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ALMOST PERFECT RINGS

ABSTRACT

Bazzoni and Salce have showed that all modules over a commutative domain R have
a strongly flat cover if and only if every flat R-module is strongly flat and that holds
if and only if R is almost perfect, that is, every proper quotient of R is a perfect ring.
Facchini and Parolin defined a ring R to be right almost perfect if the quotient ring R/I
is a right perfect ring for every nonzero proper two-sided ideal / of R. They proved
that most of the properties of commutative almost perfect domains still hold in the
noncommutative setting. In this thesis, we observe the relation between commutative
almost perfect domains and C-rings of Renault, and then the relation between right
almost perfect rings and C- -rings of Generalov. A ring R is said to be a left C-ring if
for every left R-module M and for every essential proper submodule N of M, M/N has
a simple submodule. For a set J of left ideals of a ring R, the ring R is said to be a left
C-g-ring if for any proper J-dense left ideal / of R (that is, for every element r of R,
the left ideal (/ : r) belongs to J and (I : r)r not equal to 0), there exists an element r of
R such that (1 : r) is a maximal left ideal. Facchini and Parolin have defined h-locality
also for noncommutative rings. A ring R is said to be h-local if R/I is semilocal for
every proper nonzero two-sided ideal / of R and every nonzero prime two-sided ideal
of R is contained in a unique maximal two-sided ideal of R. We prove that for a prime
ring R, R is right almost perfect if and only if it is 4-local and a left C- 9 -ring, where
is the Gabriel filter that consists of the left ideals / of R such that for every two-sided
ideal J containing / properly, there exists an element r not contained in J with (J : r)

containing a nonzero two-sided ideal.

Keywords: Almost perfect rings, perfect rings, C-rings, C-J-rings, torsion theory,

hereditary torsion theory, Gabriel filter, s-local ring, 7 -dense ideal, cotorsion, covers.
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NEREDEYSE MUKEMMEL HALKALAR

0z

Bazzoni ve Salce degismeli bir tamlik bolgesi iizerindeki her modiiliin bir gii¢li
diiz ortiiye sahip olmasi ile her diiz R-modiiliin gii¢lii diiz modiil olmasinin denk
oldugunu gostermistir ve bu durum ancak ve ancak R neredeyse miikememmel ise,
yani R’nin biitiin 6z boliimleri milkemmel olan bir halka ise saglanir. Facchini ve
Parolin sag neredeyse miikemmel halkalari, her sifirdan farkl iki-tarafli 6z / ideali i¢in
R/I boliim halkasi sag miikkemmel olan halkalar olarak tanimlamiglardir. Degismeli
neredeyse mitkemmel tamlik bolgelerinin sahip oldugu 6zelliklerin cogunun degismeli
olmayan uyarlamada hala gecerli oldugunu kanitladilar. Bu tezde, degismeli neredeyse
miikemmel tamlik bolgeleri ile Renault tarafindan tamimlanan C-halkalar arasindaki
iligkileri, ve daha sonra sag neredeyse miikemmel halkalar ile Generalov tarafindan
tanimlanan sol C--halkalar arasindaki iligkileri gozlemledik. Eger her sol R-modiil
M ve onun her biiyiik altmodiili N icin M/N modiilii basit bir altmodiile sahipse,
R halkasina sol C-halka deriz. Bir J sol idealleri kiimesi i¢in, R halkasinin sol C-
J-halka olmasi i¢in gereken sart, R halkasinin her J-yogun sol ideali / (yani, R’nin
her r elemani icin (I : r) sol ideali S ye aittir ve (I : r)r ifadesi 0’dan farkldir) i¢in
(I : r) maksimal sol ideal olacak sekilde halkada bir r eleman1 olmasidir. Facchini ve
Parolin degismeli olmayan halkalar i¢in A-lokal kavramini da tanimladi. R halkasinin
her sifirdan farkl iki-tarafli 6z [ ideali i¢in R/I boliim halkast yarilokal ve R’nin
her sifirdan farkli iki-tarafli asal ideali R’nin tek bir iki-tarafli maksimal idealinde
iceriliyorsa, R’ye h-lokal halka denir. Bir asal R halkasinin sag neredeyse mitkemmel
halka olmasi i¢in gerek ve yeter sartin R nin A-lokal ve sol C-J-halka olmasi oldugunu
kanitladik; burada J Gabriel filtresi 0yle I sol ideallerinden olusur ki I’y1 6z i¢eren
her iki-tarafl1 J ideali i¢in halkanin 6yle bir r elemani vardir ki (/ : r) sol ideali sifirdan

farkli iki-tarafl1 bir ideal igerir.

Anahtar kelimeler : Neredeyse miikemmel halkalar, miikemmel halkalar, C-halkalar,
C-9-halkalar, burulma teorisi, kalitsal burulma teorisi, Gabriel filtresi, A-lokal halka,

J -yogun ideal, es-burulma, ortiiler.
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CHAPTER ONE
INTRODUCTION

Throughout the thesis, R will denote an associative ring with 1 # 0 and all modules
are unital right R-modules unless otherwise stated. Also, a homomorphism will be
used to imply an R-module homomorphism unless otherwise stated. Whenever we say
a domain we mean a ring without (left or right) zero-divisors that is not necessarily
commutative, whereas we use commutative domain or integral domain to emphasize

the commutativity. By an ideal, we always mean a two sided ideal.

In this thesis, first of all, we summarize and explain the motivation of the notion of
right almost perfect rings from the beginning (see especially Section [I.3). We remind
fundamentals of ring and module theory and we explain the concept of torsion theory
(see Chapter [2). As a serious work, we investigate the work of Facchini and Parolin,
namely, the extension of commutative almost perfect domains to noncommutative
setting, and we explain it by giving much more details (see Chapter [3). Furthermore,
we remind the notion of C-rings of Renault as well as C ¢-rings of Generalov. Finally,
we pose their relation with commutative almost perfect domains and right almost

perfect rings (see Chapter [).

