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WEIGHTED APPROXIMATION BY VIDENSKII AND
LUPAS OPERATORS

Akif Barbaros DIKMEN

Ph.D. Thesis — Mathematics
April 2013

Thesis Supervisor: Prof. Dr. Alexey LUKASHOV

ABSTRACT

In this dissertation we focus on the boundedness and convergence properties
of linear positive operators.

In chapter 1 we give some basic information about Bernstein polynomials,
Weighted approximation of functions, Lototsky transform of Bernstein operators,
Quantum calculus, and Moduli of continuity.

In chapter 2 we pay attention to weighted boundedness and weigthed approx-
imation by classical polynomial operators and to construction of their weighted
modifications, because usual operators are not always suitable for approximating
functions with singularities in weighted spaces. We investigate approximation prop-
erties of Videnskii operators in the weighted norm under some restrictions.

In chapter 3 we constructed Videnskii type generalization of Baskakov opera-
tors and compare it with Swetits-Wood’s results.

In chapter 4 in the first section we state a new g-analogue of Durrmeyer op-
erators which preserves the linear function and their convergence properties. In the
second section we state a new Durrmeyer type modification of generalized Baskakov
operators A, for all real valued continuous and bounded functions f on(0, co]. For
the operators A,, we establish certain direct theorems in terms of the modulus of con-
tinuity of second order, and we prove the continuity of the operator in Lipschitz-type
space.

Keywords: Videnskii Operator, Weighted Approximation, Durrmeyer
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VIDENSKII VE LUPAS OPERATORLERININ
AGIRLIKLI YAKINSAKLIGI

Akif Barbaros DIKMEN
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Tez Danigmani: Prof. Dr. Alexey LUKASHOV

Oz

Bu doktora tezinde genel olarak dogrusal pozitif operatorlerinin simirhihik ve
yakinsaklik 6zelliklerini inceledik.

Birinci boliimde Bernstein polinomlari, fonksiyonlarin agirlikli yaklagimi, Lo-
totsky transform, quantum analizi, ve stireklilik modiilii hakkinda temel bazi bilgiler
verdik.

Ikinci boliimde klasik Bernstein polinomlarinin modifikasyonlarini incelendi.
Bu caligmlar bize, bu operatorlerin rasyonel benzerlerinin, agirlikli modifikasyon-
larii olusturma fikrini verdi. Ciinkii normal operatorler agirlikli uzaylarda yakinsayan
fonksiyonlar i¢cin uygun olmayabiliyor. Agrilikli uzaylarda ve bazi 6zel sartlar altinda
Videnskii operatorlerinin yakinsaklik 6zellikleri incelendi.

Uciincii boliimde Baskakov operatorlerinin, Videnskii tipindeki genellemesini
elde ettik. Sonuclar1 Swetits - Woods’ 1n sonuglariyla kiyasladik.

Dordiincii boliimiin ilk kisminda, Lineeer fonksiyonlarini ayni elde ettigimiz
yeni bir Durrmeyer operatorlerinin q benzerini elde ettik. Bu operatorlerin yakinsaklik
ozellikleri inceledik. Ayrica (0, 00| de reel degerli ve sinirli bir f fonksiyonun genel-
lenmig Baskakov operatorlerinin, Durrmeyer tipinde ifade edilen yeni bir operatori
tanimladik. Bu operatorii i¢in direkt teoremleri ikinci dereceden stireklilik modiilii
anlaminda ifade ettik. Bu A,, operatorin siirekliligini ve Lipschitz uzayinin bir ele-
mani ve genel siireklilik modiilii seklinde ifade ettik.

Anahtar Kelimeler: Videnskii Operatorii, Agirlikli Yakinsaklik, Durrmeyer
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CHAPTER 1

INTRODUCTION AND BASIC NOTATION

1.1 INTRODUCTION

The main goal of this chapter is to present to the reader known results which
will be used in our study. They are taken from the books : G. M. Phillips (Phillips,
2000), R. A. Devore and G. G. Lorentz (DeVore and Lorentz, 1993), G. G. Lorentz
(Lorentz, 1986), F. Altomare and M. Campiti (Altomare and Campiti, 1994), V. Kac
and P. Cheung (Kac and Cheung, 2002), and papers by V. S. Videnskii (Videnskii,
2008), B. D. Vecchia and G. Mastroianni and J. Szabados (Vecchia et al., 2004),
J.P. King (King, 1966)

1.2 BERNSTEIN POLYNOMIALS

This part of the introduction is concerned with sequences of polynomials named
after their creater S.N. Bernstein. Given a function f on [0, 1], we define the Bern-

stein polynomial
Ba(fa) =Y f (5) (o (=2 (11)
r=0

for each positive integer n. Thus there is a sequence of Bernstein polynomials corre-
sponding to each function f. As we will see later in this part , if f is continous on
[0, 1], its sequence of Bernstein polynomials converges uniformly to f on [0, 1]. One
might wonder why Bernstein created "new” polynomials for this purpose, instead
of using polynomials that were already known to mathematics. For example Taylor
polynomials are not appropriate; for even setting aside questions of convergence,

they are applicable only to functions that are infinitely differentiable and not to all



continous functions.

It is clear from (1.1) that for all n > 1,

B, (f;0) = f(0) and B, (f;1) = f (1), (1.2)
so that a Bernstein polynomial for f interpolates f at both endpoints of the interval

0,1].

Example 1.2.1. It follows from the binomial expansion that

n

B,(Lz)=> (Ma"(1—=2)"" = (x+(1-2)" =1, (1.3)

r=0

so that the Bernstein polynomial for the constant function 1 is also 1. Since

r(n\ (n-— 1
n\r) \r—1
for 1 <r < n the Bernstein polynomial for the function z is
- r(n r n—r - n—1\, . r—1 n—r
B, (z,x) = Z— 2 (1—x)"" = xZ(Pl)x (1—z)"".
r=0

n\r
r=0

Note that the term corresponding to » = 0 in the first of the above two sums

is zero. One putting s = r — 1 in the second summation, we obtain the
n
B, (z,z) = xz ("Nt (1 - )" = (1.4)
r=0

last step following from (1.3) with n replaced by n—1. Thus the Bernstein polynomial
for the function z is also x.

We call B, the Bernstein operator; it maps a function f, defined on [0,1], to
B, f where the function B, f evaulated at z is denoted by B, (f; ). The Bernstein

operator is obviously linear, since it follows from (1.1) that

B, (Af 4+ png) = ABnf + By (g) (1.5)

for all functions f and g defined on [0, 1] and real A\ and p. We now require the

following definition.

Definition 1.2.1. Let L denote a linear operator that maps functions f defined on
[a,b] to a function Lf defined on [c,d]. Then L is said to be a monotone operator

or, equivalently a positive operator if



fx)zg(x), xelab]= (Lf)(z)=(Lg)(z), z € cd], (1.6)

where we have written (Lf) (x) to denote the value of the function Lf at the point

x € [a,b].

We can see from (1.1) that B,, is a monotone operator. It then follows from

the monotonicity of B,, and (1.3) that

m< f(x) <M, z€[0,1] = m<B,(f,zr) <M, ze€l0,1]. (1.7)

In particular, if we choose m = 0 in (1.7) we obtain

Fx)>0, z€lab] = Bn(f,2)>0, €01 (1.8)

it follows from (1.3) and (1.4) the linear property (1.5) that
B, (ax +b;x) =ax + b (1.9)

for all real a and b. We therefore say that the Bernstein operator reproduces linear
polynomials. We can deduce from the following result that the Bernstein operator

does not reproduce any polynomial of degree greater than one.

Theorem 1.2.1. The Bernstein polynomial may be expressed in the form

n

B, (f.z) =) ()A"f(0)a", (1.10)

r=0

where A is the forward difference operator with the step size h = %

Proof. Begining with (1.1) ,and expanding the term (1 —x)""", we have

Bu(f,2) = if (5) (> (=07 (7))

Let us put t = r 4+ s. We may write

n n—r n

YD) = Zzt: (1.11)

r=0 s=0 t=0 r=0

since both double summations in (1.11) are over all lattice points. We also have



() =00,
and so we may write the double summation as

t

i(’zwz )" () (%) = Xn:(’;)Nf (0) 2,

t=0 r=0 t=0
on using the expansion for a higher order forward difference.

This completes the proof. n

The relation between forward differences and derivatives is

=" (€), (1.12)

where ¢ € (29, x,,) and z,, = x,,, + mh. Let us put h = %, xg=0and f(z) ==

where n > k. Then we have

n"A"f(0)=0 forr>k

and

nFAFf(0) = f8) (&) = k! (1.13)

Thus, we see from (1.10) with f (z) = z* where n > k that

k k k—1
B, (:1: ;:1:) = apr” + a1x" " + ... + ap_1x + ag,

where ag = 1 for k =0 and k = 1, and

“0:(2)%2(1—%) (1—%)...(1_’“;1)

for k > 2. Since ag # 1 when n > k > 2, this justifies our above statement that the

Bernstein operators does not reproduce any polynomial of degree greater than one.

Example 1.2.2. With f (x) = z?, we have

F(0)=0, Af<0>=f(5)—f<o>:_

and we see from (1.10) that n?A?f (0) = 2! for n > 2. Thus it follows from (1.10)
that



which may be written in the form

B, (2*;x) ::BQ—i—%x(l—x). (1.14)

Thus the Bernstein polynomials for 22 converge uniformly to z? like %, very

slowly.

Theorem 1.2.2. Given a function f € C'[0,1] and any € > 0 there exists an integer
N such that

for all n > N.

Proof. In the other words the above statement says that the Bernstein polynomials
for a function f that is continous on [0, 1] converge uniformly to f on [0, 1].

We begin with the identity

o) = () -2

multiply each term by (")z" (1 —2)""", and then sum up from r = 0 to n to give

S (5 ) (a7 (=) = B (3% ) — 20By (z:2) + 2B, (12).

