BOLU ABANT IZZET BAYSAL UNIVERSITY

THE GRADUATE SCHOOL OF NATURAL AND APPLIED
SCIENCES

.{‘ﬂ’ 9,

19492

v

? <
‘Og g3

YIAINQ

S5

MATHEMATICAL INEQUALITIES

MASTER OF SCIENCE

SEHER iBIi$

BOLU, AUGUST 2018



BOLU ABANT IZZET BAYSAL UNIVERSITY

THE GRADUATE SCHOOL OF NATURAL AND APPLIED
SCIENCES

DEPARTMENT OF MATHEMATICS

MATHEMATICAL INEQUALITIES

MASTER OF SCIENCE

SEHER IBIi$

BOLU, AUGUST 2018



APPROVAL OF THE THESIS

MATHEMATICAL INEQUALITIES submitted by Seher IBIS in partial
fulfillment of the requirements for the degree of Master of Science in
Department of Mathematics, The Graduate School of Natural and Applied
Sciences of BOLU ABANT IZZET BAYSAL UNIVERSITY in 03/08/2018

by
Examining Committee Members Signature
Supervisor
Assist. Prof. Sibel KILICARSLAN CANSU /g
Bolu Abant Izzet Baysal University ' /lc Qs /{Q /

Member
Assoc.Prof. Cihangir OZEMIR
I[stanbul Technical University

Member

Assist. Prof. Ali OZTURK : 7 /

Bolu Abant Izzet Baysal University . e
............ @//

Graduation Date

Assoc.Prof. Omer OZYURT

Director of Graduate School of Natural and Applied Sciences



To my family



DECLARATION

| hereby declare that all information in this document has been obtained and
presented in accordance with academic rules and ethical conduct. | also declare that,
as required by these rules and conduct, I have fully cited and referenced all material

and results that are not original to this work.

Seher IBIS




ABSTRACT

MATHEMATICAL INEQUALITIES
MSC THESIS
SEHER IBIS,
BOLU ABANT IZZET BAYSAL UNIVERSITY GRADUATE SCHOOL OF
NATURAL AND APPLIED SCIENCES
DEPARTMENT OF MATHEMATICS
(SUPERVISOR: ASSIST. PROF. DR. SIBEL KILICARSLAN CANSU)

BOLU, AUGUST 2018
In this thesis, inequalities which are one of the most important topics in

mathematics has been studied. We give the original solutions to the problems
about inequalities in national and international mathematical Olympics.

KEYWORDS: Inequalities, Cauchy — Schwarz, Jensen, Arithmetic-Geometric-
Harmonic- Root Mean Square , Schur.



OZET

MATEMATIKSEL ESITSIZLIKLER
YUKSEK LISANS TEZI
SEHER iBi$
BOLU ABANT iZZET BAYSAL UNIVERSITESI
FEN BiLIMLERI ENSTIiTUSU
MATEMATIK ANABILIM DALI
(TEZ DANISMANI: DR.OGR.UYESI SIBEL KILICARSLAN CANSU))

BOLU, AGUSTOS - 2018

Bu ¢aligmada matematikteki en 6nemli konulardan biri olan esitsizlikler konusu
calisilmigtir. Ulusal ve uluslararast matematik olimpiyatlarinda esitsizliklerle ile
ilgili ¢ikmis sorulara 6zgiin ¢éziimler yapilmistir.

ANAHTAR KELIMELER Esitsizlikler, Cauchy- Schwarz, Jensen, Aritmetik-
Geometrik- Harmonik —Karesel Ortalamalar, Schur.
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1. INTRODUCTION

The national mathematics Olympiads which is made by TUBITAK in Turkey
held in three stages for selecting students to participate in international mathematics
Olympiad. The national mathematics Olympiad has four main subjects: Analysis,
Number Theory, Finite Mathematics, Geometry. In this thesis, we deal with
inequalities which are one of the most significant subject of Analysis. Inequalities
which are frequently used in Olympic problems and which are useful in the solutions
of the questions have been studied in four chapters.

In chapter two, basic definitions and properties of inequalities are given.
Cauchy-Schwarz inequality and Jensen inequality are studied in chapter three and
chapter four respectively. In chapter five, Arithmetic, Geometric, Harmonic Mean
and Root Mean Square which are the most used inequalities in olympiads are
investigated and the relationship between these means are discussed. At the end of
each chapter, national and international mathematics Olympiad questions which are
related with the subject of the chapter are solved.

We think that this thesis will be useful for the students who are preparing for
the mathematics olympiads, teachers who teach these students and those who are

interested in mathematics olympiads.



2. ELEMENTARY INEQUALITIES

The following inequalities are well-known and generally used to show

simple inequalities.

The square of a number cannot be negative ; u? > 0.

If u>vand v>wthenforanyu,v,w eR, u=>w.

If u>vthen u+w=>v+wforanyu,v,w € R.

If uvand m=>nthen u+m=>=v+nforanyu,v,mn €R.
If u>=vand m>nthen u-m =>v-nforanyu,v,m,n € R*.

Question 1.(UMO 2004) If 4x2 + 9y? = 8 for real numbers x,y; what is the

maximum value of
8x2 + 9xy + 18y? + 2x + 3y ?
Solution. We can rewrite the given expression as
A =8x%+9xy + 18y2 + 2x + 3y = 2(4x? + 9y2) + 9xy + 2x + 3y.

We are looking for the greatest value of A = 16 + 9xy + 2x + 3y. According to
the equality

(2x +3y)? = 4x?2 + 12xy + 9y2 =8+ 12xy, (*)

we can find the maximum value of 2x + 3y, if xy has its maximum value. So, it is

enough to find the maximum value of xy. Since

(2x —3y)? = 4x2 — 12xy + 9y2 =8 — 12xy = 0,



we get xy < (2/3), which means that maximum value of xy is 2/3. Thus, when

we put this value in the equality (*) , we have
(2x 4+ 3y)2=8+12-(2/3) = 16.

