (Uk—&-l_ulc)}

1/2
+Ak+1/2

. -1 . -1
1T _ 1T _
B(—)i_(k)T <I - EAllcfl/z) + BO (k)T (I + 31411;4_21/2) (Akj_ligsz—i-l/z)

1/2
Z Ay (1B

. —1
1T
(k) + Br (k- 17 (1 - EA}/—25+1/2)

. -1
_ _ 1T
B0+ By - Dl (14 S A2

~1/2 - 1/2 1/2 ~1/2 ~1/2
Ak £+1/2 (Ak/—s-H - Ak/—s> k— é+1/27' 1(“k—s+1 — Up—s) — A s+1/2fk s+1/2]}
(3.5)
where

Bi(k) =1

This formula will be used to establish the stability inequality of the difference schemes
(3.3).

3.2 STABILITY OF DIFFERENCE SCHEME

First, we consider the subsidiary conditions.

1. Let A(t) for arbitrary ¢t € [0,7] be operator having a t-independent region of
definition D(A(t)). Then A(t)A~'(s) is the bounded operator.

Actually, Let H be Hilbert space. Then D(A(t)) is the Hilbert space with norm

lell pgageyy = 1A@ull g + [l -

Let D(A(t)) = D(A(s)) for any t,s € [0,T]. This means that there exists m > 0 and M
such that
m |l pagsyy < Null payy < M llullpags))
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For a self-adjoint positive definite operator A(s) there exists m; > 0 such that

lully = [[A7 () As)ully < [ATH )|y 1AGS)ull
< my [[A(s)ully -

Then
[A@)ull; < M [[A(s)ull; + M [[ull 5

< MYA($)ully + Moy [A(s)ully < M(L+mn) [ A(s)ull,, for any u e H
Denoting A(s)u = v, we get

|A® A ()0, < M1+ ma) o]

This means that
A AT (8) || —rr < M(1+my).

Note that from (3.13) it follows that D(AP(t)) = D(A?(s)) forany 0 < p < 1,¢,s € [0,T]
and A”(t)A~"(s) is uniformly in ¢, s € [0,7] bounded. Thus

| A?(t) A" (s) < ||A@®)A~

HH—)H —

()7 < (36)

2. We say that the operator-function A?(t)A~"(s)), 0 < p < 1, have a finite variation
on [0, T, if there exists a number P, such that

N
S -ary A, < (3.7
k=1

forany O=to <ty <---<ty=T.

If the operator-function A(t)A~'(0) has a finite variation on [0,7], then operator-
function AP(t)A~*(0), has a finite variation on [0,7] for any 0 < p < 1 [see Daletskii,

Yu. L., 1962].

3. Let the operator-function A(t)A~1(0), 0 < p < 1 have a finite variation on [0, 7]
and ||A(0)A~1(t)|| < M, for any t € [0, T]. Then

y2 (412 g2
Z HAI«{H/Q ( k{l’l / ) k+1/2H < MM Py + M Py (3.8)

forany 0 =tg<t; <---<ty="1T.
Actually, we have that

1/2 1/2 1/2 a1/ —-1/2 1/2 41/2
Ak+1/2 (Ak:+1 — A ) A i1/2 A +1/2Ak+1 (Ak+1 B Ak+1Ak ) A i1/2
= A2 A (A — A) AL+ A2 AT (A — AV2 AP AL
k+1/27 k+1 k+1 k)12 k+1/27 k+1 k k+14%% k4+1/2
412 1/2 —1/2 ( 41/2 1/2 1/2
Ak+1/2Ak+1 (AkH Ak) Akiuz + Ak+1/2Ak+1 <Ak - Ak+1> A AkAk+1/2'

Then using the triangle inequality, we obtain

2

HAkH (Akif A 1/2) A;l/Q
0

H—H

e
I
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=

1/2 —-1/2
< HAk+1/2 k+1
0

[ AT

k+1/2

H—H

e
Il

k+1/24 k+1

N—-1
+ZHA1/2 A—mH (A, — Ap) ALY HAkAkH/ZH S MiMP+ MiP
k=0

4. Let BE(k) = X XEXE _, such that X2, | = (1 TirAl? /2)7 (1 + A2 /2)
Assume that A?(t)A~7(0) has a finite variation on [0, 7] and ||A*(0)A~"(t)|| < M, for any

t €10,7]. Then

M, Zk: H (Af+1/2_Aip—1/2)AapHHﬂH

|42 PEW) + PER - AT, < ()
Mo 2| (A o400 457
HAk+1/2 [B;t(k) —}-B;El(k; )} Akps+3/2 o <e o Zl vz Rimay2) R0ty

(3.10)
Actually, using the definition of P (k) and the formula

. 1
+ 1T 1/2
I+ X, =2 (I + §Ak+1/2> )
we obtain

27 [BE(k) + Py (k= 1)] =270 (XG5, XG5 X+ X - XT)

. —1
_ 1T 1/2
=27 I+ X5 (Xi - X5) = (I:FEAk/Hﬂ> (XE- - XP).

Applying the estimates (2.23) and (3.6), we get

|42, 27 P ) + Pk = )4 < AR o0 - XA
< Ay ol 1N [ A oA I || 4540 1165
< eMPH(Am/z‘Affl/z) H M| (42 ja=ATay) 457 ..eM”H<A3/2 47,,) 457

< 6Mp 1Z:IH(Af.;.l/Q_Aip—uz)AapHHﬂH S eMpPp‘

The estimate (3.9) is proved. In the similar manner, we can write

27 B (k) + By (k= 1)] = 271 (X5, X X

k— s+2+Xi le: s+2)

, -1
1T ,1/2
=2 (I+Xk+1)(Xi X o) = (I:FEAkﬁq/z) (X3 XG0 ot2)-

Applying the estimates (2.23) and (3.6), we get

|4z 27 [BE ) + Bk = 0] A7 | < A0 X XE A
HAk—H/Q k—1/2 HXiH HAk 1/2 . 3/2 HX 1”"'HA2—5+5/2A; s+3/2 HX s+2H
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< eMPH<Af+1/2_A571/2) H MPH( i—1/2 A573/2>AapH e eMPH(Azfers/z_AZfers/g)AapH
< M al(tan )4 e 2|4t n) o]

< eMePo,

That is the proof of the estimate (3.10).

5. Finally, let the operator-function A?(t)A~"(s) satisfies the Holder condition with
respect to ¢

|(A2(t) — AP(s)) A" (2)||,,_,; < M7, t,s,2 €[0T, (3.11)

HA1/2 (Al/Q( ) A1/2(8)> A_l(z)”H—>H < M1/27" t,8,z2 € [O,T] (312)

Under the light of the estimates obtained in items 1-5, we have the following results.

Theorem 3.1. Let we have the above etimates.  Assume that the operator-function
A%(t)A’%(O) has a finite variation on the segment [0,T] and

|4t oAt < mpe (3.13)

for any t € [0,T], u(0) € D(A(0)),u'(0) € D(AY?(0)) . Then for the solution of the
difference scheme (5.3) the following estimate holds:

Uk — U— _
=1 le, + [ lles

It

N-1

< Mo[|| A2 (O)uol |1 + [l [ + D W fsasal[T):

s=0

Theorem 3.2. Let we have the above etimates. Assume that the operator-function A(t)A=1(0)
has a finite variation on the segment [0,T] and

|A0)A™ (1)]] < M, (3.14)

for any t € [0,T], u(0) € D(A(0)),u'(0) € D(AY2(0)) . Then for the solution of the
difference scheme (3.3) the following estimate holds:

Uy — Up— _
||{A1/2(0)%}11V e+

[ Aps1/247 (upgr + up) + Azlgfl/zAzlfl/zlfl(uk + up-1)

1 1/2 1/2 -1/2
T (Ak—1/2 N Akz+1/2> Ay 1/27 Hug — up—1)

427171 (A,lgfl — A1/2> A,;ZZT Y(upgr — uy,)

12 ,—1/2 _ 1/2 1/2 ~1/2
+Ak{&-1/2Ak {/22 T (Ak/ _A/ )Ak {/27' g — uk—)||a,

FIH{T2 (ur = 2w + ) 1Yo
N-2
1
< Ma[[|AO)uo|[m + ||A2(0)up|[m + max Hfs+1/2HH + > I ferryz = fomrylla).

s=0
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Proof of Theorem 3.1. We will estimate |77 (us11 — ug)|| . Applying formula (3.5),
we can write

Tﬁl(uk_‘_l - Uk) = Jlk + JQk + J3k + J4k + J5k + J6k7 (315)
where
T =1 [ZA}CfI o [BE(R) + By = 1)] = idZ, ), [P (k) + Py (k= 1) o,
1
Jop = 1 |:Allc{t,-21/2 [PJr(k) + B (k- 1)} (A 1/2>
A A7)+ B = 1) (4577)]
T 1 iToap \ it ap \
s = _ZAk{f—l/Q By (k) (I B §Aki1/2) + By (k)7 (I N ?Akilﬂ) ]
A2 (AL - V) A (s — )]
1 iT - - T -
Jar = ZAllcfl/z By (k)7 (I - EAllffl/z) 5o (h)r (I - EAllffl/?) Akilzf’““/z
1/2 T2 B
Joe L ZAW [0+ B -0 (154 )

. -1
_ _ 1T
+ [Bs (k> + Bs—l(k - 1)]7_ (I + §Ali/2$+1/2> ]

[A‘”Q — (Al & A}/i) A T e — uk_s)] ,

k—s+1/27 k—s+1 k—s+1/27

. -1
T
Jor = E :Alifl/z (k) + B (k=17 (I - §A11;/—25+1/2>

Ai s+1/2fk s+1/2-

N _ iT B
+ (B () + By 1k — D) (f PIatL)

We will estimate |||z, m = 1,6. Let m = 1. Then applying the estimates (3.6) and
(3.9), we get

aellr < || Y2 27 [ R) 4+ Py Ok = Do

k+1/2
1/2 ~1/2 1/2 (—1/2 1/2
i - i i
<G Aé/QUOH ’
H

where
Cy = My ez,

Let m = 2. Then applying the estimates (3.6) and (3.9), we get

el i < || 472 27 [PER) + P2 (k= 1)A; V2 |

k+1/2
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< (A2 027 R + PEL e — 1AL ol < Crllupllze -

k+1/2

1/2 4=1/2
417245

Let m = 3. Then applying the estimates (2.22) and (3.11), we get

. -1
1/2 1T 1/2
||| [z < 1Akér1/22730i(k) (I F EAk{i-l/Q)

< |4 (Ai/ﬁl—A”) A (e — )|

A2
(I T 5 A0

< Myl [ s — ),

H

-1
<2 k+1/2

) i - -

Let m = 4. Then applying the estimate (2.22), we get

1/2 T 12 -1/2
||J4k||H < 1Akil/227'B(:)t(k) (I + EAIC/+1/2) Ak+l/2fk+1/2
H
Y - T
1 1/2
<o (17 5a%) | lleally < 5 Mol
Let m = 5. Then applying the estimates (2.22), (3.6) and (3.10), we get
iT -
1/2 1/2
|| sk [ < k{:,_l/g By (k) + By (k—=1)] 7 (I + §Ak/—s+1/2>
—1/2 1 412 12\ 4—1/2
XAy é+1/2 ' (Ak£s+1 - Ak/fs> k— £+1/27 Hug—s1 — up—s) =
/2 o + ~1/2 1/2 ~1/2
< Z |42 027 [BE) + BEL = D) AL Lo | A 004
E A1/ 12\ 4-1/2 _
X (I T3 k/ s+1/2 H H k/ s+1 Ak/fs) Ay é+1/2” HT H(Ug—sp1 — uk—s)”H

<o S (A - a)
s=0

Let m = 6. Then applying the estimates (2.22), (3.6) and (3.10), we get

I (s =)l

| Jor| | =

1/2 — T 1/2 _
k/+1/2 (k) + Bsi—l(k - 1)] T ([ + EAk/s+1/2) A S+1/2fk s+1/2
H

A2

k—s+3/2" Tk—s+1/2

|4

k
< ZT Alle{&—zl/2271 [B;t(k> + B;El(k - 1)] A];_léiig/g
s=1

. —1
1T 12
X (]:F EAk—s-ﬁ—l/Q)

Using the formula (3.15), the triangle inequality and the last six estimates, we obtain

k
||fk—s+1/2HH < 017'2 ka—s+1/2||H
s=1

||T_1(Uk+1 - Uk)HH <G A(l)/QuOHH G H%HH



T ™ s = )+ 5 il

T [ CHTE Wl [ESTO
s=0

k
+Ch7 Z ka—s+1/2||H

<

A[l)/2U(]H + Cl HuOHH + Ml/g— ||T uk+1 — Uk HH

k—1
o S (4 - ave) a2
s=0

I (s =)l

k
+Cot Z ||fkfs+1/2 HH )
s=0

where

1
Cy = max{§, Cy}.
From the above result it follows that

||T_1(Uk+1 - Uk)H < Cs [HAcI)/2U0HH + lluoll 4

k
+Z | ar? = 4T e o —w)l + 3 Hsz/QHHT] ,
s=0

where

29

(3.16)

(3.17)

1 - 1 - 1 -
03 = max { (I — §M1/2T> Cl, (I - §M1/27') 017', (I - §M1/27') 027—} .