It then follows from (1.3), (1.4) and (1.14) that

r

Zn: (— - 55)2 (a1 —a)"" = Lo—u). (1.15)

n n
r=0

For any fixed « € [0, 1], let us assume the sum of the polynomials p,, , (z) over
all values of r for which  is not close to z. To make this notion precise, we choose
a number § > 0 and let Sy denote the set of all values of r satisfying !% — x‘ > 0.
We now consider the sum of the polynomials p,, (x) over all » € S5. Note that
!% — x‘ > ¢ implies that

5—12 (— — a:>2 > 1. (1.16)

Then using (1.16), we have

> a5 3 (f ) (e

resSs resSs



The latter sum is not greater that the sum of the same expression over all r,

and using (1.15) we have
1 r 2 n\ _r n—r T (]' — I)
72 (=) (e = =

Since 0 < x (1 —z) < 1 on [0, 1], we have

(1.17)

Let us write

where the latter sum is therefore over all r such that |% — :L" < 6. Having split the
summation into these two parts which depend on a choice of § that we still have to

make, we are now ready to estimate the difference between f (x) and its Bernstein

polynomial. Using (1.3) we have

f@)=Bu(fa) =3 (F@) =1 () (o (=),

and hence

We thus obtain the inequality

F @)= Ba (£ = S| f @) - £ (5)

> |r@-1(3)
r¢Ss

Since f (x) € [0,1], it is bounded on [0, 1] and we have |f (x)| < M, for some
M > 0. We can therefore write

(:”)x’" (1—2)""

(Ma" (1 —a)"".

for all r and all z € [0, 1] and so

Z ‘f(ﬂ?) —f <%) (Ma" (1 —a)" " <2M Z (Ma" (1 —z)"".

resSs reSs




On using (1.17) we obtain

S lr@-r(%)

reSs

(Ma" (1 —2)"" <

r

. 1.18
2nd? (1.18)

Since f is continous, it is also uniformly continous, on [0,1]. Thus, corre-
sponding to any choice of € > 0 there is a number § > 0 depending on € and f, such

that
€

[ =2 | <d=|f(2) = f (@) < 5

for all z, 2’ € [0,1]. Thus, for the sum over r ¢ Ss we have

S r@ -1 (G| (e -a <53 (e (-
r¢Ss r¢Ss
< % (" (1 —a)" ™", (1.19)

and hence again using (1.3) we find that

> [ 1)

r¢Ss

Mz (1—2)"" <

r

On combining (1.18) and (1.19) we obtain

€
2nd? + 2

| (z) = B (f,2)] <

It follows from the line above that if we choose N > %, then

|f(x) = Bn (f,2)] <€
for all n > N and this completes the proof. n

Remark 1.2.1. The proof follows P.P. Korovkin and was used by him to obtain
essentially more general results (see for example F. Altomare, M. Campiti (Altomare

and Campiti, 1994)).

1.3 QUANTUM CALCULUS

Let ¢ > 0. For each nonnegative integer k, the g-integer [k| and the g-factorial
[k]! are respectively defined by



_f Kk-1]..11], k>1
k]! = {1’ k:()}'

For the integers n, k satisfying n > k& > 0 the g-binomial coefficients are defined

by
e
If k < 0or k> n then [}] = 0. Therefore, the equalities
R TR O i RV e B
and
G- b
hold true.

We may also define

n—1

(1+2), = H (1+¢z)=00+z)(1+gz)..(1+¢ '2).

=0

Definition 1.3.1. Consider an arbitrary function f (z). It’s g-differential is

dof (x) = f(qz) = f(x).
Definition 1.3.2. The following expression

d.f (x)

d,x

D, f (x)
are called the g-derivative.

Example 1.3.1. Compute the q-derivative of f (z) = z™, where n is positive integer.

By the definition

Dxn_(qa:)n—x”_q”—l

_ _ n—1 1.20
! G-z  q-1" (1.20)

Since the fraction q;%ll appears quite frequently, then (1.20) becomes D,z" =
n

na™ ! which resembles the ordinary derivative of ™.



Definition 1.3.3. The g-analogue of (z — a)" is the polynomial

1, ifn=0
{ (x—a)(xr—gqa)..(z—q*ta) ifn>1 } (1.21)

Proposition 1.3.1. Forn > 1

(x—a); =

Proof. The formula is obviously true when n = 1. Let us assume D, (z — a)]; =
k : : s k+1 k
[k] (z — a), for some integer k. According to the definition (v —a),” = (z —a),

(x — qka) . Using the product rule

Dy (z — a)kH = (z - a)]; + (qx - qka) Dy (z — a)];

=(@—a)i+q(z—q" ") [k (x—a)l

:(1+q[k])(9c—a)§:[k+1](x—a)’;.

Hence, the proposition is proved by induction on k. O

Thus, D, P, = P,_; is an immediate result of the above proposition. Now let

m+n

us explore some other properties of the polynomial (x — a)Z . In general, (z — a) ¢

(x —a);" (z —a), . Instead ,

(x — a)ZHn = (z—a)(z—qa)..(z—¢" "a) (z — ¢"a) (z — ¢"a)

X ... (x — qm+”_1a)

= ((z—a)(z—qa)...(x —¢" "a) (z — ¢"a) (z — ¢" "a))
X ... (x—q"a) (x—q(¢™a))..(x —¢" " (¢"a)),

which gives

(2 — )™ = (2 — ) (z — g™a)].
Substituting m by —n we can thus extend the definition in (1.21) to all integers

by defining for any positive integer n

(z—a)," = m.

The g-analogue of the integration in the interval [0, a] is defined by

/Oaf () dgt :=(1—=q) > flag")q", 0<q<1.
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We set

Pk (g5 ) = m FL—2) ™ pear (@) = m—k (1-2);.

1.4 VIDENSKII AND LUPAS OPERATORS

Videnskii constructed linear positive operators (LPO) which generalize Bern-

stein polynomials and are rational functions, namely

Un (f,2) =D f (Tok) thk () (1.22)
k=0

k 1— n—k
Unk (T) = Qg ;En(—a:)’ Qi > 0, (1.23)

H |Tni — 2|

=1

where{z,,}._, is a given arbitrary matrix of real poles which lie outside of the interval
(0,1). Necessary and sufficient condition for the matrix {z,;} were given, for the
sake of possibility of approximation by the sequence of LPO {U,} .

Also Lupas considered rational LPO which generalize Bernstein polynomials.
He chooses poles and nodes in some dependence of geometrical progression with
quotient 0 < ¢ < 1. Videnskii (Videnskii, 2008) observed that basic functions for
Lupas operators can be considered as a particular case of u, () from (1.22).

Let the functions a,, € C'[0,1], apx >0 (k=0,...,n), n € N.

n

> St () =1 (1.24)

k=0
for f € C'[0,1] we construct a sequence of LPO

AS (frx) = f (&ar) ani (),
k=0

where 0 = &0 < & < ... < & = 1; points &, we call nodes of LPO A$ the
matrix {an;},_, n € N is called a base of LPO A§. The sequence of LPO is callled

approximating if for only f € C'[0, 1]

lim A}, (f,2) = f (2)

n—0o0
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uniformly on [0, 1]. The set of such approximation sequences is denoted by A and

respectively {4} € A. Denote by

n

Sy (Ai, ZL’) = (fnk - x>v Qnk (l’)

0

b
Il

3

S:; (Afw JZ) = |€nk - I|v Qnk (1’)

k=
we call .S, (Afl, x) a moment of order v LPO AS. Clearly, Sp (A%, ZE) =1.

o

Put
dAS = maxS, (Afl, ), ocAS = maxS; (Afb, ).

Since (&ux — 2)° < |&uk — | < 1 and because of (1.24) and Cauchy Schwarz

S7 (A5, 7) < /S (Ag,x)

dAS < g AS </ dAS

and hence the equations

lim dA5 =0, and hm (TAE =0

n—oo

hold simultaneously.
Now we can give some basic facts about Videnskii’s operators.
Put
Tpi = 1+ ppi, pni >0 (1.25)

where x,,; lie to the right of the interval and all z,; > 1.

:H(l—i-/)m— Hpmx—i— 14 pni) (1 —2)) Zanka: 1—x”k
i=1 i=1
(1.26)
then we can obtain basic functions u, (z) (1.23) from (1.26).

It is clear that wu,,; satisfy the equality

> g () = 1. (1.27)
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It is known that polynomial p, from (1.1) is connected with generating func-

tion .
G (2,y) = (zy +1—2)" = pui () y". (1.28)
k=0
Analoguesly, we construct a generating function for w,,. Put
i
)= 1
and .
n (2) = %Zhn (x) (1.29)
i=1
then . .
gn (2,9) = [] (i (@) y + 1= b (2)) =D i () "
=1 k=0
Differentiate in y
9, (Qna(;a y) _ an (2,7) ;hm o yhii (1:131 e ;kunk () g

and putting y = 1 we obtain

Ung (T) (1.30)

Observing that ¢, (z) is strictly increasing from 0 to 1 on the int [0, 1] define

Tok in the formula (1.22) by relations

On (Thk) = S, k=0,1,..,n.
Note that the functions 1, ¢, (x) play role of the fixed functions fy, f1 for
generalized Bernstein operators in the sense of (Aldaz and Render, 2010) for the
system of rational functions of degree n with denominator P, ().

Rewrite (1.30) in the form

n

> " (¢ (Tar) — 60 (%)) Ui (x) = 0. (1.31)

k=0
Differentiation of Inu, (z) (0 < z < 1) gives

n

T =) (O () = O (@) e () (1.32)

Upy, (2) =

Formula (1.32) shows by the way that the point 7,x (0 <k <mn—1) is the

unique point of maximum of the function u,; in the interval [0, 1]. That is a reason
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why the Videnskii operators can be considered as a natural analogue of the Bernstein
operators for rational functions. Similarly to the fact that the point is a point of
maximum of the function p,x. Derivative of (1.31) with taking into account (1.32)
gives

- (1—x)

S (60 (Tak) = b (2))% e () = =

k=0

& (). (1.33)

n
It is easy to see

Pni (1 + pm’)

eyt P () (1 = B (2)) .

z(1—2)h,=z(1—x)
Introducing notations for generated moments
n

Oy () = Z (D0 (Tar) = &n ()" unk (2) - (1.34)

k=0
Then we may rewrite (1.27),(1.31) and (1.33) as

Ouo (1) =1, o1 (z) =0, o (2) = %Zh () (1 = hpi (2)) . (1.35)

The conditions for {U,} € A are given in terms of p,; in other words they

depend on the rate of approximation of poles to the ends of [0, 1] as n — co.

Denote by
Sp = —_—. 1.36
205 ) (39
Theorem 1.4.1. ( (Videnskii, 2008)). The following inequalities hold
11 1
max (4—712, 56 ) S dUn S S_n (137)

Hence, for {U,} € A it is neccessary and sufficient that

lim S,, = co.
n—0o0

Left hand side of the inequality (1.37) is not connected in fact with nodes 7,

and is valid for arbitrary nodes 0 = &, < {1 < ... < &pp = 1 for LPO

Rational LPO of Lupas (see for instance S. Ostrovska’s paper (Ostrovska,
2006))are constructed for fixed n and g with poles

pi =2 1—¢
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Functions uy,; are defined by the same scheme as in (1.23), but with computa-
tions of coefficients av,; in (1.26). For that reason a known ¢— generalized bynomial
formulas are used which was mentioned in section 1.3 .

The identity

n—1 n
Fu(z) =] (1+q%) = (Z) ¢ (1.39)
k=0 q

=0
is valid which is easily checked by induction with taking in to account F, (z) =

(14 z) F,,—1 (¢2) . The roots of the formulas of type (1.39) extend to Euler.

