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ABSTRACT

BOUNDARY OF THE GENERAL LINEAR GROUP OVER THE RATIONALS
AND P-ADIC CONTINUED FRACTIONS

PH.D. THESIS
ESRA UNAL YILMAZ,
BOLU ABANT IZZET BAYSAL UNIVERSITY GRADUATE SCHOOL OF
NATURAL AND APPLIED SCIENCES
DEPARTMENT OF MATHEMATICS

(SUPERVISOR : PROF. DR. A. MUHAMMED ULUDAG)

BOLU, JUNE 2019

The general linear group over the rationals PGLy(Q) is an arithmetically infinitely
presented group. Our aim in this thesis in order to explore the boundary of the general linear
group, the elements of this boundary are classified in a systematic manner. Also we give
a through review of p-adic continued fractions in the literature. We also get explicit series
expansions for some periodic p-adic continued fractions.

KEYWORDS: Linear group, Continued fractions, P-adic continued fractions, Modular
group, Boundary of Groups.



OZET

GENEL LINEER GRUBUN RASYONELLER UZERINDEKI SINIRI VE P-ADIK
SUREKLI KESIRLER

DOKTORA TEZi
ESRA UNAL YILMAZ,
BOLU ABANT iZZET BAYSAL UNIVERSITESI FEN BILIMLERI ENSTITUSU
MATEMATIK ANABILIM DALI

(TEZ DANISMANI : PROF. DR. A. MUHAMMED ULUDAG)

BOLU, HAZIRAN 2019

Rasyoneller iizerindeki genel lineer grup PGL2(Q) aritmetik olarak dnemli sonsuz
temsile sahip bir gruptur. Bu tezdeki amacimiz rasyoneller iizerindeki genel lineer grubun
sinirint kesfetmek amaciyla bu sinirin elemanlarini sistematik bir yolla siniflandirmaktir.
Ayn1 zamanda literatiirdeki p-adik siirekli kesirler arastirilmistir ve baz1 periyodik p-adik
stirekli kesirler i¢in acilimlar elde edilmistir.

ANAHTAR KELIMELER: Lineer Grup, Siirekli Kesirler, P-adik siirekli kesirler, Modiiler
grup, Gruplarin Smurlari.
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1. INTRODUCTION

Our aim in this thesis is to explore the “boundary” of the general linear group over

the field of rationals, i.e. the group

p

r S

POLI(Q) -~ { s ar £ 0}/

Our central theme is that this boundary classifies in a systematic manner all iterated expres-

sions of “arithmetic” nature, i.e. continued fractions of the form

my

Un +
)
nq +

ms3
Nng +
my
R +
ms
Ty sk —

as well as iterated expressions of the form
no +p™ (n1 4 p"™ (ng + p™ (ng + p™ (na +...)))),

and hybrids of these two forms. By “arithmetic” nature we mean that all numbers n;, m;
are integers. It is understood that the convergence of these iterated expressions are taken in
a proper sense; i.e. either in the p-adic or real topology. Sometimes these expressions do
not converge at all in some topology; and in many cases two different expressions converge
to the same number. Interpreting these iterated expressions as boundary elements explains

why and how two different expressions converge to the same number.

By the “boundary” of PGL3(Q) we understand the set of all words in some given presen-
tation of PGL4(Q). The presentation we consider is the conjectural presentation given in
Uludag (2016). Note that this group is not finitely presented. In order to view this boundary
as the boundary of some topological space, we need to find a space on which PGL5(Q) acts

1n Some nice manner.

Since PGL(Q) is an infinitely presented group, this space must be infinite dimensional and

it must have a very complicated structure (named “heyula” by M. Uludag). However, the

1



subgroup PSLy(Z) of PGL2(Q) and its boundary gives us some understanding on how to
construct and study this space. In this case, the space acted upon is the Farey tree (i.e. the
planar 2-3 regular tree) whose boundary consists of simple continued fractions, i.e. those

continued fractions of the form

n0+

ni +
N9 +
ng+ ———
1

ng + —
with ng € Z U {oo} and n; € Z-o U {oo} for i > 0. It is well known that this continued
fraction always converges in the real topology and every irrational number is represented
uniquely as a simple continued fraction. The boundary in this case is identified with the

extended real line.

The subgroup PGL2(Z) of PGL4(Q) studied in Uludag|(2013)) has a boundary which is also
identified with the extended real line; however, in this case the unicity of representation is

lost. Every real number admits an infinite number of representations of the form

+1

no +
+1

TL1+
+1
Nno +

+1
n3—|—
+1
Nng + ——

as a boundary element of PGLy(Z). Different representations of the same real number are
interpreted as homotopic paths of the space corresponding to pglq (which is a thickening of

the Farey tree).

The Baumslag-Solitar group
BS(p,1) = (T, H,| Hp_lTpHp =T)
is another subgroup of PGLy(Z), and the p-adic numbers

nog + p™(ng + p"2 (ng + p" (ng + p"(na +...))))

2



with n; € Z~ (¢ > 0) can be viewed as elements of its boundary. The space acted upon

have been constructed by Farb and Mosher; (1998)

Our second aim in this thesis is to study various boundary elements of PGL,(Q) with the
perspective of preparing the ground for constructing the space on which PGLy(Q) acts. Our
approach yields a unified treatment of all p-adic continued fractions appearing in the litera-
ture. We give a through review of p-adic continued fractions in the literature and we situate
them as boundary elements of PGLy(Q). In particular we will prove that the continued

fraction below converges in the p-adic topology and we express the limit as an infinite sum

X n=1
]_ _

x
1] — ——

1-:
where |z|, < 1 € Z,. In particular, this implies that

(o.e]

-1y ()

p n=1
y MY
p
1
1—:

We then extend this formula to continued fractions of the form

and express the sum as an infinite series, where z,y € Z, satisty |z|, < 1, |y|, < 1. Next
we give a conjecture some special type of continued fraction with 3-period under similar
assumptions. We prove some general convergence theorem for p-adic continued fractions

as well.



2. CONTINUED FRACTIONS

One of the mathematical concepts with the longest history is the continued fractions.
It is difficult to determine the date of origin of continued fractions. This is due to the fact
that we can find examples of these continued fractions during the last 2000 years. But
the real foundations are based on the end of 17th and 18th century. In fact, the origin of
continued fractions is the same as the Euclidean algorithm. Euclidean algorithm applied to
two integers p and ¢ naturally gives a simple continued fraction expansion for a p/q when
D, q € Z. We don’t know whether Euclid and his contemporaries actually used this algorithm
in this way. However, the emergence of the Euclidean algorithm due to its close relationship

to the continued fractions indicates the first development of continued fractions.

Studies of continued fractions have been limited to papers containing specific examples for
more than a thousand years. The Indian mathematician Aryabhata (d. 550 AD) solved a
linear indeterminate equation with the help of continued fractions Olds. He did not develop
continued fraction theory and the continued fraction which he used was limited to specific
examples. Traces of continued fractions in Greek and Arabic mathematical writings only
contain specific examples. The Italian mathematicians Rafael Bombelli (b. ¢.1530) and
Pietro Cataldi (1548-1626) contributed to the continued fractions field by giving more ex-
amples. Bombelli and Cataldi gave a continued fraction expansion respectively for square
root of 13 and 18. But these were some special examples for continued fractions Olds.
Continued fractions has become a field of study on its own with the work of John Wallis
between 1616 and 1703 |Kline| (1972). In Wallis’s book *Opera Mathematica (1695) he
made a significant contributions to the theory of continued fractions Kline (1972). He found
how to calculate n-th convergent and investigated some properties of convergents. German
mathematician Christian Huygens (1629-1695) made an application using the convergents
of continued fractions. He used to find the best rational approach to gear ratios. Continued
fraction theory which began with the works of Wallis and Huygens proceeded to a great ex-

tent with the work of Euler (1707-1783), Lambert (1728-1777) and Lagrange (1736-1813).

Euler’s work ’De Fractionlous Continious (1738) was a vestige containing most of modern
theory of continued fractions. He proved that every rational can be written as a terminating

continued fraction. Also he found the continued fraction expansion of e. Lambert general-



ized Euler’s work and proved if x is rational then e* and tan x are irrational. These results

can be seen in Beskin| (1986).

Ramanujan has made significant contributions to the theory of continued fractions. Rogers-

Ramanujan continued fraction is defined by

1/5 2 3

' q ¢ q
Rlg)=1 49 ¢ 11
@ =iy ld<h

firstly established in a paper Rogers| (1894) and |Andrews| (1981)) Rogers proved that

s (60°)s0(0h0) oo

R(q) =
@ (0% 6°) 00 (0% ¢°) o
where -
(@ @)oo = [ [(1 = 2¢"), lal < 1.
k=0

Ramanujan proved some theorems about R(q) in one of his notebooks Ramanujan| (1957)

and he also generalized Rogers-Ramanujan continued fractions.

Lagrange used continued fractions to find the value of an irrational root of a quadratic equa-
tion. He also proved that quadratic irrationals are real numbers which can be represented
by periodic continued fractions. 19th century was an important period for continued frac-
tion theory. There was considerable growth in this area. Jacobi, Perron, Hermite, Gauss,
Cauchy and Stieljes made a great contributions to field of continued fractions. Jacobi and
Perron generalized the classical continued fractions and introduced multidimensional con-

tinued fractions.

2.1 From the Euclidean algorithm to the real number system

In this chapter we explain boundary of the Farey tree and the correspondence with

simple continued fractions.

The Euclidean algorithm has an important role for the construction of the real num-
bers. Since the origin of the modular group is Euclidean algorithm, that is the Euclidean
algorithm can be encoded in a modular group. They should not be separated from each
other. Modular groups acts on the Farey tree. This tree has a boundary. Elements of this
boundary give us real numbers. However these real numbers appear as continued fractions.
Note that this construction yields set of real numbers. Our aim is to adapt this construction
to p-adics. Let us consider the processes of antyphairesis starting from the Euclidean algo-

rithm.



Suppose that we are given two sticks and we are asked to compare their lenghts

If we cut the multiples of B from A until the remaining part is shorter than B then replace
A with B, replace B with remaining part and repeating the procedure. This procedure give
a simple continued fraction. We can describe this process as follows. Let us consider A :=

CL,BZ:bGZZO

a=agb+1ry, 0<rg<b
b:a1T0+T1, 0<r <mro

To = QoT1 + T2, O<7“2<7”1

Theo = ATl O =1 <Tp_1 < ---<1g<b.

Then these equalities give us

) 1

.. + -

Qg
Above fraction is simple continued fraction. If we write this fraction in operator language,

we use translation and involution operator i.e.

So we can write
a/b=T®UT*U..UT*(0)

If the sticks A and B are not commensurable i.e. there does not exist common unit of
measure, then antyphairesis process does not terminate and as a result we get an infinite

simple continued fraction expansion.

Example 1. Compute the continued fraction expansion of 54/16
4=316+6—-16=264+4—-6=14+2—-4=2240.