Defining
o=l = il o= [ (25 - A7) A2,
Zk+1 = HT_1<Uk+1 - Uk)“H, “s+1 = HT_I(UsH - uS)HH7 By = Hfs+1/2HHa

the inequality (3.17) can be written as

k-1
Zk+1<a<ﬁ+zaszs+l+2ﬁ7>v :0717"'7]\[_1‘

s=0 s=0

We denote that

k—1 k
Vi =« (ﬁ + Za523+1 + Zﬁg) .
s=0 s=0

Then
Zpe1 < U
and
Vil — Vi = QQpzpq1 + afy 7 < aogly + a3y T
or

Vi1 < (1 4+ aag)vi + afy 7.

()é:C37
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Solving it, we can write

k

v < (14 aag_1)...(1 + aag)vy + Z[(l + aag_1)...(1 + a;)|af,T.

Using the Bernolli inequality 1 + aap_1 < e** -1 we can write

aqp_1 ,Q0K_o aag aqp_1 00 _o o
v, <e e € + E (e e e afT

i=1
k
— [ea(aOJrOllerak—l)a(ﬁ + 607)} + Z [ea(a1+a1~+12+...+ak—1)aﬁﬂ-] .
i=1
Since
g+ o+
1/2 1/2 —1/2 1/2 1/2 —1/2 1/2 1/2 —1/2
- ) i N Ay ], - ) A
k—1
. 1/2 1/2 —-1/2
- Z H( i+l A ) Az+1/2”
i=0
and

1/2 1/2 —-1/2
Z H( i+l z ) Az+1/2

< P1/27

we have that
604(060+a1+---ak—1) < P12

Therefore i i
vp < ez | a(B + ByT) + O‘Zﬁﬂ] — et |34 Zﬁﬂ]
i=1 i=0
k
1/2
| A5+ Il + Zﬁﬂ]
i=0
or
k
zi1 < Oy HAcl)/QUOHH + gl + Zﬁﬂ] '
i=0
So,
k
_ 1/2
|7 (wer — i), < Ci HAO/ UOHH il + > Hsz/QHHT] , (3.18)
s=0
where
Cy = aehz,
Now, we will obtain the estimate for ||ug||g, & = 1,-- -, N. It is easy to show that

k
up = U + Z 7 (g — ug_1) T

Using the last formula, the estimate (3.18) and the triangular inequality, we obtain

k
el < luoll + 30 17~ (s = w7 = | 45245 2w |
s=1
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<o

HAé/QUOHH + C4k37'

k-1
1/2
4520+ bl + 37 ([ Fosasell o 7
s=0
Applying the estimate (2.25), we get
|42 <V
H—H

Then for any k£ =1,---N we have that

gl < [\f +Tc4} HAl/zuoH T,

k—1
+TCy Z ||fs+1/2HH T
s=0

k—1
|4, + H%HﬂZHszﬂ”HT]
s=0

where

Cs =max {V3 ' +TC,y, TCy, O}
Combining the last estimate and (3.18), we obtain the conclusion of Theorem 3.1.

U — Up— _
Y, + e,

I

N-1

1
< My[[|A2 0)uo| | + [Jublle + > W ferrylla7].

s=0

where
M2 = Inmax <C4 + 05, 2) .

Proof of Theorem 3.2. We will estimate HAk+1/27' Yupyr — uk)H . Applying formula

(3.5), we can write

Allffl/zT 1(uk+1 — uk) = Ali’fl/Q [Jlk + Jop + S + Jup, + Jsi + Jﬁk] . (319)

We will estimate HAk+1/2Jmk||H7 m = 1,6. Let m = 1. Then applying the estimates (3.6)
and (3.9), we get

||A1+1/2J1k||H | Aks1227 [Py (k) + P2y (k= 1)]uol|

< [[Arrip2 B + Pk - D)4 |

< Cs || Aouoll 7 »

| A1 A || | Aouol|

where
Cﬁ = MleMIPI.

Let m = 2. Then applying the estimates (3.6) and (3.9), we get

Ay el < (| Aveayo2  IBER) + B (k= 1145 P |
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< HAk—f—l/Qz_l[Pk::t(k) + P (k- 1)]141_/12

[ dyacts?) |20

< O HA”2 !

H
Let m = 3. Then applying the estimates (2.22) and (3.12), we get

. -1
1T
4~ Ak+1/22TB (k) ([ F EAllffl/2)

‘|Ak+1/2J3k||H

-1/2 1/2 1/2\ 4-1/2
><Ak+1/2 1 (AkJr1 — AL > Ak+1/27 (uk+1 — uk)HH

. -1
1T 12
(I + EAIC—H/Z) ‘

T 1/2 _
e s =], < 0 2 s =]

<27t

1/2 1/2 1/2
|42 (A2 — A7) A2

Let m = 4. Then applying the estimate (2.24), we get

1T _
HAk—l—l/Q‘]‘lkHH =14 Ak+1/227'B (k) (I:FgAilcfm) Ak—&l-l/2fk+1/2

H

() (17 502) | Wl < Dol

Let m = 5. Then applying the estimate (2.22), (3.6) and (3.10), we get

. -1
1T
||Ak+1/2J5kHH (k) + Bét—l(k' - 1)] T <[ + EAilg/QsHp)

1/2 _ 1/2 1/2 1/2
x A /+1/2T ' (Ak/—s—H - Ak/—s> Ay é+1/27 1(Ul~c—s+1 — Ug—s) -

k
< Z HAHI/?Q*1 (B3 (k) + By (k= 1)] A 5+3/2
s=1

. -1
1T 1/2
(]:FEAk—s-H/Q) H
H

HAk 5+3/2Ak s+1/2

X ”Ai}/—zs-"-l/Q <A11€£28+1 - A1/2> k s+1/2H HA11¢/23+1/27' 1(Uk—s+1 - Uk:—s) u
k—1
< Cs Aiﬁ/z <Ai-/i-21 - A1/2> As—il/2 HAS—H/2T (us+1 — ) -
s=0
Finally, Let m = 6. We have that
T 1/2 ! -1/2 — +
T ([ + EAk—s+1/2> Ak—s+1/2 iA, " S+1/2(I X S+1> (3.20)

Using the Abel formula, we get
A2 ok = Arrp A {[BF (k) + B (k = V)] + [By (k) + By (k = D]} ALy feo1

+ A4 H{[BF (k) + B (k = 1)] + [By (k) + By (k= 1)] } A7y fiye



33

+3 Apapd  {[B (k) + Bf (k= 1)) + [By (k) + By (k- 1)] }.

-1 -1
X (Ak—s—1/2fk—5—1/2 - Ak—s+1/2fk—8+1/2>
Then applying the triangular inequality, we get

1AZ e onllr < || Avsaja27 [BER) + B (k= D) A fiosa),

|| szt [BEA ) + BEG - 0] ALh i

+ Z HAk+1/22 s+1(k) + B3 (k - 1)] (Alzflsfl/ka*sflﬂ - Al;is+1/2fk*3+1/2>

’ H

It is easy to show that
(A 15 1/2fk s—1/2 — A;;_18+1/2fk—s+1/2>
(Ak L A s+1/2> frso1p + Al (Frosmrz = frosiry)
= A;; 5—1/2 (Akfs+1/2 - Ak‘fsfl/2) A,;ls+1/2fk7571/2
+A;;15+1/2 (fkfsfl/2 - fkfs+1/2> . (3.21)

Using the above equation and triangular inequality, and then applying the estimates (2.22),
(3.6), (3.10) and (3.11), we get

HAllcfl/Q‘]ﬁkHH < [

. -1

1T 1/2 _
(I + EAI@+1/2) H “Ak+1/2AkE1/2
+ HAk+1/22_ [Biyo(k) + By (k = 1)] Al_/12H ||f1/2HH

+ Z HAk+1/22 s+1 (k) + Bf(k - 1)} AE_15+1/2

X H (Ak—s+1/2 - Ak—s—l/Q) A;; s+1/2 ka—s—1/2||H

+Z |27 [BE:(0) + BEG = D] Ay | [ Frmemrse = oo

< M, ”fk 1/2HH+C6Hfl/zHH-i-CGTZka s— 1/2HH+C7Zka s—1/2 — Ji- s+1/2||H

s=1
E—1 E—1
= M, ka—1/2||H + Cs Hf1/2||H + 0672 Hfs—1/2HH +Cy Z Hfs—l/Q - fs+1/2HH )
s=1 s=1
where
07 = €M1P1.

Using the formula (3.19), the triangular inequality, and the last six estimates, we obtain

HAk-H/QT Nupsr — Uk)HH < Cs || Aouol| 5 + Cs HA(IJ/QUB Y
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T 1/2 -1
+M1/2§ HAk—&-l/QT (uk—H - uk)HH

2 (412
+Cs Z HAS—/&-1/2 < sil A1/2> As—&l/Q

1/2
HAS-/s-l/QT 1(US+1 — Us)

H
+ | fusrselly + Co [l Fr2ll + M| fim el
k—1 k—1
+CﬁTZ Hfsfl/QHH + (Y Z Hfsfl/Q - fs+1/2||H]
s=1 s=1
< G [l + |43, + g 171
+Z HAifl/g < ifl _ A1/2> Asjl/Q HAiﬁ/?T g — ug) .
k—1
+Z Hfs—l/Q — fs+1/2||H7 (3.22)
s=1
where
ngmaX{([ Ml/g ) Cﬁ, ([ M1/2 ) 02, (I M1/22) )
(f— M1/2§)71M1, (I - M1/2§)71 067} -
Definig

B = lAsuoll + || A *ug]|

+ max [|fungollp e = A3, (A5 - 4Y7) A7)

