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RATIONAL BEZIER CURVES

ABSTRACT

In this thesis, we introduce a generalization of rational Bézier curves using
g-Bernstein Bézier polynomilas. We generate these curves by a de Casteljau
algorithm, which is a generalization of that relating to classical case. The explicit
formula of intermediate points of de Casteljau algorithm is obtained. These points
of de Casteljau algorithm are expressed in terms of g-differences. In the process
of subdivision, the change of basis matrix between Bernstein Bézier basis and
g-Bernstein Bézier basis is used. We study degree elevation of rational ¢-Bernstein
Bézier curves. Finally, it is shown that rational ¢-Bernstein Bézier curves can be

represented in matrix form.

Keywords: ¢-Bernstein polynomials, Rational ¢g-Bernstein Bézier curves, de

Casteljau algorithm, subdivision, degree elevation.
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RASYONEL BEZIER EGRILERI

oY/

g-Bernstein Bézier polinomlar: kullanilarak rasyonel Bézier egrileri genellestirildi.
Bu egriler genellestirilmis de Casteljau algoritmasi kullanilarak elde edildi. de
Casteljau algoritmasinin ara noktalari g-farklar ile ifade edildi. Bernstein Bézier
tabani ve ¢-Bernstein Bézier tabani arasinda doniigim matrisi kullanarak
subdivision yapildi. ¢g-Bernstein Bézier egrilerinin derecesi yiikseltildi. Son olarak,

g-Bernstein Bézier egrileri matris formunda gosterildi.

Anahtar sozciikler: g-Bernstein polinomlari, Rasyonel ¢g-Bernstein Bézier

egrileri, de Casteljau algoritmasi, subdivision, derece yiikseltme.
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CHAPTER ONE
INTRODUCTION

We first give some basics of Bernstein Bézier polynomials which may be found
in (Farin, 2002). We investigate certain properties of Bézier curves and rational

Bézier curves.

1.1 BERNSTEIN BEZIER POLYNOMIALS

In Computer Aided Design (CAD) and Computer Aided Geometric Design (CAGD)
systems, it is important to have information about the shape of the curve we use.
In general, it is not possible to talk about the shape of the curve represented in
the form > b;t" by investigating the coefficients b;’s. However, it is possible for

the curve which has the form
> b (“) 1 -t telo,1], b €E?orE2
7
i=0

This representation is known as Bézier representation. The points b;’s give
information about the shape of the curve. We first give some of the basics of
this representation. The basis functions

n
1

B;"‘(t):( )t"(l—t)”—i, i=0,1,...,n, (1.1.1)

is called Bernstein Bézier polynomials of degree n. It can easily be verified that

Bernstein Bézier polynomials satisfy the recurrence relation

Bl'(t) = (1 —t)B"(t) +tB' [\ (t). (1.1.2)



The Bernstein Bézier polynomials have partition of unity property which follows

from the Binomial Theorem

77) t(1—t)"

1

I=(1-t)4+t)" = Y (

7=

the endpoint condition

and symmetry property
Bl (t) = B;_,(1 —1). (1.1.3)

These properties are significant for design purpose. Figure 1.1 shows the graphs

of cubic Bernstein Bézier polynomials for ¢ € [0, 1].

1
0.8¢
0.6+
0.4}

0.2}

0.2 0.4 0.6 0.8 1

Figure 1.1: Cubic Bernstein Bézier polynomials.



1.2 BEZIER CURVES

A parametric Bézier curve is defined by
P(t) =) bB/(t). (1.2.1)
i=0

The points b; € E? or E? are called Bézier points, or control points and the
polygon formed by connecting b; with b;,; for all ¢ is called Bézier polygon, or
control polygon. Figure 1.2 illustrates a Bézier polygon and its quantic Bézier

curve P(t).

b1 b3

bo b4

Figure 1.2: A Bézier polygon and its quantic Bézier curve.

The properties of Bézier curves:

1. Convex hull property: Convex hull of a point set is the convex region formed
by all convex combinations of points. Since Bernstein Bézier polynomials have
partition of unity and nonnegative for all ¢ € [0, 1], the Bézier curve lies in the

convex hull of Bézier polygon.



2. Affine invariance property: Bézier curves are invariant under affine maps. This

means that the following procedures give the same result:
i) Compute P(t) and then apply an affine map to it.
ii) Apply the map to the control points then evaluate Bézier curve.
These two curves are the same.

