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ABSTRACT 

 

 

 

Neumann Bitsadze Samarskii nonlocal boundary value problem for the elliptic 

differential equation in a Hilbert space H with the self-adjoint positive definite operator 

A is considered. The well-posedness of this problem in Hölder spaces without a weight 

is established. The coercivity inequalities for solutions of the nonlocal boundary value 

problem for the elliptic equation are obtained. The first order of accuracy difference 

scheme for the approximate solutions of this nonlocal boundary value problem is 

presented. The stability estimates, coercivity  and almost coercivity inequalites for the 

solution of this difference scheme are established.  The well-posedness of this 

difference scheme in Hölder spaces without a weight is proved. The Matlab 

implementation of this difference scheme for the elliptic equation is presented. The 

theoretical statements for the solution of this difference scheme is supported by the 

results of numerical examples. 
 

Keywords: Neumann Bitsadze Samarskii Problem, Elliptic Equation, Difference 

Schemes, Stability Estimates. 
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ÖZ 
 

 

 

 Hilbert uzayında özeĢlenik pozitif tanımlı A operatörlü diferansiyel 

denklemlerinin yerel olmayan Neumann Bitsadze Samarskii sınır  değer problemi ele 

alınmıĢtır. Bu sınır değer probleminin iyi konumlanmıĢlığı ağırlıksız Hölder uzaylarında 

doğruluğu ortaya konulmuĢtur. Neumann Bitsadze Samarskii eliptik denkleminin 

çözümü için koersatif eĢitsizlikleri elde edilmiĢtir. Bu yerel olmayan Neumann Bitsadze 

Samarskii sınır değer probleminin yaklaĢık çözümü için birinci dereceden fark Ģeması 

kurulmuĢtur. Bu fark Ģemasının çözümü için kararlılık kestirimleri kurulmuĢtur. Bu fark 

Ģemasının iyi konumlanmıĢlığı Hölder uzaylarında kanıtlanmıĢtır. Fark Ģemasının 

çözümü için koersatif eĢitsizlikleri, hemen hemen koersatif eĢitsizlikleri sağlanmıĢtır. 

Eliptik denklemler için  fark Ģemasının Matlab ile çözümleri elde edilmiĢtir. Bu fark 

Ģemasının çözümü için bulunan teorik sonuçlar, sayısal örneklerle desteklenmiĢtir.   
  

Anahtar Kelimeler: Neumann Bitsadze Samarskii Problemi, Eliptik Denklem, Yerel 

Olmayan Sınır değer Problemi, Fark ġemaları, Kararlılık. 
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CHAPTER 1

INTRODUCTION

Many problems in �uid mechanics, dynamics, elasticity and other areas of engineer-

ing, physics and biological systems lead to partial di¤erential equations of elliptic type.

Methods of solutions Neumann Bitsadze Samarskii nonlocal boundary value problems

for elliptic di¤erential equations have been studied extensively by many researches (see

[Berikelashvili.G. K., 2003], [Soldatov A. P., 2006], [Gordeziani D.G., 1970], [Ily¬n V.,

Moiseev E., 1990], [Makarov V. L., Lazurchak I. I., and Bandyrskii B. I., 2003], [Kilbas

A. A., and Repin O. A., 2003], [Bitsadze A.V., Samarskii A.A., 1969], Ashyralyev A.

and Altay N., 2006], [Kapanadze D.V., 1987], [Ashyralyev A., 2008], Berikelashvili G.K.,

2003], [Gurbanov I.A. and Dosiev A.A., 1984], [Balakishiyev B.B. and Dosiev A.A., 1991],

[Dosiev A.A. and Ashirov B.S., 1991], Ashyralyev A. and Öztürk E., 2008], [Öztürk E.,

2008] and the references therein). The main aim of this work is to investigate the stability

of di¤erence schemes of approximate solutions of Neumann Bitsadze Samarskii nonlocal

boundary value problems for partial di¤erential equations of elliptic type.

It is known that the Neumann Bitsadze Samarskii nonlocal boundary value problem

for elliptic equations can be solved analytically by Fourier series, Fourier transform and

Laplace transform methods. Now, let us illustrate these three di¤erent analytical methods

by examples.

1
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Example 1.1. Consider the following simple nonlocal boundary value problem for

the elliptic equation8>>>>>>>>>>>>>>><>>>>>>>>>>>>>>>:

�@2u
@t2
� @2u

@x2
+ u = exp(��t) cos(�x); 0 < t < 1; 0 < x < 1;

ut (0; x) = �� cos(�x); 0 � x � 1

ut (1; x) = ut(
1
2
; x) + � cos(�x)

�
exp(��

2
)� exp(��)

�
; 0 � x � 1;

ux (t; 0) = ux (t; 1) = 0; 0 � t � 1:

(1.1)

For the solution of the problem (1.1), we use the Fourier series method. In order to solve

the problem we need to separate u(t; x) into two parts

u(t; x) = v(t; x) + w(t; x); (1.2)

where v(t; x) is the solution of the problem8>>>>>>>>>>>>>>><>>>>>>>>>>>>>>>:

�@2v
@t2
� @2v

@x2
+ v = 0; 0 < t < 1; 0 < x < 1;

vt (0; x) = �� cos(�x); 0 � x � 1

vt (1; x) = vt(
1
2
; x) + � cos(�x)

�
exp(��

2
)� exp(��)

�
, 0 � x � 1;

vx (t; 0) = vx (t; 1) = 0; 0 � t � 1:

(1.3)

and 8>>>>>>>>><>>>>>>>>>:

�@2w
@t2
� @2w

@x2
+ w = exp(��t) cos(�x); 0 < t < 1; 0 < x < 1;

wt (0; x) = 0; wt (1; x) = wt(
1
2
; x); 0 < x < 1;

wx (t; 0) = wx (t; �) = 0; 0 � t � 1:

(1.4)

Now, let us obtain the solution of (1.3), by the method of separation of variables. To do

this a solution of the form

v(t; x) = T (t)X(x) 6= 0

is suggested. Taking the partial derivatives and substituting the result in (1.3), we obtain

�T 00(t) + T (t)

T (t)
� X 00(x)

X(x)
= 0;
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or
�T 00(t) + T (t)

T (t)
=
X 00(x)

X(x)
= �: (1.5)

The boundary conditions presented in (1.3) require X 0(0) = X 0 (1) = 0: Hence, from (1.5)

we have the ordinary di¤erential equation

X 00(x) = �X(x); X 0(0) = X 0 (1) = 0: (1.6)

If � � 0; then the boundary value problem (1.6) has only trivial solution X(x) = 0: For

� < 0; the nontrivial solutions of the boundary value problem (1.6) are

Xk(x) = cos(k�x); where k = 1; 2; 3; � � � ; � = �k2�2:

So, the nontrivial solutions of the boundary value problem (1.6) are

Xk(x) = cos k�x; � = �k2�2 where k = 1; 2; 3; � � �:

The other ordinary di¤erential equation presented in (1.5) is

�T 00(t) + T (t) = �T (t) ;

with �k = �k2; k = 1; 2; � � �: The solution of this ordinary di¤erential equation is

Tk(t) = Dke
p
1+k2�2t + Eke

�
p
1+k2�2t; where k = 1; 2; 3; � � �:

Thus,

v(t; x) =

1X
k=1

vk(t; x) =
1X
k=1

�
Ake

p
1+k2�2t +Bke

�
p
1+k2�2t

�
cos k�x:

Using the nonlocal boundary conditions

vt (0; x) = �� cos �x; vt (1; x) = vt(
1

2
; x) + � cos �x

�
exp(��

2
)� exp(��)

�
;

we obtain

A1 =
�p
2

 
�e�

p
2 + e�

p
2
2 + e�� � e�

�
2

e
p
2
2 � e

p
2 + e�

p
2 � e�

p
2
2

!
;

B1 =
�p
2

 
�e

p
2 + e

p
2
2 + e�� � e�

�
2

e
p
2
2 � e

p
2 + e�

p
2 � e�

p
2
2

!
;

Ak = Bk = 0; k = 2; 3; � � �:

Hence, the solution of (1.3) is

v (t; x) =
�p
2

  
�e�

p
2 + e�

p
2
2 + e�� � e�

�
2

e
p
2
2 � e

p
2 + e�

p
2 � e�

p
2
2

!
e
p
1+�2t



4

+

 
�e

p
2 + e

p
2
2 + e�� � e�

�
2

e
p
2
2 � e

p
2 + e�

p
2 � e�

p
2
2

!
e�

p
1+�2t

!
sin x:

Second, we obtain the solution of (1.4). We seek a solution of the form

w (t; x) =

1X
k=1

Ck (t) sin kx:

Then

�wtt � wxx + w =
1X
k=1

�
�C 00k (t) +

�
1 + k2�2

�
Ck (t)

�
cos k�x

= exp(��t) cos �x:

If k 6= 1; then

�C 00k (t) +
�
1 + k2�2

�
Ck (t) = 0:

So, we obtain

Ck (t) = c1e
p
1+k2�2t + c2e

�
p
1+k2�2t:

Using the nonlocal boundary conditions

Ck(0) = 0; Ck(1) = Ck(
1

2
);

we get c1 = c2 = 0 and Ck(t) = 0:

If k = 1; then

�C 001 (t) + (1 + �2)C1 (t) = exp(��t):

So, we obtain

C1 (t) = c1e
p
1+�2t + c2e

�
p
1+�2t + exp(��t):

Using the nonlocal boundary conditions

C1(0) = 0; C1(1) = C1(
1

2
);

we get

c1 = �
�p
2

 
�e�

p
2 + e�

p
2
2 + e�� � e�

�
2

e
p
2
2 � e

p
2 + e�

p
2 � e�

p
2
2

!
;

c2 = �
�p
2

 
�e

p
2 + e

p
2
2 + e�� � e�

�
2

e
p
2
2 � e

p
2 + e�

p
2 � e�

p
2
2

!
and from particular solution, we get

C1 (t) = exp(��t):

Thus the solution of (1.4) is
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w (t; x) =

 
� �p

2

 
�e�

p
2 + e�

p
2
2 + e�� � e�

�
2

e
p
2
2 � e

p
2 + e�

p
2 � e�

p
2
2

!
e
p
1+�2t

� �p
2

 
�e

p
2 + e

p
2
2 + e�� � e�

�
2

e
p
2
2 � e

p
2 + e�

p
2 � e�

p
2
2

!
e�

p
1+�2t

!
cos �x+ exp(��t) cos �x:

Finally, using (1.2), we obtain

u (t; x) = v (t; x) + w (t; x) = exp(��t) cos �x:

Note that using the same manner one obtains the solution of the following nonlocal

boundary value problem for the multidimensional elliptic equation8>>>>>>>>>>>>>>>>>>>>>><>>>>>>>>>>>>>>>>>>>>>>:

�@2u(t;x)
@t2

�
nP
r=1

�r
@2u(t;x)
@x2r

+ �u = f(t; x);

x = (x1; : : : ; xn) 2 
; 0 < t < T;

@u
@n

��
S
= 0;

u(0; x) = '(x); x 2 
;

ut(T; x) = �ut(�; x) +  (x); x 2 
; j�j � 1; 0 � � < T;

where � is constant and f(t; x) (t 2 [0; T ]; x 2 
); '(x);  (x) (x 2 
) are given smooth

functions. Here 
 is the unit open cube in the n-dimensional Euclidean space Rn (0 <

xk < 1; 1 � k � n) with boundary S; 
 = 
 [ S:

However, the method of separation of variables can be used only in the case when

it has constant coe¢ cients. It is well-known that the most useful method for solving

partial di¤erential equations with dependent coe¢ cients in t and in the space variables

is di¤erence method.

Example 1.2. Now, we will consider the application of Laplace transformation

method to the problem8>>>>>>>>><>>>>>>>>>:

�@2u
@t2
� @2u

@x2
+ u = � exp(�t� x); 0 < t < 1; 0 < x <1;

ut (0; x) = exp(�x); ut(1; x) = ut(
1
2
; x)� exp(�1� x) + exp(�1

2
� x); 0 < x <1;

u (t; 0) = exp(�t); ux(t; 0) = � exp(�t); 0 � t � 1:
(1.7)
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We denote

L fu(t; x)g = v(t; s):

Then using the properties of the Laplace transform, we obtain

�vtt (t; s) +
�
1� s2

�
v (t; s) = � exp(�t) s2

s+ 1
:

Solving it we can write

v(t; s) = c1e
p
1�s2t + c2e

�
p
1�s2t � exp(�t) s2

s+ 1
:

Now, using the nonlocal boundary conditions (1.7) which are transformed to

vt (0; s) = �
1

s+ 1
; vt (1; s) = vt(

1

2
; s) + (exp(�1) + exp(�1

2
))

1

(s+ 1)
;

we obtain

v(t; s) = exp(�t) 1

s+ 1
:

Finally, taking the inverse Laplace transform of this equation, we obtain

u (t; x) = L�1 fv (t; s)g = L�1
�
exp(�t) 1

s+ 1

�

= exp(�t)L�1
�

1

(s+ 1)

�
= e�t�x:

Hence, the solution of (1.7) is

u (t; x) = e�t�x:

Note that using the same procedure one obtains the solution of the following nonlocal
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boundary value problem for the multidimensional elliptic equation8>>>>>>>>>>>>>>>>>>>>>>>>>>>><>>>>>>>>>>>>>>>>>>>>>>>>>>>>:

�@2u(t;x)
@t2

�
nP
r=1

�r
@2u(t;x)
@x2r

+ �u = f(t; x);

x = (x1; : : : ; xn) 2 

+
; 0 < t < T;

ut(0; x) = '(x);

ut(T; x) = �ut(�; x) +  (x); x 2 
+; j�j � 1; 0 < � < T;

u(t; x) jxk=0= 0;
@u(t;x)
@xk

jxk=0= 0;

1 � k � n; x 2 
+; 0 � t � T;

where � is constant ; f(t; x) (t 2 [0; T ]; x 2 
+); '(x);  (x) (x 2 
+) are given smooth

functions. Here 
 + is the open set in the n-dimensional Euclidean space Rn (0 < xk <

1; 1 � k � n) with boundary S+; 

+
= 
+ [ S+:

However, Laplace transform method can be used only in the case when it has constant

coe¢ cients. It is well-known that the most useful method for solving partial di¤erential

equations with dependent coe¢ cients in t and in the space variables is di¤erence method.

Example 1.3. The last example is a nonlocal boundary value problem solved by

using Fourier transform method. Consider the problem8>>>>>>>>><>>>>>>>>>:

�@2u
@t2
� @2u

@x2
+ u = 2 exp(�t� x2)� 4x2 exp(�t� x2); 0 < t < 1; �1 < x <1;

ut (0; x) = �e�x
2
;�1 < x <1:

ut(1; x) = ut(
1
2
; x) + exp(�1� x2) + exp(�1

2
� x2); �1 < x <1:

(1.8)

We denote

v (t; s) = F fu (t; x)g :

Then, taking the Fourier transform of both sides of the di¤erential equation in (1.8), we

obtain

vtt (t; s)�
�
s2 + 1

�
v (t; s) = F

�
2 exp(�t� x2)� 4x2 exp(�t� x2)
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= Ff exp(�x2)00g exp(�t):

Solving it we can write

v (t; s) = c1e
p
s2+1t + c2e

�
p
s2+1t + (t2 + 1)F

n
e�x

2
o
exp(�t):

Now, using the nonlocal boundary conditions in (1.8) which are transformed to

vt (0; s) = �F
n
e�x

2
o
; vt (1; s) = vt(

1

2
; s)� (e�1 + e�

1
2 )F

n
e�x

2
o
;

we get

v (t; s) = exp(�t)F
n
e�x

2
o
:

Finally, taking the inverse of Fourier transformation we obtain the solution for the problem

(1.8) as

u (t; x) = exp(�t� x2):

Note that using the same manner one obtains the solution of the following nonlocal

boundary value problem for the 2m-th order multidimensional elliptic equation

8>>>>>>>>>>>>>>>><>>>>>>>>>>>>>>>>:

�@2u
@t2
�

P
jrj=2m

ar
@jrju

@x
r1
1 :::@x

rn
n
+ �u = f(t; x);

0 < t < T; x; r; � 2 Rn; jrj = r1 + � � �+ rn;

ut(0; x) = '(x); x�Rn;

ut(T; x) = �ut(�; x) +  (x); x�Rn ; j�j � 1; 0 � � < 1;

where � is constant; f(t; x) (t 2 [0; T ]; x 2 Rn); '(x);  (x) (x 2 Rn) are given smooth

functions. However, the Fourier transform method can be used only in the case when

it has constant coe¢ cients. It is well-known that the most useful method for solving

partial di¤erential equations with dependent coe¢ cients in t and in the space variables

is di¤erence method, which is basically realized by digital computers and known to be

numerical method. However the stability of di¤erence schemes used in numerical methods

need to be proved or justi�ed theoretically.

It is known that various Neumann Bitsadze Samarskii problems for elliptic equations

can be reduced to the Neumann Bitsadze Samarskii problem for di¤erential equation in
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a Hilbert space H with self-adjoint positive de�nite operator A: In the present work, the

nonlocal boundary value problem8>>>>>>>>><>>>>>>>>>:

�d2u(t)
dt2

+ Au(t) = f(t); 0 < t < 1;

ut(0) = '; ut(1) = �ut(�) +  ;

0 � � < 1; j�j � 1

for the di¤erential equation in a Hilbert space H with the self-adjoint positive de�nite

operator A is considered. The �rst and second orders of accuracy di¤erence schemes are

constructed. Applying the operator approach, the stability of di¤erence schemes for the

approximate solution of di¤erential equations are obtained. The theoretical statements for

the solution of this di¤erence schemes are supported by the results of numerical examples.

Let us brie�y describe the contents of the various sections of the thesis. It consists of

eight chapters.

First chapter is the introduction.

Second chapter presents two sections. In the �rst section, the well-posedness of this

problem in Hölder space without a weight is examined. In the second section,

this abstract results permit us to obtain the coercivity stability inequality for the

solutions of elliptic di¤erential equations.

Third chapter consists of two sections. In the �rst section, the stable �rst order of

accuracy di¤erence scheme approximately solving the nonlocal boundary value Neu-

mann Bitsadze Samarskii problem for elliptic equations in a Hilbert space H with

self-adjoint positive de�nite operator A is presented. The stability estimate for

the solution of the di¤erence scheme of the nonlocal boundary Neumann Bitsadze

Samarskii problem for elliptic equations is obtained. The coercivity and almost coer-

civity inequalities for the solution of the di¤erence scheme of the nonlocal boundary

Neumann Bitsadze Samarskii problem for elliptic equations are presented. Finally,

the second order of accuracy di¤erence scheme approximately solving the nonlocal

boundary value Neumann Bitsadze Samarskii problem for elliptic equations is pre-

sented.Theorems on stability, almost coercitive stability and coercitive stability are
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formulated.In the second section, this abstract results permit us to obtain the sta-

bility estimates, almost coercive stability estimates and coercive stability estimates

for the solution of the di¤erence scheme for elliptic equations.

Fourth chapter devoted to the numerical results. The �rst and second orders of accu-

racy di¤erence schemes are studied. A matlab program is given to conclude that

the second order of accuracy is more accurate. Figures and tables are included.

Fifth chapter contains conclusions.

Sixth chapter is the programming for given applications.



CHAPTER 2

NEUMANN BITSADZE SAMARSKII NONLOCAL
BOUNDARY VALUE PROBLEM FOR DIFFERENTIAL

EQUATIONS

2.1 THE DIFFERENTIAL PROBLEM

We consider the Bitsadze Samarskii nonlocal boundary value problem

8>>>>>>>>><>>>>>>>>>:

�d2u(t)
dt2

+ Au(t) = f(t); 0 < t < 1;

u0(0) = '; u0(1) = �u0(�) +  ;

j�j � 1; 0 � � < 1;

(2.1)

for the di¤erential equation in a Hilbert space H with the self-adjoint positive de�nite

operator A.

Let us give there lemmas from [Sobolevskii P.E., 1969 and Öztürk E.,2008] that will

be needed below. Here and in the future we will put B = A
1
2 .