The infinite product

oo

F(z) = H(1+qz _1+Z Z Ankq" (1.40)

e k(k 1)

is considered.

The function F' is a generating function to determine amount of expansions of
an integer number n into sum of k different integer numbers. The coefficient A, is
the searched number. Explicit formulas for A, are not given but a recurrent way
is indicated to determine them. Later many famous mathematicians in particular
Gauss, Cauchy, Stieljes paid an interest to Fj, function.

We will use here partly the exposition of rational Lupas operator. Their de-

nominator we’ 1l write in a form analogues to (1.26) and then putting

T
=z
1—x
we’ 1l use g—binomial identity (1.39):
n—1 n—1
P, 1 (z) = H (1 —z+ qzx) =(1- x)"_l H (1 + qlz) =(1- 31:)"_1 F.1(qz).

i=1 i=1

(1.41)

Taking into account  + 1 — x = 1 we may write (1.41) as

H l—z+qgz)=(1-2)"F,(z),

=1

hence we have

T ! "\ kD) e
P = -0 Y (3) T =Y (3) T
q q
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Denote by

1 n k(k=1) n—
wii0) = s () T (1.43)
q

so that

D e (giw) = 1. (1.44)

We’ll choose { % as nodes and LPO are defined by the formula

W fr0) = Zf(ﬁ)unk ).

1.5 WEIGHTED APPROXIMATION OF FUNCTIONS WITH END-
POINT BY BERNSTEIN OPERATORS

Let B, denote the n — th Bernstein operator (see Section 1.1). The problem
of wegihted approximation by Bernstein type operators of functions with endpoints
or inner singularities of algebraic type is natural question.

In this part of the chapter we give the operators of Bernstein type from B. D.
Vecchia and G. Mastroianni and J. Szabados (Vecchia et al., 2004) for the weighted
approximation of functions with singularities at the endpoints and we give conver-
gence results involving the weighted modulus of smoothness of second order.

For smoother functions we introduce the Sobolev type space W2 defined as

"

W2i={feCy: [ €AC((0,1)),]

(1.45)

where ¢ (z) = /2 (1 —2) and AC (I) is the set of all absolutely continous functions
m /.

Now for every f € C,, introduce the Bernstein type operator

oo - ()5 )
+:Z_§pn,k($)f<§)+xn [Qf (1_%) —f(l—%)]_ )

From the definintion it follows that B} (f,z) is a polynomial of degree at

most n and B} is a linear operator which reproduces linear functions. We have the
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following approximation result which proves the boundedness of the operator B} in

Cy, and deduce the weighted convergence of B (f,z) to f respectively.

Theorem 1.5.1. For every C, o, 5 >0

a)

lwBy, (NI < Cllwfll, for all f € Cu, (1.47)

b)

w(f =By ()] < — [Jw® "

QA

. if feCy. (1.48)
The proof of the Theorem 1.5.1 is based on some lemmas.

Lemma 1.5.2. Ifa,8>0,0 <z <1, then

Dy(z)=w(x) Y  pul)

k e(x)
;—m‘z 2

Proof. By symmetry we may assume that 0

D, (z) <w(x) Z + Z Prk (2)

Then

Dy (z) < Czx® Z Pk (:16)[c todt < Cx® P Mpu, (),

OSkS nx

since for a fixed z, p, () attains its maximum in 0 < & < 5¢ for k, = [%] . Now
by Stirling’s formula

NG . (1.49)
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Hence,

2\ 2 C
D, (z) < Czotinats (—) < Cg=o3pets < 2 (1.50)
e n
Now we estimate D, (z). We have
kg ¢
D, (ZE) < Czx* Z Dn.k (;p)/ 7;1_’_0{ dt
k> 30z *
C< k e
<=D pu(@)|-—z) <—,
x n n
k=0
since
ank (2) |k —an|" < Cnip (z), 0<z<1, v>0. (1.51)
k=0
[

Let v (z) is defined as

1023 — 152* +62°, if 0<ax <1
Y (z) = 0, if 0<z
1, i or>1

and P; (f) and P, (f) be the linear functions interpolating f at the points £, 2 and

1— %, 1-—- % respectively, i.e.
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Now define,

F,(f,z):=F,(x)
=1 —=vnz—1)) P (x)+ 1=z —n+2)¢ne—1)f(z)
+ Y (nx —n+2) P (x)

(

Py (z), if z € [0, 2]
(1 =4 (nz —1)) Py (z)
+¢ (ne —1) f (x) ifee[5.2],
=1 [, ifze [ 1-7]
(1 =9 (ne—n+2))f ()
(¥ (nx —n+2)) Py (x), ifa:e[l—%,l—ﬂ,
| (), ifze[l-211]

Note that the linear operator F;, reproduces constant and linear functions.

Lemma 1.5.3. If f € W2, then for F, = F, (f) and for all o, 3 >0

I[F = B (Fo)]wl < = uwwwr

Proof. Again by symetry it is sufficient to estimate here for 0 < 2 < % Since B,

preserves linear functions, we get

3=

|F (2) — By (Fr, @) w (2) =

S_Z+Z:=

k_gl<z ﬁ—m’>
n —2 n -

From the definition F/ () = 0, in [O, %] , whence F (x) =0 for 0 <z < %

Nowif%Sxﬁ%,thenlgk‘gn—l,andthus

1En ] EoN _Cm
B0y L m(Goe) <SR

T
k :c|§§

by using (1.51) with v = 2. On the other hand , by Lemma 1.5.2

Ey(z)<C HF,;’@%UH D, (z) <

C
L ergul.

Hence, the assertion is proved. O
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Lemma 1.5.4. If f € W2, then

7 =P (Ml < SNl (1.52)
and
C 1!
lwlf = P (Hlllp-z) < | "¢ le 2] (1.53)

Proof. By symmetry it is sufficient to prove (1.52). If f € W2, then

ro=r(2)-r(2)(3-) +/jf” (6)(t = x)dt == P (x) + Gy (f.)

with P a linear function. Evidently,

|f (2) = P (f,2)] = [Gn (f, 2) = P (Gn (f), )]

Now if x € [O, %} then

x“lGn(f,x)lSx“/nlf”(t)(t—x)ldKC/ (£7%w) (1) de

xT

AT

Moreover,

N
M

n

<c[T1rwe ®uola< S,

1Py (G (f) ,2)| < 2% (2 - nz) /

M

and (1.52) is proved.
Lemma 1.5.5. For every f € W2 we have

|E e w] < O]

Flo*w) (z) for 0 <z < i For0<az <1,

F!(z) = 0, while for 2 <z < 1, F, = f. Thus, let z € [1,2]. F, (z) = P (2) +

¥ (nx —1) (f () — P (z)) and

Proof. Again, it is sufficient to estimate (
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F (z) = n*)" (nz — 1) (f (z) = P1 (2))
+2n¢' (nz — 1) (f (z) — P1 (2))
+1 (nz — 1) f (), (1.54)

whence for these z’s

[(Fle*w) @) < € [nllw(f = Pl

J'

+w@wou@Mwﬂ+Hﬂﬁwm

3k
ko

s

By the inequality

1o < C [(@= &) Il + (@ =€) 11

from (1.54) we get

[(Figtw) (@] < C [nllw(f = Pl z) +nw @) 1 = ATl

S o
|

17 g+ el
MWV_Hm%ﬂ+W%%m

Sho

s

Sl=

<C

|=
3o

s

3

and by Lemma 1.5.4

IFiully g <Nl

Proof. (Theorem 1.5.1)
In proving Theorem 1.5.1 we may always estimate the left hand side norms in
the interval by symmetry.

First we prove (1.47). We estimate :

0 @)Y @7 (5)| < I e () 2055 = sl (15)
with
a<{ + + }mﬂng;Zh@) (1.56)
ISk<HE mecp<2n 2n<k<n—1 n =1
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For a fixed z using the monotone increasing property of p,j (z) as well as

(1.49) we obtain since the latter function attains its maximum for z = £

The estimate of o9 (x) is simpler since in this case ;”((E)) < C which implies the

boundedness. For o3 (z)we again use that for a fixed « the maximum of p, 4 (z) in

2n
—1 < k < nis attained for k = [%"] . Since by Stirling’s formula Pp,2n () < (%) 3

we obtain .
o3 () < G) el
Moreover
1 "2 ! 2 1.57
pere=ar (2 (5) - (5)) e
< 3fwfl (zn)™ (1= 2)" <3 llwfll (zon)® (1 — z0)" < Cllwfll, (1.58)
with z¢ = Analogously,

‘w@MWPfO—%)—fO—%N‘SCMJW

Hence, from the definition of the operator B! by (1.55) and (1.58) (1.47)

follows.

Now we prove (1.48) by the Lemma 1.5.3 and 1.5.5 we deduce

lw [f = By (NI < llw [f = Fu (NI + ||W[ n () = B (Fn (F))]

< |wlf — F (£l + = HﬂQwH

C
S_
n

|7l + ol = B (Pllfozy + 0 lf = B O,

Since
lwlf = Fu (Dlllg,2) < Il [ = Pl 2
and
lwlf = Fu (Ollpoz ) < llwlf = Palllp 2

by 1.5.4 we get (1.48). O
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1.6 LOTOTSKY TRANSFORM AND BERNSTEIN POLYNOMIALS

The Bernstein polynomials (1.1) associated with a function f defined on [0, 1]
have been the subject of much recent research and have been generalized in several
directions. The generalized Lototsky or [F) d,] matrix has also been the subject of

extensive research. The elements a,; of the matrix defined by

ago = 1, aOk:O<k7£0>7

Hgl/ 1 j Zankyk (1.59)

k=0

where {d;} is a sequence of complex numbers with d; # —1 (1 =1,2,...). It is
the purpose of this section to point out following J. Kings (King, 1966) a connection
between the Lototsky matrix and the Bernstein polynomials which gives yet another
extension of the latter.
1

It is convenient to make a change of notation. If we let h; = 75 equation

(1.59) has the form

n

I iy +1= 1) = awy*. (1.60)

i=1 k=0

Now let {h; (x)} be a sequence of functions defined on [0, 1]. Let a,, = ang ()
be the elements of the Lototsky matrix given (1.60) by corresponding to the sequence
{hi (x)}. For each f defined on [0, 1], let

Zf ( > i, ( (1.61)

It is easy to see that if h; (x) =z (i = 1,2,...) then L, (f,z) = B,, (f, x) . Therefore in
this sense the functions L,, (f, z) provide an extension of the Bernstein polynomials.

The following theorem gives sufficient condition on the sequence {h; (x)} to insure

that L, (f,z) — f (z).

Theorem 1.6.1. For f € C'[0,1] let L, (f,x) be defined by (1.61) and let {s; (z)}
denote the (C, 1) transform of the sequence {h; (z)}. If 0 <h;(z) <1 (i=1,2,...)
and if {s; (x)} converges uniformly to x on [0,1], then

lim L, (f,z) = f ()

n—oo
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uniformly on [0,1].

