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OZET
Yiiksek Lisans Tezi

COULOMB SINGULERLIGINE SAHIP STURM-LIOUVILLE
OPERATORUNUN IZI’NIN (TRACE) HESAPLANMASI

Yagsar CAKMAK
Cumbhuriyet Universitesi
Fen Bilimleri Enstitiisii

Matematik Anabilim Dali

Danigman: Prof Dr.Rauf EMIROV

Bu ¢ahyma IIL.mertebeden diferensiyel opetatorlerin spektral teorisine
aittir.  Sundugumuz ¢aliyjmada Coulomb Singiilerliine sahip Sturm-Liouville
operatoriiniin regiilerize izi hesaplanmugtir,

Regiilerize izlerin hesaplanmasi, Sturm-Liouville operatorleri i¢in inverse
(ters) problemlerin ¢ozimiinde Onem tapimaktadir. Calijmanin en 6nemli

sonugclarindan birisi de budur.

ANAHTAR KELIMELER: Operator, Spektrum, Inverse Problem, Sturm-Liouville
Operator, iz (Trace)



SUMMARY
MsC Thesis

CALCULATION OF THE TRACE OF STURM-LIOUVILLE OPERATOR
WITH COULOMB SINGULARITIES

Yasar CAKMAK

Cumbhuriyet University
Graduate School of Natural
and Applied Sciences
Department of Mathematics

Supervisor: Prof Dr. Rauf AMIROV

This work belongs to the scope of spectral theories of second order
differential operators. It present a calculation of regularized trace of Sturm-
Liouville operators which possess Coulomb singularity.

The task of computing regularized traces have importance for solving
inverse problems for Sturn-Liouville operators. This is indeed the main stream of
this present work.

Key words: Operator, Spectrum, Trace, Sturm-Liouville operator,

Inverse problem



iv

Bu ¢alismay: yoneten ve yardimlarin esirgemeyen danisman hocam
Prof.Dr. Rauf EMIROV’a ve basta Uz Suat BILGIN olmak iizere tiim emegi

gecenlere icten tesekkiirlerimi sunarim.



GiRi§

Klasik analizin ve matematiksel fizigin bir ¢ok problemi, diferansiyel
operatorler igin ters (Inverse) problemlere indirgenebilmektedir.iki spektra gore
ters (Inverse) problemlerin ¢oziimiinde ise diferansiyel operatorlerin iz (trace)
inden faydalamilir. Bu alanda ilk adim 1953 de IM. Gelfand ve B.M. Levitan

tarafindan atilmig ve agagida verecegimiz teorem kamtlanmgtir.
d2
L,[0,b] uzayinda Ly = _:1—)% +q(x)y regiler diferansiyel denklemin
Dirichlet smir kosullann altinda (Yani, y(0)=0, y(b)=0 ) 6z degerlerinin
asimptotik ifadesini;

n’n’ lj‘ RN
Ma="pr +y q(t)dt+O(n?) seklinde bulmus ve
0

j q(t)dt = 0 kosulu altinda izini (trace) de;
]

2.2
Z( u, ﬂb:l ) = q(O) : q(b) seklinde almugtir.

n

Yaptifimz bu ¢ahgma iki kissmdan olugmaktadir. Girig kisminda Sturm-
Liouville Operatérii igin Iz (trace) formiiliiniin gelisme tarihinden bahsedilmektedir.

Caliymanmin ikinci kismu {i¢ boliimden olugmaktadir Birinci béliimde
Coulomb singiilerligine sahip Sturm-Liouville operatoriiniin fiziksel anlami, Sturm-
Liouville operatdrii ve Iz (Trace) kavramu ile ilgili 6n bilgiler verilmistir.ikinci
boliimde ise Coulomb singiilerligine sahip Sturm-Liouville operatdriiniin 1zi (trace)
hesaplanmugtir. Ugiincii boliimde ise vektor degerli fonksiyon durumu aragtirilmagtir.



1. BOLUM

1.1 Coulomb Singiilerligine sahip Sturm-Liouville
Operatoriiniin Fiziksel Anlamu:

Kuantum teorisinde en ¢ok 6nem tagiyan problemlerden birisi, Coulomb
potansiyelli alanda elektronlarin hareketinin 6grenilmesidir. Bu tip problemlerin
¢Oztimi; bir tek Hidrojen atomu igin degil,bir valentli atoma sahip Sodyum ve
benzeri atomlarin spekturumunun ve enerji seviyelerinin bulunmasini saglar.

2
€

Hidrojen atomu i¢in, U potansiyel enerjisi (Coulomb potansiyeli) U = -

seklindedir. Burada r elektronun ¢ekirdekten uzaklifi, -e elektronun yiikii, +e
protonun yiikiidiir. Buna gére;

+U(x,y,z,t)‘P ] II‘szxdydz=l zamana bagh
R3
Schrodinger denklemidir. Burada W dalga fonksiyonu, % plank sabiti m ise
= 1 . .
elektronun kiitlesidir. Bu denklemde ¥ =-——=— je ™W¥dt Fourier donisimii
Jan 2,

yapilirsa;
R e ~
%VZ‘I%U‘I’: E¥Y konuma bagh enerji denklemine doniisecektir.

Dolayisiyla Hidrojen atomunun Coulomb potansiyelli alanda enerji denklemi;
2 2

h ~ -
VP E+ =0 olur.
2m r

Bu hidrojen atomu bir bagka potansiyel alana yerlestirilirse 0 zaman enerji
denklemi;

2

n_ o~ ~
—EVZ‘{%[E +eT +q(x,y,z)}1‘= 0 olur. Burada da gerekli dontgiimler

yapildiginda;
A ) )
-y"+ -}-{—-!-q(x))y =Ay Coulomb potansiyelli Sturm-Liouville denklemi
alir. Buradaki A parametresi enerjiye kargilik gelen parametredir.

Z(y) = —y” +q(x)y diferansiyel ifade olsun. Eger, a ve bsonlu olmak iizere
x € [a,b] ve q(x) fonksiyonu [a,b] aralifinda integrallenebilirse £(y) ifadesini
Regiiler diferansiyel ifade denir. Eger, a ve b sayilarndan herhangi biri
sonsuz yada her ikiside sonsuza esit veya q(x) fonksiyonu [a,b] arahginda
integrallenemezse ve yada her iki durum birlikte s6z konusu ise f(y) ifadesini
Singiiler diferansiyel ifade denir.



Bu ¢alismada incelenen diferansiyel ifade £(y) =-y"+Q(x)y, xe[0,7]
A
ve Q(x) =;+q(x) seklinde oldugu igin Q(x) fonksiyonu [0,n] araliginda sonlu

integrale sahip degildir. Dolayisiyla £(y) = —y” + Q(x)y diferansiyel ifadesi Singiiler
diferansiyel ifadedir.

Bu tip singiiler diferansiyel ifadelerin tanimh oldugu fonksiyonlar sinifindan
olan fonksiyonlar igin  y/(0) sonlu degere sahip olmadiZindan
y(0) =0, y(n)-Hy(n) =0 aynk siur deger kosullanm saglayan fonksiyonlar
sintfi s6z konusu diferansiyel ifadelerin tanim kiimesi olarak alinir, '

Sonug olarak;

( A
-y + (—; + q(x)) y=2

L= }0)=0

y'(z)-Hy(z) =0

Coulomb  singiilerlifine  sahip  Sturm-Liouville denklemini ve
)| Ly eL,[0,7].q(x) €L,[0,7], A, H reel sabitler,

D(L) = L operatériiniin
(?) {y(O) =0,y'(=) - Hx)=0 }
tanim kiimesidir.

1.2 Strum-Liouville Operatérii ve iz (Trace) ile ilgili 6n bilgiler.

Tanim 1.2.1: L bir lineer operatér olmak iizere Ly =Ay esitlifini
saflayan y # 0 fonksiyonuna L operatoriniin 6z fonksiyonu denir. A’ya ise L
operatoriiniin y(x)’e kargilik gelen 8z degeri denir.

Teorem 1.2.2: A ,A,, L operatoriiniin farkh iki 6z degeri olsun. Bu 6z
degerlere kargihik gelen y(x, A, ), y(x,kz) 6z fonksiyonlan otogonaldir. Yani,

]-Y(X, A'1 )Y(X, 7\'2 )dx =0 olur.
0
Vede;Gram Schmidt teoremiyle 6z fonksiyonlan ortonormal bir sistem olusturur.

Teorem 1.2.3: L operatriiniin 6z degerleri reeldir.

Tanim 1.2.4: (L—AI) 'olmadig A noktalan kiimesini L operatoriiniin
spektrumu denir. o(L) ile gosterilir.  o(L) = {MLy =y, y € D(L)}

L operatérii self-adjoint operator oldugu igin genel operatorler teorisinden
L operatoriiniin spektrumu 6z degerlerinden olugmustur.



Bunlara gore;
-y" +(§+q(x )y =Ay (1)
L =4 y(O) =
y'(w) - Hy(m)=0 )

q(x) € Lz[O, n], A, H reel sabitler olmak iizere,
y(x,A) =, cosv/Ax +¢, sin xx+]'sm\/_x : ( t))yt)»

L operatdrgiiniin ¢ozimidir.

olx,2) ile ¢(0,A)=1, ¢(0,A)=0 baglangic kosullarimi saglayan (1)
denkleminin ¢dziimii olsun.

