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0z

Bilindigi gibi cesitli local olmayan hiperbolik tip simir-deger denklemleri, Hilbert
uzaymndaki kendi kendine es positive operator A ile yerel olmayan simir-deger
problemine doniistiiriilebilir.Operator metod kullanarak, bu yerel olmayan
problemin kararhihgi elde edilmistir.Yapilan soyut uygulamalar bize yerel olmayan
iki hiperbolik tip sinir-deger problemlerinin kararhhgini elde etmemizi saglamistir.
Bu yerel olmayan hiperbolik tip siir-deger problemleri A-min tamsayr degerli
iislerinin olusturdugu birinci ve ikinci mertebeden yaklasimh sonlu farklar
metodlariyla kurulmustur. Bu sonlu farklar metodlar: ile ¢6ziimiin kararh olup
olmadigr incelenmistir ve yapilan niimerik denemelerle, elde edilen teorik
sonuc¢larin dogrulugu desteklenmistir.

Anahtar Kelimeler: Hiperbolik denklemler, Fark semalari, Yakinsakhk, Kararhlk,
Sayisal analiz.
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ABSTRACT

It is known that various nonlocal boundary value problem for the hyperbolic
equations can be reduced to the nonlocal boundary problem for differential
equation in a Hilbert space H with self - adjoint positive operator A.Applying the
operator approach we obtain the stability estimates for solution of this nonlocal
boundary problem. In applications this abstract result permit us to obtain the
stability estimates for the solution of nonlocal boundary value problem for
hyperbolic equations. The first and second order of accuracy difference schemes
generated by the integer power of A approximately solving this abstract nonlocal
boundary value problem are presented. The stability estimates for the solution of
these difference schemes are obtained. The theoretical statements for the solution of
this difference schemes are supported by the results of numerical experiments.

Keywords: Hyperbolic equation, Difference schemes, Convergence, Stability,
Numerical analysis.



CHAPTER 1

INTRODUCTION

It is known that most problems in fluid mechanics (dynamics,elasticity)and other
areas of physics lead to partial differential equations of the hyperbolic type. These equa-
tions can be derived as models of physical systems and are considered as the methods for

solving boundary value problems.

It is known that the hyperbolic problem can be solved by Fourier series method, by

Fourier transform method and by Laplace transform method.
Now let us give some examples.

First let us consider the simple nonlocal boundary value problem for hyperbolic equa-

tion
2 2 .
9w — T4 =tsinz, 0<t<0,0<z<m,

w(0,z) = qu(l,x) — ju(3,x) — gsinz, 0 <z <,

(1.1)

ut(07x) = %lut(l,l') - iut(%a‘r) + Sil’ll‘, 0 <z < ™,

\ u(t,0) =u(t,7) =0, 0 <t <1.
For the solution of the problem (1.1), we use the method of separation of variables or so
called Fourier series method. In order to solve the problem we need to separate u(t, )

into two parts

u(t,z) = v(t,z) + w(t, z),



where v(t, z) is the solution of the problem

¢

Py 0 0<t<l,0<z<m

v(0,2) — Jv(1,2) + Jv(3,2) = —gsinz , 0 <z <,

Ut(oux) - %Ut(lwr) + %Ut(%vx) = SiIl{E, 0 S x S T,

v(t,0)=v(t,m)=0, —1<t<1.

\

And w(t, z) is the solution of problem

( o 2 .
%Tg}—%:tsmx,()ﬁtﬁla 0<z<m,

w(0,2) = tw(l,z) - tw(lz) 0<z <,

(1.3)

w(0,7) = fwy(1,2) — Twy(3,2),0 <z <,

w(t,0) =w(t,m)=0 ,0<t<1.

First we will obtain the solution of the problem (1.2). By the method of separation of

variables, we obtain

We have that

T"(t) _ X" (x)
T (t) X(z)

The boundary conditions presented in (1.2), require X (0) = X (7) = 0. Hence, from (1.5)

= k=) (1.5)

we have the ordinary differential equation
X"(x) = AX(z), X(0) =X (7) =0. (1.6)

If A > 0, then the boundary value problem (1.6) has only trivial solution X (z) = 0. For

A < 0, the nontrivial solutions of the boundary value problem (1.6) are

Xp(r) =sinkr, where k=1,2,---, A= —k°



So, the nontrivial solutions of the boundary value problem (1.6) are

Xi(x) = sinkr, where k =1,2,---, and A\ = —k*.

The other ordinary differential equation presented in (1.5) is

T'(t) = XT (1),
with A = —k2, kK =1,2,---. The solution of this ordinary differential equation is

Ty(t) = c1p sinkt + cop coskt, where k = 1,2, -.
Thus,

v(t,x) = Z vp(t,x) = Z(clk cos kt + ¢, sin kt) sin kz.
k=1

k=1
Using the nonlocal boundary condition

1 1 1 1
v(0,2) = Zv(l,x) - é_lv(?’$> - gsinx, 0<z<m,

we obtain the following equation

o0

o0

1
;clk sinkx = 1 Z(Clk cos k + o sin k) sin kx

K=1
. k 3 1
_ZkZ(Clk cos 5 + Cop, SIn 5) sinkr — —sinx
=1
or

D

{Cug — Z(Clk cosk + copsink) + —(
k=1

.k
1 C1) COS 5 + cop, SIn 5)
i 1.
X sin kx = ——sinx.
Equating the coefficients of sin kz,we get

1 k k
c1p — —(c1p cos k + cop sin k) + Z(CM coS — + o sin —) = 0,

2
2<k< oo,
1, 1 sing  sin 1 1
011(1—1—1(0035—(:051))—1—021( 42 - ):—g . (1.7)
Using the nonlocal boundary condition

1 1
v(0, ) = th(l,m)

41)75(5,90) +sinz, 0 <z <m,



we get the following equation

k=1
X sin kx = sin .

Equating the coefficients of sin kx,we get

1 1 k k
Cork — Z_l(_clkk sin k + cork cos k) + Z(_Clkk sin — + cork sin 5)

2
2 <k < oo,
sinl sin2 cosl coss
Cll( 4 — 42) 021<1— 1 1 ):1
So, we have that
sin 1 sin
en(l+ 3(c s——cosl))+021( = -2l =1
1n 1
011<Sm __ 8 )+021(1 c021+coz2):1

for £k =1 and

c1p — Z(Clk cosk + co sink) + (clk CoS 5 k4 copsin® ) 0,

cork — —( cipksink + copk cos k) + ( cipksin 5 E 4 copksin & )

for k > 2.

Using the Crammer’s rule

1_cosl+cos% Sin%_sinl
A — 4 4 4 4 .
sinl_Sin% 1_cosl+COS%
4 4 4 4
1 .
cosl coss; sml sm—
2
1- 2)2 4 #0,
(- 2+ 22y (B - 22y
and
it sing  sinl
8 4 4

COs 1

1 1_00:1_|_ 42
C11 = A )

= 1 k k
Z [c rk — = (—cigksink + copk cos k) + Z(_Clkk sin B + copk sin —

5)

=0,

0

(1.8)



1— cos1

1
cos; 1

1 T 1 8

sinl _ sing 1
. 2 2
21 =
A

are the coefficients.

Putting c¢1; and c91 in v(¢, x) , the following equation can be written

cosl 1 COS% o sm% + sin 1

Ul(t,l‘) _ ( 32 8 32 4 4 )cost

A

1 i1

Cos5  cosl sinl _ Sing
L+ 4 4 + 32 32 : :
( )sint| sinz.
A

For the w(t, z) the solution is

w(t,z) = ZAk(t) sin kx
k=1
> A)

k=1

o)

sin kx + ZAk(t)k:2 sinkx = tsinz

k=2

+Z<A; (t) + Ap(t)k?) sin kz.
The complimentary solution of the equation is
AQ(t) + Ag(t)k? = t,

o0

AS(t) i m? + k* = 0 = m = +ik,

AL (t) Z dycoskt + do,sinkt)  A,(t) = at + b,
k=1

ak’t+ bk =t = ak® = 1 = a = o5,
ak2t+bk2:t:>ak2:1:>a:ﬁ,

(d11 cost + doy sint + t) sinx,

wg(t, r) = (dyy cost + day sint + t) sinx



[e.o]

. 1.
+kz:;(d1k cos kt + doy, sin kt + ﬁt) sin kx.

The equation can be written as

1
diisinz = Z(dn cos1l +dgysinl + 1)sinz

1 1 1 1
_Z(dll COS 5 + d21 sin 5 + 5) sinx,

1
d21 +1 = Z_L(_dll sinl + d21 cosl+ 1)

1 1 1
_Z(_dll Sin 5 + dgl COS 5 + 1) s
for k=1
cosl cosi sini  sinl 1
diy (1 — 2) 1 d - — -
n( 4 1)ty FRARE
sinl sini cosl cosi
d — — )+ dy(1 - 2) =1
11( 4 4 )+ 21( 4 4 ) 9
for k> 2
cosl cosi sint  sinl
dik(1 — 2) 4+ d 2 _ —
i R ;) =0
sinl sini cosl cosi
d — —2) 4 do(1 — 2) =0.
(= 1) T T 1) 70
Using the Crammer’s rule
cos 1 cos 2 sin 1 sin 2
A — -+ i
N sin 1 sin % cos 1 Cos %
el
a cos1 cos%>2+(sin1 Sin%)Q#O
4 4 4 4
1 sinl _ sing
8 4 1
cos1 cos 1
P s st s
11 A
1 cos1 cos 3 sin 2 sin 1
8 32 + 322+ 42_T

A

(1.9)

(1.10)



8
sinl _ sing 1
d 4 4
21 — =
A
cos 1 cosy sin 5 __sinl
4 4 1+ 32 32
A

dll

and dy; are two coefficients of w(t, z).Putting di;
following equation can be written

and dg; in the w(t,z) the

1 cos 1 cos 3
w(t, 33) = ( 8

sin & sin 1
32 32;+ 42_T)cost+
cosl COS% 14+ sin% __sinl
(-4 4 A 32 32 Vsint +t| sin .
Putting v(t,x) and w(t,x) in the

u(t,z) = v(t,x) + w(t,z) ,we obtain

sin 1
32 4 + 4 (111)
A
l_i_cosl_cosé _Sm%_i_sinl
8 32 32 4 4
— cost
A
1 1
Cos = sin = i Cos = sin = i
c0s1+ 2 1] — 2+31n1_cosl_ 2 14+ 2 _ sinl
4 4 32 32 4 4 32 32 int
+( A ) sin
+tsint.

u(t,z) =0+tsinz.
u(t,z) =tsinx

is the solution of the equation by the Fourier series method.



However, the method of separation of variables can be used only in the case when it

has constant coefficients.

It is well-known that the most useful method for solving partial differential equations

with dependent coefficients in t and in the space variables is difference method.

Now another example for a hyperbolic equation is given below.It can be solved by
Laplace transformation method

0%u _ 97 _
o —fmtu=2"" 0<t<1,0<z<o0,

u(0,2) = Yu(L,z) — tu(d.z) — Ber |

—-1<t<0, 0 <z <oo,

Taking the Laplace transform of both sides of the differential equation

L{u(t,z)} = u(t,s).
It can be written as
L{uw} — L{ug} + L{u} =2L{e "}

After transformation the differential equation becomes

2

uy(t, 8) — s*L{u} + su(t,0) + u,(t,0) + u(t,s) = s

uy(t, s) — s*u(t, s) + st> — 1> +u(t,s) = s
s

Using the UC method,where u.(t,s) is the complementary and u,(t, s) is the particular
solution where

u(t, s) = uc(t, s) + uy(t, s).

We get

uy(t,s) + (1 — sHu(t,s) = + (1 —s)t?.

1+ s



Auxiliary equation is
u(t,s) m> =5 —1l=m==+Vs2 -1,

m2+(1—32) =0,
miyo = :t\/ -1+ 52,

Now the complementary solution is

U(t, s) = creV¥ M 4 cpem VI

Finding the particular solution we can write

up(t, s) = a(s)t® + b(s)t + c(s) 2a(s) + (1 — s%) [a(s)t* + b(s)t + c(s)] =

2
1—s)t?
1+s+< S
(5) = ——, b(s) =0 ,c(s) =0
al\s) = S) = cls) =
1+S7 )
so the particular solution is
t2
t = .
uP(?'S) 1“|‘S

Thus we get u(t, s) as

t2
VSRl L eVt —

u(t,s) = cie .
(t5) ! 1+s

Using the nonlocal boundary condition

1 1 1 3
u((),x):Zu(l,m)—zu(ﬁ,x)—ﬁe*m ,—1<t<0, 0<z < oo,

1 1
cL+cy = 4(016v Ve Vet — )

1+s
1 o 2o 1 3
(e e T ) —
4 41+s)  16(1+s)

we get

1 o e N | 2= Ve
g+ = 4(616 + e V) — Z(Cle T g2 1) (1.12)



and using the second nonlocal boundary condition the following equation can be writ-

ten as
1 11 1,
ut(oax):Zut“—ax)_zut(é?x)_ze ,—1§t§0,0<1‘<00,
Vvs2—1 S 2
Vs —1—cVs:—1= ST(cle Sl eVl ?)
s
82 — 1( s2-1 V/s2-1 i 1 ) 1
———(c1e” 7 — e 2 —
4 2 1+s  4(1+s)
2 _
2 —1(cp — ) = 84 (creVs 1 ce”sLl)
2_1 2 2
- 84 (c1e T — e 21)
we get
1 Vs2—1 —Vs2-1 1 V2ot e
(¢4 —c2) = Z(cle — g€ ) — Z<Cl€ T —ce 7)) (1.13)
By(1.12) and (1.13)
1 ST . 1 NE- N
c1+cy = 1(016 P14 e 52_1) - Z(Cle 4 coe” " 2 1) ,
]_ 1 /521 1 s2-1 _ s2-1
(c1 — ¢ca) = =(cq€e" — coe” Y )— (e 2 —cge 2 ),
C1 = 0 , Co = 0,
u(t, s) is
t2
t = .

By taking the inverse of the Laplace operator

L' {ult,s)} = £L! { ! } |

1+s

we get

u(t,r) = t?e~" is the solution of the given nonlocal boundary value problem.



However, Laplace transform method can be used only in the case when it has constant
coefficients. It is well-known that the most useful method for solving partial differential

equations with dependent coefficients in £ and in the space variables is difference method.
And the last example is a problem solved by using Fourier Transform method.