Proof. According Korovkin theorem see for instance F. Altomare and M. Campiti

(Altomare and Campiti, 1994), it is sufficient to show that
L,(1l,z) =1, L,(t,x) — x, L, (t2,a:) — 22

uniformly on [0, 1] and that L, is a positive linear operator. It is clear that L,

is linear. Furthermore f > 0 implies that L, > 0 since a,; (z) > 0 whenever

We have
Ln(l,.il?)—l, (n:1727 )7
"k
L,(t,x) = ﬁank (x),
k=0
n k’ 2
L, (tz, x) = <ﬁ> Ay, ()
k=0
If we let
P, =[] whi () +1 = hy (x))
=1
and
B hi (z)
we have
Py =" ri(x,y) P, (1.62)
i=0
and

P = [Zn(x,y)] = ri(a,y) ¢ P, (1.63)

=0 =0

where the differentiation is with respect to y. Also

P = Zkank (z)y"? (1.64)
k=0

and
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Pl =Y k(k—1)amy (x)y">. (1.65)
k=0

If we set y = 1 in (1.62) and (1.64) we obtain
1 n
ﬁzka”k (x) = s, (7). (1.66)
k=0

Similarly, it follows from (1.63) and (1.65) and (1.66) that:

%Zk%nk (x) = % {sn (2) — tn (@)} + 52 (2), (1.67)

where {t, (x)} is the (C, 1) transform of the sequence {h? (x)} .
It is easy to see that 0 < h; (z) < 1 implies ¢, () = O (1) so that t"nﬂ — 0

uniformly on [0, 1] . This proves the theorem. O

1.7 MODULII OF CONTINUITY

Measuring the smoothness of a function by differentiability is to crude for
many purposes in approximation. More subtle measurements are provided by the

modulii of continuity.

The modulus of continuity w (f,?) =: w (t) of a function f can be defined when
f is given on any metric space A. But we shall restrict it A = R, R, or [a,b]. In

that case

w(fit) = w(t) = e [f (@)= fIl, t=0 (1.68)

Clearly, w (t) is a constant for t > diam A if A is bounded. The function w is
continous at t = 0, if and only if f is uniformly continous on A . We shall assume
that f € C (A) that f belongs to the space of uniformly continous on A then w (f, t)
is finite for each ¢. For each fixed t,w is a semi norm that is it is subadditive in f
and positive homogenous .

A modulus of continouty has the following simple properties :
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a) w(t) > w(0)=0, fort — 0;

b

) w is non-negative and non-decreasing on R ;
¢) w is subadditive w (t1 + t2) < w (t1) + w (t2)

d) w is continous on R,. (1.69)

Properties (a) and (b) are clear. For (c) if there is a point z € A for which

lv — 2] <t1, |y —z| <trand (¢) follows from

@)= fWI<If @)= FEI+1f() - fWl<w(t)+w(ta).
Moreover,
w(ty +t2) — +w (1) <w (ta). (1.70)

Thus, (a), (b), (¢) imply that w is continous at each ¢ > 0.

A function w defined on R, and satisfying (1.69) is called modulus of continu-
ity. This is justified since by (1.70) any such function is its own modulus of contin
outy.

It follows from(1.69) (¢) by induction that

Wty + .. +ty) Sw(t) + ... +tw(ty).
Fort =1t = ... =t,, we obtain
w(nt) < nwl(t). (1.71)

A similar inequality holds for a nonintegral factor A :

W) <A+ Dw(), A>0. (1.72)

In fact, taking an integer n for which we see that n < X\ < n + 1, we see that

wA)<w((n+1)t)<(n+Dw@) <A+1)w(t).

A modulus of contintuity cannot be too small. If @ — 0 for t — 0, then

f'(x) =0, f is constant.
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For concave function f on [a,b], af (z)+ Bf (y) < f (ax + By) for z,y € |a, b]
and a« >0, 8 >0, a+ 3 = 1. A concave function f on [0, 1] which satisfies f (0) = 0,

has the property that @decreases for x <y, then

x y—x

)= f<0>+§f<y>sﬂx>-

A continous, increasing function w on R, which satisfies w (0) = 0, is a mod-

ulus of continuity if it is concave (or more generally if @ is decreasing). It is

necessary only to show that w satisfies (1.69) (¢) This is obtained by multiplying the

inequalities
w (tl +t2) S w(tl) and w (tl +t2> S W (tg)
tl -+ tQ tl tl + t2 t2

by tian ty respectively, and adding.



CHAPTER 2

WEIGHTED APPROXIMATION BY ANALOGUES OF
BERNSTEIN OPERATORS FOR RATIONAL
FUNCTIONS

2.1 INTRODUCTION

The Bernstein polynomials

n

B, (f,x)=>_f (%) (Mak (1 —z)" " (2.1)

k=0
associated with a function f defined on [0, 1] have been the subject of much recent
research and have been generalized in many directions see for instance ( (Phillips,
2000), (DeVore and Lorentz, 1993), (Tachev, 2012)).

In 1966 J. P. King (King, 1966) introduced the following generalization of the

Bernstein polynomials

where wu,; () are given by the generating function

= [ i () y + (1 = Zunk k (2.3)

i=1
and hp;(z) = hi(z) is a sequence of continuous functions defined on [0,1], 0 <
King’s (or Bernstein-King as they are mentioned in (Altomare and Campiti,

1994)) operators converge to the approximated function if and only if

NS
nh_)rgoﬁghz (x) = x. (2.4)

Now let z,; be fixed poles z,; = 1 4 pp;, pni > 0 and

27
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Pnil
i (2) = [Ep—— (2.5)

Put

b (@) = > i (2).

Observe that ¢, (x) is strictly increasing from 0 to 1 on the interval [0, 1] . The nodes
Tor are well-defined by ¢, (T.1) = %, (k=0,1,...,n).
In 1979 V. S. Videnskii (Videnskii, 1979) introduced another generalization of

Bernstein operators for approximation by rational functions with fixed poles

In 1981 V. S. Videnskii (Videnskii, 1981) considered more general case of the
operators (2.6), where wu,; are defined for arbitrary increasing functions h,; (x).
The main difference between those families of operators is in nodes. In fact, like for
Bernstein basic functions k/n is the maximum point of p, on [0, 1], the maximum
point of w, x on [0,1] is 7, . Hence, Videnskii operators (2.6) can be considered as
the most natural generalization of Bernstein operators for approximation by rational
functions. Also the advantage of Videnskii’s operators can be easily seen from the
conditions for their convergence. Namely V. S Videnskii ( (Videnskii and Mencher,
1994). th. 3.1)) proved that sequence V,, (f,z) uniformly converges to arbitrary
f € C]0,1] if and only if

lim S,, = oo, (2.7)

n—oo

where S, = Zl—% A simple example (p,; = p, = 1) shows that condition (2.4)
i=1

essentialy more restrictive than (2.7). Later V. S. Videnskii (Videnskii, 1990) con-
sidered arbitrary matrices of nodes &, instead of 7,; and proved the convergence
results for those operators V¢ (f,x) . Note that for &, = % we recover King’s opera-
tors for hy; (v) = ﬂ% Moreover, as it is explained in Section 1.4 Lupas operators
can be considered as a particular case of the operators V¢ (f, ), too.
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Recently many authors pay attention to weighted approximation by classical
polynomial operators and to construction of their weighted modifications. The rea-
son is that usual operators are not always suitable for approximating functions with
singularities in weighted spaces. For instance, the sequence of classical Bernstein
operators (2.1) is not bounded in the space

Co = {7 € C((0.1) : lim (wf) (x) = Iy (w]) () = O

r—1

where

[flle,, = llwfll = sup (wf)(x)

z€[0,1]
and o, f > 0,w (z) = z* (1 —x)ﬁ,l >a,0>0,a+p>0,0<zxz<1,butit’s slight
modification B} (f,z) (1.46)is bounded. One can consult papers (Vecchia et al.,
2004), (Vecchia and Mastroianni, 2004)and (Guo et al., 2003) containing these and
other deep results in this direction.

We consider the Sobolev type space W2 in (1.45). Observe also that modifi-
cation (1.46) is not a positive operator, so general results about weighted approxi-
mation by linear positive operators on a real interval (see, for instance, (Altomare,
2013) and references therein) are not applicable here.

The main goal of the paper is to investigate approximation properties of Vi-
denskii operators in the norm of C, under some restrictions on the sequence of
denominators.

In the following C denotes a positive constant which may assume different
values in different formulas. Moreover, we write v ~ u for two quantities v and
depending on some parameters, if lﬁlil < C with C independent of the parameters.

Note that operators (2.6) as well as the Bernstein operators are not bounded
(in fact even not defined) in C,,.

Here, we consider modifications of the Videnskii operators similar to (1.46):

n—1

Vi (for) = f (Tok) ttk () + o (2) [2f (1) = f (T2))] (2.8)

k=1

A U (2) 2 (To 1) = f (Tan2)] -

The main result of the chapter is following theorem.
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p}” < C. Then

=1

Theorem 2.1.1. Suppose that p; satisfy pp;

a)
IV (Dlle, < Cllflle,

b)

I =i (Dl < SN2, i £ W

Here we present several auxilary assertions.

Lemma 2.1.2. Ifn,k € N, f; € C¥([a,b]), i = 1,...,n then the following equality
holds

T Hﬁ-(y))z Y o (W) g (W) (29)
dy <1~:1 e bl gl dy? dyim
J120,..., jm=>0

Proof. We use mathematical induction on n in the proof. For n = 1, we get

£ () = Z(f) @ (y) (2.10)

Ji=n
which is true. So equality (2.10) holds for m = 1. b) Assume that the equation (2.9)
holds for m = k. Then

& B nl Pz
" Hfz’(y) = Z m@(fl(y))wdyjk (fe (¥))

J1+je+..+ig=n

We show that eqution (2.10) holds for m = k + 1. Now

£ i) 05 () 55
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" /n (n—r) dn ' d" fri
jiz_:o(’“>j1+j2+§k_n_ryllyz!...]k!dyﬂ el Gy e W) =gy~ ) (241

setting 7 = jx11, and cancelling(n — r)! in the product (Z) (jlnﬂ;.k) and the equality

.....

