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ABSTRACT

In this thesis, electromagnetic scattered field analysis of two dimensional non-penetrable
wedge geometry have been investigated with both high frequency asymptotic techniques
(HFA) and finite difference time domain (FDTD) method.

Among HFA techniques, Physical optics (PO), Physical theory of diffraction (PTD),
Unified theory of diffraction (UTD), Parabolic equation (PE), Exact series and Exact
integral methods are applied to inspect electromagnetic scattering behavior of two

dimensional non-penetrable wedge geometry analytically.

As a numerical technique, finite difference time domain (FDTD) method and the important
aspects in its implementation are explained briefly. Also, absorbing boundary conditions
and modeling issues are investigated. Meshing algorithm is developed to reduce staircase
modeling errors which is formed by the application of standard Yee algorithm. In order to
show the qualification of FDTD method, some examples are presented with HFA results.

A novel Matlab based softwares WEDGE GUI and WEDGE FDTD GUI are also
presented with thesis. The former was developed to analyze two dimensional perfect
electric conductor (PEC) wedge geometries with various HFA methods. The latter was
developed to analyze same geometry with finite difference time domain (FDTD) method.

Source codes of these programs can be found in the CD given with this thesis.



OZET

Bu tezde, kusursuz iletken yapidaki liggensel objelerden olusan elektromanyetik sagilim
alanlari, yiiksek frekans asimtotik teknikleri ve zaman domeninde sonlu farklar yontemi ile

incelenmistir.

Yiiksek frekans asimtotik tekniklerden, fiziksel optik, fiziksel difraksiyon teorisi,
birlestirilmis difraksiyon teorisi, parabolik denklem, seri ve integral metotlar1 bu tip

problemleri analitik olarak analiz etmek i¢in uygulanmustir.

Bir numerik teknik olan zaman domeninde sonlu farklar metodu ve bu metodun
uygulanmasi da bu tez icerisinde detayli bir sekilde anlatilmistir. Yutucu sinir kosullart ve
modelleme sorunlar1 da ayrica incelenmistir. Standart Yee algorithmasinin
uygulanmasindan dolayr olusan modelleme hatalarin1 diisiirmek i¢in, hiicreleme
algorithmasi gelistirilmistir. Zaman domeninde sonlu farklar yonetiminin sonunglarinin
dogrulugunu gostermek i¢in birkag¢ 6rnek yiiksek frekans asimtotik yontemlerinin sonuglari

ile birlikte verilmistir.

Bu tez kapsaminda, WEDGE GUI ve WEDGE FDTD GUI adinda iki yeni matlab tabanl
program sunulmustur. WEDGE GUI, 2 boyutlu kusursuz iletken iiggensel objeleri ¢esitli
yiiksek frekans asimtotik teknikler ile kolay bir sekilde analiz etmek i¢in gelistirilmistir.
WEDGE FDTD GUI ise ayn1 geometriyi zaman domeninde sonlu farklar yontemi ile
analiz etmek i¢in tasarlanmistir. Bu programlarin kaynak kodlari tez ile birlikte verilen CD

igerisinde bulunabilir.
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1 INTRODUCTION

The phenomena of electricity and magnetism were first noticed around 600 B.C. in ancient
Greece. A piece of amber rubbed with a cloth was found to attract light objects, and pieces
of a magnetic core were found to attract small iron objects. They are examples of static
electric and magnetic fields respectively. In 19™ century, experiments made by Faraday
and Ampere showed that changing magnetic field induces a changing electric field and
vice-versa—the two are linked. These changing fields form electromagnetic waves which
propagate in all environments. Light, microwaves, radio and TV signals are all kinds of

electromagnetic waves.

When the electromagnetic wave hits a material object, time varying polarization currents
occur. This time-varying polarization currents create an additional electromagnetic field
which is known as scattered field and propagates into both material and its surrounding
space. Scattered fields are used to identify objects at a distance. For this reason, they are
important for military, biomedical, aviation and mining applications. Extensive study of
scattered fields leads to many discoveries in our lives such as stealth aircrafts, cancer
detection systems. Scattered field which encloses reflected field, refracted field and
diffracted field, can be analyzed via using analytical techniques such as geometric
optics(GO), physical theory of diffraction(PTD), physical optics(PO), exact series and

exact integral, for regular geometries.

On the other hand, the exact analytical solutions for scattering, radiation and wave guiding
problems are rarely available or hard to obtain, for the irregular geometries which are
found in actual devices. Several numerical techniques such as FDTD, Method of Moments,
Finite Element Method, are emerged to overcome these difficulties. Improvement of the
computer storage and increment of processor speeds enables us to use such numerical

techniques more efficiently and accurately to obtain solutions of Maxwell’s equations.

Through the numerical methods, FDTD is easy to use and powerful method for obtaining
numerical solutions of Maxwell’s equations in time domain as well as frequency domain

via fast Fourier Transform (FFT). FDTD is based on solving differential form of



Maxwell’s equations via central differences. Because of being time domain method, it

makes possible to observe electromagnetic wave step by step.

1.1 Outline of the Thesis

This thesis is organized as follows: In Chapter 2, we review the analytical methods used
for analyzing scattered fields for non-penetrable wedge geometry [1]. After introducing the
general background, we introduce WEDGE GUI which is a novel matlab based tool
developed to compare different analytical results obtained from plane wave or line source

illumination of wedge type obstacle.

Chapter 3 gives detailed explanation about the application of FDTD method to obtain
numerical solutions of Maxwell’s equations for non-penetrable wedge type geometry.
Modeling issues are also addressed in this chapter and alternative schemes are discussed to
reduce numerical errors. At the end of the chapter, we introduce another novel matlab
based tool WEDGE FDTD GUI which is 2D electromagnetic simulator based on FDTD

method and developed to compare numerical results with analytical ones.

Although each chapter has its own concluding section, we summarize our results in chapter
4. 1t concludes this dissertation with a summary of the methods applied to obtain scattered

fields and the future directions of our research.

Source codes of the developed programs are found in the CD given with this dissertation.



2 ANALYTICAL METHODS

2.1 Introduction

Electromagnetic (EM) wave scattering has been substantially investigated for many
decades and just reviewed with a tutorial in [1] on the canonical, two-dimensional (2D)
wedge problem. Numerical difficulties of various analytical models based on complex
integration as well as series summation are also discussed in details in [2]. Comparisons
against numerical techniques such as the Finite-Difference Time-Domain (FDTD) method
are given in [3]. In all these studies, wave pieces like reflection, refraction, and diffraction
which are the components of scattering are re-visited through analytical exact as well as
High Frequency Asymptotic (HFA) methods, such as Geometrical Optics (GO),
Geometrical Theory of Diffraction (GTD), its uniform extension Uniform Theory of
Diffraction (UTD), Physical Optics (PO), Physical Theory of Diffraction (PTD),
Elementary Edge Waves (EEW), and Parabolic Equation (PE) methods [4-20].

In this section, first, the problem is posted briefly and critical wave regions are outlined.
Then, mathematical equations for both plane wave and line source illuminations are
presented for the sake of completeness. There are many different forms of these models,
but the ones presented here are numerically the most efficient ones. Finally, the virtual tool

WedgeGUI is discussed together with some examples.

The non-penetrable wedge diffraction problem is canonical and plays a fundamental role in
the construction of HFA techniques as well as for the numerical tests. The exact solution to
this scattering problem was first found by Sommerfeld [4] in the particular case of a half-
plane. For the wedge with an arbitrary angle between its faces, the solution was obtained
by Macdonald [5] and later on by Sommerfeld who developed the method of branched

wave functions [6].

The 2D wedge scattering scenario is pictured in figure 1. The semi-infinite wedge with
PEC boundaries is located in vacuum. The polar coordinates are used throughout this
section. The z-axis is aligned along the edge of the wedge. The angle ¢, is measured from

the top face of the wedge. The exterior angle of the wedge equals «. The wedge is



illuminated by a Line Source (LS) at a distance from a direction. In other words, source

and observation points are given by (1, @) and (r, @), respectively.

Source

Figure 2.1 Geometry of the wedge scattering problem (SSI: Single Side illumination, DSI: Double Side
Illumination)

The scenario for the LS-1 (0 < ¢, < ) belongs to the Single Side Illumination (SSI)
where the top face is always illuminated. In this case (i.e., for the SSI), the 2D scattering
plane around the wedge may be divided into three regions in terms of critical wave
phenomena occurred there. In Region—I (0 < ¢ < m — ¢,), all the field components —
incident field, reflected field and diffracted field — exist. The angle ¢ = m — ¢, is the
limiting boundary of reflected fields and Region | (Reflection Shadow Boundary - RSB).

In Region-Il (r — @y < @ < m+ ¢,) only incident and diffracted fields exist. The angle
@ = 1+ @, is the limiting boundary of the incident field and Region—II (Incident Shadow
Boundary - ISB). In Region-llI (i.e., in the shadow region, +¢, < ¢ < a) only diffracted

fields exist.

The scenario for the LS-2 (a — m < ¢, < m) belongs to the Double Side Illumination
(DSI) where both faces are always illuminated. In this case, the 2D scattering plane around
the wedge may also be divided into three regions. In Region—I (0 < ¢ < — ¢,), all the
field components — incident field, reflected fields from the top face, and diffracted field —
exist. The angle ¢ = m — ¢, is the limiting boundary and called Reflection Shadow
Boundary—RSB. Similarly, in Region-lll Q2a—m—¢y<¢ <a), all the field
components — incident field, reflected fields from the bottom face, and diffracted field —

exist. The angle ¢ = 2a —m — ¢, is also a RSB. The region between these two (i.e.,



Region-Il;m — @y < ¢ < 2a — m — ¢@,) contains no reflected fields and only incident and
diffracted fields exist. In summary, both incident and diffracted fields exist everywhere,
but reflected fields exist only in Region—1 and Region-3. Except the UTD formulations,
the time dependence e~(®? s accepted in the section. The field outside the wedge
satisfies the wave equation

<62 10 1 92

Iy
—_— - 2 —— _ _
a2t rar Tz Tk )” —~8(r —10)8(¢ — 9o) @2.1)

and the boundary conditions (BC)

ou
u5=00ra—rf=00n<p=0,a. (2.2)

and the Sommerfeld’s radiation condition at infinity:

d
LimVkr (d—lr‘ - iku) -0 2.3)

T—00

In the case of EM waves, these BCs are appropriate for the PEC wedge and function us
represents the z-component of electric field intensity E, (TM), while function uy, is the z-
component of magnetic field intensity H, (TE). In the case of acoustic waves, these
conditions refer to acoustically soft (TM —> SBC) and hard (TE —> HBC) wedges,

respectively.

2.2 Plane Wave lllumination and HFA Models

Mathematical equations of different models are included here for both Line source (LS)
and Plane Wave (PW) illuminations. The PW models presented in this section are Exact by
Series Summation, PO, PTD, UTD, and PE models.