0<s<k s+1/2 s+1/2H

k1 = HAkJrl/zT Nuggr — Uk)HH, By = Hfs—1/2 _ fs+1/2HH’ o = Cs,

the inequality (3.22) can be written as

k—1 k—1
Zk+1 S o <ﬁ+zaszs+l +Zﬁs+1) P k= 0717' . '7N_ 1.
s=0 s=1
We denote that

k—1 k—1
v (ﬁ . zﬁsﬂ> |
s=0 s=1

Then
Zrr1 < Vg,
and
Vil — Vi = Qg1 + afp 1 < aogly + ol g,
or

Vi1 < (14 aag)vy + af.
Solving it, we can write

k

v < (14 aog_q)...(1 + aag)ry + Z[(l + aag_1)...(1 + aw;)]ap,;.
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Using the Bernolli inequality 1 + aqy_1 < e***-1 we can write

k
v < eMhm1efh-2 | @0y, 4 Z (e¥Mk-1e¥M=2 @) of3,
i=1
k
— [ea(a0+a1+---ak—l)aﬁj| + Z [ea(a0+a1+...ak—1)aﬁi] ]
i=1
Since
g+ + -+ Qg
1/2 ( 41/2 1/2) 4-1 1/2 ( 41/2 1/2) 4-1
- HA1/2 ( — Ay ) A1/2 HA3/2 <A2 — 4 ) A3/2
1/2 12 1/2 2 (412 g1/
A (4 ) At = Z [ i (48 - 47%) A2k
and

1/2 A1/ 1/2
ZHAlJrl/Q < i+1 _A’L ) 1+1/2H < M1/2+I> Mlpla
we have that

a(a0+a1+...ak,1) < ea(M1/2+I)M1P1

e
Therefore
k k
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i=1 i=1
k
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k
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where

Cy = aea(M1/2+I)M1P1 _

Now, we consider the equation (3.3). If we put the expression, for uy, in the equation (3.3),
we obtain the following formula
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+ [Ak+1/2Ak—1/2 + 2i7 (Ak—1/2 - Ak+1/2) Ak—l/QAk—1/2
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Ca1/2 412 _ 1/2 1/2 —1/2 41/2
+ [ZAk+1/2Ak—1/2 — 27 (Ak:—l/Q - Ak+1/2> Ak—1/2Ak—1/2
12 4-1/2 __ 1/2 12\ 4-1/2 41/2
_Ak+1/2Ak—1/2T ! (Ak - Ak—l) Ak—l/QAk—1/2:|
iT -
x 271 [B;Ql (k—1)+ B, (k- 2)} T (I — EAit/—QS—‘rl/Q)
Ca1/2 41)2 1 ( 4172 1/2 —1/2 41/2
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12 4—1/2 _—1( A1/2 12\ 4—1/2 41/2
+Ak+1/2Ak71/27 (Ak _Ak—1> Ak71/2Ak71/2]

. -1
B T
x27 B, (k= 1)+ B, (k—2)] (1 -4 /2)
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We will estimate || S|z, m = 1,8. Let m = 1. Then applying the estimates (2.25), (3.6),
(3.9) and (3.11), we get
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1/2 1 2 —
[ A2 A2 [P (= 1)+ PEy (b= D) |

1 41/2 1/2 —1/2 41/2
+ H2T (Ak—1/2 - Ak+1/2) Ay 1/2Ak—1/2
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Let m = 2. Then applying the estimates (2.25), (3.6), (3.9) and (3.11), we get
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Let m = 3. Then applying the estimates (2.22), (2.25), (3.11) and (3.12), we get
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Let m = 4. Then applying the estimates (2.22), (2.25), (3.6), (3.11) and (3.12), we get
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Let m = 5. Then applying the estimates (2.22), (2.24) and (3.11), we get

_ 1 iT -t
S|l <471 {‘ §Ak+1/2Boi(k)27- ([ F EA;lgﬁm) Ak_u,l_ligfk—l-lﬁ
H
1 1/2 1/2 —1/2 41/2 + iT 1/2 -1/2
+ 57 (Ak+1 — 4 ) Ak+1/2Ak+1/ZBO (k)27 (1 F EAk+1/2 Ak+1/2fk+1/2
H

. -1
T 1/2 1T 1/2
<§Ak+1/2) <I + EAk+1/2>

<47t {2




42

1/2 1/2 —1/2
| (A - A Al -

. —1
(IZF %A}Cfl/g) H} ka+1/2HH

<47 @+ 7Mp) || fiapoll -
Let m = 6. Then applying the estimates (2.22), (2.24), (3.6) and (3.11), we get

1

. -1
_ 1/2 1/2 1T 1/2 —1/2
||56k||H <4 ' { §Ak/+1/2Ak/71/QB(:)t(k - 1)27 (I + §Ak/1/2) Akf{/Zf (tk*1/2)

H

. -1
—1/2  41/2 1T 1/2 -1/2
+ > Ak—{/2Ak/—1/2BOi(k - 1)2T <I + ?Ak/_1/2> Ak_{/gfk—l/Q

-1 1/2 1/2
T (Ak—l/Q - Ak+1/2

H

Lo =12 1 412 12\ 4-1/2
+ H§Ak+1/2Ak1/2T (Ak - Ak—l) Ak71/2

. -1
1/2 1T 1/2 —1/2
X Ak/ 1/2Bi(kj — 1)27’ (I + EAk/—l/Q) Ak’—i/t/2fk_1/2

H

. -1
1T _
w2 (B2 + B30 2 (15 FALL) A i

H
(A - A) A, Ay

k+1/24 k+1/2

27" [By (k) + By (k)]

H}
. —1
T 1/2 1T 1/2
<§Ak—1/2) <I:F EAk—l/Q) H
Z’T 1/2 !
2 Ak 1/2

. -1
1T . 1/2

, -1
iT _
X 2T (I F §A,1€/21/2) Ak,léigfkflﬂ

k+1/24 k—1/2

1 {2HA1/2 A—1/2

+2r HT-l (A - A) Al

k+1/2

1/2 —-1/2
+ ‘Akﬂ/zAk 1/2

_ 1/2 1/2 —1/2
HT 1<Ak _A/ )Ak 1/2

. . —1
1/2 1T 1/2 1/2 —1/2 1T 1/2
+2 (TAk+1/2> ([:F §Ak+1/2) ‘ HAk+1/2 k—1/2 ([$ EAk—1/2> H
71
_ 1/2 AL/? 1/2 ZT 1/2 1/2 —1/2
27 HT 1 <Ak+1 / I<:+1/2H H k+1/2 H HAk-i-1/2Ak 1/2”

X

. -1
(r5705,.) } Il

<47 (605 + 27 My +3Cw) || frerpo -

Let m = 7. Then applying the estimates (2.22), (2.25), (3.6), (3.10), (3.11) and (3.12), we
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X HTfl <A1/2

+HA1/2 412 H HAk 127V [BE (k= 1)+ BE, (k-

k+1/24k—1/2 A s+3/2H

PR e

iT 1/2 - 1/2 -1 1/2 1/2
(17 5a20) s a%ﬁfﬁm>kﬁmu

|41 52 B (= 1) + BE, (k= 2)) 4702

k—s+3/2
1T / -t
1/2
(I + EAks+1/2>

1 41/2 1/2 ~1/2 ~1/2
X HT (Akfs+1 — Ay )Ak s+1/2H HAk—sH/QH

[t (a2 - ) a2

1 [ 412 12\ 4-1/2
+2 HT (Ak—1/2 - Ak+1/2> k—1/2

y HAl/z A2

k—s+3/2  k—s+1/2 21

1/2 —-1/2
+ HAk+1/2Ak; 1/2
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X (AL 27 [BE L (= 1)+ BE, (= 2)] 4.2,

1/2 —1/2
2T HAk—s+3/2Ak—s+1/2

. ~1
iT 1/2 —1 (7172 12} g-1/2 172
X ([ F EAk—s—&-l/?) ‘ HT (Ak—s+1 - Ak;—s) Ak—s+1/2 HAk—sH/? }
1/2 Uk—s+1 — Uk—s
X Akfs+l/2f
H
k u —Uu
<) 47 (2C17 + 6C15 + 2C1g + 2C) Aiﬁmw ’
s=2 .

where

—1
M P; 3 M, /5 P, 2 M P;
Cip = TMypMie™ P, Cog = V6 7M;peizliz, Cig = 7M7), Mye P,

020 = \/gilTMf/QeMl/Qpl/Q.
Let m = 8. Using the equation (3.20) and (3.21), we obtain

Sgp = 47! { [—iAkH P (A,ﬁ/fl - A}/Q) A2 L2

k+1/24 k+1/2

|2t By w) + By (6 - 1]

i+ 7 (A5 = AP AL, A | 27 (B () + Br (k- 1)

12 41/2 1 41/2 1/2 —1/2 41/2
+ [ZAk:—i-l/QAk—l/Z + 27 (Ak:—l/Q - Ak:+1/2) A A
1/2 —1/2 — 1/2 1/2 —1/2 1/2 _
+Ak:—1/2Ak—{/27— ! (Ak/ - Ak/—1> Ak—{/2Ak/_1/2i| 27 [Bf (k= 1) + Bf (k — 2)]
L 1/2 412 _ 1/2 1/2 —1/2 412
+ [_ZAk+1/2Ak—1/2 +277! <Ak—1/2 - Ak+1/2> Ak—1/2Ak—1/2

A AT (AL - ) AT, AV ] 2 (B G- 1)+ By (k- 2)])
X <A]:,13/2fk73/2)

4471 { [iAk+1/2 +r (Allc/fl - Allc/2> Al;ﬁzAliﬁ/z} 27! [Bljﬂ(k) + B (k — 1)}
| midige + 77 (AL - A) AL AL ] 27 (B () + By (k= 1)]
+ [_iAllffl/2Allc/—21/2 +2r7! <Allc/—21/2 - Allcfl/2> Ai;—lﬁzAllc/—im
A AT (AL ) AT AV ] 2 (B (- 1)+ B (- 2)]

4 [_Z.Al/Q A1/2

k172012 T 277! <A1/2 A2 ) AR A

k—1/2 k+1/2> k—1/2" k—1/2

A A (A = AR AL A L 2 Bk - 1) + B (k- 2)] |

k+1/2 0% —1/2
X1 (A;/12f1/2)
k-1
- 2471 { [_iAk+l/2 7 <A’1€<L21 - Alt/z) Aﬁﬁﬁiﬁp] 271 [Bf (k) + Bf (k- 1)]
s=2

i+ 77 (A = AP) AL A L] 27 [BLA ) + BL (k- 1)
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L 1/2 0 41)2 _ 1/2 1/2
- [ZAk+1/2Ak—1/2 +2r7 (Ak—1/2 -4

—1/2 41/2
k+1/2) A A

k—1/24 k—1/2

1/2 —-1/2 1/2 1/2 —1/2 1/2 _
AL AL (A = AL AL A 27 (B (k= )+ BE (k- 2)]

. A1/2 1/2 1 41/2 1/2 —1/2 41/2
+ [-iAZ p A e 2 (4 A2 Y AT 4

k—1/2 k+1/2> k—1/2* k—1/2

12 4-1/2 1 ( 41/2 172\ 4-1/2 41/2
+Ak+1/2Ak71/27- (Ak _Ak—1> Ak71/2Ak71/2]

X2 (B (k= 1)+ By (k= D) AL,y (Ascainge — Aa) Ao s
k—1
Y il + 7 (A - ALY AL A | 27 (B + B (= 1)]
s=2
+ [iAk+1/2 +77 <Allcf1 - Allc/2> AI:iﬁQAllcflﬂ] 27! [Bs_-i-l(k) + By (k- 1)}

. 41/2 1/2 1 ( 41/2 1/2
+ [ZAk:-i-l/QAk—l/z + 27 (A A

—1/2 41/2
k-1/2 k+1/2)A A

k—1/2°%%—1/2
A A (A = A AL A L 2 [BEE - 1)+ BEL (k- 2)]}

k+1/2
> ATV2 q12

CA1/2 0 41)2
+ [_ZA A k—1/2k—1/2

V2 971 <A1/2 A2

k—1/2  “Yk+1/2
12 4-1/2 _— 1/2 1/2 —1/2 41/2 1 e _
+Ak+1/2Ak*1/27 1 (Ak o Ak—1> Ak71/2Ak71/2] 2 [Bs (k—=1)+ B (k- 2)}}
XiA;;Es+1/g (fkfsfl/2 - fkfs+1/2) .
Then applying the triangular inequality, we get