Consider a nonlocal boundary value problem for hyperbolic equation

2u

Ou_Zuty=(3-4a%e™ ,0<t<l ,0<z< o0,

u(0,z) = ju(l,z) — qu(3,2) + e ,0<z <00 ,0<t <1,

| u(0,7) = Tue(l,2) — duy(,2) ,0<t <1 ,0 <2< o0.

Applying the Fourier transform method to the both sides of the equation

F {ug(t,2)} — F {uge(t,2)} + F{u} = F {(3 - 41:2)6_"”2} .

Then, we have
F {utt(t,x)} —F {um(t7x)} —+ F {U} = F {(€_$2)// 4 €_x2} ’
and the equation becomes

u(t, ) + s2u(t,s) +u(t,s) = (s> + 1)F {e‘*} ,

un(t, s) + (s2 + Du(t,s) = (s + 1) F {e—wz} . (1.14)

We have that
u(t,s) = uc(t,s) + upy(t, s),

The auxiliary equation is

uc(t,s) :m?>+ (s> +1)=0,
m = ti\/(s2 + 1),

m®+ (s° +1) =0,



miyo = +iv 52 + 1.

Now the complementary solution is

Ue(t, s) = crcos\/(s2 + 1)t + cosiny/(s2 + 1)t .

Using the UC method, we obtain

uy(t,s) =F {e‘”’z} :

Using the nonlocal boundary condition

1 1
u(0, x) :Zu(l,x)—zu(?m)jte_z O<zr<oo,0<t<1

we get

1
cq—F {e’mz} =12 [61 cosy/(s?+ 1)+

cosiny/(s2+ 1)+ F {e_IQH

+ ¢ sin
wr{e]

= %1 [cl(cos vV (s2+1) — cos —'(822+1>)

! [cl cos —\/m —\/m +F {612}]
2 2

bea(sin /(7 1 1) - sin Y ED)

Using the other nonlocal boundary condition

1 1 1
u (0, 2) = Zut(l,x)—zlut(é,m) 0<t<1l,0<z<o00,

cov/(s24+1) = i [—01(82 + 1)sin/(s2+ 1)
+con/ (%2 + 1) cos/(s% + 1)}

1 5 . V(241
. [_clmsm JED

(1.15)



+c24/ (52 + 1) cos —"(522+1)

Y

we get

cy = i [02((:05 V(s?2+1) — cos —.(SZ‘FD) (1.16)

+cy(sin/(s? 4+ 1) — sin —~(322+1)>

Solving (1.15) and (1.16) the coefficients ¢; = 0, ¢; = 0 and the complementary solution

u. (t, s) = 0.And particular solution is
.2
uy, (t,s) :F{e v }
Putting wu. (¢,s) and u, (t,s) in u (¢,s) where
u(t,s) = uc(t,s) +uy, (t,s),

we get
u(t,s) = O—I—F{e’ﬁ}.

Finally,taking the inverse of the Fourier transform

u(t,x) =F! {F {e’“"’z}} ,

2

u(t,zr) =e"
is the solution of the nonlocal boundary value problem by the Fourier transform method.

However, the Fourier transform method can be used only in the case when it has
constant coefficients,it is well-known that the most useful method for solving partial dif-
ferential equations with dependent coefficients in ¢ and in the space variables is difference

method.

In the present work we obtain the stability estimates for solution of this nonlocal
boundary problem. In applications this abstract result permit us to obtain the stability
estimates for the solution of nonlocal boundary value problem for the hyperbolic equations.
The first and second order of accuracy difference schemes generated by the integer power
of A approximately solving this abstract nonlocal boundary value problem are presented.
The stability estimates for the solution of these difference schemes are obtained. The
theoretical statements for the solution of this difference schemes are supported by the

results of numerical experiments.



We briefly describe the contents of the various chapters.

First chapter is the introduction.

Second chapter presents all the elementary Hilbert space theory that is needed for this

work.

Third chapter consists of four sections. A brief survey of all investigations in this
area can be found in the first section.Second section is devoted to the study of the
stability of this nonlocal boundary value problem.We obtain the stability estimates
for solution of this nonlocal boundary problem. In applications this abstract result
permit us to obtain the stability estimates for the solution of nonlocal boundary
value problem for the hyperbolic equations. In last two sections we describe the first
and second order of accuracy difference schemes generated by the integer power of A
approximately solving this abstract nonlocal boundary value problem. The stability

estimates for the solution of these difference schemes are obtained

Fourth chapter is the applications. The first and second order of accuracy difference
schemes are studied. A Matlab program is given to conclude that the second order

of accuracy is more accurate. The tables and figures are included.

Fifth chapter is the conclusions.



CHAPTER 2

ELEMENTS OF HILBERT SPACE

2.1 Hilbert Space

Definition 2.1. A complex linear space H is called an inner product space if there is a

complex-valued function (.,.) : H x H — C' with the properties

i. (x,x)>0 and (r,x) =0 <= z=o0,

it. (zr,y) = (y,x) forall =,y € H,
iti. {(ax,y) = a(x,y), forall z,ye H and «a€C,
. (x+y,z)=(r,2) + (y,z) forall x,y,z € H.

The function (z, y) is called the inner product of x and y. A Hilbert space is a complete
inner product space. An inner product on H defines a norm on H given by ||z| = (z, x)é :

Hence inner product spaces are normed spaces, and Hilbert spaces are Banach spaces.

Example 2.1. The space Cy[—1,1] of all defined and continuous functions on a given

closed interval [—1,1] is an inner product space with the inner product given by

Example 2.2. The space Ly [—1,1] = Cy [—1,1] with the inner product

1

(2.y) = / £ty (D)t

-1

18 a Hilbert space.



2.2 Bounded Linear Operators in H

Definition 2.2. Let H; and Hs are two Hilbert space. A linear operator A is an operator
such that A : H; — H,

Aoz + py) = aAx + fAy  forall a,5 € C and z,y € H;.

The domain of A D (A) = {x € Hy,3Ax € H,} is a vector space and

R(A) ={y = Az,Vx € D (A)} denotes the range of A.

A linear operator A : H — H is said to be bounded if there exist a real number
M >0 such that
|Az|l; <M Jz||;  forall x e H.

If A linear operator A : H — H is bounded with M, then
|Al| = inf M
is called the norm of operator A.
Example 2.3. A bounded linear operator from H = Lo [0,1] into itself is defined by
Az =tx(t), 0 <t < 1.
Theorem 2.1. The norm of the bounded linear operator A is

Ax
1Al = sup [[Az] = sup 22D — g Az
llzll<1 wo || Z]] |lz||=1

2.3 Adjoint of an Operator

Definition 2.3. Let A: Hy — H; be a bounded linear operator, where H; and H,

are Hilbert space. Then the Hilbert adjoint operator A* of A is the operator
A* . Hy — Hy,
such that for all x € H; and y € Hy
(Az,y) = (x, A%y) .

Theorem 2.2. The Hilbert adjoint operator A* of A is unique and bounded linear oper-
ator with the norm

1A = [IAll -



Definition 2.4. A bounded linear operator A : H — H on a Hilbert space H is said
to be self-adjoint if (Ax,y) = (x, Ay) for all x,y € H.

Definition 2.5. A self-adjoint operator A is said to be positive if A > 0, that is (Ax, z) >
0 for all z € H.

Definition 2.6. Let A: D (A) — H be a linear operator with D (A) = H. Then
A is called a symmetric if (Az,y) = (x, Ay) for all z,y € D(A).

If A is symmetric and D (A) = D (A*), then A is a self-adjoint operator.

d2
Example 2.4. Let Au= _d_z +u , wu(a)=ub)=0 and H= Lo[a,b]. A is
x

a self-adjoint positive operator.

2.4 Spectrum

Definition 2.7. Let H be a Hilbert space and A : H — H be a linear operator with
D (A) C H. We associate the operator Ay = A — Al , where A € C' and [ is the identity

operator on D(A).

If Ay, has an inverse, we denote it by R, (A) and we call it the resolvent operator of

A, or simply, resolvent of A.
Ry(A)=(A—-XD)"".
Definition 2.8. (Regular value, resolvent set, spectrum)

Let A be a linear operator with the D (A) C H and H is a Hilbert space. A regular

value A of A is a complex number such that
(R1) Ry(A) exists.
(R2) Rx(A) is bounded.
(R3) R)(A) is defined on a set which is dense in H.

The resolvent set p (A) of A is the set of all regular values of A. Its complement
0 (A)=C —p(A) is called spectrum of A , and a A € o (A) is called spectral value of A.

Furthermore, the spectrum p (A) is partitioned into three disjoint sets as follows.

The point spectrum or discrete spectrum o, (A) is the set such that Ry (A) does

not exist. A X € o (A) is called an eigenvalue of A.



The continuous spectrum o, (A) is the set such that Ry (A) exists and satisfies

(R3) but not (R2), that is Ry (T") unbounded.

The residual spectrum o, (A) is the set such that Ry (A) exists (and may be
bounded or not) but does not satisfy (R3) , that is the domain of R, (A) is not dense in
H.

If Ayx = (A— M)z =0 for some x # 0, then A\ € 0, (A), by definition, that is,
A is an eigenvalue of A.
The vector x is called an eigenvector of A corresponding to eigenvalue \. The

subspace of D(A) consisting of 0 and all eigenvectors of A corresponding to an eigenvalue

A of A is called the eigenspace of A corresponding to that eigenvalue .
o (A)=0.(A)Ua,(A)Ua,(4),
g(A)Up(A) =C.

Definition 2.9. Let H be a Hilbert space over the field of real numbers and for any
x € H |, let ||z]| denote the norm of z. Let J be any interval of the real line R. A function

x:J — H is called an abstract function.
A function z(t) is said to be continuous at the point tg € J,
if
lim [|(2) — z(to)[| = 0;

t—to
if x: J — H is continuous at each point of J, Then we say that z is continuous on J

and we write x € C'[J, H].

Definition 2.10. The Stieltjes integral of a function = : [a,b] — H with respect to
a function y : [a,b] — H,. Let H, Hy, H> be three Hilbert space. A bilinear operator

P: H x H — Hs whose norm is less than or equal to 1, that is,

1P (2, 9) (< =l wll,

is called a product operator. We shall agree to write P (z,y) = xy. Let x : [a,b] — H and
y : [a,b] — H; be two bounded functions such that the product x(t)y(t) € H,, for each

t € [a,b] is linear in both x and y and

lz@y@I < [l2@ y@)]



(for example, x(t) = A(t) is an operator with domain D [A(t)] D H;, or one of the

function x,y is a scalar function).
We denote the partition (a =ty < t; <ty < ... <t, = b) together with the points

T (ti <711 <tiz1,1=0,1,2,...,n—1) by 7 and set |r|=max; |t;+1 — t;| . We form the

Stieltjes sum

i
L

Se= ) x (1) [y (tic1) —y ()]

=1

If the lim S, exist as 7| — 0 and defines an element I in H, independent of 7, then
I is called the Stieltjes integral of the function x (¢) by the function y (¢), and is denoted

by
b

/x(t) dy (t).

Theorem 2.3. Ifxz € Clla,b],H| and y : [a,b] — Hy is of bounded variation on [a,b],

then the Stieltjes integral
b

/x(t) dy (t) exists.

Consider the function y : [a,b] — H; and the partition

Tia= ta<t1 <ta<..<t,=0.

Form the sum

V=3l ()~ 0l

The least upper bound of the set of all possible sums V' is called the (strong) total
variation of the functiony (t) on the interval [a,b] and is denoted by V! (y) . If V! (y) < oo,

then y (t) is called an abstract function of bounded variation on [a,b].

Example 2.5. If x € C'[[a,b], H] and y : [a,b] — Hy is of bounded variation on [a,b],
then

t€la,

/Q@@@ S/M@MW@WSm%W@WﬂMM-



2.5 Projection Operator. Spectral Family

Definition 2.11. A Hilbert space H is represented as the direct sum of a closed subspace

Y and its orthogonal complement Y :

H=YaoY"t (2.1)

r=y+z , where yeY,zeY"

Since the sum is direct, y is unique for any given x € H. Hencethe spectral represen-

tation of unit matrix defines a linear operator
P:H—H,
r — y = Pux.
P is called an orthogonal projection or projection on H.

Theorem 2.4. A bounded linear operator P : H — H on a Hilbert space H is projection

if and only if P is self-adjoint and idempotent that is, P? = P.

Spectral family from dimensional case as follows: If matrix A has n different eigenval-
ues A < Az < Az... < \,. then A has an orthogonal set of n vectors z1, z3, x3, ..., T, Where
x; corresponds to \; and we write these vectors as column vectors, for convenience. This

basis for H, has a unique representation:

T = Z ViTis o Y= (x,x) = xTa:—j , (2.2)
j=1

z; is an eigenvector of A, so that we have Az; = \;z;.

Az = Z YT (2.3)
j=1
We can define an operator
Pi:H— H,

T — YT
Obviously, P; is the projection (orthogonal projection) of H onto the eigenspace of

A corresponding to A; .



Theorem 2.5. Spectral Theorem: Let A: H — H be a bounded self-adjoint linear
operator on a complex Hilbert space H. Then there exists a family of orthogonal projection

{E(N)}, X € R such that
A1 < Ay implies that E (M) E (M) = E (X)) E (M) =E(M);
E(A+¢)— E()\) (strongly) ase — 0F;
E(X\) — 0 (strongly) as A — —o0,
and

E(\) — 1 (strongly) as A\ — +00;

a) A has the spectral representation

M

A= / AE\,

m—0
where E) is the spectral family associate with A; the integral is to be understood in the

sense of uniform operator convergence, and for all x,y € H.

(Az,y) = / Mw()  w(h) = (By)

m—0

where the integral is an ordinary Riemann-Stieltjes integral.

b) If P is a polynomial in \ with real coefficients,
P(A\) = anz™ + ap_ 12"+ .+ ag
then the operator P (A) defined by
P(A) = apA™ + a1 A"+ ool

has the spectral representation

P(A) = / P () dE,

m—

=]

and for all x,y € H.

