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Bu tezde metastaz oluĢumunda en önemli aĢamalardan biri olan dokunun kanser hücreleri 

tarafından istilasını içeren ve matris aĢındırıcı enzim, kemotaksis ve haptotaksisin istila 

üzerindeki rolüne odaklanan matematiksel model incelenmiĢtir. Ġlgili modelin ayrıca tek zayıf 

yerel çözümünün varlığı iteratif bir prosedür kullanılarak ispatlanmıĢtır. Daha sonra model 

sonlu fark metodu kullanılarak sayısal olarak da çözümlenmiĢtir. Nümerik simülasyon 

sonuçlarının istilanın beklenen davranıĢı ile uyum içerisinde olduğu görülmüĢtür. Ayrıca 

haptotaksis, kemotaksis, kanser hücreleri ve bağ dokunun yeniden yapılanması gibi çeĢitli 

faktörlerin istila üzerindeki etkisi de nümerik simülasyonlar yardımıyla incelenmiĢtir. 
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In this thesis, a model considering one of the most important stages of metastasis, namely the 

tissue invasion is investigated by focusing on the role of the matrix degrading enzymes, 

chemotaxis and haptotaxis. Furthermore, the existence of a unique weak solution for the 

corresponding model is proved by using an iterative procedure. Next the model is solved 

numerically by using finite difference method. It has been seen that the results of the 

numerical simulations agree well with the expected behaviour of the invasion. Moreover the 

effect of the factors such as chemo-taxis, haptotaxis and re-establishment of cancer cells and 

the tissue, on invasion, is examined by the help of the numerical simulations. 
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Buna ek olarak her   0 için Teorem (7.0.5) den ve (8.2) Hölder eşitsizliğinden¯̄̄̄
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elde edilir. (3.44)-(3.45) birleştirilirse
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dır. Teorem 7.0.2’den k0(0)k1(Ω) ≤ k0k1(Ω) .
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Denklem (3.2) ile verilen sınır koşulları ve denklem (3.3) ile verilen ve (3.17)
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vardır.

( ) N0

1 ( ) 2 ( ) ( )

+1 = 1
1 = 2

+1 = 1
1 = 2

+1 = 1
1 = 2

N0 0
+1

0
1 ( ) +1 2 (0 ; 2 ( ))

+1
0 0

1 ( ) +1 2
¡
0 ; 2 ( )

¢
+1

+1
2 +1 + +1 =

2 + = 1

( +1 ) 2
¡

+1
¢
+

¡
+1

¢
=

¡
1
¢



°° +1
°°2 ( )

Z
0

°° 1
°°2

2( )

3 := 3 ( )

4 = min

½
1

4

1

4 ( ) 2 2
3

¾

°° +1
°°2 ( ) 2 2

3

Z
0

°° 1
°°2

1( )

( ) 2 2
3 4

°° 1
°°2 1

4

°° 1
°°2

( ) N
+1

+1
+ +1 +1 = 2

³
1

´
+ = 2

1
³
1

1 1
´

( +1 )
+
¡

+1 +1
¢
= 2

³ ³
1

´
1
³
1

1 1
´´

( 1) := 2

³ ³
1

´
1
³
1

1 1
´´

( 1)
2 +

¡
+1 +1

¢
( 1) = ( 1) ( 1)

( 1)
2 + +1

¡
+1
¢2 +1 +1 +1 + ( ) =

( 1) ( 1)



1

2

Z
( 1)

2 +

Z
( 1)

2 +1 =

Z
(
¡

1
¢

( 1)) ( 1)

k 1k2 2( )

2 2

Z ¯̄̄̄μ μ
1

¶
1

μ
1

1 1
¶¶

( 1)

¯̄̄̄
+2

Z
| ( 1) ( 1)|

2 2

°°°° μ
1

¶
1

μ
1

1 1
¶°°°°

2( )

+2 k ( 1)k 2( ) k 1k 2( )

4 := 4 ( )

max :=
n

:= k k ((0 ]× ) 1 :=
°° 1

°°
((0 ]× )

o

˜ := 4 2

μ
1 +

max

¶
˜ :=

2 2

°°°°°2 2
1 ( )2

+
( 1)2

+
1 1

°°°°°
2( )

2 2 k 2k 2( ) +
4 2 max k 2k 2( ) + 2

2 k 2k 2( ) + 2 2 k 2k 2( )