Lemma 2.1. The following estimates hold:

B�e�tB

H�!H � t��; 0 � � � 1; (2.2)

(I � e�2B)�1

H�!H �M; (2.3)

where M is a positive constant:

Lemma 2.2. For any 0 � t < t+ � � 1 and 0 � � � 1 one has the inequality

e�tB � e�(t+�)B

H!H �M

��

(� + t)�
; (2.4)

11
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where M does not depend on �; t and � :

Lemma 2.3. Let

D = �(I � e�2B)�1(e�(1��)B � e�(1+�)B):

Then the operator B2(I �D) has an inverse

K = B�2 (I �D)�1 ;

and the following estimate is satis�ed

kKkH!H �M; (2.5)

where M is a positive constant:

Now, we will obtain the formula for the solution of the problem (2.1). It is clear that

the boundary value problem for elliptic equation

�d
2u(t)

dt2
+ Au(t) = f(t); 0 < t < 1; u(0) = u0; u(1) = u1 (2.6)

has a unique solution [Sobolevskii P. E., 1969]

u(t) = T
�
(e�tB � e�(2�t)B)u(0) + (e�(1�t)B � e�(1+t)B)u(1) (2.7)

�(e�(1�t)B � e�(1+t)B)(2B)�1
1Z
0

(e�(1�s)B � e�(1+s)B)f(s)dsg

+(2B)�1
1Z
0

(e�jt�sjB � e�(t+s)B)f(s)ds:

Here

T = (I � e�2B)�1:

Using formula (2.7), we obtain

u0(t) = T
�
�B(e�tB + e�(2�t)B)u(0) +B(e�(1�t)B + e�(1+t)B)u(1) (2.8)

�1
2
(e�(1�t)B + e�(1+t)B)

1Z
0

(e�(1�s)B � e�(1+s)B)f(s)dsg

+
1

2

24� tZ
0

e�(t�s)Bf(s)ds
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+

1Z
t

e�(s�t)Bf(s)ds+

1Z
0

e�(t+s)Bf(s)ds

35 :
Using (2.8) and the nonlocal boundary conditions, we get

�TB(I + e�2B)u(0) + 2BTe�Bu(1)

= T

1Z
0

(e�(2�s)B � e�sB)f(s)ds+ ';

�
�2TBe�B + �

�
e��B + e�(2��)B

��
u(0)

�
�
TB(I + e�2B)� TB�(e�(1��)B � e�(1+�)B)

�
u(1)

= T

1Z
0

(e�(1�s)B � e�(1+s)B)f(s)ds

�T �
2
(e�(1��)B + e�(1+�)B)

1Z
0

(e�(1�s)B � e�(1+s)B)f(s)ds

+
�

2

0@� �Z
0

e�(��s)Bf(s)ds

+

1Z
�

e�(s��)Bf(s)ds+

1Z
0

e�(s+�)Bf(s)ds

1A+  :

From Lemma 2.3 it follows that

B2
�
I � �T (e�(1��)B � e�(1+�)B)

�
has an inverse. Therefore

u(0) = �
�
I � �T (e�(1��)B � e�(1+�)B)

��1
(2.9)

�
�
T 2
�
I + e�2B � �

�
e�(1��)B � e�(1+�)B

��
�

1Z
0

B�1(e�(2�s)B � e�sB)f(s)ds
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+T
�
I + e�2B � �

�
e�(1��)B � e�(1+�)B

��
B�1'

�2T 2
1Z
0

B�1(e�(2�s)B � e�(2+s)B)f(s)ds

+�T 2
�
e�(1��)B � e�(1+�)B

� 1Z
0

B�1(e�(2�s)B � e�(2+s)B)f(s)ds

��e�BT

0@� �Z
0

B�1e�(��s)Bf(s)ds+

1Z
�

B�1e�(s��)Bf(s)ds

+

1Z
0

B�1e�(s+�)Bf(s)ds

1A� 2e�BTB�1 

9=;
and

u(1) = �
�
I � �T (e�(1��)B � e�(1+�)B)

��1
(2.10)8<:�T 2(I + e�2B)

1Z
0

B�1(e�(1�s)B � e�(1+s)B)f(s)ds

+T
�

2
(I + e�2B)

0@� �Z
0

B�1e�(��s)Bf(s)ds

+

1Z
�

B�1e�(s��)Bf(s)ds+

1Z
0

B�1e�(s+�)Bf(s)ds

1A
+2T 2

1Z
0

B�1(e�(3�s)B � e�(1+s)B)f(s)ds

��T 2
�
e��B � e�(2��)B

� 1Z
0

B�1(e�(2�s)B � e�sB)f(s)ds

�
�
�2TB�1e�B + �TB�1 �e��B � e�(2��)B

��
'

�TB�1(I + e�2B) 
	
:

Eventually, if the function f(t) continuously di¤erentiable on [0,1], ';  2 D(A 1
2 ) and

formulas (2.7), (2.9) and (2.10) give a solution of problem (2.1).

A function u(t) is called a solution of problem (2.1) if the following conditions are

satis�ed:

i. u(t) is twice continuously di¤erentiable in the segment [0; 1].
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ii. The element u(t) belongs to D(A) for all t 2 [0; 1] ; and the function Au(t) is

continuous on [0; 1] :

iii. u(t) satis�es the equation and nonlocal boundary condition (2.1).

Let us denote by C� ([0; 1] ; H) ; 0 < � < 1; the Banach spaces obtained by completion

of the set of all smooth H values functions '(t) on [0; 1] in the norms

k'kC�([0;1];H) = k'kC([0;1];H) + sup
0�t<t+��1

k' (t+ �)� ' (t)kH
��

;

where C ([0; 1] ; H) stands for the Banach space of all continous functions '(t) de�ned

on [0; 1] with the norm

k'kC([0;1];H) = max
0�t�1

k'(t)kH :

A solution of problem (2.1) de�ned in this manner will from now on be referred to as

a solution of problem (2.1) in the space C ([0; 1] ; H) :

We say that the problem (2.1) is well-posed in C ([0; 1] ; H), if there exists the unique

solution u(t) in C ([0; 1] ; H) of problem (2.1) for any f(t) 2 C ([0; 1] ; H) and the following

coercivity inequality is satis�ed:

ku00kC([0;1];H) + kAukC([0;1];H) �Mc

�
kfkC([0;1];H) +

A 1
2'

H

+
A 1

2 

H

�
;

whereMc does not depend on f(t) and ';  : Unfortunately, the problem (2.1) is ill-posed

in the space C ([0; 1] ; H) :

We say that the problem (2.1) is well-posed in C� ([0; 1] ; H), if there exists a unique

solution u(t) in C� ([0; 1] ; H) of problem (2.1) for any f(t) 2 C� ([0; 1] ; H) and the

following coercivity inequality is satis�ed:

ku00kC�([0;1];H) + kAukC�([0;1];H) �Mc(�)
h
kfkC�([0;1];H) +

A 1
2'

H0
+
A 1

2 

H0

i
;

where H 0 � H and Mc(�) does not depend on f(t) and ';  :

With the help of the self-adjoint positive de�nite operator B in a Hilbert space H, the

Banach space E� = E�(B;H)(0 < � < 1) consists of those v 2 H for which the norm

jjvjjE� = sup
z>0

z1��jjBe(�zB)vjjH + jjvjjH
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is �nite.

Theorem 2.1. Suppose A
1
2';A

1
2 2 E�(H;B). Then the boundary value problem

(2.1) is well posed in a Hölder space C� ([0; 1] ; H) and the following coercivity inequality

holds:

ku00kC�([0;1];H) + kAukC�([0;1];H)

�M

�
1

�(1� �)
kfkC�([0;1];H) +

A 1
2'

E�(H;B)

+
A 1

2 

E�(H;B)

�
;

where M does not depend on f(t) and �; ';  :

Proof. The boundary value problem (2.6) is well posed in a Hölder space C� ([0; 1] ; H)

and the following coercivity inequality holds [Ashyralyev A., Sobolevskii P.E., 2004]

ku00kC�([0;1];H) + kAukC�([0;1];H) (2.11)

� M

�(1� �)
kfkC�([0;1];H) +M

h
kAu(0)� f(0)kE�(H;B) + kAu(1)� f(1)kE�(H;B)

i
:

Then, the proof of this theorem is based on the estimate (2.11) and on the estimates

kAu(0)� f(0)kE�(H;B) (2.12)

� M

�(1� �)
kfkC�([0;1];H) +M

�A 1
2'

E�(H;B)

+
A 1

2 

E�(H;B)

�
and

kAu(1)� f(1)kE�(H;B) (2.13)

� N

�(1� �)
kfkC�([0;1];H) +N

�A 1
2'

E�(H;B)

+
A 1

2 

E�(H;B)

�
:

Therefore we will prove (2.12) and (2.13).

First, we estimate kAu(0)� f(0)kE�(H;B) :

Applying the formula (2.9), we can write

Au(0)� f(0) =
�
I � �T (e�(1��)B � e�(1+�)B)

��1
�
�
T 2
�
I + e�2B � �

�
e�(1��)B � e�(1+�)B

��
�

24 1Z
0

Be�(2�s)B (f(s)� f(1)) ds+

1Z
0

Be�(2�s)Bf(1)ds

�
1Z
0

Be�sB (f(s)� f(0)) ds�
1Z
0

Be�sBf(0)ds

35
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+T
�
I + e�2B � �

�
e�(1��)B � e�(1+�)B

��
B'

�2T 2
24 1Z
0

Be�(2�s)B(f(s)� f(1))ds+

1Z
0

Be�(2�s)Bf(1)

�
1Z
0

Be�(2+s)B(f(s)� f(0)ds�
1Z
0

Be�(2+s)Bf(0)ds

35

+�T 2
�
e�(1��)B � e�(1+�)B

�
�

24 1Z
0

Be�(2�s)B(f(s)� f(1))ds+

1Z
0

Be�(2�s)Bf(1)ds

�
1Z
0

Be�(2+s)B(f(s)� f(0))ds�
1Z
0

Be�(2+s)Bf(0)ds

35
��e�BT

0@� �Z
0

Be�(��s)B(f(s)� f(�))ds�
�Z
0

Be�(��s)Bf(�)ds

+

1Z
�

Be�(s��)B(f(s)� f(�)) +

1Z
�

Be�(s��)Bf(�)ds

+

1Z
0

Be�(s+�)B(f(s)� f(0))ds+

1Z
0

Be�(s+�)Bf(0)ds

1A
�2e�BTB�1 

	
:

Using the identities

�Z
0

Be�(��s)Bds = I � e��B; (2.14)

1Z
�

Be�(s��)Bds = I � e�(1��)B, 0 < � < 1; (2.15)

we get

Au(0)� f(0) =
�
I � �T (e�(1��)B � e�(1+�)B)

��1
T 2

�
��
�e�B + e�2B + e�3B � e�4B

��(�e�(1+�)B + e�(2��)B + e�(3+�)B � e�(4��)B
�
f(0)

�
�
�e�B + e�2B + e�3B � e�4B

�
f(1)
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��
�
�e�(1+�)B + e�(2��)B + e�(3+�)B � e�(4��)B

�
f(�)

�
�
B'� e�4BB'� �

�
e�(1��)B + e�(1+�)B � e�(3��)B � e�(3+�)B

�
B'

�2(e�B � e�3B)B 
�

+

1Z
0

B(e�sB � e�(2+s)B)(f(s)� f(0))ds

��
�
e�(1��)B + e�(1+�)B

� 1Z
0

B(e�sB � e�(2+s)B)(f(s)� f(0))ds

+�

�Z
0

B(e�(�+s+1)B � e�(�+s+3)B)(f(s)� f(0))ds

�
1Z
0

B
�
e�(4�s)B � e�(2�s)B

�
(f(s)� f(1))ds

�
�Z
0

B(e�(��s+1)B � e�(��s+3)B)(f(s)� f(�))ds

+�

1Z
�

B(e�(s��+1)B � e�(s��+3)B)(f(s)� f(�))ds

9=;
= J1 + J2 + J3 + J4 + J5 + J6 + J7 + J8:

Here

J1 = P�1T 2
��
�e�B + e�2B + e�3B � e�4B

��(�e�(1+�)B + e�(2��)B + e�(3+�)B � e�(4��)B
�
f(0)

�
�
�e�B + e�2B + e�3B � e�4B

�
f(1)

��
�
�e�(1+�)B + e�(2��)B + e�(3+�)B � e�(4��)B

�
f(�)

	
J2 = �P�1T 2

�
B'� e�4BB'

��
�
e�(1��)B + e�(1+�)B � e�(3��)B � e�(3+�)B

�
B'

�2(e�B � e�3B)B 
�

J3 = P�1T 2
1Z
0

B(e�sB � e�(2+s)B)(f(s)� f(0))ds

J4 = �P�1T 2�
�
e�(1��)B + e�(1+�)B

�
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�
1Z
0

B(e�sB � e�(2+s)B)(f(s)� f(0))ds

J5 = P�1T 2�

�Z
0

B(e�(�+s+1)B � e�(�+s+3)B)(f(s)� f(0))ds

J6 = �P�1T 2
1Z
0

B
�
e�(4�s)B � e�(2�s)B

�
(f(s)� f(1))ds

J7 = �P�1T 2
�Z
0

B(e�(��s+1)B � e�(��s+3)B)(f(s)� f(�))ds

J8 = P�1T 2�

1Z
�

B(e�(s��+1)B � e�(s��+3)B)(f(s)� f(�))ds

Here

P =
�
I � �T (e�(1��)B � e�(1+�)B)

�
:

Let us estimate Jk for k = 1; 2; � � �; 8 separately. We start with J1:

Using the estimates (2.2) and (2.5), we show that

kJ1kH �
P�1

H!H

T 2
H!H

��
jj � e�B + e�2BjjH!H

+jje�3B � e�4BjjH!H + j�j:
�
jje�(1+�)BjjH!H + jje�(2��)BjjH!H

+jje�(3+�)BjjH!H + jje�(4��)BjjH!H
��
jjf(0)jjH

+
�
jj � e�B + e�2BjjH!H + jje�3B + e�4BjjH!H

�
jjf(1)jjH

+j�j
�
jje�(1+�)BjjH!H + jje�(2��)BjjH!H

+jje�(3+�)BjjH!H + jje�(4��)BjjH!H
�
jjf(�)jjH

�M1max
0�t�1

jjf(t)jjH �M1jjf jjC([0;1];H) �M jjf jjC�([0;1];H):

Thus we proved that

kJ1kH �M jjf jjC�([0;1];H):

Next, let us estimate z1�� kBe�zJ1kH :

z1��
Be�zJ1H � z1��

P�1
H!H

T 2
H!H

�
��
jjB(�e�(z+1)B + e�(2+z)B)jjH!H
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+jjBe�(3+z)BjjH!H + jjBe�(4+z)BjjH!H

+j�j(
�
jjBe�(1+�+z)BjjH!H + jjBe�(2��+z)BjjH!H

+jjBe�(3+�+z)BjjH!H + jjBe�(4��+z)BjjH!H
��
jjf(0)jjH

+
�
jjBe�(z+1)BjjH!H + jjBe�(2+z)BjjH!H

+jjBe�(3+z)BjjH!H + jjBe�(4+z)BjjH!H
�
jjf(1)jjH

+j�j
�
jjBe�(1+�+z)BjjH!H + jjBe�(2��+z)BjjH!H

+jjBe�(3+�+z)BjjH!H + jjBe�(4��+z)BjjH!H
�
jjf(�)jjH

�Mz1��
�

1

(1 + z)
+

1

(3 + z)
+

1

(1 + �+ z)
+

1

(2� �+ z)

+
1

(3 + �+ z)
+

1

(4� �+ z)
+

1

(1 + z)
+

1

(3 + z)

+
1

(1 + �+ z)
+

1

(2� �+ z)
+

1

(3 + �+ z)
+

1

(4� �+ z)

�
max
0�t�1

jjf(t)jjH

�M
�
4 � 1�� + 4 � 2�� + 2(2� �)�� + 2(4� �)��

�
jjf jjC�([0;1];H)

�M jjf jjC�([0;1];H):

Thus we proved that

kJ2kE� �M jf jjC�([0;1];H):

Now let us estimate J2. Using the estimates (2.2), (2.5) and the de�nition of the norm of

space C� ([0; 1] ; H), we get

kJ2kH � jjP�1jjH!H jjT 2jjH!H
�
jjB'jjH + jje�4BjjH!H jjB'jjH

+j�j
�
jje�(1��)BjjH!H + jje�(1+�)BjjH!H

+jje�(3��)BjjH!H + jje�(3+�)BjjH!H
�
jjB'jjH

+2jje�B � e�3BjjH!H jjB jjH
	
�M (jjB'jjH + jjB jjH) :

Let us now estimate z1�� kBe�zJ2kH :

z1��
Be�zJ2H � z1��jjP�1jjH!H jjT 2jjH!H

�
�
jjBe�zBB'jjH + jjBe�(4+zB)jjH!H jjB'jjH

+j�j
�
jjBe�(1��+z)BjjH!H + jjBe�(1+�+z)BjjH!H
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+jjBe�(3��+z)BjjH!H + jjBe�(3+�+z)BjjH!H
��
jjB'jjH

+2jjB(e�(1+z)B � e�(3+z)B)jjH!H jjB jjH
	

�M sup z1��
�
jjBe�zBB'jjH + jjB jjH

�
M (jjB'jjE� + jjB jjE�) :

So, we conclude that

kJ2kE� �M(jjB'jjE� + jjB jjE�):

Now, let us estimate J3. Using the estimates (2.2), (2.5) and the de�nition of the norm

of space C� ([0; 1] ; H), we obtain

kJ3kH �
P�1

H!H

T 2
H!H

�
1Z
0

�
jjBe�sBjjH!H + jjBe�(2+s)Bjj

�
jjf(s)� f(0)jjds

�M3

1Z
0

�
s�

s
+

s�

2 + s

�
dsjjf jjC�([0;1];H)

�M3

1Z
0

�
1

s1��
+

1

(2 + s)1��

�
dsjjf jjC�([0;1];H) �

M4

�
jjf jjC�([0;1];H):

Thus we proved that

kJ3kH �
M4

�
jjf jjC�([0;1];H):

Now let us estimate z1�� kBe�zJ3kH :

z1��
Be�zJ3H � z1��

P�1
H!H jjT

2jjH!H

�
1Z
0

�
jjB2e�(z+s)BjjH!H + jjB2e�(2+s+z)BjjH!H

�
jjf(s)� f(0)jjHds

� z1��M5

1Z
0

�
s�

(s+ z)2
+

s�

(2 + s+ z)2

�
dsjjf jjC�([0;1];H)

� z1��M5

1Z
0

�
1

(s+ z)2��
+

1

(2 + s+ z)2��

�
dsjjf jjC�([0;1];H)

� M6

1� �
jjf jjC�([0;1];H):

Hence, we have that

kJ3kE� �
M4

�
jjf jjC�([0;1];H) +

M6

1� �
jjf jjC�([0;1];H)
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� M7

�(1� �)
jjf jjC�([0;1];H) �M jjf jjC�([0;1];H):

Next, we estimate J4: Using the estimates (2.2), (2.5) and the de�nition of the norm of

space C� ([0; 1] ; H) ; we obtain

kJ4kH � jjP�1jjH!H jjT 2jjH!H j�j
�
jje�(1��)B + e�(1+�)BjjH!H

�
�

1Z
0

�
jjBe�sBjjH!H � jjBe�(2+s)BjjH!H

�
jjf(s)� f(0)jjHds

�M8

1Z
0

�
s�

s
� s�

2 + s

�
dsjjf jjC�([0;1];H) �

M9

�
jjf jjC�([0;1];H):

Therefore,

kJ4kH �
M9

�
jjf jjC�([0;1];H):

Using the same manner, we can estimate z1��
Be�zBJ4H :

z1��
Be�zBJ4H � z1��jjP�1jjH!H jjT 2jjH!H

�j�j
�
jje�(1��)B + e�(1+�)BjjH!H

�
�

1Z
0

�
jjB2e�(s+z)BjjH!H + jjB2e�(2+s+z)BjjH!H

�
jjf(s)� f(0)jjHds

� z1��M10

1Z
0

�
s�

(s+ z)2
� s�

(2 + s+ z)2

�
dsjjf jjC�([0;1];H)

