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ABSTRACT

On Permutation Polynomials over Finite Fields

Dabboor Asad, Maha M.M.
M.S., Department of Mathematics

Supervisor : Assist. Prof. Dr. Burcu Giilmez Temiir

March 2017, 90 pages

In this thesis, we study on permutation polynomials defined over finite fields. We have
made a survey of some recent research results on constructions and classifications of

some types of permutation polynomials over finite fields.

Keywords: Permutation polynomial, finite field, linearized polynomial
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Sonlu Cisimler Uzerinde Permutasyon Polinomlari

Dabboor Asad, Maha M.M.
Yiiksek Lisans, Matematik Boliimii

Tez Yoneticisi : Yrd. Dog. Dr. Burcu Giilmez Temiir

28 Mart,2017, 90 sayfa

Bu tezde sonlu cisimlerdeki permutasyon polinomlari {izerine ¢alistik. Sonlu cisimler
tizerinde tanimlanmig bazi permutasyon polinom tiplerinin olusturulmasi ve siniflandi-

rilmast ile ilgili son zamanlarda yapilmig birtakim arastirma sonuclarimi derledik.

Anahtar Kelimeler: Permutasyon polinomu, sonlu cisim, dogrusallastirilmis polinom
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CHAPTER 1

INTRODUCTION

Let F, denote the finite field of characteristic p with g elements, where g = p",n € N.
Let m > 1 be an integer and let Try,, /7, (X) denote the trace function from Fy» to F,
that is, T7g,, /g, (¥) = x+x7 + ... + x?"". A polynomial of the form L(x) = Y a;x? €
F,[x] is called a linearized polynomial over F .. Note that the trace function is a
special case of linearized polynomial.

A polynomial f € F,[x] is called a permutation polynomial over F, if the mapping
x = f(x) induces a bijective map from F, to itself. A permutation polynomial f(x)

over a finite field F, is called a complete permutation polynomial if f(x) + x is also a

permutation polynomial.

Permutation polynomials over finite fields is an interesting and important topic as they
play an essential role in both arithmetical and combinatorial aspects of finite fields.
The explicit constructions of permutation polynomials have been a special interest for
many applications of finite fields such as cryptography, coding theory, combinatorial

design theory, finite geometry and computer science.

In this thesis, our aim is to present some recent studies constructing new classes of
permutation polynomials over finite fields. The thesis is organized as follows. In
Chapter 2, all definitions and some basic results that will be used throughout the

thesis are given.

In Chapter 3, the results of the paper ‘Constructing Permutation Polynomials over
Finite Fields” written by X. Qin and S. Hong are given. In this paper, the authors con-

struct permutation polynomials of the following forms: First they construct Zle (Li(x)+



vi)hi(B(x)) over F,» where L;(x) and B(x) are linearized polynomials, next using ele-
mentary symmetric polynomials they construct x/(4;(x)) and xh(u ;(x)) where 4;(x) is
the j-th elementary symmetric polynomial of x, x9,. .. x"" and 1i(x) = Trqu /Fq(xj )

and finally using linear translators they construct L;(x) + Ly(y)h(f(x)) over Fgn.

In Chapter 4, the results of the paper ‘New Results on Permutation Polynomials over
Finite Fields’ written by X. Qin, G. Qian and S. Hong are given, they construct new
permutation polynomials of the forms

L(x) + X5, vjhj(fi(x)) and x + T, ¥;f;(x) and then using linearized polynomial,
permutation polynomials of the form L(x) + Zﬁ:l YiTrg v, (hi(x)) where L(x) is a

linearized polynomial are characterized.

In Chapter 5, the results of the paper ‘On one Class of Permutation Polynomials over
Finite Fields of Characteristic Two’ written by L.A. Bassalygo and V.A. Zinoviev are
given. In this paper the authors classify all permutation polynomials of type x4+ 42

over the field F 4, where g = 2",m > 2.

In Chapter 6, the results of the paper ‘Permutation and Complete Permutation Poly-
nomials’ written by L.A. Bassalygo and V.A. Zinoviev are given the authors here
enumerate all permutation polynomials of the form x?*? + bx over the field F, and

x°*9*2 4 bx over the field F.



CHAPTER 2

PRELIMINARIES

In this section we will give all the definitions and some basic results that will be

needed throughout the thesis.

Definition 2.0.1 /8] A field K is a set together with two binary operations, denoted
by + and - such that:

1. K is an abelian group whith respect to + ( with identity element denoted by 0 or
Ox).

2. K\ {0k} = K" is an abelian group under -.
3. The distributive laws hold; that is, for all a, b, c € R we have a-(b+c) = a-b+a-c

and(b+c)-a=b-a+c-a.

Definition 2.0.2 /8] Let E be a field and L a subset of E. L is called a subfield of E
if L is itself a field under the operations of E. In this context, E is called an extension

field of K. If E # L, we say that L is a proper subfield of E.

Definition 2.0.3 /8] A field containing no proper subfield is called a prime field.

Definition 2.0.4 /8] Let E be an extension field of L. E can be considered as a a
vector space over L. The degree of the extension E over L denoted by [E : L] is

defined to be the dimension of E as a vector space over L, namely [E : L] = dim E.



Definition 2.0.5 /8] Let E be a field, L be a subfield of E and let S be a subset of E.
The smallest subfield of E (in the sense of inclusion) containing L and the set subset

S is denoted by L(S) and called the extension of L by adjoining the elements of S.

Remark 2.0.6 [8] IfS = (B1,....B.) then L(S) = LBy, ..., B). If S = (B}, then L(B)

is said to be a simple extension of L, and  a defining element for L(B).

Definition 2.0.7 /8] Let p > 0 be a prime number and q = p" be a power of p. Then
the finite field F , is a field with q elements.

Definition 2.0.8 /8] A polynomial over F, is an expression of the form

n

f(x):Zaixi:a0+a1x+~--+anx”,

i=0
where n is a nonnegative integer, a; € F,,0 < i < n, and x is an indeterminate over

F,, here we say that f(x) € F,[x], where F,[x] is the ring of polynomials over F .

Theorem 2.0.9 [8] Let f € L[x] be an irreducible polynomial over a field L. Then

there is a simple algebraic extension L() where 8 is a root of f.

Remark 2.0.10 /8] If B is a root of the irreducible polynomial f over a field L with
n = degf. Then [L(B) : L] = n = degf and {1,B,...,8""} is a basis of L(B) as a

vector space over L.

Definition 2.0.11 /8] If F is an arbitrary field and there exists a positive integer n
such that nr = 0 for every r € F, then the least such integer n is called the character-
istic of F and F is said to have (positive) characteristic n. If no such positive integer

n exists, F is said to have characteristic 0.
Corollary 2.0.12 /8] A finite field has prime characteristic.

Remark 2.0.13 /8]

1. From here till the end F denotes the finite field of characteristic p with g™

elements where g = p", p is prime, and m,n € N.
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2. For the field F ;» the prime subfield is the field F ,, where p is the characteristic
of Fyn with q = p".

Definition 2.0.14 /8] Let E be a field and L a subfield of E. An element 6 € E is said
to be algebraic over L if

a 0" +---+a10+ay=0,

for some a; € L,1 < i < nnot all zero with n > 0 is an integer.

Definition 2.0.15 /8] Let E be a field extension of a field L. Then E is said to be an

algebraic extension over L if every a € E is algebraic over L.

Proposition 2.0.16 /8] Every finite extension of a field L is algebraic over L.

Theorem 2.0.17 [8][Existence and Uniqueness of Finite Fields | For every prime
number p and every positive integer n, there exists a finite field with p" elements. Any

finite field with q = p" elements it is unique up to isomorphism.

Remark 2.0.18 /8] For the finite field F,, the extension field F ,(B) of F, where 5 is a
root of the irreducible polynomial f € F,[x], we have F,(B) = F ., where n = degf.

Theorem 2.0.19 [8][Subfield Criterion] Let F, be the finite field with g = p" ele-
ments. Then every subfield of F, has order p" where r is a positive divisor of n.
Conversely, if r is a positive divisor of n, then there is exactly one subfield of F, with

p" elements. Moreover this subfield will be the field F .

Theorem 2.0.20 [8] For every finite field F, the multiplicative group F, of nonzero

elements of F, is cyclic.

Definition 2.0.21 /8] A generator of the cyclic group F is called a primitive element
of Fy.

Theorem 2.0.22 [8] Let F, be a finite field and F a finite extension field. Then F

is a simple algebraic extension of F, and every primitive element of F can serve as

5



a defining element of Fy over F,. In other word F, = F,(6) where ¢ is a primitive

element of F ;.

Definition 2.0.23 /8] Let f € K[x] be of positive degree and F an extension field of
K. Then f is said to splitin F if f can be written as a product of linear polynomials

over F.

Definition 2.0.24 /8] Let f € K[x] and let F be a field extension of K. let degf = n >
1. F is called a splitting field of f over K if f splits in F and F = K(ay,...,a,), i.e, F

is the smallest extension of K containing all the roots of f.

Theorem 2.0.25 [8] If f is an irreducible polynomial in F,[x] of degree n, then f
has a root B in F ;.. Furthermore, all the roots of f are simple and are given by the n

. . 2 n—1
distinct elements B,67,57,...,57  of Fp.

Lemma 2.0.26 [13] Let f(x) be an irreducible polynomial over F, of degree m, then

f(x) remains irreducible over F ;s if and only if gcd(s,m) = 1.

Corollary 2.0.27 [8] Let f be an irreducible polynomial in F,[x] of degree n. Then
the splitting field of f over F is given by F .

Definition 2.0.28 /8] Let F ;» be an extension of F, and let 5 € F n_Then the elements
,B,ﬁ",,qu, e ,ﬁqm_l are called the conjugates of 8 with respect to F .

Definition 2.0.29 /8] Let m > 1 be a given integer. By TTEmF, (a) we denote the trace
from F g to F,of a, that is

m—1

Trgr,(a) =a+ al +...+af

Form > 1, Trpqm /Fp(a) is called the absolute trace of a and is denoted as Try(a),

where F, is the prime subfield of F ;.

Theorem 2.0.30 /8] Let L = F, and E = F ;n. Then the trace function Trg,;, satisfies

the following properties:



1. Trgj(a+b)=Trg(a)+ Trg;(b) forall a,b € E;
2. Trgj(ca) = cTrgy(a)forallc € L,a € E;

3. Trgy is a linear transformation from E onto L, where both E and L are viewed

as vector spaces over L;

4. Trgj(a?) = Trg(a) forall a € E, i.e, all conjugates of a € E with respect to L

have the same trace.

Remark 2.0.31 /8] Note that the trace function Trer, : F, — F,is a group
homomorphism under addition . Let K = Ker(Trg u/F,), then since Im(Trp . F,) =

F ,, by the first isomorphism theorem F yn [K = F ,, hence |F | K| = |F |, so |K| = g,

which implies that |{a € Fyn : Trg . r,(@) = 0} = ¢".

Theorem 2.0.32 [8][Transitivity of Trace] Let L be a finite field , E be a finite exten-

sion of L, and F a finite extension of E, then for all « € F

Trep(a) = Tre(Tree(a)).

Theorem 2.0.33 /8] Let E be a finite field extension of L = F,. Then for a € E we
have Trg,(a) = 0 if and only if @ = 69 — 6 for some 6 € E.

Remark 2.0.34 Theorem 2.0.33 is special case of Hilbert’s Theorem 90 for traces
(see [7]).

Definition 2.0.35 /8] A polynomial of the form

m—1

L(x) = Z a,-xq; € Fyn[x]

i=0

is called a linearized polynomial over F .

Lemma 2.0.36 [/0] Let B(x), L(x) € ¥ [x] be linearized polynomials. Then for any
a€¥,and x,y € Fyn,aB(x) = B(ax), B(x +y) = B(x) + B(y) and B(L(x)) = L(B(x)).



Definition 2.0.37 [8] Let F, denote the finite field of characteristic p with q elements
(q = p",pisprime,n € N), and let F, := F,\ {0}. The polynomial f € F[x] is called
a permutation polynomial of F if and only if fora € F :

1. the function f : a — f(a) is onto;

2. the function f : a — f(a) is one-to-one.
Remark 2.0.38 For the permutation polynomials over finite fields it is enough to

prove that the function f : a — f(a) is one to one or onto because a one to one

mapping over finite set will be onto and vice versa.

Definition 2.0.39 [4] A polynomial f(x) € F,[x] is called a complete permutation
polynomial over F, if and only if the following hold
1. f(x) is a permutation polynomial over F;, and

2. f(x) + x is a permutation polynomial over F .

Definition 2.0.40 [4] A polynomial f(x) € F,[x] is called a b-complete permutation
polynomial over F, if and only if:

1. f(x) is a permutation polynomial over F;, and

2. f(x) + bx is a permutation polynomial over F, where b € F,

Remark 2.0.41 If f(x) is a b-complete permutation polynomial over F », where b €

F ., then b~ f(x) is complete permutation polynomial over F .

Theorem 2.0.42 [8] The monomial ax" € F,[x] is a permutation polynomial over F,,
if and only if gcd(n,qg — 1) = 1.

Theorem 2.0.43 [8] Let F, be of characteristic p. Then the linearized polynomial

m

L(x) = ) ax € Fylx]

i=0

is a permutation polynomial of F, if and only if L(x) only has the root 0 in F .

8



Definition 2.0.44 /8] The Dickson polynomial of degree k over a field F, denoted as
Dy (s, r), where r € F, is the polynomial defined by

L4 .
k (k-1 ki
Dy(s,r) = Z kT( . )(—r)lsk 2
i=0 AN

Theorem 2.0.45 [8] The Dickson polynomial Di(s,r),r € F,, is a permutation poly-
nomial over F, if and only if gcd(k,q* — 1) = 1.

Corollary 2.0.46 [1] Let F be a field of characteristic p > 0. For f(x) € F[x],g(y) €
Flyl, we have:

1. If p 1 (deg f)(deg g) and r, s € F[x,y] are non-constant factors of f(x) + g(y)
then (r,s) # (1) in F[x,y]. In particular, if F is algebraically closed, r and s

have a common zero.

2. If gcd(deg f,deg g) = 1 then f(x) + g(y) is irreducible.

Definition 2.0.47 [8] Let G be a finite abelian group (written multiplicatively) of
order |G| with identity element 1. A character y of G is a homomorphism from G into

the multiplicative group U of complex numbers of absolute value 1.

Remark 2.0.48 /8]

1. The character defined by yo(g) = 1 for all g € G is called the trivial character
Xo-

2. Characters of the additive group of F, are called additive characters of F.
Moreover characters of the multiplicative group F, of F, are called multiplica-

tive characters of F,,.

Definition 2.0.49 [8] Consider the additive group of F,. Let p be the characteristic
of F . Let Tr : F, — F, be the absolute trace function from F, onto F,. Then the
function y(a) = e " I? for all a € F is an additive character of F;, and called the

canonical character.



Theorem 2.0.50 (Weil’s Theorem) [8] Let g € F,[x] be of degree m > 1 with
ged(m, q) = 1 and let y be a nontrivial additive character of F,. Then

| D x (@) < (- 1)vg.

acF,

Definition 2.0.51 /8] Let x be a nontrivial additive character of F, and let a,p € F,,.

Then the sum

K(; ) = ) x(aa+pa™)

%
aqu

is called a Kloosterman sum.

Theorem 2.0.52 /8] If x is a nontrivial additive character of F, and a,p € F, are

not both zero, then the Kloosterman sum K(y; a, B) satisfies

IK(v; . B < 2+/g.

Theorem 2.0.53 (Hasse-Weil bound) [5] With N the number of F,-rational points

of an irreducible non-singular algebraic curve with genus g defined over F,,

IN—q—1] <2g+3.

Remark 2.0.54 [8] the genus g of the curve defined by the equation f(x,y) = 0,
where f is an absolutely irreducible polynomial f € F,[x,y] with deg(f) = d, is

given by the inequality
(d-1)(d-2)
g ——X.

2
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CHAPTER 3

CONSTRUCTING PERMUTATION POLYNOMIALS OVER
FINITE FIELDS

3.1 Permutation polynomials constructed by the linearized polynomials.

In this section we present the results of the paper ”Constructing Permutation Polyno-
mials Over Finite Fields” written by Xiaoer Qin and Shaofang Hong. In this paper,
the authors construct several new permutation polynomials over finite fields using lin-

earized polynomials, elementary symmetric polynomials and using linear translators.

The following theorem is the first main result of the paper.

Theorem 3.1.1 For 1 < i < k ,let y; € Fyn and let Li(x),B(x) € F,[x] be lin-
earized polynomials. Let hi(x) € Fy[x] be such that h(B(F;»)) € ¥,. Then F(x) :=
Zle(Li(x) + ¥)hi(B(x)) is a permutation polynomial over ¥ if and only if each of

the following is true:

1. 35 (Li(x) + B(y:)hi(x) permutes B(F )

2. Foranyy € B(F ), Y5, Li(x)hi(y) = 0 and B(x) = 0 with x € F are both true
ifand only if x =0

Proof. We will first prove that the two conditions are sufficient for F(x) to be a per-
mutation polynomial. Assume that the conditions (1) and (2) hold. Now, assume that

there exist @ and 8 € Fy» satisfying F(a) = F(B). Since B is a linearized polynomial

11



this will imply that B(F(«a)) = B(F(B)). That is,

k k
BO (Lie) + yhi(B(@)) = BO [(Li(B) + y)h(BB)). (3.1)
=1 i=1

By applying Lemma 2.0.36 to both sides of (3.1) it follows that
k k
D (Li(B(@)) + By)hi(B(@)) = ) (L(B(B)) + By)Nh(B®).  (3.2)
i=1 i=1

By condition (1), Zf;l(Li(x) + B(y;))hi(x) permutes B(F»), then from (3.2) we get that
B(a) = B(B). Define t := B(a) = B(5). We then have t € B(F;») and B(a — ) = 0.
Since F(a) = F(B), one has

k
> Lite = B)hi(r) = 0.
i=1

By applying condition (2) to @ — S, it follows that @ — 8 = 0, hence @ = 3. Therefore

F(x) is a permutation polynomial over F .

For the converse, suppose that F(x) is a permutation polynomial over F».

We first prove that if F'(x) is permutation polynomial then condition(1) holds.
Let B(x) act on F(x) over x € F», and since B(x) is linearized polynomial by Lemma

2.0.36 it follows that

k

B(F(x)) = Z(Li(B(x)) + B(y)hi(B(x)). (3.3)

i=1
Since F(x) permutes the elements of the field F,», we get the following equalities of

cardinalities,

[H{B(F(x)) : x € Fgn} |=[{B(x) : x € Fgn} |=| BEF ) | . (3.4)

This concludes that Zf-‘: 1 (Li(x) + B(y:))hi(x) permutes B(F,»). Therefore condition (1)
holds.

Next, we will prove that if F(x) is a permutation polynomial then condition (2) holds.
Assume that Zf-‘:l Li(x)hi(y) = 0 and B(x) = 0, for some y € B(F,») and x € F .. Since
y € B(F,»), we can assume that there exist a and 8 € F» satisfying B(a) = B(f) =y,
which implies B(a — 8) = 0. Therefore @ — 8 and x are both in the kernel ker(B) of

12



B(x). Thus @—B+ x = z, for some z € ker(B). Substituting x = @—f+z in the equation
Yy Li(hi(y) = 0, we get

k
D L@ =B +2h(y) =0. (3.5)
i=1

On the other hand, recall that z € ker(B), that is B(z) = 0, hence B(8 — z) = B(a) = y.