So we get continued fraction expansion of ?—‘61



Now we will show the most primitive antyphairesis process. This antyphairesis process is a
variation of Euclidean algorithm. This algorithm is processing if stick A longer than B then
we can write A = B+C;ifnot A = B—C'. After then replace A with B, B with C'. We must

repeat this procedure until there is no B remains. Let us consider A :=a, B :=b € Z>g
a=">b + ro,

b=ryFr,

Tk—2 = Tk—1 F Tk,
rp-1 =" +0

The1 =0

.. . . . . a
Then these equalities give us continued fraction expansion of 5;

a
p 1T T

These continued fractions can be expressed language of operators 7',.S, U where T" : x —

t+1,U:c—LandS: 2 — —1

Example 2. Compute the continued fraction of %
29=13416—=-13=16-3—=16=3+13 -3=13-3 =13 =3+10 = 3 =
0-7=-10=7+3—=27T=34+4—-3=4-1—-4=14+3—=1=3-2—=3 =
2+1—-2=1+1—->1=1+0.

So we get continued fraction expansion of %

1+

1—
1

1—...

1+

This type continued fraction expansion is called semiregular continued fraction expansion.

This process can be encoded in terms of the operators S, U and T as

TUTSTUTSTUTSTUTUTSTUTSTUTUTUT(0)



2.2 Simple Continued Fractions

Before considering the p-adic version of continued fractions, we will give basic def-
initions and theorems about simple continued fractions. The theory of continued fractions
are about special algorithm which is one of the most important objects in probability theory,
analysis and number theory. Our aim is to apply these ideas to p-adic continued fraction as

well.

A simple continued fraction is, a continued fraction by definition

1

CZO+

a; +
1
as +

as + S
usually with a; € Z* (i > 1) and ag € Z. The set of all simple continued fractions can
be canonically identified with the real line. We can describe this process as follows. Let us

consider a, b € Zxg

a=agb+1ry, 0<rg<b
b:a1T0+T1, 0<r <mrg

To = Q271 + T2, O<’l“2<7“1

Theo = QpTh_1 0 =1 < Tp_y1 < --- <719 <b.

Then these equalities give us

a +r0 n 1 4 1 N 1
—=aq — = qy —— = Qg T = ... = Qo
b b ﬁ al"’_l CL1+ L
ro To 1
ag

So we can define a representation for a real number.

Definition 2.2.1. Simple continued fraction for a real number « is defined in the following

form

where ag € Z and a; > 0 forz > 0.



For typographical reasons, this continued fraction is denoted by [ag; a1, as, ...] and the fol-

lowing expression,

Pn
— = [ao; a1, ..., ay]
dn

is n-th convergent of a.

Theorem 2.2.2. Let we assume that po = ag, p-1 = 1, qo = 1, ¢_1 = 0 where n > 2 then

Pn and q, be defined as following form

Pn = ApPn—1 + Pn—2 (21)

dn = QnpQ4n—1 + gn—2- (22)

Proof. We will use induction method to prove. For n = 2

P2 = azp1 + Po

q2 = a2q1 + qo

so base step of induction is verified. Let us assume for all n < k[2.1)and [2.2]true.
1

Consider the continued fraction [ag; a1, as, ..., a,| = ag + 1 and we are

ap-1 + —
an

o / 1
substituting a,,_; = a,—1 + — so we get

n

1
! (p—1 + — )Pn—2 + Pn—
' Qp_1Pn—2 + Pn—3 ( ! Qn, )p 27T Pn—3 Pn

A5 A1y Ay ooy Ap—2, A,y 1] = PA— = = q_n
" (@n—1+ a_n)Qn—2 + qn-3
[
Proposition 2.2.3. Foralln > 0
@nPn—1 — Pndn—1 = (—1)" (2.3)

Proof. Again we can use induction. Let us assume for £ < n (1.3) is true. Multiplying first
equation in[2.2.2] by ¢,_; and second equation by p,,_; and subtracting first from second we

get

@nPrn-1 — Pnn-1 = —(¢n—1Pn—2 — Pn—1Gn—2)



using the induction hypothesis we have

_(qnflpan _pn71Qn72) = _(_1)7171 = (_1)“
[

Proposition 2.2.4. Each real number «, correspond a unique continued fraction of value a.
If « is rational, continued fraction is finite and if « is irrational then continued fraction is

infinite.

2.2.5 Gauss map and Gauss-Kuzmin theorem for simple continued fractions

We will introduce the Gauss map that is important for its relation with continued

fractions in number theory. The Gauss map G : [0, 1] — [0, 1] is defined as follows,

0, if =0
Glx)=4¢ (1) .
{—} if O<z<1

T

Here {z} denotes the fractional part of 2. We can write {z} = = — [z] where [z] is the

integer part. Note that

1 1 1
—=nen<—<n+le <x < —
T T n+1 n
Thus one has
0, if x=0

. 1 1
where n € N. The restriction of G to an interval of the form (1/n+ 1,1/n] is called branch.

Each branch G : (1/n + 1,1/n] — [0, 1) is monotone, surjective and invertible.

The Gauss map is important for its connections with continued fractions. We can take

aop = [x] but for the rest of the elements a; we use the map G. First we define
1
aj(x) =[-] x#0, and a(0) =00
x

It follows that the we can write
1

T = ———
a1 + G(x)
. Now for G"1(x) # 0, we define the next partial quotient of z by

10



Now that we have defined everything we need, we can find the partial quotients a;, ao, ... by
repeatedly applying our function G(z). However, the continued fraction is finite for rational
numbers. This means that there isann > 0 so G"(x) = 0. Now we write z = 5;’—3 where zis a

relatively prime and 0 < py < ¢o. Now we define G"(z) = &, so G(QN][0,1]) = QN]Jo, 1].
q

n

al P 1 Ll q Qo —DPoa1 D1
o] T m | m| T, "7 0
do pe . Po Po a1

Now

Here p; and ¢; is relatively prime. We can now see that the following inequalities hold:

P1 < qo — a1po < Po

Equality will occur when py = ¢;. So we find that the continued fraction in this case is finite

and in other cases we find that p; < py. In the same way we find p; < p;. Thus
0< .. <P <Pt < oo <p1 < o

for p; € Ny with ¢« > (. But then there exists a, for which p, = 0. Here we stop the

procedure of determining a,, and thus we find a finite continued fraction.

Measure theoretic properties are related with Gauss map. The measure of continued fraction
expansions is about properties of the sequence (a,,),en+. It started is about 1800’s, with a
note by Gauss in his mathematical diary Brezinski (1980). We defined the Gauss map for

simple continued fraction expansions. Gauss wrote the following fact in his diary

lim A(G" < ) = log(1+x)

n—00 log2

where x € [0,1] and A denotes the Lebesgue measure on [0, 1]. G™ is the n-th iterate of
(. Gauss found this formula, but no one knew how he found it. Considering the fact that
modern probability theory and ergodic theory started about a century later, Gauss’s success
is still more important. It is often difficult to find invariant measure. Twelve years later
Gauss wrote a letter to Laplace and said that he did not solve satisfactorily a curious problem
and that his efforts were unproductive. In modern notation, this problem is to estimate the
error

log(1+x)

en(z) = NG"[0, x]) log2

(n>1, z €10,1])

This has been called Gauss problem. It received a first solution more than a century later,

Kuzmin showed that in | Kuzmin| (1928))



as n — oo uniformly in z with some 0 < ¢ < 1. This has been called the Gauss-Kuzmin
theorem or the Kuzmin theorem. One year later, using a different method, Levy| (1929)

improved Kuzmin’s result by showing that
len(z)] < g"

neN,0<z <1, withqg=35— 2v/2 = 0.67157....The Gauss-Kuzmin-Levy theorem is

the first basic result in the rich metrical theory of continued fractions.

12



3. BOUNDARY OF THE GENERAL LINEAR GROUP PGL,(Q)

We may describe simple continued fractions as the boundary points of the modular
group PSLy(Z) (or of the Farey tree on which PSLy(7Z) acts in a nice manner).
Our task in this chapter is to explain this correspondence, with the aim of building this

correspondence for other subgroups of PGL5(Q).

3.1 The Modular Group

Let ¢ € Aut(Z?), the automorphism group of the abelian group Z2. Then ¢ is
determined by its values ¢((1,0)) = (p,r) and v(0,1) = (g, s). The value p(m,n) is then
given by

o(m.n) = mp((p, 1)) + np((g,5)) = (pm + g, rm + sn)

which we may write in the matrix form as

p(m,n) = (3.1)

A map defined by (3.1) is bijective if and only if the determinant of the matrix satisfies

ps — qr = £1 because it has the inverse

1 s —q m

Cps—aqr | % n

¢ ' (m,n) (3.2)

Since the composition of linear maps correspond to the product of their matrices, Aut(Z?) is

isomorphic to the group of invertible integral two-by-two matrices under the matrix product:

GLy(Z) = b Cop,q,r,SEL, ps—qr=-=+1,,

r s

sometimes called the homogeneous modular group. The map det : GLy(Z) — {£1}
sending a matrix to its determinant is a homomorphism, whose kernel consists of unimodular

integral two-by-two matrices

SLe(Z) = : pqnr,SEZL, ps—qr=1

13



which is a subgroup of index 2 inside GLy(Z). Here, “unimodular” means “of determinant

1” and “integral” means “with integer entries”.

Now we introduce an equivalence relation on Z* \ {0} via
(m,n) ~ (m',n') < l(m,n) = k(m’,n’) for some k,l € Z* (3.3)

Denote by [m : n] the equivalence class of (m, n). The set of equivalence classes is denoted
P}(Z) and is called the projective linear over Z. Group automorphisms of Z? are compat-
ible with this equivalence relation. Therefore every automorphism ¢ as in induces a
bijection

fo:lm:n] € PHZ) — [pm +qn : rm + sn] (3.4)

The points of P!(Z) are in one-to-one correspondence with the set Q U {oco} via
m:n] e PL(Z) — ez,
n

where the equivalence class [1 : 0] is sent to oo. If we identify P'(Z) with Q U {oo} this

way, then the bijection f, is expressed as

pm+qgn  px—+(q
rm -+ sn rr + s

f@:x:%G]P’l(Z) — e P\(Z),

where f,(c0) = p/rand f,(—s/r) := oo by definition. This is an example of what is called

a linear fractional transformation of P'(Z). The map f,, will be simply denoted as

pT +q
re+s

The set of linear fractional transformations induced by the automorphisms of Z? is denoted

PGLy(Z). In other words

pr +q
rr + S

PGL2(Z) ::{ D p,q, 1,8 €L, ps—qrzil}.

This is a group under functional composition.

The map p : GLy(Z) — PGL2(Z) is a homomorphism with kernel (+7). In other words,
PGL,(Z) := GLy(Z)/(£1).
Finally, the subgroup (£17) is normal in SLy(Z), and the quotient

pPT +q
re -+ s

PSLy(Z) = { : p,q,r,s €L, ps—qrzl} = SLy(Z)/{£I).
is the modular group.