2.2.1 Exact Solution by Series Summation

The total field solutions of the Helmholtz equation with SBC and HBC for both SSI and
DSl are [11]:

Ush = Ug [u(kr, @ — o) £ ulkr, o + ¢o)] (2.4)



where

o)

M i)
u(kr,¥) = —Z ee \2)7  (kr) cos(v, W) (2.5)
a =0
1w
uO = 4_iIOHO (kro) (26)
Here, v, = In/a and €, = 1/2, €; = €, = €5 = --- = 1. The diffracted fields u>**%“* and
u**%“t can be calculated by subtracting suitable components (i.e.,incident and/or reflected

fields) from equation 2.4 in different regions as:

d,Exact t,Exact
uS,h xac /uo = uslhxac /uO - ugg (2'7)
where, for SSI (0 < ¢ < a — 1)
usf
e—ikrcos((p—<l’0) + e—ikrcos((p+(po) 0< Q<mT— @ (28)
— e ~ikrcos(p—po) T—@o< @ <mT+ @,
0 T+@o<@p=<=a
and for DSI (@ — 7 < @y < m)
ugf
g tkrcos(p—go) 4 p—ikrcos(@+¢o) 0<p<m—g (2.9)
= e ~Jkrcos(@—go) T—@Qy<@<2a—1— @,
0 20—m—@o <@ <«

2.2.2 The Physical Optics (PO) Solution

The diffracted fields for the PO model (i.e., the uniform part of the surface currents) are
given as [11]:
For SSI (0 < ¢y < a — m):

uP0 fuy = v2), (kr, 9, 9o) (2.10)
and, for DSl (¢ — 7 < ¢y < 1):
ul fug = vy (kr, @, 90) + vy (kr,a — 9, a — ;) (2.11)



where

1 AN it 1 +V¥, -7
v (kr, @, 90) = —=e (kr+4)f gkrs® [Ecotc—1

2 2
1 ¢+¥,-nm 1 ¢+¥,-m 1 ¢+¥—m] ds
—=CSC——— — —cot—— + —=csc G
2 2 2 2 2 2 cos= (2.12)
_im 0o C0s¥1 o Yy
_ eikrcos(‘lll) e 4 f 2 Lx dx + e —ikrcos(Wy) — e 4 COS( 2 ) eix2 dx
\/E \/mcosijl \/_ 2kr cos( > )
1 (krd® (7 1 ¢+¥ —m
0 i\ kr+ —krs? 1
vy, (kr, @, =—e( 4)f e [—cot—
(KT, @, @) i - 3 5
1 ¢+¥,—-nm 1 ¢+¥Y,—m 1 g+‘l’2—n] ds
— =CSC—— + —cot——— — —=cCscC
_im cos¥y i eos(P2
_ eikrcos(‘l‘l) e 4 eixzdx + e—ikrcos(‘l’z) e 4 COS( 2 ) eixzdx
\/E W@ \/— 2kr cos( 22)

Here, ¥, = ¢ — ¢y and ¥, = @ + ¢,. The total fields, in these cases, can be obtained via

4 PO
tPO/uO _ Zh +ul (2.14)
0

with the same GO solutions given in equations 2.8 and 2.9.

2.2.3 The PTD Solution

The PO proceeds from the hypothesis that a surface current on the illuminated side of a
scattering object is determined by GO. This hypothesis is acceptable in the case of smooth
objects whose radii of curvature are large compared to the wavelength; however, it neither
satisfies the reciprocity principle nor the boundary conditions (BC). The PO also fails to
predict depolarization of the diffracted field. The PTD improves PO by taking into account
non-uniform surface currents and concentrates near edges. The PTD model is given as
[11]:

(kr+4

t = —— (0, 90, @) (2.15)

d PTD /uo (0)



where

(0, 90, @) = f:(@, 90, @) — £L2 (@, 9o, @)

£2(0, 90, @) = fo(@, 00, @) — £ (0, 9o, @)

n—<p—<po+cot(7r+<p+<po)
2n 2n

1
fs(@, 90, @) = o Icot

T—¢+¢, t”"“/’_(Po]

— cot co
2n 2n

1 T—@—@, cot(m+ @+ @)
cot +
2n 2n
T—@+ @ 7T+(P_<P0]
— 4+ cot———
2n 2n
sing

0 - @
(@, o, @) cosge T cosp

sin(a — ¢o)
cos(a — @) + cos(a — ¢@p)

+ e(a — o)

—sing

0 — -
fr (@, 9o, @) Ym—

—sin(a — @)
cos(a — @) + cos(a — @,)

+ e(a — ¢y)
and

_(0if0<g@o<a-—m
6(<p0)_{1ifa—n<g00<n

Again, the total fields, in these cases, can be obtained via

t,PTD _ .. (a,rTD) GO
U [uo =gy [uo +udh

with the same GO solutions given in equations 2.8 and 2.9.

(2.16)

2.17)

(2.18)

(2.19)

(2.20)

(2.21)

(2.22)

(2.23)



2.2.4 The UTD Solution

The UTD diffracted fields are in the form of

e—jkr
d,UTD _ UTD
Ugy = Updgp (2.24)

VT

where u, = H2(kry) and the time dependence is e/“t. According to the UTD, the

diffraction coefficients for SBC and HBCs with line source as follows [13]

dgTD (T, <,0, (pOJ k)

i | cot(ngf_)F(kL9+(f_))+C0t<n ;rng_)F(kLg'(f')) ]I (2.25)
|

n

I + +
2nv2mk Il_ cot <%) F(kLg*(¢*)) — cot (” -Zl-nf )F(kLg_(é”f))J

dfl{TD (T, P, Po, k)

. =& _ m+éT ey ]
B e‘jT I cot( o )F(kLg+(g ))+cot< o )F(kLg €3 )) I .26
= — ot v .
2nv2rk | + cot <u> F(kLg* (&%) + cot (n +¢ )F(kLg‘(f*)) !
2n 2n J
where ' = @ + @y, €~ = @ — @o and F(x) is the Fresnel function given as
F(x) = 2j\/xel* f e~Um)dr (2.27)
Vx
and L, g* are determined as in [9]:
+_
L=r, g5 @) =2c0? 700 T8 e TTE (2.28)

Here, N* are the integers which most nearly satisfy the last equation given in equation
2.28. Note that the cotangent functions in equations 2.25 and 2.26 become singular at the
ISB and RSB and are replaces as [13]:

T+
2n

cot F(kLg*(®))n [\/ 2mkLsgn(e) — 2kLee_an e_an (2.29)



for small €. This term is finite but discontinuous at the ISB and RSB and compensates the
discontinuities of the incident or reflected fields at these boundaries. The UTD based total
fields are then obtained by adding the GO fields appropriately:

Again, the total fields, in these cases, can be obtained via

tUTD /.. _ _ dUTD
ugp fug = ugy - [ug + usf (2.30)

with the GO solutions given as for SSI (0 < ¢, < a — )

uss
g tkrcos(9=¢o) 4 p—ikrcos(@+¢o) 0<p<m—g (2.31)
— e—ierOS(<P—‘P0) T—@o <@ <mT+ Qg
0 T+, <@p=<a

and for DSI (a — m < @y < m)

e ~ikrcos(@—o) + e ~ikrcos(@+o) 0<p<m—g,
ugﬁ = e —Jkrcos(@—o) T—@o< @ <2a—1— @, (2.32)
0 2a-T—@py<¢ <a

Note that, the UTD formulas are exactly the same for the line source excitation, except

L =rinisreplaceswith L = rry/(r + 1y).
2.2.5 The Parabolic Equation (PE) Solution

As shown in [10] the method of Parabolic Equation (PE) provides a correct first-order

approximation to the diffracted field in the case when kr > 1 and kr, > 1.

ugn” = ugWyn(kr, 9, 90) (2.33)
where
oilkr+g )
WSh(krt QD, 900) = TL'—\/E [W(krl 1{)1) i W(krl lIJZ)] ( 34)
[o'e] l Sln (E) e—kTSZ
w(kr, W) = f n__\n (2.35)

—% Cos (%) - cos(%)

withW;, = @ £ 9o, n = a/m,andn = V2e +s. Again, the total fields, in these cases, can

be obtained via
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tPE/uo—udPE/u0+u (2.36)

with the same GO solutions given in equations 2.8 and 2.9.

2.3 HFA Models under Line Source Excitations

Mathematical equations of the models Exact by Series, Exact by Integral, the UTD, and
PE, Line source (LS) illumination are presented in this section. Note that, numerical results
of these models match with the PW models given in the previous section when the source-

to-tip distance is large as compared with the wavelength.
2.3.1 Exact Solution by Series Summations

The total field solutions of the Helmholtz equation with SBC and HBC for both SSI and
DSl are [11]:

(4n
z ],,l(kr)H(l)(kro) sin(v;@p) sin(v;p) ... r <71,
ybExact _ = (2.37)
T
{?z (krO)ngll)(krO) sin(v;) sin(v;@) ... r=r1
=1
u;:l,Exact
4_712 €] (kr)H(l)(krO) cos(v;g) cos(vp) ... r <1,
a 4 vy vl - (2.38)
in krg) HD (k >
L; €1 Ju (kro)HS (ko) cos(v¢) cos(v@) .. T 21
with the same u, given in equation 2.6. Normalized diffracted fields udE"aCt can be
obtained by subtracting GO fields
I
dExact/uO — ( t.Exact _ 4__Olush) /uo (239)

The GO field that under LS excitation is given as follows:

11



For SSI:

HP(kR) £ HP(kR,)  0< @ <m—g,

ugp = Hél)(le) T—@o <@ <m+ @,
0 T+, <p=<a
For DSI:
uss
HM (kRy) + HEV (KRy) 0< ¢ <m— @,
= Hél)(le) T—@o<¢<2a—-1—¢

HP(kR) + HP(kRy) 20 -m—g@o<¢p <a

where (=) and (+) for SBC and HBC respectively, and

R, = JrZ + roz — 2rrg cos(p — @)

R, = \/rz + 1 — 2r7y cos(@ + @q)

2.3.2 Exact Solution by Integral

(2.40)

(2.41)

(2.42)

(2.43)

(2.44)

Solutions for the line source illumination are also well known and presented by Bowman

and Senior in Handbook [8] as

udBS = (Vy(—m— @ + @o) = Va(mr — @ + )}

— Va(-t— 9@ —@o) = Vg(r — ¢ — o)

udBS = (Vy(—m— @ + @o) = Va(mr — @ + 9)}

+ {(Va(=m — @ — @o) = Va(m — ¢ — @)
where

12 ‘ sin(B/n)
Va(B) = ﬁfo Hy " TkR(it)] cosh(t/n) — cos(f/n) dt

(2.45)

(2.46)

(2.47)

n=a/m and R(n) = \/rz + 1 4+ 2rry cos(n). In this case, total fields are obtained by
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adding the GO fields. Again, the total fields, in these cases, can be obtained via
uitM fug = (&M +uf) Ju (2.48)

with the same GO solutions given in equations 2.8 and 2.9.
2.3.3 The Parabolic Equation (PE) Solution

The PE solution under a line source illumination when kr > 1 and kr, > 1 can be listed

as follows [10]:

T

ugy” [uo = Wen(kp, 9, 00); p == +°r0 (2.49)
where
ei(kp+%)
Wi w(kp, @, 90) = = w(kp, ¥,) + w(kp, ¥,)] (2.50)
o lsin (E) e—kps2
w(kp,¥) = o ds (2.51)
’ _ (n n+v¥ :
®© cos H)—COS( n )

withW,, = @ + @o,n = a/m, andn = v2e "+ s. Again, the total fields, in these cases, can

be obtained via
I
uERE o = (ud + 2 fuo (252

with the same GO solutions are given in equations 2.8 and 2.9.

2.4 The WedgeGUI Virtual Tool and Some Examples

The Matlab-based simulation package WedgeGUI with the front panel displayed in figure
2.2, is prepared for the investigation of wedge diffraction in 2D with various HFA models.
The panel is divided into three parts. The top block is reserved for the structure. The wedge
figure is shown on the top right. The wedge exterior angle incident distance and angle are
supplied on the top left. The user also selects either of the Soft and Hard boundary
conditions and total and diffracted fields in this block. A pop-up menu allows the user to

choose the type of the source: Plane wave excitation or cylindrical wave excitation. For
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each source type the methods used in simulations are given with tick boxes. Multiple
selection is possible. The flow chart of the virtual tool is given in figure 2. 3.

WedgeGUI - =10l
[~ Structure
8 Cina Refloction
Wedge Exterior Angle [Deg) : 350 ol ~Boundary
l— € SoftBCs ' HardBCs € TotalField (* Diffracted Field p okt
Incident Angle [Deg} 4 p— - e :
Incidert Distance [} [ 5000 Fiokd ; : X
~Owmocted % ,
Fiokt oy =
SowceType: [pare ] SMATWE Deea [P0 MPp Fum  Fre .- Diffracted rays
Region M
.-"'Shadow Diftracted
Boundary o
+| Range(m} 50
requency
Frequency (MHz) : ,T Pt Type:
Observation Angle :
Minimum Frequency [MHz] S Pesl 1o
pa———
Hard 08 oo
o, - y
p—r—
o -y
e
03) -
& " o e ™ £ £
Froquency kg
n Calculating Exact Sokstion... F. Hacivelioglu, M.A. Uslu, L. Sevgi

Figure 2.2 The front panel of the EM virtual tool WedgeGUI

Exact Solution I:l Exact Series D
PO Solution D Exact Integral D
PTDSolution  [] UTD Solution  []
UTD Solution D PE Solution D
PESolution ]

I—» Plot Results

Figure 2.3 Basic flow chart of WedgeGUI
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The area below the structure block is divided into two parts. On the left, the results are
presented in terms of polar plots (i.e., fields vs. angle), on the right in terms of Cartesian
plots (i.e., field vs. radial range or field vs. frequency). For the polar plots on the left
block, one needs to specify frequency and radial distance from the tip. The rest is handled
automatically once the Plot button is pressed and fields are calculated at N observation
points equidistant from the tip located ¢ = 2m/N apart. The progress bar on the bottom-
left shows the status of the calculations. Figures 2.4-2.6 show example scenarios and

simulation results.