� M11

1� �
jjf jjC�([0;1];H):

Thus,

kJ4kE� �
M9

�
jjf jjC�([0;1];H) +

M11

1� �
jjf jjC�([0;1];H)

� M12

�(1� �)
jjf jjC�([0;1];H):

Hence, we have

kJ4kE� �M jjf jjC�([0;1];H):
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Now let us estimate J5: Using estimates (2.2), (2.5) and the de�nition of the norm of

space C� ([0; 1] ; H) ; we obtain

kJ5kH � jjP�1jjH!H jjT 2jjH!H

�j�j
�Z
0

(jjBe�(�+s+1)BjjH!H + jjBe�(�+s+3)BjjH!H)jjf(s)� f(0)jjHds

�M13

�Z
0

�
s�

(�+ s+ 1)
+

s�

(�+ s+ 3)

�
dsjjf jjC�([0;1];H)

�M13

�Z
0

�
1

(�+ s+ 1)1��
+

1

(�+ s+ 3)1��

�
dsjjf jjC�([0;1];H)

� M14

�
jjf jjC�([0;1];H)

So,

kJ5kH �
M14

�
jjf jjC�([0;1];H):

Now, let us estimate z1��
Be�zBJ5H :

z1��
Be�zBJ5H � z1��jjP�1jjH!H jjT 2jjH!H j�j

�
�Z
0

(jjB2e�(�+s+z+1)BjjH!H + jjB2e�(�+s+z+3)BjjH!H jjf(s)� f(0)jjHds

� z1��M15

�Z
0

�
s�

(�+ s+ z + 1)2
+

s�

(�+ s+ z + 3)2

�
dsjjf jjC�([0;1];H)

z1��M15

�Z
0

�
1

(�+ s+ z + 1)2��
+

1

(�+ s+ z + 3)2��

�
dsjjf jjC�([0;1];H)

� M16

1� �
jjf jjC�([0;1];H):

Thus,

kJ5kE� �
M14

�
jjf jjC�([0;1];H) +

M16

1� �
jjf jjC�([0;1];H)

� M17

�(1� �)
jjf jjC�([0;1];H):

Hence,

kJ5kH �M kfkC�([0;1];H) .
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Let us estimate J6. Using estimates (2.2), (2.5) and the de�nition of the norm of space

C� ([0; 1] ; H) ; we get

kJ6kH � jjP�1jjH!H jjT 2jjH!H

�
1Z
0

(jjBe�(4�s)BjjH!H + jjBe�(2�s)BjjH!H)jjf(s)� f(1)jjHds

�M18

1Z
0

�
(1� s)�

(4� s)
+
(1� s)�

(2� s)

�
jjf jjC�([0;1];H)

�M18

1Z
0

�
1

(4� s)1��
+

1

(2� s)1��

�
dsjjf jjC�([0;1];H)

� M19

�
jjf jjC�([0;1];H):

Now, let us estimate z1��
Be�zBJ6H :

z1��
Be�zBJ6H � z1��jjP�1jjH!H jjT 2jjH!H

�
1Z
0

(jjB2e�(4�s+z)BjjH!H + jjB2e�(2�s+z)BjjH!H)jjf(s)� f(1)jjHds

� z1��M20

1Z
0

�
(1� s)�

(4� s+ z)2
+

(1� s)�

(2� s+ z)2

�
jjf jjC�([0;1];H)

� z1��M20

1Z
0

�
1

(4� s+ z)2��
+

1

(2� s+ z)2��

�
dsjjf jjC�([0;1];H)

� M21

1� �
jjf jjC�([0;1];H):

So, we have

kJ6kE� �
M19

�
jjf jjC�([0;1];H) +

M21

�� 1 jjf jjC
�([0;1];H)

� M22

�(1� �)
jjf jjC�([0;1];H):

Therefore, we conclude that

kJ6kE� �M jjf jjC�([0;1];H):

Now, we estimate J7: Using estimates (2.2), (2.5) and the de�nition of the norm of space
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C� ([0; 1] ; H) ; we obtain

kJ7kH � jjP�1jjH!H jjT 2jjH!H

�
�Z
0

(jjBe�(��s+1)BjjH!H + jjBe�(��s+3)BjjH!H)jjf(s)� f(�)jjHds

�M23

�Z
0

�
(�� s)�

(�� s+ 1)
+

(�� s)�

(�� s+ 3)

�
dsjjf jjC�([0;1];H)

M23

�Z
0

�
1

(�� s+ 1)1��
+

1

(�� s+ 3)1��

�
dsjjf jjC�([0;1];H)

� M24

�
jjf jjC�([0;1];H):

Next, let us estimate z1��
Be�zBJ7H :

z1��
Be�zBJ7H � z1��jjP�1jjH!H jjT 2jjH!H

�
�Z
0

(jjB2e�(��s+1+z)BjjH!H + jjB2e�(��s+z+3)BjjH!H)jjf(s)� f(�)jjHds

� z1��M25

�Z
0

�
(�� s)�

(�� s+ 1)2
+

(�� s)�

(�� s+ 3)2

�
dsjjf jjC�([0;1];H)

� M26

1� �
jjf jjC�([0;1];H):

Hence, we get

kJ7kE� �
M24

�
jjf jjC�([0;1];H) +

M26

1� �
jjf jjC�([0;1];H) �

M27

�(1� �)
jjf jjC�([0;1];H):

Therefore,

kJ7kE� �M jjf jjC�([0;1];H):

Now, let us estimate J8. Estimates (2.2), (2.5) and the de�nition of the norm of space

C� ([0; 1] ; H) give

kJ8kH � jjP�1jjH!H jjT 2jjH!H

�j�j
1Z
�

(jjBe�(s��+1)BjjH!H + jjBe�(s��+3)BjjH!H)jjf(s)� f(�)jjHds

�M28

1Z
�

�
(s� �)�

(s� �+ 1)
+

(s� �)�

(s� �+ 3)

�
dsjjf jjC�([0;1];H)
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� M29

�
jjf jjC�([0;1];H)

Now, let us estimate z1�� kBe�zJ8kH :

z1��
Be�zJ8H � z1��jjP jjH!H jjT 2jjH!H j�j

�
1Z
�

(jjB2e�(s��+1+z)BjjH!H + jjB2e�(s��+3+z)Bjj)jjf(s)� f(�)jjHds

� z1��M30

1Z
�

�
(s� �)�

(s� �+ 1 + z)2
+

(s� �)�

(s� �+ 3 + z)2

�
dsjjf jjC�([0;1];H)

� M31

1� �
jjf jjC�([0;1];H)

So,

kJ7kE� �
M29

�
jjf jjC�([0;1];H) +

M31

1� �
jjf jjC�([0;1];H)

� M32

�(1� �)
jjf jjC�([0;1];H):

Therefore,

kJ8kE� �M jjf jjC�([0;1];H):

Combining the estimates for Jk, for k = 1; � � �; 8 in E�(B;H) and (2.11) , we get (2.12).

Second, we will estimate kAu(1)� f(1)kE�(H;B) :

Applying the formula (2.10), we can write

Au(1)� f(1) = �
�
I � �T (e�(1��)B � e�(1+�)B)

��1
�

8<:�T 2(I + e�2B)

24 1Z
0

Be�(1�s)B(f(s)� f(1))ds+

1Z
0

Be�(1�s)Bf(1)ds

�
1Z
0

Be�(1+s)B(f(s)� f(0))ds�
1Z
0

Be�(1+s)Bf(0)ds

35
+T 2

�

2
(I + e�2B)

�
e�(1��)B + e�(1+�)B

�
�

24 1Z
0

Be�(1�s)B(f(s)� f(1))ds+

1Z
0

Be�(1�s)Bf(1)ds

�
1Z
0

Be�(1+s)B(f(s)� f(0))ds�
1Z
0

Be�(1+s)Bf(s)ds

35
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+2T 2

24 1Z
0

Be�(3�s)B(f(s)� f(1))ds+

1Z
0

Be�(3�s)Bf(1)

�
1Z
0

Be�(1+s)B(f(s)� f(0))ds�
1Z
0

Be�(1+s)Bf(0)ds

��T 2
�
e��B � e�(2��)B

�24 1Z
0

Be�(2�s)B(f(s)� f(1))ds+

1Z
0

Be�(2�s)Bf(1)ds

�
1Z
0

Be�sB(f(s)� f(0))ds�
1Z
0

Be�sBf(0)ds

+T
�

2
(I + e�2B)

0@� �Z
0

Be�(��s)B(f(s)� f(�))ds�
�Z
0

Be�(��s)Bf(�)ds

+

1Z
�

Be�(s��)B(f(s)� f(�))ds+

1Z
�

Be�(s��)Bf(�)ds

+

1Z
0

Be�(s+�)B(f(s)� f(0))ds+

1Z
0

Be�(s+�)Bf(0)ds

�
�
�2TBe�B + �TB

�
e��B � e�(2��)B

��
'� TB(I + e�2B) 

	
:

Using identities (2.14) and (2.15), we get

Au(1)� f(1) = P�1T 2
��
�e�B + e�2B + e�3B � e�4B

+�

�
3

2

�
e�(1��)B � e�(1+�)B � e�(3��)B + e�(3+�)B

���
�1
2

�
e�(2��)B � e�(2+�)B � e�(4��)B + e�(4+�)B

���
f(1)

�
�
�e�B + e�2B + e�3B � e�4B

��
2

�
�e�(1+�)B � e�(2��)B + e�(2+�)B � e�(3��)B � e�(3+�)B

+e�(4��)B + e�(5��)B + 2e�(1�2�)B + 2e�(3�2�)B
��
f(0)

��
2

�
�e�(1��)B + 2e�(3��)B + e�(4+�)B � e�(5��)B

�
f(�)

�e��B(f(�)� f(0))

+
�
B � e�4BB � 2e�BB'+ 2e�3BB'

+�
�
e��B � e�(2��)B + e�(2+�)B + e�(4��)B

�
B'
�
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+

1Z
0

B(e�(1�s)B � e�(3�s)B)(f(s)� f(1))ds

��
2

�
e�(1��)B + e�(1+�)B

� 1Z
0

B(e�(1�s)B + e�(3�s)B)(f(s)� f(1))ds

+�
�
e��B + e�(2��)B

� 1Z
0

Be�(2�s)B(f(s)� f(1))ds

�
1Z
0

B(e�(3+s)B � e�(1+s)B)(f(s)� f(0))ds

+
�

2

�
e�(1��)B + e�(1+�)B

� 1Z
0

B(e�(3+s)B + e�(1+s)B)(f(s)� f(0))ds

+
�

2
(I � e�2B)

1Z
0

B(e�(s+�)B � e�(s+�+2)B)(f(s)� f(0))ds

��
�
e��B + e�(2��)B

� 1Z
0

Be�sB(f(s)� f(0))ds

��
2
(I � e�2B)

�Z
0

B(e�(��s)B + e�(��s+2)B)(f(s)� f(�))ds

��
2
(I � e�2B)

1Z
�

B(e�(s��)B + e�(s��+2)B)(f(s)� f(�))ds

9=;
= F1 + F2 + F3 + F4 + F5 + F6 + F7 + F8 + F9 + F10 + F11:

Here

F1 = P�1T 2
��
�e�B + e�2B + e�3B � e�4B

+�

�
3

2

�
e�(1��)B � e�(1+�)B � e�(3��)B + e�(3+�)B

���
�1
2

�
e�(2��)B � e�(2+�)B � e�(4��)B + e�(4+�)B

���
f(1)

�
�
�e�B + e�2B + e�3B � e�4B

��
2

�
�e�(1+�)B � e�(2��)B + e�(2+�)B � e�(3��)B � e�(3+�)B

+e�(4��)B + e�(5��)B + 2e�(1�2�)B + 2e�(3�2�)B
��
f(0)

��
2

�
�e�(1��)B + 2e�(3��)B + e�(4+�)B � e�(5��)B

�
f(�)

�e��B(f(�)� f(0))
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F2 = P�1T 2
�
B � e�4BB � 2e�BB'+ 2e�3BB'

+�
�
e��B � e�(2��)B + e�(2+�)B + e�(4��)B

�
B'
�

F3 = P�1T 2
1Z
0

B(e�(1�s)B � e�(3�s)B)(f(s)� f(1))ds

F4 = �P�1T 2
�

2

�
e�(1��)B + e�(1+�)B

�
�

1Z
0

B(e�(1�s)B + e�(3�s)B)(f(s)� f(1))ds

F5 = P�1T 2�
�
e��B + e�(2��)B

� 1Z
0

Be�(2�s)B(f(s)� f(1))ds

F6 = �P�1T 2
1Z
0

B(e�(3+s)B � e�(1+s)B)(f(s)� f(0))ds

F7 = �P�1T 2
�

2

�
e�(1��)B + e�(1+�)B

�
�

1Z
0

B(e�(3+s)B + e�(1+s)B)(f(s)� f(0))ds

F8 = �P�1T 2
�

2
(I � e�2B)

�
1Z
0

B(e�(s+�)B � e�(s+�+2)B)(f(s)� f(0))ds

F9 = �P�1T 2�
�
e��B + e�(2��)B

� 1Z
0

Be�sB(f(s)� f(0))ds

F10 = �P�1T 2
�

2
(I � e�2B)

�
�Z
0

B(e�(��s)B + e�(��s+2)B)(f(s)� f(�))ds

F11 = �P�1T 2
�

2
(I � e�2B)

�
1Z
�

B(e�(s��)B + e�(s��+2)B)(f(s)� f(�))ds:

Second, let us estimate Fk for k = 1; 2; � � �; 11 separately. We start with F1: Using the

estimates (2.2) and (2.5), we obtain

kF1kH � jjP�1jjH!H jjT 2jjH!H
��
jj � e�B + e�2BjjH!H + jje�3B � e�4BjjH!H
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+j�j
�
3

2

�
jje�(1��)B � e�(1+�)BjjH!H + jje�(3��)B � e�(3+�)BjjH!H

��
+
1

2

�
jje�(2��)B � e�(2+�)BjjH!H + jje�(4��)B � e�(4+�)BjjH!H

���
jjf(1)jjH

+
�
jj � e�B + e�2BjjH!H + jje�3B � e�4BjjH!H

+
j�j
2

�
jje�(1+�)BjjH!H + jje�(2��)BjjH!H + jje�(2+�)BjjH!H

+jje�(3��)BjjH!H + jje�(3+�)BjjH!H + jje�(4��)BjjH!H + jje�(5��)BjjH!H
�

+2jje�(1�2�)BjjH!H + 2jje�(3�2�)BjjH!H
��
jjf(0)jjH

+
j�j
2

�
jje�(1��)BjjH!H + 2jje�(3��)BjjH!H

+jje�(4+�)BjjH!H + jje�(5��)BjjH!H
�
jjf(�)jjH

+jje��B(f(�)� f(0))jjH
	

�M1max
0�t�1

jjf(t)jj �M jjf jjC�([0;1];H):

Thus,

kF1kH �M jjf jjC�([0;1];H):

Now, let us estimate z1��
Be�zBF1H :

z1��
Be�zBF1H � z1��jjP�1jjH!H jjT 2jjH!H

�
��
jjB(�e�(z+1)B + e�(2+z)B)jjH!H + jjB(e�(3+z)B � e�(4+z)B)jjH!H

+j�j3
2

�
jjB(e�(1��+z)B � e�(1+�+z)B)jjH!H

+jjB(e�(3��+z)B � e�(3+�+z)B)jjH!H
�

+
1

2

�
jjB(e�(2��+z)B � e�(2+�+z)B)jjH!H

+jjB(e�(4��+z)B � e�(4+�+z)B)jjH!H
��
jjf(1)jjH

+
�
jjB(�e�(1+z)B + e�(2+z)B)jjH!H + jjB(e�(3+z)B � e�(4+z)B)jjH!H

+
j�j
2

�
jjBe�(1+�+z)BjjH!H + jjBe�(2��+z)BjjH!H

+jjBe�(2+�+z)BjjH!H + jjBe�(3��+z)BjjH!H

+jjBe�(3+�+z)BjjH!H + jjBe�(4��+z)BjjH!H + jjBe�(5��+z)BjjH!H

+2jjBe�(1�2�+z)BjjH!H + 2jjBe�(3�2�+z)BjjH!H
��
jjf(0)jjH

+
j�j
2

�
jjBe�(1��+z)BjjH!H + 2jjBe�(3��+z)BjjH!H

+jjBe�(4+�+z)BjjH!H + jjBe�(5��+z)BjjH!H
�
jjf(�)jjH
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+jjBe�(�+z)BjjH!H jjf(�)� f(0))jjH
	

�M2z
1��
�
2

z + 1
+

2

z + 3
+ �

�
4

z � �+ 1

+
2

z � �+ 2
+

6

z � �+ 3
+

2

z � �+ 4

+
2

z � �+ 5
+

1

z + 1
+

1

z + 3
+

1

z + �+ 1

+
1

z + �+ 2
+

1

z + �+ 3
+

1

z + �+ 4

+
2

z � 2�+ 1 +
2

z � 2�+ 3

��
max
0�t�1

jjf(t)jjH +Mz1��
1

z + �
��jjf jjC�([0;1];H)

�M2

�
2 � 1�� + 4 � 3�� + �(4(1� �)�� + 2(2� �)��

+6(3� �)�� + 2(4� �)�� + 2(5� �)�� + (2 + �)��

+(3 + �)�� + (4 + �)��

+2(1� 2�)�� + 2(3� 2�)��
�
jjf jjC�([0;1];H) +M jjf jjC�([0;1];H)

�M jjf jjC�([0;1];H):

Hence,

kF1kE� �M jjf jjC�([0;1];H):

Next, let us estimate F2. Using the estimates (2.2) and (2.5), we get

kF2kH � jjP�1jjH!H jjT 2jjH!H

�
�
jjB jjH + jje�4BB jjH + 2jje�BB'jjH + 2jje�3BB'jjH

+j�j
�
jje��B � e�(2+�)BjjH!H + jje�(2��)B � e�(4��)BjjH!H

�
jjB'jjH

�M [jjB'jjE� + jjB jjE� ] :

Thus,

kF2kH �M [jjB'jjE� + jjB jjE� ] :

Let us now estimate z1��
Be�zBF2H :

z1��
Be�zBF2H � z1��jjP�1jjH!H jjT 2jjH!H

�
�
jjBe�zjjH!H jjB jjH � jjBe�(4+z)BjjH!H jjB jjH

�2jjBe�(z+1)BjjH!H jjB'jjH + 2jjBe�(3+z)BjjH!H jjB'jjH
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+j�j
�
jjB(e�(�+1+z)B � e�(2+�+z)B)jjH!H

�jjB(e�(2��+z)B � e�(4��+z)B)jjH!H
�
jjB'jjH

�M [jjB'jjE� + jjB jjE� ] :

Therefore,

kF2kE� �M [jjB'jjH + jjB jjH ] :

Now, let us estimate F3. Using estimates (2.2) and (2.5), we get

kF3kH � jjP�1jjH!H jjT 2jjH!H

�
1Z
0

(jjBe�(1�s)Bjj+ jjBe�(3�s)Bjj)jjf(s)� f(1)jjds

�M3

1Z
0

�
(1� s)�

1� s
+
(1� s)�

3� s

�
dsjjf jjC�([0;1];H)

�M3

1Z
0

�
1

(1� s)1��
+

1

(3� s)1��

�
dsjjf jjC�([0;1];H)

� M4

�
jjf jjC�([0;1];H):

Hence,

kF3kH �
M4

�
jjf jjC�([0;1];H):

Next, let us estimate z1��
Be�zBF3H

z1��
Be�zBF3H � z1��jjP�1jjH!H jjT 2jjH!H

�
1Z
0

(jjB2e�(1�s+z)Bjj+ jjB2e�(3�s+z)Bjj)jjf(s)� f(1)jjds

�M5z
1��

0@ 1Z
0

(1� s)�

(1� s+ z)2
+

(1� s)�

(3� s+ z)2

1A jjf jjC�([0;1];H)ds
�M5z

1��

0@ 1Z
0

1

(1� s+ z)2��
+

1

(3� s+ z)2��

1A jjf jjC�([0;1];H)
� M6

1� �
jjf jjC�([0;1];H):

