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M S, Thesis-Mathematics
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Supervisor: Asist. Prof Ibrahim KARATAY

ABSTRACT

In this study, methods for analytical and numerical solutions of the Fractional Dif-
ferential Equations are investigated. These methods are Green’s Function Method,
Adomian Decomposition Method, Power Series Method and Finite Difference Method.

Also, they are illustrated with a special type of fractional differential equation
AD}x (t) + BD}*x (t) + Cg (x) = f (¢),

where A # 0 and B, C € R which is known as Bagley-Torvik equation. The results

are compared both numerically and graphically, computer programmes and algo-

rithms are presented.

Keywords:  Fractional differential equations, Bagley-Torvik equation, Green’s

Function method, power series method, ADM, FDM.
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oY/

Bu ¢aligmada Kesirli Mertebeden Diferansiyel Denklemlerin analitik ve sayisal ¢oziim
yontemleri aragtirilmistir. Bu metodlar Grenn’s Fonksiyonu Metodu, Adomian De-
composition Metodu, Kuvvet Serisi Metodu ve Sonlu Fark Semalar1 Metodlaridir.

Coziim yontemleri Bagley-Torvik diye bilinen
ADZx (t) + BD)x (1) + Cg (x) = f (1),

A # 0ve B,C € R 6zel bir kesirli mertebeden diferansiyel denklem ile 6rneklendirilmisgtir.
Sonuclar sayisal ve grafiksel olarak karsilagtirilip, bilgisayar programlari ve algorit-

malar1 yazilip uygulanmigtir.

Anahtar Kelimeler: Kesirli mertebeden diferansiyel denklemler, Bagley-Torvik
denklemi, Green’s fonksiyon methodu, kuvvet serisi metodu, ADM, sonlu fark semalar

metodu.
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INTRODUCTION
FRACTIONAL CALCULUS

Recently, the study of fractional calculus achieves a wide range of applications
in many areas. Especially, in physics, chemistry and engineering it becomes a
popular subject. The history of it began with a letter from L’Hospital to Leibniz in
which is asked the meaning of the derivative of order 1/2 in 1695. In 1738, Euler did
the first attempt with observing the result of the evaluation of the non-integer order
derivative of a power function z* has a meaning and right after in 1820, Lacroix
repeated the Euler’s idea and nearly found the exact formula for the evaluation
of the half derivative of the power
function x®. Then, first definition for the derivative of arbitrary positive order
suitable for any sufficiently good function, not necessarily a power function was

given by Fourier (1822) as

d* f(x)

dz®

= % /_Z AYdN /_Z f(t) cos(A\x — tA + am/2)dt. (1.1)

Near all these studies, the first solution of a fractional order equation was maden
by Abel in 1823 with the formulation of the tautochrone problem as an integral

equation

Toe)
/a (:L’——t)“dt = f(x), r>a,0< n < 1. (12)
After 1832, applications of the fractional calculus to the solution of some types of
linear ordinary differential equations was seen in the papers of Liouville. His initial

definition based on the formula for the differentiating an exponential function



which may be expanded as the series f(z) = > cpe™” is
k=0

D%f(x) = Z crape™®, for any complex a. (1.3)

k=0
Starting from the definition (1.3), he obtained the formula for the differentiation of
a power function and fractional integration which is known Liouville’s first formula

1 o
D™ f(x) = o /0 olr +t)t*1dt, —oco<x<oo,Rea>0. (1.4)

(=1)°T
Next, Riemann’s expression which was done when he was a student in 1847 has
become one of the main formula with Liouville’s construction. Riemann had lastly

arrived the expression:

L[ e
)/0 ( dt, x > 0. (1.5)

Studies on fractional calculus achieved a significant and suitable level for
modern mathematicians after 1880’s. Being more applicable and veritable greatly
enhanced the power of fractional calculus. Therefore, need of efficient and reliable
techniques to solve the problems which are modeled with fractional integral and
differential operators occur. Liouville was the first person who tried to solve
fractional differential equations as mentioned above. Then, some books written
by the authors Samko, Kilbas, Marichev [17], Podlubny [10], Miller and Ross [11],
Oldham and Spainer [12] played a considerable role to understand the subject and

gave the applications of fractional differential equations and methods for solutions.

The present study is starting with basic definitions for fractional calculus like
as Gamma, Beta, Mittag-Leffler functions and definitions of methods that are
used for solving ordinary-type fractional differential equations called extraordinary

differential equations.



The methods are illustrated with a well-known equation:

AD?x (t) + BD%z (t) + Cg (v) = f (t), (1.6)

where A # 0 and B,C € R,a > 0, which is known as Bagley-Torvik equation. It
is one of the most popular fractional differential equation because of it’s physical
meaning and being easily modified to see the different analogies of fractional differ-
ential equations. Bagley-Torvik equation has a well-known application which is a

rigid plate of m immersed into an infinite Newtonian fluid [46], [1].

Firstly, we will consider a motion of an infinite plate in a half-space Newtonian
viscous fluid as shown in Fig. 1.1. to show the shear stress in the fluid can be
expressed directly in terms of a fractional-order time derivative of the fluid velocity

profile.

+z

Figid plate

Mewtonian
Fluid :

L J
w

Figure 1.1 . Infinite plate in a half-space Newtonian viscous fluid



The equation of motion of the half-space fluid is the diffusion equation,

dv(z,t)  0%v(zt)

where p is the fluid density, p is the viscosity and v(z,t) describes the transverse
fluid velocity as a function of z and ¢. Taking the Laplace transform of the equation

(1.7) and using the following rule for the treatment of time-derivatives,

o [20

] — SLIF(0)] — (= 0). (1.8)

one obtains

2

psL[v(z,t)] — pv(z,t =0) Llv(z,t)]. (1.9)

=iz
Bagley and Torvik assumed the initial velocity profile in the fluid to be zero, thus
the equation (1.9) reduces to

2

psL [v(z,t)] Lv(z,t)]. (1.10)

=g
Since the Laplace Transformation is evaluated with respect to the time variable only,
the following representation for the velocity profile with respect to the depth z can

be used:

v(z,t) = v(t)e (1.11)
— L[v(z,t)] = L [v(t)] (1.12)
— @E [v(z,1)] = MM L[v(t)] (1.13)

After insertion of (1.12) and (1.11) in (1.10) the following algebraic equation can be
obtained for the unknown parameter \.
5p

pseLv(t)] = uNeLv(t)] — X = m (1.14)
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From the boundary condition that the velocity of the fluid at z = 0 matches the
prescribed velocity of the plate, v,(t), the complete velocity profile can be derived

v(z = 0,t) = v(t) = v,(t) — v(z,t) = v,(t)eV 5", (1.15)

In the next step, the shear stress relationship of the Newtonian fluid

(2 t) = Mavéfz’ t) (1.16)

is transformed into the Laplace domain using the above results.

£loz.0) = LV T L 0(0)] = VERVAL () (117)

Equation (1.17) can be written as:

Lo(z,1)] = m%g [0(z,1)] (1.18)

Now, the following two transforms can be identified in the equation (1.18):

SL[v(z,1)] = £ [8”;’ t)} (1.19)

% -~ [m/lz)ﬂ} (1:20)

Using (1.19) and (1.20), it can be obtained as:

L[o(z0)] = ViipL {m} Lli(z1)]. (1.21)

The product of two transforms in (1.21) corresponds to the following convolution

when evaluating the inverse transformation:



o(z,t) = WF(11/2) /0 - f(gde_ (1.22)

Since the initial profile was assumed to be zero, the equation (1.22) can be written

as:

B 1 d [" v(zt)
N = VIR ), e

= \/,upODtlmv(z,t). (1.23)

In (1.23) a fractional derivative of degree @ = 1/2 can be identified within the
shear stress-velocity relationship of a half-space Newtonian fluid. It is important
because the fractional derivative is used to describe a real physical system, which

was formulated in a conventional manner.

Now, we will consider a rigid plate of m immersed into an infinite Newtonian
fluid as shown in the Fig. 1.2. The plate is held at a fixed point by means of a

spring of stiffness k.

It is assumed that the motions of the spring do not influence the motion of
the fluid and that the area A of the plate is very large, such that the stress-velocity
relationship (1.22) is valid on both sides of the plate. Equilibrium of all forces acting

on the plate gives
mii(t) + ku(t) + 2A0(z = 0, 1). (1.24)
Substituting the equation (1.23), it can be obtained as:

mii(t) + ku(t) + 2A\/,up0Dt1/2v(z =0,t)=0 (1.25)



o

Figure 1.2 . A rigid plate of m immersed into an infinite Newtonian fluid
with
v(z =0,t) = u(t), (1.26)

a fractional differential equation of degree o = 3/2 follows for the displacement of a

rigid plate immersed into an infinite Newtonian fluid.
mii(t) + ku(t) + 24/ ip, D} ult) = 0. (1.27)

Our examples are concerned with the differential equations of order 3/2 like as the

equation (1.27).

In the third chapter, the stability estimates are done for both the differential

and difference equation for Bagley-Torvik equation.

In the fourth chapter, the Green’s Function method is defined to find the

analytical solutions of Fractional Differential equations. It is investigated for



one-term, two-term, three term and n-term equations. The analytical solution can be
find with the help of Mittag-Leffler function and Laplace transform. Taking Laplace
transform of the fractional differential equations is noted in the beginning of the
chapter. Then, the method is applied to Bagley-Torvik equation, as an example of
three-term equation and their algorithms, maple programs and graphical solutions

are implemented.

In the fifth chapter, the Adomian Decomposition method is set to find the
solutions of the Fractional Differential Equations. Relationship between finding
the Adomian polynomials and Taylor series expansion of a function is investigated.
Tools for the method is explained and method is applied to the Bagley-Torvik
Equations. Algorithms, maple programs, and graphical solutions are implemented

for the examples.

In the sixth chapter, the Finite Difference Method is defined for finding
the numerical solutions of the Fractional Differential Equations. Fractional order
finite difference is defined and first-order backward difference is used. Furthermore,
to accelerate the computation Short Memory Principle is explained and applied
graphically with the examples. Algorithms, maple programs, graphical solutions

and error analysis are implemented.

In the seventh chapter, the Power Series Method is defined to find the series
solution of the Fractional Differential Equations. First, equation is written in the
form of a power series, then results are found. Algorithms, maple programs and
graphical solutions of the example equations are implemented. Lastly, conclusions

about the methods are explained in the conclusion part.



CHAPTER 2

SOME BASIC DEFINITIONS

2.1. PROPERTIES OF SOME SPECIAL FUNCTIONS

Here, some definitions and mathematical properties of special functions are
given useful for numerical computation of fractional operators. More extensive

information about special functions and their computations can be found in the

books by Andrews [18], Zhang and Jin [19].

2.1.1. The Gamma Function

The Gamma function is very important function appearing by itself in physical
applications, denoted by I'(z). The Gamma function has common definitions which

are equal and most of them are related to Euler’s works.

However the Gamma function first was defined by limit definition due to

Gauss(1777-1855) :

Definition 1.