So, the maximum value of 2x + 3y is 4. Therefore, the maximum value of A is
16 +9-(2/3) +4 = 26.

uestion 2. or real numbers p,q,7; if p?+q?+1r? =1, find the
Question 2.(UMO 2002) F | numb if p2+q2+7r2=1, find th

minimum value of
pq + qr + pr.
Solution by author. Since square of a number cannot be negative,
(p+q+1r)2=0.
After expanding the square,
p2+q®>+1r?2+2pq+2qr+2pr=0
p?+q%+1r?>-2(pq + qr + pr).

Since p? + g% + 12 =1,

1
—ESpq+qr+pr

Therefore, the minimum value of pq + qr + pr is —% .

Question 3.(UMO 2008) For u, v real numbers; if uv = 1 and following inequality

is satisfied, what is the maximum value of A ?
(u+v)2-2).(u+v)?+4) =>4 (u—-v)2
Solution by author. When we simplify the inequality, we get

W +v2+2uw+4H)W? +v2+2uv—-2) = A- (u? + v? - 2uv).



Since uv = 1, we have
W?+v2+6)W?+v3)—A-W?+v:i-2)=0.

Ifuv =1, then u# 0and v # 0. So, we get that u? + v? > 0. If u? +v? =t,
then

t+6)'t—A-(t—2)=0
t?+(6—A)¢t+24>0.
For u, v real numbers, if the inequality is satisfied, then A< 0.
So,
A= (6—-—A)>—4-24A<0
A2 —204+36<0
(A-2)(A-18)<0
2<A< 18

Therefore, maximum value of A is 18.

2.1  Triangle Inequality

If p,q € R, then triangle inequality is stated as
lp +4ql < Ipl + Iql.
Proof. It is clear that for p, g € R,
p < lplandq < lql.

If the inequalities are added, then

p+q=<Ipl+lql
4



When we take absolute value of two sides, we get

lp +ql < |lpl + Iql| = Ip| + Iql.

2.2 The Inequality 2(x™*™ + y™*™) > (x™ + y™) (x™ + y™)

Let x,y = 0 such that n,m € Z*, the inequality
2(xn+m + yn+m) 2 (xn + yn)(xm + ym)
is satisfied.

Proof. If the inequality does not change when we interchange the variables, then the
inequality is symmetric according to the variables. So we can assume x =y = 0. In

this case,
x">y*andx™ > y" forn,m e Z".
Thus, (x™ —y™)(x™ — y™) = 0. From this inequality, we have that
XM p MM > My Ty T,

If we add x™*™ + y™*™ to the both sides, then

2(x™M 4+ Y™y > (x" + y") (™ +y™)
Question 1. For positive numbers p,q and r, prove that

32+ +r®) =@+ >+ )P + ¢ +13).

Solution. We know the inequality

2™+ @) = (" + M) (™ + q™).
So, we can write the following three inequalities

208 +q®) = @+ ®) @3 + ¢



2% +7%) = @° + 1) +7°)
2% +q°%) = (r° + ¢°)(r* + ¢°)
If we write the addition of above inequalities, then
4AP°+q°+7%) 2 5+ )P + ¢ + @° + ) (P + 1)
+(5+ ¢>) (3 + g3).
When we simplify the right-hand side, we get
3(p8 + q8 + TS) > p8 + q8 +T'8 +p3q5 + p5q3 + p37'5 + p5T3 + q37'5 + q5T3

>®°+q°+7r)®° +¢° + 7).

2.3 The Inequality (uy + u; + -+ u,) (ui +—+ 1 u—) > n?
1 2

If uq,u,, ..., u, are positive numbers, then

Proof. If we do the multiplication (u; +u, + -+ uy,) (ui+i+--~+i), we
1

Uy Un
obtain that
u u u u u U,—
n+(—1+—2)+(—1+—3)+~-+< . 1).
U U Uz U Up-1  Up
n R . . . .
Here, there are (2) times — 4+ Z£ pairs. Since — + 2k > 2,
Uk Uui Uk ui

we have that (ul+u2+---+un)(ui+ui+--~+ui) 2n+2(721)=n2
1 2 n



24 ¥y Notation (Circular Sum)

We can express the inequality in a shorter way by using .., symbol instead

of writing similar terms in inequalities. This notation is not a requirement but this is a

notation that makes our process easier. For example; the inequality

1 1 1 3
+ + > =
x3(z+y) y3(x+z) z3(y+x) 2
is written like
Z 1 3
==,
x3(y+2z) 2
cyc

by using above notation. The expression cyc indicates that the sum is circular.

Question 1.(ROMANIA 2008) Let a, b, c € R* such that ba + cb + ac = 3. Prove
that

1 1 1 1
+ + <—.
1+a?(b+c) 1+b?(a+c) 1+c*(b+a) abc

Solution. From the A.M — G. M inequality (see Chapter 5),

ab + bc + ca
— 3 > 3\/ (abc)?.

For ba + ¢b + ac = 3, we have that abc < 1. So,

1 1
- <
Zl+a2(b+c)_2abc+a2(b+c)
cyc

cyc

1
B Za(ba+ca+cb)

cyc

_zl
N 3a

cyc



111

3a 3b 3¢

3

_1(ba+cb+ca> 1

abc abc’

2.5  Schur Inequality

Leta,b,c = 0andn > 0, then
a"(a—b)a—c)+b"(b—a)(b—c)+c"(c—a)(c—b) = 0.

Equality is possible iff a =b = c = 0. When n = 1, the following special case

arises:
a3 + b3+ ¢3 + 3abc = ab(a + b) + ac(a + ¢) + bc(b + ).

Proof. Since the expression of Schur’s inequality is symmetric in terms of a, b and ¢
assume that a > b > c without lost of generality. We can write the left-hand side of

Schur’s inequality in the form of
(a=b)[la"(a—c)—b"(b—c)]+ c"(c —a)(c—Db).

Note that a™ > b™ and a — ¢ = b — c. Thus, the equation inside the square bracket
is non-negative. Since (a — b) is also non-negative, the multiplication on the left-
hand side of the above equation is non-negative. Moreover, c™ is non-negative and
(c — a), (c — b) are both negative. So, the multiplication on the right-hand side is

also non-negative above. Hence, the above statement is greater than or equal to zero.