Theorem 2.6. Let A : D(A) — H be a self-adjoint linear operator, where H is a
complex Hilbert space and D (A) is dense in H. Then A has the spectral representa-

tion
o0 oo

A= /)\dEA and [:/dE,\.

m m



If F is the continuously bounded function on [m,oc|, then

M
F(A) = /F()\) dE,.
Note that, from theorem 2.6 and property of E\ and Stieltjes integral it follows

|F (A) ]| < / F )] d||Exz]| < / f ()] dE |z

< swp |f V) / N

m<A<oo

IF ()l < sup_|f (][]

m<AL

[1F (A < sup |f (M.

m<A<oo

Example 2.6. A is an operator defined on the example 2.5. Show that
lexp(—At)[| < e,

lcos (AV24)|| <1, | AY2sin (AY2H)]| < 1.

(2.4)

Solution. Using the spectral representation of the self-adjoint positive defined opera-

tors we can write

exp(—At)gDI/ exp(—ut)dE,p,
1

where (E,) is the spectral family associated with A. Therefore, for anyt > 0 we have that

|exp(—At)||g—py < sup |exp(—ut)| = exp(—t).
1<pu<oo

The estimate (2.4) is proved. Using the spectral representation of the self-adjoint

positive defined operators we can write
S A1/2 & 1/2
ezi:zA tQO — / eztzt,u dEHSO
1
Therefore, using the last theorem we obtain

< sup

Heiml/%
1<pu<oo

|€iit“1/2| =1.

So,
iAl/2¢ + efiAl/Qt

2

(&

leos (A1)} =




and

e*iA1/2t ] S 1
iAY2 A%
2
e <o




CHAPTER 3

DIFFERENCE SCHEMES OF NONLOCAL BOUNDARY
VALUE PROBLEMS FOR HYPERBOLIC EQUATIONS

3.1 The Problem

In the papers [Ashyralyev, A. and Aggez, N., 2004] - [Ashyralyev, A. and Aggez, N.,
2003] the first and second order difference schemes generated by the integer power of A

for approximately solving the following nonlocal boundary-value problem

L + Auft) = f(t) (0<t<1),
(3.1)
u(0) = au(1) + ¢, w/(0) = Bu'(1) + ¥

was presented. The stability estimates for the solutions of the nonlocal boundary-value
problem (3.1) and of difference schemes were established. In applications, the stability
estimates for the solutions of the difference schemes of the mixed type nonlocal boundary-

value problems for hyperbolic equations were obtained.

We are interested in studying the stability of solutions of the problem (3.3) under the
assumption

Dol Bl + )l D 1B <14+ Y awbi - (3.2)
m=1 k k=1

k=1 =1
k#m

It is known that various nonlocal boundary value problems for the hyperbolic equations

can be reduced to the boundary value problem

(

Pull) 4 Au(t) = f(t) (0<t<1),

dt?

u(0) = 3 0,u(d,) + ¢, u(0) = 3 B,u() + v,

Z‘ak+ﬁk|+2]ak‘2|ﬁm| <1+ ZakﬁkL (3.3)
= b=l ms k=1

=1
m#k
D<M < XA<..< A<,




for differential equation in a Hilbert space H with self -adjoint positive definite operator

A.

In this work the stability estimates for the solution of the problem (3.3) are obtained.

The first order of accuracy difference scheme

(

T 2 (w1 — 2ug + up—1) + Augr = fr, fo = f(tr),
tr=kr, 1<k<N-1, Nt =1,

- éo"” ] 7%
T = ) = 328, (up — ) 4 0

and the second order of accuracy of the following difference schemes

;

(3.4)

\

T2 (Upg1 — 2ug + up—y) + Aug + §A2uk+1 = Jk,

fk:f(tk) tk:kT 1§]€§N—1,NT:1,

Up = Y, Uxn + D oy ( upar) + (U[Lqﬂ - u[&]> (% - [H)) + e
)\TGZ T AT%Z T T T

(I + A7 (s — wo) — T(fo — Aug)
= 3o (o (g ) (e~ gy

r#n, 2 ¢z
+oun (5 (3upg) — Aupap)s  0ppg ) + (2] =~ Aupa) G2 = [3))

1 1
+ D Oy <UATT+1 — UATT71> + a3 (u — 4U)\n 4t SU)\n o)+
r;én,i_—TEZ

Jo=f(0), fv = f(1),

An
T

T2 (wks1 — 2up + wp—1) + 3Aw, + TA(wpr1 + up—1) = i,
fk:f(tk) tk:k‘T 1§]€§N—1,N7’=1,
o= T ot 3 o (upyy + (v — o) (- [¥]) o
I+ T)[(I + 2247w — wo) — 5(fo — Auo))]
= 5 o (oprn — ey + () = gy

r#n,Ar ¢z
o (3 (3u) = 402 e 2) + (fpr) — Avp) G = [

1 1
+ > Qe (u%+1 — U + t+any- 3u7" —4uxn l—l—um 9
r;ﬁn,%GZ

N )
+

o= 1(0). f = F(1).
for approximately solving the problem (3.3) are presented . The stability estimates for

the solution of these difference schemes were obtained.

The well-posedness of the nonlocal boundary value problems for parabolic ,elliptic

equations and equations of mixed types have been studied extensively, see for instance



[Salahatdinov M. S., 1974] - [Ashyralyev A. and Kendirli B., 2001] and the references

therein.

3.2 The Differential Hyperbolic Equation

A function u(t) is called a solution of the problem (3.3) if the following conditions are

satisfied:

i) u(t) is twice continuously differentiable on the segment [0, 1]. The derivatives at the

endpoints of the segment are understood as the appropriate unilateral derivatives.

ii) The element u(t) belongs to D(A) for all ¢ € [0,1] and the function Au(t) is

continuous on the segment [0, 1].
iii) u(t) satisfies the equation and the nonlocal boundary conditions (3.3).

In the paper [AshyralyevA. Martinez M., Paster J. and Piskarev S., 2007] the nonlocal
boundary value problem (3.3) in the cases a; =0, j =2,---,nand §; =0, j =2,-- - n,

A1 = 1 was considered. The following theorem on the stability was proved.

Let H be a Hilbert space, A be a positive definite self-adjoint operator with A > 41,
where 0 > dp > 0. Throughout this paper, {c(t),t > 0} is a strongly continuous cosine
operator-function defined by the formula

A1/2 o A1/2
eztA / + e—ztA /
)=

Then, from the definition of the sine operator-function s ()

t

s(t)u = /c(s)u ds

0

it follows that
itAY/2 e—iml/2

_ Afl/Ze
s () 2

For the theory of cosine operator-function we refer to [Fattorini H.O., 1985] and [Piskarevs.

and Shaw Y., 1997] .
Now, let us give some lemmas that will be needed below.

Lemma 2.1. The estimates hold:

le®ll g < L[ A2,y <1 (3.7)



Lemma 2.2. Suppose that the assumption (3.2) holds. Then, the operator
= Bre(h) = Y me(A) + Z Zamﬁk o) + As(m)s(Me))
k=1 m=1 m=1 k=1

has an inverse

- <[ = " BreM) = D amc(An) + Z Zamﬁk Je(Ar) + As(Am)s (Ak)))

m=1 k=1

and the following estimate is satisfied:

1

T+ D aBl =Dl + Bl = D laml D 184
k=1 k=1 m=1

k=1
k#m

Proof. The proof of estimate (3.8) is based on the estimate

= Bre) = Y ame(An) + Z Zamﬁk )e(Ak) + As(Am)s(Ar))

m=1 k=1

H—H

> 1+ Y el =) lan+ Bl = D laml D 164
k=1 k=1 m=1 f=1
k#m
From the definitions of ¢ ();) and s (A;) (A;,j =1,---,n) it follows that

I— Zﬁkc(/\k) — Z (M) + Z Zamﬁk Je(Ak) + As(An)s(Ar))

m=1 k=1

I+Zak6k1 Z g +6k )\k —|— Z Z Oémﬁkc - )\k)

m=1 k=1
k#m

Then, using the triangle inequality and estimate (3.7), we obtain

=D Belw) = Y amc(Am) + Z Zamﬁk Je(Ar) + As(Am)s(Ar))

m=1 k=1

H—H

> 1+ anBil = ) law+ BilleO g = Y D lawllBel leOun = Al
k=1

k=1 m=1 k=1
k#m

n

>+ Y Bl =Y ok + Bl = D ol D184l
k=1 m=1

k=1 =1
k#m



Lemma 2.2 is proved.

Now, we will obtain the formula for solution of the problem (3.3). It is clear that
[Fattorini H.O.] the initial value problem
d*u , ,
ﬁ+Au() f(t),0 <t < 1,u(0) =ug,u(0) = ug

has a unique solution

t
u(t) = c(t)uo + s(t)ug + /s(t —s)f(s)ds. (3.9)
0
Using (3.9) and the nonlocal boundary conditions

Z amt(An) + 0, w'(0) =D B (M) + 9,
k=1

it can be written as follows

n

u(0) = Z Q {c(/\m)u(()) + 5( A ) (0) + )\fms (A — 8) f(s)ds} + o,

m=1 0

N (3.10)
Zﬂk{ —As(A)u(0) + c(A)u' (0) + [ e (M, — s)f(s)ds} + 9.

0

Denoting
— Z amc(Am Z ams(A
A = nm:l
Z BeAs(Ne) T — Zﬁkc (Ax)
k=1
and using the definitions of ¢ ();) and s (\;) (A;,j =1,---,n), we can write
= <] - Z ozmc(/\m)> (I - Z ﬂkc(z\k)> +A Z Z A B1S(Am)s(Ak)
m=1 k=1 k=1 k=1

=1-> Beh) = D amcn) + >3 amBre(Am)e(Ar)

m=1 k=1

+A Z Z W 31,8 (Am) s (Ak),

m=1 k=1
=1- Zﬁkc()\k) - Z amc(A
k=1 m=1

n n

) amBy (c(Am)e(Me) + As(Am)s (M) -

m=1 k=1



Then, using the definition of the operator T, we obtain
T=A"
Solving system (3.10), we get

Z am Am =) f(8)ds + ¢ = ams(An)

w(0) =T | ™= m=1 (3.11)
w+§ﬁk (e =) f(s)ds T =Y Bre(h)
() (e o)
+Zam8 <¢+Zﬁk/ ks)f(s)ds)},
Zamc Zam Afms()\m— s) f(s)ds + ¢
u'(0) =T K (3.12)

ZﬁkAS k) Zﬁk (A — ) f(s)ds +

_7 { (1 _ Z amc()\m)> (Z 5k/c (e — ) F(s)ds + w)

_AZBks k) (Zam/s(/\ms)f(s)ds—i—go)}.

m=1 0
Consequently, if the function f(t) is not only continuous, but also continuously differen-
tiable on [0,1], ¢ € D(A) , ¢ € D(Az) and formulas (3.9), (3.11), (3.12) give a solution
of the problem (3.3).

Theorem 3.7. Suppose that ¢ € D(A) E D(A%) and f(t) are contz’nuously differen-
tiable on [0,1] function and Z |k + Byl —i—Z || Z 1Bl < |1+ Zakﬁk Then there

m;ék
is a unique solution of the problem (3.3) and the stability inequalities

< 1/2 12 _
o | w(0) < 8 [+ 1 A2 L + oo | 4725 | 313

meAW<H|<MhAW M+me+mwnﬂ>my (3.14)

0<t<1 0<t<1



d>u(t
max | 29 1, + max | Au(t) < M| Ap lu + | A% a (3.15)

0<t<1 dt? 0<t<

1
1O L+ [ 17 L ]
0
hold, where M does not depend on f(t), t € [0,1], and p,1.

Proof. Using formula (3.3) and estimates (3.7), (3.8), we obtain

lu@ll < Ne@la—ul|Tlm-n { (1 + > 16l IIC(MIIHAH)

n Am
o ( 550 [4-4s00], do+ m)
m=1 0 —H
+ i o] HA%S()\m)HH—)H
m=1
n Ak
x (A%wm #3218 [ leOw =3l HAéﬂs)HHds) }
k=1 0
+H 4z, 17 { (1 +3 fanl chHHHH)
m=1

n Ak
x (Zﬁk [ el 4750 s + A%wH)
k=1 0
- (iw |azs o] )
k=1 -

x (fjw / |43 = 9| |larise)], ds + m)}
—l—/HAés(t—s) o HA_%f(s) Hds

-1/2 —-1/2
<01 I+ 1 A2 [+ g | A™27(0) ]
Therefore, estimate (3.13) is proved.

Applying A2 to formula (3.3) and using estimates (3.7) and (3.8), we obtain

lAzu()ll < Ne)lmml| Tl { (1 + > 16l HC(M)IIHHH>



A%S(Am)H

H—H

n >\77L
| Xtaal [
m=1 0

Axs O =) I1FS)ll ds + A%w) + 3 lawl
H—H m=1

X (¢H+Zﬂk/6(kk8),w, f(S)HdS)}

a

Abs()| T lan { (1 £ Jawl Hc(AmmHHH)
m=1

Ak "
x (Zﬁk Jlew =9, 176y ds + wﬂ) T (Zw Abs ) )
k=1 0 k=1 H—H

Am
x (Z anl [ 45 On =5 15@pds+ A%w) }

+/ Azs(t—s)

0

o 0<t<1

1F) L ds < M || A0 [+ ) Il + mas || £(2) ||H} .

Thus, estimate (3.14) is proved.

Now, we obtain the estimate for || Au(t) || z.Using the integration by parts and apply-

ing A to formula (3.3), we can write the formula

Au(t) = ¢(t)T { (1 - Zn: ﬁkc()\k)> (3.16)
X (Z . (f (Am) — ¢(Am) f (0) — /C(Am —5) f’(s)ds) + Ap

0




Using formula (3.16) and estimates (3.7) and (3.8), we get

[Au@)[a < [le@m—u Tl a—m { (1 + > 16K HC(M)HHHH)

(Z\&m! 1 Qo) ez =+ Qo) gz 1 (O] 2

. / G =9, | (S>Hd8) ! 'AM>

15 o{| PEREW H O wIENT

[l ol o))

0

Abs@) Tl { (1 + Z ] [le(A ||HHH>
(3

AsOw||, 17Ol

Al } +|

AL IO

Ak

o/

0

Abs(h S)HHHHf/(S)HHds) + A%wlﬂ) + (anlﬁkl | Aés()\k)HHAH>

(me! 1 Qo) ez + ez 1 (O] 2

+ / e Con = ), || 5) ds) T AsoH) }

1O + 1Ol 17O+ [Nt =), [£6)

‘ds
H

<M [I Ap [l + 1 A2¢ a +11FO)]l +/ £ () Nl ds]
0

for every ¢, 0 <t < 1. This shows that
< 1/2
e, | Ault) = M |1 Al + 1| 4726 L+ £0) -+ o | 70 ] - (317

From estimate (3.17) and the triangle inequality it follows estimate (3.15).Theorem 3.7 is

proved.



