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ABSTRACT

Neumann Bitsadze Samarskii nonlocal boundary value problem for the elliptic
differential equation in a Hilbert space H with the self-adjoint positive definite operator
A is considered. The well-posedness of this problem in Holder spaces without a weight
is established. The coercivity inequalities for solutions of the nonlocal boundary value
problem for the elliptic equation are obtained. The first order of accuracy difference
scheme for the approximate solutions of this nonlocal boundary value problem is
presented. The stability estimates, coercivity and almost coercivity inequalites for the
solution of this difference scheme are established. The well-posedness of this
difference scheme in Holder spaces without a weight is proved. The Matlab
implementation of this difference scheme for the elliptic equation is presented. The
theoretical statements for the solution of this difference scheme is supported by the
results of numerical examples.

Keywords: Neumann Bitsadze Samarskii Problem, Elliptic Equation, Difference
Schemes, Stability Estimates.
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Hilbert uzaymda oOzeslenik pozitif tanimhi A operatorlii  diferansiyel
denklemlerinin yerel olmayan Neumann Bitsadze Samarskii smir deger problemi ele
almmuistir. Bu sinir deger probleminin iyi konumlanmishgi agirliksiz Holder uzaylarinda
dogrulugu ortaya konulmustur. Neumann Bitsadze Samarskii eliptik denkleminin
¢oziimii igin koersatif esitsizlikleri elde edilmistir. Bu yerel olmayan Neumann Bitsadze
Samarskii sinir deger probleminin yaklasik ¢6ziimii i¢in birinci dereceden fark semasi
kurulmustur. Bu fark semasinin ¢6ziimii i¢in kararlilik kestirimleri kurulmustur. Bu fark
semasmm iyt konumlanmisligi Holder uzaylarinda kanitlanmistir. Fark semasmin
¢Ozliimii i¢in koersatif esitsizlikleri, hemen hemen koersatif esitsizlikleri saglanmstir.
Eliptik denklemler i¢in fark semasmin Matlab ile ¢oziimleri elde edilmistir. Bu fark
semasinin ¢oziimii i¢in bulunan teorik sonuglar, sayisal 6rneklerle desteklenmistir.

Anahtar Kelimeler: Neumann Bitsadze Samarskii Problemi, Eliptik Denklem, Yerel
Olmayan Sinir deger Problemi, Fark Semalar1, Kararhilik.
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CHAPTER 1

INTRODUCTION

Many problems in fluid mechanics, dynamics, elasticity and other areas of engineer-
ing, physics and biological systems lead to partial differential equations of elliptic type.
Methods of solutions Neumann Bitsadze Samarskii nonlocal boundary value problems
for elliptic differential equations have been studied extensively by many researches (see
[Berikelashvili.G. K., 2003], [Soldatov A. P.; 2006], [Gordeziani D.G., 1970], [Ilym V.,
Moiseev E., 1990], [Makarov V. L., Lazurchak I. I., and Bandyrskii B. 1., 2003], [Kilbas
A. A., and Repin O. A., 2003|, [Bitsadze A.V., Samarskii A.A., 1969], Ashyralyev A.
and Altay N., 2006], [Kapanadze D.V., 1987], [Ashyralyev A., 2008], Berikelashvili G.K.,
2003], [Gurbanov I.A. and Dosiev A.A., 1984], [Balakishiyev B.B. and Dosiev A.A., 1991],
[Dosiev A.A. and Ashirov B.S., 1991], Ashyralyev A. and Oztiirk E., 2008], [Oztiirk E.,
2008] and the references therein). The main aim of this work is to investigate the stability
of difference schemes of approximate solutions of Neumann Bitsadze Samarskii nonlocal

boundary value problems for partial differential equations of elliptic type.

It is known that the Neumann Bitsadze Samarskii nonlocal boundary value problem
for elliptic equations can be solved analytically by Fourier series, Fourier transform and
Laplace transform methods. Now, let us illustrate these three different analytical methods

by examples.



Example 1.1. Consider the following simple nonlocal boundary value problem for

the elliptic equation

;

\

—% — % +u = exp(—mnt)cos(mx), 0 <t <1, 0<x <],

ut (0,2) = —mweos(mx),0 <z <1
(1.1)

ug (1, ) = w(3, ) + mcos(mz) (exp(—3) — exp(—m)), 0 <z < 1,

ug (£,0) = u, (t,1) =0, 0 <t < 1.

For the solution of the problem (1.1), we use the Fourier series method. In order to solve

the problem we need to separate u(t, x) into two parts

u(t,z) = v(t,z) + w(t, z), (1.2)

where v(t, z) is the solution of the problem

and

_&_&+U:0, 0<t<l, O0<ax<l,

v (0,2) = —mwcos(mz),0 <z <1

v (1,2) = v(3, %) + mcos(mx) (exp(—%) — exp(—m)), 0 <z <1,

| 02 (6,0) =0, (£,1) =0, 0 <t <1

wy (0,2) =0, wy (1,2) = wy(3,2), 0 <z <1, (1.4)

\ w, (£,0) =w, (t,7) =0, 0 <t < 1.

Now, let us obtain the solution of (1.3), by the method of separation of variables. To do

this a solution of the form

v(t,x) =T(t)X(z) #0

is suggested. Taking the partial derivatives and substituting the result in (1.3), we obtain

T+ T X'(x)
() X(z)

=0,



or

=T"(t)+ T (¢t X"
4T X'@) | (15
T(t) X(x)
The boundary conditions presented in (1.3) require X'(0) = X' (1) = 0. Hence, from (1.5)
we have the ordinary differential equation

X"(z) = AX (2), X'(0) = X' (1) = 0. (1.6)

If A > 0, then the boundary value problem (1.6) has only trivial solution X (x) = 0. For

A < 0, the nontrivial solutions of the boundary value problem (1.6) are

Xi(x) = cos(kmx), where k =1,2,3,--- , A

— k2.
So, the nontrivial solutions of the boundary value problem (1.6) are
Xi(x) = coskrz, A\ = —k*n* where k = 1,2, 3,

The other ordinary differential equation presented in (1.5) is

ST() + T (t) = AT (1),

with A\, = —k?, k =1,2,---. The solution of this ordinary differential equation is

Ti(t) = Dye® THRET | B e VIHR T Ghere k= 1,2,3, - - -.

Thus,

v(t,x) = Z vp(t, ) = Z (Akev IRt 1 Bre™™ 1+k2”2t> cos km.
k=1 k=1
Using the nonlocal boundary conditions

1
v (0,2) = —wcosmz, v (1,2) = v(=, &) + meosmx (exp(—g) — exp(—w)) :

we obtain

A s —e*ﬁ—f—e_@ +e ™ —e 2
R AN R

2
Hence, the solution of (1.3) is

B1:i <_6\/§+€\é§+eﬂ—€_
l —6_\/5—1-67? +e T —e" Vitalt
V2 Z)°

Bl

ofs|

Ay =By =0, k=2,3,---.

v (t, )

vl

V2 \eF —eV2qe V2o
€§—6‘/§—|—6_\/§—6_2



Bl

(—eﬁ+eé§+6_”—e‘
+

V2
e? —eV24e V2 e

¥
[S]

./ 2 .
) e~ Vitm t) sin .

Second, we obtain the solution of (1.4). We seek a solution of the form

w(t,x) Z Cy (t) sin k.
k=1
Then
— Wy — Wy + W = Z [—Cy (t) + (1 + k*7?) Cy, (t)] cos kma
k=1
= exp(—mnt) cos mz.
If k£ # 1, then

So, we obtain
O (1) = eV 1™t | gy VITR T

Using the nonlocal boundary conditions

1
Cr(0) =0, Cx(1) = Ck(§)7
we get ¢; = co = 0 and Ci(t) = 0.

If £ =1, then

—C7 () + (1 + 70 (t) = exp(—7t).
So, we obtain

C1 (1) = c1eV ™t 4 cpe VIt | exp(—nt)

Using the nonlocal boundary conditions

CL(0) = 0. C1(1) = ().

we get B
2 s
T [—eVP4e T e T —e 3
Cl = ——F—= )
V2 e§—6ﬁ+e_\/§—e’§
7 [ —eViteF e —e 3
Cy = ——F—=
\/5 6§—6‘/§+6_\/§—6_§

and from particular solution, we get

C (t) = exp(—mt).

Thus the solution of (1.4) is



Wl

T —67\/54'6_@ +e T —e” Vit
w(t,x) = ———= NG - — | €
V2 \ % —eviqpevioe Y
T —e\/i—i—eg +e T —e a2
-—— | = e VI ) cos a + exp(—t) cos wa.
V2 \e¥ —eV24e V2o e

Finally, using (1.2), we obtain
u(t,x) =v(t,x) + w(t,x) = exp(—mnt)cosmx.

El

of

Note that using the same manner one obtains the solution of the following nonlocal
boundary value problem for the multidimensional elliptic equation
_ Q%u(tmw)

" 2u X
=5 > o, Zult) 83(;;’ ) 4 Sy = f(t, z),
r=1 T

v=(21,...,7,) €EQ0<t<T,
ou _
%‘S_O’

u(0,x) = ¢(x), z € Q,

(T, ) = fu(N, @) +9(2),2 € Q|8 < 1,0 <A< T,
where f3 is constant and f(t,x) (t € [0,T], x € Q), o(z),¥(z) (z € Q) are given smooth

functions. Here Q0 is the unit open cube in the n-dimensional Euclidean space R"™ (0 <
x < 1,1 < k < n) with boundary S, Q=0QUS.

However, the method of separation of variables can be used only in the case when
it has constant coefficients. It is well-known that the most useful method for solving
partial differential equations with dependent coefficients in ¢ and in the space variables

is difference method.

Example 1.2.

Now, we will consider the application of Laplace transformation
method to the problem

+u=—exp(—t—2z), 0<t<1l, 0<z< o0,

(1.7)



We denote
L{u(t,z)} = v(t,s).

Then using the properties of the Laplace transform, we obtain

52

s+1°

—vy (t,8) + (1 — s*) v (t,s) = —exp(—t)

Solving it we can write

2
S
V1—s2t + 026—\/1—5215 . exp(—t)

s+ 1

Now, using the nonlocal boundary conditions (1.7) which are transformed to

v(t,s) = ce

1 1
0 (0,8) = = =7 0 (L8) = wr(5,8) + (axp(=1) + exp(—5)) gy
we obtain
1
v(t,s) = exp(—t)s 1

Finally, taking the inverse Laplace transform of this equation, we obtain

ut,z) =L {v(t,s)}=L" {exp(—t)ﬁ}

Y S P

Hence, the solution of (1.7) is

u(t,r) =e ",

Note that using the same procedure one obtains the solution of the following nonlocal



boundary value problem for the multidimensional elliptic equation

( 2u xX n 2u X
— T = 2 T du = f(t ),
r=1 "

r=(x1,...,2,) Eﬁ+,0<t<T,
ut(O,m) = 90(1')7
u(T,x) = (A ) + (), 2 € Q[ < LO<A<T,

u(t, ) =0, Du(t,z) |l zse=0,

Tk=0 - sz

1<k<n, 2€Q ,0<t<T,

\

where 3 is constant , f(t,z) (t € [0,T], z € "), p(z), ¢ (z) (z € Q") are given smooth
functions. Here Q T is the open set in the n-dimensional Euclidean space R" (0 < z; <

00,1 < k < n) with boundary S+, QO =0tust.

However, Laplace transform method can be used only in the case when it has constant
coefficients. It is well-known that the most useful method for solving partial differential

equations with dependent coefficients in ¢ and in the space variables is difference method.

Example 1.3. The last example is a nonlocal boundary value problem solved by

using Fourier transform method. Consider the problem

(

—2273—%+u:2exp(—t—x2)—4x2exp(—t—x2), 0<t<l —oo<ax< o0,
w (0,7) = —e*, —00 < < 00.

| w(lz) = w(3,2) +exp(—1 — 2?) + exp(—3 — 2?), — o0 <z < 0.

We denote
v(t,s) =F{u(t,x)}.

Then, taking the Fourier transform of both sides of the differential equation in (1.8), we

obtain

vy (t,s) — (s° + 1) v (t,s) = F {2exp(—t — 2”) — 4a” exp(—t — 2%) }



= F{exp(—2?)"} exp(—t).

Solving it we can write
v(t,s) = eV fo e VI L (12 L 1)F {e‘wZ} exp(—t).
Now, using the nonlocal boundary conditions in (1.8) which are transformed to

v (0,8) = —F {e‘”’j} , v (L s) = vt(%, 5) — (et + e_%)F {6_‘”2} :

we get
v (t,s) = exp(—t)F {e‘”2} :
Finally, taking the inverse of Fourier transformation we obtain the solution for the problem
(1.8) as
u(t,r) = exp(—t — 2?).

Note that using the same manner one obtains the solution of the following nonlocal

boundary value problem for the 2m-th order multidimensional elliptic equation

7

Py S a2 Su = f(t, ),

T T1 a..Tn
r[=om Oxq"...0xy,
O<t<T,x,r,0 eR" |rl=r1+ -+,

ut(07 l’) - 90@:)7 .TGR”,

u (T, z) = Pur(\, x) + (), zeR™, |5 < 1,0 <A <1,

where (3 is constant, f(t,z) (t € [0,T], x € R"), ¢(x),¢(z) (zr € R") are given smooth
functions. However, the Fourier transform method can be used only in the case when
it has constant coefficients. It is well-known that the most useful method for solving
partial differential equations with dependent coefficients in ¢t and in the space variables
is difference method, which is basically realized by digital computers and known to be
numerical method. However the stability of difference schemes used in numerical methods

need to be proved or justified theoretically.

It is known that various Neumann Bitsadze Samarskii problems for elliptic equations

can be reduced to the Neumann Bitsadze Samarskii problem for differential equation in



a Hilbert space H with self-adjoint positive definite operator A. In the present work, the

nonlocal boundary value problem

(
— LD | Au(t) = f(t), 0<t <1,

ur(0) = @, u(1) = Buy(A) + ¢,

L 0<A<L B[ <1

for the differential equation in a Hilbert space H with the self-adjoint positive definite
operator A is considered. The first and second orders of accuracy difference schemes are
constructed. Applying the operator approach, the stability of difference schemes for the
approximate solution of differential equations are obtained. The theoretical statements for

the solution of this difference schemes are supported by the results of numerical examples.

Let us briefly describe the contents of the various sections of the thesis. It consists of

eight chapters.

First chapter is the introduction.

Second chapter presents two sections. In the first section, the well-posedness of this
problem in Holder space without a weight is examined. In the second section,
this abstract results permit us to obtain the coercivity stability inequality for the

solutions of elliptic differential equations.

Third chapter consists of two sections. In the first section, the stable first order of
accuracy difference scheme approximately solving the nonlocal boundary value Neu-
mann Bitsadze Samarskii problem for elliptic equations in a Hilbert space H with
self-adjoint positive definite operator A is presented. The stability estimate for
the solution of the difference scheme of the nonlocal boundary Neumann Bitsadze
Samarskii problem for elliptic equations is obtained. The coercivity and almost coer-
civity inequalities for the solution of the difference scheme of the nonlocal boundary
Neumann Bitsadze Samarskii problem for elliptic equations are presented. Finally,
the second order of accuracy difference scheme approximately solving the nonlocal
boundary value Neumann Bitsadze Samarskii problem for elliptic equations is pre-

sented.Theorems on stability, almost coercitive stability and coercitive stability are
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formulated.In the second section, this abstract results permit us to obtain the sta-
bility estimates, almost coercive stability estimates and coercive stability estimates

for the solution of the difference scheme for elliptic equations.