Thus, we proved that

kF3kE� �
M4

�
jjf jjC�([0;1];H) +

M6

1� �
jjf jjC�([0;1];H)
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� M7

� (1� �)
jjf jjC�([0;1];H):

Therefore,

kF3kE� �M jjf jjC�([0;1];H):

Now, let us estimate F4. Using the estimates (2.2) and (2.5), we obtain

kF4kH � jjP jjH!H jjT 2jjH!H
j�j
2
jje�(1��)B + e�(1+�)Bjj

�
1Z
0

(jjB(e�(1�s)Bjj+ jjBe�(3�s)Bjj)jjf(s)� f(1)jjds

�M8

1Z
0

�
(1� s)�

1� s
+
(1� s)�

3� s

�
dsjjf jjC�([0;1];H)

� M9

�
jjf jjC�([0;1];H):

Hence,

kF4kH �
M9

�
jjf jjC�([0;1];H):

Next, we estimate z1��
Be�zBF4H :

z1��
Be�zBF4H � z1��jjP jjH!H jjT 2jjH!H

j�j
2
jje�(1��)B + e�(1+�)Bjj

�
1Z
0

(jjB2(e�(1�s+z)Bjj+ jjB2e�(3�s+z)Bjj)jjf(s)� f(1)jjds

�M10

1Z
0

�
(1� s)�

(1� s+ z)2
� (1� s)�

(3� s+ z)2

�
dsjjf jjC�([0;1];H)

�M10

1Z
0

�
1

(1� s+ z)2��
� 1

(3� s+ z)2��

�
dsjjf jjC�([0;1];H)

� M11

1� �
jjf jjC�([0;1];H):

Thus,

kF4kE� �
M9

�
jjf jjC�([0;1];H) +

M11

1� �
jjf jjC�([0;1];H)

� M12

� (1� �)
jjf jjC�([0;1];H):

Therefore,

kF4kE� �M jjf jjC�([0;1];H):



34

Now, let us estimate F5. Using estimates (2.2) and (2.5), we get

kF5kH � jjP�1jjH!H jjT 2jjH!H j�jjje��B + e�(2��)BjjH!H

�
1Z
0

jjBe�(2�s)BjjH!H jjf(s)� f(1)jjds

�M13

1Z
0

(1� s)�

(2� s)
jjf jjC�([0;1];H)ds �M13

1Z
0

ds

(2� s)1��
jjf jjC�([0;1];H)

� M14

�
jjf jjC�([0;1];H):

Next, let us estimate z1��
Be�zBF5H :

z1��
Be�zBF5H : � z1��jjP�1jjH!H jjT 2jjH!H j�jjjB(e��B + e�(2��)B)jjH!H

�
1Z
0

jjB2e�(2�s+z)BjjH!H jjf(s)� f(1)jjH!Hds

�M15

1Z
0

(1� s)�

(2� s+ z)2
jjf jjC�([0;1];H)ds

�M15

1Z
0

ds

(2� s+ z)2��
jjf jjC�([0;1];H) �

M16

1� �
jjf jjC�([0;1];H):

So,

kF5kE� �
M14

�
jjf jjC�([0;1];H) +

M16

1� �
jjf jjC�([0;1];H)

� M17

� (1� �)
jjf jjC�([0;1];H):

Therefore,

kF5kE� �M jjf jjC�([0;1];H):

Let us now estimate F6. Using estimates (2.2) and (2.5), we obtain

kF6kH � jjP jjH!H jjT 2jjH!H

�
1Z
0

(jjBe�(3+s)BjjH!H � jjBe�(1+s)BjjH!H)jjf(s)� f(0)jjHds

�M18

1Z
0

�
s�

(3 + s)
+

s�

(1 + s)

�
dsjjf jjC�([0;1];H)

�M18

1Z
0

�
1

(3 + s)1��
+

1

(1 + s)1��

�
dsjjf jjC�([0;1];H)
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� M19

�
jjf jjC�([0;1];H):

Now, let us estimate z1��
Be�zBF6H :

z1��
Be�zBF6H � z1��jjP�1jjH!H jjT 2jjH!H

�
1Z
0

(jjB2e�(3+s+z)BjjH!H + jjB2e�(1+s+z)BjjH!H)jjf(s)� f(0)jjHds

� z1��M20

1Z
0

�
s�

(3 + s+ z)2
+

s�

(3 + s+ z)2

�
dsjjf jjC�([0;1];H)

� z1��M20

1Z
0

�
1

(3 + s+ z)2��
+

1

(1 + s+ z)2��

�
dsjjf jjC�([0;1];H)

� M21

1� �
jjf jjC�([0;1];H):

Thus

kF6kE� �
M19

�
jjf jjC�([0;1];H) +

M21

1� �
jjf jjC�([0;1];H)

� M22

� (1� �)
jjf jjC�([0;1];H):

Therefore,

kF6kE� �M jjf jjC�([0;1];H):

Let us estimate F7.

kF7kE� = kF7kH + sup
z>0

z1��
Be�zBF7H :

Using estimates (2.2) and (2.5), we obtain

kF7kH � jjP�1jjH!H jjT 2jjH!H
j�j
2
jje�(1��)B + e�(1+�)BjjH!H

�
1Z
0

(jjBe�(3+s)BjjH!H + jjBe�(1+s)BjjH!H)jjf(s)� f(0)jjHds

�M23

1Z
0

�
s�

(3 + s)
+

s�

(1 + s)

�
dsjjf jjC�([0;1];H)

�M23

1Z
0

�
1

(3 + s)1��
+

1

(1 + s)1��

�
dsjjf jjC�([0;1];H)

� M24

�
jjf jjC�([0;1];H):
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Next, let us estimate z1��
Be�zBF7H :

z1��
Be�zBF7H � z1��jjP�1jjH!H jjT 2jjH!H

j�j
2
jje�(1��)B + e�(1+�)BjjH!H

�
1Z
0

(jjB2e�(3+s+z)BjjH!H + jjB2e�(1+s+z)BjjH!H)jjf(s)� f(0)jjHds

�M25

1Z
0

�
s�

(3 + s+ z)2
+

s�

(1 + s+ z)2

�
dsjjf jjC�([0;1];H)

�M25

1Z
0

�
1

(3 + s+ z)2��
+

1

(1 + s+ z)2��

�
jjf jjC�([0;1];H)

� M26

1� �
jjf jjC�([0;1];H):

Hence,

kF7kE� �
M24

�
jjf jjC�([0;1];H) +

M26

1� �
jjf jjC�([0;1];H)

� M27

� (1� �)
jjf jjC�([0;1];H):

Thus,

kF7kE� � N jjf jjC�([0;1];H):

Now, let us estimate F8. Using estimates (2.2) and (2.5), we obtain

kF8kH � jjP�1jjH!H jjT 2jjH!H
j�j
2
jjI � e�2BjjH!H

�
1Z
0

(jjBe�(s+�)BjjH!H + jjBe�(s+�+2)BjjH!H)jjf(s)� f(0)jjHds

�M28

1Z
0

�
s�

(s+ �)
+

s�

(s+ �+ 2)

�
dsjjf jjC�([0;1];H)

�M28

1Z
0

�
1

(s+ �)1��
+

1

(s+ �+ 2)1��

�
dsjjf jjC�([0;1];H)

� M29

�
jjf jjC�([0;1];H)

Now, we estimate z1��
Be�zBF8H :

z1��
Be�zBF8H � z1��jjP jjH!H jjT 2jjH!H

j�j
2
jjI � e�2BjjH!H

�
1Z
0

(jjB2e�(s+�+z)BjjH!H + jjB2e�(s+�+z+2)BjjH!H)jjf(s)� f(0)jjHds
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� z1��M30

1Z
0

�
s�

(�+ s+ z)2
+

s�

(�+ s+ z + 2)2

�
dsjjf jjC�([0;1];H)

� z1��M30

1Z
0

�
1

(�+ s+ z)2��
+

1

(�+ s+ z + 2)2��

�
dsjjf jjC�([0;1];H)

� M31

1� �
jjf jjC�([0;1];H):

So,

kF8kE� �
M29

�
jjf jjC�([0;1];H) +

M31

1� �
jjf jjC�([0;1];H)

� M32

� (1� �)
jjf jjC�([0;1];H):

Therefore,

kF8kE� �M jjf jjC�([0;1];H):

Now, let us estimate F9. Using estimates (2.2) and (2.5), we get

kF9kH � jjP jjH!H jjT 2jjH!H j�jjje��B + e�(2��)BjjH!H

�
1Z
0

jjBe�sBjjH!H jjf(s)� f(0)jjHds

�M33

1Z
0

s�

s
dsjjf jjC�([0;1];H) �M33

1Z
0

ds

s1��
jjf jjC�([0;1];H)

� M34

�
jjf jjC�([0;1];H):

Now let us estimate z1��
Be�zBF9H :

z1��
Be�zBF9H � z1��jjP�1jjH!H jjT 2jjH!H j�jjje��B + e�(2��)BjjH!H

�
1Z
0

jjB2e�(s+z)BjjH!H jjf(s)� f(0)jjHds

� z1��M35

1Z
0

s�

(s+ z)2
dsjjf jjC�([0;1];H)

� z1��M35

1Z
0

ds

(s+ z)2��
jjf jjC�([0;1];H) �

M36

1� �
jjf jjC�([0;1];H):

Hence,

kF9kE� �
M34

�
jjf jjC�([0;1];H) +

M36

1� �
jjf jjC�([0;1];H)
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� M37

� (1� �)
jjf jjC�([0;1];H):

Therefore,

kF9kE� �M jjf jjC�([0;1];H):

We now estimate F10. Using estimates (2.2) and (2.5), we obtain

kF10kH � jjP jjH!H jjT 2jjH!H
j�j
2
jjI � e�2BjjH!H

�
�Z
0

(jjB(e�(��s)BjjH!H + jjBe�(��s+2)BjjH!H)jjf(s)� f(�)jjHds

�M38

�Z
0

�
(�� s)�

(�� s)
+

(�� s)�

(�� s+ 2)

�
dsjjf jjC�([0;1];H)

�M38

�Z
0

�
1

(�� s)1��
+

1

(�� s+ 2)1��

�
dsjjf jjC�([0;1];H)

� M39

�
jjf jjC�([0;1];H):

Now, let us estimate z1��
Be�zBF10H :

z1��
Be�zBF10H � z1��jjP jjH!H jjT 2jjH!H

j�j
2
jjI � e�2BjjH!H

�
�Z
0

(jjB2(e�(��s+z)BjjH!H + jjB2e�(��s+z+2)BjjH!H)jjf(s)� f(�)jjHds

�M40

�Z
0

�
(�� s)�

(�� s+ z)2
+

(�� s)�

(�� s+ z + 2)2

�
dsjjf jjC�([0;1];H)

�M40

�Z
0

�
1

(�� s+ z)2��
+

1

(�� s+ z + 2)2��

�
dsjjf jjC�([0;1];H)

� M41

1� �
jjf jjC�([0;1];H):

So,

kF10kE� �
M39

�
jjf jjC�([0;1];H) +

M41

1� �
jjf jjC�([0;1];H)

� M42

� (1� �)
jjf jjC�([0;1];H):

Thus,

kF10kE� �M jjf jjC�([0;1];H)
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Finally, let us estimate kF11kE� .

kF11kE� = kF11kH + sup
z>0

z1��
Be�zBF11H

kF11kH � jjP jjH!H jjT jjH!H
j�j
2
jjI � e�2BjjH!H

�
1Z
�

(jjB(e�(s��)BjjH!H + jjBe�(s��+2)BjjH!H jjf(s)� f(�)jjHds

�M43

1Z
�

�
(s� �)�

(s� �)2
+

(s� �)�

(s� �+ 2)2

�
dsjjf jjC�([0;1];H)

�M43

1Z
�

�
1

(s� �)2��
+

1

(s� �+ 2)2��

�
dsjjf jjC�([0;1];H)

� M45

1� �
jjf jjC�([0;1];H):

Now, let us estimate z1��
Be�zBF11H :

z1��
Be�zBF11H : � z1��jjP�1jjH!H jjT jjH!H

j�j
2
jjI � e�2BjjH!H

�
1Z
�

(jjB2(e�(s��+z)BjjH!H + jjB2e�(s��+z+2)BjjH!H jjf(s)� f(�)jjHds

�M46

1Z
�

�
(s� �)�

(s� �+ z)2
+

(s� �)�

(s� �+ z + 2)2

�
dsjjf jjC�([0;1];H)

�M46

1Z
�

�
1

(s� �+ z)2��
+

1

(s� �+ z + 2)2��

�
dsjjf jjC�([0;1];H)

� M47

1� �
jjf jjC�([0;1];H):

Hence, we proved that

kF11kE� �
M45

�
jjf jjC�([0;1];H) +

M47

1� �
jjf jjC�([0;1];H)

� M48

� (1� �)
jjf jjC�([0;1];H):

Therefore,

kF11kE� �M jjf jjC�([0;1];H):

Combining the estimates Fi for i = 1; � � �; 11 in E�(B;H) and (2.11), we get (2.13).

So, Theorem 2.1 is proved.



40

2.2 APPLICATIONS

We consider the mixed boundary value problem for the elliptic equation

8>>>>>>>>>>>>>>>>><>>>>>>>>>>>>>>>>>:

�utt � (a(x)ux)x + �u = f(t; x); 0 < t < 1; 0 < x < 1;

u(t; 0) = u(t; 1); ux(t; 1) = ux(t; 0); 0 � t � 1;

ut(0; x) = 0; ut(1; x) = �ut(�; x); 0 � x � 1;

0 � � < 1; j�j � 1;

(2.16)

where a(x) and f(t; x) are given su¢ ciently smooth functions a(x) � a > 0; � = const > 0:

The problem has a unique solution u(t; x). This allows us to reduce the mixed problem

(2.16) to the nonlocal boundary value problem (2.1) in a Hilbert space H = L2 [0; 1] with

a self-adjoint positive de�nite operator A de�ned by (2.16) .

Theorem 2.2. The solutions of the nonlocal boundary value problem (2.16) satisfy

the coercivity inequality

kuttkC�([0;1];L2[0;1]) + kukC�([0;1];W 2
2 [0;1])

� M

�(1� �)
kfkC�([0;1];L2[0;1]) :

Here M does not depend on f(t; x).

The proof of Theorem 2.2 is based on the abstract Theorem 2.1 and the symmetry

properties of the space operator generated by the problem.

Second, let 
 be the unit open cube in Rn(x = (x1; � � �; xn) : 0 < xk < 1; 1 � k � n)

with boundary S; 
 = 
 [ S. In [0; 1]�
, the Bitsadze-Samarskii type mixed boundary
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value problem for the multidimensional elliptic equation8>>>>>>>>>>>>><>>>>>>>>>>>>>:

�utt �
nP
r=1

(ar(x)uxr)xr + �u = f(t; x); 0 < t < 1; x = (x1; : : : ; xn) 2 
;

ut(0; x) = 0; ut(1; x) = �ut(�; x); x 2 
;

j�j � 1; 0 � � < 1; @u
@~n
(t; x) jx�S= 0:

(2.17)

is considered. The problem has unique smooth solution u(t; x) for the smooth �r(x) �

a > 0 (x 2 
) and f(t; x) (t 2 (0; 1); x 2 
) functions. This allows us to reduce the mixed

problem (2.17) to the nonlocal boundary problem (2.1) in a Hilbert space H = L2(
) of

the all integrable functions de�ned on 
; equipped with the norm

kfkL2(
) =

(R
:::
R
x2


jf(x)j2 dx1:::dxn

) 1
2

with a self -adjoint positive de�nite operator A de�ned by (2.17) .

Theorem 2.3. The solutions of the nonlocal boundary value problem (2.17) satisfy

the coercivity inequality

kuttkC�([0;1];L2(
)) + kukC�([0;1];W 2
2 (
))

� M

�(1� �)
kfkC�([0;1];L2(
)) :

Here M does not depend on f(t; x).

The proof of Theorem 2.3 is based on the abstract Theorem 2.1 and the symmetry

properties of the space operator generated by the problem (2.17) and the following theorem

on the coercivity inequality for the solution of the elliptic di¤erential problem in L2(
):

Theorem 2.4. For the solution of the elliptic di¤erential problem

�
nX
r=1

(ar(x)uxr)xr + �u = w(x); x 2 
;

@u

@~n
(x) = 0; x 2 S
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the following coercivity inequalities [Sobolevskii, P. E.,1975 ]

nX
r=1

kuxrxrkL2(
) �M kwkL2(
)

are valid.



CHAPTER 3

FIRST ORDER OF ACCURACY DIFFERENCE SCHEME

3.1 FIRSTORDEROFACCURACYDIFFERENCE SCHEME

Let us associate the nonlocal boundary- value problem (2.1) with the corresponding �rst

order of accuracy di¤erence scheme

8>>>>>>>>><>>>>>>>>>:

� 1
�2
[uk+1 � 2uk + uk�1] + Auk = fk; fk = f(tk); tk = k� ; 1 � k � N � 1;

u1�u0
�

= ';

uN�uN�1
�

= �
u
[�� ]+1

�u
[�� ]

�
+  ; N� = 1:

(3.1)

It is known that study of discretization over time only of the nonlocal boundary

value problem also permits one to include general di¤erence schemes in applications, if

the di¤erential operator in space variables, A is replaced by the di¤erence operators Ah

that act in the Hilbert spaces Hh and are uniformly self-adjoint positive de�nite in h for

0 � h � h0:

It is known (see [Krein,1966]) that for a self-adjoint positive de�nite operator A, it

follows that B = 1
2
(�A+

p
4A+ � 2A2) is self-adjoint positive de�nite and R = (I+�B)�1

which is de�ned on the whole space H is a bounded operator. Here; I is the identity

operator. Now, let us give some lemmas that will be needed below.

Lemma 3.1. The estimates hold (see [Ashyralyev A., and Sobolevskii P. E., 2004])e�k�A 1
2 �Rk


H�!H

� M�

k�
; k � 1; (3.2)

Rk
H!H �M(1 + ��)�k; k�

BRk
H!H �M; k � 1; � > 0; (3.3)

k B�(Rk+r �Rk) kH!H �M
(r�)�

(k�)�+�
; 1 � k < k + r � N; 0 � �; � � 1; (3.4)

jj(I �R2N)�1jjH!H �M: (3.5)

Lemma 3.2. Suppose A is the self-adjoint positive de�nite operator in Hilbert space

H. Then the following estimate holds (see [Sobolevskii P.E., 1977]):

43
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N�1X
j=1

(I �R)Rj�1

H!H �M min

�
ln(
1

�
); 1 + jln kBkH!H j

�
; (3.6)

where M does not depend on � :

Lemma 3.3. The operator

I �R2N�2 � �
�
RN�[

�
� ]�1 +RN+[

�
� ]�1

�
has an inverse

P� =
h
I �R2N�2 � �

�
RN�[

�
� ]�1 +RN+[

�
� ]�1

�i�1
and the following estimate is satis�ed (see[Öztürk E.,2008]) :

kP�kH�!H �M; (3.7)

where M is independent of � :

Lemma 3.4. For any fk; 1 � k � N � 1 the solution of the problem (3.1) exists and

the following formula holds

uk = (I �R2N)�1
��
Rk �R2N�k

�
'+

�
RN�k �RN+k

�
uN (3.8)

�
�
RN�k �RN+k

�
(2I + �B)�1B�1

N�1X
i=1

�
RN�1�i �RN�1+i

�
fi�g

+(2I + �B)�1B�1
N�1X
i=1

�
Rjk�ij�1 �Rk+i�1

�
fi� for k = 1; � � �; N � 1;

u0 = P� (I + �B)(2I + �B)�1B�1

�
("
(I +R)

 
RN�2

N�1X
i=1

�
RN�i �RN+i

�
fi�

+
h
I �R2N�1 � �

�
RN�[

�
� ]�1 +RN+[

�
� ]
�iN�1X

i=1

Ri�1fi�

!#

+
�
RN�1 +RN

�
�

264� [�� ]�1X
i=1

R[
�
� ]�ifi�

+

N�1X
i=[�� ]

Ri�[
�
� ]�1fi� +

N�1X
i=1

R[
�
� ]+ifi�

375
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�(I +R)2RN�2��f[�� ]

o
�P� (I �R)�1

h
I +R2N�1 � �

�
RN�[

�
� ]�1 +RN+[

�
� ]
�i
�'

+P� (I �R)�1(RN�1 +RN)� 

and

uN = �P� (I + �B)(2I + �B)�1B�1

�
nh
�(I +R) + �

�
RN�[

�
� ]�1 +RN+[

�
� ]�1

�i
�
N�1X
i=1

�
RN�i �RN+i

�
fi� � �(I +R2N�1)

�

264� [�� ]�1X
i=1

R[
�
� ]�ifi�

+
N�1X
i=[�� ]

Ri�[
�
� ]�1fi� +

N�1X
i=1

R[
�
� ]+ifi�

375
��(I +R2N�1)�(I +R)R�1f[�� ]

�
h
RN�1 �RN � �

�
R[

�
� ] +R2N�[

�
� ]�1

�iN�1X
i=1

(Ri�1 +Ri)fi�

)

�P� (I �R)�1
h
RN+1 +RN � �

�
R[

�
� ] +R2N�[

�
� ]�1

�i
'�

+P� (I �R)�1(I +R2N�1)� .