_ INARY 172\ 4-1/2 41/2
Skl < 27 {H2 [Ak+1/2 +rt <Ak{i-1 - Ak/ ) Ak+{/2AkCrl/2]

x27' [By (k) + Bf (k — 1)] Al;—IS/ZH

+ H [Allcfl/QAlt;/—Ql/Q + 27—_1 (Allc/—21/2 - Allﬁfl/Q) AI;—1{32AIIC/—21/2
A A (A - AL AL AL )
x27 [BE(k = 1) + B (k= 2] Ay |} llfisell
w27 {|[[ A+ 77 (AR - AV) AL AL o) 27 [BEA () + BiE(k — D] A7
+ H [Allffl/2Allc/—21/2 +2r7! (Allf/—21/2 - Alifl/Z) A;—lﬁzAzlc/—zl/z

1/2 —-1/2 1/2 1/2 —1/2 1/2 — _
F A AT (A = AL ) AL AL | 2 [BE = 1) + BEL (k- 2)] A7

}

a2l
k—1
_ _ 1/2 1/2\ (—-1/2 41/2
+ Z 271 {H [Ak+1/2 +77! (Ak{l—l - Ak/ ) Ak+{/2Akér1/2}
s=2
x27" By (k) + By (k—1)] A", | s (Ak—sirye = Aksorye) Al

) ATV2 12

k—1/2°k—1/2

12 41/2 1 41/2 1/2
+ H [Ak+1/2Ak71/2 + 27 <Ak71/2 - Ak+1/2
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1/2 —1/2 __ 1/2 1/2 —1/2 41/2
+Ak+1/2Ak 1727 ! (Ak _A )Ak 1/2Ak—1/2]
27! [Bj[(k —1)+ Bsi—l(k 2)} Ak s—1/2 (Ak s+1/2 = Ap—s- 1/2) AI; s+1/2 } ”fk—s—l/?”H
k-1
£ 327 [+ (A2 - AP%) A AL ]
s=2
1 [ pt + 1 12 41/2
x 270 B (k) + BY (k= 1)] ALY s+1/2H + H [Ak+1/2Ak71/2
1 [ 41/2 1/2 —1/2 41/2 12 4 =1/2 1 [ 41/2 1/2 —1/2 41/2
+27 (Ak—1/2 - Ak+1/2> Ay A e+ A e A e <Ak — Ay ) Ay 1/2Ak—1/2]

x27H B (k= 1)+ B (k= 2)] Al

} | foms—1/2 = fomssr2|| -
Applying the estimates (2.22), (2.23), (2.25), (3.6), (3.10) and (3.11), we get

_ iT 1/2
||SSI<:||H <27 H 2 Akil/z H HAkH/?Ak 1/2H HXi” HAk 1/2Ak 3/2”
/ / / it e\
1/2 172\ 4-1/2 1/2
+ ‘ (Ak+1 — Ay ) Ak+1/2 ([ + EAIC+1/2) H
12 4—1/2 + 172 4—1/2 1/2
HAk+1/2 k—1/2 HXk H HAkq/z k—3/2 HAk 3/2
1
1/2 -1/2 ZT 1/2 1/2 -1/2 -1/2
el | (v 5 aa) | el o)
_ 1/2 1/2 —1/2 iT 12 /2 -1/ 1/2
+2 HT ! <Ak+1/2 - Ak—1/2> A |(Iq: EAk—1/2 || HAk 1245 52 HAk 3/2
172 4—1/2 _1 (412 1/2 —1/2
+ HAkﬂ/zAk 1/2 HT <Ak >Ak 1/2”
, “1
1T 12 1/2 —1/2 —1/2
X (I:F ?Ak—1/2> ‘ HAk—l/QAk 3/2H HAk—S/QH ka—3/2HH
270 || ks 227! [BEAR) + BE(k = 1)] AL
1/2 1/2\ 4-1/2 1/2 + + —1/2 1/2
+ HT (Ak+1 — Ay ) k+1/2 HAkH/z B (k) + Br(k—1)] A 1/2 HA1/2
12 4—1/2 _ _
+ HAk/+1/2Ak {/ZH HAkfl/22 ' [Blzct(k - 1) + Bzzgtq(k‘ - 2)} A1/12
1 412 1/2 ~1/2 12 o-1 ~1/2
+2 HT (Ak+1/2 - Ak—l/?) A 1/2H HAk—1/22 [Be(k—1)+ Bi.. A1/2 H
“1/2 12 4—1/2 _ 1/2 1/2) 4-1/2
X HAk 2| T HAk:+1/2Ak 1/2 HT ! <Ak — A )Ak 1/2
1/2 + + —1/2 ~1/2
HAk: 1/22 T Be(k—1)+ By (k- A1/2 HAl/z ] Hf1/2HH

k—1
+ 32 [ ka2 BEA ) + BEG - D) AL [ A48
5=2

1 —1 (412 1/2\ 4-1/2
X H (A/f*SJrl/2 - Ak*5*1/2) Ak—s+1/2H + HT ( r1 — Ax ) Ak+1/2H
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1/2 64— —1/2 1/2 —1/2 —1/2
X HAk+1/22 ' [B;t+1(k) +B§t(k )] Ak s+1/2 HAk—s—&—l/QAk s—1/2 HAk s—1/2
1/2 —-1/2
X H (Ak—s+1/2 — Ak—s—l/z) Al ls+1/2 + HAk:—s—l/QAk {/2
X HAk—1/22_1 [Bét(k’) + Bsi—1(k )} Akl +1/2 Ak—5+1/2Ak 5—1/2‘

1 -1 1/2 1/2 -1/2
X H (Ak—s+1/2 - Ak—s—1/2) Ak—s—i—l/?H +2 HT (Ak:—l/Q - Ak+1/2> Ay 1/2

1/2 + + -1/2 1/2 —1/2
) (AL 27 [BE = 1) + BE (k= 2] A2 o A 0040 e

[+ A H

k+1/24 k—1/2

X HA_l/Q H H (Akfs+1/2 - Ak7571/2) Al

k—s—1/2 k—s+1/2

|7t (A = A) A7 A2 2t (B = 1) + BE (- 2] 470 |

k—1/2 k—1/2 Ay s+1/2
X HA11</723+1/2A1;1£2 1/2” HA;ZZQ 1/2H H (Ak*SH/2 - Akfsfl/Q) AI;lsH/Q‘H ka*8*1/2||H
(A2t [BEA) + BEG - 10] 42,
+[r (4l - A7) 4,
< || A

+2 Hfl (42— A2

|y o2t (B0 + BEG - 1) 472,

k+1/2

1/2 ~1/2
+ HAk+1/2Ak—1/2

A 1o2 7 [BE(e— 1)+ BE, (b — 2)] 4

k—s+1/2

> 12 ‘ HA1/2 V[BE(k = 1) + B (k- 2)] A2

k—1/2 k+1/2 k—1/2 k—1/2 k—s+1/2
1/2 1/2 —1/2 -1 1/2 1/2 —1/2
HAk s+1/2 + HAk+1/2Ak—1/2 ‘T (Ak - Ak—l) Ak—1/2

<[4V 2 [BE = 1) + BEL (k- 2)] 4.0,

~1/2
HAk—s-l-l/Q

] | frmsm1/2 — fk—s-l—l/ZHH}
<27t <M2 13V M¢j, + 2\/571]\45’/2) | fesse||,; + 27" (C7 4 3Ca1 + Caz + Cho) || f1/2

k-1
1 (Cas + 3Ca + Cos + Cag) Z |-y

s=2

I

k-1

+271(C7 + 3Cy + Cag + Cip) Z ||fk—s+1/2 - fk—s—1/2HH ;
s=2

where )
Cot = V6 Myppe™2Pirz Cpy = M, jpe™ P Coy = TMEM D

—1 -1
Cos = V6 TMpMieM2Pe) Cos = TMy s MM P, Cog = V6 7 M7y MyeMi2Fire

Combining the last estimates, we obtain
||Ak+1/24_1(uk+1 + uy,) + A,lcfl/QAllﬁ/fl/Qél_l(uk + ugp_1)
+r7! (Allc/_21/2 - Aiqu1/2> Al;11327— Hug — ug—1)
4271yt (A,lcfl - A1/2> A,;iﬁf_l(uml — ug)

1/2 1/2 — 1/2 1/2 —-1/2
+Ak:{',-1/2Ak {/22 o <Ak/ _Ak/—l> k— {/27 (“k _uk—l)”H

< Cyr

I Aouoll s + [ 46 wo |

k—1
+ max || for12||,; + Z | forrje = foorpall,
s=0

0<s<k
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where
Co7 = max [271 (Co +3C10+ Ciy + Cia), 477 (TM1/2 + 013) ;

4_1(014 —I— 2013 + 3015 —f- 2016)7 4_1(2] + TMl/Q), 4_1(6M1/2 —I— 27'M1/2 + 3014),
271 (Cos 4 3Ca4 + Cas + Cg) , 27 (C7 + 3Ca1 + Oz + Cho)|
x max [Co(k + 1) +1, 2].

Now, we consider right side system of difference equation (3.3). Applying the estimate
(3.11), we get

_ — 1/2 1/2 —1/2
H2 ' (fk—1/2 + fk+1/2> +27 (Ak{&-l/2 - Ak/—1/2> Ak—{/2fk—1/2H

<27 (Al = A0) A ol 27 i+ sl

<277 || frmrpelly + 270 frmryella + N frrrsel| )
Applying the last two estimates and the triangular inequality, we get

1772 (w1 — 2ur + we—1) ||,

< Cis [ Aouol + || 43/

k—1
+ max Hfs+1/2H + Z Hfs+1/2 - fsl/ZHH] .
s=0

0<s<k
where

o —1 -1
Czs—ofélsaé (Cor, 2717, 271).

Combining the estimates for [|AY2(0)77 (ug — ug—1) ||m, [|[772 (wpps — 2ug + ug—1)|| 5 and

||Ak+1/24’1(uk+1 + Uk) + Aif1/2A,1€/_21/2471<uk + uk,l)

- 1/2 1/2 “1/2

7 (Ak—l/Q B Ak+1/2) AT g — up—1)
-1 - 1/2 1/2 —1/2 __

+27 <A’“il B A’“/ ) Ak+{/27' Yty — ug)

1/2 —-1/2 5—-1_— 1/2 1/2 —-1/2
+Ak{&-1/2Ak—{/22 ot (Ak/ _Ak/q) kz—{/QT Hug — up—1)||a,

we obtain the conclusion of Theorem 3.2.
{A"2(0)=—"=} e+
||Ak+1/24_1(uk+1 + uy,) + A,lcfl/zAllﬁ/_Ql/Qél_l(uk + ugp_1)
| ( A A /2) AT e — )

+270r (Allc/fl - Allc/2> 1;1-{327—_1(1%—&-1 — uy)

12 4—1/2 o-1_— 1/2 12\ 4-1/2 _—
+Ak/+1/2Ak7{/22 ot (Ak/ _Ak/A) k7{/27' Hug — up)||a,

{772 (w1 — 2up + 1)} e,
0<s<k

N—-2
1
< Ma[||A(0)uol|a + ||A2 (0)ugl | + max || fosijoll; + D [ far1jo = focrpoll]
s=0

where

My = (Cg + Co7 + Cog, 3).
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3.3 THE DIFFERENCE SCHEME GENERATED BY THE
SECOND ORDER OF ACCURACY DIFFERENCE
SCHEME

We will consider again the initial value problem (2.26). Applying the system of the first
order linear differential equations

Wl = AV2(tyu(t), 0 <t < T, u(0) = ug, u'(0) = up,

DO = PAV(tu(t) — ATV () [AVA0)] o(t) — i ATV £(1)

dt

and the Taylor’s formula, we get

( Tﬁl<u(tk+1) - U(tk)) = Z.Allgfl/zv(tk-i-l/?) + 0(7'2)’ 0 S k S N — 17

_ - 1/2 —1/2 [ 41/2
T ((tra) — o(t)) = ZAk{i-l/2u(tk+1/2> - Ak+{/2[‘4kil/2]/v<tk+1/2)

iAo f (g 2) +0(72),0 < < N = 1,00 = —idg up,

where

’ T
A]ifl/g = A1/2(tk+1/2)7 [A;lﬂfl/g]/ = (A )I/Z(tk—i-l/Q)a th1y2 = (tr + 5), Ay = A(0).