Gosterilirki, L  operatoriinin  6zdegerleri; (p’(n, A)—Hol(m,A) =0
denkleminin sifirlardir.

Ly Ay ise (L H)y =0 dir. Teorem geregi, Ly = O denkleminin bir tek
y=0 ¢ozimii varsa her f(x)eL,[0,n] fonksiyonu igin Ly = Ay +f(x)
denkleminin y = (L — AI)™ f(x) gibi bir ¢oziimii vardur.

Ayrica; Ly = Ay +f(x) denklemi ve y(0)=0,y(x) -Hy(n) =0 problemi
i¢in smir deger probleminden,;

o(x,A) ; ¢(0,A)=0, ¢'(o,A) =1 } .
w(o,A) ; wo,A)=1, y(o,\)=H ™) .

fonksiyonlart L operatoriiniin lineer bagimsiz ¢éziimleri olsunlar. O halde
Ly = Ay +f(x) denkleminin (*) kosullarim1 saglayan genel ¢6ziimi;

y(x,A) = ]G(X, 6 Mf(c)dg seklindedir.

Burada G(x,¢,A) operatoriiniin Green fonksiyonudur ve

p(x,4) y(s,4)

, 02x<
Gerey=1 , "oVl ’
(5,4 y(x,4) o<x <
oyl

Seklinde tanimlanir. Yukanida da goriildiigii gibi W], ] Wronskiyam x’ e
bagh degildir ve yalmizca 4 ya bagh bir fonksiyondur yani, W[g, ] = @(1) dur.
Buradan, L operatoriiniin 6z degerlei  G(x,5,4) fonksiyonunun ()
diizlemindeki tekil noktalandir, yani @(4) =0 denkleminin kokleridir.



Simdi gosterilir ki,
0=W(A)=¢'(x,2) + He(x,A) dir.

— ¢(7[22’) V/(ﬂaﬂ') - ’ —m! —_
W7t[¢9\P] - ¢’(7l’,ﬂ) W'(ﬂ',/%) - @(ﬂ',ﬂ:)l/f (ﬂal) 4 (ﬂzl)W(ﬂ:ﬂ‘) -
yan o] : -

w(m,A) L“’( ) iy~ ¥ M [ V@M HOmA ~¢/(mM] =0 olur

y(m,A) sifirdan farkl oldugundan;

W) =¢'(x,A) — Hop(n,A) = 0olur

0'(0,A) =1 ve 9(0,A) = 0 kogullarim saglayan ¢ozimiini @(x,4) ile belirtilmigti.
Buradan kolayca gosterilebilirki, ¢(x,A4) fonksiyonu ;

¢(x’l)_sm\/_x J-s1nJ_(x t)(

Ardigik yaklasmalar yapﬂarak o (x,A) ‘mn asimptotik ifadest ;

B sindAx  %sinyA A(x—1) sm\/_ t
p(x,4) = \/Z 4‘!‘ \//'I_, ( (t)) \/_

‘!51ng9 f) ( rqlt ))[I sms/‘_[(_t 7) (T q(r)) s—i%zdrjidt+

o(x,A) = Sili/‘_/jzx ]‘-sm\/—(x t)( +q(l)) sin/Atdt +O( ) ahnir.

Eger ¢'(w,A) — Ho(n,A) = 0 denkleminden yararlamlirsa ve g(x) € L,[0, 7]
oldugu gbz dniine tutuldugunda L operatériiniin 6z degerlerini alinir.

+q(t)) @(t,A)dt seklinde olur.

Operatoérier igin iz (Trace) kavrami:

Sonlu boyutlu durum igin; A nxn tipinde bir matris olsun. Teorem geregi
eger |A|# 0 ve de A matrisinin lineer bagimsiz n tane 6z fonksiyonu varsa A
matrisi kogegenlestirilebilir,

2,00.. O
0A0.. 0 N .

= kosegen matrisi olmak tizere; Bu bir doniigimdiir ve her
000.. A

matris doniisimiine bir operator gibi bakiabilir Burada > A, toplamma A
k=1

matrisinin izi (trace) denir.



Sonsuz boyutlu durum igin;
A:H — H bir lineer operatér olsun. H bir Hilbert uzayidir ve Hilbert uzay1
Ayrilabilir uzay oldugundan ortonormal sistemler alinabilir.

{ en} € H ortonormal sistemdir ve |le, ||, =1 dir.

{en} sistemini A ’nin zfonksiyonlar seklinde alinirsa Ae, = A_e_ olur. Buna gore;
< Ae, e, >=D < Ae,,e, >= an <e,,e, >= an

n=1 n=1 n=1 n=]

DA, <+ isebu seriye A operatdriiniin izi (trace) denir ve tr(A) = D A_ olur.

n=1 n=1

L:L,[0,n) - L,[0o,n] ,L,[0,n] Hilbert uzay oldugu i¢in {y,} ortonormal

sistem alinabilir.

{yn} sistemini L ‘nin 6zfonksiyonlar: seklinde alinirsa Ly, = Ay, olur. Buna gore;
D< Ly,,y, >=2.< AY,.Y, >= an <Y, ¥, >= an seklindedir.

n=1 n=1 n=} n=1

Ancak bu seri yakinsak degildir. Dolayistyla Regiilerize edilmis ize bakilacaktir.

#, ileq(x)=0 olduu duruma kargilik gelen (1)-(2) probleminin 6zdegerlerini

gostersin. Z[ﬂn - y,,] ifadesine (1)-(2) probleminin Regiilerize edilmis izi denir.
n=1

Bu iz (trace)’ler iki spektra gore invers problemlerin ¢oziimiinde anlamhdlr.



2. BOLOM
2.1 Coulomb singiilerliine sahip Sturm-Liouville
operatdriiniin dzdegerinin ve iz’inin hesaplanmas:
(52
—%+(—ﬁ—+q(x))y=ly 0<x<u, q(x) eCz[O,ﬂ]
L=<y(0)=0
Y'(m)- Hy(ﬂ) =0

operatorii alinsin. L operat6riiniin 6zdegerleri bulunacak olursa;.
Homojen kismin ¢dziimii i¢in;
—Z4dy=0=> K +A=0=>K=FVAi
O halde y, = cICos«/Xx+ CZSin\/XX olur.
Homojen olmayan kismin ¢6ziimii i¢in;
y, = ¢,(x)CosvAx + ¢, (x)SinyAx olsun.
y, = —/Ac,(x)SinvAx + YAc,(x) Cosv/Ax + g;(x) Cosv/Ax +¢;(x) Sinﬁ)g
0

Lkosul

Il

v, = —vAe,(x)SinvAx + vAc,(x) Cosv/Ax
yy = —Ac (x)Costx —Ac, (x)Sin«/xx - ﬁc{ (x)SinJXx + ﬁc; (x)CosJXx

yerlerine yazilirsa;
~Ac,(x)CosvAx — Ac,(x)SinvAx ~ v/Ac)(x) Sinv/Ax + /A (x) Cosv/Ax +

+ Ae,(x) CosvAx + Ac,(x)SinvAx = (% + q(x))y
—A¢! (x)Sin«/Z_»x ++/Acy(x)Cosv/Ax = (% + q(x)) y IL kosul
¢/(x)CosvAx + ¢, (x)SinvAx = 0
—v/Ac! () SinyAx + /Acs (x) Cosv/Ax = (% + q(x))y

0 SinvAx
(A
. \;+q(X))y VACosvAx __Sin\/Xx(é_l_ : ))
= CosvAx SinvAx - v \x Ty
~VASin/Ax  VACosvAx



c,(x) = —I Si%ft (—‘1—:— + q(t)) y(t)dt olur.

0

CosvAx 0
~/ASinvAx (% + q(x)jy

CosvAx Sinv/Ax
—VASinvAx  VACosvAx

c,(x) = I COS\/_t( +q(t)) (t)dt olur.

Buna gore; y, =c,(x) CosvAx+c,(x)SinvAx oldugundan;

~ Cos/7x j - S 241 ’( ()) ()t +Sinv7x j Gasiiiey 4 ‘(t q(z)) it

c,(x) =

Colix(A gl

y - ‘([Sln\/_ AxCosv/Ai tﬁ Siny/AtCosv/A. x( (t))y(t)

]:Sln\/— (x- t)( y (t))y (i

O halde genel goziim;
y:clccsﬁx+c25inﬁx+]S‘nJ;§_j‘ t)( +q(t)) (t)dt olur.

o(x,A);ile 0(0,A)=0, ¢(0,A)= kogulunu sajlayan ¢éziimii olsun.
Buna gore,

¢ x,?») = chos\/_ AX+ czsln\/Xx + I San_(x t)( + q(t)) (0] t,)\,)dt olur.
@(0,4)=0isec, =0
¢'(0,4) =1ise Vic, = lisec, = % dir. Buna gore,

o(x2) = S‘“‘F hx {S‘“‘/}‘ (A, o))o(er)at butumur

Ardisik yaklagmalar yapilirsa,



dt +

Ja

0 0

o(x,A) = su:/\?/_bix { san_(x t)( +q(t))slnf tdt +O(x 2) olur.