Fourth chapter devoted to the numerical results. The first and second orders of accu-
racy difference schemes are studied. A matlab program is given to conclude that

the second order of accuracy is more accurate. Figures and tables are included.
Fifth chapter contains conclusions.

Sixth chapter is the programming for given applications.



CHAPTER 2

NEUMANN BITSADZE SAMARSKII NONLOCAL
BOUNDARY VALUE PROBLEM FOR DIFFERENTIAL
EQUATIONS

2.1 THE DIFFERENTIAL PROBLEM

We consider the Bitsadze Samarskii nonlocal boundary value problem

(

P () = f(), 0<t <1,

dt?

u'(0) = @, W'(1) = fu'(A) + ¢, (2.1)

LBl 0<A<,
for the differential equation in a Hilbert space H with the self-adjoint positive definite

operator A.

Let us give there lemmas from [Sobolevskii P.E., 1969 and Oztiirk E.,2008] that will
be needed below. Here and in the future we will put B = Az,

Lemma 2.1. The following estimates hold:

| B ||, ., <t 0<a<l, (2.2)

(1 —e?" <M, (2.3)

1

where M is a positive constant.

Lemma 2.2. Forany 0 <t <t+7 <1 and 0 < a <1 one has the inequality

_ (it T
|et® — e tmB|| < Mm, (2.4)



where M does not depend on «, ¢ and 7.

Lemma 2.3. Let
D= ﬁ([ o 672B>71(67(17)\)B . 67(1+)\)B).

Then the operator B?(I — D) has an inverse

K=B2I-D)",

and the following estimate is satisfied
1K\ ey < M,

where M is a positive constant.

12

(2.5)

Now, we will obtain the formula for the solution of the problem (2.1). It is clear that

the boundary value problem for elliptic equation

d?u(t)
dt?
has a unique solution [Sobolevskii P. E., 1969

+ Au(t) = f(t), 0 <t < 1,u(0) = up,u(l) = uy

u(t) - T {(6—tB _ 6—(2—t)B)u(0) + (6—(1—t)B . e—(1+t)B)u(1)

1
(108 _ (403 9 p) 1 / (7908 — =593 f(5)ds)
0

1

—i—(QB)_l/(e_t_SB — e~ 9B £(5)ds.
0
Here

T=(I-e?)
Using formula (2.7), we obtain
u(t)=T {—B(e_tB + e~ 0B (0) + B(e DB 4 o=(HDBYy (1)

1

1 —(1— - —(1-s — s
—5(6 (1 t)B—l-e (1+t)B>/(e (1 )B_6 (1+ )B)f<8)d8}

0
t
1
+3 —/e(ts)Bf(s)ds

0

(2.6)

(2.7)

(2.8)
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1

1
—i—/e(St)Bf(s)ds + /e(HS)Bf(s)ds
¢ 0

Using (2.8) and the nonlocal boundary conditions, we get
~TB(I + e 25)u(0) + 2BTe Pu(1)

1
=T [ (e @8 —eF) f(s)ds + ¢,
/
[—2TBe ™ + B (e + 67(2”\)3)} u(0)
— [TB(I +e7?") - TBR(e" VB 6_(1—"—)\)3)] u(1)

1

_ T/(e(ls)B _ 67(1+s)B>f<S)dS

0
1
_Tg(emw L) / (=908 — (4908 f(5)ds
0

A

+§ —/e_(’\_s)Bf(s)ds
0
1 1
—I—[e_(S_A)Bf(s)ds + [6_(5+)\)Bf(8)d8 + 1.

From Lemma 2.3 it follows that

BZ ([ . BT(ef(lf)\)B . 67(1+/\)B))

has an inverse. Therefore

-1

w(0) = — (I — BT(e” 1N — = (1HVEY) (2.9)

% {T2 (] L2 _p (6—(1—)\)B . e—(1+,\)B))

1

X/Bl(e(QS)B —e B f(s)ds

0
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+T (I te 2B (67(17,\)3 _ 67(1+)\)B)> Bl
1
_2T2/B—1(6—(2—S)B — e~ HIB) £(5)ds
0
1

+BT2 (e—(l—)\)B . 6—(1+/\)B) /B—l(e—(Q—s)B . 6—(2+5)B)f(8)d8
0
1

A
—Be PT —/B_le_(A_s)Bf(s)dS + /B_le_(s_’\)Bf(s)ds
0 A
1

+/Ble(8“)3f(s)ds —2e PTB

0

and

u(1) = — (I — BT(e" 1B — ¢~ (1+0B)) ™ (2.10)

1
—T*(I + 6_23)/3_1(6_(1_8)3 — e_(1+S)B)f(s)ds
0
A

+T§(I + e72B) —/Ble(AS)Bf(s)ds
0
1

1
- / B le VB f(5)ds + / B le (tVB f(5)ds
A 0

1

+2T2/B—1(6—(3—5)B . 6—(l+s)B)f(8)dS

0
1
_BT2 (e—)\B . e—(2—/\)B) /B—l(e—(Q—s)B . e—sB)f(S)dS
0

— [—2TBilefB + pTB™! (e*AB — 67(27)\)3)] ©

—TB (I +e ")},

Eventually, if the function f(¢) continuously differentiable on [0,1], ¢, 1 € D(Az) and
formulas (2.7), (2.9) and (2.10) give a solution of problem (2.1).

A function wu(t) is called a solution of problem (2.1) if the following conditions are

satisfied:

i. u(t) is twice continuously differentiable in the segment [0, 1].
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ii. The element u(t) belongs to D(A) for all ¢ € [0,1], and the function Au(t) is

continuous on [0,1].
iii. u(t) satisfies the equation and nonlocal boundary condition (2.1).

Let us denote by C* ([0,1], H), 0 < a < 1, the Banach spaces obtained by completion

of the set of all smooth H values functions ¢(¢) on [0, 1] in the norms

le@+7)— (@)
el ooy = 1elloqoim+  sup - 2
0<t<t+7<1 T

where C ([0,1], H) stands for the Banach space of all continous functions ¢(¢) defined

on [0, 1] with the norm

H<P||c([0,1},H) = nax e ()]l -

A solution of problem (2.1) defined in this manner will from now on be referred to as

a solution of problem (2.1) in the space C ([0, 1], H).

We say that the problem (2.1) is well-posed in C'([0,1], H), if there exists the unique
solution u(t) in C ([0, 1], H) of problem (2.1) for any f(t) € C ([0,1], H) and the following

coercivity inequality is satisfied:

o+ HA%

||“//”c([0,1},H) + ”AUHc([o,l},H) < M. |:HfHC([0,1},H) + HA590 H} )

where M, does not depend on f(t) and ¢, 1. Unfortunately, the problem (2.1) is ill-posed
in the space C ([0,1], H).

We say that the problem (2.1) is well-posed in C* ([0, 1], H), if there exists a unique

solution w(t) in C([0,1], H) of problem (2.1) for any f(¢t) € C*(]0,1],H) and the

following coercivity inequality is satisfied:

H’} ’

" lomgo ) + AUl oo 1) < Mel@) [IFlomgon + [ 43¢]| |, + | A¥]
where H' C H and M,.(«) does not depend on f(t) and ¢, 9.

With the help of the self-adjoint positive definite operator B in a Hilbert space H, the
Banach space E, = E,(B, H)(0 < o < 1) consists of those v € H for which the norm

10]| . = supz'~*(|Be™*Pu| | + |[v]|u
z>0
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is finite.

Theorem 2.1. Suppose A%gp,A%w € Eym,p)- Then the boundary value problem
(2.1) is well posed in a Holder space C* ([0, 1], H) and the following coercivity inequality
holds:

||u"||ca([0,1],H) + ||AU||ca([o,1},H)

1

1
<M a(l—a) 1 ll oo, + HA"’SO‘

where M does not depend on f(¢) and «, ¢, 1.

4k

Eo(H,B) Ea(H,B):| ’
Proof. The boundary value problem (2.6) is well posed in a Holder space C* ([0, 1], H)

and the following coercivity inequality holds [Ashyralyev A., Sobolevskii P.E., 2004]

1" | oo, 11,2y + 1A% g 0.7, (2.11)

M

] [ loaoag.m + M |[[Aw(0) = FO) g, ,, o, + 1Aw) = F(W)llg, 0 |-

Then, the proof of this theorem is based on the estimate (2.11) and on the estimates

| 4u(0) = £(0) 5, (212)
< it Wl 3 [+ ], ]
T ol -a) e 7 Ba(n,p) Eam.n)
and
| Au(t) = F(D)lp,, (2.13)
<Ny enflate], ety ]
>~ Oé(l _ Oé) Cce([0,1],H) 2 Boi.z) Foti.5) :

Therefore we will prove (2.12) and (2.13).
First, we estimate || Au(0) — f(O)HEQ(H 5

Applying the formula (2.9), we can write

1

Au(0) — f(0) = (I — BT (e~ (1-VB e_(”’\)B))f

% {T2 ([ 428 8 (67(17,\)3 . 67(1+/\)B))

1 1
x| [ Be B (f(s) — f(1)ds + [ Be @ 9P f(1)ds
[ [
1 1

~ [ B (5(6) - Oy ds = [ BePs(0)ds

0 0
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4T ([ + 6723 . B (67(17/\)3 . e*(lJr)\)B)) ng

o [ [ B @R~ sapas+ [Be o)

0 0

—/Be_(2+5)B(f(s) — f(0)ds — /Be(2+5)Bf(0)ds]

0 0
+3T? (6—(1—)\)B _ 6—(1+>\)B)

X [/Be(2s)B(f(s) —f(l))ds+/Be‘(2‘s)Bf(1)ds

—2e PTB "} .
Using the identities
A
/Be_(’\_s)Bds =1 -8, (2.14)
0
1
/ Be 6 NBg = —e=(-NB < )\ <1, (2.15)

we get

% {[—G_B + 6_2B + 6_3B _ 6_4B
_B<_€7(1+/\)B + 67(27A)B + 67(3+)‘)B . 67(47)\)3] f(())

— [—eiB +e 2B 3B 6743] f(1)
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_6 [_67(1+)\)B + 67(27)\)B + 67(3+A)B . 67(47)\)B:| f(>\)
- [ng . 674BBQ0 . 6 (67(17)\)3 + e*(lJr)\)B o 67(37)\)3 . 67(3+)\)B) ng

—2(e” B — 6_3B)B¢]

+/B@SB—6““wKﬂ@—f®D%

0

_ﬁ (ef(lf)\)B + 67(1+)\)B) /B(esB . 67(2+S)B)(f(5) . f(O))dS
0

A
+B/B(6(A+s+1)B - ef(A+s+3)B>(f($) . f(O))ds

0

= [B (e = B (5) - p(1))ds
A
_/B(e—()\—s-‘rl)B . 6—()\—s+3)B)(f(S) _ f()\))ds

+ / B(em (DB _ o= (mM0B) (£ () — f(A))ds}

A
:J1+J2—|—J3+J4+J5+J6—|—J7+Jg.

Here

Jl — P—1T2 { |:_€—B 4 6_2B 4 6_3B . 6_4B

—B(—e VB o= (GoNB L o= BHNB _ ~(4-NB] 1(0)
—[—e P +e?P + e —e P F(1)
—B [ HHNB 4 om(7NE L om(BHINB _ om(=NEB] ()}
Jp=—P7'T* [Bp — e "By
B (emUNE 4 N _ o=(3-NB _ o=(+NB) g,

—2(e” P — e7*P) By
1
J3 = P_1T2/B(G_SB — e FIBY(f(s) — f(0))ds
0
Jy=—P7'T?3 (e’(lf’\)B + 67(1“)3)



X/B®SB—69“BMﬂ$—f®D%

0

A
o= PTG [ Ble o7 — ) (1 (5) — f(0))ds
0

1
Jo = —PIT? / B (498 — e~ C98) (f(s) — f(1))ds
0

A
Jr = _P—lTQ/B(e—(/\—s—H)B . e—(A—s—i—S)B)(f(S) _ f()\))ds

1T26/ —-A+1)B 6—(5—)\+3)B)(f(8) o f()\))ds

Here

P=(I- BT (e~(-VB _ 6—(1+>\)B)) ‘
Let us estimate J;, for k = 1,2, - - -, 8 separately. We start with J;.
Using the estimates (2.2) and (2.5), we show that
[ 1]l < HP 1HH—>H HTQHH—>H {[1=e?+e™|lmon
e — e Pllamm + 18] (Il VP g—m + [le”* VP [ aon
He VB g 4 e VP ) ] (O)]a
+ [l = e+ e lgmm + 1l + e P [mn] 1 F(D]]a
+18] [lle” ™2 gp + [le”® V| |y_p
Hle VB g+ e VB g a] [ FO)]a
< Mymax |[f(t)|a < Ml flleqo.m) < Ml[flleaqo,m)-

0<t<

Thus we proved that
[l < M|l (o,1,m)-

Next, let us estimate 2!~ ||Be % ]| .
S Be Ay = P 1T

{[HB( z+1)B+e (2+2)B )HHHH
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+’ |B€7(3+Z)BHH—>H + HBef(ﬁlJrz)BHHHH
HBI((1Be 2P |y + (| Be” BBy
H[Be CTAB| | gy + || Be DB ) {1£(0)]
+ [[|Be= I8 |y + || Bem T8 |y iy
H[Be CP |y + ([ Be” P | ] || £()] |
+’/B| U |B€7(1+/\+2)BHH—>H + ||B€7(2*)\+2)B||H_>H

H[Be CTADB| |y |[Be M gy | || F(M)] 1
N 1 1 1 1
M ST e ta s T ey
1 1 1 1
3+A+2) * (4—X+2) * (1+2) * (3+2)
1 1 1 1
14+ X+ 2) i 2—A+2) * B+ A+ 2) i

i

max || f ()|

+( (4— X+ 2)]o<t<1

<SM[4-17" 44274202 = N) " +2(4 = 2) ] |Ifl|ceoam)
< M{[fllo=io,1,m)-

Thus we proved that
12l g, < M[fllceo.u,m):-

Now let us estimate Jo. Using the estimates (2.2), (2.5) and the definition of the norm of
space C* ([0,1], H), we get

1ol < NP a—ul T a—n [||Bella + e || n—ul|Bel|u

Bl (e VP aom + [le” 8| g
Hle VP g m + eV lgn) || Bellu
+2|le™ = e8|yl BYlln} < M (||Bol|la + || BY]|n) -
Let us now estimate 2!~ || Be > .Js||; .