The user may edit/modify the plot in another figure window. This is possible by clicking
on the polar plot. Similarly, one can plot field vs. range or field vs. frequency on the right
block. Clear button clears the plot for the next simulation and Save Data button records the
data in a text file with the name given by the user. Table 1 lists a sample recorded data
(partially) which belongs to the simulations presented in figure 2.6. Data recording is
important because WedgeGUI do not run simulations for both SBC and HBC, or both total
and diffracted fields at the same time. One needs to run WedgeGUI twice for the examples

presented in figures 2.7-2.9.

Field Type

So BCs @ Hard BCs. Total Field (©) Difiracted Field

A Figure 1 =
Operational Paremeters File Edit View Insert Tools Desktop Window Help = !
Observation Distance [m]; 50 - 'J» T IDEE L - =)
Frequency [MHz]
30 % an
%
s 120_—" T 60 )
V \ﬁ\o A ~ Incident wave at 45°
> 04 N P s ; i“
150/ " E VA i
i S O ™ YA SO OO 180
¢ s S
210\ %y /3 210\ A
NS : Exact Serid e, i s e U
o PTD N\ i Exadt Series
20~ |-~ gé’:’ P PTD
270 270 |- umD
PE

Figure 2.4 Example scenario and output of WedgeGUI: Diffracted fields vs. angle for HBC (a = 350°,
@, =45, T =30MHz, r =50m, kr =31.4159). Curves belong to Exact, PTD, UTD, and PE models
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Structure-
Refloction

Boundary Conditi Field Type-

Wedge Exterior Angle [Deg] 330
@SohBCs () Hard BCs @ Total Field () Diffacted Field
Incident Angle [Deg] 70
Inoasens
Incident Distance [m] 5000 -
o SoutionType] B Figure1 - -
N

Source Type: | Plane
File Edit View Insert Tools Desktop Window Help

NDEde | kA 09L4L- G 08 =D
Incident wave at 70°

— Operational P: . %
Obsenvation Distance [m]; 50 -
Frequency [MHz] 0

F. Hacivelioglu, M.A. Uslu, L. Sevgi

Figure 2.5 Example scenario and the output of WedgeGUI: Total fields vs. angle for SBC (& = 330°,
@, =70°, T =30MHz, r =50m, kr =31.4159). Curves belong to Exact, PO, and PTD models.

WedgeGUI I =lolx|
Fild Type
Wedge Exterior Angle [Deg] 250 i STy
€ softbcs @ HardBCs © TotalField  Difracted Fiekd
ncidert Angl (Deg} 150 L
Incksent
ncidert Dstance ] 5000 Corcves I\, E
Sowce Type: [pane -] SMTye Test [P0  FPo  Fum e R ouractearays
snooow |l
Boundary -
[oroues -
o Disceint| so - Fle Edt View Insert Tools Desitop Window Help 2
¥ P 6y o S o
i IT Oddu[R[RRU9EL-S0EaO
% o8

® o5
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PTD
--—-um

Exact Series
PTO
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F. Hacivelioglu, M.A. Uslu, L. Sevgi

Figure 2.6 Example scenario and the output of WedgeGUI: Diffracted fields vs. angle for HBC (o« = 250°,
@, =150°, f =30MHz, r =50m, kr =31.4159). Curves belong to Exact, PTD, and UTD models.
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Table 1. Sample recorded data for angle vs. diffracted fields.

amplitude vs angle, created by WEDGE GUI version 1.0

angle[pegree] Exact series PTD uTp
0. 0000000e+000 0.0000000e+000 0.0000000e+000 0.0000000e+000
1.3300000e+000 5.4950027e-003 5.4851693e-003 5.4285868e-003
2.6600000e+000 1.1015934e-002 1.0998098e-002 1.0908876e-002
3.9900000e+000 1.6622216e-002 1.6597513e-002 1.64934452-002
5.3200000e+000 2.2373057e-002 2.2342250e-002 2.2236632e-002
6.6500000e+000 2.8329854e-002 2.8292589e-002 2.8195433e-002
7.9800000e+000 3.4555510e-002 3.4511491e-002 3.4430417e-002
9.3100000e+000 4.1117204e-002 4.1065763e-002 4.1006665e-002
1.0640000e+001 4.8087060e-002 4.802719%4e-002 4.79947232-002
1.1570000e+001 5.5543243e-002 5.5473639e-002 5.5471573e-002
1.3300000e+001 6.3571012e-002 6.3490084e-002 6.3521588e-002
1.4630000e+001 7.2263720e-002 7.2169651e-002 7.2237467e-002
1.5960000e+001 8.1723727e-002 8.1614516e-002 8.1721102e-002
1.7290000e+001 9.2063177e-002 9.1936713e-002 9.2084332e-002
1.8620000e+001 1.034045%e-001 1.0325875e-001 1.0344952e-001
1.9950000e+001 1.1588115e-001 1.1571393e-001 1.1594986e-001
2.1280000e+001 1.2963667e-001 1.2944638e-001 1.2972932e-001
2.2610000e+001 1.4466881le-001 1.4461046e-001 1.4494213e-001
2.3940000e+001 1.6151492e-001 1.6136964e-001 1.6175153e-001
2.5270000e+001 1.8011955e-001 1.7989450e-001 1.803277%e-001
2.6600000e+001 2.0063371e-001 2.0035969e-001 2.0084517e-001
2.7930000e+001 2.2323731e-001 2.2293967e-001 2.2347760e-001
2.9260000e+001 2.4810853e-001 2.4780299e-001 2.4839293e-001
3.0590000e+001 2.3353998e-001 2.3385686e-001 2.3319227e-001
3.1920000e+001 2.2438172e-001 2.2465449e-001 2.2405779e-001
3.3250000e+001 2.1532566e-001 2.1556996e-001 2.1503679e-001
3.4580000e+001 2.0645421e-001 2.0670752e-001 2.0623314e-001
3.5910000e+001 1.9781607e-001 1.9814582e-001 1.9772530e-001
3.7240000e+001 1.89463942-001 1.89941462-001 1.8956989e-001
3.8570000e+001 1.8200150e-001 1.8213252e-001 1.8180512e-001
3.9900000e+001 1.7462806e-001 1.7474178e-001 1.7445400e-001

Incident wave at 110° Incident wave at 110°

Figure 2.7 Diffracted fields vs. angle for (Left) SBC, (Right) HBC computed with Exact and UTD Models (
a = 2407, @, =110°, f =30MHz, r =50m, kr =31.4159)

Incident wave at 110° %0 incidertwave at110° g,

270

Figure 2.8 Total fields vs. angle for (Left) SBC, (Right) HBC computed with Exact and UTD models (
o =240", ¢, =110°, f =30MHz, r =50m, kr =31.4159)
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Exact Seres

|Diffracted Field|
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Figure 2.9 Diffraction coefficients vs. (Top) Frequency, (Bottom) Range for the plane wave illumination and

SBC (ax =350°, ¢, =60°, f =30MHz)

2.5 Conclusions

A MatLab-based virtual diffraction tool, WedgeGUI, is introduced. The WedgeGUI
presents results of electromagnetic wave scattering from a wedge shaped object with
Perfectly Electrical Conductor (PEC) boundaries under different structural as well as
operational parameters. Various models under both line source and plane wave
illuminations are included. Comparisons among Uniform Theory of Diffraction (UTD),
Physical Optics (PO), Physical Theory of Diffraction (PTD), Parabolic Equation (PE)
models through many scenarios and illustrations are possible. The WedgeGUI virtual tool
can be used in many graduate and PhD level courses such as Advanced Electromagnetic
Theory, High Frequency Asymptotic Methods in Electromagnetics, Diffraction Theory,

etc.
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3 FINITE DIFFERENCE TIME DOMAIN (FDTD) METHOD

3.1 Introduction

FDTD method is introduced by Yee in 1966 [21] is arguably the simplest of numerical
methods used to solve electromagnetic problems. It is based on simple formulations which
don’t require complex asymptotic or Green’s functions. Yee’s idea was to divide
simulation space into cells to form a grid and solve differential form of the Maxwell’s
equations around these cells by using second-order central differences. Although it is time
domain based method, it can provide frequency domain responses via Fourier transform.
FDTD has been used to solve various types of problems arises in our lives including
scattering, radar cross section, cancer detection, cell phone radiation over human head and

geological applications.

Since FDTD is based on discretizing time and simulation space, it is useful to explain
numerical derivatives. Taylor series expansion of the multivariable function f(x, t) around

the specified time t, can be written as;

f( to) 2 0%f (x, to)

F,t) = fx, tg) + (t — to) ——r" (t—t0) 37; (3.1)

If the function f(x,t) is sampled in time with At intervals we can write equation 3.1 as

follows

0%f (x, to)
at2 (3.2)

0f (x, to)

ot 3 (A N T

fx, ty + At) = f(x, ty) + (At) ———

After rearranging terms we obtain:

0f (rto) _ (f(xto +AD — flxt)) 1 9°f(xt0)
ot At 2 at? (3.3
In a similar manner, the same expansion can be repeated for finding space derivative of the
function. The terms in the Taylor series extends to infinity and due to the discrete nature of
the computers, this expansion should be truncated after desired accuracy is obtained. As it
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is seen by the equation (3.3) the other terms multiplied with the orders of At. According to
truncation of terms there are several numerical derivative approximations. If we omit the

terms which multiplied with the orders of At in equation 3.3, we obtain:

af(x,to) _ (f(ato +At) — f(x,ty)) (3.4)
at At

This approximation is called first-order forward difference approximation of the derivative
of the function f(x, ty). The term “first-order” comes from the fact that we omitted the
terms multiplied with the orders of At starting from the first order in the equation (3.3).
The term “forward” comes from the fact that, one forward time f(x,t, + At) is used to

evaluate derivative.

In kind, expansion of f(x,t, — At) around the point t, gives

0%f (x, to)
ot2 (3.5)

Fxt = 88) = £ tg) — (8 TEID 4 7 (g2 T 1)

Leaving the first order derivative alone we have

of (x,to) _ (f(x,to) = f(x, ty — At)) L1, et
ot At 20 Atz (3.6)

Neglecting the terms multiplied with the powers of At, we obtain the first-order backward

approximation of the derivative of the function f(x, t,).

af(x: tO) . (f(x, tO) - f(X, to — At)) (37)
at At

The third way of obtaining a formula for an approximation of the derivative is obtained by

averaging the forward and backward difference formulas such that

fx, ty + At) — f(x, t, — At)

. 0f(xt)
=20t == +3 (A £)3 %

O3f (x, to) (3.8)
h)_..

After rearranging terms, we obtain
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of (x,tg)  f(x,to +At) — fx, to — At)  (At)? 03 f(x, to)
at 20t 6 at3 (3.9)

In this case there is no term multiplied with first order of At. Neglecting the terms

multiplied with the powers of At gives second-order centered difference approximation.

of (x,to) _ flxto + A — f(x, to — AL) (3.10)
ot 2At |

The error introduced by using this approximation is less than the first-order forward or
backward approximations. For example, if the time step At is reduced to half of its value

the error reduced by a factor of four.

3.2 3D FDTD Algorithm

Yee’s algorithm approximates the derivatives in the differential form of Maxwell’s

equations shown in equations 3.11 — 3.14 with second-order centered differences.

v-E=L (3.11)
€o
V-H=0 (3.12)
oB
__95 3.13
VxE n (3.13)
oD
- 3.14
VxH T Ji (3.14)

. ] 2
meV5§x+§y+az

The spatial positions of the field components have specific arrangement in the Yee cell as
shown in figure 3.1. In this arrangement electric fields are placed at the centers of the
edges of Yee cell and magnetic fields are placed at the center of the faces of the Yee cell.
In other words, magnetic field components are surrounded by four electric field
components and electric field components are surrounded by four magnetic field
components. Instead, one can rearrange Yee cell so that location of the magnetic and
electric field components are interchanged. But this arrangement has advantage because of
the fact that boundary conditions imposed on electric field are more commonly

encountered than those for magnetic field so placing the mesh boundaries so that they pass
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through electric field vectors [22]. In addition to spatial arrangement, Yee assumed that
the magnetic field components are calculated at half time steps slightly after electric field
components. Therefore super script n+1/2 is used for magnetic fields to emphasize that

they are calculated slightly after electric fields.

