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Q-BERNSTEIN POLYNOMIALS ON THE INTERVAL [a,b]

ABSTRACT

We first define a new one parameter family of g-Bernstein polynomial on an
arbitrary interval. It reduces to the classical Bernstein polynomial on any interval
when g = 1. This polynomial also inherits some geometric properties of the classical
Bernstein polynomial on any interval. However, the convergence of g-Bernstein
polynomial on an arbitrary interval is very different from that of classical Bernstein
polynomial on any interval. The uniform convergence of this polynomial for a given
f in Cla,b] depends on parameters a, b and q. We then consider the limit function of
the generalized g-Bernstein polynomial on any interval and show that when ¢ is fixed
on the interval 0 and 1, the limit of this polynomial is f(x) as n tends to infinity if and
only if f(x) is linear. Moreover we find the degree of approximation by modulus of
continuity. We also show that this new g-Bernstein polynomial has symmetry property

provided that f is symmetric on a closed symmetric interval.

Keywords: Generalized g-Bernstein polynomials on any closed interval, uniform

convergence, modulus of continuity.
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[a,b] ARALIGINDA Q-BERNSTEIN POLINOMLARI

0z

Ik olarak herhangi bir kapali aralikta bir parametreli g-Bernstein polinom ailesini
tanimladik. Parametreyi ¢ = 1 olarak sectigimizde, bu polinom herhangi bir kapal
aralikta tanimlh klasik Bernstein polinomuna doniisiir. Ayrica bu polinom herhangi
bir kapali aralikta tanimli klasik Bernstein polinomunun bazi geometrik 6zelliklerine
de sahiptir. Ancak, herhangi bir kapal aralikta tanimli g-Bernstein polinomunun
yakinsaklig1 klasik Bernstein polinomununkinden olduk¢a farklidir. a, b kapali araligin-
da taniml siirekli fonksiyon i¢in bu polinomun diizgiin yakinsakligi a,b ve ¢
parametrelerine baghdir. Sonra n sonsuza giderken bu fonksiyonunun limitini inceledik
ve g parametresini O ve 1 arasinda sabitledigimizde, bu fonksiyonun limiti f(x) ancak
ve ancak f(x) dogrusal fonksiyon oldugunda sagladigini gosterdik. Ayrica, simetrik
kapal1 bir aralikta taniml1 f fonksiyonun simetrik olmasi kogulu altinda genellestirilmis

g-Bernstein polinomunun ilging bir simetri 6zelligine sahip oldugunu ispatladik .

Anahtar kelimeler: a,b kapali araliginda genellestirilmis g-Bernstein polinomlari,

diizgiin yakinsaklik, sitireklilik modiilii.
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CHAPTER ONE
INTRODUCTION

Among many proofs of the Weierstrass Approximation Theorem, probably the one
given by S. N. Bersntein in 1912 is the most well-known. He introduced the following

polynomials, so called Bernstein polynomials

By(f:x)= ) f(k/n)(Z)x"(l —x)" 7, (1.1)
k=0

where f(x) is a function on the interval [0, 1] and n is a positive integer. These
polynomials have many remarkable properties. Since they are particularly useful for
both approximation and curves and surfaces design, their analytic properties have been
studied extensively for several decades. The books by Lorentz (1986) and Farin

(2002) are the most comprehensive guide for these purposes.

We now briefly describe some of these properties. Firstly, it is easily verified that
the operators B, f is a linear monotone operators on|[0,1] for n =1,2,.... Thus,
we can apply Bohman-Korovkin theorem (see, Cheney (1984)) which states that for
a linear monotone operator L,, the convergence of L,f — f for f(x) = 1,x,x° is
sufficient for the operator £, to have the uniform convergence property £, f — f for
all f € Cla,b]. This justifies the uniform convergence of B, f to f for all f in C[0,1].
Similarly, derivatives of the Bernstein polynomial B,gk)( f;x) converges uniformly to
F®(x) on [0,1]. Yet there is another property due to Voronovskaya, that is if f is

bounded on [0, 1] and f”’(x) exists for some x € [0, 1], then

x(1=x)

2 17, (1.2)

nli_)rgo n(B,(f;x)— f(x)) =

which gives asymptotic error estimates for the Bernstein polynomials. In other words,

the convergence by Bernstein polynomial is very slow, like the sequence 1/n.

These polynomials are also variation diminishing, which yields some shape
preserving properties. Namely, the number of sign changes in B, (f;x) is bounded by
that of f(x). Furthermore, when a function f is monotone, Bernstein polynomials of f

are monotone and it also yields a convex function whenever f is convex. Schoenberg



(1959) proved that if f(x) is a convex function then the Bernstein polynomials are

monotonic in the sense that

By(f;%) 2 Bpi1(f30) 2 f(x),  x€[0,1]. (1.3)

The converse of this result showed by Kosmak (1960). That is, if B,(f;x) > Bp+1(f;x)

for all n € N, then f(x) is convex.

Due to their benefit in geometric modelling, Bernstein-Bézier techniques are
fundamental in Computer Aided Geometric Design (CAGD). Bézier curves independently
discovered by P. de Casteljau at Citréen and by P. Bézier at Renault. A Bézier curve is

defined by

n
P()= ) piBj0), 1€[0,1] (1.4)
j=0
where B?(t) = (’;)tj (1 -t/ is Bernstein basis and PosP1,---,Pn are control points

in R? or R3. As the curve lies in the convex hull of its control points, the points
can be graphically displayed and used to manipulate the curve intuitively. Affine
transformations such as translation and rotation can be applied on the curve by

applying the respective transform on the control points of the curve.

The de Casteljau algorithm is recursive method to evaluate polynomials in Bernstein
form or Bézier curves. The algorithm can also be used to split a single Bézier curves at
an arbitrary parameter value. It has an elegant geometric interpretation. This algorithm
is so fundamental that it is used both subdivision and in blossoming. Furthermore, in

1970’s it is generalized to generate B-spline curves, so called de Boor algorithm.

