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ABSTRACT

SOLVING INVERSE KINEMATICS PROBLEM BY GROBNER BASES
MSC THESIS
OZLEM ALTUNBEZEL
BOLU ABANT iZZET BAYSAL UNIVERSITY GRADUATE SCHOOL OF
NATURAL AND APPLIED SCIENCES
DEPARTMENT OF MATHEMATICS
(SUPERVISOR: ASSOC. PROF. DR. EROL YILMAZ )

BOLU, MAY 2019

The inverse kinematics problem is one of the most important problems in
robotics because the solutions provide control over the position and orientation of
the robot hand. It is shown that Grobner Basis Theory is an alternative method for
solving the inverse kinematics problem. The aim of the thesis is to compare two
different methods for specialization issue of parameters in the solution set of the
problem. While the first method finds specializations by extra colon ideal
computations, the second method computes a comprehensive Grobner system of
the problem. The advantages and disadvantages of both methods are explained
with examples.

KEYWORDS: Grobner Basis, Inverse Kinematics Problem, Comprehensive
Grobner System.



OZET

TERS KINEMATIK ROBOTIK PROBLEMININ GROBNER
TABANLARIYLA COZULMESI
YUKSEK LiSANS TEZi
OZLEM ALTUNBEZEL
BOLU ABANT iZZET BAYSAL UNIVERSITESI
FEN BILIMLERI ENSTITUSU
MATEMATIK ANABILiM DALI
(TEZ DANISMANI: DOC. DR. EROL YILMAZ)

BOLU, MAYIS - 2019

Ters kinematik problemi robotikteki en onemli problemlerden biridir
clinkii ¢oziimler robot elinin pozisyonu ve yonii lizerinde kontrol saglar. Grobner
Taban Teorisinin ters kinematik problemini ¢ézmek igin alternatif bir yontem
oldugu gosterilmistir. Tezin amaci, problemin ¢éziim setinde parametrelere deger
verilmesi sorunu igin iki farkli ydntemi karsilastirmaktir. ilk yontem, ekstra kolon
ideal hesaplamalari ile parametrelere verilmesi gereken degerleri bulurken, ikinci
yontem problemin kapsamli bir Grobner sistemini hesaplar. Her iki yontemin
avantajlar1 ve dezavantajlar1 6rneklerle agiklanmaktadir.

ANAHTAR KELIMELER: Grobner Tabanlari, Ters Kinematik Problemi,
Kapsamli Grobner Sistemi
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1. INTRODUCTION

Grobner basis theory was introduced in (Buchberger, 1965). The theory
allows calculations in multivariate polynomial systems. Grobner basis can also be
considered as a generalization of Gaussian elimination of the linear systems to the
polynomial systems. Hence they can be used anywhere where some polynomial
system of equations appear. The basic theory can be found in Cox et al (2007) along

with a lot of applications.

One of the area that Grobner bases can be used is the robotics. Because the
kinematics of robots with prismatic and revolute joints can be described by
multivariate polynomial equations. There are two basic kinematics for robots. While
forward kinematics decides the position and orientation of the robot arm for given
lengths of prismatic joints and angles of revolute joints, the inverse kinematics
determines possible lengths and angles from a predetermined goal position of the
robot arm. Solving the inverse kinematic problem can be a difficult task. The set of
possible configurations can be described as the set of solutions of a multivariable
polynomial system. This is where the Grobner basis theory comes into play. An

excellent exposition of the subject can be found in (Cox et al, 2007, Chapter 6).

Kendricks (2007) compare two methods for solving the inverse kinematic
robotics problem. The classical method, uses the Denavit Hartenberg Matrix, and
Grobner basis method. As a result, he found that Grobner Basis Theory is more
advantageous, and furthermore, more beneficial to the field of mathematics and
robotics engineering. Recently, Grobner basis theory has been used frequently in the
analysis of the movements of various robots, for example see (Abtamowicz, 2010;
Naderi et al, 2016; Kumar et al, 2017; Husty et al 2019).

In this thesis, we consider a shortcoming of Grébner basis theory for solving
the inverse kinematic robotics problem. The trouble is the original Grobner basis for
the problem may not be a Grobner basis under certain configurations of the robot.
There are two solutions to this problem. The first way is to find all possible

specializations of system of polynomial equation of the given robot that cause the



problem. Another way is to find a comprenhensive Grobner system of problem. The
comprehensive Grobner system is a set of specializations and Grobner basis under
this specializations. The detailed information about comprehensive Grébner system
can be found in (Kapur et al, 2013).

We begin by introducing the basics of Grobner basis theory in Chapter 2. The
inverse kinematic robotics problem is explained in details with an example in
Chapter 3. The main goal of the Chapter 4 is to determine which specializations does
not preserve the Grobner basis. A method for finding such specializations is
described. The outlines of this method is given in by Cox et al (2007) without any
proof. We fully explain the method with proofs of necessary theorems. Chapter 5 is
devoted to comprehensive Grobner bases. We try to explain how comprehensive
Grobner basis can be used for solving specialization problem. A brief conclusion

follows comparing two methods given in Chapter 4 and Chapter 5.



2. GROBNER BASIS THEORY

In this chapter, the basic concepts of Grobner basis theory which are needed

for solving the inverse kinematic problems are given.

2.1 Monomial Ordering

Let k be a field. The division algorithm in k[x] is a well-known process. In
order to generalize this division algorithm into multivariable polynomial ring

k[x1, x5, ..., X, ], We have to define an ordering on monomials.

Definition 2.1.1.

A monomial ordering is a total order relation > on the set of monomials
x71x5% o xp™ in K[xq, ..., x,] such that
1) > is compatible with multiplication.
2) > is a well-ordering. That means every non-empty set of monomials

has smallest element under >.

Definition 2.1.2 (Lexicographic Order)

Letny = x71x5% .. x%" and ny = x5 x5% . xE" be two monomials. We say

that nq; >;., n, if the first non-zero a; — B; is positivei = 1,2, ..., n.

Definition 2.1.3 (Graded (Degree) Reverse Lexicographic Order)

Let n, = x™x%% . x2" and n, = xP'xP2 .. xPn be two monomials. We say
that ny >grevlex n;

1) If a1+a2+“'+an> ﬁ1+ﬁ2++ﬁ1’l or



2) If ay+a,++a,=p,+pB,+-+ B, then the last non-zero

a; — fB; is negative for i = 1,2, ...,n.

Definition 2.1.4 (Graded (Degree) Lexicographic Order)

Let ny = x™x%2 .. x% and n, = x7*xP2 .. xP be two monomials. We say
that 1y >griex 72
1) If ag+ag+-+ap> B+ o+ +pyor
2) Waj+ay+-+a,=p1+F+ -+ ppand ng > ny.

Definition 2.1.5.

Let f = Yo a, x* be a non-zero polynomial and let > be a monomial order

e The multidegree of £ is
Multidegree () = max{a|a, # 0}

e The leading coefficient of f is
LC(f) = amuitidegree(r)

e The leading monomial of f is
LM(f) = x™multidegree(f)

e The leading term of f is

LT(f) = LC(f).LM(f)

Example 2.1.6.