3. Endpoint interpolation property: The curve passes through the points by and
b,,. That is,
P(0) = by, P(1) =b,

4. Variation diminishing property: The number of times any straight line intersect
the curve is bounded by the number of times the line intersect the control polygon.
Namely, the curve does not oscillate about any straight line more often than the

control polygon.

5. Symmetry property: Let P;(t) be a Bézier curve with the control points
bo, ..., b, and P»(t) be a Bézier curve with the control points ¢; = b,,_;,

t = 0,...,n. These two curves that correspond to the two different ordering
of polygons look the same. They differ only in the direction in which they are

traversed,

zn: b, BI(t) = zn: by B (1 —¢t).
=0 =0

As a result of these properties, the shape of the curve mimics the shape of the

control polygon.

One of the shortcomings of this simple but powerful Bézier curve technique is
that making a change in a control point globally changes the curve. If a Bézier
point b; is moved to a new position Bi, then all points on the Bézier curve move
towards BZ in a direction parallel to Bl — b;. Figure 1.3 shows the effect of moving

one point of the Bézier points.



Figure 1.3: Effect of moving the point by to the point b*.

1.2.1 The de Casteljau Algorithm

Given the points by, by, ..., b, and t € R, set

r=1,...,n

b (t) = (1 — )bl ' () + tbl | (1), { (1.2.2)

1=0,...,n—r

and b{(t) = b; for all i. Then it can be shown by induction on n that bj(¢) is the
point with the parameter value ¢ on the Bézier curve P(t). Hence by continuity
by(t) = P(t). The intermediate points bl (¢) can be put in a triangular array of

points.



The intermediate points of the de Casteljau algorithm obtained explicitly as
bi (¢) = Z bi; Bj () (1.2.3)
§=0

which are also Bézier curves.

1.2.2 Subdivision

Using the de Casteljau algorithm we can subdivide a Bézier curve into two Bézier
curve segments which join together at a point to € (0,1). The part of the curve
that corresponds to the interval [0, ¢y] can be defined by a control polygon whose
vertices bi-(l) are bz(-l) = bi(to). It follows from the symmetry property that the
control points bz(»T) for the part corresponding to [t, 1] are given by bzm =b""(to).

bo b3

Figure 1.4: Subdivision of cubic Bézier curve in the de Casteljau algorithm.



Thus the curve segments are

P (t Zb By (t Pyy(t) = b B (t)

=0

and

Plo1j(t) = Plo,to] (£) U Phao, 11 ( Z b, By (t

For further investigation of Bézier curves and surfaces (See Farin, 2002)

1.2.3 Degree elevation

One of the methods to make Bézier curve more flexible is to represent the same
curve using a higher degree Bernstein Bézier polynomials associated with a
different set of control points. This process is called degree elevation.

For this purpose we write P(t) = (1 —¢)P(t) + tP(t). Since

(1—t)Bp(t) = “ELE B (t) and ¢Bp(t) = 2L B (t) we have

n

n+l—a 1+ 1 n
P(t) =) ———biB* (1) + ) ——bBI ().

— n+1 :On—l—l

Extending the upper limit of the first sum to n + 1, shifting the index of the

second sum to the limits 1 to n + 1 and then extending the lower limit to 0 we

obtain
n+1n+1 . n+1 . )
P(t) = —b B”Jr i B”Jr
TR e NS PSR
Then
P(t)—nif LHbJrLb B (t) (1.2.4)
_i:O n+1 i n_‘_lz_l i . /N

Thus, the new control points denoted by b} are

i i
bl = b, 1— b;, =0,..., 1. 1.2.5
i il 1—|—( n+1) 1 n + ( )



Notice that control points bj, ..., b}, ; and by,...,b, describe the same Bézier
curve with the basis B/"'(t) and BP(t) respectively and degree elevation

interpolates the end points, that is by = by and b, ; = b,,.

1.3 RATIONAL BEZIER CURVES

Bézier curves can be used to represent a wide variety of curves. But the conic
sections cannot be represented in Bézier form. In order to be able to include conic
sections in the set of representable curves in Bézier form, we turn to Rational

Bézier curves.

The motivating idea is to take an nth degree Rational Bézier curve in E® as the
projection of an nth degree Bézier curve in E* into the hyperplane w = 1.
Rational Bézier curve R(t) is defined by

Z?:o w;b; B (1)
Z?:o w; By (t)

The positive real values w; are called weights and the points b; are the control

R(t) = R(t),b; € E? (1.3.1)

points which is the projection of the 4D control points [w;b; w;]T. If the weights

are set to w; = 1 for all ¢, then we obtain polynomial Bézier curves.
Rational Bézier curves have the following properties

1. Convex hull property holds when all w; > 0 and the Bézier polygon

approximately describe the shape of the curve.