Blossoms or polar forms simplify the construction of polynomial and piecewise
polynomial curves and surfaces and lead to new surface representations and algorithms.
The blossom bases on symmetric multiaffine mapping. A map 7 : R — R is affine if it

preserves affine combinations, that is

n n n
Zajrj]:zaﬁ(rj), VajtjeR  with > a;j=1. (1.5)

J=1 J=1 Jj=1

T

A map p:R" — Ris multiaffine, symmetric and diagonal is called polar form(blossom).

Every polynomial P : R — R of degree < n has a unique n-variate polar form or blossom



p. This polar form p is n-affine, symmetric and diagonal, see Goldman (2003). We

will explain this technique in more detail in Chapter 2.2 .

In view of development of g-Calculus , Phillips (1997) proposed a generalization of
the Bernstein polynomials, based on the g-integers. While for ¢ = 1 these polynomials
reduce to classical Bernstein polynomials. However, for g # 1 they exhibit interesting
properties. The convergence of g-Bernstein polynomials on [0, 1] was first studied
by Phillips (1997). He showed that the convergence properties of these polynomials
are different from classical Bernstein polynomials on [0, 1]. In particular, taking a
sequence g = g, with g, — 1 such that [n] — oo as n — oo, and using Bohman-Korovkin
theorem he showed that B,(f;q,x) converges uniformly to f for all f € C[0,1]. Then,
this convergence property is examined for fixed real ¢, 0 < g <1 and for g > 1. Orug
& Tuncer (2002) proved for a fixed ¢, 0 < g < 1, the uniform convergence holds if
and only if f is linear on [0,1]. In addition, if ¢ > 1,then B, f — f as n — oo for
polynomial f. Furthermore, II'inskii & Ostrovska (2002) studied the convergence of

the limiting function B (f;q, X).

1.1 The g-Calculus

Since our subsequent work invokes g-integers, g-binomial coefficients and g-series
we begin here with a brief review of the g-calculus. For a more comprehensive
discussion of the g-calculus, see Kac & Cheung (2002).

For any real fixed number ¢, the g-integer [r] is defined as

1-¢"/(1-q), q#1,
m:{< -9, g w6

r, q = 1.
Note that [r] is a continuous function of g. We next define [r]!, where r is a nonnegative

integer, as

(1.7)

[r]!_{ Alr=11.01, r2 1,
1, =0,

and call [r]! a g-factorial. Later we shall also need the g-binomial coefficient [’z ] which

is defined as



[n]: [n]! [n]-[n—1]---[n—r+1] (1.8)

rl = [ r=11--4 1]

for n > r > 1, and has the value 1 when r = 0 and the value zero otherwise. Note that

we use [ﬂ to emphasize its dependence on ¢, whenever needed.
q

The g-binomial coeflicients can be computed recursively by the g-Pascal identities
-1 -1

e 19
r r r—1

or

+qn—r[”‘1]. (1.10)

Note that ['; ] is a polynomial in g of degree r(n—r), whose coeflicients may be regarded

as the generating functions for restricted partitions of integers, see Andrews (1976).

1.2 The g-Bernstein Polynomials on the Interval [0,1]

Phillips (1997) proposed the following generalization of the Bernstein polynomials,

based on the g-integers. For each positive integer n,

n—k—1

Bu(f3q.%) = ka[’,:]xk (1-¢7%), x€[0,1], (1.11)
k=0 0

where an empty product denotes 1, the parameter ¢ € R* is fixed and f; = f([k]/[n]).

j:

These polynomials possess the following properties:

1) When ¢ = 1, it reduces to the classical Bernstein polynomial, B, (f;x).

i1) It satisfies the end point interpolation conditions

B,(f:4,0) = f(0), Bu(fiq,1) = f(D). (1.12)



iii) By,(f;q,x) is a monotone linear operator if 0 < g < 1 that is

if f(x) > g(x), then B,(f;q,x) > B,(g;q,x).

iv) It reproduces linear functions

B,(ax+b;q,x)=ax+b, a,beR. (1.13)

v) The g-Bernstein polynomial may be expressed in terms of g-differences as

n
n
B,(f3q,x) = Z [k]Agfo k, (1.14)
k=0
where
Arfi= AT =g A L k>, (1.15)

with Ag fi = fi= fjl/[n]). When g =1 the g-differences become ordinary
forward differences with equidistant step size & = 1/n. Furthermore, given a
polynomial f(x) of degree at most m, A’; Jfo vanishes for all K > m. Therefore

B,(f;q,x) is a polynomial of degree min(m, n).
We can deduce easily from g-difference form (1.14) that

Bu(lig,x) =1, Bu(t;q.x)=x, By(*;q,x) = x*+ x(l[n_] x). (1.16)

vi) It is shown in Phillips (1996) that (1.11) may be evaluated by the following de

Casteljau type algorithm:

Given AR R
m=1,....,n
Compute : f" = (q" —¢" ") f" 4 xfln!] (1.17)
r=0,....,n—m.

We see that when g = 1, it reduces the classical de Casteljau type algorithm and

has a nice geometric interpretation subdivision, see Goldman (2003).

vii) If the parameter is taken as ¢ = ¢, — 1 from below as n — oo then B,(f;q,x)

converges uniformly to f, see Phillips (1997).



viii) The degree of approximation interms of modulus of continuity, see its definition

in chapter (3.3), is given in Orug (1998) as

3
I Ba(f39,) = f(0) lI< Se(1/1n]'72), 0 < g < 1. (1.18)
Here || . || denotes the maximum norm on [0, 1].

The geometric properties are shown in Goodman, et.al. (1999), Orug (1998) and Orug
& Phillips (2003):

ix) If f(x) is convex on [0,1] then B,(f;q,x) is also convex for 0 < g < 1.