Let f(x,y,z) = 2x%y® — 3x°yz* + xyz3 — xy* with respect to lex order,
we would have,
f(x,y,z) = =3x>yz* + 2x2y® — xy* + xyz3,
o LM(f) = x°yz*,
o LC(f) =-3,
o LT(f) = —3x5yz*,



o multidegree(f) = (5,1,4),

and with respect to grlex order, we would have,
f(x,y,z) = =3x°yz* + 2x%y® — xy* + xyz5,
o LM(f) = x>yz*,
e LC(f) =-3,
o LT(f) = —3x°yz*,
o multidegree(f) = (5,1,4)

And finally, with respect to grevlex order, we would have,

f(x,y,2z) = 2x?y8 — 3x°yz* — xy* + xyz3,

o LM(f) = xy®,

e LC(f) =2,

o LT(f) = 2x2y8,

o multidegree(f) = (2,8,0).

2.2 Division Algorithm

Fix a monomial order > on k[x4,..,x,] and let F = (f, f5, ..., fs) be an
ordered s-tuple of polynomials. Then every f € k[x4,...,x,] Can be written as
f=a.fi +ayfo + -+ asfs + r where a;,r € k[xq,...,x,] and either r = 0 or no
term of r is divisible by LT (f;), LT (f3), ..., LT (f;).

Furthermore multidegree(f) = multidegree(a;f;). The polynomials a;,
r € k[x4, ..., x,] can be found by using the following algorithm.

Input f1, f, ..., fo f

Output a4, a,, ..., as, 1

a, =0,a,=0,..,a,:=0

p=f

While

p# 0 Do
i:1



divisionoccured := false

While i < s and divisionoccured := false
If LT(f;) divides LT (p) then

0 = a, +T®)
LT(f)
-8 1
)
divisionoccured := true
Else
i=i+1.
If divisionoccured := false then
r:=1r+LT(p)
p=p—LT(p).

Example 2.2.1.

Let f=xy’+xy+y3+1, fi=y*—1 and f, =xy+1. By using
lexicographic order we will apply division algorithm. Hence LT(f) = xy?,

LT(fy) = y? and LT(f,) = xy. Since % = x we redefine f as
1

f=f—-xfi=xy+x+y>+1.

Now LT (f) = xy is not divisible by LT(f;), but divisible by LT(f,) so we
continue with =22 = 1, we redefine fas f == f —1.f, = x + y3.
LT(f2)

Now LT (f) = x is divisible neither LT (f;) nor LT (f;). Therefore, we move
x to the remainder and continue by f := f — x = y3.

Then LT(f) is divisible by LT(f,) so we continue with % and

f=f-y =y
Since y is not divisible by LT (f;) and LT (f,), the remainder is x + y. Hence

6



f=C+y).fitfatx+y.
Even if we use same monomial order the remainder depends on order of

division. In other words remainder is not unique. In our example if we divide f first

by £, remainder is 0.
We have to find a special generating set for the ideal < g4, g, ..., gs > S0 that

the remainder with respect to this set is unique. This generating set is called Grobner

Basis which is defined in the next section.

2.3 Grobner Basis

Definition 2.3.1.

Let I < k[xq, ..., x,] beanideal. Fix a monomial ordering in {g1, g2, .-, n}

is called Grobner basis for I if

<LM(g,),..,LM(gs) >=<LM(f):f €I >.

Now, we give two important properties of Grobner basis.

Proposition 2.3.2. (Adams W W and Loustaunau P (1994))

If {91,92, -, 9n} is a Grobner basis for an ideal 1 € k[x4, ..., x,], then

[ =< g4, ..., 9n >.

Theorem 2.3.3. (Adams W W and Loustaunau P (1994))

Let G = {g1, 92, -, gn} be a Grobner basis for an ideal I € k[xy, ..., x,]. If
f € k[x4, ..., x,,], then the remainder of f upon division by G is unique.



The next step is to give a criterion for a Grobner basis. First, we have to
define a special polynomial which is called as S — polynomial.
Definition 2.3.4 (S-polynomial).

Let f,g € k[xq,...,X,].
o If multidegree(f) = a and multidegree(g) = f, then
¥ = (Y1, V2, - ¥n) Where y; = max{a;, B;}. We call x¥ the least
common multiple of LM (f) and LM (g) written

x¥ = LCM(LM(f),LM(g)).
e The S-polynomial of f and g is

XV o
rn’ " irgy?

5(f,9) =

Theorem 2.3.5 (Buchberger’s Criterion). (Adams W W and Loustaunau
P (1994),Theorem 1.6.7)

Suppose G = {g1, 92, ---,9gs} 1S agenerating set for an ideal I. Then G is a
Grobner basis of | if and only if forall 1 < i < j < s the remainder of S(g;, g;)

upon division by G is zero.

2.4 Buchberger Algorithm

Buchberger’s criterion suggests the following algorithm for finding a Grobner

basis of an ideal from a given generating set of this ideal.



Theorem 2.4.1 (Buchberger’s Algorithm).

LetG ={f,f2 .. fs} € k[x4, ..., x,] @and I be the ideal generated by G.
Compute an § — polynomial S(f;, f;) for i # j and divide it by G. If remainder is

not zero, then enlarge G by the remainder. Repeat this process until all of the

remainders of the S — polynomials zero. The result is a Grobner basis for I.

Using the ascending chain condition of ideals in k[xy, ..., x,], one can show
that this algorithm terminates after finitely many steps.
Definition 2.4.2.

A Grobner basis G of an ideal is called minimal if for each

feGLM(f)+ LM(g) forall g € G\{f}.

A minimal Grobner basis G is called reduced if for each f € G, no term of f
is divisible by LM (g) for all g € G\{f}.

A minimal Grobner basis can be obtained from a Grébner basis by simply
keeping only one of the polynomials with same leading monomial and dropping

other from the bases.

A reduced Grobner basis can be obtained from a minimal Grébner basis by
dividing each polynomial in the basis by other polynomials of the basis and replacing

original polynomial by the remainder.

Example 2.4.3.

We find a Grobner basis for < x2y + z,xz + y > Q[x, y, z] with respect to
deglex withx >y > z.



Letfy =x?y+zand f, =xz+y € Q[x,y,z].

Compute S — polynomials.

Sfuf)=zfi—xyfo =—xy*+2° = f;
S(fv.f3) =yfi +xfs = —xz*> + yz = —zf, + 0.

Remainder is zero so S(f;, f3) do not produce a new element.

S(fofs) =yfatzfz=y+2°=f,
S(fufo) = y*fi —x*fy = —x*2> + y?z = (—x2* + y2)f, + 0.

Remainder is zero so S(f;, f,) do not produce a new element.

S(fafa) =y°fo —xzfy = —xz" + y* = —2°f, + yfo + 0.

Remainder is zero so S(f3, f,) do not produce a new element.

S(fa fa) = —yfs —xfs = —x2° — yz* = —=2%f, + 0.

Remainder is zero so S(f3, f,) do not produce a new element.

Hence, G ={fi,fo.fs fa}={x?y+z,xz+y,—xy? +2z%,y3 +23} s

Grobner basis.

2.5  Applications of Grobner Basis

Definition 2.5.1.

Let k be a field , and let f4, ..., fs be polynomials in k[x4, ..., x,]. Then we

set

10



V(f1, ... fs) ={(aq,..,a,) € k™ : fi(ayq,..,a,) =0 foralll <i<s}
We call V(f4, ..., fs) as the affine variety defined by f4, ..., fs.
In other words the variety of a set of polynomials is in fact the solution set of

the corresponding system of polynomial equations. A Grobner basis for an ideal of a

system of polynomial equations lex order simplifies system considerably.

Example 2.5.2.

