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ON THE EIGENVALUES OF A SCHRÖDINGER OPERATOR

ABSTRACT

In this thesis, we study on the eigenvalues of the self-adjoint Schrödinger operator, with
mixed boundary condition de�ned on a d-dimensional parallelepiped F.

Keywords: Eigenvalues, mixed boundary condition, Schrödinger operator.
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SCHRÖDINGER OPERATÖRÜNÜN ÖZDE�GERLER� ÜZER�NE

ÖZ

Bu tezde, d boyutlu bir prizma F üzerinde kar�s.�k s�n�r s.art� ile tan�mlanan kendine es.
Schrödinger operatörünün özde�gerleri üzerine c.al�s.�lm�s.t�r.

Anahtar sözcükler: Kar�s.�k s�n�r s.art�, özde�gerler, Schrödinger operatörü.
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CHAPTER ONE
INTRODUCTION

1.1 Introduction

The time independent Schrödinger operator

L(u) = −∆u + q(x)u

is one of the fundamental operators in quantum mechanics. Due to its physical importance, it
has been studied for a long time.

For one dimensional case the perturbation theory can be applied and asymptotic formulas
for suf�ciently large eigenvalues can be easily obtained

λn = n2 + O(
1
n

),

where λn is the eigenvalue of the perturbed operator andn2 is the eigenvalue of the unperturbed
operator.

However, in multy dimensional cases the eigenvalues in�uence each other strongly and the
regular perturbation theory does not work.

For the �rst time asymptotic formulas for the eigenvalues of the periodic (with respect to
an arbitrary lattice) Schrödinger operator with quasiperiodic boundary conditions are obtained
by Veliev(1987). By some other methods, the asymptotic formulas for quasiperiodic boundary
conditions in two and three dimensional cases are obtained in Feldman, Knoerrer, & Trubowitz
(1990), Feldman, Knoerrer, & Trubowitz (1991), Karpeshina (1992), Karpeshina (1996). The
asymptotic formulas for the eigenvalues of the Schrödinger operator with periodic boundary
conditions are obtained in Friedlanger (1990). When this operator is considered with Dirichlet
boundary conditions in two dimensional rectangle, the asymptotic formulas for the eigenvalues
are obtained in Hald, & McLaughlin (1996). At�lgan, Karak�l�ç, & Veliev (2002) obtained
the asymptotic formulas for the non-resonance eigenvalues of the Schrödinger operator with
Dirichlet and Neumann boundary conditions in an arbitrary dimension. Also, the asymptotic
formulas for the resonance eigenvalues of the Schrödinger operator with Dirichlet andNeumann
boundary conditions are obtained in Karak�l�ç, At�lgan, & Veliev (2005) and Karak�l�ç, Veliev,
& At�lgan (2005).

In this thesis, we consider the d-dimensional Schrödinger operator de�ned by the differential
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expression
Lu = −∆u + q(x)u (1.1.1)

in F with the mixed boundary condition

(αu(x) +
∂u

∂n
) |∂F = 0, (1.1.2)

wherex = (x1, x2, . . . , xd) ∈ F ,F = [0, a1]×[0, a2]×. . .×[0, ad], a1, a2, . . . , ad ∈ R, d ≥ 2,
∂F is the boundary of F, q(x) is a real-valued function inL2(F ), ∆ = ∂2

∂x2
1

+ ∂2

∂x2
2

+ · · ·+ ∂2

∂x2
d

is the Laplace operator inRd, α > 0, ∂
∂n is the differentiation along the outward normal.

We denote the operator de�ned by (1.1.1) and (1.1.2) in L2(F ) by LM (q(x)) and the
eigenvalues and the corresponding eigenfunctions of the operatorLM (q(x)) by ΛN and ΨN ,
respectively.

The aim of this thesis is to obtain an asymptotic formula for the eigenvalues of the operator
LM (q(x)). For this, we use the method which is introduced by Veliev (1987). He studied
the periodic Schrödinger operator with quasiperiodic boundary conditions. In this method, the
eigenvalues of the unperturbed operator are divided into two groups: Resonance and Non-
Resonance. In this thesis, we obtain the asymptotic formula for the non-resonance eigenvalues.

1.2 The Eigenvalues and the Eigenfunctions of the OperatorLM (0)

We �rst consider the unperturbed operator LM (0) which is de�ned by the differential
expression (1.1.1) when q(x) = 0 and the mixed boundary condition (1.1.2).

We �nd the eigenvalues of the operatorLM (0), that is, we solve the following eigenvalue
problem:

−∆u = λu, (1.2.1)

(αu +
∂u

∂n
) |∂F = 0. (1.2.2)

For this we use the method of separation of variables: We seek a non-zero solution of
(1.2.1)-(1.2.2) in the following form

u(x) = u1(x1)u2(x2) . . . ud(xd). (1.2.3)
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Substituting (1.2.3) into (1.2.1) we obtain

−u′′1(x1) · · ·ud(xd)− · · · − u1(x1) · · ·u′′d(xd) = λu1(x1)u2(x2) · · ·ud(xd).