Furthermore, if 0 < g1 < ¢2 < 1, then B,(f;q2,x) < B,(f;q1,x), see Goodman,
et.al. (1999).

x) The approximation to a convex function f by g-Bernstein polynomials is

one-sided, from above f. Namely,

B,-1(f;q9,x) 2 B,(f;9,x) > f(x), n=2,3,...,and O0<g<l1. (1.19)

The convergence of B,(f;q,x) very much depends on the parameter g. The first
investigation of convergence with ¢ > 1 is given in Tuncer (2001). Then the limiting

B, (f;q,x) has been studied by II’inskii & Ostrovska (2002).

xi) When 0 < g < 1 is fixed, lim B,(f;q,x) = f(x) if and only if f(x) is linear.
n—oo



CHAPTER TWO
Q-BERSNTEIN BASES ON [a,b]

After the introduction of g-Bernstein polynomials on [0, 1] by Phillips (1997), the
paper by Simeonov, et.al. (2012) extended the g-Bernstein basis polynomials over
arbitrary intervals. The main purpose of the latter work was to develop g-blossoming

and subdivision techniques to generate g-Bézier curves.

In this chapter we will investigate g-Bernstein bases on arbitrary intervals, introduced
by Simeonov, et.al. (2012) . Then, we verify that the basis function form partition
of unity. Finally, we will give a brief summary of g-blossoming and subdivision

techniques for g-Bézier curves.

2.1 g-Identities for g-Bernstein Bases over Arbitrary Intervals

We begin by explaining the notation to be used. Simeonov, et.al. (2012) defined

the following g-Bernstein basis functions:

k:l f— j f%:k—l b— jl
”]Hf—( )l O=a® relabl. (2.1)

By (t;[a,bl;q) = [
k ’ £l B _ .

k [T (b~ ag))
In the above notation, values of g for which b —ag’ = 0 for some 1 < j<n-—1 are
excluded. Note that when a = 0 and b = 1, the formula (2.1) reduces to

1

—k—
[ ]a-gh, 22)
=0

n

Bl(t:q) = [Z]tk

the g-Bernstein basis functions on the interval [0, 1]. The limit of (2.1) as ¢ — 1 gives

the classical Bernstein basis functions over the interval [a, b],

(2.3)

n) (t—a)k(b—-1)"Fk

Bzu;[a,b];l):(k b



The g-Bernstein basis functions on [a, b] satisfy the recurrence relations

_tqn—k—l

B'(t;[a,b];q) = | ———
(3 [a. b)) ( P

)BZ_I(t; [a,b];9)

k-1
[ t—aq _
+q" k(—b g )B’g_ll(t; [a,b];q)
and
n—k—1

b—1q

Bl(t;1a,bliq) = 4| ——=—
(tla,blig) = ¢ ( b—aq!

)BZ_I(t; [a,b];9)

k—1
t—a _
+ (#)BZ_}U; la,b];q)

(2.4)

(2.5)

These recurrence relation can be verified using g-Pascal identities (1.9), (1.10)

respectively. Cubic bases functions Bz(t; la,b];q) for k=0,1,2,3 and various values

of a, b and g are depicted below.

Figure 2.1  Cubic ¢g-Bernstein bases on [-1, 1] for g =3

10 i /
0.8 -
B3 f

.

05

T10-

Figure 2.2  Cubic g-Bernstein bases on [-1, 1] for g = 1/3



Figure 2.3  Cubic g-Bernstein bases on [0,3] for g =3

Figure 2.4  Cubic g-Bernstein bases on [0,3] for g = 1/3

Notice that we lost an important feature of the classical Bernstein basis and the g-

Bernstein basis, the nonnegativity.

Proposition 2.1.1. The basis functions BZ(t; la,bl;q) >0 for k=0,1,2,...,n and
tela,b]l if 0<a<band 0<g<1.

Proof. This is straightforward from the definition (2.1).

Another property is that although the classical Bernstein basis function has just
multiple zeros at the endpoints of the interval, this new basis B] posseses n distinct
real zeros on R.

Although partition of unity property is used many times in Simeonov, et.al. (2012),

its proof is not given. We now give its proof by induction.



It is clear that for n = 0, we have
B)(t;[a,b);q) =

Suppose that forn > 1,
n
>, Bltlablig) = 1. (2.6)

k=0

On using the recurrence relation (2.4), we get

n+1 n+l1
b—tq
§ B”“(t la,bl;q) = E (—)B"(t [a,b];q)
= b—aq" k

(2.7)

n+l k 1
+ Z " "”( )BZ_I(I;[a,b];q)-

b—aq"

Note that BZ(r; [a,b];q) and BZ_I(t; [a,b];q) are not defined for k = n+ 1,k =0,

respectively. We may rewrite the last equation as

n+1 n b— l‘qn_k
Z B\ (t:a.b):q) = Z (ﬁ)BZ(I; [a,b];q)
=0\ 7T
(2.8)
n+l ¢ aqk_l
n—k+1 " " 7 . .
+ kzz;q (b_—aqn)Bk_l(t,[a,b],Q).
Then shifting the index of the second summation, we obtain
n n —k k
b—tq" [ t—aq
n+l, .. ) — n—k . .
Z B (t;[a,bl;q) = Z [(—b " ) +q (—b m— )] By (t;[a,bl; q)
k=0 k=0
n
= D Bl:lablg)=1. (2.9)
k=0

10



2.2 Subdivision and g-Blossoming

Blossom is first introduced by Ramshaw (1989) . Blossoming is an effective
technique for deriving change of basis algorithms and analyzing the properties of
Bézier curves and Bernstein bases. Degree elevation, Subdivision, Conversion from
monomial to Bézier form are easily derived from blossoming. It is extended to g-
blossom by Simeonov, et.al. (2012). The g-blossom form of a polynomial P(#) of
degree n is the unique symmetric multiaffine function p(uy,...,u,;q) that reduces to
P(t) along the g-diagonal. That is, p(uy,...,u,;q) is the unique multivariate polynomial

satisfying the following three axioms:

1. Symmetry:

pUi,....un;q) = plie(l)s - - - Ug(n);q) (2.10)
for every permutation o of the set {1,...,n}.

2. Multiaffine:

plut,....,(1 —ug+avg,...,uy;q) = (1—a)p(ug,...,ug,...,un;q)

+ ap(Ui,..., Vs sUnsq) 2.11)

3. g-Diagonal:

p(tqt,....q" ' t;q) = PQD. (2.12)

When ¢ = 1, we have classical blossoms.