2. Endpoint interpolation: The first and the last points of the curve coincide

with the control points by, b,, respectively.
3. if all w; > 0 then variation diminishing property holds.

4. Rational Bézier curves are affinely and projectively invariant. Projectively

invariant means that the following procedure gives the same result:



i) Compute P(t) and then project it to the hyperplane w = 1.

ii) Project the control polygon points [w;b; w;]” to the hyperplane and then

evaluate Bézier curve.

If we increase the weight w; then all points on the curve move towards the
control point b;, if we decrease the weight w; then all point of the curve move

away from b;.

Figure 1.5 shows rational Bézier curves with different weights and the same

Bézier polygon

b b> b b> b b

bo b3 bo b3 bo b3
Wo=Wp=Wo=Wg=1 Wp=Wp=Wz=1, wo=10 Wp=wp=w3=1, Ww,=0. 5

Figure 1.5: Rational Bézier curves with different weights and the same Bézier polygon.

1.3.1 The de Casteljau Algorithm

We now show that the de Casteljau algorithm can be extended to compute
rational Bézier curves. By applying it to the homogeneous coordinates [w;b; —w;]”.
Namely, compute the de Casteljau algorithm for the weights and the weighted

control points.
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Let ¢; = [w;b; w;]T be the control points of a 4D curve. Then by (1.2.2)

() = (L —t)c ' (t) + tc 1 (D). (1.3.2)

with ¢ = ¢; in E* which we can write
wy ()b (1) = (1 = t)wi = ()b~ (1) + twiy ()b (1) (1.3.3)

where
W) = (1~ g~ () + gy (1) (13.4)
with bY = b;,  w! = w; for all <. Then we see by induction on n that

cr(t) = P(t) and b(t) = R(t).

The explicit form of the intermediate point b} () is given by

D j—0 Witjbiy; B (t)
> o Wit By (t)

b () = (1.3.5)

which are also rational Bézier curves.

As in the standard Bézier curves, de Casteljau algorithm maybe used to
subdivide a rational Bézier curve into two curve segments. The control points
and the weights corresponding to the interval [0, ty] are respectively given by

bY =bi(ty), w =wi(ty) i=0,1,...,n.

(2

The control points and the weights corresponding to the interval [ty, 1] are

b = b M (to),  w =w[ (k)  i=0.1,....n.

7

We may also represent a rational Bézier curve of degree n by a rational Bézier
curve of degree n + 1 to increase the flexibility of the curve. One can do this
by degree elevating the 4D control polygon with vertices [w;b; w;]T and then

projecting it into hyperplane w = 1. Using a similar technique as in the Bézier



curves, the control points b} of degree elevated curve are

bl nL_;_lwiflbifl +(1- 7#1) w;b;

! #wi_l + (1 — #) W;

The weights w} of the new control points are

1 i ? ,
S = —W;— ]_— iy — ,17...
w; n+1w 1+< n+1)w =0

. i=0,1,...

,n—+ 1.

,n—+ 1.

11

(1.3.6)

(1.3.7)



CHAPTER TWO
GENERALIZATION of BEZIER CURVES

In this chapter, following the papers (Goodman, Orug & Phillips (1999); Orug
& Phillips (1999); Phillips (1996)) we outline geometric properties of ¢-Bernstein

Bézier curves which is a generalization of Bernstein Bézier curves.

2.1 ¢-BERNSTEIN BEZIER POLYNOMIALS

g-Bernstein Bézier polynomial are first introduced in (See Phillips, 1997) as a
generalization of Bernstein polynomial and studied in (Goodman, Orug & Phillips
(1999); Orug & Phillips (1999); Phillips (1996)) in view of geometric modelling.
One parameter family (g, the parameter) of Bernstein Bézier polynomials (called

g-Bernstein Bézier polynomials) are defined by

n—i—1
nl .
BM(t) = {ltl H (1—q°t), te|0,1], 0<i<n, (2.1.1)
1
s=0
where an empty product denotes 1 and the parameter ¢ is a positive real number.
For the sake of simplicity, we denote B;"(t) by B!(t) unless the parameter ¢
is emphasized. The g-binomial coefficient m, which is also called a Gaussian

polynomial see (See Andrews, 1998), is defined as

n]  njn—1-[n—i+1]
M B [i][i —1]---[1] (2.1.2)

for 0 < ¢ < n, and has the value 1 when 7 = 0 and the value 0 otherwise. Here [i]

denotes a g-integer, defined by

2.1.3
7, q=1 ( )

. :{ L-g)/(1=q). a#1.