14



The submonoid of PSLy(7Z) which consists of linear fractional transformations with non-

negative entries will be denoted by PSL(N):

PSL(N) := { Cpq,r,s €4{0,1,2,...}, ps—qr = 1} = SLy(Z)/{£1).

The monoids GL(N), PGL(N) and SL(N) are defined in the same manner. Note that these

pPT +q
re + s

submonoids depend on the base chosen for Z2.

Remark 3.1.1. Elements of PGLy(Z) are often denoted by the corresponding matrices in

GL3(Z). In this convention, the matrices

M = b ,and — M = P
s —r —s
both denote the same element of PGLy(Z). Another convention is to use the notation 4/

for this element.

Determinant and trace. Two characteristic properties of a matrix are its determinant and
its trace. Since det(—M) = det(M), the map det is a well-defined homomorphism on
PGL2(Z) with PSLy(Z) as its kernel.

On the other hand, since tr(—M) = —tr(M), the trace map does not descend to a well-
defined map on PSLy(Z). In order to handle this ambiguity, we will speak of the trace of an
element of PSLy(Z) up to a sign. Another solution is to use the absolute trace |tr(M)| on
SLy(7Z), which descends to a well-defined map on PSLy(7Z). Like the usual trace map, it is

constant on conjugacy classes. Note that det is a homomorphism whereas ¢r is not.

Remark 3.1.2. The same discussion is valid for the trace map on PGLy(Z), but not on
PGL2(R). Since the kernel of the map GLy(R) — PGL2(R) is R and not just +1, it

doesn’t make sense to speak of the trace of an element in the latter group.

A general picture. To resume, we have the exact sequences

1 1
1 I
(1) (£1)
1 \
1 — SLy(Z) — GlLo(Z) ~ Aut(Z?) =5 (+1) — 1
1 I
1 —» PSLy(Z) —> PGLs(Z) gt 1) — 1
1 I
1 1

15



The groups SLy(Z) and PGLy(Z) are degree-2 extensions of PSLy(Z), and GLy(Z) is an
extension of degree 4. These groups are close relatives of each other, and any one of these
might have been chosen as our main hero. Among these PSLy(7Z) has the simplest descrip-
tion as a finitely presented group, being isomorphic to the product Z/27Z x 7./ 37Z. « is a free
product.

Elements. These groups are intimately related to the following basic fact:

Lemma 3.1.3. (Bézout) Two integers p and q are relatively prime if and only if ps — qr = 1

for some r,s € 7.

Thus for every pair of coprime integers, we have some elements of PSLy(Z). For example,
whenp =3,g=7onehas5 x3—2x7=12x3—5x7="---=1. This give rise to the

following elements:

37\ (3 7
: ... € PSLy(Z)
2 5/ \5 12

Perhaps after the unit element, the simplest element of GLy(Z) is the one exchanging the

generators of Z?2, i.e. the one defined by the matrix

The corresponding linear fractional map is
1
U:x— — € PGLyZ).
x

Since its determinant is —1, U is not an element of the modular group. The simplest non-

identity element of PSLy(7Z) is the involution

0 -1

1
S : x — ——, with matrix form:
z 1 0

Besides S, there is the following element, which is of order 3 :

1 -1

1
L:x — 1— —, with matrix form:
z 1 0

In fact, PSLy(Z) is generated by S and L. We will see that any element of finite order in
PSLy(Z) is conjugate to S, L or L.
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3.2 Farey tree

Now let us construct Farey tree from PSLy(Z), as follows. We can denoted by F' .
The set of edges of I’ is defined by

E(F)=PSLy(Z)
and the set of vertices of F'is defined
V(F)=VoUVg
where the set of degree three vertices,
WD:{UMwavH}:IVePﬂdzg
and the set of degree two vertices,

W@z{ﬂ%ﬂ%ﬂ: M/EPﬂdZﬂ.

0 1 i |
S: , L:
-1 0 1 0

PSLy(Z) is generated by S, L and S* = L3 = [

Two distinct vertices v and v’ are joined by an edge, if and only if v N v’ # () and this edge

is the single element in the intersection. Note that, if v,v" € V(5 then

v={W, WL, WL?}
v ={U,UL,UL*}

If v N v # () then W L? = UL. Multiplying by L from the right side
WL.L=UL?
since L? = I then we get W = U L. Multiplying by L? from the right side
WIL?.L> =UL.L?

then we have WL = U. So we get v = v'. Similarly, if v,v" € V(g and v N v’ # 0 then

v = v'. Hence, no two distinct vertices of the same type has a nonempty intersection.

This graph is connected since PSLy(Z) is generated by S and L, it is loop-free, since
PSLy(Z) is freely generated by S and L.

17



Definition 3.2.1. A loop free connected graph is called a tree.

Hence our graph is a tree. It is called the Farey tree. The action of PSLy(Z) is on Farey tree
by automorphisms. We are able to implement the antyphairesis process in p-adic algorithms.

For this purpose first of of all we introduce PGL4(Q).

3.3 The group PGL,(Q)

Parts of this section are taken from the unpublished note of \Uludag (2016). Let

PGL2(Q) be the group of projective two-by-two singular matrices with rational entries. We

can define PGL,(Q) as
PGLy(Q) :={[M]: M € My(Z), det(M)+# 0}

where M, (Z) the set of all two-by-two matrices with integral entries and denote by [M] the

projectivization of the matrix M.

PGL3(Z) is subgroup of PGL3(Q) where PGLy(Z) is the group of 2x2 integral projective
matrices of determinant +1. The Borel subgroup B(Z) of PGL4(Z), which by definition
is the set of upper triangular elements, is generated by the translation 7' : x — 1 + x and
the reflection V' : © — —xz. Since 7' = KV, the Borel subgroup is also generated by the
involutions V and K : x — 1 — x, showing that B(Z) is the infinite dihedral group. The
group PGLy(Z) itself is generated by its Borel subgroup B(Z) and the involution U : x —
1/z. Note that the derived subgroup of B(Z) is Z. Similarly, PGL2(Q) is generated by
its Borel subgroup B(Q) and U. Here B(Q) is infinitely generated but nevertheless is quite
similar to the infinite dihedral group in that its derived subgroup is Q. Presentation of B(Q),

B(Q) ~ (K,H,|H,'T"H, =T, [H,H,] =1, pq=-1,23.5.7,..)
where the elements H,, : x — pz are the homotheties. Note that 7= KV and V = H .

Proposition 3.3.1. The set { K, S,V}U{l,: p:prime} generates PGLy(Q).

Proof. 1If we denote the translation 75/ : * — x+7 /s then T, /s = H,/sKV H/, and unless

p = 0, we have

ps —qr
pr+q _p pr
=—q1- - r K Hps—qr) jpr Lsr :
e LT p/r B H (ps—qr) /pr Tsjr ()
r
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If p = 0 then

prtq g ¢

rr+s rx+s rx+§

= q/TUTS/r(IIJ).

Now U = KI,(KV)PVI,K for any p. Finally, the result follows since we can express the

homotheties in terms of involutions. ]

Corollary 3.3.2. The set {T,U,V} U{H,: p:prime} generates PGLy(Q).

Proof. When p = 2 the relation U = KIL,(KV)*VI,K implies U = KLKVKLK,
i.e. either one of the generators V' and U can be eliminated from a generating set. The
case p = 2 also implies that U and V' are conjugate elements in PGLy(Q). They are not

conjugates inside PGL2(Z). O]

3.4 Some submonoids of PGL,(Q) and their boundaries

Firstly we will consider the submonoid generated by 7', H, of PGL3(Q) where T :
x — x + 1 and H, : * — p.z. This monoid has the representation (7', H, | T?H, = H,T)).
We want to imitate antyphairesis procedure of the preceding section to find the boundary of
the monoid (7', H,). The way to do this we fixed a point in space and looked at the ways
from the point to infinite. We denote by 01 (T, H,) the set of infinite words in the monoid

generated by 7" and H,.

Definition 3.4.1. The boundary of the monoid (7', H,) consists of all infinite words in 7'
and H), of the following kind:

8+<T7 Hp> = {TnOHanalTn2Hp... |n0,n1,n2, ... € N},
where two words are considered equivalent if they are homotopic”, ie. one word can be

obtained from the other by applying the group relation 77 H,, = H,T'.

The reason for the plus sign in notation (T, H,) is the loss of convergence when negative
powers are added. For the same number we can find infinitely many continued fraction ex-
pansion. The reason of this is homotopy. That is if two paths are homotopic then expansions

converge to same number.

There is a map

o(T, H,)) — Z,
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T H,T" H,T™ H... — ng + pny + p’ny + ...

If ng,n1,n92... > 0 and p be a fixed prime then the operator sequence converges p-adic
topology however it doesn’t converge in the real (archimedean) topology. So the boundary

of this monoid will give p-adic integers.

Let us try to describe antyphairesis process using 7" and H. If we have two sticks and we
want to compare these length. Let us assume length of A is bigger than B then cut the B
from the A until the remaining part is divisible by p or powers of p. After that we divide
the remaining part into p parts then cut the B from divided part until the remaining part is

divisible by p or powers of p. Applying this procedure we can get p-adic numbers.

Example 3. T*"HT*HT*HT H(0) = 508 If p = 7 then antyphairesis process is following
508 =5044+4 =504 =727T—-72=7104+2—-10=74+3—->7=71—-1=1+0—
0=0.7

Proposition 3.4.2. The monoid (T, H,) generated by T : © — x + 1 and H, : x — p.x is
given

<T.H,: H'T"H, =T >
isomorphic to the Baumslag-Solitar group BS(p, 1) ~ BS(1,p)
Farb and Mosher| (1998) construct a space on which (7', H,,) acts in a nice manner. At the

same time they study the boundary of this space which have a p-adic component.

Now we consider the monoid generated by 7', 1,,, U its boundary consists of infinite words

in T, H, and U. We get the monoid generated by 7', H,, U, which we denote as (7', H,, U)

whereT': x - o+ 1, H, : x — prand U : v — % This kind of operator sequences

i1s more complicated than previous sequences. Also in this case we have a set consisting of

previous case.

Definition 3.4.3.
ONT,H,, Uy ={T™U" H,T"U*H,T"?U* H,...,ng,n1,na, ... €N, & € {+1,-1}}

where two words are considered equivalent if they have expansion giving the same number.

Some elements of boundary of this monoid one of the form
TH,UT™"H,UT™H,UT™H,U..., (1)
TH,T"H,T"H,T" H,... (2)
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and
TUT"UT™?UT™U... (3)

These elements can be written as continued fraction expansions

p
n0+ ) (1)
p
ny +
p
ng +
n3+
1
n0+ (2)
1
ny +
1
ng +
n3+

and

ng +pny +p*ng + ... (3)

Hence we conclude

OT,H,) Co™ (T, H,,U)
and

O(T,U) C O (T, H,,U).
If we have two sticks and we want to compare these length. Let us assume length of A is
bigger than B then cut the B from the A until the remaining part is divisible by p or powers
of p. After that we divide the remaining part into p parts. Then replace B with divided part

and repeat the procedure. Now this antyphairesis process can be demonstrated as follows;



after that replace B with k£ and repeat the same procedure. Now we can give the following

example.