Using the discussion above we get the following
k k
F(@) = FB-2)= ) (Li@) + y)hi(B@) = > (L — ) + (BB - 2))
tzl . i=1
= > (L) + D) = > (LB =) +¥)h()
i=1 i=1

Li(a = B + 2)hi(y). (3.6)

M-

Il
—_

1

Hence from (3.5) and (3.6), it follows that F(a) = F(8 — z). From the fact that F(x)
is a permutation polynomial of F,», we obtain & — 8 + z = 0. Namely, x = 0. Thus
condition (2) holds.

This completes the proof.

The following corollary can be considered as a special case of Theorem 3.1.1.

Corollary 3.1.2 Let Li(x), L,(x) € F,[x] be linearized polynomials. Let h(x) € F,[x]
andy € Fyn . Then F(x) := Li(x) + (Ly(x) + )/)h(TrFq,,l /¥, (X)) is a permutation poly-

nomial over Ky if and only if each of the following is true:

1. Li(x)+ (La(x) + Try,. ®,(Y)h(x) € ¥ [x] is a permutation polynomial over F,; .

2. Foranyy € ¥, Li(x) + Ly(x)h(y) = 0 and Try v, (x) = 0 with x € Fn are both
true if and only if x = 0.

Proof. The result follows by theorem3.1.1 if we take k = 2, B(x) = Trg,./r,(x) €
F,[x],vi1 =0,y =y, h(x) =1and hy(x) = h(x). [ In the following examples we
will show how to apply Corollary 3.1.2.

13



Example 3.1.3 Let F;» = Fgn where m is an odd integer . Let h(x) = X —ax,Li(x) =
a*x and Ly(x) = x*, with a € F}, . Then Li(x) + Ly(x)h(x) = Ds(x, a) is a permutation
polynomial over Fg by Theorem 2.0.45 since gcd(5,q* — 1) = 1, here Ds(x, a) denotes
the Dickson polynomial of degree 5 over Fg . Let y € Fg be an arbitrary element,
x € FY with Ty, rs(x) = 0 and Li(x) + Lay(x)h(y) = 0. If h(y) = 0, then L,(x) = 0.

From Li(x) = a’>x = 0, we drive that x = 0. If h(y) # 0 ,it then follows from
a

Li(x) + Ly(x)h(y) =0 that x =0 or x = 3 # 0.
y o —ay
2 2
Assume that x = . Since m is odd and #+ 0, implies Try, p,(x) =
¥} —ay ¥ —ay !
a’ ma’®
TTqu/Fg( 3 ) = * 0

Y —ay ¥ —ay
By Corollary 3.1.2, we get that L, (x)+L2(x)h(Trqu /¥ (X)) is a permutation polynomial

over qu,

Example 3.1.4 Let¥,» = Fon withm > 1 and gcd(m,3) = 1. Let h(x) = b*x%, Li(x) =

x, Ly(x) = a*x, where a,b € Fj,y = 0.

Then

o Li(x) + Ly(x)h(x) = x> + a®>x(b*x*) = x> + a*b*x> = (1 + a*b*)x® permutes Fo

because gcd(3,9 — 1) = gcd(3,8) = 1.

e Foranyy € Ko, assume that Li(x) + Ly(x)h(y) = 0 and Ty, (x) = 0 with
x € Fyn, that is, X + a*x(b*y*) = 0, which implies x(x* + a*(b*y*)) = 0, then
either x = 0 or x> +a*b*y* = 0. If x # 0, then x> +a*b*y* = 0, i.e, x> = —a’b*y*.
Let a € Fy be a root of the irreducible polynomial x* + 1 over Fs.

So x* = a*a’b*y* which implies x = +aaby. Note that x € Fy and since
gcd(m,3) = 1 then Ty, /R (X) = xaabym # 0. which gives a contradiction.
Hence x = 0 and by Corollary 3.1.2 we conclude that

Li(x) + Ly()W(Trg /5, (x)) = X° + @ b*x(Try . p,(X))* is a permutation polyno-

mial over F .

Corollary 3.1.5 Let F(x) := L(x) + xi(T'rg v, (x)) with L(x) € F,[x] being a lin-
earized polynomial and h(x) € ¥ [x] . Then F(x) is a permutation polynomial over

F if and only if each of the following is true:

14



1. L(x) + xh(x) is a permutation polynomial over Ty, ¥, (x).

2. Foranyy € F,, we have that x € ¥y satisfies L(x)+xh(y) = 0 and Trg,, Fp(X) =
0 if and only if x = 0.

Proof. Setting k = 2, Li(x) = L(x), Ly(x) = x, y1 = v> =0, hi(x) = 1, hy(x) = h(x),
and B(x) = Try . r,(x), the result follows by Corollary 3.1.2. 0

m—1

Corollary 3.1.6 Let L(x) = aox + aix? + ... + a,1x¥ € Fy[x] be a linearized
polynomial which permutes Fyn. Let h(x) € Fy[x] and v € Fyn. Then the poly-
nomial F(x) := L(x) + 7h(Trqu /¥, (X)) permutes ¥ if and only if the polynomial

(ap+ay+ ...+ au_1)x+ Trr,. /¥ (Y)(x) permutes F,,.

Proof. Setting k = 2, L1(x) = L(x), Ly(x) =0,y =0,y =y, hi(x) =1, hy(x) = h(x)
and B(x) = Trgur,(y)(x), then applying Corollary 3.1.2, the polynomial F(x) is a

permutation polynomial over Fg» if and only if

1. L(x)+Trr /¥, (y)h(x) is a permutation polynomial over F,. However, for x € F,,
we get that L(x) = apx+a;x+---+a,—1x = (ap+a, +... +a,_1)x. The condition

becomes (ag + a; + ... + ap_1)x + Ty, /7, (y)h(x) permutes F,.

2. Assume that L(x) = 0 and T'ry,,/r,(x) = 0 with x € Fgn. Since L(x) is a permu-
tation polynomial of F», then L(x) = 0 if and only if x = O for any x € F».
Hence condition (2) in Corollary 3.1.2 already holds.

It then follows that F(x) is a permutation polynomial over F,» if and only if
(ap+ay +...+a,_1)x+ Tr¥. ¥, (y)h(x) is a permutation polynomial over F, as

desired.

3.2 Permutation polynomials constructed by the elementary symmetric poly-

nomials

In this section, the authors construct new classes of permutation polynomials using

the elementary symmetric polynomials.
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Definition 3.2.1 Let m and j be integers suchthat 1 < j<m—1.
Let o j(xi,...,xy) denote the jth elementary symmetric polynomial in m variables
X1, ooy X That is,
O (X5 ey Xpy) = Z Xiy o Xi; € Fynlx1, X2, ey X
]Si]<...<i_,'Sm
We can define the polynomial A;(x) as
Ai(x) == o (x, x7, ..., xqm_l) = Z X0+t F n[x].

0<iy<...<ij<m-1

Lemma 3.2.2 Leta € Fynanda € F,. Then Aj(x) € F [x], A(a) € F,, 4;(a?) = A;(a)
and Aj(aa) = a’Aj(a) .

Proof. Since all coefficients of the polynomial 4;(x) are 1, then we get that 4;(x) €

F,[x]. Let @ € Fyn, then (@) = X< <.<ij<m—1 a?'++1" | take the g power of the two

sided we get

q

aqi1+...+qi/ v a,qilﬂ‘*'---‘*'qi-iﬂ

Aj(@)?

0Si1<u.<ij£m—1 OSi1<...<ijSm—1

§ il +qi
aq q ,

1Si1<...<ijSm

. m 0
since @ € F n, then a? = a = a7, thus we get
iy +qi W t..4q'
Aj(a)? = Z af = Z a? 7 = Aj(a),
lSi1<...<ijSm OSi1<...<ijSm—l

hence 4j(a) € F,. Also by the similar argument, one has

= Y el = )

O<ii<..<ij<m-1

Now take a € F,, since a’ = a, then we have

z : il ij z : il i g i
/lj(aa/) — (Cla’)q +...+q — aq +...+q aq +...+q
0Si1<...<i_,'ﬁm—1 0Si1<...<i_/Sm—l
- al' .. gl g et
OSi1<...<i_,'Sm—1

.. +q N t..4q
q a,q q

— Z ala? —a

0§i1<...<ijSm—1 0Si1<...<ijSm—1

= a/dj(a).
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Lemma 3.2.3 For any integer j satisfying that 1 < j<m —1and gcd(j,q—1) =1,

Aj Ky — F,isonto .

Proof. First we need to show that there exists @ € F,» such that A;(a) # 0. From the
definition of 4;(x) we observe that the degree of 4; is
m—j m—1 m—1 qm -1 m
deg(Aj(x)=q" '+ +q" <q+---+4" = qj_l <q" = |Fyl,
which implies that the number of roots of 4;(x) in Fy» is less than g™, so there exist an
element @ € F » such that A;(a) # 0. Now choose an @ € F» such thata := 4;(a) # 0.
Let b € F, be arbitrary. Since gcd(j,q — 1) = 1, by Theorem 2.0.42 the polynomial

ax’ is a permutation polynomial over F .. It follows that for any b € F», there exists

an element d € F, such that b = ad’. Since 1;(@) = a, letting 6 := da we get
(0) = Aj(da) = d’A(@) = ad’ = b
Hence 4;(x) is onto . ]

We can now characterize permutation polynomials of the form xA(4;(x)) by the fol-

lowing Theorem.

Theorem 3.2.4 Let m and j be positive integers such that 1 < j < m—1 and gecd(j, q—
1) = 1. Let h(x) € F [x]. Then xh(A;(x)) is a permutation polynomial over ¥y if and
only if h(0) # 0 and xh(x)’ permutes F,

Proof. Define F(x) := xh(4;(x)). Assume that 4(0) # 0 and xh(x)’ permutes F,. Since
xh(x)’ permutes F,, it follows that 6(6)’ # 0, for any & € F;. Moreover, A(6) # 0 for
0€F e and since we assumed that 2(0) # 0 we get 1(6) # O for all 6 € F,,.

Choose arbitrary elements «, 8 € F,» such that F(a) = F(B), that is,

ah(dj(@)) = Bh(4;(B)). (3.7)

Then A;(F(a)) = A;(F(B)), which implies by (3.7) that A;(ah(1;(@))) = 2;(Bh(1;(B))).
Using Lemma 3.2.2, and since h(x) € F,, 4;(x) € F, we deduce that

AH{@h(A(@) = ;BIA;B)Y . (3.8)
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Now, since xh(x)’ permutes F,, it follows from (3.8) that A;(@) = 4;(8). Let y =
Aj(a) = 4;(B), then the equation (3.7) is equivalent to (@ — S)h(y) = 0, which implies
that = S as h(6) # O for all 6 € F,. Hence F(x) is a permutation polynomial over
Fyn.

Conversely, suppose that F(x) is a permutation polynomial over F,». We will first
prove that 2(0) # 0. By Lemma 3.2.3, the mapping A4; is onto since gcd(j,g — 1) = 1.

For1 < j<m-1, we have

m—1

degdi(x)=q" 7+ +q" ' <q+--+q

m—1

Thus for any a € F}, the equation A4;(x) = a has at most g + --- + ¢ roots in Fn.

Then the equation 1;(x) = 0 has at least ¢" — (g — 1)(g + - - + ¢"") = g roots in F .
Hence A;(x) = 0 has a nonzero root in F,». Now, choose a € FZ’" such that 1;(a) = 0.
Then ah(0) = ah(d;j(@)) = F(a). Since F(x) is a permutation polynomial over F »
and « is nonzero, then F(a) # 0, that is , @h(0) # 0. Thus A(0) # 0.

We will now prove that xA(x)’ permutes F,. Let H(x) := xhi(x)’. By Lemma 3.2.2 it

follows that

L(F() = L(0h(A,(x)). (3.9)

In addition, by Lemma 3.2.3, 1;(x) is a mapping from F_ . onto F,, for all integers
Jwith 1 < j < m — 1 .This means that for all a € F, there exist b € F » such that

Aj(b) = a, which implies that
{xh(x) : x € F} = {1;(x)h(1;(x)) : x € Fn}. (3.10)
It then follows from (3.9) and (3.10) and the assumption that F'(x) permutes F», that

[(xh(x)’ : x € F )l = HA; ()R, (x)) : x € F )
= [{A;(F(x)) : x € F )|
= [{;(x) s x e Fpml| = q.

Hence the polynomial H(x) : F, — F, is a one-to-one mapping, and since F,, is finite

H(x) is also onto, therefore H(x) = xh(x)’ permutes F,.
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Definition 3.2.5 Define u;(x) := Y1 X/ = Trg, ¥, (X)), for 1 < j < q"—1. Then
uj(x) € Fylx],uj(a) € ¥, and pj(aa) = af',u.,-(a)for allaeFyand a € Fyn .

Remark 3.2.6 Note that 1j(x) is a mapping from F» onto ¥, if ged(j,q" — 1) = 1,

that is because x' permutes Fyn if gcd(j,¢" — 1) = 1, so

Im(p(x)) = {Trg,p,(x') : x € Fyp}
= {Trqu/Fq(-x) X €E qu}
= Fq

Replacing 4;(x) by u;(x) we can characterize a permutation polynomials of the form

xh(uj(x)) as the following.

Theorem 3.2.7 Let m and j be positive integers such that 1 < j < q" — 1 and
ged(j,q" — 1) = 1. Let h(x) € Fy[x]. Then xh(u;(x)) is a permutation polynomial
over Fu if and only if h(0) # 0 and xh(x)’ permutes F,, .

Proof. It is enough to prove that if xi(u;(x)) is a permutation polynomial over Fg»,
then /2(0) # 0. The other part of the proof is very similar to that of Theorem 3.2.4.

Suppose that xA(u(x)) is a permutation polynomial over F,». From the fact that [{a €
| Ty, (@) = 0} = g™, there exist a nonzero element § € F,» such that
TrFq,n x,(6) = 0. Since ged(j,g" — 1) = 1, x/ permutes F,», so there is a nonzero
element ¢ € F » such that ¢/ = 6. Therefore Try,. w,(c)) = 0, ie, uj(c) = 0. Then
ch(0) = ch(u;(c)). Since xh(u;(x)) is a permutation polynomial over Fy» and c is a

nonzero, then ch(0) # 0. Thus A(0) # 0. So the theorem is proved. ]

3.3 Permutation polynomial constructed by linear translators

Definition 3.3.1 Let f : ¥,» — F,, a € ¥, and a be a nonzero element in ¥y . If
f(x+ua) — f(x) = ua for all x € ¥ypn and u € ¥, , then we say that « is an a-linear

translator of the function f . In particular, a = f(a) — f(0).
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Theorem 3.3.2 Let Li(x) € F,»[x] be a linearized permutation polynomial of F j» and
Ly(x) € Fyn[x] be a linearized polynomial of F .

Letb € F,,y € Fpu,h : F; = F,, f : Fpn — F, be surjective and Ll‘le(y) be a
b-linear translator of f . Then L(x) + Ly(y)h(f(x)) is a permutation polynomial of
F» if and only if either L,(y) = 0 or x + bh(x) is a permutation polynomial of F, .

Proof. We define k(x) := x + bh(x) and K(x) := Li(x) + Ly(y)h(f(x)).

Note that if L,(y) = 0, then K(x) is a permutation polynomial over F . since L;(x) is
a permutation polynomial over F ». Assume that L,(y) # 0 and k(x) is a permutation
polynomial of F,. In order to show that K(x) is a permutation polynomial of F ., let

x1,y1 be arbitrary elements in F,» such that K(x;) = K(y,), that is,

Li(x1) + Lo()h(f(x1)) = Li(y1) + Lo(0)A(f 1)) (3.11)

Since L(x) is a linearized polynomial then (3.11) can be written as Li(x; — y;) =
al,(y), where a := h(f(y1)) — h(f(x1)) € F,. As Li(x) is a permutation polynomial
over F», there exists a unique element a € F,» such that L;(a) = al,(y). Thus, a =
aL;'Ly(y) and since Li(x; —y;) = aly(y), we get L() = Li(aL;'Ly(y)) = Li(x;—y1).
Now, since L;(x) is a permutation polynomial over F . it follows immediately that
a = x| —y,le.,

x1 = y1 +aLi' Ly(y). (3.12)
Substituting the expression of x; in (3.11) implies that

Li(aL;'Ly(y)) + Ly)h(f(y1 + aL;' Lo(y))) = La(y)h(f (1)) (3.13)

which is equivalent to
alo(y) + Ly(y)h(fn + aLi' Ly(y)) = La()h(f (1)) (3.14)
Dividing both sides of (3.14) by L,(y) we get

a+h(f(y1 +aLi'Ly(y)) = h(f()). (3.15)

As Lfle(y) is the b-linear translator of f, we have f(y; + aLIle(y)) — f(y) = ab.

Hence we can rewrite (3.15) as

a+ h(f(y1) + ab) = h(f(y1)). (3.16)
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Now, multiplying (3.16) by b and adding f(y;) to both sides, we get

JfO1) +ab + bh(f(y1) + ab) = f(y1) + bh(f(y1)). (3.17)

Recall that k(x) = x + bh(x), then (3.17) is equivalent to

k(f(y1) + ab) = k(f(y1). (3.18)

Next, we claim that a = 0. In order to prove this claim we will consider the cases
where b = 0 and b # 0 separately. If b = 0, then by (3.16), one has a = 0 as claimed.
If b # 0, then it follows from the assumption that k(x) is a permutation polynomial of
F, and (3.18) that a = 0. The claim is proved. Then by the claim and (3.12), it follows
immediately that x; = y;. This concludes that K(x) is a permutation polynomialof

F m .

q

Conversely, assume that K(x) is a permutation polynomial of F,». Suppose that
L,(y) # 0. Here we will also consider the cases where b = 0 and b # 0 separately. If
b = 0, then k(x) = x, is already a permutation polynomial of F,, then we have done.

If b # 0, then choose arbitrary elements u,;, u € F, such that

k(uy) = k(u; + bu). (3.19)

Since f is surjective, there exists an element v; € Fy» such that u; = f(v;). Then
(3.19) is equivalent to

k(f(v1)) = k(f(v1) + bu). (3.20)

After replacing y; by v; and a by u in (3.18) and using the equivalence of (3.18) and
(3.13), the equation in (3.20) becomes

Li(v) + La)h(f (7)) = Li(vy + uL;' Lo(y) + Lah(f (v + uL7' Lo(y))).  (3.21)

Recall that K(x) = Li(x) + Ly(y)h(f(x)). It follows from (3.21) that K(v;) = K(v; +
uL[le(y)), but K(x) is a permutation polynomial of F,n, so vi = v; + uLIILz(y),
which implies uL]‘le(y) = 0. Since L(x) is a permutation polynomial and L,(y) # O,
we have Ll‘le(y) # 0. Hence u = 0. Thus k(x) is a permutation polynomial of F,.