Question 1. Letp,q,r > 0and p + q +r = 1, show that

p3+q3+71r3+6pqr =

ENJ .

Solution. If n = 1, then Schur inequality implies that

pP+q>+r3—p2(r+q) —q*(r+p)—r3(q+p) +3pqr=0



So,
p>+q>+7r3+3pqr = p*(r+q) + ¢*(r + p) + r*(q + p).

Now, multiply both side of the inequality by 3 and then add 6pqr + p3 + ¢ + 3 to
the both sides. Thus,

4p3 + 4q3 + 413 + 15pqr = 3p%(r + q) + 3q*(r + p) + 3r%(q + p)
+p3 +q* + 13 + 6pqr.
On the other hand, since
p+q+r)=p3+q>+r3+6pgr +3p>(r+q) +3¢*(r +p) + 3r?(q + p),
it implies that
4p3 +4q3 + 413 + 24pqr = 4p3 + 4¢3 + 4r3 + 15pqr = (p+q +1r)3 = 1.

Therefore,

1
p3+q3+r3+6pqr21.



3. CAUCHY- SCHWARZ INEQUALITY

The Cauchy-Schwarz inequality can be stated as follows:

Let (ay,ay,...,a,) and (by, by, ..., by,) be two sequences of real numbers, then

2

<Z af) (Z b?) > <Z aibi> . )

The equality is possible iff (a,,a,, ..., a,) and (bq, by, ..., b,,) are proportional, that

is, a, = Ab, for some constant A and forall k € {1,2, ...,n}.

The above inequality is the most common form of Cauchy-Schwarz inequality.
Different forms of this formula are used in Olympiad questions. The purpose here is

that the following formulas make the questions easier and more understandable;

1. Ja;by + -+ \/anbn < \/(a1 +a,+-+a,)(by+b,+--+b)

(a; +a,++a,)? a; a a
2. 2 o<

albl + b + anbn B bl bz bn
(a1+a2+---+an)2 S£+“'+£
b1+b2++bn bl le

n

2 n
< D lal ) bl
k k=1

=1

4,

n
k=1

3.1  Proofs of Cauchy-Schwarz Inequality

Proof 1. After doing necessary multiplications, the following equality is obtained,

10



of§a) ($o0)2(S )

i=1 i=1

Since left-hand side of the equation is a sum of the squares of real numbers, it

is greater than zero or equal to zero. Thus

S8 5o

i=1 i=1 i=1

Proof 2. We will prove Cauchy-Schwarz inequality by mathematical induction. For

the case n = 1, it is trivial. Note that

(a1b1 + azbz)z = alzblz + Zalblazbz + azzbzz

< a,2by? + a,2b,” + a,%by” + a,%b,” = (a2 + a,2)(b,* + b,7),
which means that (*) holds for n = 2.
Assume that the inequality (*) holds for an arbitrary integer k, that is,
k 2 k k
(2 aibi> < (2 ai2> (2 bﬂ).
i=1 i=1 i=1

Using the induction hypothesis, one has

k+1 k+1 k k

E 2 2 _ 2 2 2 2
a;”. z bi = z a; + Ap41” - Z bi + bk+1

i=1 i=1 i=1 i=1

k

k
2
= Zaiz- Zbi + lags1bral
i=1

i=1

11



k+1

k
> ) labil +1assbeel = ) laibl.
i=1 i=1

This means that (*) holds n = k + 1. Therefore (*) holds for all natural numbers n.

Question 1. Which one of the numbers 34 — /10 + /25 and V6 — Y9 + /15 is

greater?
Solution . Let we say V2 = a, 33 = b, /5 = c. Then, we get
V4 — Y10 + Y25 =a? —ac + c? and 6 — Y9+ V15 = ab — b2 + bc.

From Cauchy-Schwarz inequality,

a-c+c-b+b-a<+a®+b%+c2J/c?+a?+b%=a?+b?+ 2
Above inequality implies that ac + ba + ¢b < a? + b? + ¢? and so, the inequality
ab — b? + bc < a? — ac + ¢?
is satisfied. Therefore, the number /4 — /10 + 3/25 is greater than
V6 — 19 + V15.

Question 2. Let a, b, c € R*. Find the minimum value of

4 1\ /20
(Sa oy —) (— +100b + 12c>.
b 3c/\a

Solution. If we use the following version of Cauchy-Schwarz inequality

2
(VP1G1 + \/P2492 + \[P343)” < (p1 + D2 + P3) (g1 + 42 + q3),

then we have

2

20 4 1 4 1\ /20
S5a—+ [—=100b+ |—12c | < (5a+—+—> (—+ 100b + 12c)
a b 3c b 3c/\a

12



4 1\ /20
(10+20+2)? < <5a + -+ —) (— + 100b + 120).
b 3c/\a

Therefore, the minimum value of the above expression is 322 = 1024.
Question 3. Let p,q,7,s,teR. If p+qg+r+s+t=15and
p? + q% + 1% + s2+t? = 45, find the maximum value of |p —q+7r —s + t|.
Solution. From Cauchy-Schwarz inequality
P+q+r+s)2<(A2+124+12+15)(P* +q¢* + s +t?)
(15—-1t)2<4-(45—-t?)
225 — 30t + t* < 180 — 4t2.
So,
5t2 — 30t + 45 < 0 ,¢thatis, (t — 3)? < 0.

The inequality is satisfied when t = 3. Similarly, p = q = r = s = 3. Therefore,

maximum valueis|p —q+r—s+t| =3.
Question 4. Let a, b, ¢, d be positive numbers. Show that

1+1+4+16> 64
a b ¢ d a+b+c+d’

Solution. Cauchy-Schwarz inequality implies that

((\/a)z_l_(\/g)z_l_(\/;)z_i_(\/a)z)( 12 12 22 42 )

2 + 2 + 2 + 2
(Va)* (Vb) (Vo) (Vd)
>(1+1+2+4)?

This is the desired result.

Question 5.(IMO Shortlist 1987) Let x2 + y2 + z2 = 2 where x,y,z € R. Show
that

13



x+y+z<2+xyz.