(i-1,j,k+1) = (i-1,j+1,k+1)

(ij, k1) Z— S

1

1 1 P a1

L s L L
1

ik ? (i,ji+1,k)

Figure 3.1 Yee Cell

Since we know the spatial locations of the field components, we are ready to discrete
Maxwell’s equations. We first start with writing open form of curl operator in equation
3.13.

i j k

d a9 0
VxE = det a —y E
y

P)
E, E

= aEZ_aﬂ i’+ (%_6E2>1"+ aﬂ_aﬂ E
dy 0z Jdz  Ox dx  0dy
_ 0H

E,
(3.15)

Here we omitted the by omitting magnetic current density M and electric current density J.
Writing H = TH, + jH, + ﬁHZ and equating with the left side of the equation 3.15 yields

three coupled scalar equations:
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d0H, 1y0E, OE,
ot  puloz ady
0Hy, 110E, O0E,]
ot pulox oz
d0H, 1[0E, OE,
ot  ulay ox

Repeating the same process for equation 3.14 we obtain:

ik
Vel = d Jd ad 0
X = detiay dy 0z
H, H, H,

0H, OH 0H, O0H 0H, O0H,)\- OE
=(=2-=2 z+( - Z)*+ r——= k=
dy 0z 0z 0x 0x dy

at

(3.16)

(3.17)

(3.18)

(3.19)

In a similar manner, Writing E = iE, + JE, + E)EZ and equating with the left side of the

equation 3.19 yields three coupled scalar equations:

0E, 1[0H, O0H,]
elay 0z |

dE, 1[0H, 0H,
€

dat | 0z O0x |
0E, 1[0H, 0H,
ot elox ay|

(3.20)

(3.21)

(3.22)

Referring to figure 3.1, we can approximate the derivatives of the equations 3.16 — 3.22 via

second-order centered differences. Applying the second-order centered difference

approximation to the time and space derivatives in equation 3.16 yields:
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H 2 _ 2
xli,j+— Kty ijtpkts
2At
(3.23)
E,|" —-E, " E,|" —E,|"
1 yli,j+%,k+1 yli,j+%,k Zli,j+1,k+% Zli,j,k+%
'ui,j+%,k+% 2Az 2Ay
Rearranging terms in equation 3.23, we obtain:
1
n+= n-s
Hel 2 =Hl ?
xli,j+%,k+% xli,j+%,k+%
N T LT -4 PR A L 529
At Vijrzk+t  Ylijrzk L+ LK+ ikt
+ —
Kijaties Az Ay

1

. . . +5
In equation 3.24 we have used compact form field components i.e. Hxlr_l_zl L=

l,]+2,k+5

H, (i,j + %,k + %n + %) Here, superscript n is used for time step and subscript i, j, k is

used for spatial location. The remaining components are presented in the equations 3.25 —
3.30.

n+l n-t
H I 2 — 2
yl. 1. 1= Myl 1. 1
l+§,],k+§ l+§, ,k+§
3.25
Ezln . 1~ zln 1 Exlfll. - xlTll. ( )
At i+1,jk+5 Ljk+5 i+5,)k+1 i+5,)k
+ —
Bo1o,.1 Ax Az
i+5,),k+5
s n—1
H,| 1, =H,| { 1,
l+§,] +§, l+§,] +§,
Eel™ 1 — E " 4 E,l" —E,|"
. 1. . 1. yl. ., 1 yl.. 1
+ At i+5,j+1k i+5,).k _ i+1,j+5k Lj+5k (3.26)
A Ax
Hisljati y

24



l+2,],k i+2,j,k
[H |n+§ B |n+2
At | 'z i+ ,]+l,k z i+1,j—1,k
+ 2772 2772
+2 )k Ay
ik (3.27)
u |n+% |n+%
yl,o1, 17 Myl 1. 1
_ l+§']'k+i l+z,j,k—z
Az
1 n
E |n+ — |
vl i1 vl 1
l,]+2,k l,]+2,k
+1 +1
[H |” 2 _ |” 2
| xl, .11 xl, 1.1
At i,j+5k+5 i,j+5.k—5
+ | 272 272
€ Az
Litgk [ (328)
A1 A1
H |TL 2 _H |n 2
TR PR VR
_ I+5J+5 =5 j+5
Ax
E |Tl+1 _ E |Tl
z..k+l— Z"k+1
Ljk+s Ljk+s
H"Z = HyTE
At i+5,),k+5 i—-=jk+5
+ 2 2 2 2
€., 1 Ax
Lkt (3.29)
q In+% |n+%
xl, 0 1 17 Hxl, 11
_ l,]+§,k+§ i, E'k+§
Ay

Time step is explicit in FDTD algorithm such that magnetic fields are calculated
before/after the electric fields. So we can disregard half-time step superscript in the

equations 3.24-3.29. On the other hand, spatial steps are implicit and we cannot use double
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numbers as an array index in high-level programming languages. Hence, we can apply the

following rules to solve half-step problem:

When it comes to calculating E values of i, j, k indexes then the indexes of the necessary H

value follow this rule:

e \When the H index has a +1/2 assume its value 0

e \When the H index has a -1/2 assume its value -1

When it comes to calculating H values of i, j, k indexes then the indexes of the necessary E
value follow this rule:

e \When the H index has a -1/2 assume its value O

e When the H index has a +1/2 assume its value +1

The complete FDTD algorithm is shown at figure 3.2.

Determine geometry of the problem

Allocate memory for variables

Set time step, total simulation time
and spatial step

Update magnetic fields using
atd equations3.24 — 3.26

Update electric fields using equations
3.27-3.29

Apply boundary conditions

Increase time step

Last
iteration

Figure 3.2 FDTD Algorithm

In this algorithm, selection of time step and spatial step requires specific attention as will

be explained later.
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3.3 Reduction to 2D TE and TM Modes

When both the structure being modeled and the excitation do not change with respect to
specific direction, then the derivatives in Maxwell’s curl equations (3.15 and 3.19) with

respect to that direction vanish. For example, if the problem is z dimension independent

we have:
oH, 10K,
ot  pdy
oE oH OH, 10E, 60
=—UuU-—-—- —_—= .
X Kot ot u ox
oH, 1[0E, aEy]
ot puloy ox
9E, 10H,
ot € dy
JE J0E
VxH=e—-> 2= _L19H, (3.31)
Jt ot € Ox

ot elax ay

0E, 1[0H, aHx]

We can group equations 3.30 and 3.31 into two uncoupled sets called transverse magnetic

(TM,) and transverse electric (TE,) modes as follows:

0H,  10E,
ot  udy
oH, _10E,

TM, Mode ot Ox (3.32)

0E, 1[0H, aHx]
ot elox ay

0E, 10H,
ot

an

0E
ot € Ox

oH, 1 [aEx 0E,
ot pulay ox

(3.33)

27



As it is seen by equations 3.32 and 3.33 TM, and TE, modes don’t contain common field
components and they are identified as which have a magnetic or electric field component
in the axial (i.e. z) direction. Although the spatial locations of the field components are
shown at figure 3.1, we present 2D slices obtained from figure 3.1 in figures 3.3 and 3.4

for clarity.

Mz

x (i+1,) E (i+1,j+1)

Figure 3.3 FDTD cell for TE, mode

NZ

Ez /, z
x (i+1j)  H (i+1,j+1)

Figure 3.4 FDTD cell for TM, mode
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FDTD update equations for both TM, and TE, modes can be obtained by applying central

difference approximation to the partial derivatives in the equations 3.32 and 3.33. For the

sake of completeness we present them as follows:

TE, Mode
nta n
2 — 2
HZ|-+1 1T Hz|,+1 41
1273 ¥ 2J%3
E n _ n E n _ E n
At x|z+%,1+1 X|1+%,j y|i+1,j+% yll}+1
+ —
Bo1..1 Ay Ax
2
[ n+% n+s |
Hzl, 1.1 Hzl 1
n+l n At 45,45 i+5,j-5
Ex|i+lj=Ex|.+l.+ A
2 2 i%’j y
n+ n+s |
Hzl 12 _Hzl 12
N+l n At i+3J+3 i-3it3
Eyl. 1= Eyl 1~
Lj+ Lj+5 €. .1 Ax
l,]+E
TM, Mode
- n n -
n+s n-1 At Ez'i,j+1 —E7;;
H | 2 _ 2 _ ']
xb. 17— Hxl. 1 A
Lj+5 Lj+5 'ui,j+% | y
- n n
n+% n-s At [E:lfa; — Ez ij
Hyl.l._Hy|.1.+ A
i+5.] i+5,] H. 1. X

l+§,j -

n+1 _ n
E i7" = E.li;
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(3.37)
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Most two-dimensional problems can be decomposed into TE and TM modes and can be
solved separately because of the fact that they are uncoupled. The solution for the main

problem is then obtained by summing the solutions of TE and TM modes.

3.4 Numerical Dispersion

Dispersion relation gives the relationship between wavelength and frequency. Dispersion
occurs when the waves of different frequencies have different propagation velocities. For
electromagnetic waves in vacuum, the frequency is proportional with wavelength A and

dispersion relation is given as:

A=Sor 2=k
=7 or - = (3.40)

In this chapter will try to find a dispersion relation for FDTD algorithm. For this purpose,
we will analyze 2D FDTD algorithm for simplicity but the results can be extended to 3D
FDTD algorithm easily. It is obvious that the following traveling-wave equations are the

solutions of TM, mode equations (3.37-3.39):

mej = H,ye j(wnAt—kyidx—ky, jAy) (3.41)
Hymj _ HyO e j(wnAt-kyidx—kyjAy) (3.42)
Ezlz,lj — EZOej(wnAt—fc}iAx—fc;jAy) (3.43)

where k, and I?; are the components of the numerical wavevector.
Using equations 3.41-3.43 in equation 3.37, we obtain the following equation.
(onef(wnmef(wt%)e—j(mx)e—f(kvymy) o 1(5587)
. (] jp— . (1
- one](“’nAt)e_J(wEAt)e_f(kxmx)e_f(kymy) e—}(kyEAy) )
/At (3.44)

__ 1 (Ezoej(wnAt)e—j(inAX)e—J'(ijAY)e_j(FyAy)

pdy
— E,ge) @nht) o —j(Rxitx) o= (RyjAY))

Dividing both sides of the equation by e/ (@nAt) g=i(kxiAx) g~ (B(+2)%) we have
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ej(wAtlf) —e _j(wAtlf)

H

” ( oI (zty) _ e+j<Fy%Ay)>
pdy

Additional simplification can be achieved by using Euler’s formula:

sin kyy
At 2

Hyy = Ay Ezo sin (wTAt)

In kind, the following equations can be derived for H,, and E,

sin _E;Ax
At 2

yo = _.UAXEZO " (wTAt)

2 2 Ax

. (wAty  At[Heo . (kyAy\ Hyo . (keDx
E,q sin (—) =— sin - sin
€ |Ay

Upon substituting H,, and H,,, into equation 3.48, we obtain

where v, = +/ue is the phase velocity.