Let solve the system of polynomial equations;

x> +y+z=1
x+y*+z=1
x+y+z2=1

Consider the ideal;

[=<x*+y+z—-1x+y*’+z—1,x+y+z>—1>

We compute the Grobner basis G for I with respect to the lexicographic ordering

x >y > z. We get;

G={x+y+z2—1,y>—y—22+22yz> +z* — 22,25 — 4z* + 423 — z?}

Notice that the last polynomial g, involves only variable z, so we start from g,:

26 —4z* + 423 — 22 =722(z—-1)?(z22+2z-1) =0

this equation gives z values :

Z1:0

ZZ=1

11



23 == _1 + \/E
Z4_ = _1 - \/E
By replacing each z values in equations, we get all possible solutions of the system
as below:
z=0 - y=0 - x=1
z=0 - y=1 - x=0
z=1 - y=0 - x=0

z=—-14+V2 » y=—-1+V2 - x=-1+V2

z=—-1-V2 > y=-1-vV2 » x=-1-2

Definition 2.5.3.

GivenI =< fy, ..., fs >C k[x4, ..., x,,], the I*" elimination ideal I, is the

ideal of k[x,1, ..., x,,] defined by
Il =N k[xl+1, ...,xn].
Theorem 2.5.4. (The Elimination Theorem) (Cox D, Little J, O'Shea D
(2007), Theorem 3.1.2)

Let I c k[xq, ..., x,] be an ideal and let G be a Gréobner basis of I with
respect to lex order where x; > x, > --- > x,. Then, for every 0 < I < n, the set

G, = GNKk[x;;q,...,X,] is a Grobner basis of the It elimination ideal I,.

12



Theorem 2.5.5. (Cox D, Little J, O'Shea D (2007), Theorem4. 3.11.)

Let I,] be ideals in k[xq, ..., x,]. Then
IN]=(tlI+1—-t)])Nkl[xyg, ..., xn]
The above two theorems give to the following method for computing

intersections of ideals: If I =(f;,...,f;) and | = (g4, ..., g;) are two ideals in

k[x; -+ x,,], then consider the ideal

(tfli ey tfs: (1 - t)g1: ey (1 - t)gl)

and compute the Grobner basis relative to lex order where t > x;. Then polynomials

not involving the variable t form basis for the intersection.

Definition 2.5.6.

If I,] be ideals in K[Xy, ..., X,], then I: J is the set
{f € klxq,....,x5]: fg €I forallg €]}

and is called the ideal quotient (or colon ideal ) of I by J.

Proposition 2.5.7. (Cox D, Little J, O’Shea D (2007), Proposition 4.4.10)

Let1,1,,],], and K be ideals in k[x4, ...,x,] for 1 <1 < r.Then

I: (i]l) = h(l:]l)-
=1 1=1

13



Theorem 2.5.8. (Cox D, Little J, O'Shea D (2007), Theorem 4.4.11)

Let I be an ideal and g an element of k[xy, ..., x,]. If {hy, ..., h,} is a basis

of the ideal I n (g}, then {h,/g, ..., h,/ g} is a basis of I: (g).

Hence a method for computing ideal quotient can be given as follows: Given
I =(f1,..,fs) and ] = (g4, ..., g;) are two ideals in k[x, ---x,], first for each g;
compute a generating set for I: (g;) and then compute a basis for the intersection of

these generating sets as explained above.

14



3. ROBOTICS

3.1 Geometric Description of Robots

We restrict ourselves the robots constructed by rigid segments which are
connected by joints in series. One end of our robot will be fixed and the other end
will have a hand. In general, this hand has a mechanism for grasping objects or for
performing some task. Hence, the main goal for a robotic problem is to obtain the
position and orientation of the hand.

Many actual robots are constructed using
e Planar revolute joints, and

e Prismatic joints.

A planar revolute joint permits a rotation of one segment relative to another.
We will assume that both of the segments in question lie in one plane and all motions
of the joint will leave the two segments in that plane.

Figure 3.1. Revolute Joint

15



A prismatic joint permits one segment of a robot to move by sliding or
translation along an axis. The following sketch shows a schematic view of a
prismatic joint between two segments of a robot lying in a plane. Such a joint permits

translational motion along a line in the plane.

« npartially

extended
« retracted

Figure 3.2. Prismatic Joint

Example 3.1.1.

Consider the following planar robot "arm " with three revolute joints and

one prismatic joint. All motions of the robot take place in the plane of the paper.

joint 2 « segment 5
l (the hand)
segment 2
« joint 4

l

(fully extended)

« segment 4

L segment 3 —
Joint 1 =

 segment 1 joint3 =

Figure 3.3. Planar Robot “Arm” with Three Revolute Joints and One
Prismatic Joint

16



Suppose that a robot has joint Jy, /, ..., J,. The cartesian product

d=I X x.xX],
is called joint space of the robot.

We can represent patch position of the hand by the point (a, b, ¢) in R® and

the orientation of the hand by a unit vector % in R3.

(a,b,c) =
A

Figure 3.4. Hand Configuration

Let U < R3 be the set of all possible points where the hand of the robot can
be placed and let V be the set of the all possible unit vectors of orientation of the
hand of the robot. The cartesian product C = U X V is called the configuration space
of the hand of the robot.

Hence we can define the following function
f:g—-=C.

In terms of this function there are two types of problem in robotics. First one
is forward kinematic problem. In this problem we have explicit description of in
terms of joint settings. In other words, coordinates on J are given. We try to find
coordinates in C. The second problem is inverse kinematic problem. In this problem

we know the position and the orientation of the hand and try to find positions of

17



joints. More precisely, given ¢ € C, we must find f~1(c) € J. In real world, we

generally need solutions of inverse kinematic problem.

3.2 The Inverse Kinematic Problem

We try to explain this problem with an example. Consider the following robot
in R3

Figure 3.5. Three Arms and Three Degrees Robot Manipulator

There are three segments which are always located in the same vertical plane
of R3. As usual the first segment is anchored. Hence we replace origin of the
coordinate system at the end of the first segment. For simplicity, we do not care
about the orientation of the hand. We only consider the position of the hand. The
angle 6, rotates with respect to the axis perpendicular to the ground and determines a
vertical plane where the rest of the robot is going to move. Furthermore, 6,
(respectively, 65) is the counter clockwise angle between the first two segments

(respectively, the last two segments).

Suppose that P(a, b, c) is the position of the hand. It is easy to verify that
a = —sin(6,) (L, cos(8,) + L3 cos(63)),
b = cos(6,) (L, cos(6,) + L cos(853)),
¢ = L, sin(6,) + L3 sin(65).

18



First of all, we need to find an equivalent system of polynomial equations.
Let ¢c; = cos6; and s; = sin 6; for i = 1,2,3. Hence the above system of equation
becomes:
a = —s;(Lyc; + Lc3),
) b = ci(Lycz + Lsca),

Cc = Lzsz + L3S3 .

We also need to add

ci +s¥ =1,
€1) ¢+ s =1and
cs+s2=1

to the system.

To solve this system, we compute the reduced Grobner basis of the ideal

<a+s;(Lycy + Lzc3), b—cy (Lycy + Lycsg), ¢ — Lys, + Lyss, ¢ + 52 —1,

c2+s?—1,c¢2+s2—1>cR(a,b,c, Ly L3)[sq,¢1,S C3]

using lexicographic order with respect to s; > ¢3 > s, > ¢, > 51 > 4.