Simdi ¢"(r, A) — Ho(, A) = 0 denkleminden 6zdegerleri bulunabilir,

dmh) = Sn:/{in ]‘San_ T—t ( A+q(t))Sm St + {;3/2)

Slr\l/w[ T ]’Sm«/_ nCos\/_ At — SinvAtCosvAn Sinh J—L(— +q(t))dt +({}3,2)

A

3 SinfJain  SinJinE

+ISin\/§§x—t)(§+q(t)) {jSinJ\}—}g—r)(é+q(T)) Sinit dr]dt .

B B - S

1
+ O(ﬂTﬂ

Sh ASinvAx T Sin2 t
J_n 1nJ—n]' i \/— San_nTSan\/_tq dt -
N " o

it

ACosvAn TSin* VAt CosvA 1
3 OSJ_RT in \/— i osJ—n]'S nz\/—tq(t)dt-}-({ 3/2)
~ Lt r o x
R —— -

v

F——v————’

LIntegral igin;
2Jat = uise 24/Adt = du :
) } SznZJ_ t Smu Slnu Smu
t=01seu=0 ise _[ I _f J'
u

t=rwiseu= Zﬁﬂ ° ° o

I Sinu 4 yakmsaktrr,

\—

N;

Sinu

Sin
o fonksiyonu u=0 noktasinda siireklidir ve lim 2 = 1 dir.

u>0"* U

)
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2V3% o 2Van 243n
S C Cos2 :
nu L _osu _ p"%dlp_—o—ﬁ-r Cosl+N,
1 u u 1 1 u , Zﬁn
N,

J- Sin2v At dt = — C—Oszﬁﬂ +Cosl+N,- N, bulunur

/ t Zﬁn

I1integral igin;

ISinZﬁt q(t)dt = —ﬁ Cos2v/Atq(t) | + %I Cos2vAt q'(t)dt

_ _#{Coszﬁnq(n) +—}q(@ +

n

Sin2+/A Anq'(n) | ——— 'f Sin2+/At q"(t)dt

"o [ A
III. Integral igin;

\/Itzuiseﬁdt-:du

T Qs 2 Vir o, 2 1 o; 2 Viz o, 2
isejsm ﬁtdt: J- Sin udu:jsm udu+ I Sin udu

t=0iseu=0 p
u u
t=xiseu= \/Zﬂ' ° ° ° !
Sin® Sin® Sin?
" B qu yakinsaktir. Ciinkii ——2 & ¢{0,1] ve lim T80 drr.
0 u—»
N;
j"'Sln u ]’“1 Cos2u 1 ]"‘ Ch2u
du= u=-=
2 1 1
L |71 sine P *sing do
2| 2 8 | ; O

=lln \/X _Sm2~/7—m Sm2 N
N 2

]‘Sin2 \/Xt _In \/Xn SmZ\/XR Sln2 N,
+N, —— bulunur.
2 4/An 2
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IV Integral igin;

]-Sin2 Jatq(tdt = ]'1_—(30283—@ q{t)dt = %]-q(t)dt - %ICOSZJXt q(t)dt

T —Z—Iﬁ;fsmzﬁt q'(t)dtJ

0

:
_ %Iq(t)dt - -;-b—l‘/—x—smz«/it q(t)

= %Iq(t)dt - Z‘I/—xSinZan q(x)+

n

2 ‘/_{ \/_ Cos2\/_ At q J— I Cos2+/At q"(t)dtJ

bulunur. Bu integralleri yerlerine yazilirsa,

(n 7») h Sin\ﬁ\.—n 4 ASim/Xn B CosZs/—?:n
P A 2A 2z

+Cosl + N, —N2]+

S“‘Zf“[ \lrc%z«/" vl |

0

+ E%]CosZﬁt q/(t) dt} -

ACos\/an- Sin2+/An ln\/xn+Sm2 AN N,
A L 4 2 4 T3 2
Cos«/?—m 1 )
Y L ].q Ydt — ﬁSmZ\/_tq 0 TSmZItq(t dt} ({A

SinvAn  ASinvAn | ACosv/An( Sin2 N4)
o(m,A) = Y (Cosl+E\II—Nzl— .\ 4 +N, - 2 )
G. (iz
ACos\/}:n Cos«/Xn 1
5% - oo )
(p(n’x)=Sm\/_ 7:+ASm\[— ﬂ:al_ACos\/_ naz ACos\/_ 1:1 \/— _
JA 22 A 2

C°S‘/—n j' q(t)dt + O( 3/2)

bulunur. $1md1 ® (n, A) ’niin asimptotik ifadesine bakilirsa;
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ol(x,A) = Cos\/ix+]'cos\5——x Y Si \/_t(—*+q )dt +({;;/2]
¢'(r,1) = Cosv/An + T%\/—R&Sm\/— c(———+q t)) dt +0(731/2)

— Cosvhn + ]‘CosJXnCos\/" i/} SinvAnSinvAt Sin L(___'_q t)) i@t + ({;31/2)

= CosvAm+ Cos‘/_ﬂjS 2 t( +q(t )) dt + Sm‘/_” j Sin* 4 t( +q(t)) dt

1
“‘0(‘;37)

ACosvAx FSin2+/At
— Cosvn + CosvA: n]’ in2+/A dtt CosvAn

2 ) ISanJ—tq )dt +

I 1
ASinvAx Sian'Xt slm/Xn
+ T ;!. : TSlnzftq t)dt+ )»3/2
|

I
Bu integrallerin degerleri daha o6nce bulundugundan, Bu degerler yerlerine
yazilirsa; ,

ACosvAn| Cos2v/An
(p'(n,)»)=Cos\/7_m+ 2 [-— 2o +Cosl+Nl~N2:l+

Cosﬁn[ q(0) q(n) COSZ\/XR:I_I_

2J2 LzJ_ 242

ASln«/—an_ln ﬁn San«[Xn Sm2 N, }

+ +N;,——| +
JA |_ 2 4~/X1t 2

+§i_"‘/‘/x—ﬂ[%j!q(t)dt - ﬁsmz«/in q(n)} + 0(#)

o'(m,A) = CosvAm - % CosvAnCos2v/Ax + Ag \/XJ— (Cosl +N, - Nz) +

N Cos;/%n q(40) _ Cos}:/in Cos2 /A g_(4_) .
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;1 Sm\/—ﬂl J— 7r-— Sm\/— ﬂSmZ\/— An+ ASm\/_n(sz N, - i) +

V4 NN 2
Smﬁn 1 ' ‘ 1
I ]. (t)dt— Sln\/XRSln2\/X7r q(x) +({x372—)
( ) CosvAm— _(CosﬁnCosZ\/Xn ;— Slm/?—m&nzﬁn] N AC;:;;»/_XTC o

+Cos\/?_m q(0) g(=) ,( CosﬁnCosZﬁn+Sin\/XnSin2w/7_m] .
A 4 4 A

A SinvAn i + ASinvAx SinvAx 1 ]‘q ({7@/2)

2 a2 2,
(p’(ﬂ:,x) = CosvAn— Cos;/xn( :; - 7!)4<I( ))+A(32(:s[«_/Xn o +ASir/1Xan o+
inVA® inv:
gs \/{— In \/_ : ﬁ i l.[ (t)dt+0()3/2)

O halde ¢’(m,A)—Ho(m,A)=0 denkleminden;

o, +

CosJ— A ( q(r)-q(0) A] ACosvAn ASin/An
Cosv/Am - ( 4 ax W T

A San_ AT SinvA®w 1% HSinvAn AH SinvAn

2 J— e InvAR+ \/x 2! ()dt 2 x a, +
CosvAn AHCos\/Xﬂl W HCoss/Xn]‘ o()dt +O( 1 ) ~ o

+AH n oz2+2 x nvin + 7 2

4

ol @sﬂ[ 050 A, B ;q(t)dt}

Su:/\é—n[zj (’c)d’t+AoL2 H:|+‘:C°‘S/.;/:—nal IZXSHD/__‘KI \/_ AT+
0
AHCOS\/—KI Jix AHSm;/—n +O();,2) ~o
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Cos\ir SinJArx A Cos«/— An A SinaAn
CosvAin - e InVaAr
os 7 \ l ﬂl J_ ﬂZ \/I a] 2 ‘/— +

n('z)
AH COS\/_ﬂ' AH Szn\/_zr 1
B3 Inviz - P’ a,+0(ﬁj =(Q olur.
Burada
0 A
B, = gl 4 d ) +AH°"2 +_].Q(t a, =Cosl+ N, —-N,
1 Sin2 N dir.
B, =—Iq(t)dt+Aa2—H o =502 0 N
25 , 4 5

Rouche Teoreminden yararlanilirsa; CosAx ve Q(/’L) fonksiyonlarinin
sifirlar1 sayisi aymi olur. Bu yiizden de;

CosvAm = 0= vAm = ( 2n+1 =& =(n+1/2) 22, = =(n+1/2)" olur.

