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ABSTRACT

We consider non-self-adjoint operator L,,(Q) generated in L5 [0, 1] by the Sturm-Liouville
equation with m x m matrix potential and the boundary conditions, whose scalar case
(m = 1) are strongly regular.First we obtain asymptotic formulas for the eigenvalues
and eigenfunctions of L,,(Q) and then find a condition on the potential for which the
root functions of the operator form a Riesz basis. We also study the approximation of
eigenvalues of L,,(Q) by finite difference method.

Key words: Differential operators, matrix potential, Riesz basis, asymptotic formulas,
eigenvalues, finite difference method
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OZET

L5 [0, 1] uzayinda, m x m matris potansiyele sahip Sturm-Liouville denklemi ve skaler du-
rumda (m = 1) kisith diizgiin sinir kogullari ile olugturulan kendine eg olmayan L,,(Q) op-
eratorii goz oniine alinmustir. Ilk olarak, L,,(Q) operatoriiniin 6zdegerleri ve 6zfonksiyon-
lar1 i¢in asimptotik formdiiller elde edilmis ve daha sonra operatoriin kok fonksiyonlar: Riesz
tabani olugturacak gekilde potansiyel {izerine bir kogul bulunmugtur. Aym zamanda L,,(Q)
operatoriiniin kiigiik 6zdegerleri {izerine sonlu farklar metodu ile yaklagim yapilmigtir.

Anahtar kelimeler: Diferansiyel operatorler, matris potansiyel, Riesz tabani, asimp-
totik formiiller, 6zdegerler, sonlu farklar metodu
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INTRODUCTION

We consider the non-self-adjoint differential operator L,,(Q), in the space L3 [0, 1]
generated by the differential expression

=y (2) + Q () y(x) (0.1)
and the boundary conditions
Ui(y) = aiy*(0) + aioy(0) + Biy* (1) + Bioy(1) =0, i=1,2 (0.2)
whose scalar case (the case m = 1)
Ui(y) = iy ™ (0) + i oy(0) + By ™ (1) + Bioy(1) = 0, i=1,2 (0.3)

are strongly regular, where 0 < ky < ky < 1, oy, o, 3, Bio are complex numbers
and for each value of the index ¢ at least one of the numbers «;, §; is nonzero. Here,
y (@) = (1 (), 52 (), s ym ()" and L7 [0,1] is the set of vector-functions f(z) =
(fi(z), f2a(z), .. fn (x)) With fi € Lo[0,1] for £ = 1,2,....m and Q(z) = (b;; (z)) is
a m X m matrix with the complex-valued square integrable entries b; ;. The norm ||.|| and
inner product (.,.) in L5 [0, 1] are defined by

2

1l = / F@Pdr | L () = / (f (2) . g (2)) da,

where |.| and (.,.) are respectively the norm and the inner product in C™.

Non-self-adjoint differential operators arise in the theory of open resonators, in prob-
lems of inelastic scattering and in problems of mathematical physics, when the Fourier
method is used. The early works concerned with these operators were investigated in
[7]-[11] and [54]-[56], at the beginning of the 20th century. In the scalar case (m = 1),
the strongly regular boundary conditions are the ones which are studied more commonly.
If the boundary conditions are strongly regular, then the root functions (eigenfunctions
and associated functions) of the operators generated in the space Ly [0, 1] by the ordinary
differential expression form a Riesz basis. This result was proved independently in [21],
[29] and [43]. In the case when an operator is regular but not strongly regular, the root
functions generally do not form even usual basis.
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A. A. Shkalikov proved that the root functions of the operators generated by an or-
dinary differential expression with summable matrix coefficients and regular boundary
conditions form a Riesz basis with parenthesis and in the parenthesis,only the functions
corresponding to splitting eigenvalues should be included. (see [48]-[53]).

L. M. Luzhina generalized this result for the boundary value problems when the coef-
ficients depend on the spectral parameter. (see [32],[33]).

In the paper of Veliev, (see [58]), the differential operator T;(Q)) generated in the space
L3 [0, 1] by the differential expression (0.1) and the quasiperiodic conditions

y (1) =€y (0), y (1) = €'y (0),

for t € (0,27) and ¢ # 7 was considered . It was proved that the eigenvalues \; ; of T3(Q)
lie in the O (%) neighborhoods of the eigenvalues of the operator T;(C), where

C = [,Q(z)da. (0.4)

Note that, to obtain the asymptotic formulas of order O(%) for the eigenvalues Ay ; of
the differential operators generated by (0.1), using the classical asymptotic expansions for
the solutions of the matrix equation

Y ' +Q(z)Y =Y,

it is required that @ be differentiable (see [12], [35], [36], [44]). The suggested method
in [58] gives the possibility of obtaining the asymptotic formulas of order O(k~'In |k|)
for the eigenvalues \;; and the normalized eigenfunctions ¥y ;(x) of T;(Q)) when there
is not any condition about smoothness of the entries b;; of (). Then, in papers [59]-
[63], using the method of [58|, the spectrum and basis property of the root functions
of differential operators generated in L3 [0, 1] by the differential expression of arbitrary
order and by the t—periodic, periodic, antiperiodic boundary conditions were considered
and these investigations were applied to the differential operators with periodic matrix
coefficients.

In [60], the following investigations were done: Let L(P,, P, ..., P,) = L be the differ-
ential operator generated in the space L'(—o00,00) by the differential expression

W(y) =y™(z) + Py (2) y" D (2) + P (2) y" ) (2) + ... + Pal2)y, (0.5)

and Ly(Ps, Ps..., P,) = L; be the differential operator generated in L3'(0,1) by the same
differential expression and the boundary conditions

Uu,t(y) = y(u) (1) - eity(u) (O) = Oa V= 07 17 (X3} (n - 1)7 (06)



where n > 2, P, = (p,.;) is a m X m matrix with the complex-valued summable entries
Pvij, and P, (x + 1) = P, (z) for v = 2,3, ...n. The eigenvalues ji1, fi2, ..., ftm, of the matrix

1
C2 = / P2 (CC) dx
0
are simple and y = (y1, Y2, ..., Ym) is a vector valued function.

It is well-known that the spectrum o(L) of L is the union of the spectra o(L;) of L,
for t € [0,27). (see [22], [23], [39]-[41], [46]). Therefore the investigation of the boundary
condition (0.6) depends on this fact. First, an asymptotic formula was derived for the
eigenvalues and eigenfunctions of L; which is uniform with respect to t in Q.(n), where

Q.2u) ={teQ:|t—nk|>eVk€Z}, Q.2u+1)=Q, ¢ € (0, %), w=1,2, ..,

and @ is a compact subset of C containing a neighborhood of the interval [-7, 27 — 7].
Using these formulas, it was proved that the root functions of L, for ¢t € C(n) form a Riesz
basis in L3'(0, 1), where C(2u) = C\{nk : k € Z}, C2u+1) = C.

In [63], the operator L( Py, P, ..., P,) generated in L'[0, 1] by the differential expression
(0.5) and the periodic boundary conditions

y" (1) =y (0), v=0,1,...,(n — 1),

where n is an even integer, P,(z) = (pu;(x)) is a m x m matrix with the complex-
valued summable entries p,; ;(x) for v = 2,3,..n was investigated. First, asymptotic
formulas were obtained for the eigenvalues and eigenfunctions of L. Then, necessary and
sufficient conditions were found on the coefficient P, (z) for which the root functions of
the operator L form a Riesz basis in L3'[0,1]. The similar results were obtained for the
operator A(P,, Ps, ..., P,) generated by (0.5) and the antiperiodic boundary conditions

y (1) =y (0), v=0,1,..,(n —1).

Note that the Riesz basis property of the differential operator with periodic and an-
tiperiodic boundary conditions was investigated in the papers; [15], [17-20], [24], [28], [34],
[37], [38], [42], [53] and [57].

In this thesis, we are interested in the investigation of spectral properties of non-
self-adjoint operator L,,(Q) generated in L3 [0, 1] by the differential expression (0.1) and
the boundary conditions (0.2). First we obtain asymptotic formulas for the eigenvalues
and eigenfunctions of L,,(Q) and then find a condition on the potential for which the
root functions of the operator form a Riesz basis. Besides the spectral properties of the
operator L,,(Q) with strongly regular boundary conditions, we also study the eigenvalue
problem for (0.1)-(0.2) by the numerical methods.
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The knowledge and understanding of methods for the numerical solution of boundary
value problems for ordinary differential equations has increased significantly at the be-
ginning of 1980s. Although important theoretical and practical developments have taken
place on a number of fronts, they have not previously been comprehensively described in
any text. The most remarkable studies in this area are given by [5] and [27]. It is clear that
no modern applied mathematician, physical scientist or engineer can be properly trained
without some understanding of numerical methods.

There are a lot of methods and a lot of papers about estimation of the eigenvalues for
Sturm-Liouville operator in scalar case, for instance see [1-4], [6], [13], [14], [16], [26], [45],
[64] and references on them. However, to my best knowledge, the numerical estimation of
the eigenvalues for the differential operator generated by a system of differential equation is
investigated in this thesis for the first time. Comparing with numerical methods, it seems
finite difference methods are more uniform and admit a more unified theory since the
problem can be expressed by matrix form after applying finite difference approximations.

Let us consider the Sturm-Liouville eigenvalue problem

—y +alx)y =Ny, 0<z<m, (0.7)
with boundary conditions
y(0) = y(m) = 0. (0.8)
If finite difference approximations were used on a grid

G={zj;z;=7jh,j=0,1,2,..,n+ 1L h=7/(n+1)},

then, the problem (0.7)-(0.8) replaces by an algebraic eigenvalue problem of order n such
that
(—A+ D)u = X"y, (0.9)

(viz. where D = 0 if and only if ¢ = 0). It is well known that algebraic eigenvalues

Aﬁ”), )\én), o )\%n) of (0.9) only yield satisfactory approximations for the fundamental eigen-
values of (0.7)-(0.8), i.e., A; and the first few harmonics Ay, A3 A (m < n). For example,
if ¢ = 0 and a central difference formula is used to approximate —y" on G, then the
corresponding algebraic eigenvalues (i.e. the algebraic eigenvalues of —A) are given by

4sin®(kh/2)/h* k =1,2,...,n,
while the corresponding error is
() _ 12 _ 4qin2 2 5
&, = sin“(kh/2)/h* k =1,2,...,n, (0.10)

which satisfies
e™ = O(K'h?).

This clearly illustrates the rapid growth of 5,(;0 as a function of k.
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In the papers [2], [4], [6], [45], |64], Sturm-Liouville eigenvalue problem with Dirichlet
boundary conditions was considered.

In [45] , it was shown how approximate algebraic eigenvalues /\,(Cn) derived for (0.7)-
(0.8), for general ¢ can be corrected to yield substantially improved approximations. The
eigenvalues of

—y" =y, y(0) = y(r) =0,
are known(u;, = k%), and the algebraic eigenvalues defined by

—Au = p™

~

u?
can be evaluated analytically, the error
k2 — g

can be used to estimate the asymptotic behaviour of A\, — A,i"), and thereby generate the
corrected eigenvalue approximations

A = A g2 )
It was proved in [45] that when ¢ € C?[0, 7|, there exists an «, independent of n, such that

M e = NP+ 0(kh?),1 <k <an,a < 1. (0.11)

In [1], using the results in [26], the same eigenvalue problem (0.7) was considered with
the general boundary conditions

a1y (0) — agy(0) = 0,
51y/(7T) + Boy(m) = 0,

and the same result was proved as in (0.11).

Besides, in the papers [3], [13], [14], [16], periodic and antiperiodic eigenvalue problem
were investigated by numerical method.

The thesis consists of four chapters. The first chapter presents preliminary definitions
and formulations of some results to be used in Chapter 2 and Chapter 3.

In Chapter 2, we investigate the operator L,,(Q) defined by (0.1)-(0.2) in the space of
vector functions. First we prove that if the boundary conditions (0.3) are regular, then
the boundary conditions (0.2) are also regular. Then, we consider the operator L,,(Q) as
a perturbation of L,,(C) by @ — C and obtain asymptotic formulas for the eigenvalues and
eigenfunctions of L,,(Q) in term of the eigenvalues and eigenfunctions of L,,(C), where
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C' is defined in (0.4). Finally, using the obtained asymptotic formulas and the theorem
of Bari (see, [25]), we prove that if the eigenvalues of the matrix C' are simple, then the
root functions of the operator L,,(Q) form a Riesz basis. These results are published in
Mathematical Notes, see [47].

In Chapter 3, we investigate the numerical estimation of small eigenvalues of L,,(Q)
by finite difference method. First, we consider Dirichlet boundary conditions and then we
consider general separated boundary conditions. Applying finite difference approximations
to (0.1) and boundary conditions, we express the problem in matrix form. Then we find
the errors in each case as O(h%/%) and O(h'/?) respectively.

In Chapter 4, we give some examples which summarize the notions mentioned in Chap-
ter 2 and Chapter 3.



Chapter 1
PRELIMINARY FACTS

1.1 Strongly Regular Boundary Conditions in Scalar
Case

Consider the n — th order linear ordinary differential expression

W(y) = y™ + pi(2)y" ™ + .. + pa(2)y, (1.1)

given on the interval [0, 1]. The functions pi(x), p2(x), ..., pn(x) are called the coefficients
of the differential expression. The coefficients p,(x) will be assumed Lebesgue integrable

and complex valued functions on [0, 1] where s = 1,2, ..., n.
Let B(y) be a linear form in the variable y4,y,, ..., y = Yps s yénil) at the bound-
ary points a and b of the interval [a, b], that is,

B(y) = ao¥a + 1yl 4 .. + a1y + Boy + By + ..+ @n—lyénfl% (1.2)

where yi¥ = y®(a) and y,ﬁk) = y®(b)for k = 0,1,2,....,n — 1. If By(y), Ba(y), ..., Bu(y)
are independent linear forms then the conditions

B,(y) =0,v=1,2,....n, (1.3)
are called homogeneous boundary conditions.
Definition 1.1.1 Let D(L) be subspace of Ly[0, 1] defined by
D(L) = {y € Ly[0,1] : ™Y € AC[0,1],1(y) € L2[0,1], By(y) = 0,0 = 1,2,...,n}

where AC|0, 1] is the set of absolutely continuous functions on [0, 1]. We say that operator
L is generated by the differential expression l(y) and the boundary conditions (1.3) if
Ly =Ul(y) fory € D(L).