This completes the proof of the theorem.
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Corollary 3.3.3 Let L(x) € F[x] be a linearized permutation polynomial of F n.
Letb € ¥,y € Fpu,h : ¥, = F,, f : ¥n — F, be surjective and vy be a b-linear
translator of f. Then F(x) := L(x) + L(y)h(f(x)) is a permutation polynomial of F

if and only if x + bh(x) is a permutation polynomial of F, .

Proof. If we set k = 2 and L;(x) = L,(x), then L1‘1L2(7) = vy, and apply Theorem
3.3.2 it follows that F(x) = L(x) + L(y)h(f(x)) is a permutation polynomial of F» if
and only if either L(y) = 0 or x + bh(x) is a permutation polynomial of F,. But since
L(x) 1s a permutation polynomial over F, if L(y) = 0 then y = 0, but 7 is a b-linear
translator of f and by definition y is a nonzero element. Hence L(y) # 0. Therefore
F(x) = L(x) + L(y)h(f(x)) is a permutation polynomial of F,. if and only if x + bh(x)

is a permutation polynomial of F, as desired. OJ
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CHAPTER 4

NEW RESULTS OF PERMUTATION POLYNOMIALS OVER
FINITE FIELDS

4.1 Permutation polynomial constructed by linear translators

In this section, we will give the results of the paper "New Result On Permutation
Polynomials Over Finite Fields” where the authors construct permutation polynomials

of the forms L(x) + Z];: 1 Yihi(fi(x)) and x + Z'J‘-: 1 v;fi(x) using linear translators.

Theorem 4.1.1 Let k be a positive integer. Let L : Fyn — ¥yn be a linearized polyno-
mial such that dim(Ker(L)) = k and Ker(L) N Im(L) = {0} . Let {y1, ..., v} be a basis
of Ker(L) over F, and h\(x), ..., i(x) € ¥ [x] be permutation polynomials of ¥,. For
any integers i and jwith 1 < i, j < k let b;; € ¥, and y; be a b;j-linear translator of
fi i ¥gn,— F,. Then F(x) := L(x) + ZIJ‘.ZI vihi(fi(x)) is a permutation polynomial of
F» if and only if det(b;j)i<i j<x # 0 .

Proof. Assume that det(b;;)i<; j< # 0, and F(a) = F(f), for arbitrary elements a, 8 €
F,», which implies that

k k
F(a) = L(@) + ) yhi(f(@) = LB) + D yihi(FB),
J=1 j=1

since L(x) is linearized polynomial over F,», then the equation above is equivalent to

k
Lia-p) = Z Yi(hi(fi(B)) = hj(fi(a))). 4.1

=
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Note that 4;(f;(B)) — h;j(fi(a)) € F, for 1 < j <k, and since y; € Ker(L), we get

k k
LI D vihi(58) = hiFem | = D L(vih(fB) - hifi@))
=1

J=1

k
= > (hi(f1B) — hi(fi@ML(y))
j=1

Il
=]

b

which implies that le‘-:l vi(hi(fi(B)) — hj(fi(a))) € Ker(L). By equation (4.1) we have
ZI;':I yi(hi(fi(B) — hi(fi(a))) € Im(L), but Ker(L) N Im(L) = {0}. So

k
D Vi £B) = h(fi(@)) = 0. (4.2)

=1
Hence L(a — B) = 0, that is, « — 8 € Ker(L). Now, since {yy,..., ¥} is a basis of

Ker(L) over F,, and a — 8 € Ker(L), there exist ay, ..., a; € F, such that

a—-B=ayy +- -+ ayi (4.3)

that is,

@=B+ayy +-- +ay 4.4)
As y1,. .., are linearly independent over F,, by (4.2) we have
hi(fi(B) —hi(fi(@) =0, for1 < j <k 4.5)
Substituting @ = B+ ary; + - - - + ayy, in (4.5) we get
hi(fi(B) — hi(fiB+aryi +---+axy) =0forl < j<k. (4.6)
But 7;(x) is a permutation polynomial of F,, so (4.6) is equivalent to
fiB+ary+--+ary) — fi(B)=0for1 < j<k. 4.7

On the other hand, from the fact that y; is a b;;-linear translator of f;, forall 1 <i, j <

k, we get the following equalities,

JiB+ayi +- -+ a1y +agyr) — f[i(B+aryr + -+ a1 vie1) = acbygs
JiB+ayi +- -+ a2+ @rvi-) — f[i(Braryr + o+ @rayin) = @by
JiB+ay +- -+ a3z + @ovir) — [i(Braryr + o+ @3vie3) = arabioay;
fiB+ ary) — fi(B) = arby;.
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By summing up the equations above we deduce that
fiB+ayr +-- +axyr) — [i(B) = aibyj + asbyj + - - - + agby;.
which implies the equation (4.7) is equivalent to
arbyj+ aybyj+ -+ arby; =0, for1 < j<k. 4.8)
Therefore (ay, ..., a;) € F’; is a solution of the following system of linear equations

x1byp + X005 + -+ +)Ckbk1 =0

xlblz + X2b22 + -+ Xkbk2 =0
4.9)

)C]b]k ar )Czbzk - 00O g -xkbkk =0.

As det(b;j)i<i j<x # 0, the rank of the coeflicient matrix of (4.9) is equal to k. Thus the
system (4.9) of linear equations has only the trivial solution. Namely, (ai,...,a;) =
(©,...,0), which implies @ = 8 by (4.4). Hence F(x) is a permutation polynomial of
F m .,

q

Conversely, assume that F'(x) is a permutation polynomial of F», and let (ay, ..., a) €
F; be a solution of the system (4.9), then (4.8) holds. Note that the equation (4.8) is
equivalent to (4.6), then (4.6) is also satisfied. That is,

hi(fi(B) — hi(fi(B+ayi+ - +ay)) =0, forl < j<k,

where B € F . Choose an element @ € F,» such that @ := 8+ a1y, + -+ + ayys.

Substituting « in the above equation it follows that
k
Dy (£B) = hy(fi@)) = 0. (4.10)
=1
Recall that yy, ...,y € Ker(L), and since @ — 8 = ayy; + - - - + ayys, then

Lla = p) = Layyy + -+ + axyi) = a1 L(y) + - - - + i L(yp) = 0, (4.11)

combining (5.12) and (4.11) we get,

k
Lia-p) = Z Yi(hi(fi(B)) = hj(fi(a))).

=
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Since L(x) is linearized polynomial we have,
k k
L)+ ) yihi(fi(@) = LB) + > v (fiB).
j=1 j=1

Note that F(a) = L(a)+ X5, v;h;(fi(@)) and F(B) = L(B)+ 2*_, ¥;h;(f,(B)), therefore
F(a) = F(B). However, F(x) is a permutation polynomial of F, ., which implies that
a = f, then from the expression of «, it follows that a;y; + --- + aryr = 0. Since
{¥1,..., %} 1s a basis of Ker(L) over F,, we geta; = --- = g, = 0, which implies the

system (4.9) has only the trivial solution. Therefore det(b;;)i<; j<x # 0, as desired. []

Corollary 4.1.2 Let m > 2 be a positive integer with gcd(p,m) = 1, y1,...,Ym-1 €
F,» \ ¥, be linearly independent over ¥, and h\(x), ..., h,,—1(x) € F [x] be a permuta-
tion polynomial of ¥, .For any integers i and jwith 1 < i, j<m—1,letb;; € F,andy;
be a b;j-linear translator of f; : ¥yn — ¥, .Then F(x) := Try,, /1<~6]()c)+2’}1=_11 vihi(fi(x)
is a permutation polynomial of ¥y if and only if det(b;;)i<; j<m—1 # 0.

Proof. We will just apply Theorem 4.1.1 by taking L(x) = Trg,./r,(x). Recall that
Trqu ik, Egp — F, is onto, so Im (TVqu /F, (x)) = F,. Let a be an element such that
ae Ker(Trqu F,) N F,, it follows that Try,, F,(a) = 0,and a € F,. Since a € F, then
Trqu /Fq(a) = ma, which implies ma = 0, but from the hypothesis that gcd(p, m) = 1,
it follows that a = 0. Hence Ker(Trqu ¥,) N F, = {0}. Therefore Ker(Trqu F,) =
Fon\ FZ. Since a’im(Ker(Trqu k) =m—1, and the elements vy, ..., ¥,,—1 are linearly
independent, then the set {y1, ..., ¥,,—1} forms a basis of Ker(Trqu /F,) Over F,. Hence

the Corollary is concluded by applying Theorem 4.1.1. 0

Corollary 4.1.3 Let p be an odd prime and k be a positive integer.Let {y,, ..., Y} be
a basis of ¥y over ¥, and hy(x), ..., w(x) € ¥ [x] be permutation polynomials of F,,.
For any integers i and jwith 1 < i, j < k, let b;; € ¥, and v; be a bjj-linear translator
of fi : Fpr > Fy. Then F(x) := x— X+ Z];:] vihi(fi(x)) is a permutation polynomial
of ¥ o« if and only if det(b;))<i j<k # 0.

Proof. Setting m = 2k and L(x) = x — x?" be a linearized polynomial over F x, we
have Ker(L) = Ker(x — qu) = F 4, hence the set {y, ..., ¥} is a basis of Ker(L). Now

for any a € Ker(x—qu)ﬂlm(x—qu), we geta = a? and a = b—b? for some b € F .
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It follows that a = (b — b7 )7 = b — b7 = b7 — b = —a, which implies that 2a = 0,
but since p is an odd prime, then a = 0. Therefore Ker(x — qu) N Im(x — qu) = {0}.

By Theorem 4.1.1 the Corollary is concluded. U

Corollary 4.1.4 Let m > 2 be a positive integer with gcd(p,m) = 1, y1,...,Vm_1 €

F, \ ¥, be linearly independent over ¥, . Let h; : ¥, — ¥, be a permutation of
F,and H; : ¥pn — Fpn,B; € Fpn for 1 < j < m—1. Then F(x) := TrFq,,,/Fq(x) +
ZJ’ZI Y ihi (T8 w,(H{(Trg .7, (x)) + B;X)) is a permutation polynomial of ¥ if and
only if det(Trg v, (YiBj)hsijsm-1 # 0.

Proof. We will apply Corollary 4.1.2 by setting f;(x) = Trg,. /v, (H;(Trr /7, (X)) +5;%),

1 <j<m-1.Thenforall x€ Fp and alla € F,

fitx + ayi) = fi(0) =Tre ., (Hi(Trr,. 5, (x + ay) + Bi(x + ay)
= Trg,w,(Hi(Trg, 5, (X)) + B;X)
= T v, (H{(Trg, 5, (X) + aTrg .5, (vi) + Bi(x + ay:))
- Trqu/Fq(Hj(Trqu/Fq(x)) +Bx),

buty; € Ker(Trg,.v,), for 1 <i <m -1, then T'rg, ¥, (y:;) = 0, which implies

Jitx +ay) = fi(x) = aTrg v, (viB))-

Therefore y; is a TrFq,,, 7, (ViB))- linear translator of fj(x) for 1 < i, j < m — 1. Hence
by Corollary 4.1.2 F(x) is a permutation polynomial of F » if and only if
det(Trg v, (YiBBj)1<i jem—1 # 0, as desired. O

Corollary 4.1.5 Let p be an odd prime and k be a positive integer. Let a € Fyu be
a primitive element of ¥y . Let h(x),...,i(x) € Fy[x] be permutation polynomi-
als of ¥y, H\(x), ..., Hi(x) € Fplx] and By, ....Bx € Fpe . Then F(x) := x — x4+

j=1
if det(Trquk /Fq(a'i_lﬁj))lsi,jsk #0.

Sk @i 'h j(Trquk 7, (Hj(x—x7)+B;x)) is a permutation polynomial of ¥ p« if and only

Proof. From the fact that @ is a primitive element of F, by Theorem 2.10 [8] it

follows that Fx = F,(a), hence the set {1,a,...,a*'} forms a basis of F over F,.
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Set fi(x) = Trquk/Fq(Hj(x - xN) +p;x), fj: Fe = Fy, 1 < j <k, then for all x € F

and all a € F,,

filx+ a1 — fi(x) :TrFqZk/Fq(Hj(x +ad ™ = (x + aad™hH)?) +B(x + aa’™h))—
Trquk /Fq(Hj(x - x7) + B;x)
=Trw 6, (Hj(x = x7) + aBja’™" + Bx)~
Try v, (Hj(x = X7) + B;x)

_ i-1
—aTrFqZk /F, (,BJa .

Soalisa Tre ., (B o 1)-linear translator of f;, for 1 < i, j < k. Applying Corol-
lary 4.1.3 for fj and y; = o/~! for 1 < j < k, gives that the polynomial F(x) is a
permutation polynomial of F if and only if det(Trg v, (@' B))i<i jsk # O. O

Example 4.1.6 Let p be an odd prime and t,,t, be positive integers satisfying that
ged(ti,g—1) = 1fori = 1,2. Let a € Fp \ ¥y, then 1,a are linearly indepen-
dent,otherwise there is r, s € F, such that r- 1+ sa = 0 which implies a = -rsle F,,
but a € Fp \ ¥y, hence the set {1,a} is a basis of ¥ over ¥,. Let B1,, € Fp and
H\(x), Hy(x) € Fz[x]. Then it follows immediately from Corollary 4.1.5 that the poly-
nomial F(x) := X —x+ (TrFqA/Fq(Hl (x‘f2 —Xx)+B1x)" + a(TrFq4/Fq(H2(x‘12 —Xx)+5x))"

is a permutation polynomial of ¥, if and only if

¢ TI”F[14/Fq(,31) T”Fq4/Fq(ﬁz)
Trew,(aB1) Tre ,r,(0f2)

de

Example 4.1.7 Let p be an odd prime and let a € F 4 be a primitive element of F
and D, (x, 1) be a Dickson polynomial where i = 1,2,3 and t,, t,, t3 be positive integers
such that ged(t;,q*> — 1) = 1, hence Dy, (x, 1) is a permutation polynomial over F . Let
B1.B2B3 € Fp and H\(x), Hy(x), H3(x) € F [ x]. Then by applying Corollary 4.1.4 the
polynomial F(x) := x‘fs+x‘12+x‘1+x+2i3:1 @D, (TrFq4/Fq(Hi(x‘13 + X7 + X9+ X) + Bix), 1)

is a permutation polynomial of ¥, if and only if

Trep,(aBy)  Tre,e(aB2)  Tre,r,(af3)
det TrFq4/Fq(a/2,81) TrFq4/Fq(a/2,82) TrFq4/Fq(a2,83) ?50.
Trer,(@ B Tr ¥ /F, (@ Ba) T Fi/F, (@B3)
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Theorem 4.1.8 Let k and [ be positive integers with | < k . For any integers i and j
with1 <, j < klety; € Ky, b;j € ¥, and y; be a bjj-linear translator of f; : Fyn — F,
such that vy, ...,y are linearly independent over F, . Let A = (b;j)1<ij<k be a k X k
matrix over ¥, and I be the k X k identity matrix over ¥, . Then each of the following

is true :

1. F(x) = x + 21;:1 v;fij(x) is a permutation polynomial of F . if and only if
rank(I + A) =k .

2. F(x):==x+ ZIJ‘-ZI yifi(x) is a ¢'-to-1 mapping of ¥ if rank(I + A) = k — .
Proof.

1. Assume that rank(I + A) = k. Choose arbitrary elements o, € F,», such that
F(a) = F(B), that is

k k
a+ ) yifi@ =B+ ) VifiB). (4.12)
J=1 j=1
which implies
k
a== )7/~ fi@). (4.13)

j=1
Seta; := fi(B) — fi(a) € F,, then it follows from (4.13) that @ = 5 + Z’;zl via;.
In (4.12) if we substitute @ = 8 + Z’J‘-zl v;a;, then it follows that
k k k k
B+ viai+ ) viliB+ Y via) =B+ D vifiB.  (414)
J=1 Jj=1 J=1 j=1

which is equivalent to

k k
D vilai+ 5B+ va) - B =0. (4.15)
j=1 i=1

From the hypothesis y; be a b;;-linear translator of f; for 1 < i, j <k,

fiB+yiar + -+ yicrar +yvia) — fi(B+yiar + -+ viciar-1) = aby

fiB+yiar + -+ Viai2 + Viciak-1) — fi(B+via1 + -+ Vi) = Qr-1byy

fiB+yia1) — fi(B) = aiby,
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by summing up the equations it follows that f;(8+ ZI;:1 via)—fi(B) = Zle a;b;;.
Hence equation (4.15) becomes the following

k k
yj[aj+Za,-b,~j) =0. (416)
=1

i=1

J

But from the hypothesis the elements 1, ..., ¥ are linearly independent over F,

which implies that the equation (4.16) equivalent to

k
aj+ Y aib; =0, for1 < j<k. (4.17)

i=1

It follows that (ay, ...,a;)" € F, be a solution of the system of linear equations

X1 +X1b11 +be21 T« oo +xkbk1 =0

X1b12 + X + X2b22 + KX Xkbk2 =0

xlblk + Xzbzk + e+ X+ xkbkk =0

which is equivalent to the system
I+A)'X=0, (4.18)

where X = (xi,...,x;)’. By using the fact that rank(I + A) = k, the system
(4.18) has only the trivial solution. Therefore a; = a, = --- = a; = 0. Recall
a=pp+ Z];ZI v;jaj, then it follows that @ = . Hence the polynomial F(x) is a

permutation polynomial if rank(I + A) = k.

Conversely, assume that F(x) is a permutation polynomial of F,». In order to
show that rank(I + A) = k, suppose (aj,a,, ..., a;)! € F'; is a solution of the
system (4.18) of linear equations, it follows that (4.17) is satisfied. Since (4.17)

and (4.14) are equivalent, then we have

k

k k k
B+ Z?’jaj + Z)’jfj(ﬁ + Z)’jaj) =B+ Z?’jfj(ﬂ),
=1 =1 =1

J=1

where B € F . Setting

k
@ ::ﬁ+2yjaj, (4.19)

=
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we get

k k
at ) Yifi@ =B+ ) vifiB). (4.20)

=1 =1

that is, F(@) = F(B). Since F(x) is a permutation polynomial, we get @ = .
From (4.19) it follows that Z’;zl vja; = 0. From the hypothesis i, ...,y are
linearly independent over F,, which implies a; = a, = --- = a; = 0, that
is (aj,ay,...,a)" = (0,0,...,0)7. Therefore the system of linear equations

(4.18) has only the trivial solutions. Thus rank(I + A) = k.

. Suppose that rank(I + A) = k — . Let (r,...,n)" € F’; be an arbitrary solution
of the system of linear equations (4.18), then r; + Zf.‘zl ribjj =0, for1 < j <k.

and let 5 € F». By using the definition of F'(x) we get

k k k k
F@+ ) vir) =B+ D viri+ ) viliB+ ) vir),
=1 =1 j=1 =1

Since ; is a b;;— linear translator of f;, for 1 < i, j < k, then

FiB+ X vir) = £iB) = Xy ribyj, thus £;B + 5, vir) = fiB) + Xicy ribij.