Since u(x) is assumed to be an eigenfunction it is nonzero. Dividing both sides of the last
equation by u(x), we get

−u′′1(x1)
u1(x1)

− u′′2(x2)
u2(x2)

− · · ·−u′′d(xd)
ud(xd)

= λ,

−u′′k(xk)
uk(xk)

= λk k = 1, 2, . . . , d,

where λk is a scalar for k = 1, 2, . . . , d. So we have

λ = λ1 + λ2 + · · ·+ λd, (1.2.4)

and
u′′k(xk) + λkuk(xk) = 0 k = 1, 2, . . . , d. (1.2.5)

On the other hand, the boundary of the domain F is formed by the hyperplanes

Πk = {x ∈ Rd : (x, ek) = 0, ek = (0, . . . , 0, 1, 0, . . . , 0)},

and its shifts

akek + Πk = {x ∈ Rd : (x, akek) = 0, ek = (0, . . . , 0, 1, 0, . . . , 0)},

where the outer normal to Πk is −ek = (0, . . . , 0,−1, 0, . . . , 0) and the outer normal to
akek + Πk is ek = (0, . . . , 0, 1, 0, . . . , 0) for every k = 1, 2, . . . , d. Using this we write the
boundary condition (1.2.2) explicitly as

(αu(x) +
∂u

∂n
) |Πk

= 0 k = 1, 2, . . . , d, (1.2.6)

and
(αu(x) +

∂u

∂n
) |akek+Πk

= 0 k = 1, 2, . . . , d. (1.2.7)

(1.2.3) and (1.2.6) imply

αu1(x1) . . . uk(xk) . . . ud(xd)− u1(x1) . . . u′k(xk) . . . ud(xd)|xk=0 = 0,
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αu1(x1) . . . uk(0) . . . ud(xd)− u1(x1) . . . u′k(0) . . . ud(xd) = 0,

αuk(0)− u′k(0) = 0 k = 1, 2, . . . , d.

(1.2.3) and (1.2.7) imply

αu1(x1) . . . uk(xk) . . . ud(xd) + u1(x1) . . . u′k(xk) . . . ud(xd)|xk=ak
= 0,

αu1(x1) . . . uk(ak) . . . ud(xd) + u1(x1) . . . u′k(ak) . . . ud(xd) = 0,

αuk(ak) + u′k(ak) = 0 k = 1, 2, . . . , d.

That is,
αuk(0)− u′k(0) = 0 k = 1, 2, . . . , d, (1.2.8)

αuk(ak) + u′k(ak) = 0 k = 1, 2, . . . , d. (1.2.9)

From (1.2.5), (1.2.8) and (1.2.9) we obtain the following Sturm-Liouville problems for every
k = 1, 2, . . . , d

u′′k(xk) + λkuk(xk) = 0 0 < xk < ak

αuk(0)− u′k(0) = 0 (1.2.10)
αuk(ak) + u′k(ak) = 0 α > 0.

The eigenvalues of (1.2.10) are

λnk
nk = 1, 2, 3, . . . , k = 1, 2, . . . , d, (1.2.11)

where λnk
= (µnk

ak
)2, µnk

are the positive roots ofcotµ = µ
αak

− αak
µ and satisfynkπ < µnk

<

(nk + 1)π, so that nkπ
ak

<
√

λnk
< (nk+1)π

ak
, nk ∈ Z+

⋃{0}, k = 1, 2, . . . , d.

The eigenfunctions of (1.2.10) corresponding to the eigenvaluesλnk
are

unk
(xk) = ei

√
λnk

xk − α− i
√

λnk

α + i
√

λnk

e−i
√

λnk
xk k = 1, 2, . . . , d. (1.2.12)

By (1.2.4) and (1.2.11) the eigenvalues ofLM (0) are

λ = λn1 + λn2 + · · ·+ λnd
. (1.2.13)
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Since we assumed u(x) = u1(x1)u2(x2) . . . ud(xd), by (1.2.5) and (1.2.12) the eigenfunc-
tions of LM (0) corresponding to the eigenvaluesλ are

uλ(x) =
d∏

k=1

[ei
√

λnk
xk − α− i

√
λnk

α + i
√

λnk

e−i
√

λnk
xk ]. (1.2.14)

We de�ne a latticeΩ in Rd by

Ω = {
d∑

k=1

mkωk : mk ∈ Z, k = 1, 2, . . . , d}

with the basis

ω1 = (a1, 0, . . . , 0), ω2 = (0, a2, 0, . . . , 0), . . . , ωd = (0, . . . , 0, ad)

and the dual latticeΓ of Ω by

Γ = {
d∑

k=1

nkβ
k : nk ∈ Z, k = 1, 2, . . . , d}

with the basis

β1 = (
2π

a1
, 0, . . . , 0), β2 = (0,

2π

a2
, 0, . . . , 0), . . . , βd = (0, . . . , 0,

2π

ad
).

Notice that ωi and βj are bi-orthogonal vectors, that is,

(ωi, β
j) = 2πδij ,

where (·, ·) is the standard inner product inRd, δij is the Kronecker delta.

According to dual latticeΓ, we introduce the following notations:

Γ
2

= {γ = (
n1π

a1
,
n2π

a2
, . . .

ndπ

ad
) : ni ∈ Z ∀i = 1, 2, . . . , d},

Γ+0

2
= {γ = (

n1π

a1
,
n2π

a2
, . . .

ndπ

ad
) : ni ∈ Z+

⋃
{0} ∀i = 1, 2, . . . , d}.

Since the solutions λni of the Sturm-Liouville's problem (1.2.10) fork = i satisfy niπ
ai

<√
λni < (ni+1)π

ai
, ni ∈ Z+

⋃{0}, i = 1, 2, . . . , d, the eigenvaluesλ of LM (0) are indeed |λγ |2
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where λγ = (
√

λn1 , . . . ,
√

λnd
), γ = (n1π

a1
, . . . , ndπ

ad
). We denote by SΓ+0

2

the set of all λγ ,

γ ∈ Γ+0

2 where |λγ |2 are the eigenvalues ofLM (0). Also we denote the eigenfunctionuλ(x)
in (1.2.14) by uγ(x) which corresponds to the eigenvalue |λγ |2.

For the sake of simplicity in calculations, we write the eigenfunctionsuγ(x) of the unper-
turbed operatorLM (0) corresponding to the eigenvalues |λγ |2 for any γ ∈ Γ+0

2 as

uγ(x) =
∑

β∈Aλγ
θβ∈Bλγ

eiθβei(β,x),

where

Aλγ = {β = (β1, β2, . . . , βd) ∈ SΓ
2

: | βk |=|
√

λnk
|, k = 1, 2, . . . , d},

and

Bλγ = {θβ =
∑

nk:βk=−√λnk
θnk

: θnk
= arg[−α−i

√
λnk

α+i
√

λnk

],

k = 1, 2, . . . , d, β = (β1, β2, . . . , βd) ∈ Aλγ}.