The problem of determining a function y € D(L) which satisfies the conditions

I(y)
Bv<y) =

is called the homogeneous boundary value problem.

A number ) is called an eigenvalue of an operator L if there exists a function y # 0
in the domain of definition of the operator L such that Ly = A\y. The function y is called
the eigenfunction of the operator L for the eigenvalue .

The eigenvalues of the operator L are determined by the zeros of the characteristic
determinant A()), which has the form

Bi(y1) - Bi(yn)
AN =| .

Bu(y1) - Bn(yn)

0, (1.4)
,v=12,..n,

If A(X) vanishes identically, then any number \ is an eigenvalue of the operator L.
An eigenvalue A may be multiple zero of A(A). In this case we have the following
definition:

Definition 1.1.2 An eigenvalue Ay of the boundary value problem (1.4) is said to have
multiplicity p if Ao is root of multiplicity p of the function A(N). An eigenvalue \g of (1.4)
is called simple if Ao is a simple zero of the characteristic determinant A(N).

There is also one more notion called associated function. Denote by

no(2) = @n()

the eigenfunction of the operator L corresponding to the eigenvalue A,. The function
©np(x) of the operator L, for p = 1,2,...,m,, is said to be associated function of order p
corresponding to the same eigenvalue A, and the eigenfunction ¢, () if all the functions
©n.p(x) satisfy the following equations

(L — M) @np(®) = pnp1(x), p=1,2,...,my,

where m,, is called the length of the system of associated functions.

The set of all eigenfunctions and associated functions is called root functions.

To define adjoint operator L*, first we need to present the definition of adjoint differ-
ential expression and adjoint boundary conditions. To do this, first we shall define the
Lagrange’s formula:

Assume that the coefficients pi(z), k = 0,1, 2, ...,n of the differential expression

dny d(nfl)y

Uy) = pol@) 70+ pu(@) e + o+ oal@)y,
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have continuous derivatives up to the order (n — k) inclusive on the interval [a, b]. Further
let y and z be two arbitrary functions in C™. By k partial integrations we get

b
/ pn_ka(k)dx = [pn_kiy(k_l) — (pn_kZ)'y(k_z) + ... (1.5)
b
D D I 4 (1 [ y(paniz) Ve,

a

Here Z denotes the complex number conjugate to z, and Z = z(x) denotes the function
whose values are conjugate to those of z(z). If we put k =n,n —1,...,0 in (1.5) and add
the resulting equations we obtain the formula

b

[ twyzis = P+ [T (1.6

where
F(2) = ()" m2)™ + ()" (32) "+ ()P0 4+ hr (L)

and P(n,() is a certain bilinear form in the variables

1= Yar Y 0w Uy

C=20,2,, .0, 280V 2,2, zénil).
The differential expression [*(z) defined by the formula (1.7) is called the adjoint differ-
ential expression of [(y), and (1.6) is called Lagrange’s formula. A differential expression

[(y) is said to be self adjoint if [ = [*.
Now, let By, Bs, ..., B,, be linearly independent forms in the variables

Yar Yo oo U U Uy
if m < 2n, we shall supplement them with other forms B,,.1, ..., B, to obtain a linearly
independent system of 2n forms By, Bs, ..., By,. Since these forms are linearly independent,
the variables y,, ¢/, ..., y((ln_l), Ybs Yps s yén_l) can be expressed as linear combinations of the
forms By, Bo, ..., Bo,.

We substitute these expressions in the bilinear form P(n,() which occured in La-
grange’s formula.(see (1.6)). Then P(n,() becomes a linear, homogeneous form in the
variables By, Bs, ..., Ba,, and its 2n coefficients are themselves linear, homogeneous forms,
which we denote by V5, V5,_1, ..., V4, in the variables z,, z (n=1)

/ / (n—1)
@i 2a 3 %y Zpy ey 2y . La-
grange’s formula now takes the form

b b
/ l(y)zdz = B1Vap + BaVay—1 + ... + Bo, Vi + / yl*(z)dx.

The forms Vi, Va, ..., V5, are linearly independent. Therefore, the boundary conditions

Vi=0,V5=0, ., Vouomn = 0, (1.8)

10



(and all boundary conditions equivalent to them) are said to be adjoint to the original
boundary conditions
Bl :O,BQ :0,,Bm:O (19)

Boundary conditions are self adjoint if they are equivalent to their adjoint boundary
conditions.

Definition 1.1.3 Let L be the operator generated by the expression l(y) and the boundary
conditions (1.9). The operator generated by I*(y) and the boundary conditions (1.8) will
be denoted by L* and called the adjoint operator to L.

Now let us define the process for boundary conditions, called normalization; before the
definition of regular boundary conditions.
We wish to investigate the different systems B, (y), v = 1,2, ..., n, of linear forms which

are defined by a given differential operator. If y(()k) or yyf) appear explicitly in the form

B(y) but y((]v) and yY’) do not, for any v > k, then we say that the form B(y) has order
k. We consider the forms B,(y) of order (n — 1), if there are any. By replacing them, if
necessary, by equivalent linear combinations, we can arrange that the maximum number
of forms of order (n — 1) is < 2. The remaining forms have orders < (n — 2); we apply the
same process to the forms of order (n — 2) and reduce their number to a minimum; and
SO on.

The operations described are called the normalization of the boundary conditions, and
the boundary conditions are said to be normalized. From the way in which they are
constructed it follows that the normalized boundary conditions must have the form

By (y) =t Bug(y) + Buiy) =0,

where

ky—1

ky j
Buyy) = Oq,y(() - Zavjy(()])a
=0

ky—1

ko j
Bvl (y) = 5vy§ ) + Zﬁvjyij)7
=0

n_12k12k22 kn>07 kv+2<kva

and for each value of the suffix v at least one of the numbers «,, 5, is non-zero.
Now we are ready to define regular boundary conditions:

Definition 1.1.4 Suppose n is even. The normalized boundary conditions are said to be
reqular if the numbers 0_1 and 0, defined by the identity

0_
Tl+eo+els:

11



k k k k
alwkl 0410J%1_1 (o + sﬁl)w,’jl (o + %51)%&1 ﬁlwléﬁrg e Pk
wy? o aaw? (a4 sP)wk (a4 tfh)wd, fawity .. Powl?
o " ) . . . S -
T S I (o o sﬁn)wu (n + 2Bn)wyty Bawite o Buwy

are different from zero. Here wy,ws, ...,w, are different n— th roots of —1 arranged in an
order in each case to suit later requirements.

Remark 1.1.1 Note that, in the case n = 2, the determinant in the Definition 1.1.4 has
the form
9_1 (061 + Sﬂl)wkl (Oél + lﬂl)wkl
— + 0y + 015 = det ! s 2,
S 0 ! (012 + 852)0)1162 (062 + %52)(#52

where w; = 1 and wy = —1.
Definition 1.1.5 The boundary conditions are said to be strongly reqular if
02 — 46,0_1 # 0.

Theorem 1.1.1 A differential operator of the n — th order which is generated by an
expression and by reqular boundary conditions has precisely denumerably many eigenvalues,
whose behaviour at infinity is specified for evenn = 2u, and 03—460,0_; # 0 by the following
formulae:

Ing &’ 1
= o {12 S o)

n__ (1M 2 ,uh’lofﬁ i
= ok {17 o)

where & and " are the roots of the equation
‘9152 + ‘905 + 971 =0

where the upper or lower sign is to be taken according as n = 4v or n = 4v + 2.
For even n, n = 2u, and 0% — 46,0_, = 0, the following sequences are obtained:

;o 9 wing & 1
= upekm L1508 o)

" o__ 2 Mlnﬁé 1
= upeen {1e 52 o L

k=NN+1,..,

where & 1s the double root, occuring in this case. The signs are to be chosen in the same
way.

In the first case, all eigenvalues of sufficiently large modulus are simple; but in the
second case all eigenvalues of sufficiently large modulus can be either simple or double.

Remark 1.1.2 [t follows from Theorem 1.1.1 that the boundary conditions are strongly
regular if and only if & # £", that is, the eigenvalues are far from each other. (see [49]).
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1.2 On Sturm-Liouville Operators

In this section, we consider Sturm-Liouville operators generated by the most general
boundary conditions which have the form

Bl = aly(') + bly; + aonYo + b0y1 = O, (110)
By =t e1y + diyy + coyo + doyr = 0.

Proposition 1.2.1 In the following three cases the boundary conditions (1.10) are strongly
reqular:

(G) a1d1 — blCl 7é 0,

(b) a1dy — bieg = O, ‘(11’ + |b1| > 0, b100 + a1d0 7& O,Cll §é +b; and Co 7é :l:do,

(C) ay = b1 =C = d1 = O,aodo - boCQ 7& 0.

Proof. (a) Gldl — b1C1 7é 0
By solving (1.10) for y{ and i, with the condition a;d; — bjc; # 0, we have the
boundary conditions in the form

Yo + anyo + azyr =0, (1.11)
Yy + axyo + asy; = 0.

Here, a1 = 1,9 = 0,8, = 0 and 35 = 1, so, by Remark 1.1.1 we have,

T =1
1

s

0_
—1—|—00—|—018: = — — S.
S

S

i

It is clear that boundary conditions are regular since §; = —1 and 6_; = 1. Moreover,
since 2 — 46,01 =0—4-(—1)-1 =4 # 0, the boundary conditions are strongly regular.
(b) (Ildl — b = 0, |a1| + |bl‘ >0
In this case we can transform the conditions (1.10) so;

a1y (0) + by (1) + aoy(0) + boy(1) = 0, (1.12)
coy(0) + doy(1) = 0.

Hence,

(a1 + Sbl)i —(&1 + %bl)l
(Co + Sdo) Cco + %do

0_
—1 + t90 + 918 = ’
S
: 1 .
= Z(blco + Cbldo) (S + g) + 2(&100 + bldg)l.

which implies that

90 = 2(&100 —+ bldo)i, 91 = 9_1 = i(blco + aldo)
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We see that the boundary conditions are regular if byco+aidy # 0. Moreover, the conditions
are strongly regular if

9(2) — 4919_1 = —4((1100 + b1d0)2 + 4(b160 + a1d0)2 = (CL% — b?)(c% — d(Q)) 7§ O,

that is, the conditions a; # +b; and ¢y # +dy hold.
(C) alzblzclzdlz()
In this case the boundary conditions are in the form

aoyo + boyr = 0, (1.13)
coYo + doyr = 0.
Hence,
6)—1 | Qo + Sbo ag + %bo . 1
?4—‘90—1-918— Co+8d0 Co“‘%do —<a0d0_bOCO)<5_g)

Therefore the boundary conditions are regular if agdy — bocy # 0. Since
93 — 4919_1 = 4(0,0610 — b060)2 7£ O,

the boundary conditions are also strongly regular. m
Besides the regular boundary conditions can be classified and investigated in following
forms (see, [31]). To do this, let

o aq b1 Qg bo
A_[ﬁ di co do]’

be the coefficient matrix associated with By, Bs. For integers 7,7 with 1 <4 < j <4, let
A(ij) denote the 2 x 2 submatrix of A obtained by retaining the i—th and j—th columns
and let

In [30], it was proved that A;; satisfies the following fundamental quadratic equation
A9 Azy — Az Aoy + Ay Aoz = 0.

In terms of the A;;, the self adjoint of L is characterized by the following theorem:

Theorem 1.2.1 L = L* iff there exists a complex number v # 0 such that
A_12:”YA12> A_23:’YA23,
Ay = Aoy, A_13 = v A3,
Ay = VA4, Az = YAz

Moreover, the characteristic determinant is given by
A(p) = —[A1202 — 1(Arg + Asz)p + A34]€ip
+ [A12p” + i(Arg + Aos)p + Asale™ + 2i[A13 + Asdp.

Now we present the theorems which are useful to calculate the eigenvalues:

14



Theorem 1.2.2 The point \g = p3 # 0 is an eigenvalue of L iff the point py # 0 is a zero
of A, in which case the algebraic multiplicity of \g is equal to the order of py as a zero of
A. Moreover, \g = 0 is an eigenvalue of L iff

Agy — (Ayg + Agz) — (A1z + Agy) = 0.

Note that A(—p) = —A(p), so po is a zero of A iff -pg is a zero of A. Also, when Aj3 =0
and Ay + Aoz # 0, then associated with A, the quadratic polynomial is defined as

Q(z) = (A + 1423)22 + 2i( A1z + Aoq)z +i(Agg + Ags),
and @ has two distinct roots iff A1y + Asg # F(A13 + Asg).

Theorem 1.2.3 Let & # 0 and ng # 0 be constants with & # 1, let

fp) = [ — &lle” — nol,

and let ‘
h(p) = [ — &l*.
Then
(a) the zeros of f are given by the two sequences

1, = (Arg€o + 2km) —iln|&| k=0, +1, £2, ..,
py = (Argno + 2km) — iln|no| k= 0,+1,£2, ..,

where py, # ' for all k,1 and each pj is a zero of order 1 of f.
(b) the zeros of h are given by the sequence

pr = (Arg&o + 2km) —iln |§] k=0, +1,£2, ..,

where each py is a zero of order 2 of h.
In addition, if

1 A A 1 _ A
g(p) = ;[AQGQW + Alezp + AO] + ?[BQGmp + Blelp + BO],

where the A;, B; are constants and if F = f 4 g,then
(c) the zeros of Fare given by two sequences

Y
o= b+ el k] < ke = ko, £ (ko + 1),
Pl =+ el || < % k = ko, £(ko + 1),

plus a finite number of additional zeros, where v > 0 is a constant and ko is a positive
integer, py, # p; for all k,1 and each p), and each py is a zero of order 1 of F.

15



Now, let us present the cases related to strongly regular boundary conditions in terms
of the notation used in [31].
Case 1: The differential operator L belongs to Case 1 provided

A #0and Ajg = Ay = Agg = Ay = Azq = 0.
In this case the characteristic determinant is given by
A(p) = —Apppe[e - 1][e" + 1],
and the nonzero zeros of A are clearly determined by the function

flp) = [e” = 1][e"” +1].