, nln®
I(z) :nlLIEO 2(z+1)(z+2)..(2+n) (2.1)

In the last equation there is an obvious restriction that (2.1) cannot be defined

at negative integer values of z, but for all other values we can easily compute.

Although z is restricted in to only positive values, most popular definition of
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the gamma function is integral transform definition.

Definition 2. Integral representation of I'(z) is

['(z) = / ettt Rez >0 (2.2)
0

['(z) is a continuous function for all z € C, for which Rez > 0. Also, the

equation (2.2) can be extended by analytic continuation to the case Re z < 0.

In addition to the definitions above, we can derive the following formula by

setting ¢ = u? and dt = 2udu in the equation (2.2):

'(z) = / ey 2y dy = 2/ e’“QuQZ’ldu, z>0. (2.3)
0 0

from equation (2.3)

[(x)(y) = (2/ e“2u2x1)(2/ e~ v N dudv x>0,y>0.  (24)
0 0

Now let us write last equation in terms of polar coordinates variables (r, 6) :

u =rcosf
v =rsinf
equation (3.18) now becomes:
w/2 0o 5
M(2)T(y) = 4 / (cos 0)2~ (sin )20~ / TR g gy (25)
0 0

Since

2/ e 2@ = D(z + y), (2.6)
0
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we have

I'(z)I'(y) " 201 (. p\2y—1
L = )" 0)*= de 2.
I /0 (cos0)“"*(sin ) : x>0,y >0 (2.7)

and if we write z = 1/2 | y = 1/2 into the equation (2.7), we can get the value of

['(1/2) which is important for evaluating other values:

(1/2 1/2 :/0 28)

(1/2 = V. (2.9)

Properties of The Gamma Function.

1. Recurrence Formulas:

When we write z = 1 in the equation (1), then we have

|
(1) = lim nn — lim
n—oo 1.2.3...n(n + 1) C nsocon 41

r(1) =1, (2.10)

other values of I'(z) can be easily obtained from the recurrence formula deduced

by substituting z + 1 into z:

z+1

. nln
I(z+1) = ,}EEO (z+1)(z+2)...(z4+n)(z+n+1)

) nz ) nln?
im —— . lim
n—oo 2 +n-+1 n—ooo Z(Z—l—l)(Z—i—Tl)

T(z+1) = 2T(2) (2.11)
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If we combine equations (2.11) and (2.10) we get

F(z+1) =zl z2=0,1,2... (2.12)

From the equation (2.11), gamma function can be defined over the interval

z > —n(except z=10,1,2,....,—n + 1) as
I'(z+2)
r )= — -1 -1 2.13
rp="Cr sy (2.13)

then one more we can combine equation (2.13) and equation (2.11):

I(z) = % 2> -2 2A40,-1 (2.14)

Using these expressions, we can find another recurrence formula for gamma

function:

I'(z+n)
2+ 1)(2+2)...(24+n—-1)

I'(z) = 2.15
&) =3 (215)

2. Binomial Formula:
If z is not a positive integer we can write the binomial coefficient related to

gamma function as:

—2 ['(1-2)
— 2.1
(7’) Cir+ 1)1 —2z—r) (2.16)
3. Reflection Formula:

T(:)I(1—2) = — 24 (0,£1, 42, ...) (2.17)

sin(mz)

4. Legendre Duplicated Formula:

[(2z)y/7 = 22*7'T(z + 1/2)T(z) (2.18)
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2.1.2. The Beta Function:

Definition 3. The Beta function is a two variable function defined as:

1
Blx,y) = / "1 — )t x>0,y>0 (2.19)
0

Properties of the Beta Function

1. Beta function is a symmetric function, i.e.,

B(x,y) = By, ) (2.20)

2. Beta function can be evaluated in terms of the gamma function:

L(2)C(y)

e (2.21)

Blx,y) =
2.1.3. Mittag-Leffer Function:

Definition 4. A two-parameter function of the Mittag-Leffer type is defined by the

series expansion:

NV
E ﬁ—;Ferm, (2.22)

where (o > 0,5 > 0).And (k)th derivative of the function is:

- + k)l
EY), = U k=0.1.2..). 2.9
;Mﬁakw) (k=012,..) (2.23)



2.2. Riemann-Liouville Fractional Operator
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The historical survey of the Riemann-Liouville definition is mentioned in

the introduction part. In this section, most used definition and it’s origin denoted.

First, let us consider a continuous function y = f(¢). According to the well-

known definition, the first-order derivative of the function f(¢) is defined by

P PO

f”(t)_W:hli% h
:hml{f@)—f(f—h)_f(t—h)—f(t—zh)}
h—0 h h h
g LB =2f (G = h) + [ (E=20)
h—0 h2 .

Using (2.24) and (2.25), we obtain third-order derivative

f,,,<t)_d?’_f:hmf(t)—3f(t—h)+3f(f—2h)—f(t—3h)

a dt3 h—0 h3 ’

and, by induction, n — th order derivative can be obtained as:

where

is the usual notation for the binomial coefficients.

(2.24)

(2.25)

(2.26)

(2.27)

(2.28)

Let us now consider the following expression generalizing the fractions in (2.24)
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to (2.27)

1 0= v (V) e, (2.29)

p
T

where p is an arbitrary integer number; n is also integer, as above.

Obviously, for p < n we have

_ 7

lim £ (1) = £ (1) = 5 (2:30)

because in such a case, as follows from (2.27), all the coefficients in the numerator

after (Z) are equal to 0.

Let us consider negative values of p. For convenience, let us denote

. T! (2.31)

(p) _plp+1l)..(p+r—1)

Then we have

<_p) _ plep—1). '(—p —r+l) (1) <p> (2.32)

and replacing p in equation (2.29) with —p we can write

n

OE % > (f) ft—rh), (2.33)

r=0

where p is a positive integer number.

If n is fixed, then f}(;p ) (t) tends to the uninteresting limit 0 as h — 0 . To
arrive at a nonzero limit, we have to suppose that n — oo as h — 0 . We can take

h = t_T“, where a is a real constant, and consider the limit value, either finite or
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infinite, of f}(L_p ) (t) which we denote as

: (=p) _ —p
Jim 57 (0= D), (2.34)

Here D, ”f(t) denotes, in fact, a certain operation performed on the function; a

and t are the limits relating this operation.
Let us consider several particular cases:

For p = 1 we have:

K@ =hd" f(t—rh). (2.35)

Taking into account that ¢ — nh = a and the function f (¢) is assumed to be

continuous, it can be concluded that

tm S0 = DO = [ e=2de= [ @ @)

nh=t—a

Let us take p = 2. In this case

2 2-3-...24+r+1)
<7’> B 7! =l
and we have:
Fo () =n Y (r+1)hf (t—rh). (2.37)
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Denoting t +h =y

n+1
P(t)y=hY_(rh) f(y—rh) (2.38)
r=1
and taking h — 0 it will be
T 70 =2 D77 ) = / S af (-2 de = / (t—7)f()dr,  (239)

because y — t as h — 0.

The third particular case, namely p = 3 , will show us the general expression

for oD 2f (t).

Taking into account that:

(3):3-4-...(3+T+1):(7“—1—1)(7"4—2)7 (2.40)
r 7! 1-2
we have
(-3) h N 2
7= ) (r+1)(r+2)h°f(t—rh). (2.41)
r=0
Denoting as above, t + h = y we write
h n+1
(=3) _ 2
£ (t)_ﬁ;r(rﬂ)h fly—rh). (2.42)
Expression (2.42) can be written as
- 2
b (t):ﬁ;(rh) fy —m)+ﬁzrhf(y—m). (2.43)

r=1
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Taking h — 0 we obtain

1 t—a t
aDt_gf(t)za/ ZQf(t—z)dz:/ (t —7)dr, (2.44)
+JO a
because y — t as h — 0 and
h2 n+1 t
Ml}gréa e 2. rhf(y —rh) = nflfl_it%ah/a (t—7)f(r)dr =0. (2.45)

Relationships (2.37)-(2.45) suggest the following general expression:

DPF () = lim WY m f(t—rh)_ﬁ / (t—7)" f(r)dr. (2.46)

nh=t—a r=0

Riemann and Liouville continued this result with replacing the discrete factorial

(p — 1)! with Euler’s continuous gamma function

DIt = ﬁ / (t— 7)1 f(r)dr (2.47)

To obtain differentiation of fractional order, we can write

mn

DI = oo D)

1 dar

- T, O

If we take the lower limit 0, we can obtain the most used formula:

oDE() = st [ (= (e,



CHAPTER 3

STABILITY OF THE PROBLEM

3.1. The Stability of the Initial-Value Problem for Bagley-Torvik

Equation

We consider the initial value problem for Bagley-Torvik equation

{Dfu (t) + 3D %u () + 3u(t) = £ (1), (3.1)

Note that Dyu (t) = /().

Then, we can rewrite it

{Dfu (1) + Lu(t) = f(t) — 1D u(t),
w(0) =0, w'(0) =0

Solving it, we get

u(t) = cos ?tu(O) +v/2sin gtu’(O)—i— (3.3)
++v2 [ sin Q(t —5) (—%u3/2(s) + f(s)) ds.

0 2
Using the last formula, we can write

u'(t) = —g sin £tu( 0) + cos \gtu’(O) (3.4)

+ /Ot cos ?(t —5) (—%U3/2(5> + f(3)> ds

19
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and

a2\ "2

W) = d1/2 ( V2 ?

+ / Cos;sl_/g (—%u3/2(5)+f(5)) ds.

So, from the equation (3.5), an estimate for u(*? can be written as

E41/2 §1U2 [y (5)| ds

172 |2 (1) < T [u(0)] + —= \/— ' (0)] + T S s (3.6)
L[PG ds
o VL=
where 0 <t <T.
Here, consider the function z(t);
12(t)] = [¢/2u®2 (1)) . (3.7)
Then,
1/2 d 1/2 d
(0] < )]+ = o)+ [ o EEE L LU g
Since, we have
L2 f(s)| ds t/2 ds
o V- = VO | g 39
T
< U oz O

and

t ds 11
/(; —31/2(t — 5)1/2 — B (5, 5) 5 (310)
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we can obtain
b T 22(s)ds
2(t)] = C +/0 S — 512

C1 < —= ma |0)] + = lu(0)] + o= |

<o) [max O]+ [a(0)] + [/ (0)]

0<t<T :|

(0)| (0)

(3.11)

or

(0] < Cret™ < C(T) [max ()] + Ju(O)] + ru'<o>\]

0<t<T

<M [max |f(t)] + |u(0)] + \u’(O)]} : (3.12)

0<t<T

Using the last estimate, we rewrite |u®/?(t)|

| < M 1FO]+u(0)] + [0 O))

s (3.13)

Next, we can obtain that the solution of the problem (3.2) satisfies the stability

estimate:

M [maxo<p<r [f(£)] + [u(0)] + [/ (0)]]
VT

+ T max | f(t)] (3.14)

_ [maxOgtgﬂM +T) | f(E)] + (M + 1) [u(0)] + (M + v2) [/ (0)]]

[u()] < [u(0)] + V2 |u/(0)] +

Lastly, from the triangular inequality, we can obtain an estimate for u”(¢) :

()] < [maxoce<r (M +T) | ()] + (M + 1) [u(0)] + (M + v2) [u'(0)]]
- VT
L Mmaxogrer || + (O] + O] o

\/T 0<t<T

+ (3.15)

Using (3.13), (3.14) and (3.15), we get the following stability inequality for the
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solution of (3.2)

lu(t)], {u@)(t)‘ , |u(3/2)(t)‘ < Alu(0)| + B |/ (0)] + C max |f(t)], (3.16)

0<t<T

where A, B and C' are constants.