1 _(wAt)z_ 1 (kyAx 2+ 1 (kAy
vatsm > = gzsin(— Ay Sin

(3.45)

(3.46)

(3.47)

(3.48)

(3.49)

Equation 3.49 is the general numerical dispersion relation for the TM, mode. Assuming

Ax = Ay = A and writing k, = kcos(¢) and k,, = ksin(¢) , this equation can be written

as
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A\ o, (WAL Akcos(¢) __ (Aksin(¢)
<m> sin? (T) = sin? (T) + sin? <T>

= sin (a)TAt) = vaAt\/sinz (—k cosz(qb) A) + sin? <—k Sinz(qb) A)

(3.50)
- w
2 v, At k cos(¢p) A k sin(¢) A
=" cin~1| 22— |gip2 [T 2 (NP
At Sin A \/sm ( > ) + sin < >
Dividing both sides of equation 3.50 by k leads the following equation
a) ~——
[
2 [wAt | k cos(¢) A ~_(ksin(¢) A (3.51)
= ——sin"!| — |[sin? [ ———— | + sin?| —————
kAt A 2 2

where v, = 1/,/(ue) is the speed of light, 7, is numerical phase velocity and ¢ is the
propagation direction with respect to x axes. It is obvious that both A and At affects

numerical dispersion and should be carefully selected. Setting ¢ = 45° and selecting

A . .
At = 7N equation 3.51 leads to
2
w — —
U, = v, Or (UC> = ki +k3 (3.52)
p

That is numerical wave propagates exactly with the speed of light. Therefore, we can

recover the ideal dispersion relation by selecting appropriate values. The dependence of 77,

on propagation angle ¢ is called grid anisotropy. We demonstrate how the numerical phase
velocity changes with propagation angle ¢ in figure 3.5 for At = % and in figure 3.6 for
p

_ A
V2vp

At
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A=120 ||

=
w
&

=
w
&

Numerical phase velocity / Exact phase velocity
o
w
£

=
w
5

0.94 | | | | | | I |

e

Figure 3.5 v, /v,versus ¢ for At = A/2v,.

1.005

A=Li20
A=A/15
A=L10
A=L5 [

0.995

=
w
o

0.985

o
w
@

0975

Numerical phase velocity / Exact phase velocity

o
w
=

0.965

0.95 \ | | | | | | |
0

Figure 3.6 7, /v,versus ¢ for At = A/V2v,.

It is evident that increasing sampling resolution decreases numerical dispersion error.
What’s more, we cannot totally eliminate numerical dispersion error because we are
restricted to work with finite grid cells. For this reason, numerical dispersion error is

inherited to FDTD algorithm, but this error is very small even for 1/5 resolution.
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3.5 Stability

In this section, we analyze how selection of time step At affects stability of the FDTD
algorithm. For this purpose, we will use complex-frequency analysis which allows for the
possibility of a complex-valued numerical angular frequency, @ = wWreq; + jWimag [23]-

We start first by modifying the angular frequency term in equation 3.43 as follows

E,I, = ZOej((a)real+jwimag)nAt—fc}iAx—lE}jAy)

(3.53)

— Ezl?j — Zoe(—Atnwimag)ej(wrealnAt—l?;iAx—l?;jAy)
If the term w;mqgy In equation 3.53 is positive, we have exponentially decreasing wave
amplitude. On the other hand, if w;nq4 is negative, we have exponentially increasing
wave amplitude. In section 3.4 we have derived an expression of the numerical angular

frequency w which is written again for clarity

B 2
Y
1 k cos(¢) A 1 k sin(¢) A (3.54
L ) cos X ) sin y
1 2 2 7
x sin vat\/sz sin ( > >+ Ay? sin < > )

In this equation, if the term inside the arcsin function has value between 0 and 1, we obtain
real numerical angular frequency. We can also observe from the equation 3.54 that the

upper bound of the expression in square root is

1 sin? k cos(¢) Ax N 1 sin? k sin(¢) Ay
Ax? 2 Ay? 2

(3.55)
1 4 1
Ax? ~ Ay?
Therefore, we can write
1 1
4 3.56
0<vpht |[r+ps=1 (3.56)
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To ensure stability we should select the time step At as

1
At <
T T (357)
Up Ax2 Ayz

When Ax = Ay = A, equation 3.57 becomes

At <

A
_vpx/f

This expression tells us that, the electromagnetic wave should travel at most one cell

(3.58)

diagonally in one time step.

In a similar manner for 3D FDTD, the time step At should be selected as

1
At <
T 1T 1 (3.59)
Vp\| Ax2 Ay? " Az?

3.6 Perfectly Matched Layer Boundary Conditions

Scattering and radiation problems require the simulation space which extends infinity. Due
to the finite nature of computers we cannot use infinite number of cells. Even if we are
interested in near fields, we need to enlarge total simulation space to prevent reflections
from the boundaries. However, increasing total simulation space increases the
computational burden excessively. So far, several methods proposed to overcome this
difficulty [23]. These methods split into two groups, one called absorbing boundary
conditions (ABC), the other called radiation boundary conditions (RBC). RBCs require the
storage of field components more than one time step back depending on the order of
accuracy. Hence, they can cause out of memory errors for large problems. Also since they
are a function of incident angle, they can give spurious reflections for grazing angles. On
the other hand, ABCs don’t require the storage of field components more than one time
step back, and give more accurate results with compare to RBCs. Among ABCs, the
perfectly matched layer (PML) boundaries are very popular and easy to implement. PML is
a finite-thickness special lossy medium which is placed at the terminals of the

computational space to create perfectly matching condition for all angles and frequencies.
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Because of being frequency and angle independent, they are used in scattering and
radiation problems frequently. There are several types of PMLs found in literature such as
uniaxial PML (UPML), convolutional PML (CPML), split-field PML (SPML), and the
detailed comparison of their properties can be found in [24]. In this dissertation we
preferred to use UPML so this type of PML will be explained. We will start by reviewing
electromagnetic wave behavior at the boundary of two dissimilar media to explain the
underlying theory of PMLs.

3.6.1 Plane Wave Incident on a Lossy Medium

Considering a TM,, polarized field shown in figure 3.7 where the incident electric field

phasor is given by
E; = Ze Ukim
— Ee—j(ki cos(0;)x+k;sin(6;)y) (360)
— z’e—j(kixx"‘kiyY)

Region 1 Region 2
(€1,11,0,=0) (£2,12,02, Oy)

Hi x=0

Figure 3.7 Plane wave incident on a lossy medium
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The incident magnetic field is then calculated from

1 1 x y z
H; = —- VxE; = —- d/ox 0/dy d/0z
Jwuy J Wt 0 0 e_j(kixx+kiyy)
1 .
= —- — ik X+ ik Y e—](kixx+kiyy) (3.61)
ol ( J iy ] lxy)

k; kel
— [ygi _ H_lX] o~ (ki iy y)
WUy WHy

Assuming a presence of reflected wave and knowing that the angle of incidence equals to

angle of reflection, we have

Er == ;Fe_j(_kixx+kiyy) (362)

|ET(O!y)|

where T = Er 09|

is the reflection coefficient. Notice that the change of sign in equation
3.62 due to the reflection. Then we can write the total electric fields in region 1 as
Etorar = Eq = Z(e /¥ix™ 4 Tet/kinx)e~Tkiyy (3.63)
In kind, using equation 3.61 we can write the total magnetic fields in region 1 as
Htotal — Hl — }’ﬁ (e—j(k1xx) + l"e(k1xx))e—j(k1yY)

w
- (3.64)

+y Kix (_e—j(klxx) + re(k1xX))e—J'(k1yy)
whq

Now we can consider the electromagnetic fields in region 2 which is lossy medium
characterized with the parameters o, and a,,. For this reason we can write the time

harmonic Maxwell’s equations for general lossy media as follows

. . O-m
VxE = —jwuH — o, H = —](»;1(1 +_—>H

jou (3.65)
=HUeff
- - O-
VxH=]w6E+aE=]w6(1+jE)E (3.66)

~—_—

=Ceff
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Therefore the transmitted electric field in Region 2 can be written as

E, = E, = 7Te (ke tkeyy) (3.67)

ET(0,y)

where T = |E‘(0y)

is the transmission coefficient. The magnetic fields in Region 2 are

calculated using equation 3.65 as follows

0z (3.68)
Te -J (ktxx"'ktyY)

QO ~.
o Qo< Flg
=
[\S]
@ N

Te —J(kexx+ktyy)

where

kix = kicosO, ki, = kisin®
(3.69)
k? = ktzx + ktzy = wzyeffeeff

is the propagation constant.

Owing to the boundary condition that is the continuity of the tangential fields at the

interface (x=0), the propagation in the y direction must be same in both media yields

Z(1 + De kY = 2Te I (keyy) (3.70)

Thus we can say that

14+T=T
(3.71)
kiy = kty = kisine

Plugging equation 3.71 into 3.69 and solving for k., yields
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1% 1%
k.. = (wzeu)(1+,m)(1+_m)
= \/ 22 JwU, jwe;

kZ

Te—ieeyy)

ty
Equating y component of the magnetic fields at x=0 we obtain
7(4]:;; (=14 De /kuyy) = 5 Ko ~
1 1+ —2
wu2< Jous
In this case, we can say that
k
~14T=- “13 T
Yz (1 +J'(Urlr;2) Kix
The reflection and transmission coefficients are given by [25]
ktx _ kix
o, we,
_ MpcosB; —nycosO; we (1 +jw€z>
" n,c0s0; +1n,c0s60, ke kix
o, wEeq
and
2k;y
02
we, (1 + - )
T=1+4T= O
ktx + kix
o we
we, (1 +j—a)262) 1

(3.72)

(3.73)

(3.74)

(3.75)

(3.76)

Reflection coefficient will be zero only if the terms in the numerator of equation 3.75

cancel. Also it is seen that, for an arbitrary incident angle 6; # 0 we have complex and

non-zero reflection number. Assuming the incident wave 6; = 0, the expression in

equation 3.75 reduces to

=772—771
n, +1m

where
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(3.78)
and

Selecting u; = p,, €, = €, and o, = % yields that ['= 0 , perfectly matching wave
1

transmission at the boundary. But, for oblique incidence, the numerator of the term in

equation 3.75 cannot be zero and there will always be reflection from region 2.
3.6.2 Uniaxial Perfectly Matched Layer (PML)

Among the different versions of the PML, the uniaxial perfectly matched layer (PML) is
arguably simplest to understand and has been broadly used in the FDTD simulations. In
UPML, lossy layer is described as an artificial anisotropic uniaxial absorbing material
which is composed of both electric and magnetic permittivity tensors. The main advantage
of the UPML is that we don’t require changing our code in both computational region and
PML region. Therefore, the FDTD algorithm remains same in both domains. The

placement of the PML in computational space is shown in figure 3.8.

PML PML PML
(04, 0#)(1, Oy U*yz) (0,0, 3, Uﬂyz] (04 a‘xl, Oy2r U,vz)

PML PML

(0,4, 0",1,0,0) (0,2, 0",,,0,0)
Domain
|
|
|
|
|
v
PML PML PML
(641,671, 641, 0" 1) (0,0,0,,,6"1) (0,2, 0"y, 0,1, 0"y)

Figure 3.8 Placement of PML in computational domain
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We can assume that the region 2 (x > 0) in figure 3.7, as an anisotropic uniaxial medium
which is rotationally symmetric around the x axis and having the electrical permittivity and
magnetic permeability tensors:

a 0 O c 0 0

E&,=6]10 b 0 W =u 0 d 0 (3.79)
0 0 b 0 0 d

Also we assume that a TE polarized time-harmonic wave H; = Hge /(Kixx+kiyy)

propagates through region 2. As we did in previous chapter for TM mode, we can write

total electric and magnetic fields in the region 1 as

H1 — ZHo(l + Fej(ZklxX))e—j(klxx+k1y3’) (380)

S kay (2K %

E,=H, —xg(1+l“e1 1x )
1 (3.81)

+ 5;& (1- rej(Zklxx)] e~ (Kixx+kiyy)
wWeEq

Electromagnetic waves in region 2 satisfy the Maxwell’s equations in a general anisotropic

medium which can be expressed in phasor form as:

VxE = —jwpzH or k,xE = wp; H (3.82)
VxH = jw&,E or kyxH = —wézE (3.83)

where
kZ = }ka + ykzy (384)

is the wavevector in region 2. Combining equations 3.82 and 3.83 leads to wave equation

given as:

kyx (?kz) xH+ w’GH =0 (3.85)

which can also be written in matrix form as:
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wzﬂzezc - k%yb_l k2xk2yb_1 O Hx
Kasekayb™t k2d — k2,b1 0 H,
0 0 w2iipeyd — kZb™ — k3,a7t || H, (3.8
=0

The solutions of the determinant of the matrix in equation 3.86 give the relationship
between the wave numbers that is called dispersion relation as we mentioned in section

3.4. There are two solutions of equation 3.86 which are called TE mode (H,, H, = 0) and
TM mode (H, = 0). We assume only TE mode solution which is obtained at setting