(Note that θβ = 0 if β = λγ)

Let γ ∈ Γ+0

2 , then there correspond an eigenvalue |λγ |2 and an eigenfunction uγ(x) of
LM (0). Suppose that any j-th component of γ is changed by its negative, that is,

√
λnj is

changed by−√
λnj . Then
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unj (xj) |√λnj→−
√

λnj
= {ei

√
λnj xj + eiθnj e−i

√
λnj xj} |√λnj→−

√
λnj

= {ei
√

λnj xj − α− i
√

λnj

α + i
√

λnj

e−i
√

λnj xj} |√λnj→−
√

λnj

= ei(−√λnj xj) − α− i(−√
λnj )

α + i(−√
λnj )

e−i(−√λnj xj)

= e−i
√

λnj xj − α + i
√

λnj

α− i
√

λnj

ei
√

λnj xj}

= {−α + i
√

λnj

α− i
√

λnj

}{ei
√

λnj xj − α− i
√

λnj

α + i
√

λnj

e−i
√

λnj xj}

=
1

eiθnj
[ei
√

λnj xj + eiθnj e−i
√

λnj xj ]

= e−iθnj unj (xj).

Denote the function unj (xj) |√λnj→−
√

λnj
by u−nj (xj). Thus if we change

√
λnj by

−√
λnj then

u−nj (xj) = e−iθnj unj (xj).

Any component of γ can be changed by its negative. Taking into consideration all these
changes, θγ is de�ned as θγ =

∑
nj :βj=−

√
λnj

θnj . So we have

uγ′(x) = e−iθγuγ(x) ∀λγ′ ∈ Aλγ , (1.2.15)

where θγ ∈ Bλγ .

By direct substitution we show that |λγ′ |2 is an eigenvalue of LM (0) and uγ′(x) =
e−iθγuγ(x) is an eigenfunction corresponding to the eigenvalue|λγ′ |2.

Using (1.2.15), we get

−∆uγ′(x) = −∆[e−iθγuγ(x)]

= (e−iθγ )(−∆uγ(x))

= (e−iθγ )(|λγ |2uγ(x))

= (e−iθγ )(|λγ′ |2uγ(x))

= |λγ′ |2(e−iθγuγ(x))

= |λγ′ |2uγ′(x).
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So (1.1.1) is satis�ed and again by (1.2.15)

(αuγ′(x) +
∂uγ′(x)

∂n
) |∂F = (αe−iθγuγ(x) +

∂e−iθγuγ(x)
∂n

) |∂F

= e−iθγ [(αuγ(x) +
∂uγ(x)

∂n
) |∂F ]

= e−iθγ0

= 0.

So (1.1.2) is satis�ed.

It is clear that the system of eigenfunctionsuγ(x) of LM (0), that is,

{uγ(x)}
γ∈Γ+0

2

= {∑ β∈Aλγ
θβ∈Bλγ

eiθβei(β,x)}
γ∈Γ+0

2

forms an orthogonal basis inL2(F ). Hence anyQ(x) ∈ L2(F ) is equal to its Fourier series

Q(x) =
∑

γ∈Γ+0

2

Qγuγ(x),

where Qγ = <Q(x),uγ(x)>
‖uγ(x)‖2 are the Fourier coef�cients of Q(x) with respect to the basis

{uγ(x)}
γ∈Γ+0

2

, < ·, · > denotes the inner product inL2(F ).

By this result and (1.2.15) any functionQ(x) in L2(F ) has the following Fourier series
expansion

Q(x) =
∑

γ′∈Γ
2

Qγ′uγ′(x), (1.2.16)

where Qγ′ = 1
|Aλγ′ |

<Q(x),uγ′ (x)>

‖uγ′ (x)‖2 are the Fourier coef�cients ofQ(x) with respect to the basis
{uγ′(x)}γ′∈Γ

2
, and | Aλγ′ | is the number of vectors inAλγ′ .

Indeed, let γ ∈ Γ+0

2 . Consider β1, β2, . . . , βr ∈ Aλγ where r =| Aλγ |, | Aλγ | is the
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number of vectors inAλγ . By (1.2.15)

< Q(x), uβ1(x) > uβ1(x) = < Q(x), e−iθγuγ(x) > e−iθγuγ(x)

= < Q(x), uγ(x) > uγ(x)

< Q(x), uβ2(x) > uβ2(x) = < Q(x), e−iθγuγ(x) > e−iθγuγ(x)

= < Q(x), uγ(x) > uγ(x)
... =

...
< Q(x), uβr(x) > uβr(x) = < Q(x), e−iθγuγ(x) > e−iθγuγ(x)

= < Q(x), uγ(x) > uγ(x)

Summing both sides we have

| Aλγ |< Q(x), uγ(x) > uγ(x) =
∑

β∈Aλγ
< Q(x), uβ(x) > uβ(x),

or
< Q(x), uγ(x) > uγ(x) =

1
| Aλγ |

∑

β∈Aλγ

< Q(x), uβ(x) > uβ(x). (1.2.17)

On the other hand, by (1.2.15) for anyλβi ∈ Aλγ we have

‖ uβi(x) ‖2 = < uβi(x), uβi(x) >

= < e−iθγuγ(x), e−iθγuγ(x) >

= e−iθγeiθγ < uγ(x), uγ(x) >

= ‖ uγ(x) ‖2 . (1.2.18)

Substituting (1.2.17) and (1.2.18) into the Fourier expansion ofQ(x) with respect to the
basis {uγ(x)}

γ∈Γ+0

2

, we obtain

Q(x) =
∑

γ∈Γ+0

2

< Q(x), uγ(x) >

‖ uγ(x) ‖2
uγ(x)

=
∑

γ∈Γ+0

2

1
| Aλγ |

∑

β∈Aλγ

< Q(x), uβ(x) >

‖ uβ(x) ‖2
uβ(x).