Jf (n+1/2)+8 alirsak, q(x) € C'[0,n] §, = %-(-——I—ZJ=({L2)

n+1/2) n
olmak iizere;

cos(n+l+5njn sm(n+l +5,,)n
s( 1 ) A 2 2
Co s

n+—+908, {n+ o, + B, +
2 2 1 1
(n+—)+6n (n+§)+6n
1
Sm(n+ +5jﬂ
2 1
n( +— +8) ({—;)=0
( l)+Z‘5 "
2

n ) 'B,
~(-1) ﬁnﬁ—:Ag—( +11/2)(_ 1)'s, ((n )1/2) + (If+ll)/2)lnn+




15

B, +~—A—ln1t i
2 +A1n(n+l/2) (i)—o
(n+12) 2 (n+1/2) 7) =

-5, +

n

n

Oam = (n+1/2) 2n (n+1/2)

G A 1n(n+1/2) (_1_) _1( A )
O (n+1/2) T om (n+1/2) +0 n* T B, + 2 In7 | bulunur.
O zaman;

n2

%(Bz +%lnn) A In(n+1/2) +O( 1 )

_ c, A ln(n+l/2)
\/Z—(n+l/2)+(n+l/2) o (n+1/2) olur.

2 = 1 —d 0 lizere;
ax) < C*[o,7] an-o((nﬂ/z)aj-o(ns) ———

h ¢, . Aln(n+1/2)
\/Z_(n+l/2)+(n+l/2)+2n (n+1/2) +6, alinrsa,

A In(n+1/2)
© s((n+l/2)+(n+l/2)+2n (n+1/2) +8"J“_

Cos[(n ISY7) . — In(n+1/2) | aan

(n+1/2) 2n (n+1/2)

c, A In(n+1/2) 2
((n +y2)+ (m+12) 2z (a+12) 5"]

LA A ln(n+1/2) 8 j
1/2) n (n+1/2) B+
c In(n+1/2

((n+1/2)+—(n+1/2) ;“; (1(1+1/2)) j

Sln[(n+ 1/2)+ G

+

¢, A In(n+1/2) J

@72 2m (ae12) o)
o A ln(n+1/2)

((n+1/2) (@ +1/2) 2 (0+12) +8)

A Cos| (n+1/2)+

o, +
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. c Aln(n+1y2) ) [
+£Sm((n+l/2)+(n+1/2)+2n (n+1/2) 5}’

2 c In(n+1/ ((nﬂ/ T 1/2
((n+l/2)+ ) +£;, (f(z+l/12§) +5”J (n )

L A In(n+1/2) ]
Yox i) )

A In(n+1/2)
P Cos((n+1/2)+ (n+1/2) tor 1) +6,,J7r

((n +12)+ 6 A4 1n(n+1/2) +5)

(n+1/2) 27 (n+1/2)

ln((n +1/2)+ C -fll 72) +

-

A In(n+1/2)
Y2z (n+1/2) +6"J”

: | In(n+1/2)
Sm[(n +1/2) + “© 4 A + an] .
_AH (n+12) 2n (n+1/2) a1+0(1) 0

c A In(n+1/2) 2
((n +1/2)+ @+12) 21 (0+12) 6“J
olur. Buradan;

_(_l)n(( o A In(n+1/2) rEmt O(lr:;n)) .

n+1/2) 2 (n+1/2)

o 1 In’n)l cmn Aln(n+1/2) ({1 n’ ))
= [(n+1/2)2+({ * Hnﬂ/z 2 (n+1/2) ot Pt

(-1’ ( _( o’n’  Alln*(n+12) Acnln(n+1/2)+o(lnz4n)JB2 .

(0+12) (n+12)" 4 (a+12) " (+12)? n
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_IA(—I)n 1 ( 7T A 1n(n+l/2) In’n J |
2 (n+l/2)k(n+1/2)+ 2 (n+172) +8nn+0(—.) o, +

A1 1 _olnt A’ln*(n+1/2) . In(n+12) (In*n ]
2 (n+12) (1 (n+12)* 4 (n+ 1/2)* A% (n+1/2)* * 0( )

2
Inz+1n(n+1/2) + L A ln(n+1/22) +({ln 4n)J_

(n+1/2)* 27 (n+1/2)

(-1)’AH 1 ( cn  Aln(n+1/2) lnznj
2 (a+12) n+12 2 (n+1/2) +0, +O( n J

2 )
ln7t+ln(n+l/2)+ “ . A ln(n"'l/zz)_*_({ln:ljj

(n+1/2)° 27 (n+1/2) n

AHC) 1 (| & 4W(prY2) In(r+1/2) 2,1}
2 (n+1/2)2(1 T AT iy Ay o[ 5]

({lnz n)

+0——|=0

n

c,T Aln(n+l/2) B, _A c, 0L, _A2al ln(n+1/2)

(0+12) 2 (n+12) (n+1/2) 2 (a+y2)’ 4 (n+12)

A lnm_ Al(n+12) AH o

5. m—

+ + - =0
2 (n+1/2) 2 (n+12) 2 (n+l/2)2
A Acmo;, AHo,
Elnn +B,-cm - 5 o A, ln(n + 1/2) (ln n)
.= + - +
T (02 (+y2f 4 ey A

buradan;

c, Cy ln(n +1/ 2) In’n
% (n+1/2)+(n+1/2) e * (n+12) O( * ) ahote:

n
O halde

A In(n+1/2) c, Cs
\/2‘_ (n+1/2)+(n+1/2)+27[ (n+1/2) +(n+l/2)+(n+l/2) *

ln(n+l/2) O(m n)

(n+l/2) *

n
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m=(n+l/2)+ Co A ln(n+l/2)+ & .. 1n(n+1/2)+({ln2 nJ

(we12) 2% (0e12) (nrya) (o1 \n

Buradan;

In(n+1/2)  2c, ln (n+ 1/2)

2 A
A, :(n+1/2) +.;1n(n+l/2)+200 +2c¢, ( +1/2) (n+l/2) (n+1/2)

In(n +1/2 1 In*n
+v, ( 2)+y3 2+0( 3 )
(n+1/2) (n+1/2) n
Ozdegerlerinin asimptotik ifadesi bulunur.Burada,

A’a, Aa, H A’ A’lnm+2AB,
- ¢ + > Y1 = =

€=~ 2 Tan? 12T n?

Alnn+2B, Y Sin2
¥, =¢4 =(———n—_&J , &, =Cosl+N,-N,, a, =—IP——+N3———

in2 N
B, = —l-j'.q(t)dt+Aon2 -H= l].q(t)d’c~h4x(§r-l—+N3 ——4)— H
27 27 4 2

B, =M+A+AHG'2 —TQ(t

( 0) A A}I(Slnz J ]q(t)dt seklindedir.

o(x,4) fonks1yonunun asimptotik ifadesinde A nin yerine 4, yazlirsa
operatoriiniin@(x, 4, ) 6z fonksiyonlarinin asimptotik ifadeleri bulunur.

sin(n+1/2)x A In(n+1/2)
_I.
(n+12) 27 (n41/2)”
Simdi L operatoriintin izi bulunacak olursa;

-y"+ (—f— + q(x))y =y
L:: y(0)=0
Y'(z) - Hy(z) =0

~ Cos(n+1/2)x+ O(—) alinir,

o(x,A,) =

,

0<x<=mw
q(x) eC*[0,x]

q)(x, ﬂ) ile qn'(O, /’L) =1, ¢(0, /‘L) = 0 kogulunu saglayan ¢6ziimii olsun.

L
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O halde

Sindax % Sina (x-1)( 4 Sin\JAt 1
¢(x,2,) = ‘/I —+ .!. \/z K? + q(t)) ‘/z dt + O(F)
seklinde bulunmustu. L operatoriiniin 6zdeZerleri igin ise;
2
In(n +1/2) b2, In*(n+ 1/3) .
(n+1/2) (n+1/2) (n+1/2)
In(n +1/2) . 1, O(lnz n)

& (n+1/2)° vs (n+1/2)" n’

Ay = (n+1/2)° +§1n(n+ 1/2) +2c, +2¢,
U

asimptotik ifadesi bulunmusgtu.
Simdi bu L operatériiniin izi (trace) bulunursa;
In(n+1/2)  2¢,
(n+12) (n+1/2)

In’*(n+1/2) ~ In(r+1/2) }
(n+12f  (nr12)

@

Z[}Ln ~(n+1/2)" - fln(n +1/2)-2¢, - 2¢,

n=0

YS!

toplamunin degeri L operatériiniin regiilerize izini (trace) verir.