11



2.2.1 g-Blossom of Cubic Polynomials

Let us consider the monomials 1, 7, 2, and #° as cubic polynomials. The g-blossom

of these monomials p(u1,u>,us3;q) are given below respectively:

p(ur,uz,uz;q) =1,

ul+uy+us
pQur,uz,u33q) = ————-, (2.13)
l+g+q
( ) Uuiur +urusz + usu
pluy,uz,u3z;q) =
q(1+q+q*)
UL U3

p(ui,uz,u3;q) = 7

Each of these functions above p(uy,us,us;q) satisfy g-blossoming axioms. Thus, we

can obtain g-blossom of any cubic polynomial P(¢) = ar® + bt”> + ct +d as

ujuu3 Uiuy +urusz + uszuy + uyp+uy+us
C

+b
g g(1+q+q?) l+g+q¢°

plur,uz,u3;q) = a +d. (2.14)

Moreover we can apply a similar technique to find g-blossom polynomials of any

degree n by using g-blossoming of monomials ", for r =0,...,n.

Splitting a Bézier curve into smaller pieces is useful as a divide and conquer strategy
for intersection algorithms. The process of splitting a Bézier curve into two or more
Bézier curves that represents the exactly same curve is called subdivision. The de
Casteljau algorithm, ¢ = 1 in (1.17), is a subdivision algorithm. This algorithm was
extended to g-Bézier curves by Simeonov, et.al. (2012). The convergence of recursive
subdivision for g-Bezier curve was investigated. The following result concerning the

rate of approximation by subdivision of g-Bézier curve was obatined in their work.

Theorem 2.2.1. Let P(t) be a g-Bézier curve defined on [a,b]. Then the control
polygons generated by q-Bézier subdivision converge to the q-Bézier curve P(t)

uniformly on the interval [a,b] at the rate of 27N, where N is the number of iterations.

12



CHAPTER THREE
CONVERGENCE OF Q-BERNSTEIN POLYNOMIAL ON [a,b]

In this chapter, we define a new one parameter family of g-Bernstein polynomials
B,(f;la,b];q,x), based on the bases functions BZ(t; [a,b];q) given in Simeonov, et.al.
(2012). We discuss convergence properties and find the degree of approximation
by modulus of continuity for B, (f;[a,b];q,x). In addition, it is shown that if f is
symmetric on the interval [—a,a], the corresponding g-Bernstein polynomials satisfy
the property
B,(f:[-a,al;q,x) = Bu(f;[-a,al; 1/q,—x).

3.1 The g-Bernstein Polynomials over an Arbitrary Interval

Definition 3.1.1. Given a function f(x) with x € [a,b] and a fixed real number ¢, we

define g-Bernstein polynomial by

T2y —ag) T1"25 ' (b —¢*x)

(3.1)
124 (b - ag®)

B,(f;la,bl;q,x) = Zfr[l:]
r=0

for each n € Z*, where f, denotes the value of the function f at

x:(a+(b—a)ﬂ), for r=0,1,2,...,n.

[n]

Here an empty product in (3.1) denotes 1. When we put g=1 in (3.1), we obtain the

classical Bernstein polynomials on the interval [a, b],

_ ) 3 < INAYL (x—a) (b—x)*7"
Bn(f,[a,b],l,x)—;f(a+(b a)n)(r) e (3.2)

We can also see easily from (3.1) that B,(f;[a, b]; g, x) interpolates endpoints:

B,(f;la,bl;q,a) = f(a) and  B,(f;[a,bl;q.b) = f(b) (3.3)

13



as in for the classical Bernstein polynomials. It is clear that B, f is a linear operator
By(Af +pg) = AB,f +uByg (3.4)

for all functions f and g defined on Cla,b], and all real A and u. We can also see that
B, f is a monotone operator on Cla,b]if 0 <g<land0<a<b.

Note that cubic g-Bernstein bases are symmetric in the sense that
Bi(t;[~a,al;q) = B,_,(-t;[-a,al;1/q) (3.5)

as shown in the figures below.

Figure 3.1 Cubic g-Bernstein bases on [—-1, 1] for g = 10.

\ 1.0 i y
/
B3 8/

Figure 3.2  Cubic g-Bernstein bases on [—1,1] for ¢ = 1/10.

Then from this observation, we have the following proposition.
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Proposition 3.1.2. If f(x) is symmetric on [—a,a], then

B,(f;[-a,al;q,x) = B,(f;[-a,al;1/q,—x). (3.6)

Proof. Assume that f(x) is symmetric on [—a,a] such that f(x) = f(—x). Firstly,
let us manipulate the basis functions
2 (—x+alg) [Tza+x/q*)
’;;é (a+a/q®)

B:ll—r([_aaa]; 1/61, —X) = [n ’i r]
1/q

(3.7
. ' a-xg) T2 +ag®)
-4 n—r n-1 s K
q szo(a +aq®)
= By([-a,al;q,x).
Then, using definition (3.1), we get
By(f:[-a.al;1/q.—x) = an /Bl ([-a.al:1/q.-x), (3.8)
r=0
where f,_, = f(—a+2a[r€;]rl]/l;").
Since
[n_r]l/q ,[n_r]q [n]q_[r]q
= = 3.9
[n]l/q [n]q [n]q 59
and by assumption, we obtain
By(f:[-a.al;1/q,-x) = Zf( a+2a )B”([ ~a,al;q,%)
= ) fiBl(~a.al:q.) (3.10)

= B,(f;[~a,al;q,x)

which completes the proof.

The following figure shows behaviour of B,(f;[—1,1];q,x) while approximating
fx) = X2

15



-1.0 -0.5 0.5 10

Figure 3.3  g-Bernstein polynomials of x% on [-1,1] for g=2andn=2,3,4.

3.2 g-de Casteljau type Algorithm and g-Differences

We now give two algorithms based on Phillips (1996) and Goldman (2003), for
evaluating the g-Bernstein polynomials over arbitrary intervals. Whena =0and b =1

these algorithms reduce to de Casteljau type algorithm (1.17).