Now, we will consider the application of Theorem 3.7.

First, the mixed problem for hyperbolic equation

(

u — (a(2)ug), +0u = f(t,z), 0<t <1, 0 <z <1,

u(0, Zamu (A, ) + 0(2), 1 (0, ) = Zﬁkut A, @) + (),

0<z<1,

u(t,0) = u(t, 1), u.(t,0) =u,(t,1), 0 <t <1

\

under assumption (3.2) is considered. The problem (3.18) has a unique smooth solu-
tion w(t,z) for (3.2), § > 0 and the smooth functions a(z) > a > 0 (z € (0,1)),
o(x),¥(z) (z€0,1]) and f(t,x) (t,x € [0,1]). This allows us to reduce the mixed prob-
lem (3.18) to the nonlocal boundary value problem (3.3) in a Hilbert space H = L5[0, 1]
with a self-adjoint positive definite operator A* defined by (3.18).Let us give a number of

corollaries of the abstract Theorem 3.7.

Theorem 3.8. For solutions of the mized problem (3.18), we have the following stability

nequalities

max | we(t, ") Loy < M max I £t ) a0 + 1| €2 20, + (| ¥ ||L2[0,1]} ;

max || et ) oo + max || walt-) lrao.

<M |max || fi(t,) 2o + 1| £(0,°) 2o + | Puw 2200 + [ ¥ ||L2[0,1]} ;

0<t<1

where M does not depend on p(x),v(x) and f(t, ).

The proof of this theorem is based on the abstract Theorem 3.7 and the symmetry
properties of the space operator generated by the problem (3.18).Second, let 2 be the unit

open cube in the m-dimensional Euclidean spaceR™ {z = (21, -, z,,) : 0 < z; < 1,1 < j < m}

with boundary S, @ =QUS. In [0,1] x Q, the mixed boundary value problem for

the multi-dimensional hyperbolic equation

( m
d2u(t,x
5 = 3 (ar(@)ur,)o, = (7).
r=(x1,...,0,) €Q, 0<t<1,

z) = Z aju(N,z) + ¢(x),z € Q, (3.19)

Zﬁkut )\ka +w()0§$§17$€§7

u(,x):O, resS, 0<r<m



under assumption (3.2) is considered. Here a,(z), (z € Q), p(x),%(x) (z € Q) and

f(t,z) (t € (0,1), x € Q) are given smooth functions and a,(z) > a >0 .

We introduce the Hilbert space Ly(Q) of the all square integrable functions defined on

Q, equipped with the norm
£ =1 [+ [ 15@)don-do)
=)

The problem (3.19) has a unique smooth solution u (¢, z) for (3.2) and the smooth func-
tions ¢(x), ¥(x), a,(x) and f(¢,x). This allows us to reduce the mixed problem (3.19)
to the nonlocal boundary value problem (3.3) in a Hilbert space H = Lo(f) with a
self-adjoint positive definite operator A” defined by (3.19).

Theorem 3.9. For the solutions of the mized problem (3.19), the following stability in-

equalities

mw}:H%r ) lp@< M | max || f(t,-) [|,@ +§:H%Jm +Wmemr

0<t<1 0<t<1

max Z H /U/xrwr HL2 + max H /U/tt( ) ”L2

0<t<1 0<t<1

<M |max || fi(t,) @ + I F(0,) l,@) +Z | 2, lLo@ +Z | s, ||L2(Q)]
r=1 r=1

0<t<1

hold, where M does not depend on p(z), (z) and f(t,x).

The proof of this theorem is based on the abstract Theorem 3.7, the symmetry prop-
erties of the operator A” defined by formula (3.19) and the following theorem on the

coercivity inequality for the solution of the elliptic differential problem in Ly().

Theorem 3.10. For the solutions of the elliptic differential problem
A%u(z) = w(z),z € Q, (3.20)
u(x) =0,z € S,

the following coercivity inequality holds [ SobolevskiiP.E.1975]:
r=1
Note that the stability estimate (3.13)is not satisfied for the general oy and ;. the

corresponding counterexampleve was given in the paper [Ashyralyev, A. and Aggez, N.,

2004].



3.3 The First Order of Accuracy Difference Schemes

Throughout this research for simplicity A\; > 27 and A\, < 1 will be considered. Let us
associate the boundary value problem (3.3) with the corresponding first order of accuracy

difference scheme (3.4)

A study of discretization, over time only, of the nonlocal boundary value problem
also permits one to include general difference schemes in applications, if the differential
operator in space variables, A, is replaced by the difference operators A; that act in the

Hilbert spaces and are uniformly self-adjoint positive definite in h for 0 < h < hy.

In general, we have not been able to obtain the stability estimates for the solution of
difference scheme (3.4) under assumption (3.2). Note that the stability of solutions of the

difference scheme (3.4) will be obtained under the strong assumption

Do lal+ D 1Bk + D el D18l < 1. (3.21)
k=1 k=1 k=1 k=1

Now, let us give some lemmas that will be needed below.

Lemma 3.1. The following estimates hold:

( ~
1Bl g <1, Rl gem < 1,

L HTAl/ZRHH»—»H S 17 HTA1/2R”H}—>H S 1.

Here and in future R = (I + iTAl/Q)fl, R= (1 - iTAl/z)fl .

Lemma 3.2. Suppose that the assumption (3.21) holds. Then, the operator

P (AP ) S (i e

" i Zn:l kz: ol (RWHM - S S (R B CO R R[Al”]—lpb[ﬁ“]#)
D I) I (—RWW’“] CAPIT | pes ] ple) RW]) |

m=1 k=1



has an inverse

o {[ =i (AU REI) g (R )
+411 il :; im0 (RWHAH + R[ATmHLk] L RPEI R R[*l”]—lR[i’“]Jrl)

and the following estimate is satisfied:

1

1= loul = Y18 =Y laxl D 184l
1 k=1 1 k=1

k= = k=

| T |l <

Proof. The proof of estimate (3.23) is based on the estimate

1-y5.2 (RD’“J“ t Rm“) — 3 ot (RLFI L R

k=1

+§1 mzzl ; ol (RWH I e B EVR IR (3 PO R[i’“]+l>

> 1= fonl = 184 = S laul D154
k=1 1 k=1

H—H k=1 k=

Using the triangle inequality, the definitions of R, R and estimate (3.22), we obtain

1=y (R ALY 25, (RIF AP
+411 mzz kz Al (R[A;nhm - g b B AR LS SR Rm+1>

FER ot WP B oy B o BN ER L B RS e
4 Z Z k

m=1 k=1

o a ]
> 1= 3015 (1801 e+ 1R
k=1

1 Am]_ =[]
=3 ol (IR W+ 1R

m=1



A3 S ot ([
m=1 k=1 H—H v
+]| Rl Zhali T T >
A= H—H H—H HoH
n n R . "
S Sttt (RO A
m=1 k=1 HoH .
o) RN &P IR )
H—H HoH HeH Hon
> 1= awm| = Y 1B =D o] D 184
m=1 k=1 m—1 o1

:1—Z|Oék| Z|ﬁk|_z|ak|z|ﬁk|'
—1 k=1

k=1
Lemma 3.2 is proved.

Now, we will obtain the formula for the solution of problem (3.4). It is clear that the

first order of accuracy difference scheme
T2 (U1 — 2up + Up—1) + Aupyr = fi,
fk:f(tk+l)7 tk+1:(k+1)7—7 1§k§N—17 NT:L
=M, T (ul - uO) w

has a solution and the following formula holds:
Up = [, U1 = [+ Tw,

1 . . .
= [R’H + R’H] i+ (R— Ry (R — RMYw

k—1

_ %A—lﬂ [Rk—s _ Rk—s] £, 2<k<N.

Applying formula (3.25) and the nonlocal boundary conditions

Uozzamu[m]Jr%T (w1 — u) ZT (U Ak 1‘“[%])+¢7

(3.24)

(3.25)



ot Ry (R R RP R Yo T (e ] gy

[*#]_

k] 1 T A A A
22"171/2 (Rmﬂ—s _ plEres gl RN[A:']_S> fsp + .
=1

Using formulas (3.26) and (3.27), we obtain

W=T, { (1 Sy, ((R _ Ry r(—ir Ay (RIEI R[T]“))> (3.28)

‘ >

o
>
o

So, formulas (3.25), (3.28) and (3.29) give a solution of problem (3.4).

Theorem 3.11. Suppose that the assumption (3.21) holds and ¢ € D(A), ¢ € D(Az2).
Then, for the solution of the difference scheme (3.4) satisfy the following stability estimates

N-1

lurller < MEY JAT2 fllam+ I A2 |l + e lad k= 0,2, N, (3.30)

s=1



N-1

lurllr < MUY JATfillar+ | @l + || (L +ir AV A2 | ],

s=1
N-1
1A 2l < MO N fallam+ 1[0l + | A% ||} k= 0,2, -, N, (3.31)
s=1
N-1
1A 2uri < MO Nl fllam+ | A% [l + || (T + i A2 |1u],
s=1
N-1
HAUI@HH < M{Z H fs - fsfl HH]+ H fl HH + H Al/2w HH + H A(p HH}vk = 0’27' ’ '>N7
s=2
(3.32)
N-1
lAullr < MUY o= fooa Il | filli + 1 Ag [l + || (T +i7AY2) AV 4]
s=2

hold, where M does not depend on 7, ¢, ¢ and fs, 1 < s < N — 1.

Proof.Using formulas(3.28), (3.29) and estimates (3.22), (3.23), we obtain

||uHHsHTTHHﬁH{(HZw— VB R e + BRI R ) ) (el
(3.33)

/\m
T

n -1
1 Jor]- i
# Y lanl 5 (VR 4 1R ) 1Al

m=1 s=1

—
J/

n

+ (Z [t

1

- m]_ L ~[2]_
1R Ry 4 RRLY IHHHH)>

[R—)

N | —

1 s=1

n [)\?k —1
A A
x 1B ( > (HR[Tk]H_SHhMHJr HR[TIC]—H_SHHHH) A7 foll T
k=

+|[RA, 147 s+ 47 anH)
N—-1
<M {ZI|A‘”2szHT+ | A2 + [ HH}.

]~ 1||HHH)> (3.34)

|A 3wl < I Tlln { (1 + Z ol (1RLET o+ R

x (HA-%Hmiw (HRRH 1477 fpsg 7
k=1

Ak
[ ] +1 s JA%}H_S 1/2
+ Z ||R lg—m + R ler—r | [IA7Y2 fl



n

+ (o105 (1 a4 12 ]nHaH))(nsouH

]

n [ )
+Z|am| >, (HR N IR e ) A2 A

N-1
<M {ZI|A‘”2szHT+ ATy |l + e |IH} :

s=1
Applying Azto formulas (3.28),(3.29) and using estimates (3.22) and (3.23) in a similar

manner, we obtain

||A1/2uHHsHTTHHHH{<1+Z|5,€\—HR B g+ 12 R R 1HH>>

(3.35)
Pl .
< 142, + > Janl S = (HR[ g+ IR ||HeH) | fslla
m=1 s=1

" - ]
! (Z |l (HR*R“ g+ | RRL IIIH~H)>
m=1

{)\k

. Ll
Sinl| X (HR[ S+ R SHHHH) 1ol

-
S=

T HRRHHH Hf[ ‘] |laT + WHH) }

N-1
=M {Z|\fs||m+ [l Nl + || A IIH} )

s=1

i < 1Tl { (1 2 lonl 5 (1R + ||RW1||HAH)) (3.36)

<||¢||H+Z|@k (HRRH sl

716
T —

)
Z (HR e + IR ||H—>H) | fsllmT

l\')lr—l



N-1
=M {ZMHHH 1 i+ 1| A2 HH} :

s=1

Now, we obtain the estimates for || Ap ||g and ||A2w||z. Applying A to formulas
(3.28), (3.29) and using Abel’s formula, we can write

Ak

=t { (I -, ((R — Ry (iR RWI))) (3.37)

A2y =T, { <I - Zn: am% (R[*i”]—l + RW]_I) (3.38)




Using formulas (3.37), (3.38) and estimates (3.22), (3.23), we obtain

Al < 1Tl { (1 ¥ Z 1Bl = (IIR T PR TEY A ||HAH)>

(3.39)

gy A
x \A¢1|H+Z\amr 3 (IR 18 ) = il
s=1

)

n 1 ~ . _[Am n
+ <Z |t | 3 (”R_lR[T]_l”H—»H + ||R_1R[ ]||H—>H>) (HA”%HH + Z A
m=1 k=1

[%]_2 M|
< 3 %(HRH]SHHHHJF iz ||M> fess = Fils

[—

A .
(nR[ S 1R ) Wil + IR + Rl

221

+||R+ R||g—n

T

H

A |2k .
*(”R[f]ymm HR[ ]HH il + | AT2RR] 5t ||

L))

N—-1
=M {Z VL= Foct i+ 1l A2 [ + 1| A HH} |
s=2

-~ 1 Am]_ -2
1420, < Tl { <1 Y lawl <||R[ ] PRy ||HaH)> (3.40)
m=1

X (\\Al/2¢\\H + > 18l
k=1

716
T

v Z:: [Tk]’s

(HR lg—n + IR HHaH) I for1 = Follg + IR+ Rlla—n

J

(Zw - <||R Nl + ||R[Ak]||HHH>) <||Aw||H+g|am|

L\D|+—~

Ak
(IIR[ o+ IR ]uH) 1fully + A7 RE s

%]

s=1

el S
Z 3 (”R “Ne—w +||R ||H—>H) Ifs = fomrllp



T

(HR[m] I + 1 WH) £l + 1+ Rl | g

)

N-1
= M{Z I fo = ot e + 1 fuller + A2 |l + | A ||H}-

5=2
Now, we will prove estimates (3.30), (3.31) and (3.32). Let & > 2. Then using formula

(3.25) and estimates (3.22), (3.33), (3.34), (3.35) and (3.36), we obtain

Jukllm <

(185 + 1R ] Wil + SOV R

N | —

k—1
1 Bk— _1 T s ~r g _1
R R ) ARl + 30 5 IR+ R ] A7 £
s=1

N-1
<M {ZI|A‘1/2szHT+ AT 2y |l + e |IH} :

s=1
1
bl < 2 VBl + 18] ALl + SOV

k-1

T —s Dk—s
HIRT B )l + 3 2 (IRl + 1B ] 1ol
s=1
N-1
1
<M {lefsl|m+ 1 [l + 1| Az |IH} :
s=1