Solution. Let we write x + y + z — xyz = x(1 — yz) + (y + z). If Cauchy-

Schwarz inequality is applied to this statement, then

x(1-y2)+(y+2)< \/xz + (y+z)2\/1 + (1 — yz)2.

If we can show that

JQyz + x? + y2 + 22)(y2z2 — 2yz + 2) < 2,

then given inequality is satisfied. So assume that

JQyz + x2 + y? + 22)(y2z2 — 2yz + 2) = 2.
Since x? + y% + z2 = 2, the above inequality turns out to be
2(yz + 1)(y?z% — 2yz + 2) = 4.
Thus,
2(v3z3 —y?22 +2) > 4,

which implies that

Hence yz > 1, which contradicts with the fact
2yz < y?+2%2<2.

Therefore,

JQyz + x2 + y? + 2z2)(y2z2 — 2yz + 2) < 2.
Question 6.(IMO 1995) If p,q,r € R* and pgr = 1, then show that

1 1 1
3 + 3 + 3
p2(q+r) @ +p) r3@+q)

3
==
2

14



Solution. Assume that

1 1
p r

So, pqr = abc = 1 and the left-hand side of inequality is

a? b? c?

A= + + .
b+c a+c a+b

If we multiply the above expression by

%((b+c)+(c+a)+(a+b))=a+b+c,

then we can apply the Cauchy-Schwarz inequality. Therefore,

(a+b+ )A—l((b+ )+ (c+a)+ (a+b)) o + b’ + ¢
a s 2 P C y b+c a+4+c a+b /)

=

N| =

(a+ b+ )2

When we use A.M — G. M inequality (see Chapter 5), we get

3

1 3
AZE(a+b+C)ZE3V(1b =2

Question 7.(UMO 2014) For integer numbers p,q,7r,s,u,v; if p+q+r+s+

u + v =9, find the minimum value of
p?+q?+71%+5s%+u+v2.
Solution. From Cauchy-Schwarz inequality,

p+qg+r+s+u+v)?
SPP+1P+12+12+ 12+ 1) (P* + q* + 12 + 57 +u? +v?)

92 <6-(P>+q*>+1r2+s2+u+v?).

15



So,

27
7Sp2+q2+r2+52+u2+v2.

.. .27
The minimum value is P’y

Question 8.(TURKIYE 2005) For a,b,c,d € R; prove that

var +ct+Jat + d* + bt + ¢t + bt + d* = 2v2(ad + bo).

Solution by author. When we use the following form of Cauchy-Schwarz inequality

ax + by < a2 + b2/x% + y?
we get
a2 +c? <V2-\Jat +c*
a? +d? <v2-\Ja* +d*
b? +c2 <V2-b*+c*
b? +d* < V2 -/b*+d*.

If we add these inequalities,

2(a® + b2+cz+d2)S\/E(\/a4+c4+\/a4+d4+\/b4+c4+\/b4+d4).

This means that

V2(a® + b2+ c?+d?) <at+ct+at +dt + bt +ct+ bt +dt (%)
Also, A.M — G. M inequality (see Chapter 5) implies
2ad < a? + d?

2bc < b? + ¢?

16



If we add the above inequalities and multiply by v2, then
2V2(ad + bc) <V2(a? + b2 + c2 + d?). (+%)
From (*) and (**), we have

2V2(ad + bc) <V2(a? + b2+ c? + d?)

<Vat+ct++/at +d* + bt + ct + /bt + d*

Therefore,

2vV2(ad + bc) < Ja* + ¢t ++a* +d* +b* + c* +/b* + d*.

Question 9.(AMO 2000) For p,q,r >0 and p+q+r =1, find the minimum

value of

Solution by author. We can write (1 + 3 + 5) in the form of

(\/—15\/5 + %\/ﬁ + %\/?) . If Cauchy-Schwarz inequality is applied to (1 + 3 + 5),

then

1

(1+3+5)2=<\/5‘/5+%\/5+%\/F)2
] [(7%)2 ' (%)2 * (%f] [+ '+ (')

1 9 25
(9)2S<5+5+7)'(}9+q+7‘).

Sincep+q+r=1,



Thus the minimum value of %+ 2 + 275 is 81.

Question 10.(UMO 2011) For integers u, v, w; if u? + v? + w? = 2011, what is

the maximum value of
u+v+w.
Solution by author. By Cauchy-Schwarz inequality,
u+v+w)i<A+1+1D)W?+v?+w?
Since u? + v? + w? = 2011, we have
u+v+w)?<3-2011
ut+v+w<77,67

So, the maximum value is 77.

18



4. JENSEN’S INEQUALITY

Definition 4.1. Let f(u) be a real valued function defined on the interval I =

[a, b]. f is said to be convex if for every u;,u, € [a,bland 0 >v >1,
fou + (1 = v)uy) < vf(uy) + (1 —v)f(uy).
A function is said to be strictly convex if the equality is strict for u; # u, .

Definition 4.2. A real valued function f(u) is said to be concave (strictly

concave) if —f(u) is convex (strictly convex) .

Definition 4.3. If f"'(u) exits on [a, b] and f"'(u) = 0 on [a, b], then f(u) is

convex on [a, b].

If f"(u) exits on [a,b] and f"(u) < 0 on [a, b], then f(u) is concave on

[a, b].

Theorem 4.4.(Jensen’s Inequality) Let f(u) be a function defined on an

interval I and uq,uy, ..., u, €1 , 4,0y, ..., v, = 0wWith vy + v+ +v, =k.

If f(u) is a convex function, then

f <v1u1 +vu; + o0 Un”n) < U1f(Uy) + v f (u) + -+ + v f (uy)
k - k |

If f(u) is a concave function, then

ViU + ValUp + o+ YUy S v1f () +vaf (uz) + -+ + vpf (uy)
f : )= : -

Proof . We prove Jensen’s inequality by mathematical induction. It will be enough to
prove only the simplified version. For the case n = 1 we must have u; = 1. Clearly

f(Quy) = 1f(u,). For the case n = 2, we have to show that for any u,,u, €1,
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f 1wy + vup) < vy f(uy) + vaf (uy).