12
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When g=1 the ¢-binomial coefficients reduces to the usual binomial coefficients.

The ¢-binomial coefficient satisfies the following recurrence relations

HEa o
HE R (215

Using (2.1.4) it is easily shown by induction on n that

and

=0 =gt) 0= = 02l 2

N 1
=0

It follows by using (2.1.4) in (2.1.1) that B!'(f) can be computed recursively
by
B () = B0 + (1 — B, 2.17)

Similarly on using (2.1.5) in (2.1.1) we have
B t) =tB[5' () + (¢ — ¢" ') B}~ (1), (2.1.8)

(See Orug & Phillips, 2003).

g-Bernstein Bézier polynomials have partition of unity property and endpoint

condition but do not hold the symmetry property (1.1.3).

The following new result will be needed to prove subdivision formula for

g-Bernstein Bézier curves.

Lemma 2.1.1. Let B(t) be q-Bernstein Bézier polynomial and let ¢ € (0,1) be
a fixed real. Then

Bl (ct) = Z BI(c)B2(t) (2.1.9)

Proof. Let M be a (n 4 1) X (n + 1) matrix and its elements be M;; = Bj(ct)

1=20,...,nand 7 =0,...,n.
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It is clear that the matrix M is lower triangular matrix with nonzero diagonal
elements. It follows that each diagonal element of M is an eigenvalue of M. Since
the eigenvalues are distinct the matrix M can be written as M = PDP~! where D

is diagonal matrix whose elements D, ; are the eigenvalues of M, D;; = ¢'t'. Tt is

computed from the product that the elements P, ; of the matrix P are P, ; = B}
and the elements of the matrix P~1 are (P™1);; = (—1)iIqlimi=Di=5)/2 [Z] . These
matrices are obtained in the factorization of the Vandermonde matr]ix at the
g-integer mnodes (See Orug & Akmaz, 2004). Now we can write
M = PDP™! = PD;DyP~! where D; and D, are diagonal matrices with
elements (D;);; = t" and (Dy);; = ¢',i =0,1,...,n. Then it follow from

M = PD,P 'PDy,P~ ' =TC

that the matrices 7' and C have the elements T;; = B}(t) and C;; = Bi(c)

respectively. Thus by multiplication rule of two matrices we obtain
My = Bl'(ct) = > Tn;Cji =Y By(t)Bl(c),
=0 j=0

which completes the proof. Il

2.2 ONE PARAMETER FAMILY of BEZIER CURVES

One parameter family of Bézier curves (called ¢-Bernstein Bézier curves) of degree
n is defined by

n—i—1

Pt) = Z b, m I (- ). (2.2.1)

§=0
Note that if we set the parameter ¢ to the value 1, we obtain ordinary Bézier

curve.

The properties of ¢g-Bernstein Bézier curve:
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1. Convex hull property holds when 0 < ¢ < 1 and the Bézier polygon

approximately describe the shape of the curve.
2. Affine invariance property holds.

3. The curve passes through the endpoints by and b,,.

P(0) =bo,  P(1)=b,

4. If ¢ € (0,1] then the variation diminishing property holds.

Figure 2.6 depicts two g-Bernstein Bézier curves with the same control polygon

but different values of q.

Figure 2.6: Two g-Bernstein Bézier curves with different values of g.

The ¢-Bernstein Bézier curve can be expressed in terms of g-differences. We
define ¢-differences by
A%, = b;
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for+=20,1,...,n and, recursively
AFh; = AFb, ) — ¢FAFD,. (2.2.2)
for k =0,1,...,n—14—1. When ¢ = 1, these ¢-differences reduces to ordinary
forward differences. It is easily established by induction that
~ k
A*b; = ZO<—1)’“q*<T—W2 H biemr- (2:2.3)
Then one may obtain the ¢-difference form

n

Pit)=3" m ATbot" (2.2.4)

(See Phillips, 1997)

2.2.1 The de Casteljau Algorithm

A generalization of the de Casteljau algorithm to compute g-Bernstein Bézier

curves, is given in (Phillips, 1996)

: =0,1,...
bj () = (¢" — ¢""t)b; ' + b ], PE RSl (2.2.5)
1=0,1,...,.n—r

The intermediate points of the de Casteljau type algorithm obtained explicitly as

oi(0) = 3w '] TT ' = ) (2.26)

s=0

These points may be written in terms of g-differences as

b (t) = > q" " m t/ AJb; (2.2.7)
j=0
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(See Phillips, 1996). Note that the parameter value ¢ = 1 reduces to the usual
de Casteljau algorithm.