Using the facts SΓ
2

=
⋃

γ∈Γ+0

2

Aλγ and | Aλγ |=| Aλγ′ |= 2d for all γ, γ′ ∈ Γ+0

2 the last
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expression reduces to
Q(x) =

∑

γ′∈Γ
2

< Q(x), uγ′(x) >

| Aλγ′ |‖ uγ′(x) ‖2
uγ′(x). (1.2.19)

Letting Qγ′ =
<Q(x),uγ′ (x)>

|Aλγ′ |‖uγ′ (x)‖2 the result (1.2.16) follows.



CHAPTER TWO
ASYMPTOTIC FORMULA

2.1 Resonance and Non-Resonance Domains

As in papers Veliev (1987) and Veliev (1988) we divide the eigenvalues of the unperturbed
operator LM (0) into two groups.

Consider the eigenvalues | λγ |2 of LM (0) for all γ ∈ Γ
2 such that | γ |∼ ρ. | γ |∼ ρ means

that | γ | and ρ are asymptotically equal, that is,c1ρ ≤| γ |≤ c2ρ where ci, i = 1, 2 are positive
real constants which do not depend onρ.

Let α < 1
d+20 , α1 = 3α and de�ne the following sets

Vb(ρα1) ≡ {x ∈ Rd : || x |2 − | x + b |2|< ρα1}

E1(ρα1 , p) ≡ ⋃
b∈Γ(pρα1 ) Vb(ρα1)

U(ρα1 , p) ≡ Rd \E1(ρα1 , p),

where Γ(pρα1) ≡ {b ∈ Γ
2 : 0 <| b |< pρα1}. The set U(ρα1 , p) is said to be a non-resonance

domain, and the eigenvalue | λγ |2 is called a non-resonance eigenvalue ifγ ∈ U(ρα1 , p). The
domains Vb(ρα1), for all b ∈ Γ(pρα) are called resonance domains and the eigenvalue | λγ |2
is a resonance eigenvalue ifγ ∈ Vb(ρα1).

Remark 2.1.1. Note that, the elements of the single resonance domain

Vb(ρα1) = {x ∈ Rd : || x |2 − | x + b |2|< ρα1}

are contained between the two hyperplanes

Π1 = {x : || x |2 − | x + b |2|= −ρα1}

and
Π2 = {x : || x |2 − | x + b |2|= ρα1}.

11
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Since

| x |2 − | x + b |2= (x, x)− (x + b, x + b) = −2(x, b)− | b |2= ∓ρα1 ,

(x, b) +
| b |2

2
∓ ρα1

2
= 0,

we have

Π1 = {x : (x +
b

2
+

ρα1b

2 | b |2 , b) = 0} = Πb + (
b

2
+

ρα1b

2 | b |2 )

Π2 = {x : (x +
b

2
− ρα1b

2 | b |2 , b) = 0} = Πb + (
b

2
− ρα1b

2 | b |2 ),

where Πb = {x : (x, b) = 0} is the hyperplane passing through the origin. It is clear that the
distance between the two hyperplanesΠ1 and Π2 is ρα1

|b| .

Lemma 2.1.2. The non-resonance domainU(ρα1 , p) has asymptotically full measure onRd,
that is,

µ(U(ρα1 , p)
⋂

B(ρ))
µ(B(ρ))

→ 1 as ρ →∞,

where B(ρ) = {x ∈ Rd : | x |≤ ρ}.

Proof. It is clear that Vb(ρα1) ∩ B(ρ) is the part of B(ρ) which is contained between the two
hyperplanesΠ1 and Π2. Since the distance between these hyperplanes is ρα1

|b| , we have

µ(Vb(ρα1)
⋂

B(ρ)) = O(ρd−1+α1),

where O is an order relation and we say that a functionf is in the O relation with g for ξ →∞
and we write it f(ξ) = O(g(ξ)) for ξ →∞ if there is a constant c such that | f(ξ) |< c | g(ξ) |
at some neighborhood of∞.

The number of vectors γ in Γ(pρα) is O(ρdα) and µ(B(ρ)) ∼ ρd. Thus,

µ(
⋃

b∈Γ(pρα)

Vb(ρα1)
⋂

B(ρ)) = O(ρd−1+α1+dα)

= µ(B(ρ))O(ρdα+α1−1). (2.1.1)

Using that,Rd = U(ρα1 , p) ∪ E1, and

Rd
⋂

B(ρ) = (U(ρα1 , p)
⋂

B(ρ))
⋃

(E1
⋂

B(ρ))
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we have,

µ(B(ρ)) = µ(U(ρα1 , p)
⋂

B(ρ)) + µ(E1
⋂

B(ρ)),

which together with (2.1.1) implies

µ(U(ρα1 , p)
⋂

B(ρ)) = µ(B(ρ))(1−O(ρα1+dα−1)).

Thus from the last equation the result follows, sinceα1 + dα < 1. That is, the domain
U(ρα1 , p) has asymptotically full measure onRd.

Note that this lemma implies that the number of non-resonance eigenvalues is greater than
the number of resonance eigenvalues.

2.2 On the Potential ofLM (q(x))

If we consider the functions q(x)uγ(x) in L2(F ) for any γ ∈ Γ
2 , by a rearrangement in

indexing, the Fourier series of q(x)uγ(x) can be written as

Q(x) = q(x)uγ(x) =
∑

γ′∈Γ
2

Qγ+γ′uγ+γ′(x), (2.2.1)

where
Qγ+γ′ =

< q(x)uγ(x), uγ+γ′(x) >

| Aλγ+γ′ |‖ uγ+γ′(x) ‖2
. (2.2.2)

Suppose that for all γ ∈ Γ
2 such that | γ |∼ ρ the Fourier coef�cients (2.2.2) satisfy

∑

γ′∈Γ
2

| Qγ+γ′ |2 (1+ | γ′ |2l) < ∞, (2.2.3)

where l > (d+20)(d−1)
2 + d + 3.