2 ||B€_ZJ2||H < 2N P Y g—w| T -

x [||Be*2Bol|g + ||Be B g_p||Be||m

—HB’ (HBe_(l_)\J’_Z)BHH—LH + HBe_(H_)H_Z)BHHHH
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H[BeC DBy + ||Be G ) || Bl
+2||B(e” B — o= GFABY |y || B}
< Msup 2"~ (||Be *’By||uy + ||BY||n)
M (|Bol|e, + [|1BYl|g,) -

So, we conclude that

172]| g, < M||B¢l|e, + [|BY]£.)-

Now, let us estimate J3. Using the estimates (2.2), (2.5) and the definition of the norm
of space C* ([0, 1], H), we obtain

1 sl < 127 e 17

1
></ (I1Be™* " ls—mr + || Be™®HE]) || £(s) — (0)]lds
0

1
5% 5%
< M. — d o
<o [ (4 35 ) dslillencunn
0

1
M,

1 1
<M ds|| f]|c < =41 fllewo.n)-
< 3/ (Sla + (2+8)1a) sl flleaqonm < —=Iflleagon.m
0

Thus we proved that
My
13l < ==l flleeqo.m-

Now let us estimate z'~* || Be™*Js]| ;-

B |l < 2 P T

1

></ (I1B% 8 g + || B2 25 ) 1 £(s) — £(0)]|rrds

0

Sa

1
Sa
< ZliaM / -+ ds .
~ 50 ((S -+ 2)2 (2 + s+ Z)2> HfHC ([0,1],H)

1
1 1
1—
=7 aM5/ ((8 + z)?@ - (2+s+ 2)2_“> il fllew.nm
0
M
< 17— allflle=qon.m-

Hence, we have that

M, Mg
[ J3]| g, < ?||f||ca([o,1},H) + m||f||ca([0,1],H)
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My
<
ol —a)
Next, we estimate Jy. Using the estimates (2.2), (2.5) and the definition of the norm of
space C* ([0,1], H), we obtain

[ fllcaqoa.my < M| fllcao,1.m)-

1 Tallyr < 1P~ a—ul| T |1 B] ([le™ VP 4 e VB )

1
></ (1Be || y—p — |Be ™| | y_p) | f(s) = f(0)||mds
0
1 « (07
< Ms/ <S— -
S 24+ s
0

My
[ Jally < F||f||ca([0,1],H)-

My
) asllllewconan < 22 fllowGasian

Therefore,

Using the same manner, we can estimate 2!~ HBe‘ZB J4H -
Zlfa ||B€7ZBJ4||H < ZliaHpilHHﬂHHTZHHHH

% |5| (||67(17)\)B + 67(1+)\)BHHHH)

1
></ (11825 + | B2 ®H 25 ) 1 £(s) = £(0)]]ads
0

1

s g
<21QM/ - ds o

0
My,
< o .
< 17— lleon.m
Thus,
My My
1 allg, < —=lflleso.en + 7— M flleaon.m

Mo
<—2 |Ifllce .
S a)\lch ([0,1],)

Hence, we have

1 all g, < M|l 0.00.00)-
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Now let us estimate J5. Using estimates (2.2), (2.5) and the definition of the norm of
space C* ([0,1], H), we obtain
15l g < WP~ =172l —n

><|5|/(||B€_(A+S+1)B||H—>H + | Bem OB |y i) £(s) — £(0)]| mds

A

s S
< M d [e%
B 13/ <()\+s—|— 1) + ()\—1-5—1—3)) s|| fllee (o1, m)

0

A
1
d «
/( )\+s—l— +()\+5+3)1a) sl flle (j0,1],H)

My,
< —Iflle=qon.m
So,
My
5]l i = ==l flle= ...
Now, let us estimate 2!~ HBe_ZBJ5||H.

27| Be P Js|, < 2P || T2 - |B)

A
X/(HB%_(HS’LZH)BHH—H + || B2 Ot =tB| | £(s) — £(0)]|mds
0

A

17CMM / Sa Sa d i
: " ()\—|—8+z—|—1)2+()\+5_|_2+3)2 s|| fllcao,,m)
0

A
1 1
1—
aM d o
: 15/ ((/\ +542+1)2@ " A+s+2+ 3)“) o= .0
0
Mg
< 17— 2 Hlleaon.m-
Thus,
M14 6
151l g, < ——IIfllceo,m) - ((0,1],H)
Ml7
< o .
Hence,

sl < M| fll oo,y -
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Let us estimate Jg. Using estimates (2.2), (2.5) and the definition of the norm of space
ce ([07 1] 7H) , we get

16l < 1P~ =l T2l —n

1
[ UBe g+ 1B )| 5) — (1) s
0
[ (=97 (19"
<ot [ (Y224 G20 Wllewony
0

1
1 1
<M d )
B 18/ <(4 — 5)l-« + (2 — S)l—a) sl flle ([0,1],H)
0

M19
< 7||f||0a([0,1},H)'

Now, let us estimate z!= HBe_ZBJf;”H .

Zlfa ||BeszJ6||H S ZliaHP71’|H~>HHT2HHHH
1

X/(”B%_“_S*Z)BHH#I + 1B 8 )| f(s) = f(1)]]mds
0

1
_ 1—s)” (1—s)
< oM ( «
0

1 1
< 17&M d o
0

My,
11—«

1 f 1l (io,1,m)-

So, we have
Mg

(07

My,
a—1

16l s, <

[ fllcaqo,1,) + 1 fllcaqo,1.m)

M22

< — a .
< _a)llf\lc ([0,1],H)

Therefore, we conclude that

[ J6llz, < MI|fllcao,m)-

Now, we estimate J;. Using estimates (2.2), (2.5) and the definition of the norm of space
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C*(]0,1], H) , we obtain

12l < 1P~ a—u||T? | —m

A
></(||B€_(A_S+1)B||H—»H + | Bem OB i) |1 £(s) — F(A)||rds
0

A
B9 e
< My / (oL + 25 ) allflemqoaan

A

1 1
M. d §
23/ (()\ — s+ 1)t + (A —s+ 3)1_a) 8|1 fllea (o1,
0

Moy
< THfHC‘*([OJLH)'

Next, let us estimate 2!~ ||Be_ZBJ7||H.

2 ||B€_ZBJ7||H < NP Y g—ul| T g—n

A
X/(HBQG_(H“*Z)BHH#I + 1B A= D5 )| f(s) — F(W)]lds
0

A

. A—s)® A—s)”
S Zl M25/ <(>\(_ s +)1)2 + ()\(_ P +>3)2) d8||f||0&([071]7H)

0
Mg
l—«

< | fllceo,1,m)-

Hence, we get

May Mo
|20, < =21 llesoam +

Mo
« <
||f||C ([0,1,H) = :<

1—_Oé)||f||0a([0,1],H)-

1 -«
Therefore,

1721l g, < M| flceqpo.01.m)-
Now, let us estimate Jg. Estimates (2.2), (2.5) and the definition of the norm of space
Ce ((0,1], H) give

sl i < WP~ =1 T2l —n

1
X!ﬂ!/(HBe(”H)B!!Hw +1Be B )l £(s) — (V)| zds
A

1

(s=N o=y

<ot [ (5705 + 2525 ) slisllencuanny
A
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M
ngfHCa 0,1,

Now, let us estimate 2!~ ||[Be *Js||; -

27| Be sy < 201 PHa—u 1T n-nlB|

1

></(!IBZG_(S_”HZ)BIIHﬂH + (|82 AR £(s) — F(N)]]rds

A
1

1-a (s — A\) (s — \)°
: MSO/ <(S - A+ 1+ 2)2 * (3 —A+3+ 2)2 d5||f||Cf¥([0,1]7H)
A

M31
||f||ca [0,1],
So,
M29 M3,
12llp, = =~ flleaqom + 1l flle=qon.m
M3
< — o .
S ol a)Hch (10,1, )
Therefore,

18]l g, < M|l o.1).00)-
Combining the estimates for Ji, for k =1,---,8 in E,(B, H) and (2.11) , we get (2.12).
Second, we will estimate ||Au(1) — f(l)HEQ(H 5

Applying the formula (2.10), we can write

Au(1) = f(1) = — (I = BT (e~ (VB — o= (1+0B)) !

1

x { —=T*(I +e7?P) f(s) = f(1)ds + [ Be=U=9B f(1)ds
| /
1 1
= [ B (45) — fo)ds — [ Be 02 (o)
0 0

+T2§(I + e 2B) (e’(I*A)B + 67(1+>‘)B)
1

x | [ BemU=9B(f(s) — f(1))ds + | Be==9B f(1)ds
/ /

BK“MWﬂ@—fwwm—/éeﬂ“Wﬂﬁw

0

|
D\H
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Lo / Be 9B (f(s) — f(1))ds + / Be 8B f(1)
0 0

~ [ Be 0B ((s) = pO)ds — [ Be P (0)ds
0 0

1 1

—BT? (e — = (27V5) /Be_(Q_S)B(f(s) — f(1))ds + /Be_(2_5)3f(1)ds
_ / Be=B(f(s) — £(0))ds — / Be=P £(0)ds
+T§([ +e72B) ( / Be M98 f(s) — f(\))ds — / Be=A=9B f()\)ds

+ [ BN (p(s) — fds+ [ Be NP s
A

Be~CHtNB £(0)ds

/
+/Be—<5+*>3(f(s) — f(0))ds +]

0
- [F2TBe® 4 BT (% — e )] - TB(+ e )i},
Using identities (2.14) and (2.15), we get

Au(l) = f(1) = P'T* {[-e P+ e P + P — P

i (g (e’(l’A)B — e (HNB _ ~(B-NB €(3+A)B)))

=

(6_(2_>\)B _ e—(?—l—)\)B _ 6—(4—>\)B + @_(4+>\)B)>:| f(]')

N | —

_ [_e—B L 2B 3B _ 4B

B (_6—(1+)\)B — @B 4 ~(2HNB _ ~(3-NB _ ~(+0)B

e (NB L om(BmNB 4 9o (1720B 4 9.~ B205)] £(0)

B [~ (0B 4 9e=(-NB | (~(4NB _ ~6-NB] f())
2

—e (V) = £(0))
+ [B@/} —e BBy —2ePByp+2e38 By

43 (e*’\B e (@NB | ~(2+NB 67(44)3) Bgo}
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1

+/B@“sw—e“szﬂ$—fﬂhw

(NP e 0008) [ (e 098 4 9D (s) — f(1))ds

0

_5
2

+4 (e_AB + 6_(2_’\)3) /Be_(2_s)B(f(s) — f(1))ds
0

—/B@@“w—eUHWNﬂ@—fm»w

1

( —(1-\)B —(1+X\)B /B —(3+s)B (1+S)B)(f(s) o f(O))dS

0

+

™

+§u—+fw{/3@*“”3—e*“*”WXf@>—f@»%
0

—5@4B+a@*w)/35wuww<ﬂmm3

A
U= ) [Bet97 g 0oy ) — O

=+ Fo+ Fs+ Fy+ Fs + Fg + F7r + Fg + Fo + Fip + F1;.

Here

Fi=pP'T?{[-eP+e?P +e?P —e?P
<g (e*(l—)\)B _ 67(1+A)B . 67(37)\)3 + €(3+/\)B)))

(67(27,\)3 e~ (@HNB _ ~(4-NB €(4+,\)B)>] £(1)

+

=@

N |

_ [_efB L 2B 3B _ 4B

g (_6—(1+)\)B — (@ NB 4 ~(2+NB _ ~(3-NB _ ~(3+N)B

e VB | TNy 9o~ (1-IVE | 9,-(3-20B)] ()

B [e~(mNB | 9p=B=NB | o~(+N)B _ ~(5=NB] f())

2
—e P (f(N) = £(0))}
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Fy=P7'T? [By — e *P By — 2¢ "By + 2¢ " By

48 (e”\B e (@ NB | ~2HNB 67(44\)3) Bgo]
1
Fo= PT? [ B 092 = e 90 f(s) — f(1))ds

0

Fy = _P_1T2§ (6—(1—)\)3 + 6_(1+>‘)B)

< [ B0 4 O 1(s) — f1)ds

1
Fy = P (¢4 %) [ BerCoB(5(s) — (1)
0

1
Fo = =P [ Be B9 - 0 (4(s)  f(0))ds

0

F7 _ —P1T2§ (ef(lf)\)B + e*(1+/\)B)

[ Ble O B4 - (0))ds

Fy = —P‘1T2§(I —e72B)

1

[ Bl e 1(s) — ()

Fip = —P‘szg(I — e 2B)

A

[ B0 o) 1(s) — F)ds

0

Fy = —P‘1T2§(I — e 2B)

1

X / B(e N8 1 o= 6-MBY(£(5) — f(A))ds.
A
Second, let us estimate Fj, for k = 1,2,- - -, 11 separately. We start with Fj. Using the

estimates (2.2) and (2.5), we obtain

1Pl g < WP Haeul T la—m {[|| — ¢ + e *P|luom + |le™* — e *P||n_p
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+16] < (H —UmNE e (1+)\)B||H—>H + ||€_(3_A)B - 6_(3+)\)B||H—>H)>

T L ) [T

l\DIH

+ e P+ e lamn + e — e lun

W ey eI e
+\|€7(34)BHHHH + eV g + [l VP g + e OV )
+2)|e” VB [y 4 2[le” GV ) 1] £(0)]]m

‘5‘ [He—(l VB w42l G VB

e 4+A>B||H4H e ] O

e () = FO)I]z}

< Mimax||f(t)|| < M| f|lce(o1,m)-

0<tL1

Thus,
1F1l[ g < M| f]ceqo,,m)-

Now, let us estimate 2!~ HBe_ZBFlHH .
Zlfa HBeszFlHH S ZliaHP71||HHH||T2HHHH

{[HB( —(2+1)B +e (2+z)B)|| g+ HB( (3+2)B _ e (4+Z)B)HH4>H

3 - z
+1815 ([1B(e” R 0 || PP

+HB( (3=X+2)B _ 67(3+)\+Z)B>HHHH)

(| |B( (2=X+2)B _ —(2+>\+z)B) | |H—>H

“EREBY ] e

—(4+2)B

+| |B(e_(4_”z) —e

—(1+2)B + 67(2+z)B>HH_>H + |’B<67(3+z)B _e )HH—>H

+[lIB(=e

+@ (I1Be” A28 gy + ||Be” G295y
+HB€7(2+/\+Z)BHHHH + |’B€7(37/\+Z)BHH—>H

+||B€_(3+/\+Z)B||H—>H + ||B€_(4_>\+Z)B||H—>H + ||B€_(5_>\+Z)B||H—>H

+2||Be”PAB | gy 4 2| |Bem G B 5 )] ] £(0)] |

|ﬁ’ [HB@ (1— )\+zB|| _>H+2||B€ 38— >\+zB|| oo

+HBe* WRAB) |y + HBef(‘r’f’\JrZ)BHHHH] f M|z



H[Be™ 2B g |lF(A) = fF(O))]]a}

2 2 4
<M -« - -
= s z+1+z+3+5(z—/\+1

2 6 2
+z—)\—|—2+z—)\+3+z—)\—|—4
2 1 1 1
z—A+5+z+1+z+3+z+A+1
1 1 1
NI W S W SR

2 2 1
I M= 2| f]| e
+z—2)\+1+z—2)\+3)1011§1?§x1||f()HH+ 2N Ml

+

+

SMp 2174437+ BMAL - A" +2(2 - )"
+6(3 =N +24—-N)"*+26 =N+ 2+ N
FBEAN T @A)
+2(1 = 20) 7 +2(3 — 20) ] || fll e o1,y + M| fllca o, m)
< M| fllce(o,11,m)-

Hence,

13 g, < M1 fllowpo,m)-

Next, let us estimate F». Using the estimates (2.2) and (2.5), we get
B2l < 1P~ Hlm—nl T -

x [[1BY]|u + |le”*P By + 2||e” " By||u + 2|le >’ By |u
+[B] (Jle™F — eV |y + ||e”@VE — @By p) | Byl |n
< M||Byl|e, + [|BY|E,] -

Thus,
B2l < M| Belle, + |1BYl|E.] -

Let us now estimate 2!~ HBe*ZBFQHH.