Now, we will consider the approximation formulas for the solution of (3.2).
Using the fixed-point iteration, we can prove that (3.2) has a unique solution w(t)

and

u(t) = lm wu,(t), (3.17)

n—oo

where u,(t) defined by

un(t) = cos \/TEtu(O) +V/2sin \gtu'(O)—l—

t 2 1 4
+ \/5/0 sin \/7_(15 —3) (—iui/_zl(s) +24 5%+ ﬁ81/2> ds, (3.18)

n=1,2,3,... and ug(t) is given.

Here, we will consider (3.2) with f(¢) = 2 + ¢ + \%tl/Q. Using (3.18) and putting

ug(t) = 12, we get

uy (t) = t°. (3.19)
Let u,_1(t) = t?, so by induction
u,(t) =12, n=1,23, ... (3.20)
is obtained. Then,
u(t) = lim u,(t) = lim ¢* = t*. (3.21)

n—oo n—oo
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3.2. The Stability of the Difference Scheme for Bagley-Torvik Equation

Using the formula

1

412
h20(1 -1 /2

Mw

/ P12t — 1) (3.22)
A

n=1

and approximate formulas for u”, we get a second order difference scheme for the

numerical solution of (3.2):

k
un+172un+un—1 1 O 4 k—n—1/2 -t
h2 +2n 37 T(i— 1/2 Z_: f t Petdt(up — 2up 1+ Un_2)

+§un+1 = fna

Uy = O, wu_t = (),

h
(3.23)
Then, we can rewrite it
Un+41— 2Up+Up—1
—g Un ns
i ey (3.24)
— O Ul —ug UO — O
and
Un+1—2Un+Un—1
g T Un ns
& ey (3.25)

Ug = Ca ul;uo = ’lvb

k
where ¢, = f, — %h3/2 g 1/2 > = n)! fo th=n =126t At (1, — 20p— + Up_2)

n=1

Suppose that

Uy, = Uy, + Wy, (3.26)



If we take

then we obtain

2

h
qn+1 - Qqn + qn—l =+ ?qn—i-l — 0’

h2
qn—l ((1 + ?)QQ — 2q + 1) = 0.

So, the roots of the equation (3.28) are

1+i/R22

D2= ey T

where r = ,/HTIQ/W tang = /h?/2.

Since y/—h?/2 < 0, the solution of the difference equation will be

sin ¢ sin ¢ —
1=

sin(l —n sinn " sin(n — i -
_ ( )Qprnc_i_ ¥ nw_{_ (Z ( )(prn—z—H
sin

24

(3.27)

(3.28)

(3.29)

(3.30)

%) h?. (3.31)

Taking the fractional derivative of both sides of the last formula, we can write

k

k—n—a _ —t Up — 2un—1 + Up—2
1 ~a) Z / thn=ae =ty ( rars

1 e in(1 —
)'/ tkfnfaeftdtsul( : n)(prné-
0

n=1
1 1
h32T(1 — )

Mw

(k—n)! sin ¢

1

3
Il

. 1 1
WET(1— a)

]~

(k—n)!

sin
1 ¢

3
I

k

=1

1 1 1 T sin(n —i)p
h2 tk: n—o tdt e i+1
TR T —a) ; (k— n)! /0 ‘ (Z sin Ji

1 [eS)
),/ tk n—o —tdtSIH( )90 n¢
0

)
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k
11 1 1 o
- h2 tk—n—a _tdt
2132 T(1—a) & (k—m!/o ‘

n=1

“~sin(n —i)p ,_ ;. 1 d 1 /°° e—n—or —t Uy — 2Up g + Uy
n— t n—«x dt
(Z sin ¢ " I'l—a) ; (i—2)J, ‘ h3/2

=1

11 &1 o0 sin(2 — n)y
~2 oot dp 3.32
h3/21“(1—04);(k;—n)!/0 ¢ sin ¢ e (3:32)
k
1 1 1 _, .sin(n)p
—9 tk n-a, tdt e 1
h3/2F(1—oz)Zl(k:—n)!/o sin ¢ 4

n

5 1
h?’/2 'l —a)

n—1 . .
RO sin(ln—1—14)p , ...
tk n—o tdt n—i

=1
/ th=r=ee=tqt
n=1 _n

~— sin(n — 1 — Z)go 1 : 1 /°° oo 1 Uy — 22Uy 1 + Uy o
TL 7 t Z—x dt
(Z sin I'l—«) ; (t—2)J, ‘ h3/2

Mimw

h3/2 I'(l-a)

i=1

k
1 1 _, .sin(3 —n)p
tk n—a, tdt P 2
h¥2T(1 - a) ; (k —n)! / sin ‘
k
+ Z / tk n—o —tdtSIH( )90 e Qw
h3/2F1—a ) = (k—n)! Jo sin ¢

1 1 i 1 e = sin(n — 2 — i)y
2 k—n—a  —t e n—1—i p.
T F(l—a)z(k—n)!/o et (Z sng f’)

n=1 i=1
k
11 1 1 *°
- h2 tk—n—a _tdt
2 B3/ r(1—a);(k—n)!/o ‘
n—2 %
sinfn—2—4d)p , ;. 1 1 /°° et Uy — 2Uy 1 + Uy_o
n 7 t'L Z—x dt
(; sin ¢ " I'l-—a) ; (i—2)!'Jy ‘ h3/2
Denoting
1 i 1 o Up — 2Up_1 + U
— tk—n—cx —tdt n n—1 n—2
& G g e (N

n=1

the equation (3.32) will be
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o L
T BRI - a)

M)~

1 /OO tk—n—ae_tdt Sin(l )90 nC
(k—n)!J, sin ¢

1 / tk n—a ftdtsul( )90 nw
(k—n)!J, sin

1

n

R
WRT(1— )

E

1

k n .
1 1 1 * hen—a - Zsm( i)y
h2 tk n—o tdt S ’I'L i+1
* h3/27 T(1 - «) Z (k—n !/ ‘ (i:l sin fi

3
Il

n:l
11 k " sin(n — i) 1
2 tk—n—a _tdt SN Y)Y o n—i+l & ;
2h3/2 I'l—«) ; / ‘ ; sin ¢ " I'(l—a) &
9 1 1 Zk: 1 /OO tk:fnfa ftdtSin(z — TZ)QD n< (3 33)
— e N A .
h32T(1 — ) “— (k—n)! Jo sin ¢
k .
1 1 1 . osin(n—1)p
-9 tk n—ao tdt— n
h3/2F(1—a);(k—n)!/0 ‘ eV
k n— . .
o —1—=0¢ , ;..
tk n—a, tdt Sln(n n—i
k n—1 . .
1 1 3 sinln—1—14)p , .,
h2 tk n— a tdt n—1 i
h3/2 1“<1 _ a ; _ n)' /0 (; Singp r ‘Z |>

k .
1 1 1 et ,SIN(3 —n)p
tk n—a tdt "
* h3/2 I‘(l—a);(k:—n)!/o ‘ sin ¢ ¢
k .
1 1 1 et nSin(n —2)p
tk n—ao tdt rn
* h3/2 F(l—a);(k—n)!/o ‘ sin ¢ ¥

k n—2 . .
1 k—n—a 7t Sln(n —-2— Z)SO n—1—i ¢,
- h3/2 1 —a) Z / t dt (Z sin ¢ " fi

k n—2 . .
11 2 kot sinfn—2—14)p , ;.
E T YTt E " “lzl ).
h3/2 ['(1—a) — / ¢ (i:l sin " 2

Putting a = 1, we have

T (S ) |
(k—n)!/ot e s TRy

and for « =0

1 k—n)!
/ prong-tgy = EZmb g (3.34)
'Jo n)!
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So, we obtain a formula for & = 1/2 from interpolation theory

o 1
tk—n—1/2 _tdt < -
(k —n)! /0 © U=k oa

Then, we can write an estimate for z

1 sin(l1 —n)y ,
h3/2F Z kL —n sin ¢ ¢
sin(n)y
h3/2F1—a Z\/ k—mn sing Y

1 h 1 - Sin( )Spnzl
a2 Vi k—n(ZI: sin +fz>

1 1 "k 1 " sin(n — i) 1
- - e — n—+1 -
2F(1—a);\/ﬁ\/k—n (; sin " (1 —a) |ZZ|>

1 sin(2 — n)y
2 n
i R32T(1 — a) Z Vk—n  singp e
1 sin(n—1)p ,
Wf(l—a);\/k—n sin ¢ Y

27

(3.35)

1 & h 1 o0 ~—sin(n —1—1i)p
) P — _ tk—n—a _tdt n—i p-
- ['l—a) Z h(k—n)!/o ‘ (Z sin ¢ " fz)

i=1

1 1 Z kl sin(3 — n)@rnc

(3.36)
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Since

2 (k:}in)hS/o 1dt—t:2 330

and from initial conditions are 0, then

< — . .
< g U+ Z =T (3.33)
From discrete analogies of integral inequalities, we obtain
8 Zk 1 h
|Zz| < — max |fz| € V(k=mh (339)
T 0<i<N
8
< = . A4
|zl < — max |fil (3.40)

Next, from the last estimate we can construct the following stability estimate

for the solution of (3.2):

4
< — . .
ual < (1+ ) mav il (3.41)

Lastly, from the triangular inequality a stability estimate can be constructed
as:
Up41 — 2un + Up_1 1 6

< (=+4 — . .
” < (G4 3 gy Ml (3.42)




CHAPTER 4

GREEN’S FUNCTION METHOD

For the fractional differential equations, analytical solution can be found by
using Green’s function method with the help of Mittag-Leffler function and Laplace

transform.

Now, we present Laplace transform of the fractional differential equations of

the form

Dia(t) = f(). (4.1)

4.1. Laplace Transform

[12] For integer values of ¢, Laplace transform of a differintegrable function f

dif
2{@}

First, recall the well-known property for integer order derivatives

18

/OO exp(— sx)ZLJ:dx (4.2)
0

2{%} = s18{f} - Z a-1- ’fd f -(0), q=1,23, .., (4.3)

and multiple integrals

S{Zq‘];} = s18{f}, qg=0,—1,-2,..., (4.4)

29
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and both formulas embraced by

s{d f} = s18{f} — Z pd kf (0), g=0,4+1,42 43, .... (4.5)

dxd dxa—1-k

Now, we will try to generalize (4.5) formula for all ¢ included non-integers with

simple extension:

dxd dxa—1-k

s{ﬂ} _ 8{f}— nz TN Al (4.6)

where n is the integer such that n — 1 < ¢ < n. The sum is empty and vanishes

when ¢ < 0.