Therefore,
Q(x) =

∑

γ′∈Γ(ρα)

Qγ+γ′uγ+γ′(x) + O(ρ−pα), (2.2.4)

where Γ(ρα) = {γ′ ∈ Γ
2 : 0 <| γ′ |< ρα}, p = l − d, α < 1

d+20 and ρ is a large parameter,
O(ρ−pα) is a function inL2(F ) with norm of order ρ−pα.
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Indeed, for γ′ /∈ Γ(ρα)

∑

|γ′|>ρα

| Qγ+γ′ |2=
∑

|γ′|>ρα

| Qγ+γ′ |2| γ′ |2l

| γ′ |2l
≤ [

∑

|γ′|>ρα

| Qγ+γ′ || γ′ |l
| γ′ |l ]2

≤ [(
∑

|γ′|>ρα

| Qγ+γ′ |2| γ′ |2l)
1
2 (

∑

|γ′|>ρα

1
| γ′ |2l

)
1
2 ]2

= (
∑

|γ′|>ρα

| Qγ+γ′ |2| γ′ |2l)(
∑

|γ′|>ρα

1
| γ′ |2l

) = O(ρ−pα).

Because the �rst series on the right hand side of the inequality is convergent by (2.2.3) and
the norm of the second series is in the big O relation withρ−pα which we show by using the
integral test.

Let f(x) = 1
x2l . Clearly, f(x) is a continuous positive decreasing function on [1,∞). On

the other hand,
∫∞
1

dx
x2l is convergent. Because 2l > 1, and

∫ ∞

ρα

dx

x2l
<

∫ ∞

1

dx

x2l
< ∞.

∫ ∞

ρα

dx

x2l
= lim

t→∞

∫ t

ρα

dx

x2l
= lim

t→∞
x−2l+1

−2l + 1
|tx=ρα= lim

t→∞
t−2l+1 − ρα(−2l+1)

−2l + 1

=
ρα(−2l+1)

2l − 1
≤ ρ−pα

2l − 1

since p = l − d. Thus ∫ ∞

ρα

dx

x2l
= O(ρ−pα).

Letting aγ′ = f(| γ′ |) = 1
|γ′|2l , the series

∑
|γ′|>ρα aγ′ =

∑
|γ′|>ρα

1
|γ′|2l is convergent by

the integral test and ∑

|γ′|>ρα

1
| γ′ |2l

= O(ρ−pα).

On the other hand,

∑

γ′∈Γ
2

| Qγ+γ′ |=
∑

γ′∈Γ
2

| Qγ+γ′ || γ′ |l
| γ′ |l ≤ (

∑

γ′∈Γ
2

| Qγ+γ′ |2| γ′ |2l)
1
2 (

∑

γ′∈Γ
2

1
| γ′ |2l

)
1
2 < ∞.

Because the �rst series on the right hand side of the inequality is convergent by (2.2.3) and
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the second series is easily found to be convergent by the integral test.

So say
M(γ) =

∑

γ′∈Γ
2

| Qγ+γ′ | . (2.2.5)

2.3 Asymptotic Formula

To obtain an asymptotic formula for the eigenvaluesΛN of the operator LM (q(x)) in a
non-resonance domain we use the binding formula

(ΛN− | λγ |2) < ΨN (x), uγ(x) >=< ΨN (x), q(x)uγ(x) > . (2.3.1)

To obtain the binding formula, we multiply both sides of the equation

−∆ΨN (x) + q(x)ΨN (x) = ΛNΨN (x)

by uγ(x). That is,

< −∆ΨN (x) + q(x)ΨN (x), uγ(x) >=< ΛNΨN (x), uγ(x) > .

Using the properties of inner product, we obtain

< −∆ΨN (x), uγ(x) > + < q(x)ΨN (x), uγ(x) >= ΛN < ΨN (x), uγ(x) > .

Since LM (0) = −∆ is self adjoint and q(x) is real valued

< ΨN (x),−∆uγ(x) > + < q(x)ΨN (x), uγ(x) >= ΛN < ΨN (x), uγ(x) >,

and uγ(x) is an eigenfunction ofLM (0)

< ΨN (x), | λγ |2 uγ(x) > + < q(x)ΨN (x), uγ(x) >= ΛN < ΨN (x), uγ(x) > .

Consequently, we obtain from the last equation

| λγ |2< ΨN (x), uγ(x) > + < q(x)ΨN (x), uγ(x) >= ΛN < ΨN (x), uγ(x) >,
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< q(x)ΨN (x), uγ(x) >= ΛN < ΨN (x), uγ(x) > − | λγ |2< ΨN (x), uγ(x) >,

< q(x)ΨN (x), uγ(x) >= (ΛN− | λγ |2) < ΨN (x), uγ(x) > .

Lemma 2.3.1. Let γ ∈ U(ρα1 , p), that is, | λγ |2 be a non-resonance eigenvalue ofLM (0) and
b ∈ Γ(pρα). Then

|| λγ |2 − | λγ+b |2|> ρα1 .

Proof. If γ ∈ U(ρα1 , p) then for all b ∈ Γ(pρα) we have

|| γ |2 − | γ + b |2|≥ ρα1 . (2.3.2)

Let us denoteγ ∈ U(ρα1 , p) by γ = (n1π
a1

, n2π
a2

, . . . , ndπ
ad

). | λγ |2 is an eigenvalue ofLM (0)
for λγ ∈ SΓ

2
. So we have

nkπ

ak
<

√
λnk

<
(nk + 1)π

ak
k = 1, 2, . . . , d.