The solution with Buchberger’s Algorithm is as follows:

Let us order the terms of the f;’s ;

fi = Lzc3zs; + Lycys +a
f2 = —Lzcscy — Lacyey + b
fz =—Lzss —Lps; +¢
fai=si®P+c?-1
fo=s2+c2—-1

fo=s5+ci—1

Let F = {fi, f>, f5, fa, fs, fo}. Now we can apply Buchberger’s algorithm to F.
S(f1, f2) = c1fi + s1f2 = bsy + acy.
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Both term of bs; + ac, are not divisible by . Hence we let f; = bs; + ac; and

F=Fu{f}
Clearly S(f;, f3) has zero remainder upon division by . Let us continue

S(fi, fa) = s1fi — Lacsfa = —Lzczcf — Lycs + Lycysi + asy
Applying division algorithm

a? + b?
b

a
—L3c3¢? — Lycs + Lycys? + as; = ¢1fy + Lacyfa + Efl + Lycy + Lycg — + ¢;.

Letfg - _bL3C3 - bL2C2 + (az + bZ)C1 and F=FU {fg}

Then S(fllfS)’ S(fl'f6)iS(f11f7)15(f2'f3)'s(f2'f4)15(f21fS)IS(fZJfG) and

S(f3, f7) produce zero remainders upon division by £

S(far fs) = —=bfy + ¢1fs = —b? + a?c? + b?c?
Let fy = (a® + b*)c? —b?and F = F U {f,}

S(fi, fs) = bfi + s1fs = ab + a®cys; + b%c¢ys,

Applying division algorithm,

a® + b? a
b c1f7 _Eff)

Remainder is zero so S(f;, fs) do not produce a new element.

S(f2, fo) = (@® + b*)cy fo + Lacsfo
= a’bc; + b3c; — a’c?c,L, — b?cZcyLy — b%csls

= bfg — C2Lyfo + 0

The last equality follows from the division algorithm.

S(fs, fo) = —Safs — Lafe = Lz — c5L3 — cS3 + L,S5,53
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Applying division algorithm,

a’? + b? N ( c Lzsz) L3 N <c3 Csz) 2¢,c5(a%L, + b2%Ly)
bL, Iz Ly Ly I3 L3f5 b bl fs bL,
N —a?—b?—c?—15+15 2cl,s,
Ly Ly

Let fio = 2bcLys, + 2¢ic5(a’Ly + b2L,) + b(—a? — b? — ¢? — 14 + L3) and

F =F U {f1}
S(fwf7) =bfa —s1f =—b+ bC12 —aci5;

Applying division algorithm,

) acy 1
—b + bci —acys; = —Tf7 +Ef9+0

Remainder is zero, so S(f7, fo) do not produce a new element.

S(fs, fi0) = 2cLyfsh — s3f10

= —2bcL, + 2bcciL, + a?bs, + b3s, + bc?s, — 2a%cqc,L,5,
- 2b2C1C2L252 + bL%SZ - bL%SZ

Applying division algorithm,
c2(4a%l% + 4b?13) (—a? — b?)cyc, N a’b + b3 + bc? + bL3 — bL}
2bclL, ? bc 2bcL, fro
N 2c2(a®bL, + b3L, + bc?Ly)

c

_ 2ci65(a* + 2a%b% + b* + a®c? + bPc? + a’L3 + D215 — a’L§ — b2L3)

Cc

+

o (a*b + 2a%b3 + b® + 2a%bc? + 2b3c? + bc* + 2a?bl3 + 2b3L3 — 2bc?13
2

+ bL} — 2a®bL3 — 2b3L5 — 2bc?L3 — 2bL5L% + bLY)
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Let fi; = c2(4a?bL3 + 4b313 + 4bc?13) + 4cicyL,(a* + 2ab? + b* + a%c? +
b?c? 4+ a?L% + b%13 — a?L% — b213) + a*b + 2a?b> + b® + 2a%bc? + 2b3c? +
be* + 2a?bL3 + 2b312 — 2bc?12 + bLE — 2a?blL3 — 2b312 — 2bc?L3 — 2bL312 +
bL%

One can show that the remaining S-polynomials has zero reaminders upon

division by F. Hence F = {f1, fo, f3, fa. f5: for f7» fo for f10, f11} 1S @ Grobner basis.
After applying minimalization process as explained in Sectin 2.4,
G ={fs, f7, fe: for fr0 11}
is a minimal Grdbner basis. Then applying reduction process as explained in Section
2.4, the following polynomials form a reduced Grébner basis:
b2
g1 =cf - a2 + b2’

a
g2 =51+ C1,

5 a?+b?  (a®+ b)) (13— 13) (a? + b?)?
(11D gz = C5 —C1Cy + > > > >
L,b L,b(a? + b?% + c?) 415(a? + b% + ¢?)
c2(2a® +2b%+c?) 1 L3 13

+ + =+ -—
412(a2+b2+c2) 2 4(a?+b%+c?) 212
L5215 - 13)
41%(a% + b% + c2)’

+(a2+b2) (a2+b2+c2) (L3 - L%)

=5, +—=ci0p — — ,

A AP 2.c.L, 2.c.L,
L, (a2+b2)
gS=C3+ZCZ_TL3C11

Ly(a® + b*) a’+b*—c*+ 15— L}

=s c{C, +
e 3 b.c.Ls 12

2.c.Ls

Notice that from g; = 0, ¢; can be solved as a function of a and b. Then
replacing this result into g, = 0, s; can be obtained as a function of a and b and so
on. Hence from the above reduced Grobner basis, ¢y, Sq, €3, S2, 3 and s; can easily

solved in terms of free variables a,b,c,L, and L;.

On the other hand, in practice, we give some certain values to these variables.

The replacement of variables is called specialization. Next, we will examine how a
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Grobner basis change under specialization. In other words, we take a specialization
of the variables a, b, ¢, L,, L3 and write corresponding ideal. Then we compute the
reduced Grobner basis of this ideal using same order as above. Finally, we check

whether this new Grobner basis is same as Grobner basis given in (III).

Let L, = L3 =1. The ideal becomes;

<fi= a+s;(lhea +13¢3), f, =b—ci(lpcy +13¢3), f3 = — 15, — 1353, fo =

C12+512_1,f5=C22+522_1,f6= C32+S32_1>

If we compute the Groebner Basis of the ideal, then we get :

{g1 = —b? + (a® + b?)c?, g, = acy + bsy, g3 = —a*b — 2a?b3 — b> — 2a’bc? —
2b3c? — bc* + 4bc?1? + (4a*l + 8a?b?L + 4b*l + 4a®c?l + 4b%*c?l)cyc, +
(—4a?bl? — 4b31% — 4bc?1?)c2, g4 = a?b + b3 + bc? + (—2a?l — 2b%D)cyc, —
2bcls,, gs = (a? + b?)c; — blc, — bles, go = a?b + b3 — bc? + (—2a?l —
2b%l)cicy + 2bclsy }

If we replace L, = Lz =1 in (III) then we obtain same result. (III) remains Grobner
basis under this specialization . Using the Grobner basis, the set of solutions for this
specialization is the followings:

Solution (1)
B b
O T
_ a
Tz

a*+b*+b%c?+a?(2b%+c?)—y/—(a?2+b%)c2(a*+b*+c2(—4+c2)+2b%(—2+c2)+2a%(—2+b%+c2))
2VaZ+b2(aZ+b2+c2)

Cy, =
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a?c?+b%c?+ct+/—(a2+b2)c2(a*+b*+c2(—4+c2)+2b2(-2+c2)+2a%(-2+b2+c2))
2c(a2+b2+c?)