Applying Theorem 1.2.3(a) with { = 1 and 79 = —1, we see that the nonzero zeros of A
are precisely
pr =km k=4+1,42 ...

From Theorem 1.2.2 it follows that the nonzero eigenvalues of L are
M = (km)? k=1,2,....

Finally, in Case 1 there is only one possible normalized form for the coefficient matrix A,

namely
10 00
A= {0 10 O} ’

which corresponds to Neumann boundary conditions and L is always self adjoint.
Case 2: The principal strategy for studying Case 2 is to treat it as a perturbation of
Case 1. For the differential operator L to belong to Case 2, it must satisfy the conditions

A12 7é 0 and Alg, A147 A23, A24, A34 are not all zero.
The characteristic determinant for this case is given by

A(p) = —Apppie [ — 1][e” + 1]

+ A12P2€_ZpA ; [i(A1s + Az3)e®™ + 2i( A1z + Ags)e” + (A + Ags)]
12
— A 2 _—ip 34 2ip 1
2pe Appp? e )

and the nonzero zeros of A are clearly determined by the function

F(p) = f(p) +9(p),

where . .
f(p) = [e” —1][e” + 1],

16



1
Avop

g(p) = [Z(AM + Ag3)e?™ 4 2i(Arz + Agy)e® +i(Ay + Agg)] + i[e2 F—1].

Aqpp?

Using Theorem 1.2.3(c), with {; = 1 and 79 = —1, the nonzero zeros of A are given by
a sequence

Pk — km + Ek with |8k| < %, k= :|:k'0, i(k() + 1), cey
plus a finite number of additional zeros, where v > 0 is a constant and kg is a positive
integer and where each p;. is a zero of order 1 of A. It follows that the eigenvalues of L
are given by the sequence
Mo = pik=ko,ko+1,...,

plus a finite number of additional eigenvalues. The coefficient matrix A can have only one
possible normalized form in Case 2, namely,

. 10@0 bo
A_|:0 1 Co d():|7

with ag, by, ¢, dy not all zero. For the normalized form, L is self adjoint iff —by = cq, dy = d
and ag = ag.

Case 3: It is possible to explicitly calculate all the spectral quantities, although some
of the calculations are quite complicated. To belong to Case 3, the differential operator L
must satisfy the conditions

Ajg =0, A1 + Az # 0, Ay + Agg # F(A1s + Ana), A3y = 0.
The characteristic determinant for this case is given by
A(p) = i(Ays + Agg)pe™ [ — &l — o],

where &, 79 are the roots of the quadratic polynomial Q. Clearly {yng = 1, while & #
by the third condition, i.e. As4 = 0 and hence, & # £1 and ny # 1. Also, the nonzero
zeros of A are clearly determined by the function

fp) = [€” — &lle” — nol,

whose zeros are all unequal to 0 because &, # 1 and 79 # 1.
Applying Theorem 1.2.3(a), we see that the nonzero zeros of A are given precisely by
the two sequences

pr = (Argéo + 2km) —iln ||, k=0,£1,+2, .., (*)
G = (—Arg&o + 2km) +iln|&|, k=0,+1,42, ...,

where py, # (; for all k, [ and where each p; and each (. is a zero of order 1 of A. Observe
that ¢, = —p_ for k = 0,41, %2, ... and that

A(l)(Pk) = (A1g+ As3)(mo — &o)pr, k=0,£1,+2, ...

17



We conclude that the nonzero eigenvalues of L are given by the sequence
M =pp, k=0,£1,42 ...

Finally in Case 3 the coefficient matrix A can have three possible normalized forms, viz

1 b 00
A‘{oo1do]’

with dy # —by,b; # £1 and dy # +1 or

1 b 00

Ai_O 0 0 1}’

with by # +1, or ) )
0100

A= 0 0 1 dy |’

with dy # #1. If A has the normalized form (first one), then L is self adjoint iff bydy = 1.

Case 4: Tt is treated as a perturbation of Case 3, the technique being similar to the
way Case 2 was treated as a perturbation of Case 1. The differential operator L belongs
to Case 4 provided it satisfies the conditions

Ajg =0, A1y + Aoz # 0, A1y + Aoz # F (A1 + Ass), Asg # 0.
In this case,
A(p) = i(Arg + Aga)pe™"x

{[eip — &)l — mo] — Ay

2ip
—— e = 1] 7,
i(Ag + Asz)p [ } }
for the characteristic determinant, where &g, 79 are the roots of the quadratic polynomial

Q with &mny = 1 and & # 1. Clearly, the nonzero zeros of A are determined by the
function

F(p) = f(p)+9(p),

where

F(p) = [e"” = &lle” — o],

A34 2ip
S
g(p) Z(A14 + A23>p [ ]

It follows from Theorem 1.2.3(c) that the nonzero zeros of A are given by two sequences

and

pr = (Argéo + 2km) —iln |&| + €, with |ex] < %, (%)
G = (—Arg€o + 2km) +iln |&| — e with [e] < %

18



k = +ko, (ko + 1), ..., plus a finite number of additional zeros, where v > 0 is a constant
and kg is a positive integer, where p, # (; for all k£, and where each p; and each ( is
a zero of order 1 of A. We can assume without loss of generality that (, = —p_, for
k = +ko, £(ko + 1), ...Thus, the eigenvalues of L are given by the sequence

Me = pi k= tko, (ko + 1), ...,

plus a finite number of additional eigenvalues.
The coefficient matrix A can have three possible normalized forms in Case 4:

T b 0 b
A‘{o 0 1 do}’

with do 75 —bl,bl 7£ :l:l,d[) 7é :|:1, and bo 7& O, or

o ].bl aOO
A‘[o 0 0 1}’

with by # £1 and ag # 0; or

[0 10 b
A_{001d0]’

with dy # £1 and by # 0. When A is in the normalized form L is selfadjoint iff bidy = 1
and Argby = Arg(£b).

Case 5: It is simple to treat because all the spectral quantities are easily computed.
To belong to Case 5, the differential operator L must satisfy the conditions

Atz =0, Ayg + Aoz = 0, Azy # 0, Az + Aoy = 0, Agz = Aoy
We can easily see that the characteristic determinant for this case is given by
A(p) = —Azae™ [ — 1][e” + 1],

and obviously the function

flp) =1[e" = 1][e" +1]
determines the nonzero zeros of A. It follows from Theorem 1.2.3(a) with & = 1 and
1o = —1 that the nonzero zeros of A are

pr=km k=+1,+£2 ..
with each pp being a zero of order 1 of A. Therefore, the nonzero eigenvalues of L are
M= (km)% k=1,2, ...

We note that there is only one normalized form for the coefficient matrix A, namely,

0010
A:{OOOJ’

which corresponds to Dirichlet boundary conditions. It should also be noted that L is
always self-adjoint in this case.
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Theorem 1.2.4 In cases 1-5, the boundary conditions are strongly reqular.

Proof. One can easily observe that, Case 1 and Case 2 are related to the case which
is mentioned in Proposition 1.2.1(a), since the condition a;d; — byc; # 0 holds. Case 5
is familiar with the case written in Proposition 1.2.1(c), when the conditions a; = b; =
¢y = dy = 0 and agdy — bgcg # 0 hold. In Case 3 and Case 4, one can easily see from the
formulas (*) and (**), the conditions ymy = 1 and & # o hold, that is, the eigenvalues
are far from each other. Therefore, from Remark 1.1.1 we say that Case 3 and Case 4 are
also strongly regular. m
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1.3 Linear operators in the space of vector-functions

Let C™ denote an m—dimensional complex vector space; i.e. C™ consists of all vectors
y = (y1, Y2, ---, Ym) Where each y, is a complex number. Functions y =y (z), of the real
independent variable z, whose values are not numbers but vectors in C™ are called vector
functions. A vector function is therefore simply a system of m complex-valued functions

y (@) = (y1 (2) 92 (), oo ym () ,

and each of the scalar functions y, (z) is called a component of the vector function y ().

The function y(x) is said to be continuous at the point xy if all its components are con-
tinuous at zo.Similarly, a function y(x) is said to be differentiable if each of its components
is differentiable, and by definiton

/

Y'(@) = (1 (x) 95 (2), ooy, (2)) -
Derivatives of higher order are defined in a similar way. It may be easily seen that:

(y+2) =y +2,(Ay) =Ny + Iy,
(y.z) = (y'.z) + (y,2),

where

(v.2) = Y yil0) (o).

In addition to vector functions we shall also be concerned with operator functions.
The values of operator functions are linear operators in C™. Such operators can be repre-
sented by means of square matrices A(z) = [a;,,(z)] of order m, whose elements are scalar
functions.

Essentially, operator-functions are also vector functions, since the aggregate of all linear
operators is a vector space of dimension m?. Consequently an operator-function A(z) will
be said to be continuous at the point z if all its functions a;;(x) are continuous at z,
and to be differentiable at z, if all the a;x(x) are differentiable at x,. So, by definition,
A'(z) is the matrix whose elements are a;k (x). We see that the following rules hold:

(A+B) =A+B,(MNA) =XNA+ A,
(AB) = AB+ AB', (Ay) = A’y + Ay'.

Definition 1.3.1 Let Py(z), Pi(x), ..., Py(z) be operator functions which are continuous
in [a,b] and suppose detPy(z) # 0 in [a,b] . An expression of the form

l(y) = Po(:c)y(") + Pl(x)y("_l) + ...+ Py (2)y,

is called a linear differential expression in the space of vector functions.
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We remark that, essentially, [(y) is a system of m differential expressions of the n—th
order which depend on m scalar functions y; (z), y2(2), ..., Ym(2).

We denote by y,, y;, e y((lnfl); Yo, y,;, e ylgnfl) the value of the vector function and its
first (n — 1) derivatives at the points a and b respectively, so that y,, ..., yl()n_l) are vectors

in the space C™. We put
Uly) = Aoya + A1y, + ... + Anfl}’(()nil) + Boys + Biy, + ... + anlyz(,nil)a (1.14)

where Ay, ..., A,_1, By, ..., B,_1 are fixed linear operators in the space C™.

Definition 1.3.2 If several such forms (1.14) are given, Ui(y),Usx(y),...,U,(y), then
equations of the form
Ul(y) :OaUZ(y) :Oa-'-7UQ(y) =0 (115)

are called boundary conditions.
Definition 1.3.3 Let D(L) be subspace of L3'[0, 1] defined by
D(L) = {y € Ly'[0,1] : 3y""V € AC[0,1],1(y) € Ls[0,1], Up(y) = 0,0 = 1,2, ..., m}

where AC[0,1] is the set of absolutely continuous functions on [0,1]. We say that operator
L is generated by the differential expression l(y) and the boundary conditions (1.15) if

Ly = l(y) fory € D(L).
We will assume in the definiton of D(L) that the forms
_ (n—1) (n=1)  _
Up(y) = ApoYa+ - + Apn1yy ) + BooYs + ... + Buny, v =12, ..4q,

are linearly independent; this implies that the rank of the matrix formed from all the
elements of the matrices [A,;], [By;], viz.

A107 ceey Al,nfla BlO7 ceey Bl,nfl
Ago, ceey A27n,1, BQ(), ceey BQ,n,1

. ceny . . . . ’
Aq07 ceny Aq,n—l; qu, cey qu_l

is equal to mq; for each form U,(y) has m components. From now on we shall mainly be
concerned with the case ¢ = n.

Definition 1.3.4 The problem of determining a vector-function 'y which shall satisfy the
conditions
0,
Uly)=0, v=1,2,...,n, (1.17)

15 called the homogeneous boundary value problem.
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We consider the n? x n? matrix,

Ur(Y1) Ui(Ya) ... Ui(Yn)

o | B0 ) . G |

Un(Y1) Un(Y3) ... Un(Yy)
where Y1, Y5, ..., Y, are the solutions of the homogeneous equation
I(Y)=Py(z)Y™ + P ()Y D 4+ +PY =0.

If these solutions are linearly independent, it can be seen that any solution of the equation
[(y) = 0 has the form
y =Yicr + Yooy + ...+ Yicp,

where ¢y, ¢s, ..., ¢, are arbitrary constant vectors in C™.

Therefore, a homogeneous boundary-value problem (1.16), (1.17) has a non trivial
solution if and only if the determinant of the matrix U vanishes.

Now let us give the definition of eigenvalue of a differential operator in the space of
vector functions.

A number X is called an eigenvalue of an operator L if there exists a function y # 0
in the domain of definition of the operator L such that Ly = Ay. In particular, the
eigenvalues are the zeros of the characteristic determinant

U(Y1) . . . UW(Y)
AN=| . ...
U, (YD) . . . Un(Y,)

where Y1, Y5, ..., Y,, are linearly independent solutions of the operator equation [(Y)—AY =
0.

In fact, according to the definitions given until now, it is not difficult to see that the
ordinary eigenvalue problem in the space of vector functions is equivalent to a certain
generalized eigenvalue problem for scalar functions.

Now let us state the definitons of adjoint differential expression, adjoint boundary
conditions and finally adjoint operator.

We now further require that, for £ = 0,1,2,...,n, the coefficient matrices Py(z) shall
cach be continuously differentiable (n — k) times. We denote the scalar product of the
vectors y,z € C™ by (y,z). Integrating by parts, we obtain

/ 19). 2o = P0.0)+ [ (v (), (1.18)

where P(n,() is a bilinear form in

/ n— / n—1
D= Yar Yo s Y sy v v,
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and

_ ! n—1). ! (n—1)
¢ = (2q, 2,, ...,zg ),zb,zb, wnzy ),

and where
*(z) = (—1)"(Pi2)"™ + (=1)" Y (Pf2)"" Y + ... + P

The differential expression [*(z) is said to be adjoint to [(z). Formula (1.18) is called
Lagrange’s formula. A differential expression [(y) is said to be self-adjoint if I*(y) = I(y).

We supplement any given set of linearly independent forms U; _, U,,, to form a complete
system of linearly independent forms Uy, U, ..., Us,. We can tansform the formula (1.18)
to

b b
/kKYLZﬁM==Gh,%m)+(Uz¥@%4)+~-+(Um,%)%-/kYJWZDdx> (1.19)

a a

where Vi, V5, ..., Vy, are linearly independent forms in the variables

!