Algorithms 3.2.1 These algorithms start with the value of g and the values of f at
the n+ 1 points a + (b—a)%, 0 < r < n, and computes B,(f;[a,b];q,x) = f["], which
is the final point generated by the algorithms. Notice that intermediate points are not
affine combinations of the preceding points in the first algorithm, but this affinity holds
in the second g-de Casteljau type algorithm. According to Simeonov, et.al. (2012),
there are n! number such algorithm whose final points are exactly the same f(gn].

Algorithm 1:
(b-a)

[n]

Given: ¢, f(a),f(a+ )s...r f(D)

Compute :

o bq" =" O e—ag T [ m=1,.n
T b-agm!

16



Algorithm 2:

. (b—a)
Given: ¢, f(a),f(a+ o )s.rs f(D)
b—ght—m-r b—ght—m-r m=1,....n
Compute: [ =(2—L %) pm-11 [y 2749 x flmt
b—aq™™ b—ag"™m 7Tt r=0,...,n—m.

(3.12)

The following theorem justifies the Algorithm 1.

Theorem 3.2.1. For 0 < m<nand 0 <r <n—m, we have

] _ Z f[ ]Hj o —ag’ T~ (bg" — ¢'x) a3
sz() (b- aqj)

and , in particular

1 = B(f;1a,b15¢, %),

Proof. We use induction on m. The result holds for m = 0 and 0 < r < n, since

[0] = f(a+(b—-a) [ n]) We assume (3.13) holds for some m such that 0 < m < n, and for

all 7 such that O <r <n—m. Then for 0 <r <n-m—1, it follows from the algorithm
(3.11) that
ey _ 8 =" 08" + —ag
. p— (3.14)
On using (3.13), we have
m s— Jj+r m—s—1 r_
1l = (bg" — g X)me[ ]H’ o~ aqm My ba' =0
szo(b - aqj)
m (x aq]+r+1)l—[m s— l(bqr+1 _qjx)
+(x_aqr)2fr+s+1[m] . (3.15)
5=0 § j=0(b —agq’)
The coefficient of f;,,,+1 on the right of the above equation is
(x—ag" 17 (x—ag**h) - [17Ly(x—ag’™")
= (3.16)

[T74(b~ag)) C ILb-ag)

17



and the coefficient of f; is

(bg"~q" D) [T} (ba" ~q'») _ T174(bg" ~ ')

— . (3.17)
jzo(b aq]) 7:0(b —agq’)
For 1 < s < m, shifting the index in f; m+1] yields the coefficients of f,,; as
» >:E][ ]Ilj o(x—ag 1"y~ (bg" - g/ x)
q —q"x
H?z()(b —aq /)
o |TDSgGe—ag™ O TS (bg™ ! — ¢x)
+x—aq") ) o T~ aa) : (3.18)
=1 j=0t7 44
We see that
m—s . m—s—1 .
[ [®g™" -g/0 =g -x)g" || bg"-q'x) (3.19)
J=0 Jj=0
and
§=2 . s—1 .
x—aq)| |x-ag™*h = | |x—ag™*"). (3.20)
j=0 j=0

Substituting the last equations into (3.18) and using g-Pascal’s identities (1.9), (1.10)

simplifies the expression (3.18) to

m | TSy (= a7 ) T (bg” — ¢ x)
Z - /= . (3.21)
Therefore, the coefficient of f,.g, for 1 < s<m,in (3.15) is
m+1 s—1 i+r m—s r j
[I2g(x—aq” ) [1"55 (bg" — ¢’ x)

H;(lzo(b —aq’)

and it also holds for s = 0 and s = m+ 1. Consequently, we obtain

18



m+1 m+1 s— r m—s
sl] Z+fr+s[ TG —ag ) 175 (b — g/)
’ H,;l:()(b_aq]) ’

s=0

(3.23)

which completes the proof by induction.

Similarly, in Algorithm (3.11), as we see in (3.13), each intermediate point fr[m] has
a form that resembles that of the final number f; n] — B,(f;la,b];q,x). We now show

that each f; [l can also be expressed in terms of g-differences.

Theorem 3.2.2. ForO<m <nand 0<r<n—-m, we have
- -1 x—ag**"
) _ Z Y [ ]n(ﬁ) (3.24)
s=0 —aq

Proof. We use induction on m. It is true for m = 0 and 0 < r < n, because
r[O] fla+(b— a) ) We assume (3.13) holds for some m such that O < m < n, and for

all r such that 0 < <n—m. Then for 0 <r <n—m-1, it follows from the algorithm that

ey _ 8 =" 0f" + x—agD

v b—ag™ (3.25)
On using (3.13), we obtain
m+1] _ m (m—1)r gt - x_aqs+r
bq" Ay, _
T T oo am){( q —q X)Zq [ ]D)(b e
(3.26)
1 NN | M x—ag*+!
+(b_aqm){(x aq)%q fml_[ e )
Then we use
A;Hfr = A;frﬂ - qlA;fr, (3.27)

in the last equation and rearrange the terms to get
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m -1 X aqs+r
m+1] _ l+r+m (m=t)r t -
- b ALf, e SR
T - aqm){2 - a H qu( b-agq’ )}

iq(m Hr+(m— Z)[ ] t+1f Hlszo(x_aqu’) ‘ (328)
T b-aq™ aq’") p= 15— ag®)
We may write this as

r[m+l] — C](m+l)rA2fr

=1 s+r
- m+ty (m—t+1)r Al ﬂ
- aqm){Zw s [ }qf’g,(b—aqs )}

m—1

[Ti_o(x—ag™)
" b—aq™ aq’") pry

124 - ag®)

q(m Hr+(m— t)[ ] t+lfr } (329)

1 Hm (x_aqs+r)
- Am+l 0
(b aqm){ Jr H (b aqs)}

Shifting the index of the second summation and using g-Pascal identitities (1.9) and

(1.10) we find the coeflicient A’ ofr as

m+1 md x—aq**’"
(m—t+1)r -2 . 330
o ﬂ( s ) (3.30)
s=0
Therefore

m+l f—l Ss+r
[m+1] — (m—t+1)r m+1 Al‘ 'x_aq 3 31
! Z;q t qfrl;! Dmaa (3.31)

and the induction is complete.
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Consequently, for r = 0 in the above equation (3.24), we may express the generalized

g-Bernstein polynomial defined by (3.1) in terms of g-differences.