27| Be P Ry||, < 2 NP a—ul|T?| | n—m

< [1Be*|l—ul| Bullr = 1 Be™ 2|l | Byl

—2[|Be” ™8|y g||Bo| i + 2||Be” ||y k|| Byl |1



HBI (1B O+ — ey,
_|’B(67(27A+z)8 _ 67(47)\+Z)B>HHHH) HBSOHH
< M{[[Bollp. +[1BY[r.] -

Therefore,

1F5l g, < MI[Bollu + [ BY]|a] -

Now, let us estimate F3. Using estimates (2.2) and (2.5), we get

1E5ll 7 < 1P~ Hlm—n || T2

1
< [ UBe 98 4 1Be S ) 5(5) = F)ds
0

1
1—s)* 1—s)
<o [ (S84 525 astistlemoaan

1—3s 3
0
1
S R L
S a
— 3 / (1 o S)lfa (3 _ S)lfa C([0,1],H)

My
< FHfHC“([OJ],H)'

Hence,
M,
15l < =1 fllcao.m)-

Next, let us estimate 2!~ ||B6*ZBF3HH

27| Be P E|, < 2 NP - nl| TP n—n

[
1
x / (1| B2~ 0498 4 || B2 G+ £(s) — £(1)]|ds

0
1

_ 1—s)” (1—s)
< Msz'™° / ( + o ds
< Ms; / A—st2° Bst2] [ f{lca (0,11,

1

1 1
-«
<M | [t s | Wllestonn
0

M
< — o .
< 1= llflle=tom

Thus, we proved that

Mg
l1—«

M,
| F3] g, < F||f||ca([0,1],H) + 1 fllcao,1),m)



|1 fllcao,11,m)

My
T a(l—-aw)
Therefore,
1F3]| g, < M||fllca(o,1,8)-

Now, let us estimate Fy. Using the estimates (2.2) and (2.5), we obtain

6] B
1Bl < 1Pl T2 [0 4 =008

< [(1B(e” "8 + [|Be”CE|)[| f(s) — £(1)l|ds

1

(1—s)” 1—s)¢
s [ (M5 + G2 dslifleonm
0

My
<—||f||ca ([0,1],H)-

o\ﬂ_\

| /\

Hence,

My
1l < =211 oo

Next, we estimate 2!~ HBe*ZBFALHH .

—a —z —a ﬁ —(1— -
20| Be P By < 2 Pl T2 s =097 o007

1

/(I|B2( Ut 28] || B2 Cm=B )] f(s) - f(1)llds

< [ ( -s) (-9 Q)ds||f||oa<[o,u,m
av

1—s+2)° (3—s+2)

1 1
=M - ds o
: / (= o) M lleonn

< o .
< 1= llflle=ton.m
Thus,
My My
F < — o T o
[ Fallg, < - | f1lee o,y + 1 _a||f||0 ((0.1],H)
Mo
< — o
Therefore,

1Eall g, < MI|fllowo..m0)-
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Now, let us estimate F5. Using estimates (2.2) and (2.5), we get

1E5| < 1P o= T2 a—ulBl|le P + e @) g g

< [I1Be Pl (5) = £(1) s
0

1 1
1—s)” ds
< MlS/quHCQ([O,l],H)dS < M13/ﬁ||f||ca([o,1]ﬂ)
(2—5) A (2—5)
0

My
< Tllfllca([o,uﬂ)-

Next, let us estimate 2!~ ||Be*ZBF5HH.

2B By < AP o n I TP - a BB + VB[4

1
></||B2e_(2_s+z)3||H~H||f(8) — FWlla—nds
0

1

(1—s)
< M / s e
0

— s+ 2)
! d M
s
< M15/(2 I [ fllceqo),m) < 1 _1(;||f||0“([071LH)'
0
So,
M, M
F: < — o o
151 s, < == fllceqonm + 7= fllewqo.m
M7
< — o .
S a)l\fl\c ([0,1],5)
Therefore,

1 E5ll g < M| fllcao,,m)-

Let us now estimate Fg. Using estimates (2.2) and (2.5), we obtain

1Fsll i < P a—ul|T?| | n—n

1
X/(IIBe(?’“’BHHHH —1Be” "2 )| £(s) = £(0)]]zds
0

1
s“ P
< M d )
B 18/ ((3+s) + (1 +s)> 8| fllce o, m)
0

1
1 1
<M d )
B 18/ <(3 + s)l-« + (1+ 5)1_a) s|| fllce (o1, 1)
0
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Mg

< THfHCa([OJLH)'

Now, let us estimate 2!~ HBe_zBF(,-HH .

2 HB{ZBFGHH <P Y u—ul|T?|| o

1

X/(”B%_(S*S*Z)BHHM + 1B DB )| () = f(0)]]mds

0
1

5 s
< ].—O:M d o

0
1
< ,zl“Mzo/ : + ! ds|| fllcao,,m)
- B+s+z)P (1+s+z)> -
0
My
< N .
< 7= M lleaon.m
Thus
Mg Mo,
F < — a o
16l s, = ==l flleeqoam + 1~ flleaqon.m
M22
< —- a .
S a)||f||c ([0,1],H)
Therefore,

1 F6ll g, < M| fllca(o.,m)-

Let us estimate F7.

|Foll, = 1 F7llg +supz || B Fyl ;.

Using estimates (2.2) and (2.5), we obtain

- Bl —a- -
1E7ll g < [P 1|IhwirllT2|IIHLI%IIG UVE e VB

1

></(||B€_(3+S)BIIHaH +1Be” 5 )| f(s) — f(0)]|rds

0
1

s s
< M. d )
B 23/ ((3 + s) + (1+ s)> s|| fllcooa,m)

0

1

1 1
< M. d )
N 23/ ((3 + s5)l-« + (1+ 5)1a) s f1lee (o,

0

M24

< 24 o )
<— [ flleqo,1,8)



Next, let us estimate 2!~ ||Be_ZBF7HH.

27| Be P ||, < 2P o n | TP Hen

I

1
X/(HB%(?’H“)BH%H +(1B%e 2B )1 f (5) = f(0)]|meds
0

1

s“ Pl
< M, d )
B 25/ <(3—|—s+z)2 * (1+S_|_Z>2) sl fllee(o,11,m)
0

1

1 1
< M- i
> 25/ <<3 + s+ 2)2—a + (1 + s+ Z)Q—Q) HfHC ([0,1],H)

0
< 2 Fllomqon .
Hence,
1B, < =211 fllowoam + 1211 fllowoam
< a(l—?a)llflloa([mw)
Thus,

17l g, < NI flleeo,,m)-

Now, let us estimate Fy. Using estimates (2.2) and (2.5), we obtain
15|

-

| Fsll g < [P~ 1\|HHHHT2||HHH e *P|lg_n

1
X/(HB@(S“)BHHw + [ BeCTARE )1 £(s) = f(O)]| s
0

1
5% s
< M. d )
B 28/ ((s—l—)\) * (3+)\_|_2)> 8|1 fllce(o.11,m)
0

1

1 1
< M. d )
B 28/ ((s + AL« + (5 + X+ 2)1_a> s|| fllce o), m)

0

M
29||f|\ca 0,1,

Now, we estimate 2!~ HBe_ZBFgHH.

9,y

< 2Pl Tl

Zlfa HBeszFS 723 ‘ |H~>H

I

X/(HB%(S“*Z)BH%H + | B2 CTEAE  y)If (5) = f(O)|ds
0

|6|H —(1-)\)B +67(I+A)B||HHH

36
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1

170(M / Sa Sa d )
- %0 ()\—i—s—i—z)2+ A+ 5+ 2+2)2 s[|flle (j0,1],H)
0

1

1 1
l—aM / d )
© 30 A+ s+ 2)2 @ T A+ s+ 242)2@ s|| flle ([0,1],H)

0
<7 Mo A flleeqon.am-
So,
1Fyll5, < 22| fllomonin + 1 Allenqoam
< %Hf”cw([o,uﬂ)
Therefore,

1 E5ll g < M| fllcao,n,m)-

Now, let us estimate Fy. Using estimates (2.2) and (2.5), we get

1 Foll iy < WP a—nl| T a—ulBllle ™2 + e V8| gy

x / 1Be P |lamnll £(5) — £(0)]lds
0

1 1
s¢ ds
< M33/?d5“f||0‘1([0,1},H) < M33/81_ ([0,1],H)
0 0
M
= Hcha [0,1],

Now let us estimate 2!~ HBe_ZBFQHH.

27 ||Be PRy |,, < 2 NP a—u T |-l Bllle P + eV |y

1
< [IB2 2l 5) = £0) s
0

1

<zt M35/md51|f“ca([o,1}ﬂ)
0

1

ds Mg

1701M / .

z 35 _(S_i_Z)Q_aHfHC (0.1),H) = 1_ HfHC ([0,1],H)-
0

Hence,

M36
T ||f||ca ([0,1],H)

M34
16z, = —=Iflle=qo,m +
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|1 fllcao,11,m)

M3y
T a(l-a)
Therefore,

1Eoll g, < MI|flloo..m0)-
We now estimate Fjo. Using estimates (2.2) and (2.5), we obtain

1)

1Foll g < 1PN a—ul|T? | —m e P|lg—n

A
x/(“B(e‘“‘S)BHH% +[Be” N D5y p)|| £(s) = fN)||mds

0

A

A—s)" A—s)"

<ot [ (V28 LT sl logonn
0

1 1
< M. d §
N 38/ ((A — s)l—a + ()\ — s+ 2)1_a> SHch ([0,1],H)

M
39||f||ca 0,1],

Now, let us estimate 2!~ HBe_Z F10HH.

S| Bem P R, < 2P aom T on g 1T = 7P lan

A
X/(”BQ(B_(A_SH)BHH—»H + || B2 O = DB 1 £(s) = (V)| wds
0

A
<o [ ((“‘” ) 2)d81|f!|ca<[o,n,ﬂ)

A—s+2)?2 (A—s+z2+2)
0

A

1 1
< M. d )
N 40/ (()\ —s+z)@ + (AN—s+2z+ 2>2a) sl fllceqo,1,m)
0
M41
||f||ca ([01],H
So,
M39 "
”FlOHEa < Hf”ca [0,1], 1= ([0,1],H)
My
< SN a
Ty I fllce (0,11, 1)
Thus,

£l g, < M| fllcao,11,m)
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Finally, let us estimate ||F1;][_ -

1F1illg, = 1Fully + supz' = || Be " Fyy
o -0 H
z

9,y

[ Fully < HPHHHHHTHHHH e P||g—n

1

X/(HB(G_(S‘A)BHHw +[[Be” B || f(s) — f(N)|lmds

A
1
(s —A)" (s —A)*
< M. p )
N 43/ ((s —\)? + (s — A+ 2)2 s|| fllceqo,1,m)
A
1
1 1
< M. J )
N 43/ ((s — )% + (s — A+ 2)2_a) sl fllce (o1, 1)
A
M,
< T lleao.my-

Now, let us estimate 2!~ HBe*ZBFHHH .

8, ;

Zl*aHB€7ZBF11||H- Z1” P~ IHHHHHTHHHH 7ZBHHHH

1
></(||BZ(€_(S_HZ)B||H—>H + || B2 5AERRB [ £(s) — f(N)||uds
A

1
(s =N (s —=A)°
< o
= M46/ ((s s Al ppny wrperns £ A R

A
1
<M [ (ot e a1
S o
= e (s=A+2)2  (s—A+z+2)2° c(0.AH)
A
My
< o .
<1 a||f||c ((0,1.H)
Hence, we proved that
M, My
[Fullg, < 5||f||ca [0,1], - (10,1],H)

Myg
< — a

Therefore,

1Pl g, < M| fllexqo,m)-

Combining the estimates F; for i = 1,---,11 in E,(B, H) and (2.11), we get (2.13).

So, Theorem 2.1 is proved.
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2.2 APPLICATIONS

We consider the mixed boundary value problem for the elliptic equation

¢

—uy — (a(2)uy), +6u = f(t,z),0 <t <1,0<z <1,

w(t,0) = u(t, 1), ug(t,1) = u,(t,0),0 <t <1,
(2.16)

w (0,2) = 0, (1, 2) = fug (AN, x),0 < x <1,

| 0<A<L Bl < T,

where a(z) and f(t, z) are given sufficiently smooth functions a(z) > a > 0, § = const > 0.
The problem has a unique solution (¢, x). This allows us to reduce the mixed problem
(2.16) to the nonlocal boundary value problem (2.1) in a Hilbert space H = Ly [0, 1] with
a self-adjoint positive definite operator A defined by (2.16) .

Theorem 2.2. The solutions of the nonlocal boundary value problem (2.16) satisfy

the coercivity inequality

el 0,1, La0,1)) + ||“Hca([o,1},w22[o,1})

< M
~a(l—-a) Hf“CO‘([OJ],Lz[O,l])'

Here M does not depend on f(¢, ).

The proof of Theorem 2.2 is based on the abstract Theorem 2.1 and the symmetry

properties of the space operator generated by the problem.

Second, let €2 be the unit open cube in R™(z = (21, -, x,) : 0 < 2, < 1,1 < k < n)

with boundary S, @ = QU S. In [0,1] x Q, the Bitsadze-Samarskii type mixed boundary
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value problem for the multidimensional elliptic equation

¢

—uy — Y (ap(X)Ug, )z, + 0u= f(t,2),0<t <1, z=(21,...,2,) € Q,
r=1

(2.17)
ue(0,2) = 0, uy(1,2) = Bug(\, ), = € Q,

| 161 <1, 0 A< 1, §5(t @) Laes= 0.

is considered. The problem has unique smooth solution u(¢,z) for the smooth «,.(z) >
a>0(ze€Q) and f(t,z) (t € (0,1),z € Q) functions. This allows us to reduce the mixed

problem (2.17) to the nonlocal boundary problem (2.1) in a Hilbert space H = Lo(2) of
the all integrable functions defined on €2, equipped with the norm

1

3

||fHL2(§) = {f f, |f(x)|2d:v1...dxn}
€

with a self -adjoint positive definite operator A defined by (2.17) .

Theorem 2.3. The solutions of the nonlocal boundary value problem (2.17) satisfy

the coercivity inequality

||Utt||ca([071],L2(ﬁ)) + ||U||ca([o,1},w22(ﬁ))

__ M
—aa—aﬂV%mmuﬁm-

Here M does not depend on f(¢,x).

The proof of Theorem 2.3 is based on the abstract Theorem 2.1 and the symmetry
properties of the space operator generated by the problem (2.17) and the following theorem

on the coercivity inequality for the solution of the elliptic differential problem in Ly(£2).

Theorem 2.4. For the solution of the elliptic differential problem

- Z(ar(x)uxr)xr + d0u = w(x),z € Q,
r=1

%(x):O, res



the following coercivity inequalities [Sobolevskii, P. E.,1975 |

r=1

are valid.
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CHAPTER 3

FIRST ORDER OF ACCURACY DIFFERENCE SCHEME

3.1 FIRST ORDER OF ACCURACY DIFFERENCE SCHEME

Let us associate the nonlocal boundary- value problem (2.1) with the corresponding first

order of accuracy difference scheme

—up1 = 2u +up ] + Aup = fi, fro=f(te), e =k7, 1<k <N -1,

Ui —ug

o — o, (3.1)

RS L L SN U

\ T T

It is known that study of discretization over time only of the nonlocal boundary
value problem also permits one to include general difference schemes in applications, if
the differential operator in space variables, A is replaced by the difference operators Aj,
that act in the Hilbert spaces H; and are uniformly self-adjoint positive definite in h for

0 < h < hyg.

It is known (see [Krein,1966]) that for a self-adjoint positive definite operator A, it
follows that B = (TA+V4A + 72A?) is self-adjoint positive definite and R = (I +7B)*
which is defined on the whole space H is a bounded operator. Here, [ is the identity

operator. Now, let us give some lemmas that will be needed below.