2.2.2 Degree Elevation

This process for the g-Bernstein Bézier curve is studied in (Orug & Phillips,
2003).The formulas

m+1—1

n—i n _ ] n+1
(=B = P B (2.2.8)
and i
B = (1- ) Bt (229)

which follow from (2.1.1) will be useful.

First write the curve P(t) in the form
P(t) = (1—q""t)P(t) + ¢""tP(t)

and then use the identities (2.2.8) and (2.2.9) to obtain

=3 e (-

Now, we may write these two summation by shifting their limits

)b

P(t) = ZO %b B (t) + ZO (1 - %) bi_1 B*(t)

where b_; is set to zero vector. Comparing coefficients of both sides of the last

equation, the new control points b} are obtained as follows:

+1— 4] [n+1—4 ,
o= (1= biy + ————b, =0,1... 1. (221



CHAPTER THREE
GENERALIZATION of RATIONAL BEZIER CURVES

In this chapter, we generalize rational Bézier curves. A de Casteljau algorithm
is obtained to compute ¢-Bernstein Bézier curves. We give explicit formulas for
the intermediate points of the de Casteljau algorithm. Subdivision and degree
elevation of rational ¢-Bernstein Bézier curves are also studied. Finally, we

represent this curve in matrix form by using a change of basis matrix.

3.1 ONE PARAMETER FAMILY of RATIONAL BEZIER CURVES

We introduce a generalization of ¢g-Bernstein Bézier curves via rational approach.
An analogues technique is used as in the section (2.2). One may consider a one
parameter family of rational ¢-Bernstein curve of degree n in E® as the projection

of nth degree g-Bernstein Bézier curve in E* into hyperplane w = 1.

Let R(t) € E? be a point of nth degree rational g-Bernstein Bézier curve. We
may identify R(t) € E® with [R(¢t), 1]7 € E* This point for ¢ € [0, 1] is the
projection of a point [w(t)R(t) w(t)]” which lies on the curve of degree n in 4D.
The fourth component w(t) of this point must be nth degree polynomial in ¢, and

may be expressed in terms of g-Bernstein Bézier polynomials by
w(t) = ZwiBg‘(t), where w; € R.
i=0

We now may write

R(t) > " w; B (t)
Yo ow; BI(t)

18
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The left hand side of the equation is an nth degree rational curve, and we have

Z":[pi

i—0 | Wi

R(t) > o w; B (t)

BO=1 s B

with the some points p; € E3. Thus,

SopBL(E) = R Y- wBI()

and hence N Br(s
R(t) — 271'1:0 Pi in< )
Zi:O w; B}'(t)
Setting p; = w;b; gives
Z?:o w;b; B (t)
Z?:o w; B (t)

The points b; form the control points of the rational curve R(t). The numbers w;

R(t) =

(3.1.1)

are called weights associated with b;. Here w; > 0 for all values of i.

3.1.1 The de Casteljau Algorithm

The usual de Casteljau algorithm may be adopted to rational ¢-Bernsetein Bézier

curves by projecting each intermediate de Casteljau point [wibl wl]? into E3.

The de Casteljau type algorithm for a 4D polynomial Bézier curve is

; C1N e _ r=12,....n
ci(t) = (¢ — " "t)ci () + tei (1), .
1=0,1,...,.n—1r

where ¢; are the points of control polygon vertices of 4D curve in homogeneous

C, = = .
w; w;

form
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Hence,
ThT ] ?"*le*1 W' lbr 1
C:(t): [wl i ] :(qz_qr1t>[wz r_ll ] +t[ H—lr zl—l—l .
w; Wy (O

= (¢" — ¢" "t)w] " + twi .

and

Since the projection of the points gives intermediate de Casteljau points for

rational ¢g-Bernstein Bézier curve we obtain

by 1) =

i_qr_lt)wg_lbz_l—i_t :—i—llb:—i—ll T:1727"'7n (312)
w’ ’ i=0,1,....,n—7r o
where
r 7 r— r— r ) <y S, n
w; = (¢ —q 1t) 1+th+1a .
1=0,1,...,.n—r

Theorem 3.1.1. Fach intermediate point bi(t) of the de Casteljau algorithm
(8.1.2) can be expressed as

Zr 0 Witj z+JHt Hrj 1(' q°t) {T:LQ,...,TL
S owins (U TTZ) (@t —a°t)

b (t) = (3.1.3)

1=0,1,...,n—7r

Proof. We use induction on r. First denote the expression [ ]tJ | a= l(qi — ¢°t)
by C7 . It is easily seen from (3.1.3) that

r T
Zj:O Wi+t bi-i-jci,j
r e
Zj:o w’H-JCi,j

br (1) =

For r = 0 it is clear that b?(¢) = b, the control points.