Example 4. T*H,UT*H,UTH,UT(0) = 22. If p = 7 then antyphairesis process is as
follows
125/23 = 3+ 56/23 — 56/23 = 8/23.7 — 8/23 = 1:23/8 —» 23/8 = 2+ T/8 — T/8 =

71/8—51/8=1:8—-38=T+1-7=71—-1=1:1-1=1+0.

We can give an example. Consider the case ni, ns, ng, ... = n where n is fixed number in N

then for fixed p prime continued fraction expansion returns

p
n -+ (3.5)

n —+
p

n+...

n -+

Theorem 3.4.4. For the above continued fraction if n?> > 4p sequence converges in real
topology but if n? < 4p it doesn’t converge in real but converges p-adic topology. Here we

assume that n does not divide p.

Proof. Since

n+-—==x

SRS

we get 72 —nx—p = 0. Discriminant of this quadratic equation A = n?+4p. If n? < 4p then
this contradicts x is a real number, and we conclude the continued fraction does not converge
in R. Now we will show that this continued fraction converges in p-adic topology. Let
a, = —~ is n—th convergent of (2.5). From the definition of (),, and using the assumption

we have |Q),,|, = 1. Then

| = — e
Ap — Ap_1lp = | =— — =——
tP Qn anl P
_ |PnQn—1 - Pn—lQn|
QnQn—l P
P =50 (n o)
|QnQn—1 b b

The operator sequences we have formed in this way may not converge neither real nor p-adic

topology. This is illustrated in the following example
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Example 5. Let
1 1
no + p(ny + 5(n2 + p(ns + ’ +...))) (3.6)

1.e.,
This sequence does not converge real and p-adic topology. So such sequences must excluded

from the boundary.

This example shows that, unlike in the classical case of continued fractions, all infinite

words in the chosen generators of PGL,(Q) will not represent convergent elements in some

topology.
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4. P-ADIC CONTINUED FRACTIONS

Our aim in this chapter is to give an overview of p-adic continued fractions. We first

introduce p-adic numbers.

4.1 P-adic numbers

Firstly we will introduce p-adic numbers. We will emphasize on properties of p-adic
norm, Hensel lemma and its congruences. We will need properties of p-adic numbers since
we are going to investigate continued fractions in the p-adic sense. Parts of this section
are taken from the Gouvea (2003) and Khinchin| (1964) The real numbers, denoted by R
obtained from rationals using by a completion process. The completion procedure applied
to rationals with the usual Euclidean distance yields the real numbers. This distance comes

from the Euclidean norm on Q.

There is different way to describe the closeness between rationals. Let p € N be any prime

number. Define a map on QQ as follows

b if A0,
0 if =0

| x |p:
where

highest power of p that divides x if x € Z,
ord, k — ord, [, if z=k/l, k€L 1#0

ord, r =
is the p-adic order of x, also called the p-adic valuation of z.

Definition 4.1.1. Let X be a field. A norm ||.|| is a function on X satisfying the following

properties.

l|z|| > O forall x € X

||z|| = 0if and only if z = 0

lzyl] = [l2|].[|y|| for all z,y € X

|z +yll <lzll + llyl| Vo, y € X
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The field X together with ||.|| is called a normed field. We can define a metric by d(z,y) =
||z — y|| and this metric is said to the induced by the norm.

A norm is called Non — Archimedean if it satisfies the additional condition
|z + yl| < max(||z[l, [ly]]); (4.1)

otherwise, we say that norm is Archimedian.

Proposition 4.1.2. | x |, is a non-Archimedian norm on Q

Proof.

l. |z|,=0 <= =0
2. ord, (zy) = ord, x 4+ ord, y So | zy |,=| = |,| y |, is satisfied.

3. To verify ||z + y|| < ||=|| + ||y|| Y&,y € X assume z,y # 0 since z = 0 ory = 0 is

k l
trivial. Let z = k/l and y = m/n. Thenx +y = % and
n

ord, (z +y) = ord, (kn + ml) — ord, (In)
< min(ord, (kn), ord, (ml)) — ord, m — ord, n 4.2)

= min(ord, =, ord, y)

Therefore |  +y |,= max(| z |, |y |,) <|z |, + |y |

We have also show that p-adic norm is satisfied strong triangle inequality. So it is non-

Archimedean.
Example 6.
|15|7:70:1|208|7:70:1
150 3= 37" = 3/ 3 4.3)
9 —ords ——
— |3=3 50 =32=1/9
X /

We see that the Euclidean norms of the 307 and 11 are not equal but for 7-adic norms they

are equal.

Remark 4.1.3. The p-adic norm takes only discrete values {p",n € Z} U {0}

Remark 4.1.4. If 2,y € N, then = = y (modp") if and only if | x — y |,< 1/p™.
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Definition 4.1.5. Let p be a fixed prime. We define QQ,, to be the completion of Q according
to the p-adic norm. We call Q, the field of p-adic numbers.

For any = € Q,, let {z,,} be a Cauchy sequence of rational numbers that represent z. Then

by definition
|z, = nlggo |l

Let us consider the series

A—m a—m+41

pm pm—l

+ . 4 ag+ aip + ap® + ...

where 0 < a_,, < pand 0 < p for all ¢ > —m. Partial sum of series form a Cauchy

sequence. For every e > 0 we can choose ng such that p™ < e and forn > k > ng

k n n
D ap' = ap'| =D ap'

k+1
so each series as above represent an element of Q,,

< . ) < —no
< Joax (Jaip'l,) < p™™ <e

p p

Lemma 4.1.6. If x € Q and |x|, < 1, then for any i there exist an integer v € Z such that
|y — x|, < p~'. The integer «y can be chosen in {0,1,2, ...,p" — 1} and is unique if chosen

in this range.
Theorem 4.1.7. |Khinchin| (1964) Every equivalence class x in Q, satisfying |z|, < 1 has
exactly one representative Cauchy sequence x; such that

(1) 2; €7,0<a; <p'fori=1,2,..

(2) x; = zi1q ( mod p') fori=1,2, ...

If x € Q, with |z|, < 1 then we can write all the terms z; given by the previous theorem in

the following way:
T; = Qo+ aip + ...+ ai_lpi_l
where all a/s are in {0, 1,2, ...,p — 1}. From previous theorem condition (2) give us

Tip1 = ao+ap+ ... + ai_1p "+ ap’.

Therefore z is represented by the following convergent series in p-adic topology
n=0
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which can be thought of as a number in the base p that extends infinitely far to the left. Then
we can write

T ="y - A2010Q

If |z|, > 1 then we can multiply = by a power of p, so as to get a p-adic number
x’ = xp™ that satisfies |z'[, = 1

o0

xr = Z anp"

where a_,, # 0 and a; € {0,1,2,...,p — 1}. This representation is called the canonical

p-adic expansion of .

Definition 4.1.8. A p-adic number x € Q, is said to be a p-adic integer if its expansion

contains only nonnegative powers of p. The set of p-adic integers is denoted Z,,. So one has

Z,= {iaipl}.

i=0
Proposition 4.1.9. A p-adic integer has a multiplicative inverse in Z, < ag # 0. We will

denote by the set of invertible elements 7.,

Zy = {Zaipi; ag # 0}
=1

This group is called the group of p-adic units.

4.1.10 Hensel’s Lemma and Congruences

Hensel’s lemma is an algorithm to solve polynomial equations in QQ,. To illustrate

this, let us extract v/8 in Q7. We will find a sequence of ag, ai, as, ... 0 < a; < 6, such that
(ap+ar.T+a. 7+ .. =1+7
From above we get ai = 1 (mod 7), which implies ag = 1 or ag = 6. If ag = 1, then

1+ 2a,.7 = 1.7 (mod 7%

2a; =1 (mod 7)

and therefore a; = 4. Continuing this way we get a series a = 1 4+ 4.7 + .... where each
a; after ag is uniquely determined. The above method for solving equations for example

2?2 — 8 = 0in Q7 can be generalized as "Hensel’s Lemma’.
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Theorem 4.1.11. Hensel’s Lemma. Let F'(x) = ag + a1x + ... + a,2" be a polynomial

whose coefficients are p-adic integers. Let

F'(z) = a; + 2a22 + 3azz® + ... + na,a™ !

be the derivative of F(x). Suppose ¢y is a p-adic integer which satisfies F(¢o) # 0 (
mod p). Then there exist a unique p-adic integer ¢ such that F(c) = 0 and ¢ = ¢ (

mod p)

4.2 P-adic continued fractions

Continued fractions expansion for real numbers give a best rational approximation.
Every rational number can be written a finite continued fraction and quadratic irrational
numbers have a nice structure. Since real continued fractions plays an important role for real
Diaphontine approximation, for finding an answer to similar questions Mabhler, Schneider,

Weger, Ruban, Bundschuh and Browkin studied on theory of p-adic continued fraction.

In Mabhler| (1940) gave a geometric representation for p-adic integers derived from
continued fractions but this representation was not natural since a continued fraction con-
struction algorithm did not proceed simply by choosing partial quotients and constructing
remainders recursively. The method for constructing continued fractions for real numbers, is
quite obvious. For any real number, «, there is only one integer, b, such that 0 < |a—b| < 1.
However if a € Q,, there are infinitely many integers b € Z such that 0 < |ow—b|, < 1. This
choice was handled in two different ways and two different continued fraction representa-
tions were obtained. These continued fractions, which are very small differences between
them, have defined |Schneider| (1970) and Ruban (1970). Though there are some experimen-
tal results, the analogues of the Lagrange and Hurwitz’s theorem have not been proven with
the continued fraction of Browkin. [Laohakosol (1985]) used Ruban’s continued fraction def-
inition and he characterized rational numbers. |Wang| (1985) also characterized the rational
numbers with infinite Ruban continued fraction expansion and he was seemingly unaware
of Ruban’s work. Moreover|Wang| (1985) gave a sufficient condition on the partial quotients

for a p-adic number to be transcendental.

Weger (1988)) proved that some quadratic elements do not have eventually periodic
expansions using Scheneider’s p-adic continued fractions.
Bundschuh! (1977)) described that rational numbers have finite Schneider continued frac-

tion expansion. Bundschuh also obtain some data on quadratic irrationals which have non-
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periodic Schneider continued fraction expansion. (Ooto| (2014) has found a similar result
with Weger but Ooto used to the algorithm given by Ruban. Browkin (2001) modified
Ruban’s definition and gave some p-adic continued fraction algorithms; however, the peri-
odicity has not been proved for the continued fractions obtained by applying his algorithms

to quadratic elements.

Hirsh and Washington| (2011)) gave a combinatorial characterization of rational num-
bers which have terminating expansions and they proved an analogue of Khinckin’s theorem.
Given a real number x the Gauss map outputs a sequence of integers [co; c1, ...| called the
convergents. Schneider’s map is defined on the open ball pZ,,, by the following procedure.