S, =

o = a*+b*+b%c?+a?(2b%+c?)+y—(a2+b2)c2(at+b*+c2(—4+c2)+2b2(—2+c2)+2a%(-2+b2 +c2)))
3 2vVa?+b?(a?+b%+c?)

a?c?+b%c?+c*—/—(a2+b2)c2(a*+b*+c2(—4+c2)+2b2(-2+c2)+2a%(-2+b2+c2))

S3 =

2c(a2+b2+c?)
Solution (2)
b
Ci1 = ——
! va? + b?
a
Sl =

Vaz 1 b2

o = —a*-b*—b%c?—a?(2b%+c?)—y/—(aZ+b2)c2(a*+b*+c2(—4+c2)+2b2(-2+c2)+2a%(—2+b%+c2)))
2 2Va?+b2(a?+b2+c?)

a?c?+b%c?+ct—/—(aZ+b2)c2(a*+b*+c2(—4+c2)+2b%(—2+c2)+2a%(-2+b2+c2))
2c(a?+b2+c?)

S, =

—a*—b*—b%c?—a?(2b%+c?)+—(aZ+b?)c2(at+b*+c2(—4+c2)+2b2(—=2+c2)+2a2(-2+b2+c2))
2Va?+b?(a?+b%+c?)

C3:

a?c?+b?c?+c*+/—(a2+b2)c2(a* +b*+c2(—4+c2)+2b2(—2+c2)+2a%(—2+b% +c2))
2c(a?+b2%+c?)

S3:

Solution (3)
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a

. _\/a2+b2

—a*—b*-b?c?-a?(2b%+c?)—/-(a%+b2)c2(a*+b*+c2(—4+c2)+2b%(=2+c2)+2a2%(-2+b%+c?)))

Co =
2 2Va2+b2Z(a2+b%+c?)
o = a?c?+b?c?+ct+/—(a2+b2)cZ(a*+b*+c2(—4+c2)+2b2(—2+c2)+2a2(—2+b2+c2))
2~ 2c(a%+b2%+c?)
o = —a*—b*—b%c?—a?(2b%+c?)+—(a?+b?)cZ(a*+b*+c2(—4+c2)+2b2(—2+c2)+2a2(-2+b%+c2))
37 2Va2+b2(a?+b%+c?)
. a?c?+b?c?+c*—/—(a2+b2)c2(a* +b*+c2(—4+c2)+2b2(—2+c2)+2a%(—2+b% +c2))
3 2c(a?+b2+c?)
Solution (4)
b
1 = —F/—
va? + b?
a
S = ——
va? + b?
o = a*+b*+b%c?+a?(2b2+c?)+—-(a%+b2)c2(a*+b*+c2(—4+c2)+2b%(—2+c2)+2a2%(—2+b2%+c2))
2= 2Va2+b2(a?+b2+c?)
6 = a?c?+b%c?+ct—/—(aZ+b2)c2(a*+b*+c2(—4+c2)+2b%(-2+c2)+2a%(-2+b2+c?2))
2~ 2c(a2+b2+c2)
o = a*+b*+b%c?+a?(2b%+c?)—/—(a2+b2)c2(a*+b*+c2(—4+c2)+2b%(—2+c2)+2a2(—2+b2+c?)))
3 =

2VaZ+b2(aZ+b2+c2)

a?c?+b2c?+c*+/—(a2+b2)c2(a* +b*+c2(—4+c2)+2b2(—2+c%)+2a%(—2+b%+c2))
2c(a?+b2%+c?)

53:
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Let L, = L; =1 and b = 0, but there is an algebraic problem since some
denominators in (IIT) vanish at b = 0. So (I1l) can not be a Grobner basis for this
specialization. In such a situation we must substitute b = 0 and L, = L; = 1 into our
ideal and then recompute the Grobner basis. Under this specialization the new basis
is
{g1=c1, g = —1+52, g3 =a*—4c? + 2a%c? + c* + (4a® + 4c?)c2 + (4a +
4ac?)cysy, ga = —a? — c? — 2ac,8; + 2¢Sy, gs = —C, — €3 — ASy, go = —a’ +

c? — 2acys; — 2¢s3}

By using this Grobner basis, we find the possible solutions.

Solution (1)

a® + ac? +V4a?c? — a*c? + 4c* — 2a?c* —co
2(a? +c?)

a’c? +c* — a\/—cz(—4a2 +a* —4c? + 2a2c? + ¢*)

52:

2a%c + 2¢3
a®+ac? —\/—c2(a* + c2(—4 + c?) + 2a%(—2 + c?))
C =
3 2(a? + c?)
a?c? + c* + ay/—c2(—4a? + a* — 4c? + 2a%c% + ¢*)
83 =

2a%c + 2¢3
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Solution (2)

81:_1

a® + ac? —V4a?c? — a*c? + 4c* — 2a%c* — c®
Cro =
2 2(a? +c?)

a’c? + c* + a/—c2(—4a? + a* — 4c? + 2a%c? + c*)

S, =
2 2a%c + 2¢3
a® + ac? +/—c2(a* + c2(—4 + c2) + 2a2(-2 + c?))
Ca =
3 2(a? + c?)
a’c? + c¢* — a\/—c2(—4a? + a* — 4c? + 2a%c? + c*)
S, =
- 2a%c + 2¢3
Solution (3)
1= 0
S1 = 1
—a® —ac? —V4a?c? — a*c? + 4c* — 2a%ct — ¢
C, =
2 2(a? +c?)
a’c? + c* — ay/—c2(—4a? + a* — 4c? + 2a%c% + ¢*)
S, =
2 2a%c + 2¢3
a® +ac? —\/—c2(a* + c2(—4 + c?) + 2a%(—2 + ¢?))
c3 = —
3 2(a? +c?)
a?c? + c* + ay/—c2(—4a? + a* — 4c? + 2a%c? + c*)
S3 =

2a%c + 2¢3
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Solution (4)

C1=O

51:1

—a® —ac? + V4a?c? — a*c? + 4c* — 2a%c* — c®
2(a? +c?)

_afc? +c* + ay—c?(—4a? + a* — 4c? + 2a%c? + c*)

S

2a%c + 2¢3
a® + ac? +/—c2(a* + c2(—4 + c?) + 2a2(-2 + c?))
€3 = —
3 2(a? +c?)
a’c? + c* — a/—c2(—4a? + a* — 4c? + 2a%c? + c*)
S3 =

2a%c + 2¢3

As we can see from above example, for a specialization that makes some
denominators zero the original Grobner basis is no longer a Grobner basis. In the

next chapter we try to find all specializations which causes this phenomenon.
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4. GROBNER BASIS UNDER SPECIALIZATION

As the example from previous chapter shows that one can expect problems
when a specialization causes any of the denominators in Groébner basis to vanish.
However, vanishings of denominators are not the only specializations that create the
problem. In this chapter, the question that we try to answer is how to determine
which specializations apart from vanishings of denominators are the bad ones.

The outlines of ideas given in this section suggested by (Cox et al, 2007,
Chapter 6). However, they did not give any proof. We detailed their suggestions and
prove the claims.

Lemma 4.1.

Let! =< fi,fo .., fs > S k(ty, ..., tp)[%1, --., X5 ] SUCh that each f; is monic
polynomial. Furthermore, suppose that {g4, g2, ..., ¢} is the reduced Grobner basis
under a choosen order. Finally, let (tq,t,,...,ty) = (a4, ay, ...,a,,) € K™ be a
specialization of the parameters for which the denominators of neither the f;’s nor

gs's vanish at (aq, ay, ..., ).

() There exist polynomials A;; € k(ty, ..., t;n)[Xy, ..., x5] such that
fi = 2§=1Aij gj, (1 =i<s). Furthermore, none of the denominators of A;;

vanish at (a,, a,, ..., ay).