˜ k 2k 2( ) + ˜ k 2k 2( )

:= 4

2 k ( 1)k 2( ) 2 4
2
k 1k 1( )

= ˜ k 1k 1( )



k 1k2 2( )

1

2

³
˜ k 2k 2( ) + ˜ k 2k 2( ) + ˜ k 2k 1( )

´2
+
1

2
k 1k2 2( )

2
˜ k 2k2 2( ) +

2
˜ k 2k2 2( ) +

2
˜ k 1k2 1( ) +

1

2
k 1k2 2( )

k 1k2 2( )
2

Z
0

³
2
˜ k 2k2 2( ) +

2
˜ k 2k2 2( ) +

2
˜ k 1k2 1( )

´
( ) = 2max

n
2
˜

2
˜

2
˜

o

k 1k2 (0 ; 2( )) ( )
³
k 2k2 (0 ; 2( )) + k 2k2 (0 ; 2( )) + k 1k2

´
5

1

4

³
k 2k2 (0 ; 2( )) + k 2k2 (0 ; 2( )) + k 1k2

´
1

4

μ
k 2k2 (0 ; 2( )) +

5

4
k 2k2

¶

5 ( ) 5
1

4

0
+1

0
1 ( )

μ
1

¶
+1

μ
1

+1 +1
¶

2
¡
0 ; 2 ( )

¢

+1
0 0

1 ( )



1
+1

μ
1

+1 +1
¶

1

μ
1

¶¸
2
¡
0 ; 2 ( )

¢

+1

max := max
n

:= k k 2( ) 1 :=
°° 1

°°
2( )

o

+1 2 +1 +
¡

+1
¢
+

¡
+1
¢
= 1

³
1

´
2 +

¡
1

¢
+

¡
1

¢
= 1

1
³
1

1 1
´

k 1k2 ( )

Z
0

°°°° 1

μ
1

¶
1

1

μ
1

1 1
¶°°°°

1

°°°°° 1 ( )2
+
( 1)

2

+
1 1

°°°°°
2( )

1 k 2k 2( ) +
2 1 max k 2k 2( ) +

1 k 2k 2( )

6 = min

(
1

4

1

4 ( ) 2
˜
2
6

)
7 = min

½
1

4

1

4 ( ) 2
˜
2
7

¾

˜ := 1

μ
1 +

2 max

¶
˜ :=

1

1 k 2k 2( ) +
2 1 max k 2k 2( ) +

1 k 2k 2( ) = ˜ k 2k 2( ) + ˜ k 2k 2( )



k 1k2 ( )

Z
0

³
˜ k 2k 2( ) + ˜ k 2k 2( )

´2
( ) 2

˜

Z
0

k 2k2 2( ) + 2
˜

Z
0

k 2k2 2( )

¸
( ) 2

˜
2
6

Z
0

k 2k2 1( ) + 2
˜
2
7

Z
0

k 2k2 1( )

¸
( ) 2

˜
2
6 6 k 2k2 + ( ) 2

˜
2
7 7 k 2k2

1

4
k 2k2 + 1

4
k 2k2

k 1k2 + k 1k2 (0 ; 2( )) + k 1k2 1

4
k 2k2 + 1

4
k 2k2

+
1

4

μ
k 2k2 (0 ; 2( )) +

5

4
k 2k2

¶
+
1

4
k 2k2

1

16

h
14 k 2k2 + 9 k 2k2 (0 ; 2( ))

i

( ) × (0 ; 2 ( )) ×

( 1 1 1) ( 2 2 2)

k 1 2k2 1

4
k 1 2k2 + 1

4
k 1 2k2

k 1 2k2 1

4
k 1 2k2

k 1 2k2 1

4
k 1 2k2 + 1

4
k 1 2k2



1 = 2 1 = 2

1 = 2



0 1 1

=
2

10 6 2 1 0 104 106

˜= ˜ = ˜ = ˜ = ˜ =



˜ = ˜ = ˜ = ˜ =

˜1 = 1 ˜2 = 2
˜ = ˜ = ˜ =

= 2| {z } · ( )| {z } · ( )| {z }+ 1 (1 )| {z }
= | {z } + 2 (1 )| {z }
= 2| {z }+ |{z} |{z}

( )

[0 1]