For = € pZ, suppose |z|, = p*(*). Then set

witha = v(z) € Nand b € {1,2,...,p — 1} uniquely chosen such that |p_ - b|p. Applying
x
the map ¢ repeatedly we see that

ao

p
Tr =
p™
by +
p*
by +
b3 + ..
Thus in this case the algorithm outputs a sequence of pairs a(n) = (a,,b,) € N x

{1,2,..,p — 1} (n = 1,2,...).. We will consider the dynamical system (pZ,, B, p1, T},)
where B is o-algebra on pZ, and p is Haar measure on pZ,,. For the Haar measure it is the
case that u(pa + p™Z,) = p'~™. The following properties are due to ?. T}, is a measure
preserving with respect to p, i.e. pu(7, " (A)) = pu(A) forall A € B.

T, is ergodic, i.e. (B) or 1 for any B € B with T, '(B) = B.

The p-adic analogue of Khinchin’s Theorem for almost all x € pZ, the p-adic continued

fraction expansion satisfies

. ay + ag + ... + ay p
lzmn%oo n :p—l

Hancl and Nair| (2013) developed an analogue of Khinckin’s theorem. They proved if

pn (n = 1,2, ...) denotes the sequences of rational primes then

. Qyp, +ay, + ... +a
R T

almost everywhere with respect to Haar measure.
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Murru and Terracini (2018) studied on multidimensional continued fractions in the field of p-
adic numbers Q,,. They gave some conditions about their convergence and they proved that
convergent multidimensional continued fractions always strongly converge in Q,, contrarily

to the real case where strong convergence is not ever guaranteed.

Dalloul| (2018) give a sufficient condition on two p-adic continued fractions «, 3 so that the
a, B, a F 3, a.3F! be p-adic irrationals. Moreover, he improved some results regarding the

transcendentality of p-adic continued fractions.

Capuano and Zannier (2018) worked on the expansion of rationals and quadratic irrationals
for the p-adic continued fractions introduced by Ruban|(1970). We know that no analogue of
Lagrange’s theorem holds for quadratic irrational numbers and for some rational numbers
may have nonterminating periodic continued fraction expansions. Capuano and Zannier
(2018)) gave general criterion explicitly to demonstrate the periodicity of the expansion in

both the rational numbers and the quadratic irrationals.

4.2.1 Ruban’s p-adic continued fractions

Ruban| (1970) developed an algorithm by making p-adic analogues of integer and

fractional parts that are used constituting real continued fraction. For a p-adic number 7,

0
f)/zzcnpna Ogan <p
n=k

where k € Z, ¢, € {0,1,2,...,p — 1} forn > k, and ¢,, # 0, the fractional part is denoted
by {~}

0
{7} = " ifk <0,
n==k

or {7} = 0 otherwise. The integer part is denoted by [7] and

o0

[’V] - Z cnp"

n=1

After these notations, we can define Ruban continued fractions.

Definition 4.2.2. For v € pZp, a Ruban continued fraction is constructed as follows;

L. Yo = s Vn+l :dn/fYn_Cn
2. co=0and dy =0
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3. cn={yw}andd, =1

for n > 0 as long as ,, # c,. If v,, = ¢,, then algorithm terminates.

From this definition v(c,) < 0, v(7,), and 7, = 1/[y,—1] for n > 1. Ruban showed
that the continued fraction which produced in this way always converges to v, and that any

continued fraction with ¢y = 0, v(¢,) < 0, and d,, = 1 for n > 1 converges to a number in

pLp.

Next we define sequences of rational numbers P, and (),, by

Py=1 Q.1=0, =0, Q=1
PnJrl:anPn—i_Pnfla Qn+1:anQn+Qn71 (TLZO)

It is easily seen that

LA . 4.4)

Cn—1

P, . .
We call =" the n-th convergent of Ruban continued fraction. We must show that such a
n
Ruban continued fraction converges to ~y. Let n be a positive integer then at the n-th step of

construction we have

Yoti = Cno1 + M

where 7,1, v, € pZ,. If v, = 0 for some n then Ruban continued fraction is finite and is
equal to ~. If 7, # 0 for all positive integer n, then by induction
P, (—=1)"
’}/ _—— =
Qn Qn (’VﬁlQn + anl

since |¢;|, > 1, by induction and from Q,,+1 = @,Q,, + Q,—1 We have

) (n=1)

|Q7’L‘p = |CoC1.-.Cn_1|p (n > 1)_

Also from v, ', = ¢, 1 + 7, we get ||, = |eal, (n > 1). So

by
o

That is Ruban continued fraction converges to -.

v — |p = |03C%-~Ci,1€n|;l —0 n— oo.
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Given a Ruban continued fraction of the form (3.4) by induction it easily get

&_ Pn—l B (_l)n—l
Qn anl B anlQn

and then
Pn P,
|, =
Qn Qn 1

implying that the Ruban continued fraction converges to some y € pZ,,.

|Qn-1Qnl, U= |cicl.. Ci_2cn_1|;1%0 n — oo

4.2.3 Browkin’s p-adic continued fractions

Browkin’s papers Browkin| (2001)) and Browkin| (2001) on p-adic continued frac-
tions are given several algorithms for computing continued fraction approximations to p-
adic square roots. Browkin developed Ruban’s continued fraction algorithm. We can see as

modification of a Ruban’s definition. For a p-adic number 7,
Y=Y ap", 0<a, <p
n=k

—1 -1
where k € Z, a,, € {—pT, ey —1,0,1,2, .. pT} forn > k, and a,, # 0, the fractional

part is denoted by {v}. The integer part is denoted by [y]. The fractional and integer part

defined as above Ruban’s definition.

Then we can define Browkin continued fraction algorithm.

Definition 4.2.4. For v € (Qp, we define inductively c, and d,, as follows;

—

. Let ¢ = yand dy = [v]

2. If dy = ¢y, then ¢y, d; are not defined.

3. If dy # ¢y then ¢; = (cg — dp) ™" and d; = [¢]

4. If ¢j, d; are defined for j = 0,1, ..., k and dj, = ¢y, then ¢;4; and dj are not defined.

5. If dy, 7é c then let ¢y = (Ck — dk)_l and dk+1 = [Ck—i—l]
We call the sequence (d,,) the p-adic continued fraction of .

For an arbitrary sequence (d,,) and v(d,,) < 0 for n > 0 we define the partial quotients

by
@ = [dg;dl,...,dn] (n:O,l,)
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as usual,

P0:d07 P1:d0d1+17 Pn:ann—l+Pn—2
QO = ]-7 Ql = dla Qn = ann—l + Qn—?

P
Qn P
if d,, was obtained by the above algorithm applied to v € Q,, then lim Q—" = ~. In this case

n

for n > 2. If the sequence d,, is infinite, then the sequence () is convergent and moreover

we use the notation v = [do; dy, ...].

When the p-adic continued fraction is produced by means of Browkin’s Algorithm, it has

been shown to always p-adically converge. That is

P,
lim ‘——\/E =0 VzeQ,
n—oo Q’I’L

p

in any case of whether or not it is periodic.

4.2.5 Schneider’s p-adic continued fractions

P-adic continued fraction algorithm is build firstly by Mahler (1940). |Schneider
(1970) developed Mahler’s algorithm and gave a process of p-adic continued fraction ex-

pansion. For a p-adic integer v € Z,

0
szanpn7 Ogan<p

n=0

Scheneider defined continued fraction by ¢q = ag, ¢, € {1,2,...,p — 1}, d,, = p" for some

en and v(7y,) = 0forn >0

Definition 4.2.6. For a p-adic integer y a Schneider continued fraction constructing in the

following way;

L % =% Va1 = dn/ Y — Cn
2. For a chosen unique ¢, € {0,1,...,p — 1} such that v(~,, — ¢,) >0

3. d,, = p* where e,, = v(7y,, — ¢,) forn >0
as long as v,, # ¢,. If v, = ¢, then algorithm terminates.
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4.2.7 Convergence of Schneider’s continued fractions

We shall consider the continued fractions SC'F,(g,,) with integral general terms g,,.
The simplest such continued fractions are of the following type, which will be called a

"p-regular’ continued fraction.

SCF)(qn) = @1 + (4.5)

g2 +
p

qs +
3 q4+

Our first task is to study the condition for the convergence of [4.5]in the real number field and
p-adic number field. For this purpose we introduce, for each positive integer n, independent

indeterminates z1, ..., T, and put

p
Y I — (4.6)
P
Lo+ ——
p
T
L,
For n = 1,2, 3 they are computed explicitly as
T
2B e AR
[1'1, {['2] =T 44— —— (48)
i) )
D pT1 + pr3 + T1T273
[Zﬁl, Ta, ]33] = T —+ = (49)
D D+ X223
i) + —
I3

We shall find the sequences of pairs of coprime polynomials P, (z1, ..., z), Qn(z1, ..., Ty)

is element of Z[z1, ..., z,,| such that

[ | Po(xy,...,xy)
Tly iy Xy = ——— (4.10)
! Qn(xla 7xn)
From the above computation of [z, ..., x,] for n = 1,2, 3 we have
Plzl'l, lel (411)
Py=p+mizy, Q2= 4.12)
P3 = pry + prs + 110073, Q3 = p + 2273 (4.13)
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If we set Py = 1, )y = 0 then we observe that the following equalities hold for n = 2, 3

Pn = .ZCnPn,1 + an72 (414)

Qn = annfl +an72 (415)

We can show that[4.14]and d.15]holds for all n > 1. It suffices to show that the polynomials
defined by the recurring formulas satisfies This will be proved by induction on n. Next
we show that the polynomials P,(x1, ..., z,,), Qn(x1, ..., z,,) determined as above satisfy the
equalities

PoQn-1— PyaQp = (=1)"p"

PoQn—z — Poa@Qn = (1) 'p" %,

Kojimal (2012) find some results for a special type of Schneider continued fraction. These

(4.16)

results are shown by the following theorems.

Theorem 4.2.8. Let q; be an integer and qs,qs3, q4, ... be natural numbers. If q, is not

divisible by p for any n > 2 then SC'F,(q,,) converges in R and in Q,, simultaneously.

Proof. Suppose that g, satisfies the same condition as[4.2.8]and let

Ap = [qlaq27"'7Qn} (417)

Then forn > 2

(_1>n—1pn—2qn
Ay, — Qo = 0.0 (4.18)

From the definition of (),, we have (),, > 0 for n > 1. Therefore from4.18

- (4.19)
a2>a42a62...
On the other hand
CUe™ (4.20)
Ay — O] = ———— .
! QnQn—l

This gives as, > agm,—1 for m > 1 From [.19] the sequences as,,—1 are monotonically

increasing and are bounded. So they are converge in R We can prove that

lim Aom—1 = lim Aom (421)
m—o0 m—00

This completes the proof of convergence for a,, in R

Note. Approximation rate for p = 1 is higher!
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Next we prove that a,, converges in Q,,

B (_1)npn—1
| — an—1|p = |m|p (4.22)
=p D 50

This completes the proof. [
Remark 4.2.9. If we modify the condition Theorem4.2.8|and assume that ¢,, are not divisible

by p for all but finitely many n, then Theorem [4.2.§| becomes false. For example, let ¢; =
0,9 = pand q, = p — 1 for n > 3. Then we have

Qo=0

gl =1 (4.23)
2=0Dp

Qn = pnil

a,, does not converge in (),,.