Hence
k g k k
FB+ Z?’j”j) =B+ Z?’j”j + Z)’j(fj(ﬁ) + Z ribjj)
- - 1 i=1
j ]k j k ;
=B+ Z?’jfj(ﬁ) + Z)’j(’”j + Z ribij)
- = i=1
Jk Jk
~B+ D VB + D 7,(0)
=) =

k
=B+ ) vifi®
j=1
= F(B). (4.21)

On the other hand, since rank(I + A) = k—1, the dimension of the solution space
of the system of linear equations over F, (4.18), is /, hence there are exactly ¢'
solutions of (4.18). Since vy, ...,y are linearly independent over F,, also the

number of elements in the set

k
I{Z yirj:(ri, ..., r)! solutions of (4.18) }| = ql.
=1
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By the discussion above and (4.21) we see that F(x) is a ¢'~to-1 mapping of
F . So part (2) is proved.

Corollary 4.1.9 [6] Lety € Fn be a b-linear translator of f : Fyn — ¥, . Then each

of the following is true :

1. F(x) := x +vf(x) is a permutation polynomial of ¥n, if b # —1.

2. F(x):=x+vyf(x)isaq—to—1mapping of Fpm, if b = —1.

Proof. This corollary follows immediately from Theorem 4.1.8 since if b # —1, the
linear equation (1 + b)x = 0 has only the trivial solution over F,, on the other hand, if
b = -1, then the number of solutions of the linear equation (1 + b)x = 0 over F, is g

and in this case F(x) is g—to-1 mapping of F . 0

Corollary 4.1.10 /6] Let y,6 € F n be linearly independent over F,. Suppose vy is a
by-linear translator of f, : ¥y» — F, and a by-linear translator of f, : Fyn — F, and
moreover 0 is a d;-linear translator of fi : Fpn — F, and a d,-linear translator of
fo i Fgn = Fy. Then F(x) := x + yfi(x) + 6 f2(x) is a permutation polynomial of Fn,
ifb) # —1 and d — 1‘“’2 db> .

b # —1 or by symmetry, if d, # —1 and by — I+ d

Proof. By applying Theorem 4.1.8, the polynomial F(x) is permutation polynomial if
and only if rank(l + A) = 2 where

which means that if and only if

1+ bl dl
det # 0,

bz 1+d2
. . dib, .
that is if and only if b; # —1 and d, — T+ D # —1 or by symmetry, if d, # —1 and
1
d\b
b — e —1, as desired. O
1+d,

32



Corollary 4.1.11 [6] Lety € F;n\F, and M(x) := xqz—(l+(yq—y)q‘l)xq+(yq—y)q‘1x.
LetH,H> : ¥y — ¥nand 1,8, € Fyn . Then F(x) := x+ TrFq,,,/Fq(Hl(M(x))+,81x)+
YT rx v, (H2(M (X)) + B2X) is a permutation polynomial of ¥ gn if (1+ T'rg . ¢, (B1))(1 +
TVqu/Fq(Vﬁz)) * T"qu/Fq(Vﬁl)TVqu/Fq(,Bz)-

Proof. We will get the result by applying Theorem 4.1.8 by setting k = 2,

Ji = Trrw,(Hi(M(xX) +B1%), f2 = Trg,.r,(H2(M(x)) + B2x), since from the hypoth-
esis y € Fn \ F, it follows that 1,y are linearly independent over F,. Note that the
polynomial M(x) is a linearized polynomial and M(s) = 0, for any s € F,. Then 1 is a

Try,, /F,(B1)—linear translator of f; because, for all x € F;» and all s € F, we have

filx +8) = fi(x) =Trg,m,(Hi(M(x + 5)) + B1(x + 5)) — Tre, v, (Hi (M(X)) + Bi1x),
=STrg /¥, (B1)-

Analogously 1 is a Trqu /Fq(,Bg)—linear translator of f,, v is a Trqu /Fq(yﬂl)—linear
translator of f, and a T'rg,,,/r,(yB2)-linear translator of f,. Thus by Theorem 4.1.8

the polynomial F(x) is permutation polynomial of F,» if and only if

. 1L+ Trew,B1)  Trer,(yB1)

de # 0,
Trepw,B2) 1+ Tr,.p,(yB2)
which is equivalent to the condition
(1 + Trg e, BO)A + Tre v, (¥B2) # T18,w,(YB)T T, x,(B2), as desired. 0

Corollary 4.1.12 Let k be a positive integer . Let L : Fyn — F¥n be a linearized
polynomial with kernel Ker(L) and {01, ..., 6x} be a basis of Ker(L) over ¥, . Let H; :
Fy — Fpand B; € Fyn for 1 < j < k. Then F(x) := x + ¥ 8;Trg,. v, (H;(L(x)) +
B;x) is a permutation polynomial of ¥ if and only if det(I+(Trg /¢, (6 iBi)1<ijsk # 0

Proof. Set f; = Tre,.v,(H i(L(x)) + Bjx). Note that {01, ..., 0x} 1s linearly independent

over F, because it is a basis of Ker(L) over F,. Let x € F,» and s € F,, and since
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0; € Ker(L) forall 1 < i, j < k, we have

filx + 86;) = fi(x) =Trg, m,(H;(L(x + 56,)) + Bj(x + 56:)) = Trr, /v, (H;(L(xX)) + B;X)
=Tr¥,w,(H;(L(x) + L(56;)) + Bjx + 56,8))—
Try, v, (H;(L(X)) + B;X)
=Trg v, (H;(L(x)) + Bjx) = Trg ¥, (H;(L(x)) + Bx)+
Tre, 5, (56.6;)
=ST1¥ /¥, (0i5)),

hence ¢; is a Ty, /¥, (6;8;)—linear translator of f; for 1 < i, j < k. Now applying

Theorem 4.1.8 by taking y; = ¢, the desired result follows immediately.

Corollary 4.1.13 Let 6 € ¥ be a primitive element of Fyn and m > 3 be integer.
©—-67)O" -0 (67 — 66— 697"
Let a = b =
09 — @4 04 — g4
X0+ ax? + bx + cx. Let Hi(x), Hy(x), H3(x) € Fyn[x] and y1,y>,7v3 € Fyn. Then

,c=—1—a->b,and N(x) :=

2

F(x) :=x + Trgp,(H(N(X) + y1%) + 0T rg,, v, (Hy(N(X)) + y20)+

0T g, v, (H3(N(x)) + y3x)
is a permutation polynomial of F ;» if and only if
L+ Trew,(y)  Trem,(y2) TrEr,(v3)

det| Try,.x,0y1) 1+ Tre,.r0y2))  Tre.m,ys) |#0.
Tre,m,y)  Treuw, 0y 1+ Tre,. e, (6%y3)

Proof. Setk = 3, and f; = Trr,. v, (H;(N(x)) + y;x) for 1 < j < 3. Since 6 € Fn
is a primitive element of F ., we know that F» = F,(0), so the set {1,0,6,...,0™"}

forms a basis of F» over F,, so 1,6, 6* are linearly independent over F,,. Note that
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N(1)=1+a+b+c=0, and
N@©®) =67 +ab” + bo" +
=67 +at” + b0 — (1 +a + b)f
=07 + a0’ —6)+b(@ —0) -0
(@7 - 0)(0 — 69)7!

0 — 670 — )1

o 4 eg—m "o — )+ e 1 —0)—0

s (O-07)OT -0 (67 — 0)(6 — )T
=07 + 0 — 94 B 07 — 94 — 0

: 0-07 )
=07 0+ ———(O7 — 67 +67 —¢7)

07 — g4

=0,

similarly for 6> we get N(6*) = 0; hence 1,6, 6> are roots of N(x). Take x € F n and

seF, fori=0,1,2, since N(x) is linearized polynomial we have

fi(x + 56" = fi(x) =Trg,. 5, (H;(N(x + 56) + y;(x + 56') — Trg 5, (H{(N (X)) + ;%)
=Trg/w,(Hj(N(x)) +y;x) = Trpr,(H;(N(X)) +y;0)+
ST’”qu /F,,(?’jei)
=ST"qu/Fq(7j9i);
therefore forall 1 < j<3and0<i<2,# isa T8, v, (Y 8)-linear translator of f;.
Thus applying Theorem 4.1.8 concludes the result immediately. U1 The

next Corollary describes an application of Theorem 4.1.8, which gives a large family

of complete permutation polynomials of F .

Corollary 4.1.14 Let p be an odd prime and k be a positive integer . For any integers

iand jwithl < i,j < k, lety; € Fp,b;j € Fy,vi be a b;j-linear translator of

fi : Fgn = F,such that y, ..., yi are linearly independent over ¥, . Let A = (b;)1<i j<k

be a k x k matrix over ¥, and I be the k X k identity matrix over ¥, . Then

k
F(x):=x+ Zyjfj(x)
=1

is a complete permutation polynomial of ¥ if and only if rank(I + A) = k and
rank(2I + A) = k.

Proof.
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Let g(x) := F(x) + x := 2x + Z’;zl v;fi(x). We are going to prove that g(x) is a
permutation polynomial of Fy» if and only if rank(2I + A) =

Assume that rank(21 + A) = k. To show that g(x) is a permutation polynomial choose

arbitrary elements «, 8 € F», such that g(a) = g(B), that is

k k
2a+ Y yifi@) =28+ ) vifi(B), (4.22)
J=1 j=1
which implies
k
20 -28= 7 (B - f@). (4.23)
j=1

Seta; := f;(B) — fi(a) € F,, then it follows from (4.23) that 2a = 2 + ZIJ‘-ZI vja;j. In
(4.22) if we substitute 2a = 25 + 2’1‘-: 1 vja;, then it follows that

1 k k
2ﬁ+zyjaj+zy,f, EZ ja) =28+ ) vifiP), (4.24)
= j=1 J=1

let r; = 1a;, for 1 < j <k, equation (4.24) is equivalent to

k k
Doyl + B+ Y vir) = B | =0. (4.25)
=1 i=1

From the hypothesis y; be a b;;-linear translator of f; for 1 <1i, j <k,

fiB+yir + -+ vyicin +vir) = [iB+yir + -+ yicitier) = rebyg

fiB+yir + -+ viaro + Vicihk—1) — fi(B+yir + -+ + Vicatk—s) = ricibi
fiB +yir1) = fi(B) = ribyj,

by summing up the equations it follows that f;(8 + ZIJ‘-ZI yir) — fiB) = Zl | Tibij.

Hence equation (4.25) becomes the following

k k
> (2rj > ribij) = 0. (4.26)
j=1 i=1

But from the hypothesis the elements 7y, ..., y, are linearly independent over F,, which

implies that the equation (4.26) equivalent to

k
2r.i+Zribij:0, for1 <j<k. (4.27)

i=1
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It follows that (ry, ..., )" € F, be a solution of the system of linear equations

2)C1 + leu + Xszl + -+ xkbkl =0

X1b12 + 2X2 + X2b22 + -+ xkbkz =0

xlblk + Xzbzk + -+ xkbkk + 2Xk =0

which is equivalent to the system
QI+A)X =0, (4.28)

where X = (xi,...,x:)’. By using the fact that rank(2I + A) = k, the system (4.28)
has only the trivial solution. Therefore r, = r, = --- = r, = 0, which implies that
a; =a, =---=a; =0.Recall 2a = 28 + Z’]‘-zl v;jaj, then we get 2a = 28, since p is
odd, it follows that @ = 8. Hence the polynomial F(x) is a permutation polynomial if

rank(I + A) = k.

Conversely, assume that g(x) is a permutation polynomial of F,.. In order to show
that rank(2I + A) = k, suppose (1,72, ...,1)! € F’; is a solution of the system (4.28)
of linear equations, it follows that (4.27) is satisfied. Replace r; by %a jforl < j<k,

and using the equivalence of (4.27) and (4.24), then we have

k k 1 k k
28+ ) v+ ), vifiB+ 5 D via) =B+ > ¥ifB),
=1 = =1 =

where 8 € F . Setting

k
2a = 2ﬁ + Z YiGjs (4.29)
=1
we get
k k
2a+ ) yifi@) =28+ D vifiB), (4.30)
=1 =1

that is, F(@) = F(B). Since F(x) is a permutation polynomial, we get = 5. From
(4.29) it follows that Z';zl vja; = 0. From the hypothesis yi, ...,y are linearly inde-
pendent over F,, which implies a; = a, = --- = a; = 0, it follows that r; = r, =

- =1, =0, thatis (r,72,...,7)" = (0,0,...,0)". Therefore the system of linear

equations (4.28) has only the trivial solutions. Thus rank(2] + A) = k.

Therefore from Theorem 4.1.8, F(x) = x + Z';zl v;fi(x) is a complete permutation

polynomial of F» if and only if rank(I + A) = k and rank(2I + A) = k, as desired. []
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4.2 Permutation polynomials of the form

L(x) + iy ¥iT re v, (hi(x)).

Theorem 4.2.1 Let | and k be positive integers with | < k. Let L(x) € Fyn[x] be a
linearized polynomial such that dim(Ker(L)) = k and Ker(L) N Im(L) = {0} . Let
Y1, ..., V1 € Ker(L) be linearly independent over ¥, and h,(x), ..., h(x) € Fn[x] . Then
F(x) = L(x)+ Zle YiT ¥ /¥, (hi(x)) is a permutation polynomial of ¥ if and only if
there exists an integer i with 1 < i < [ such that Trg v, (hi(x + v) — hi(x)) # 0 for any

x € Fyn and any v € Ker(L) \ {0}.

Proof. Suppose that there exists an integer i with 1 < i < [ such that Try,, /F, (hi(x +
€) — hi(x)) # 0 for any x € F,» and any & € Ker(L) \ {0}. Choose arbitrary elements a
and B such that F(a) = F(B), then

/ l
L) + Y ¥iT 1w, (hi(@) = LB) + > ¥iTre,/r, (hi(B)).
i=1 i=1

Since L(x) and Trqu/Fq(x) are linearized polynomials, the equation above is equiva-

lent to z
Le-p) = Z YiTrE v, (Hi(B) — hi(@)), 4.31)
i=1
thus

1
D T re 0w, (hi(B) - hi(@)) € Im(L)

i=1
However, note that Try,,, /v, (h:(8) — hi(@)) € F, and since y; € Ker(L) for 1 <i <,

we get
I I
L(Z YiTre v, (hi(B) — hi(@))) = Z Tre v, (hi(B) — hi(@))L(y:) = 0,
i=1 i=1

hence Y\, ¥iTrg ¥, (hi(B) — hi(@)) € Ker(L) for 1 < i < [. But from the hypothesis
Ker(L) N Im(L) = {0} it follows that

1
> VT 15w, (hi(B) = hif@)) = 0. (4.32)
i=1

We can conclude from (4.31) and (4.32) that L(a — 8) = 0, hence o — 8 € Ker(L).
Therefore there exist v € Ker(L) such that @ = 8 + v.

Claim: The element v € Ker(L) is 0.
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Proof the claim: Assume that v # 0. Since vy, ...,vy; are linearly independent over
F,, then it follows from (4.32) that T'rg /¢, (h;(B) — h;(@)) = O for all 1 < j <, which
implies Try, ¥, (hj(B+v)—h;(B)) = 0since @ = B+ v. But from the hypothesis, there
exist ip with 1 < ip < I such that Trg,, /r, (hi(x + v) — hj(x)) # 0, let x = B, then
Try,, 7, (hiy(B +v) — hiy(B)) # 0, for some 1 < iy </, this gives a contradiction. Thus
v = 0. Now, since v = 0, we get @ = 3, therefore F(x) is a permutation polynomial of

F,.

Conversely, suppose that F(x) is a permutation polynomial of F». Let x € F » and

v € Ker(L) \ {0}, then

l )
F(x+v) = Fx) =L0x+v) + ) 9T e, (i + 0)) = L) + 3T i e, ()

i=1 i=l

I
= Z YiTre v, (hi(x + v) — hi(x))
i=1

(4.33)

Since v # 0, and F(x) is a permutation polynomial, it follows from (4.33) that

I
YiTre v, (hi(x + v) — hi(x)) # 0.
P

Thus there exists an integer i with 1 < i < ['such that Trg,,,/r,(hi(x + v) — hi(x)) # 0

for any x € Fy» and any v € Ker(L) \ {0}. O

Corollary 4.2.2 Let [ and m > 2 be positive integers with gcd(p,m) = 1 and | < m.
Let yi,...,y1 € Fgn \ ¥, be linearly independent over F, and h(x), ..., hi(x) € Fp[x] .
Then F(x) = Tryu ¥, (x)+ Zle YiTrE,. /¥, (hi(x)) is a permutation polynomial of F g if
and only if there exists an integer i with 1 < i < [ such that Trr /¥, (hi(x+&)—h;(x)) £ 0

forany x e Fyn and any e € Fn \ F,, .

Proof. We will apply Theorem 4.2.1 by setting the linearized polynomial L(x) =
Trqu /F, (). Since Trqu /F, F,» — F, is surjective, Im(Trqu /F,) = F, Let s €
Ker(Trqu ¥,) N F,, then Trqu F,(s) = 0 and Trqu /¥,(s) = ms, hence ms = 0, but
ged(p,m) = 1 this implies s = 0, therefore Ker(L)NIm(L) = Ker(T'rg . /v,)NF, = {0},
and hence Ker(TrFq,,, /F,) = Fn \ Fj; Then the Corollary follows immediately from

Theorem 4.2.1. O
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Corollary 4.2.3 Let p be an odd prime , | and k be positive integers with | < k .
Let {y1, ..., vk} be a basis of Fy over ¥, and hy(x), ..., y(x) € Fp[x]. Then F(x) :=
x—x1 + 25:1 YiT”quk /¥, (hi(x)) is a permutation polynomial of ¥ px if and only if there
exists an integer i with 1 < i < [ such that TrFqZk/Fq(h,-(x + &) — hi(x)) # 0 for any

x € Fpcand any € € F;k .
Proof. Let m = 2k, and L(x) = x — x? be a linearized polynomial over Fx, then as

in the proof of Corollary 4.1.3 it follows that Ker(x — x) = F 4, and Ker(x — XY N
Im(x — qu) = {0}, the desired result follows from Theorem 4.2.1. ]
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CHAPTER 5

ON ONE CLASS OF PERMUTATION POLYNOMIALS OVER
FINITE FIELDS OF CHARACTERISTIC TWO

In this paper the authors classified all permutation polynomials of type

1+q4—'I
x T + bx

over the field F« , where g = 2", m > 2.
In particular, for odd m, such polynomials were considered in the paper [13], were the
anthers proved the following theorem ( the proof is based on the Dickson polynomi-

als).

Theorem 5.0.4 [/3] Let g = 2", m > 3 is odd . A polynomial of the type

q4

Fx) = X" 4+ bx (5.1)
over K is a P.P over ¥ if the element b looks as follows:

Db =u(l+B+p+vB%

)b =u(l+p+B)+v(B+p%
3)b =u(l+6)+v(l+B8+p%);
Hb =ulB+p)+ v +p),

(5.2)

where u,v run through ¥, (u,v) # (0,0), and where B is a root of x* +x+ 1.