Proof. It is clear that the boundary value problem for the second order di¤erence

equation 8>>><>>>:
� 1
�2
[uk+1 � 2uk + uk�1] + Auk = fk; 1 � k � N � 1; N� = 1;

u0; uN are given

(3.9)

has a solution and the following formula holds (see[Sobolevskii P.E., 1977]):

uk = (I �R2N)�1
��
Rk �R2N�k

�
u0 +

�
RN�k �RN+k

�
uN (3.10)

�
�
RN�k �RN+k

�
(I + �B)(2I + �B)�1B�1

N�1X
i=1

�
RN�i �RN+i

�
fi�

)

+(I + �B)(2I + �B)�1B�1
N�1X
i=1

�
Rjk�ij �Rk+i

�
fi� :
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Applying formula (3.10) and nonlocal boundary conditions

u1 � u0 = �';

and

uN � uN�1 = �
�
u[�� ]+1

� u[�� ]

�
+ � ;

we obtain

(I �R2N)�1 (R� I) (I +R2N�1)u0 � (I �R2N)�1 (R� I)
�
RN�1 +RN

�
uN (3.11)

= (I �R2N)�1(I + �B)(2I + �B)�1B�1

�
"�
RN�1 �RN+1

�N�1X
i=1

�
RN�i �RN+i

�
fi�

�(I �R2N)
N�1X
i=1

�
Ri�1 �Ri+1

�
fi�

#
+ �'

and

�(I �R2N)�1 (I �R)
h
RN�1 +RN � �

�
R[

�
� ] +R2N�[

�
� ]�1

�i
u0 (3.12)

+(I �R2N)�1(I �R)
h
I +R2N�1 � �

�
RN�[

�
� ]�1 +RN+[

�
� ]
�i
uN

= (I �R2N)�1(I + �B)(2I + �B)�1B�1

�
h
R�1 �R� �(I �R)

�
RN�[

�
� ]�1 +RN+[

�
� ]
�iN�1X

i=1

�
RN�i �RN+i

�
fi�

+�(I + �B)(2I + �B)�1B�1

264(R� I)

[�� ]�1X
i=1

R[
�
� ]�ifi�

+(R�1 � I)

N�1X
i=[�� ]+1

Ri�[
�
� ]fi� � (R� I)

N�1X
i=1

R[
�
� ]+ifi�

375
+�(I + �B)(2I + �B)�1B�1(R� I)f[�� ]

� + � :

From (3.12) and (3.11) it follows

u0 = P� (I + �B)(2I + �B)�1B�1

(
(I +R)

"
RN�2

N�1X
i=1

�
RN�i �RN+i

�
fi� (3.13)

+
h
I �R2N�1 � �

�
RN�[

�
� ]�1 +RN+[

�
� ]
�iN�1X

i=1

Ri�1fi�

#

+
�
RN�1 +RN

�
�

264� [�� ]�1X
i=1

R[
�
� ]�ifi�
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+
N�1X
i=[�� ]

Ri�[
�
� ]�1fi� +

N�1X
i=1

R[
�
� ]+ifi�

375
+(I +R)2RN�2��f[�� ]

o
�P� (I �R)�1

h
I +R2N�1 � �

�
RN�[

�
� ]�1 +RN+[

�
� ]
�i
�'

+P� (I �R)�1(RN�1 +RN)� 

and

uN = �P� (I + �B)(2I + �B)�1B�1 (3.14)

�
nh
�(I +R) + �

�
RN�[

�
� ]�1 �RN+[

�
� ]�1

�i

�
N�1X
i=1

�
RN�i �RN+i

�
fi� � �(I +R2N�1)

264� [�� ]�1X
i=1

R[
�
� ]�ifi�

+
N�1X
i=[�� ]

Ri�[
�
� ]�1fi� +

N�1X
i=1

R[
�
� ]+ifi�

375
��(I +R2N�1)�(I +R)R�1f[�� ]

�
h
RN�1 �RN � �

�
R[

�
� ] +R2N�[

�
� ]�1

�iN�1X
i=1

(Ri�1 +Ri)fi�

)

�P� (I �R)�1
h
RN+1 +RN � �

�
R[

�
� ] +R2N�[

�
� ]�1

�i
'�

+P� (I �R)�1(I +R2N�1)� :

Lemma 3.4 is proved.

Let F([0; 1]� ; H) be the linear space of mesh functions f � = ffkg
N�1
1 with values in

the Hilbert space H. We denote C([0; 1]� ; H) and C
�([0; 1]� ; H); 0 < � < 1 Banach spaces

with the norms

kf �kC([0;1]� ;H) = max
1�k�N�1

kfkkH ;

kf �kC�([0;1]� ;H) = kf
�kC([0;1]� ;H)

+ sup
1�k�k+r�N�1

kfk+r � fkkH
(r�)�

The nonlocal boundary value problem (3.1) is said to be stable in F([0; 1]� ; H) if we have

the inequality

ku�kF([0;1]� ;H) �M
h
kf �kF([0;1]� ;H) + k'kH + k kH

i
;
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where M does not depend on f � ; ';  and � :

Theorem 3.1. The solution of the di¤erence scheme (3.1) satisfy the stability esti-

mate

ku�kC([0;1]� ;H) �M
h
kf �kC([0;1]� ;H) + k'kH + k kH

i
; (3.15)

where M does not depend on f � ; ';  and � :

Proof. By [Sobolevskii, P. E.]

ku�kC([0;1]� ;H) �M
h
kf �kC([0;1]� ;H) + ku0kH + kRuNkH

i
(3.16)

is proved for the solution of di¤erence scheme (3.1). Then, the proof of (3.15) is based on

(3.16) and on the estimates

ku0kH �M
h
kf �kC([0;1]� ;H) + k'kH + k kH

i
and

kRuNkH �M
h
kf �kC([0;1]� ;H) + k'kH + k kH

i
: (3.17)

Using formula (3.8) and estimates (3.3), (3.4), (3.5) and (3.7), we get

ku0kH � kP�kH!H jj(I + �B)(2I + �B)�1jjH!H jjB�1jjH!H (3.18)

�
(
jjI +RjjH!H

"
jjRN�2jjH!H

N�1X
i=1

�
jjRN�ijjH!H + jjRN+ijjH!H

�
jjfijjH�

+
h
jjI �R2N�1jjH!H + j�j

�
jjRN�[

�
� ]�1jjH!H + jjRN+[

�
� ]jjH!H

�i
�

N�1X
i=1

jjRi�1jjH!H jjfijjH�
!#

+
�
jjRN�1jjH!H + jjRN jjH!H

�
j�j

�

264[�� ]�1X
i=1

jjR[
�
� ]�ijjH!H jjfijjH� +

N�1X
i=[�� ]

jjRi�[
�
� ]�1jjH!H jjfijjH�

+

N�1X
i=1

jjR[
�
� ]+ijjH!H jjfijjH�

#
+jj(I +R)2jjH!H jjRN�2jjH!H j�j� jjfijjH

+jjP� jjH!H
�
jjI +R2N�1jjH!H

+j�j
�
jjRN�[

�
� ]�2jjH!H + jjRN+[

�
� ]�1jjH!H

�i
jj'jjH!H
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+jjP� jjH!H(jjRN�1jjH!H + jjRN jjH!H)jj jjH!H

�M

�
max

1�k�N�1
kfkkH + k'kH + k kH

�
and

kRuNkH � kP�kH!H jj(2I + �B)�1(I + �B)jjH!H jjB�1jjH!H

�
n
jjR +R2jjH!H + j�j

�
jjRN�[

�
� ]jjH!H + jjRN+[

�
� ]jjH!H

�
�
N�1X
i=1

�
jjRN�ijjH!H + jjRN+ijjH!H

�
jjfijjH�

+j�jjjR +R2N jjH!H

264[�� ]�1X
i=1

jjR[
�
� ]�ijjH!H jjfijjH�

+
N�1X
i=[�� ]

jjRi�[
�
� ]�1jjH!H jjfijjH�

+
N�1X
i=1

jjR[
�
� ]+ijjH!H jjfijjH�

#
+j�jjjI +R2N�1jjH!H� jjI +RjjH!H jjf[�� ]jjH

+
h
jjRN +RN+1jjH!H + j�j

�
jjR[

�
� ]+1jjH!H + jjR2N�[

�
� ]jjH!H

�i
�
N�1X
i=1

(jjRi�1jjH!H + jjRijjH!H)jjfijjH�
)

+jjP� jjH!H
�
jjRN+2jjH!H + jjRN+1jjH!H

+j�j
�
jjR[

�
� ]+1jjH!H + jjR2N�[

�
� ]jjH!H

�i
jj'jjH!H

+jjP� jjH!H jjR +R2N jjH!H jj jjH!H

�M

�
max

1�k�N�1
kfkkH + k'kH + k kH

�
:

Hence, Theorem 4.1 is proved.

Theorem 3.2. The solution of the di¤erence problem (3.1) in C([0; 1]
�
; H) obey the

almost coercive inequality

k f��2(uk+1 � 2uk + uk�1)gN�11 kC([0;1]� ;H) + k fAukg
N�1
1 kC([0;1]� ;H) (3.19)

�M

�
min

�
ln
1

�
; 1 + jln k B kH!H j

�
k f � kC([0;1]

�
;H) + kB'kH + kB kH

�
:

Here M does not depend on � ;  ; ' and fk; 1 � k � N � 1:
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Proof : By [Ashyralyev A, Sobolevskii P. E, 2004],

k f��2(uk+1 � 2uk + uk�1)gN�11 kC([0;1]
�
;H) + k fAukgN�11 kC([0;1]

�
;H) (3.20)

�M

�
min

�
ln
1

�
; 1 + jln k B kH!H j

�
k f � kC([0;1]

�
;H) + kAu0kH + kARuNkH

�
is proved for the solutions of the boundary value problem8>>><>>>:

� 1
�2
[uk+1 � 2uk + uk�1] + Auk = fk; 1 � k � N � 1;

u0; uN are given; N� = 1:

(3.21)

Using estimates (3.3), (3.5) and the formulas (3.13) and (3.14), we obtain

k Au0 kH (3.22)

�M1

�
min

�
ln
1

�
; 1 + jln k B kH!H j

�
k f � kC([0;1]� ;H) + kB'kH + jjB jjH

�
and

k ARuN kH (3.23)

�M1

�
min

�
ln
1

�
; 1 + jln k B kH!H j

�
k f � kC([0;1]� ;H) + kB'kH + jjB jjH

�
for solutions of the boundary value problem (3.1).

First, let us prove(3.22)

Au0 = J01 + J02 ;

where

J01 = �P�
nh
I +R2N�1 � �

�
RN�[

�
� ]�1 +RN+[

�
� ]
�i
B'

�
�
RN�1 �RN

�
B 
	
;

J02 = P� (I + �B)(2I + �B)�1

(
(I +R)

"
RN�1

N�1X
i=1

B
�
RN�i �RN+i

�
fi�

+
h
R�R2N � �

�
RN�[

�
� ] +RN+[

�
� ]+1

�iN�1X
i=1

BRi�1fi�

#

+
�
RN +RN+1

�
�

264� [�� ]�1X
i=1

BR[
�
� ]�ifi�
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+
N�1X
i=[�� ]

BRi�[
�
� ]�1fi� +

N�1X
i=1

R[
�
� ]+ifi�

375
+RN�1(I +R)2�B�f[�� ]

o
:

To this end it su¢ ces to show that

J01H �M1[kB'kH + kB kH ] (3.24)

and J02H �M1min

�
ln
1

�
; 1 + jln k B kH!H j

�
k f � kC([0;1]

�
;H): (3.25)

Estimate (3.24) follows from the estimates (3.4), and (3.7). Using estimates, we get

J01H � jjP� jjH!H jj��jjI +R2N�1jj

+j�j
�
jjRN�[

�
� ]�1jjH!H + jjRN+[

�
� ]jjH!H

�i
jjB'jjH!H

+
�
jjRN�1jjH!H + jjRN jjH!H

�
jjB jjH!H

	
�M1[kB'kH + kB kH ]:

Now, from estimates (3.4) and (3.7), we obtain

J02H � kP�kH!H jj(I + �B)(2I + �B)�1jjH!H

�
(
jjI +RjjH!H

"
jjRN�1jjH!H

N�1X
i=1

(jjBRN�ijjH!H + jjBRN+ijjH!H)jjfijjH�

+
h
jjIjjH!H + jjR2N�1jjH!H + j�j

�
jjRN�[

�
� ]�1jjH!H + jjRN+[

�
� ]jjH!H

�i
�
N�1X
i=1

jjBRijjH!H jjfijjH�
!#

+
�
jjRN�1jjH!H + jjRN jjH!H

�
j�j

�

264+ [�� ]X
i=1

jjBR[
�
� ]�i+1jjH!H jjfijjH�

+

N�1X
i=[�� ]+1

jjBRi�[
�
� ]jjH!H jjfijjH�
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+
N�1X
i=1

jjBR[
�
� ]+i+1jjH!H jjfijjH�

#
+jjBRN�1jjH!H jjI +R2jjH!H j�j� jjf[�� ]jjH

�M

N�1X
j=1

� jjBRj�1jjH!H jjf � jjC([0;1]� ;H):

From the last estimate and estimate (3.6), it follows estimate (3.25).

Second, let us prove (3.23).

ARuN = JN1 + JN2 ;

where

JN1 = �P�
nh
RN+2 +RN+1 � �

�
R[

�
� ]+1 +R2N�[

�
� ]
�i
B'

+
�
R +R2N

�
B 
	

JN2 = �P� (I + �B)(2I + �B)�1

�
(h
�(R2 +R) + �

�
RN�[

�
� ]+1 �RN+[

�
� ]+1

�iN�1X
i=1

B
�
RN�i �RN+i

�
fi�

+�
�
R +R2N

�264[�� ]�1X
i=1

BR[
�
� ]�i+1fi� �

N�1X
i=[�� ]

BRi�[
�
� ]fi�

�
N�1X
i=1

BR[
�
� ]+i+1fi�

#
+ �(I +R2N�1)BR�(I +R)f[�� ]

�
h
RN+1 +RN+2 � �

�
R[

�
� ]+2 +R2N�[

�
� ]+1

�i
�
N�1X
i=1

B
�
Ri�1 +Ri

�
fi�

)
:

To this end it su¢ ces to show that

JN1 H �M1[kB'kH + kB kH ] (3.26)

and JN2 H �M1min

�
ln
1

�
; 1 + jln k B kH!H j

�
k f � kC([0;1]

�
;H): (3.27)
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Estimate (3.26) follows from the estimates (3.4), and (3.7). Using the estimates we get,JN1 H � jjP� jjH!H ��jjRN+2jjH!H + jjRN+1jjH!H
+j�j

�
jjR[

�
� ]+1jjH!H + jjR2N�[

�
� ]jjH!H

�i
jjB'jjH!H

+jjR +R2N jjH!H jjB jjH!H
	

�M1[kB'kH + kB kH ]:

Now, from estimates (3.4) and (3.7), we obtainJN2 H � kP�kH!H jj(I + �B)(2I + �B)�1jjH!H

�
nh
jjR2 +RjjH!H + j�j

�
jjRN�[

�
� ]+1jjH!H + jjRN+[

�
� ]+1jjH!H

�i
�
N�1X
i=1

(jjBRN�ijjH!H + jjBRN+ijjH!H)jjfijjH�

+j�jjjR +R2N jjH!H

264 [�� ]X
i=1

jjBR[
�
� ]�i+1jjH!H jjfijjH�

+
N�1X

i=[�� ]+1

jjBRi�[
�
� ]jjH!H jjfijjH�

+
N�1X
i=1

jjBR[
�
� ]+i+1jjH!H jjfijjH�

#
+j�jjjI +R2N jjH!H jjRBjjH!H� jjf[�� ]jjH

+
h
jjRN+1jjH!H + jjRN+2jjH!H + j�j

�
jjR[

�
� ]+2jjH!H + jjR2N�[

�
� ]+1jjH!H

�i
�
N�1X
i=1

(jjBRi�1jjH!H + jjBRijjH!H)jjfijjH�
)

�M

N�1X
j=1

� jjBRjjjH!H jjf � jjC([0;1]� ;H):

From the last estimate and estimate (3.6), it follows estimate (3.27).

Hence, from estimates (3.22) and (3.23), Theorem 4.2 is proved.

Theorem 3.3. The di¤erence problem (3.1) is well posed in Hölder spacesC�([0; 1]� ; H)

and the following coercivity inequality holds:

k f��2(uk+1 � 2uk + uk�1)gN�11 kC�([0;1]� ;H) + k fAukg
N�1
1 kC�([0;1]� ;H) (3.28)
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�M
1

�(1� �)
kf �kC�([0;1]� ;H) +M [jjB'jjE�(B;H)+jjB jjE�(B;H)]:

Proof. By [Ashyralyev A, Sobolevskii P.E, 2004],

k f��2(uk+1 � 2uk + uk�1)gN�11 kC�([0;1]� ;H) (3.29)

�M
h
jjARu0 � f1jjE�(B;H)+jjARuN � fN�1jjE�(B;H)

+
1

�(1� �)
k f � kC�([0;1]� ;H)

�
is proved for the solutions of the nonlocal boundary value problem (3.21). The proof of

this theorem is based on the estimate (3.29) and

k ARu0 � f1 kE�(B;H) (3.30)

�M1

�
1

�(1� �)
k f � kC�([0;1]� ;H) +M jjB'jjE�(B;H)+jjB jjE�(B;H)

�
and

k ARuN � fN�1 kE�(B;H) (3.31)

�M1

�
1

�(1� �)
k f � kC�([0;1]� ;H) +M jjB'jjE�(B;H)+jjB jjE�(B;H)

�
:

Thus, we will prove (3.30) and (3.31) for the solutions of the nonlocal boundary value

problem (3.1).

First, applying the formula (3.13), we can write

Au0 � f1 = P� (I + �B)(2I + �B)�1

(
(I +R)

"
RN

 
N�1X
i=1

�BRN�i(fi � fN�1)

+
N�1X
i=1

�BRN�ifN�1 �
N�1X
i=1

�BRN+i(fi � f1)�
N�1X
i=1

�BRN+if1

!