Theorem 4.2.10. Let g, n > 1 be a sequence of integers such that for n > 2, q, is positive
and is not divisible by p. Then the continued fraction converges to a p-adic integer in
Qp. Conversely any p-adic integer « is obtained as the limit of a continued fraction

satisfying the above conditions.

Proof. As before we set the following notations
Pn = Pn(q17 q2; - qn)

Qn = Qn(QbQ% ~-~7Qn)

P, . :
and a,, = — then as in proof of previous theorem we have |Q,|, = 1 for n > 1. Moreover

from the deﬁnnition of P,, we have | P, |, < 1 for n > 1. This implies

P, |P,|
|anlp = |51 = s<1

noo |Qaly T

So a,, € Z, forn >. Since Z, is closed, the limiting value of a,, is also a p-adic integer. Next

for given a € Z,, we construct qi, g2, g3, ... such that the continued fraction .5 converges to
a in Q,. First we set oy = « and take an integer ¢; such that p|(a; — ¢1). Note that oy € Z,,
so we can choose an integer ¢; with p|(a; — q1). Next, we put a; — ¢1 = pay ! Then from

the condition of ¢;, we see that « is a p-adic unit. Now we take a natural number ¢, such
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that p|(a2 — ¢2). Since ay is a p-adic unit, the integer ¢ is not divisible by p. We continue
in this way,
a1 = @&,
pllar —q1), a1—q = pagl

pllaz —q2), az—qr= pa§1

p|(an - Qn)v Op — Gn = pa;—il-l

then we see that a, are p-adic units for n > 2 and ¢, are not divisible by p for n > 2. Now

we show that the continued fraction

p
q +

qo +

p
Q3+j

converges to «. From the definition of «,,, we can express by

Hence it follows that

Pn(q17 q2; -y qn—1, an) . Pn—l(q17 G2, .-y dn—1
Qn(q17q27"'aQn—laa’R) Qn—l(%aQZa--an—l
P,(
@n

o= Qp-1 =

q1,42, -5 qn—1, Oén)anl(Ch, q2, - qn—-1
~1(q1, 425 s Gn-1Qn(15 G2, s -1, )
~ P(@ @2 4a-1)@n(@1: @25 s Gty )
anl((h? q2, .- anlQn<QI> q2; -y qn—1, Oén)
_ (—1)pnt
Qn-1(q1,G2, -+ I1Qn(q1, @25 o Gn1, )

on the other hand as in the proof of previous theorem we see that |(),,|, = 1 forn > 1. So

we conclude that

S !
o — ap_1]p, = = —0 (n— )
" P Qn—l(q17qQ7"'aQn—lQn(thQv "'7Qn—17an) » pn—l

]

Question. Assume that g, are divisible by p for infinitely many n such that continued

fraction converges in R but not in Q,. Can we find a continued fraction satisfying these?
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Remark 4.2.11. Let o € Z,. From the proof of Theorem@4.2.10|for any sequence ¢, g2, g3, ...
which satisfy the condition in the proof, the continued fraction 4.5|converges to o.. So there

exists infinitely many sequences ¢,, such that the continued fraction #.5| converges to a.

Question. Find an example of eventually periodic two continued fraction converging the

same p-adic integer.

4.2.12 Continued Logarithm Algorithm

The continued logarithm algorithm was introduced by Gosper around 1978. His
purpose of defining this concept was to use the continued fractions where it could not be
used effectively. For example the Avogadro number is 23 digits long, but we just know the
first six digits. Therefore even the integer part of its continued fraction is unknown. Recently
Brabec, Borwein, Calkin, Lindstrom, and Mattingly has worked on continued logarithm
algorithm Brabec| (2006), Brabec| (2007), Borwein and Lynch! (2017). Continued logarithm
algorithm can be seen as mutation of continued fraction algorithm Jonathan and Lynch.

(2017). Every real number z > 1 is expanded continued logarithm algorithm as follows

z=2"(1+ ! - ) (4.24)

Zkl(l + —1>

where k; € N for ¢ > 0. This algorithm can be described as the following way Jonathan and
Lynch. (2017)

r if > 9
flz) =

fl<ax<?2

x p—
The algorithm continues by iterating g until the result is 1; the division steps = — x/2 are
applied repeatedly until z — ﬁ is used, or z = 1.. When x = 1 the algorithm terminates.

The number of division steps is expressed by the number of £’s in (3.25).

Example 7.

20(1 + ——)

wu+§ﬂ

64
We can denote by z = (ko, k1, ..., k) for abbreviation. So 5 = (3,0,0,1). Similarly

2" = (n) for n > 0. Recurrence relations for continued logarithms as follows.
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Theorem 4.2.13. Jonathan and Lynch. (2017)Let x be the real number with continued log-
arithm (ko, k1, ks, ...), and let x,, be the n-th continued logarithm convergent. Then xn:—z

wherer_1 =1,5_1 =0, 179 = 2k, 5 = 1 and
Tn+1 = 2kn+1rn + 2kn7’n71

and

Sn+1 = 2kn+1 Sp + 2kn5n71

Proof. The proof is immediately follows from classical recurrence of continued fractions.

]

4.2.14 The p-adic Division Algorithm and Euclidean Algorithm

Both the division algorithm and Euclidean algorithm are elements of classical num-
ber theory. With the goal of recreating the real aspects of classical number theory in the p-

adics, we know how to re-invent these two classical algorithms. Let Z[%} ={x: mke

Z}. Notice that Z[%] is closed under addition and multiplication; in fact, it is a subring of Q.

We will give some results in Lager (2009) .

Theorem 4.2.15. Let p be an odd prime. Then given any o and T € Q,, where T # 0 there

exists a unique q € Z[%] with | q |, < §andn € Q, with [ 1 |, <| T |, such that
o=qT+n (4.26)

Definition 4.2.16. (p-adic Euclidean Algorithm). Let p be an odd prime. The p-adic Eu-
clidean algorithm applied to o and 7 € Q, and where 7 # 0 is as follows. First apply

division algorithm to ¢ and 7 to produce
O =q1T -+ m (427)

In each subsequent step “’shift to the left" and apply division algorithm again,

T = Q211 + 72

m = qsne + 13

Ni—o = N1 + 1
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This process either continues indefinitely or stops when n: = 0. The outputs of this algo-

rithm are the sequences ¢; and 7. When appropriate we will consider the inputs as o0 = 1_;

and 7 = .
Example 8. The 7-adic Euclidean Algorithm applied to 121922 and 1955 yjelds
18161325 _ (2)(10255) n (9?f0.71)
gﬁl = <5_07><;22 ) 5+ (77
_22 5-72 = (f)(?- )+ (;—2-75)
%.74 — (?)(;—2.75) +0

This algorithm stops since 1; = 0. The outputs are the sequences

12 —10 50 2
T — 27_a_7_7_
=25 =7

9360, —2215 , =5 _, =5

954 795
11 22 711 722'7}

The classical Euclidean algorithm also computes the simple continued fraction form of ¢:

ni = {

1

a
EIQI+ = [q1, ¢, 3, -]
1

Qo +

1
q4+...

where ¢; € Z are the quotients obtained during the Euclidean algorithm. Browkin defined a

g3 +

simple continued fraction form of a p-adic number, (, as follows:

1
¢="bi+ = [b1, by, b3, ...]

by +

1

bz +
3 by +---

where b; € Q with | b; |, < £. The following summarizes Browkin method. For ¢ with
v(() =masin( =37 ¢;p) = cup™ + 1™ + ... where m is (possibly negative)
integer and ¢; € {152, ..., 21} define

0, ifm >0

m(¢) =

Z?:m ¢;p’, otherwise
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Theorem 4.2.17. (Browkin). Let ( € Q,\ 0 and let (; = (. Fori > Lletb; = 7((;), (i1 =
(Cz — bi)il until CZ — bz = 0 then C = [bl, bg, b3, ]

Theorem 4.2.18. Let ¢ € Q,\ 0, and let q; be the outputs of the p-adic Euclidean algorithm
applied to  and 1. Then ( = [q1, 2, q3, ...|. Using the theorem in our previous example one

computes that

181625 1
11
o555 — 2T T2 i
—10 T
2 7 — t—s0., 1

Even though p-adic Euclidean algorithm and Browkin’s method produce the same results,
the p-adic Euclidean algorithm is computationally quicker since performing the p-adic divi-
sion algorithm only requires an inversion modulo a prime power. Further last theorem tells

us exactly under what conditions the p-adic Euclidean algorithm terminates.
Example 9. The 5-adic Euclidean Algorithm applied to 325 and 35 yields
325 = (0)(35) + (13.5%)

35 = (_—11)(13.52) + (6.5%)

5
13.5% = (%2)(6.53) + (1.5%)
65° — (2)(54) +(0.5%)

It is important to determine coefficients in p-adic Euclidean algorithm process We take a

consideration following situations

l. g€ Z[%]

2. [qlo <%

3' |n|p<|7—|p

4. Coefficients of 7; can be rational but if coefficients of 7; is equal ¢, (a,b) = 1 and

btp.

5. ifq:]%(r,pQ)zl

In view of these circumstances, we apply p-adic Euclidean algorithm.

Corollary 4.2.19. |Lager (2009) For o, 7 € Q, 7 # 0, the p-adic Euclidean algorithm

terminates in a finite number of steps if and only if o /o € Q
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Question. In the classical setting the division algorithm leads to modular arithmetic. Is
there a similar theory to come from the p-adic division algorithm?

Question. How does the sequence 7; from the computation (o, 7) relate to the sequence
{n:} from computing (o, 7)? Examples quickly show that they are not always related in the

simple way the remainders are in the classical case.
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S. MATERIALS AND METHODS

Traditional methods of the theory of continued fractions ergodic theory, Diophantine
analysis, Pade approximant etc. In this thesis we give an overview of the methods used in
the literature Beskin| (1986)), |Olds, [Moore| (1964). With a similar motivation [Mahler| (1940)
Schneider (1970) Weger (1988), Ruban| (1970), Bundschuh! (1977) Browkin (2001) studied

on theory of p-adic continued fractions. We give their methods in this thesis.

In this thesis, in addition to these methods we develop a group theoretical approach
to continued fractions. Namely p-adic continued fractions are viewed as boundary points of
some groups of PGLy(Q). This method helps us to interpret Euclid’s antyphairesis process

in the context of p-adic continued fractions.

One of the aims of this thesis is to find series expansions for some periodic p-adic
continued fractions. In this context we develop three methods. The first method involves a
kind of iterated geometric series. This method can help prove convergence. However, it is
very difficult to obtain explicit expansion by using this method. The second method involves
a functional equation. But we couldn’t get explicit expansion. The third method involves
differential function equation. Using the third method we can get explicit expansion for
some periodic p-adic continued fractions. We use Mapple and Mathematica to calculate

derivatives.