Bu toplam yakinsak ve ¢(x,4), A parametresine gore % gostergeli tam
fonksiyon oldufundan Weierstrass teoreminden,;

¢'(7,A)- Hop(r,A) = A®(A) seklinde yazlabilir.
A A, .5, ler <I>(/l)’mn sifirlart olmak {izere ve (I)(Z) tam fonksiyon
oldugundan ®(4)= H(l - j j olur.

n=0

A=—p ve u>0 almrsa ¢'(w,~p)— Hp(m,~p) = AD(-p) esitligi almir.
Ik 6nce esitligin sag tarafindaki <I>(— p) ’niin asimptotik ifadesi bulunursa;
w w [+
O(A) = 1‘[[1—%-) ise D(—p) = H(H)%) =— u Chypn
n=0 n n=0 n
H(l " (n+ 1/2))

n=0
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T e

CD(—u) = c‘I‘(u)Ch\/En olur. Burada c=ﬁ(£ry%/2)_] dir.

n=0 n

\P(Ll)=ﬁl:%}= ) I—M} ve lI’(,u) yakinsaktir.
n=0| |4

(n+1/2) n=0 p+(n+l/2)
Dolayisiyla,

In¥(u) = Zh{l— M-—:’ olur. Buradan;

o p.+(n+l/2)
VA 5] y2 o,
ln‘P(u)—ln(l P«+1/4J+nz=;ln|il u+(n+l/2)2J dir
M}_W—%_l Y4-1,)  _ 4- 1)_
1.(1—““/4 w+1/4 2(u+1/4) u+1/4+0(_’)

)l

B3 Jeof3)

i 1)

M u

O halde

1n'¥(p) :-}"";—1/4+i1-{1 ~ (_11_4—_%2_)___——_;»2_“}_ O(ﬂ—lz) olur.

n=1 RH+ (n + 1/ 2
Z— serisi yakinsak oldugundan yukarnidaki seri de yakinsaktir.

n=1
P =" Pn yakinsak olmasi igin gerek ve yeter sart » (1— Pn) yakinsak

Buradan; InP=In] [Pn = X InPn = X In(1- (1~ Pn)) dir.
Dolayisiyla;
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14 °° "° —?\, + +12 1
ln‘I’(u / 1 / ({—2] olur.
2= 1k1 Tk (n+1/2)" +p B

In¥(y) = ul/ 4 —zii[w——] +0(%) dir

p+(n+ 1/2)

k

+1/2) -4

((n_/)_”“T"J ifadesinden -é—ln(n + l) eklenip gikarilirsa,
p+(n+1/2) z 2

(n+1/2)" + gln(n +1/2)- 4, - igln(n +1/2) k
p+(n+ 1/2)2 B

2 A ¥
_ (n+l/2) +;ln(n+1/2)-ln_A ln(n+l/2)
y+(n+l/2)2 n y+(n+l/2)2

=i(k){(n+l/2)z+gln(n+l/2)-l,lkj(%)f[ij . Yerine

—o\J p+(n+1/2)° p+(n+1/2)
yazilirsa ; .
(n+1/2)° +Aln(n+l/2) i in(n+ g
lnT(ﬂ)z—ZI%ZIJZO( j[ - +(n+1/2) } (_:9 [%J
ety

y 2 k=1 ;m p+(n+ 1/2)2

214 ale [(n+l/2)2+—;;ln(n+l/2)-2.nj|k_
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[(n+l/2)2+—ﬁ—ln(n+l/2)'ﬂn:l A 1n(n+1/2) _

p+(n+ 1/2)2 % p+(n+ 1/2)2

p+(n+1/2) p+(n+1/2)

i % ;(ﬁj{(n+l/2)2+§ln(n+21/2)-ln}k-j( f)j[ In(n +1/2) ]j+ o(p‘z)

5 ifadesi alinir.

A k—1
1/2 In(n+1/2
- —z[('” )+ o 1)-2 } n(n+12)

y+(n+1/2) p+(n+1/2)

2
A, (n +l) - iln(n + l)
2 /4 2

48 [(n+l/z)2+jln(n+l/2)-ln} ~ In(n+1/2) <

Ozdeger ifadesinden <a dir. (a-sabit)

,u+(n+1/2)2 y-i-(n+1/2)2
4 a*! In(n+1/2)
[y+ n+1/2)2]k-I 1“"'(”"‘1/2)2

_A sy In(n +1/2)

= [y+ (n+1/2)" ]

_4 a";l i ln(x:+1/2)2 _ olur.

R l+[x+1/2j

Ju

Buna gore,
ln‘I‘(,u) =

o (n+1/2)2+§1n(n+1/2)-2, Ad e In(n+1/2)
—§; [ p+(n+1/2) Z * Z

T
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® W l k
_Zl:kg;;;(} ,u+(n+l/2)2 . m

k.){(n-k 1/2)2 * -;—:—ln(n+ 1/2) - }“nl“(,«;)f[ In(n+1/2) Jj +

+7”°;1/4 + O(LJ

1 u?

2 A
_ | V) el V)2 1S In(n +1/2)
y+(n+1/2)2 T K op=1 1+("+1/2J2

Ja

p+(n+1/2) LR (n+1/2]2
+

Ju

i{(n+1/2)2+jln(n+l/2)—/1n] © gt ln(n+1/2)

2 A k-7 )
S R e M ko vl IO\ (B CXBTE) ]J
SELY e ().
A, —1/4 1
__—P« +O(HZJ

Burada,

x+1/2
18 In(n+1/2) Sl"’ ln(x‘+1/2) e 1 wln[ N \/;]

2 20 12 2
T e

] u}J 1{%)23{ xj/i/z}'h;}/@ I {%}2
1 l{xj/;ll/zj m 1 l{x:r/&/z)

s
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]‘l:_l_tdtln:{:]’dtz

7 2
il 3/2v/l_11 t 3/2ﬁ1+t
3 s !
=L/ (1ntarctgt+t-1~+t—— J +
)7 ¥ 5 Y2Ji
11 | Inyfp o
(lntarctgt-l-glnt-l';—%-i- ...) L} +7—WCtgt |3/2Jl7

=%[(1—3i2+—- ) 1n(3/2J_ )arctg(s/zf ) (3/2\/‘ ) (3/2 \/—) 1
—(1—_317+5L2_ “')*ﬂln\uf; 1n£arctg(3/2‘/_) }

2 u

1n(3/2J_ )

172

O a2+ (24 1+ B RN e LI

2 pn

ln‘/_(/zf (3/2[) L )

2 s
O halde
2 A
o | (n+1/2) +=In(n+1/2)- 4, Alnfr 34
n¥(y) = - s : £ (1+1n(3/2
S C? p+(n+1/2) 2w T2 w(2)+
ili (n+l/2)2+—;§ln(n+l/2)—ﬂ.n _zw:Aak_l w© ln(n+l/2)
pcy e Ju+(n+1/2)2 ¥ o n=ll+(n+l/2J2
Ji
2 A +J ;
o e 1 (B (V) + il 12)-4, | ,{ In(n+1/2) ]’
—Z;;;j:zz(j) p+(n+1/2) (;) p+(n+1/2) ¥
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A, -1/4 N 0[ln u]
u Ty

Buradan,
o | (n+12) +§1n(n +12)=4,| 5 _ 4 Alnyu
lnw(ﬂ)_g[ y+(n+l/2)2 N y7; - 2 ‘/,—u— i
34 Iny/p
2;‘—”(1 +1n(3/2)) + O[ - J

alinir.Bu ifadeye uygun eklemeler ve ¢ikarmalar yapilirsa;

In'¥(p) =
[ 2 A In(n+12) 2 In*(n +1/2)
o T2y e e 2) 26 =207 - ) T ey
- nz=; p+(n+1/2) |
’, In (n+ 1/3)
T (n+1/2)
p+(n+ 1/2)2

i 1 d In(n +1/2)
+2c°§y+(n+l/2)2 +26‘1§ (n+1/2 ( +(n+1/2) )

= 1 N | In*(n+1/2) N
“'2; (n+ 1/2)(;4 +(n+ 1/2)2) ylnz (n+ 1/2)2(;1 +(n+ 1/2)’_)

o Inn +1/2) Ao-1/4 Alnyu
+72nz=1:(n+1/2)2(y+(n+1/2)2)+ y7; +2 \/;—z *

34 Inu
+~;;(l+ln(3/2))+0( e ]

+2
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[ ln : 4, g 1n(n+1/2)__ 2¢, In*(n +1/2)
li Ay —(n+1/2) ”m( +1/2)-2¢,-2¢, 112 (1) 71 (n+12)
= p+(n+1/2)

, In (n+1/2)
——————2 (n+172) +(n+ n+1/2)
,u+(n+l/2 [,u 1/2) ~(+12) ]
© In(n+1/2)
+20°Zlﬂ+(n+l/2) z=:(n+l/2)(,u+(n+l/2) )+

© 1 @ In’*(n+1/2)

el (n+1/2) s+ (n+12)’) e (n+1/2)'(u+ (n+172)) '

© In(n +1/2) A, =14 Alnyu
E(n+l/2)2(p+(n+l/2)2) TR T2

+23—A(1+1n(3/2))+0[ln 2“)

mu

2

In(n+1/2) 2

ol ~(n 2 4 n -2¢,—-2¢
M}(ﬂ)zig[zn () ~ il 20,20 L) B

(n+1/2 1 n+l/2j

_Y‘ (n+1/2)° (n+1/2)
~ In(n+1/2) 2
"Z,,Z_:{ . —(n+1/2) -—1n(n+1/2) 2¢, - 2¢, D )

_ I0(n+12) I (n+1/2)J (n+1/2)"
7 (n+1/2) & (n+1/2) ) u+(n+12)

+200‘Z————l——+2qi ( +1/2)