Now, we obtain the estimates for || Auy, ||g for & > 2. Applying A to formula (3.25) and

using Abel’s formula, we can write

1 - - ~
Au = 3 [Rk—l + Rk—l} Ap+ (R — R)'7(RF — RB*)Aw (3.41)

—I—% (kii( [Rk*s + Rkis] (fomr = fo) + 2fu1 — [Rk*l + Rkil] fl) .

s=2

Using formula (3.41) and estimates (3.22), (3.39), (3.40), we obtain

[ Auellr < 5 (VA + IR ] DAl + 5 (VFLRE 4+ R R Al

N | =

(IR + IRl oo = Fillm

o
—_

+

N | —
V)
I|
Do

2| feallm + [HR’“*IIIHM IR sl fill )

N-1
= M{Z I fo = for e + 1 fuller + 1AV |l + | A IIH}-

s=2



Thus, estimates (3.30), (3.31), (3.32) for any k& > 2 are obtained. From uy = p and
(3.33), (3.35), (3.39) it follows estimates (3.30), (3.31) and (3.32) for £ = 0. Note that in
a similar manner with estimates (3.34), (3.36), (3.40), (3.22) and (3.23), we obtain

lrwllg < ITA Rl g | T —n (3.42)

x { <1 + 3l SO + Hém*ugﬂm)

x (IIA_”Q(I it A7)+ ) 18] (||R||H—»H||A_1/2f[m] [

k=1
o o
+ Z (HR Sl +IRTR ||H—>H> AT foll T

+(i|ﬁk\%(ymr] s+ R RLF ]HHHH))WHH

n ["']—1

1 Am]_g_ — ~[>\Tm]_s —_
£ bonl g (IR g BB ) 147 o

m=1 s=1

N-1
< M{ IATY2 fillar+ | AZV2( +ar A7) |+ g HH},

lr Aol < |1TAY Rl i | Tl (3.43)

{ (1 + Z a5 IRLE] g+ R 11||HHH>>

AL+ i A2l + 318, (HRHHHHHf[Ak]HHT

k=1

N-1
< M{ | fllm+ 11 (I +im A7)0 [l + || Az ||H}-

vl
I
-



Finally, in the same manner we get

N-1

ITAwlln < M {Z 1o = fomt e+ 0 ol + AV + i A2y g+ || Ag ”H}

SZQ (3.44)
Using the formula u; = p + 7w and the triangle inequality and estimates (3.33), (3.35),
(3.39), (3.42) and (3.43), we obtain estimates(3.30), (3.31), (3.32) for k = 1. Theorem 3.1

is proved.

Remark 1. Note that stability estimates (3.30), (3.31) and (3.32) in the case k = 1
are weaker than respective estimates in the cases £ = 0,2,- - -, N. However, obtaining
this type of estimate is important for applications.We denote by a” = {ak},ivzo the mesh
function of approximation. Then ||(I +iTA™Y2)a1||ir ~ |la1|lz = o(7) if we assume that
7||Aa; || tends to 0 as 7 — 0 not slower than ||a;||m. It takes place in applications by
supplementary restriction of the smooth property of the data of space variables. It is clear
that the uniformity in 7 estimate

N-1

lurller < M3 NA2 ol ar+ | A0 |l + || @ |l
s=1

is absent. However, estimates for the solution of first order of accuracy modified difference

scheme for approximately solving the boundary value problem (3.3)

( 7_2(uk+1—2uk—|—uk_1)+Auk+1 ka, 1< kSN—l,
m=1
(I 4 72A) 7 (uy — ) ZT—lﬂk( um) + 9
k T

are better than the estimates for the solution of difference scheme (3.4).

Theorem 3.12. Suppose that the assumption (3.21) holds and ¢ € D(A), 1 € D(A?2).
Then, for the solution of the difference scheme (3.45) the stability inequalities

N-1
< —1/2 -1/2
g, el < MIAT L+ 47726 Lo+
N-1
1/2 < 1/2
s 14"l < DL A e 4%+ 0

- —2 A
1;1?213(—1”7 (U1 — 2ug, + ) || + DX, [ Auy ||



N-1

S MO N fo= Foorlla+ 1 flla + 1 A0 i+ 1| A [}

s=2

hold, where M does not depend on 7, ¢, and fs,1 < s < N — 1.

The proof of this theorem follows the scheme of the proof of theorem 3.11 and it is

based on the following formulas

ug = pt,uy = i+ TRRW,
k—1 -
_ = k—1 pk—1 S ! kE _ pk D, ., _ L oA-1/2 k—s _ pk—s
un [R + R };H(R R) ' (R* — R¥)RRw ;ZZA [R R }fs

<2fk—1 - [Rk_l + Rk_l] fl)

N

FAT (R B (fea - f) 2 <R <N
MZTT{(I—RR S, ((R R)'r(—irAY2)(R ]“H:z[“]“)))
k=1
n [ATm]—l - \ ~[A—]—s
X 90—m210zm ; ZAA/Q (R[:n]_s—R ’ )fs
+RR (Zn: am(R—R)"'r (R[AT’“] _ R[ﬁ"]))
[*], X )
Zflﬂk Z AT ir A2y (RUF e L gl ey [ L

w=T.RFR { (z ~ Sk (rlE R[*:"]—l))
],

% 1/) 27_16k Z _iA—l/Q (_,M_Al/2) (R[fk]Jrl s + R[%]Jrlfs)fs

s=1

(St ra) (a4 7))
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clom 3o X gt Rl

and on estimates (3.23) and (3.22).
Now, we consider the application of theorem 3.11.

First, the nonlocal boundary value problem (3.18) for one dimensional hyperbolic
equation under assumption (3.21) is considered. The discretization of problem (3.18) is

carried out in two steps. In the first step, let us define the grid space
0,1, ={z:2, =7rh,0<r < K,Kh=1}.

We introduce the Hilbert space Ly, = Ly ([0,1],) of the grid functions ¢"(z) = {¢"}H!

defined on [0, 1], equipped with the norm

K1 1/2
h YRNE
11, - (L lor)
r=1
To the differential operator A generated by the problem (3.18), we assign the difference
operator A7 by the formula

it @) = {~a@)p )er + 007} (3.46)

acting in the space of grid functions " (z) = {¢"}{ satisfying the conditions ©° = &
ot — ¥ = oF — K~ With the help of A7 we arrive at the nonlocal boundary value

problem
(2
ddht;x +A ( )th(tax)7Oﬁtﬁl,xE[O,l]h,
"0, z) = Zlozjv (A, z) + ¢"(x), € 0, 1], (3.47)
‘7:

v (0,2) = 3 Byuf(, @) + 9" (), 2 € [0, 1],
\ Jj=1
for an infinite system of ordinary differential equations.

In the second step, we replace problem (3.47) by the difference scheme (3.48)

(

ul z)—2ul (z)+ul x
kH( -2 f2( S ) +Ahuk+1 - f]?(l’), LS [Oal]hv

fla(@) = {f(tm,xn)}f‘l b1 = <k: +1)7,1<k<N-1 Nr=1,
uf(x)—ug(z) 7]+1 (z)— uf, . () .
(I +72A%) 1 )T 4 ZB Ul r @)U + (), (3.48)

%mzi%%ﬁw+wwwemm

\ J=




Theorem 3.13. Let 7 and h be sufficiently small numbers. Suppose that the assump-
tion (8.21) holds. Then, the solutions of the difference scheme (3.48) satisfy the following

stability estimates:

g [, + g 1080,y <0 [ e 121,
+ Hwh“Lzh T HQOZHLQ;J ’
g I ks =2 o ), s )z,

< My |21l + e (1 (6 = ), + [

L2f;|

The proof of this theorem is based on the abstract Theorem 3.11 and the symmetry

+[ ()
Laop z/x

Here M, does not depend on 7, h, ¢"(x), " (x) and f;1 <k < N.

properties of the operator A7 defined by the formula (3.46).

Second, the nonlocal boundary value problem (3.19) for the m-dimensional hyperbolic
equation under assumption (3.21) is considered. The discretization of problem (3.47) is

carried out in two steps.

In the first step, let us define the grid sets

Qh - {I’ =Ty = (hlrlv' : '7hm/rm)7/r = (Tla' : '7Tm)7
0<ry <N AN =1,j=1,--m}, =0 NQ 8 =005

We introduce the Banach space Loy = Lo() of the grid functions ¢"(z) = {p(hyry, - -
‘s hymrm)} defined on (NZ;L, equipped with the norm

1/2

2
||90hHL2(ﬁh) = D" @) by

xem
To the differential operator A generated by problem (3.47), we assign the difference op-

erator A7 by the formula

Afuh = — Z (a,,(az:)uz_r)zr ; (3.49)
r=1 T

acting in the space of grid functions u"(x), satisfying the conditions u"(z) = 0 for all

z € Sy It is known that A7 is a self-adjoint positive definite operator in Ly(€,). With



the help of Ay we arrive at the nonlocal boundary value problem

4 2 "
L) 4 psyh(t z) = fP(ta), 0<t <1, 3 €y,

o"(0, ) = l;aw (N, 2) + @"(x), @ € Q, (3.50)

S Bl (s 2) + (), o € O
=1

\

for an infinite system of ordinary differential equations.

In the second step, we replace problem (3.50) by the difference scheme (3.51)

p
u2+1 (m)—QuZ (I)‘HL}kl—l (z)

fl(z) = {f(tk+1,xn)}K_1 teyr = (k + 1)7 1 <kE<N-1, Nt =1,
(I + TQAa:)u]f(fE)*uo ) Z ﬁ %z/THl( Az/T] + w ( )

(3.51)

ug(r) = ZalUAl/T]( x) + M), x € Q.

\

Theorem 3.14. Let 7 and |h| be sufficiently small numbers. Suppose that the assumption
(8.21) holds. Then, the solutions of the difference scheme (3.51) satisfy the following

stability estimates:

| e 1A,

max |72 (upr,y — 2u) +up_) ||L2h max ZH uy) s

1<k<N-1 0<k<N
10, e [l (= A, + z\ +Z)

Here M, does not depend on 7, h, ©"(x), "(x) and f!;1 <k < N.

max HUZH + max E H
0<k<N Lon ~ o<k<N Tr,jr

+[*].., +Z\

337" Jr

Lap,

L2h]

The proof of this theorem is based on the abstract Theorem 3.11 and the following

IT WJr xrl'r Jr

theorem on the coercivity inequality for the solution of the elliptic difference problem in

Loy,.
Theorem 3.15. For the solutions of the elliptic difference problem
Aju(z) = w(2), 2 € (3.52)
u"(z) =0,z € S,

the following coercivity inequality holds [ SobolevskiiP.E.1975]:

TrZr,Jgr Il L, h

< MHwhHLzh'




3.4 The Second Order of Accuracy Difference Schemes

Now, we consider the second order accuracy difference schemes for approximately

solving the boundary value problem (3.3)

(
T2 (U1 — 2up, + upr) + Aug + T A%y = fi,

fi=ft), ti=kr, 1<k<N-1Nr=1,
(I + TQTA)T_l(Ul —ug) — 5(fo — Auy)

— Zﬂk {T—l(u{*ﬂ _U[Ajk]_l) + %(f[%k] _Au[ik])} + 1, (3.53)
Up = Zam {u[%”] +T_1(u[>\7m] — u[kjm]—l) ()\m _ |:)\ij| 7_)} +o
fo=f(0),

and

T2 (wks1 — 2up + wp—1) + 3Aw, + T A(wprr + up—1) = i,
fe=1[f(tx), ti=kr, 1<k<N-1N7=1,

(I + =+ Z2) 7 (wr — o) — (fo — Aug)]

=> B {Tl(u[ﬂ - u[g],l) + %(f[g] - Au[w])} + 1, (3.54)
k=1 ! T 7 7
0= 3 i {upp) 47 Uap) ~ ) (b = 2] 7) 40
m=1
| o= 100)
Theorem 3.16. Let ¢ € D(A), ¢ € D(Az) and
(Z || <1+2 (T - {TD> +) 1Bl +
m=1 k=1
S A [Am A [Am])
- 1432 |2 fm | Lm 1.
oS 3tentia (103 (e - [2]) (2 [2]))) <
Then for the solution of the difference scheme(3.53) the stability inequalities
N
onax [lukllm < M{ZOHAWJ”SHHH A2 |l + 1 @ llar}s (3.55)
N
ax, IA 2wl < MO | ol 7+ A0l + || ¥ |} (3.56)

s=0



72 o
max |7 (g1 — 2up + up—1)||m +og}%}§v | Aug, || (3.57)

1<k<N-1

N
<MD M fo—=forlla + 1 fo lr + I A0 |l + || Ag |}
s=1
hold ,where M does not depend on f;,0 < s < N and ¢,1.