We obtain from this relation,

| γ |2<| λγ |2<| γ + e |2, (2.3.3)

where e = ( π
a1

, π
a2

, . . . , π
ad

).

Similarly,
| γ + b |2<| λγ+b |2<| γ + b + e |2 . (2.3.4)

Then using (2.3.3), (2.3.4) and (2.3.2), we get

|| λγ |2 − | λγ+b |2|>|| γ |2 − | γ + b + e |2|> ρα1 .

Lemma 2.3.2. Let γ ∈ U(ρα1 , p), that is, | λγ |2 be a non-resonance eigenvalue ofLM (0) and
ΛN be the eigenvalue ofLM (q(x)) satisfying the inequality

| ΛN− | λγ |2|< 1
2
ρα1 .

Then
| ΛN− | λγ+b |2|> 1

2
ρα1
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for all b ∈ Γ(pρα).

Proof. If γ ∈ U(ρα1 , p) then for all b ∈ Γ(pρα) we have from Lemma(2.3.1)

|| λγ |2 − | λγ+b |2|> ρα1

which together with | ΛN− | λγ |2|< 1
2ρα1 gives

| ΛN− | λγ+b |2|=| ΛN− | λγ |2 + | λγ |2 − | λγ+b |2|≥
|| ΛN− | λγ |2| − || λγ+b |2 − | λγ |2||>| ρα1 − 1

2
ρα1 |= 1

2
ρα1 .

Lemma 2.3.3. Let | λγ |2 be an eigenvalue of the operatorLM (0) where | γ |∼ ρ. Then there
is an integerN such that | ΛN− | λγ |2|< 2M and

|< ΨN (x), uγ(x) >|> c3ρ
−(d−1)

2 , (2.3.5)

where M =‖ q(x) ‖.

Proof. We use a result from the general perturbation theory, theN -th eigenvalue of the operator
LM (q(x)) lies in M -neighborhood of theN -th eigenvalue of the operatorLM (0).

Let the N -th eigenvalues of LM (q(x)) and LM (0) be ΛN and | λγ |2, respectively. It is
clear that the eigenfunctionsΨN (x) of LM (q(x)) form an orthonormal basis forL2(F ). So

uγ(x) =
∞∑

N=1

< ΨN (x), uγ(x) > ΨN (x).

Without loss of generality, assume that‖ uγ(x) ‖= 1. By Parseval's relation

1 =‖ uγ(x) ‖=
∞∑

N=1

|< ΨN (x), uγ(x) >|2

=
∑

N :|ΛN−|λγ |2|>2M

|< ΨN (x), uγ(x) >|2 +
∑

N :|ΛN−|λγ |2|≤2M

|< ΨN (x), uγ(x) >|2 .
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Using the binding formula (2.3.1), Bessel's inequality andM =‖ q(x) ‖ we have

∑

N :|ΛN−|λγ |2|>2M

|< ΨN (x), uγ(x) >|2=
∑

N :|ΛN−|λγ |2|>2M

|< ΨN (x), q(x)uγ(x) >|2
| ΛN− | λγ |2|2

<
1

4M2

∑

N :|ΛN−|λγ |2|>2M

|< ΨN (x), q(x)uγ(x) >|2< 1
4M2

‖ q(x) ‖2‖ uγ(x) ‖2<
1
4
.

Therefore, by Parseval's relation

∑

N :|ΛN−|λγ |2|≤2M

|< ΨN (x), uγ(x) >|2≥ 3
4
.

On the other hand, if a ∼ ρ then the number of γ ∈ Γ
2 satisfying || γ |2 −a2 |< 1 is less

than c4ρ
d−1. Therefore, the number of eigenvalues ofLM (0) lying in (a2 − 1, a2 + 1) is less

than c5ρ
d−1. By this result and a result of perturbation theory the number of eigenvaluesΛN

of LM (q(x)) in the interval I = [| λγ |2 −2M, | λγ |2 +2M ] is less than c6ρ
d−1. Thus there

is N ∈ I such that

3
4

<
∑

N :|ΛN−|λγ |2|≤2M

|< ΨN (x), uγ(x) >|2< c3ρ
d−1 |< ΨN (x), uγ(x) >|2 .

That is,
|< ΨN (x), uγ(x) >|> c3ρ

−(d−1)
2 .

Theorem 2.3.4. For every non-resonance eigenvalue | λγ |2, | γ |∼ ρ, of the operatorLM (0)
there exists an eigenvalueΛN of the operatorLM (q(x)) satisfying

ΛN =| λγ |2 +O(ρ−α1). (2.3.6)

Proof. We do an iteration by using the binding formula.

In order to start iteration we substitute the decomposition (2.2.4) of q(x)uγ(x) into the
binding formula (2.3.1)
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(ΛN− | λγ |2) < ΨN (x), uγ(x) >

= < ΨN (x),
∑

γ1∈Γ(ρα)

Qγ+γ1uγ+γ1(x) > +O(ρ−pα)

=
∑

γ1∈Γ(ρα)

Qγ+γ1 < ΨN (x), uγ+γ1(x) > +O(ρ−pα). (2.3.7)

Since γ ∈ U(ρα1 , p), γ1 ∈ Γ(ρα) by Lemma(2.3.2)

| ΛN− | λγ+γ1 |2|>
1
2
ρα1 .