+ 1

+1

=

μ +1
1 2 +1 + +1

+1

2

¶
+1 +1 = 1 2

+ 1

A u +1 = u + k

1

1 1 +1 +1



A ( + 1)× ( + 1)

k u ( + 1)

( + 1)

+1 ( + 1)

= 0 1 2

+1 =
(1 + ( 2 2 2 ))

1 + +1

= { 1 + 1} = 1 2 3

( )| =
1

2 2

X¡
+

¢ ¡
+1 +1

¢

( )| =
1

2 2

X¡
+

¢ ¡
+1 +1

¢
= 1 =

( + 1)

A k +1 = k + k˜

A ( + 1)× ( + 1)

k 1

¡
1 +1

¢
k˜ ( + 1)



( 0) = exp

μ
2
¶

[0 1] 0

( 0) = 1
1

2
exp

μ
2
¶

[0 1] 0

( 0) =
1

2
exp

μ
2
¶

[0 1] 0

10 3 10 5

0 001 1
0 001 1
0 001 1

1 0 05 2
0 05 1
0 13 0 95

2 0 15 2 5

= 2| {z } · ( )| {z }+ 1 (1 )| {z }
= | {z } + 2 (1 )| {z }
= 2| {z }+ |{z} |{z}



= 10 4 = 10 2 = 5× 10 3 = 0 05 = 0 3 = 10 1 = 2 = 0

0 0,2 0,4 0,6 0,8 1
0

0.2

0.4

0.6

0.8

1
t=0

uPA
ECM
Tümör

v

u

k

0 0.2 0.4 0.6 0.8 1
0

0.2

0.4

0.6

0.8

1
t=1

uPA
ECM
Tümör

k

v

u

0 0.2 0.4 0.6 0.8 1
0

0.2

0.4

0.6

0.8

1
t=5

uPA
ECM
Tümör

k

u

v

0 0.2 0.4 0.6 0.8 1
0

0.2

0.4

0.6

0.8

1
t=10

uPA
ECM
Tümör

u

k

v

0 0.2 0.4 0.6 0.8 1
0

0.2

0.4

0.6

0.8

1
t=20

uPA
ECM
Tümör

k

u

v

0 0.2 0.4 0.6 0.8 1
0

0.2

0.4

0.6

0.8

1
t=30

uPA
ECM
Tümör

u

v

k

= 1 ( 3 )

= 30 ( 3 5 ¨ )



0 0,2 0,4 0,6 0,8 1
0

0.2

0.4

0.6

0.8

1
t=0

uPA
ECM
Tümör

v

u

k

0 0.2 0.4 0.6 0.8 1
0

0.5

1

1.5

2
t=1

uPA
ECM
Tümör

v
k

u

0 0.2 0.4 0.6 0.8 1
0

0.5

1

1.5

2
t=5

uPA
ECM
Tümör

k
v

u
0 0.2 0.4 0.6 0.8 1
0

0.5

1

1.5

2
t=10

uPA
ECM
Tümör

v

k

u

0 0.2 0.4 0.6 0.8 1
0

0.2

0.4

0.6

0.8

1
t=20

uPA
ECM
Tümör

k

u
v

0 0.2 0.4 0.6 0.8 1
0

0.2

0.4

0.6

0.8

1
t=30

uPA
ECM
Tümör

k

uu

= 0 05

= 1 ( 3 )

= 10 ( 1 ¨ )

= 30 ( 3 5 ¨ )



0 0,2 0,4 0,6 0,8 1
0

0.2

0.4

0.6

0.8

1
t=0

uPA
ECM
Tümör

v

u

k

0 0.2 0.4 0.6 0.8 1
0

0.2

0.4

0.6

0.8

1
t=1

uPA
ECM
Tümör

k

v

u

0 0.2 0.4 0.6 0.8 1
0

0.2

0.4

0.6

0.8

1
t=5

uPA
ECM
Tümör

k

v

u

0 0.2 0.4 0.6 0.8 1
0

0.2

0.4

0.6

0.8

1
t=10

uPA
ECM
Tümör

k
v

u

0 0.2 0.4 0.6 0.8 1
0

0.2

0.4

0.6

0.8

1
t=20

uPA
ECM
Tümör

k
v

u

0 0.2 0.4 0.6 0.8 1
0

0.2

0.4

0.6

0.8

1
t=30

uPA
ECM
Tümör

k

v

u

= 0 0075 = 0 15

= 1 ( 3 )