(n—1)

n—1). ’
( ),Zb7Zb7...,Zb

ZoyZyy -y Dy,

a’r "

The boundary conditions
V,=0,v=1,2,...n, (1.20)

(or any conditions equivalent to them) are said to be adjoint to the boundary conditions
U, =0,0=1,2,..n. (1.21)

Definition 1.3.5 The operator generated by the differential expression I*(y) and the bound-
ary conditions (1.20) is said to be adjoint to the operator L generated by the differential
expression l(y) and the boundary conditions (1.21). It will be denoted by L*.

It follows from the formula (1.19) that for the operators L and L*, the equation

b b

/ (Ly,z)dx = / (y, L*z)dz,

a a

holds. An operator L is self adjoint if L* = L. In other words, an operator L is self
adjoint if it is generated by a self-adjoint differential expression and self-adjoint boundary
conditions.

Now we will give the definiton of normalization for the boundary conditions in vectoral
case.

A given differential operator is characterised by the boundary conditions U,(y) =
0,v =1,2,...n. The number k is called the order of a form U(y) if U(y) contains at least
one of the vectors y(()k) and ygk) but does not contain the vectors yév) or ygv) for v > k. We
consider forms U(y) of order (n — 1), if there are any; they have the form

Uv(Y) - A'U,'I‘L—ly-((]n_l) + Bv,n—lygn_l) +
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The rectangular matrix [A,,_1, By,—1] has m rows and 2m columns. The maximum
number of linearly independent rows of 2m elements is, however, 2m; if, then, we replace
the rows in the forms of order (n — 1) by linear combinations of these rows (if this process
is necessary), we can arrange that not more than two forms of order (n — 1) occur.

Continuing in the same way with the remaining forms, we can, after a finite number
of such steps, reduce the boundary conditions to the form

Up(y) = Uno(y) + Uni(y) =0

where

ky—1 '

Uv0<y) = Avy(()kv) + Z Avjy(()J)a (122)
j=0
ky—1 '

Un(y) = Boy"™ + 3 Buy?,
j=0

n—12k1 zkgz _anO,kU+2>kv,

and where, for each v, v = 1,2, ..., n, at least one of the matrices A,, B, is different from
the zero-matrix.

The operations just described are referred as the normalization of the boundary condi-
tions, and the finally boundary conditions of the form (1.22) are called normalized bound-
ary conditions.

The asymptotic formulae are going to be derived for a particular class of boundary
conditions which we shall call regular. The definiton of regular boundary conditions de-
pends on whether n is even or odd. In our problem, n is even. We consider a fixed domain
Sk, and number wy, wy, ..., w, so that, for p € S,

R(pwi) < R(pwa) < ... < R(pwy).

Definition 1.3.6 Suppose n is even; n = 2u. The normalized boundary conditions (1.22)
are said to be reqular if both the numbers 6_,, and 0, defined by the equation

O_ s ™+ 0 s " 4 40,5 =

At Alwﬁl_l (A +sBws' (A + %Bl)wl’jﬁrl Blwﬁirg .. Bk
AQWIfQ Angzl (AQ + SBQ)MZQ (AQ + %Bg)u}ﬁil BQWﬁ2+2 BQCUZQ
At Anwﬁil (An + sBpwin (A, + %Bn)wﬁil anﬁ’jr2 ... Buwkn

don’t vanish.

We can see at once regularity does not depend on the particular domain Sy selected.
In questions concerning the asymptotic behaviour of the eigenvalues, the equation

O_ s ™+ 0 15 " L+ 0,,8™ =0, (1.23)

25



for even n, plays an important part. If the boundary conditions are regular, this equation
has order 2m, and all the roots are different from zero. In the following theorem we
assume that the coefficients of the differential expression considered are continuous matrix
functions in the interval [0, 1].

Theorem 1.3.1 Let L be a differential operator of n — th order, defined in the interval
[0,1], whose differential expression contains no derivative of the (n — 1) — th order, and
whose boundary conditions are reqular. If n is even, then to each simple root £ of the
equation (1.23) for the domain Sy corresponds a sequence Ay, of eigenvalues of the operator

L, and
A = (k)" {1 LI (i)]

2kmi k2
k= N,(N+1),..

where the upper or lower signs hold according as n = 4v or n = 4v + 2. To each multiple
zero & of equation (1.23), with multiplicity r, correspond r sequences of eigenvalues g ; of

the operator L, and
7 nlng & 1
>\k,j = (2]€7TZ) |:1 + 0 +0 (W)}

2k
j=12...mk=N/(N+1),.

and again the sign is — or + according as n = 4v orn = 4v + 2.
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1.4 On Riesz Bases

In this section, we give the basic definitons for Riesz basis. As it is mentioned in
introduction, we need these definitions to determine if root functions form a Riesz basis
or not. These descriptions are clearly given in [25].

A sequence {¢;}° of vectors of a Banach space (2 is called a basis of this space if every
vector x € € can be expanded in a unique way in a series

r =Y cid;, (1.24)
j=1

which converges in the norm of the space . In this expansion the coefficients c¢; are
obviously linear functionals of the element z € () :

¢ =wpi(@), Jj=12,,.., (1.25)

Moreover by a well known theorem of Banach, these linear functionals are continuous
(p;j € Q%5 =1,2,...) and there exists a constant Cy associated with them such that

165171 < s < Cylobs| (1.26)

We shall apply these generel results to a basis {¢;} of a Hilbert space {2 = H. In this case
the relations (1.25) can be written in the form

G = (l’,(ﬂj) (90] € H7] = 1727 ) (127)

Setting = ¢r(k = 1,2, ...), we obtain

(¢k7gpj) = 6_]16 (j?k = 1727 )

Let us recall that two sequences {¢;} and {r;} with elements from H are said to be
biorthogonal, if
(fisor) =0 (J,k=1,2,..)

For a given sequence {f;}]° € H a biorthogonal sequence {g;}{° € H exists if and only if
each element f; (j = 1,2, ...) lies outside the closed linear hull T; of all the other elements
fx (k # j). If this condition is fullfilled then the biorthogonal sequence {g;};° will be
uniquely determined if and only if the system {f;}° is complete in H. In this case the
orthogonal complement gjL =HoY,;(j=12,..) is one dimensional and the element g;
is determined by the conditions g; € o5, (g;, f;) =1 (j = 1,2,...).

Thus for every basis {¢; }jil the biorthogonal sequence {¢;}]° is defined uniquely.

From the equalities (1.24) and (1.27) it follows that any vector f which is orthogonal
to all the vectors ¢;(j = 1,2, ...) equals zero. Consequently the sequence biorthogonal to

a basis is always complete in H.
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Theorem 1.4.1 The sequence {¢;}]°, biorthogonal to a basis {¢;};" of a Hilbert space
H, is also a basis of H.

We shall say that a sequence {¢;} of vectors from H is almost normalized if

inf |¢,| > 0 and sup |¢,| < oo

If the basis {¢;}]° of the space H is almost normalized, then the biorthogonal basis {¢;};°
is almost normalized.

Let {¢,} be an arbitrary orthonormal basis of the space H, and A some bounded linear
invertible operator. Then for any vector f € H one has

A= ZA oon)dr = (F, AT 6)8
7j=1

and consequently
F=Y (. f)e
j=1

where
()0] :A¢]af]:A*_1¢J ]:1727

Obviously
(pj fj) =0, 74, k=1,2,..

f= Z Cj¢p;
j=1

Therefore if

then
c]:(f,fj) j=12, ..

i.e. the expansion is unique.

Thus every bounded invertible operator transforms any orthonormal basis into some
other basis of the space H. A basis {p;} of the space H which is obtained from an
orthonormal basis by means of such a transformation is called a basis equivalent to an
orthonormal basis (in the terminology of N. K. Bari, a Riesz basis).

Theorem 1.4.2 The followings are equivalent:

(1) {®;} is a Riesz basis.

(it) The sequence {p;} becomes an orthonormal basis of H following the appropriate
replacement of the inner product (f,g) by some new one (f,g),,

Cl(f7f)§(f7f)l§02(f7f)
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(111) The sequence {p;} is complete in H and there exist positive constants ay,as, ...
such that for any positive integer n and any complex numbers v, ...,v, one has

n n 2 n

2 2

ary |l < D hesl] <ad ]l
=1 j=1 j=1

(tv) The sequence {¢;} is complete in H and its Gram matriz ||(¢;, ¢x)
a bounded invertible operator in Is.
(v) {p;} is complete in H there exist a complete biorthogonal sequence {x;} and for

any f € Hone has
@) < oo,

17 generates

and

Z|(fﬁxj)|2 < o0.

Moreover, let us give the definiton of basis of subspaces:
A sequence {Hj}7° of nonzero subspaces H, C H is said to be a basis (of subspaces)
of the space H, if any vector x € H can be expanded in a unique way in a series of the

form
o
xr = E T,
k=1

where x;, € Hi(k =1,2,...). If the subspaces Hy, (k = 1,2, ...,) are one-dimensional, then
they form a basis of the space H if and only if unit vectors ¢ € Hy(k = 1,2,...) form a
vector basis of H.

Now it will be useful to present a simple result which establishes connections between
bases of subspaces and vector bases:

If the sequence of subspaces { Hy, }1° is a basis of the space H equivalent to an orthogonal
one, then any sequence {¢;}3°, obtained as the union of orthonormal bases of all the
subspaces Hy, (k =1,2,...), is a basis of the space H equivalent to orthonormal one.
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1.5 On the Finite Difference Methods and Numerical
Solutions

To solve differential equations numerically we can replace the derivatives in the equa-
tion with finite difference approximations on a discretized domain. This results in a number
of algebraic equations that can be solved one at a time (explicit methods) or simultane-
ously (implicit methods) to obtain values of the dependent function y; corresponding to
values of the independent function z; in the discretized domain.

A finite difference is a technique by which derivatives of functions are approximated by
differences in the values of the function between a given value of the independent variable
say To, and a small increment (xg + h). For example, from the definiton of the derivative,

df /dx = lim(f(z + h) — f(z))/h,
h—0
we can approximate the value of df /dz by using the finite difference approximation

(f(z+h) = f(x))/h

with a small value of h.

The error, i.e., the difference between the numerical derivative A f/Az and the actual
value,varies linearly with the increment A in the independent variable. It is very common
to indicate this dependency by saying that "the error is of order A", or error =O(h). The
magnitude of the error can be estimated by using Taylor series expansions of the function
f(x +h).

The Taylor series expansion of the function f(x) about the point z = zq is given by

the formula o
fay =S e
n=0 :

n

where f((zg) = (d"f/dz") 4=z, and [ (z) = f (o).
If we let © = ¢ + h, then © — x¢y = h, then the series can be written as

s (n) T / T " T
f(fBo—l-h):Zf—('())h":f(xo)+f(1'0)h f ;'0)
n=0 : . .

+ h* + O(R?),

n

where the expansion O(h?) represents the remaining terms of the series and indicates that
the leading term is of order h3. Because h is a small quantity, we can write 1 > h, and
h > h®> > h® > h* > ... Therefore, the ramaining of the series represented by O(h?)
provides the order of the error incurred in neglecting this part of the series expansion
when calculating f(zo + h).

From the Taylor series expansion shown above we can obtain an expression for the
derivative f'(x0) as

' f(zo+h) — f(xo) " f" (o)

f () = h o+ OM) = flzo +h) = f(zo)

h

+ O(h)
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In practical applications of finite differences, we will replace the first-order derivative
df /dx at © = xy, with the expression (f(xz¢ + h) — f(z0))/h, selecting an appropriate
value for h, and indicating that the error introduced in the calculation is of order h, i.e.
error=0(h).

The approximation

df /dx = (f(zo + h) — f(x0))/h
is called a forward difference formula because the derivative is based on the value x = g
and it involves the function f(x) evaluated at © = x¢ + h, i.e., at a point located forward
from xy by an increment h.

If we include the values of f(x) at + = xo—h, and = x(, the approximation is written
as

df fdx = (f(x0) = f(xo — h)) /N
and is called a backward difference formula. The order of the error is still O(h).

A centered difference formula for df /dz will include the point (xq — h, f(zo — h)) and
(o + h, f(xg + h)). To find the expression for the formula as well as the order of the
error we use the Taylor series expansion of f(x) once more. First we write the equation
corresponding to a forward expansion

flzo +h) = f(wo) + f'(xo)h + 1/2f" (x0)h* + 1/6 f ) (o) + O(h*)
Next, we write the equation for a backward expansion
f(zo —h) = f(zo) — f'(zo)h + 1/2f”(900)h2 - 1/6f(3)(900)h3 + O(h4)
Subtracting these two equations results in
Flxo+h) — flzg — h) = 2f"(xo)h + 1/3f®) (z0)h* + O(R®).

Notice that the even terms in h, vanish. Therefore, the order of the remaining terms in
this last expression is O(h®). Solving for f’(z¢) from the last result produces the following
centered difference formula for the first derivative

af _ flwo+h) — f(zo —h)
de T 2h

df — flxzo+h) — flzo —h)

dr 2h
This result indicates that the centered difference formula has an error of order O(h?),
while the forward and backward difference formulas had an error of the order O(h). Since
h? < h, the error introduced in using the centered difference formula to approximate a first
derivative will be smaller than if the forward or backward difference formulas are used.

To obtain a centered finite difference formula for the second derivative, we’ll start

by using the equations for the forward and backward Taylor series expansions from the
previous section but including terms up to O(h%), i.e.,

flao+h) = f(xo) + f'(wo)h + 1/2f" (wo)h* + 1/6 f ¥ (wo)h® + 1/24 W (o) h* + O(1°)

+ SO +0(n),

or

+ O(h?)
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and
fzo —h) = f(xo) — f'(zo)h + 1/2f" (20)h? — 1/6f3) (z)h® 4+ 1/24 W) (z0)h* — O(h®)

Next, add the two equations and find the following centered difference formula for the
second derivatives

d*f/dz® = [f(zo + h) — 2f (w0) + f(z0 — h)]/h* + O(h?).