In this introductory chapter, we give a brief summary about the motivating ideas and
necessary concepts for almost perfect rings. In the first section, we collect the main
definitions and mention some new results we obtain in this thesis. For more details of
the results, see Chapter[d] Section|[[.2]is devoted to summarize the notion of covers and
envelopes in relative homological algebra. In Section|I.3] we summarize the concept of
cotorsion theory and explain the problem posed by Trlifaj which gave rise to the notion
of commutative almost perfect domains. In the last section of this chapter, we list some

properties of commutative almost perfect domains since they have generalizations to



noncommutative setting by Facchini and Parolin.
1.1 Motivation and Main Results of This Thesis

The theory of covers and envelopes goes back to 1950’s. Since its beginnings,
the main concern about them has been showing their existence according to some
classes of modules. In years, the existence of some types of covers and envelopes have
been proved such as projective covers, pure-injective envelopes, torsion-free covers
and flat covers. See Section [I.2] for the notions of covers and envelopes. After that,
Trlifaj posed some open problems in the workshop ‘Homological Methods in Module
Theory’, Cortona, 2000. One of them was the following: When is the class of strongly
flat modules a cover class? Namely, over which commutative domains every module

has a strongly flat cover? See Section[I.3]for the notion of strongly flat modules.

Salce and Bazzoni were motivated by this question and obtained the answer in
2002. They proved that all modules over a commutative domain R have a strongly
flat cover if and only if every flat R-module is strongly flat, and also they showed that
the commutative domains satisfying this property correspond to commutative almost

perfect domains (see Theorem [1.3.4] and [1.3.5)). A commutative ring R is said to be

almost perfect if its nonzero proper quotients are perfect rings. Afterwards, this class
of rings have been studied by Bazzoni, Salce, Zanardo and others. Several interesting
properties and characterizations have been obtained for commutative almost perfect

rings; for the properties that we are interested in see Section[I.4]

In this thesis, we investigate the notion of right almost perfect rings, which is a
generalization of commutative almost perfect domains to the noncommutative case,
introduced by |[Facchini & Parolin| (2011): A ring R is said to be right almost perfect if
the quotient ring R/I is a right perfect ring for every nonzero proper two-sided ideal 1
of R (for details and explanations, see Section . In their work, they also obtained
a generalization to the noncommutative case for the theorem which gives equivalent
conditions to the statement ‘every torsion module over a commutative domain contains

a simple submodule’ (see Theorem [1.4.4] for the commutative case and Theorem [3.3.4]



for the noncommutative version). The important point was to define a suitable torsion
theory for prime rings. Besides, they defined h-locality for noncommutative rings.
A ring R is said to be h-local if R/I is semilocal for every proper nonzero two-sided
ideal I of R and every nonzero prime two-sided ideal of R is contained in a unique
maximal two-sided ideal of R. Moreover, they showed that most of the properties
of commutative almost perfect domains still hold in the noncommutative setting (see

Section[3.3). They gave some examples of right almost perfect rings (see Section [3.2).

After we study the structure of right almost perfect rings, we observe the common
properties of C-rings of Renault and right almost perfect rings. The notion of C-rings
was introduced by Renault in 1964 as follows: A ring R is said to be a left C-ring if for
every left R-module M and for every essential proper submodule N of M, M/N has a
simple submodule (see Section[4.T)). At first, we obtain some one way implications for
right almost perfect rings, such as for a prime local ring R, if R is a left C-ring, then it is
right almost perfect (see Proposition4.1.5/and Corollary {.1.7). Also, for left bounded
rings, we show an equivalence relation as follows: For a prime left bounded ring R, R is
right almost perfect if and only if R is h-local and a left C-ring (see Proposition 4.1.9).
Another situation that we obtain an equivalence is the commutative case, that is, for a

commutative domain R, R is almost perfect if and only if R is h-local and R is a C-ring

(see Corollary d.T.TT].

In an attempt to obtain an equivalence relation for the noncommutative case, we
study Cg-rings of Generalov. This class of rings forms a generalization of C-rings.
C g-rings were introduced by Generalov in 1978 as follows: For a set J of left ideals
of a ring R, the ring R is said to be a left C s-ring if for any proper J-dense left ideal
I of R, there exists an element » in R such that (/ : r); = {x € R : xr € I} is a maximal
left ideal. Here, by a J-dense left ideal I of the ring R, we mean a left ideal I of
R such that for every r € R, the left ideal (I : r); = {x € R : xr € I} belongs to J and
(I : r)r #0 (see Section4.2). As a main result, we prove that for a prime ring R, R is
right almost perfect if and only if it is 4-local and a left C s-ring, where 7 is the Gabriel
topology (see Definition [2.2.20] for Gabriel topology) that consists of the left ideals /

of R such that for every ideal J containing I properly, there exists an element r not



contained in J such that (J : r); contains a nonzero two-sided ideal (see Theorem 4.2.6|

and Corollary 4.2.7).
1.2 Covers and Envelopes

In Ring and Module Theory, it has been always important to characterize rings via
their modules. Since it is almost impossible to describe all modules over a given ring
R, the idea is to approximate arbitrary modules by the modules from a particular class

X of modules.

This procedure has been used to investigate injective envelopes by Eckmann &
Schopf (1953), and they proved the existence of injective envelopes for modules over
any ring R. Dually, Bass| (1960) studied projective covers and introduced the notion of
right perfect rings. Afterwards, many other varied notions of covers and envelopes
were defined, such as pure-injective envelopes and torsion-free covers. The first
problem that have been considered related to covers and envelopes are defining covers
and envelopes in a general setting. |[Enochs (1981) first made a general definition of
covers and envelopes by diagrams for a given class of modules. The same notion was
also considered by Auslander & Buchweitz (1989). For a given class X of modules,
determining whether every module has an X-cover (or X-envelope) or not has been

another problem related to covers and envelopes.

Since the existence of projective covers is not so common and also it is believed
that the duality between flat modules and injective modules is better than that between
projective modules and injective modules, Enochs (1981)) conjectured that over any
ring R, every module has a flat cover. At first, they knew that the conjecture is true for
right perfect rings since over right perfect rings every module has a projective cover

and every flat module is projective.