Lemma 3.1. The estimates hold (see [Ashyralyev A., and Sobolevskii P. E., 2004])
Mt
< L

_krAZ k
_R H k> 3.2
He H—H ~ kT - (3:2)
[RM oy < M +06m)78 k[ BRY|,_,, <M, k21, 6>0, (3.3)
| BY(RM" — B | < M T < h<ktr<N 0<a B<1, (3.4)
(kT)otB
(I = R*™) g < M. (3.5)

Lemma 3.2. Suppose A is the self-adjoint positive definite operator in Hilbert space

H. Then the following estimate holds (see [Sobolevskii P.E., 1977]):
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=z

-1
o . 1
(I = R)RY|,,_,, < Mmin (ln(;), 1+ |In HB||HAH|) : (3.6)

1

<.
Il

where M does not depend on 7.

Lemma 3.3. The operator

I—RN-2_3 <RN—[§]—1 I RN+[§]—1>
has an inverse
Po—|I—RN2_3 (RN—HA _'_RN—&-[i]—l)]_l
and the following estimate is satisfied (see[Oztiirk E.,2008]) :

1Pl gy < M, (3.7)

where M is independent of 7.

Lemma 3.4. For any f;, 1 < k < N — 1 the solution of the problem (3.1) exists and

the following formula holds

U = ([ . RZN)fl {(Rk . R2ka) © + (Rka _ RN+k) Un (38)

N—-1
. (RN—k . RN—l—k) <2I+TB)_1B_1 (RN 1—¢ RN 1+z) sz}
=1
N-1
+(@2I+7B)"' B> (RN - RMY) fir for k=1,-- - N — 1,

=1

up = P,(I +7B)(2[ +7B)"'B™*
N-1

X{ (I+R (RN ZZ RNfi_RN+i) fiT
=1

b [r- R (R R Rl zRﬁ i )]

+ (RN 4+ BN |- S Ry

N-1 N-1
+ 3 R e SR

2]
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—(I + R)PRV 267 f; }

1 RV 7

+P(I = R)"Y(R""' + RM)14p

A A
-

_PT(]_ R)—l ]+R2N_1 _6 <RN7[

and
uy = —P,(I +7B)(2[ +7B)'B!
x{ |~ + Ry + 8 (RYTFI 4 pYEI1) |

< ST (RN RYYY) fir — BT+ RPN

=1
OR

~ 3 R
i=1

+ 3 BB S REF
i:[i] =1
=B+ R HT(I+ R)R™ fy

— [RY1 = RY - g (RE)+ R )]ZR’1+RZf,}

=1

~P.(I-R)™* [RN“ +RYN -5 (RH + R2N—H‘1>} T
+P.(I — R (I +R*™ N1y .

Proof. It is clear that the boundary value problem for the second order difference

equation

— L luprr — 2up +up] + Aug = fr, 1<k <N-1,Nr =1,

(3.9)
Ug, Un are given
has a solution and the following formula holds (see[Sobolevskii P.E., 1977]):
up = (I = R*M)" {(R* = R* ") ug + (R = RN™*) uy (3.10)

N-1

— (RN"* — RN¥¥) (I + 7B)(2I +7B)'B' Y RV — RV fﬁ}

N-1
+(I+7B)2I +7B) "' By (RF — R fir

=1



Applying formula (3.10) and nonlocal boundary conditions
Uy — U =T,

and
= -1 = B (u)ap0 —upyg) + 70

we obtain

(I =R (R=I)(I+R*™ Yug— (I = R*™)"" (R—1) (R"' + RY) uy

= -R™M'(I+7B)2[+7B)'B™!
N-1

RN 1 RN+1 Z RN i RN-H fz
i=1

N-1
[ RQN Z Rz 1 RZJrl fz + T
=1

and
(I — Ry (I - R) [RN’l +RN -3 (R[%J + RQN‘[%]*)} o
(I — R¥™)"Y(I - R) [1 + RN (RN*[%]*1 + RN+[%]>} un

= (I—RQN)_l(I—f-TB)(QI—i—TB)_lB_l

=

x R*l—R—ﬁ(J—R)(RN—H + RV+[3 )}

Al

RN 7 RN+Z) f'L

-1

(R-1) S REIifr

i

—
3>
—

+B(I +7B)(2I + 7B)*B™*

Il
—

=

=1

+(R 1) f Bl —(R-1) RD]HfZ-T]
i=[2

1
+B(I +7B)(21 + 7B) ' BTN (R = 1) f{a) 7 + T

T

From (3.12) and (3.11) it follows
N-1

RN_2 Z (RN—i _ RN-H') fiT

=1

ug = P.(I +7B)(2 +7B) 'B~* {(I + R)

g (Rl el )]sz 1fl]

[
_ RrEF-ipr

1

-1

S >
-

+ (RN +RY)

%
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(3.11)

(3.12)

(3.13)
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N-1 N-1
+ Y REE o ST REM
B

)]

+P(I = R)"Y(RY"' + RM)14p

+(I + R)*RN2pr f[

A >
7

~PAT =R 1+ BV - g (R

and

v =—P.(I+7B)2I+7B) 'B™" (3.14)
x { [—(I +R)+ 5 (RN‘[%]‘I - RN+[%]‘1>}

3]-
X Z (RN~ — RN*) fir — B(I + RN |- Z RI2)-

i=1

N-1 N-1
+ Z Rif[%]flfﬂ' + Z R[%]Jﬂfﬂ'
B
=B+ R NI+ R)R™ fy
_|:RN—1_RN_6<R[] R2V- )]ZRZ1+R1]@Z}
=1

—P(1— R [RV 4 RY - g (RE) 4 VI | o
+P.(I — BRI + R*N"Hrp.
Lemma 3.4 is proved.

Let F([0,1],, H) be the linear space of mesh functions f™ = {f,}1 ' with values in
the Hilbert space H. We denote C([0,1]_, H) and C*([0,1]_, H), 0 < o < 1 Banach spaces

with the norms

If ||C([071}T,H) = 1§1;gn§az\}/<_1 el
||fT||Ca([O,1]T,H) = ||fT||C'([O,1}T,H)
e o M= il

1<k<kirsN-1 (rT)®

The nonlocal boundary value problem (3.1) is said to be stable in F([0, 1], H) if we have
the inequality

||UT||]-‘([0,1}T,H) <M [||f7||y-‘([0,1]77H) + el + 1l
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where M does not depend on f7, ¢, ¥ and 7.

Theorem 3.1. The solution of the difference scheme (3.1) satisfy the stability esti-

mate

I ooy < M 1 ooy, + 191 + 11] - (3.15)

where M does not depend on f7, ¢, ¥ and 7.

Proof. By [Sobolevskii, P. E.]

||“T||c([0,1]T,H) <M ”fTHC([O,l]T,H) + llwoll g + “RUNHH] (3.16)

is proved for the solution of difference scheme (3.1). Then, the proof of (3.15) is based on
(3.16) and on the estimates

lollzr < M [ Moy, an + el + 11

and
1Rl < M (1 oo, an + 12l + 1¥lL] (317)

Using formula (3.8) and estimates (3.3), (3.4), (3.5) and (3.7), we get

luoll sy < I1Pr Il 112+ 7B)(2L +7B) M g—n||B | —n (3.18)
N-1
X {||I+ Rllu—nm [IRN?|u_n Z (|1BRY N g—pr + |RY =) | il |7
i=1

(1= B 18] (1RSI g+ 1RV )|

N—-1
<y ||Rl_1||H—>H||fi||H7')
=1

+ (IR Ha—n + 1R |1-n) 15|

21
|RL7)- HHHHIIfzIIHHZIIR’ Ukl fillar
! i=[2]

N—-1 N 4
Y ||R[f]“||HHHHfZ-||m]

[

1=

HI + R | RN || |BI7 ]| fil |
P —m [[1T + RN M| a—n

181 (1R B2 + 1R I )| el
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AP a—u (| RN M g + RN - )| [0 -t

SM[ ina ||fk||H+||so||H+||¢||H}

1<k<N-1
and

1Ruxll gy < 1Pl 1121+ 7B) (I + 7B)||—ul| B~ |-

IR+ Rl + 18] (IR gy + 1RV )

N—1
<> (RN e + 1RV ) 1 fill a7

=1

[2]-1
Al
HBIIR+ BN e | Y NRE e mllfil
=1
N—-1
+) IRl fill

i=[2]
+Z |RL7] HHHHHfz‘HHT]

+|BII1T + RN Y g—nu||I + RHH—»HHf[;]HH

2 —[2
RN+ R e+ 18] (IRE s + 1Y) |

N—-1
x> (IR Mo + HRZ'HHHH)HfiHHT}
i=1
| Peller—m [[|RY || + [|RY |
181 (IR s+ 1B ) | el
HIPrla—al|R + R gl

<M :
< L<I’?<af\}7(—1 [ fillyr + [loll g + WHH}

Hence, Theorem 4.1 is proved.

Theorem 3.2. The solution of the difference problem (3.1) in C([0,1] , H) obey the

almost coercive inequality
{2 (e — 2up +wp 1)} ||C([0,1]T,H) + | {Aug )y ||c([0,1]T,H) (3.19)

(1 .
< a1 [min {0 21 1) B L 15 Nogony an + 1Bl + 1501

Here M does not depend on 7, ¢, ¢ and fr,1 <k <N —1.
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Proof. By [Ashyralyev A, Sobolevskii P. E, 2004],

{7 (ukr = 2up + 1)} HC([O,l}T,H) + || {Au 3 HC([O,l]T,H) (3.20)

(1 .
<M [m {m;, 1+ |In|| B ||H4H|} 15 oo, + | Avoll  + 1| ARl

is proved for the solutions of the boundary value problem

— Sl — 2up + wp—] + Aup = fr, 1 <k <N -1,

(3.21)
U, uy are given, N7 = 1.

Using estimates (3.3), (3.5) and the formulas (3.13) and (3.14), we obtain

| Aug || (3.22)
: 1 .
< oty (s {1n 21+ 0 B L P17 e + 1Bl + 11801 )
and

| ARuy ||u (3.23)

: 1 ,
< M (mm {hl . 1+ || B ||H—>H|} I f ||c([071},,H) + [ Belly + ||B77Z)||H)

for solutions of the boundary value problem (3.1).

First, let us prove(3.22)
AUO = JE + Jg,

where

B =P |1+ m - g (R 4 YT By

- (B - R ).

=

-1

RN—I

™

2»—‘

JO=P.(I+7B)2I +7B)"" {(1 +R) B(RN™" = RNY) fir

+ [R - RN -5 (RN_[%] + RN+H+1)] ~ BR™'fit

1

(2

1

[2]-
+ (RN +RY) 5 | = Y BREIifir



o1

N-1 N-1
+ Y BRI o ST REI
B

+RYU(I + R)?8Br fm} .

To this end it suffices to show that

|72l < MulllBelly + 1Bl ] (3.24)
and
HJSHH < M; min {ln%, 1+ |n| B ||HeH|} £ HC([O,l}T,H)‘ (3.25)
Estimate (3.24) follows from the estimates (3.4), and (3.7). Using estimates, we get

1211, < 1P el | LI + B2V

A

181 (RN I+ W )| 1Bl
+ (RN Ya—w + 1R |[—m) [ BY| |11 }

< My[[|Bellg + 1B -

Now, from estimates (3.4) and (3.7), we obtain

|2 < WPl g 1L +7B)2I +7B) Ha—m
N-1
X {||f + Rl g—p |IIRY i—n > (IBRY || —pz + IBRN || — )|l fil 7
=1

A

o (0 R e+ 18] (RS g+ 1RV )

N-1
> ||BRi||H—»H||fi||HT>]
=1

+ (IR Hl—n + 1R 111 | 8]

2]
< |+ Y IBRES S gl fill

=1

N—1
+ 3 BB aullfillar
i=[2]+1



N-1

A .
+ > IBREF | fill

=1
Jr||BRN_1||H—>H||fJr1L32||H—»H|5|T||f[;]||H

N-1

<MY 7| BRI a7 oo, m)-

j=1
From the last estimate and estimate (3.6), it follows estimate (3.25).
Second, let us prove (3.23).
ARuy = JY + J3,
where

JN = _p { [RN+2 + RV _ 3 <RH+1 +R2N—[%]>:| By

+ (R+ R*™) By}

Jy = —P,(I +7B)(2I + TB)_l
y {[—(R2+R)+B <RN7[ 41 _ pN+[2] )] ZB (RN~ — RN*) fir
[2]-1 N-
8 (R+ R™) Z BRI e — 5™ BRL]
i=[2]

N-1
_ Z BR[%]+’£+1fiT
i=1

+ BT+ RN H)BRr(I + R)fjy)
_ [RNH +RV2 _ 3 (R[%]H X R2N—[é]+1)]

N-1
x> B(R™'+ R fﬂ} .
To this end it suffices to show that

[T < Ml Belly + 1Bl

I

and

1IN, < My m{l A+4|n| B ||M|} I Doon oy

52

(3.26)

(3.27)
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Estimate (3.26) follows from the estimates (3.4), and (3.7). Using the estimates we get,
|7 < WPHla—m {[IIRY | g—n + [|RY M a—n

181 (R L+ 1B ) | 1Bl
IR+ B |l Bl 11t}

< My[[|Belly + (1B -

Now, from estimates (3.4) and (3.7), we obtain

172 | < 1Pl gy 11+ 7B)(21 + 7B) M|

I

(12 + Bl + 181 (BB s+ 1B )]

N-1

x> (|BRY | g—n + || BRY || )| fil a7
=1

2]
HIBIR A R || | Y IBRE™Y |yl il

=1

N-1
+ 3 1IBR Nl fillar

i=[2]+1

N-1
+ ||BR[$}+¢+1”HHH|!fi!|HT]
=1
+’5H|I+R2NHHHHHRBHHHHTHJ€[%]HH
A _[2
o (B s+ [IBY2 grr + 18] (IR g+ B2 )]

N-1
XY (|BR"Y|gon + !!BRi!|HHH)!|fi|\HT}

=1
N-—1
<MY 7BR | g—nllf|lcqon, -
7j=1

From the last estimate and estimate (3.6), it follows estimate (3.27).

Hence, from estimates (3.22) and (3.23), Theorem 4.2 is proved.

Theorem 3.3. The difference problem (3.1) is well posed in Holder spaces C*([0, 1], H)

and the following coercivity inequality holds:

{72 (ukr — 2up + 1) 170 o, m T {Au 3 e o, m (3.28)
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1

< Mm HfT”ca([O,l]T,H) + MU’BSO|’EQ(B,H)‘FHBwHEa(Bﬂ)]‘

Proof. By [Ashyralyev A, Sobolevskii P.E, 2004],

I {772 (uner — 20k + we-1) 10 gaqon)m (3.29)

< M ||ARuo = full g, (5.0 HI ARy = fy-1ll, o

1 T
+m|| S ooy, m

is proved for the solutions of the nonlocal boundary value problem (3.21). The proof of

this theorem is based on the estimate (3.29) and

| ARuo — f1 || B.(B,m) (3.30)

1
< |

< My | L N + Bl 1B

and

| ARun — fn-1 || Ba(B,H) (3.31)
1 T
<M [—au —a) 1 Nlowqo, o + MyyB¢||EQ(B,H)+1|B¢HEQ(37H)} .

Thus, we will prove (3.30) and (3.31) for the solutions of the nonlocal boundary value
problem (3.1).