(ii)  If there are polynomials Bj; € k(t;, ..., tn)[x1,...,x,] such that
gj=2i-1Bjifi, (1<j<t) and none of the denominators of Bj; vanish at

(ai,ay, ..., an), then {g,(a4, ..., ay), g2(ayq, ..., ayn), ..., ge(aq, ..., ay)} is a Grobner

basis for (f;(ay, ..., an), fo(aq, .., an), -, fs(@yq, ..., ay)).
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Proof.

Q) Since {91, g2, ---, g} is a Grobner basis for I and f; € I, clearly there

are polynomials A;; € k(t;, ..., tp)[x1, ..., X,] such that

fi= 25:11‘1” gj, (L <i<s).

These polynomials occur during the division process of f; by
{91, .., g¢}. Since {g1, gz, ..., g¢} is the reduced Grébner basis, g;'s are monic
polynomials. Hence the set of denominators of A;;'s are equal to the set of
denominators of f's and this implies denominators of A;;’s do not vanish at
(ay,a;, ..., an).

(ii) Since none of the denominators of A4;;'s vanish at (ay,ay, ..., a;,).
fi(ay, ..., ay) = Z§-=1Aij (@1, o) A1) g (A1, oo, y); 1 <0 <5.S0

(filay, ., @), o fi(@q, oo, @) € (g1(aq, ooy Am), woor 9e(Aq, on, A))-

Similarly g;(ay, ...,am) = Xi-1 Bji (ay, ..., an)fi(ay, ...,an); 1 <j <t and
(fl(a'll ey am): ---lfs‘(all ey am)) c (gl(all ey am)l ---;gt(all ey am)) NOW we
have to show that G = {(ay,..,an), ..., 9:(aq, ..., ay)} is a Grobner basis for
I =(fi(ay, ...,an), ..., fs(aq, .., a)) € k[xq, ..., X ]

Consider S(g;,g;) in k(ty, ..., tym)[xy, ..., xp]. Since G ={g,,...,9:} is a
Grobner basis, the division of S(g; g;) by G produce a zero remainder. By
construction of S(g;,g;), none of the denominators of S(g;, g;) vanish at
(as, ..., an). Since all g;'s are monic polynomials we will not get any denominator
vanishing at (ay, ..., a,,). Hence the division of S(g;(ay, ..., an), gj(ay, ..., an)) by

G produce a zero divisor. By Buchberger’s algorithm, G is a Grobner basis. m

The following is an easy consequence of the above lemma.
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Corollary 4.2.

Let dy, ..., d,, € Kk[t4, ..., t,] be all denominators which appear among
fi, gjand Bj;, and let W =V(dy.d; - dp,) < k™. Then {gy, ..., g;}is a Grobner
basis for < f4, ..., fs > under all specializations

(ty, o ty) = (g, ., ay) EK™ —W.

The next goal is to find the variety W. The problem is that the polynomial’s
Bj;s can not be obtained by division algorithm since {f;, ..., f;} is not a Grobner

basis. Because of this, we try to find a method to obtain W without computing Bj;s.

Lemma 4.3.

Multiplying each f; and g; by appropriate polynomials in k[ty, ..., t,,], we

obtain f; , §; € k[ty, ..., tm, X1, ., Xp].

Let i = (E,ﬁ, ,f;) c k[tl, ...,tm, xl, ...,xn].

If d € k[tq, ..., t;,] is polynomial which clears all denominators for the f;, the

gj,and the B;;'s, then
d € (I: §;) N klty, ., ta].

Proof .

Clearly

Since d clears all denominators for the f;, the g;, and the Bj;'s,

dg; € {fi. for . f5).
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Henced € I: g;.
The assertation easily follows since d € k|t ..., t;,]. ®

Now we came the main result of this section.

Theorem 4.4.

w=v ﬂ(f: (G;)) Nk[ty, ..., tm] |-
i=1

Proof .

Let e = d,d, ... d,, be the product of all denominator of the f;, the g; and the

Bj;s. Clearly e € [N%_,(T: §;)] N k[ty, ..., t] by the above lemma.

On the other hand if d € [Ni_,(1:(d;)] Nnklty, .., tm], then de€

klty, ..., tm)and dg; = Yo, d Bif; € I S k[ty, ..., tym, Xy, ..., X5 ].

This implies d clear all denominators d4, d,, ..., d,,. That means for each d;
there is h; € k[tq, ..., t,y, X4, ..., X] Such that d = h;d;. Therefore d = hyh, ... h,e

andsod e < e >.

Hence < e > = [N%_,(1:(g;))] N k[ty, ..., tm] which implies

t

Vie) =W = V([ﬂ(f: (gj))] N k[t ...,tn]> .u

i=1

Using Grobner basis theory, the ideal [N{_;(I: g;)] N k[ty, ..., t,] can be
computed. Hence specializations other than which makes denominators zero are

obtained unless the ideal is whole polynomial ring. In this case, we say that
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specializations which makes some of the denominators zero are only specializations

for which the new Grobner basis is not same as original Grobner basis.
Let us apply this process to our example. Hence
I= (hy, hy, hs, hy, hs, he)
where

hy = (a® + b?)c? — b?
h, = ac; + bs;
h; = (4a*L, + 8a?b?L, + 4b*L, + 4a*c®L, + 4b*c?L, + 4a®L3 + 4b?L3

—4a%L,L% — 4b%Ly13)cic, + (—4a?bl — 4b3L5 — 4bc?L3)cs
—a*b — 2a?b® — b°> — 2a%bc? — 2b3c? — bc* — 2ab13 — 2b313
+ 2bc?l3 — bL}

hy = a?b + b3 + bc? + bL3 + ¢y c,(—2a%L, — 2b%L,) — bL% — 2bcL,s,

hs = (a? + b*)c; — bcyLy — besls
he = a?b + b3 — bc? + bL3 + ¢,c,(—2a?L, — 2b%L,) — bL4 + 2bcLss,

The computations of the colon ideals and the intersection of ideals explained
in Chapter 2. Because of this here we only give the results of the computations

without details.

Therefore I:(h;)=h; for 1<i<5 and [I:{(hg) = k[sy,cq,....15 3] . Hence
(n?=1(i: <hj))) N k[Sl, C1,S2,Cp,83,C3, lz, l3] = k[SiCi, ey lz, l3] Wthh Imp|IeS

6
W=V <ﬂ(i g]) N k[Sl, C1,S7,C5,S83,C3, lz, l3]> = @

=1

This means that for this example there is no need to consider other

specializations except for which makes denominators zero.
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Let us finish this chapter with an example to show that a specialization which
does not cause any of the denominators in Grobner basis to vanish can be still a bad
one.

Consider the ideal I = (x + t y,x + y) € k(t)[x, y]. It is easy to show that
G = {x,y} is a Grobner basis with respect to lex order. Notice that there is no

denominators in either of the bases. On the other hand,

L{x)=L(y)={(x+yt—1).

Since (I: (x) N I: {y)) N k[t] = t — 1, the specialization t = 1 cause the problem. In

fact, if we put t = 1 in the original ideal, it becomes I = (x + y) which clearly have

a different solution set.
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5. COMPREHENSIVE GROBNER SYSTEM

The concept of comprehensive Grobner basis was developed for finding
solutions of parameterized polynomial systems. For a parametric polynomial ideal, a
basis is called comprehensive Grobner basis if for every specialization of its
parameters, the specialization of the basis is a Grobner basis of the associated
specialized polynomial ideal. In many engineering problems such as inverse
kinematics problem only set of specialization of parameters and corresponding
Grobner bases are needed. The basis of the original parametric ideal is unnecessary
in most cases. This leads us to the concept of comprehensive Grobner system. The
difficulty of computing a comprehensive Grobner basis of a parametric ideal is that
all the polynomials in this comprehensive Grobner basis should be belong to the
ideal, while the polynomials in a comprehensive Grobner system does not
necessarily have to be belong to ideal. Hence we only study the comprehensive
Grobner systems in this chapter. Kapur et al (2013) gave an efficient method for
computing comprehensive Grobner bases and systems. We have just examined in

details the algorithm for computing comprehensive Grobner system from this article.