Forward and backward finite difference formulas for the second derivatives are given, re-
spectively, by

d*f/dz® = [f(zo + 2h) — 2f (z0 + h) + f(0)]/h* + O(h),

and
&’ f/da* = [f(x0) — 2f (w0 — k) + f(xo — 2h)]/h* + O(h).
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Chapter 2

ASYMPTOTIC FORMULAS and
RIESZ BASIS PROPERTY of
DIFFERENTIAL OPERATORS in
SPACE of VECTOR FUNCTIONS

Let us first consider the differential operator L(q) generated in the space Ly [0, 1] by
the differential expression
—y' () + ¢ () y() (2.1)
where ¢(x) is a summable function, and the boundary conditions are as defined in (0.3).
The eigenvalues of the operator L(q) generated in the space Ls [0, 1] by the differential
expression (2.1) and strongly regular boundary conditions (0.3), where ¢ is a summable
function, consist of the sequences

{r(@)} & {pP(a)} (2.2)

satisfying

P (q) = (2nm +7)? + O(1), piP(q) = 2nm +7)? + O(1); n> N >> 1, (2.3)

where
v = —tln¢, Rey; € (—m, 7], G # o, (2.4)
and (1, (o are the roots of the equation
01¢C% 4 0pC +6_, = 0. (2.5)

By the help of Remark 1.2.1, when the conditons in Proposition 1.2.1(a) and Proposition
1.2.1(c) hold, remember that we find ; = —1, y = 0 and 0_; = 1. If we substitute these
values in (2.5), we have the equation

—*+1=0,
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which have the roots (; = 1 and (; = —1. Hence using (2.4), we have

v =07 =m. (2.6)

In the condition of Proposition 1.2.1(b) since we obtain that #; and 6_; are equal, equation
(2.5) has the form

b
C2+EC—|—1:O,

that is, (1¢o = 1 and by (2.4) {3 # (» which implies that ¢; # +1 and (; # +1. Therefore,
we have

N = —72 # k. (2.7)

Theorem 2.0.1 [f the boundary conditions (0.3) are regular then the boundary conditions
(0.2) are also regular.

Proof. The conditions (0.3) are regular (see [33|, p. 121) if the numbers ©_,, , ©,,
defined by the identity

O s ™+ O 18" L+ 0,,8™ = det M(m) (2.8)
are both different from zero, where

(n + 80wy T (a1 + 3 fr)wy' ] }

M{m) = [ (g + sﬂg)wfﬂ' (g + %Bg)wé@[

and I is m x m identity matrix. One can easily see that the intersection of the first and
(m + 1)-th rows and columns forms the matrix

o (Cvl + Sﬂl)wkl (Oél + %ﬂl)wkl :|
M(l) N |: (012 + Sﬁg)wilw (Oéz + %ﬁg)&)iﬁ

and its complementary minor is M (m — 1). Moreover, the determinant of the minors of
M (m) formed by intersection of the first and (m + 1)-th rows and other pairs of columns
is zero, since the 2 X m matrix consisting of these rows has the form

(o1 + sﬂl)wfl

00 -+ 0 (+iB)wi* 0 0 ... 0
(g +5B2)wf> 0 0 ... 0 '

(a2+§ﬁg)w§2 0 0 ... 0

Therefore using the Laplace’s cofactor expansion along the first and (m + 1)-th rows we
obtain
det M (m) = det M (1)det M (m — 1). (2.9)

By induction the formula (2.9) implies that

det M (m) = (det M(1))™ . (2.10)
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Now it follows from (2.2) and the results of Proposition 1.2.1 that
@m = (61>m7 G)fm = (efl)m

which implies that the boundary conditions (0.2) are regular if (0.3) are regular. m
By (2.5), (2.8) and (2.10), ¢; and (s are the roots of the equation

O (T +0O0 i ("M 4+0,(M=0

with multiplicity m. Therefore it follows from the theorem (see [44], Theorem 2 in p.123)
that to each root (; and (, correspond m sequences, denoted by

k=N N+ LI E=NN+1 o N k=N N+1,..}

,m

and

A k=NN+1L LA E=NN+1 . A, k=N, N+1,..}

k,m

respectively, satisfying
M = (k7 +7)? + Ok 7), L) = (2k +72)* + O(K' ) (2.11)

fork=N,N+1,...and j =1,2,...,m, where N > 1.

Now to analyze the operators L,,(0), L,,(C) and L,,(Q), we introduce the following
notations. To simplify the notations we omit the upper indices in pg)(()), pg)(()), )\S’;, )\l(fj)
(see (2.3) and (2.11)) and enumerate these eigenvalues in the following way

p(0) =: pn, p2(0) =1 p_n, A,ﬁ{; = Mgy M) =1 Ay (2.12)

n J

forn > 0 and £ > N > 1. We remark that there is one-to-one correspondence between
the eigenvalues (counting with multiplicities) of the operator L;(0) and integers which
preserve asymptotic (2.3). This statement can easily be proved in a standard way by
using Rouche’s theorem (we omit the proof of this fact, since it is used only to simplify
the notations). Denote the normalized eigenfunction of the operator L;(0) corresponding
to the eigenvalue p,, by ,. Clearly,

On1 = (90,0,0,..0)", ©n2=(0,0,,0,..0)", ..., @nm=1(0,0,..0,¢0,)" (2.13)

are the eigenfunctions of the operator L,,(0) corresponding to the eigenvalue p,,. Similarly,

eny = (£5,0,0,...0)", @k, =(0,¢5,0,..0)", .., ¢}, =(0,0,..0,¢%)" (2.14)

are the eigenfunctions of the operator L} (0) corresponding to the eigenvalue p,,, where ¢
is the eigenfunction of L3(0) corresponding to the eigenvalue p,.

Since the boundary conditions (0.3) are strongly regular, all eigenvalues of sufficiently
large modulus of L(q) are simple (see, [44], the end of Theorem 2 of p.65). Therefore,
there exists ng such that the eigenvalues p,, of L;(0) are simple for |n| > ny. However,
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the operator L;(0) may have associated functions @511), <p,(3), ol () corresponding to

the eigenfunction ¢,, for |n| < ng. Then, it is not hard to see that L,,(0) has associated
functions

Onlp = (¢ ,0,0,..0)7, Ynap = (0, ©®.0,...0)7, ..., Onmp = (0,0,...0, o,
for p=1,2,...,t(n) corresponding to p, for |n| < ng, that is,
(Lm(o) - pn)ﬂpn,z‘,o =0,
(Lin(0) = pn)@nip = Prip-1, P =1,2,...,t(n),

where ¢, ;0(2) =: ¢yi(x). Since the system of the root functions of L, (0) forms Riesz basis
in Ly (0,1) (see [43]), the system

{nip:n€Z, i=12...m, p=12 ..tn)} (2.15)
forms a Riesz basis in L7 (0,1) . The system,
{onipin€Z, i=12,...m, p=12..,tn)} (2.16)

which is biorthogonal to {¢,;,} is the system of the eigenfunctions and the associated
functions of the adjoint operator L* (0). Clearly, (2.16) can be constructed by repeating
the construction of (2.15) and replacing everywhere ¢, by ¢*. Thus

(Ly(0) = Pr)eni0 = 0, (2.17)
(L':l(o) - E)sz,i,p - @Z,i,pqa b= 17 27 tety t(”) (218)

To prove the main results, we need the following properties of the eigenfunctions ¢,,
and ¢} .

Proposition 2.0.1 If the boundary conditions (0.3) are strongly reqular then there exists
a positive constant M such that

sup |pn(z)| < M, sup o) (7)] < M, (2.19)
z€[0,1] z€[0,1]

sup |¢nip(w)] < M, sup
z€[0,1] z€[0,1]

Prip(@)] < M, (2.20)

for all n,i,p, where ¢ is the eigenfunctions of L;(0), satisfying

(n, @) =1 (2.21)

for |n| > ng. Moreover, the following asymptotic formulas hold

(@) on(z) = 14+ AyemT2e 4 Bremitimt2me 4 o

n

),n >0, (2.22)

AS

SI=3|~

S0;«;(1,)%0”(1,) =14 A26i(47rn+272)x + BQB—i(47rn+2'yg)J: + O( )’n <0,

where A; and B; for j = 1,2 are constants.
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Proof. When the condition in Proposition 1.2.1(c) holds, we have

on(x) = @4 () = V2sin2nz, o_n(x) = ", (x) = V2sin(2n + 1)z, (2.23)
where n = 1,2,.... In (1.11), using the well known expression for eigenfunction
eipn:r 67ipnac

U1 (€ip"m) U1 (e‘i”"z)

and (2.3), (2.12), and also taking into account that v; = 0 and v = 7 (see the proof of
Proposition 1.2.1(a) and (2.6)), we obtain

On() = V2 cos 2nz + O(%), @_n(x) = V2cos(2n + 1)z + O(%), (2.24)

and
©* (x) = V2 cos 2nx + O(%), @ (x) = V2cos(2n + 1)z + O(%) (2.25)

In the same way in (1.12) we get the formulas

on(z) = atel@mn)T et —imty)e | O(%) 2.26)
i) = cretrmems . gr=temmim oLy

for n > 0 and
() = am TR | il me | o), (2.27)

or(x) =c ~el@mnine)e 4 gm o mi(2mndaz)z T+ 0(

\_/

o 3IH3IH

for n < 0. Thus in any case inequality (2.19) holds. Equality (
and equality (2.22) follows from (2.21), (2.23)-(2.27). =

As it is noted in the introduction, we obtain asymptotic formulas for the eigenvalues and
eigenfunctions of L,,(Q) in term of the eigenvalues and eigenfunctions of L,,(C'). Therefore
first we analyze the eigenvalues and eigenfunctions of L,,(C'). Suppose that the matrix C'
has m simple eigenvalues 1, o, ..., ft,. The normalized eigenvector corresponding to the

eigenvalue p; is denoted by v;. In these notations the eigenvalues and eigenfunctions of
L, (C) are

.20) follows from (2.19)

hg = pe + 1y & Py (x) = vj0k(7) (2.28)

respectively. It can be easily verified since
L,(C)=L,(0)+C
and multiplying both sides by @y ;(z). Indeed,
L (C) P () = Lin(0)Pr,j(2) + CPp (),
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hence using the equalities needed, we obtain,
Ly (C)Prj(z) = Lin(0)vjpr(x) + Cujpr(),

and
Lin(C) Py 5(z) = prvjor(r) + pyvior(z).

Finally, it can be easily seen that

Lin(C) Py () = (pr + 1) P 5 ().

Similarly, the eigenvalues and eigenfunctions of (L., (C))" are 1y, ;, @ ;(z) = v} py, where

v} is the eigenvector of C* corresponding to 7z; such that (v;'f,vj) = 1. To obtain the

asymptotic formulas for the eigenvalues and eigenfunctions of L,,(Q), we use the following
formula

(Mg = i) (Uh g, @) = (@ = C) Wiy, B ) (2.29)

obtained from
L (Q) W j(x) = A Vij(2) (2.30)
by multiplying both sides of (2.29) with @ ;(x) and using L, (Q) = L,(C) + (Q — C).

Indeed, we start with the equation

(L (Q) W (), By () = Ak Vi 5(2), O 5(2)),

and using the equalities for L,,(Q), we obtain

(Limn(C) + (@ = O)y (@), B () = (A k() Py ().

Now using the properties of inner product and adjoint operators, we have

(Lin(C) W (), By () + (@ = C) W (2), Py (%)) = (A Uh,j (), Py (),

and

(W j(2), L, (C) @y () + ((Q = C) Wi (x), Py (7)) = (Akj Vi, (2), P (7).

Since

(W (), Ly, (C) @y () = (Wi (), 5P 5 () = (b Wi (), P 5()),

we obtain (2.29). To prove that Ay ; is close to py ;, we first show that the right-hand side
of (2.29) is a small number for all j and i (see Lemma 2.0.1) and then we prove that for
each eigenfunction ¥y ; of L,,(Q), where |k| > N, there exists a root function of (L,,(C)))*
denoted by ®; ; such that (¥ ;, @} ;) is a number of order 1 (see Lemma 2.0.2). Before
the proof of these lemmas, we need the following preparations: Multiplying both sides of
(2.30) by @y, ;0, using Lp,(Q) = L(0) + Q and (2.17) we get

(Akj — Pn)(\yk,j’ 80:1,1',0) = (Q\Pk,jv <p:;,i,0)7
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(Q\I’km 90:,1‘,0)
)\k,j — Pn
fori,j =1,2,...,mand \; # p,. Now multiplying (2.30) by ¢} ;, and using (2.18), (2.31),

we get
QW) ¢hio)

(W g, 90:1,1',0> = ) (2.31)

(A = Pn) (W g, 902,1'71) = (QWsy, @Z,m) +

)\k,j — Pn ’
(‘Ifk ey ) _ (Q\I’km%@fz,m) (Q\I’k,jaﬁl,i,o)
NER NN )\kz,j — on ()\kd' — pn)2 .

In this way one can deduce the formulas

: (Q\Ilk,jv @;,i,p)
=0 (Akyj = pu)sH17P"

(Whjs Pnis) = (2.32)

P
for s =0,1,...,t(n).
Since, (QWi;, ¢5ip) = (Viy, Q" @5, ,), Vel = 1, and the entries of @ are the ele-

ments of Ly (0,1), it follows from (2.20) and Cauchy-Schwarz inequality that there exists
a positive constant ¢; such that

‘(Q‘Ifkﬂ', @Z,i,p)‘ < C1. (233)

In the subsequent estimates we denote by ¢,, for m = 1,2, ..., the positive constants whose
exact value are inessential. On the other hand, it follows from (2.3), (2.11) and (2.12) that
if k is a sufficiently large number then

| Aej — pp |> 2k, Vp < ny, (2.34)
Mg = ppl > s llpl = |El| (Ipl + |k]), VP # £k, (2.35)

and
|)\kz,j — P—k| > Cyq |]<7| . (236)

Therefore by (2.31)-(2.36) we have

[(Wj, 05 4.0)] < csk™2,Vp < g, (2.37)

Cg Cr7
, Uy i, 0" < — 2.38
R ey | (e Pod) 1< (2.38)

forall |[k| > 1,p# xk, s=0,1,...,t(p) and ¢,j = 1,2, ...,m.
Now, we are ready to prove the lemmas.

| (B 25) 1<
T

Lemma 2.0.1 For anyit=1,2,....m and j = 1,2,...,m the following estimation holds

In |k|
k

(Urj (Q° = CF)P;) = O(a) + O(——), (2.39)
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where o = max {| b7, op | [ bsiop, [8,0=1,2,...,m; r=1,2},

1
bit,iﬂk,'r = /0 bS,i<x>eii(4ﬂ-k+2’W)m> (240)

bsi € Lo (0,1) are the entries of the matriz Q, and v, is defined in (2.4).
Proof. Since ®; ;(r) = v;pi(z), it is enough to prove that

In |k|
k

(Uhy, (Q° = C*)gp) = O (o) + O(——) (2.41)

for s =1,2,...,m. The decomposition of (Q* — C*)y; , by the basis (2.16) has the form

t(p)

Q" — C™)gi Z D D> elks 0,4, 0)0 g0t

9=1 p:|p|<ng v=1

> Z (Q" = C)f s Ppa) P

q= 1 2,...mp |p‘>n0

Therefore

(U (@ = CY)gry) = > c(k, 5,0, ¢, 0)(Whjs @p00) (2.42)

Y. D (@ = O 00 (Ui 0p,)

q=1 p:p|>no

Since ¢(k, s,p,q,v) = O(1), by (2.37) the first summation of the right hand side of (2.42)
is O(k™?).