Let us assume that (3.1.3) holds for a given r, 0 <7 <mn and for 0 <i<n—r.
The proof is complete if we show (3.1.3) is true for r + 1, 0 < r + 1 < n and for
0<i<n—r—1. By (3.1.2) we have

(qZ - qrt) rbr + th+1bz+1

7
w;‘—i—l

bt (t) = i=0,1,....n—7r—1



21

It follows from the fact wy(t) = > 7_;w;1;CF; (See Phillips, 1996) that the last

equation yields

(q" — q"t) 37— Wit i OF; + 370 g Wirjribirj1Cly

brt(t) =
i ( ) Z;+(1) thJCTJrl

Shifting the index of the second summation of the numerator we have

r i r+1
ijo(q —q t)wl+]bl+] + Z - twl+]bl+]0+17j 1

bt = (3.1.4)
? r+1 T
Z]+0 w’L+JC +1
Note that
r—j r—j r—j
[[@" =at) =@ =0 [[@ —at) =@ =) [[(¢ — ¢ 't)
s=0 s=1 s=1
r—j—1
— (qz—i-l . t)qr—j (qz . qst)
s=0

Then using the last equation in (3.1.4) we have

b+ (1) = wibi(¢" — ¢")CLET + > iy Wiy byt TTLZ) 57Hg = ) A+ Wigr bt

ZrJr(l) Wiy C«r—i—l
where
A= ([ =g+ [7 )@ =g ),

Rearranging A, ; and using the identities (2.1.4) and (2.1.5) we obtain

ot ([ D o) el 7

Thus,

r+1 1
w;b;Cly " + Z —1 Wit szr]C + Wigr 1 bigrgrt’™

r+1 7‘+1
Z =0 wH—JC

b ™1 (t) =
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and +1 1745 TTr—d (i
br+1(t) o ijo wz+]bz+] |: j :|tj Hs:é(ql _ qst)
i - r+1 r ; T—J( i s
S wigs | jl} 7 [[=o(d' — ¢°t)
which completes the induction. Il

Corollary 3.1.1. The intermediate point by (t) of the de Casteljau algorithm, with
a value t is on the rational q-Bernstein Bézier curve R(t). Hence by continuity
by (t) = R(t).

Another way to deduce the above formula is to find the intermediate points of
de Casteljau type algorithm of nth degree curve in 4D and project them into the
hyperplane w = 1.

We can also show that b} (¢) can be expressed in terms of g-differences.

Theorem 3.1.2. The intermediate points of the de Casteljau type algorithm can
be expressed as
Z;T:O gl m A (w;by)t

Z;:o q(r=a)i m A w;ts

where Aj (wzbl) :Aj_l (wi+1bi+1) — qj_l Aj_l (U)Zbl)

br (1) =

Proof. 1t is proved in (Phillips, 1996) that

T T ~ T . . r=12....n
w; (t) = w;;Cf - = (T_j)z{} A wit?, Y 3.1.5
() jzo i+3 V.5 jzoq j i=0.1, .. ( )
From the equation (3.1.3) we have

T r
Z j=0 Wi+j bi-i—j Ci,j

b’ (+) —
i (t) S we, O

Setting ¢;4; = w;4;b;y; and writing (3.1.5) in the numerator and the dominator

of the last equation gives

(1) = im0 S0t 2ot A et 3 "] & (wib) ¥
ijo wiHCifj Zj:() gr=9i m A w; t ijo qr=9i m AT w; t
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and this completes the proof. Il

As a consequence of the above theorem we have the following result.

Corollary 3.1.2. The rational g-Bernstein Bézier curve can be expressed in

q-differences

>0 [5] 7 (wobo) 7 |

by (t) = E?:O [?] A woy td

3.1.2 Subdivision

In standard rational Bézier curves, in the first step of subdivision we use the
intermediate points of the de Casteljau algorithm to have two different new curves
which join together at the some point ¢y € (0,1) to form the original curve. The
curve with the control points bj(#o) is the left part of the rational curve with the

weights wj(t). The curve with the control points b7 (ty) gives the right part of

n—i
)

the rational curve with the weights w!~*(¢). In general the simplest choice is to

take tg = 1/2.