Remark 5.0.5 The proof of this theorem in [13] depends on the following fact that
isforbe Fy \F,, d= ‘2_—_11 + 1, where s is a positive integer and gcd(d — 1,q — 1) =
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ged(s,q — 1) = 1, then the polynomial x* + bx € F ;[x] is a permutation polynomial
over F if and only if hy(y) € F, is a permutation polynomial over F,, where hy(y) is

defined as
hp(y) =y Z Ay,
i=0

where Ao = 1, and A; = Yoj<jyc<jics—1 0jibjy ... bj for 1 < i < 5, and b; = b
The idea of the proof is to reach hy(y) in some conditions of b, when s = 4, to the
Dickson polynomial Ds(y, A,), and verify that all b’s listed in Theorem 5.0.4 satisfy
the conditions. Since Ds(y, A,) is a permutation polynomial over F, due to Theorem
2.0.45, then so hy(y). By the fact, this implies that for b’s in Theorem 5.0.4 the poly-
nomial x* + bx € F #1x] is a permutation polynomial over F 1, where d = ‘f;%]] +1,as

illustrated.

In this paper the proof is different, it depends on a following lemma from [9]. How-

ever in [13] , it was not proved that there do not exist other elements b for which
-1

polynomials x'* T + bx are permutation polynomials. In this paper, the authors fill
this gap and prove , firstly, these sufficient conditions are also necessary ; secondly,
these sufficient and necessary conditions are fulfilled only for b satisfying (5.2) ; and
thirdly , permutation polynomials in the form x”q:%ll + bx do not exist for the even

integers m > 4 but for m = 2 such polynomials exist.

In this chapter we need the following result from [9].

Lemma 5.0.6 /9] The polynomial

flx) = A 4 bx, n|(g—1),n>1,
over F is a permutation polynomial if and only if the following conditions are satis-
fied:

1. the element b is such that (—b)" # 1;

2. the inequality

q-1

((b+w)(p+w) )" 2w (53)
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holds for all i, jsuch that 0 <i < j < n, where w is a fixed primitive root of the
nth degree of 1 in the field F .

Proof.

We will first prove that the conditions in the Lemma are sufficient. Let f(x) = X 4
bx, n|(qg—1),n > 1, assuming that (b + w')(b + w5 £ wil and (=b)" # 1.
Here w is a fixed primitive nth root of unity in the field F,, thatis w" = 1.

Assume that f(c) = 0, for some c € FZ, then for some 0 < i < n we have
0= bc+cq++_l = (b+cqn;l)c: b+ whe.

Now (=b)" # 1 means that —b is not an n-th root of unity which implies that b+w' # 0
for any 0 < i < n, hence ¢ = 0, a contradiction. Now take two elements c;, ¢, € FZ
such that f(cy) = f(c,), then (b + cf%l)cl =(b+ c?)cz, thus for some 0 < i, j < n we
have (b + w')c; = (b + w/)c,. Without loss of generality we may assume i < j. Thus
Bw)(b+wiy ! = et hence (b +w)(b+w))y )5 = 7 (c)5 = wi™, which is
a contradiction unless i = j. In this case cac;' = (b + w)(b+w/)™! =1, thus ¢; = c».

Therefore f(x) is a permutation polynomial over F,.

Next, we will show that the conditions are necessary . Assume that f(x) is permutation
polynomial. Assume (—b)" = 1, which means that —b is one of the n-th roots of unity
in the field F,, so b + w' = 0 for some 0 < i < n. Let ¢ € F, such that o= Wi
then ¢ # 0, and f(c) = c(c% +b) = c(w' + b) = 0 = £(0), which contradicts with
the fact that f(x) is a permutation polynomial over F,. Hence (-b)" # 1. Suppose
that (b + w')(b + w))™)" = wi™ for some 0 < i, j < n. Leta = (b + w)(b + wi)™,
and let d € F; such that d = wi. Then (b + w)(b + w))! = a = dd'a. Thus
(da™")% = @b +w) " (b+w)T =d" W = wiwl = wi. On the other hand (b +
whda~' = (b+w/)d, and since (da~") = w', we get f(da™) = f(d), thus f(x) fails to
be a permutation polynomial over F, since a # 1. Hence ((b +w')(b + w’ YOS % wi

for some 0 < i, j < n.
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g*-
5.1 Polynomials of the form XA 4 bx,qg=2",m>?2

Lemma 5.1.1 The polynomial
g*-1
f(x) = x""FT 4 bx
over Fp is a permutation polynomial if and only if b € Fp \ ¥, and the following
inequality:
xX(b + x)T T 4 (4 )T (5.4)

holds for all x,y € ¥, , such that x # 0,y # 0, x # y .

Proof. Consider the field F+ and set n = g — 1. Then the condition (=b)" # 1 of
lemma 5.0.6 implies that b7 # 1,i.e., b € Fu \ F,. Set x = w' and y = w/, and then

inequality (5.3) becomes the following inequality:

-1

(B+x)@+y)™") ™ #yx!
or equivalently
X(b + x)q3+q2+q+1 + y(b +y)q3+q2+q+1
for all x,y € F,, such that x # 0,y # 0, x # y. O

4
Remark 5.1.2 By lemma 5.1.1 the polynomial x“q?ll + bx is a permutation polyno-

mial if and only if b € F 4 \ ¥, and the equation over F,

X(b + )T Ly 4 )T HHH Z (5.5)

has no solutions x,y € F,,x # 0,y # 0,x # y. By direct calculations equation(5.5) is

equivalent to
bl+q+q2+q3(x +y) + (bl+q+q2 + bl+q+q3 + bl+q2+q3 + bq+q2+q3)(x2 +y2)+
2 3 2 3 2,3
(b + BT 4 PITT 4 P 4 BT 4 DTN (X + y)+ (5.6)

b+ b7+ b7 + bV +yH) + 2° +y° = 0.

Now let 7z = x +y and

B :b+bq+b‘12+b‘f3,

By = bW b 4 b1 4 pIte 4 pta 4 pTHT
(5.7)

_ pl+g+d? 1+g+¢° 1+¢*+¢° +q>+q°
By = pltare 4 pltard’ | plea’+d’ 4 parai+q’

B4 — b1+q+q2+q3 .
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by substituting z and the expressions (5.7) in (5.6), equation (5.6) reduces to the fol-

lowing equation over x and z:

2(x* + Box® + (22 + Bo)x + 2t + B12° + Boz> + Byz + By) = 0. (5.8)
Hence, using lemma 5.1.1 instead of (5.4) one can write

2+ Box® + (2 + Bog)x + 2 + BiZ + ByZ? + B3z + By) =0

has no solutions x,y € F,,x # 0,y # 0,x # y, which implies that either z = 0 or
X+ B+ (2 +Bo)x+ 2+ B+ B> + B3z+ By =0,butz = x+yand x # 0,y # 0

and x #y, soz # 0, hence
B+ @ +B)x+ 7+ B+ B2 +Biz+ B, =0

Note that the conditions x,y € Fy,,x # 0,y # 0,x # y implies that x # 0, z # 0, and
more exactly to the condition z # 0 alone, as the equality x = 0 and and the equality

y =0, ie., z=ximplies
2+ B+ B2 + Bz + By = (z+ b7 =
which is impossible as z € F,and b € F s \ F,.
Using Remark 5.1.2, lemma 5.1.1 can be written as follows:
A

Lemma 5.1.3 Let g = 2. The polynomial f(x) = X 4 bx, over F 4 is a permu-
tation polynomial if and only if b € ¥ 2 \ ¥, and the equation

X+ B+ (z3 + Br2)x + 2+ B+ B+ B3z+ B, =0 (5.9
has no solutions x,z € ¥, such that z # 0 (for x = 0 and x = z, i.e, y = 0, this
equation has no solutions).

Substituting a new variable w = x + B; in the equation (5.9) we obtain

(W+B)* + Bo(w + B))? + (22 + Boz)(w + B)) + 2* + BiZ° + ByZ? + B3z + By
=w* + B} + Bow® + ByBt + 2w + 2By + Byzw + BoBiz + 7 + B120 + By +
B3Z + B4

=w*+Bow + (Z +zBow+ 7t + By + Dz + E
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where

D=BB,+B; and E =B]+BB,+B,.

Then equation(5.9) becomes:
w4+Bzw2+(z3 +sz)w+z4+Bzz2+Dz+E:O

Now substituting y = K, we get the following equation (recall that z # 0):
Z
B D E
y4+)/+—22(72+y+1)+1+—3+—420
Z  Z

The cases B, # 0 and B, = 0 will be considered separately .

Casel: B, #0

One can rewrite the equation (5.12) as:

B D E
y4+y+—22()/2+7+1)+1+—3+—4
Z 2z

B D E
:(72+y+1)2+(72+y+1)(1+—22)+1+—3+—4
z 2z

(5.10)

(5.11)

(5.12)

(5.13)

Let y?> + v + 1 = £. The existence of a solution to the equation (5.12) now reduced to

the existence of solutions of the following two equations :
B D E
§2+§(1+—22)+1+—3+—4:0
Z < Z
and

Y+y+l=¢

When z # V/B,, dividing both sides of (5.14) by (1 + %)2, we get

2 1%5
[f J+ ¢ I+5+a

1+%) a+% q+5%y
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By using Theorem 2.0.33, we obtain that equation (5.14) has a solution if and only if

1+ % + E4 A +Dz+E
_ 7 2| _ #
0= Trq[ (1+ &)2 =Try (22+B;)?
z 2

Z4+Dz+E)_ r(z4+Dz+E )
(@2 + By)? @ + (VB2
*+Bi+B5+zD+E BS+E+2zD
2 =Trg\l+ =7
7+ B; 4+ B;
+B§+E+zD+D\/B_2+D\/F2
z4+B§
+B§+E+D\/B_2+D(z+\/3_2)
z4+B% z4+B%
B§+E+D\/B_2+ D )
(z+ VB! (z+ VBy)?

Fact: If F is a finite field with characteristic two, then every element a € F is a square.

=Tr,

=Tr,|1

=Tr,|1

=Tr |1+ (5.16)

Proof'the fact: Take the multiplicative group F* = F\ {0}, the map f : F* — F* given
by f(x) = x* is a group automorphism , because:

e f(ab) = (ab)* = a*b* for all a,b € F*

e Assume that f(a) = f(b), then a®> — b*> = 0, but the characteristic of F is 2,

which implies that (a — b)* = 0, thus a = b.

hence F is one to one and onto. Therefore every element in F is a square (note that

0 =0%.

Letv = Z+i/37 andt = B; + E + D\B,,v,1 € F,. Since g = 2", by the fact we proved,

every element in F, is a square, so 7 = 52 for some s € F,, and also s = C? for some
C € F,, it follows that B + E + DB, = 1 = s* = (C?)* = C*, then instead of (5.16)

one can write:
1+3+
Tr, [ﬁJ = Tr,(1 + CY* + Dv¥) = Tr (1 + (Cv)* + D)
=Tr,(1+Cv+DVv’) =0,

(since Cv and (Cv)* are conjugates, so they have the same trace). Hence, equation

(5.14) has a solution if and only if
Tr,(1+Cv+Dv)=0
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4 _ np2 _ 1
where C* = B+ E+ D VB, and v = Py

The subcase (C,D)=(0,0).

For this subcase equation (5.14) becomes

§2+§(1+%)+(1+%)2:0.

Proposition 5.1.4 Let g = 2" and m > 3 be odd . Letb € Fu \ Fy, B, # 0 and the

following two conditions be satisfied :
B3 = Ble, (517)

B, = B} + BB, + B;. (5.18)

41
Then the polynomial f(x) = XFT +bxisa permutation polynomial over F .

Proof. Consider the following two cases for z :

e whenz # VB,
Tr,(1+Cv+ Dvd) = Tr,(1) =m.1 # 0, since m is odd. Hence for odd m there

are no solutions for equation (5.14).

e whenz = VB,
equation (5.14) becomes &% = 0, thus & = 0,
which implies that
Y +y+1=0 (5.19)

So equation (5.12) has a solution if and only if y € F,, is a root of the polynomial
x? + x + 1. But, since the x> + x + 1 is an irreducible polynomial over F,, by
Lemma 2.0.26 it is remains irreducible over Fo» = F, since m is odd. So there
isnoy € F, such thaty* +y + 1 = 0.

Therefore the equations (5.14) and (5.15) have no solutions in F,.
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Proposition 5.1.5 Let g = 2" and m > 2 be even . Let b € Fs \ ¥, B, # 0 and the
A1

conditions (5.17) and (5.18) be satisfied. Then the polynomial X" + bxis not a

permutation polynomial over F p.

Proof. Consider the two cases for 7 :

e Whenz # VB,
Equation(5.14) has a solution if and only if T'r,(1) = 0, and since m is even, we
have Tr,(1) =m.1 =0

So there is no permutation polynomial when m is even and z # VB;.

e Whenz = VB,
Equation(5.14) becomes &2 = 0 = & = 0, then from equation(5.15)we get
Y+y+1=0.
We are going to find y € F, such that y> + y + 1 = 0.
By Lemma 2.0.26, the irreducible polynomial x>+ x+1 over F, will be reducible
over F,» when m is even. So it has a root in F,» = F, since the degree of the
polynomial is two.

Hence , there is no permutation polynomial when m is even and z = VB,.

The subcase (C, D) # (0, 0).

Proposition 5.1.6 Let g = 2", B, # 0 and (C,D) # (0,0) . Then the polynomial

x'7F T + bx is not a permutation polynomial over F forallm > 6.

4_
Proof. Note that proving x“tiﬁl + bx is not permutation polynomial is equivalent to
prove that the equations (5.14) and (5.15) have a solution. We already observe that

equation (5.14) has a solution if and only if
Tr,(1+Cv+Dv)=0

where v # Oand v # %. Now again by Theorem 2.0.33 equation (5.15) has a solution

if and only if T'r (¢ + 1) = 0, which is if and only if Tr (&) = Tr,(1).
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Claim: If
B
T}"q(l + Z—z) =1

then one of solutions of equation (5.14) will coincide with T'r,(1).

Proof the Claim: 1f Tr,(1 +Cv+Dv?) = 0 then equation (5. 14) has two solutions & and
&1, the sum of these solutions is equal to the coefficient 1 + s, thatis &y +& =1+ z2 ,
thus the solutions of (5.14) are §y and & = &) + 1 + z_2

Recall that T'r, : F, — F,s0 Tr,(1) = 0 or 1, then we get:

o if Try(é) = 0 and since Try(1 + %) = 1 then Tr (& + 1+ %) = 1.
o if Tr (&) = 1 and since Tr,(1 + %) = L then Try(éo+ 1+ %) =0
In both cases, either T'r (&y) = Try (1) or Try(§o+ 1+ %) = Try(1), which implies that

y* + v + & =1 has a solution either for € = & oré =& + 1 + &

Consequently, the purpose is to prove the existence of v,v # 0 and V# \F such that

Try1+Cv+Dv’)=0

and

B,

T}"q(l + Z—z) =1
_ 1 _1
Recall that v = VB S+ VB,, thus
B, VB, 1
Tr,1+ =)=Tr,(1+ —)=T 1.
) =Tl _— q(1+vx/_

Define the functions k : F, —» F,and [ : F, — F,, with

1 1
k(vy=1+Cv+Dv, I(vy=——, where I(—) =0,
1+v VB, VB,

and define the function s(v) = k(v) + I(v). Now define the following sets for the three
functions k(v), [(v) and s(v)

Ko={veF,:Tryk(v)) =0} and K, ={veF,: Tr,(k(v)) =1},
Ly={veF,:Tr,(l(v)) =0} and L, ={veF,: Tr,(l(v)) = 1},
So={veF,: Tr,(s(v)) =0} and S, ={veF,: Tr,(s(v)) =1}.
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Since k(0) = 1 and I(0) = 1, and Tr,(1) = O or 1, then the point v = 0 does not
belong to the set Ky N L, and Trq(l(%)) = Tr,(0) = 0, then also the point v = %
does not belong to the set Ky N Ly, that is to reach the purpose it is enough to prove
that |[Ky N L;| > 0. Consider the canonical additive character y; over the elements of
a function f(v) from F, to F,, g = 2™ defined by x;(f(v)) = (-1)""V™ forall v € F,,

thus

D) = Y (=) = |F| - || (5.20)

veF,

where

Fo={veF,: Tr,(f(v)) =0} and F, ={veF,: Tr,(f(v)) =1},
Recall that [{c € F» : Trg,,./r,(c) = 0} = 2m~1 and since the images of Try,. v, 1s Fy
then |{c € Fon : Try,,r,(c) = 1}| = 2m=1 apply this fact for /(v), we get

4

Lol = |L| = 2" = > (5.21)

Now by bounds for exponential sums Theorem 2.0.50 follows that

| > k)] <24,

so ||Kol — K1l < 2+/g, which implies |Ky| — |K;| > =2 +/g, and since |Ky| + |Ki| = ¢,
then |Ko| — g + |Ko| > -2 +/g, thus

|Kol| > g - /q. (5.22)

Also from bounds for exponential sums (Theorem 6,[2]) it follows that | >} x1(s(v))| <
4+/q + 1,50 |ISol = 1S1ll < 4+/g + 1, which implies [So| - |S| < 4+/g + 1, and since
ISol +1S1] = q, then |S o] —-q+ ISol < 4\/a+ 1, thus

S0 < 229, L (5.23)
Now as
2|Ko N Ly| + |Ko N Lol + |Ky N Ly| = |Kol + |Ll,
and

|Ko N Lol + |Ky N Ly| =[Sol,
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one can deduce that

2|Ko N Lyi| = |Kol + |Li] = 1S ol,

hence from the inequalities (5.21), (5.22), and (5.23) we get

+1
Ak Ly > L - g+ 212" 2.5
2 2 2
qg—1
= —— —34/q.
5 Vg
Therefore
g-1 34
KoN L > - —
|Ko N Ly| > 7] >
_q-1-6vq
—
g-1-6+/q . o
Now we observe that N 4B > 0,g = 2™ holds for m > 6, which implies that

44*
form > 6, B, # 0 and (C, D) # (0,0), the polynomial x”?ll + bx is not a permutation

polynomial.

The case B, =0

The subcase D # 0.

Proposition 5.1.7 Let g =2",b € Fu \ ¥, and
Bz = O, B3 * 0.

Then the polynomial x'* 7T + bx is not a permutation polynomial over ¥ . for m > 6.
poly p poly q

Proof. Since z # 0 we can set u = %, then for B, = 0 equation (5.12) becomes,
foru)=y*+y+1+Du’+ Eu* =0.
Define a plane curve # over F, as
P={(y,u): fly,u)=y*+vy+1+Du’ + Eu* =0}.
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By applying the Hasse-Wiel bound Theorem 2.0.53, the number N of F,-rational
points of £ given by
IN —q— 1] <2g+/q.

Since deg(f) = 4, from Remark 2.0.54 we have g < 3, which implies that N >
q — 6 4/q. Recall that u = % # 0, and since the number of points with u = 0 does not
exceed 4. We get that, when g — 6 4/g > 4 there exist an F,-rational point (y, u) with
u # 0 such that f(y,u) = 0, which implies that there exists a solution y,z € F,,z # 0
for the equation (5.12). By simple calculations when m > 6 we have g — 6 /g > 4.

Therefore for B, = 0,D # 0 and m > 6 there is no permutation polynomial over F

4o
of the type x'* T + bx.

The subcase D = 0.

Here it is obliged to consider the cases of odd and even m separately. First we need
the following remark for the proof of the next proposition.
Remark 5.1.8 . Note that if f(x) € Fon[x], defined as
fiFp > Fo,  flx)=x*
then f is an automorphism of the field Fn, because

(a) f(a+b)=(a+b)*=a*+b*forall a,b € Fyn since the characteristic of
the field is 2.