Proposition 1.2.1. (Xu} /1996, Proposition 1.3.1) Every right R-module over a right

perfect ring R has a flat cover which is the same as its projective cover.

In an attempt to enlarge the class of rings over which every module has a flat cover,



Enochs| (1963)) initiated the study of torsion-free covers over integral domains. The
fact that every module over an integral domain has a torsion-free cover provided the
first class of rings, Priifer domains (over such a domain, a module is flat if and only
if it is torsion-free), over which every module has a flat cover. Afterwards, by Xu
(1995), some improvements were obtained. The conjecture had been open for many
years until Bican, El Bashir, & Enochs|(2001) gave its proof in two different ways. We

shall summarize the ideas of the way of Enochs in Section [[.3]

We shall state the general definitions of the notions of covers and envelopes, as well
as collect some of their properties by following the books Xu| (1996)) and Enochs &
Jenda) (2000). For the unexplained terms and concepts of homological algebra, see for
instance, (Osborne| (2000) or Bland| (2011)). All classes of modules are assumed to be

closed under isomorphisms, under taking finite direct sums and direct summands.

Definition 1.2.2. Let X be a class of right R-modules. For an R-module M, an X-cover

is a module homomorphism ¢ : X — M with X € X satisfying the following conditions:

(1) For every homomorphism ¢ : X — M with X" € X, there exists a homomorphism

f:X — Xsuchthat of = ¢, ie., f completes the following diagram

x4 M
»

’
¥

’

AN
VAN
X
commutatively.

(2) For every endomorphism f: X — X, if ¢f = ¢, then f must be an automorphism.
If the first condition holds (and perhaps not the second condition), ¢ : X — M 1is called

an X-precover.

Note that, an X-cover need not be epic. Also, whenever it exists, it is unique up to

isomorphism:

Proposition 1.2.3. (Xu, |/996, Theorem 1.2.6) If ¢; : X; = M, i = 1,2, are two different

X-covers for a module M, then X = X.



Proof. By the definition of the notion of X-covers, there exist module homomorphisms
J1: X2 — X1 and f> : X1 — X5 such that ¢ f1 = @2 and 2 f> = ¢1. So, @1 f1 = 2 implies

that (¢2/2)f1 = ¢2, and ¢ f> = ¢ implies that (¢1 f1)f> = ¢1. Then, f>f1 and f> f1 are
automorphisms by the hypothesis (2) in the definition. Hence, X = X>. O

In addition, a class X of modules over any ring R is said to be a cover class, if every

R-module has an X-cover.

Definition 1.2.4. Let X be a class of right R-modules. For an R-module M, an X-
envelope of M is a homomorphism ¢ : M — X such that the following hold:
(1) Forevery (pl : M — X with X € X, there exists a homomorphism f: X — X such
that ¢ = fo.

(2) If f is an endomorphism of X with ¢ = f¢, then f must be an automorphism.
Similarly, if the first one holds (and perhaps not the second), ¢ : M — X is called an

X-preenvelope, and also envelopes, if exist, are unique up to isomorphism.

By specializing the class of modules, all the existing covers and envelopes can be
obtained. As an example of consistency, we shall show that projective covers and #-
covers coincide, where % is the class of all projective right R-modules for a ring R.
Recall that, if P is a projective module and ¢ : P — M is an epimorphism, then ¢ is
called a projective cover in case Kery is a small submodule of P. A submodule K
of an R-module M is said to be small in M if for every submodule LC M, K+L=M
implies L = M.

Theorem 1.2.5. (Xu, |1996, Theorem 1.2.12) Let P be the class of all projective right
R-modules for a ring R. For a right R-module M and a homomorphism ¢ : P — M,
with P € P, the following are equivalent:

(1) ¢: P—> M is a P-cover,
(2) ¢: P— M is a projective cover.

Proof. (1) = (2): First we see that ¢ is epic. By using the fact that any right R-module

is an image of a projective module, we have a projective module P’ € P such that



¢ : P'— M is epic. Since ¢ is a P-cover, there exists a homomorphism f : P — P
such that ¢f = ¢ . This implies that ¢ is also an epimorphism. To see that Ker¢ is
small in P, let K = Kery and K + L = P for a submodule L C P. We claim that L = P.

Since the restriction ¢y, : L — M 1is epic, we have the following commutative diagram:

P
/ L‘P
LM —0
v A
AN T“J
P
Since ¢ is a P-cover, if must be an automorphism. Then Im(if) = P, and so P C L.

(2) = (1): Clearly ¢ : P — M is a P-precover. Now suppose that f: P — P is an
endomorphism with ¢ f = ¢. Since P = Kery + f(P) and Ker is small in P, we have

f(P) = P. Consider the short exact sequence

0——Kerf—>P—1op——0.

Since it is splitting, there exists a homomorphism g : P — P such that fg = 1p. Then
g is monic and P = Ker f +Img. But ¢ = ¢f, hence Ker f C Keryp is small in P. It

requires that Img = P. Therefore, g is an isomorphism, and so is g~! = f. O

1.3 Strongly Flat Covers Over Commutative Domains

In this section, we will summarize the work done by Bazzoni & Salce| (2002).
For undefined notions and more explanation, see Enochs & Jendal (2000) and [Trlifaj
(2000). We shall start by presenting the concept of cotorsion theory. Note that we use
Ext(M,N) to indicate Ext]le(M, N), that is, the class of all the equivalence classes of

short exact sequences starting with the R-module N and ending with the R-module M.

For a given class X of right R-modules, let

X = {F € Mod-R : Ext(F,X) =0 for every X € X}



and

X+ ={G € Mod-R : Ext(X,G) =0 for every X € X}.

These classes are called orthogonal classes of X. Note that, for any class X of
modules, we have X C1(X+) and X C (*X)*. Also, if X; € X, then 1X, €t X and
X5 € X7. By using these relations, we have *X =+ ((*X)*) and X* = (H(X*))* for

every class X of modules.

Definition 1.3.1. A pair (A, B) of classes of R-modules is said to be a cotorsion pair

or cotorsion theory if A+ = B and A =" B.