= 10 ( 1 ¨ )

= 30 ( 3 5 ¨ )



0 0,2 0,4 0,6 0,8 1
0

0.2

0.4

0.6

0.8

1
t=0

uPA
ECM
Tümör

v

u

k

0 0.2 0.4 0.6 0.8 1
0

0.2

0.4

0.6

0.8

1
t=1

uPA
ECM
Tümör

k

v

u

0 0.2 0.4 0.6 0.8 1
0

0.2

0.4

0.6

0.8

1
t=10

uPA
ECM
Tümör

k

v

u

0 0.2 0.4 0.6 0.8 1
0

0.2

0.4

0.6

0.8

1
t=20

uPA
ECM
Tümörk

v

u

0 0.2 0.4 0.6 0.8 1
0

0.2

0.4

0.6

0.8

1
t=30

uPA
ECM
Tümörk v

u

0 0.2 0.4 0.6 0.8 1
0

0.2

0.4

0.6

0.8

1
t=40

uPA
ECM
Tümörk

v

u

1 = 0 5 2 = 1 25 = 1

= 10

= 40



= 2| {z } · ( )| {z } · ( )| {z }+ 1 (1 )| {z }
= | {z } + 2 (1 )| {z }
= 2| {z }+ |{z} |{z}



0 0,2 0,4 0,6 0,8 1
0

0.2

0.4

0.6

0.8

1
t=0

uPA
ECM
Tümör

v

u

k

0 0.2 0.4 0.6 0.8 1
0

0.2

0.4

0.6

0.8

1
t=1

uPA
ECM
Tümör

u

k

v

0 0.2 0.4 0.6 0.8 1
0

0.2

0.4

0.6

0.8

1
t=5

uPA
ECM
Tümör

k

u

v

0 0.2 0.4 0.6 0.8 1
0

0.2

0.4

0.6

0.8

1
t=10

uPA
ECM
Tümör

k
v

u

0 0.2 0.4 0.6 0.8 1
0

0.2

0.4

0.6

0.8

1
t=20

uPA
ECM
Tümör

k

v
u

0 0.2 0.4 0.6 0.8 1
0

0.2

0.4

0.6

0.8

1
t=30

uPA
ECM
Tümör

k

v u

= 5 × 10 2 = 5 × 10 2

= 1 ( 3 )

= 5 ( 15 )

= 10 ( 1 ¨ )



0 0.2 0.4 0.6 0.8 1
0

0.2

0.4

0.6

0.8

1
t=50

uPA
ECM
Tümör

k

v u

0 0.2 0.4 0.6 0.8 1
0

0.2

0.4

0.6

0.8

1
t=100

uPA
ECM
Tümör

k

uv

0 0.2 0.4 0.6 0.8 1
0

0.2

0.4

0.6

0.8

1
t=150

uPA
ECM
Tümör

k

v u

0 0.2 0.4 0.6 0.8 1
0

0.2

0.4

0.6

0.8

1
t=250

uPA
ECM
Tümör

k

v u

0 0.2 0.4 0.6 0.8 1
0

0.2

0.4

0.6

0.8

1
t=350

uPA
ECM
Tümör

k

v
u

0 0.2 0.4 0.6 0.8 1
0

0.2

0.4

0.6

0.8

1
t=500

uPA
ECM
Tümör

k

uv

= 150

= 5









57 
 

 

 

 

KAYNAKLAR 

 

Anderson ARA, Chaplain MAJ, Newman EL, Steele RJC and Thompson AM (2000) 

Mathematical modelling of tumour invasion and metastasis J. Theor. Med., 2:129-154. 

Anderson ARA and Chaplain MAJ (2003) Mathematical modeling of tissue invasion. 

Chapman & Hall/CRT, London/Boca Raton, 267-297. 

Armstrong NJ, Painter KJ and Sherratt JA (2006) A continuum approach to modelling 

cell-cell adhesion. J. Theor. Biol., 243: 98-113. 

Ashkenazi A and Dixit VM (1998) Death receptors: signaling and modulation. Science, 208: 

1305-1308.  

Baghaei K, Ghaemi MB and Hesaaraki M (2012) Global existence of classical sollutions to 

a cancer invasion model. Appl. Math., 3: 382-388. 