Proof.We will write the formula for the solution of the difference scheme (3.53). It is

easy to show that [Ashyralyev A. and Sobolevskii P.E. 2001] there are unique solution of
the problem

7—_2(uk+l — 2uy + uk—l) + Auk + %2142Uk+1 = fk:
fro="f(t), th=kr, 1<k<N—-1NT=1, (3.58)

(1 + )77 (ur — o) — 5(fo — Aug) = w, fo = f(0),uo = pu

and for the solutions of these problems the following formulas hold:

724\ 7! 72
uo—,u,ul—(f—l——) <M+TW+—f01;
2 2
-1 RE(T —iTAz + TA) 4 RA-1
uk:(f—z'rAa) Sl ; )R
pk—1 _ pkp—1
(14 2A)  iad B 2R R+ ~ o)

k—1
. gA‘W [Rk—s . R’H} fo2<k<N, (3.59)
2

where
1

2\ - 72
R= <1 +iTAM? — 7A> R = <I —iTAM? — ?4)
Applying the last formula and the nonlocal boundary conditions

to = mZ o {“m 7 ) ~ Y ) <Am - [A—m] ) } e
T2 A
2

T

2(fo — Aug)

)7 (u1 — up)




RIS (1 izad) - pP2] (14 mgt) (1 - irav2 + 74)

I

o (1) R ()

2

w + %fo)

and
n

w=Y_ B { (1 - z'TA%)_l (iAY?)

k=1

2

X 9 i

RlF] (r- %) L pl* g (r+ %)

RL¥I (r- ﬁ) _ pl¥] (r+ %) (r—irar2 4 24)

(w + %fo)

Using the last two formulas, we obtain

M_TT{iam

m=1

(I+724) " (1A

Rl 1_@ _ plElp— [_i_@
+(I+72A)71 (it AY?) ( 2 ) < 2 >>< ()\m {)\m])



72 (I + T4f2>_l (Am - [ATW] T) f[ﬁ”]l}
Al

) (I Y B (T ) vy

k=1

2
S [ Y g ()
i s=1 5 2 : ! ? fs
- 1\l R[Lk} (I —iTA2 + 52) +R[Lk]71
_§A ([—’LT 2) 9
), . .
+ %A‘§ {R[Tk]s — f%[ k]s} [s




w=T, { (I . mi; U ((I - z'TA%)_l (iTAV?) (AT"‘ . {AT’”D (3.61)

P (1 ) ) () (s )

X
2
_ ([ _ 7:7'14;)_1 R[Ajm](] —iTA? + #TA) 4l
2
- Rl TALA_GTAS
x {Zﬁk (gfo (I+72A)’1 (Z'Al/?)—l ( <2 . 5 )
k=1
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Hence, for the formal solution of the difference scheme (3.53) we have the formula
(3.59),(3.60),(3.61),(3.62). For substantiation of these formulas we need to obtain the
stability estimates(3.55),(3.56),(3.57) for solutions of the difference scheme (3.53).From
the symmetry and positivity properties of the operator A it follows that

17, e < (1— > lanl (142 (22 = [22])) - 16+
m=1 k=1

(i) (1) e

m=1 k=1

and the estimates

( ~
R e <1, IRl < 1,

IRR s <1, |RR e < 1, (3.64)

L HTAl/QRHHHH S 17 ”TAl/QRHHHH S 1.
The proof of estimates( 3.55),( 3.56),( 3.57) uses the outline of the proof Theorem 3.10
and is based on the formulas( 3.55),( 3.56), (3.57)and estimates ( 3.59) and

( 3.60). Theorem 3.12 is proved.

Theorem 3.17. Let o € D(A), ¢ € D(A2) and

(S (2~ ) S



ST (12 [2])+ (5 [2])))

Then for the solution of the difference scheme (8.54) the stability inequalities

N
max [ugllz < MO JAT2fllgm+ | A2 g + || ¢ llu},

0<k<N
5=0
N
AVl < M A2
Jmax [|A7 uxllg < {Z; s e 710 A ol + 1 9}

2
-2 _ A
\Jnax (77 (e = 2up + up-a) |+ max [ Aug [l

N
<M N fo= Ffor la + 1 fo i + 11 A0 |l + 1| Ag ||}

s=1

hold ,where M does not depend on f;,0 < s < N and ¢,1).

(3.65)

(3.66)

(3.67)

Proof.We will write the formula for the solution of the difference scheme (3.54). It is

easy to show that [Ashyralyev A. and Sobolevskii P.E. 2001] there are unique solution of

the problem

T2 (ka1 — 2up + up-1) + 3Auk + FA(urr + upr) = fi,

fk:f(tk>, tk:kT,lngN—l,NT:L

([ + TZjTA)T_l(Ul - Uo) - %(fo - AUO) =w, fo= f(O),Uo = U
and for the solutions of these problems the following formulas hold:

,7_2

2 4\ 1 2 4
Uy = W, Uy = ([+TT> |:(]—TT>/J/+TC{)+?JCO s

Rk — RF T

2 (w—|—§f0)

R4 R
2

1

Up, pA+ (1A2)71

k-1
. iA_1/2 [Rk—s . Rk—si| f572 <k< N7

21
s=1

iTAY? T AU\ T
—(1- I
we () (e 5)
- iT A2 T AU\ T
=1 I — )
A () (-5

Applying the last formula and the nonlocal boundary conditions

where

n

W=D om {“m 7 ()~ ) (Am - P—m] )} e

m=1

(3.68)

(3.69)
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Using the last two formulas, we obtain
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Hence, for the formal solution of the difference scheme(3.54) we have the formula(3.39),(3.70),(3.71).
For substantiation of these formulas we need to obtain the stability estimates(3.65)
,(3.66),(3.67) for solutions of the difference scheme (3.54).From the symmetry and posi-
tivity properties of the operator A it follows that

|u1mﬁﬁ;G—ﬁf@ﬂ(u&(%ﬁ[éﬂ))—gymu- (3.71)

m=1

(s (e fe) (5 ]))) e

and the estimates

IRl ger < 1, 1R] g <1,
(3.73)
1(1+22) e <1
The proof of estimates (3.65),(3.66),(3.67) uses the outline of the proof Theorem 3.10
and is based on the formulas (3.69),(3.70),(3.71)and estimates (3.64),(3.65),(3.66),(3.67).
Theorem 3.13 is proved.

We consider the application of Theorem 3.12 by the same way as it is shown in the

end of theorem 3.11.



CHAPTER 4

APPLICATIONS

4.1 The First Order of Accuracy in Time Difference Scheme

We consider the nonlocal boundary-value problem for wave equation

( Put,x)  u(t,x)

1 53~ — Olsinmx + 3 sinx,

0<t<l, O0<z<l,

u(0,x) = %‘u(l,:c) — iu(%,x) + Y(z),

P(x) = —312 sinmr,0 <x <1, (4.1)
u (0, 2) = Ju(L,2) — qu(3, 2) + ¢ (x),

¢ (r) =—Fsinmz, 0 <z <1,

u(t,0) =u(t,1) =0, —1<t<1.

\
The exact solution is:

u(t,r) = t*sin .

For approximate solution of the nonlocal boundary-value problem (4.1), we consider
the set [0, 1], x [0, 1], of a family of grid points depending on the ’small’ parameters 7
and h:

0,1); x [0,1]p, = {(tg,zp) : txy = kT, 0<k <N, N7=1,
Tn=mnh, 0<n<M, Mh=1}.

Applying the formulas

u(tkH) — 2u(tk) + U(tkfl)

2 —u” (try1) = O(7%),

T

wW(Tpy1) — 2u(zy) + u(,_1) i () = O,

and




and using the first order of accuracy in ¢ implicit difference scheme for wave equation, we
obtain the difference scheme first order of accuracy in ¢ and second order of accuracy in
x for approximate solutions of the nonlocal boundary value problem (4.1)
( k+1_ o717k k—1 US+1—2U§+1+USf1

Un 2Tl£n+un — e L= f(tes1, Tn), thrr = (K+1) 7,
0<kE<N, Nr=1,z,=nh, 1<n<M-1, Mh=1,

Ug = }LUTJLV — }lUéN/mH — %sinﬂx,l <n<M-1,

LT — 4 o) — et (e gy

9 .
—fesinmx, r, =nh, 1<n< M -1,

U =Ur=0,0<k<N.

\

We have the (N + 1) x (M + 1) system of linear equations. We will write it in the

matrix form. We will resort the system

(@) U+ E+ DU + [3]U+ () U + ] U = en
©oF = [6(k + 1)1 4+ 72 ((k + 1)7)%] sin (nh)
1<k<N-1,1<n<M-1

Ul = iUT]LV — }LU,(LN/Q)“ — 3%sinmr:,l <n<M-1,

T UL - UD) = L (UY - UM — b (U - )

—%sinm;, Tp=nh, 1 <n<M-—1,

Ub=U},=0,0<k<N.

\

We have that

AUp1+BU, +CU,.1=Dyp,, 1<n<M-1,
Uy=0, Upy=0.

(4.3)

Denote



o o o

o

_ o O O

o o o O

o o o O

o o o O

Q. O O

o

o o o O

¢

6tpy1 sin(ma,,) + w2t sin(may,),

1<k<N-1,

f(tk+17xn)7 1 S k S N — 17

| 0. k=N,
7
- _S_QSin(ﬂ-xn)aSOr]:[
o0
o
Yn = 90%
| #n ]
0O 0 O .0
a 0 O .0
0 a O .0
0 0 a .0
0O 0 O a
0O 0 O 0
0O 0 O 0
0O 0 O 0
0 1/4 0
0 0 0
0 0 0
d 0 0
0 0
0 0
0 0
—1/4 1/4

= —— sin(mz,),

16

(N+1)x1

o o o O

9

o o o O

o o o O

)

o o o O o o o O

o o o O

(N+1)x(N+1)
0 —1/4 ]
0 0
0 0
0 0
0 0
d 0
c d
/4 —1/4

(N+1)x(N+1)



and C = A.

1 0
0 1
C=A D=
0 0
_UO -
Ul
U2
Us: Ug
UNfl
UN
L7 I vnx()

Y

(N+1)x (N+1)

s=n—1,n, n+1.

For the solution of the last matrix equation, we will use the modified variant Gauss

elimination method. We seek a solution of the matrix equation by the following form:

Un = an+1Un+1 + ﬂn-s—l?

n=M-1,..2,1,0,

where o , 8;, (j=1,...,M —1)are (N + 1) x (N + 1) square matrices . And a1, 3, :

0O 0 O
0O 0 O
g = 0O 0 O
0O 0 O
0
0
Bi=10
0
L~ Jvinxa

0
0
0

(N+1)x(N+1)

, where U :6, Uy = 0.

Using the equality Us = as11Us1 + 8,41, (for s =n, n — 1) and the equality

AUn—H + B Un + CUn_l = D(,Dn,

we can write

[A+ Bap1 + Cononi|Unir + [Bﬁn+1 +Ca, B, + Oﬁn} = Doy,



The last equation is satisfied if it is to be selected:

A+ Bayi1 + Cayagq =0,

[BﬁnJrl + Can/BnJrl + Cﬁn] = Dwn’
1<n<M-1.

Then we obtain the formulas for a4, 8,,;:

Upy1 = — (B + Can)_l A,
B = (B+ Cay,) " (Dg, — CB,),n=1,2,3,..M — 1.
So,

UM =0,

Un:an+1Un+1+ﬂn+1, n:M—l,...,Z,l,O.

Algorithm

L

1. Step Input time increment 7 = % and space increment h = 5-.

2. Step Use the second order of accuracy difference scheme and write in matrix form:
AU+ BU,+CU,.1=Dyp,, 1<n<M-—1.

3. Step Determine the entries of the matrices A, B, C and D.

4. Step Find a4, ;.

5. Step Compute a1, 3,11

6. Step; Compute U,-s (n =M —1,...,2,1), (Up; = 0) using the following formula:
Upn = ani1Uny1 + By

Matlab Implementation of the First Order of Accuracy Difference Scheme

function firstord(N,M)
close; close;

if nargin<1; N=10; M=10; end;



tau=1/N;

h=1/M;

al=1/4;

a=-1/(h"2);

b = 1/(tau"2);

c = -2/(tau"2);

d = (1/(tau"2)) + (2/(h"2));

for i=2:N; A(i,i+1)=a; end;

A(N+1,N+1)=0; A;

C=A;

for i=2:N ; B(i,i-1)= b ; end;

for i=2:N ; B(i,i)= ¢ ; end;

for i=2:N ; B(i,i+1)=d ; end;
B(1,1)=1;B(1,(N/2)+1)=al;B(1,N+1)=-al;
B(N+1,1)=-1; B(N+1,2)=1; B(N+1,(N/2)+1)=al;
B(N+1,N/2)=-al; B(N+1,N) =al ; B(N+1,N+1)=al;
B;

for i=1:N+1; D(i,i)=1; end ;

D;
fii(j) finding ’ ;

for j=1:M+1;

x=((j-1)*h);

fii(1,j:j) =-(7/32)*sin(pi*x) ;

fii(N+1,j:j) =tau™(-(9/16)*sin(pi*x));

for k=2:N;

fii(k,j:j) =6%((k-1)*tau)*(sin(pi*x))+((pi) ~2)*(((k-1)*tau) “3)*(sin(pi*x));

end;



end;

fii;

alpha(N+1,N+1,1:1)= 0 ;

betha(N+1,1:1) = 0 ;

for j=1:M-1;

alpha( :, @, j+1:j+1 ) = inv(B+C*alpha(:, :, j:j))*(-A) ;
betha( :, j+1:j+1 ) = inv(B4+C*alpha(:, :, j;j ) )*(D*4i(:, j;j )...
- C * betha(:, jj ) );

end;

U( N+1,1, M:M ) = 0;

for z = M-1:-1:1 ;

U(:,:, z:z ) = alpha(:,:,z4+1:2z+1)* U(:,;,z2+1:z+1 ) + betha(:,z+1:2+1);
end;

for z = 1:M ;

p(:,z+1:2+1)=U(:,:,2:2);

end;

"EXACT SOLUTION OF THIS PROBLEM’ ;

for j=1:M~+1 ;

for k=1:N+1;

x=(j-1)*h;

es( k, jij )=(((k-1)*tau)"3)* sin((pi) *x);

end;

end;

es;

% 'ERROR ANALYSIS’ ;

maxes=max(max(es)) ;



maxapp=max(max(p)) ;
maxerror=max(max(abs(es-p)));
relativeerror=max(max((abs(es-p))))/max(max(abs(p)) );
cevap = [maxes,maxapp,maxerror,relativeerror]

%% %0 %0 %0 %0 %0 %o %0 %0 %0 Y0 Y0 Y0 Y0 Y0 Y0 Y0 Y0 Y0 V0 Y0 Y0 Y0 %0 Y0 Y0 Y0 Y0 Yo
%table=[es;pl;table(1:2:end,:)=es; table(2:2:end,:)=p;
figure ;

m(1,1)=min(min(p))-0.01;

m(2,2)=nan;

surf(m);

hold;

surf(es) ; rotate3d ;

axis tight;

title ’'EXACT SOLUTION’;

figure ;

m(1,1)=min(min(p))-0.01;

m(2,2)=nan;

surf(m);

hold;

surf(p) ; rotate3d ;

title 'DIFFERENCE SCHEMES SOLUTION’;

axis tight;



4.2 The Second Order of Accuracy in Time Difference Scheme

We consider again the nonlocal boundary-value problem (4.1). Applying the formulas

u(tk+1) — 2u(tk) + U(tk_l)

—u” (t) = O(%),

T

Unet) 22000 U0 ) = 0(0)

and using the second order of accuracy in ¢ implicit difference scheme for( 3.5 )wave
equation, we obtain the difference scheme second order of accuracy in ¢ and in z for

approximate solutions of the nonlocal boundary value problem (4.1)