Then using the Taylor’s formula, we can write

;

T (u(terr) —ulty)) = Z'Allf/fl/g (v(thsr) = 5V (thsa)) +0(72),0 <k < N -1,
T (0(thsa) = 0(te)) = PAY o (ultiin) = 50/ (k)

/
AL (AY20) () = 50/ () = AT S () + (7). 0 S B S N - 1,

A2
L vg = —1Ay Ty

Using (2.28) and putting A,ifl /o instead of A,lffl, we obtain the following equation

( T k) — ute)) = Ak jpultie)

/
+ [iAIifl/Z +ig (Allc/+21/2> } V(tes1) = 5f(rgaje) +o(7%), 0< k<N —1,
/
T (W(tks) —v(ty) = [iAllgf1/2 +i3 (Alt:fl/Q) } u(ty+1)
. ~1/2 12\ -4 12 \ [ 412Y
+ {5‘4’%1/2 o Ak+1/2 (Ak+1/2> - §Ak—il-1/2 (Ak+1/2) (Ak+1) ] v(trs1)

!
it~ Ak (A2,) | S+l 0 < k<N -1

- 4-1/2
vy = —i4, / g
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Neglecting the last small terms and using (3.1), we obtain the following difference

scheme for the approximate solution of the initial value problem (2.26) :

( -1 —
T (U1 — u) = FARp1/2Uk41

/
+ |:iAllcfl/2 + Z% (Ailc/+21/2> } Uk+1 — %fk+1/270 <k<N-1,

uo = u(0),
/
T (V1 — vg) = |:iAllc{i—21/2 +i3 (Allcfl/2> ] Uk+1
. ~1/2 12\ ;41 12\ [ 412)
+ [EAkH/? B Ak+1/2 (Ak+1/2> - §Ak+1/2 <Ak+1/2) (Ak+1> 1 Uk+1

/
[—z‘A—m @'gA—l <A1/2 > } frr172, 0<E SN —1,

k+1/2 k+1/2 k+1/2

- —1/2
vg = —i4, / ug)-



or

772 (g1 — 2up, + up_1) + {ﬁA
(452) (

i 11/2
_FAkH/z

-1
k+1/2

A2

1/2
A k+1

‘r2
+7A k4+1/2

k+1/2

[iTAl/Q

Z'Al/2

T k+1/2 TAL

{

{] - §Ak+1/z -

A2

2y
X (I — %QAk_l/2> + T%}uk + {

{

x {z‘TAkH/Q +iZ (

T

2 h+1/2

“|

—_ iTA1/2

|:I — §Ak+1/2 + TA

+z‘§(

it 41/2
7Ak+1/2

A2

. 41/2
irAY P

k+1/2

{
o

. [Z'A;;;

)

)2
|:ZTAk_

—-1/2

(

-1

A2

172 T i3 ( 1/2

X {z’Am

)|

1/2
k+1/2

)l} {z’TA

k+1/2

1
. 1A1/2
¢A1/2

k+1/2

~1/2
k+1/2

-1

12 T

A2

+i5
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~1/2
k+1/2

A1/2

k+1/2

l
|i[ — §Ak+1/2 + TA < )

(42)] (1= % A0n)
ﬂ - 712} Upir+
(

|:Z'TA]1€/_21 i

2

1/2 72
2

k12 T

(

1/2
Ak+1/2

1/2
Ak+1

2 41/2
T A

k+1/2

-1

1/2
k+1/2 A

k+1

1/2
Ak+1/2

)+ 54t (42) (
(4]
(4] 2 fo
)+ Sk (425) (425
(82) s

(A]1€/2>/] _1} Jr-1/2

( )]
-1

,7_2
T k+1/2 2

g

A2

k+1/2

.12 1
+ 2 T2

1/2
Ak—1/2

1/2
k+1

-1
k+1/2

A2

k+1/2

(

+ 1+ 54

1/2
k+1/2 A

k+1/2

2

1<k<N -1, up=u(0),

72

2

-1 1/2 1/2
1/2 Al (Al 1

)'_
)]

(1) (4]}

77wy — up)

A1/

1/2

/
+ {—gAl o —irAY; —i% (A)7) } w + (i45"?) g
- 2 —1/2 ( 412\ 2oy 12\ [ 41/2)
= {_5 {I - [7A1/2 - TA1/2/ <A1;2> - ?Al/lz (A1§2> (Al/ ) ] }

=12 2 1 [ a1)2
_”‘41/2 _Z?A1/2 A1/2

(47 1

(3.24)

In the similar manner we can obtain the stability estimates for the solution of the

difference scheme (3.24). This is left as a

future work.



CHAPTER 4

NUMERICAL ANALYSIS

We have not been able to obtain a sharp estimate for the constants figuring in the stability
inequality. Therefore we will give the following results of numerical experiments of the
initial-boundary value problem

( DPu(tz) (t)82u(t,x)

o 5.3 = 2exp(—t)cosz,

O0<t<l O<ax<m,
(4.1)

u(0,z) = cosz, u(0,x) = —cosz, 0<z<m,

L U (£,0) = u(t,m) =0, 0<t <1,
for hyperbolic equation. The exact solution of this problem for g(t) = 1 is

u (t,z) = exp(—t) cos .

In the present chapter for the approximate solutions of the initial-boundary value prob-
lem (4.1), we will use the first and second order of accuracy difference schemes with grid
intervals 7 = 2%, h = 2—10 for t and x, respectively. We have the second order or fourth order
difference equations with respect to n with matrix coefficients. To solve these difference
equations we have applied a procedure of modified Gauss elimination method for difference
equations with respect to n with matrix coefficients. The results of numerical experiments
permit us to show that the second order of accuracy difference schemes are more accurate

compared with the first order of accuracy difference scheme.

4.1 THE FIRST ORDER OF ACCURACY DIFFERENCE
SCHEME

For the approximate solution of the initial-boundary value problem (4.1) we consider the
set [0, 1], x [0, 7], of a family of grid points depending on the small parameters 7 and h

0,1); x [0,7]p, = {(tgyxn)  tx=Fkr, 1<k<N-1, Nt=1,
T, = nh, 1<n<M-—1Mh=m}.
Applying the formulas

u(tpi1) — 2u(ty) +u(tr-—1) — " (tgp1) = O(7) (4.2)

wW(Tpg1) — 2u(zy) + u(rp_1)
h2

—u'(z.) = O(h%),
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and
u(h) - w0 _ oy = o), (4.3)
u(m) —u(m — h) , B
. —u'(m) = O(h)

we present the following first order of accuracy in t difference scheme for the approximate
solutions of the problem (4.1)

/ 1 1 k41 k41 k+1
ubt —QUﬁ-Fuﬁ o g<tk)“n+1—2“n tuny
h2

T2

= fltyan), 1<E<N—-1,1<n<M-1,
ud = ¢(x,), 1<n<M—1,

e = —p(xy,), 1<n<M-—1,

ub = b, uk, | =uk, 0<k <N,

f(t,x) = 2exp(—t) cosz,

p(x) = cos(x),

L g(t) =1.
(4.4)
Note that in the equations (4.2), (4.3) and (4.4), u(ty), u(x,), u* represent u(ty, z,,).

We have (N + 1) x (N + 1) system of linear equations in (4.4) and we will write them
in the matrix form. We can rewrite this system as the following form

() b (o 2t (=) ko () b () b = Flt ),
1<k<N-1,1<n<M-1,
ud =p(r,), 1<n<M-1,

.0
Tt = —p(x,), 1<n<M-—1,

\ ug:ulfv u?\/lflzu?\/b 0§k§N?
(4.5)
We denote
g(t) 1 2g(tx) 2 1
R A T
cos(zy,), k=0,
oh =4 fltran), 1<E<N-—1,
cos(xy), k= N.
2
Pn = Spn )

N
Pr 1 (vinx
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0 0 0 0 0 0 0 0 O
0 0 a 0 O 0 0 0 O
0 0 0 a O 0 0 0 O
00 0 0 a 0 0 0 0
00 0 0 0 0 a 0 O
0 0 0 0 0 0 0 a O
00 0 0 0 0 0 0 a
[0 0 0 0 0 ... 00 0 0] v
1 0 0 0 0 0 0 0 0]
d ¢ b 0 0 0 0 0 0
0 d ¢ b 0 0 0 0 0
0 0 d ¢ b 0 0 0 0
B = )
0O 0 0 0 0 0 b 0 0
0O 0 0 0 0 0 c b 0
0O 0 0 0 0 0 d ¢ b
1 1
| L -2 0 0 0 O 0 0 0 ] (N+1)x (N+1)
and
C=2A,
(1 0 0 0 0]
0 1 0 0 0
Do 0 0 1 0 0
0 0 0 1 0
00 0 .. 0 1 ] (N+1)x(N+1)
UO
Ul
U= | .. , s=n—1nn+1
UN—l
N
U, (N+1)x(1)

Then (4.5) can be written as

AUy +BU, +C U, =Dy, 0<n<M,
(4.6)
UO = Ul; UM—l - UM

So, we have the second order difference equation with respect to n with matrix coefficients.
To solve this difference equation we have applied a procedure of modified Gauss elimination
method for difference equation with respect to n with matrix coefficients. Hence, we seek
a solution of the matrix equation in the following form

Un = an+1Un+1 + ﬁn-',-l? n=M— ]-a T 27 ]-a 07 (47)
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where a; (j =1,--+, M) are (N +1) x (N + 1) square matrices and 3; (j =1,---, M) are
(N + 1) x 1 column matrices. Using the equality

Us = as1Uss1 + Bopr, (for s=n, n—1)

and the equality
AUn_H + B Un + CUn_l = DQOW

we can write
[A+ Banii + Canani1)Unsr + BBy + CanByy + CB,] = Do,
The last equation is satisfied if we select
A+ Bay1 + Cayagg =0,

[BB,41 + CanByy +CB,] =Dep,, 1<n<M-1
From that it follows

anp1 = —(B+Cay) "4 (4.8)
/Gn—l—l = (B+COén)_1 (Dcpn—Cﬁn),n: 172737' : '7M_ 1.

For the solution of difference equations we need to find «; and 3;. We can find them from
Uo = a1U; + ;. Thus, we have

1 0 0 0
0 1 0 0
ap=10 0 1 0 : (4.9)

0 0 0 1 (N+1)x(N+1)
0
0

61: 0

0 (N+1)x1

For the first step using formulas (4.8) and (4.9), we can compute a,41 and §,,,,, 1 <n <
M — 1. For the second step we will find u,,, 0 < n < M. But, for this we need to find wuy,.
We can find uy; from up = ups—1 and upr—1 = apupn + 5. Namely

Thus using formulas (4.7) and (4.10), we can compute u,, 0 < n < M. We can summarise

the computation procedure by the following algorithm.

Algorithm

1
N

1

1. Step Set input time increment 7 = 5 and space increment h = 5;.

2. Step Use the first order of accuracy difference scheme and write in matrix form

AUp1+BU,+CU,.1=Dyp,, 1<n<M-—1.



. Step Determine the entries of the matrices A, B, C' and D.

. Step Find ay, 5, by the formula (4.9).