Firstly, we consider ¢ < 0, so that the Riemann-Liouville definition

af 1 (" flydy
drd  T(—q) /0 (z — y)otl’ q<0 (4.7)

may be adopted. Direct application of the convolution theorem

¢ { [ - y)fz(y)dy} — e{f)e(h) (45)

then gives

A U NN
{2} =t =) a<o, (19)

dx

so that equation (4.9) generalizes unchanged for negative gq.

For non-integer positive ¢, we use

dif B dr df
dxd  dx™ dza—n

(4.10)

where n is the integer such that n — 1 < ¢ < n.
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Combining the last equation with (4.6), we obtain

difl dr | di"f B di=—nf n! kdq—l—k dr f
(20} (e

(4.11)
The difference ¢ — n being negative, the first right-hand term may be evaluated by
use of (4.9).

Since ¢ — n < 0, the composition rule may be applied to terms within the

summation. The result

d n—1 dqlk
S{d];}—sqﬂ{f} Z ’“d“{()) 0<q+#1,2,3,..., (4.12)

follows from these two operations and is seen to be incorporated in (4.6)

The transformation (4.6) is a generalization of the classical formula for the

Laplace transform of the derivative or integral of f.

4.2. Fractional Green’s Function

Definition 5. [45] Function G(t, ) satisfying the following conditions;
a) ,L:G(t,7) =0 for every T € (0,1);

b) lim, .+ o(-D{*G(t, 7)) = 0gm, k=0,1,,....;n (dk, is Kronecker’s delta) ;
¢) lim; ;o D{*G(t, 7)) =0, k=0,1,2,...,n—1

T<t
is called the Green’s function of the equation

o&iy(t) = f(t); oDT* Yy (t) [=o=0, k=1,..n.

oLey(t) =a D7my(t +Zpk D" y(t) + pa(t)y (), (4.13)

where
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aDtUk =, Dtak aDtOékflmaD;n; aDtUk—l =, Dtak—l aDtakdmaDtm;
O = Z§=1 aj, (k=12,..n); 0<a;<1, (j=12..,).

4.2.1. Fractional Green’s function for the one-term FDE

Fractional Green’s function G(t) for the one-term fractional-order differential

equation with constant coefficients

a oDfy(t) = f(t), (4.14)

where the derivative can be either classic or sequential is found by the inverse Laplace

transform of the following expression:

1
= —. 4.15
9(s) = — (1.15)
The inverse Laplace transform then gives
1 tafl
Gy(t) = — : 4.16
1( ) a F(Oé) ( )

The solution of equation (4.14) under homogeneous initial condition is

y(t) = aFl(oz) /o (tf_(?)dja = % oD “f(t),  f(x) continuous in [0,00) (4.17)

4.2.2. Fractional Green’s function for the two-term FDE

Fractional Green’s function G(t)for the two-term fractional-order differential

equation with constant coefficients

aoDy(t) +by(t) = (1), (4.18)
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where the derivative can be either classic or sequential is found by inverse Laplace

transform of the following expression :

1 1 1
pr— = — 4.1
92(5) as*+b as* 42 (4.19)
which leads to
Gi(t) = Lo, (= 2 (4.20)
1 - a a,o a . .

4.2.3. Fractional Green’s function for the three-term FDE

Fractional Green’s function G3(t) for the 3-term fractional-order differential

equation with constant coefficients

a0 DPy(t) + boDEy(t) + ey(t) = F(t), (4.21)

where the derivative can be either classic or sequential is found by inverse Laplace

transform of the following expression :

1

= 4.22
95() asP + bs* + ¢ (422)

assuming > «, we can write g3(s) in the form

1 cs™ @ 1 1 c\"tt  gmak-a
_ = E —1)F - 4.23
9a(s) casP +b1 + e G k:()( ) (a) (5972 + 2)kH (423

The term by term inversion ,

IS b g
- Z kl tﬂ k+1)— Eé )a ﬁ+ak(_atﬂ ), (4.24)
k=0

S
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where E) ,(2) is the Mittag-Leffler function in two parameters,

d* e (j+ k)l
E® ) = —F — § j =0.1.2...) (42
i) dy* A () S JID(A] + Ak + pr)’ (k=0,1,2,..)  (425)

Indeed, substituting (4.25) into (4.34) and changing the order of summation,

we obtain:

BN g C\FT - i ()’ (j+]§)!tﬁ(j+k)+ﬁ—1—aj
Ga(t) = = > (-1)" (5) (-1 () e

£
Il
o

j=

1 AN ydaas (j_i_k;)!tﬁ(]’Jrk)*Fﬁ*lfaj
> (7) 21 (5) KGT(BG +k+ 1) — aj) (4.26)

k=0

4.2.4. Fractional Green’s function for the general linear FDE

Fractional Green’s function G, (t) for the n-term fractional-order differential

equation with constant coefficients

an D y(t) + an 1 D=1y (t) + ... + ay Dry(t) + agDPoy(t) = f(t), (4.27)

where derivatives D = (Dy* can be either classic or sequential is found by inverse

Laplace transform of the following expression :

1
85 + ay_18%-1 4+ ... 4 a1581 4 agsPo

guls) = (4.28)

Let us assume (3, > (3,_; > ... > 3, > [, and write g,(s) in the form:

1 1

—2
ansﬁn —+ an,1$B"—1 1+ Yo aysPk
ansﬁn-l—an,lsﬁn—l

gn(s) =

a_y5 Pn 1

o §Bn—Bn-1 4 n—t a_15 Pn-1 ZZ;g ap s’k

QAn 1+

Bn—Bn—1,4 %n—=1
s + an
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= (=D)ma_ysOn n2a "
_Z(Sﬁnﬁn1+anlm+l a

m=0 an k=0 "

S (=1)™a_ys P .

> (m; ko, ki, ..., ke ﬁ( n) (Bi=Br—1)k: (4.29)

kot+ki+...+kn_o2=m =0

1 -
e > (1" > (m; ko, k1, ... ko) (continued)

™ m=0 kotki+...4kn_o=m
ko>0;....kp_9>0

ﬁ a; hi s_ﬁnfﬁZ?:_oz(Bi_B"*l)ki
an) (sPnPumt g Tdyme

1=0

where ((m; ko, k1, ..., kn—2)) are the multinomial coefficients.

Term by term inversion, gives the final expression for the fractional Green’s

function for equation (4.27):

L& () |
- a Z m)! Z (m; ko, ks ..oy kp—a) (continued)
= Fo ka2
oZU5..,kp 22
n—2 ' ki
H (&) e G (continued)
, an,
=0

(p—1 _
E(m) _n tﬁn anl 4
Bn_ﬂn—lv"r/gn'i'z’;;o?(ﬁn—l_ﬁj)kj ( an ( 30)

4.3. Solution of the General Bagley-Torvik Equation with Green’s
Function Method

Example 3.1

We will consider the Bagley-Torvik equation as an example of three-term
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fractional differential equation with constant coefficients

AD?x(t) + BD3?x(t) + Cx(t) = f(t),

(4.31)
xz(0) = 0,2/(0) =0,
where A #£ 0, B,C € R.
Solution 3.1
First, taking Laplace transform of both sides, we obtain
(s) = ! (4.32)
I3 A2+ Bs32 4+ C° ’

Then, g(s) can be written in the form

1 Cs3/2 1 1 O\ P+l g—3/2k—3/2
9(s) = CA 52 A2 O Z(_Uk (A) ﬁ (4.33)
SEHBI+ s VS (s2+ %)

and term by term inversion

1S (D fe\" . B
G(t) :ZZ( k') (Z) t2(k+1) 1E$;72+3/2k(_zt1/2) (434)

where E) ,(z) is the Mittag-Leffler function in two parameters

d* > (7 + k)l
- Y B )= :
/\,u(y) dy* s (Y) Z JIT(NJ + Mk + )

J=0

(k=0,1,2,..). (4.35)

Substituting (4.25) into (4.34) and changing the order of summation, we obtain

oo E+1 oo ‘ J . 2(j+k)+1-3/25
G(t) = %];(_Dk (%) ;H)j (%) k!jl(lz(;(?f F 1) = 3/2))

1 00 B j o C k+1 ]+k !t?(j+k)+1—3/2j
=G <7> (1" <Z> k! "(F 2 ') P 3z (0
~ - N2 +k+1) = 3/2j)

k=
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Then, the generalized green’s function for the equation (4.40) is:

1m(_1)rcr2r1(r) B
GO =52 (3) # e (50). (437)

Therefore, the solution of the problem under homogeneous initial conditions will be:

x(t) = /0 G(t —7)f(r)dr. (4.38)

In this problem, we obtain the general solution of the equation for all f, A, B,C
above. Now, let us take examples with specific constants and the right side functions

named first and second examples.

First Example

2 11)3/2 1 _ 18, (0<t<1)
D?x(t) + 5 D*Pa(t) + j2(t) = {7 o) (4.39)
2(0) =0, 2/(0) = 0,

Second Example

D*x(t) + LD%2x(t) + 1a(t) = f(t)

4.40
z(0) =0, 2/(0) =0, (440)

where f(t) = 0,05t*—0, 03t3+0, 361¢>/2+0, 145t2—0, 135t%2 —0, 36t +0, 056¢'/2+0, 1
Here, we will write an algorithm to solve the Bagley-Torvik equation for the

first and second examples. Moreover, with changing constants and the right side

function more problems can be solved by using same algorithm.
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4.4. Algorithm for the Green’s Function Solution of
the Bagley-Torvik Equation

1. Put A, B, C, h(step size), L(length of time interval), tk, Z, N and K (end
points of the interval) as input values.

Give the Green’s function G(t) with two summation formulas from 0 to N.
Define f(t) which is the right side function.

Integrate G(t — s) f(s) with respect to s from 0 to t.

Set tk = hr where r is from 0 to Z.

Evaluate solution for all tk.

I A T

Plot the graph from 0 to L.

Figure 4.1 . Green’s Function solution of the Bagley Torvik Equation for the

first example.
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0.5

0519

Figure 4.2 . Green’s Function solution of the Bagley Torvik Equation for the

second example.
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05

Green's Function Method
Exact Solution

Figure 4.3 . Green’s Function and Exact solution of the Bagley Torvik Equation

for the first example.



CHAPTER 5

POWER SERIES METHOD

The power series method is a finite approach based on power-series expansion.
The idea of this method is to look for the solution in the form of a power series,
we need the power series expansions for all given functions in the fractional-order

equation.

5.1. The Method

By definition, a power series is of the form

Z C,z" = Cy+ Ciz + Coz® + ...or (5.1)
n=0
ZCn(aﬁ—a)”:C’0+a1(x—a)+C’2(:v—a)2+..., (5.2)
n=0

where the coefficients C,, are constants. For each value of x (in the interval of
convergence) the series has a finite sum whose value depends on the value of .
In the differential equations expanding the functions with the power series gives us
a new equation including differential terms. But, if a power series converges for
a particular range of x then the series obtained by differentiating every term and
the series obtained by integrating every term also converge in this range. Then
collecting all the terms with the same order of  and evaluating coefficients give us

the solution of the differential equation of integer order.