For a given cotorsion pair (A, B), a class D is said to generate the cotorsion pair
(A, B)if LD = A (and so D C B), whereas a class G is said to cogenerate the cotorsion

pair (A, B) if G+ = B (and so G C A).

As examples for cotorsion pairs, (Mod-R, I), (P, Mod-R) can be given where 7 and
P denote the classes of injective and projective R-modules, respectively. We remark
that if (A, B) is a cotorsion pair, then A and B are both closed under extensions and
summands, also A contains all projective modules whereas $ contains all injective
modules. Moreover, A is closed under arbitrary direct sums, and B is closed under

arbitrary direct products.

A cotorsion pair (A, B) is said to have enough projectives if for every module
M, there is an exact sequence 0 — B— A — M — 0 with A € A and B € 8.
Besides, (A, B) is said to have enough injectives if for every module M, there exists
an exact sequence 0 — M — B — A — 0 with B € 8 and A € A. Moreover, if
a cotorsion pair has enough injectives and enough projectives, it is called complete.
However, we have that a cotorsion pair (A, $) has enough projectives if and only if
it has enough injectives. Also, it is easy to see that having such an exact sequence
0— B—A— M — 0with A € Aand B € Bimplies that A — M is an A-precover
of M. Similarly, if the cotorsion pair (A, B) has enough injectives, then every module

M has a B-preenvelope.

Definition 1.3.2. An R-module C is said to be cotorsion (in the sense of Enochs) if



Ext(F,C) = 0 for every flat R-module F.

The pair (7,C) where ¥ is the class of all flat R-modules and C is the class of all
cotorsion modules forms a cotorsion pair, and it is called flat cotorsion pair. If we turn
back to the proof of flat cover conjecture given by Enochs, the sketch of the proof is as
follows: [Eklof & Trlifaj (2001) proved that every cotorsion pair which is cogenerated
by a set of modules has enough projectives and enough injectives. Bican, El Bashir, &
Enochs| (2001) proved that the flat cotorsion pair is cogenerated by a set of modules.
Hence, every module M over any ring R has a flat precover. It had been also proved
by |[Enochs| (1981) that if a class X of modules is closed under direct limits and every
module admits an X-precover, then X-covers exist. Since the class of flat modules over
any ring R is closed under direct limits, we conclude that the class of flat modules is a

cover class.

Definition 1.3.3. Let R be a commutative domain with the field of fractions Q. An
R-module C is said to be weakly cotorsion if Ext(Q,C) = 0. It is also called Matlis
cotorsion or cotorsion in the sense of Matlis. An R-module M is said to be strongly

flat if Ext(M, C) = 0 for every weakly cotorsion module C.

Hence, over any integral domain R, the pair (S¥,"WC) is a cotorsion pair where
SF and WC denotes the classes of all strongly flat modules and all weakly cotorsion
modules, respectively. Furthermore, we can partially order the cotorsion pairs in
the following way: (A,B) > (&7(’,8’) means the class B contains the class 8B, or
equivalently, the class A contains the class A. Since the field of fraction Q of a
commutative domain R is a flat R-module, every cotorsion module is weakly cotorsion,
and so every strongly flat module is flat. Thus, we have the subsequent relation for the

cotorsion pairs we mention up to present:

(P, Mod-R) > (SF,WC) > (F,C) > (Mod-R,T) if R is a commutative domain.

Note that all these cotorsion pairs are complete.

Bazzoni & Salce (2002) have been motivated by the question posed by (Trlifaj



(2000). Trlifay (2000) asked the following question: when is the class of strongly
flat modules over a commutative domain R a cover class? Actually, this is a part of the
following more general question: For a class X of modules, is the property of being
closed under direct limits necessary to be a cover class? Because the property of being
closed under direct limits imply for a complete cotorsion pair to be a cover class. The

general question is still open.

Over a commutative domain R, the class S is not closed under direct limits in
general, but its closure under direct limits is the class of flat modules. Note that over
Dedekind domains S = F, hence SF -covers exist for these domains. Bazzoni &

Salce| (2002) proved the following main result.

Theorem 1.3.4. (Bazzoni & Salce, 2002 Theorem 2.10) Let R be a commutative
domain. Every module admits an ST -cover if and only if the class of strongly flat
modules coincides with the class of flat modules. Thus, in particular, S¥ is a cover

class if and only if it is closed under direct limits.

Moreover, [Bazzoni & Salce (2002) also characterized the commutative domains for

which SF = ¥, similar to the characterization of perfect rings by Bass| (1960).

Theorem 1.3.5. (Bazzoni & Salce| 2002, Theorem 4.5) The following are equivalent

for a commutative domain R:

(1) R satisfies SF =F,

(2) R is h-local and every localization Rp of R at a maximal ideal P is almost perfect,
(3) R is almost perfect, i.e., R/I is perfect for every nonzero proper ideal I of R,

(4) SF is a cover class,

(5) SF is closed under direct limits,

(6) WC=C.

10



1.4 Commutative Almost Perfect Domains

In this section, we aim to collect some of the important results about commutative
almost perfect domains given by Bazzoni & Salce (2003). The reason why we are
interested in these properties of a commutative almost perfect domain is that they
have generalizations to noncommutative case given by |[Facchini & Parolin| (2011)).
Moreover, the properties of a commutative almost perfect domain we state here will be

necessary while we show their relation with C-rings in Section {.1]

To begin with, let us recall the notion of a torsion module over an integral domain.
In the case R is an integral domain, we call an element m of a module Mg torsion
element if there is a nonzero element r € R such that mr = 0. The set of all torsion
elements of a module Mg, denoted by #(M), is a submodule of M. The submodule
t(M) is called the torsion submodule of M. Also an R-module M is said to be a
torsion module if /(M) = M, and it is said to be a torsion-free module if #(M) = 0.

Note that the quotient module M/#(M) is torsion-free for every R-module M.

Now, remember the characterization of commutative perfect rings. Although Bass
(1960) defined the notion of a perfect ring for arbitrary rings, it gives us a bit more
advantages when we consider that the ring R is commutative. For the definitions of the
terms used in the following theorems and propositions, see Section and especially
Subsection 2.1.2] Besides, it will be beneficial to note in advance that the notion of
a right perfect ring and a right 7-nilpotent ideal coincides with their left counterparts

since the ring R is commutative.