Since v; + v, must be equal to 1, we can put v, =1 —v;, so above inequality

becomes

fiug + (T —v)uy) < vy f(ug) + (1 —vy)f (uy)
which is true by the definition of convex function.

Now, assume that Jensen’s inequality holds for some ¢, for every uq,u,,...,u; €1

and for every vy, v,,...,v; € R* such that v; + v, + -+ + v, = 1. So we have that

fiug +vuy + -+ vu) < v f (W) + v f (Up) + o+ v f (ue).

Let ut+1 S I and Iet Ul, 172, ...,Ut, Ut_l_l € R+ With Ul + 172 + b + Ut + Ut-l'l = 1 .
Then

t
fiug + vuy + -+ Vel + Ve qUpyg) = f (Z UmUp + vt+1ut+1)
m=1
t

1
=f| (A —ve1) 1—v.. E UmUm + Vey1lsr
t+1

m=1

1 t
< (A —vedf (1——%“ Z vmum> + Veyrf (Ues1)

m=1

t
V.
< (1= ves)f (Z #um> + Ve f (te41)
m=1 t+1

Observe that, since v; + v, + -+ v + v, = 1 we have

vi+v,+-+v,=1—v,, andso

Uy (&) Ut
+ ot ——=1.
1-v1 1=vp 1=va

Thus by the induction hypothesis,
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fiuy + vouy + o+ vy + VepqUpy)

<f|A-veg1) Z 1— f(um) + Ve f (Ues1)

S v f (W) +vaf () + -+ v f(Ue) + Vepr f (Ueyr)

Question 1. If u,v,w € Rt with u + v + w = 6, find the minimum value of
1\° 1\’ 1\’
<u+—) +<v+—> +(W+—> .
u v w
5
Solution. Choose the function f(a) = (a + 2) .For a > 0, since

4 13 12

f'"(a) == <a+1> +20<a+a> (1_E> >0,

the function is convex. From Jensen’s inequality

ut+v+wy fW+fw+fw)
(=)=

So,

1,° €f<ﬂw+ﬂw+ﬂm
) < .

f@) = (2 + E) 3
Therefore, the minimum value of ( + l)5 + ( + l)5 + ( + i)5 is 3 (5)5
, u+- v+ w+— >) -
Question 2. If p,q,r € R* with p + ¢ + r = 3 - 27, show that
(+p) +(1+7q) +(1+¥r) <38

Solution. Choose the function f(u) = (1 + (/ﬂ)7. If we take second derivative of

f(u), we get
" 6 7 57
f (u):—ﬁ(1+\/u) vu.
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For u > 0, since f"'(u) < 0, the function is concave. So, from Jensen’s inequality

p+tq+r\y_f@+f@+f{)
)2

Since p+qg+r=3-2"and f(27) = 37, then

R @+3p) + @+ ) +(1+37)
> - .

Therefore,
A+7p) ++Yq) +(1+¥r) <3®
Question 3. If p,r,s € R* with p + r + s = 1, show that
2
1 1 1 100
(p+ﬂ +G+—>+(s+» = —.
p r 3
Solution by author. Let we choose the function
@ = (u+g)
fw = (u =)

For u > 0 f(u) is convex, since

Fr = 2(1-5) +ox(ut2) >0

So, Jensen’s inequality implies

pATHS\ _fB)+ ) +£(S)
()

Sincep+r+s=1,

2

p)=(1el) 210 SO/

9 3
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Therefore,

Question 4. Let p, q,r be positive numbers. Prove that

2
V@2 +1D(@2+ D@2 +1) < (%) +1.

Solution by author. Choose the function
fw) =In(1+u?).

If we take the second derivative of f(u), then we get

Foru > 0, since f""(u) < 0, the function is concave. Then Jensen’s inequality gives
that

ptq+r\_ f()+f(q@+f{)
i )= .

3 3
Since
P =1 ()
and
f@) =@ +p*, fl@=mA+q¢*), f@)=In+7),
we have

p+q+1m\? In(1+p?) +In(1+ g% +In(1 +71?)
EVCETE 3 |

This implies that
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In (1 + (%) > > In[(1 + p2)(1 + ¢ +12)] /3.

So, the above expression implies that

+q+r
Lo (BT

: ) > A+ )1+ DA+ 7).
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5. ARITHMETIC-GEOMETRIC- HARMONIC MEAN-
ROOT-MEAN SQUARE INEQUALITY

The Arithmetic Mean (A.M) —-Geometric Mean (G.M)- Harmonic Mean

(H.M) and Root-Mean Square (R.M.S) inequality is one of the primal inequalities in

Algebra, and they are used in Mathematics Olympiads to solve many problems.

Definition 5.1. Let a4, a,,

numbers is

A, =

Definition 5.2. Let a4, a,,

numbers is

Gn

Definition 5.3. Let a,,a,,

numbers is

Definition 5.4. Let ay,a,, ...,

numbers is

., @, € R*. The arithmetic mean of these n

a1+a2+"’+an
n .

..,a, € RT. The geometric mean of these n

= Ya,a, ...a,.

..,a, € Rt . The harmonic mean of these n

a, € RT. The root-mean square of these n

n

a;2 + ay% + az? + -+ a,?
RMSnz\]l 2 3 n”

The AM —G.M —H.M — R.M.S inequalities states that

RMS, = A, = G, > H,,,

and equality occurs iff a; = a, = -

= a,.
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51 Proofsof AM—G.M — H.M — R.M.S Inequalities

Proof 1. We will prove 4,, = G,, by mathematical induction. If n = 2, then

(Wa; —+az)? = 0 implies that

o + -+ ayy _ (a1+ e ak)/k + (ak+1+ et a2k)/k
2k B 2

k k
g V10 . Ay + [ pp1Qprz - Ay

A
2k 2

2k —
Ay = Yaqay ...y = Gy

That is, A,, = G, for n = 2,4,8,16, ... Now, for n > 2, we will show if 4, > G,

then 4,,_1 = G, . If

a1+a2+"‘+an

n
- > Yaa, ...a,,

\Y

. In this case, we have

. Fag+
we can substitute “=2"79n=1 for q

n-—1 >

a1+a2+"'+an_1
a1+a2+"'+an_1+ n a1+a2+"‘+an_1
a,ay .0, .

n n—1

When we simplify above inequality, we get

(a1+a2 + b + aTl—l

a1+a2 + b + an_1>
n—1

>n > (a,a, _..an—1)( n—1

and

a1+a2+"'+an_1 _
>"aa, ..a,_q .

n—1

26



To prove G, = H,, itis sufficient to take 1/a; instead of a; . Indeed, the inequality

1/a1+1/a2+---+1/an>n 1
n T olaay .cay

implies G,, = H,, when we do the necessary multiplications.