The operation with the integer order differential equations is not very different

if the equation is the fractional order differential equation. We can do the same

41
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operations with some changes, because now we have fractional order differential

operators and our expansion should contain not only the integer order powers of x.

Consider the one-term equation

oD a(t) = f(t) (5:3)

and look for fractional power series form of z(t) which is the solution of the equation

(5.3):

z(t) = f: C, e (5.4)

and assume

F6) = at™
§=0

Substituting (5.4) into (5.3) we get:

; Cur (z(i Za”%) o= _ f(p). (5.5)

By the evaluation of every term of the ¢'s which have the same order with respect to
the right hand side function we find a,’s. The procedure is also same for n — term

equations.

5.2. Solution of the General Bagley-Torvik Equation
with Power Series Method

Example 4.1

We will consider the Bagley-Torvik equation as an example of three-term
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fractional differential equation with constant coefficients

AD?x(t) + BD3?x(t) + Cx(t) = f(t),
2(0) = 0,2/(0) = 0,

(5.6)

(where A#0 ,B,C € R )
Solution 4.1

Now, let us look for the solution of the Bagley-Torvik equation in the form of

the fractional power series.

First, with the operations that we defined above, we define z (¢) in the form

of the following power series:

xr = i Ct? (5.7)
n=0

z(t) = Co + Cit? + Cot + ... + Cut¥ + .. (5.8)
Let us take the first and second derivative

1 3 n n
Dix(t) = 5C1+Co + 503#/2 + ...+ §Cnﬁ_1 + ... (5.9)

1 3 —2 .
D2z () = —Z—lOlt_% + cht—% +Ci+.. + gn 5 Cut T 4 (5.10)

Then, for the derivative of the fractional order of the equation, recall the rule
of the Riemann-Liouville fractional differentiation for power functions:
P (1 + /U) v—a

oDV = — L, 5.11
! F(14+v—a) (5:11)
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Substituting o = % into the equation (5.11) we get the 3¢h derivative of the (5.8):

32z~ LA H3/2) ingp (5.12)
P = TR

Collecting all the expressions (5.8), (5.10) and (5.12), we derive the power series

expansion of the Bagley-Torvik equation

o JI =20 e LU2HY s = e
AY Gyt BY Gyt O G = £ (5.13)
=0 j=0 =0

By the assumption, the series does not contain negative powers of ¢, we get

C(J:Cl 20220320 (514)
and
1 —2 n
A(2C, + Z505t1/2 4 6Cst... + g" Ot L)+ (5.15)
4 1/2 ]_5 8 3/2 F(]_ +n/2) n_ 3
— = — PR S Al BT 1

+B(ﬁ04t +3 Csy/mt + ﬁcﬁt + ..+ NEE 1/2)15 ) (5.16)

+ C(C4t? + Cst®? + Ct® + ... 4+ Cut? + ...) (5.17)

= f(b). (5.18)

Rearranging the last equation with respect to the same powers of t'/2, we obtain

4 1 1
(A20)t° + (3704 + AZ5C’5)t1/2 + (B§505\/7_r + A6Cq)t+ (5.19)
m
+ (Bi(} +a%¢ )2+ (COy + B@\/TTC + A12C)t*+ (5.20)
ﬁ 6 4 7 4 32 7 8 .
+(CCs+ B M o+ B W24+ (CCya)te + (5.21)
5 5ﬁ 8 5 9 n/2 .
7=0

By equating, the corresponding terms at the last equation, we obtain a recurrence
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formula to compute the coefficients in the solution series ().

Here, we will write an algorithm to solve the Bagley-Torvik equation for the
first and second examples. Moreover, with changing constants and the right side

function more problems can be solved by using the same algorithm.

5.3. Algorithm for the Power Series Solution of the Bagley-Torvik Equa-

tion

Put A, B, C, h(stepsize), L(length of time interval), M as input values.
Define f(t) which is the right side function.
Evaluate the coefficients of f(¢).

Give some initial values of C[j].

A

Evaluate C[j]s from the recurrence formula
clj+4):=(afi-B*GAMMA((j+3)/2+1.) /
GAMMA((j+3)/2.-1/2.)*c[j+3])
/(A*(+4)/2.5(j+2)/2)

from 0 to 3.

6. Evaluate other C[j]s from the recurrence formula
cli+4:=( qlj-B*GAMMA((j+3)/2.+1)/
GAMMA((j+3)/2.-1/2)*c[j+3] -

Ccli]) /( A*(+4)/2.5(+2)/2 )

from 4 to M — 4.
7. Set R is the solution of the problem as c[k]*(t"(k/2) from 0 to M.
8. Plot the graph from 0 to L.

If the right side function is heaviside function:

Put A, B, C, h(stepsize), L(length of time interval), M as input values.

Give f(t) = utl.
Set all the coefficients of f(t) are 0.

= W =

Give the constant coefficient from the right side function.



10.
11.
12.
13.
14.
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. Evaluate C[j]s from the recurrence formula for ()

c[j+4):=(q[j]-B*GAMMA((j+3)/2+1.) /
GAMMA((j+3)/2.-1/2.)*c[j+3]) /
(A*(j+4)/2.%(1+2)/2)

from 0 to 3.

. Evaluate other C[j]s from the recurrence formula for (¢)

c[j+4]:=( q[j]-B*GAMMA((j+3) /2.41)/GAMMA((j+3) /2.-1/2)*c[j+3] -C*c[j])
/(A*(j+4)/2.%(j+2)/2 )

from 4 to M — 4.

Give f(t — 1) = ut2.

. Evaluate C[j]s from the recurrence formula for (t — 1)

d[j+4]):=(q[j-B*GAMMA((j+3)/2+1.)
/ GAMMA((j+3)/2.-1/2.)*c[j+3]

)/ (A*(j+4)/2.%(j+2)/2)

from 0 to 3.

. Evaluate other C'[j]s from the recurrence formula for (¢ — 1)

d[j+4]:=( q[j]-B*GAMMA((j+3)/2.4+1)
J/GAMMA((j+3)/2.-1/2)*c[j+3] -
CHelf]) /( A*(+4)/2.5(+2)/2)

from 4 to M — 4.

Set R1 (c[k]*(t"(k/2) ) from 0 to M.
Set R2 (d[k]*((t-1)"(k/2) ) from 0 to M.
Set R = R1 — R2.

Give utl and ut2 as piecewise functions.

Plot the graph from 0 to L.
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T E B B\B/ F W
: t

Figure 5.1 . Power Series solution of the Bagley-Torvik Equation for the first

example.
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il 1\4 % 8 T

t

Figure 5.2 . Power Series solution of the Bagley-Torvik Equation for the second

example
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Figure 5.3 . Exact and Power Series solution of the Bagley-Torvik Equation for

the second example.



CHAPTER 6

ADOMIAN DECOMPOSITION METHOD

The Adomian decomposition method is a method that gives us a series solution
which was first defined by G. Adomian at the beginning of 1880s as a new iterative
method, then was called ADM and now it has been used for solving a wide range
of problems. G. Adomian explained this method in his book [7]. ADM is very
easy to apply, has some advantages over standard numerical methods, eliminates
cumbersome computational works, but we can face some difficulties when we choose
the conditions because of the convergence of the method. Although it is shown
that [24, 25] the method is rapidly convergent with some restrictions, we can see
the improvements of the method to overcome these restrictions[40]. Recently, a
new convergence proof based on properties of convergent series can be seen in the
Cherruault and Adomian’s paper [39]. Then, a reliable modification was done by
Wazwaz [8] to accelerate the rapid convergence of the series solution that includes
only two terms could be evaluated easily. He did it with removing the noise terms
from first term of the series solution and had a solution in a closed form. Finally,
with the fractional differential equations we can also use this method efficiently to
have a series solution [3],[4]. ADM is a power-full tool for both linear and non-linear
fractional differential equations especially in fractional dynamic models and their

solutions.

50
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6.1. The Method
First, we begin with an equation in the form of:

Lx+ Rx+ Nz =g
Lr =g— Rx— Nx (6.1)

where Lx + Rax represents the linear term and L is the highest-ordered linear
differential operator, R is the remainder of the linear operator. And, Nu represents

the non-linear term. Applying L™, we obtain
L 'Lr=L"'g— L '"Re — L"'Nuz. (6.2)
For initial-value problems, we conveniently define L' for L = d"/dt" as the n-fold

definite integration operator from 0 to ¢. For the operator L = d*/dt?, for example,

we have
L'Lx = 2 — x(0) — t2/(0) (6.3)
and therefore
r=x(0)+tx'(0)+L ' 'g— L 'Re — L 'Naz. (6.4)
For the same operator equation but now considering a boundary value problem, we
let L' be an indefinite integral and write u = A + Bt for the first two terms and

evaluate A, B from the given conditions. The first three terms are identified as x

in the assumed decomposition

x = Za:n (6.5)
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Finally, assuming Nz is analytical, we write

Nx:ZAn (To, T1, ey Tp) (6.6)

n=0

where the A, are specially generated (Adomian) polynomials for the specific nonlin-
earity. They depend only on the z( to x,, components and form a rapidly convergent

series. The A,, are given as:

Ag = f (20)
Ay = w1 (d/dxo) f (20)
Ay = x5 (d/dxo) f (z0) + (27/2!) (d*/dx}) [ (zo) (6.7)

Az = w3 (d/dxg) f (z0) + 7122 (dz/dxg) f(xo) + (37?/3') (dS/dxg) f (o)

Also, we can see that the sum of the series >~ A, for Nz is equal to the sum
of a generalized Taylor series about z(t), > -, x, is equal to a generalized Taylor

series about the function xg.

Let’s write the sum of Adomian polynomials as:

2
= J(wo) + a1 /O (o) + 5 F (o) +

3
X
o f (o) + wafO (@) + areaf (o) + 517D (o) + .

Then, let’s write the generalized Taylor series form of f(x) about z :

F(@) = o) + FO o) — o) + 1O o) T 4 0 RS )

Here, the function is expanded about xq , then (x — z¢) = (21 + 22 + 23 + x4 + ...).

So f(z) can be written as:
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f(@) = fwo) + fY (o) (w1 + @2 + 23 + 24 + ...+
(11,‘1 + Xy + T3+ x4 + )2

+ () o + (6.10)
3
f(3)($0) ($1 + X9 + X3+ x4 + ) L
3!
= fluo) + fP (o) (w1 + x2 + 3 + 24 + ..)+
n f(2) (20) (22 + 22+ ... + 2120 + 2:E21‘m3 + ...20923 + 22914 + )+

3!

Then, the Adomian polynomials can be rearranged from the Taylor series:

Ao = [ (20)

A = f(l) (1’0) Z1
2

Ay = fU (o) m5 + @) (uo) %
2r1x x3
Az = fW (w0) 23 + 1@ (x0) 21, 2 f(3)(x0)3—}

(6.11)

From that point, we can see that the form of Adomian polynomials is a rearranged
form of the Taylor series. However, the complete method differs from the Taylor
series method and has some advantages such as producing reliable results with few
iterations, minimizing the computational difficulties, overcoming the deficiency of

linearization of non-linear problems.