. Step Compute a,11, B,41,1 <n < M —1 by the formula (4.8).
. Step Compute Uy, by the formula (4.10).

. Step Compute U,,n =M —1,---,1,0 by the formula (4.7).

Matlab Implementation of the First Order of Accuracy Difference Scheme .

function firstorder(N,M)
timel=cputime;
if nargin<1; close; close; close; close; end;
N= 20 ; M= 20 ;
h=pi/M;
tau=1/N;
c=-2/(tau"2);
d=1/(tau"2);
for k=2:N; t(k)=(k-1)*tau;
a(k)=(-1/(h"2)); A(k.k+1)=a(k); A(N+1,N+1)=0; A;
end;
for k=2:N; t(k)=(k-1)*tau;
(k) =(((2)/(h"2))+(1/(san"2))); Blkje+1)=b(Kk);
B(k,k-1)=d; B(k.,k)=c; B;
end;
B(N+1,1)=1/tau; B(N+1,2)=-1/tau;
B(1,N+1)=0; B(N+1,N)=0; B(N+1,N+1)=0; B(1,1)=1;
C=A;
for i=1:N+1; D(i,i)=1; end; D;
for j=1:M-1;
for k=1:N+1;
t=(k-1)*tau; x=(j)*h;
Bi(k 1) =2*(exp(-t)) Feos(x);
end;
end;
for j=1:M-1;
x=(j)*h;
fii(1,j:j)=cos(x); fii(N+1,j:j)=(1-tau)*cos(x);
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end;

I=eye(N+1,N+1);

alpha{1}=I;

betha{l}=zeros(N+1,1);

for j=1:M-1;

alpha{j+1}=inv(B+C*alpha{j})*(-A);
betha{j+1}=inv(B+C*alpha{j})*(D*fii(:,j:j)-C*betha{j});

end;

U{M }=inv(I-alpha{M})*betha{M};

for Z=M-1:-1:1;

U{Z}=alpha{Z+1}*U{Z+1}+betha{Z+1};

end;

for Z=1:M;

p(:,Z+1)=U{Z};

end;

p(:,1)=U{1};

time2=cputime;

time2-timel

%% % %% %% % EXACT SOLUTION OF THIS PDE’ % %% % %% %% %
for j=1:M+1;

for k=1:N+1;

t=(k-1)*tau;

x=(j-1)*;

es(k,j:j)=exp(-t)*cos(x);

end;

end;

%%%% %% %% %% END EXACT SOLUTION %%% % %% % % %% %%
%%%% % %% % % %% %% ERROR ANALYSIS %% % % %% % % %% % %
abs(es-p)

maxes=max(max(es)) ;

maxapp=max(max(p)) ;

maxerror=max(max(abs(es-p)));

relativeerror=maxerror/maxapp;

cevap = [maxes,maxapp,maxerror,relativeerror]

p; es;

[xler,tler]=meshgrid(0:h:pi,0:tau:1);

table=[es;p|;table(1:2:end,:)=es; table(2:2:end,:)=p;

%%%% %% %% %% %GRAPH OF THE SOLUTION %% % % % %% % %%
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q=min(min(table)); w=max(max(table)); figure;

surf(xler,tler,es);

titleCEXACT SOLUTION);

set(gca, ZLim’,[q w]); rotate3d;

XLabel(’x axis’);YLabel(’t axis’);

figure; surf(xler,tler,p);

titleCEULER-ROTHER);

rotate3d ; set(gca, ZLim’,[q w]);

XLabel(’x axis’);YLabel(’t axis’);

%% % %% %% % %% %% END GRAPH %% %% %% % %% %% %% % %% %

4.2 THE SECOND ORDER OF ACCURACY DIFFERENCE
SCHEME GENERATED BY THREE POINTS

Applying the formulas

u(thrl) - 2u(tk) + u(tkfl) N U”(tk) _ 0(7_2)

w(Tpi1) — 2u(zy) + u(T,—1)
12

—u'(z,) = O(h?)

and

2u(0) — 5u(r) + 4u(27) —u(37) Z(0) = O

2u(1) — 5u(l — 7) + 4u(l — 27) — u(l — 37)

—u"(1) = O(r%).

T

We present the following second order of accuracy in ¢ difference scheme for the approximate
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solutions of the problem (4.1)

_ kt1 k k41 k— b P
(Wl oyl kit uf | —2uktul uptl—2uf T ul ] ul T —2ul T ul )
o= ton  _ g(t) 2ttt — g(t —g(t
72 g k 2h2 g k+1 4h2 g k—1 4h2

= f(teyxn) @y =nh, ty=kr, 1<k<N-1,1<n<M-1,
ud = p(r,), Tn=nh, 1<n<M-—1,

1 14,1
Uy —2Uptu

Un;u :%<Tm+f<ovxn)> —gO(CL’n), Tp,=nh, 1<n<M-—1,

S = A (ufT = 20 ) 4+ N f (e, h), 1< E<S N -1,
M — N (2u) — Sub + 4ud — uf) + A72f (0, ),

N

A = Ay (20— 5 duh =g + AT (L),

Sub, =4uk, | —uk, 5, 0<k <N,
f(t,x) = 2exp(—t) cosz,

M = 5=, 0< k<N,

2g(ty)727

\ g(t) =1

(4.11)

We have again (N 4 1) x (N + 1) system of linear equations and we will write them in
the matrix form. We can rewrite this system in the following form



7
~3 ) b+ (G o+ L)) bt + (——g(f;;;”) ut)

) ( 9(21;121)> Uﬁ:% = f (tlwxn) )

< N-1,1<n<M-1,

ud = p(z,), T, =nh, 1<n<M-—1,

—:g<w+f(0 xn))—(p(:cn), T, =nh, 1<n<M-—1,

k k

A=y (UlfH — 2uf +uy” ) + M f (e, h), 1<k<N-—1,
@ = Xo (2u) — 5ud + 4uf — ui) + A2 f(0, h),
U{V;uév = Ay (QUéV —5ud Tt 4ul T ) ) + AT f(1, h),

Bub, = duk, | —uk, 5, 0< k<N,

f(t,x) = 2exp(—t) cosz,

_ _h
e = 55097 0S k<N,
\ g(t) = 1.
Denoting
a = g(tk+1> b= g(tk> _g(tk71>
4h? 7 2h2 "’ 4h2
1 g(tkn) 2 g(ty) g(te_1)
d 72 242 _§+ h27f ﬁ—{_ STORR
cos(z,), k=0,
o = flty,2n), 1<E<N -1,
cos(x,), k= N,
_ 90n -
n
Pn = SO];TI—Q )
N1
N
P 1 (ve1)x1
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0O 0 0 0 0 0 0 O
c b a 0 0 0 0 O
0 ¢ b a 0 0 0 O
0 0 ¢ b 0 0 0 O
0O 0 0 0 b a 0 0
0O 0 0 0 c b a 0
0 0 0 O 0 ¢ b a
| 0 5z 0 0 0 0 0 0 | (N41)x(N+1)
[ 1 0 0 O 0 0 0 01
f e d 0 0 0 0 0
0 f e d 0 0 0 O
B 0 0 f e 0 0 0 0
0 0 0 f e 0
0 0 0 O 0 f e d
—1 1 T
. (F + ﬁ) 0 0 00 0 0 (N+1)x(N+1)
and
C=A,
1 0 0 0 0 0]
0 1 0 0 0 0
0 0 1 0 0 0
D = ,
0 0 0 1 0 0
0 0 0 0 1 0
| 00 0 .. 0 1] (N41)x (V1)
F0 T
Ul
U2
Us = s , wWheres= n—1, n, n+1,
-
N
L U 4 (N+1)x(1)

we obtain the following second order difference equation with respect to n with matrix
coefficients

AU +BU,+CU,.1=Dyp,, 1<n<M-1,
3Unv = 4Un—1 — Uni—2, voUo = 00U, + 11,

where
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[ 14+2)\g —BXo 4Ny —Xo O 0 0 0 0
0 1 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0
0 0 0 1 0 .. 0 0 0 0
P)/O = e e e e e e e e e e y
0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 1 0
i 0 0 0 0 0 ... =Ay 4X\y =5Ay 14+2\y 1 vy v
1 0 0 0 0 0 0 0]
[ s | O 0O 0 0 O
0 ! s 1 0O 0 0 0
0 0 [ s 0O 0 0 O
0 0 0 O s I 0 0
0 0 0 O [ s | 0O
0 0 0 0 0 I s 1
| 0 0 0 0 ... 00 0 1] (N4 1) % (N+1)
and
h? h?
l: 27 8 = 27
2g(tr)T g(te)T
_ FOO -
2
Tl - Fl 3
FN
N
L Fo 4 (N+1)x(1)

3
F) =7°h?, FY = 17'2 exp(—1),

FF=1m\Nef(ti,h), 1<E<N-—1.

To solve this difference equation we have applied the modified Gauss elimination method
for difference equation with respect to n with matrix coefficients. Hence, we seek a solution
Uy,,n=M-1,---,2,1,0 of the matrix equation by the formula (4.7), where o, 11, 8, 1,7 =
1,---,M — 1, are obtained by (4.10). Note that for obtaing a1, 5,1, n=1,-- -, M — 1,
we need to find a; and ;. We can find them from Uy = ayU; + ;. Using the formula
YoUo = 61Uy + T1, we obtain

Uy = inv(vyy)01Ur + inv(vy,) 11,

where

ay = inv(vy)01, By = inv(yy)Th- (4.12)

Now we will find w,, 0 < n < M, by the formula (4.7), but, for this we need to find
upr. We can find wy, from 33Uy = 4Up—1 — Upy—o and upy—1 = apupy + By, Uni—2 =
apn—1un—1 + By—q. Namely

Upr = [3[ — 40éM + on,laM]_l[élﬁM — OéMflﬁM — ﬁMfl]' (413)
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Thus using formulas (4.7) and (4.13), we can compute u,, 0 < n < M. We can summarize

the computation procedure by the following algorithm.

Algorithm

. Step

. Step

. Step
. Step
. Step
. Step

. Step

1
N

L

Set input time increment 7 = 5 and space increment h = ;.

Use the second order of accuracy difference scheme and write in matrix form

AU, w+BU,+CU,.1=Dyp,, 1<n<M-—1.

Determine the entries of the matrices A, B, C' and D.
Find «q, 3, by the formula (4.12).

Compute ay41, B,41,1 <n < M —1 by the formula (4.8).
Compute Uy, by the formula (4.13).

Compute U,,n =M —1,---,1,0 by the formula (4.7).