First, applying the formula (3.13), we can write

AUO — f1 = PT(I+TB)(21+TB)_1 {(I + R)

N-1
RY (Z TBRY7'(f; — fn-1)
i=1
N-1 N-1 N-—1
+ Z TBRY fy 1 = Z TBRY(f; — f1) — Z TBRN”ﬁ)
i=1 i=1

=1
I [R2 _ RN+ _ g <RN—[$]+1 n RN+[%]+2>]

N-1 N-1
X <Z TBR™Yfi — f1) + Z TBRi_lfl)]
i=1 =1

OR &
~ (YRR SR S rBRESG - fpy) 4 R 3 rBRE

_ %;] rBRI(f - fpp) = 4_2[;] TBRi_[%]f[%]
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N-1
“RY. rBRUEI(f, — )~ R > TBRW‘%]
+(I + R)2RNflﬁBf[;]} -
—P, [R + RN —p (RN*H + RN+[%]+2>] By
+P; (RN + RN™) By,

Using the simple formulas

o

rBRIFI7 — 1 — glFI1 (3.32)
S sl = po (1o B, (3:33)
=y

we obtain that

Aug — f1 = P, (RN + R¥) By

_P. [R+R2N—/3(RN 7] 4 rV+[2]+ )]ng

N—
+Po(I +7B)(2L + 7B) " (RN + RN Z TBRY(f; = fn-1)

N—
—P.(I4+7B)(2I + 7B) Y(RY + RN*1) Z TBRYT(f; — f1)

+P.(I+7B)(2I +7B) (I + R)
x [R2 4 gy — g (RY-BI o gl ] " rBRVV(f- )
ORT
—P,(I+7B)2I +7B) (R + B8 3~ 7BRI(f, = f)
CEAI+ BT+ 7B) ARV 4 RN S rBRE(f, )
+P,(I+7B)(2I +rB) (RN + RN Z_j rBRI(f, - fa)
Bl
+P.(I +7B)(2I +7B)" (RN + RN™)(I — RN Y fy_4

+P.(I+7B)(2[ +7B)"'(I + R)Rp

x [R ~ RV-2 ¢ RN paN-[2]-2 (g +RN)BR] s



+P(I +7B)(2 + 7B)~* [R*"Y(I + RV)(I + R)
—B [([ + R)(RQNJF[%] — RN+[%]+1)

+(RY — R)(RN-[P11 ¢ RN+[%J+2)” i

9
_ § : z
= le
z=1

where

Jp = P (RN + RN*") By
—P. R_|_R2N_5<RN [2] 4+ pN+[2]+ )] B,

N-1
Ji =P(I+7B)2I +7B) " (RY + R"*") Y rBR™'(f; — fv-1).

=1

N-1
JE = =PI +7B)2I +7B) Y (RY + RN*) 3" rBRV*Y(f; - fu),
=1

Ji=P.(I+7B)2I +7B)"Y(I + R)

% R2+R2N+1_B<RN—[] _'_RN—&- +2>]Z7_BR11 —h),

S = AL+ 7 B)1 4 BB 5 RN Y BRI, )

i=1
[2]-1
JE = =PI+ 7B)@L +7B) " (R¥ 4 RN*)8 3 rBRII(f = fia))
1=1
N-1

+P,(I +7B)2I +7B) ' (RY + N3 S 7BR-EFl(f, - f)):
i=[2]
Ji=P,(I+7B)2I +7B) (RN + RN (I — RN Y fx_1,
Jy=P(I+7B)2[+7B)"' [R** "I+ R")(I+R)
_3 [(I—i— R)(R2N+[%] _ RN+[%]+1)

(RN - R)<RN7[%]71 X RN+[%]+2)” i,

56
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J = P.(I+7B)(2I +7B) (I + R)R
x |[RY = N2 RPN RNEEl 4 (Y RY)BR] f.

Now let us estimate J] = {J,Z”}Q;l for m =1,2,3,- - -9 seperately.We start with J}.

Using estimates (3.3), (3.7), we get

176l = 1Pl (IR gy 1B ) 1Bl
+18) (||~ |1Belly

< M[”B(PHE&(B,H) + HBw”E&(B,H)]'

i HRN+[%]+2

H—H

Thus, we proved

174, < MIIBe| g + 1Byl ).

Now let us estimate z%||(z + B)"'BJ}||g for any 2z > 0.
Wz + B) ' BJgllu < 2" | Prlly—p
(1B + 1 BRY ) 1Bz + B) 7 BY |,
Pl (1BRI+ 1BR|

)] |B(= + B)"'By||,,

< My[[|Bell g + (1B ]

(el + a2

H—H

Thus, we proved that

HJ/%HE&(B?H) < MI[HBSOHEQ(B,H) + ||B77Z)||EQ(B,H)]'

Now, let us estimate J2. Using estimates (3.3), (3.7), we obtain that

HJ,?HH <|[Prllg_p “(I+TB)(21+TB)_1||H—>H
N-1
<UEM N e+ 1B ) D7 NBEY g i = il
i=1

N-1 .
(N =17 —ine
<M Ty e M e
The sum enclosed in the right- hand side square brackets is the lower Darboux integral

sum for the integral
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ds
(1 —s)t-o

O\H

It follows that

1 1 ]
1l < MaZ S oo o0 < Ms g5 1 llow o, my

Now let us estimate z%||(z + B)"!BJ?||g for any 2z > 0.

(2 +B) "B n < 2 |Prll g [|[(T+7B) 2L +7B) ||y
N-1
UBEY,yy + [BRY ) Y 7B+ BY T RY |y i = vl
i=1
N-1
2 (N =171 —in)> . 1 i
< Me—— zZIT (T 17 ooy, oy < M o 1 oo, ) -
So, we proved that
1 T
16l gm0y < My =5 1 Nlow o, -

Now let us estimate J2. Using estimates (3.3), (3.7), and the definition of the norm of
space C*([0,1],, H), we get

1720l < 1Pl (4 7B)(2T + 7B) IR )

)l (1Y)
H—H R H—H

N-1

X ZT (HBRNHHHHH) Hfz - leH
i=1

< M5Z < N 1) >||fT||Ca([0,1]T,H)

The sum enclosed in the rlght— hand side square brackets is the lower Darboux integral

sum for the integral

= 1n2.

1
/ ds

(1+s
0

H‘JEHH < Mgln2 HfTHCa([O,l]T,H) <M HfTHCa([O,l]T,H)‘

Thus,

Now let us estimate 2%||(z + B)"'!BJ}||g for any z > 0.

P2+ B) ' BEa < 2Pl gy [T+ 7B)21+7B) 7|,y
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(IBE ;o + 1BR )

=

-1
x 37 (1B + B REF N + 1B+ B R ) W1fi = filla

1

i

< M| f7|

c«([0,1],,H) *
So, we proved that
3 T
HJkHEa(B,H) <M f HC&([OJ]TvH) :
Then, we estimate J;!. Using the estimates (3.3), (3.7) and the definition of the norm
space C*([0,1]_, H), we obtain that

[l < NPl |2+ 7B)@I+7B) 7|,y I+ R)l ey

Iy <

< [l 4+ Ry + 181 (| RBP4 B2 )

N-1
X Z T ||BR271||HHH ”fl - fIHH
=1

- T ]' T
< Mz Z ‘f Hca ([0,1].,H) = < Mm Hf Hca([o,l]T,H)'

Now let us estimate zaH(z + B)_lBJ,?HH.
(2 + BBl < 2 | Pellyygy [|(1+ 7B)21 +7B) 7|y I+ Rl gy

% [HR2 +R2N+1HH—>H + 18] (HRN7[3]+1 +RN+[%]+2HH_,H>}

N-1
< 7 ||1BG+ B Ry 1 il

i=1

. T 1 T

< My Z ||f ||Ca ((0,1],,H) < Mm L/ ||C“([071177H) :
So, we proved that
1 T

H‘];CluEa(B,H) < Ml(l — a) ”f ||ca([0,1]TvH)'

In a similar manner, we can prove that

17215 < Ml o o, 0,

Let us estimate J;. Estimates (3.3), (3.7) and the definition of the norm space C*([0,1] , H)
give

R0 s < WPl (14 7 B)RL 4 7B) 7| (| B 4+ RY

I
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aen 17 T2

[2]-1
<8 3" THBRH—i
=1
Pl |1+ 7BYRT +7B) 7|,y |IRY + RV,

x|3] NZ_l r|BR L]
=0

H

7=

H—H

1" oo, 1

1 T
< Mm 17 oo,y -

Now let us estimate 2%||(z + B) ' BJ}||x.

(2 + B) ' BR|lr < 2 |1Pll g [|[(I+7B)21 +7B) 7|,

><(||BRNHHHH + HBRNH”HHH)

21

P

<18 S 7 HB(Z + B)'REE]-

i=1
Pl [+ 7B) R+ 7B) |y ([BRY s + [1BRY )

H

fe= Iy

H—H

N

-1
<181 Y 7||BG+ By R | s -y
-0t S G-
< M, 2 T([g} i) + > TW ||fT||COé([O,1]T,H)
1 T
< Mm If ||Ca([0,1]T,H) :
So we proved that
1
HJSHEQ(B,H) < M1m ||fTHc°‘([O,1]TvH) )

Now, let us estimate J;. Using estimates (3.3), (3.7), we obtain that
[Tl < 1Pl [T+ 7BYRI+7B) |,y
B+ R (1= R vl
< Mo orgi}%v [ fullyy < M HfTHca([o,l]T,H) :
Now let us estimate 2%||(z + B) ' BJ{||x.

Pz + B) ' BIln < 2Pl gy [T+ 7B)21+7B) 7|,y



X HBRNHHHH + HBRN+1HH~>H H[ o RN?lHHHH HfNHH

< My, 02}633\[ ||kaH <M HfTHca([o,l]T,H) :
So, we proved that
7 T
il gy < Ma 7 ooy, ) -

In a similar manner, we can prove that

IR0 < Ml om0,

and
16l < Mall 7Moo, 0,
Combining estimates for J;”*, form =1,---,9 in E,(B, H), (3.30) is proved.

Second, applying the formula (3.14), we can write
ARuy — fn-1=—F; [RN+2 + RNt (R[%]“ + RQN*[%])} By
+P(R+ R*™)By
A A

_PT(I+TB)(2[+TB)71{[R2+R+5(RN_[ J+1 _ pN+| ]+1)]

X

N-1 N-1
> TBRNT(fi— fya) + > TBRN iy
=1 =1

N-1 N-1
—= Y TBRNY(fi— fi) = > TBRVTf,
=1 i=1

—B(R+ R*™)(I — R)
2] 2

x | R Z TBR[%]_i(fi - f[%]) + R Z TBR[%]_if[A]

T
=1 =1

—B(I + R*N"HYRrB(I + R)fm

_ [RNJrl L RN2_ 3 (R[%]H n R2N—[é]+1>] (I — R

.

X

N-1 N-1
Z TBRZ_I(fZ’ - fl) + Z TBRz_lfl
=1 =1
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Now, using formulas (3.32) and (3.33), we obtain
ARuy — fx_1 = —P, [RN“ LRV (RH“ n RzN—[?]ﬂ By
+P,(R+ R*™)By
—P,(I +7B)(2I + TB)_I
x B2+ R+ 8 (RY-IEI - g ZTBRN (fi = fna)

+P,(I +7B)(2] + 7B) (R + R*M)j

=2

oF .
x | R Z TBR[%]fi(fi — f[%]) - TBRF[%](JC@' - f[a])

~[2] ’

+P,(I+7B)(2I +7B) (I + R)

X [R2+R+6 (RN’[ 2]+ pHE )} ZTBR% Y= )
+PT(I+TB)(2[-|—TB>
x [Rz +R+8 (RN*[ l_ pilE] ﬂ ZTBRN“ — f1)

N-1

—P,(21 +7B) R+ B*V)3 Y rBREF(f, - f)
—P(I +7B)(2I ; 7B)~!
< [R4 R g (RVTEI - RO | (1 Y
+P.(I+7B)(2I + B) (I + R)
x |[BY + B - g (RET 4 YD) (R - gy
+P.(I+7B)(2] + 7B) (I + R**" 13
[232 R— R[%]HJFRN*[%]} I
— iFlj

z=1

where

Bl =P, [R2 4 ¥ - g (RBP4 gL By

+P (R + R*) By

F!=—P.(I+7B)2I +tB)!
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v [R2 Y R+5 (RN—[%]H _ R”F[%]“)] ZTBRNﬁi(fi — fn-1)
F}=P,(I+7B)2I+7B) YR+ R*)p

2] N-1

< | R rBREF(f = fap) = S rBREIG - £y

i=1 i=[2]
Ft=P,(I+7B)2[+7B) (I +R)

y [R2 Y R+5 (RN,[§]+1 _ RNJF[%]“)} X_:TBRi_l(fi - f1)

F)=P,(I+7B)2[ +7B)™!

N-1
y [Rz YRS ( RN-[2]+1 _ RM%}H)} ;TBRN”( fi— f1)
N—-1

—P.(2I +7B) YR+ R*™)3 Z TBR[%]H(]CZ' — f1)

i=1
FP=P,(I+7B)2[+7B)"!
% [R2+R+6 <RN—[%]+1 _ RN+[%]+1>} (I — RN Y fy

Fl=P.(I+7B)2I +7B) (I +R)

x | RN+ mY = g (BRI 4 VL] (RY - 1
FP=P(I+7B)2I[+7B)" "I+ R*N"1p

A A
T T

x [232 — R— RIF+ 4 RV ]} I
Now let us estimate F) = {J;”}i\;l for m = 1,2, 3, - -, 8 seperately. We start with F}\.

Using estimates (3.3), (3.7), we get
1l gy = WPl 1R+ R

Hat (R R B )] Bl

P e | B+ BN,y 1BY M

H—H

< My[[|Boll g + 1B ]

Thus, we proved

el < Ml Bell g, o, + 11BY N g, .00
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Now let us estimate 2%||(z + B) ' BF}||x for any z>0.
(2 + B) ' BE |l < 2 |Pell g

<ABRY P o + [BRY|

+18) (|| BRI

w H BRI V1B + BB,
< Ms[||Bolly + [|1BY | 4)-

Thus, we proved that

Now, let us estimate F2. Using estimates (3.3), (3.7), we obtain that

HFISHH < Prllgm H(I""TB)@I"‘TB)_IHH—)H

[ Rl = (B )

H—H

N-1 ‘
x> T IBRNT| = vl
=1

(N =7 —ir)* .
< M, Z T (N — 17)— — i;' If HCQ([O,l}T,H)'

The sum enclosed in the right- hand side square brackets is the lower Darboux integral

sum for the integral

[

It follows that

1
||F;€2HH < M5m ||fT||Ca([O,1}T,H) :

Now let us estimate 2%||(z + B) "' BEF?||x.

(2 + B) ' BF|ln < 2 (1Pl gy [(T+7B)2L+7B) 7,

)

< (1B + R,y + 191 (| R B

+ HBRJ\”H“

H—H
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N-1

X Z T HB<Z + B)ilRNiiHHHH Hfl - fol”H
i=1
N-1
(N =r—ine L
S MG ; T ((N _ 1) _ 2)7_ ||f ||C&([O,1]T,H) S M7&<1 - CY) ||f ||C‘1([0,1]7_,H) .
So we proved that
F? <M T
1N gy = M oy M llom o,y

Now let us estimate F7. Using estimates (3.3), (3.7), and the definition of the norm of
space C*([0,1],, H), we get

1 < 1P (24 TB)RL+7B) 7 |y [ R4 B 18]
2

IRl 2 N PN
—|—i§]THBRi[;\] o fz-—f[;]HH

1 0,0, 1)

Thus,

1
|E2], < M1m 1™l oo, r) -

Now let us estimate 2%||(z + B) " 'BEF}|| 4.