Corollary 3.2.3.

n r—1 s
Bn(f;[a,b];q,x)=ZA;fo[':} (x aq). (3.32)

— S
r=0 0 b aq

N

Next we investigate the divided differences at x; = a+ (b — a)% for i=0,1,...,n,t0

express B, f interms of divided difference so as to find the eigenvalues of the operator
B,.f : Cla,b] — Cla,b]. First we have
J i) = f(a) — Agf(x)

1 4 o 4

Then second-order divided difference becomes,

Aqf(Xis1) —qAq f(xi)
ST, Xig1, Xig2] =[ : ., = — (3.34)
() o
which is equivalent to
AL f(xi)
Sl 21,242 = G (335)
([%]a) g2 +1[2]

We now state the following proposition similar to Phillips (2003), which shows the

relation between g-differences and divided differences on [a, b].

Proposition 3.2.4. Forall i, k >0, we have

AL f(xi)

b— k k(2i+k—1)/2 '
(e oo

(3.36)

SIxis Xiv1, .o Xipk] =

Ll

where x; = a+ (b—a) ok

Proof. The proof given for x; = [i] in Phillips (2003) may be easily adapted for the
values x; =a+(b— a)%.
What follows now using (3.2.4), we can rewrite the generalized g-Bersntein polynomials

on an arbitrary interval in terms of divided difference.
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Proposition 3.2.5.

Bfia kg0 = Y (1= o)1= G (337)

g (1] [n] ~y(b—agq®)
r=1
Flxo, x| Je—ag®).
s=0

Proof. We use (3.36) to rearrange. We get

b— r
ALf(x0) = X0 X1/ ([7]“) g "R (3.38)

Substituiting this expression into (3.32), gives

BAﬂMMmm:zjﬂm%%ﬁ)fﬁwz (3.39)

r=0 nl

We have

[]'[r]! _[nlln—-1]...[n—r+1]
[n—rl![rn]" [n]"

1 1 1 [r—1]
=—|1-—]... 1- 3.40
Cl( [n]) qr‘l( [n] ) G40

1 1 [r—1]
:m{(l—m)...(l— [I’l] )}, }’21,2,...,1’1.

Substituiting the last expresion in (3.39) gives,

- 1 [r=11\ b-a)
B,(f;la,bl;q,x) = (1——)---(1— ) — (3.41)
;0 [n] [n] S:(])(b —aq®)

r—1
f[-x()’xl’ cee axr] l_[(x_ aqs)'
s=0
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Because rth order divided differences annihilates all polynomials of degree less than
r, it follows that B, (f;[a,b];q,x) is a polynomial of degree min(n,m) when f(x) € P,.
The values 1o =1, 41 =1 are eigenvalues corresponding to the eigenfunctions f(x) =1,

f(x) = x respectively . Furthermore

1 [r—1] (b—a)
A=1-—]--|1- , =2,3,4,..., 3.42
( [n]) ( (7] )ng;g)a;—aqs) ’ " 642

are the eigenvalues of the operator B, f . So far no explicit formula of eigenfunctions

neither for g-Bernstein polynomials nor for classical ones is known.

3.3 Modulus of Continuity and Convergence

We will discuss the uniform convergence of generalized g-Bernstein operator on
[a,b]. Since it is a monotone linear operator for 0 < g < 1 and 0 <a < b, we can employ
the Bohman-Korovkin Theorem (see, Cheney (1984)) which states that for a linear
monotone operator £, the convergence of £, f — f for f(x) = 1, x,x? is sufficient for

the operator £, to have the uniform convergence property L, f — f, for all f € C[a, b].

Firstly, we need to evaluate B,(f;[a,b];q,x) for f =1, 1¢, 2. We can see from 3.1)
and (2.9) that

n S VR n—-r-1 b—a°
B (1 0.l o) = Z [Z]Hszo(x Hiq_l)(?sz)qs)( q°x)
s=0\" "

r=0
(3.43)

= > Blx:[a,bliq) = 1.
r=0

For f(t)=t, and x € [a,b], consider Z’:zof,B;’(x; [a,b];q) where f, :f(wx
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then

B,(t;[a,bl;q,x) = Z(aq n- r]+b[r])B'r1(x;[a,b];6])

(3.44)

n

- Sarlt

r=0

"(x;[a,bliq) + Zb—B”(x [a,b]:q).

From the identities
[n—rl{n| [n-1 m nl |n-1
] [H . ] and [n]H‘[r—l]’ (34

we may write (3.44) as

T2 —agh [T (b - g/x)
. b
By(t;[a,bl;q,x) = Zq[ ] "o(b—aq))

(3.46)

+b2[ _1]Hj o —agH 15 (b—q'x)
[T=5(b—ag’) '

Shifting the indices we get

n-1 (b _an—r—l)

q n—1
Bn t; 7b; ’ = Br ; ’b;
( [a,b]; ¢, %) aZO bag ) B ulablo)

(3.47)

T2 —agh [T (b - qfx)
+b ) (x—aq )[ ] =
Z [T (b —aq)

Rearranging the last expression gives

n—1

Tl _ =11 Al
Bn<z;[a,b];q,x>=2(aq ° Xé_aqff;(x aq))B:"1<x;[a,b];q>

r=0

—xZB" Yx;[a,bl:q) = x. (3.48)
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A shorter way to establish the last identity is to use the difference form. Since Ag fo=a,
Agfo =" and Al fy =0 for r > 2, we find that

B,(t;1a,bl;q,x) = x. (3.49)