+
h
R2 �R2N+1 � �

�
RN�[

�
� ]+1 +RN+[

�
� ]+2

�i
�
 
N�1X
i=1

�BRi�1(fi � f1) +

N�1X
i=1

�BRi�1f1

!#

�
�
RN +RN+1

�
�

264R [�� ]�1X
i=1

�BR[
�
� ]�i(fi � f[�� ]

) +R

[�� ]�1X
i=1

�BR[
�
� ]�if[�� ]

�
N�1X
i=[�� ]

�BRi�[
�
� ](fi � f[�� ]

)�
N�1X
i=[�� ]

�BRi�[
�
� ]f[�� ]
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�R
N�1X
i=1

�BR[
�
� ]+i(fi � f1)�R

N�1X
i=1

�BR[
�
� ]�if1

#

+(I +R)2RN�1�Bf[�� ]

o
� f1

�P�
h
R +R2N � �

�
RN�[

�
� ] +RN+[

�
� ]+2

�i
B'

+P�
�
RN +RN+1

�
B :

Using the simple formulas

[�� ]�1X
i=1

�BR[
�
� ]�i = I �R[

�
� ]�1; (3.32)

N�1X
i=[�� ]

�BRi�[
�
� ] = R�1

�
I �RN�[

�
� ]
�
; (3.33)

we obtain that

Au0 � f1 = P�
�
RN +RN+1

�
B 

�P�
h
R +R2N � �

�
RN�[

�
� ] +RN+[

�
� ]+2

�i
B'

+P� (I + �B)(2I + �B)�1(RN +RN+1)
N�1X
i=1

�BRN�i(fi � fN�1)

�P� (I + �B)(2I + �B)�1(RN +RN+1)
N�1X
i=1

�BRN+i(fi � f1)

+P� (I + �B)(2I + �B)�1(I +R)

�
h
R2 +R2N+1 � �

�
RN�[

�
� ]+1 +RN+[

�
� ]+2

�iN�1X
i=1

�BRi�1(fi � f1)

�P� (I + �B)(2I + �B)�1(RN+1 +RN+2)�

[�� ]�1X
i=1

�BR[
�
� ]�i(fi � f[�� ]

)

+P� (I + �B)(2I + �B)�1�(RN+1 +RN+2)
N�1X
i=1

�BR[
�
� ]+i(fi � f1)

+P� (I + �B)(2I + �B)�1(RN +RN+1)�

N�1X
i=[�� ]

�BRi�[
�
� ](fi � f[�� ]

)

+P� (I + �B)(2I + �B)�1(RN +RN+1)(I �RN�1)fN�1

+P� (I + �B)(2I + �B)�1(I +R)R�

�
h
RN �RN�2 +R[

�
� ]+N�1 �R2N�[

�
� ]�2 + (RN�1 +RN)BR

i
f[�� ]
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+P� (I + �B)(2I + �B)�1
�
R2N�1(I +RN)(I +R)

��
h
(I +R)(R2N+[

�
� ] �RN+[

�
� ]+1)

+(RN �R)(RN�[
�
� ]�1 +RN+[

�
� ]+2)

ii
f1

=
9X
z=1

Jzk ;

where

J1k = P�
�
RN +RN+1

�
B 

�P�
h
R +R2N � �

�
RN�[

�
� ] +RN+[

�
� ]+2

�i
B';

J2k = P� (I + �B)(2I + �B)�1(RN +RN+1)
N�1X
i=1

�BRN�i(fi � fN�1);

J3k = �P� (I + �B)(2I + �B)�1(RN +RN+1)
N�1X
i=1

�BRN+i(fi � f1);

J4k = P� (I + �B)(2I + �B)�1(I +R)

�
h
R2 +R2N+1 � �

�
RN�[

�
� ]+1 +RN+[

�
� ]+2

�iN�1X
i=1

�BRi�1(fi � f1);

J5k = P� (I + �B)(2I + �B)�1�(RN+1 +RN+2)
N�1X
i=1

�BR[
�
� ]+i(fi � f1);

J6k = �P� (I + �B)(2I + �B)�1(RN+1 +RN+2)�

[�� ]�1X
i=1

�BR[
�
� ]�i(fi � f[�� ]

)

+P� (I + �B)(2I + �B)�1(RN +RN+1)�
N�1X
i=[�� ]

�BRi�[
�
� ](fi � f[�� ]

);

J7k = P� (I + �B)(2I + �B)�1(RN +RN+1)(I �RN�1)fN�1;

J8k = P� (I + �B)(2I + �B)�1
�
R2N�1(I +RN)(I +R)

��
h
(I +R)(R2N+[

�
� ] �RN+[

�
� ]+1)

+(RN �R)(RN�[
�
� ]�1 +RN+[

�
� ]+2)

ii
f1;
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J9k = P� (I + �B)(2I + �B)�1(I +R)R�

�
h
RN �RN�2 +R[

�
� ]+N�1 �R2N�[

�
� ]�2 + (RN�1 +RN)BR

i
f[�� ]

:

Now let us estimate J�m = fJmk g
N�1
k=1 for m = 1; 2; 3,� � �; 9 seperately.We start with J1k :

Using estimates (3.3), (3.7), we get

J1kH = kP�kH!H �RNH!H + RN+1H!H� kB kH
+ kP�kH!H

�R +R2N

H!H

+ j�j
�RN�[�� ]

H!H
+
RN+[�� ]+2

H!H

�i
kB'kH

�M [kB'kE�(B;H) + kB kE�(B;H)]:

Thus, we proved J1kH �M [kB'kH + kB kH ]:

Now let us estimate z�jj(z +B)�1BJ1k jjH for any z > 0:

z�jj(z +B)�1BJ1k jjH � z� kP�kH!H�BRN
H!H +

BRN+1
H!H

� B(z +B)�1B 

H

+ kP�kH!H
�BRjj+ jjBR2N

H!H

+ j�j
�BRN�[�� ]

H!H
+
BRN+[�� ]+2

H!H

�i B(z +B)�1B'

H

�M2[kB'kH + kB kH ]:

Thus, we proved that

J1kE�(B;H) �M1[kB'kE�(B;H) + kB kE�(B;H)]:

Now, let us estimate J2k : Using estimates (3.3), (3.7), we obtain that

J2kH � kP�kH!H (I + �B)(2I + �B)�1

H!H

�(
RN

H!H +
RN+1

H!H)

N�1X
i=1

�
BRN�i

H!H kfi � fN�1kH!H

�M3

N�1X
i=1

�
((N � 1)� � i�)�

((N � 1)� i)�
kf �kC�([0;1]� ;H) :

The sum enclosed in the right- hand side square brackets is the lower Darboux integral

sum for the integral
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1Z
0

ds

(1� s)1��
:

It follows that

J2kH �M4
1

�
kf �kC�([0;1]� ;H) �M5

1

�(1� �)
kf �kC�([0;1]� ;H) :

Now let us estimate z�jj(z +B)�1BJ2k jjH for any z > 0:

z�jj(z +B)�1BJ2k jjH � z� kP�kH!H
(I + �B)(2I + �B)�1


H!H

(
BRN

H!H +
BRN+1

H!H)

N�1X
i=1

�
B(z +B)�1RN�i


H!H kfi � fN�1kH

�M6
z�

z + 1

N�1X
i=1

�
((N � 1)� � i�)�

((N � 1)� i)�
kf �kC�([0;1]� ;H) �M7

1

�(1� �)
kf �kC�([0;1]� ;H) :

So, we proved that J2kE�(B;H) �M1
1

�(1� �)
kf �kC�([0;1]� ;H) :

Now let us estimate J3k : Using estimates (3.3), (3.7), and the de�nition of the norm of

space C�([0; 1]� ; H), we get

J3kH � kP�kH!H (I + �B)(2I + �B)�1

H!H (

RN
H!H +

RN+1
H!H)

�
N�1X
i=1

�
�
jjBRN+ijjH!H

�
jjfi � f1jjH

�M5

N�1X
i=1

�

�
i�

(N + i)�

�
kf �kC�([0;1]� ;H)

The sum enclosed in the right- hand side square brackets is the lower Darboux integral

sum for the integral

1Z
0

ds

(1 + s)
= ln 2:

Thus, J3kH �M6 ln 2 kf �kC�([0;1]� ;H) �M kf �kC�([0;1]� ;H) :

Now let us estimate z�jj(z +B)�1BJ3k jjH for any z > 0:

z�jj(z +B)�1BJ3k jjH � z� kP�kH!H
(I + �B)(2I + �B)�1


H!H
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(
BRN

H!H +
BRN+1

H!H)

�
N�1X
i=1

�
�
jjB(z +B)�1R[

�
� ]+ijjH!H + jjB(z +B)�1RN+ijjH!H

�
jjfi � f1jjH

�M kf �kC�([0;1]� ;H) :

So, we proved that J3kE�(B;H) �M1 kf �kC�([0;1]� ;H) :

Then, we estimate J4k : Using the estimates (3.3), (3.7) and the de�nition of the norm

space C�([0; 1]� ; H); we obtain that

J4kH � kP�kH!H (I + �B)(2I + �B)�1

H!H k(I +R)kH!H

�
hR2 +R2N+1


H!H + j�j

�RN�[�� ]+1 +RN+[
�
� ]+2


H!H

�i
�
N�1X
i=1

�
BRi�1

H!H kfi � f1kH

�M7

N�1X
i=1

�(i� 1)�
�(i� 1) kf

�kC�([0;1]� ;H) �M
1

(1� �)
kf �kC�([0;1]� ;H) :

Now let us estimate z�jj(z +B)�1BJ4k jjH :

z�jj(z +B)�1BJ4k jjH � z� kP�kH!H
(I + �B)(2I + �B)�1


H!H k(I +R)kH!H

�
hR2 +R2N+1


H!H + j�j

�RN�[�� ]+1 +RN+[
�
� ]+2


H!H

�i
�
N�1X
i=1

�
B(z +B)�1Ri�1


H!H kfi � f1kH

�M8

N�1X
i=1

�(i� 1)�
�(i� 1) kf

�kC�([0;1]� ;H) �M
1

(1� �)
kf �kC�([0;1]� ;H) :

So, we proved that J4kE�(B;H) �M1
1

(1� �)
kf �kC�([0;1]� ;H) :

In a similar manner, we can prove thatJ5kH �M1 kf �kC�([0;1]� ;H);

Let us estimate J6k : Estimates (3.3), (3.7) and the de�nition of the norm spaceC
�([0; 1]� ; H)

give J6kH � kP�kH!H (I + �B)(2I + �B)�1

H!H

RN+1 +RN+2

H!H
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�j�j
[�� ]�1X
i=1

�
BR[�� ]�i

H!H

fi � f[�� ]


H

+ kP�kH!H
(I + �B)(2I + �B)�1


H!H

RN +RN+1

H!H

�j�j
N�1X
i=[�� ]

�
BRi�[�� ]

H!H

fi � f[�� ]


H

�M9

264[�� ]�1X
i=1

�

��
�
�

�
� i
��

(
�
�
�

�
� i)�

+

N�1X
i=[�� ]

�
(i�

�
�
�

�
)�

(i�
�
�
�

�
)�

375 kf �kC�([0;1]� ;H)
�M

1

(1� �)
kf �kC�([0;1]� ;H) :

Now let us estimate z�jj(z +B)�1BJ6k jjH :

z�jj(z +B)�1BJ6k jjH � z� kP�kH!H
(I + �B)(2I + �B)�1


H!H

�(
BRN jjH!H + jjBRN+1H!H)

�j�j
[�� ]�1X
i=1

�
B(z +B)�1R[

�
� ]�i

H!H

fi � f[�� ]


H

+ kP�kH!H
(I + �B)(2I + �B)�1


H!H

�BRN jjH!H + jjBRN+1H!H�
�j�j

N�1X
i=[�� ]

�
B(z +B)�1Ri�[

�
� ]

H!H

fi � f[�� ]


H

�M9

264[�� ]�1X
i=1

�

��
�
�

�
� i
��

(
�
�
�

�
� i)�

+
N�1X
i=[�� ]

�
(i�

�
�
�

�
)�

(i�
�
�
�

�
)�

375 kf �kC�([0;1]� ;H)
�M

1

(1� �)
kf �kC�([0;1]� ;H) :

So we proved that J6kE�(B;H) �M1
1

(1� �)
kf �kC�([0;1]� ;H) :

Now, let us estimate J7k : Using estimates (3.3), (3.7), we obtain thatJ7kH � kP�kH!H (I + �B)(2I + �B)�1

H!H

�
RN +RN+1


H!H

I �RN�1

H!H kfN�1kH

�M10 max
0<k<N

kfkkH �M kf �kC�([0;1]� ;H) :

Now let us estimate z�jj(z +B)�1BJ7k jjH :

z�jj(z +B)�1BJ7k jjH � z� kP�kH!H
(I + �B)(2I + �B)�1


H!H
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�
BRN jjH!H + jjBRN+1H!H I �RN�1


H!H kfNkH

�M11 max
0<k<N

kfkkH �M kf �kC�([0;1]� ;H) :

So, we proved that J7kE�(B;H) �M1 kf �kC�([0;1]� ;H) :

In a similar manner, we can prove that

J8kH �M1 kf �kC�([0;1]� ;H);

and J9kH �M1 kf �kC�([0;1]� ;H);

Combining estimates for Jmk , for m = 1; � � �; 9 in E�(B;H); (3.30) is proved.

Second, applying the formula (3.14), we can write

ARuN � fN�1 = �P�
h
RN+2 +RN+1 � �

�
R[

�
� ]+1 +R2N�[

�
� ]
�i
B'

+P� (R +R2N)B 

�P� (I + �B)(2I + �B)�1
nh
R2 +R + �

�
RN�[

�
� ]+1 �RN+[

�
� ]+1

�i
�
"
N�1X
i=1

�BRN�i(fi � fN�1) +
N�1X
i=1

�BRN�ifN�1

�
N�1X
i=1

�BRN+i(fi � f1)�
N�1X
i=1

�BRN+if1

#
��(R +R2N)(I �R)

�

264R [�� ]�1X
i=1

�BR[
�
� ]�i(fi � f[�� ]

) +R

[�� ]�1X
i=1

�BR[
�
� ]�if[�� ]

�
N�1X
i=[�� ]

�BRi�[
�
� ](fi � f[�� ]

)�
N�1X
i=[�� ]

�BRi�[
�
� ]f[�� ]

�R
N�1X
i=1

�BR[
�
� ]+i(fi � f1)�R

N�1X
i=1

�BR[
�
� ]+if1

#
��(I +R2N�1)R�B(I +R)f[�� ]

�
h
RN+1 +RN+2 � �

�
R[

�
� ]+2 +R2N�[

�
� ]+1

�i
(I �R2)

�
"
N�1X
i=1

�BRi�1(fi � f1) +
N�1X
i=1

�BRi�1f1

#)
� fN�1
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Now, using formulas (3.32) and (3.33), we obtain

ARuN � fN�1 = �P�
h
RN+2 +RN+1 � �

�
R[

�
� ]+1 +R2N�[

�
� ]
�i
B'

+P� (R +R2N)B 

�P� (I + �B)(2I + �B)�1

�
h
R2 +R + �

�
RN�[

�
� ]+1 �RN+[

�
� ]+1

�iN�1X
i=1

�BRN�i(fi � fN�1)

+P� (I + �B)(2I + �B)�1(R +R2N)�

�

264R [�� ]�1X
i=1

�BR[
�
� ]�i(fi � f[�� ]

)�
N�1X
i=[�� ]

�BRi�[
�
� ](fi � f[�� ]

)

375
+P� (I + �B)(2I + �B)�1(I +R)

�
h
R2 +R + �

�
RN�[

�
� ]+1 �RN+[

�
� ]+1

�iN�1X
i=1

�BRi�1(fi � f1)

+P� (I + �B)(2I + �B)�1

�
h
R2 +R + �

�
RN�[

�
� ]+1 �RN+[

�
� ]+1

�iN�1X
i=1

�BRN+i(fi � f1)

�P� (2I + �B)�1(R +R2N)�
N�1X
i=1

�BR[
�
� ]+i(fi � f1)

�P� (I + �B)(2I + �B)�1

�
h
R2 +R + �

�
RN�[

�
� ]+1 �RN+[

�
� ]+1

�i
(I �RN�1)fN�1

+P� (I + �B)(2I + �B)�1(I +R)

�
h
RN +RN+1 � �

�
R[

�
� ]+1 +R2N�[

�
� ]
�i
(RN�1 � I)f1

+P� (I + �B)(2I + �B)�1(I +R2N�1)�

�
h
2R2 �R�R[

�
� ]+1 +RN�[

�
� ]
i
f[�� ]

=

8X
z=1

F zk

where

F 1k = �P�
h
RN+2 +RN+1 � �

�
R[

�
� ]+1 +R2N�[

�
� ]
�i
B'

+P� (R +R2N)B 

F 2k = �P� (I + �B)(2I + �B)�1
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�
h
R2 +R + �

�
RN�[

�
� ]+1 �RN+[

�
� ]+1

�iN�1X
i=1

�BRN�i(fi � fN�1)

F 3k = P� (I + �B)(2I + �B)�1(R +R2N)�

�

264R [�� ]�1X
i=1

�BR[
�
� ]�i(fi � f[�� ]

)�
N�1X
i=[�� ]

�BRi�[
�
� ](fi � f[�� ]

)

375
F 4k = P� (I + �B)(2I + �B)�1(I +R)

�
h
R2 +R + �

�
RN�[

�
� ]+1 �RN+[

�
� ]+1

�iN�1X
i=1

�BRi�1(fi � f1)

F 5k = P� (I + �B)(2I + �B)�1

�
h
R2 +R + �

�
RN�[

�
� ]+1 �RN+[

�
� ]+1

�iN�1X
i=1

�BRN+i(fi � f1)

�P� (2I + �B)�1(R +R2N)�
N�1X
i=1

�BR[
�
� ]+i(fi � f1)

F 6k = P� (I + �B)(2I + �B)�1

�
h
R2 +R + �

�
RN�[

�
� ]+1 �RN+[

�
� ]+1

�i
(I �RN�1)fN

F 7k = P� (I + �B)(2I + �B)�1(I +R)

�
h
RN +RN+1 � �

�
R[

�
� ]+1 +R2N�[

�
� ]
�i
(RN � I)f1

F 8k = P� (I + �B)(2I + �B)�1(I +R2N�1)�

�
h
2R2 �R�R[

�
� ]+1 +RN�[

�
� ]
i
f[�� ]

Now let us estimate F �m = fJmk g
N�1
k=1 for m = 1; 2; 3,� � �; 8 seperately. We start with F 1k :

Using estimates (3.3), (3.7), we getF 1kH = kP�kH!H �RN+2 +RN+1

H!H

+j�j
�R[�� ]+1

H!H
+
R2N�[�� ]

H!H

�i
kB'kH

+ kP�kH!H
R +R2N


H!H kB kH

�M2[kB'kH + kB kH ]:

Thus, we proved F 1kH �M2[kB'kE�(B;H) + kB kE�(B;H)]:
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Now let us estimate z�jj(z +B)�1BF 1k jjH for any z>0.

z�jj(z +B)�1BF 1k jjH � z� kP�kH!H

�
�BRN+2jjH!H + jjBRN+1H!H

+j�j
�BR[�� ]+1

H!H
+
BR2N�[�� ]

H!H

�i B(z +B)�1B'

H

+ kP�kH!H
�RBjjH!H + jjBR2NH!H� B(z +B)�1B 


H

�M3[kB'kH + kB kH ]:

Thus, we proved that

F 1kE�(B;H) �M1[kB'kH + kB kH ]:

Now, let us estimate F 2k : Using estimates (3.3), (3.7), we obtain that

F 2kH � kP�kH!H (I + �B)(2I + �B)�1

H!H

�
hR2 +R


H!H + j�j

�RN�[�� ]+1
H!H

+
RN+[�� ]+1

H!H

�i
�
N�1X
i=1

�
BRN�i

H!H kfi � fN�1kH

�M4

N�1X
i=1

�
((N � 1)� � i�)�

((N � 1)� i)�
kf �kC�([0;1]� ;H) :

The sum enclosed in the right- hand side square brackets is the lower Darboux integral

sum for the integral

1Z
0

ds

(1� s)1��
:

It follows that

F 2kH �M5
1

�(1� �)
kf �kC�([0;1]� ;H) :

Now let us estimate z�jj(z +B)�1BF 2k jjH :

z�jj(z +B)�1BF 2k jjH � z� kP�kH!H
(I + �B)(2I + �B)�1


H!H

�
hB(R2 +R)