(2 + B)'BFR||la < 2 |Prllg_y |(I+7B)2I +7B) Y|, _,
< || B(R+R*™)| 4 18]
2] o
IRl = Y THB(ZJrB)_lRHﬂ Nl
=1
N—-1 .
UDIRA FEICE Ol B VR N1

i=|2
P
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17" o,y )

< Mi[f" Nl eoay, -
So we proved that
3 T
”Fk HEQ(B,H) < My |[f ”CO‘([OJ]T,H) :

Then, we estimate F}!. Using the estimates (3.3), (3.7) and the definition of the norm
space C*([0,1]_, H), we obtain that

1E g < WPl |+ 7BYRI+7B) 7y I+ R) gy
<[ e i i)
N—-1 '
X Z T ||BRZ?1||H_>H ||f2 - f1||H
N— . 1
Z HfTHCa (0,1] ,H) = Mll(l )”fTHca([ou JH) -

Now, let us estimate 2%||(z + B)_lBF,fHH.
2|(z + B)Y ' BF|lw < 2 | Pell gy [|(1 + 7B) 21+ 7B) 7|y 1+ Ry

)

< IBR + R + 181 (|| BRYTF1

I HBRN+[%]+1

N-1
x Y 7Bz +B) 'R, i = filly
=1
N-1

ri— 1), 1
SMHZWHJC ||ca ([0,1],.,H) = M13(1 )”f e (01],,H) -

So, we proved that
4 T
”Fk HEQ(B,H) < M, ”f HCO([O,l]T,H) :

Let us estimate F}. Estimates (3.3), (3.7) and the definition of the norm space C*([0,1]_, H)

T
give

HF,? < ||PT||H—>H H([+TB)(2[+TB)_

il
HH H—H

< [[|B2 + Bl + 181 (| YT

+ HRNJF[%]“

)

H—H

N-1
X Z T ||BRN+ZHH_,H ||fl - f1||H
=1
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1P |+ 7B) o 1R B

N-1
<|8] ZT HBRH*

= Bl

Z‘a

<M | e
14ZT< N+Z ([ﬂ —i—i)T) Hf HC ([0,1],,H)

< M15

1 T
=y 1 hemoa.n-

Now let us estimate 2*||(z + B) "' BF}||x.

22+ B BE|lu < 2 1Pl ey [T+ 7B)2I+7B) 7|,y

B+l 18 (et et )]

H—H
N-1 '
X Z 7||B(z+ B)'\RY| i = fullg
=1

NP i |1+ 7B) 7 |y [ BER A+ B

N-1
< [BG+ B RE s = il

et
<M "l ga
16 Z T < N 4 Z ([%} + Z)T) Hf ||C ([O,I]T,H)

L
< M17m f HC“([O,I]T,H) :

So, we proved that

]' T T
HF;;E’HEQ(RH) < M18—<1 — ) 1 N eaqoa,.n < MullF Moo,y -

Now, let us estimate F¥. Using the estimates (3.3), (3.7), we obtain that

[l < N1Pelliep (7 + 7B)(21 + 7B)

il
HH H—H

N-[2 N+|[2
(18 Ry b0l (R [ E )
X [T = RY M|,y vl
< My Jmax 1 el < Myl ooy, -

Now let us estimate 2*||(z + B) "' BF{||x.

2|z + B)'BF||lu < 2 ||1Prll gy ||(T+7B)2I +7B) |, || (= + B)~

o)

e

< B = D)l + 181 (| BRH]

+ HBRNH%]

H—H
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X HI - RN?lHHHH HfNHH

< My Jmax 1 el < Myl ooy, -

So we proved that

”FISHEQ(&H) < M, ||fT||C°‘([071]TvH) :

In a similar manner, we can prove that

HFIZHH < M\l Nl ooy, .,

and

1EN i < MullFT oy,

Combining the estimate for F}*, for m =1,---,8 in C*([0,1]_, H), (3.31) is proved.

So, Theorem 3.3 is proved.

Note that the second order of accuracy difference scheme of approximate solutions of

nonlocal boundary value problem (2.1) is

(

— % [urgr — 2up + upa] + Aug = fio, fo = f(te) te = k7,1 <k < N —1,

73u0+2%_u17u2 = o, (3.34)
\ ’U«N—2*41;]7\_1—1+3’U«N — /Bu[%]+12_7—u[%]—1 +w

Theorems 3.1 - 3.3 can be formulated and established for the solution of (3.34).Really,

we have that

Theorem 3.4. The solution of the difference scheme (3.34) satisfy the stability

estimate

I ooy, < M (1 loqou,m + Il + 141l

where M does not depend on f7, ¢, ¥ and 7.

Theorem 3.5. The solution of the difference problem (3.34) in C([0,1] , H) obey the

almost coercive inequality

{7 (ugr — 2up - wp1) }7 ”C([O,l]T,H) + || {Au ||C([O,1]T,H)

(1 ]
< a1 [min {10 2 4 001 W 17 Dy + 1Bl + 1501
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Here M does not depend on 7, ¢, ¢ and fr,1 <k <N —1.

Theorem 3.6. The difference problem (3.34) is well posed in Holder spaces C*([0,1]._, H)

and the following coercivity inequality holds:

| {7 (ugr — 2up 4+ wg1) )7 Hca([o,l]T,H) + || {Au 3 ||C’<X([O,1]T,H)

1

< Mm HfTHca([O,l]T,H) + MU’B%0|’EQ(B,H)‘FHBwHEa(RH)]'

3.2 APPLICATIONS

Now, the applications of Theorem 3.1, Theorem 3.2 and Theorem 3.3 will be given.
First, the nonlocal boundary value problem (2.16) for one dimensional elliptic equation is
considered. The discretization of problem (2.16) is carried out in two steps. In the first

step let us define the grid space

0,1, ={z 2z, =nh,0<n <M, Mh=1}.

M-1
r=1

We introduce the Hilbert space Lo, = Lo([0,1],) of the grid functions ¢" (z) = {p,}
defined on [0, 1], , equipped with the norm

"], =3 @@ h)t.

$6[071]}L

To the differential operator A generated by the problem (2.16) we assign the difference

operator A} by the formula

A" (x) = {=(a(x)pg)em + 00,1y (3.35)
acting in the space of grid functions ¢"(x) = {%}iwq satisfying the conditions ¢, = ¢,
©1— Yo = Pm — Par—1- It is know that A is a self-adjoint positive definite operator in

Loy, With the help of A7 we arrive at the nonlocal boundary value problem

_dzu;t(;,,l“) + Aful(t,x) = f(t,z), 0<t <1, z€]0,1],,

(3.36)
ul(0,z) = 0; ul(1,2) = Bul(\,z), z €10,1],.
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In the second step, (3.36) is replaced, by the difference scheme (3.1)

/

ul | (z)=2ul (z)+ul_ () =
— s o Afug(e) = fi(2),

T2

f,?(l'):fh(tk,l'), tk:kTalngN_la NT:lvxe[Oal]ha

(3.37)

w@=w@ _ g 5 e [0,1],,

T

h

u (x)—ul ()
@@ _ g [Hn [

,x €0,1], .

T

Theorem 3.7. Let 7 and h be a sufficiently small numbers. Then the solutions of

difference scheme (3.37) satisfy the following stability and almost coercivity estimates:

||UTHC([0,1]T,L2,L) < M HfTHC([O,l]T,Lzh) 3 (3.38)
—2(, h h h h
s 777 (ke = 20k + ) e+ 1) s (3.39)

< 0o 1oty 20|

Here, M, and M, are independent on 7, h and f!(z),1 < k < N—1.

The proof of Theorem 3.7 is based on the abstract Theorems 3.1 - 3.2, on the estimate

1
min {ln—, 1+ |In|| BiHHHH]} < MIn (3.40)
T

T+h’

as well as the symmetry properties of the difference operator Aj defined by the formula

(3.35) in Lo

Theorem 3.8. Let 7 and h be a sufficiently small numbers. Then the solutions of

difference scheme (3.37) satisfy the following coercivity stability estimate:

_ N—1 N—-1
| {T 2 (UZH — 2up + “2—1) L Moo,z + {UZ}l HC&([O,l}T,Wgh) (3.41)

1
< M— || e .
Mo 13 llea o1, Lan)

M does not depend on 7, fi{(x),1 <k < N —1.
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The proof of Theorem 3.8 is based on the abstract Theorem 3.3 and the symmetry
properties of the difference operator A7 defined by the formula (3.35).

Second, the Neumann-Bitsadze-Samarskii type problem for the multidimensional el-
liptic equation (2.17) is considered. The discretization of problem (2.17) is carried out in

two steps. In the first step, let us define the grid sets
Qh - {.T =Tm = (h/lmh o 'ahnmn)7m - (mla v '7mn)70 S my S N’r’

heN,=1,r=1,---n}, Q% =0NQ 5, =%NS.

We introduce the Hilbert space Lo, = Lo(€2),) of the grid functions ¢"(z) = {¢(hymy, - -
- homy)} defined on €, equipped with the norm
2
"], = (3 " @) hye- - )2
ey,

To the differential operator A generated by the problem (2.17), we assign the difference

operator A} by the formula
Aju" = = 3 (ap(@)u” )y, 5, + dus, (3.42)
r=1 Ly

acting in the space of grid functions u"(x), satisfying the conditions u"(z) = 0 for all
x € Sp. It is known that A7 is a self-adjoint positive definite operator in Lgj,. With the
help of A}, we arrive at the nonlocal boundary value problem for an infinite system of

ordinary differential equations

d?ul (t,x)
dt?

+ Aful(t,z) = fi(t,z), 0<t <1, z €y,
(3.43)
ul(0,7) = 0; ul(1,2) = Bul(\ x), x € Q.

In the second step, (3.43) is replaced by the difference scheme (3.1), we get second order

of accuracy difference scheme

( ul, (z)—2ul(z)+ul_, (z
SO | e~ o
@Z:fh(tkax)vtk:]{n-:lgkgN_17 NT:L'TGth (344)
uh (x)—ul ,(2)
| v g da@de Bl P eq
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Theorem 3.9. Let 7 and |h| = \/h? + ... + h2 be a sufficiently small numbers. Then,
the solutions of difference scheme (3.44) satisfy the following stability and almost coercive

stability estimates
||UT||0([071]T,L2,L) <M [HfT“c([o,uT,L%) + ||90||L2h + ||¢||L2h] ’ (3.45)

max |7~ 2(uk+1 2ul 4 ull 1) |, + max Z ||( ) (3.46)

1<k<N-1 1<k<N-1 TyrTr, Jr ||L2h

< Myln — 7.Jr|h| 1<Ikﬂ<a]\}[( 1 ”fk ||L2h‘

Here, M; and M, are independent on 7, h and fl(x),1 <k < N — 1.

The proof of Theorem 3.9 is based on the abstract Theorems 3.1 - 3.2, on the estimate

1
min {ln—, 1+ |In|| Bi||H—>H|} < Mln (3.47)
T

T+ |h]
as well as the symmetry properties of the difference operator A; defined by the formula

(3.42) in Lgy,, along with the following theorem on the coercivity inequality for the solution

of the elliptic difference problem in Loy,.

Theorem 3.10. For the solutions of the elliptic difference problem

Afu(z) = w(x), x € Qu, (3.48)

u"(z) =0,z € S,

the following coercivity inequality holds (see [Sobolevskii P.E,1975]):

Lap < M||wh||L2h'

n
Z || (uh)qhﬁa Jr
r=1

Theorem 3.11. Let 7 and |h| be a sufficiently small numbers. Then the solutions

of difference scheme (3.44) satisfy the following coercivity stability estimate:

_ N-1 N-1
{72 (w0 — 2uf + uZ’_l) lloaqo, o) + 1 {uit}, oo, w2,)

<M——r e || (I oo, Lan-

M does not depend on 7, fi(x),1 <k < N —1.
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The proof of Theorem 3.11 is based on the abstract Theorem 3.3 and the symmetry
properties of the difference operator A defined by the formula (3.42) and on the Theorem

3.10 on the coercivity inequality for the solution of the elliptic difference equation (3.48)

in Lgh.



CHAPTER 4

NUMERICAL RESULTS

We consider the nonlocal boundary Bitsadze -Samarskii problem for elliptic equation

( _ Q%u(tw)  Dlu(tx)

ot? Ozx?

+ u = exp(—mt) cos(mx),

O<t<l, O0<zx<1,

u (0, 2) = —m cos(mx), (4.1)

u(1, x) = wy(3, ) + mcos(mz)(exp(—%) — exp(—m )),0 <z < 1,

| ua(t,0) = u,(t,1) =0, 0<t < 1.

The exact solution of this problem is

u (t,r) = exp(—mt) cos(mx).

In the present chapter for the approximate solutions of the nonlocal boundary Bitsadze-
Samarskii problem (4.1), we will use the first and second orders of accuracy difference
schemes. We have the second order difference equations with respect to n with matrix
coefficients. To solve these difference equations, we have applied a procedure of modified
Gauss elimination method for difference equations with respect to n with matrix coeffi-
cients. The results of numerical experiments permit us to show that the second order of
accuracy difference scheme is more accurate compared with the first order of accuracy

difference scheme.



()

4.1 THE FIRST ORDER OF ACCURACY DIFFERENCE SCHEME

For the approximate solution of the nonlocal boundary Bitsadze -Samarskii problem (4.1),
we consider the set [0,1], x [0,7], of a family of grid points depending on the small
parameters 7 and h
0,1]; x [0,7], = {(tg,xn) :tx=Fkr, 1<k<N-1, Nr=1,
T, = nh, 1<n<M-—1Mh=mr}.

Applying the formulas

v = "0 o),
and
W(Tny1) = 2u(zn) +u(@pr) W (z,) = O(h?), (4.2)

2
and the difference scheme (3.1), we present the following first order of accuracy difference

scheme for the approximate solutions of the problem (4.1).

r k41 ko k—1 kE ok, k
2 U 2ul+ul
e S il el ok = exp(—wty,) cos(may,),

1<k<N-1,1<n<M-1,

1.0
It = —qcos(mxy,), 0 <n < M,

T

+7 cos(mz,) (exp(—%) — exp(—m)),0 <n < M,

\ uf —uk =k, —uk =0, 0<k<N,

We have (N + 1) x (M + 1) system of linear equations in (4.3) and we will write them in

the matrix form. We can rewrite this system as the following form



ul —u = —77cos(mz,), 0 <n < M,

N N
ul — N7t = —u? Yy cos(mz,) (exp(—2) — exp(—7)) ,0 <n < M,

ub —ub =uk, —uk, =0, 0<k<N,

k_ _
| ¢ = —exp(—ty) cos(may,).
We denote
1 2 2 1
a:ﬁ7 :_ﬁ_ﬁ 1, C_ﬁ,
(
—7meos(mxy,), k=0,
oF = —exp(—mty,) cos(mz,), 1 <k < N —1,

| T cos(mz,) (exp(—%) — exp(—)), k= N.

o

©r
On = :

L J(N+1)x1

76
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4 (N+1)x(N+1)

0 0 0 O

0 0 0 0 O

0 0 O 0 0 0 O

a

0

0 0 0 O

0
0

0

0 0 0 O

a

0 0 O

0 0 0 O

0 0 0 0 0
0 0 0 0 O
0 0 0 0 O
0 0 0 0 O
0 0 0 0 O

0 0 O

a
0
0

0

0 0 0 O

0
0

0 0 0 O

1
b

—1

0 0 O

0
0
0

0 0 0 0 0
0 0 0 0 O
0 0 0 0 O
0 0 0 0 O

0
0
0
0

-1 0 0 -1

1

4 (N+1)x(N+1)

and

1 (N+1)x(N+1)

0
0




78

Us = , = n—1, n,n+1

L 4 (N+1)% (1)
Then, (4.4) can be written as

AUp1+BU, +CU,.1=Dyp,, 1<n<M-1,
(4.5)
Ui — Uy =0,Un — Upr—1 = 0.
So, we have the second order difference equation with respect to n with matrix coeffi-
cients. To solve this difference equation we have applied a procedure of modified Gauss
elimination method for difference equation with respect to n with matrix coefficients.