Now let us estimate the second summation S of the right hand side of (2.42). It can
be written in the form

S =S+ S, (2.43)

where

Sy = Z ((Q* - C*)SDZ ,87 ka,q)(qjk,ja sz,q>7
—

Z —C¥) 90k5790pq)(\11k1’90pq)

1
q=1 p#k

Using (2.13), (2.14), (2.20) and (2.22), one can easily verify that

S = 0 (ag) + O(=

) (2.44)
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On the other hand, by (2.38), we have

In |k|
)
Therefore, (2.41) follows from (2.42)-(2.45). The lemma is proved. =

Sy = O (2.45)

Lemma 2.0.2 For each eigenfunction Vy; of L, (Q), where |k| > N, there exists an
eigenfunction of (Lm(C))* denoted by ®j ; such that

|(Whj, @5 5)| > cs. (2.46)
Proof. Since (2.15) is a Riesz basis of L5 [0, 1], we have

m t(p) m
- Z Z Z c(k, J, 0,4 v)Ppg0 + Z Z (\I’k,j, g&;’q) Pp.q- (2.47)

q=1 p:|p|<no v=1 q=1 p:|p|>no

It follows from (2.20) and (2.38) that

5 * In |k
Z Z ||(\I/kvj790p,q) Sop,qH =0 -

q=1 p#k
[p|>no

(2.48)

On the other hand, arguing as in the estimation for the first summation of (2.42) we get

t(p)

Z Z ZH (k757p7Q7j)<)0p,q,j“:O(%).

q=1 p:|p|<ng j=1

Therefore using (2.48), (2.47), we obtain

- In | k|
Z Uk gy Phg) Phg + O ’ ) (2.49)
Since {@k1,Yk2, -, Prm} 1s orthonormal system and ||Wy ;|| = 1, there exists an index ¢
such that
’ (\Ijkvﬁ gpz,q) } > Cy. (250)
On the other hand -
= (1 Pry) Or; (2.51)
j=1

because @ ; = vipy, and the vectors v}, j = 1,2,..m form a basis in C™. Now, using
(2.51) in (2.50), we get the proof of the lemma [
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Theorem 2.0.2 Suppose that all eigenvalues py, pio, ..., iy of the matriz C' are simple.
Then, there exists a number N such that all eigenvalues A1, A\g2, ..., Nem Of L (Q) for
| k |> N are simple and satisfy the asymptotic formula

In | k|
k

Akj = g + O(ow) + O(——), (2.52)

where pu, ; is the eigenvalue of Ly, (C) and oy, is defined in Lemma 2.0.1. The normalized
eigenfunction Wy ;(x) of Ly, (Q) corresponding to Ay ; satisfies
In |k|
k )

where Oy ;(x) is the normalized eigenfunction of Ly, (C) corresponding to py ;. The root
functions of Ly, (Q) form a Riesz basis in L5*(0,1).

Proof. In (2.29) replacing i by j, and then dividing the both sides of the obtained
equality by (¥ ;, ®; ;) and using Lemma 2.0.1 and Lemma 2.0.2, we see all large eigen-
values of L,, (Q) lie in r; neighborhood of the eigenvalues py, ; for | k |> N, j =1,2,...,m
of L,,,(C), where
In |k|

k

Now we prove that these eigenvalues are simple. Let \;; be an eigenvalue of L,, (Q)
lying in $a; neighborhood of py; = pi + p; (see (2.28)), where a; = min;z; | p; — g | -
Then, by triangle inequality

T = O(ak) —|—O<

). (2.54)

1 1
| Ak =tk |>] g = pi | = | Mg = g [2 a5 = 545 = 5
for ¢ # j. Therefore using (2.29) and Lemma 2.0.1 we get
In |k|
)

(Vrj, 1) = O (i) + O(

for i@ # j. This and (2.49) imply that (2.53) holds for any normalized eigenfunction
corresponding to A ;, since

span{r.1, Pr.2s - Prm} = SPan{Pr1, Pra, ..., P, }-

Using this, let us prove that \; ; is a simple eigenvalue. Suppose to the contrary that Ay ;
is a multiple eigenvalue. If there are two linearly independent eigenfunctions correspond-
ing to Ay, then one can find two orthogonal eigenfunctions satisfying (2.53), which is
impossible. Hence there exists a unique eigenfunction W ; corresponding to A ;. If there
exists an associated function Wy ;; belonging to the eigenfunction ¥y ;, then

(Lin(Q) = M) Vi (x) = Wy ().
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Multiplying both sides of this equality by W} ;(z), where Wy /() is the normalized eigen-
function of (L,,(Q))* corresponding to the eigenvalue ) j,we obtain

(Prgs Uig) = (Thit, (Lin(Q))" = M) Wi ;) = 0. (2.55)

Since the proved statements are also applicable for the adjoint operator (L,,(Q))*, formula
(2.53) holds for this operator too, that is, we have
i} . In |k|
Uy i(r) = @5 (2) + O (o) + O(T) (2.56)
This formula, (2.53) and the obvious relation (®y ;, ®; ;) = 1 contradict with (2.55). Thus,
Ak,j 1s a simple eigenvalue.
We proved that all large eigenvalues of L,, () lie in the disk

Ay =A{z1]z— | <rmi}

for | k |> N, j = 1,2,...,m, where 7 is defined in (2.54). Clearly, the disks Ay ; for
j=1,2,...,mand | k |> N are pairwise disjoint. Let us prove that each of these disks
does not contain more than one eigenvalue of L,, (Q)). Suppose to the contrary that, two
different eigenvalues Ay and Aj lie in Ay ;. Then it has already been proven that these
eigenvalues are simple and the corresponding eigenfunctions ¥, and W, satisfy

In |k|
)

U, (z) = @4 (z) + O (cou) + O(

for p = 1,2. Similarly, the eigenfunctions W§ and V3 of (L,, (Q))* corresponding to the
eigenvalues Ay and A, satisfy

\ ; In [£|
U(z) = & () + O (o) + O(T)
for p=1,2. Since A; # Ay, we have
In ||

0= (¥, ¥5) =140 (o) + O(

)

which is impossible. Hence the pairwise disjoint disks Ay 1, Ao, ..., Agm , where |k| > N,
contain m eigenvalues of L,,(Q)) and each of these disks does not contain more than one
eigenvalue. Therefore, there exists a unique eigenvalue Ay ; of L,,(Q) lying in Ay ;, where
j = 1,2,...,m and |k| > N. Thus the eigenvalues \;; for |k|] > N are simple and the
formulas (2.52) and (2.53) hold.

It remains to prove that the root functions of L,, (Q) form a Riesz basis in L5*(0,1).
For this, let us prove that for f € L3*(0,1), the following series is convergent

ST W) < oo (2.57)

j=1 k=N+1
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where N is a large positive number. By the asymptotic formula (2.53), we have

DA <30 ML @)+ D 1(Fg)*+ D () (2.58)
k=N-+1 k=N+1 k=N+1 k=N+1

where ||gk|| = O (o) and ||hg]| = O(%) The first series in the right side of (2.58)
converges, since the root functions of L, (C) is a Riesz basis in L5*(0, 1). Using the Cauchy-
Schwarz inequality we get

o0 [e.9]

Yo g)P <ewllfI® D Tl (2.59)

k=N+1 k=N+1

On the other hand, using the definition of oy, (see Lemma 2.0.1) and taking into account
that the entries of the matrix ) are the element of L, (0, 1), we obtain

[e.e]

Z lag]? < oo.

k=N+1

Therefore, by (2.59), the second series in the right side of (2.58) converges too. In the same
way, we prove that the third series in the right side of (2.58) converges. Thus, the series of
the left-hand side of (2.58) converges, that is, (2.57) is proved. By Bari’s definition, this
implies that the system of eigenfunctions of the operator under consideration is Bessel.
Since the system of root functions of the adjoint operator has the asymptotics (2.56), in
the same way, we obtain that it is also Bessel. Moreover, the equality
(U, Uy i) =14 O (o) + O(ln—llk')
(see (2.53) and (2.56)) implies that the system of the root functions of (L,,(Q))", which
is biorthogonal to the system of the root functions of L,,(Q), is also Bessel. As it is noted
in [52] and [53], the system of root functions of the operators L,,(Q) and (L,,(Q))" are
complete in the space L5*(0,1). These arguments and Bari’s theorem (if two biorthogonal
systems are complete and Bessel, then they both are Riesz bases, see Theorem 1.4.2)
conclude the proof of the theorem. m
These results are given in [47] and published in 2014.
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Chapter 3

NUMERICAL ESTIMATE of SMALL
EIGENVALUES

3.1 System of Sturm Liouville Operator with Dirichlet
Boundary Conditions

In this chapter, we consider the differential operator Dy(()) generated in the space
L310,1] by the differential expression (0.1) and the Dirichlet boundary conditions

y(0) =y(1) =0. (3.1)

First, for simplicity, let us consider the case d = 2. Then, we will investigate the case d = 3
and general d.
To estimate the small eigenvalues of Dy(Q), take an equally spaced mesh

0:1’0<$1<...<$m+1:1,

where

) 1
r =ik b=
Substituting
b xX; b X, 7 "
v(z) =y, = W, v52) , Qzy) = b;ng; b;zgmji Y (2) =y, (3.2)

and using the centered difference approximation

v Y1t 2Y5 — Vi
_Yj _ J h2] J —|—O(h2),

in the equation )
-y (z) + Q@)y(z) = Ay, (3.3)
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we obtain the approximating scheme

—Yi-11+2y; -y, ‘
-1 h2] L L O(h?) 4 Qiy; = Ay j=1,2,...,m. (3.4)

Incorporating the boundary conditions (3.1), we get
yo =0, and y,,.1 = 0.

One can easily notice that, (3.4) is the system of 2m equation with respect to the 2m
unknown yi 1, Y12, Y2,1, Y225 .-+, Ym.1, Ym,2- Now, let us write all equations which form this
system with these unknown functions.

For j =1,

Yo+ 2y1 —y2
12

+ Q($1)yl — )\yl = O(hZ)
Using (3.2), we obtain

2[91,1}_[92,1}
Y12 Y2,2 n bia(z1) bia(xr) Y11
h? boi(x1) boa() Y1,2

and with the operations on matrices, we have

—A { JL,1 1 — O(h?),

Y12

[ 211 — Yo2,1 }
212 = Yo bi1(z1)yia + bia(x1)y10 )\ | Y
_I_ —
h? bo1(z1)y11 + boa(x1)y12 Y1,2

Finally, when we simplify, we obtain the first two equations as:

| o0

2Y11 — Y21

e +b11(z1)y1g + bi2(z1)y12 — A1 = O(h2), (3.5)
w + o1 (21)y11 + boo(T1)y12 — A2 = O(hQ)-
For j = 2, we have the equation
-Vv1 +22}fz —Ys Q(22)ys — Ays = O(?).

After the operations of multiplication and addition on matrices,

_{91,1}+2{y2,1}_[?/3,1}
y1,2 92,2 93,2 + |i b171([)32) bljg(l‘g) 1 |: Y2,1 :|

h? boa(x2) baa(xs) Yo2,2

—A { ¥2,1 1 — O(h?),

Y22
it can be easily seen that we obtain,

—Y11+2Y21 — Y31

52 +b11(22)y21 + b12(22)y22 — Ay21 = O(hz), (3.6)
— 1o+ Qoo —
YLz h?é2,2 Ysz + bo1(22)y21 + baa(2) Y22 — Ayao = O(R?).
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For j = m, we have the equation

—Ym— +2 m =~ JYm
T TS Q@)Y — AV = O(R),

In the same way and using the boundary condition y,,.; = 0, we obtain

Ym—1.1 Ym,1
il
[ Ym—1,2 } Ym,2 i [ 51,1(33m) bl,z(l’m) } [ Ym,1 }

b2,1(£m) 52,2($m) Ym,2

—A{yml}:(xm%

ym,Z

B2
Hence the last two equations are,

~Ym—1,1 T 2Ym
2

~Ym—1,2 T 2Ym2
2

+ 011 (Tm)Ym1 + 012(Tm)Ym2 — AYma = O(h2)7 (3.7)

+ bo 1 () Ym,1 + 02.2(Xm)Ym2 — Aym2 = O(R?).
Therefore, the equation (3.5)-(3.7) can be written in the matrix form
(Ty — MY = O(h?), (3.8)

where Y = (Y11, Y12, Y2.1, Y22, s Y 15 ymg)T and O(h?) is an 2m dimensional vector with
components O(h?). Here T, is defined by

1
Ty = = Ky + By,

h2
where
2 0 —1
0 2 0 -1
KQZ . ’
-1 0 2 0
—1 0 2
and
51,1(5151) b1,2($1)
52,1@1) 52,2(%)
By = (3.9)

bl,1<xm) 51,2($m)
b2,1($m) 52,2($m)
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Similarly, for the case d = 3, substituting

. bia(r;) bia(ws) bis(zy)
(@) =y; = Wi, ¥i2,¥58) , Q) = | baa(zy) baolry) bas(xy) |, (3.10)
bsa(r;) bsa(w;) bas(z))

in the equation (3.3), and writing all equations obtained from the approximating scheme
(3.4) for j =1,...,m, we get the following matrix form

(T3 — AI)Y = O(h?),

where )
T3=ﬁK3+B3,
with the matrices K3 and Bs are defined as,
2 0 0 —1
0 2 0 0 —1
0 0 2 0 0 -1
K3: )
-1 0 0 2 0 O
—1 0 0 2 0
—1 0 0 2
and
bl,l(xl) 51,2($1) 51,3($1)
52,1(513'1) 172,2(5171) b2,3($1)
b3,1(I1) b3,2($1) b3,3(l‘1)
B; = . . (3.11)

bl,l(l'm) b1,2(9€m) 51,3($m)
bz,l(Im) b2,2($m) bz,s(xm)
53,1($m) 53,2(95m) b3,3($m)

In the same way, for general case d instead of (3.8), we obtain the following equation

(Ty — MY = O(h?), (3.12)
where 1
Ty = ﬁKd + By,
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and the matrices Ky, By are defined as follows:

M, P -
Ny My P,

Nm—l Mm—l Pm—l
L N My,

where My, My, ..., M,, are dxd diagonal matrices with entries 2, Ns, ..., N, and Py, P, ..., P,,,_1
are d x d diagonal matrices which have entries —1, and

Ry
Ry
By = ) , (3.13)
Ry,
where Rq, Ro, ..., R, are d x d square matrices that have the form
bLl(l’l) bl,d(lj) bLl(ZEm) de(l’m)
Rl - . . . g oeeny Rm == . . . 5
bd71($1) bd7d(l'1) bd71($m) bd,d(xm)

Now, we prove that the eigenvalues of the operator D4(@Q) are approximated by the eigen-
values of the matrix Ty.