H,,H, = 0 in equation 3.86 as
w?py€,d — k3,b™" —k3,a”t =0 (3.87)
The wave transmitted in region 2 can be expressed in a manner similar to equation 3.68 as

H, = ZH,Te —j(Fkaxx+kayy)

(3.88)

E, =Hy|-X Koy +y Kax ]Te—j(RZxx+k2yy)
wea weyb

Owing to the boundary condition that is the continuity of the tangential fields at the

interface (x=0), the propagation in the y direction must be same in both media yields

H;(0,y) = H,(0,y)
ZHo(1 + MNe 1Y) = 2H, Te I (k2y¥) (3.89)
- 1+T'=Tandkyy = ks,

and

E{(0,y) = E»(0,y)

Kax
we,b

klx ka k2x
—@a-0n-= T= 14T
- WE; ( ) weE,b wWeE,b 1+D
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Since k,, = ky,, for all incident angles, we can put this equality into equation 3.87 to

obtain the value of k,, as

ko, = \/wzezuzbd —k%,a"1b (3.91)
What’s more, we can find the reflection coefficent from 3.90 as

Jx (1-T) = Feax
WeEq weyb

(1+7T)

(3.92)
_ klxa)EZb - ka(Uel _ kleZ - k2x61b_1

B ki we,b + kyweq B ki€, + ko€ b7t

To achive perfectly matching at the boundary, we need to have I' = 0 which means that the
nominator of equation 3.92 should be zero. From inspection, selecting €, = €1, u; = Uy,
d =banda™?! = b yields

kz_x = \/wzelﬂlbz - kfybz = b\/k% - kfy = bklx (393)

Putting equation 3.93 into equation 3.92 we have I' = 0 for all incidence angles and k.
Thus the incident wave penetrates into region 2 without any reflection. Since we have
found k,, in equation 3.93, we can put this into equation 3.88 to analyze the wave

behavior in region 2 as

Hy,= ZH,T e /(Okixxtkiyy)
=1
since I'=0 (3.94)
— kly — klx —7
Ez = HO [—x + y—|e ](bklx x+k1yy)
wWeE,a WE,
- O'x -
Selectingbh =1 — Twc yields

HZ = ?Hoe_j(k1x x+k1yy)e_ UJZ)CEkl (395)

It is obvious that the magnetic field attenuates exponentially through the propagation in
region 2 for all incident wave angles and kq,. In a similar manner the electric field also
undergoes an exponential decay through the propagation in region 2. The same analysis

can be performed for TM mode. But in this case we need to replace b with d and a with c
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and set ¢! = d for reflectionless propagation. In sum, we can write the permittivity and

permeability tensors to have I' = 0 at the boundary x = 0 as

s, 0 0
0 0 s,

UPML extension for 3D case can be obtained easily by considering 3D case is a
composition of individual lossy layers. That is, we need to place individual lossy layers at
the front ends of the x, y and z dimensions of computational space. Then, the electric

permittivity and magnetic permeability tensors will be in the form as

st 0 o][sy,™ 0 O0][s,/* 0 o
s=[ 0 s, O 0 s, OffO0 s, O

y
Sy 1Sys, 0 0 (3.97)
5= 0 SxSy 'S, 0
0 0 SxSySy "
where
= Kyt 25, = Ky +—2— and s, = K, + —~
Sy = By ]'G)El,sy — Ny jwfl ana s, = R, j(l)El (398)

Here the parameters K,, K,, and K, are introduced for allowing non-unity real part. To
use this tensor in FDTD algorithm we need to set non-zero conductivity at appropriate
boundaries as demonstrated in figure 3.8. For example at y = 0 and y = Y;ota1 We need

tosetog, =0, = 0.
3.6.3 UPML Algorithm

In this section, we will derive 3D numerical algorithm for implementing uniaxial perfectly
matched layer medium formulated previously. Maxwell’s equations for general anisotropic
media are given in phasor form by equations 3.82 and 3.83, repeated below for

convenience:

VXE = —jwpzH or k,xE = wp, H (3.99)
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VxH = jw&;E or kyxH = —wée,E (3.100)

Writing the curl operator of equation 3.100 in matrix form and using the tensor which is

introduced in equation 3.97 leads to

[0H, O0H,
aal?ll aa; Sy 'SyS, 0 0 E,
X —_ z = j(lJE O st;lsz 0 = Ey (3101)
dz 0x 1 E
oH, 0H, 0 0 SxSySz z
[ dx dy |

Then we have from the first row of the matrix equation:

Iy Oz
0, OHy _ e (Ky +wa) (KZ +jw6)
dy 9z Ox_

(e + 72)

At this point, it is instructive to give some properties of the phasor to time domain

E, (3.102)

transformations.
d _

J Ls 3.104
g(t)<—>j—w (3.104)

Converting equation 3.102 directly from phasor domain to time domain requires
integration because of the term jwe + o, in the denominator and integration is very
computationally expensive process especially for large problems. To overcome this

difficulty, we can use interim variable D which is not physical and formed as

SZ
D, = e2E
X ESx X
S
D, =e—=E, (3.105)
Sy

S
D, = e2E,
Z

Then equation 3.101 becomes
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[0H, O0H,
dy 0z
aH. BH sy, 0 0 D,
X _Zl=jw|0 s, 0]|=|Dy (3.106)
0z d0x 0 0 s, D,
o0H, O0H,
[ dx dy |

This leaves us to three equations which can be transformed into time domain easily by
using equation 3.103. Moreover, since FDTD algorithm is based on discretizing partial
derivatives in Maxwell’s equations via centered difference approximation, we can apply
the same approximation to discretize the resulting interim fields. This provides us to
conserve our codes in both computational region and PML region with the expense of
doubling field components which is explained soon. But anyway, this is computationally

less expensive than calculating integrals. Considering the first equation in 3.106, we have

oH, O0H, ay ] ay
_=,Sy_/
Applying equation 3.103 to 3.107 yields
0H, O0H, oD, o,
3y oz =K, 5t + ?Dx (3.108)

The components of auxiliary fields D is assumed to be same location as the components of
electric fields as shown in figure 3.1, therefore applying centered difference approximation

to equation 3.108 gives

2eK, — o, At
D, |™ —<——i;—¥L—> M

L= L1,
i+5,),k ZEKy + O'yAt i+5,).k
[ n+% n+%
| 1.1, H | 1
2elt i+5,j+5k i+5,j-5k
+
n+a n+s
2 _ 2
PP Rt T P
S k45 5Jk=3
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The other auxiliary field components can be derived in a similar manner, they are given

here for the sake of completeness

2eK, — o,At
D |TL+1 _( 4 z > yl‘n

YWijtak — \2eK, + o,At) Y ij+3k
1 1 1
[H In+§ _H In+§ o n+s q |n+7 | (3.110)
2eMt | Hx X xl 1 1.1, zl, 1.1,
+ € L]+2' +2 l,]+2, ) . l+§,]+§, l_i"]+§
2eK, + aZAt| Az Ax
DM, = (Zer - axAt) i
Likts  \2€Ky, + o At) Zlijkciy
[z g P AT N I REEY
2elt I Y l+11k+ Y = J.k+ x lj+%'k+ x lj—%,k+%|
ZEK +0xAtl Ax Ay J

Now we need to convert interim fields back to electric field components. This is also can
be accomplished easily as shown for the x component:

SZ
D, =€e—E, > s,D, =€s,E,
S

X
(K + )D (K T )E (3.112)
jo — e T e '
. Ux .
jwK, D, + ?Dx = jweK,E, + 0,E,

Applying equation 3.103 to equation 3.112 leads

aD, JE,
= 3.113
T + & . =D, =€eK,—= TS + 0,E, ( )

Discretization of equation 3.113 yields update equation for the x component of the electric
field:

47



|n+1

xl. 1. = |n
l+2,],k

_ (2€K; —o,At
( ) x i+%,j,k

2eK, + g,At
(3.114)
l (ZEKx + O'xAt) s 1 (Zer - axAt) D"
2eK, + o,At i+3.,], ko 2eK, + o,At i+a Sk

The same analysis can be repeated for the remaining components of electric fields, and

given as follows

|n+1 _ (Zer - axAt> i

Yij+zk  \2eKy + a,At Ey Litgk
(3.115)

+1 (ZEKy + ayAt) n+11 3 1 (ZeKy - ayAt) i
€ \2eK, + a,At) Y ij+zk 2¢K, + o, At Dy Litgk
E ™, = 2eKy, — o)At E "
Bz Lik+s  \2€K, + a,At) " ijk+s

(3.116)

1 2eK, + 0,4t D™ — 1 2eK, — 0,4t "
2eK,, + a,At) P ijjers 2€K,, + ayAt) 7lijkes

Thus far, we are concerned with the electric field components. The magnetic fields can be

calculated in a similar manner by writing the curl operator of equation 3.99 in matrix form

as follows
0E, OE,
dy 0z Sy 1sys, 0 0
0E, OE,| . ) .
X _ = —jwu SxSy 'S,
0z 0x 0 0 5,88, 1
oF, 08, o @
| dx dy |
H,
- |H,
H

In the same way for electric fields, we introduce auxiliary field B to get rid of integrals as
shown below:
Sz _ _Sx _
B, = .u;Hx B, = egHy B, E H (3.118)

Using equation 3.118 in equation 3.117 leads to
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0E, OE,

dy 9z

OE. O sy, 0 0 B,

X z :—ja) 0 S, 0| = By (3119)
dz  Ox 0 0 s, B,

0E, O0E,

| dx  0dy |

Considering the first equation in 3.119, we obtain the following equation

0E, OE,
dy 0z

——'w(K +&)B = —jwK,B, — 2B
=-J y jwe x = TJWRyDy ¢ Ox
(3.120)

oE, _aﬂ= —Ky%—o-yBx
ay 0z Jt €
Applying centered difference approximation to the partial derivatives of equation 3.120
yields updating equation for the interim field component B, whose spatial location is the

same as H,, and shown in the figure 3.1.

5 |n+% 2eK, — oyAt\ = n-1
x i,j+%,k+% a 2€eK, + o, At * i,j+%,k+%
n — n n _ n (3.121)
< 2elt > Eyli,j’f%'k“ Eyli,j+%'k EZli,j+1,k+% 2, ks
+ —
2¢K, + o, At Az Ay

Doing same analysis as in equation 3.120 for remaining interim fields we obtain

B |n+% _ (26Kz — O'ZAt) n—%
Yisljkes  \2eK, + 0,0t) Y il j ks
- —E
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The relationship between the interim fields B and magnetic fields H is similar to that of
interim field D and E and can be given as
SZ
By = u—H, or syBy = s, Hy
Sx
(3.124)

Ox Oz
- Kx+j§ Bx:[l KZ+_i(4)_E Hx

. O-x . O-Z
- jwK, B, + ?Bx = jowuK,H, + ?,uHx

Applying inverse transformation to equation 3.124 yields

0B, o0, J0H, o,
— e 3.125
K, 5t B, = K,u 3 + . H, ( )

Equation 3.125 can be discretized as
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The remaining magnetic field components can be obtained in a similar manner as follows

1
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The implementation of the UPML algorithm requires two step for updating individual
electric and magnetic fields. That is, we first need to solve interim fields and then calculate
electric and magnetic fields from the interim fields as shown in the related equations. Also

we need to store one time step previous values of the interim fields because the magnetic
and electric field updates require the values of interim fields at time n or n — % Although,
we explain the algorithm of 3D UPML, reduction to 2D case is straightforward and
explained briefly in section 3.3. We have taken three snapshots at different time steps to

demonstrate the PML boundary condition in 2D TM, mode as shown in figures 3.9, 3.10

and 3.11. We have injected Gaussian source at the center of the simulation space.