In the second step we use the same procedure to both curves and have four
control polygons. If this procedure is repeated k times we have 2% curve segments
and the corresponding control polygons. As k — oo all points of the control

polygons lies on the original curve, (Micchelli, 1995).

Theorem 3.1.3. Let R(t) be a rational q-Bernstein Bézier curve of degree n with
control points b;, 1 = 0,1,...,n. Then the part of the curve that correspond to the
interval [0, c|,c € (0,1) denoted by Ry q(t) is

o wh(c)bg(c) By (1)

R 0,c = . ’
0.4 (1) S wh(e)Br(t)

te0,1] (3.1.6)

where bl(c) and w)(c) are evaluated from the de Casteljau type algorithm (3.1.2).
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Proof. From (3.1.1) we have

i wibi BY'(t)
2imgwiBR(t)

Note that if ¢ € [0,1] then ¢t € [0, ¢] where ¢ € (0,1). So we can find the part of

the curve that correspond to the part [0, ¢] as

R[o,l} (t) = te [0, 1].

> o wib By (ct)

t pum
foalt) = 5w (en)

te0,1].

By using (2.1.9) we obtain

Do wibi D70 Bf (c)Bj(t)
D i Wi Z?:o B} (c)B7(t) ’

Ry q(t) =

and equivalently 4
2 =0 2uimo wibiB; (€) B (1)
2 =0 im0 wiBi () B (1)

Since, B(c) = 0 for i > j we have

R q(t) =

> 0 Zg;o w; bz‘Bf (c)Bj(t)
S Yo wiBl(c)BY(t)

It follows from (3.1.3) and (2.2.6) that

Ry q(t) =

S udeBi B
Foal) == womw - <OY

However, the g-analogue of the de Casteljau type algorithm (3.1.2) does not
lead to clear subdivision formula for the curve that correspond to the part [c, 1]
because of the lack of the symmetry property (1.1.3). It may be too complicated
to compute a g-Bernstein Bézier curve except the interval [0,%y]. We cope with
this difficulty as follows.
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Let ¢ = {¢o,¢1,...,0n} and ¥ = {¢o,91,...,%,} with elements
¢ = (ML — )" ¢ = e[S (1 — ¢t),i = 0,1,...,n represent the

bases for polynomials of degree at most n.

The change of basis matrix M satisfying 7 = M¢T is obtained in (Orug¢ &
Phillips, 2003) and the elements M, ; of M are

M;; = ([fl]) (1—¢)"'S(n—i—1,j—1),
J
where S(n,k) = 0 for k < 0 and & > n, S(n,0) = 1 for n > —1 and S(n, k)

satisfies the recurrence relation

S(n,k)=8n—-1,k)+[n]S(n—1,k—1).

So, for any rational g-Bernstein Bézier curve with 0 < ¢ < 1 to find
new control polygon and new weights we transform the control polygon of

projected non-rational Bézier curve by multiplying by the matrix M. That is
(Co, Ciy. .. 7Cn)M = (60, 61, R ,En)

wib; iy .
where ¢; = [ ! ] ,Ci = [ f " |. Here b; are new control points and 1@
W; W;
are corresponding new weights. Now we can find subdivision formulas for the
curves that correspond to the part [0,¢] and [c, 1]. After finding curve segments
and associated control polygons we transform these polygons by multiplying the

matrix M ! to represent the curve segments as g-Bernstein Bézier curves.

Example 3.1.1. Let us have rational ¢-Bernstein Bézier curve with ¢ = 1/2,

N HERHERHENN

with the weights wy = 1, w; = 2, wy = 2, w3 = 1 respectively.

Bézier points

Let us subdivide this rational ¢-Bernstein Bézier curve into two g¢-rational
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Bézier curve segments which join together at the point corresponding to t = 1/2.

After transformation of rational g-Bernstein Bézier curve to the rational Bézier

curve we get new control points and corresponding weights as:

b, [0],61—[14/19],62—[ 14/9 ],63—[3]
0 14/19 14/45 1

Wo = 1,1 = 19/12, 10, = 15/8, 15 = 1

now we can use standard subdivision procedure to get new control polygons these

N R 14/31 o 126/145 b 122/99
0 — » M1 T )y M2 T » M3 T
0 14/31 14/29 50/99

with the weights

are

wh = 1,w, = 31/24, 0k = 145/96, W}, = 99/64
and
~. 122/99 | -, 30/19 | -, 142/69 | -, 3
boz 7b1: 7b2: 7b?):
50/99 10/19 38/69 1
with the weights
W =99/64,w] = 19/12, w5 = 23/16,wy = 1
respectively.