Theorem 3.1.1 Suppose that Q(z) is a symmetric matriz for allx € [0,1]. Let A1, A2, ..., Aam
be eigenvalues of the matriz Ty. Then, for every small eigenvalue N of Dy(Q) there is an
index 7 such that

A=A = O(h?). (3.14)

Proof. To prove the theorem we use (3.12). Since md = O(3) and as we noted above
that the right -hand side of (3.12) is a vector with components having the norm O(h?),
we obtain

| () ||= (mdo(")* = O(h%),
since md = O(3). On the other hand , without loss of the generality it can be assumed
that ||Y'|| = 1. Using these we obtain Y = (T, — A\XI)"*O(h?) and

L) (T = A7 o).
Since (Ty; — M)™! is the symmetric matrix having the eigenvalues (\; — A\)™! for i =
1,2,...,dm, we have

| (Ta=AD7" = _max A=A 7= A =X [

777777

for some j. The last two equalities give

LI A= [T O(h2),
which implies the equality (3.14). m
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3.2 System of Sturm Liouville Operator with Separated
Boundary Conditions

In this section, we consider the differential operator S;(Q)) generated in the space
L210,1] by the differential expression (0.1) and separated boundary conditions

ary (0) — azy(0) =0, (3.15)
Bry (1) + Bay(1) =0,
where oy # 0, 81 # 0.
These boundary conditions (3.15) can be written in the form
y (0) = ay(0), (3.16)

y (1) = by(1).

It easily follows from Proposition 1.2.1(a) that the boundary conditions (3.16) for the
scalar case d = 1 are strongly regular. Again, as in the previous section, first let us
consider the case d = 2, then for d = 3 and then for general d. Using the boundary
conditions (3.16), Taylor series at x = 0 and taking into account the equality

y (0) = (Q(0) = A)y(0), (3.17)
(see (3.3)), we obtain
/ 1 "
Y11 =Yo1+ hyp, + §h2y0,1 +O(h?), (3.18)

= Yo,1 + hayo + %hz(Q(O) — Nyo1 + O(h?),
= Yo, + hayo, + %hQ((bl,l(O) = Nyo + b12(0)y0.2) + O(h?).
First, let us estimate the expression
Yo = ((b1,1(0) = A)go. + b12(0)y0,2)- (3.19)

First consider the case yg1 = ¢ # 0. By Definition 1.1.1 y, is an absolutely continuous
function on the closed interval [0, 1] and hence there exists a positive constant K such that
ly1(z)| < K for all z € [0,1]. Then

/ y’l(t)dt‘ < Kz.
0

This, with the equality

’

() = 2 (0) + / Y.
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where y;(0) = yo1, and the triangle inequality implies that

[y ()| > |yoa| —

[ vi0at] = bl = 1o
0

From this inequality we obtain that

1 |
> i 0, — 3.20
ly1 ()] > 2\y0,1|, r €| ’QK] ( )
Let p be integer part of m% Then by (3.20) we have
1
’yk,1| Z 5 ’y0,1’ 7Vk = 17 27 Ry
which implies that
|.7JO,1|2 S 4 |yk,1|2 ,\V/kf = 17 27 P
Therefore we have » .
plyorl? <4 [yial? <4 [yl
k=1 k=1
and hence .
yoal* = O(h)S" lywal”, (3.21)
k=1

since i = O(h). On the other hand, if y; () is eigenfunction then Cy,(z), for any constant

C, is also eigenfunction and (3.21) holds if w;(x) is replaced by Cy;(z). Therefore it can
be assumed without loss of generality that

> lyeal” = 1. (3.22)
k=1
Then from (3.21) and (3.22) we obtain

o1 = O(h'/?) (3.23)

in the case yo 1 # 0. It is clear that (3.23) holds in the case yp; = 0 too.
In the same way we obtain
Yo,2 = O(hl/Q) (324)

Thus, by (3.19), (3.23) and (3.24) we have
((b1,1(0) = N)yo1 + b12(0)yo2) = O(R'?). (3.25)
Using this in (3.18), we get

Y11 = Yo1 + hayo1 + O(h5/2)7
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that is,

y )
o = T+ O(11%). (3.26)
In the same way, we obtain
Yoz = 7 Zﬁzh O, (3.27)

Moreover arguing as above and using the Taylor series at x = 1,we have the equality

! 1 1"
Ym1 = Ymr1,1 — WY1 + §h2ym+1,1 + O(h?),

and therefore

_ _Yma 5/2 _ _Ym2 5/2 2
Ymi11 = 7 O(h*7), Ym+1,2 T—w " O(h”'7). (3.28)

Now, let us define the matrix Z, with the similar operations that are done in the previous
section.
For j =1, we have

—vo + 2y —
Yot BLZYE 4 Qan)ys - Ayi = ().

Using (3.26), (3.27) and taking into account the assumptions (3.22)-(3.23), we obtain

[z
Y1,2

Y1,1
T8 ]f] [z
1+;Lh y1,2 y2,2 1/2 |: b1 1(1’1) bl 2($1) :| |: Y11 :|
+O()+ | " | |
h? ( ) boa1(z1) bao(xy) Y1,2

simplifying the matrices by the operations of addition and multiplication,

{ 2y11 — Y21 — fﬁ;h 1

2010 — Vo2 — T bia(z1)yr1 + bia(z1)y Yy
, : a + oY) 4 | elE)yi bl |y |
h? ( ) boa(21)y11 + bao(x1)yr 2 Y1,2
and we get
(2 - ;a)ym — Y21
1t hh2 + O + byi(z1) Y11 + bia(T1) Y12 = My, (3.29)
(2 - ;a)ym — Y22
s th + O(h1/2) + bo1(x1)y11 + baa(x1)y12 = Ay10.
For j =2,
_ + 2 _
Y1 thZ Y3 + O(hQ) + Q(Z'Q)yg = )\y2

Notice that the order of error is O(h?), because of centered difference formula for the
second derivative. Hence

) [ s } i [ - } ) wz;} Lo + [ buales) bra(zs) } {ym } . [ o ]

h? bo1(2) boo(xa) Yo2,2 Yo2,2
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and finally we have

D
Y11 hjgz,l Yz O(h2) + by1(22) a1 + b1o(22)y22 = Ay, (3.30)

o+ Qoo —
Y12 hy22’2 ER: + O(h?) + bo1(2)Y21 + boa(T2)Ya 2 = Ayao.

For 7 = m, the approximating scheme have the form

—Ym-1 + 2ym
h?

Taking into account the boundary conditions, we get

= ¥Ym+1 + O(h1/2) + Q(T)Ym = AYm-

y y 7
2]zl 18
Ym—1,2 Ym,2 1—bh —|—O(h1/2)—|—{ bi1(2m) bra(7m) 1 { Ym,1 1

— )\ ym,l
h2 b271($m) b?,Z(Im) ym,2 ym,2 ’
and therefore
—Ym—1,1 + (2 - %)ym,l
h2 = + O(hl/Q) + bl,l (ZEm)me + b1,2<xm)ym,2 = )‘ym,la (3'31>
—Ym-12 + (2 - %)ymg

52 1=k + O(hl/Q) + 02,1 (Zm)Ym,1 + D22(T) Y2 = AYm,2-

The equation (3.29)-(3.31) can be written in the matrix form
(Zy =AY = u, (3.32)
where Y = (Y11, Y12, Y21, Y22, - Ym, 15 Yma)' and Zy is defined by
1
Zy = ﬁVQ + Wa, (3.33)

with the matrices

2— 0 -1 0

0 2 ﬁ 0 1 0
—1 0 2 0O -1 0
Vé = )
0O -1 0 2- 1fbh 0 1
0 -1 0 2--i

and Wy is defined as in (3.9). Here, u = (uq, ug, ...., oy, is a vector where

uy = O(hY?), uy = O(hY?), tgm—1 = O(hY?), ugn = O(RY?),
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and uy = O(h?) for 2 < k < 2m — 1. Therefore we have
Jull = O(2). (3:34)
Similarly, in case d = 3, instead of (3.31) we have
(Zs — ADY = u.

Here, Z3 is defined by
1
Zy = V3 + Ws,

h2
where
2 — 0 0 ~1
02— 0 0 -1
0 0 2-7 0 0 -1
—1 0 0 2 0 0 -1
Vs =
-1 0 0 2—-% 0 0
-1 0 0 2— 1= 0
-1 0 0 2—

and Wi is defined as in (3.11). Moreover in this case, (3.34) also holds.
In the same way, in the general case we obtain

(Zg— N)Y =u,

and Zj is defined by
1
Zd == ﬁVd + Wd.
Now, V; and W, are defined as in the following:

_ El Fl -
Gy By Fy

Vd — . )

Gmfl Emfl mel
L Gm En J
where 1
2 an
El = )
1
2 - 1+ah
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Es, ..., E,_1 are d X d diagonal matrices with entries 2,

1
21w
Gs,...,G,, and Fy, Fy, ..., F,,_1 are d X d diagonal matrices which have the entries —1. One
can easily notice that there is no change for the matrix W;. Therefore, in the general case,
Wy is again defined as (3.13). Besides (3.34) holds in general case also.
Now using (3.32) and repeating the proof of the previous theorem we state the following
theorem:

Theorem 3.2.1 Suppose that Q(x) is a symmetric matriz for allx € [0,1]. Let A1, Mg, ..., Aam
be eigenvalues of the matrixz Zy. If a and b are real numbers, then for every small eigenvalue
A of Sa(Q) then there is an index j such that

A— A = O(h?). (3.35)
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Chapter 4

SOME EXAMPLES and
CONCLUSIONS

In this chapter, we will give three examples about finite difference approximations
applied to eigenvalue problem in the space of vector functions. With these examples,
we show the combination of the theoretical facts which are proved in Chapter 2 and the
numerical approach which are given in Chapter 3.

First, we want to show that the eigenvalue problem in vectoral case can be reduced
to the eigenvalue problem in scalar case. To do this, let us consider the operator L4(Q)
generated by the differential expression (0.1) and the Dirichlet boundary conditions (3.1)
with the potential Q(x) = q(x)I + A, where g(z) is the complex-valued square intregrable
function, I is d by d unit matrix, A is a d by d constant matrix. In this case, we present
the following proposition:

Proposition 4.0.1 The eigenvalues and eigenfunctions of the operator Lq(ql + A) are

pr; = Me(qQ) +p; & Pij = vk()

fork=1,2,...and j = 1,2,...,d, where \¢(q) and r(z) are the eigenvalue and eigenfunc-
tions of boundary value problem

"

L(q) = —y (z) + q(z)y(x)

with Dirichlet boundary conditions, p; and v; are the eigenvalue and eigenvector of the
matriz A.

Proof. Indeed, using Av; = p,;v; and L(q)gi(x) = Appr(x), we obtain,
Ld(q(x)[ + A)q)kﬂ' = Ld(q(iB)[)q)k,] + A(I)k7j7

= La(q(z)D)vjpr(x) + Avipor(z) = M(q)vjor(r) + pjvjer(r),
= (M) + pj)vjer(x) = (A(q) + pj) Prj-
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which gives the proof. m

Hence, for an ordinary eigenvalue problem in vectoral case, which has the potential in
the form Q(z) = q(x)I + A, one can determine the eigenvalues of the operator Lg(ql + A),
using the results in scalar case (i.e. the eigenvalues of L(q)) and computing the eigenvalues
of the matrix A.