Chaplain MAJ and Lolas G (2005) Mathematical modelling of cancer cell invasion of 

tissue: the role of the urokinase plasminogen activation system. Math. Mod. Meth. 

Appl. S., 15: 1685-1734. 

Chaplain MAJ and Lolas G (2006) Mathematical modelling of cancer invasion of tissue: 

dynamic heterogeneity. Netw. Heterog. Media, 1: 399-439.  

Chaplain M, Szymansska Z, Morales-Rodrigo C and Lachowiz M (2009) Mathematical 

modelling of cancer invasion of tissue: the role and effect of non-local interactions. 

Math. Mod. Meth. Appl. S., 19: 257-281.  

Deakin NE and Chaplain MAJ (2013) Mathematical modelling of cancer invasion: the role 

of membrane-bound matrix metalloproteinases. Frontiers in Oncology, 3: 1-9. 

Eberl HJ and Demaret L (2007) A finite difference scheme for a degenerated diffusion 

equation arising in microbial ecology. Electron. J. Differ. Equations, 15: 77-95. 

Evans LC (2010) Partial Differential Equations, Vol 19 ikinci baskı, American Mathematical 

Society, Providence, Rhode Island. 

Gatenby RA and Gawlinski ET (1996) A reaction-diffusion model of canser invasion 

Cancer Res., 56: 5745-5753. 

 

 



58 
 

KAYNAKLAR (devam ediyor) 

 

Greisch A and Chaplain MAJ (2008) Mathematical modelling of cancer cell invasion of tissue: 

local and non-local models and the effect of adhesion. J. Theor. Biol., 250: 684-704. 

Hejmadi M (2010) Introduction to Cancer Biology. Momna Hejmadi and Ventus Publishing 

ApS. 

Kaptanoğlu HT (1996) Gama fonksiyonu. Matematik Dünyası 6, 2: 6-13. 

Mahaffy JM and Ross-Chavez A (2004) Calculus: A modelling Approach for the Life Science. 

Pearson Custom Publishing. 

Marchant BP, Norbury J and Perumpanani AJ (2000) Traveling shock waves arising in a 

model of malignant invasion. Siam J. Appl. Math., 60: 463-476. 

Marchant BP, Norbury J and Sherratt JA (2001) Traveling wave solutions to a haptotaxis-

dominated model of malignant invasion. Nonlinearity, 14: 1653-1671. 

Marchant BP, Norbury J and Byrne HM (2006) Biphasic behaviour in malignant invasion. 

Math. Med. Biol., 23: 173-196. 

Meral G and Surulescu C (2013) Mathematical modelling, analysis and numerical simulations 

for the influence of heat shock proteins on tumour invasion. J. Math. Anal. Appl., 408: 

597-614. 

Meral G, Surulescu C and Märkl C (2013) Mathematical analysis and numerical simulations 

for a system modeling acid-mediated tumour cell invasion. Int. J. Anal., 2013: 1-15. 

Meral G, Surulescu C and Stinner C (2014) On a multiscale model involving cellcontractivity 

and its effect on tumor invasion. Preprint TU Kaiserslautern, (yayına gönderildi). 

Perumpanani AJ and Byrne HM (1999) Extracellular matrix concentration exerts selection 

pressure on invasive cell. Eur. J. Cancer, 35: 1274-1280. 

URL-1 (2006) http://web.firat.edu.tr/kimmuh/eskiweb/model/m1-10.pdf, 03 Haziran 2014 

Vries G, Müller J, Hillen T, Schönfisch B and Lewis M (2006) A course in mathematical 

biology, S.I.A.M Philadelphia. 

Yamaguchi H, Pixley F and Condeelis J (2006) Invadopodia and podosomes in tumor invasion. 

Eur. J. Cell Biol., 85: 213-218. 

Zeidler E (1989) Nonlinear functional analysis and its applications II/B, Springer-Verlag New 

York Berlin Heidelberg. 







R 1 ( )

k k ( ) :=

Z
| |

1

1

sup | | =

k k ( ) : R

( ) | |
( ) : R

( ) = 2

( ) = 2 ( ) ( = 0 1 )









R = ( ) : R

=
X
=1

( ) + ( ) + ( )

=

= 0

= × [0 ] 0

(Evans 2010) 1
¡
¯
¢

( ) ( = 1 ) ve 2 ( )

olsun.

Ayrıca 1
0 ( )

=

= 0
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