Finally, for f(f) = t*, we compute

> b-a)\’
fo=a®, and Agfo=|a+ o) " (3.50)
Using (3.27), we have
2 2
Agfo:(mz](b[;]“)) -2 (a+(b[+]a)) +d’q. (3.51)

Thus, from (3.32)

(b-a)
(n]

B,(**;[a,bl;q,x) = a2+(

+2a)(x_a)+([n]—1)(b—a)(x—a)(x—aq)

[n] (b—aq)

= (l—i)( b-a )x2+ bta ((b_a)+a(1—q))x

[n])\b—aq b—aq\ [n]
(3.52)
ab ((b-a)
— 1-¢)].
b_aq( 0] +a( q))
For a fixed value of g withO < g < 1,
1
[n] > —— as n— . (3.53)
l-¢g
Therefore B,(t%;[a,b]; g,x) does not converge to X2, but
b- b(b 1- b*(1 -
Bu(ilablign) —» 22 POt =) ab0=a) o) o (3.54)

b—aq) = (b-ag) = (b-aq)

Thus, this explains the limitations of Theorem (3.3.1). We now state a theorem, similar

to given by Phillips (1997).
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Theorem 3.3.1. Let (q,) be a sequence suchthat 0< g, <1 and g, —>1 as n— oco.

Then,

Bu(fila,bl;q,x) — f(x), VfeCla,bl and 0<a<b, (3.55)

where B, (f;[a,bl;q,x) is defined by (3.1) with g = g,,.

Proof. This becomes a consequence of the Bohman-Korovkin Theorem.

Next we will consider convergence of generalized g-Bernstein polynomials as g — 0.

As g — 0 we have

U fl@)

f[n](b—x)...(b—xq”"l)_ (b-x)
(b-a)...(b—ag~") ' (b-a)

b

n|(x—a)b-x)...b—xq"? . (x—a)(b—x)b">
le (b—a)...(b—aq" ) = SO T

(3.56)

2

n (x—a)...(x—aq"_z)(b—x)_ (x—a)xX"2(b-x)
f"‘[ 1] (b-a)...(b—aq"") =/ (b-a)b"!

n (x—a)...(x—aq"_])_ (x—a)x""!
fn[n](b—a)...(b—aqn‘l) _f(b)(b—a)bn-l'

After some algebraic manipulations, we obtain that

N (e PN C T b
B,(f:1a,b];0,x) = f(a)(b—a) +f(b)(b—a)b"‘1

(3.57)

(x—a)(b—x)((x+b)"—b”—x”)]

A [ (b—a)b"! bx

Phillips (1997) gave an upper bound for the error f(x)— B,(f;q,x) in terms of the
modulus of continuity. We will prove a similar result for the generalized g-Bernstein

polynomials B,(f;[a,b];q, x). Let us recall the modulus of continuity.
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Definition 3.3.2. The modulus of continuity w(6) of a function f on [a,b] is defined by

w(@) = sup |[f()-fO), 6=0. (3.58)

[x—yl<o
x,y€la,b]

The modulus of continuity has the following properties:

(1) Monotonicity: if 0 < §1 < 02, then w(d1) < w(92),

(i1) Subadditivity: w(d1 +02) < w(d1) + w(02),

(iii) if A > 0, then w(19) < (1 + Dw(9),

(iv) fis uniformly continuous on [a,b] if and only if lims_,ow(6) = 0.

The proofs can be found in Rivlin (1969).

Theorem 3.3.3. If f is bounded on [a,b], then for 0<g<1 and 0<a<b,

b-a) (b—a((1-g)n]-D)"?
||f<x>—Bn<f;[a,b];q,x>||<[1+( a){ A o] )} )w(l/[n]”z),

2 (b—aq)
(3.59)
where ||.|| denotes the maximum norm.
Proof. We adapt the result in Rivlin (1969) as follows. We have
n
lf () = Bu(f[a,D]; g, DIl = IIZ(f(t) — B (t;[a, bl @)l
r=0
n
< D IIf®) = fIB (5 a,b],9) (3.60)
r=0

n

< Zw(v— (a+ (b—a)%)l)B’f(t; [a,b],9)

r=0

From property of the modulus of continuity (iii) , we have
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1.\ _ B NI
w(lt—(a+(b—a)m)l)—w([ TRTIE )

[r] 1
/2y, _ — )2
<(1+[n] lt—(a+ (b a)[n])l)a}([n]l/z),

(3.61)

so that

If(0) = Bu(f31a,b; qr)||<Z(1+n]”2|t (a+(b- a)mn) (
r=0

]
1
<°"([ ]‘/2)

Applying Cauchy-Schwartz inequality on the last summation gives

B 2)B'f(t; [a,b],q)

(3.62)

1+ n]l/ZZh (a+(b- a)—)lB”(t [a,b], q)}

[r
[

[r

Zuz (a+(b-a) [

n 1/2
1)||B’ﬁ(t;[a,b],q)<( (t (a+(b-a) })) B"(t;[a,b],q)]

=0
(3.63)

. 1/2
[ (t —2t(a+ (b - a)H) (a+ (b—) ))B’ﬁ(t;[a,b],q)] .

=0

On using (3.48) and (3.52), we get

, b+a ((b—a) ~ )_ ab ((b—a) B )}”2
{( ] l)t+b—aq ] +a(l—q)|t b—ag\ Tl +a(l —q)
(3.64)
(b-a) (b-a 172
<{4<b—aq>( i ”’(l_q))}

and thus, from (3.62),

b—a) (b—a((l- —1) 12
IIf(X)—Bn(f;[a,b];q,X)ll<[1+( “){ Ao )} )w(l/[n]”z)-

2 (b—aq)
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We now investigate the limits of B, (f;[a,b];q,x) as n — oo for a fixed real g such

that 0 <g < 1. Foreach r=0,1,2,..., we have

hm (a+(b a)H) =a+b-a)l-q"), (3.65)

1 - = (b-xq*
. n . _ _ K
lim B(1a,blig,%) = G e | | (-ag )]_[( b_aqs)
s=0 s=0
(3.66)
:= B ([a,b];q,x).
Notice that B;’([a,b];q,x) >0, forall x€[a,b] andeach g€ (0,1),and 0<a<b. The
function B}’ is not a polynomial but a transcendantal function. Moreover it satisfies
the partition of unity for |%| <1, |x <b and |g| < 1. To show this property, we first

give the following identity, which appears in the study of hypergeometric functions, is

due to Cauchy, see Andrews (1976).