We have exploited these methods to find the series expansions for some simple periodic
p-adic continued fractions. These methods needs to be developed further to get the series

expansions of general periodic p-adic continued fractions.
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6. EXPANSIONS OF SOME PERIODIC P-ADIC CONTINUED
FRACTIONS

Our work in this chapter is based on the following theorem. We proved the following
theorem and its generalization. We will give explicit formulas for some type of continued
fractions. Expansion of the following continued fraction gives us Catalan numbers. We have

achieved more general numbers for different expansions. Note that the continued fraction

l——m (6.1)
1 —

T
1 —

1-—:
converges in the real topology for |z| < 1,0 < z < 1|Lorentzen and Waadeland|(1992). We

discovered that it was also a convergent in the p-adic case inspired by this real situation.

Theorem 6.0.1. The continued fraction

converges in the p-adic topology to the number 1 — anl 2(2 1) (n
n —

Before proving this theorem let us show the more general continued fractions are convergent

in p-adic topology.
Theorem 6.0.2. The following continued fraction

Zo
1-— (6.2)

X

1—

1—

1—

converges in p-adic topology where |x;|, < 1.
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Proof. Let us assume

Py=1,Qo=0
then we have
=1 0:=1, (6.3)
Py=1—1mx, Q2 =1, (6.4)
P3=1-mx —x, Q3 =1—1xy, (6.5)
(6.6)
Pn = Ip-1— xn—2Pn—2a Qn = Qn—l - xn—?Qn—2 (67)
We claim that
PnQn—l - Pn—lQn = —Tp-2Tp-3Ln—4-.-L1T0
forn:2P2Q1 _P1Q2 = —Xy
Now let n > 2 and assume that forn — 1
Pr1Qno2 — Py oQn_1 = —Tp_3Tpn_4Tp_5...T1Z0 (6.8)
then using the induction hypothesis
PnQn—l - Pn—lQn - xn—Z(Pn—lQn—Q - Pn—QQn—l)
= Tno(—Tp 3Tn 4Tp_5...T1T0) = —Tp_2Tp_3Tp_4...T1 L.
On the other hand we know that |z;|, < 1. Then
‘Qn‘p - ‘anl - xananﬂp = max(l, |xn72‘p> =1 (69)
In that case, to show convergence in p-adic topology
| b=l -
Ay — Ap_1lp = |— —
L Qn Qn—l P
_ |PnQn71 - Pnlen|
Qnanl P
o ’ —Tn—2Tn—3Tn—4.--L1LQ ’
QnQn—l P
= | — xn—2$n—3$n—4---$1$0|p <— =0 (7’L — OO)
pn
[

Now let us take a wider perspective on these continued fractions. In the most general sense
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we are trying find a series representation of the continued fraction.

Zo
(%) =ng — (6.10)

g

ny —
)

Ny —

Tk

ne —
Zo

Nng —
£y
ny —

o nk —_ . s .
where |z;| € pZy,andng € Zn; € N, 1 < i < k. is a continued fraction with period
k + 1. If we truncate it from k& 4+ 1—th term then we have

F(@) = no — = : 6.11)

ny —

Tk
f(@)
By making some arrangements we get the following functional equation

where Ay, By, C, Dy is polynomial with respect to x and n;. This is the most general form

ne —

but we can solve some special cases of this equation.

If we consider for all n; = 1 and z; = p with 1-period we will give an expansion as follows,

G 1 2n\ , p
1_22(2n—1)(n)p =1 (€12

n=1 p
1 —

p
1] — ——

1—:
This continued fraction converges in p-adic topology. We prove that the more general form

1
in6.021—->">, 5o =T (2:) p™ viewed as an element of 91 (7', H). On the other hand
p
l- (6.13)
p
1—
p
1— —
1—

46



may be viewed as an element of 0" (T, S).

Now we will prove [0.12] First method we will proceed expanding right hand side of equality

step by step. We will use l%p = > ,p". This process is shown below.

00 oo oo k\ n
1—p.z<1 L ) :1—p.2pn<z<%>> (6.14)
n=0 1 ———5— -—7
1 |

In principle, using above method we can compute the coefficients of all terms p, p?, p?, ....
However, this method is impossible to implement even on a computer. We have to deal
with very complicated processes. So we proved the following theorem by using a different

method.

Theorem 6.0.3. One has the equality of p-adic numbers

> 1 om D
) S P
n:12(2n—1) n 1 P
D
1— ——
1_

Proof. Let f(z) =1 -7, m(?)x” =. Then 1 — % = f(x). We get the

following equation
flz) = (@) == (6.16)

Taking the first derivative of this equation we have

f'(@) = 2f(x) f'(z) =1

(6.17)
—2f(@)f'(z) =1 = f'(=)
Let f'(x) = g(x). Taking second derivative we get

—2(g'(2)f(x) + g(2) f'(x)) = =4 (z) (6.18)

By continuing this way n—derivative of the equation,

" /n

—2 (=R () fra = g™ (z). 6.19
kzzo ( k)g () fFa = g"(x) (6.19)
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Since g(x) = f'(x) we can write

Since
& 1 2k
=1- R — k
/() 22(2k—1)<k>p
k=1
then substituting in[6.20] After some calculations equality is satisfied. O

More generally the following result is true.

Theorem 6.0.4. Suppose that A is a p-adic integer that is |A|, < 1. The above theorem is

satisfied i.e.

- 1 2n A
1— _— Al=1— ——— (6.21)
; 2(2n — 1) ( n ) A
(U A
A
i
1 —
Proof.
A - 2k
1— = AF 6.22
_ye 1 (24) A% ;22k—1(k> 6:22)
F=19(2k — 1)
By making some arrangements we get
- 1 2k - 1 2k
—_ AR)( —_ ARy = A 2
ZQQk—l)(k) ZZQk—l)(k) )= (6:23)
k=1 =1
Since A is a p-adic integer we can write
A= Z a,p”.
n=0
Then we are substituting in equality [6.22] we have
= 1 2k = 1 2k =~
(22(2k—1)<k>( anp") ZQQk‘—l ( )Za”p ) 2 anp
k=1 n=0 =1 n=0
Fork =1

(1 — (ap + a1p + asp?® + ...) — (ap + a1p + asp?® + ...)* — 2(ag + a1p + asp® + ...)% — ...).
((ap + aip + asp® + ...) + (ap + a1p + aop?® + ...)% + 2(ag + a1p + azp* + ...)> + ...)
= ag + a1p + asp® + ...

2k 4 9
E E =ag+ + .24
22k—1 ( ) 22k—1 ( )ag) do T ap T azp (6:29)

k=1 k=1
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and then generally we can write

(1- n; m (2:) ak”)(; 2(2n—1—1) (2:) ") =a, k=0,1,2,... (6.25)
After some calculations we can get

ag = Ay, A1 = A1y ey Ay = Qo (6.26)

O]

Now we consider a p-adic periodic continued fraction of period 2.

Theorem 6.0.5.
p [o.¢]
- 1= ap
SR SO
P n=2
1—
p
1
1 4
where ag =1, a1 = —1, as =0, apr1 = a, + 22;11 Ay —-

Corollary 6.0.6. 1—p—>"", a,.1p" " is a solution of the quadratic equation ¥*+x(—p*+
p—1)+p

Proof. 1 =1—p—p* —p* —2p° — 4p5 — 8p" — 17p% + ...

Substituting x in quadratic equation we get
I—p—p"—p' =20 —4p° = 8p" = 17p° + ..)1 —p—p’
—pt —2p° —4p® —8p" —17p* + ..)
+(1—p—p—p' = 2p° —4p® = 8" —17p° + ) (=p* +p—1) +p?
=0

O]

Question. Can we find an explicit formula for periodic p-adic continued fractions of length
2? The answer is yes. Now we will get this formula. The most general form is attempted to

be solved in 2-period with taking ng = n; = L and |z|, < 1, |y[, < 1.
x

i apmx"y" =1— ————

n,m=0 Yy
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x
1— =1- : — =aly) = Y ey (627)
Yy - n,m=0
1 — @(I,y)
T
1—
y
1—
1 —
[0.27| gives us

?(z,y) — (y—z+ Da(r,y) +y =0 (6.28)

Using the partial derivative operator of the multiplication of two functions D,, ,,,(f.g) =

T 6_3/”(f'g) => o> (1) (7)) DLDE(g) D= D= ( f), we can calculate partial deriva-
tives of the [6.2§] that is we want to get

2

m n
k=0

(1) (7)) ptptatrappz Dy Hatey

o

.

s 112
%

) (”) <nk?) D(Dya(z,y) Dy "Dy~ (y - +1)

1
=0

3 |l

+

@ (7/?) Dy(Dy(y) Dy Dy (1) = 0

k=0 i=0
We know that «(0,0) = 1. Then we must solve the above linear recurrence equation. It ap-
pears impossible to solve this equation consisting of partial derivatives manually, so we have

calculated partial derivatives of the equation using Mathematica. Let’s list some derivative

values of a(x, y) at the point of (0, 0);

«(0,0) =1 a®) =0 02 =0 | 403 —

a0 — 1 o) = 1 a2 = 2| 13 — _g

ol = 9 a22) = 19 a3 = —72 | 424 — _480
aBl = —6 a2 = 72 a3 = 720 | o349 = 7900
ol = —24 a®?) = —480 a®3) = —7200 | (44 = —100800
a® = —120 a®? = —3600 a®3) = —75600 | 054 = —1411200

Now we can calculate some coefficients of z"y™, let us assume m = 0

g Q02"

The value of the first derivative of the above sum when we write n = 1 is equal to a(%%)(0, 0).

So this gives coefficient a; o. We can calculate the coefficients a; o, az, a3, ..., @no by
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continuing with this method. So we find
a0 =—1, as0 =0, a390 =0, as0=0, ...,a,0=0
Let us assume m = 1.
Z an,lfl?ny
Taking first derivative with respect to y and then with respect to =, we get
ag=—1, a1 =—-1, az; = —1,...,a,1 = —1.

We assume that m = 2 and using similar method, we have

1o =—1, ago = —3, aza = —6,...,ap2 = (n—2|— 1).