= p+(n+l/2)2 P n+l/2( +(n+1/2 )+
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= 1 © In*(n+1/2)

2 (n+V2){u+(n+ 2)’) g2 (n+1/2)" (s + (n+1/2)) '

@ In(n+1/2) —1/4 Aan—
+y2§(n+1/2)2(,u+(n+1/2)) a2 Ju

a5

7

S,

A

In(n+1/2) 2,

In¥(u) = i{ﬂ. - (n + 1/2)2 _ %ln(n +1/2)-2¢, - 2¢, (S‘ 1) - G 17) -

7=

(a+y2) I (nﬂ/z)]
T L A

1 1 A )
-—-]I ).0—2+5;c-1n2—2c0+4c11n2—4c2—Zylln 2+4y,In2 |-

In(n+12)  2¢,
' (n+1/2) (n+l/2)

-3

H =1

[ ~(n+1/2)’ ~%ln(n+1/2) 2¢, - 2¢,

_In*(n+12) I (n+1/2)J (n+1/2)
ey (@r12) ) ut(ar12)

P REY Infn ‘/2)

Fur(a+12) i @+ 12)pr (a+1/2) )
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1. Integral igin,
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= 2’;2_”——(2111(3/2) 21ny/s)(2In(3/2) - 21y - ln(1+9/4,u))+0(p )

4u



30

- ﬁ - —(1n(3/2) Inyp )[21:1(3/2) 2Inyp - (—— (%j2%+ N +
+ O(;l;)

() T2 -2 ) o )

24u
:—”—2——l(ln (3/2) - 2In(3/2)Iny/ i + In? ,u +O(—

24p  p )73

2 _ 2 2
_ 10*(3/2) - 21n(3/2)ln s + In® Ju + 724 o( 1) our

)7 )7

II. Integral igin;

g 17 26t 17 dit?) _1f_dw 1, L)
it t) 25 02(1+17) T 2,52 %(141%) 27 u(l+w) 2 \+u
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0 1+x° 0 (l-i-xz)2 0 1+x’
P ginxdx 2P agx P 4gx
+ J- 2 T 2 ) 2
0 (1+x2) o 1+X 0 (l+x2)

1
u= dv = In’*xdx
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3/2\/- t? 3/2J—1+t 1 1+t2

” I Intdt ¥ lIntdt
3/2‘[;1+1:" L 1+t

1



37
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3/2u g 148 1148
tt 2
t——2+—2— oo t <1
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2 I! t 32t3 52t5 >
oldugundan,

t Intar ZJ_ K B
, 2‘[/— p (l " tz) ln(3/2) Inyu+ l)
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1 ]‘3 In(x+1/2) d(x+1/2) 1/2]-"

o e
B 1“(){:/&/2} ’7&/2) ) {%‘1‘/2]
e i

Tl ) =1 i¢gin t=13/2
x+l =1 denirse x .1(;'1n ¢ / \/E
\/E X=0 igin t=o
_1 ] lnta ln\/— |
u? 3/2‘/,;t2(1+t2 w2 utz 1+1)

Bu integrallerin degerleri daha 6nce bulunmugtu, yerlerine yazilirsa;

1 T Intdt _2 [m(s/z)-mﬁ + 1} . arctg(3/2y/u)(1n(3/2) - Inyu) )
| ‘ p‘3/2

113/2 o tz(l + tz) 3 m

+2—3-+O( 13)
p "
1n;//2E]* & 1n;{2_[12: 2 2\/_0( )]

B oapmt (1+t )
= ln\/— Zln\[_ ({ln‘{EJ olur.
Zu B

- 2 u3/2 3”




39

S h o) ez
In?(n + 1/2) In(n+12)| (n+1/2)
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_e {l+an_( 271+A)+

—éan +2¢,—4¢In2 +4c, +2y,1n*2 -4y, In2 + %é(l + ln(3/2)) + cozﬂz]
3

2 3 4
ln‘/_( —6¢;1n(3/2) +2¢, + 3 (1+1n(3/2)) Acoﬂ) -

A1
B

2
+—l:S +¢, +2¢In (3/2)+q——202 In(3/2)+47+%(1+1n(3/2))—
u

~ﬁan —4¢In2 +4c, +2y,1n*2 -4y, In2 + Z—A(l + 1n(3/2)) + cozzrz}
3 n

1 2
¢({—%§£—E~J} bulunur.

Diger taraftan SP'(W,—IJ) —H(p(n,—uz fonksiyonunun asimptotik ifadesi

hesaplanacak olursa;.
Bunun i¢in;

dxz < a\x))y = -y

< y(0)=0
y'(%)-Hy(n) =0

r

-

problemi ele alinir. Homojen kismin ¢6ziimii igin;
2

-de,—p.y:Oz K -p=0=>K=Ffu

Ohalde y, =ce™+c,e¥™  olur.
Homojen olmayan kismin ¢oziimii igin;
¥, = c(x)e™ +c,(x)e™ olsun.

y! = Jpe,(x)e?™ - Juc, (x)e +\c{(x)e‘j‘—‘x + c’z(x)e"‘/;"l

Y

0

Lkosul
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Yp = Jhe (e — fuc,(x)e
vy = ey (x)e?™ + o, (x)e™™ + yfuci(x)e™ — ey (x)e

yerlerine yazilirsa;
1 (1)e ™ + iy ()™ + e (e)e P — ()P — el ™ — e () =

=(§+q(x))y
Ju cl(x)e‘/_ ~Ju cy(x ) ( +q(x)) II. kogul

ci(x)e* +cy(x)e ™ = 0

Jue (K — Jucy (x)e = = (% + q(X))y

0 e
é (x) -\/_ e Vi px
(x +‘:J;x)y :&x 2;//-_ C: +q( X))y
Jie™ e I
o)== \/_( +a(9)y(9ar ol

[¢]

ci(x) =

e‘/Ex 0

Jue'™ (é+q(X))y Jix
A -1 xS A
efh e 24/n \

Juel™ e
&)%) = - -T( +a(@)y(0ar olur

Buna gore y, = cl(x)e "+ c,(x) e¥¥  oldugundan;

y, = eﬁxi-e%(L o9y -e-ﬁxjg%(%m(t))y(t)dt

x oVHlx-t) _ o=V (x-t)(

1= [ e




Y, = I%(% + q(t)) y(t)dt

O halde genel ¢oziim,;

Sh
y=ce™+c, _‘/'_“+] Y~ t)( (t)) (t)dt olur.
Vu
ox-u); e o(0-w)=0, ¢(0,-w)= kosulunu saplayan ¢oziimi
olsun. Dolaysiyla;

o(x-p)=ce (P L I Sh\/:/(_x t)( + q(t) (t-p)dt olur.
o(0-1) = 0=c,+c, =0
1

o(0,-1) = 1= e, e, =125 ¢, —c, -

¢, +c, =0
T
Dolayistyla;

o) = e o o PRI )

0

(p(x,-u) = SI:}/_fx + ]: Sh\/ﬁ\/(ax — t) (T + q(t)) (p(t,-u)dt bulunur.
Ardigik yaklagmalar yaplhr\/si
x Shyp(x-t ut
_ Shyu + ( )( (t))s\/‘/__dt+
ux rShyp(x-t t—71 T
SI:}/_; ! r J(E )(_t_+ q(t)) { ! Shy/u J(E )(Trq(t))sl\/_‘é—.‘_ d'c}dt

o(x,-p) = S}i‘//_fx IShJ_(X t)( +q(t))ShJ_ tdt +O( ) bulunur.

Simdi ¢'(n ,—-p.) He(n,—) ifadesinin asimptotik ifadesine balalirsa;
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o{x-11) = S}i/‘/gx +ISh‘/Eix‘t) JSh\/Etdt . ui,zj

s ,/ﬁx ]»Sh\/ﬁxCh\/— bt — Shy/utChy/ux Shafpr n( )d‘ “{ 1/2j
p

u

- Sli}/gx + Shz:‘x I Sh2,/ﬁt(%+ q(t))dt - ———~Ch‘fx ;!‘Shz \/Et(i:—--l- q(t))dt O(Fl,z)
Sh,/ﬁx AShJﬁx Shz,/ﬁt ShJ'
% ] dt+ Isnz,/_

_ AChyux ]Sh’ ut ChJﬁx ]' , 1 )
Sh p.t q(t)dt+ 7z
H H

m v

t)dt -

IIntegral igin;

2,fut = u = 2,/udt = du 1 '2&
t=0=>u=0 ise IShZJ_t j Shuduzj'Shud N J- Shu
0

u u
t=x:>u=2J;Ix . o

Sh 1
———Edu yakinsaktir. Cinkii O (% <1 de Shu siirekli, " stirekli,

M,

Shy
Dolay1s1yla — surekhdlr ve lim = =1 dir.

u-0" U

i 2 rChu gy o Ch2x M,
1 2 ux
\——w—’

M,
IShz,/Et _ Ch2yux
t
0

5 \/— —Chl+M,+M, bulunur.