Figure 3.9 TM, FDTD simulation snapshot at t = 20At
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Figure 3.10 TM, FDTD simulation snapshot at t = 150At

Figure 3.11 TM, FDTD simulation snapshot at t = 300At

Source codes for this simulation can be found in Appendix 1. An ideal PML is
reflectionless, if the parameters of the PML are selected properly as described previously.
However, because of the numerical approximations, the PML in FDTD simulations cannot
absorb the power penetrating into PML regions properly and consequently can lead to
significant spurious reflections. To overcome this problem, we need to use multilayer PML
instead [26]. The term multilayer means that the conductivity profile of the lossy layer
changes with spatial increment. There are several methods to create such a multilayer PML

but arguably most effective one is polynomial grading whose formulation is given as

(3.129)

d—x\"
O_x(x)zo-xmax( d )
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where the parameter m is generally taken as 3 or 4. Also in equation 3.129, d is the
thickness of the PML and og,,,, iS the maximum value of the conductivity which is

expressed as:

m+1

Temar = Z00mVEBx (3.130)

Remaining conductivity profiles can be graded in similar manner by using equation 3.129.
3.7 Modeling PEC Objects

Modeling objects in FDTD plays important role for the accuracy of the simulation results.
Standard FDTD algorithm explained so far uses staircase approximation to model objects
in simulation space. In this approximation, if the center of cubic cell is embedded inside
the perfectly electric conductance (PEC) object, all surrounding electric fields of this cell
are set to zero. For 2D simulations, we can examine staircase approximation for TM, mode
and TE, mode separately as follows: when modeling a PEC in TM, mode, if an E, node
falls within the PEC, it is zero. In a TE, mode, if an H, node falls within the PEC, all
surrounding electric fields are set to zero. All the magnetic fields are updated in the usual
way for both 3D and 2D cases. Although this approach is very simple to use, it can lead
significant errors for slanted or curved objects as shown in figure 3.12 for TE, mode. In
this figure, critical cells which constitute the boundary of pec object are marked with “x”.
As it is seen, staircase approximation models missile radome very poorly and sharp corners
resulted from the staircase approximation can lead to non-realistic diffracted fields. The
level of staircase error can be reduced by increasing resolution but this increases
computational burden significantly. To overcome this difficulty, several methods are
proposed in the past decade. One solution of this problem is to use non-uniform meshing
whose dimensions are smaller in specific regions to fit object boundaries. However, this
approach suffers from the fact that it increases total number of cells and as a result
computational burden. The second and more robust solution called contour-path modeling
is based on deforming unit cells in specific regions to conform boundaries of PEC object.
The drawback of this approach is that, we require complex meshing algorithm. Also, the

reduction of the time step is necessary to avoid stability errors as will be explained soon.
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Figure 3.12 Staircase modeling missile radome
3.7.1 Day-Mittra Conformal FDTD
In 1997, Day-Mittra introduced conformal modeling techniques for PEC and dielectric

structures which do not conform to Yee grid [26]. In this technique, only a modification of

Faraday loop is required as shown in figure 3.13.

fi——— -

—_— = — — =

Figure 3.13 Modified Faraday loop in Dey-Mittra technique

In this method, a conformal updating algorithm applied to individual partially filled cells,
and the time step size needs to be reduced in accordance with the size and shape of the
deformed cell. It is intructive to investigate deformed cells in the figure 3.13 seperately.
For this purpose three different scenarios for Dey-Mittra conformal technique are

presented in figure 3.14
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Figure 3.14 Dey-Mittra conformal FDTD scenarios

In all scenarios the PEC is located at the right of the cell cut and TE, polarization is
assumed. In part (a) of figure 3.14, slanted object cross slightly into top right cell. If
s/AxAy is less than R; which is specific parameter based on numerical stability, we can
neglect this penetration and set all four surrounding electric fields to zero for top right
cell. On the other hand if we apply Faraday’s law and integrate along the contour of area

A for top left cell we obtain

nts ( Ax Ay n-1( Ax Ay
w(-57) = (77
(3.131)

2 (E"( A Ay)A +E”( AxA) E”( ax o) )
‘u.oAl y x’z y X 2’ yf X 2’ g

In part (b) of figure 3.14 the ratio of A, /AxAy is larger than R,. Applying Faraday’s Law
to the top right cell and integrating over the contour of area A, gives the update equation
for H, in the top right cell despite the fact that it is in PEC. Noting that two electric field

components resides in pec and set to zero we have:
1 1
H, '’ (A—X,A—y) =H, * (A—X.A—y>
22 22

P (25 (0 Ay>l+En(Ax ay)f)
noy 07

(3.132)

Finally for the part (c) of figure 3.14, applying Faraday’s law and integrating along over

the contour of area A5 gives:
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For all scenarios, electric fields are updated as in conventional Yee’s algorithm. The
parameter R; mentioned previously specifies the smallest area which is included for
specification of integration contour. Typically, the choice R; = 0.025 requires %30
reduction of time step below the normal limit to provide stability. The stability analysis of
Day-Mittra conformal technique is analyzed by J.B. Scheneider and C.J. Railton [27]. The
drawback of reduction of time step will increase total simulation time but it gives very
accurate results. The comparison of diffracted field simulation results for stair case
approximation and Dey-Mittra conformal FDTD technique is demonstrated in figure 3.15

for a line source illuminated (at 60°) wedge type pec object with 80° vertex angle.

%0
- o
: § ; FDTD

CT:1 ) So— : : : 0 130

240 : 300

270 270

(a) (b)

Figure 3.15 Comparison of Dey-Mittra conformal technique (a) and Staircase approximation (b)

It is obvious that, the fields near to the wedge diverge in staircase approximation. Things
are getting worse when double-side illumination is of interest. On the other hand, Day-
Mittra conformal technique gives very robust result in everywhere. As we see from
equations 3.131 through 3.133, the application of conformal FDTD technique requires the
calculation of intersection points. This is very tedious process so one can use external

meshing software developed for this purpose. In this dissertation, we developed meshing
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algorithm and used conformal FDTD algorithm for wedge type PEC object whose codes
can be found in the CD given.

3.8 Calculation of Diffracted Fields for Wedge Type Object

The calculation of diffracted fields in FDTD method for PEC wedge object is presented by
G.Cakir, L.Sevgi and P.Y.Ufimstev [3]. In this section we will summarize the multi-step
processes which is required to extract diffracted fields from total fields. In the first step, we
run FDTD simulation with PEC to obtain total fields which includes incident, reflected and
difftacted fields as illustrated in figure 3.16 (a).

Line
Source TTe<l

Line
Source =<l

Figure 3.16 Multi-step FDTD-based diffraction approach: (a) The wedge scenario,(b) Infinite-plane
problem, (c) Free-space scenario

After obtaining total fields, we stretch the top face of wedge as shown in figure 3.16 (b)
and re-run FDTD simulation. Since there is no edge or tip the total fields in this case
includes only incident and reflected fields. Finally we remove the wedge in simulation
space and re-run FDTD simulation. The total fields obtained from the final step will give
only incident fields since there is no object in the simulation space. Subtracting the time

data of the second scenario from the first scenario in Region | (0 < ¢ < ¢,); and the time
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data of the third scenario from the first scenario in Region Il (m — @, < m + @) will yield
diffracted-only fields all around the wedge. For double side illumination (DSI) that is both
faces of the PEC wedge is illuminated with line source, we need four step processes similar
to explained previously. In this case we need to repeat step two by stretching bottom face

of the wedge.

3.9 WEDGE FDTD GUI and Simulation Examples

The Matlab-based simulation package Wedge FDTD GUI with the front panel displayed in
figure 3.17, is prepared for the investigation of wedge diffraction in 2D with FDTD
Method and various HFA models. The panel is divided into two parts. The left block is
reserved for the structure and FDTD properties. The user also selects either of the TM
(Soft) and TE (Hard) boundary conditions and total and diffracted fields, which are
calculated multi-step process explained previously, in this block. The right panel is
reserved for FDTD visualization and simulation results. User can use the tab located at the
top of the right panel to switch between them. The user can also select the colormap which
is used for FDTD simulation from the pop-up menu located at the top-right of the panel.
Recording property is also enabled for saving FDTD simulation into storage devices in
each time step. To do this, one can use record button located at the top-left of the panel.
Only avi format is supported and recording feature uses external application embedded in
the WEDGE FDTD software so as to reduce file size. What’s more, user can see the
process of simulation from the progress bar which is shown dynamically during the
simulation at the bottom of right panel. The user can expand/shrink the sizes of panels
using the divider located between two panels. In this software, we have used Day-Mittra
conformal modeling technique to model PEC wedge object. In addition to this, parallel
computing feature is used for analytical solutions to achive faster simulation time. Here we
present some simulation examples in figures 3.18 and 3.19. In the first example, we have
illuminated to PEC wedge of 30° vertex angle with a TM, polarized line source from 70
meter distance and 60° angle. We observed total and diffracted fields at 50 meter distance
from the PEC with 1.33 degree angle steps. The results are shown at the figure 3.17 and we
can say that FDTD simulation results agree with analytical simulation results very well. In
the second example we have increased wedge angle to 60° and changed illumination angle

to 130° and polarization to TE,. The simulation results are shown at figure 3.18. In the
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first example, we have illuminated to PEC wedge of 30° vertex angle with a T M, polarized
line source from 70 meter distance and 60° angle. We observed total and diffracted fields
at 50 meter distance from the PEC with 1.33 degree angle steps. The results are shown at
the figure 3.17 and we can say that FDTD simulation results agree with analytical

simulation results very well.
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Figure 3.17 Front panel of WEDGE FDTD software
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3 Incident wave at 60°

90

20 Incident wave at 60°
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270 — — Exact Integral 270 —-—-UTD
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(a) (b)

Figure 3.18 Total field, Diffracted field simulation results for TM, mode

In the second example we have increased wedge angle to 60° and changed illumination

angle to 130° and polarization to TE,. The simulation results are shown at figure 3.19.

________

—UTD
Exact Integral
+ FDTD

270 — — Exact Integral 270
—— FDTD

Figure 3.19 Total field, Diffracted field simulation results for TE, mode

Again we see that, the FDTD simulation results agree with analytical results very well.

3.10 Conclusions

In this chapter, we explained 3D and 2D FDTD technique to obtain numeric results of
electromagnetic problems. We have seen that selection of spatial step affects numerical
dispersion and selection of time step affects stability. In section 3.6, we reviewed

electromagnetic wave propagation at the boundary of two dissimilar media and in
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continuation we explain PML theory and algorithm for 3D FDTD lattice. We have seen in
section 3.7 that, using staircase approximation for modeling slanted or curved objects can
cause non-physical diffracted fields and can lead erroneous results. Also, we have
mentioned alternative methods and explained Dey-Mittra conformal FDTD technique as an
alternative of staircase method. The multi-step process for extracting diffracted fields from
total fields is explained in section 3.8 briefly. Finally in section 3.9, we have introduced a
novel Matlab-based virtual tool WEDGE FDTD GUI to analyze 2D wedge scattering
problem for both TM, (Soft) and TE, (Hard) boundary conditions. We have seen that,
FDTD results are almost perfectly fit with the HFA methods.
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4 CONCLUSIONS AND FUTURE RESEARCH

4.1 Summary

In this dissertation, we have analyzed non-penetrable wedge scattering problem in 2D
space with various HFA techniques and FDTD method. The primary goals of this research
were to develop both HFA and FDTD algorithms for obtaining solutions of this type of
scattering problem. During this research, we have encountered erroneous diffracted fields
which affect the accuracy of the simulation in FDTD side, due to the staircase
approximation of Yee algorithm. We have implemented various methods to reduce
staircase approximation errors and we have found that Dey-Mittra conformal FDTD
technique is optimum and gives best result. For this reason, we have developed CFDTD
algorithm for analyzing total and diffracted fields which are formed by the illumination of
2D PEC wedge object, numerically.