(b) f(ab) = (ab)* = a*b* for all a,b € Fa»

(c) If fla)= fb) = a*=b*—=a*-b*=0= (a-b)*=0=a-b=
0 = a = b. Thus f is one to one and since the field is finite , it is also

onto, therefore f is an automorphism of the field Fon.

2. The polynomial x* + x + 1 is irreducible over F,, and it is remains irreducible

over Fou for odd m, so there is noy € Fon such thaty* +vy +1 = 0.
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Proposition 5.1.9 Let g =2",m >3 be odd . Letb € ¥ \ ¥, and
32 = O, B3 = O,

4
then the polynomial x“qfﬁl + bxisa PP over ¥y if and only if By = B?.

Proof. Consider the following two cases for E :

e 0
For E # 0,D = Oand B, = 0, eq(5.12), becomes Y+y+1+ Z% = 0, now

since z* is an automorphism of the field F,», and for odd m, y* + ¥ + 1 # 0 for

4 1 . .
any y € Fau, thus for the element 22~ in F,, there exist a € Fy» such that
'y4+7+1 _ 1
E — at

Hence for any y € F,n there is a solution for eq(5.12), so for this case there is

no such permutation polynomial.

e £E=0
By previous Remark 5.1.8 number 2 , the solution of eq(5.12) does not ex-
ist,thus when B, = 0, and D = 0, the polynomial x”%l + bx is a permutation
polynomial if and only if E = 0. Since the conditions B, = 0, D = 0, are equiv-
alent to the conditions B, = 0,B; = 0, and when £ = O then B, = B‘l‘, the

proposition is holds.
U

Remark 5.1.10 For even m, the equation f(x) = x* + x + 1 has no solutions in Fn
when m = 2 (mod4), that is because the irreducible polynomial x* + x + 1 over F, of
degree 4 has a root « in the extension field ¥+ of ¥,, and moreover by Theorem 2.14
[8] all roots of f(x) are in ¥y, hence all roots of f(x) are in Fy or any extension of
it. Since 4 not divides m when m = 2 (mod4), so F» is not a subfield of ¥y, therefore
f(x) has not any root in ¥;n when m = 2 (mod4). However such an element b does

not exist for even m by the following Lemma.

Lemma 5.1.11 Let b € ¥« where g = 2" and let B, and B obtained from b according
to (5.7). Then for even m, B, = B3 = 0 if and only if b is an element of F .
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Proof. Assume that B, = B3 = 0. In the intermediate field F, € F,, C F, the
polynomial x* + x + @ where « is a fixed element in F > such that Tr,2(@) = 1, has no
roots in F» by Theorem 2.0.33 because Trp(a) # 0, so it is irreducible polynomial
over F . Let 6 be a root of the polynomial X% + x + a, then & will be in F, thus the
set {1, 6} is a basis of the field F + as a vector space over F .. Therefore any element

be Fq4 can be written in the form
b =r+15, forsomerteF, and S +5+a=0.

Denote

m—1
R=a+a*+a*+---+a¥

then

2m~—1
Ri=a’+a*+a"+---+a*

it follows that
R+Ri=a+d?+a* ++a" +@ +& +& +-+a*"
=Trp(a) = 1.
Since 6% + 6 + @ = 0, we get 6> = 6 + a, and
o =6"+a’=5+a+a’;
S =+’ +at=6+a+a’+at;
=8+’ +at+f =6+a+a’+at+ab
hence by induction we deduce that
" =6+a+a’+at+--+a¥
Therefore
§1=6+R, 67 =5+1, 7 =5 +R+ 1. (5.24)
Rewriting B, and B from (5.7) in terms of r and ¢, by using b = r + t6 and (5.24) we
obtain
By = (787 4 67 4 670 £ 5TH) 4 2 4 r1(5T 4+ 8) + 26T + 7
+ (ST + 57) + A5
= (SIS +6T) + 67+ 6T)) + P + r1(5 + 1 +8) + £2((5 + 1)8) + r™
+7r9(+R+1+6+R) +1(6+R)(S+R+1)

=t P+t aff + 7+ 1+ ot
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Let

s=rr+rt+at?, (5.25)
and by similar computation for B;, we obtain
B, =t""+s5+s%, and B; = st?+ st. (5.26)

From the condition B, = 0, we get tB, = 192 + st + st = 0, and since B; = 0, then

st = st4, which implies 19+ + st + st7 = 0, thus

s(t + 19) = 192, (5.27)

First, when t + 17 = 0 ,i.e, t = 7 and since B, = 0, follows that t = O or s = s9,
if + = 0, then from B; = 0, we get that s = s?. Hence, if t + 1 = 0 we have t = 0
and s = 59, i.e, s € F,, and therefore from (5.25), r = \s € F,, thus the element

b=r+t5=+s+0=+seF,

Next, when ¢ + 17 # 0, from the expression (5.27), one concludes that

tq+2

s = .
t+ 1
Substituting this expression for s in (5.25), we obtain a quadratic equation over r :
tq+2

P+t +af + =0. (5.28)
t+ 14

By Theorem 2.0.33 this quadratic equation has a solution in F . if and only if

q

) =0,

1 1
) = Trqz(oz) + Tl’qz(

Tr (o +
( t+ 14

Recall Trp(a) = 1, and since Trp(a + ), then the

r+r r+r
condition is equivalent to
14

r+ 1

Trp( )=1

But by transitivity property of trace we have

I 1
Tl"qz PR —Tl"q Tl”qu/Fq o

14 1 \!
=Tr, +
t+19 \t+12

I t
=Tr, +
r+11 t+1

=Tr,(1) =0 for even m,
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which implies that the equation (5.28) over r, when 1 + 17 # 0, i.e, forany t € F 2 \ F,,

has no solutions in F ., that is when B, = B; = 0, we have b € F,,.

5.2 The main results

After proving Proposition 5.1.6 and Proposition 5.1.7, it remains to consider the cases
when m = 2,3,4 and 5.

The direct calculations show that for m = 4, there are no permutation polynomials of
the type A5 4 by over F . for g = 2°.

But for m = 2 there are 48 such polynomials ( for b = o/,i = 3,11,37,61,63,91 and
their cyclotomic classes C; = {i,2i,22%,...,2%} modulo 255 = 4* — 1, where a is a
primitive element of Fys).

From here , Propositions 5.1.5,5.1.6,5.1.7 and Lemma 5.1.11 , the following theorem
is valid.

Theorem 5.2.1 Let g = 2"",m > 4 be even. The polynomial xH% + bx over Fpu is
not a permutation polynomial for any b € F;.

For m = 3 and m = 5, the direct calculations show that the polynomial x“% + bx is
a permutation polynomial over F if and only if the conditions of Proposition 5.1.4
are satisfied.

From here , Propositions 5.1.4, 5.1.6, 5.1.7 and 6.2.1, and since the conditions of
Proposition 6.2.1 represent a special case of the conditions in Propositions 5.1.4, the

following theorem is valid.
4
Theorem 5.2.2 Let g = 2" and m > 3 be odd. The polynomial X F 4 bx over F
is a permutation polynomial if and only if the following conditions are satisfied
beFu \F,,Bs+BB,=0 and By + B} + B{B,+ B; = 0.
In [13] these conditions for Bs in Theorem 5.2.2 were proved in a different way to be
sufficient conditions.
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4_
For odd m, in order to find all » for which the polynomial M ybxisa permutation

polynomial we need the following remark .

Remark 5.2.3 Recall that the polynomial x* + x + 1 is irreducible over F», then it
remains irreducible over Fyn when gcd(m,4) = 1. Let B be a root of x* + x + 1, then
B is a primitive element in Fyi. Hence as F 4 is a finite extension of F, with degree 4,

the set {1,B, 5%, 8%} present a base of F s over F,.

Therefore for the element b of ¥, one can present b as a polynomial of degree 3 over
F,:
b=xy+ x8+ x2,82 + X3,B3, x; €F,

where B is a primitive element of Fys, i.e, it is a root of the polynomial 1 + 5+ 8* = 0.

Then

b = xo + x 157 + xzﬁzq + x3,33q,
2 2 9 2
b = Xo + xl,Bq a2 XzBZq + X3ﬁ3q ,

3 3 3 3
bt = Xo + .X],Bq + )Czﬁzq + X3,83q .

Note that m is odd , then m = 1 (mod4) or m = 3 (mod4), from the fact 8 is a primitive

rootinFp, i.e, ,824 = 1, we have the following

Bzm _ B ifm =1 (mod4), ﬁzzm _ B ifm =1 (mod4),
B ifm =3 (mod4), B ifm =3 (mod4),

s |BY ifm=1(mod4).

B ifm =3 (mod4).

Now write By from expression (5.7) in terms of x;, in both cases m = 1 (mod4) and

m = 3 (mod4) we get

By =4x + xi(B+ BT+ BT +B7) + 0B + f1+ T + ) + x3(8 + f1+ B + )
=X1(B+ B+ ) + 0B+ B+ B+ B+ x3(B + 0+ B+ B,
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Recall that B is a root of x* + x + 1, then

Bt=1+p, =5 +p,

B2 =40 = 148482 +8, LA = 1+82+B4+80 = 1+ + 1+ B+ +5 = B+ .

from here follows that

By = x3. By similar calculations one also gets:
B, = 2
2 = XpX3 + X1 X2 + X3,
B; = x(z)x3 + xf + X1X2x3 + x1x§ + x; + x§x3 + xi,

Xg + XSX3 + )Céxle + x(z)xg + XOX? + XpX1X2X3 + x0x1x§ + X()Xg

B,

+ X0X3X3 + XoX3 + X] + X1X0X3 + X1 X3 + X5 + X3 + X5

Using these expressions of By, B,, B; and B, we obtain the following :

the condition B1B, = Bj is equivalent to the condition:
Xox3(xg + x3) + x1(x1 + X3)2 + x%(xz +x3)=0
and the condition By = B} + B3B, + B3 is equivalent to :

xé + x3X3 - X(z)xl)Cz + X()x? + XOXg + XQX§X3 + x0x1x§+

+ XoX1X2X3 + X? + X%X% + X%XQX3 + Xle)Cg + xlxg + x; + szg =0

(5.29)

(5.30)

By the following Theorem we can find all solutions to this system of equations and

the number of all solutions.

Theorem 5.2.4 All solutions of the system of two equations(5.29) and (5.30) for odd

mare :
(x0 = x2, x| = X2, X2, X3),
(X0 = X2 + X3, X1 = X, X2, X3),
(xo =0, X1 = X3 + x3, X2, X3),
(x0 = x3, X1 = Xp + X3, X2, X3),

where x5, x3 run over F, and (x,, x3) # (0,0). The number of all solutions is 2(2q +

Dig = D).

Proof. Assume that x; # 0 and define new variables:
X X X
-0 M =22

r= sy LIl =, a=

X3 X3 X3 '
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Rewriting the equations (5.29) and (5.30) in terms of r, ¢ and a we get the following
equations :

PHr+f+t+a +a* =0 (5.31)
and

PP+ rPta+ e +rta+rt+rdd +rat +t +Pa* +Pa+ 1 +ta+t+at +a = 0, (5.32)

respectively. Now, solving the system of the equations (5.31) and (5.32) will give us

all solutions of the system of equations (5.29) and (5.30).
Multiplying equation (5.31) by * and adding the result to equation (5.32) we get:
FP+rE+r+d+d+ta)+tt+ Pl +Pa+tdd +ta+r+at +a=0. (5.33)

Substituting 7> + r = > + t + a® + a* in (5.33) we get the following equation in terms

oftand a :
ECr+t+d+)E+t+d +d +ta)+ 1+ +Pa+td +ta+t+at+a=0
which is equivalent to
P +t+d+a) +r+PP+ta+d v+ +add+a+1) =0, (5.34)

Thus we have either ? +t+a*+a=0 or t*+P +ra*+ta+a*+a®>+a*+a+1=0.
Hence the equations (5.31) and (5.34) can be considered as two different systems of

equations. We first consider the system of the following equations:
Prr+t+t+a +a* =0
frP+r+a+dt v+ +a+1=0. (5.35)
By applying the trace function to both equations in (5.35) we get
Trq(r2 +r+f+t+ad’ +d®) = Trq(t3 +1)+ Trq(a3 +a*) =0,
and from the second equation in (5.35) we get
Trq(t4 +£)+ Tr,,(tza2 +ta) + Trq(a4 +a+a’+a) = Tr,(1);
Tr,t+6)+Tra’ +a*) = Tr,(1),

but since m is odd, Tr,(1) = 1 # 0, this gives a contradiction, thus the system (5.35)

has no solutions. Hence all solutions for x3 # 0, of the system of two equations (5.31)
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and (5.32) are the solutions of the second system.

Now consider the second system
P+r+f+t+a®+a*>=0
rf+t+a*+a=0, (5.36)
By solving the second equation in (5.36) for ¢, we get
(t+a)*+t+a=0, which implies either t =aort=a+ 1,

and it follows from the first equation of (5.36) that:
if t = a, then

r=aorr=a+1,

ift = a+ 1 then

r=0orr=1.
Evidently the system (5.36) has the following solutions:

(r=a, t=a),

(r=a+1, t=a),

(5.37)
(r=0, t=a+1),
(r=1, t=a+1),
which is equivalent to
(X0 = x2, X1 = X2, X2, X3),
(X0 = x2 + X3, x| = X, X2, X3),
(x0 =0, Xp = X + X3, X2, X3),
(X0 = x3, Xp = X + X3, X2, X3).

Moreover, the number of distinct solutions for x3 # 0 equals 4¢(g — 1). If x3 = 0 then

from equation (5.29) it follows that
xf + xi =0,

which is equivalent to

2 2
(x1 + x2)(x] + x1x2 + x3) =0,
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therefore either x; + x, = 0 or xf + x1x + x% = 0, but if we consider the equation

Xt + x1X2 + x5 = 0 as a quadratic equation in the variable x;, then by Theorem 2.0.33
2

X

this equation has no solutions for any x, in F,» because Trq(—i) =Tr,(1)=1#0
X

(since m is odd). Thus x; + x, = 0, i.e, x; = x;. Substituting x3 = 0 and x; = x;

in (5.30) we get xo(xp + x,) = 0 which implies that xoy = 0 or xy = x,. Therefore all

solutions when x3 = 0 are the following

(-x() = 0’ X1 = Xa, X2, .X3),

(xo = x3, x| = X, X2, X3).

Moreover, the number of distinct solutions for x3 = 0 equals 2(g — 1). Therefore the
number of all solutions which is the sum of the number of solutions for x; # 0 and

for x3 =0,isequal to4g(qg— 1)+ 2(g—1) =22g + 1)(g — 1). L]

Remark 5.2.5 All these solutions are the same with the solutions in [13], however
the authers did not proved in [13] that there are no other solutions. Here in this
paper the authors fill this gap and prove there are no other solutions for b foe which
a polynomial xlﬂ% + bx is a permutation polynomial over F ;1. Hence the suffecient
conditions for b from Theorem 5.0.4 are also necessary. In [13] the number of their

distinct solutions is given as: 2(2q + 1)(q — 1), which coincides with the result here.

From the fact that the sufficient conditions for » from Theorem 5.0.4 are also neces-

sary the following corollary is satisfied.

A_
Corollary 5.2.6 Let g = 2", where m > 3. The polynomial b s a complete
permutation polynomial over the field F 4, if and only if the number m is odd and b

satisfies the conditions of Theorem 5.0.4.

Proof. The polynomial b‘lx%l” is a complete permutation polynomial if and only
if b‘lxqq%l” and b‘lycqf%lJrl + x are permutation polynomials over the field F . Let
d =23 +1=¢ +q +q+2 Note that ged(d, L) = ged(d.d - 1) = 1. By long
division we have gcd(d,q — 1) = ged(d,2" — 1) = ged(2’" + 2% + 2" +2,2" — 1) =
gcd(5,2™ — 1) = 1 (since m is odd).

Hence gcd(d, g* — 1) = 1, we deduce from Theorem 2.0.42 that b‘l)cq:%l]Jrl is a permu-

tation polynomial over the field F . For b satisfies the condition of Theorem 5.0.4,
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4_

then by Note 2.0.41, the polynomial b ! 4 xisa permutation polynomial over
4_

the field F+. Thus for such 2’s, the polynomial bxFT s a complete permutation

polynomial over the field F . OJ
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CHAPTER 6

PERMUTATION AND COMPLETE PERMUTATION
POLYNOMIALS

In this paper the authors classify all permutation polynomials of type x¢*2+bx over the
field F» and of type xT+4+2 4 by over F s, where g = p™ > 2, p prime. Therefore, all
cases when the polynomials b~'x7*% over F > and b~ x7+4*2 gver F , are the complete

permutation polynomial are enumerated.

6.1 The case of polynomial x¢*2 + bx

In this section we will consider the field F 2, and setn = g — 1.

Proposition 6.1.1 The polynomial x7** + bx is a permutation polynomial over the

e 2 ifand only if b € F 2 and the equation
field F » if and only if b € Fp \ F, and th
(X + )7+ (x+ )b+ b)) + b7 —xy =0, (6.1)

has no solutions x,y € Fy,x # 0,y # 0, x # y.

Proof. Since the field is F 2, and n = g — 1, we have

1
=1l4+g+1=¢q+2.
n q-1

Applying Lemma5.0.6 to the polynomial x4** + bx we get
The polynomial x¢*2 + bx is a permutation polynomial over the field F ;. if and only if
1. (=b)" # 1;
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2. ((b+w)(b+w/)™H4*! £ wi~ holds for all i, j, such that 0 < i < j < n, where w

is a fixed primitive n-th root of unity in the field F .

The condition (-b)" # 1 implies that —b is not in F, so b € F . \ F,. For the second
condition, setting x = w' and y = w/, the inequality in condition (2) becomes the
following

(b + x)(b +y) )7 # yx~!

which is equivalent to

x(b + x) £ y(b + y)Tt,

for all x,y € F,, such that x # 0,y # 0,x # y. Thus the X2 4+ bx is a permutation
polynomial over the field F . if and only if b € F > \ F, and the equation over F,

x(b+ ) = y(b + y)?H,

has no solutions x,y € F,,x # 0,y # 0,x # y. However this equation may be written
as

x(b+x)(b+x)=yb+y)b+y) =0,
moreover since char(F,) = p and x, y € F,, the equation is equivalent to

x(b? + x)(b + x) — y(b? + y)(b +y) = 0.
By simple calculations we get the following

(O =y + (2 = y)(T +b) + (x = ybT =0
which is equivalent to
(x =V +xy+ ¥+ (x+ )b+ b)) + b =0,
but x # y, so conclude that
X +xy+y + (x+ )b+ b9+ b =0,

or equivalently
(x +y)* + (x +y)(b + b?) + b — xy = 0.

Hence the second condition of this proposition is satisfied.
OJ

Now, it is more convenient to consider the cases of fields of even and odd character-

istics separately.
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6.1.1 Fields of even characteristic

Proposition 6.1.2 Let ¢ = 2™,m > 1. The polynomial x?** + bx is a permutation

polynomial over the field F . if and only if b € Fp \ F, and

X +xz+Z +z2b+b)+ b7 =0 (6.2)
has no solutions in the field F, for all z € F .
Proof. Since the field has even characteristic , using the identity xy = x> + x(x + y)
and setting x + y = z, from Eq.(6.1) we arrive to the equation

X+ xz+70 +z2(b + b + b7 = 0.