We can prove RMS,, > A,, by using Jensen’s inequality. For u € R*, let consider the
function f(u) = u?. Since f"'(u) = 2 = 0, the function is convex. So, Jensen’s

inequality says that

f<u1 +u, + "‘+un) < flug) + fuz) + -+ f(up
n o n .

<u1 +u, + -+ un)z y U ? +uy? +u,?

n n

If we take the square root of both sides, then

U +u; ++uy, y \/ulz + uy? + uy?

n n

Proof 2. We can prove A, = G, by using Jensen’s inequality. For u € R*, let we
take the function f(u) = Inu. Since f'(u) = 1/u and f""(u) = —1/u? <0, for

u € R*, f(u) is a concave function and

f<u1 +u, + "'+un> >f(u1) + f(ug) + -+ f(up
n o n

is satisfied. So,

l (u1+u2+---+un)>lnu1+lnu2+---+lnun
n >
n n

=In (u,u, ...un)l/n

implies that
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ul + uz + b + u
%> uu, . up,

n

5.2  Generalized Arithmetic-Geometric Mean Inequality
Let a4,a,,...,a, =0 and uq,u,, ...,u, >0 such that u;+u, + ug + -+
u, = k. Then

u; ag +uza, + -+ u, a,
k

k
2 \/alulazuz anun

is satisfied. The above inequality is called Generalized Arithmetic-Geometric Mean

inequality.

Proof. The proof is easily made by using Jensen’s inequality. Thus, for a € (0, ),
let we consider concave function f(a) =Ina, that is, f"'(a) < 0. So, according to

Jensen’s inequality, we get

Un

Ina, + -+
na, .

Ina,

u1 a1 + uZaz + + un an u1 uz
1“( )Z—Ina +—
k ko k

>1In alul/k +In azuz/k +-+1n anun/k
= ln(alul/kazuz/k . anun/k).

From above inequality, we have that

u1 al + uzaz + cee + un an
k

k
> o May¥e aytn.

Question 1. For a, b, c,d € R, if abcd = 4, then find the minimum value of

1 1 2 3

a 2b+3c 4d°

1

Solution. For the numbers &, —, 2 2 A M-G.M inequality implies
a’2b " 3c” 4d
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1 1 2 3
;+5+§+QZ4\/1 1 2 3
Since abcd = 4,

1+1+2+3>441_2
a 2b 3c 4d~ " J16 7

Question 2. Let p,r,s > 0and p +r + s = 60. Find the minimum value of

9 25
—+
r

4
—+=+—.
1% S

Solution 1. We will use H.M < A. M. We can write p + r + s in the form of

tr4s=P4P T T T S S 350
R R T T T

; . 4 9 25 -
such that sum of the inverse of p,r,s is o'y and = Thus, harmonic mean of above

10 numbers is

H M 10 10
' E+E+E+E+E+E+E+E+E+E i+2+§.
p p r r r s s s s s p r s

The arithmetic mean of these numbers is

PP Ty rysysysys,ys
2+2+3+3+3+5+5+5+5+5:p+1‘+S:6

AM= 10 10

Since HM < A.M,

10 <6
4,2,
p T s

.. 4 9 25 . 5
Thus, minimum value of ;+ - +? IS p

Solution 2 by author. We can write (2 + 3 + 5) in the form
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2 5
s

3
Jp+—=Vr+
Jp P Vs
If we apply the Cauchy-Schwarz inequality, then

2

7
<|(F) ) @ | w67 (o]

3 5 1\’
S o)

2:
(2+3+5) ( =

(10)? S(%+;+?5)-(p+r+s).

Sincep +r+s =60,

5

o 4 9 25 .
Therefore, minimum value of > + - + 3 IS 3

Question 3. For p,q,r > 0, if %+ % +% = 5, then show that minimum value of the

following expression is 6.

\/5p—1\/5q—1+\/5q—1\/5r—1+\/5r—1\/5p—1 *

Solution. If we write ~+2+==75in the form of —+ — + — = 1, then the
14 q r 5p 5q 5r

question can be expressed like;

For u,v,w > 0 and l+1+1= 1, show that
u v w

A=Vu-1Wvr—-1+VWw—-1Ww—-1+Vvw—-1Vu—-1>6.

If we apply A.M — G. M inequality to the left side, then

A=23Yu-1Dw-1DWw-1).
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So, we must prove that
u-1Dw-1w-1) =8.
If we divide both side by uvw and consider

1 11 1 1 1 1 1
l-==>+—, 1-==—+—,
u v w v u w w u v

then the inequality that we need to prove is

1 1Iy/1 1Iy/1 1 8
B DG
v w/\u w/\u v uvw

This inequality is obtained by multiplying the following inequalities;

1 1 1 1 1 1 11 1
—+—2>2—, —+—=2|—, —+=2=2|—.
v w v u w u u v uv

Question 4.(UIMO 2002) Let a € R. If n € R*,then find the minimum value of

1

na+ﬁ.

Solution. Since na+a—1n= a+a+---+a+ain; ifweusethe A M >G.M

n

inequality, then

a+a+-+a+—= an 1
a >

n+1 - e an

That is, na + ain >n + 1. So, if we take n = 1, then the minimum value of na + a—ln

is 2.
Question 5.(USSR M.O 1988) For x, v,z € RT, prove the inequality

x* +y*+z4
xXyz

> /8.
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Solution. For x* and y*, A.M > G.M implies that
x* + y* = 2x2%y2.