H!H + j�j

�BRN�[�� ]+1
H!H

+
BRN+[�� ]+1

H!H

�i
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�
N�1X
i=1

�
B(z +B)�1RN�i


H!H kfi � fN�1kH

�M6

N�1X
i=1

�
((N � 1)� � i�)�

((N � 1)� i)�
kf �kC�([0;1]� ;H) �M7

1

�(1� �)
kf �kC�([0;1]� ;H) :

So we proved that

F 2kE�(B;H) �M1
1

�(1� �)
kf �kC�([0;1]� ;H) :

Now let us estimate F 3k : Using estimates (3.3), (3.7), and the de�nition of the norm of

space C�([0; 1]� ; H), we get

F 3kH � kP�kH!H (I + �B)(2I + �B)�1

H!H

R +R2N

H!H j�j264jjRjjH!H [

�
� ]�1X
i=1

�
BR[�� ]�i

H!H

fi � f[�� ]


H

+
N�1X
i=[�� ]

�
BRi�[�� ]

H!H

fi � f[�� ]


H

375

�M8

264[�� ]�1X
i=1

�

��
�
�

�
� i
��

(
�
�
�

�
� i)�

+
N�1X
i=[�� ]

�
(i�

�
�
�

�
)�

(i�
�
�
�

�
)�

375 kf �kC�([0;1]� ;H)
�M1

1

(1� �)
kf �kC�([0;1]� ;H) :

Thus, F 3kH �M1
1

(1� �)
kf �kC�([0;1]� ;H) :

Now let us estimate z�jj(z +B)�1BF 3k jjH :

z�jj(z +B)�1BF 3k jjH � z� kP�kH!H
(I + �B)(2I + �B)�1


H!H

�
B(R +R2N)


H!H j�j264jjRjjH!H [

�
� ]�1X
i=1

�
B(z +B)�1R[

�
� ]�i

H!H

fi � f[�� ]


H

+
N�1X
i=[�� ]

�
B(z +B)�1Ri�[

�
� ]

H!H

fi � f[�� ]


H

375
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�M9

264[�� ]�1X
i=1

�

��
�
�

�
� i
��

(
�
�
�

�
� i)�

+

N�1X
i=[�� ]

�
(i�

�
�
�

�
)�

(i�
�
�
�

�
)�

375 kf �kC�([0;1]� ;H)
�M1 kf �kC�([0;1]� ;H) :

So we proved that F 3kE�(B;H) �M1 kf �kC�([0;1]� ;H) :

Then, we estimate F 4k : Using the estimates (3.3), (3.7) and the de�nition of the norm

space C�([0; 1]� ; H); we obtain that

F 4kH � kP�kH!H (I + �B)(2I + �B)�1

H!H k(I +R)kH!H

�
hR2 +R

+ j�j�RN�[�� ]+1+ RN+[�� ]+1�i

�
N�1X
i=1

�
BRi�1

H!H kfi � f1kH

�M10

N�1X
i=1

�(i� 1)�
�(i� 1) kf

�kC�([0;1]� ;H) �M11
1

(1� �)
kf �kC�([0;1]� ;H) :

Now, let us estimate z�jj(z +B)�1BF 4k jjH :

z�jj(z +B)�1BF 4k jjH � z� kP�kH!H
(I + �B)(2I + �B)�1


H!H k(I +R)kH!H

�
hB(R2 +R)

+ j�j�BRN�[�� ]+1+ BRN+[�� ]+1�i
�
N�1X
i=1

�
B(z +B)�1Ri�1


H!H kfi � f1kH

�M12

N�1X
i=1

�(i� 1)�
�(i� 1) kf

�kC�([0;1]� ;H) �M13
1

(1� �)
kf �kC�([0;1]� ;H) :

So, we proved that F 4kE�(B;H) �M1 kf �kC�([0;1]� ;H) :

Let us estimate F 5k : Estimates (3.3), (3.7) and the de�nition of the norm spaceC
�([0; 1]� ; H)

give F 5kH � kP�kH!H (I + �B)(2I + �B)�1

H!H

�
hR2 +R


H!H + j�j

�RN�[�� ]+1
H!H

+
RN+[�� ]+1

H!H

�i
�
N�1X
i=1

�
BRN+i

H!H kfi � f1kH
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+ kP�kH!H
(2I + �B)�1


H!H

R +R2N

H!H

�j�j
N�1X
i=1

�
BR[�� ]+i

H!H
kfi � f1kH

�M14

N�1X
i=1

�

 
i�

(N + i)�
+

i�

(
�
�
�

�
+ i)�

!
kf �kC�([0;1]� ;H)

�M15
1

(1� �)
kf �kC�([0;1]� ;H) :

Now let us estimate z�jj(z +B)�1BF 5k jjH :

z�jj(z +B)�1BF 5k jjH � z� kP�kH!H
(I + �B)(2I + �B)�1


H!H

�
hB(R2 +R)


H!H + j�j

�BRN�[�� ]+1
H!H

+
BRN+[�� ]+1

H!H

�i
�
N�1X
i=1

�
B(z +B)�1RN+i


H!H kfi � f1kH

+ kP�kH!H
(2I + �B)�1


H!H

B(R +R2N)

H!H

�j�j
N�1X
i=1

�
B(z +B)�1R[

�
� ]+i

H!H

kfi � f1kH

�M16

N�1X
i=1

�

 
i�

(N + i)�
+

i�

(
�
�
�

�
+ i)�

!
kf �kC�([0;1]� ;H)

�M17
1

(1� �)
kf �kC�([0;1]� ;H) :

So, we proved that

F 5kE�(B;H) �M18
1

(1� �)
kf �kC�([0;1]� ;H) �M1 kf �kC�([0;1]� ;H) :

Now, let us estimate F 6k : Using the estimates (3.3), (3.7), we obtain thatF 6kH � kP�kH!H (I + �B)(2I + �B)�1

H!H

�
hR2 +R


H!H + j�j

�RN�[�� ]
H!H

+
RN+[�� ]

H!H

�i
�
I �RN�1


H!H kfN�1kH

�M19 max
0<k<N

kfkkH �M1 kf �kC�([0;1]� ;H) :

Now let us estimate z�jj(z +B)�1BF 6k jjH :

z�jj(z +B)�1BF 6k jjH � z� kP�kH!H
(I + �B)(2I + �B)�1


H!H

(z +B)�1

H!H

�
hB(R2 � I)


H!H + j�j

�BRN�[�� ]
H!H

+
BRN+[�� ]

H!H

�i



68

�
I �RN�1


H!H kfNkH

�M20 max
0<k<N

kfkkH �M1 kf �kC�([0;1]� ;H) :

So we proved that F 6kE�(B;H) �M1 kf �kC�([0;1]� ;H) :

In a similar manner, we can prove thatF 7kH �M1 kf �kC�([0;1]� ;H);

and F 8kH �M1 kf �kC�([0;1]� ;H);

Combining the estimate for Fmk , for m = 1; � � �; 8 in C�([0; 1]� ; H); (3.31) is proved.

So, Theorem 3.3 is proved.

Note that the second order of accuracy di¤erence scheme of approximate solutions of

nonlocal boundary value problem (2.1) is8>>>>>>>>><>>>>>>>>>:

� 1
�2
[uk+1 � 2uk + uk�1] + Auk = fk; fk = f(tk); tk = k� ; 1 � k � N � 1;

�3u0+4u1�u2
2�

= ';

uN�2�4uN�1+3uN
2�

= �
u
[�� ]+1

�u
[�� ]�1

2�
+  

(3.34)

Theorems 3.1 - 3.3 can be formulated and established for the solution of (3.34).Really,

we have that

Theorem 3.4. The solution of the di¤erence scheme (3.34) satisfy the stability

estimate

ku�kC([0;1]� ;H) �M
h
kf �kC([0;1]� ;H) + k'kH + k kH

i
;

where M does not depend on f � ; ';  and � :

Theorem 3.5. The solution of the di¤erence problem (3.34) in C([0; 1]
�
; H) obey the

almost coercive inequality

k f��2(uk+1 � 2uk + uk�1)gN�11 kC([0;1]� ;H) + k fAukg
N�1
1 kC([0;1]� ;H)

�M

�
min

�
ln
1

�
; 1 + jln k B kH!H j

�
k f � kC([0;1]

�
;H) + kB'kH + kB kH

�
:
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Here M does not depend on � ;  ; ' and fk; 1 � k � N � 1:

Theorem 3.6. The di¤erence problem (3.34) is well posed in Hölder spacesC�([0; 1]� ; H)

and the following coercivity inequality holds:

k f��2(uk+1 � 2uk + uk�1)gN�11 kC�([0;1]� ;H) + k fAukg
N�1
1 kC�([0;1]� ;H)

�M
1

�(1� �)
kf �kC�([0;1]� ;H) +M [jjB'jjE�(B;H)+jjB jjE�(B;H)]:

3.2 APPLICATIONS

Now, the applications of Theorem 3.1, Theorem 3.2 and Theorem 3.3 will be given.

First, the nonlocal boundary value problem (2.16) for one dimensional elliptic equation is

considered. The discretization of problem (2.16) is carried out in two steps. In the �rst

step let us de�ne the grid space

[0; 1]h = fx : xn = nh; 0 � n �M; Mh = 1g :

We introduce the Hilbert space L2h = L2([0; 1]h) of the grid functions '
h (x) = f'rg

M�1
r=1

de�ned on [0; 1]h ; equipped with the norm

'h
L2h

= (
X

x2[0;1]h

��'h(x)��2 h) 12 :
To the di¤erential operator A generated by the problem (2.16) we assign the di¤erence

operator Axh by the formula

Axh'
h(x) = f�(a(x)'�x)x;n + �'ng

M�1
1 ; (3.35)

acting in the space of grid functions 'h(x) = f'rg
M�1
1 satisfying the conditions '0 = 'M ;

'1 � '0 = 'M � 'M�1: It is know that A
x
h is a self-adjoint positive de�nite operator in

L2h: With the help of Axh we arrive at the nonlocal boundary value problem

8>>><>>>:
�d2uh(t;x)

dt2
+ Axhu

h(t; x) = fh(t; x); 0 < t < 1; x 2 [0; 1]h ;

uht (0; x) = 0; u
h
t (1; x) = �uht (�; x); x 2 [0; 1]h :

(3.36)
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In the second step, (3.36) is replaced, by the di¤erence scheme (3.1)8>>>>>>>>>>>>>>>><>>>>>>>>>>>>>>>>:

�uhk+1(x)�2uhk(x)+uhk�1(x)
�2

+ Axhu
h
k(x) = fhk (x);

fhk (x) = fh(tk; x); tk = k� ; 1 � k � N � 1; N� = 1; x 2 [0; 1]h ;

uh1 (x)�uh0 (x)
�

= 0; x 2 [0; 1]h ;

uhN (x)�uhN�1(x)
�

= �
uh

[�� ]+1
(x)�uh

[�� ]
(x)

�
; x 2 [0; 1]h :

(3.37)

Theorem 3.7. Let � and h be a su¢ ciently small numbers. Then the solutions of

di¤erence scheme (3.37) satisfy the following stability and almost coercivity estimates:

ku�kC([0;1]� ;L2h) �M1 kf �kC([0;1]� ;L2h) ; (3.38)

max
1�k�N�1

k��2
�
uhk+1 � 2uhk + uhk�1

�
kL2H + max

1�k�N�1
k
�
uhk
�
k
W2
2h

(3.39)

�M2

�
ln 1

�+h
max

1�k�N�1
kfhk kL2h

�
:

Here,M1 andM2 are independent on � ; h and fhk (x); 1 � k � N�1:

The proof of Theorem 3.7 is based on the abstract Theorems 3.1 - 3.2, on the estimate

min

�
ln
1

�
; 1 + jln k Bx

hkH!H j
�
�M ln

1

� + h
; (3.40)

as well as the symmetry properties of the di¤erence operator Axh de�ned by the formula

(3.35) in L2h:

Theorem 3.8. Let � and h be a su¢ ciently small numbers. Then the solutions of

di¤erence scheme (3.37) satisfy the following coercivity stability estimate:

k
�
��2

�
uhk+1 � 2uhk + uhk�1

�	N�1
1

kC�([0;1]� ;L2h) + k
�
uhk
	N�1
1

kC�([0;1]� ;W 2
2h)

(3.41)

�M
1

�(1� �)
kfhk kC�([0;1]� ;L2h):

M does not depend on � ; fhk (x); 1 � k � N � 1:
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The proof of Theorem 3.8 is based on the abstract Theorem 3.3 and the symmetry

properties of the di¤erence operator Axh de�ned by the formula (3.35).

Second, the Neumann-Bitsadze-Samarskii type problem for the multidimensional el-

liptic equation (2.17) is considered. The discretization of problem (2.17) is carried out in

two steps. In the �rst step, let us de�ne the grid sets


h = fx = xm = (h1m1; � � �; hnmn);m = (m1; � � �;mn); 0 � mr � Nr

hrNr = 1; r = 1; � � �; ng;
h = 
h \ 
; Sh = 
h \ S:

We introduce the Hilbert space L2h = L2(
h) of the grid functions 'h(x) = f'(h1m1; � �

�; hnmn)g de�ned on 
h; equipped with the norm'h
L2h

= (
P
x2
h

��'h(x)��2 h1 � � � hn)1=2:
To the di¤erential operator A generated by the problem (2.17), we assign the di¤erence

operator Axh by the formula

Axhu
h = �

nP
r=1

(ar(x)u
h
�
xr
)xr;jr + �uhxr (3.42)

acting in the space of grid functions uh(x); satisfying the conditions uh(x) = 0 for all

x 2 Sh: It is known that Axh is a self-adjoint positive de�nite operator in L2h. With the

help of Axh, we arrive at the nonlocal boundary value problem for an in�nite system of

ordinary di¤erential equations8>>><>>>:
�d2uh(t;x)

dt2
+ Axhu

h(t; x) = fh(t; x); 0 < t < 1; x 2 
h;

uht (0; x) = 0; u
h
t (1; x) = �uht (�; x); x 2 
h:

(3.43)

In the second step, (3.43) is replaced by the di¤erence scheme (3.1), we get second order

of accuracy di¤erence scheme8>>>>>>>>>><>>>>>>>>>>:

�uhk+1(x)�2uhk(x)+uhk�1(x)
�2

+ Axhu
h
k(x) = 'hk;

'hk = fh(tk; x); tk = k� ; 1 � k � N � 1; N� = 1; x 2 
h;

uh1 (x)�uh0 (x)
�

= 0;
uhN�1(x)-u

h
N (x)

�
= �

uh

[�� ]+1
(x)�uh

[�� ]
(x)

�
; x 2 
h:

(3.44)
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Theorem 3.9. Let � and jhj =
p
h21 + :::+ h2n be a su¢ ciently small numbers. Then,

the solutions of di¤erence scheme (3.44) satisfy the following stability and almost coercive

stability estimates

ku�kC([0;1]� ;L2h) �M1

h
kf �kC([0;1]� ;L2h) + k'kL2h + k kL2h

i
; (3.45)

max
1�k�N�1

k��2
�
uhk+1 � 2uhk + uhk�1

�
kL2h + max

1�k�N�1

nP
r=1

k
�
uhk
�
xrxr; jr

k
L2h

(3.46)

�M2 ln
1

�+jhj max
1�k�N�1

kfhk kL2h :

Here, M1 and M2 are independent on � ; h and fhk (x); 1 � k � N � 1:

The proof of Theorem 3.9 is based on the abstract Theorems 3.1 - 3.2, on the estimate

min

�
ln
1

�
; 1 + jln k Bx

hkH!H j
�
�M ln

1

� + jhj ; (3.47)

as well as the symmetry properties of the di¤erence operator Axh de�ned by the formula

(3.42) in L2h, along with the following theorem on the coercivity inequality for the solution

of the elliptic di¤erence problem in L2h.

Theorem 3.10. For the solutions of the elliptic di¤erence problem

Axhu
h(x) = wh(x); x 2 
h; (3.48)

uh(x) = 0; x 2 Sh

the following coercivity inequality holds (see [Sobolevskii P.E,1975]):

nP
r=1

k(uh)xrxr; jrkL2h �MkwhkL2h :

Theorem 3.11. Let � and jhj be a su¢ ciently small numbers. Then the solutions

of di¤erence scheme (3.44) satisfy the following coercivity stability estimate:

k
�
��2

�
uhk+1 � 2uhk + uhk�1

�	N�1
1

kC�([0;1]� ;L2h) + k
�
uhk
	N�1
1

kC�([0;1]� ;W 2
2h)

�M
1

�(1� �)
k
�
fhk
	N�1
1

kC�([0;1]� ;L2h):

M does not depend on � ; fhk (x); 1 � k � N � 1:
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The proof of Theorem 3.11 is based on the abstract Theorem 3.3 and the symmetry

properties of the di¤erence operatorAxh de�ned by the formula (3.42) and on the Theorem

3.10 on the coercivity inequality for the solution of the elliptic di¤erence equation (3.48)

in L2h:



CHAPTER 4

NUMERICAL RESULTS

We consider the nonlocal boundary Bitsadze -Samarskii problem for elliptic equation8>>>>>>>>>>>>>>>>>>>>><>>>>>>>>>>>>>>>>>>>>>:

�@2u(t;x)

@t2
� @2u(t;x)

@x2
+ u = exp(��t) cos(�x);

0 < t < 1; 0 < x < 1;

ut(0; x) = �� cos(�x);

ut(1; x) = ut(
1
2
; x) + � cos(�x)(exp(��

2
)� exp(�� )); 0 � x � 1;

ux(t; 0) = ux(t; 1) = 0; 0 � t � 1:

(4.1)

The exact solution of this problem is

u (t; x) = exp(��t) cos(�x):

In the present chapter for the approximate solutions of the nonlocal boundary Bitsadze-

Samarskii problem (4.1), we will use the �rst and second orders of accuracy di¤erence

schemes. We have the second order di¤erence equations with respect to n with matrix

coe¢ cients. To solve these di¤erence equations, we have applied a procedure of modi�ed

Gauss elimination method for di¤erence equations with respect to n with matrix coe¢ -

cients. The results of numerical experiments permit us to show that the second order of

accuracy di¤erence scheme is more accurate compared with the �rst order of accuracy

di¤erence scheme.
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4.1 THE FIRSTORDEROFACCURACYDIFFERENCE SCHEME

For the approximate solution of the nonlocal boundary Bitsadze -Samarskii problem (4.1),

we consider the set [0; 1]� � [0; �]h of a family of grid points depending on the small

parameters � and h

[0; 1]� � [0; �]h = f(tk; xn) : tk = k� ; 1 � k � N � 1; N� = 1;

xn = nh; 1 � n �M � 1;Mh = �g:

Applying the formulas

u0(0) =
u(h)� u(0)

h
+O(h);

u0(1) =
u(1)� u(1� h)

h
+O(h)

and
u(xn+1)� 2u(xn) + u(xn�1)

h2
� u00(xn) = O(h2); (4.2)

and the di¤erence scheme (3.1), we present the following �rst order of accuracy di¤erence

scheme for the approximate solutions of the problem (4.1).8>>>>>>>>>>>>>>>>>>>>>>>>>>><>>>>>>>>>>>>>>>>>>>>>>>>>>>:

�uk+1n �2ukn+uk�1n

�2
� ukn+1�2ukn+ukn�1

h2
+ ukn = exp(��tk) cos(�xn);

1 � k � N � 1; 1 � n �M � 1;

u1n�u0n
�

= �� cos(�xn); 0 � n �M;

uNn �uN�1n

�
= u

N
2
n �u

N
2 �1
n

�
;

+� cos(�xn)
�
exp(��

2
)� exp(��)

�
; 0 � n �M;

uk1 � uk0 = ukM � ukM�1 = 0; 0 � k � N;

(4.3)

We have (N + 1)� (M + 1) system of linear equations in (4.3) and we will write them in

the matrix form. We can rewrite this system as the following form
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8>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>><>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>:

�
1
h2

�
ukn+1 +

�
� 2
�2
� 2

h2
� 1
�
ukn +

�
1
h2

�
ukn�1+

+
�
1
�2

�
uk�1n +

�
1
�2

�
uk+1n = 'kn;