Let k be an algebraically closed field and R = k|tq, ..., t;,]. Consider the
polynomial ring R[x, xy, ..., x,,]. Here we assume that x;’s and t;'s are distinct
variables. While working on klty, ..., tm, X1, ..., X,] We use a block monomial
order K thatt; < x; for 1 <i <mand 1 < j < n. On the other hand, if we consider
the monomials on R[xy,..,x,], then we restrict the monomial order « to

{x1, e, xn )

A specialization of R is a homomorphism ¢: R — k. In this section, we only
consider the specializations induced by elements in k™. More precisely for any
a=(ay, .., ay,) € k™ we define g,: R = k by f - f(a). Notice that we can extend

0,10 05 : R[xq, ..., x] = Kk[x4, ..., x,] by applying o, coefficientwise.
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Definition 5.1

Let F be a subset of R[xy, x5, ..., x,] and Ay, A,, ..., A; be a subset of k™ such
that k™ € A; UA, U..UA;. A finite set G ={(44,G,),(4,,G,),...,(4,G)} is
called a comprehensive Grobner system for < F > if 0;(G;) is a Grobner basis for
the ideal < 0;(F) >S k[xy,..,x,] for anya € A; and 1 <i <. Each (4;,G;) is
called a branch of g.

Since we will work on R[x4, x5, ..., x,] Where R is not a field but a ring, we
have to redefine S- polynomial and a reduction step in division algorithm. The
detailed information about Grébner bases over a ring can be found in (Adams and
Loustaunau, 1994, Chapter 4).

Definition 5.2

Let p,q € R[x1,%X3, ..., Xn] -

(i) The S-polynomial of p and q is defined as
LC(q)xY LC(p)xY
LM@p) Mg
(it) If LM (p) divides LM (q), then the reduction of q with respect to p is

S(p,q) = q where x¥ = LCM(LM(p),LM(q)).

defined as

LM(q)

LC(p)g — LC(q) oL

Example 5.3
Let p = 2t1tyx; + t2x,, q = t2x,x, + t2x, € k[ty,t,][x1,x,].  Suppose

that we use a block order < with {t;,t,} < {x;,x,} and within block use

lexicographic order. Hence

LC(p) = 2tyty, LM(p) = x4, LC(q) = t2, LM(q) = x,x,. Hence
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t2x,x, 2t tyx,

(2t t; — tix,) —

(tix12x, + t5x1)
1 X1X2

Sp,q) =

S(p,q) = tix? — 2t t3x,.
Furthermore, the reduction of g with respectto p is

X1X
2t,t, (823, %, + t2x,) — t2 ; 2 (2tyt,x; + t2x,) = 2t,t3 — t¥x2.
1

Now, we try to give an algorithm for computing a comprehensive Grobner
system, but first we need some results. The following theorem and its corollaries are
modified versions of the corresponding theorem and corollaries in Kapur et al (2013)

accordance with our purposes.

Theorem 5.4. (Kapur et al (2013), Theorem 4.1)

Given a Grébner basis G for anideal < F >S R[xq, ..., x,] With respect to a

monomial order < and a specialization o: R — k, let
Gm ={g € G| o(LC(g)) # 0}.
Then a(G,,) = {0(9)| g € G,.} is a Grobner basis for < o(F) > in k[xq, ..., Xp].

The following corollaries are usefull to define the algorithm for a

comprehensive Grobner system.

Corollary 5.5. (Kapur et al (2013), Corollary 4.4)

Let G be a Gréobner basis for the ideal < F >C R[x4, ...,x,] , Gy € G, and
G, ={LC(g)| g € Gy}. Furthermore, suppose that G,, S G \ G, such that
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< LM(G,) >=<LM(G \ G,) > and LM(G,,) is minimal set of monomials. If

o: R — k is specialization such that
(i) a(g)=0forge€ G, and

(ii) o(h) # 0, where h = []4eq,, LC(g)

then o (G,,) is Grobner basis for < a(F) >.

If we select G, = G N k[ty, ..., t,], then G, = G, we get.

Corollary 5.6. (Kapur et al (2013), Corollary 4.5) Let G be a Grobner basis for the

ideal <F ><R[xq,...,x] , G, =G Nk[ty,..,t,]. Furthermore, suppose that G,, <

G/GO such that < LM(G,,) >=< LM(G \ G,) > and LM(G,,) is minimal set of

monomials. If o: R — k is specialization such that

(i) a(g) = 0for g € G, and

(ii) a(h) # 0, where h = [[4eq,, LC(9)
then a(G,,) is Gréobner basis for < a(F) >. That means G,, in fact a Grébner basis
for < F > onthe set V(G,)\ V(h).

Now, we will give an algorithm for computing a comprehensive Grobner
system. Kapur et al (2013) gave several algorithms for computing comprehensive
Grobner basis and comprehensive Grobner systems in different settings. The
following algorithm is extracted from these algorithms, to compute a comprehensive

Grobner system accordance with our purposes.

Algorithm 5.6

Input: F € k[tq, ..., tyl[X1, s X0]
Output: A comprehensive Grébner system for < F >
E=0,i=1,G, =0,
While h # 1
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G = Grobner Basis of < F >

G =GN (GNk[ty,..,.t,))UR

IF V(E)\ V(G,) # ® THEN

G =G, A =VENV(G), i=i+1
END IF

G, = Minimal Basis (G\G,)

h == LCM(LC(Gy))

G =Gy, A :=V(GIO\V(h),i=i+1

E =G, U {h}
F = Flp=o
END WHILE

Let us apply the algorithm to an example.

Example 5.7

Let F ={ax—b,by —a,cx*—y,cy? —x} € Rla,b,c][x,y]. We define
block order {a, b, c} < {x, y}; within each block graded reverse lexicographic order

is used.

Step1:

E=0,h=0,i=1,G, =0
G = {x3—vy3,cx? —y,cy? — x,ax — b, bx — acy, a’y — b?c,
by —a,a® — b®, a3c — b3, b3c —a3,ac? — a,bc? — b}
G, = {a® — b?, a3c — b3, b3c — a®ac?® — a,bc? — b}
VE)\V(G,) # 0 = G, = G,, A, = R®\V(G,),i = 2
G\G, = {x3 —y3,cx? —y,cy? — x,ax — b,bx — acy,a’y — b%c,by —a }
Gy = {bx —acy,by — a}
h = LCM{b,b} =D
G, =Gy, A, =V(G)\V(b),i =3
E = {a6 —b® adc—b3 bic—ad ac® —a bc? - b,b} = {a3,ac® — a, b}
F ={ax,—a,cx* —y,cy* — x,}
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Step 2 :

G={x3—vy3cx?—y,cy?—x,a}

G, = {a, b}

V(E)\V(G,) # 0 = Now new branch for Grobner system.
G\G, = {x3 —y3,cx? —y,cy? — x}

Gy = {cx? —y,cy? — x}

h =LCM{c,c}=c

G; =G, A3 =V(a,b)\V(c),i =4

E ={a3ac®* —abc}={ab,c}

F ={ax,—a,—y, x}

Step 3:
G={axy}
Gr = {aJ bl C}
V(E)\V(G,) # 0 = Now new branch
Gm = {x: y}

h=1
G4 = Gm, A4_ :V(a,b,c)

Since h = 1, algorithm determinates. Hence, we obtain a comprehensive
Grobner system for (F) as follows:
R3\V(a® — b®, a3c — b3,
b3c — a3, ac? — a,bc? — b);
V(a® — b8, a3c — b3, b3c — a3,

r{af’ — b®, a3c — b3, b3c —a3,ac? — a,bc? — b}

< tbx ~acy, by — a} ac? — a,bc? — B)\V (b);
{cx? —y,cy? —x} V(a, b)\V(c);
\ {x,y} V(a,b,c).