(2.11) becomes

Ik+1
d+

a (5 n! &t &
" <11f (y)> = > (f1 (v) (fx () py= (fe1) (v)

i1 gol k! dyir dyi
Jiirt et =nd D2 e OY 4

The last expression is the right-hand side of equation (2.9) for m = k + 1. By
the induction principle, we conclude that the equation (2.9) holds for all m. m

Corollary 2.1.3. If hy; is defined as in (2.3) then

unk(m):% 3 k—!H(1—ji—(—1)fihm(x)). (2.12)

o o gilgelgn!
Ji+ie+..+in=k =
0<5:<1
Proof. Differentiate (2.3) and use Lemma 2.1.2. O

Lemma 2.1.4. Under suppositions of Theorem 2.1.1, for any x € (0,1)

C < “b”;x) <1 (2.13)
and
1— ¢y, (2)
1< < (2.14)

Proof. Firstly

I~ i 1 P
()= =y Pt s 2 >C
&n (2) n;1+pni—x_xni:11+pni_ !

and

1Zn Pni®
% (2) n 1+Pm'—x_$

i=1
Combining the inequalities we get (2.13).
For the inequality (2.14) we have
1 < PriT Ie~(1—2)(1+4pyu) C
1-— =— l——————— )| =— < —(1-

=1

and
1—¢n(x) > (1—x).

Combining these inequalities we get (2.14). O
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Corollary 2.1.5. Suppose that p,; satisfy suppositions of Theorem 2.1.1 then w (x) ~
w (e, (z)) and ¢ (z) ~ ¢ (¢, (7)) -

Observe also that from definition of un (x) it follows immediately that 0 <
Unp () <1 k=0,..,n;n=1,...

Using (2.4) and (2.12) we get

Z 2k (1 —$)nikH(1 + Pni — Ji)

Jitiot..Ain=k i=1
0<j;<1

and we can write u,(x) as

k n—k .
Ap (1 - 93) 1 + Pni — i n—k
) = 2 D RN | Ce e T
1_11(1 + Prni — J}) ]1—&-]]3—6&-{0-&]}71—16 =1

and we can write as down an explicit formula for the coefficients ay,, from (1.23) :

k= Y [T (pni + 1130 (2.15)
Jitiet+..+in=k i=1
jiG{O,l}

Lemma 2.1.6. If p,; satisfy the suppositions of Theorem 2.1.1 then

and

Proof. Firstly lnH (1 + pm> Zi < C' then

=1 1=0
DR 0,2, Wari=s

ji€{0,1}
n

1 - Pni +1— 7
S 6] > H—p .
k) jitjat. +jn=k i=1 "
Ji€{0,1}

pTL’L

(2.16)
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and by Corollary 2.1.5

P, () wy, (Th1) P, () wy, (The)
< 2w sl (@' @) (1= 6p" @) (1 —2)" | 2[wf| (¢ (2)" (1= é5' (1)) (1 —2)"
T R@Er ) - () Po(a) (¢4 ()" (1= 63" (3))

< Cllwfll-

2.2 PROOF OF THEOREM 2.1.1

Proof. a)

We estimate

0t (1) 2 (1 — )"
w (z) ;f (k) s ()| = w (2) ; (P @) f (o)
— w (6= (2 n_loénk-pnk (@) f (7o) w (Tar)

< g S S D0 67Dy
Xt (o, ()

with

For a fixed x using the monotone increasing property of p,; (z) as well as (1.49)

we obtain :

o1 (z) < C (nz)*t? <g> 5

e
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since the latter function attains its maximum for x = %

5((2)) < C which implies

The estimate of oy () is simpler, since in this case
the boundedness.
For o3 (x)we again use that for a fixed x the maximum of p,, () in 2 < k <n

is attained for k = [2] . Since by Stirling’s formula Pp,2n (x) < (%)? we obtain

3\
03 (CC) < C <Z) nf}“.
Analogously other terms in V* (f, ) are considered.

The Corollary 2.1.5 and Lemma 2.1.6 finish the proof. m

Lemma 2.2.1. Under suppositions of Theorem 2.1.1 the inequalities ¢), (x) ~ 1 and
H(gb,;l)”H < C hold.

Proof. We start with

¢, () = Z 2

_ l Pnk (1 + Pnk) S l . Pk (1 =+ pnk)

= (1+py—2)° ~ 0= (14 pu)°

1 - Pnk
L

v

on the other hand

pnk 1 + Pnk — X + PnkX
6, () = —Z :
k=1 (1 + Pnk — :C)

- pnk 1+ ,Onk pnk + pnk

+pnk_$

nk:l Pnk

Put t = ¢, (). Then (¢;') (t) = ﬁ Then

‘(Cbﬁl)” (75)‘ = (W)l

1 "o —1 —-1\/
= m o (0, (1) (6,,1) (t)‘

Hence, using

n

n

¢, (7) =
Tbkzl (1 + Pnk — x)g k=1 pnk

we prove the lemma. O



Lemma 2.2.2. If f € W2 then fo ¢, € W2.

Proof. We start with

(Foont)"(t

Consider firstly 0 <t < 3 1 then

/f" azp 0P w (o) + 1 (5) ¢ 0w

" xwx)

and

/ () drg (1) w (

||f" “ul / e Ou )

< C||f"e*u ww <t>w )< O

(f
1" (62 (1) (<¢;1 0)) + (62 (1) (6" ()"
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The case 3 < t <1 is analogous. Hence, by Corollary 2.1.5 and Lemma 2.2.1,

the lemma is proved.

Lemma 2.2.3. Ifa,8>0,0<x <1 then

D, (z) = w(x) Z Uk ()

| ne)[2 22

Proof. Firstly, let us assume that 0 < x < % Then the restriction ‘% —

¢"T(x) splits into either

E_(bn (z) < ¢n2(x)
E < (rbn(x)
n-— 2

]

n (1) >
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1.e.
E S 3¢, ()
n - 2
So
D, (@) ) w| [ L (64D (0
nxéwx + Unk (X / - dg:Dnl I—FDanL’
ggabng(z) EZM’Q(“”) % QDQ (f)w(§>
and
#n () |£ _ E‘
Dy (l’) = Cz® Unk ((L’)/ n d(g)
k%z) . ©? (&) w(§)
<Ca% ) (@) / §d ()
ﬁ<¢n(ﬁ?) n
n— 2
a kN~ N B\
<cx Z Pk (2) o On () < cx Pk, () | — T
kg tnl) kg "
< C$a+2na+1pnkn (ilf) .
Since, for fixed = p,; (v) attains its maximum in 0 < k < &F for k, = [%}

Now by Stirling’s formula

()" Vnz% (1— x)"<(1—2) o1

and by 1 —u <e ™ u >0,

C nx ne
Hence,
B C
o n

For estimating D, ()
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(1) . .
o We can write using

Note that one of DSQ) or D,%) may be absent. For D

Lemma 2.2.1, (1.33) and (2.13).
Eog
D < ogo ) WSy
n2 <Cxzx 3¢n(gk§2u k’('r) /(bn(m) £a+1 5
C k e
<@ —e@) <7
For foz) we have
2 k
@ _ ’ n§
D3 = w (x) éunk (z) </¢ (x) £ (1 — 5)6+1df
" k¢
& d
: / gt (1) 5)
c, f
<w (l‘) kZ%Unk ({L‘) (xa /0 (1 5),3)
d(g) -1 X %n (x)n

The case % < x < 1 is considered analogously. Now assume that % <z <1. Put

E—1-Zand(=1-¢in P, (z)
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D, (z) = w(z) > Unp ()

2 (1= (@) |2 222

n

w (x) Z Un,n—m (x)

|2~ (1 (2)) | > 242

P J2g
s “)' ‘

Then the restriction |2 — (1 — ¢, (z))| > ¢”2(m) splits in to either

(1= g (a)) > D
that is
(1= gy ) < -2

% m o _ q
n d
/l_qbn(z) FOca-o

1—¢n(x) |( _m
Dy (z) <c(1l- x)ﬁ Un,n—m (T) - zd (C)
*3<1ZW /;; ©* (¢)¢P (1= ()
1—¢n(x)
<cl—2)" Y tppm(2) / CPd(C) <ec(l—x)
R1-Soll .

m<173¢n(2)
n — 2

Scl-0 Y pui-a) (D)7

mq_ 3¢n (x)
n — 2

<c(l—2)"nftp, . (1—x).

Now apply the reasoning from (2.17), we obtain D, (z) < €. O
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Lemma 2.2.4. If f € W2 then for F,, = F, (f o ¢,') and for all o, > 0

[(Fo ¢ — Vi (£)w] < = HF“sonH

Proof. First consider

> 0 AR L ATHOEACELS

n

:_ZF () wok @) 4 325 (0 o)) 0

k=0

:_Zfo¢ ( )unk( ) — {2]“0@5;1 (%)—focbgl (%)]un,o(w)
- [2fo¢,—g () -0 ("22) o 0+ B0 o)

= Fu(¢n (2)) =V (@)

Hence
" k
Fu (60 () Vi () w Zunk YR SHIGAGEE
Z + Z = Fy () + By (x) .

Firstly suppose that 0 < z < % For F; (z) as in the proof of Lemma 1.5.3,
El(x)zoforOSxS%. Nowif%ﬁxﬁ%thenlﬁkﬁn—lamd

n —kEF () w 2
Bl < Y w<x)unk<x)/()\f IAGTIGEG]

%_¢n(x) _<f>n(

[F e w] k i
<Oy X ()

§—¢n(x)|<¢"<z)
< =l @) | Evp*e]| < < ||Fre®u]

On the other hand by Lemma 2.2.3

Ey(z) <C ||F7'l’g02w” D, (z) <
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Lemma 2.2.5. If f € W2 then for P, := P, (fo¢,') and Py := Py (f o ¢,;') and

we have
C
n

‘f//S02w

Jwlf = Prodalllgn, <

)

QA

Hw[f—P20¢n]H[Tn72’mo] < Hf"g02w||.

Proof. By Lemma 2.2.2 that f o ¢! € W2 then the proof of Lemma 1.5.4 gives

maxe [0 (67) [ (651 () = P (oot )| < T [[(ro ) et

tefo,2]
and
max o (67)|F (05" 0) = Pa(Fo o)l < S (7o) o]
te[1-2,1] 2]
Now the proof of Lemma 2.2.2 gives the desired result. ]

Lemma 2.2.6. Let F, ;= F, (fo ¢ ). If f € W2 then we have

1Ee*w]| < Ol 7wl

Proof. Apply the proofs of Lemma 1.5.5 and of Lemma 2.2.2

HF"(pQwH <C H Foo:") ¢ w”

Proof. (Theorem b) We know that for ¢, (z) € [2,1 — 2]
Foo¢n(z) =Fo(fod," ¢n(2)) =fod, (du(x))=f(z).