Theorem 1.4.1. (Bazzoni & Salcel 2003, Theorem 1.1) If R is a commutative ring, then

the following are equivalent:

(1) R is a perfect ring, i.e., R is semilocal and Jac(R) is T -nilpotent,
(2) R satisfies the DCC on principal ideals,
(3) R is a finite direct product of local rings with T-nilpotent maximal ideals,

(4) R is semilocal and every localization of R at a maximal ideal is a perfect ring,
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(5) R is semilocal and semiartinian.

Furthermore, R is a perfect domain if and only if it is a field.

Definition 1.4.2. A commutative ring R is called almost perfect if for every nonzero

proper ideal I of R, the quotient ring R/] is a perfect ring.

The next proposition enables to restrict the study of commutative almost perfect

rings to the commutative domain case.

Proposition 1.4.3. (Bazzoni & Salce, 2003, Propposition 1.3) Let R be a commutative

almost perfect ring. If R is not a domain, then R is a perfect ring.

We shall state a theorem, used in below Theorem [1.4.5] from the book [Enochs &
Jendal (2000), which has an extension to noncommutative case by Facchini & Parolin

(2011) (see Proposition [3.3.4).

Theorem 1.4.4. (Enochs & Jendal (2000, Theorem 4.4.1) and |Bazzoni & Salce| (2003,
Theorem 2.2)) The following are equivalent for an integral domain R with the field of
fractions Q:

(1) Every nonzero torsion module contains a simple submodule,

(2) Every torsion module over R is semiartinian,

(3) For every nonzero proper ideal I of R, R/I contains a simple submodule,

(4) For every nonzero proper R-submodule N of Q, Q/N has a simple submodule,
(5) Q/R is semiartinian,

(6) A module M is injective if and only if Ext(S, M) = 0 for every simple module S,
(7) If {@i : Ti = Mlic is a family of torsion-free covers, then their product

[liciei: [lierTi = 1lier Mi is again a torsion-free cover.

Recall that a commutative domain R is said to be A-local if R is of finite character,

that is, each nonzero proper ideal I of R is contained in at most finitely many maximal
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ideals of R and every nonzero prime ideal of R is contained in only one maximal ideal

of R.

Theorem 1.4.5. (Bazzoni & Salce| 2003, Theorem 2.3) The following are equivalent

for a commutative domain R.

(1) R is almost perfect,
(2) R is h-local and R satisfies one of the equivalent conditions of Theorem

Corollary 1.4.6. (Bazzoni & Salce| |2003, Corollary 2.4) If R is a commutative local

domain and Q is its field of fractions, then the following are equivalent:

(1) R is almost perfect,
(2) Q/R is semiartinian,

(3) Every nonzero torsion module is semiartinian.
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CHAPTER TWO
PRELIMINARIES

This chapter is prepared with the aim of collecting the definitions and results
frequently used throughout the thesis. In the first section of this chapter, we concern
about results related to ring and module theory. In the second section, using the book
Stenstrom!| (1975)), we summarize torsion theory which was defined by (Gabriel (1962)

and Marandal (1964).

2.1 Ring and Module Theory

In this section, our objective is to give a brief information about some notions of ring
and module theory. We do not deal with every term in modules and rings. Actually, we
accept the fundamentals of module theory and ring theory. The definitions and results
we remind here will be used in the next chapters commonly. We shall usually state the
definitions and results for right modules which have obvious left versions. For further
and deeper results and detailed proofs, see for example Anderson & Fuller (1992),

Lam) (2001)), Farb & Dennis| (1993)) and Bland| (2011)).

A right R-module M is said to be a semisimple module if it is a direct sum of simple

submodules, or equivalently, if every submodule of M is a direct summand.

Definition 2.1.1. A ring R is called right semisimple if any of the following equivalent
conditions hold:

(1) R is semisimple as a right R-module,
(2) Every right R-module is semisimple,
(3) Every short exact sequence of right R-modules splits.
Also, left semisimple rings can be defined similarly. Note that, for a right
semisimple ring R, since the right R-module R is finitely generated and from

Definition [2.1.1}(1), it follows that Rp satisfies both ACC and DCC. Thus, a

right semisimple ring R is both right noetherian and right artinian. Moreover, the
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Wedderburn & Artin Theorem which presents the structure of semisimple rings gives
us that a ring is right semisimple if and only if it is left semisimple. Therefore, we drop

the term left or right.

A ring R is called simple if it has no nontrivial two-sided ideals. It is clear that
saying the ring is simple does not imply that it is simple as a module over itself whereas
any ring which is simple as a module over itself is a simple ring. Besides, we know that
simple modules are semisimple, but it is not true that every simple ring is semisimple.

To make it correct, we need one more condition as we can see in the following theorem.

Theorem 2.1.2. (Farb & Dennis, 1993, Theorem 1.15) Let R be a ring. Then the
following are equivalent:

(1) R is a simple right artinian ring,
(2) R is isomorphic to a matrix ring over a division ring,

(3) R is semisimple as a right R-module and all simple modules over R are

isomorphic,
(4) R is homogeneous semisimple as a right R-module,

(5) R is right artinian and has a faithful simple module.

Because of the left-right symmetry in (2), they are all equivalent to the left-handed
versions of (1), (3), (4) and (5). From now on, for semisimple rings we use the term

semisimple artinian to emphasize the above equivalences.

We endure by giving a few definitions of some types of ideals. The Jacobson
radical of a ring R, denoted by Jac(R), is defined to be the intersection of all the
maximal right ideals of R. However, it coincides with the intersection of all the
maximal left ideals, and also we shall remark that it is a two-sided ideal (see [Lam
(2001, Lemma 4.1 and Corollary 4.2)). A one-sided (or two-sided) ideal I of R is said
to be nil if / consists of nilpotent elements while it is said to be nilpotent if /" = 0
for some positive integer n. Clearly, every nilpotent ideal is nil; the converse holds for

right noetherian rings:
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Proposition 2.1.3. (Anderson & Fuller, (1992, Theorem 15.22) If R is a right

noetherian ring, then every nil one-sided ideal of R is nilpotent.