Note that the conditions x,y € F,, x # y are equivalent to the condition z € F,,z # 0,

and when z € F,, then x # 0,y # 0 because of

xy =2 +2z2(b+b") + b = (z+ b £0
forz € F;,b € F 2 \ F,. Hence from Proposition 6.1.1 the result is obtained. U
Theorem 6.1.3 Let g = 2", m > 1. The polynomial x7** + bx is a permutation poly-
nomial over F p if and only if b € F 2 \ F, the number m is odd, and p3a= = 1. The

number of such different elements b is equal to 2(q — 1). All these elements can be

written in one of the following forms:

b= @tV G g DBEDB g oM )

where a is a primitive element of the field F ;.

Proof. In the field F,, g = 2™, by Theorem 2.0.33 the equation (6.2) has a solution for
a fixed z € F if and only if

22+ z2(b + b9) + bi*!
Tr

q
ZZ

-0,

where

Try(a)=a+ a+at+---+d7", ae F,,
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is the trace function from F, into F,. We have

Z+z2(b+ b))+ b1 2+ z2(b+ bY) + b+ b+ b+ b+ M
2 2

Z Z
b+ b1 (b+b‘1)2 b* + b1 4 p2
1+ + +

z z 22 ’

2

, + b b+b? - , -

since an ( ) are conjugates in F,, with respect to F,, they have the same
Z Z

trace, thus

2 +1
2+ z(b+b?) + b1
Trq( 2 ) =Try(1) + Trq(

P21 + bi! + b2aD)
22 '

If 1+ b9 1 + p247D £ 0, let ¢ = b*(1 + b4~ + b*4~D) be a nonzero element, then by
direct computation we observe that ¢/ = c, so ¢ € F,. Note that the mapping z s
an automorphism of the field F,, g = 2™, there exists a nonzero element z € F, such

that z2 = b*(1 + b9~ + b*4~D), for such z the following equality is valid

b*(1 + b7 + p*a D
Tr,,( ( > )) = Tr,(1).

Hence

(ZZ + z2(b + b?) + b2*! )
Tr, >

Z
Thus if 1 + b77! + b*4=D % 0, equation (6.2) has a solution in F, we deduce that by

Proposition 6.1.2 , the polynomial x7*2 + bx is not a permutation polynomial over Fp.

BA(1 + b1 4 b2
If 1+ b1 + 520D = 0, then T 20T +0 T
<

equation (6.2) does not exist if and only if T'r (1) = 1, but T'r (1) = m.1, then Tr, (1) =

= (0, thus the solution of

1 if and only if m is odd. Now since
BT+ DA+ b+ pPDy = D 4

if 1 + b9~ + p?@D = (, then b*9~D + 1 = 0, hence the polynomial x9*? + bx is a
permutation polynomial over F if and only if b € F2\F,, mis odd, and b*¢""+1 = 0.
Now let’s find the possible forms of such b’s.

Claim: 1f b € F 2 \ F, and b~V = 1, then b in the following form

b= a@thBHDB o o @DGEDB g oM )
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where « is a primitive element of the field F .

proof the claim: The multiplicative group of F is cyclic. Since @ is a primitive
element of the field F,, then @7 ~' = 1. For an element b of the group, 5@V = 1
holds if and only if b = a™ for some m € Z such that (¢g> — 1) divides 3(g — 1)m,
which implies that m = @ for some k € Z. It is enough to check k € Z satisfies this
for k modulo 3. When k = 1 and k = 2, we get b*¢~V = 1, the condition is satisfy.
But when k = 3 we get that 5~V = 1, this contradicts with b € F. \ F,. Therefore
b=aT orb=a"5".

Now we are on the position to find the possible structure of such »’s. Let r denotes a
third root of unity in F,» with r # 1.

Claim: ? +r+1=0ifr # 1.

proof the claim: Since > = landr # 1, wehave 0 = * — 1 = (r — DN +r + 1),
which givesus 7 + r+ 1 = 0 when r # 1.

Let’s analyze all of the b’s in three cases by consider the powers 37 + 1,37 + 2 and
3t+3wheret=0,1,...,2" - 2.

Case 1: Say b is of the form b = @7 @) where b € F,» \ F,.

3t+1

Then b7 = @5 @ V6HD = o@D = 1% = 13 = 2 1, 50
POV 4+ b+ 1= +r+1=0.

Thus this case will be included in the forms of b.
Case 2: Say b is of the form b = @5 32 where b € F.\F,.

Then b7 = @5 @ V6#D) = o@D = %2 = 13 = p % |, 50

PPV bty 1=+ r+1=0.

Thus also this case will be included in the forms of b.

Case 3: Say b is of the form b = @7 @3 where b € F,» \ F,.

Then b7~ = @5 @ DG#3) = o(@-De+D) = | contradicts with b € F 2 \ F,.

Thus this case will not included in the forms of b.

Therefore all elements of b € F2 \ F,, such that 5*¢"" = 1 can be written in one of

the following forms

b= a(q+1)(3t+l)/3 or b= a(q+l)(3t+2)/3’ { = 0’ 1’ e om _ 2’

where « is a primitive element of the field F .. Note that there is 2 — 1 elements b

for each Case 1 and Case 2 , hence the number of all different elements b is equal to
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2Q"-D+2"-1)=22"-1)=2(g - 1).

The proof of the theorem is complete. U

Corollary 6.1.4 Let g = 2™, where m > 1. The polynomial b~'x9"? is a complete
permutation polynomial over the field F p, if and only if the number m is odd and b

satisfies the condition of Theorem(6.1.3).

Proof. The polynomial b~'x?*? is a complete permutation polynomial if and only
if b~'x7* and b~'x4*? + x are permutation polynomials over the field F .. Since the
integers 2" +2 and 2°" -1 are relatively prime when m is odd, i.e, ged(g+2,¢g*—1) = 1,
we deduce from Theorem 2.0.42 that b~!x%*? is a permutation polynomial over the
field F 2. If b satisfies the conditions of Theorem 6.1.3, the polynomial x4*? + bx is
a permutation polynomial over the field F,. Which implies by Remark 2.0.41, the

polynomial b~'x7*? + x is a permutation polynomial over the field F . Thus for such

q+2

bs, the polynomial b~!x4*? is a complete permutation polynomial over the field Fp. U

6.1.2 Fields of odd characteristic

Proposition 6.1.5 Let ¢ = p™ and p > 3 prime. The polynomial x> + bx is a

permutation polynomial over F p if and only if b € F » \ F, and the equation
3(x+ )" +4(x + y)(b + bY) + 4bT + (x — y)* = 0,

has no solutions x,y € F,,x # 0,y # 0, x # y.

Proof. Since g = p™, p > 3, for this case we can use the equation 4xy = (x+y)> — (x —

y)%. Eq.(6.1) is equivalent to
4(x + ) + 4(x + y)(b + b)) + 4bT" —4xy = 0

or

4(x + )2+ 4(x + y)(b + b)) + 46T — (x +y)* + (x —y)* =0,
which becomes
3(x +y)* + 4(x + y)(b + b)) + 467 + (x —y)* = 0,
then the result comes immediately from Proposition 6.1.1 . 0
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Proposition 6.1.6 Let g = p™ and p > 3. The polynomial x4** + bx is a permutation

polynomial over F  if and only if b € F » \ F, and the equation
377 +dz(b + b9) + 4bT + = 0, (6.3)

has no solutions u,z € F,,u # 0.

Proof. Set x + y = z, x —y = u. Then the equality in Proposition 6.1.5
3(x+y)* +4(x +y)(b+ b)) + 461 + (x—y)? =0
is equivalent to
377 +4z(b + b?) + 467 +u? = 0

and the conditions x,y € F,,x # 0,y # 0,x # y are equivalent to the conditions
u # 0, z, —z, more specifically only to the condition u # 0, since when u = +z the last
equation becomes

Z+z2b+b)+ b = (z+ b)Y =0

which is not possible since z € F, and b € Fp \ F,. Therefore, Proposition 6.1.5
adopted to this case will be as follows : The polynomial x?*2 + bx is a permutation

polynomial over F . if and only if b € F» \ F, and the equation
3722 + 4z(b + b7) + 4 + 1 = 0,
has no solutions u,z € F,,u # 0. OJ

We will first consider the case when p = 3.

Theorem 6.1.7 Let g = 3™. The polynomial x?** + bx is a permutation polynomial
overthe field F p if and only if b € F x\F , and b?' = —1. The number of such different

elements b equals g—1, and all these elements can be presented in the following form:
b=aTC =01, . .q-2,

where a is a primitive elements of the field F .

Proof. From the fact that the characteristic of the field F, is 3, that is g = 3™, Eq.(6.3)

becomes

2D+ b))+ b +u? =0, (6.4)

Consider the following two cases:

70



_u2_bq+l
b+b1

e If b+b? # 0, then forany u € F,, u # 0, Eq(6.4) has a solution z = , hence
by Proposition 6.1.6, the polynomial x?*? + bx is not a permutation polynomial

over F in this case.

o If b+ b? =0, then b? = —b and b?"! = —b?, Eq.(6.4) implies that u> — b* = 0,
thus (u — b)(u + b) = 0, which implies u = +b, but this impossible for b €
F,.\F,and u € F,, so Eq.(6.4) has no solutions, therefore by Proposition 6.1.6
the polynomial x4** + bx is a permutation polynomial over F . if and only if

beFp\F,and b9' = -1.

Now let’s find the possible structure of b with b € Fp \ Fq,,bq‘1 = —1.leta bea
primitive element of the field F,2, then ord(a) = ¢* — 1. Note that ¢* — 1 is an even
integer , then one has aqu_l = —1. For an element b of the multiplicative group of F .,
b7!' = —1 so b*9~V = 1 holds if and only if b = o™ for some m € Z such that (¢> — 1)
divides 2(g — 1)m, thus m = @ for some k € Z. It is enough to check k € Z satisfies
this for £ modulo 2. When k = 1, we get b = a/(q%'), and %' = —1, the condition for
b is satisfy. But when k = 2,b = 7" implies that b?~! = 1 # —1, the condition for b

fails for k = 2. Therefore b = o’ .

Let’s analyze all of the b’s in two cases by consider the powers 2¢+ 1, and 2¢+ 2 where

t=0,1,...,q—2.

g+1

Case I: Ifb = a5 @D 1 =0.1,... ,q — 2, then b7 ! = @7 @7 DCHD = (_1)2+l = 1,
Thus this case included in the form of b because b € F,. \ F,, and bi~! = —1., Case
2:1fb=aT@2 1=0,1,... ,g — 2, then b9~ = @*D@=D+D — 1 “this implies that

b € F,,. this case will not be included in the forms of b.

Hence all elements of b such that b € F 2 \ F,, and b?! = —1, can be presented in the
form:

+1
b=a7®Y t=0,1,...,q-2,

where « is a primitive element of the field F .. Therefore the number of distinct ele-
ments bis g — 1.

The proof of the theorem is complete.
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Corollary 6.1.8 Let g = 3. The polynomial b='x4? is a complete permutation poly-
nomial over the field F p if and only if b satisfies the condition of Theorem6.1.7.

Proof. The polynomial b~!x9*? is a complete permutation polynomial over the field
Fp if and only if b~'x9*2 and b~'x9*? + x are permutation polynomials over the field
F . Since the integers 3" +2 and 32 — 1 are mutually prime, i.e, gcd(g+2,4°—1) = 1,
then by Theorem 2.0.42 the polynomial 5~' x4*? is a permutation polynomial over F ..
If b satisfies the conditions of Theorem 6.1.7, the polynomial x4*%+bx is a permutation
polynomial over the field F,.. Which implies by Remark 2.0.41, b~'x7*? + x is a
permutation polynomial over F .. Hence for such b’s, the polynomial 5~'x4** is a

complete permutation polynomial over the field F .. U

Next, we will consider the case when p > 3.

Proposition 6.1.9 Let g = p™ and p > 3. The polynomial x4** + bx is a permutation

polynomial over F 2 if and only if b € F » \ F, and the equation
4b* — 4bTH + 4b* - 3u* = V? (6.5)

has no solutions u,v € Fy,u # 0.

Proof. For the case p > 3, taking into account that the discriminant of the quadratic

equation (6.3) over z is equal to
A =4(b+ b7 — 434" + u®) = 4(4b% + 4b%7 + 8L — 127! — 3uP)
= 4(4b° + 4b*1 — 4b7" - 3u?)
= 2°(4b* — 4™ + 4b*1 - 3u?)
Eq.(6.3) in Proposition 6.1.6 has no solution if and only if the discriminant A of the

equation is not a square in F,, i.e. if and only if 46> — 4b%*! + 4b* — 34> = v? has no

solutions u,v € F,,u # 0, which completes the proof. OJ

Before giving the next theorem we need the following definitions and lemma .

Definition 6.1.10 /8] Let g be odd and let n be the real valued function on F,, with

1 if ¢ is the square of an element of F,
n(c) =
—1 otherwise
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Then n is a multiplicative character of F,, and it is called the quadratic character of
F,.
Definition 6.1.11 /8] For any finite field F, the integer-valued function v on F, is
defined by v(b) = —1 for b € F and v(0) = g — 1.

Lemma 6.1.12 /8] Forodd q,leta € F,, a,p € F;, and n be the quadratic character
of F,. Then
N(ax + B, = a) = g + v(a)n(—ap).

where N(axi + x5 = a) denotes the number of solutions of the indicated equation in

2
F2.

Theorem 6.1.13 Let g = p™ and p > 3. The polynomial x9*? + bx is a permutation
polynomial over the field F . if and only if b€ F» \ F,

1-p"+ 0?4 =0

and the equation w* + 3 = 0 has no solutions in F .

Proof. If 4b* — 4b7*! + 4b%1 # 0, let a = 4b*> — 4b%*! + 4b%4, then Eq.(6.5) has always
a solution u,v € Fy, u # 0, as from lemma 6.1.12,
, -1, if-3isasquareinF,

NQ@u* +v* =a #0) =g+ vian(-3) =

g+ 1, otherwise

that is the number of solutions u,v in F,, is not less than g — 1, and the number of
solutions for u = 0 is not greater than two, so the Eq.(6.5) has atleastg—1-2 = g—3
solutions u,v € Fy,u # 0. (note that ¢ — 3 > 0, since ¢ = p™, p > 3). Therefore
x4*? + bx is not a PP over F, in this case. If 4b* — 4b7*! + 4p* = 0, then Eq.(6.5)
becomes

v = =3u°,

therefore this equation has a solution u,v € Fy,u # 0 if and only if -3 = a* for some
a € F,, i.e. if and only if the quadratic equation w? + 3 = 0 has a solution « in the field

F,.
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Hence x?*2 + bx is a permutation polynomial over F . if and only if b € F» \ F,,
1 = b4~ + p*@~D = 0 and the equation w? + 3 = 0 has no solution in F,.

The proof of the theorem is complete. U

Theorem 6.1.14 Let g = p™, and p > 3. The polynomial x** + bx is a permutation

polynomial over the field F p, if and only if p = 6k — 1, m is odd, and b is of the form
b=aSO) o p=qaTOD  1=01,...,q-2, (6.6)

where a is a primitive element of F p.

Proof. By Theorem 6.1.13 we have the equality 1 — b%~! + H*>~D = 0. Now since

1 +p3@D
1-p 4+ 0?0 = ———— |
1+ ba!
the equation 1 — 9! + H?“=D = ( has a solution, if and only if 1 + »*¢~1 = 0 which
is if and only if »*@~D = —1, taking the squares of both sides we get (b*)*@D = 1,

and since b € Fp \ F,, then b* # 1 (because if b*> = 1 and since 2 divides g — 1
then b € FZ). Letbh?> =c e F, \ F,, then ord(c) | 3(g — 1) but ¢ € Fp \ F, so also
ord(c) | (g* —1). So there exist nonzero integers ¢, r € Z* such that 3(g— 1) = ord(c) -t
(note that gcd(3,t) = 1 as ¢ does not belong to ¥, ) and (g — 1)(g + 1) = ord(c) - r,

then ord(c) = 21 = D@D g g 41 = 3. ; since ¢ | 3r and ged(3,1) = 1 which

; . r. . ..
implies that p is an integer number, hence 3 divides g + 1.

So we proved that 1 — b7~! + =D = ( has a solution, if and only if 3 divides g + 1.

We can present the elements b where b*¢) = —1 by taking a primitive element
@ € Fp. For an element b of the cyclic multiplicative group F,, 5@V = —1 so

b®4=Y = 1 holds if and only if b = o™ for some m € Z such that (¢*> — 1) divides

(g+Dk
6

satisfies the condition of b for k modulo 6. When k = 1 and k = 5 the condition for b

6(q — 1)m, which implies that m = for some k € Z. It is enough to check k € Z
satisfy. But when k = 2 and k = 4 implies that »*@"D = 1 # —1. And k = 3 implies
b?' = —1, then we get 1 — b?! + p*4=D = 3 # O for p > 3. Therefore b = a’s or
b = a@_

Let’s analyze all of the b’s in sex cases by consider the powers 67 + 1,61 + 2, 61 + 3,
6t +4,6t+ 5 and 6t + 6 wherer =0,1,...,qg— 2.
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Case 1: Say b is of the form b = a5 6D then 3D = (~1)%*1 = 1. Thus this case
will be included in the forms of b.
Case 2: Say b is of the form b = a5 6+ then p3@-D = (=1)5*2 = |. Thus this case

will not be included in the forms of b.

Case 3: Say b is of the form b = a5 ©*3_then p9~! = (=1)**! = —1, which implies
1 — b4 + p*9=D = 3 # 0 for p > 3. Thus this case will not be included in the forms
of b.

Case 4: Say b is of the form b = a5 6+ then p3@-D = (~1)5** = 1. Thus this case
will not be included in the forms of b.

Case 5: Say b is of the form b = a5 649 then H3@-D = (=1)9*5 = 1. Thus this case
will be included in the forms of b.

Case 6: Say b is of the form b = @66 then p¥@-D = (=1)+6 = 1. Thus this case

will not be included in the forms of b.

Note that there is g — 1 elements b for each Case 1 and Case 5 , hence the number of

all different elements b isequalto (g — 1) + (g — 1) =2(g — 1).

Any prime number p > 3 has the form p = 6k + 1. Moreover the equation w? + 3 = 0
has a solution in the field F,, if and only if p = 6k + 1 (from ch.5,[12]).

We have the following two cases for m :

o If mis odd

— If p = 6k + 1, the equation w? + 3 = 0 has a solution in F,.

— If p = 6k — 1 the equation w? + 3 = 0 has no solution in F »» then it has no

solution for every extension F,», where gcd(2,m) = 1.

e Ifmiseven
Let m = 2k, if the equation w? + ¢ = 0,c € F,« has no solution in F then
it is irreducible, let @ be a root of w? + ¢ in some extension field of F ., then
since degw? +¢) = 2, F (@) = F,x, so @ € F,x. Therefore the equation
wr+c=0,ce Fx, always has a solution in the quadratic extension F . Then

the equation w? + 3 = 0 has a solution in F,.