1

I1.Integral igin;

I Sh24/ut q(t)dt = J—Chzﬁtq(t

1
- m_’!ChZ\/ﬁt q(t)dt bulunur.
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II1.Integral igin;

\/Etzu:>\/y,_1dt=du

Sh? = g2 Sh’u . s’
t=0=>u=0 :]——@dt= T P P
o ¢ o U o U 1 u
t=x:>u=\/ix
Sh? Sh’u Sh?
I uudu yakinsaktir. Ciinki eC(Ol] ve lngx uu=0 dur.
e ——
M,
Vi a2 Vi
h2u-1 2
j“‘Shudu= j‘xC u- du——l du rChu
, u 1 2u
1 ﬁ”‘+l sho [ w6
S22 T2le | T e
(A
M,
Sh2./ux Sh2
———-1 +M,
nJ— 4\/_x
h? h2 1 Sh2
I > ‘/Etdt > \/Ex n\/ax +M, +M, bulunur.
t 4Jux 2 4

IV Integral igin;

IShZJﬁt q(t)dt = ]%‘—/2——“1"—1 q(t)dt = —%Iq(t)dt+-;—]Ch2JEt q(t)dt

= —]q dt+~|i \/—Shzﬁtq t)

bulunur. Bu integraller yerlenne yazilirsa;

ol-t) = Shyfux _AShyj: x[ChZJ_ BX oo +M}

Ju 2 2,/ux

Sh\/ﬁx

].ShZ\/iJ.-t q'(1) dt}

L T Ch24/ptq(t) 2 ]Chzﬁtq t)dt]

_ACh,/—x{Shz,/_x Iny/ux Sh2 oM, +M}
B 4,Jux 2 4
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u
1
+ F

Shy/px  AShyux, AChJﬁx( Sh2 1\4_4)
o x,~1) = \/E+ 2 Cth+M) ¥-—4+ +

ACh‘/ﬁxl Jux+ ‘[— ,Tq (t)dt +O( )

o) = 51:}/57:( . ASIZII{EX o - AC}:/Ex o+ % Ch:l/ﬁx In i+

Chux 7§ 1
+ —2‘{:——2[ q(t)dt + O(LT/{) bulunur.

X - |
_ Chy/u: {_%Iq(t) dt+ %‘:2—\17; Sh2,/ut q(1) 0 - ﬁa-IShz\/it q'(t) dt]J

Simdi (p'( G u) ‘niin asimptotik ifadesine bakilirsa;

o'(x,-p) = Chy/px + I% Sh\/ﬁt(—?- + q(t)j dt + ({#)

_ Chyfix ]ChJExChJEt Sh\/_xSh\/ﬁtSh\/—{ +qt)j it +o(—12—)

i
= Chy/u: 48 J' Sh2,/u t( +q(t)) dt - Sh‘/—x J' Sh?,/us t( +q(t)

o{)

AChJEx SthEt Ch\/ﬁx
= Chyfux+ ] o ISthEt q(t)df -

Yoyt

m

Y X
2
_ AShyux ]Sh ‘/Et dt — —Slj_fx ]‘Sh2 Jutq(t)dt+ 0(#)
0 ,
v

Bu integrallerin degerleri daha 6nce bulunmugtu. Bu degerler yerlerine
yazilirsa;
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h,/;:x[- Ch2\/;x

¢(x,~p) = Chy/px + ACJ—L —Chl+M1+M2]+

] Chy/ut q/(1) dt}

;’JJEX TCh\/L_Ltq

_ AShyux| Sh2ux Inyfux  Sh2 oML+ MJ .

JooLafix 2 4

0

X 1 x
~——=| Sh2,/ut q'(t)dt | +
0 4\/“"([ () }

st:}/;_ x{ : -!.q( )dt + \/ESthEt q(t)

o'(x4) = Chyhix + A(;I‘l/‘i_ X c;z/{ ux ACI\I/‘L_ ux
, Chyux| Ch2yx q(x) _ (o)]_
Xl N N
_QQ jChz Jrta(o) Aszli/\/a_ px SZ{ m
ASh\[— x AShyfux
N
an‘ X f Sh‘/— x{Shz\/— X q(x)]
Wl 4k

S ‘*’(‘)“t*"(ﬁ]
- OB 0] 0,10,

0

2w e

fChJEXCthﬁx ShJEXSthEx] Chy/px q(o) L Ashyux it
W u 2,/u

Sh‘/—] t)dt + 3/2)
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x-4) = Chy/ix +Ch\/_xA AChJ—x ASh‘f;Ixa N
x 2 Jp T e
Chfxq ChJ_xq(

AShJExl\/— s\/_]q (Ot + J

2
<p'(x,—u)=Ch\/ﬁx+Cfx[£( gl y )}+%C}1/‘/£xal—Asjg;xaz+
ASI:/\[XI‘/— SJ_]’ dto( ]
Dolayistyla;

Chfux ., AChJux  AShJux . A Shux
o'(x,—u)=Chux + + a, - +— Inyux+
( :u) \//—‘ = B ) \/; 1 \/; i > ‘//—l \/,l_l

i 1
bulunur. Burada

A q(®-q(0

B]:{E-l- 4 . o, =M, +M, —-Chl |

1 Sh2 dir.

Bz =§]q(t)dt—A(12 s a, =M3+M4_T
0

O halde o'(x,—1)—Ho(x,—1t) ifadesinin asimptotik ifadesi;

Ch/ux -~ AChJux  ASh{ux

(P(x u) H(P(x u Ch\/l—*l-x"' " Bl+2 \/E o, — JE B, +

A Sh HSh AH Sh
uxan—x_ S \/ﬁx ux

2 W2 T
_AH Chux JEX+AHChJExa2 ChJﬁx ]

2 K I8 25

+O(_1_)
l“"3/2

(Ydt+
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=Ch\/ﬁx+c‘/_(ﬁl +AHa, - —] dtJ ’;CI:}/_EX Sh‘/E"( ~H)-
Sh:l/_ ux AHo, 2513/_5); AHChJ;xl Jix o( )

Bu ifade p’niin derecelerine gore diizenlenirse;

= Chy/ux + 7%{% Chy/uxa, +Shypx(p, - H) + % Shy/uxIn \/—pij +

1 H AH AH 1
+;[(Bl +AHa, —;] q(t) dtJCh\/ux— Za‘ Shy/ MX—TCh\fuxln\/uxJ-i-({;F/;J
0 .

olur. Bu son ifadede x =7 alinirsa;
¢'(m,—) - Ho(m,—p) =

- Chyin+ ﬁ[% Chyfpinct, +Shyjin(B, — H) + AShJﬁnln ,/En] N
+/—11[(ﬂ1 +AHa, —%I];‘q(t)dtjw;ﬂ— Ao S un ‘—a’\[/:” ln\[/:”} +O( ”3/2)

RN Jin

i

e +e e -2 k3 e -2 4

Chyfpm = - (1+ g )=—+o(e “)
Ju 2 2 U7° 2

o i o i

o _
Shyfm = & = (1) ==

el |— A el gl N

O(mp) -Holnp) ==+ = 5 (B )+ 5
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e[ Aln 1 (Aa, Alnn) AHIn
=z[l ,/[J_( +(B-H)+ jzf

1 H AHo, AHlnz ] o( 1 )
+u(B1+AHa2 ) IQ(t)dt— > > ) + mE bulunur.

Sonug olarak; (p(n,—p.) - H(p'(n,——p,) = A(ID(—u) esitliginden;

n

AH 4 A
- = —6¢, ln(3/2) +2¢, +%(l +1 (3/2)) - ;°n

Al
_2%—'*'(52 —H)'*‘ 21175 = GoTe

2 A’
4c, - ;‘+16_o

A _A
2 2

8, +6+2¢ ln2(3/2)+cl——202 In(3/2) + =21 4 +27 (1+1n(3/2))——1n2 4c,1n2

34
+4c, +2y,1n%2 — 4y, In2 +E(l+ln(3/2))+co n =

AHo, AHlnz
2 2

H?F
= B, + AHa, —El‘q(t)d -
olur. Buradan,

AHa, AHInz
2 2

HE% ) p
Sy =y + AHa, -~ q(t)dt - -6~ 20,10°(3/2) -, T+
0

it

+2¢, In(3/2) - —2%(1 +1n(3/2)) +2L:‘t1n2 +4c, In2—4c, —

~2y,1n*2+4y,1n2 —34%(1 +1n(3/2)) —c,’w?
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n)—-gl0) A Sh2) H - AH{M, +M, —Chl
S, =-—q( )4q( )+Z;+A.H(M3+M4 —T)—qu(t)dt_ ( L > 2 )_
0

AHlnm A 1] 1 sh2) |
- _Q(M1 +M, —Chi) —;[qu(t)dt —A(Ms +M, —TJ—HJ+

2
A 1 Sh2 Alnn
{—2—(M1+M2-Chl)+(51q(t)dt—A(M3+M4—TJ—HJ+ > }_

_Ahﬂ

Aln2
s

—-2¢,1n*(3/2) - c,¢, +2¢,1n(3/2) - % -~ 2—;'2—(1 + ln(3/2)) + +

34
+4c¢,1n2-4c, —2y,10*2 +4y,In2 - E(l + 1n(3/2))

Bu bulunan S, degeri L operatdriintin izidir.
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3. BOLUM