Let us apply the ADM to the general Bagley-Torvik equation

AD2z (t) + BD}Px (t) + Cg (x(t)) = f (¢),

(6.12)
z(0) =0, and Dyx(t) |4=0= 0.

where A # 0 and B,C € R.
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6.2. Solution of the general Bagley-Torvik equation with ADM

First, for linear equation g(x) = z(t) we assume that z(t) = zo(t) + x1(¢t) +

xo(t) + ... to be the solution of the equation (6.12)if we rearrange the equation

d*xz(t)
dt?

dz(t) C - f()
o + —x(t) = (6.13)

B
A A A

It is seen that L should be the highest-ordered linear differential operator as d?/dt?,
d®?/dt?/? is the remainder part and through g(z) = z(t), N represents the linear
part which is

Nz = z(x) = nio%/ln(aro,xl, oy L) = %x (6.14)
So, the Adomian polynomials can be calculated as:
Ag = z(x) = %xo, (6.15)
Ay = z12W () = %xl,
Ay = 2220 (a0) + (a3/2)2a0) = s

C
Ay = 2320 () + 21292 (w0) + (23/31) 2P () = —ay

(6.16)
Therefore we can write

2(t) = 2(0) + tDy(t) |imo +—L 1 f(t)

! (gp,? (me)) - L‘lzo . (6.17)
1o B (3~

=L - 5L (Dt (an(t)>
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This implies that

ﬂw—i%;m_giv(ka0_§%;<;kmg, (6.15)

N

where

nt) = 24 1), (6.19)

Bd 2xy(t) Cd 2zt
ni =G0l C4nl (6:20)

Bd 2z, (t) Cd 2zt
To(t) = 1 dt‘lé( ) _ 1 dt_lz( )» (6.21)

Bd 2x,(t) Cd 2my(t
rlt) = -5 2l Sl (6.22)

and so on. Therefore, the general solution is:

1

1d2 B |dizo(t) d oz (t) dzas(t)
()= ———f(t) — — — + — + — + ..
O =Za=/ -3 dt—3 di—3 dt3
C diQZL'()(t) d72l’1(t) d72$2(t)
-3 { T R R -+ } : (6.23)

Here, we give an algorithm to solve the Bagley-Torvik equation for the first
and second examples. Moreover, with changing constants and the right side function

more problems can be solved by using the same algorithm.
6.3. Algorithm for the ADM Solution of the Bagley-Torvik Equation
Put A, B, C, h(stepsize), b(length of time interval), P as input values.

Define f(t) which is the right side function.

Evaluate xq from the right side function.

= W

Evaluate the first part of the solution from the formula:
(1/GAMMA(1/2)) % (—B/A) xint(z0/((—x + )" (1/2)),z = 0..t).
5. Evaluate the second part of the solution from the formula:

(1/GAMMA(2)) % (—C/A) xint(x0 x (—x +t),z = 0..t).
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6. Collect the part of the solutions.
7. Evaluate solution for all ¢ from 0 to P.

8. Plot the graph from 0 to b.

Figure 6.1 . Solution of the Bagley-Torvik equation for the first example with
ADM.
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Figure 6.2 . Solution of the Bagley-Torvik equation for the second example with

ADM.



CHAPTER 7

FINITE DIFFERENCE METHOD

FDM is a numerical method which is widely implemented on computers. It
can be adopted to differential equations with non-integer order as easily as integer
ones. The basic idea behind the finite difference method is to convert the differential
equation into a system of algebraic equations by replacing each derivative with a

finite difference.

7.1. The Method

The derivatives in the differential equation are substituted by finite divided
differences approximations, for example the derivative of a function f(z) at the point

2o could be defined in any of the following three ways:

(fz_f@) _ ,lji% z(t+h) —x(t)7 (7.1)
dr . x(t) —z(t — h)

o = Jim h ! (7.2)
de, . z(t+h) —x(t — h)

oD = Jim 2h (7.3)

If the derivative of z(t) is continuous at ¢, all three expressions produce the
same unique answer. Equation (7.1) introduces the forward difference, equation
(7.2) introduces the backward difference and the last equation (7.3) introduces
the central difference formulas. It can be also found higher order derivatives with

the same way as :

o8
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d*z d dx d, .. zt)—z{t—h)
) = (5 () = - (lim N ) (7.4)
zliml (:c(t)—a:(t—h) B :c(t—h)—x(t—h—h))
h—0 h h h
— lim x(t) — 2x(t — h) + z(t — 2h)
h=0 h? '

Integer order finite differences are extensively known and used widely. To use
finite difference method for fractional order derivatives first we should motivate to
fractional difference. Like as integer order differences, fractional differencing has
three definitions: forward, backward and central differences. Fractional forward
difference is first defined by Osler (1984) [41] and Hosking (1981) [43] defined
backward and lastly in the [44]is defined central difference with respect to the first
two definitions. In our problems, we will use backward difference. If we omit the
limit term from the definition of backward difference of first-order we get:

x(t) — z(t — h)

Z(t) = A = . (7.5)

replacing the Taylor series expansion form of x(¢t — h)

e(t) —z(t—h)  2'(t)h— TDR2 4

A= . = A (7.6)
=2'(t) — ’ Q(t) h+..=2'(t)+ O(h),
which means that
2'(t) — A =0O(h) (7.7)

Theorem 7.1.1. [10/First, let us show that

JDPa(t) my Aja() (7.8)
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where
=
Dfa(t) = lim (Aje(t)  and aAgx@):Z(—w(j)x(t— 7h) (7.9)

([x] means the integer part of x.)

(7.10)

gives the first-order approximation for the a — th derivative.

Proof. For simplicity, it is convenient to assume that a = 0, and that the
discretization step h and the number of nodes n are related by ¢ = nh, where t is the
point at which the derivative is evaluated. In this case we write the approximation

of the oo — th derivative as
oAYz(t) = h7° Z(—l)j ((;_‘)x(t — jh) (7.11)
=0

_ hag (j - j‘ N l)x(t — jh) (7.12)

If we take z(t) =1 (t > 0), its exact o — th derivative is

t*CM

OD?ZL‘Q(t) = m

(7.13)

On the other hand, the approximation (7.11)gives the approximate value

o A%z(t) = B0 En: <j e 1). (7.14)

j=0 J

Using the summation formula for the binomial coefficients

S (0) r25



61

and the asymptotic formula

Jd(z4a) 1
2b m—l-}-@(z ) (7.16)
we have for fixed ¢
oA%zo(t) = h° (" . O‘) (7.17)
B t=* nT(n—a+1)
- T(l—a) T(m+1) (7.18)
_ F(i——a) (1+0(h)). (7.19)
therefore for z (t) =1 (¢t > 0)
oD} wo(t) —o Ajzo(t) = O (). (7.20)

Now consider x,,(t) = t™, m = 1,2, ... In this case, the exact a — th derivative is

I'(14+m)

Dewp(t) = ——
oDiemt) = T

tm-e (7.21)

and the approximation (7.11) of the exact derivative becomes

oAz, (1) = tmana; <‘7 N ‘;‘ N 1) (1 - %)m (7.22)

after some calculations|see [10], page 206-207],we obtain

I'(1+m)

oAt = T = a)

"= 4+ O (h) (7.23)

and

0D (t) —o Al (t) = O (h). (7.24)
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This means that if a function z(t) can be written in the form of a power series
x(t) = Z A t™, (7.25)

m=0

then (7.11) gives the first-order approximation for the fractional derivative order «
at any point of the convergence region of the power series. The conditions on f ()

also can be weakened. g

7.2. Solution of the General Bagley-Torvik Equation with FDM
Example 6.1

We consider the Bagley-Torvik equation as an example of three-term fractional

differential equation with constant coefficient

AD?x(t) + BD3?x(t) + Cx(t) = f(t),
2(0) = 0,2/(0) = 0

(7.26)

(where A #0,B,C € R).

Solution 6.1

First, recall the first order backward difference for second order differential
operator with the time step h:
Tn — 2'75“71 + T2

D?x (t) =y Aja(t,) = 2 , (rn=z(nh),n=0,1,2,...) (7.27)

and for a—th order differential operator, we can write first order backward difference

formula

D (t) ~o AYx(t,) = h™*) (=1) (a) Tk (7.28)
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Then, let us assume that

(—Dk(z>=:w&(k=%LL2w~% (7.29)

since w§ = 1, a recurrence formula for wg, (k =1,2,3,...) can be obtained as

wi =30 (i (7.30)

Combining (7.27), (7.28) and taking g(z) = x(t), we get the first order backward

difference formula for (7.26)

Tn — 2xn71 + xan) + B Z;’L:O U)?In_j

(
A
h? he

+Cr = fn, (fn=fnh), (7.31)
with the initial conditions
xo = 0, — =0, (7.32)

we have g = z; = 0.

Arranging (7.31)

Tn =21+ Tny)  Br, B D1 Wy T

(
A
h? he he

is obtained.

Then, if we take z, from the last equation, we get the difference formula for

the three-term equation:

h3(f, — Cxyn) + A(2Tp—1 — o) — Bh?>™ Z?Zl Wy,
A+ Bh2?= + Ch?

, (n=2,3,..).
(7.33)

Ty =

Therefore, the solution of the problem under homogeneous initial conditions
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will be:

W2 (fo — Cn) + A(2Lp—1 — Tng) — BRV2 Y wj.’/Q.iEn_j
A+ Bh'/?2 4 Ch?

Tn =

, (n=2,3,..).

In this problem, we write the solution of the equation for all f, A, B, C' above.
Now, let us choose some specific values for constants and the right side function.
For instance, we will take constants such as A =1, B = 1/2,C = 1/2 and the right
side function f(t) = {g: (Oitfll))’ for the first example and f(¢) = 0,05t — 0,033 +

0,361t>/2 + 0, 145t% — 0, 135t — 0, 36t + 0,056t/ 4+ 0, 1 for the second example of

our problem and solve both of them recursively from the difference formula (7.33.

Here, we will write an algorithm to solve the Bagley-Torvik equation for the
first and second examples. Moreover, with changing constants and the right side

function more problems can be solved by using same algorithm.
7.3. Algorithm for the Bagley-Torvik Equation with FDM

Put A, B, C, «, h(step size), b (length of time interval) as input values.
Put M =b/h.

Set W, x and tk as sequences from 0 to M.

Evaluate tk[i] with the formula ¢[k] = ih.

Give the initial values y[0] = 0, y[1] = 0 and W[0] = 1.

S AN o D

Evaluate W with the recurrence formula W[j] = (1 —(a+1)/7)W[j — 1] from
1 to M.
7. Define f(¢) which is the right side function.