Here bl’s denote the control point of left rational Bézier curve and b!’s
denote the control points of the right rational Bézier curve. It is remain to
transform these rational Bézier curves to the rational ¢g-Bernstein Bézier curves.

After transformation we get the control points for the left g-rational Bézier curve

b#JO]H:FB]HZIWB]H:[mwg
0" 23] [ 6/13 |7 | 50/99
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with the weights
wh = 1,w} = 3/2,wh = 13/8,wl = 99/64

respectively, and the control points for the right rational g-Bernstein Bézier curve

. 122/99 , 1310/721 , 1434/595 , 3
bO: >b1: ab2: ’b3:
50/99 390/721 338/595 1

with the weights

are

wh = 99/64, w] = 103/64, w, = 85/64, w; =1
0 s 1 s 2 y W3

The graph of these two curves are shown in the following figure

Figure 3.7: The dashed curve is curve segment corresponding to the interval [0, 1/2]
and the other curve segment is corresponding to the interval [1/2,1].
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3.1.3 Degree Elevation

Degree elevation can be extended to rational ¢g-Bernstein Bézier curves.

Theorem 3.1.4. An nth degree rational q-Bernstein Bézier curve R(t) can be

represented as a rational q-Bernstein Bézier curve of degree n + 1.

SiowibiBI(t) Yy wiblBI(t)

R(t) = - =
O = S wBr @) S
where [ 1] [ 1)
+1—1 n+1-—1
L T s O AT LN Sy PO
wz bz ( [n T 1] ) W; 1bz 1 + [n I 1] wzbz
1— ] (n+1—1
L (1= [n+— I S e PP
Wi ( mrl )T T @

fori=0,1,... n+1

Proof. For the ¢-Bernstein Bézier curve it is shown in section (2.2) that
n n+1

PBLEACED DL ARG

i=0 i=0

where

+1—1] [n+1—1 .
bl = 1_[71— b;_ — b, =0,1,... 1
7 ( [n—l—l] ) 21+ [n+1] () [/ 07 ) ,TL+

Since both the numerator and the denominator express g-Bernstein Bézier curve,

we degree elevate them separetely giving

SiowbiBI() Ty wiblBr()
SLowBll) T BT

where

1—1 1—2
wllbzl =11- u wi_lbi_l + szbz
[n + 1] [n+1]
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3.1.4 Matrix Representation of Rational ¢g-Bernstein Bézier Curves

We follow the work (Orug & Phillips, 2003). Let ¥ = (Bj(t),...,B(t)) and
¢ = (1,t,...,t"). Both ¥ and ® form a basis for the space of the polynomials

of degree at most n. Thus we can find a transformation matrix M such that
Ul = M®T. Since

n—j—1
0= [} o=
s=0
from (2.1.6), we obtain
Bn _ kkk 1/2{.] [”‘]}tﬁ@
ZO il

Shifting the limits of the above sum and writing

=] -0

k=7

we deduce that

n

By(t) = (—1)kigk=nthmimn/2 [Z] m k-

k=j J

Since [l;] = 0 for k£ < 7 we can write
) = Y (-1t Mg
k=0 J

Thus the elements M; ; of M are
M = (—1)k=gh=i)k=i=1/2 m W ik
J

The rational ¢g-Bernstein Bézier curve of the form

_ Z?:o w;b; B} (1)
B0 =5 B @)
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can be interpreted as

R(t) _ [wobo, Ce ,U}nbn]\IfT
[wo, ce ,wn]‘I/T
Thus we deduce that
bo, . .., w,b,|M®T
R(#) = Ltobos -+, wnbn] (3.1.7)

[wo, . ,U)n]Mq)T

If we set ¢ = 1 then this representation reduce to the matrix representation of

rational Bézier curves.

Another approach to find matrix representation of rational g-Bernstein Bézier
curve R(t) is to use homogeneous coordinates ¢; = [w;b; w;]” which are control
points of projected g-Bernstein Bézier curve P(t) of degree n in 4D. The matrix
representation of this curve is P(t) = [cg, . .., ]¥T = [co, ..., c,|MPT if P(t) is
projected into the hyperplane w = 1 we obtain (3.1.7).
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