3.1. Coulomb  singiilerligine sahip Sturm-Liouville
operatbriiniin  Vektér degerli fonksiyon durumunda iz'inin
hesaplanmasi:

L2(0,x) = {u = (ul,uz,...,ur): u; e’(0,n), 1<j< r} tammlayalim.
u=(ul,u2,...,ur) ve v=(v1,v2,...,v,)

(u,v) = ]Luvdx = jf(ulv1 +u,v,+.. .+u,v,)dx Hilbert uzaymnda bir ig
4] 0

garpimdir.
u € I*(0, ) igin;
d? Ay
Lou=-—-&—xl:-+Qou+Tju ve Lu=Lju+ Q(x)u (1)
Burada Q, r x r tipinde kogegen matrisdir.  Yani;

A,
Q, = diag(al,az,...,ar) a, <a, <.<a Qx)= T’+qij(x)}> 1<i,j<r reel ve

simetriktir. Oyleki q;(x) € C*[0,n] cL*(0,x)’dir. A, q;(x) kosegen matris
olsun. ( Kogegen olmasa bile kdgegenlestirilebilir.)

u(0)=0

v (m) - Hu(n) = 0 (2)
sinur kogullanidir.
L, ve L ’nin 6z degerleri bulunacak olursa;

[ 12
_d_’:_,.(Qou.;.ﬁ)u:yu 0<x<7, q(x) eC*[0,x]
dx x
Ly={ u(0)=0 1<i,j<r igin,

d*u, taut A,

- +a,u = uu
dx? 1t X pu,
d2u2 A,.u,

T +a,u, + X =M, b
dzuf @wrr

g2 TAN T =, |
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1<k <r i¢in;
( _d’u, u
o L +au, +£"‘;—i = u,
J u,(0)=0 problemi almirsa,.

u} (=) - Hu,(7) =0
Homoje;l kismun ¢6ziimij igin;
2
%+(ﬂ—ak)uk:0 ise K2+(”—ak):0 ise K=Fyp-a,

O halde u, = c,Cos\pu—a, x+ CZSin,/u— a,x olur.

Homojen olmayan kismin ¢éziimii igin;

u, = ¢(x)Cos\p—a,x+ c,(x)Siny/u—a,x olsun
¢} (x)Cosy/p.— a, x + ¢} (x)Siny/p—a,x = 0
. A
~Ju-a, ¢} (x)Siny/u—a, x+/u-a, c;(x)Cos\/p-a,x = Tkkuk

JRRE A A (Ot oyl = - Bt A

u, (t)dt

¢, (x) = u\t)dat, =
1 o YH—a T ) 0 n-—a, t

bulunur,

]‘Sin\/u— a, (x—t) A,
= u, (t)dt olur.
0 VH—a t

O halde genel ¢6ziim;

Sinyu-—a, (x—t) A
u (x, p.)—-c Cosy/L—a, x+c¢,Siny/p— akx+]°' ﬂ t u(t, pdt
seklindedir.

(pk(x, p.); ile (pk(O, u) =0, (p;(O, u) =1 kosulunu saglayan ¢6ziimii olsun
Dolaystyla;

Sin\pu—a, (x—t) A
o.(x,1) =c, Cosy/u—a, x+c,Sinyp— akx+I \/E—%: t o, (t, pwdt

olur.
9.(0,4)=0 ise ¢, =0

¢;‘(O,/j)=l ise .‘“t—-akc2 =1 ise c :._..._1_.

H—aq,

Dolayisiyla;
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Si Si - -t
R (T L R SLE A P —
VH—a, VYH—a, t

Ardigik yaklagmalar yap111rsa Oy (x, u) ’nin asimptotik ifadesi

Sm,/u a,x TSinyu-a, (x—t) A, 1 )
S ,/ —a tdt +Q——7

Ly R —

almir. Simdi (pk(n, u)—H(pk(n, u) =0 denkleminden;

ln(n+1/2) 2¢,

+
(n+1/2) (n+1/2)
ln’(n+1/2)+ ln(n+l/2)+ 1. O(ln n)

@2y ey (a2 o\

u, =a,+(n+ 1/2)2 +A—’”“ln(n +1/2)+2¢, +2¢,
r

Ozdegerlerinin asimptotik ifadesi bulunur. Burada,

Sin2 N,
a,=Cosl+N,-N, , a2=—l—n—— N,
~ 4 2
B, A A o A
C,=C, +C, =?2+—2ik—lnn, G, = —#, 5 = —-—;‘L(cla,n—H)
Al A Inm+2A,B, , (AgInm+2B,Y
Y= 42: Y. = o ,73=°o:_—n—
A A
B, =77"t£+AkkHocl, B, =Tk"al—H
A.
seklindedir. Simdi de Lu = L u+ Q(x)u, Q(x)=|:T”+qij(x)l 1<i,j<r igin;
[ du 4; 1 : )
2 —+Qu+ —+qg(x) u= 0<x <7, q;(x) eC*[0, 7]
L=< u(0)=0 1<i,j<r

u'(w)— Hu(ﬂ') =0

L

problemi igin;
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~

dx2
d’u
_sz+ a,u, +( 2 +q22(x))u2 =2, |
d’u, .
50 +au, +|—%F+q,(x) ju, =Au,
1<k <r igin;
[ d%u
- dxzk +au, +( +q,d,(x))u,, = Au,
3 u(0)=0

u,:(n) - Hu,,(rr) =0

-

problemi alinirsa; Homojen kismin ¢éziimii igin;

2
dd: (?» ak)uk—0:> K2+(k—ak)=0:>K=¢,/K——aki

O halde u, = c,CosyA—a,x+c,SinyA—a,x olur.

Homojen olmayan kismin ¢6ziimii igin;

u, = ¢, (x)Cos\[A~a, x +c,(x)SinyA—a,x olsun

c, (x)Coﬁx+ c'z(x)Sinﬂx =0
A
—JA—a,¢}(x)SinyA—a, x+/A—a, c;(x)CosyA—a, x = —x&uI<

c,(x) = ]-Slj}f: i (Atkk +qkk(t))uk (dt

-} s

bulunur. Buradan,;

_Ism“f}xa_:fj ! ( +q( t))u (t)dt olur.

O halde genel ¢6ziim;
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uk(x, ?») = ¢,CosyA —a,x +¢,Sin{A —a, x +
% Sin,/k—ak(x—t)(Akk )
+ ‘!’ Ny . Qe (t) Jue (£,2)dt
olur. \uk(x, u); ile \uk(O, u) =0, w;(O, p.) =1 kosulunu saglayan ¢oziimii olsun.
Dolayisiyla;

\yk(x, u) = c,CosyA —a, x + cZSin\/x —-a,x+
N Ll (x-1) (A“" + qkk(t)J (b A)dt

0 VA -a, t

olur.

y/k(O,p) =0 ise ¢, =0

vi(0,4)=1ise Ji-a,c,=1ise ¢, = ==

A-a,
Dolayisiyla;
Smx a,.x Sm?» akx t Akk )
+q,(t A)dt bulunur,
\Vk(x K = ha, ] ‘/p.__a: Ut Qe (1) \Vk(t) )
Ardigik yaklagmalar yapihirsa v, (x,)) *nin asimptotik ifadesi
A-
wilxh)= Sm,)b/ —a,X J‘Sln,/ ak X— t)( : +qkk(t))Sin [h—a tdt +
ak 0

o

seklinde almir. Simdi v, (7,A) - Hy, (m,A) = 0 denkleminden;
ln(n+l/2)+ 28,

Y (n+1/2) (n+1/2)
L In’(r+12) _ In(n+12) _ 1 (m n)
+ + + +0
AT A T AT R

Ay, =a, +(n+1/2)’ +A—ln(n+l/2)+2c0 22,

Ozdegerlerinin asimptotik ifadesi bulunur. Burada,

Sin2 N
=Cosl+N, -N, 'o"iz=—l4 +N3--‘——24
o B o AR .
c0=c1+02=%+ﬁlnn, C,=— "4"”1 G = k;(clalﬂ H)



60

- A 24 Inm+24,5, . _32_(A,,,‘1n7z+2732]2

= 2”2 H 2= 7[2 3 37 % T
~ qkk(n) _ka(o) Akk -~ H

+_
B,= Tkk& - —]. qu(t)dt  seklindedir.

O halde vektor degerli fonksiyon durumunda iz (Trace);

limlz:(e"""t - e'“"t) =Z(7»nk - unk) == 9u () ; 9u(0) + 1::: +A HM—%]. Qu(t)dt

t-0t

CALHN A Hlnn AN 1[1 A, lnm
5 B —1 quk(t)dt A M- H] o

AN (1 A, lnm
{ 5 +k21qkk(t)dt—AkkM—H]+ 3 I

t(L-Ly)= X (A, 1, )= Q(m) - wQ(0) |

=4 Ha )= 4 4

-S-

+(trA)HM—%] e (Dt

_(rA)HN (rA)Hinm (rA)N
2 2 27

_%qukk(t)dt-(uA)M_H] iz—

)in
Ay

) (quk(tdt A M- H] 21 T

alimir. Burada M, N, S bilinen sabitlerdir.

A N
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