We have developed two Matlab-based programs which are WEDGE GUI and WEDGE
FDTD GUI for enabling one to investigate scattering behavior of 2D perfect electric
conductor (PEC) wedge geometry easily. The former program is dedicated for only
analytical solutions. We have used physical optics (PO) method, physical theory of
diffraction (PTD) method, unified theory of diffraction (UTD) method, parabolic equation
(PE) method with Exact series and Integral methods in this program to analyze wedge
scattering phenomena. The latter program uses FDTD method to obtain numeric results of
the same problem. In this program, we have used conformal FDTD algorithm for modeling
PEC wedge geometry and for analytical comparisons, we have used Exact integral and
UTD methods. Being a time domain technique, FDTD method permits us to visualize time
domain behavior of the electromagnetic wave. For this reason, we have also implemented
this feature with recording option in WEDGE FDTD GUIL.
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4.2 Future Work

We plan to analyze scattering behavior of PEC or dielectric double wedge geometry in 2D.
After that, we may extend our analysis to three dimensional space. Since we have
eliminated modeling problems in FDTD, we can easily obtain numerical solutions of three
dimensional PEC or dielectric wedge geometries. But deriving 3D analytical solutions

seems to be uneasy and we may deal with on this subject.
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APPENDIX I

TMz Mode 2D Propagation in Free Space
Author: Alper Uslu
Method: FDTD

o° o o o o°

Date: July 2011
clear;
clc;
delx=0.002; % Sample size along x direction
dely=delx; % Sample size along y direction
c=299792458; % Speed of Light
£f0=278e6; % Frequency
lambda=c/f0; % Wavelength

k=2*pi/lambda; % Wavenumber

delt=delx/ (c*2); % Magic Time Step delt*c=delx
epsilon=8.85*10"-12; Free Space Permittivity
mu=4*pi*10"-7; Free Space Permeability
nu=sqgrt (mu/epsilon) ; Free Space Impedance

o° o

o

%% PML Properties

d=10; $PML thickness
rdesired=exp (-16); % Desired reflection coefficent
m=4; % Grading coefficent

o)

sigmaxmax=- (m+1) *log (rdesired)/ (2*nu*d*delx); % Maximum electrical
conductivity x direction

sigmaymax=sigmaxmax; % Maximum electrical
conductivity y direction

kzmax=1; % PML parameter
kxmax=1; PML parameter

o oP

kymax=1; PML parameter
%% Simulation Space Properties
nx=100;
ny=100;

Free space region total number of samples

o° oP

Free space region total number of samples

o

nxx=nx+1; Free space region total number of

samples+1

nyy=ny+1; % Free space region total number of
samples+1

dd=d+1; PML Thickness + 1

nxtot=nx+2*d;
nytot=ny+2*d;
nxxtot=nxtot+1;
+ 1
nyytot=nytot+l;
+ 1

Total Simulation Space number of samples
Total Simulation Space number of samples

o° o° o o

Total Simulation Space number of samples

o\°

Total Simulation Space number of samples

%% Coefficent Matrices

Ez field array
Dz field array

Ez=zeros (nxxtot,nyytot);
Dz=zeros (nxxtot,nyytot) ;

o° oo

oe

Hx=zeros (nxxtot,nytot); Hx field array
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Bx=zeros (nxxtot,nytot);

Hy=zeros (nxtot,nyytot);
By=zeros (nxtot,nyytot);

o

o° oP

Bx field array

Hy field array
By field array

Clez=zeros (size (Ez)); % 1l.coefficent array
C2ez=zeros (size (Ez)); % 2.coefficent array
C3ez=zeros (size(Ez)); % 1l.coefficent array
Cdez=zeros (size(Ez)); % 2.coefficent array
CS5ez=zeros (size(Ez)); % 3.coefficent array
Coez=zeros (size (Ez)); % 4.coefficent array
Dlhx=zeros (size (Hx)); % 1l.coefficent array
D2hx=zeros (size (Hx)) ; % 2.coefficent array
D3hx=zeros (size (Hx)) ; % 1l.coefficent array
D4dhx=zeros (size (Hx)); % 2.coefficent array
D5hx=zeros (size (Hx)) ; % 3.coefficent array
Dohx=zeros (size (Hx)) ; % 4.coefficent array
Dlhy=zeros (size (Hy)) ; % 1l.coefficent array
D2hy=zeros (size (Hy)) ; % 2.coefficent array
D3hy=zeros (size (Hy)) ; % 1l.coefficent array
D4dhy=zeros (size (Hy)) ; % 2.coefficent array
DShy=zeros (size (Hy)) ; % 3.coefficent array
D6hy=zeros (size (Hy)) ; % 4.coefficent array
Fm—m e Coefficents for outside PML region
Cl=1;

C2=delt;

C3=1;

C4=1/ (2*epsilon*epsilon) ;
C5=2*epsilon;
C6=2*epsilon;

D1=1;

D2=delt;

D3=1;
D4=1/(2*epsilon*mu) ;
D5=2*epsilon;
D6=2*epsilon;

Clez (d+1l:nxxtot-d, :)=Cl;
C2ez (d+1l:nxxtot-d, :)=C2;
C3ez (:,d+l:nyytot-d)=C3;
Cdez (:,d+1l:nyytot-d)=C4;
Chez (:, :)=C5;

Céez (:,:)=C6;
Dlhx(:,d+l:nytot-d)=D1;
D2hx (:,d+1:nytot-d)=D2;
D3hx (:, :)=D3;
D4dhx (:, :)=D4;

D5hx (d+1:nxxtot-d, :)=D5;
Dohx (d+1:nxxtot-d, :)=D6;

Dlhy(:, :)=D1;
D2hy (:, :)=D2;
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used
used
used
used
used

used

used
used
used
used
used
used

used
used
used
used
used
used

calculation
calculation
calculation
calculation
calculation

calculation

calculation
calculation
calculation
calculation
calculation
calculation

calculation
calculation
calculation
calculation
calculation
calculation

of
of
of
of
of
of

of
of
of
of
of
of

of
of
of
of
of
of

Dz
Dz
Ez
Ez
Ez
Ez

Bx
Bx
Hx
Hx
Hx
Hx

By
By
Hy
Hy
Hy
Hy



D3hy (d+1:nxtot-d, :)=D3;
D4dhy (d+1l:nxtot-d, :)=D4;
D5hy (

(

:,d+1l:nyytot-d)=D5;
D6hy (:,d+1:nyytot-d)=D6;
e —— Coefficents for PML Region--—-—-—---—-————=--—-——————
for i=1:d

g=d-i-0.5; % Since Hy component's 1 index located at 1/2 steps

sigmax=(qg/d) "m*sigmaxmax; % Polynomial Grading
kx=1+ (kxmax-1) * (g/d) "m; % Polynomial Grading

D3hy (i, :)=(2*epsilon*kx-sigmax*delt)/ (2*epsilon*kx+sigmax*delt) ;
D3hy (nxtot-i+1, :)=(2*epsilon*kx-
sigmax*delt) / (2*epsilon*kx+sigmax*delt) ;

Ddhy (i, :)=1/((2*epsilon*kx+sigmax*delt) *mu) ;
D4hy (nxtot-i+1, :)=1/((2*epsilon*kx+sigmax*delt) *mu) ;

o)

sigmax=((d-1i)/d) "m*sigmaxmax; % Polynomial Grading
kx=1+ (kxmax-1)* ((d-i)/d)*m; % Polynomial Grading

Clez (i, :)=(2*epsilon*kx-sigmax*delt)/ (2*epsilon*kx+sigmax*delt) ;
Clez (nxxtot+1l-1,:)=(2*epsilon*kx-

sigmax*delt) / (2*epsilon*kx+sigmax*delt) ;

C2ez (i, :)=(2*epsilon*delt)/ (2*epsilon*kx+sigmax*delt) ;
C2ez (nxxtot+l-i, :)=(2*epsilon*delt)/ (2*epsilon*kx+sigmax*delt) ;

D5hx (i, :)=2*epsilon*kx+sigmax*delt;
D5hx (nxxtot-i+1, :)=2*epsilon*kx+sigmax*delt;

D6hx (i, :)=2*epsilon*kx-sigmax*delt;
D6hx (nxxtot-i+1, :)=2*epsilon*kx-sigmax*delt;

end

$PEC walls outside the PML

Clez (1,:)=-1.0;
Clez (nxxtot, :)=-1.0;
C2ez (1,:)=0.0;

(

C2ez (nxxtot, :)=0.0;

for j=1:d
g=d-j-0.5; % Since Hx component's j index located at 1/2 steps

sigmay=(gq/d) "m*sigmaymax; % Polynomial grading
ky=1+ (kymax-1) * (g/d) "m; % Polynomial grading

Dlhx (:,j)=(2*ky*epsilon-sigmay*delt)/ (2*ky*epsilon+sigmay*delt) ;

Dlhx (:,nytot-j+1)=(2*ky*epsilon-
sigmay*delt) / (2*ky*epsilon+sigmay*delt) ;

D2hx (:,j)=2*epsilon*delt/ (2*ky*epsilon+sigmay*delt) ;

D2hx (:,nytot-j+1)=2*epsilon*delt/ (2*ky*epsilont+sigmay*delt) ;

69



sigmay=((d-j)/d) "m*sigmaymax; % Polynomial grading
ky=1+ (kymax-1)* ((d-j)/d) "m; % Polynomial grading

C3ez(:,J)=(2*ky*epsilon-sigmay*delt)/ (2*ky*epsilon+sigmay*delt) ;
C3ez (:,nyytot-j+1)=(2*ky*epsilon-
sigmay*delt)/ (2*ky*epsilon+sigmay*delt) ;
Cldez (:,]3)=1/((2*epsilon*ky+sigmay*delt) *epsilon) ;
Cdez (:,nyytot-J+1)=1/((2*epsilon*ky+sigmay*delt) *epsilon) ;

(:,J)=2*epsilon*ky+sigmay*delt;

(:,nyytot-j+1)=2*epsilon*ky+sigmay*delt;
D6hy (:,j)=2*epsilon*ky-sigmay*delt;

(:,nyytot-j+1)=2*epsilon*ky-sigmay*delt;

%% Source and Simulation Time Properties
rtau=50.0e-12;

tau=rtau/delt;

ndelay=3*tau;

J0=-1.0*epsilon;

T=350; % Total number of time steps
%% FDTD Calculation

for t=0:T

Bstore=Bx;

Bx (2:nxtot, :)=Dlhx (2:nxtot,:).* Bx(2:nxtot,:)-...
D2hx (2:nxtot, :) .* ((Ez (2:nxtot,2:nyytot) -
Ez (2:nxtot,l:nytot)))./dely;

Hx (2 :nxtot, :)= D3hx(2:nxtot, :).*Hx (2:nxtot, :)+...
D4dhx (2:nxtot, :) .* (D5hx (2:nxtot, :) . *Bx (2:nxtot, :) -

Dohx (2:nxtot, :) .*Bstore (2:nxtot, :));
Bstore=By;
By (:,2:nytot)=Dlhy(:,2:nytot).* By(:,2:nytot)-...
D2hy (:,2:nytot) .*(-...
(Ez (2:nxxtot,2:nytot) -
Ez (1:nxtot,2:nytot))) ./delx;

Hy (:,2:nytot)= D3hy(:,2:nytot) .*Hy(:,2:nytot)+...

D4dhy (:,2:nytot) .* (D5hy(:,2:nytot) .*By(:,2:nytot) -

D6hy (:,2:nytot) .*Bstore(:,2:nytot));
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Dstore=Dz;
Dz (2:nxtot,2:nytot)=Clez (2:nxtot,2:nytot) .* Dz (2:nxtot,2:nytot)+...
C2ez (2:nxtot,2:nytot) .* ((Hy (2:nxtot,2:nytot) -

Hy (l:nxtot-1,2:nytot))-...

(Hx (2:nxtot,2:nytot) -Hx (2:nxtot, l:nytot-1)))./delx;

Dz (60, 60)=Dz (60,60)+J0* (t-ndelay) *exp (- ( (t-ndelay) "2/tau"2)) ;

Ez (2:nxtot,2:nytot)=C3ez (2:nxtot,2:nytot) .*Ez (2:nxtot,2:nytot) +...
Cdez (2:nxtot,2:nytot) .* (CS5ez (2:nxtot,2:nytot) . *Dz (2:nxtot,2:nytot)-...

Cobez (2:nxtot,2:nytot) .*Dstore (2:nxtot, 2:nytot)) ;

%% Plot Ez at every time step

surf (Ez) ;
shading interp; lighting phong; colormap hot; axis off; zlim ([0 1]);
set (gcf, '"Color', [0 O 0], 'Number', 'off', 'Name',6 sprintf('Time

Step = %1i', t));

pause (0.05) ;
end

71



BIOGRAPHY

Alper USLU was born in Bolu/Turkey and received his B.Sc. in electronics and
communications engineering, Dogus University, Turkey, in 2010. Between 2005-2010 he
has worked as a Senior software developer and embedded system designer. He was granted
to Leopold. B. Felsen Excellence in Electrodynamics award on 1 August 2011. Currently,
he has two journal/magazine papers and two conference papers.

72



	kapak
	tez