Untl2Uf4UNT Uk —2Uk4UE Ut —2up Ut

T2 2h2 4h2
k—1 k—1 k—1
_ Un+1_2Un +Un—1 _ k
4h? = P>

oF = 6(kt) sin(rxz,) + 72(k7)? sin(rx,,),
Tp=nh, ty =k, 1<k<N-1,1<n<M-1,

o — %UN — }LU(N/Q)Jrl — S%Sinwx,l <n<M-1,

n

I+TT2A;§> [<I+TT2A;§> (U]f () — ug (xn»
FE(M0, 20) — Afuh (2)] =
1(27) 7 (ul_s (@) — 4l (@) + 3 (20)
—320) 7 (i (@0) = Wy () -

Zsin(ra,), 1<n< M -1,

Tp=nh, ty=kr, 1<E<N-1,1<n<M-1,

ug =uh; =0,0< k<N,




where

We have again the (N + 1) x (M + 1) system of linear equations. We will write it in

the matrix form. We will resort the system

p

(72) Unii + (—3i2) Unia + [—32] Unia
Ha+ @)U+ [—F+ ] Ui+ (B + ) U
+ [_W] Uty + ( 2h2) Uy [ 4}12} UpZi = ¢},
1<k<N-1, 1<n<M-1

6t sin(mz,,) + 72t sin(7rx,),
pr=9 1<k<N-1, ,

0, k=N,

Tp=nh, ty,=kr, 1<kE<N-1,1<n<M-1,

Uk =Ur =0,0<k <N,

k _ 477k 177k k __ 4717k 177k

oo

Pn =

6t sin(mx,,) + 72t3 sin(7xy,),

h=q 1<k<N-1,
0, k=N,
gpg =~ sin(max,), goN T sin(mxy,),



(0000.0000]
0000.0000
A ,
0000.000 0
jec00.0000f
(0000 . 000]
z w z 0 . 0 0 0
zZ w z
B:OO,zw 0 0 0 ’
zZ w z
00 0 0 2w oz
[ g9 0 0] (N+1)x(N+1)
(1000 0 .. 1/40 .. 0 0 0 —1/4]
c y s 0 0 0 0 0 0 0 o0
0Oz y o 0 0 0 00 0 0
0 0 =z y = 0 0 00 0 0
o
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 r oy z 0
0 0 0 0 0 0 vy o
m om0 0 v =k k.. P T ] v
[ 1 0 0
0 1 0

D:B,E:A7R: !




We have again the matrix equation (4.4) with new data:

1 1 2 1 1
TRV T TR T T T
B 1 B 73 Fo 73
TR T en ! T Tt
T 73 1+67—3 1+T+6T3
= - — — m = —— _—nN = — —_— _—
9= 7oz T gt T A TR T
1 1 3
k‘:— = — [p—
8T’p QT’T 87’
—UO -
Ul
U2
Us=| U3 , s=n—1,n n+1
UN—l
UN
L S J (N+1)x(1)

For the solution of the last matrix equation, we will use the modified variant Gauss

elimination method. We seek a solution of the matrix equation by the following form

{ Un = an+1Un+1 + ﬁn+1Un+2 + Yty N = M — 27 EEE) 27 17 07 <45)

where a; , 3;, (j =1: M —1) are (N + 1) x (N + 1) square matrices and v,-s are
(N + 1) x 1 column matrices. And ay, 8y, v, @2, By, Vo :

;

6n+1 = _(C + DOén + Eﬁnfl + Ean—lan>71("4)7
ni1 = —(C+ Day, + EB,,_1 + Ea,_10,,) (B + DB, + Ea,,103,,),

(4.6)
Vi1 = +(C + Da,, + ES,,_; + Eozn_lozn)_l

L X(R%% - D/Yn - Ean—l’}/n - E7n—1)7

where n =2 : M — 2. Here



0 0 0 0 0 0
0 0 0 0 0 0
a1 = 9 61 - I
0 0 0 0 0 0
0 0
0 0
71 = ) 72 = ’
0 0
_ _ - _
20 0 -+ 0 .. 0
0 42 .0 0o - .. 0
Qg = b ) 62 - b )
0 0 : 0 0 —3
( ~
Uy =0,
Up-1 = [(BM—2 +51) — (4] — OéM—2)OéM—1]71[<4] - QM—2)7M—1 - 7M—2]a
Un—o = [(41 — CYM—2)]71[(5M72 +50)Uni—1 + Yar—al,
L U[) = 6

Matlab Implementation of the Second Order of Accuracy Difference

Scheme

function secondorderA (N, M)
close; close;

if nargin<1; N=10; M=10; end
al=1/4;

at=3/4;

tau=1/N; h=1/M ;

x= (1/(tau"2))+(1/(2%(h"2)));
y= (-2/(tau"2))+(1/(h"2)) ;
z=-(1/(4*(h"2)));

w= (-1/(2%(h"2)));



for i=1:N ;

A(i,i)=0;end;

A(N+1,1) = tau"3/(16%(h"4)) ;
A(N+1,2)=tau"3/(16*(h~4));

A(NH1,N+1) =0; A(1,1)=0;A;

for i=2:N ;

B(i,i-1)=z ;

B(ii) =w ;

B(i,i+1)=z ; end;

B(1,1) =0 ;

B(N+1,1)=-((tau"3)/(4*(h~4)));
B(N+1,2)=(-tau/(2*(h"2))+(-tau"3)/(4*(h"4))); B;
for i=2:N ; C(i,i-1)= x ; end;

for i=2:N; C(i,i)=y ; end;

for i=2:N ; C(i,i+1)= x ; end;

C(1,1)=1 ;C(1,N+1)=-1/4 ; C(1,(N/2)+1)=1/4;
C(N+1,1)=(-1/tau)+(6*tau"3) /(16*(h"4));
C(N+1,2)=(1/tau)+(tau/(h~2))+(6*tau"3) /(16*(h"4)) ;
C(N+1,(N/2))=-(al/(2*tau));
C(N+1,(N/2)+2)=(al/(2*tan));
C(N+1,N+1)=-at/(2*tau);C(N+1,N)=1/(2*tan) ;
C(N+1,N-1)=-al/(2*tau);

C;

for i=2:N ;

D(i,i-1)=z ;

D(i,i) =w ;

D(i,i+1)=z ; end;



D(1,1) =0 ;

D(N+1,1)=-(tau"~3)/(4*(h~4));
D(N+1,2)=((-2*tau*(h"~2))-(tau"~3))/(4*(h"~4));D;
for i=1:N ;

E(i,i)=0;end;

E(N+1,1) = tau”3/(16%(h"4)) ;
E(N+1,2)=tau"~3/(16*(h"4));

E(N+1,N+1) =0; E(1,1)=0;

E;

for i=1:N+1; R(i,i)=1 ; end;

R;

alpha(1:N+1,1:N+1,1:1) = 0*eye(N+1) ;
betha(1:N+1,1:N+41,1:1) = 0*eye(N+1) ;
gamma(N+1,1:1)= 0 ;
alpha(1:N+1,1:N+1,2:2) = (4/5)*eye(N+1) ;
betha(1:N+1,1:N+1,2:2) = (-1/5)*eye(N+1);
gamma(N+1,2:2)= 0 ;

fii(j) finding ’ ;

for j=1:M+1;

x=((-1)*h):

6i(1,) =(7/32)*sin(pi*x) ;

fii(N+1,j:j) =-(9/16)*sin(pi*x);

for k=2:N;

fii(k,j:j) =6*((k-1)*tau)*(sin(pi*x))+((pi)"2)...
(1) tan) 3)*(sin(pi*x));

end;

end;



fii:
for n = 2:M-2 ;

bebek = C 4+ D*alpha(:,: , n:n ) + E*betha(:,;:,n-1 : n-1)...
+ E*alpha(:,;,;n-1:n-1)*alpha(:,:, n:n) ;

betha(:,;,;n+1:n+1 ) = -inv( bebek )*(A) ;
alpha(:,:;n+1:n+1) = -inv(bebek )*(B +D*betha(:,:,n:n)...
+ E * alpha(:,:;,n-1:n-1)* betha(:,:;n) ) ;
gamma(:,n+1:m+1) = inv( bebek )*...

(R*ii(:,nin) - D * gamma(:,n:n)-E * alpha(:,:;,n-1:n-1)...

* gamma(:,n:n) - E*gamma(:, n-1: n-1) ) ;

end;

U(1:N+1,1:N+1)=nan;

U( 1:N+1, M:M ) = 0 ;

U( :, M-1:M-1 ) = inv( (betha(:,;;M-2:M-2)...

+ 5*eye(N+1))- (4*eye(N+1)-alpha(:,:,M-2:M-2))...
*alpha(:,:,M-1:M-1))*((4*eye(N+1)-alpha(:,:;,M-2:M-2))...
*gamma(: , M-1:M-1)- gamma(: , M-2:M-2) );

U(: , M-2:M-2 ) =inv(4*eye(N+1)-alpha(:,:,M-2:M-2))*...
((betha(:,;,M-2:M-2)+5*eye(N+1))*U(:,M-1:M-1)...
+gamma(:,M-2:M-2));

for z = M-3:-1:1;

U(:,z:z )=alpha(:,:,z+1:2+1)*U(:,z4+1:2+1)...
+betha(:,:,z4+1:24+1)*U(:,z+2:2+2)+gamma(:,z+1:2+1);end;
forz=1: M;

p(:,z4+1:2z4+1)=U(:,2:2);

end;

"EXACT SOLUTION OF THIS PROBLEM’ ;



for j=1:M+1 ;

for k=1:N+1;

x=(j-1)*h;

es( K, Jij )=(((k-1)*tan) “3)* sin(pi)*x);

end;

end;

es;

% 'ERROR ANALYSIS’ ;
maxes=max(max(es)) ;

maxapp=max(max(p)) ;
maxerror=max(max(abs(es-p)));
relativeerror=max(max((abs(es-p))))/max(max(abs(p)) );
cevap = [maxes,maxapp,maxerror,relativeerror]
%9%0%% %% % %% %% %0 %0 %0 %0 % %% %0 %0 %0 %0 %0 %% % Yo
figure ;

m(1,1)=min(min(p))-0.01;

m(2,2)=nan;

surf(m);

hold;

surf(es) ; rotate3d ;

axis tight;

title ’'EXACT SOLUTION’;

figure ;

m(1,1)=min(min(p))-0.01;

m(2,2)=nan;

surf(m);

hold;



surf(p) ; rotate3d ;

title 'DIFFERENCE SCHEMES SOLUTION’; axis tight;



4.3 The Second Order of Accuracy in Time Difference Scheme

Generated by A’

Applying the formulas
W(Tpy1) — 2u(zy) + u(x,_1)
h2
W( o) — 4u(Tpyr) + 6u(e,) — du(z,—1) + u(z,_2) B
A

— " (z,) = O(h?),

and
2u(0) — 5u(h) Z;lu(Zh) —u(3h) W"(0) = O(h?),
2u(1) — 5u(l — h) + 4u(l — 2h) — u(1 — 3h)
12

and using the second order of accuracy in ¢ implicit difference scheme (3.6) for wave

—"(1) = O(h?)

equation, we obtain the difference scheme second order Of accuracy in ¢ and in x for

approximate solutions of the nonlocal boundary value problem (4.1)
(
UMl oukquk—t  UR —2U5+US
T2 h2
ES) URH —aUl 16Ukt —auttlyukt] 2U§1}—2U’“+1+U7’§i}
4 R 12

= ¢F = 6(k7)sin(mx,) + 72(k7)3 sin(nz,,),
1<k<N-1,2<n<M-2,

U = UN — }LU(N/Q)H — 3—725in7rx,1 <n<M-1,

n

<I+T2Az> |:<I+T Az > (U1h (n) — U (xn)) (4.7)
+5(f2(0,20) — AZUL ()] =

127 (U () — AUR_ () + 3UR (wn))

—227) 7 (Ul () = Uy 1 (50)) =

%sin(ﬂxn), 1<n<M-1,

Ut = 0% = U8, Ul = 40— WUl 0SS N,

\
We have the (N + 1) x (M + 1) system of linear equations. We will write it in the

matrix form. We will resort the system



TUS + [~ Uk + -5 - Qha}vﬁﬂmvs +-A+ AUk
w [t g B U [ - ] U AU U = ok

= ¢F = 6(k7) sin(mx,) + 72(k7)3 sin(nz,,),
1<k<N-12<n<M-2,

UO

n

N 1 N/2
VRN

1
4

(229)

2 14
I+12 A7
T

) (U () = U () +

H@r) ™ (Ul (20) — AUy () +3U% (2)) — 227) 7 (Ul

%sin(ﬂxn), 1<n<M-1,

Uk =
Uk =

U =0,0<k<N,

4717k 177k k _ 4
Uy — U5, Uy =

k
5UM72

We have that

)

—3—7251n7rx,1§n§M—1,

(£(0,2,) = AU ()
(2n) — U(hN/z)—l (xn)> -

—tUp, 5, 0<k <N.