Theorem 3.3.4. If|q| < 1,|t| < 1, then

S (1-a)(l-aq)...(1—ag"™ 1) = (1—-atq
I (I nn(l—tq ) (67

In g-calculus, it is also sensible to use the following Pochhammer symbol:

(@@ =(1—a)1-ag)-(1-ag"™),

(3.68)
(@9)e = | [(1-0gb).
k=0
We have
S B a bk n =3 L TJoeag H b= xg)
T (=g (b—aq®)
(3.69)

:ﬁ (b=xq") Z(x D(x-aq)...(x—aqg"™")
Ll o=ap|! (1=¢Nr]! '
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Since |3] <1, |x| <b and |g| < 1, using Cauchy identity (3.3.4) and Pochhammer
symbol (3.68)

oo( xq)

iB‘r”([a,b];q,X) n
r=0

(x— a)(x—aq)...(x—aq’_l)
o (1=42 l ; (I-q)...(1-¢") }

r=1

o] S A=9H1-9)...(1-9
= 1 . 3.70
(%;q»o[ 1 (N (R x] G0

We consider the expression

s (1—2)(1—(1—)... Y9
1 x X * T 3.71
* 2 I-q..0-q) -71)

r=1

Replacing a by 7,and tby 7 in the Cauchy identity (3.67) gives

1-9(1 -4 O (L))
- Z( D= Z Dr(3)
(I-¢)...(d - qr) (:9r
(3.72)
(59D
(5D
Then, substituting the last expression in (3.70) yields
© X. a.
ZB?’([a,b];q,x):(b’q) Giddo ) (3.73)

(5D (33P0

In what follows, we define the limits of the g-Bernstein polynomial on [a,b] as n — oo

by

Yoo fla+(b-a)1-g")B(la,bl;q,%), if x€la,b),
Bo(f3la,bl;q,x) =
f(b), if x=b.
(3.74)
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The convergence of this new generalized g-Bernstein polynomial on [a,b] is
very different from classical Bernstein polynomial on [a,b] but immitates that of g-

Bernstein polynomial on [0, 1] under certain conditions.

Theorem 3.3.5. Let 0 < g <1 be a fixed real number and 0 < a < b. Then
lim B,(f;[a,bl;q,x) = f(x), forall feCla,b] (3.75)
n—oo

if and only if f(x) = ag+ayx, where ay and ay are constants.

Proof. We will adapt the proof given in II’inskii & Ostrovska (2002).

Suppose that f(¢) = ap +ait. Since B, (f;[a,b];q, x) is linear, we have
B,(ap +ait;la,bl;q,x) =ap+ait, Vg>0 and n=1,2,3,.... (3.76)
and so

Bo(f;la,bl;q,x) = ,}EE‘O B,(f;la,bl;q,x) = f(x). (3.77)

Conversly assume that B (f;[a,b];q,x) = f(x) for all f € Cla,b] and all x. Let us

consider the function

2(x) =f(x)—(f(b)—f(a))(%). (3.78)

It is easily seen that g(a) = g(b) and B (g;[a,b];q,x) = g(x). We will prove
g(a) = g(b) = g(x) for all x € [a,b]. Let M = n%a)é] g(x) and M > g(b). Then
x€la,

M = g(z) for some z € (a,b) and g(a+ (1 —¢")(b—a)) < M for r sufficiently large. On
using positivity of B;°([a,b];q,x) and the fact that 3} B"([a,b]; g, x) = 1, we get

M=g(z)= Z gla+(1-q")(b-a)B([a,b];q,x) (3.79)
r=0

< ) MB(la,bl;g,x) = M.
r=0
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This contradiction implies that g(x) < g(b), Vx € [a,b]. Similarly, let N = n?ir})] g(x)
x€la,
and N < g(b). Then N = g(z) for some z € (a,b) and g(a+ (1 —-¢")(b—a)) > N for r

sufficiently large. So,

N=g(2)= Z:g(a+ (1-¢")(b-a)B(la,bl;q,x) (3.80)
r=0

> NB(la,bl;q,x) = N.
r=0

which shows g(x) > g(b) foreach x € [a,b]. Hence g(x) = ¢ for some ¢ € R.

Consequently,

g(x) = £(x)— (f(b) — f(@) (%)

(3.81)

()= f@) () - fla)a

f) =g+ === o

=aptaix
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CHAPTER FOUR
CONCLUSION

After many studies of g-Bernstein polynomial on [0, 1] introduced by Phillips
(1997), Simeonov, et.al. (2012) extended g-Bernstein basis polynomial over an
arbitrary interval to generate g-Bézier curves using subdivision and blossoming
techniques. Based on this recent work, we have defined generalized g-Bernstein
polynomial B,(f;[a,b];q,x) on an arbitary interval. Setting ¢ = 1 reduces to the
classical Bernstein polynomial on [a,b]. The polynomial B,(f;[a,b];q,x) exhibits
interesting properties. One of them is the convergence property. When (g,) is
a sequence such that 0 < g, <1 and g, - 1 as n — oo, it is shown that
B, (f:la,bl;q,x) uniformly converges to f for all f € Cla,b], with g = g,,. Then we

investigate the convergence of the limit function B (f;[a,b]; g, x), that is
lim By(f;la,bl;q,x) = f(x), forallfeCla,b] (4.1)
n—0o

if and only if f(x) is linear function, where 0 < g <1 is a fixed real number and
0 <a<b. We find the degree approximation by modulus of continuity for this
polynomial. Moreover if f is symmetric on [—a,a], then g-Bernstein polynomial

satisfies

B.(f;[-a,al;q,x) = B,(f;[-a,al;1/q,—x).

Further convergence properties as well as geometric properties will be investigated in

future work.
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