Then by Lemma 2.2.4 we deduce

lw[f = Vi (DIl < Mlwlf = Fuo¢n] +w[F 0 ¢, =V (]
< S\ptul +uls - Fuoo
C
=z

o max (| [f = B0 dulllypafo,2] s o [f = Fuo dulllyapiz 2))



Now

max  w(z) |f(z) = Fy (f o, 60 (2))]

v€ ¢n [0.7]

= maxw(@:l (t)) }f (er_zl (t)) - F, (fogb;l,t)‘

<oz

and Lemma 2.2.4, Lemma 2.2.5 we finish the proof.
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CHAPTER 3

CONVERGENCE OF VIDENSKII-BASKAKOV
OPERATORS IN RATIONAL FUNCTIONS

3.1 INTRODUCTION

The classical Baskakov operators are defined as

0=35 (5] hute) 31

bok () = ("TF )2k (L +2) " (3.2)

J. Swetits and B. Wood constructed linear positive operator (Swetits and

Wood, 1973) which generalizes polynomial of (3.1) as follows

zy()%w (3.3)

19" (gn (2,9))
k! oyk

1
where g, (7,v) (H1+hm — hi (x )?J) :

(Swetits and Wood, 1973). Suppose {h; (a:)};io is a sequence of continous,

Ung () = (3.4)

nonnegative real valued functions defined on [0,00). Suppose that each interval
[0,a] there is a constant M which depends only on a such that h;(z) < M for
j=0,1,2,....,2 € [0,a]. Let f be continous on [0,00) and satisfy |f (z)| < e4® for
some constant A > 0. The sequences {S, (f)} -, defined by (3.3) converges to f
uniformly on [0,a] . if {h; (¥)}7Z, is uniformly (C,1) summable to z on [0, q].

We begin with expressing the generating function of Baskakov operator (Baskakov,

1957).

42
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and

We can express (1 + z)" as

(1+2)" = (1— xx)”

—n(—n—1) z \’ N
1+x 2! 1+ o
similar manner

yr \ " (—n) Ty —n(-n—1) zy \°
- — 1+ - + - +
I+ 1! 1+ 2! I+

therefore we can conclude that

Z(n+k—1) (ay)" :<1 W:)”: (14 2)"

Kl (n—1)! (1+2) 1+ (1+2—ay)"

We can define the generating function of Baskakov operator as

B (a) = 300 (@) = ()t (1)
k=0
S n+k—1 ()" I 1

Now we describe a construction of generating function for v,,. This was done
by J. Swetits - B. Woods (Swetits and Wood, 1973) firstly and it was repeated
independently by A. E. Mencher (Mencher, 1985) and by the author. Let h,; (z) be

defined as h,; (z) = x”ff"i , where i = m, + 1,...,n , hy; () = x where i = 1,..my;

0 <m, <nand ¢, (z th , where ¢, () is increasing 0 to co. The

generating function of our operators is defined as

o (2,9) = = ! =S @)y
[T+ hi (2) = i () y) ==

=1
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Differentiating in y

agn(l‘y h )
a—y—gn -’By Z::

= Zkvnk ("L‘) yk_la

k=1
and we have
oo (&) = 1 9%, (2,9)
S TR Y R
The g, (x,y) is an analytic function as a function of y for |y| < m1<n 1;:"(1()30 ).
Fory =1, g, (x,1) = 1 then Zkvnk (x) = th- (z) and ¢, (x Z Ui (
k=1 i=1 k=

Because of

. . —_— . 2 .

B (l’) _ Pni (33' + pm) _ T Pni _ Pri . >0

the function ¢, (x) increases from 0 to oo.

Let’s differentiate g, (x,y) twice

QDA
>
g
S

?‘\_/

\/

1 + ho; (x
(1+ Pni () = hni (2) 9)°

Zl
5 <x> 2
P 1 +h — hpi (2)y
2

(x

)
L4 T ( )—h (2)y)’

+ gn (7,y

and for y=1
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agg_;fvy) = (k= Do (2) = (th- (:c)) + 2 (i (2))°

k=2

= (n¢n (2))" +¢u (2)

where ¢, (z) = Z (hn (2))?. Videnskii type generalization of Baskakov operators
i=1

defined as .
2) = (Tuk) Ui () (3.5)

where ¢, (Tux) = %
A. Mencher (Mencher, 1985) defined Videnskii type generalizations of Baskakov

x(xm 1) .

operators with h,; (z) = = e

NT, =00,1=1,....,Mmyp; Tpn; < 00,7 =myu+1,...,n;
Tn; > 1 we denote these operators as Vn (f,z).

He proved the following results for XN/n (f,x).

Theorem 3.1.1. If lim S” = 0 then for every f € BC'[0,00) and a >0

TL—)OO

lim Hﬁn(f ) —

n—oo

= 0. 3.6
HC[O,@L] ( )

Theorem 3.1.2. If for any f € BC'[0,00) and any a > 0, lim ”‘N/n (f,") — fHC
n—oo
0 then lim S,, = oco. Here

n—oo

n

Su= > (x"x—_lﬁmn (3.7)

k=mn-+1 ni

3.2 CONVERGENCE

Lemma 3.2.1. IfV, is defined as in (3.5) then

Vo (Lz) =1,

Z (bn Tnk (:C)) Unk (x) =0,

> (6 () = 60 () v ) = -t () + 26 (2).
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Proof. First two equalities are immediate. Prove the third relation. Consider

5 60 (50) = 60 (@) () = 3 () i o) = 20000 Yo 2)

k=0 k=0

= & () + ¢ (2) + %asn (2) = & (2)

n2

]

Theorem 3.2.2. If f € C'[0,00), pp; > ¢ > 0 and lim # < Z Pk + Z (pnk)2> —

n—00
k=mn-+1 k=mn-+1

0 then V,, (f,x) = f on compacts in [0, 00).

Proof. Fix a > 0. At first let us note that ¢,/ > %x%—% >czrfor0 <z <a.

Next
—2M < (fod,')(x)— (food,') (y) <2M (3.8)

for all z,y € [0, a] where M = ”f“c*[o ] and for arbitrary € > 0, there exists § > 0,
such that for all z, y € [0,a], |t —y| <6

—e<(fog,") (@)= (fod,")(y) <e (3.9)
(3.8) and (3.9) imply

_g—%—ﬂf(a:—y)zs (fodn')(x)—(fody') (y)§a+25—]\f(x—y>2

for all z,y € [0, qa .
Observe also that ¢ (x) < z for all z € [0,00).
Now for any z € [0,a — ] we have ¢, (z) € [0,a — ] and

[e.e]

V)= £ =3 ((Foor) (£) = (Foar") (6ua) ) s (o)

k=0

SO

Valhr) - s @ <o+ 203 (2= n) e,

02
k=0
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or

k=mn+1 k=my,+1

Remark 3.2.1. Note that Theorem 3.1.1 does not guarantee the convergence of the
sequence (‘N/n> to f even in the case of equal finite poles (i.e. m, =0, z,; = x¢),
but our Theorem 3.2 gives the uniform convergence for the sequence (V,) with
equal finite poles (i.e. m,, =0, pp; = po) . Moreover the conditions of Theorem 3.2
are essetially less restrictive then the conditions of Theorem 3.1 of (Swetits and

Wood, 1973).



CHAPTER 4

ON THE CONVERGENCE OF Q ANALOGUE OF
DURRMEYER TYPE OPERATORS AND
BASKAKOV-DURRMEYER OPERATORS

4.1 ON THE CONVERGENCE OF Q-ANALOGUE OF DURRMEYER
TYPE OPERATORS

4.1.1 Introduction

In 1997 Philips (Phillips, 1997) proposed the following g-analogue of the well-
known Bernstein polynomials,which for each positive integer n and f € C'[0, 1] ,are

defined as,
(k]
Boy (f:1) Zf(n>pnk 0):

where
k(k;l)xk (1 . x)n—k

Pk (g5 2) = mq(l = $q+ gr) ... (1 — 2 + ¢ lx)

After Philips several researchers have studied convergence properties of ¢—Bernstein
polynomials B, , (f;z).The Bernstein-type operator discussed in (Parvanov and

Popov, 1994) is

Un(fi2) = (0= 1)Y o (2) / £ (8) Pusis (£) dt
£ F(0) Pug + £ (1) P (4.1)

which is Durrmeyer-type modification of Bernstein polynomials where

=1 /0 F(6) poas s (1) dt

48



49

for 1 < k < n —1 in the operators U, (f;x) takes place of f (%) in B, (f;x) the
Bernstein polynomials.

Starting with the operators(4.1) J.L Durrmeyer (see (Durrmeyer, 1967)) intro-
duced in 1967 the operators D,, : Ly ([0,1]) — C (]0,1]), which are integral modi-
fications of the Bernstein polynomials in order to approximate Lebesgue integrable

functions on the interval [0, 1], defined as

Do (f52) = (n+1)> pos (2) / £ (8) o (1) dt. (4.2)

Very recently Derriennic (Derriennic, 2005) introduced some g-analogue of
the Durrmeyer operators and established some approximation properties of those

q—Durrmeyer operators.

As Durrmeyer operators approximate integrable functions on the interval [0, 1],
this inspired us to introduce new q analogue of the Durrmeyer-type operators of (4.1)

which reproduce linear functions.

For f € C10, 1], we introduce the following g-Durrmeyer type operators as

n

Kng (fi2) = hl—-l}jgqu‘kpnk(qwr)jg f @) Pn—an—1(g;qt) dyt

k=1
+ f (0) pn,O <Q7 SL’)

=) Aw (f) Pk (gz), 0<z <1 (4.3)
k=0

It can be easily verified that in the case ¢ = 1 the operators defined by (4.3)
reduce to the Durrmeyer-type operators recently introduced and studied by Par-
vanov and Popov. The advantage of the operators we defined is reproducing linear
functions.

In the present chapter we study some approximation properties of g-Durrmeyer-
type operators K, , (f;z) defined by (4.3) for 0 < ¢ < 1. First we estimate the
moments for the g—Durrmeyer-type operators. We also study the rate of conver-
gence for these operators K, , (f;x). We establish direct results in terms of w (f, -).

Throughout chapter the expression g,(z) = ¢g(z) means uniform convergence of a

sequence {g,(z)} to g(x).
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4.1.2 Moments

In this section we shall obtain K, ,(t',z),i = 0,1,2. Note that for s =
0,1,...and by the definition of ¢-Beta function (see (Kac and Cheung, 2002)), we

have,

1 n ! n—
/ D (q; qt) dgt = M q" / R (1 — qt) " dgt
0 0

¢ [n]! [k + s]! [n — k]!

K =K [k +s+n—k+ 1] [n]!