Also, for the numbers 2x2y? and z?2, if we use A.M > G.M, then

2x%y? + 72
24
That is, 2x?y? + z? > 2v/2xyz. Hence from the inequality
x* +y* + z* > 2x2y% + 2% > 2/2xyz,
we get

x* +y*+z4
xyz

> 24/2.

Question 6.(BELARUS 1999) If x2 + y? + z2? = 3, then show that

1 N 1 N 1
1+xy 1+4+yz 1+2zx

Solution. Since A.M > G. M,

x2+y2> 362+ZZ> Zz+y2>
5 =Xy, 5 Xz, > > zy,
and we have
1 4 1 4 1 - 1 N 1 N 1
1+xy 1+yz 1+Zx_1+x2;ry2 1+x2-2|-22 1+22:y2-

Since x? + y? + z? =3,

1 N 1 N 1 - 2 N 2 N 2
14xy 14yz 1+4+zx ~—5-—2z2 5—x%2 5—y2°

Now, if we use A. M — H. M inequality for the right-hand side, then
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1 1 1 9

+ + >
1+xy 1+yz 1+zx 5—222+5—2x2+5—2y2

~ 18
T 15 — (x2 + y2 + z2)

18 3
12 27
Question 7.(AMO 2015) For a, b, c,d € R*, what is the maximum value of

_ abc + bcd
A+ b3+c3+dd

Solution. We can write a® + b3 + ¢3 + d?3 in the form of

3+N+c3+ N+Cinﬁ
CTTTR 2 "2 '

If we use A.M — G.M inequality, then we get the following inequalities

b® 3 3|(abc)® 3abc b® 3 3|(bcd)® 3bcd
aAd+=+-=3- = — , = +=+d*=3- = —
2 "2 VTV 2 "2 4

When we add this inequalities, we have that

3
al+b3+c3+d3> q(abc + bcd).

Therefore,

Va
S<—.
-3

For t > 0, equality occurs when a =d =t, b = ¢ = /2t . For example, if we

choose a=d =1, b =c = 3/2, then we have

234 V4

" 1+1+2+2 3
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Question 8.(AMO 2007) For positive numbers uy, u,, ..., u,, if

Then prove that

(2000 + ,)(2000 + uy) ... (2000 + u,) > 20077 .

Solution. For k = 1,2,3, ...,7, if we write ui instead of wu,, then we can express the
k

question like;

Foru; + u, + -+ u, = 1, prove that

1 1 1
(2000 + —) (2000 + —) (2000 + —) > 20077 .
Uy Uz Uy

Let write

1 1
2000 + —=—

(2000u, + 1)
U Uy

Sinceu; +uy, +--+u; =1,

1
=—<u1+u1+-'-+u1+u1 +u2+"‘+u7>.
U 2000

If we apply A.M — G. M inequality, then

i > i 2007 - 2°°7 [y, 2001
" U tu+etutugFuy+ct+uy = 7 Uq UyUz ... Uy .
1 2000 1

That is,

1 1
2000 +— = —- 2007 - ***{/u; 20 uyu; ... u, .
U U

If we do this operations for u,u; ... u; and multiply, then we have
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1 1 1
(2000 + —) (2000 + —) (2000 + —)

Uy Uy Uy
1 7 , 2007 2007,, 2007 2007
>————— 20077 - *°°/u,20074;,2007 4,
UUy ... Uy
= 2007".

Question 9.(AMO 2006) For x > 0, find the minimum value of x” + 7-a788 in

terms of a.

Solution by author. We can write

. a88 . a88 a88 a88
X7+ 7 —=xT—t— ot —.
X X X X
7

Whenwe use A.M > G.M , we get

88 88 88
a a a
TRy
8 88 88 88
7 > 7 a a a
> |x7
8 X X x
8 a8&7
=8- [x7 -
X

=83 (a7'11)8

Therefore,

488
x’+7-—=8-a""
x

Question 10.(UMO 2013) If x, y, z € R*, what is the minimum value of

(x? +y3 + 2%
xyz '

Solution by author. Let we rewrite x? + y3 + z° in the form
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If we apply A.M > G.M, then we get

2 2 2 3 3
L TP A N AL 6[x6 -6 - 26
3 3 3 2 2 >

6 - 33.22

xXyz

B2

x?+y3+z°>6-

x2+y3+z6>2\/§
xyz — 32

2 3 6
Therefore, the minimum value of 2222 j %
Question 11.(AMO 1998) For u,v,w = 0; if u+ v + w < 3, then prove that

2 N 2 y 2 <
1+u 14+v 14+w™

Solution by author. When we apply A.M > H. M, we get

2 2 2
1+u 1+v 1+w > 3
— 1+u 1+v 1+w
3 —t— 4 —
2 2 2
2 2 2 9

+ + >
1+u 14+v 14w  utviwts
2

2 2 2 18
+ + > .
14u 14+v 14w u4+v+w+3

Since u+ v+ w < 3, we have

2 N 2 N 2 - 18
1+u 1+v 14+w 3+3°

Therefore,

36



2 N 2 N 2 >3
14u 14+v 14w

Question 12.(AMO 2010) If u,v,w € RT with u + v + w = 3, then show that

1 1
+ +
1+3Yur 1+3Yvw 14 Yuw

Uy

3
==,
2

Solution by author. From A.M > G. M, we have that

1+u+v 1+v+w 1+u+w
— >V, — >V, — > Vuw.
3 3 3
So,
LS S S S S
1+3uv 1+W 1+W—1+1+Z+v 1+1+1;+W 1_}_1+1;+w
1 1 1
= 4+u+v + 44+v+w + 44+u+w
3 3 3
3 3 3

= + + :
44+u+v 44+v+w 44+utw
Sinceu+v+w=3,

1 1 1 3 3 3
—t———t———2 + +
1+Vur 1+3Vow 1+Vuw 7-w 7—-u 7-v

Now, if we apply A.M > H.M for the right-hand side, then we have

1 1 1 9
3 + 3 + 3 = 7-w  7-u 7V
1+3Vur 1+3Vvw 1+ Vuw —t+t5t+5

~ 27
C2l—-(u+v+w)