Matlab Implementation on Second Order of Accuracy Difference Scheme Gen-
erated by Three Points

function secondorder(N,M)

timel=cputime;

if nargin<1;N= 20 ; M= 20 ; end;

close; close; close; close;
h=pi/M; tau=1/N;
t=0:tau:1;

for k=1:N-1;

(k)

au*(k-1) ) /(4*(h"2));

c(k)=-g( t

b(k)=-g( tau*(k) ) /(2*(h"2)) ;

a(k)=-g( tau*(1+k) ) /(4*(h"2));

A(k+1.k)=c(k); A(k+1,k+1)=b(k); A(k+1k+2)=a(k);
end;
A(N+1,1)=0;
A(N+1,2)=(-tau)/(2*(h"2));

A(N+1,N)=0; A(N+1,N+1)=0;

for k=1:N-1;

£(I)=(1/(tau"2))+ g( tau*(k-1) )/(2*(h"2));
e(k)=(-2/ (tan"2))+ g( tan* k )/(h"2):
d(k)=(1/(tau"2))+ g( tau*(k+1) )/(2*(h"2));



B(k+1.k) = f(k);
B(k+1.k+1)= e(k);
B(k+1,k+2)= d(k);

end;

B(1,1)=1; B(1,N+1)=0;
B(N+1,1)=(-1/tau);
B(N+1,2)=(1/tau)+((tau)/(h"2));
B(N+1,N)=0; B(N+1,N+1)=0;
C=A;

for i=1:N+1; D(i,i)=1; end; D;

for j=1:M-1;

for k=1:N-1;

t=k*tau; x=j*h;
fii(k+1,j:j)=2*(exp(-t))*cos(x);

end;

end;

for j=1:M-1,

x=j*h;

fii(1,j:j)= cos(x); % right side for k=0
fii(N+1,j:j)=(-14+tau)*cos(x); % right side for k=N
end;

lamda0=(h"2)/(g(0)*2*(tau"2));
lamdaN=(h"2)/(g(1)*2*(tau"2));

for k=1:N-1;

tk=k*tau;
lamda(k)=(h"2)/(2*(tau"2)*g(tk));
end;

for k=2:N;
fgama(k,k)=1;

end;
fgama(1,1)=1+42*lamda0;
fgama(1,2)=-5*lamda0;
fgama(1,3)=4*lamda0;
fgama(1,4)=-lamda0;

fgama(N+1,N)=-5*lamdaN;
fgama(N+1,N-1)=4*lamdaN;

(

(

(

(
fgama(N+1,N+1)=1+42*lamdaN;
(

(
fgama(N+1,N-2)=-lamdaN;
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T(N+1,1)=(tau"2)*lamdaN * ( 2*exp(-1) );
%%t0=0;

T(1,1)=(tau"2)*lamda0*2; %(2*exp(-t0));

for k=1:N-1;

tk=k*tau;
T(k+1,1)=+(tau"2)*lamda(k)*(2*exp(-tk)*cos(h));
end;

teta(1,1)=1;

teta(N+1,N+1)=1,;

for k=1:N-1;

tk=k*tau;

teta(k+1,k)=-lamda(k);
teta(k+1,k+1)=1+2*lamda(k);
teta(k+1,k+2)=-lamda(k);

end;

zalpha=inv(fgama)*teta;

zbetha=inv(fgama)*T;

alpha{l}=zalpha;

betha{l}=zbetha;

for j=1:M-1;
alpha{j+1}=inv(B+C*alpha{j})*(-A);
betha{j+1}=inv(B+C*alpha{j})*(D*fii(:,j:j)-C*betha{j});
end;

I=eye(N+1,N+1);

U{M}=inv(3*I-4*alpha{M }+alpha{M-1}*alpha{M})*...
(4*betha{M }-betha{M-1}-alpha{M-1}*betha{M});
for Z=M-1:-1:1;
U{Z}=alpha{Z+1}*U{Z+1}+betha{Z+1};

end;

UO0= alpha{1}*U{1}+betha{1};

for Z=1:M;

p(:,2+1)=U{Z};

end;

p(:,1)=U0;

time2=cputime;

time2-timel

%% %% % %% %% % EXACT SOLUTION OF THIS PDE %% %% %% %% %% %
for j=1:M+1;
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for k=1:N+1;

t=(k-1)*tau;

x=(-1)*h;

es(k,j:j)=exp(-t)*cos(x);

end;

end;

%% %% % %% %% %% % END EXACT SOLUTION % %% %% %% % %% %% %
%%%% % %% % % %% % %% EROR ANALYSIS %% %% %% % %% % % %% % %
abs(es-p)

maxes=max(max(es)) ;

maxapp=max(max(p)) ;

maxertetar=max(max(abs(es-p)));

relativeertetar=maxertetar /maxapp;

cevap = [maxes,maxapp,maxertetar,relativeertetar|

%%%% % %% %% %% GRAPH OF THE SOLUTION  %%% % %% % % %% % %%
[xler,tler]=meshgrid(0:h:pi,0:tau:1);
table=[es;p|;table(1:2:end,:)=es; table(2:2:end,:)=p;
gq=min(min(table)); w=max(max(table));

figure;

surf(xler,tler,es); titleCEXACT SOLUTION’);
set(gea, ZLim’ [q w]);

rotate3d;XLabel('x axis’);YLabel(’t axis’);

figure; surf(xler,tler,p);

title"SEC.ORD. APP. SOL. GEN. BY 3 POINTS’);
rotate3d ; set(gca, ZLim’,[q w]);

XLabel(’x axis’);YLabel(’t axis’);

%%%% % %% % %% %% %% END GRAPH  %%% % %% % % %% % % %% % %%
%% %% %% % % % % %% %% SUB FUNCTIONS %% % % % %% %% % % % % %%
function gt=g(t)

gt=1;

Yofunction ftx=f(t,x)

Yoftx=2%(exp(-t))*cos(x);
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4.3 THE SECOND ORDER OF ACCURACY DIFFERENCE
SCHEME GENERATED BY FIVE POINTS

Applying the formulas

w(tpr1) — 2u(ty) + u(tp_1)

: — (1) = O,
w(xpa1) — 2u(xy,) + u(x,—1)
72
W(Tpro) — 4u(Tpyr) + 6u(x,) — du(z, 1) + u(z,_2)
ha

- u"(mn) = O(h2)7

—u"(2a) = O(h?),

and

10u(0) — 15u(h) + 6u(2h) —u(3h) B 2
- —u"(0) = O(R?),

—10u(m) + 15u(m — h) — 6u(m — 2h) + u(r — 3h) " B 9
o —u"(m) = O(h?).

we present the following second order of accuracy in ¢ difference scheme for the approximate
solutions of the problem (4.1)

( k+1 k—1 k k k
un+ _2U'I,€7,+un _ g(tk>un+l_2un+un—1 un+2 n+1+6u'ﬂ n—1+un—2

3 + g(tega)7 < A

k1 g, k+1 k1 _ g, kt1 k+1>

= f(tk,zpn), Tn=nh, tpx=k1, 1I<Ek<N-1,2<n<M-2,
u = (x,), v,=nh, 0<n< M,
Ul —2U. U,
up—up % ( nt1 th# he1 + f(07xn)) _ @(%1), T, =nh, 1<n<M-—1, (4.14)
uk, =4uk, | —uk, ,, 0<k <N,

10uk, = 15uk, | —6ul, 5 +uk, 5, 0 <k <N,

L 10uf = 15uf — 6ul +uf, 0 <k <N,

We have again (N 4 1) x (N + 1) system of linear equations and we will write them in
the matrix form. We can rewrite this system in the following form



(

\

7_2 ,7_2
<g<tk+1)ﬁ> upth + (—g(tkﬂ)ﬁ) up 4 (—g(te) 7)) ub

+ g(tkﬂ)% + %2) wutt o+ (g(te) i — 5) up + () up !

10uk, = 15uk, | —6ul, , +uk, 5, 0 <k <N,
10uf = 15u} — 6ub +ub, 0 <k < N,
f(t,z) =2exp(—t)cosz

g(t) = 1.

We denote that

and

cos(zy), k=0,
on =14 flte@a), 1<k<N -1,
(=1 +7)cos(z,), k=N,

S
o
02
(p’n = i )
N2
oy
L Pn J vyt
"0 0 0 0 00 0 0]
0 0 a 0 00 0 0
00 0 a 00 0 0
00 0 0 00 0 0
A= N L ,
00 0 0 0 a 0 0
00 0 0 00 a O
0 0 0 0 00 0 a
(00 0 0 . 0 0 0 0w
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0 0 0 O
0 0 0 O
0 0 0 O
0 0 0 O

0
0

0

b
c

0

0 0

r
2h2

00 0 O-(N+1)><(N+1)
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+
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X
=
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I 1
oo O0C frooWOo
o000 oW Vo
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Then

A Un+2 + B Un+1 + C Un + DUn_l + EUn_Q = Rg@n,
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we can write

AUnss+BUpiy +C Uy + DUy 1+ EUp s = Rp, 2<n<M~—2,
1OUO = 15U1 — 6U2 + Ug, ’YOUO = 91U1 + Tl,
Uy =4Up—1 — Upr—o, 10Uy = 15U 1 — 6Up—o + Upr—s3.

So, we have the fourth order difference equation with respect to n with matrix coefficients.
To solve this difference equation we have applied the modified Gauss elimination method
for difference equation with respect to n with matrix coefficients. Hence, we seek a solution
of the matrix equation in the following form

Un :Oén+1Un+1+6n+1Un+2+7n+17 TL:M—Z, . ',2,]_,0. (415)
Using this formula and the equality

AUn+2+B Un+1+CUn+DUn_1+EUn_2 :Rgon,n:M—Z,- '~,27
we can write

[A + Cﬁn-&-l + Danﬁn-ﬁ-l + Ean—lanﬁn—kl + Eﬁn—lﬂn-&—l]Un-f—Q

+[B + Can+l + Danan—i-l + Dﬁn + Ean—lanan—i—l + Ean—lﬁn + Eﬁn—lan—‘rl]Un—l—l
+C,Yn+1 + D&n7n+1 + D’yn + Ean—lan’yn+1 + Ean—l’)/n + Eﬁn717n+1 + E/ynfl = R@n

The last equation is satisfied if we select

A + CﬁnJrl + +Dangn+l + Ean—lanﬁnJrl + EﬁnflﬁnJrl = O’
B+ Capy1 + Doy + DB, + Eay o1 + Eay 16, + EB,_jan1 =0,
Cﬁ)/n—l-l + DQn7n+1 + nyn =+ Eanflanw/n—l—l + Eaﬂflfyn + Eﬁn—lfYn—l-l + E’Yn—l = R(pn

From that it follows

i1 = —(C+ Day, + EB, |+ Ea,,_10,) Y (B + DB, + Ea,_1,,),
ﬂn+1 = _<C + Day, + Ef,, 1 + Eanflan)_l(A% (4'16)
Va1 = (C + DOén + Eﬁn—l + EOénflOén)_l(RQOR - nyn - Eanflfyn - EfYn—l)?

where n = 2,-- -, M — 2. Note that for obtaining a1, 8,41, Vi, n = 1,- -, M — 1, we

need to find ay, 3,7, and asg, 55,7, We can find them from Uy = ayU; + 3. Using the
formula v,Uy = 0,U; + 11, we obtain

Up = inv(7y)01Ur + inv(vy,) 11,

where

a = inv(yy)01, By = 0,7, = inv(yy)11. (4.17)

Using the formulas
10U0 - 15U1 - 6U2 + Ug,

U() = OélUl —+ 61U2 + Y15
Ui = aUs + ByUs + 74,
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. Step Set input time increment 7 = % and space increment h =
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we obtain
Qg = (100&1 — 15[)_1<—6[ — 1051),
By = (10a; — 151)7 1 (4.18)
vy = (10a; — 151) 71 (—10,).

Now we will find u,, 0 < n < M, by the formula (4.7), But, for this we need to find uy,
and uys—1.We can find uy, and uy,—; from

3Un = 4Up—1 — Upr—g,
1OUM == 15UM_1 - 6UM—2 + UM_3,
Unv—2 = ap—1Up—1 + By Ut + Yar—1s
Uni—z = any—oUpn—2+ By oUn—1+ Vo

Solving this system, we obtain

Upt = [(4T — apg 1) " (31 + Bayy) — (91 — Bry_y — dans o) (8T — Baps )]~

X[—(4I — anr—1) " yarg + (9 — Bar_g — danr—2) " Yasa), (4.20)
Unir = [31+ Bry_1) " (=41 + anr 1) + (81 = Bans—o) (9] — By — daps5)]

X[+ Bar1) "1 + (B = Banr—2) 'y o] (4.21)

Thus using formulas (4.15) and (?7?), (??), we can compute u,, 0 < n < M. We can

summarize the computation procedure by the following algorithm

Algorithm

L
i

. Step Use the second order of accuracy difference scheme and write in matrix form

AUn+2+BUn+1+CUn+DUn_1+EUn_2:R(,Dn, QSHSM—Q

Step Determine the entries of the matrices A, B, C, D, F and R.