"k + s n)!

st R (44)
Theorem 4.1.1. We have

Kn g (Lz) =1, Koy (t;x)==x
and
an(tQ;x):xQ—i—(l—i_Q)x(l_x) (4.5)

Proof. In order to prove the theorem we shall use the following identities

ank (Q; SL’) = 17 Z%pnk (Q; .T}) =,

k=0

R

k=0

We will evaluate K, , (t*;x), s = 0,1,2.The result can easily be verified for

Kng (152) = 3 _a" ™ puk (0:2) /0 n—1] [Z _ ﬂ (gt (1 — qt)" ™Vt

& . [n—1][n—2]! k—1)'[n —k—1]!
:;pnk(q’x) k—1n—k—1[k—1+n—k—1+1]

=1
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Using the definition of K, , (f;x) (4.3)and (4.4) for s = 1 we have

n

Ko (t:2) = D 0" "pur (¢:0) /0 1] [Z _ ﬂ Egt) ™ (1 — qt)" ™ dyt

B n _ [n—1][n—2]! k' [n — Kk —1])!
_;pnk(q””) E—1n—k—11k+tn—Fk—1+1]

= Z%pnk (¢;x) = .

and for s = 2 using [t+ 1] = 1+ ¢[t], and [k = [k] (¢[k — 1]+ 1), 0 < ¢ < 1, we

have

Kng (t%52) = iqlkpnk (g;x) /1 n —1] {Z : i

0 }tQ (@) (1 —qt)" "t
n n—1][n—2]! k+1'[n —k—1]!

N , [
_;pn’“(q’w) k—1n—k—1k+1l+n—k—1+1]

N NGRS
- ;pn’“ (¢;7) ][+ 1]

= e Bk e (52)

_ mz (k] (L + q [K]) ok (4 )

_ ;Z (k] + ¢ [k]*) par (q; )

(] [+ 1] =

x [n] =[] ,
=TT +q[ 2 5Pnk (¢ 7)

]

Theorem 4.1.2. If ¢ > 1 be fized and f € C[0,1], then K, ,(f;x) = f (z) for all
z € [0,1].

Proof. The theorem follows from the Korovkin theorem and the Theorem 4.1.2. [J
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Remark 4.1.1. It is observed that the operators K, , (f;x) reproduce linear func-

tions.

Remark 4.1.2. Let x € [0, 1] then for every ¢ € (0,1) we have the following ;

Ky ((t —x);2) =0, Ko ((t—:p)z;x) - n+1

4.1.3 Convergence of g-Durrmeyer Type Operators

(+g)x(l—2)

Definition 4.1.1. Let ¢ € (0,1) be fixed. We define Ko, (f;1) = f (1) for z € [0, 1)

Kooy (fi2) = %qukpook (¢;7) /O [ (@) pocse—1 (g5 qt) dgt + [ (0) peoyo (¢, )

where
z® L= )
ok () = —————— (1 — ).

Using the fact (see (II'inskii and Ostrovska, 2002)), we have
> pook (g7) =1, (1= ¢") poos (g;2) =z
k=0 k=0

and
ST (1) per(@2) =2>+(1—q)z(1-2),
k=0
SO
1 ¢ L
Dok (3 qt) dyt /t*s 1 —qt)d,t
/o (1—q)" [k =ty dy
q" k4s+1
= k+s]'(1—q)°
(1—q)" [K]!
Flk+ s]!
— (1 — s+1 4 [
(1—4q) 7

By using (4.7) and (4.6), it is easy to prove that

Koog(Liz) =1, Kog(iz) =2, Koy (t2) =2+ (1—-¢*)z(1—2).

(4.6)

(4.7)

For f € C[0,1], t > 0, we define the modulus of continuity w (f,¢) as follows:

w(f.t) = s |f(z) = f ()l
z—y|<
z,y € [0,1]
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Lemma 4.1.3. Let f € C'[0,1] and f (1) = 0. Then we have

Ak ()] < A (1f) Sw (f,d") 1+¢"™)  (0<k<n)

and for any n, k,

[ Aok ()] < Aserr (1) < w (f,q") (1+¢"T).

Proof. By the well-known property of modulus of continuity (1.72)

w(f, ) < 1+ Nw(f,t), A>0

we get

FOI=10 @ - Fa S win1-0 <ol (1420,

g[n—l]/ ECF () = £ (1)) Pasies (a3 at) dyt

§[n—1 (1+ )ank 1 (g qt) dgt

B (I

- (“q )

s )< qqn(a qn>)> e
Similarly,

/ (F () — £ (1)) oo (g5 at) dt

( /( 1q;t>poo,k_1(q;qt)dqt
(fCI)< (1 (1 k>)>§w(f,Q”)(1+qk_")-

[]

[ Ao (f (8) = £ (1)] = f

Theorem 4.1.4. Let 0 < g < 1, then for each f € C[0,1] the sequence {K, , (f;z)}

converges to K 4 (f; ) uniformly on [0,1]. Furthermore

[ Kng (f) = Kooig (f)] < Cow (£, 4") - (4.8)
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Proof. K, (f;x) and K, , (f;z) reproduce linear functions that is

Kooy (at +by2) = K, 4 (at + b;x) = ax + b.

Hence for all z € C'[0,1) by the definitions of K, (f;x) and K, ,(f;x), we

know that

Ko (5) — Koea (f50)] = ZA () b (52 — kzn;Am () pec (05
- Z e (F = 1 (1)) s (52 — ’:OAook (F = 7 (1)) ok (65
< Z Ak (F = £ (1) = A (F = 1 ()] s (052)

+ Z [ Aok (f = f () Pk (@5 7) = poo i (45 7))
k=0

+ Z |Aook (f_f(l))’poo,k (Q;x>
k=n+1
=10+ 1+ Is.

First we have

|pnk(an pook( x)]

nkl k 00
n k—1 s T s
e | R e (R

(1= (it
= M a* (n_: (1—¢°z) — ﬁo (1—¢°x)
wlla-ao ([Z] ) (1_;)k[k],>‘
< o (a:2) |1 - ﬁ (- ¢x)
+ Do (657) (1—¢)-1
<A (s (0:0) + s 050) (19

where in the last formula we use the inequality

1-J[=a) <D as (a1, .a, €(0,1), n=1,2,..).
s=1 s=1



Hence by using (4.9) we have

A (F — £ (1)) = A (f — £ (1))
glf*uuwwanm—u

sA&*U@—ﬂm

1

1

[”—1]—1—_q Pooe—1 (43 qt) dgt

1
Pr—24—1 (¢ qt) — T ok (¢;

qt)| dgt

1
+Aqkkuaw—funm—uum%hlmww—pwmm¢wn%t

< 1‘1_q / G () = f ()] pooss (: qt) dyt
n—k—1

+i——Aqkﬂﬂﬂ—fﬂﬂh—ﬂ@wmquﬂ—mmqmmmdﬁ

I—gq
n—k—1

Yw(f,q") (1+¢"") + 2q1 —

w(f,q") (1441 <
Now we estimate I; and I3. We have

zz:pnk g x) < (f? )

1—q — 1—q

and
n

L<w(fq")Y  (L4+6") pooi (g2) < 20 (£.4") Y _poci (g5 2)
k=0 _

Finally we estimate

Sw (f.q")

1—g¢

95

<2w(f,q").

z))

n n—k
L<Y w(f.g") 1+ 1q p (P (45 %) + Poo i (¢;
k=0
2w (f,q") = ' . 4w (f,q")
< o X (Prk (452) + Pooy (7)) < 4

We conclude that for xe [0,1),

’Kn,q (f) - Koo g ()l < Cow (f, q").

This completes the proof of the theorem.
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4.2 ON THE CONVERGENCE OF BASKAKOV-DURRMEYER OP-
ERATORS

4.2.1 Introduction and Notation

In (Mihesan, 1998) the following generalized Baskakov operators were intro-

duced with non-negative constant a > 0 independent of n

> k
BY(f:- ) = " , -], x>0, k=0,1,2, ..., =1,2,..., 4.10
0 = Y £ (1) o n (4.10)
where
—ax pk <n,a) l‘k
f— 14+x
Pnk (z,a) = e™+ 2 (1 +x>n+k
such that
an,k (Iaa) =
k=0
and

with (n), =1,(n), =n(n+1)...(n+t—1), for t > 1, defined for f € C'[0,00).

In (Wafi and Khatoon, 2004c), for the operators B the rate of convergence
via modulus of continuity of f was evaulated by Wafi and Khatoon. In (Wafi and
Khatoon, 2004a) they studied some approximation properties of the operators BZ.
In (Wafi and Khatoon, 2004b); (Wafi and Khatoon, 2005) they established direct
and inverse results for the generalized Baskakov operators.

In this chapter we stated in (4.13) a new Durrmeyer type modification of
generalized Baskakov operators (Mihesan, 1998) for all real valued continous and
bounded functions f on (0, c0]. Another Durrmeyer type modification was given by
A. Erencin (Erencin, 2011).

For the operators A, we establish certain direct theorems in terms of the
modulus of continuity of second order, and prove the continuity in Lipschitz-type

space.
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As a special case, when a = 0, the operators given by (4.13) turn out to be

the following Durrmeyer type Baskakov operators,

By (f,x) = (n=1)) pux (x)/ Pn () f(8) dE, x>0,

k=0 0

where
n+k—1 xk
nk (L) = —_— 4.11
and
e ! I'(2)T (y)
B(z,y) = dt = , x,y > 0.
o / A+ " Tty Y

and for alln € N

IF'(n+1)=nl

Lemma 4.2.1. (Mihesan, 1998). For a, x >0, n = 1,2.... We have

By (Lz) =1,
" ax
Bn(t;x)=$+m,
2 a’z? 2ax> ax
B (tx) ="+ = +2%+ + + . 4.12
) = T iy Tt i

The main goal of this section is to try to use a similar idea which helped in

former section to simplify formulas for the moments.