8. Evaluate z[m] with the formula
R2(f(tk[m])—Cz[m])+A(2z[m—1]—z[m—2])—Bh2=* 3™  w¥z[m—j]
x[m] = ATBRe1CH2 Jj=1"J J

from 2 to M.
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Figure 7.1 . Numerical solution of the Bagley-Torvik equation for the first

example with FDM.
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h=0 01
hel 2
h=0 03
b= 4
h=0 05

Figure 7.2 . Numerical solution of the Bagley-Torvik equation for the first
example with FDM for different h values
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D.E:

.57

Figure 7.3 . Numerical solution of the Bagley-Torvik equation for the second

example with FDM.
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Figure 7.4 . Numerical solution of the Bagley-Torvik equation for the second

example with FDM for different h values



Table 7.1 . Exact and Ap

proximate values for some h values
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tk h=1/2* h=1/2° h=1/2° h=1/27 h=1/28 exact

0 0 0 0 0 0 0

0,625 | 0,0117749 0,0107524 | 0,0103242 0,0101665 0,0101254 | 0,0102539
1,25 | —0,008603 -0,010621 | —0,011477 | —0,011806 | —0,011905 | —0,011718
1,875 | —0,046109 —0,049257 | —0,050641 | —0,0512097 | —0,051413 | —0,051269
2,5 —0, 086212 —0,090565 | —0,092547 | —0,093411 | —0,093760 | —0,09375
3,125 | —0, 114467 —0,120009 | —0,122611 | —0,123797 | —0,124318 | —0, 1245117
3,7 | —0,116447 —0, 12306 —0,126258 | —0,1277649 | —0, 128465 | —0, 1289062
4,375 | —0,07770179 | —0,0852210 | —0,0889184 | —0,0907136 | —0,091583 | —0,092285
) 0,0162713 0, 0080860 0,0039924 0,0019612 0,0009464 | 0

5,625 | 0,1800369 0,1714335 0,1670737 0,1648734 0,1637501 | 0,1625976
6,25 | 0,42822725 0,419441 0,4149470 0,41264893 | 0,41145954 | 0,4101562
6,875 | 0,77553647 0, 76676805 | 0, 7622563 0,7599274 0, 75871837 | 0, 75732421
7,9 1,2367081 1,2281024 1, 2236663 1,2213621 1,2201761 | 1,21875
8,125 | 1,82651839 1,8181582 1, 8138581 1,8116188 1,8104789 | 1,8090820
8,75 | 2,5597566 2,5516619 2,5475227 2,5453678 2,54427182 | 2,5429687
9,375 | 3,4512079 3,44334259 | 3,4393559 3,4372839 3,4362629 | 3,4350585
10 4,515637 4,5079216 4, 5040520 4,50204295 | 4,5011246 | 4,5
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Table 7.2 . Error analysis for y; = 4,375

Stepsize, h | Approximation to y; | error at t = 4,375 : | O(h) = Ch, C = 0,256
1/24 0,0777017969 0, 01458335935 0,016
1/2° 0, 08522104995 0,0070641063 0,008
1/2¢ 0, 08891840203 0, 0033667542 0,004
1/27 0,09071366918 0,0015714871 0,002
1/28 0,09158346145 0,0007016948 0,001

7.4. Short Memory Principle:

Numerical methods for solving fractional differential equations have been
implemented extensively. For example, we used FDM for solving the Bagley-Torvik
equation and while solving the equation by computer, it was seen that over long
time intervals the computational effort to calculate the function values was too
much. Then, we will make a modification to accelerate the computation and control
the error for the solution simultaneously. Same observations were seen by some
authors and Ford and Simpson [?] and [10] called this modification ”short-memory
principle” or ”fixed memory principle”. According to the short-memory principle,
the fractional derivative with the lower limit a is approximated by the fractional
derivative with moving lower limit ¢ — L where L is the memory length. With this
approach, we do the calculations over a period of recent history and reduce the
computational cost efficiently. However, because of omitting the calculations over
a period, some errors occurs. Then, the following estimate can be established for

the problem;

DPa(t) = f(0). (7.34)

Then,

oDix(t) =, DYx(t), (t>a+ L), (7.35)
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ML

A(t) =la Dix(t) —-1 Di'z(t) |< TO—a) |

(a+ L <t<hb). (7.36)
This inequality can be used for determining the "memory length” L providing the

required accuracy € :

A(f)<e, (a+L<t<b), ifL> (ﬁ)w. (7.37)

where |f(t)| < M for a <t <b.

In our examples, we write an algorithm for the use of short memory principle
and do a replacement of 7| by Z;.V:l, where N = min {n, £} and L is the memory
length that we choose. According to some calculations we saw that after an interval
we reach the same value with the value that we had by the original algorithm
and the computation worked fastener. However, the equations have two differential
operators: « — th order and second order, so we can not evaluate a fixed L with
this formula. Although 1t can be found for o — th order differential operator, there

should be the effect of second order derivative.

Now, let us see the effect of the short memory principle in our second example:
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L=25
L=50
=7
=100

Figure 7.5 . Numerical solution of the Bagley-Torvik equation for the second

7.5.

ARl

example with FDM for different h values

Algorithm for the Short Memory Principle:

. Put A, B,C, «a, h(step size), b (length of time interval),L (memory),

M, W1, 9, f,m, as input values.

Set W,y and tk as sequences from 0 to M.

Evaluate tk[i] with the formula t[k] = ih.

Give the initial values y[0] = 0, y[1] = 0 and W]0] = 1.

Evaluate W with the recurrence formula W{j] = (1— (a+1)/7)W[j — 1] from
1 to M.

(0<t<1)
(t>1),

f(t) =0,05t*—0,03t340, 361¢°/24-0, 145t> —0, 135t>/2 -0, 36t +0, 056¢'/24-0, 1.

Give f as piecewise function f as piecewise function f(t) = {g’ or

Choose memory as the minimum of the (m, L),

. Evaluate y[m] with the formula from 2 to memory

Jj=1 "7
A+Bh2=a4+Ch? )

RS (tk[m])—Cy[m])+A(2y[m—1]—y[m—2])—Bh*~* 3T | w¥y[m—j]
[m] =



CHAPTER 8

CONCLUSION

In this thesis, methods for solving fractional differential equations are
investigated. Although there are more methods, we choose four of them-Green’s
Function Method, Power Series Method, ADM and FDM- and express how they
are used for fractional differential equations and formulated. Methods are also
exemplified with Bagley-Torvik equation. First, the stability of the Bagley-Torvik
equation is defined for both differential and difference equations for the reliability
of the results. Then, the original equation is solved with all four methods. Also a
test example for Bagley-Torvik equation which we know the exact solution is defined
and solved to compare the methods, see error analysis easier. With the test example,

more general algorithms are implemented to solve the different type of equations.

Some conclusions about the methods:

Table 8.1 . Error analysis for the methods

Method max. error(N =8, h =0.01, b =5)
Green’s Function 0.01136
Power Series 0
ADM 0.01222175
FDM 0.0105

1. Green’s Function method gives us semi-analytical solution of the problems.
However, in its formulation there are two summation together and. This means
that if we truncate summations from 0 to IV, green’s function of the problem

has N? terms. Because we should take the integral of the green’s function with
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right side function, it will take very long time periods to evaluate the integral
and give results. When we increase N, results will be better.

. In the Power Series Method, if the right side function is a polynomial function,
it is enough to expand the series from 0 to 2m where m is the highest power
of the right side function. Then error will be 0. But, if the right side function
is not a polynomial function such as sin or cos functions, error will be smaller.
It means also the computation effort will be more.

. ADM method is also a series method which we expect results corresponds to
Power Series method or Green’s Function Method. Likely, in our examples our
results are nearly same as the green’s function method.

. Lastly, FDM is the best way to solve fractional differential equations for all
types. Also, it is not so important the right side function is polynomial or
not like as the other methods. The errors will be smaller when we decrease
the step size value(h). Also there is no need of so much computational effort.
Results are generally better and computation is always faster than others.
Furthermore, for long computations we can use short-memory principle with
some very little errors, it is the fastest way to compute the results of the

equation.
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APPENDIX

"> restart:
Digits:=14:
H:=40: L:=30; A:=1.0:
B:=0.5h: C:=0.5:

G:=t-> (1/BY*sum{{({{((-1)"k)}/k!))*{{C/R)"k)*t"(2*%k + 1)} *
sum{ (((J + k)!}*((-B/R)"J)*(t"(j/2)))/(3!)
JGEMMA (/2 + 2%k + 2),3=0..W},
k=0. .N):

ft:.=t-> piecewise(t>1,0,t<=1,8}):

¥t:= evalf({Int (simplify(G{t-S)*ft(S}},5=0..t})
h:=0.1:

tk:=0:

Z:=L/h;

[ =]

for r from 1 to Z do
tk:=tk+h:
Itk:=evalf(subs{t=tk Xt}):
dt [r]:=tk:
y[r]:=Xtk:
print(r, tk,y[zr]).

end do:

fg:=[seq([dt[n],v[n]],n=1..1}]:
plot(fg,t=0. L,y=-8..8);

Figure 8.1 . Maple programm for the solution of Bagley-Torvik equation with

Green Function Method where f(t) is piecewise function.
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> restart:
Digits:=h;
H:=4: A:=1:
B:=1/2: C:=1/2:

Gi=t-> (1/R)*sum{ ( ((((-1)"k)/k!))*((C/B)"k)*t"(2%k + 1))*
sum{ (((3 + k) )*((-B/R)"F)*(t"(3/2)))/(3")
JGRMMA(§/2 + 2%k + 2),3=0..H),
k=0..N):

fto=t->.2000000000e-1%(t-1)*{t-5)+.  4000000000a-1*t*(t-h)+
LA000000000e-1%t*(t-1)+. 2000000000e-1*t"2+
.3610813334e-1*t"(5/2)-. 1354055000%t"(3/2) +
.5641895835e-1*sqrt(t)+. 5000000000e-2%t 2% (t-1)*(t-5);
¥t:= dint(G(t-5)*ft(s),s=0..1)
print{"integral alindi .... Grafik giziliyor..... ot I
K:=0; L:=6;
h:=0.1:
tk:=K:
Z2:=L/h;
for r from 0 to Z do

tk:=h*r:

Xtk:=evalf(subs{t=tk Xt)):

dt[r]:=tk:

yvilr]:=Xtk:
end do:
fg:=[seq([dt[n],vIn]]l,n=0..2}];
plot{fg,t=0..L),;

Figure 8.2 . Maple programm for the solution of Bagley-Torvik equation with
Green Function Method where

f(t) = 0,05t* —0,03t> + 0,361t>2 + 0, 145t> — 0, 135t%/2 — 0, 36t + 0, 056t*/2 + 0, 1.
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[> restart;
Digits:=20:
M:=300: L:=30;
A:=1: B:=1/2: C:=1/2:

f:=ut;

s[0]:=subs(t=0,1):

q[0]:=s[0]:

for j from 1 by 1 while j<= M do
q[jl:=0;

end do:

HHAFH AR H AR R A A AR A A H R R S A SRR B
ntl:=8*Heaviside(t):
c[0]:=0: c[l]:=0: c[2]:=0:c[3]:=0: c[4]:= ntl*4d:
for jJ from 1 by 1 while j<=3 do
c[j+4] :=(q[j]-B*GAMMA( (j+3)/2+1.)
/ GEMMA( (§+3)/2.-1/2. Y *c[§+3] Y/ (R*(F+4) /2. *(§+2)/2);

and do:

for j from 4 by 1 while j<=M-4 do
c[§+41:=( q[j]1-B*GRMMA( (j+3)/2.+1)

JGEMMA( (j+3) /2. -1/2)*c[§+3] - C*c[]])

F(R*(J+4) /2 *(3+2) /2 };

end do:

Bl:=t-> sum(c[k]l*{(t"(k/2) ), k=0. . M):

Figure 8.3 . Maple programm for the solution of Bagley-Torvik equation with

Power Series Method where f(t) is piecewise function.
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nt?:=8*Heaviside(t-1):

A[0]:=0:d[1]:=0:d[2]:=0:d[3]:=0:d[4d]:= ut2*d4.:

for j from 1 by 1 while j<=3 do
A[3+4]:=(q[j]1-B*GAMMA( (§+3)/2+1.)