We can calculate a lot of coefficients using this method. But we need a general formula of
these coefficients that we found experimentally. We get the general formula of coefficients.
The table of coefficients are as follows;

Table 6.1
Qo0 Qo1 Qo2 ... Qom
10 Qa1 Q12 ... Q1m
Anm = G20 Q21 Q22 ... Q2m
an,O an,l an,2 s an,m

Theorem 6.0.7. For z,y € 7, the continued fraction

T [oe)
1— = > umz"y" (6.29)
Y n,m=0
1 _
xr
1 —
y

1 _

]_ _

-1 0 0 0
-1 -1 —1 —1
0 —1 _3 —C(m+1,2)C(m+1,1)
m+ 1
0 —1 —C(n+1,2)C(n+1,1) Cim+n—1,n)Cm+n—-1n-1)
(n+1) (m+mn-—1)
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Proof. Firstly we can write a new equation for continued fraction

X T
1= =1- = a(z,y)
y Oé(y, l‘)
1 —
x
1—
Y
1 —
1—
So we get the following equation
a(z,y)aly,z) —aly,z) + =0 (6.30)

since a(x,y) = Y 4y ma"y™ then we can rewrite the equation [6.30]

Z " Yy™ Z A ™Y — Z A"y + =0 (6.31)

We will use induction on the diagonal of the matrix to prove the theorem. First of all let

n+m = 0. From[6.31| we get
ag,o —agp =0

So app = 0 or app = 1. Let us continue our way considering agg = 1. Assuming agy = 0
gives a similar result. We will show this later. To show the base step of induction we assume

that n + m = 1. So this gives two equations,

ap,000,1 + appaio — a1 = 0 (6.32)
a1,000,0 + @001 — oy +1 =10 (6.33)
then
a ago — 1| |a 0 0
0,0 0,0 0,1 n _ 6.34)
apo—1  agp ai o 1 0
since ago = 1 we have
1 0 Qo,1 0 0
+ =
0 1 1.0 1 0
and so
Qo,1 0
al,O —|— 1 0
Thus ap; = 0 and a; o = —1. We proved that basis step of induction. Now we assume that

induction hypothesis that is suppose we know that the coefficients of n +m < k — 1. We
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must show that in the case n + m = k. Using the previous hypothesis we will calculate
respectively aio, ar—1,1, Ax—22,...,a0%. 10 find these coefficients we write the following

system of equations

ak,000,0 + Ak—1,000,1 + Q20002 + ... + agoaor — aor =0

Ak—1,100,0 + Gx—2100,1 + Ak—31002 + ... + Ao 100 k-1 + Gr—1,001,0F

ak—2,001,1 + ... + a0 001 k-1 — @1 -1 = 0

Qk—22000 + Ak—3200,1 + Gp_42002 + ... + Qo200 k2t
Ak—2101,0 + Qk—3101,1 + ... + Qo101 k—2F

Ap—2,002,0 + Ak—30021 + ... + QA2 5—2 — A2 5—2 = 0

a1,k—100,0 + Ao k—100,1 + G1,k—201,0 + Qo k—2011

+ay k3020 + Ao k—302,1 + ... + a100k_1,0 + Ao00k—1,1 — Ak—1,1 = 0

Ao k00,0 + Ao k—101,0 + Qo k—202,0 + ... + Qo o0k — Ao =0

From these equations we get

—(k—=1,2)(k —1,1)
k—1

aro = 0,ap-11 = —lag_o2 = e Qik—1 = —1,a0, = 0.

If we want to express [6.29] in terms of analytic functions then using the coefficients a,,,
and generalized corresponding functions we can write the following expansion. So we get a

different representation for the continued fraction [6.29]in 2-period

1—1ay’ —lay' —lay® —lay® —1— ... — Lay™ — ... (6.35)
— 1%y — 32%y* — 627y — 102%y* — ... — C(m + 1,2)2%y™ — ... (6.36)
C 2,3)C 2,2
— 12y — 6232 — 2023y — 5023yt — ... — (m + n)+ 2(m +2.2) 3 (637)
2 43 36xty(1 + 3 2
T Ty dry  Hcy(Adydy) (6.38)
l—y (1=y? (1-y) (1-vy)
"(n—1)Py(Tn—1,1)+T(n—1,2)y+T(n—1,3)y* + ...+ T(n—1,n — 1)y" 2
0y
(6.39)
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where T'(n, k) = C("_l’k_lk)*c("’k_l) forl1<k<n

Now we consider two-periodic continued fractions of the form

@ — —— Z Ay X" Y™ (6.40)

@————=a— 7 = a(7,y) (6.41)

a — ———

b—:

So we get a?(z,y) + (x — y — a)a(x,y) + ay = 0. Using the partial derivative operator of

the multiplication of two functions
() () s oy

, we can calculate partial derivatives of the above equation that is we want to get

Dn,m(fg) =

a m
L3

1=

33 (1) (7)) emot oy oo

i n ()( )LDl )DL Dy 2 +)

+§;Z < )( )D“ (Di(ay))DE~*Dy—"*(1) =0

n
We know that «(0,0) = a. Then we must solve the above linear recurrence equation. It
appears to be impossible to solve this equation consisting of partial derivatives manually, so
we have calculated partial derivatives of the equation using Mathematica. Let’s list some

derivative values of «(x, y) at the point of (0, 0);
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a(0,0) =a a®l) =0 %2 =0 | 403 =
1 1
1,0) _ (1,1) _ (12) _ 2 (13 _ _ 6
a0 = —— Q== QT =y | O = e
b ab? a?b a3b
aZl) = 2263 a2 = _ }512)4 a23) = __112)5 ad — — 458196
a a a a
o) = — 8 a3 = — 12 oI = — 10 | 4(.4) = 1200
a a a a
Q) — _ 32‘5 a@2) — _ 458;)6 o@3) — _7329 o) — _10(;230
a a a a
(5,1) _ _ 120 (5,2) _ _ 3600 (5,3) __ _ 75600 (5,4) _ _ 1411200
@  a®s a — abv’ @ — a’b8 @ - allbl2

Now we will calculate coefficients of z"y™. Let us assume successively m = 1,2, ...,n. As
above implementation taking derivative > > a,,2"y™ and writing the value of o*7(0, 0).
So we can get a,,,

ap,0 Qo1 Qo2 --- Qom
a0 a11 Air2 ... Q1m
Qpom = Q20 Q21 A22 ... G2m
Qpo OGp1 Ap2 ... dpm
Theorem 6.0.8.
T o0
a — - Z an,mxnym
Yy n,m=0
h—
T
a R
Yy
h—
a/ _
where a,, , is given by
Table 6.2
a 0 0 . 0
1 1 1 1
b ab? a3b* o gmpmtl
0 B B —C(m—|—1,2)C’(m—|r1,1)am+1bmJr2
a?b3 a3bt m-+1
0 1 —C(n+1,2)C(n+1,1) Cm+n—1,n)Cm+n—-1,n-1)
anrpntl (n + 1)an+2bm+3 e (m +n— 1>am+n—1bm+n

These are kind of generalized Catalan numbers ?
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Proof. Firstly we can write a new equation for continued fraction

So we get the following equation
bOé(in', y)a(y7 .T) o aba<y7 x) +ax =0
since a(z,y) = > anma™y™ then we can rewrite the above equation

b Z Ay @Y™ Z A ®"Y" — ab Z @Y 4+ ax =0

(6.42)

We will use induction on the diagonal of the matrix to prove the theorem. First of all let

n + m = 0. From above equality we get

bag o — abagy = 0

So apg = 0 or apy = a. Let us continue our way, considering apg = a. If we assume

apo = 0, similar results can be achieved. We will show this later. To show the base step of

induction we assume that n + m = 1. So this gives two equations

bag,oao,1 + bagoaio — abayg =0

bal’oaop + b(lo}o(lo@ — abao,l +a=0

then
bao’o ba070 —ab Qp,1 I 0 . 0
bCLQ’o —ab bQO,O a0 a 0
since apy = a we have
ab 0 ap,1 0 0
+ =
0 ab| |aio a 0
and so
abao,l 0
abam +a 0
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Thus ap; = Oand a; = —% where a # 0. We proved that base step of induction. Now
we assume that induction hypothesis holds that is suppose we know that the coefficients of
n+m < k—1. We must show in case of n +m = k. Using the previous hypothesis we will
calculate respectively ay o, ag—11, @x—22,-...,a0%. To find these coefficients we can write

the following system of equations
b(a,0a0,0 + ar-1,0001 + ap—2,0a02 + ... + agpaox) — abagy =0

b(ag—1100,0 + Ak—21001 + Qk—31002 + ... + Q0100 k-1 + Ak—1,0a01,0+

Ag—20011 + .. + @o a1 k1) — abay g—1 =0

b(ak—2,2000 + Ak—32001 + Qr_42002 + ... + Qo200 —2+
Ak—2101,0 + Qk—3101,1 + ... + Qo101 g2+

Ak—2,002,0 + Qk—30021 + ... + A0 02k—2) — abas 2 =0

b(ai k—1a0,0 + o k-1G01 + @1 k—201,0 + Qo k—2011

+ a1 k3020 + Ao k—3021 + ... + a1,00K-1,0 + Q00ak—1,1) — abag_11 =0

b(ao koo + Ao k—101,0 + Qo k2020 + ... + agoako) — abagy =0

From these equations we get

1 (k—1,2)(k—1,1)
ago =0,a5-11 = _W7ak—2,2 = - (k— Dab—1pk "7
k-1 = = =575 dok = 0
This completes the proof. ]

Question. Can we find an explicit formula for the continued fraction of period length 3 of

the following form?
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1-— = Z zykm (6.43)
) n,k,m=0
1 —
z
1—
x
1—
Yy
1—
z
1—
1—
We have been unable to do this. However, for the special case y = 1 we could get a
conjecture. In this case[6.43|turns into
T e}
- £ Z A (T — 1)"2™
1 n,m=0
1—
z
1—
x
1—
1
1—

z

1 —
1—

We calculated the coefficients by computer and generalized them using the above method
and we obtained following result.

Conjecture.

T [e9)
P =Sl 1y (6.4
1 n,m=0
1—
z
1—
X
1—
1
1—
z
1 —
1—

where a,,, is given by;
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Table 6.3

0 0
0 1 1 1

0 —1 —2 —m

0 1 3 C(m+1,2)

0 (=1)"—=1 (=)™ ... (=)"'Cm+n—2,n-1)

Ifx=1+cp+ cp®+cp®+ ... and 2 = dip + dop? + d3p® + ... ie. |z],, |2], < 1 then
converges in p-adic topology. So this continued fraction gives a p-adic number.
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7. CONCLUSION AND RECOMMENDATION

The theory of p-adic continued fractions is a classical field of mathematics, us-
ing classical tools. In this thesis we try to interpret this theory in terms of group bound-
aries(namely subgroups of PGLy(Q). In order to complete this initiative one needs to con-
struct spaces on which these groups acts in a nice manner. Since PGLy(Q) is an infinitely
presented group, this space must be infinite dimensional and it must have a very compli-
cated structure (named “heyula” by M. Uludag). The subgroup PSLy(Z) of PGL4(Q) and
its boundary gives us some understanding on how to construct and study this space. In this
case, the space acted upon is the Farey tree (i.e. the planar 2-3 regular tree) whose boundary
consists of simple continued fractions. The Baumslag-Solitar subgroup is another subgroup
of PGLy(Z). P—adic numbers can be viewed as elements of its boundary. The space acted

upon have been constructed in Farb and Mosher (1998).

Also we find explicit expansion for some periodic p-adic continued fractions. This
give some generalization of Catalan numbers. In addition to this n-periodic p-adic continued

fractions will give us higher generalization of Catalan numbers.
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