4.2.2 Construction of Operators

For every n € N, the positive operators A, is defined by

Ay (fr2) = (n—1) i::s,‘;k (@) /0°° (n+ . 1) ;

k mf (t)d(t)  (4.13)

for z € [0, 00) and for every real valued continous and bounded function f on [0, c0)
where n € N,

. —az P (N, Q) z*
n Tr) = el+z ,

in which py (n,a) is defined as in (4.11) . These operators satisfy linearity property.
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Lemma 4.2.2. The following equalities hold:

A, (Lx) =1,
A, (t;z) = ! (m:—i— “ —1—1) n>2 (4.14)
n I - (TL—Q) (1_'_:(:) ) ) .
A, (tQ;x) = L ((n2 —I—n) 2 + dnx + o 5
(n—2)(n—3) (1+z)
2
2nax’ | daz +2>, n>3. (4.15)
142z 1+=x

Proof. From (4.12), we have

A, (12) = (n— 1)gsg,k (z) (”*Z‘ 1) /Ooo ﬁdt

+1

“ n+k—1)

n—i—/{:—l) (n —2)!k!
~1)
(n Z (n— & (n+k—1)

= a 1 - a
DY) =SS
= B! (1;x) =1,

where B? (f,z) is defined by (4.12). Similarly

it = -3 () [T

(k1)
(n—1) ank n—l)'k'B<k+2n 2)

kDB
(n—1 ank (-1 (n+k- 1)

Z k + 1
- nk
1 e 0k e
k=0 k=0
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- - ! 5 (nBy (1,2) + By (1,2))

Finally
2.0Y — (n — N s . n+k—1 T
A, (% 2) = ( UkZ:oS"’k( ) ( . )/0 —(1+t)n+kdt
(n—1) ngk L;;')B(kJr?),n—?s)
B o (n+k—=1)!n-4)"k+2)
=1 kZOS"”“ O T k=1
RN (L)
_;Snk( ) (n—2)(n—3)
1 2 - a K’ - a k = a
~—2)(n—3) (” an,k (x) FOI 3”Z:Sn,k (x) T Qz_:sn,k (@)
= (n 2)1(n —3 (n®Bg (%, x) + 3nBg (t,z) + 2Bg (1, ))

2 a’x? 2a0.x ax )

“ =2 (n-3) l” (E*ﬁ” TR n(tn) w2t

+3n (93+ ﬁ) +2}

1 2,.2

(2+ ) 2 A + a‘xw +2nax2+ 4ax 49
= n°+n)w nx
(n—2)(n—3) (1+2)? 1+z 14z

2

so the proof is completed. n

Lemma 4.2.3. For the operators A, we have

1 a’z?
A, (t—2);2) = 2 24+ (2
((t—2)";2) CEDICEE) ((n+6)x +(n+6)x+(1+x)2
2
Gaz +4ax +2), n>3.
142z 14z
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4.2.3 Local Approximation

In this section we establish direct and local approximation theorems in connec-
tion with the operators A,. Let Cp [0, 00) be the space of all real valued continous
bounded functions f on endowed with the norm. Further let us consider the follow-

ing K-functional:

Ky (f;6) = inf {[If =gl +dllg"l},
geW?
where § > 0 and W? = {g € Cp[0,00) : ¢/, ¢" € Cp[0,00)} .

By [ (Sahai and Prasad, 1985), p.177, Theorem 2.4], there exists an absolute
constant C' > 0 such that

K (f;0) < Cuwn (f; \/3) (4.16)
where

wo (F:V0) = sup sup | (w+2h) = f(x+h)+ f ()

0<h<V3 z€[0,00)

is the second order modulus of smoothness of f € Cp [0,00) . By

w(f;0)= sup  sup |f(z+h)— [(z)|

0<h<é 2€Cp[0,00)

we denote the usual modulus of continuity of f € Cp[0,00). Now, express the

auxiliary operators

A (i) = (i)~ £ (g (w15 1) ) 4 £ )

for f € Cp0,00), ¥ (z) > 0 and n > 2.

Theorem 4.2.4. Let n > 3. We have

1 ax
A . _ — . a . .
[An (fi) = | (@)] = Can (5305 (0)) + <f,—n_ 5 (2:c+ Tt 1))
for every x € [0,00) and f € Cp|0,00), where C' is a positive constant and where

1

e (z) = eI ((2n+10)z* + (2n +10) z
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2a%x? 10az? bax
+ +3].

(14 ) * 1+ * 1+
Proof. By the definition of zln it is known that
Z&n (t —z,2)=0.
Let g € C%[0,00) . From the Taylor expansion of g
9= g@) =t = )9 @)+ [ (=) () du

we can write

i (952) = 90) = () (=) + A ([ 0= )" () s )

=A, </; (t —u)g" (u) du;m) — /x@(m”fﬁl) (nig

X (TLZE+ lfiﬂ +1) —u) g// (u)du

and therefore

‘an (g; ) —g(m)‘ <A, (

[ -0 waiz)

5 (na+ 22 41) 1
n—2 T+a ax _ "
/x (n_2<nx+1+x+1) u)g (u) dul .

[ =g wa

L5 (net 25 +1) 1
/m T <n_2(nm+1cfx+1)—u)g"(u)du

1 axr 2
< 2z + —— +1 ",
< = (e 1) 19

it follows form (4.17) that

+

(4.17)

Since

< (t—a)lg"l

and

“

Ay (giz) — g (m)’ < {4, ((t-2)",2)

1 ax 2
+ 20+ —— +1 “II.
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So by means of Lemma 4.2.1, we may conclude that

- 1

An(g,x)—g(:p)’ < CEDICEE) {(2n+6)2*+ (2n+6)x

a’x? 6ax?

daz 1 ax 2
+ + +2) + 20+ —— +1 "I
(1+2)? 14z l+az > (n—%Z( 1+ )}ng

. 1
Using the fact -

+

7 < (n—2)1(n—3) for n > 3, we can obtain

A, (g:2) — ‘< M + 10) 22
) = 90| < { gy gy 20+ 1000
2a%x? 10ax? 6ax
2 1 "
100+ 200 L )

and for f € Cp[0,00) and g € C% [0, 00) by the definition of the operators ;1,“ we

have
[An (f50) = £ @)] < |40 (f = g52)| +1(f — 9) (@)
+ Zln(g,a:)—g(:v)‘ + ‘f (% (nx+ 1?:{; —|—1) —f(x)) ,
and

A (f:2)] < 1A (1,2) + 217 = 31711

Thus, we can obtain

A (F32) = J @) S 40F = gll + |[Au (g52) = 9 ()]
+w<f;$ (H I?fxﬂ)),

[An (f52) = ()] < 4f — gl +

1
(n—2)(n—3)
2a%2? 10ax? bazx

+ +
(1—|—x)2 142 142

1 ax
— 1 2 —+1
(g (B +)),

u B 1
2a%x? 10az?  6ax 5
(1—|—:1c)2+ Trz 1ta )

X <<2n+ 10) 22 + (2n 4+ 10) z + +3) 19"

therefore by taking

2n + 10) 2°

+(2n+10)z +
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we get

[An (fr2) = f (@) < 4If =gl + llg"l 45 (2)

w(f;%(x%—lcfxntl)).

Thus, taking infimum over all g € C% [0, 00) on the right hand side of the last

inequality and considering (4.16) the desired result is reached. O
4.2.4 Rate of Convergence

Now consider the Lipschitz- type space

Lipy, (r) = {fe Ci (0,00 1f (1) — f ) < =2y e [o,oo]}
(t+ )

where M is a positive constant and r € (0, 1].

We firstly prove the following lemma which will be used in the proof of the

next theorem.

Lemma 4.2.5. For all x > 0 and n > 2, we have

An ([t = z[52) < V/bn (2),

where

Proof. By (4.13) we get

= *(n+k-1 t*
A, (t —zl;2)=(n—-1 Sy x/ <n )—t—xdt.
sl =03t [ (") e

If we apply the Cauchy-Schwarz inequality to the integral in the right hand

side of the above inequality, then we find
n ([t —2|s2 \/n—lzszk

1
2

X </Om(n+lz—1>ﬁ(t—x)2dt>2 (4.18)
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and again applying the Cauchy-Schwarz inequality to the series in the right hand
side of (4.18) we have

A, (|t — x|, §{n—1 ngk

></0°° (""‘Zl)ﬁ(tmfﬁ}é

= \/An ((t—x)Q;x) = /0, (7).

Theorem 4.2.6. Let f € Lipy, () then for all x > 0 and n > 2, we have

|A”(f5”>—f($)|§M<M)5

X

where &, (z) is defined as in lemma above.

Proof. At first consider the case r =1

0o © /0 B k
[An (f2) = f(2)] < <(n— 1)) sy (95)/0 ( +Z 1)#
x| f(t) = f(z)]dt)

N “Im+k—1 tk |t — x|
M<”_1)§S””f(‘”)/o( k )(1+t)”+k\/t+—xdt

\/7 < \/LE and lemma 4, the last inequality implies that

An (Fi0) = £ ()| < (%n—lz A ()

tk

%An (Jt — 2| ;2) < M4/ ‘5";@.

This is the desired result for r = 1. Now, let r € (0,1). Then application of

the Holder inequality two times with p = % and g = 1—; gives

A (fi2) = f(2)] < <<n -1 g:sﬁ’k (@) /OOO (n ’ : ) 1)
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tk
Xm |f(t) - f(fﬁ)’dt>

T

00 © /0 _ k
< <n_1>zsg,k<g;>(/o (" 1)(1;W|f(t)—f($)ldt>

00 o /0 . k . r
s{m—ngss,k(a:)/() (" 1)(1;W|f(t>—f($)lrdt}-

Since f € Lip}, (), this inequality leads to

[An (f2) = f (@) SM{m—l)iss,k(x)/om ("*’;—1)

X

t* |t—x|dt
1+t Vite
<Y {(n—wZS:;,m/ow G

x2
¢k oM .

Therefore by lemma 4 we may conclude that

r
2

Mﬂﬁ@—f@ﬂgM(%E»

X

which completes the proof. O]

We consider the following class of functions:

Let C,2 [0, 00] be the set of all functions defined on [0, co] satisfying the con-
dition |f (z) < My (1 +2?)|, where M; is a constant depending only on f. By
Cy2 [0, oo] ;,we donote the subspace of all continous functions belonging to H,2 [0, co].
Also let H,2[0,00] be the subspace of all functions f € C,2[0,00], for which
|f (z)]] = mh_)rrolo ﬁ—ﬁis finite. We denote the modulus of continuity of f on closed
interval [0,a], as a > 0 by

Wa (f,0) = sup sup |f(t)— f(z)].

t—x<6 t,xz€(0,a]

We observe that for the function f € C,2[0,00] the modulus of continuity

w, (f,0) tends to zero.
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Theorem 4.2.7. f € H,2[0,00], wat1 (f,d) be its modulus of continuity on finite

interval [0,a 4+ 1] C [0,00], where a > 0. Then for every n >3
An (fi2) = £ (2)] g0 < 6M; (1+a?) 8, (a) + 201 (f; \/(sn—@)> .
Proof. For x € [0,a) and t > a + 1, since t — x > 1, we have
1f () = f(2)] < My (2+2”+¢7)
< My (24322 +2(t — 1))
<6M; (1+a%) (t—x)°. (4.19)

For x € [0,a] and t < a + 1, we have

1O -1 @] Swa(ft-o < (145 o) @20
with § > 0. From (4.19) and (4.20) we can write

10 = 7@ <0y (14 a?) =2+ (1455 ) e (1)

which yields

Au (fi2) = f (2)] < 6M; (1+a2) A, ((t =) s2)

)
for x € [0,a] and ¢ > 0. Thus by using Lemma 4.2.4., we can get

s (1) (14 340 1t~ wia))

’An(fo)_f(xH§6Mf(1+a2)(5 () + war1 (f,9) (1_|_ \/—>
< 6M; (1 +a%) 0u (a) + was (f,9) <1+ J—>

finally, by choosing § = \/d,, (a), we achieve the result. O
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A.1FURTHER STUDIES

1. Study of convergence of weighted modifications of q analogue of Durrmeyer

type operators.

2. Study of convergence of weighted modifications of q analogue of Baskakov

operators.

3. Study of convergence of Videnskii-Baskakov operators in rational functions.
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