Now we are ready to give the example:

Example 4.0.1 Let Lél)(Q) be the differential operator generated in the space L3 [0,1] by
the differential expression (0.1) and the Dirichlet boundary conditions (3.1), where

|

2
R e

-4

The eigenvalues of the boundary value problem with matriz potential obtained by finite
difference method, are summarized in Table 4.1. Here the spacing is taken h = ﬁ, h = ﬁ

The eigenvalues of the matriz,
4 2

-1 1
are p1 = 2 and py = 3.

and h = ﬁ respectively.
Table 4.1
k pri(h = 1) pri(h = 55) pri(h = =)
1 12.150351845 12.151073785 12.151131540
2 13.150351845 13.151073785 13.151131540
3 41.786406415 41.797949881 41.798873475
4 42.786406415 42.797949881 42.798873475
5 91.088610368 91.147036971 91.151712425
6 92.0886610368 92.147036971 92.151715425
7 160.036264456 160.220873452 160.235649623
8 161.036264456 161.220873452 161.235649623
9 248.564577836 249.015134334 249.051207319
10 249.564577836 250.015134334 250.051207319
19 981.202522196 988.391682483 988.968634667
20 982.202522196 989.391682483 989.968634667
29  2182.202633316 2218.431810922 2221.350816542
30  2183.202633316 2219.431810922 2222.350816542
39  3821.993322956 3935.765080140 3944.982555028
40 3822.993322956 3936.765080140 3945.982555028
49  5860.197629400 6135.684823767 6158.162958280
50  5861.197629400 6136.684823767 6159.162958280
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Now, Table 4.2 shows the eigenvalues of the boundary value problem with the potential

q obtained by finite difference method. Here, again h is taken 1—(1)0, ﬁ and ﬁ respectively.
Table 4.2

k A(h = 1—(1)0) A(h = ﬁ) Ae(h = ﬁ)

1 10.150351840 10.151073785 10.151131542
2 39.786406415 39.797949881 39.798873475
3 89.088610368 89.147036971 89.151712426
4 158.036264456 158.220873452 158.235649624
5 246.564577836 247.015134334 247.051207319

986.391682483

986.968634667

10 979.202522196
15 2180.202633162 2216.431810922 2219.350816542
20 3819.993322956 3933.765080141 3942.982555028

6133.684523767

6156.162958281

25 5858.197629400

Therefore, if we add the eigenvalues of the matrix A; i.e. p; = 2 and p, = 3, to the
each eigenvalue given in Table 4.2, we obtain the eigenvalues given in Table 4.1, which

satisfies Proposition 4.0.1.

Now, the next two examples concern with the estimation of small eigenvalues of the

operators generated in the space L3 [0,1] and L3 [0, 1] respectively.
Since we want to show the effect of h to the approximation of the solution, in these

. 11 1 .
two examples, h is taken as 155, 555 and 3755 respectively.

Moreover, since we are interested in the estimate of small eigenvalues, we list the first

100 eigenvalues in tables.
The whole results are in the end of the chapter.

Example 4.0.2 We consider the differential operator Lg)(@) generated in the space L3]0, 1]
by the differential expression (0.1) and the Dirichlet boundary conditions (3.1), where

cos2mx 322
Q) = [ 32 cos2mx }

is a symmetric matriz. The matriz C defined by (0.4) has the form,
ol 101
C—fOQ(x)dx—[l 0]

The eigenvalues of C' are puy = —1 and ps = 1. Besides, let
AN <N <A3<. <Ny 1 <Ny <.,
be eigenvalues of the operator L§2)(C) numerated in the increasing order, that is

Agp_1 = (mn)? — 1, Ay = (7n)* +1,
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forn=1,2,... Moreover, let

M(R) < Aa(Rh) < Mg(R) < ...

be eigenvalues of Lg)(Q) found by finite difference method.

In Table 4.3, first coloumn shows the eigenvalues of the operator LgQ)(C'), the sec-

ond,third and fourth coloumns show the eigenvalues of Lg)(Q) evaluated via Finite Dif-
ference Method written in MATLAB software.
Table 4.4 shows the comparison for eigenvalues of the operator LEZ)(C) with LgQ)(Q).

Table 4.3
n An )‘n(ﬁ) An(%g) An(ﬁ)
1 8.869604401 8.509249116 8.510056114 8.510064908
2 10.86960441 10.202562763 10.203371939 10.203380770
3 38.478417604 38.504985195 38.517816377 38.517956000
4 40.478417604 40.426580707 40.439415761 40.439555428
S 87.826439609 87.780420305 87.845344092 87.846050671
6 89.826439609 89.747687394 89.812614081 89.813320692
7 156.913670417 156.717034596 156.922169697 156.924402741
8 158.913670417 158.698835403 158.903973388 158.906206459
9 245.740110027 245.240264191 245.740926585 245.746378269
10 247.740110027 247.228660062 247.72932549 247.734777203
19 985.960440108 977.871442095 985.862000298 985.949223577
20 987.960440108 979.868548709 987.859111508 987.946334814
29 2219.660990245 2178.870301484 2219.154484972 2219.596027309
30 2221.660990245  2180.8690110385  2221.153201835 2221.594744200
39 3946.841760435 3818.660554919 3945.239022007 3946.634401715
40 3948.841760435 3820.659821994 3947.238300376 3948.633680113
49  6167.502750680 5856.864661462 6163.589374837 6166.995711857
50  6169.502750680 5858.864182880 6165.588913025 6168.995250075
59  8881.643960980 8243.295155568 8873.529700239 8880.592189513
60  8883.643960980 8245.294810936 8875.29379540 8882.591868845
69  12089.265391334  10919.190158386  12074.234485666  12087.316668083
70 12091.265391334  10921.189889174  12076.234250048  12089.31643249
79 15790.367041742  13818.660236841  15764.728749361  15787.042535528
80  15792.367041742  13820.660010353  15766.728568961  15789.042355159
89  19984.948912205  16870.310806950  19943.888323338  19979.623725316
90  19986.948912205  16872.310601858  19945.888180792  19981.623582804
99  24673.011002723  19999.000100000  24610.440191059  24664.894717485
100 24675.011002723  20000.999900000  24612.440075589  24666.894602051
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Table 4.4

n Ay — (k) Ay — Anlah) A — An()
1 0.360355284 0.359548287 0.359539493
2 0.667041164 0.667041646 0.66622364
3 —0.265675917 —0.039398773 —0.039538396
4 0.051836896 0.039001843 0.038862176
) 0.046019303 —0.018904483 —0,019611062
6 0.078752214 0.013825528 0.013118917
7 0.196635820 —0.00849928 —0.010732324
S 0214835013 0.009697029 0.007463058
9 0.499845835 —0.000816558 —0.006268242
10 0.511449964 0.010784534 0.005332824
19 8.088998012 0.09843981 0.011216531
20 8.091891398 0.1013286 0.014105294
29 40.790688760 0.506505273 0.064962936
30 40.791979206 0.50778841 0.066246045
39 128.181205515 1.602738428 0.207358720
10 128.181938441 1.603460050 0.208080322
49 310.638089217 3.913375843 0.507038823
50 310.638567799 3.913837655 0.507500605
59 638.348805411 8.114260741 1.051770585
60 638.349150043 8.35016558 1.052092135
69 1170.075232947 15.030905668 1.948723251
70 1170.075502159 15.031141286 1.948958837
79 1071.706804900  25.638292331 3.324506214
80 1971.707031388 25.638472781 3.324686583
89 3114.638105254 41.060588867 5.325186889
90 3114.638310346 41.060731413 5.325329401
09  4674.010902722  62.570811664 8.116285238
100  4674.011102722 62.570927134 8.116400672
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Figure 4.1 shows the results given in Table 4.4 graphically:
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Figure 4.1

Example 4.0.3 We consider the differential operator ng)(Q*) generated in the space
L310,1] by the differential expression (0.1) and the Dirichlet boundary conditions (3.1),

where
cos2mx  sin27wx 2x
Q*(z) = | sin27x cos2mx sindwx
2z sindrx cosdrx

is a symmetric matriz. The matrix is defined by (0.4) has the form
1

C=[1Q (x)dz=1]0 0 0

1 00

The eigenvalues are iy = —1, po =0 and pg = 1. Let

A1 < AQ < Ag < ... < Agn_g < ASn—l < Agn < ..

be eigenvalues of the operator ng)(C) numerated in the increasing order, that is

°)

Agn,Q = (7T7’L)2 — 1, Agnfl = (7Tn)2, Agn = (7'('7"6)2 + 1,

)\1(h> < )\Q(h) < )\3(}1) < ...
be eigenvalues of ng’)(Q*) found by finite difference method.

In Table 4.5, first coloumn shows the eigenvalues of the operator L:())?’)(C), the sec-
ond,third and fourth coloumns show the eigenvalues of Lég)(Q*) evaluated via Finite Dif-

ference Method written in MATLAB software. Here, h is taken as ﬁ, ﬁ and ﬁ
tively. These eigenvalues are the small ones.
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Table 4.6 shows the comparison of the eigenvalues of the operator L§3)(C’) with the

eigenvalues of the operator L§3)(Q*).

Table 4.5
n An )‘n(ﬁ) )‘n(g_(l)o) )‘n(floo)
1 8.869604401 8.564210723 8.565025800 8.565034694
2 9.869604401 9.345652519 9.346468170 9.346477024
3 10.869604401 10.637759053 10.638569295 10.638578137
4 38.478417604 38.194664012 38.207492497 38.207632095
5 39.4784176043 39.469419395 39.482254885 39.482394539
6 40.478417604 40.242353066 40.255191312 40.255331022
7 87.826439609 87.762469547 87.827395647 87.828102267
8 88.826439609 88.766537125 88.831460817 88.832167399
9 89.826439609 89.768518714 89.833440305 89.834146876
10 156.913670417 156.708353950 156.913489843 156.915722909
11 157.913670417 157.710323851 157.915458100 157.917691129
12 158.913670417 158.082863242 158.913422576 158.915655647
13 245.740110027 245.234639585 245.735303147 245.740754849
14 246.740110027 246.348706428 246.735534636 246.740986329
15 247.740110027 247.234602815 247.735266681 247.740718387
16 354.305758843 353.255970373 354.293760870 354.305065391
17 355.305758843 354.256115437 355.293906454 355.305210971
18 356.305758843 355.255941193 356.2937320193 356.305036544
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Table 4.6

An — Mal555)

An — )‘n(ﬁ)

An — Ml525)

0.305393677

0.304578601

0.304569707

0.523952211

0.523136230

0.523127377

0.231845348

0.231035105

0.231026264

0.283753592

0.270925107

0.2707855093

0.008998209

—0.003837281

—0.003976934

0.236064538

0.223226292

0.2230865823

0.063970062

—0.000956038

—0.001662657

0.059902484

—0.005021207

—0.005727789

0.057920895

—0.007000695

—0.007707266

0.205316467

0.000180573

—0.002052491

R =1 o BN RSN RO I RUC NG T B

0.203346566

—0.001787683

—0.004020711

—
[\]

0.830807175

0.000247841

—0.001985229

—_
w

0.505470442

0.004806879

—0.000644821

[S—y
N

0.391403599

0.004575390

—0.000876301

15

0.505507212

0.004843346

—0.000608359

16

1.049788470

0.011997973

0.000693452

17

1.049643406

0.011852389

0.000547872

18

1.049817650

0.012026824

0.000722299

In Table 4.7, first coloumn shows the eigenvalues of the operator ng)(C'), the sec-
ond,third and fourth coloumns show the eigenvalues of L:())S)(Q*) evaluated via Finite Dif-

ference Method written in MATLAB software. Here, h is taken as

tively. These eigenvalues are the middle ones.
Table 4.8 shows the approximate eigenvalues Ly’ (C') obtained by the asymptotic method

and their comparison with LS (Q*).
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Table 4.7

n An An(ﬁ) )‘n(g_(l)o) )‘n(floo)

28 985.960440108 977.870014024 985.860574494 985.947797790

29 986.960440108 978.870060724 986.860621795 986.947845084

30 987.960440108 979.870003816 987.860564609 987.947787908

43 2219.660990245 2178.86966255 2219.153849728 2219.595392088
44 2220.660990245 2179.86968226 2220.153870083 2220.595412435
45 2221.660990245 2180.86965789 2221.153845397  2221.595387760
58 3946.841760435 3818.6601915 3945.238664375 3946.634044102
59 3947.841760435 3819.6602022 3946.238675691 3947.63405541

60 3948.841760435 3820.6601888 3947.238661950 3948.634041678
73 6167.502750680 5856.8644240 6163.589145858 6166.995482909
74 6168.502750680 5857.8644304 6164.589153059 6167.995490098
75 6169.502750680 5858.8644221 6165.589144308 6168.995481363
88 8881.643960980 8243.2949845 8873.529541184 8880.592030504
89 8882.643960980 8244.2949886 8874.529546170 8881.592035464
90 8883.643960980 8245.2949830 8875.539540108 8882.592029431
103 12089.265391334 10919.190024 12074.234368789  12087.316551242
104 12090.265391334 10920.190027 12075.234372444  12088.316554883
105 12091.265391334 10921.190023 12076.234367997  12089.316550455

Table 4.8

n A, — An(ﬁ) A, — /\n(ﬁ) A, — )\n(ﬁ)
28 8.090426084 0.099865614 0.012642318
29 8.090379384 0.099818313 0.012595024
30 8.090436292 0.099875499 0.0126522

43 40.791327695 0.507140516 0.065598157
44 40.791307985 0.507120161 0.06557781

45 40.791332355 0.507144847 0.065602485
58 128.181568935 1.603096059 0.207716333
59 128.181558235 1.603084743 0.207705023
60 128.181571635 1.603098484 0.207718757
73 310.63832668 3.9136048215 0.507267771
74 310.63832028 3.9135976206 0.507260582
75 310.63832858 3.9136063718 0.507269317
88 638.34897648 8.1144197955 1.051930476
89 638.34897238 8.1144148079 1.051925516
90 638.34897798 8.1044208719 1.051931548
103 1170.075367334 15.031022544 1.948840092
104 1170.075364334 15.031018889 1.948836451
105 1170.075368334 15.031023336 1.948840879
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Figure 4.2 shows the results given in Table 4.8 graphically.
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Figure 4.2

These calculations show that the study of finite difference method on approximating
the eigenvalues for Sturm-Liouville problems gives sufficient accuracy when h is chosen
very small. Moreover, we have presented the effectiveness of two methods: asymptotic
formulas and numerical methods. Thus, asymptotic formulas are better to determine
large eigenvalues, whereas numerical methods are preferable to calculate small and middle
eigenvalues.

The numerical method, in general, gives better results for smaller eigenvalues. Table
4.4, Table 4.6, Figure 4.1 and Figure 4.2 show that the results of the asymptotic formulas
are not at all bad for small eigenvalues.

The main result in this work is to determine a condition on the potential for which the
root functions of the operator form a Riesz basis with the help of asymptotic formulas for
the eigenvalues and eigenfunctions which we have derived in Chapter 2. We have focused
on boundary conditions which are strongly regular in scalar case, while we have studied
Sturm-Liouville operator in the space of vector functions.
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