Theorem 2.1.4. (Anderson & Fuller, 1992, Theorem 15.20) A ring R is left artinian
if and only if R is left noetherian, Jac(R) is nilpotent, and R/Jac(R) is semisimple

artinian.

Theorem 2.1.5. (Anderson & Fuller, 1992, Corollary 15.23) Let R be a left noetherian

ring. If R/ Jac(R) is semisimple artinian and if Jac(R) is nil, then R is left artinian.

Proposition 2.1.6. (Lam, 2001, Lemma 4.11) If a right (resp., left) ideal I C R is nil,
then I C Jac(R).

Proposition 2.1.7. (Lam, 2001, Proposition 4.6) If I is an ideal of R lying in Jac(R),
then Jac(R/I) = Jac(R)/1.

The Jacobson radical of a ring R turns out to be a useful tool when determining

whether the ring is semisimple artinian as in the following way:

Theorem 2.1.8. (Lam, 2001, Theorem 4.14) A ring R is semisimple artinian if and
only if R is right artinian and Jac(R) = 0.

In the next definition, we can find an important class of rings which generalizes
one-sided artinian rings: A ring R is said to be semiprimary if Jac(R) is nilpotent and

R/JacR is semisimple artinian.

Another important class of rings is primitive rings. They are a generalization of
simple rings. Before we state its definition, we shall mention some module theoretic
notions. The annihilator of an element m of a R-module M is the set {r € R : mr = 0}
which has a right ideal structure. The annihilator of a right R-module M, which forms
a two-sided ideal, is defined as follows: ann(M) ={r € R : mr = 0 for every m € M}.
We say a right R-module M is faithful if its annihilator is zero. A ring R is called a
right primitive ring if it has a faithful simple right R-module. We call an ideal / of R a

right primitive ideal if it is the annihilator of a simple right R-module. Left primitive
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rings and left primitive ideals are defined similarly. In spite of the name right and left,
primitive ideals are always two-sided. In addition, the quotient of a ring R by a right

primitive ideal / becomes a right primitive ring.

Now, we remind the socle and the radical of a right R-module. For a right R-module
M, its socle, denoted by Soc(M), is defined to be the sum of all simple submodules of
M. Dually, the radical of M, denoted by Rad(M), is the intersection of all maximal

submodules in M. Note that Rad(M) = M if and only if M has no maximal submodule.

Another class of modules that we shall use are semiartinian modules. A right R-
module M is called semiartinian if every nonzero homomorphic image of M, i.e.,
every nonzero quotient module of M, has a nonzero socle, that is, has a simple
submodule. Equivalently, a module M is semiartinian if and only if it is an essential

extension of its socle.

Definition 2.1.9. A ring R is said to be right semiartinian ring if it is semiartinian as
a right R-module over itself, that is, Soc(R/I) is nonzero for every proper right ideal /
of R. Equivalently, a ring R is right semiartinian if and only if every right R-module is

semiartinian.

There is a correspoding notion of a left semiartinian ring. Also, every artinian
module is of course semiartinian, as well as right artinian rings are right semiartinian.
For more details, see for instance, the books |Stenstrom| (1975, Ch. VIII, §2) and Dung,
Huynh, Smith, & Wisbauer| (1994, p. 26-28).

2.1.1 Prime and Semiprime Rings

Prime rings, which generalize domains, will play an important role in the characterization
of almost perfect rings. Because of this reason, we summarize definitions and some

necessary properties about prime rings.

Definition 2.1.10. An ideal P in a ring R is said to be a prime ideal if P # R and, for
all ideals I and J of R, IJ C P implies I C P or J C P. Also, an ideal P of a ring R is

called semiprime if for every ideal I of R, I> C P implies that / C P.
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In fact, for the preceding definitions, we have frequently used equivalent conditions

which can be seen for example in Lam| (2001}, Proposition 10.2 and Proposition 10.9).

Definition 2.1.11. A ring R is called a prime (resp., semiprime) ring if the zero ideal

0 is a prime (resp., semiprime) ideal.

Lemma 2.1.12. (Lam, 2001, p. 158) Let R be a ring and I a two-sided ideal in R.

Then, the quotient ring R/ is a prime ring if and only if I is a prime ideal in R.

The subsequent theorem relates semiprime rings to semisimple rings.

Theorem 2.1.13. (Lam, 2001, Theorem 10.24) For any ring R, the following three

statements are equivalent:

(1) R is semisimple artinian,
(2) R is semiprime and right artinian,

(3) R is semiprime and satisfies DCC on principal right ideals.

2.1.2  Perfect and Semiperfect Rings

First of all, it will be advantageous to give a brief summary about the notions of
local and semilocal rings. In commutative algebra, local rings are defined to be rings
as those which have a unique maximal ideal. Its generalization to arbitrary rings is
defined as follows: aring R is said to be local if the quotient ring R/ Jac(R) is a division
ring, or equivalently, if R has a unique maximal right ideal. As a matter of fact, there
are a few more conditions that are equivalent to this definition. For them, see for
example Anderson & Fuller| (1992} Proposition 15.15). It is worthwhile to note that, in
contrast to commutative case, if a ring R is local, then it has a unique maximal ideal,
while having a unique maximal ideal is not sufficient to be a local ring. As an example,

simple rings have a unique maximal ideal (the zero ideal) but need not be local.

A ring R is said to be semilocal if the quotient ring R/ Jac(R) is semisimple artinian.

Proposition 2.1.14. (Lam| 2001, Proposition 20.2) For a ring R, consider the following
two conditions:
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(1) R is semilocal,

(2) R has finitely many maximal ideals.

In general, we have (2) = (1). The converse holds if R/Jac(R) is commutative.

Note the following well-known fact which we use in Chapter [3} for completeness,

we shall also give its proof.

Proposition 2.1.15. If R is a semilocal ring, then R has no infinite orthogonal set of

idempotents.