When we apply this algorithm to our inverse kinematics problem, we get
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G = {(a® + b?*)c? — b%,bs; + acy, b — bc? + acys;,—1 + ¢ + s2,a* + 2ab?
+ b* + 2a®c? + 2b?c? + ¢* + 2a®L3 + 2b%15 — 2¢?13 + L}
+ c2(4a?L3 + 4b%L% + 4c?13) — 2a%13 — 2b%1% — 2¢%14 — 21313
+ L% + ¢;c,(—8a?bL, — 4b3L, — 4bc?L, — 4bL3 + 4bL,13%)
+ cy(4a3L, + 4ac®L, + 4al — 4al,1%)s,, —a? — b? — ¢?
+ 2bcicyLy — L3 + L3 — 2ac,L,s, + 2¢Lys,,a?Ly + b?Ly — 3¢?L,
+ L3 + c2(4a®L, + 4b?L, + 4c?L,) — L,L3 + ¢ic,(—4a?b — 2b3
— 2bc? — 4bL% + 2b13) + c,(2a® + 2ac? + 4al3 — 2al3)s,
+ (2a%c + 2b?c + 2¢3 — 2cL%)s,, —2cL,s; + 2ccsL,s, — abeys,
+ 2acyLys, + (a? + ¢ + L3 — 13)sy5,,2cc, Ly — 2ccy¢2L,
+ 2bcyLys, + ¢ (—a? — b% — ¢? — L3 + 13)s,, —1 + ¢ + s%,—bc,
+c;L, + c3L3 +asy,—c + Lys, + L3Sz, —2ccyc3L, — clg
+ 2bcyc3lysy — LyLgs, — 2aczLys sy + (a? + b? + ¢? — 13)s3, ccq
—c3L,5, — bcys; + ¢cyL,53 + asyS3, —bcicz + cpc3L, + Ly + acssy
—¢S3 + Ly5,83,—ac,c3 — c3L,51 — C3L381 + €C351S, + €C25153
+ as,S3,—bcyc3 + ¢ic3Ly + c105L; — €C1C3S, — €C1C2S3
+ bs,S3,—cCyc3 + bcyc35y — L3Sy — ac3s1S, + bcycyS3 — LySs

— acCy8153 + €S,55,—1 + c2 + 52}
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The Grobner basis contains 19 polynomials which is much more than our
original Grébner basis of 6 polynomials. There is no polynomial involving only

parameters. So G, = @. Therefore

G = {(a? + b?)c? — b?, bs; + acy, (4a?L3 + 4b?L3 + 4c?13)c?
+ (—8a?bL, — 4b3L, — 4bc%L, — 4bL3 + 4bL,13)c;C;y
+ (4a3L, + 4ac®L, + 4al3 — 4al,13)c,s, + a* + 2a?b? + b*
+ 2a%c? + 2b%c? + ¢* + 2a%L3 + 2b%13 — 2¢%15 + L} — 24”13
— 2b%134 — 2¢?13 — 21315 + L%, 2cL,s, — 2ac,L,s, + 2bcycyL,
—a?—b%—c?—1%+ 1% c3L5 + cyL, + as; — bcy, Lyss + Lys,

—c)

Then we found h = bc(a? + b?)(a? + b? + c?)L5L; which is the product of
denominators of the our original Grobner basis as we expected. It seems that
comprehensive Grobner system is not useful for the problems in which only bad

specializations are the ones that some denominators in Grobner basis to vanish.
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6. CONCLUSION

We have demonstrated that Grobner Basis Theory is a good alternative
method for solving the inverse kinematics problems. We examine two methods for
specializations of parameters in Grobner basis of the inverse kinematics problems. In
the first method some extra colon ideal computations have to be done for finding
specializations. After finding these specializations a new Grobner basis computations
is needed for them. Then, we have to do some colon ideal computations for these
new Grobner basis again. The process continues in this way. On the other hand,
specializations and associated Grobner bases are automatically founded during the
computation of the comprehensive Grébner system. There is no need for extra colon
ideal computations. However, the calculations in comprehensive Grobner system are
made in a ring not in a field. It means that we have to compute Grobner bases in
more variables. This may cause problems because the Grobner basis computation is
very sensitive to the number of variables. The size of the Grébner basis may increase
dramatically when the number of variables increases. Therefore, if the number of
specializations are relatively less, the first method is recommended. If, on the other
hand, the number of specializations is excessive, the computation of a comprehensive

Grobner system should be preferred.

43



7. REFERENCES

Ablamowicz R (2010) Some Applications of Grobner Bases in Robotics and
Engineering. In: Bayro-Corrochano E., Scheuermann G. (eds) Geometric
Algebra Computing. Springer, London.

Adams W W and Loustaunau P (1994) An Introduction to Grobner Bases, Graduate
Studies in Mathematics (3), American Mathematical Society, Rhode Island,
USA.

Buchberger B (1965) An algorithm for finding the basis elements of the residue class
ring of a zero dimensional polynomial ideal, PhD Thesis, Mathematical
Institute, University of Innsbruck, Austria.

Cox D, Little J, O'Shea D (2007) Ideals, Varieties and Algorithms: An Introduction
to Computational Algebraic Geomety and Commutative Algebra, Third
Edition, Springer, New York, USA.

Husty M., Zsombor-Murray P. (2019) “On the Use of Grobner Bases in a Robotics
Course”; Editors: Garcia-Prada J, Castejon C, New Trends in Educational
Activity in the Field of Mechanism and Machine Theory. Mechanisms and
Machine Science (64), Springer, Cham.

Kapur D, Sun Y, and Wang D (2013) “An efficient method for computing
comprehensive Grobner bases”, Journal of Symbolic Computation, 52: 124—
142.

Kendricks K (2007) Solving the Inverse Kinematic Robotics Problem: A
Comparison Study of the Denavit-Hartenberg Matrix and Groebner Basis
Theory, PhD Thesis, Auburn University, Alabama, USA.

Kumar S, Nayak A, Bongardt B, Mueller A, Kirchner F (2017) “Kinematic Analysis
of Active Ankle Using Computational Algebraic Geometry”, Proceedings of
the 7" International Workshop on Computational Kinematics, Futuroscope-
Poitiers, 22-24 May 2017, France.

Naderi D, Tale-Masouleh M and Varshovi-Jaghargh P (2016) “Grobner basis and
resultant method for the forward displacement of 3-DoF planar parallel
manipulators in seven-dimensional kinematic space” Robotica, 34(11): 2610-
2628.

44



8. CURRICULUM VITAE

Name SURNAME
Place and Date of Birth
Universities

Bachelor's Degree

e-mail

: Ozlem ALTUNBEZEL
- Istanbul, 19.12.1984

. Istanbul Yildiz Technical University,

Department of Mathematical Engineering

altunbezelozlem@gmail.com

45