So the binding formula

(ΛN− | λγ+γ1 |2) < ΨN (x), uγ+γ1(x) >=< ΨN (x), q(x)uγ+γ1(x) >

implies
< ΨN (x), uγ+γ1(x) >=

< ΨN (x), q(x)uγ+γ1(x) >

ΛN− | λγ+γ1 |2
. (2.3.8)

Substituting (2.3.8) into (2.3.7)

(ΛN− | λγ |2) < ΨN (x), uγ(x) >

=
∑

γ1∈Γ(ρα)

Qγ+γ1

ΛN− | λγ+γ1 |2
< ΨN (x), q(x)uγ+γ1(x) > +O(ρ−pα). (2.3.9)

At the second step of the iteration we substitute the decomposition (2.2.4) ofq(x)uγ+γ1(x)
into (2.3.9)

(ΛN− | λγ |2) < ΨN (x), uγ(x) >

=
∑

γ1∈Γ(ρα)

Qγ+γ1

ΛN− | λγ+γ1 |2
< ΨN (x),

∑

γ2∈Γ(ρα)

Qγ+γ1+γ2uγ+γ1+γ2(x) > +O(ρ−pα)

=
∑

γ1∈Γ(ρα)

Qγ+γ1

ΛN− | λγ+γ1 |2
∑

γ2∈Γ(ρα)

Qγ+γ1+γ2 < ΨN (x), uγ+γ1+γ2(x) > +O(ρ−pα).

Isolating the terms with the coef�cient< ΨN (x), uγ(x) > in the last expression, we obtain
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(ΛN− | λγ |2) < ΨN (x), uγ(x) >

=
∑

γ1,γ2∈Γ(ρα)
γ1+γ2=0

Qγ+γ1

ΛN− | λγ+γ1 |2
Qγ+γ1+γ2 < ΨN (x), uγ(x) >

+
∑

γ1,γ2∈Γ(ρα)
γ1+γ2 6=0

Qγ+γ1

ΛN− | λγ+γ1 |2
Qγ+γ1+γ2 < ΨN (x), uγ+γ1+γ2(x) >

+ O(ρ−pα). (2.3.10)

Since γ ∈ U(ρα1 , p), γ1 + γ2 ∈ Γ(2ρα) by Lemma(2.3.2)

| ΛN− | λγ+γ1+γ2 |2|>
1
2
ρα1 .

So the binding formula

(ΛN− | λγ+γ1+γ2 |2) < ΨN (x), uγ+γ1+γ2(x) >=< ΨN (x), q(x)uγ+γ1+γ2(x) >

implies
< ΨN (x), uγ+γ1+γ2(x) >=

< ΨN (x), q(x)uγ+γ1+γ2(x) >

ΛN− | λγ+γ1+γ2 |2
. (2.3.11)

Substituting (2.3.11) into (2.3.10)

(ΛN− | λγ |2) < ΨN (x), uγ(x) >

=
∑

γ1,γ2∈Γ(ρα)
γ1+γ2=0

Qγ+γ1

ΛN− | λγ+γ1 |2
Qγ+γ1+γ2 < ΨN (x), uγ(x) >

+
∑

γ1,γ2∈Γ(ρα)
γ1+γ2 6=0

Qγ+γ1

ΛN− | λγ+γ1 |2
Qγ+γ1+γ2

ΛN− | λγ+γ1+γ2 |2
< ΨN (x), q(x)uγ+γ1+γ2(x) >

+ O(ρ−pα). (2.3.12)

At the third step of the iteration we substitute the decomposition (2.2.4) ofq(x)uγ+γ1+γ2(x)
into (2.3.12)
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(ΛN− | λγ |2) < ΨN (x), uγ(x) >

=
∑

γ1,γ2∈Γ(ρα)
γ1+γ2=0

Qγ+γ1

ΛN− | λγ+γ1 |2
Qγ+γ1+γ2 < ΨN (x), uγ(x) >

+
∑

γ1,γ2∈Γ(ρα)
γ1+γ2 6=0

Qγ+γ1

ΛN− | λγ+γ1 |2
Qγ+γ1+γ2

ΛN− | λγ+γ1+γ2 |2

< ΨN (x),
∑

γ3∈Γ(ρα)

Qγ+γ1+γ2+γ3uγ+γ1+γ2+γ3(x) >

+ O(ρ−pα)

=
∑

γ1,γ2∈Γ(ρα)
γ1+γ2=0

Qγ+γ1

ΛN− | λγ+γ1 |2
Qγ+γ1+γ2 < ΨN (x), uγ(x) >

+
∑

γ1,γ2∈Γ(ρα)
γ1+γ2 6=0

Qγ+γ1

ΛN− | λγ+γ1 |2
Qγ+γ1+γ2

ΛN− | λγ+γ1+γ2 |2
∑

γ3∈Γ(ρα)

Qγ+γ1+γ2+γ3 < ΨN (x), uγ+γ1+γ2+γ3(x) >

+ O(ρ−pα).

Isolating the terms with the coef�cient< ΨN (x), uγ(x) > in the last expression, we obtain

(ΛN− | λγ |2) < ΨN (x), uγ(x) >

=
∑

γ1,γ2∈Γ(ρα)
γ1+γ2=0

Qγ+γ1

ΛN− | λγ+γ1 |2
Qγ+γ1+γ2

< ΨN (x), uγ(x) >

+
∑

γ1,γ2,γ3∈Γ(ρα)
γ1+γ2+γ3=0

Qγ+γ1

ΛN− | λγ+γ1 |2
Qγ+γ1+γ2

ΛN− | λγ+γ1+γ2 |2
Qγ+γ1+γ2+γ3

< ΨN (x), uγ(x) >

+
∑

γ1,γ2,γ3∈Γ(ρα)
γ1+γ2+γ3 6=0

Qγ+γ1

ΛN− | λγ+γ1 |2
Qγ+γ1+γ2

ΛN− | λγ+γ1+γ2 |2
Qγ+γ1+γ2+γ3

< ΨN (x), uγ+γ1+γ2+γ3(x) >

+ O(ρ−pα).