Step Find «y, 31,7, by the formula (4.17).

Step Find aw, (5,7, by the formula (4.18).

Step Compute o1, Bpi1, Vg1, ¥ =2, -, M — 1 by the formula (4.16).
Step Compute Uy, by the formula (77).

Step Compute Up—y by the formula (?7).

Step Compute U,,n =M —2,---1,0 by the formula (4.15).
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Matlab Implementation on the Second Order of Accuracy Difference Scheme
Generated by Five Points

function ssemir(N,M)
timel=cputime;
if nargin<1; N=20; M=20; end;
close; close; close; close;
h=pi/M; tau=1/N;
t=0:tau:1;
A(N+1,N+1)=0;
for k=1:N-1;
a(K) = (g(tau (k-+1))*(tau"2)) /(4%(h"4));
A(k+1k+2)=a(k);
end;
B(N+1,N+1)=0;
for k=1:N-1;
o) =g (tan*(K))/((h°2));
b(I)—(g(tau (k+1))*(tan"2))/(h"4) ;
B(k+1,k+1)=c(k); B(k+1,k+2)=b(k);
end;
B(N+1,2)=(-tau)/(2*(h"2));
C(N+1,N+1)=0;
for k=1:N-1;
f(k)= 1/(tan"2);
e(k)=(-2/(tau"2))+2*g(tau*k)/(h"2);
A()=(1/ (tan"2))+ (g(tan* (k-+1) ) *(6%(tan"2)))/(4(h"4));
C(k+1,k) = f(k); C(k+1,k+1)= e(k); C(k+1,k+2)= d(k);
end;
C(1,1)=1; C(N+1,1)=(-1/tau); C(N+1,2)=(1/tau)+((tau)/(h"2));
D=B; E=A;
for i=1:N+1;
F(i,i)=1;
end;
for j=1:M-1;
for k=1:N-1;
t=k*tau; x=j*h;
fii(k+1,j:j)=2%(exp(-t))*cos(x);

end;



end;

for j=1:M-1;

x=j*h;

fii(1,j:j)= cos(x); % right side for k=0
fii(N+1,j:j)=(-14+tau)*cos(x);% right side for k=N
end;

lamda0=(h"2)/(g(0)*2*(tau"2));
lamdaN=(h"2)/(g(1)*2*(tau"2));

for k=1:N-1;

tk=k*tau;
lamda(k)=(h"2)/(2*(tau"2)*g(tk));

end;

)=1+2*lamda0;
)=-5*lamda0;
)
)

=4*lamda0;
=-lamda0;

(
(
(
gama,(
(N+1,N+1)=1+2*lamdaN;
(
(
(

gama
gama(N+1,N)=-5*lamdaN;
gama(N+1,N-1)=4*lamdaN;
gama(N+1,N-2)=-lamdaN;
T(N+1,1)=(tau"2)*lamdaN * ( 2*exp(-1) );
T(1,1)=(tau"2)*lamda0*2;

for k=1:N-1;

tk=k*tau;
T(k+1,1)=+(tau"2)*lamda(k)*(2*exp(-tk)*cos(h));
end;

ro(1,1)=1;

ro(N+1,N+1)=1;

for k=1:N-1;

tk=k*tau;

ro(k+1,k)=-lamda(k);
ro(k+1,k+1)=1+2*lamda(k);
ro(k+1,k+2)=-lamda(k);

end;

zalpha=inv(gama)*ro;



zbetha=inv(gama)*T;

eskialpha{1}=zalpha;

eskibetha{1}=zbetha,;

I=eye(N+1,N+1);

alpha{1}=eskialpha{1};

betha{l}=zeros(N+1,N+1);

damaq{1}=eskibetha{l};

alpha{2}=inv( 10*alpha{1}-15*I ) * ( -6*I-10*betha{1} );
betha{2}=inv( 10*alpha{1}-15*I ) ;

dama{2}= inv( 10*alpha{1}-15*T )*(-10*dama{1}) ;

for n = 2:M-2 ; mat = inv(C 4 D*alpha{n} +...
E*betha{n-1}+ E*alpha{n-1}*alpha{n}) ;

alpha{n+1} = - mat *(B +D*betha{n}+ E * alpha{n-1}*betha{n} ) ;

betha{n+1} = - mat*A ; dama{n+1} = -mat*(-F*fii(:,n)+D*dama{n}+...

E*alpha{n-1}* dama{n}+E*dama{n-1} ) ;

end;

I=eye(N+1,N+1);

U{M}=inv( inv(4*I[-alpha{M-1})*(3*[+betha{M-1})-...
inv(9*I-betha{M-2}-4*alpha{M-2})*(8*I-3*alpha{M-2}))*...
(-inv(4*I-alpha{M-1})*(dama{M-1}) + ...
inv(9*I-betha{M-2}-4*alpha{M-2})*dama{M-2});

U{M-1}= inv( inv( 3*I+betha{M-1})*(-4*I 4 alpha{M-1} )+...
inv( 8*I-3*alpha{M-2} )* ( 9*I-betha{M-2}-4*alpha{M-2} ))*...
( -inv( 3*I+betha{M-1})*(dama{M-1} )+...

inv( 8*-3*alpha{M-2} )* ( dama{M-2} ) );

for n = M-2:-1:1 ; U{n}= alpha{n+1}*U{n+1}+...
betha{n+1}*U{n+2}+dama{n+1}; end;

UO= alpha{1}*U{1}+ betha{1}*U{2}+dama{l};

forz=1: M; p(:,z+1)=U{z}; end; p(:,1)=U0;
time2=cputime;

time2-timel

%% % %% %% %% EXACT SOLUTION OF THIS PDE  %%%% %% %% %

for j=1:M+1;

for k=1:N+1;
t=(k-1)*tau;

x=(j-1)*h;
es(k,j:j)=exp(-t)*cos(x);

end;

74
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end;

%%%% % %% %% %% END EXACT SOLUTION %% %% % %% % % %% %
%% % %% %% % %% %% ERROR ANALYSIS %% % %% %% % %% %% %%
abs(es-p)

maxes=max(max(es)) ;

maxapp=max(max(p)) ;

maxerror=max(max(abs(es-p)));

relativeerror=maxerror/maxapp;

cevap = [maxes,maxapp,maxerror,relativeerror]

%%%% %% %% %% %% GRAPH OF THE SOLUTION %% % % %% % % %%
[xler,tler]=meshgrid(0:h:pi,0:tau:1);

table=les;p];

table(1:2:end,:)=es;

table(2:2:end,:)=p;

q=min(min(table)); w=max(max(table));

figure;

surf(xler,tler,es);

titleCEXACT SOLUTION);

set(gea, ZLim’ [q w]);

rotate3d;XLabel ("x axis’);

YLabel(’t axis’); figure; surf(xler,tler,p);

title('SEC.ORD. APP. SOL. GEN. BY 5 POINTS’);

rotate3d ; set(gca, ZLim’,[q w]);

XLabel(’'x axis’);YLabel(’t axis’);

%% %%%%% % % % % %% %% END GRAPH %% %%%% % % % % %% %% %
%%%% % %% % %% % % %% SUB FUNCTIONS %% % % %% % % %% % %%
function gt=g(t)

gt=1;

%ofunction ftx=f(t,x)

Y%oftx=2%(exp(-t))*cos(x);

%function exact=exf(t,x)

Yoftx=2%(exp(-t))*cos(x);

4.4 COMPARISON OF THE RESULTS

Now, we will give the results of the numerical analysis. The exact and numerical solutions
are given in the figures 4.1, 4.2, 4.3 and 4.4 for N = M = 20 time and space intervals.



EXACT SOLUTION

taxis NS

Figure 4.1:

Exact Solution

EULER-ROTHER

35

t axis

X axis

Figure 4.2:

Solution by the first order of accuracy difference scheme.

76



7

SECOND ORDER APPROXIMATE SOLUTION

t axis X axis

Figure 4.3:

Solution by the second order of accuracy difference schemes (4.11).

MODIFIED SECOND ORDER APP. SOL.

t axis

Figure 4.4:

Solution by the second order of accuracy difference scheme (4.14).
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Appearntly all the waveforms seem equivalent. For their comparison, the errors com-
puted by
N _ ok
B = lgngErll%}ginngl ‘u(tk,xn) u”‘
of the numerical solutions and the computer cpu time are recorded for different values of
M = N, where u(ty,x,) represents the exact solution and u* represents the numerical
solution at (tg,x,). The result are shown in Tables 4.1, 4.2, 4.3 and 4.4 for N = M = 20,
93, 200 and 300 respectively. The simulation result are obtained by a PC Pentium (R)
4CPV, 3.00 6Hz, 2.99 6Hz, 512 MB of RAM.

Table 4.1. Comparison of the errors and cpu times of different difference schemes for
N =M = 20.
Difference schemes Ef; N CPUtimes(s)
The first order of accuracy difference scheme (4.4) 0.0143 | 0.27
The second order of accuracy difference scheme (4.11) | 0.0013 | 0.23
The second order of accuracy difference scheme (4.14) | 0.0039 | 0.26

Table 4.2. Comparison of the errors and cpu times of different difference schemes for
N =M = 93.
Difference schemes EY N CPU times (s)
The first order of accuracy difference scheme (4.4) 0.0039 | 0.8
The second order of accuracy difference scheme (4.11) | 0.0001 | 0.8
The second order of accuracy difference scheme (4.14) | 0.0017 | 1.1

Table 4.3. Comparison of the errors and cpu times of different difference schemes for
N =M = 200.
Difference schemes Ey N CPU times (s)
The first order of accuracy difference scheme (4.4) 0.0019 | 14
The second order of accuracy difference scheme (4.11) | 0.0000 | 11
The second order of accuracy difference scheme (4.14) | 0.0005 | 13

Table 4.4. Comparison of the errors and cpu times of different difference schemes for
N = M = 300.
Difference schemes Ey N CPU times (s)
The first order of accuracy difference scheme (4.4) 0.0013 | 245
The second order of accuracy difference scheme (4.11) | 0.0000 | 34
The second order of accuracy difference scheme (4.14) | 0.0003 | 62

All recorded cpu times are on the arrange base with an error less than F15 %, which
does not effect the conclusions stated below basically.

Comparison of the reslut in these tables reveal the following factors.

i) For N = M = 20, although the cpu times of all three difference schemes are more
or less equal the second order of accuracy difference schemes produces 0.0143/0.0013 = 11
times smaller error than the first order of accuracy difference scheme. For the second order
of accuracy difference scheme generated by 5 points this ratio reduces to 0.0143/0.0039 =
3.6 times.

ii) To have the same accuracy of computation of the second order of accuracy difference
scheme generated by 5 points and N = M = 20, the first order of accuracy difference
scheme needs N = M = 93 intervals and 0.8/0.26 = 3.07 times larger cpu time.
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iii) To have the same accuracy of computation of the second order of accuracy difference
scheme generated by 3 points with N = M = 20, the first order of accuracy difference
scheme needs N = M = 300 intervals and 245/0.23 = 1065 times larger cpu time.

iv) All cpu times exceed 1s after aporximately N = M = 100.

v) CPU time for the first order of accuracy difference scheme increases drantically
for large values of N = M is much larger that needed for the second order of accuracy
difference schemes.



CHAPTER 5

CONCLUSIONS

This work is devoted to study the stability of the difference schemes for the approximate
solutions of the initial value problem for hyperbolic equations with ¢t dependent coefficients.
The following original results are obtained:

e The second order of accuracy difference schemes for the approximate solutions of
the initial value problems for hyperbolic differential equations in a Hilbert space are
presented.

e The theorems on the stability estimates for the solution of these difference schemes
and its diference derivatives are established.

e The Matlab implementation of these difference schemes generated by three and five
points are presented.

e The theoretical statements for the solution of these difference schemes are supported
by the results of numerical examples.
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