AUpso+ BUpir +C Uy + DU,_y + EU,_» = Rep,,

2<n<M-2,
Up=o0, Uy =o, U§:4U§—5Uf, U]’\“473:4U]’\“472—5U]’\“471,
\ 0<Ek<N.
We denote
72 T2 1 +37‘2 1 1
xr = — = —— = — _— w = _— = —
an VT T T A=Y
2 2
t=-5+53
73 —1 73 b T 73
16h4’ h2’ 4h4’ 2h2  4h%Y’
1 n 673 1 n T n 673 1
m=——+ — nz— — + — = —
T 16h%’ h? = 16h%’ 87’
1 3
= —. 7 = —
p 27’ 87’



Pn =

(N+1)x1

6t sin(mx,) + w2t3 sin(wx,),
ftigr,2n), 1<k N -1,
0, k=N,
\
3 sin(ra,,), oY = 16 sin(ma,,),
q 0 0 0 O 0 0 0 O
0 0 O
0 w gy 0 0O 0 0 O
0 0 O
woy
0 0 O
T 0
0 0 0 O w y 0 0
w oy
0 0 «
0 0 0 O 0 0 w y
0 0 O
- a b 0 0
1/4 0 0 0 0 —1/4
0
0 0 0 O 0
0 0 0 O 0
,and D =B, EF=A,
0O 0 O 0
v t oz 0
0 0 v t z
-k k 0 =k p —r




_ o -
1 0 0 Ul
0 1 .. 0
R = ,Ug = ,wheres =n+2,n+1,n.
0 0 1 UN-t
UN

For the solution of the last matrix equation, we will use the modified variant Gauss

elimination method. We seek a solution of the matrix equation by the following form

{ U= iU + BuaUnia + Yy =M —2,..,2,1,0,

where a; , 3;, (j =1: M —1) are (N + 1) x (N + 1) square matrices and v,-s are

VE

(N + 1) x 1 column matrices. And ay, 8y, v, @2, By, Vs :

000 ..0
000 ..0
ar=(000 .. 0 )

000 ..0
L 4 (N+1)x(N+1)
000 .. 0
000 .. 0
61 - 0 0 0 0 )
000 .. 0
i J (N1 (Nv+1)
0 0
0 0
Y1 = 0 » Vo2 = 0 ’
0 0
L I (v+)x(1) L (V)X (D)
- -
£ 00 ..0
4
0z 0 .. 0
_ 4
Qg = 0 0 5 0 9
000 2
i J(N+1)x(N+1)




-+ 0 0 .. 0
1
0 -t 0 .. 0
Pa=1 0 0 —% 0
0 0 0 .. —%
| d(N+1)x(N+1)

Using the equality Us = as41Us1 + B 1Usio + Vqq, (for s =n, n—1, n —2) and
the equality
AUsio+B U1 +CU,+ DU,y + EU,_3 = Ryp,,, we can write
[A+CB 1 + DBy + BEan—100 B, 1 + EB, 1 8y41]Unto
+[B + Caypy1 + Dayan i + DB, + Eay, 1041 + By, 15,
+EB, _1041]Unt1
+Cq1 + Danvpiq + Dy, + Ean_100Y, 41 + Ean10s, + EB, 175,44
+Ev, 1= Ryp,.

The last equation is satisfied if it is to be selected:

;

A+CpB, .+ Dayf, 1+ FEop0n8, 1+ EB,_ 18,1 =0,

B+ Capi1 + Doy, + DB,

+Eoy_10pq1 + Eap18, + EfB, 0,41 =0,

07n+1 + Dan’YnH + D7, + Eaﬂflan’yn—s—l + Fan 10, + Eﬁn—17n+1
TEY 1 = Ry,

2<n< M-2.

\

Then we obtain the formulas for a,41, 8,415 Vngr:

Opi1 = [C + Doy, + Eayy_ g0, + Eﬁn,l] -

x [-B - DB, — Ea,13,],
Bpi1 = — [C+ Day + Eay_yon, + BB, ;] A,
Yosr = [C + Do, + Ecvy yay + Ef,_i] "

x [Re, — D, + Ea_17y, + Ev,_4] -

For solution of the last difference equation we need to find Uy, Upr_1, Upr—a :



6

. Step Input time increment 7 =

Applying the formulas

Un = ozn+1Un+1 + /Bn+1Un+2 + IYn+l7 n=M-— 37 ceey 2, 17 0,

we obtain U,,_s (n = M —3,...,2,1,0).

Algorithm

1
N

L

and space increment h = -

. Step Use the second order of accuracy difference scheme and write in matrix form,;

AUpyo+ BUp1 +C Uy + DUy + EUy s = Rp,, 2<n<M-—2,

. Step Determine the entries of the matrices A, B, C, D, FE and R.

Step Find a4, 8,7, and ag, B4, 7.

. Step ComPUte Qnt1, ﬁn+17 Vnt1-

Step Find UM, UM—l, UM_Q.

7. Step; Compute U,,-s (n=M-3,...,2,1), using the following formula:

Upn = anp1Ups1 + B Ungo + Vgt -

Matlab Implementation of the Second Order of Accuracy Difference
Scheme Generated by A?

function secondorderA (N,M)
close; close;

if nargin<1; N=10; M=10; end
al=1/4;

at=3/4;

tau=1/N; h=1/M ;

x= (tau"2)/(4*(h"4));
y=-(tau~2)/(h"4) ;

z= (1/tau"2)+(3*(tau"2))/(2*(h~4));



t= (-2/tau"2)+(2/h"2);

v=1/tau"2;

w=-1/h"2;

for i=2:N; A(i,i+1) = x ; end ;

A(N+1,1) = tau"3/(16*(h"4)) ;
A(N+1,2)=tau"3/(16%(h~4)); A(N+1,N+1) =0; A(1,1)=0;A;
E=A;

for i=2:N ; B(i,i) =w ; end;

for i=2:N ; B(i,i+1)=y ; end;

B(1,1) =0 ; B(N+1,1)=((tau"3)/(4*(h"4)));
B(N-+1,2)=(-tau/(2*(h"2))+(-tau"3)/(4*(h"4))); B;
D=B;

for i=2:N ; C(i,i-1)=v ; end;

for i=2:N ; C(i,i) =t ; end;

for i=2:N ; C(i,i+1)= z ; end;

C(1,1)=1 ;C(1,N+1)=-1/4 ; C(1,(N/2)+1)=1/4;
C(N+1,1)=(-1/tau)+(6*tau"3)/(16*(h"4));
C(N+1,2)=(1/tan)+(tau/(h~2))+(6*tau"3)/(16*(h~4)) ;
C(N+1,(N/2))=(al/(2*tan));
C(N+1,(N/2)+2)=(al/(2*tan));
C(N+1,N+1)=-at/(2*tau);

C(N+1,N)=1/(2%tau) ;C(N-+1,N-1)=-al/(2*tau);

C;

for i=2:N ; D(i,i) =w ; end;

for i=2:N ; D(i,i+1)=y ; end;

D(1,1) =0 ; D(N+1,1)=((tau"3)/(4*(h"4)));

D(N+1,2)=(-tau/(2%(h"~2))+(-tau"3) /(4* (h"4))); D;



for i=2:N; E(i,i+1) = x ; end ;

E(N+1,1) = tau~3/(16*(h"4)) ;
B(N+1,2)=tau"3/(16*(h"4)); B(N+1,N+1) =0;
E(1,1)=0; E;

for i=1:N+1; R(i,i)=1 ; end;

R;

alpha(1:N+1,1:N+1,1:1) = O*eye(N+1) ;
betha(1:N+1,1:N+1,1:1) = 0*eye(N+1) ;
gamma(N+1,1:1)= 0 ;

alpha(1:N+1,1:N+1,2:2) = (4/5)*eye(N+1) ;
betha(1:N+1,1:N+1,2:2) = (-1/5)*eye(N+1);
gamma(N+1,2:2)= 0 ;

fii(j) finding ’ ;

for j=1:M+1;

x=((j-1)*h);

Bi(1,j:) =(7/32)*sin(pi*x) ;

fii(N+1,j:j) =-(9/16)*sin(pi*x);

for k=2:N;

fi( ) =6%((k1)*tan)*sin (pi*) - (p1)  2)*(((k-1)*ta)“3)*(sin(pi*x));
end;

end;

fii;

for n = 2:M-2 ;

bebek = C 4+ D*alpha(:,: , nin ) + E*betha(:,;,n-1 : n-1)...
+ E*alpha(:,:,;n-1:n-1)*alpha(:,:, nin) ;
betha(:,;;n+1:n+1 ) = -inv( bebek )*(A) ;

alpha(:,:;,n+1:n+1) = -inv(bebek )*(B +D*betha(:,;,n:n)...



+ E * alpha(:,:;,n-1:n-1)* betha(:,:,n) ) ;

gamma(:,n+1:n+1) = inv( bebek )*...

(R*ii(:,n:n) - D * gamma(:,n:n)-E * alpha(:,:,n-1:n-1)...

* gamma(:,nm) - E*gamma(:, n-1: n-1) ) ;

end;

U(1:N+1,1:N+1)=nan;

U( I:N+1, M:M ) =0 ;

U( :, M-1:M-1 ) = inv( (betha(:,;;M-2:M-2) ...

+ 5*eye(N+1))- (4*eye(N+1)-alpha(:,:,M-2:M-2))*alpha(:,:,M-1:M-1))
*((4*eye(N+1)-alpha(:,;,M-2:M-2))*...

gamma(: , M-1:M-1)- gamma(: , M-2:M-2) );

U(: , M-2:M-2 ) =inv(4*eye(N+1)-alpha(:,:,M-2:M-2))*((betha(:,:, M-2:M-2)+5*eye(N+1))*...
U(:,M-1:M-1)+gamma(:,M-2:M-2));

for z = M-3:-1:1;

U(:,z:z )=alpha(:,:,z+1:2+1)*U(:,z4+1:2+1)...
+betha(:,:,z4+1:241)*U(:,z+2:2+2)+gamma(:,z+1:2+1);end;
forz=1: M;

p(:,z4+1:2z4+1)=U(:,2:2);

end;

"EXACT SOLUTION OF THIS PROBLEM’ ;

for j=1:M+1 ;

for k=1:N+1;

x=(j-1)*h;

es( K, i )=(((le1)*tan)~3)* sin((pi)*x);

end;

end;

es;



% 'ERROR ANALYSIS’ ;
maxes=max(max(es)) ;

maxapp=max(max(p)) ;
maxerror=max(max(abs(es-p)));
relativeerror=max(max((abs(es-p))))/max(max(abs(p)) );
cevap = [maxes,maxapp,maxerror,relativeerror]
%% %%%%% % % % %% %% % % % % %0 %% %% % % % % %0 %
figure ;

m(1,1)=min(min(p))-0.01;

m(2,2)=nan;

surf(m);

hold;

surf(es) ; rotate3d ;

axis tight;

title ’EXACT SOLUTION’;

figure ;

m(1,1)=min(min(p))-0.01;

m(2,2)=nan;

surf(m);

hold;

surf(p) ; rotate3d ;

title 'DIFFERENCE SCHEMES SOLUTION’;

axis tight;



4.4 Numerical Analysis

We consider the nonlocal boundary-value problem for wave equation

( Qultw)  d*u(tx)

o2 0z?
u(0,x) = qu(l,z) — ju(s, ) + ¥ (x),
w(aj) = —31 sinz,0 <z <1,
= quw(1,2) = Jui(5,2) + @ (x),
() —2sinmz, 0 <z <1,

= 6tsinmx + 2 t3sinmr, 0 <t <1, 0 <z <1,

= N
—
-
0]
N—

u(t,0) =u(t,1) =0, —1<t<1.

\

The exact solution is u(t,x)=t*sin wx.

For approximate solutions of the nonlocal boundary-value problem (4.1), we will use

the first and the second order of accuracy difference schemes with 7 = =, h = =% a = 0.1.
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We have the second order or fourth order difference equations to respect in n with matrix
coefficients. To solve this difference equations we have applied a procedure of modification
Gauss elimination method. The exact and numerical solutions are given in the following

table 4.9. TABLE

Now, we will give the results of the numerical analysis. For their comparison, the

errors computed by

1<k<N-1
n=1

M—1 3
EY = max < | (tr, 2n) — U£|2h>

of the numerical solutions, where u (¢, z,,) represents the exact solution and U* rep-

resents the numerical solution at (tg,x,) .

The result are shown in the following table. TABLE: Comparison of the errors of
different difference schemes for N=M=20.

Difference schemes EY

The first order of accuracy difference scheme (4.2) 0.1052

(4.9)
The second order of accuracy difference scheme (4.4) | 0.0621

The second order of accuracy difference scheme (4.7) | 0.0609

Table 1.

Thus, the second order of accuracy difference schemes were more accurate compare with

the first order of accuracy difference scheme.



The first figure is the exact solution,the second figure is the solution of the first order
of accuracy difference scheme, the third figure is the solution of second order of accuracy
difference scheme .The first line is the exact solution,the second line is the solution of the
first order of accuracy difference scheme, the third line is the solution of second order of
accuracy difference scheme and the fourth line is the solution of second order of accuracy

difference scheme generated by AZ2.

EXACT SOLUTION

Figurel.



DIFFERENCE SCHEMES SOLUTION

Figure2.

(4.10)



DIFFERENCE SCHEMES SOLUTION

Figure3.

(4.11)



CHAPTER 5

CONCLUSIONS

This work is devoted to the study of the stability of the nonlocal boundary value

problem for hyperbolic equations.We obtain the following original results:

- The stability estimates for solution of the multipoint nonlocal boundary value prob-

lem for abstract hyperbolic equations
in a Hilbert space H with self -adjoint positive definite operator A are obtained.

- The stability estimates for the solutions of the two types of nonlocal boundary value

problems for hyperbolic equations are obtained.

- The first and second order of accuracy difference schemes generated by the integer
power of A approximately solving this abstract nonlocal boundary value problem

(
T2 (Upy1 — 2up + up—1) + Augr = fr, fx = f(tr),
tr=kr, 1<k<N-1,Nt=1,

n 5.1
ug =y T REZ (5.1)
r=1 T

(I + 7'214)7'—1(151 — uo) = Zn: B, (u[“]—&-l — u[xr]> % + 1,

\ r=1 Ea =

(
T2 (Upg1 — 2up + up_q) + Auy + §A2uk+1 = fi,

fk:f(tk), tk:k‘T,lék‘SN—l,NT:L
=2 ot 5 o (v + (Mg = vpzy) G = [31) o

A o A
Arez Argy

([ -+ TQTA>T_1<U1 — UO) — %(f() — AUQ)

= T (i (g upe) + (g~ v G- 12D) 2
o (3 (30(20) = )2+ e o) + (o) = Aupy) (e = [3D)
+ Y ey (Ureyy —Ure )+ Fns (UM —dunn  + 3UM_2> + 1,

r#n,Arez i i ’ ! !

Jo = f(0), fv = (1),



(

7—_2(uk+1 — 2up + up—1) + %Auk + %A(Uk-u + ur_1) = fr,
fo=f(ty), ti=kr,1<k<N-1Nt=1,
=X oy + 3 o (g + (wpaes — ) (2= [20)) + 4
(1 4+ T + 7" (ur = o) = 5(fo — Auo)]
= r = Arliq T Arl_q -+ Ar] — A Ar
LZ e G (g =) + Uy = Ao
+on (3 (Supag) = u(ap)2 e ) + (o)~ A (e = [

1 1
+ > Qe <uxr+1 — uA_1> + +an 5 (31“” —dUry |+ U 4
T T T T T
r;én,k_r—’”eZ

Jo=1(0), fv = f(1)

N 3
+

\

are described.
-The stability estimates for the solutions of these difference schemes are obtained.

- The numerical analysis is given. We show that the theoretical statements for the

solution of this difference schemes are supported by the results of numerical experiments.
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