From the discussion above and by Theorem 6.1.13, the polynomial x*? + bx is a P.P

over F, if and only if p = 6k—1, mis odd, and b is of the form b = Q%SO or b=
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+1 . e e .
a'c©  t=0,1,...,q -2, where « is a primitive element of F,, as desired.
O

When m is odd since the numbers p™+2 and p*"—1 are mutually prime and p = 6k—1,

we obtain the following result.

Corollary 6.1.15 Let g = p™, and p > 3. The polynomial b~'x7*? is a complete
permutation polynomial over the field F » if and only if p = 6k — 1, m is odd and b

satisfies the condition of Theorem 6.1.14.

Proof. The polynomial b~'x%*2 is a complete permutation polynomial over the field
F . if and only if b~'x7*? and b~'x7*? + x are permutation polynomials over the field
F . Since the integers p™+2 and p*"—1 are mutually prime, i.e, gcd(q+2,¢*—1) = 1,
then by Theorem 2.0.42 the polynomial 5~' x4*? is a permutation polynomial over F ..
If p = 6k — 1, m is odd and b satisfies the condition of Theorem 6.1.14, x4*? + bx
is a permutation polynomial over the field F,.. Which implies by Remark 2.0.41, the
polynomial 5~'x4*? + x is a permutation polynomial over F .. Hence for such bs, and
for p = 6k—1, mis odd , the polynomial 5~!x7*? is a complete permutation polynomial

over the field qu. ]

6.2 The case of polynomial x4 +7*2 + px

Proposition 6.2.1 The polynomial X742 L pxisa permutation polynomial over the

field F ;s if and only if b € F 3 \ F, and the equation
(x+y) = 2(x +y)xy + ((x +y)* = xy)B; + (x + y)B, + B3 = 0, (6.7)
has no solution x,y € Fy, x #0, y #0, x # y.

Proof. Since the field is F s, setting n = g — 1, we get

g -1
; =l+@+q+1=¢g"+qg+2.

3
-1

1 =1+
n q—

Applying Lemma 5.0.6 in this case we get that:

1+

The polynomial X2 L pxisa permutation polynomial over the field F s if and only

if
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1. (-b)* # 1;
2. (b +w)(b +wi)y 1 )r+a+! 2 yi=i holds for all i, j, such that 0 < i < j < n, where

w is a fixed primitive root of the nth degree of 1 in the field F,,.

The condition (—=b)" # 1 implies that —b does not belong to F,, thus b € Fs \ F,. In
order to see the second condition, we set x = w' and y = w/, and then the inequality

in condition (2) becomes the following

((b+ )b +y) )t 2 ya!
which is also equivalent to

x(b + 0T % y(b + )T,

for all x,y € F,, such that x # 0,y # 0,x # y. Thus X2 4 px s a permutation

polynomial over the field F s if and only if b € Fs \ F, and the equation over F,
x(b + x0T = y(b + )

has no solutions x,y € F,, x # 0,y # 0, x # y. However this equation may be written
as

x(b + x)b + 0)Ub + X)T —y(b +y)b +y) (b +y) =0,

and since characteristic F is p, where g = p™, and x, y € F,, the equation is equiva-
lent to

x(b + x)B + )BT + x) — y(b + y)BT + )BT +y) = 0.

By simple computations this equation turns into the following
(x = YT 1 (2 = YYD+ b+ BT+ (6 =y + b7 +5T) + 1 -yt = 0.
Now, taking
Bi=b+b"+bT, By=b"14 b 4 I By = plteT
and rewriting the last equation we obtain:
(x=W)Bs + (= y)By + (X’ =3By +x* —y* = 0;
which gives
(x =) (e +3)° = 20+ y)xy + ((x + )’ = x) By + (x + y)Ba + B;) = 0,
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but x # y, so we conclude that
(x+ y)3 - 2(x+ y)xy + ((x + y)2 - xy) By +(x+y)B, + B; =0.

Hence x7*4*2 + bx is a permutation polynomial over the field F,s if and only if b €
F\F,, and the equation (x+y)*=2(x+y)xy+((x+y)*—xy)B;+(x+y)B,+B; = 0, has
no solution x,y € Fy, x # 0, y # 0, x # y, as desired. O

6.2.1 Fields of even characteristic

Theorem 6.2.2 Let g = 2" and m > 1. The polynomial X2 4 bxisa permutation
polynomial over the field F ; if and only if b € F 3 \ F,, and b + b7 + b? = 0. The

number of such different elements b equals ¢* — 1.

Proof. To apply proposition 6.2.1, first note that, for g = 2™, the identity xy = x> +

x(x + y) holds . Set x +y = z, xy = u, then equation (6.7) is equivalent to
uB, = 22 + ?B, + zB, + Bs, (6.8)

with the condition z # 0 alone, because if x,y € F,, x # 0, y # 0, and x # y, then
z=x+y# 0and u # 0, but form the fact that z € F, and b € F s \ F, we deduce that
u # 0 (as if u = 0 then from (6.8) we get that

Z3 + ZzBl + ZB2 + B3 = 0, (69)
by some simple calculations we get

2+ 2By + 2By + By =(z + b)(z + b)(z + bT)
=z +bH)TT =0
which implies that z = b, this is impossible for z € F, and b € F3 \ F,), therefore we

have just a condition z # 0. Next, we will consider the following two cases for B :

1. If B; = 0, then using the same argument as above, equation (6.8) has no solution
zin F, for any u € F,. Therefore X2 4 by is a permutation polynomial over

F,ifbeF;i\F,and B, = b+ b7+ b7 =0.
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2. If By # 0, then equation (6.8) becomes

2+ 2?B; + 7B, + B;
u =

1
B, ; (6.10)

using the identities x> + x(x +y) = xy = u, z = x + y, and (6.10) follows that,
x4 24 byisa permutation polynomial over F 3 if b € F 3\ F, and the equation
in x

Z3 + ZZB] + Z32 + B3

24 xz+ =0 6.11
X +xz B (6.11)

has no solution in F, for any z € F,. Considering equation (6.11) as a quadratic

equation in x over F,, when z € F is fixed, by Theorem 2.0.33 equation (6.11)

has a solution in F,, if and only if

>+ 7B, +7B,+ B

B1Z2
Because
>+ 7B, +zB, + B B B
Tr, < e =Tr, R P
Bz B Biz Bz
% B, B% B% + B B;
=Tr,())+Tr,| —+ — + ,
D+ Trq (31 Biz B B3
. B B . .
and since Bs and 7. are conjugates in the field F, they have the same trace
1< 1<
then

(Z3 + ZzBl + ZB2 + B3
Tr,

2 B +BB;
B2

=Tr,(1)+Tr (— +
Jonan oG S

B
=Tr,(1)+Tr, (v + —)
v
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. B )
Claim: There exists v € F_ such that T'ry(1) + Tr, (v + ;) =0,1e, Tr,(l) =

B
Tr, (v + ;) .
Proof the claim: By using the definition of the Kloosterman sum under the

canonical additive character y and the elements 1 and B with p = 2 we get

K(x1,1,B) = ZX(V +Bv Y

“
veF p

— Z e%Trq(v+€)

"
vqu

_ Z(_l)Trq(v+€)’

"
vqu

we have the following two cases:

o If Tr, (1) =0and Tr,(v + %) = 1forall v € F, then
IK(x1, 1, B) = | ) (= 1))
veF(’;

:q—l,

but for g > 8 this contradicts with the bound that |K(x, 1, B)| < 2 +/q (The-
orem 2.0.52), because g — 1 > 2+/q for g > 8. hence there exist at least
one v # 0 such that Try(v + £) = 0 = Tr,(1).

e If Tr,(1) = 1 and Tr (v + 2) = O for all v € F, then by the same argument

in the above case
K(x1, 1, B = | ) (= 1))
VGF;
=q-1.
But again from Theorem 2.0.52, we have |[K(x;,1,B)| < 2+/q this is a

contradiction because ¢ — 1 > 24/q for g > 8. Hence there exists at least

one v # 0 such that Try(v + £) = 1 = Tr,(1).

For g = 4 one can directly check that there exists v # 0 such that Tr (1) =
Tr,(v + £) = 0. Therefore when B, # O the polynomial x7+7*2 + bx is not a

permutation polynomial over the field F .
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Moreover the number of distinct elements b € F;3 \ F,, satisfying B; = 0, that is

b+bi+b7" = 0, is equal to
HbeFs\F,: TrFq3/Fq(b) = 0}].
From the fact that [{a@ € Fs : Trr,, 7, (@) =0} = g*!, we get that

beFs\F,: TrFq3/Fq(b) =0} =1{DbeF,: TrFqS/Fq(b) =0} -[{beF,: TrFq3/Fq(b) = 0}|

=g - {0}

=4 - 1.
O

Corollary 6.2.3 Let g = 2" and m > 1. Then the polynomial b IxT 42 s g complete
permutation polynomial over the field F ;s if and only if b satisfies the condition of
Theorem 6.2.2.

Proof. The polynomial b1 x4+ g g complete permutation polynomial if and only if
b~'x7+*2 and h~' x7+4*2 1 x are permutation polynomials over the field F,s. Since the
numbers 22" + 2™ + 2 and 2°" — 1 are mutually prime i.e, ged(q* + ¢ +2,¢° — 1) = 1,
then by Theorem 2.0.42 the polynomial b1 x4+ is a permutation polynomial over
the field F . If b satisfies the condition of Theorem 6.2.2, we get Xt 4 by is a
permutation polynomial over the field F,s. Which implies by Remark 2.0.41 the poly-
nomial b~ x7*+*2 4 x is a permutation polynomial over the field F s, hence b~' x4 4+

is a complete permutation polynomial over the field F . 0

6.2.2 Fields of odd characteristic
Let g = p™, p > 3. Then we have the following proposition.

Proposition 6.2.4 Let g = p™, and p > 3. The polynomial X2 L pxisa permuta-
tion polynomial over the field F s, if and only if b € F 3 \ F, and the equation
(x =y Qx+y)+B) +2(x+y)° +3(x +y)’B; +4(x +y)By +4B3 = 0, (6.12)

has no solution x,y € Fy, x #0, y # 0, x # y.
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Proof. Let ¢ = p™, p > 3. Using the identity 4xy = (x + y)* — (x — y)?, equation (6.7)

is equivalent to
(x=y)Qx+y)+B)+2(x+y)’ +3(x+y)’B, +4(x + y)B, + 4B; = 0, (6.13)

Then by Proposition 6.2.1, X742 4 by isa permutation polynomial over the field Fz,
if and only if b € F3 \ F,, and the equation (x — y)* (2(x + y) + B)) + 2(x + y)* + 3(x +
¥)’B; + 4(x + y)B, + 4B; = 0, has no solution x,y € F,, x # 0, y # 0, x # y, as
desired. U

Proposition 6.2.5 Let g = p™, and p > 3. The polynomial X2 4 by is a permuta-

tion polynomial over the field F ;, if and only if b € F 3 \ F,, and the equation
w2z + By) +22° +322B; +4zB, + 4B; = 0 (6.14)

has no solution u € FZ,Z €F,.

Proof. Set z = x + y and u = x — y. Then the equation
(x=y?Qx+y)+B)+2(x+y) +3(x +y)’B, + 4(x + y)B, + 4B; = 0,

is equivalent to

u*(2z+ By) + 272> + 32°B; + 4zB, + 4B; = 0.

The conditions x,y € F,, x # 0, y # 0, x # y from Proposition 6.2.4 are equivalent
to the condition u # 0 alone, because when x # 0, y # 0, x # y, then u # 0 and

u # z, —z, however if u = +z then by direct calculations we get

Q7+ B)) +27 +37°B; +4zB, + 4B = 72 + 2B, + 2B, + B,
= (z+ D)z + b)!(z + b)Y

= (z+b)'"*7 =0,
which is impossible for z € Fy, and b € F 5 \ F,,. U
Proposition 6.2.6 Let g = p™, p > 3. The polynomial X792 4 by is a permutation
polynomial over the field F ; if and only if
beFs\F,, D#0

82



and the equation

C 1
— X - — (6.15)

2 _ v3
Y_X+D2 D

has no solutions Y, X € F;.

Proof. By equation(6.14) we have u?(2z + B)) = —2z° — 37°B, — 4zB, — 4B;.

e If2z+ B =0=2z= _TB‘, the equation
u?(2z + B)) = =27° = 37*B, — 4zB, — 4B;
becomes

-B} B -B,
0 :2(?) + 3?31 + 4(7B2) + 4B3,

3 3
:i + 35 - 23132 + 4B3,
4 4
1
==B; — 2B\ B, + 4Bs;

2
=B} — 4B, B, + 8B;.

So it is reduced to the condition

B —4B/B, +8B;=0 (6.16)

for the element b. Therefore if the element b satisfies (6.16), the polynomial

2 . . .
x?+9*2 4 by is not a permutation polynomial over F s, because for any u € F;,

il

equation(6.14) has the solution z = —*.
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o If B? — 4B B, + 8B; # 0 and therefore z # _TB‘, we have

u2 _ _223 + 3ZZB1 + 4ZBZ + 4B3

27+ B
_ 42> +62°B) +82B; + 8B;
4z + 2B,
M@ 323 +32(F) =33 + (3 = (3))) + 828, + 85;
. 4z + 5
Bi1y3 B B
A+ B + 4327 - ) + 8B, + 8B
4(z + %)
_ @4 By (8B, — 3B2) + 8B; — &
2 40z + B
B3
_ e+ By 2(8B, —3B%) + 2.(8B, - 3B%) — 2.(8B, - 3B%) + 8B; —
2 4z + 5
B3 B3
e By BB o3BG+ R —4BB 435 + 85— 5
9 4+ B
B B, B}-4B\B,+8B; (8B,-3B})
RR A Rl 7w Tem e
2
(6.17)
Denote
B - 4B\B, + 8B 8B, - 3B?
VZZ"'%; D=-- 142 3; C:_(24—1).

In terms of v, D and C, equation(6.17) becomes

D
w=-v+—+C.
%

Dividing both sides of equation u* = —v* + £ + C by D*v* we get

u? -1 D C

—_— =t — =
D2 DY VviD* DA

1
Now, setting Y = % and X = — we have
vD? v

C 1
=X +=X-—.
D? D*
Thus the problem of existence a solution of equation (6.14) is reduced to the existence

of solutions of the the equation ¥* = X* + SX* — - for ¥,X € F,. Hence by

Proposition 6.2.5 the polynomial xTH2 4 by s a permutation polynomial over the
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field F,: if and only if b € F,s \ F,, and the equation Y = X* + SX? - 1., D # 0 has

no solutions Y, X € F:;. O

Theorem 6.2.7 Let g = p™, and p > 3. The polynomial x**7** + bx is a per-
mutation polynomial over the field F if and only if ¢ = 3 or g = 7 and b =
o, where k = 2,4,5,17, and their cyclotomic cosets C, of positive integers mod-
ulo 26, where « is a primitive element of F+ (or respectively b = af, where k =
30, 38, 39,45, 87,95, 96, 144, and their cyclotomic cosets C, of positive integers mod-

ulo 342, where « is a primitive element of F13 ).

Proof. Consider the plane curve C over F, defined by

C 1
_ ¥ 3 2 2
C={XY): X +—D2X——D4—Y—O}

This plane curve is absolutely irreducible because the polynomial

C 1
XY =X+ ﬁxz - Y? = g(X) + h(Y),

where g(X) = X° + 5X? — 5y and i(Y) = —Y?, note that ged(deg g(X), deg h(Y)) =
gcd(3,2) = 1, then by Corollary in 2.0.46 the polynomial f(X,Y) is irreducible over
F, and so it is irreducible over any extension of F,, which implies that C is abso-
lutely irreducible. By Hasse-Weil bound Theorem 2.0.53, the number N of F-rational
points of the plane curve satisfies N > g + 1 —2 4/g. The number of points with ¥ = 0,
or X = 0 does not exceed 5, then when g + 1 —24/g > 5,1.e, N > 5, there exist a
solution ¥, X € F, of the equation (6.15). For g > 11 we have g + 1 —2+/g > 5, there-
fore by Proposition 6.2.6 the polynomial of the type X742 4 px is not permutation

polynomials over F in the case g > 11.

Now we will consider the cases ¢ = 3,5,7,9,

e Forg=35, ¢g=09.

claim: The permutation polynomial over F of the type x?*+*2 4 px does not
exist forg =5and g = 9.
Proof the claim: We will prove that there exists a solution ¥ # 0, X # 0 for

equation(6.15).
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-IfC+0
We know that for ¢ = 9,F¢ = F3(a) = {0,1,2,2,2a,1 + a,1 + 2,2 +
2a,2 + a}, where «a is a root of the irreducible polynomial x>+ 1 over Fs,
that is —1 = a?. And for ¢ = 5, =1 = 2%, s0 —1 is a quadratic residue in

both Fs and Fx.. Now, setting X = —C/D?, equation(6.15) becomes:

-c? cc* o1 -1

2 _ _ _
e A0 S Tl sl

where b* = -1, for some b € Fs respectively b € Fx (since -1 is a
quadratic residue in the fields Fs and F5:), which implies that Y = i% €
F,.

Thus, since there is a solution X = —C/D?,Y = i% € FZ for equation(6.15),

there is no permutation polynomial in this case.

-IfCc=0.
Set X = (%)% this is an element in F, for ¢ = 5 and g = 9, because the
mapping w — w? is bijection in the fields F5 and Fs., which implies that
for the element § € FZ, there exist b € Ff] such that »° = %. Hence
equation(6.15) becomes Y? = & — 2 = 37, thus ¥ = £ 5.
Thus, since there is a solution X = (%)%, Y= i# € FZ for equation(6.15),

also there is no permutation polynomial in this case.

Therefore, there is no permutation polynomial over F s of the type X742 4 px

forg=5and g =9.

Forg =3
Let a be a primitive element of F3; given by f(x) = x* +2x%+ 1. The polynomial
x'* + bx is a permutation polynomial over F3s for the elements b = o*, where k

runs through the following cyclotomic cosets C, of positive integer modulo 26:
C, =1{2,6,18}, Cs4=1{4,12,10},
Cs =1{5,15,19}, Cy; ={17,23,25}. (6.18)

Forg =17.
Let  be a primitive element of F» given by f(x) = x* + x> + x + 2. The

polynomial x°® + bx is a permutation polynomial over F;s for the elements b =
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o*, where k runs through the following cyclotomic cosets C, of positive integers

modulo 342:
Cs0 = {30,210,102}, Csg =1{38,266,152}, Ciz9 ={39,273,201},
Cys ={45,315,153}, Ciz7 =1{87,267,159}, Cos ={95,323,209},

Coe = 196,330,258}, Ciaa = {144,324,216}. (6.19)

O

Corollary 6.2.8 Let g = p” and p > 3. Then the polynomial b~'x7**2 is not a

complete permutation polynomial over the field F ;s for any b € F 23.
Proof. Since the gcd(14,3% — 1) # 1, and gcd(58,7° — 1) # 1, by Theorem 2.0.42 the

polynomial x'* (respectively x°® ) is not a permutation polynomial over the field F3s

(respectively over the field F3 ). [
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