Sinccu+v+w=3,
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1 1 27 3

1
+ + =2 =5
1+%urv 1+3¥vw 14+ 3Yuw 18 2

Question 13.(AMO 2015) If a > 1 and x? + ax + 10b > 0, find the minimum

value of

c_b+1
T a-—-1"

2
Solution. Given inequalities satisfy that A= a? — 4 - 10b < 0, it means that b > %.

Therefore,

2
b+11_o+11 1 a?+440
= > A
a—1 " a-1 40 a-—-1

1 (@-1?+2(a—1)+441
40 a—1

-2 (a—1)+ 5 + 2
—20 \\¢ (a—1)
If weuse A.M > G.M for the right-hand side, then we have

b+11 1 11
S = >—+(2V441+2) = —.
a—1 40 ( * ) 10

.. . 11
So, the minimum value of S is e

Question 14.(AMO 2008) Fora >0, b > 0and c € [0,7], what is the minimum

value of

1 1
(a+b).<ca+b+cb+a>'

Solution. If we apply A.M — G. M inequality, then we get

1 1 1
+ > 2 .
ca+b cb+a \/(ca+b)(cb+a)
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Again A.M > G.M implies that

ac+b+bc+a_(a+b)(c+1)

\/(ac+b)(bc+a) < > >

After multiplying these inequalities, we find that

1 1 +b +1
( N )(a )(c )22
ca+b cb+a 2

So, if we choose ¢ = 7, then the minimum value of above expression is

4 1

c+1) 2

Question 15.(AMO 2005) For p,q,r € R* ; if p + g + r = 1, then show that
18pqr + 7(p? + q* + r?) = 3.
Solution by author. By using Cauchy-Schwarz inequality, we get

1=p+q+r<V3-{p2+q?+r2

That is,

1
p2+q2+r22§.

Now, we need to find a lower bound for xyz. From G.M > H. M, we have

Vpar =

3
111 (*)
q

1
14 r

Since (p+q+r)(%+%+%) > 32, we get %+%+%29. If we put

in (*), we have
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3 1
3
> —=—,
VPAT =49 =3
This implies that
- 1
par =57
Therefore,
187%J(2+2+ﬂ)>m~l+7£—2—3
pq p q = 27 37373

Question 16.(IMO Shortlist 2008) Let a, b, c,d € R*, if abcd = 1 and
a+b+c+d>2+2+5+2 then prove that
b c a a

d a

b ¢
b d<—+—+-— )
atbtctd<—+o+—+-

Solution. If we apply A.M — G. M inequality to the numbers %,%, and —, then we

als
Qe

obtain

Similarly,

b<1<b+b+c+b) <1(c+c+d+c> <
_4ccda'c_4ddab'_

If we add these inequalities, then

3/a b ¢ d 1/b ¢ d a
a+b+c+d<—¢+ +—+—»h{—+—+—+ﬁ.
4\a b ¢ d

=4\b ¢ ' d a
Therefore, if

a

a+b+c+d>b

f2pend
c d a’
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then

d a

b ¢
b d<—+—-+-— :
atbtctd<—+o+—+-
Question 17.(ANO 2015) Let a, b, c € R* such that abc = 1/8 . Show that

15
a?+ b? + c? + a?b? + a?c? + b3c? ZE.
Solution by author. If we apply A.M — G. M inequality to a? + b% + ¢? and

a’b? + a%c? + b?c?, we have

3
a? + b? + ¢? > 3y a?b%c? = 7

a®b? + ac? + b2c? > 33 a*b*ct = —
When we add these ineaqualities, we get

3 3 15
2 2 2 27,2 2.2 2,252 _
a+b+c+ab+ac+bc_4+16 6

Question 18.(IRMO 2016) Let x,y, z be non-negative real numbers. If xyz =1,

then prove that
(3 +2y)(y3 + 22)(z3 + 2x) = 27.

Solution by author. When we use A.M — G. M inequality, we have

x3 +y+y>3x3y2 = 3x3y2.

In the same manner,

y3+z+2z>3y322 = Byi/;.

234+ x+x >3Y23x2 =3z3/x2.
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If we multiply above inequalities, we get
(3 +2y)(y3 +22) (23 + 2x) = 27xyzW.
Since xyz =1,
(3 +2y)(y3 + 22) (23 + 2x) = 27.
Question 19.(TURKIYE 2007) For a,b,c € R*, ifa + b + ¢ = 1, then prove that

1 1 1 1
> .
ab+2c2+26+bc+2a2+2a+ac+2b2+2b_ab+bc+ac

Solution. To prove the inequality, we have to show that

ab+bc+ac+ab+bc+ac+ab+bc+ac>1
ab+2c2+2c bc+2a%2+2a ac+2b%2+2b

So, we need to show

ab+bc+ac> ab
ab + 2c?2+2c  ab+ bc+ ac

This inequality is equal to
a’b? + b%c? + c?a? + 2abc(a + b + ¢) = a?b? + 2abc? + 2abc.
Since a + b + ¢ = 1, we can write the above inequality in form
b%c? + c?a? > 2abc?.

From A.M — G. M inequality, the following inequality is true

b?c? + c?a?
—— >./b%c2c?%a?.

2
Similarly, we can show that

ab+bc+ac> bc
bc+2a%?+2a  ab + bc + ac
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and

ab+bc+ac> ac
ac + 2b%2+2b ~ ab + bc + ac’

Therefore, if we add these inequalities, then we have the desired inequality.
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6. CONCLUSSIONS AND RECOMMENDATIONS

Inequalities are one of most frequently used subject in mathematics
olympiads. Arithmetic, Geometric, Harmonic mean and their relations, Cauchy-
Schwarz and Jensen inequalities are the most common topics. Olympiad problems
can have specific solutions but some problems can be solved using more than one
method. In this thesis, we concern national and international olympiad problems

about inequalities. We tried to figure out original solutions to these problems.

It is normal that some questions can be quite diffucult for someone who has
begun to solve olympiad problems newly. The solutions of the questions are
depending on a little bit of knowledge, a little experience and a little bit of key point.
The aim of this thesis is to be useful to those who are working in this field by writing
solutions to the unsolved olympiad problems. Other analysis subjects that are

encountered in the olympiads can be also worked for future studies.
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