Proof. Suppose for the contrary that R has an orthogonal set of nonzero idempotents,
say {e; : i € I}, where I is an infinite index set and e; # e; for all i # j in I. Then
{ei+Jac(R) : i € I} is an infinite orthogonal set of idempotents (not necessarily nonzero)
in the quotient ring R/Jac(R). The submodule U = @iel(e,- + Jac(R))(R/Jac(R)) C
R/Jac(R) is a direct summand of the right R/Jac(R)-module R/ Jac(R) since R/ Jac(R)
is semisimple artinian. Hence, R/Jac(R) = U @ V for some submodule V C R/ Jac(R),
and it must be a finite sum of nonzero submodules of R/Jac(R) since it is finitely
generated. So, e; +Jac(R) = 0+ Jac(R), that is, e; € Jac(R), for all but finitely many
i € 1. It follows that 1 —e; is a unit in R, and (1 —e;)R = R for all but finitely many i € /.
Then, R = ¢;R® (1 — ¢;)R implies ¢;R = 0 and so e¢; = 0 for all but finitely many i € /

which is a contradiction with the infinity assumption on the set {e; : i € I}. O

Perfect rings were introduced by Bass| (1960) in the discussion of dualizing the
injective envelopes. This class of rings result in a homological characterization for
modules, namely: Right perfect rings are exactly the rings whose right modules
have projective covers, and they are precisely the rings whose right flat modules are
projective. Due to these reasons, it became a remarkable class of rings. We shall start

with the definition of semiperfect rings.

Definition 2.1.16. A ring R is called semiperfect if R is semilocal and idempotents of

R/Jac(R) can be lifted to R.
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There is no distinction between being a right or left semiperfect ring. Moreover, it
contains the class of local rings, whereas it is contained in the class of semilocal rings

(see Lam| (2001, Chapter 8))

Theorem 2.1.17. (Lam, 2001, Theorem 23.11) Let R be a commutative ring. The ring

R is semiperfect if and only if it is a finite direct product of local rings.

Before we give the definition of a right perfect ring, we need the notion of a right

T -nilpotent ideal:

Definition 2.1.18. A one-sided ideal J of a ring R is called right 7-nilpotent (resp.,
left 7-nilpotent) if for any sequence (ay),_, of elements in J, there exists an integer

n> 1 such that a,...aza; =0 (resp., ajaz...a, = 0).

Clearly, for a one-sided ideal I of a ring R, we have:

I is nilpotent = I is right (left) 7-nilpotent = I is nil.

Definition 2.1.19. A ring R is called a right perfect ring (resp., left perfect ring)
if R is semilocal and the Jacobson radical Jac(R) of R is right T-nilpotent (resp., left

T -nilpotent).

It can be easily seen that the class of right perfect rings is a generalization of
semiprimary rings, in particular, one-sided artinian rings. Now we state the famous

theorem called Bass’ Theorem P (see Bass| (1960)).

Theorem 2.1.20. (Anderson & Fuller, |1992, Theorem 28.4) For any ring R, the

following conditions are equivalent:

(1) R is right perfect,

(2) R is semilocal and R is right max , i.e., every nonzero right R-module contains a

maximal submodule,

(3) Every (right) R-module has a projective cover,
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(4) Every flat (right) R-module is projective,
(5) R satisfies the DCC on principal left ideals,

(6) R does not contain an infinite orthogonal set of nonzero idempotents and R is left

semiartinian, i.e., any nonzero left R-module N contains a simple submodule.

Remark 2.1.21. Right perfect rings do not have to be left perfect. For instance, see the

example given by H. Bass in (Laml 2001} p. 345).

We shall end this section with the following theorem which can be considered as an

analogue of Theorem

Theorem 2.1.22. (Lam, 2001, Theorem 23.24) Let R be a commutative ring. R is
perfect if and only if it is a finite direct product of local rings each of which has a

T -nilpotent maximal ideal.

2.2 Torsion Theory

In commutative algebra, the field of fractions of an integral domain, or more
generally the total ring of fractions of a commutative ring and localization in
commutative rings are well-known tools. Nevertheless, extending this idea to
noncommutative case was not that simple. It was first investigated by |Ore (1931)
for the case R is a domain, and then |Asano| (1939) considered the existence of a
classical ring of fractions (or a total ring of fractions) with respect to a multiplicative
set of regular elements for an arbitrary ring R. The conditions that will allow us to
construct a general ring of fractions with respect to a multiplicative closed set that may
contain zero divisors was studied by |[Elizarov| (1960). For all the discussion above, we

recommend for example Goodearl & Warfield Jri (2004) or Stenstrom| (1975)).

In particular, to each ring of fractions of a ring R, there is an associated notion of
torsion for R-modules. In this section, we are interested in this most general concept of
torsion theories instead of the notion of torsion related to various multiplicative closed

sets in a ring R. Our objective is to state some definitions and results relevant to torsion
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theory which will be used in Chapters[3|and[d] For the details of proofs and more about

the theory in this section, see Stenstrom| (1975) Chapter VI).

The concept of torsion theory for abelian categories has been introduced by Dickson
(1966)) formally even though the concept is in the work of (Gabriel (1962) and Maranda
(1964)) earlier.

Before we give the necessary definitions and important results of torsion theory, we
will mention the basic concepts of category theory in a concise manner since it is the
natural language to use in torsion theory. On the ground that it is a wide theory, one can
need more definitions or details than we collect here. For this reason, see for instance,

Stenstrom| (1975])) or [Osborne] (2000).

Definition 2.2.1. A category C consists of a class of objects, ObjC, and morphism
sets Morc(A, B) for every A,B € ObjC (an element f of Morg(A, B) is denoted by
f 1A B) with a composition law for Morg(B, C) X Morg(A, B) — Morc(A, C) denoted
by (g, f) — gf that satisfies the followings:
(1) Composition is associative, that is, if f € Mor(C,D), g € Mor(B,C) and h €
Mor(A, B), then (fg)h = f(gh).

(2) Each Mor(A,A) contains a distinguished element 14 and each 14 is an identity,

that is, if f € Mor(A, B), then f = f14 = 15f.