By the samemethod, repeating the iterationp times and isolating the terms with multiplicand
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< ΨN (x), uγ(x) >, we get

(ΛN− | λγ |2) < ΨN (x), uγ(x) >= {
p∑

k=1

Sk} < ΨN (x), uγ(x) > +Rp + O(ρ−pα),

(2.3.13)
where

Sk =
∑

γ1,γ2,...,γk+1∈Γ(ρα)

γ1+γ2+...+γk+1=0

Qγ+γ1 · · ·Qγ+γ1+···+γk+γk+1

(ΛN− | λγ+γ1 |2) · · · (ΛN− | λγ+γ1+···+γk
|2) ,

Rp =
∑

γ1,γ2,...,γp+1∈Γ(ρα)

γ1+γ2+...+γp+1 6=0

Qγ+γ1 · · ·Qγ+γ1+···+γp+γp+1

(ΛN− | λγ+γ1 |2) · · · (ΛN− | λγ+γ1+···+γp |2)

< ΨN (x), uγ+γ1+···+γp+1(x) >,

γk ∈ Γ(ρα) and | γ1 + γ2 + · · · + γk |< pρα for all k = 1, 2, . . . , p. Therefore, using
Lemma(2.3.2) and (2.2.5)

| Sk |=

= |
∑

γ1,γ2,...,γk+1∈Γ(ρα)

γ1+γ2+...+γk+1=0

Qγ+γ1 · · ·Qγ+γ1+···+γk+γk+1

(ΛN− | λγ+γ1 |2) · · · (ΛN− | λγ+γ1+···+γk
|2) |

≤
∑

γ1,γ2,...,γk+1∈Γ(ρα)

γ1+γ2+...+γk+1=0

| Qγ+γ1 | · · · | Qγ+γ1+···+γk+γk+1
|

| ΛN− | λγ+γ1 |2| · · · | ΛN− | λγ+γ1+···+γk
|2|

≤ (
1
2
ρα1)−k

∑
γ1,γ2,...,γk+1∈Γ(ρα)

γ1+γ2+...+γk+1=0

| Qγ+γ1 | · · · | Qγ+γ1+···+γk+γk+1
|

= (
1
2
ρα1)−kM(γ)

∑
γ2,...,γk+1∈Γ(ρα)

γ1+γ2+...+γk+1=0

| Qγ+γ1+γ2 | · · · | Qγ+γ1+···+γk+γk+1
|

...
= (

1
2
ρα1)−kM(γ)M(γ + γ1) · · ·M(γ + γ1 + · · ·+ γk),

that is,
| Sk |≤ (

1
2
ρα1)−kM(γ)M(γ + γ1) · · ·M(γ + γ1 + · · ·+ γk),

or
Sk = O(ρ−kα1) (2.3.14)
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for every k = 1, 2, . . . , p which implies

p∑

k=1

Sk = O(ρ−α1). (2.3.15)

Using Lemma(2.3.2), (2.2.5) and |< ΨN (x), uγ+γ1+...+γp+1(x) >|≤ K for some constant
K

| Rp |

= |
∑

γ1,γ2,...,γp+1∈Γ(ρα)

γ1+γ2+...+γp+1 6=0

Qγ+γ1 · · ·Qγ+γ1+···+γp+γp+1

(ΛN− | λγ+γ1 |2) · · · (ΛN− | λγ+γ1+···+γp |2)
|

|< ΨN (x), uγ+γ1+...+γp+1(x) >|

≤
∑

γ1,γ2,...,γp+1∈Γ(ρα)

γ1+γ2+...+γp+1 6=0

| Qγ+γ1 | · · · | Qγ+γ1+···+γp+γp+1 |
| ΛN− | λγ+γ1 |2| · · · | ΛN− | λγ+γ1+···+γp |2|

|< ΨN (x), uγ+γ1+...+γp+1(x) >|
≤ K(

1
2
ρα1)−p

∑
γ1,γ2,...,γp+1∈Γ(ρα)

γ1+γ2+...+γp+1 6=0

| Qγ+γ1 | · · · | Qγ+γ1+···+γp+γp+1 |

= K(
1
2
ρα1)−pM(γ)

∑
γ2,...,γp+1∈Γ(ρα)

γ1+γ2+...+γp+1 6=0

| Qγ+γ1+γ2 | · · · | Qγ+γ1+···+γp+γp+1 |

...
= K(

1
2
ρα1)−pM(γ)M(γ + γ1) · · ·M(γ + γ1 + · · ·+ γp),

that is,
| Rp |≤ K(

1
2
ρα1)−pM(γ)M(γ + γ1) · · ·M(γ + γ1 + · · ·+ γp),

or
Rp = O(ρ−pα1). (2.3.16)

Substituting (2.3.15) and (2.3.16) into (2.3.13) we obtain

(ΛN− | λγ |2) < ΨN (x), uγ(x) >=

O(ρ−α1) < ΨN (x), uγ(x) > +O(ρ−pα1) + O(ρ−pα).
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Dividing both sides of the last equation by< ΨN (x), uγ(x) >

ΛN− | λγ |2= O(ρ−α1) +
O(ρ−pα1)

< ΨN (x), uγ(x) >
+

O(ρ−pα)
< ΨN (x), uγ(x) >

,

using Lemma(2.3.3)

ΛN− | λγ |2= O(ρ−α1) +
O(ρ−pα1)

O(ρ
−(d−1)

2 )
+

O(ρ−pα)

O(ρ
−(d−1)

2 )
,

using α1 = 3α > α

ΛN− | λγ |2= O(ρ−α1) +
O(ρ−pα)

O(ρ
−(d−1)

2 )
,

choosing p such that p > d−1
2α + 1

ΛN =| λγ |2 +O(ρ−α1).

This completes the proof.



CONCLUSIONS

In this thesis, we obtained an asymptotic formula for the non-resonance eigenvalues of the
self-adjoint Schrödinger operator, with mixed boundary condition de�ned on a d-dimensional
parallelepipedF .

For every non-resonance eigenvalue | λγ |2, | γ |∼ ρ, of the operatorLM (0) there exists an
eigenvalueΛN of the operatorLM (q(x)) satisfying

ΛN =| λγ |2 +O(ρ−α1).
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