1 � k � N � 1; 1 � n �M � 1;

u1n � u0n = ��� cos(�xn); 0 � n �M;

uNn � uN�1n = u
N
2
n � u

N
2
�1

n + �� cos(�xn)
�
exp(��

2
)� exp(��)

�
; 0 � n �M;

uk1 � uk0 = ukM � ukM�1 = 0; 0 � k � N;

'kn = � exp(��tk) cos(�xn):

(4.4)

We denote

a =
1

h2
; b = � 2

� 2
� 2

h2
� 1; c =

1

� 2
;

'kn =

8>>>>>>>>><>>>>>>>>>:

��� cos(�xn); k = 0;

� exp(��tk) cos(�xn); 1 � k � N � 1;

�� cos(�xn)
�
exp(��

2
)� exp(��)

�
; k = N:

'n =

26666664
'0n

'1n

:::

'Nn

37777775
(N+1)�1

;
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A =

26666666666666666666666664

0 0 0 0 0 ::: 0 0 0 0

0 a 0 0 0 ::: 0 0 0 0

0 0 a 0 0 ::: 0 0 0 0

0 0 0 a 0 ::: 0 0 0 0

::: ::: ::: ::: ::: ::: ::: ::: ::: :::

0 0 0 0 0 ::: 0 0 0 0

0 0 0 0 0 ::: a 0 0 0

0 0 0 0 0 ::: 0 a 0 0

0 0 0 0 0 ::: 0 0 a 0

0 0 0 0 0 ::: 0 0 0 0

37777777777777777777777775
(N+1)�(N+1)

;

B =

26666666666666666666664

�1 1 0 0 0 0 ::: 0 0 ::: 0 0 0 0

c b c 0 0 0 ::: 0 0 ::: 0 0 0 0

0 c b c 0 0 ::: 0 0 ::: 0 0 0 0

0 0 c b c 0 ::: 0 0 ::: 0 0 0 0

::: ::: ::: ::: ::: ::: ::: ::: ::: ::: ::: ::: ::: :::

0 0 0 0 0 0 ::: 0 0 ::: b c 0 0

0 0 0 0 0 0 ::: 0 0 ::: c b c 0

0 0 0 0 0 0 ::: 0 0 ::: 0 c b c

0 0 0 0 0 0 ::: 1 �1 ::: 0 0 �1 1

37777777777777777777775
(N+1)�(N+1)

;

and

C = A;

D =

26666666666664

1 0 0 ::: 0 0

0 1 0 ::: 0 0

0 0 1 ::: 0 0

::: ::: ::: ::: ::: :::

0 0 0 ::: 1 0

0 0 0 ::: 0 1

37777777777775
(N+1)�(N+1)

;
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Us =

26666666664

U0s

U1s

:::

UN�1s

UNs

37777777775
(N+1)�(1)

; s = n� 1; n; n+ 1:

Then, (4.4) can be written as8>>><>>>:
A Un+1 +B Un + C Un�1 = D'n; 1 � n �M � 1;

U1 � U0 = ~0; UM � UM�1 = ~0:

(4.5)

So, we have the second order di¤erence equation with respect to n with matrix coe¢ -

cients. To solve this di¤erence equation we have applied a procedure of modi�ed Gauss

elimination method for di¤erence equation with respect to n with matrix coe¢ cients.

Hence, we seek a solution of the matrix equation in the following form

Un = �n+1Un+1 + �n+1; n =M � 1; � � �; 2; 1 (4.6)

where �n (n = 1; � � �;M) are (N + 1)� (N + 1) square matrices and �n (n = 1; � � �;M)

are (N + 1)� 1 column matrices.

Here

�n+1 = � (B + C�n)
�1A; (4.7)

�n+1 = (B + C�n)
�1 (D'n � C�n) ; n = 1; 2; 3; � � �;M � 1: (4.8)

For the solution of di¤erence equations, we need to �nd �1 and �1. We can �nd them

from U0 = �1U1 + �1: Thus, we have

�1 =

26666666664

1 0 0 ::: 0

0 1 0 ::: 0

0 0 1 ::: 0

::: ::: ::: ::: :::

0 0 0 ::: 1

37777777775
(N+1)�(N+1)

; (4.9)

�1 =

26666666664

0

0

0

:::

0

37777777775
(N+1)�1

:
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For the �rst step, using formulas (4.7) and (4.8), we can compute �n+1 and �n+1; 1 �

n � M � 1: Thus, using formulas (4.6) and UM = (1 � �M)
�1�M ; we can compute

Un; 1 � n � M � 1: We can summarize the computation procedure by the following

algorithm: Un = �n+1Un+1 + �n+1; n =M � 1; � � �; 2; 1; 0:

4.2 THE SECOND ORDER OF ACCURACY DIFFERENCE

SCHEME

Applying the formulas

u0(0) =
�u(2�) + 4u(�)� 3u(0)

2�
+O(� 2);

u0(1) =
�u(1� 2�) + 4u(1� �)� 3u(1)

2�
+O(� 2);

we present the following second order of accuracy di¤erence scheme with respect t for the

approximate solutions of the problem (4.1)8>>>>>>>>>>>>>>>>>>>>>>>>>>><>>>>>>>>>>>>>>>>>>>>>>>>>>>:

�uk+1n �2ukn+uk�1n

�2
� ukn+1�2ukn+ukn�1

h2
+ ukn = exp(��tk) cos(�xn);

1 � k � N � 1; 1 � n �M � 1;

�3u0n+4u1n�u2n
2�

= �� cos(�xn); 0 � n �M;

uN�2n �4uN�1n +3uNn
2�

= u
N
2 �2
n �4u

N
2 �1
n +3u

N
2
n

2�

�� cos(�xn)
�
exp

�
��
2

�
� exp(��)

�
; 0 � n �M;

uk1�uk0
h

=
ukM�ukM�1

h
= 0; 0 � k � N:

(4.10)

We have (N +1)� (M +1) system of linear equations in (4.10) and we will write them

in the matrix form. We can rewrite this system as the following form
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8>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>><>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>:

�
1
h2

�
ukn+1 +

�
� 2
�2
� 2

h2
� 1
�
ukn +

�
1
�2

�
uk�1n

+
�
1
�2

�
uk+1n +

�
1
h2

�
ukn�1 = � exp(��tk) cos(�xn);

1 � k � N � 1; 1 � n �M � 1;

�3u0n+4u1n�u2n
2�

= �� cos(�xn); 0 � n �M;

uN�2n �4uN�1n +3uNn
2�

= u
N
2 �2
n �4u

N
2 �1
n +3u

N
2
n

2�

�� cos(�xn)
�
exp

�
��
2

�
� exp(��)

�
; 0 � n �M;

uk1�uk0
h

=
ukM�ukM�1

h
= 0; 0 � k � N:

(4.11)

We denote

a =
1

h2
; b =

1

� 2
; c = � 2

� 2
� 2

h2
� 1;

'kn =

8>>>>>>>>><>>>>>>>>>:

�2�� cos(�xn); k = 0;

� exp(��tk) cos(�xn); 1 � k � N � 1;

�2�� cos(�xn)
�
exp

�
��
2

�
� exp(��)

�
; k = N:

'n =

26666664
'0n

'1n

:::

'Nn

37777775
(N+1)�1

;
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A =

26666666666666666666666664

0 0 0 0 0 ::: 0 0 0 0

0 a 0 0 0 ::: 0 0 0 0

0 0 a 0 0 ::: 0 0 0 0

0 0 0 0 0 ::: 0 0 0 0

::: ::: ::: ::: ::: ::: ::: ::: ::: :::

0 0 0 0 a ::: 0 0 0 0

0 0 0 0 0 ::: a 0 0 0

0 0 0 0 0 ::: 0 a 0 0

0 0 0 0 0 ::: 0 0 a 0

0 0 0 0 0 ::: 0 0 0 0

37777777777777777777777775
(N+1)�(N+1)

;

B =

26666666666666666666664

�3 4 �1 0 ::: 0 0 0 ::: 0 0 0 0

b c b 0 ::: 0 0 0 ::: 0 0 0 0

0 b c b ::: 0 0 0 ::: 0 0 0 0

0 0 b c ::: 0 0 0 ::: 0 0 0 0

::: ::: ::: ::: ::: ::: ::: ::: ::: ::: ::: ::: :::

0 0 0 0 ::: 0 0 0 ::: c b 0 0

0 0 0 0 ::: 0 0 0 ::: b c b 0

0 0 0 0 ::: 0 0 0 ::: 0 b c b

0 0 0 0 ::: �1 4 �3 ::: 0 1 �4 3

37777777777777777777775
(N+1)�(N+1)

;

and C = A:

D =

26666666666666664

1 0 0 ::: 0 0

0 1 0 ::: 0 0

0 0 1 ::: 0 0

::: ::: ::: ::: ::: :::

::: ::: ::: ::: ::: :::

0 0 0 ::: 1 0

0 0 0 ::: 0 1

37777777777777775
(N+1)�(N+1)

;
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Us =

26666666664

U0s

U1s

:::

UN�1s

UNs

37777777775
(N+1)�(1)

; s = n� 1; n; n+ 1:

Then, (4.11) can be written as8>>><>>>:
A Un+1 +B Un + C Un�1 = D'n; 1 � n �M � 1;

U1 � U0 = ~0; UM � UM�1 = ~0;

(4.12)

So, we have the second order di¤erence equation with respest to n with matrix coef-

�cients.To solve this di¤erence equation, we use the same modi�ed Gauss elimination

method.

Now we will give the results of the numerical analysis. In order to get the solution of

(4.3) and (4.10) we used MATLAB program. The errors computed by

ENM = max
1�k�N�1

 
M�1X
n=1

��u(tk; xn)� ukn
��2 h! 1

2

of the numerical solutions for di¤erent values of M and N; where u(tk; xn) represents the

exact solution and ukn represents the numerical solution at (tk; xn): The result are shown

in Tables 4.1, 4.2 for N = 20; M = 80 and N = 40; M = 80 respectively.

Table 1. Comparison of the errors di¤erent di¤erence schemes for N = 20; M = 80.

Di¤erence schemes ENM

The �rst order of accuracy di¤erence scheme (4.3) 0.0366

The second order of accuracy di¤erence scheme (4.10) 0.0189

Table 2. Comparison of the errors di¤erent di¤erence schemes for N = 40; M = 80.

Di¤erence schemes ENM

The �rst order of accuracy di¤erence scheme (4.3) 0.0159

The second order of accuracy di¤erence scheme (4.10) 0.0047
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Thus, second order of accuracy di¤erence scheme is more accurate comparing with the

�rst order of accuracy di¤erence scheme.
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The �rst �gure is the exact solution, the second �gure is the solution of the �rst order

of accuracy di¤erence scheme, the third �gure is the solution of second order of accuracy

di¤erence scheme.

Figure 1. The exact solution
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Figure 2. The �rst order of accuracy di¤erence scheme
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Figure 3. The second order of accuracy di¤erence scheme



CHAPTER 5

CONCLUSIONS

This work is devoted to study the well-posedness of Neumann Bitsadze Samarskii

nonlocal boundary value problem for elliptic di¤erential and di¤erence equations. The

following original results are obtained:

� The abstract theorem on the coercive stability estimate for the solution of Neumann

Bitsadze Samarskii nonlocal boundary value di¤erential problem for the elliptic

equation in the Holder space is proved.

� The theorems on coercive stability estimates for the solution of Neumann Bitsadze

Samarskii nonlocal boundary for the elliptic equations are presented.

� The �rst and second orders of accuracy di¤erence schemes for approximate solutions

of the Neumann Bitsadze Samarskii nonlocal boundary value problems for elliptic

equations are presented.

� Theorems on the stability estimates, almost coercive stability estimates and coercive

stability estimates for the solution of di¤erence scheme for elliptic equations are

proved.

� The Matlab implementation of the �rst and second orders di¤erence schemes are

presented.

� The theoretical statements for the solution of these di¤erence schemes are supported

by the results of numerical examples.
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CHAPTER 6

MATLAB PROGRAMMING

In this chapter, Matlab programs are presented for the �rst and second orders of

accuracy di¤erence schemes for di¤erent value M and N.

8.1 MATLAB IMPLEMENTATION OF THE FIRST ORDER

OF ACCURACY DIFFERENCE SCHEME

function �rstord(N,M)

if nargin<1; close; close; end;

N=20; M=80;

h=1/M; tau=1/N;

a=1/(h^2);a

b=(-2/(h^2))+(-2/(tau^2)-1);b

c=1/(tau^2);c

for k=2:N;

A(k,k)=a; A(1,1)=0;A(N+1,N+1)=0; A;A

end;

for k=2:N;

B(k,k)=b; B(k,k-1)=c; B(k,k+1)=c;

B(N+1,N/2)=1; B(N+1,N+1)=1; B(1,1)=-1;

B(N+1,(N/2)+1)=-1; B(N+1,N+1)=1; B(1,1)=-1;B(N+1,(N/2))=1; B(N+1,N)=-1;

B(1,2)=1;B;B

end;

C=A;C

for i=1:N+1; D(i,i)=1; end; D;D

for n=1:M-1 ;

for k=1:N+1 ;
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t=(k-1)*tau;

x=(n)*h;

�i(k,n:n)=-(exp(-(pi)*t))*(cos((pi)*x));

end;

end;�i

for n=1:M-1;

x=(n)*h;

�i(1,n:n)=-(pi)*(tau)*(cos(pi*x));

�i(N+1,n:n)=(pi)*(tau)*(cos((pi)*x))*(-exp(-(pi))+exp((-(pi)/2)));

end;

�i;�i

%size(A);

%size(B);

%size(C);

I=eye(N+1,N+1);

alpha{1}=eye(N+1,N+1);

betha{1}=zeros(N+1,1);

for n=1:M-1;

alpha{n+1}=inv(B+C*alpha{n})*(-A);

betha{n+1}=inv(B+C*alpha{n})*(D*�i(:,n:n)-C*betha{n});

end;alpha{M}

%O=inv(I-alpha{M});O

U{M}=inv(I-alpha{M})*betha{M};

for Z=M-1:-1:1;

U{Z}=alpha{Z+1}*U{Z+1}+betha{Z+1};

end;U{Z}

for Z=1:M;
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p(:,Z+1)=U{Z};

end;

p(:, 1)=zeros(N+1, 1);

%%%%%%%%%%�EXACT SOLUTION OF THIS PDE�%%%%%%%%%%%

for n=1:M+1;

for k=1:N+1;

t=(k-1)*tau;

x=(n-1)*h;

es(k,n:n)=(exp(-(pi)*t))*(cos((pi)*x));

end;

end;

%%%%%%%%%%ENDEXACT SOLUTION%%%%%%%%%%%%%%%%%%%%%%

%%%%%%% ERROR ANALYSIS OF GENERAL SOL OF THE DIFF SCHEME

%%%%%%%

for i=1:N-1;

for j=1:M-1;

ftf(i, j)=p(i+1, j+1)-es(i+1, j+1);

end;

end;

fmat1=abs(ftf);

fmat2=fmat1.*fmat1*h;

fmat3=sum(fmat2, 2);

fmat4=fmat3.^(1/2);

sumerror=max(fmat4)

%%%%%%%%%%%%%%%%%%ENDOFERRORANALYSIS %%%%%%%%%%%%%%%%%%%5

%%%%%%%%%%%%%%%GRAPH OF THE SOLUTION %%%%%%%%%%%%

p;
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es;

[xler,tler]=meshgrid(0:h:1, 0:tau:1);

table=[es;p]; table(1:2:end,:)=es; table(2:2:end,:)=p;

q=min(min(table));

w=max(max(table));

�gure;

surf(xler,tler,es);

title(�EXACT SOLUTION�); set(gca,�ZLim�,[q w]);

rotate3d;

XLabel(�x axis�); YLabel(�t axis�);

�gure; surf(xler,tler,p);

title(�First Order DS�); set(gca,�ZLim�,[q w]);

rotate3d ;

XLabel(�x axis�); YLabel(�t axis�);

%%%%%%%%%%%ENDGRAPH%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

8.2 MATLAB IMPLEMENTATION OF THE SECOND OR-

DER OF ACCURACY DIFFERENCE SCHEME .

function secondord(N,M)

if nargin<1; close; close; end;

N=40; M=80;

h=1/M; tau=1/N;

a=1/(h^2);a

c=(-2/(h^2))+(-2/(tau^2)-1);c

b=1/(tau^2);b

for k=2:N;

A(k,k)=a; A(1,1)=0;A(N+1,N+1)=0; A;A
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end;

for k=2:N;

B(k,k)=c; B(k,k-1)=b; B(k,k+1)=b;

B(N+1,N/2)=4; B(N+1,N+1)=3; B(1,1)=-3;

B(N+1,(N/2)+1)=-3; B(N+1,N+1)=1;B(N+1,(N/2))=4; B(N+1,N)=-4; B(1,2)=4;

B(1,3)=-1; B(N+1,(N/2)-1)=-1;B(N+1,N-1)=3;B;B

end;

C=A;C

for i=1:N+1; D(i,i)=1; end; D;D

for n=1:M-1 ;

for k=1:N+1 ;

t=(k-1)*tau;

x=(n)*h;

�i(k,n:n)=-(exp(-(pi)*t))*(cos((pi)*x));

end;

end;�i

for n=1:M-1;

x=(n)*h;

�i(1,n:n)=-2*(pi)*(tau)*(cos(pi*x));

�i(N+1,n:n)=-2*(pi)*(tau)*(cos((pi)*x))*(-exp(-(pi))+exp((-(pi)/2)));

end;

�i;�i

%size(A);

%size(B);

%size(C);

I=eye(N+1,N+1);

alpha{1}=eye(N+1,N+1);
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betha{1}=zeros(N+1,1);

for n=1:M-1;

alpha{n+1}=inv(B+C*alpha{n})*(-A);

betha{n+1}=inv(B+C*alpha{n})*(D*�i(:,n:n)-C*betha{n});

end;alpha{M}

%O=inv(I-alpha{M});O

U{M}=inv(I-alpha{M})*betha{M};

for Z=M-1:-1:1;

U{Z}=alpha{Z+1}*U{Z+1}+betha{Z+1};

end;U{Z}

for Z=1:M;

p(:,Z+1)=U{Z};

end;

p(:, 1)=zeros(N+1, 1);

%%%%%%%%%%�EXACT SOLUTION OF THIS PDE�%%%%%%%%%%%

for n=1:M+1;

for k=1:N+1;

t=(k-1)*tau;

x=(n-1)*h;

es(k,n:n)=(exp(-(pi)*t))*(cos((pi)*x));

end;

end;

%%%%%%%%%%ENDEXACT SOLUTION%%%%%%%%%%%%%%%%%%%%%%

%%%%%%% ERROR ANALYSIS OF GENERAL SOL OF THE DIFF SCHEME

%%%%%%%

for i=1:N-1;

for j=1:M-1;
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ftf(i, j)=p(i+1, j+1)-es(i+1, j+1);

end;

end;

fmat1=abs(ftf);

fmat2=fmat1.*fmat1*h;

fmat3=sum(fmat2, 2);

fmat4=fmat3.^(1/2);

sumerror=max(fmat4)

%%%%%%%%%%%%%%%%%%ENDOFERRORANALYSIS %%%%%%%%%%%%%%%%%%%5

%%%%%%%%%%%%%%%GRAPH OF THE SOLUTION %%%%%%%%%%%%

p;

es;

[xler,tler]=meshgrid(0:h:1, 0:tau:1);

table=[es;p]; table(1:2:end,:)=es; table(2:2:end,:)=p;

q=min(min(table));

w=max(max(table));

�gure;

surf(xler,tler,es);

title(�EXACT SOLUTION�); set(gca,�ZLim�,[q w]);

rotate3d;

XLabel(�x axis�); YLabel(�t axis�);

�gure; surf(xler,tler,p);

title(�Second Order DS�); set(gca,�ZLim�,[q w]);

rotate3d ;

XLabel(�x axis�); YLabel(�t axis�);

%%%%%%%%%%%ENDGRAPH%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
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