/ GERMMA((3+3)/2.-1/2.)*d[§+3] )/(B*(§+4)/2.%(§+2)/2) ;

end do:

for j from 4 by 1 while j<=k-4 do
d[§+4]:=( q[j]-B*GAMMA((j+3)/2.+1)
/GBMMA( (§+3)/2.-1/2)*d[j+3] - C€*d[j])
/(B*(3+4) /2. %(3+2)/2 );
end do:
R2:=t-> sum(d[k]l*((t-1)"(k/2) ), k=0..M):
FAERAAHA AR HHHHAH AR A A A S A AR 4S
R:=t -> RI1(t)-R2(t):
uttl:= t-> piecewise(t<=0,0,t>0,1):
utt2:= t-> piecewise(t<=1,0,t>1,1):
h:=0.5:
for j from 0 by 1 while j<301 do
tt:=j*h:
yytt:=simplify({subs{t=tt, utl=uttl{tt)
,ut2=utt2(tt) R(t))):
dt[j] :=tt:
vIil:=yytt:
Sprint (j, tt,yytt):
end do:
fg[D]:=0:
fg:=seq([dt [n],v[n]], n=0..300):
plot([fg] t=0..30)

Figure 8.4 . Maple programm for the solution of Bagley-Torvik equation with

Power Series Method where f(t) is piecewise function.
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» restart;

M:=8: L:=1;

B:=1: B=lre: o= fie
£:=.1450000000%t"2-.3600000000%t+. 1000000000+
.3610813334e-1*t" (5/2)-.1354055000*t"(3/2)+
.5641895835he-1*sqrt (t)+.5000000000e-2*%t"4- . 3000000000e-1*t"3;
s[0]:=subs(t=0,1):

q[0]:=s[0]:
for j from 1 by 1 while j<= M do
f:=f-s[0]:

f:=expand(f/sqrt(t)):

s[0]:=subs{t=0,£f):

q[jl:=s[0]:
end do:
c[0]:=0: c[l]:=0: <[2]:=0:c[3]:=0: c[d4]:= q[0]/(2*R):
for j from 1 by 1 while j<=3 do

c[§+4]:=(q[j]-B*GRMMA( (j+3)/2+1.)

JGAMMA( (§+3)/2.-1/2. y*c[§+3]) /(BR*(j+4) /2. *(§+2)/2);
end do:

for j from 4 by 1 while j<=M-4 do

c[j+4]:=( q[j]-B*GAMMA((j+3)/2.+1)
JGBMMA( (§+3) /2.-1/2) *c[§+3]1-C*c[§]1) /( B*(j+4)/2.%(3+2)/2 );
end do:

R:=t-> sum(c[k]*(t"(k/2) ), k=0..M):

h:=0.1;

fg:=seq([p*h R(p*h) ,abs(R(p*h)-x(p*h))],p=0..L/h);
plot ([R(t)],t=0..L);

Figure 8.5 . Maple programm for the solution of Bagley-Torvik equation with
Power Series Method where

f(t) = 0,05t* —0,03t> + 0,361t>2 + 0, 145t> — 0, 135t%/2 — 0, 36t + 0, 056t*/2 + 0, 1.
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> restart:
A:=1:
B-=1./2:
Er=1422
h:=0.21:
x0:=simplify((1/GEMMA(2) /R) *int (B*(ut)*(x-t) t=0..x)):
ssum:=subs (x=t ,x0):
%x0:=subs(t=x,x0):
for i from 0 by 1 while i<40 do
BA:=(1/GEMMA(1/2))*(-B/R)*int (x0/((-x+t)"(1/2)),x=0..t}):
BB:=(1/GEMMA(2))*(-C/R) *int (x0*(-x+t) ,x=0..t):
¥¥X:=LAL+EBB:
x0:=xx:
ssum:=simplify(x0+ssum}:
x0:=subs(t=x,x0):
end do:
yt:=ssum:
yttt:=subs(t=(t-1) ,ut=utt yt):
yyt:=ssum-yttt:
utl:= t-> piecewise(t<=0,0,t>0,1):
uttl:= t-> piecewise(t<=1,0,t>1,1):
tt:=0.:
for j from 1 by 1 while j<81 do
tt:=tt+h:
yytt:=simplify(subs(t=tt ut=utl(tt) utt=uttl(tt),yyt}):
dt[j]:=tt:
yvlj]l:=yytt:
print{j,tt, yytt):
end do:
fg:=seq([dt[n],yv[n]],n=1..80):
plot ({fg}, t=0..20,¥=-5..10,linestyle=1,style=point)

Figure 8.6 . Maple programm for the solution of Bagley-Torvik equation with
ADM where f(t) is piecewise function.
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(> restart;
findiff:=proc{h,LL)
local A,B,C,alfa,b, x,
LM tk,yv,W,i,7,f,m, memory, summm, result ;
A:=1: Br=lfi. s =12 =
alfa:=1.5:
b:=10:
M:=b/h:
seq(W[i], i=0. . H}:
seq(y[i], i=0. .H):
seq(tk[i],i=0. .M):
for i from 0 to M do tk[i]:= i*h; end do:

W[0]:=1:
yv[0]:=0:
y[1]:=0:

for j from 1 by 1 while j<=M do
W[il:= evalf( ((1-((alfa+1)/3))*W[j-11) ):
end do:

ft:=t->.1450000000*t"2- . 3600000000*%t+. 1000000000+
.361081333de-1*t"(5/2)-.13654055000*t" (3 /2)+
.564189583bhe-1*sqrt (t)+.5000000000e-2%t"4-.3000000000e-1%t"3;
L:=LL;
for m from 2 by 1 while m<=M do

memory:=min(m,L)

summm: =sum{W[k]*yv[m-k] , k=1. . memory):

vim] :=evalf( (A*(2%*y[m-1]-v[m-2])-B*sqrt(h)*(summm}+
f{tk[m])*(h"2))/{B+B*sqrt(h)+C*(h"2)) ):
end do:
result:=[seq([tk[m],y[m]], m=0..M }];
end proc:

Figure 8.7 . Maple programm for the solution of Bagley-Torvik equation with
ADM where
f(t) = 0,05t* —0,03t> + 0,361t>2 + 0, 145t> — 0, 135t%/2 — 0, 36t + 0, 056t*/2 + 0, 1.
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[>» findiff:=proc(h)
local A, B,C,alfa,b,
M,tk,v,W,i,j,f,m, summm, result

== Ba=1{2sr =12

alfa:=1.5:

b:=310:

M:=b/h:

seq(W[i], i=0. .M):

seq(y[i],i=0. .H):

seq(tk[i],i=0. .M}):

for i from 0 to M do ;
tk[i]:= i*h;

end do:
W[0]:=1:
v[0]:=0:
y[1]:=0:
for j from 1 by 1 while j<=M do
W[j1:= evalf( ((1-((alfa+1)/3))*W[i-11)):
end do:
f:= t-> piecewise(t<=1,8,t>1,0}:
for m from 2 by 1 while m<=M do
summm: =sum({W[k]*y[m-k] ,k=1. .m}:
y[m] :=evalf( (A*(2*y[m-1]-y[m-2])-B*sqrt(h)*(summm)+
f(tk[m])*(h"2))/(R+B*sqrt(h)+C*(h"2)) ):
end do:
result:=[seq([tk[m],y[m]], m=0..H }]:
end proc:

Figure 8.8 . Maple programm for the solution of Bagley-Torvik equation with

EDM where f(t) is piecewise function.
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> restart;
findiff:=proc(h)
local R, B,C,alfa,b,
kl M tk, vy, W,i,j,f,m, summm, result ;

7. it B =12 : Ei=1f2. alfs:=1.%:
b:=6: M:=b/h:
seq(W[i],6 i=0. .M}:
seq(y[i],i=0. M):
seq(tk[i], i=0. .M):
for i from 0 to M do ;

tk[i]l:= i*h;
end do:
W[0]:=1:
v[0]:=0:
v[1l]:=0:
for j from 1 by 1 while j<=M do

W[jl:= evalf( ((1-((alfa+l)/j))*W[j-11} }:
end do:

fr:=t->.1450000000%t"2- 3600000000%t+. 1000000000+
.3610813334e-1%t" (5/2)-.13540R5000*L"(3/2) +
.5641895835e-1*sqrt (t)+.5000000000e-2*%t"4-.3000000000e-1%t"3;
for m from 2 by 1 while m<=M do

summm: =sum(W[k] *v[m-k] ,k=1. .m}:

ym]:=evalf( (A*(2*y[m-1]-v[m-2])-B*sqrt (h)*(summm)+
f(tk[m])*(h"2))/(A+B*sqrt (h)+C*(h"2)) ):
end do:
result:=[seq([tk[m],y[m]], m=0..M }]:
end proc:

Figure 8.9 . Maple programm for the solution of Bagley-Torvik equation with
FDM where
f(t) = 0,05t* —0,03t> + 0,361t>/2 + 0, 145t> — 0, 135t%/% — 0, 36t + 0, 056t*/2 + 0, 1.
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restart;
findiff:=proc(h,LL)
local A,B,C,alfa,b,x,
L M tk,y,W,i,7,f, m, memnory, summm, result ;
A:=1: B:=1J2.: G:=1/2.:
alfa:=1.5:
b:=10:
M:=b/h:
seq(W[i], i=0. .M} :
seq(y[i], i=0. .M} :
seq(tk[i],i=0. .M):
for i from 0 to M do tk[i]:= i*h; end do:
W[0]:=1:
y[0]:=0:
yv[1]:=0:
for j from 1 by 1 while j<=M do
W[jl:= evalf( ((1-((alfa+1l)/))*W[j-1]1) ):
end do:

ft:=t->.1450000000%t"2-_3600000000%t+. 2000000000+
.361081333de-1*t"(h/2)-. 13640RK5000*t"(3/2) +
.5641895835e-1*sqrt (t)+.5000000000e-2%t"4-.3000000000e-1%L"3;
L:=LL;
for m from 2 by 1 while m<=M do

memory:=min(m,L)}

summm: =sum{W[k]*y[m-k] , k=1. . memory):

vim] :=evalf( (A*(2*y[m-1]-y[m-2])-B*sqrt(h)*(summm})+
f(tk[m])*(h"2))/(A+B*sqrt(h)+C*(h"2)) ):
end do:
result:=[seq([tk[m],y[m]], m=0..M }];
end proc:

Figure 8.10 . Maple programm for the Short Memory Principle.
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