Hence, we seek a solution of the matrix equation in the following form
Up=apn1Upp1 + B, n=M-=1,---2/1 (4.6)
where o, (n=1,---, M) are (N + 1) x (N + 1) square matrices and 3,, (n=1,---, M)
are (IV + 1) x 1 column matrices.
Here
Opi1 = —(B+Cay) A, (4.7)
Bu1 = (B+Ca,) " (Dp, —CB,), n=1,2,3,--- M — 1. (4.8)

For the solution of difference equations, we need to find a; and ;. We can find them

from Uy = ayUy + ;. Thus, we have

1 0 0 .. 0
0O 1 0 .. O
a=10 01 .. 0 , (4.9)

00 0 ]
o]
0

fr=10
-0-(N+1)><1
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For the first step, using formulas (4.7) and (4.8), we can compute o, and 5,4, 1 <
n < M — 1. Thus, using formulas (4.6) and Uy, = (1 — ap) '8, We can compute
Uy, 1 <n < M — 1. We can summarize the computation procedure by the following

algorithm: U,, = ap1Upq1 + 8,1, n =M —1,---,2,1,0.

4.2 THE SECOND ORDER OF ACCURACY DIFFERENCE
SCHEME

Applying the formulas

—u(27) + 4u(7) — 3u(0)

u'(0) = 5 +0(7),
(1) = —u(l —27)+ 4212—(1 — 1) — 3u(l) L o),

we present the following second order of accuracy difference scheme with respect t for the
approximate solutions of the problem (4.1)

( k+1 k—1 k k k
_unJr —2uﬁ+un - Uy, 41 —2Ugy +Uy,

72 R2

L+ uf = exp(—mty,) cos(mxy,),

1<k<N-1,1<n<M-1,

_3 0 4 1_,,2
=ttt — g cos(may,),0 < n < M,
! (4.10)
N _ N _ N
uN 2gul el w? Coaw? 43u?
2T - 2T

—m cos(mxy) (exp (—3) — exp(—7)),0 <n < M,

k

u1*ul(§ — ulfw—u§{71 =0.0< k < N
\ h h »Y = — :

We have (N +1) x (M +1) system of linear equations in (4.10) and we will write them

in the matrix form. We can rewrite this system as the following form



We denote

(B) b+ (5 — = 1)k + (%)
F (L) ult 4 () ub_, = —exp(—ty) cos(m,),

1<k<N-1,1<n<M-1,

—3 0 4 1_,2
=t — —rcos(m2,),0 < n < M,
N _ N _ N
un 2l T 3ul  w? P au? T 43u?
27 2T

—mcos(mz,) (exp (—%) — exp(—7)) ,0 < n < M,

k k
u’f;u’g _ U]\/[_;:IW—I — 0,0 S k S N.

=277 cos(mzy,), k=0,

oF = —exp(—mtg) cos(mzy), 1 <k <N —1,

o

o
Pn = )

L 4 (N+1)x1

| —277 cos(mz,) (exp (—3) — exp(—m)), k= N.

80

(4.11)
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4 (N+1)x(N+1)

0 0 0 O

0 0 0 0 O

0 0 O 0 0 0 O

a

0

0 0 0 0 O

0

0 0 0 0 O

0 0 0 O

a 0 0 0 O

0 0 0 O

0 0 O

a
0
0

0 0 0 0 O
0 0 0 0 O

0

0 0 0 0 O
0 0 0 0 O

0 0 0 O

d (N+1)x(N+1)

0

—1

-3 4

-3

-1 4

A.

and C

1 (N+1)x(N+1)

0
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Us = , = n—1, n,n+1

L 4 (N+1)x(1)
Then, (4.11) can be written as

AU +BU,+CU,.1=Dyp,, 1<n<M-1,
(4.12)
Uy —Uy=0,Upy —Upy_1 =0,
So, we have the second order difference equation with respest to n with matrix coef-

ficients.To solve this difference equation, we use the same modified Gauss elimination

method.

Now we will give the results of the numerical analysis. In order to get the solution of

(4.3) and (4.10) we used MATLAB program. The errors computed by

M—-1
By = | dnax <; |ulty, ©,) — ul |’ h)

of the numerical solutions for different values of M and N, where u(t, x,) represents the

2

exact solution and u* represents the numerical solution at (¢, x,). The result are shown

in Tables 4.1, 4.2 for N = 20, M = 80 and N = 40, M = 80 respectively.

Table 1. Comparison of the errors different difference schemes for N = 20, M = 80.

Difference schemes EY

The first order of accuracy difference scheme (4.3) 0.0366

The second order of accuracy difference scheme (4.10) | 0.0189

Table 2. Comparison of the errors different difference schemes for N = 40, M = 80.

Difference schemes EY

The first order of accuracy difference scheme (4.3) 0.0159

The second order of accuracy difference scheme (4.10) | 0.0047
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Thus, second order of accuracy difference scheme is more accurate comparing with the

first order of accuracy difference scheme.
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The first figure is the exact solution, the second figure is the solution of the first order

of accuracy difference scheme, the third figure is the solution of second order of accuracy

difference scheme.

EXACT SOLUTIOMN

¥ oaxis

t axis

The exact solution

1

Figure
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FIRST ORDER APPREOXIMATE SOLUTION

¥ axis

t axis

The first order of accuracy difference scheme

Figure 2.
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SECOND ORDER APPROXIMATE SOLUTION

- PAL

1t axis

Figure 3. The second order of accuracy difference scheme



CHAPTER 5

CONCLUSIONS

This work is devoted to study the well-posedness of Neumann Bitsadze Samarskii
nonlocal boundary value problem for elliptic differential and difference equations. The

following original results are obtained:

e The abstract theorem on the coercive stability estimate for the solution of Neumann
Bitsadze Samarskii nonlocal boundary value differential problem for the elliptic

equation in the Holder space is proved.

e The theorems on coercive stability estimates for the solution of Neumann Bitsadze

Samarskii nonlocal boundary for the elliptic equations are presented.

e The first and second orders of accuracy difference schemes for approximate solutions
of the Neumann Bitsadze Samarskii nonlocal boundary value problems for elliptic

equations are presented.

e Theorems on the stability estimates, almost coercive stability estimates and coercive
stability estimates for the solution of difference scheme for elliptic equations are

proved.

e The Matlab implementation of the first and second orders difference schemes are

presented.

e The theoretical statements for the solution of these difference schemes are supported

by the results of numerical examples.



CHAPTER 6
MATLAB PROGRAMMING

In this chapter, Matlab programs are presented for the first and second orders of

accuracy difference schemes for different value M and N.

8.1 MATLAB IMPLEMENTATION OF THE FIRST ORDER
OF ACCURACY DIFFERENCE SCHEME

function firstord(N,M)
if nargin<1; close; close; end;
N=20; M=80;
h=1/M; tau=1/N;
a=1/(h"2);a
b=(-2/(h"2))+(-2/(tau"2)-1);b
c=1/(tau"2);c
for k=2:N;
A(kk)=a; A(1,1)=0;A(N+1,N+1)=0; A;A
end;
for k=2:N;
B(k,k)=b; B(k,k-1)=c; B(k,k+1)=c;
B(N+1,N/2)=1; B(N+1,N+1)=1; B(1,1)=-1;

B(N+1,(N/2)+1)=1; B(N+1,N+1)=1; B(1,1)=-1;B(N+1,(N/2))=1; B(N+1,N)=-1;
B(1,2)=1;B;B

end;

C=A;C

for i=1:N+1; D(i,i)=1; end; D;D
for n=1:M-1 ;

for k=1:N+1 ;
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t=(k-1)*tau;

x=(n)*h;
fii(k,nm)=-(exp(-(pi)*t))*(cos((pi)*x));
end;

end;fii

for n=1:M-1;

x=(n)*h;
fii(1,n:n)=-(pi)*(tau)*(cos(pi*x));
fii(N+1,n:m)=(pi)*(tau)*(cos((pi) *x))*(-exp(-(pi) ) +exp((-(pi) /2)));
end;

fi:fi

osize(A):

Usize(B):

Yesize(C);

T=eye(N+1,N+1);
alpha{1}=eye(N+1,N+1);
betha{1}=zeros(N+1,1);

for n=1:M-1;
alpha{n-+1}=inv(B+C*alpha{n})*(-A);
betha{n+1}=inv(B+C*alpha{n})*(D*fii(:,n:n)-C*betha{n});
end;alpha{M}

%O=inv(I-alpha{M});0
U{M}=inv(I-alpha{M})*betha{M};

for Z=M-1:-1:1;
U{Z}=alpha{Z+1}*U{Z+1}+betha{Z+1};
end;U{Z}

for Z=1:M;
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p(:,2+1)=U{Z};

end;

p(:, 1)=zeros(N+1, 1);

%% %% %% %% %% EXACT SOLUTION OF THIS PDE’ %%%%%%%%% %%
for n=1:M+1;

for k=1:N+1;

t=(k-1)*tau;

x=(n-1)*k;

es(k,nm)=(exp(-(pi)*t))*(cos((pi)*x));

end;

end;

%% %% % %% % %% END EXACT SOLUTION %%%9%% %% %% %% % %% % % % % % % %%

%%%%% %% ERROR ANALYSIS OF GENERAL SOL OF THE DIFF SCHEME
%0%0%% %% %0

for i=1:N-1;

for j=1:M-1;

ftf(i, j)=p(i+1, j+1)-es(i+1, j+1);

end;

end;

fmat1=abs(ftf);

fmat2=fmat1.*fmat1*h;

fmat3=sum(fmat2, 2);

fmatd=fmat3." (1/2);

sumerror=max(fmat4)

%% %% %% %% %% %% %% %% %% END OF ERROR ANALY SIS % %% %% %% %% %% %% %% %% %
%% %% %% %% %% %% %% % GRAPH OF THE SOLUTION %% %% %% %% %% %%

b;



91

es;
[xler,tler|=meshgrid(0:h:1, 0:tau:1);

table=[es;p]; table(1:2:end,:)=es; table(2:2:end,:)=p;
q=min(min(table));

w=max(max(table));

figure;

surf(xler,tler,es);

titleCEXACT SOLUTION); set(gca,”ZLim’[q w]);
rotate3dd;

XLabel(’x axis’); YLabel(’t axis’);

figure; surf(xler,tler,p);

title("First Order DS’); set(gca,’ZLim’,[q w]);
rotate3d ;

XLabel(’x axis’); YLabel(’t axis’);

%9%0%% %% % %% %% END GRAPH %% % %% %% %% % % %%% % % % % % %% % %0 %0 %0 % %% %0 Yo

8.2 MATLAB IMPLEMENTATION OF THE SECOND OR-

DER OF ACCURACY DIFFERENCE SCHEME .

function secondord(N,M)
if nargin<1; close; close; end;
N=40; M=80;
h=1/M; tau=1/N;
a=1/(h"2);a
c=(-2/(h"2))+(-2/(tau"2)-1);c
b=1/(tau"2);b
for k=2:N;

A(kk)=a; A(1,1)=0;A(N+1,N+1)=0; A;A



end;
for k=2:N;
B(k,k)=c; B(k,k-1)=b; B(k,k+1)=b;

B(N+1,N/2)=4; B(N+1,N+1)=3; B(1,1)=-3;
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B(N+1,(N/2)41)=-3; B(N+1,N+1)=1;B(N+1,(N/2))=4; B(N+1,N)=-4; B(1,2)=4;

B(1,3)=-1; B(N+1,(N/2)-1)=-1;B(N+1,N-1)=3;B;B

end;

C=A;C

for i=1:N+1; D(i,i)=1; end; D;D

for n=1:M-1 ;

for k=1:N+1 :

t=(le-1 ) *tau;

x—=(n)*h;
fii(k,n:m)=-(exp(-(pi)*t))*(cos((pi) *x));
end:

end;fii

for n=1:M-1;

x=(n)*h;
fii(1,n:m)=-2% (pi) * (tau) * (cos(pi*x) )
fii(N+1,n:n)=-2%(pi)*(tau)*(cos((pi) *x) ) *(-exp(-(pi) ) +exp((-(pi) /2)));
end;

i fii

Fosize(A);

Yosize(B);

Yosize(C):

I=eye(N+1,N+1);

alpha{l}=eye(N+1,N+1);
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betha{1}=zeros(N+1,1);
for n=1:M-1;

alpha{n+1}=inv(B+C*alpha{n})*(-A);
betha{n+1}=inv(B+C*alpha{n})*(D*fi(:,n:n)-C*betha{n});

end;alpha{M}

%O=inv(I-alpha{M});O

U{M}=inv(I-alpha{M})*betha{M}:

for Z=M-1:-1:1;

U{Z}=alpha{Z+1}*U{Z+1}+betha{Z+1};

end;U{Z)}

for Z=1:M;

p(:,Z+1)=U{Z};

end;

p(:, 1)=zeros(N+1, 1);

%% % %% %% % %% EXACT SOLUTION OF THIS PDE” %% %% %% % %% %%
for n=1:M+1;

for k=1:N+1;

t=(k-1)*tau;

x=(n-1)*h;

es(k,nm)=(exp(-(pi)*t))*(cos((pi)*x));

end;

end;

%% % %% %% % %% END EXACT SOLUTION %% % %% %% % %% %% % %% %% % %% %%

%%%%% %% ERROR ANALYSIS OF GENERAL SOL OF THE DIFF SCHEME
90%0%% %% %0

for i=1:N-1;

for j=1:M-1;
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ftf(i, j)=p(i+1, j+1)-es(i+1, j+1);

end;

end;

fmatl=abs(ftf);

fmat2=fmat1.*fmat1*h;

fmat3=sum(fmat2, 2);

fmatd=fmat3.~ (1/2);

sumerror=max(fmat4)

%%%% % %% % % %% % % %% % %% END OF ERROR ANALYSIS %% % %% % % %% % % %% % %% % %
%%%% % %% % % %% % % %% GRAPH OF THE SOLUTION %%% % %%% % %%% %
p;

es;

[xler,tler|=meshgrid(0:h:1, O:tau:1);

table=[es;p]; table(1:2:end,:)=es; table(2:2:end,:)=p;
q=min(min(table));

w=max(max(table));

figure;

surf(xler,tler,es);

titleCEXACT SOLUTION); set(gca,”ZLim’,[q w]);
rotate3d;

XLabel(’x axis’); YLabel(’t axis’);

figure; surf(xler,tler,p);

title(’Second Order DS’); set(gca,’ZLim’,[q w]);
rotate3dd ;

XLabel(’x axis’); YLabel(’t axis’);

%9%0%%%% % %% %% END GRAPH %% % % %% %% % % % %% % % % % % % %% % %0 %0 %0 %0 %% % Yo
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