If B and C are categories, then B is a subcategory of C in the case (i) Obj8B is a
subclass of ObjC, (ii) Morg(A, B) is a subset of Morc(A, B) for all A, B € Obj B, and
(iii) the composition in B is the same as in C. Also, a category is said to be small if

the class of objects actually is a set.

Definition 2.2.2. A (covariant) functor F: KX — M, where K, M are categories, is a
function which assigns each object A of ObjK to the object F(A) of Obj M as well
as each morphism f : A — B in Morg(A, B) to the morphsim F(f) : F(A) — F(B) in
Mor p((F(A),F(B)) such that F(gf) = F(g)F(f) for all morphisms f,g whenever the
composite is defined and F(14) = 1) for all A € Obj K.
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The identity functor I : K — K assigns every object A to itself and every morphism

f A — B again to itself.

As an important remark, we shall stress that for a ring R, the module categories
R-Mod and Mod-R are abelian categories which are locally small, complete and

cocomplete (see Stenstrom! (1975, p. 87-89, 99)).

Now, we return to our main concept of torsion theory. Gabriel (1962) and [ Maranda

(1964)) describes this notion in three equivalent ways:

(i) by the class of torsion modules,
(i1) by the right ideals that serve as annihilators of torsion elements,

(iii) by the functor assigning to each module its torsion submodule.

Even though the notion of preradicals defined for locally small, complete and
cocomplete abelian categories in Stenstrom, (1975), for our purposes, we prefer to
state all definitions for the category Mod-R of right R-modules. Similar definitions are

given for the category R-Mod of left R-modules also.

Definition 2.2.3. A preradical r : Mod-R — Mod-R is defined to be a functor such that
it assigns each module M to its submodule #(M) and each R-homomorphism f: M — N
induces a homomorphism r(M) — r(N) via restricting f to the submodule r(M). Note

that this just means f(r(M)) C r(N).

So a preradical is a subfunctor of the identity functor. Provided that we consider the
class of all preradicals of Mod-R, it forms a complete lattice (see [Stenstrom| (1975, p.

63—64) for the notions lattice and complete lattice).

Suppose that r; and r, are preradicals. Then, one can define a preradical
riry by riro(M) = ri(r,(M)). Also, we may define a preradical (r : rp), so that
(ri:r)(M)/ri(M) =r(M/ri(M)). A preradical is said to be idempotent if 7» = r and is
said to be radical if (r: r) = r, that is, if r(M/r(M)) = (r: r)(M)/r(M)=r(M)/r(M) = 0.
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We can associate two classes of modules to each preradical r :
Tr={M e Mod-R :r(M)= M}

and

Fr=1{M € Mod-R : r(M) = 0}.

Proposition 2.2.4. (Stenstrom, 1975, Proposition 1.2) For a preradical r, T, is closed
under quotient modules and direct sums, and F, is closed under submodules and direct

products.

Definition 2.2.5. A class C of modules is called a pretorsion class if it is closed under
quotient modules and direct sums while it is called a pretorsion-free class if it is

closed under submodules and direct products.

Thus, the preceding proposition gives that the classes 7, and ¥, associated to a

preradical r are pretorsion and pretorsion-free, respectively.

Conversely, if we take a pretorsion class C of right R-modules, there is a

corresponding idempotent preradical ¢ defined for all modules M by

(M= > N,
NCM,NeC

where the summation is over all submodules N of M such that N € C. Hence, every

module M has a largest submodule #(M) in C.

The above argument gives more precisely the following one-to-one correspondence.

Proposition 2.2.6. (Stenstrom, 1975| Proposition 1.4) There is a bijective correspondence

between idempotent preradicals of Mod-R and pretorsion classes of modules of

Mod-R.

A pretorsion class is said to be hereditary if it is closed under submodules.
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The next proposition enables to connect the left exactness of a preradical and the

hereditary property.

Proposition 2.2.7. (Stenstrom, |1975, Proposition 1.7) The following are equivalent
for a preradical r:

(1) ris a left exact functor.
(2) If NC M, then r(N)=r(M)NN.
(3) ris idempotent and T, is closed under submodules.

Corollary 2.2.8. (Stenstrom| 1975, Corollary 1.8) There is a bijective correspondence

between left exact preradicals and hereditary pretorsion classes.

Definition 2.2.9. A torsion theory for Mod-R is a pair (7,%) of classes of right R-
modules such that

(1) Hom(T,F)=0forall T €7 and F € .
(2) If Hom(C,F)=0forall Fe¥,thenCeT.

3) If Hom(T,C)=0forall T € 7,then C € F.

Therefore, for a torsion theory (7, %) for Mod-R, we have that:

Ce7 ©Hom(C,F)=0 forall Fe¥F

and

CeF & Hom(T,C)=0 forall TeT.

The class 7 is called a torsion class and its elements are called torsion modules,
whereas F is said to be a torsion-free class and its elements are called torsion-free

modules.

A torsion theory generated by a given class C of right R-modules is obtained as

follows:

F ={F € Mod-R:Hom(C,F)=0 forall C€C}
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and

T ={F € Mod-R:Hom(T,F)=0 forall Fe¥}.
In this case, 7 is the smallest torsion class containing C.

Proposition 2.2.10. (Stenstrom, 1975, Proposition 2.1) The following properties of a

class T of modules are equivalent:

(1) T is a torsion class for some torsion theory,

(2) T is closed under quotient modules, direct sums and extensions.

Accordingly, if (77, %) is a torsion theory, then in particular, 7 is a pretorsion class,
and we can associate an idempotent preradical ¢ by Proposition In fact, a module
M is torsion-free if and only if #(M) = 0. Furthermore, ¢ is actually a radical. On the
other hand, for a given idempotent radical ¢ of Mod-R, the pretorsion class 7; we
associate to t will be a torsion class. By these explanations, we state the following

proposition:

Proposition 2.2.11. (Stenstrom||1975, Proposition 2.3) There is a bijective correspondence

between torsion theories and idempotent radicals.

Proposition 2.2.12. (Stenstrom, 1975, Proposition 2.5) If C is a class of modules
closed under quotient modules, then the torsion theory generated by C consists of all

modules T such that each nonzero quotient module of T has a nonzero submodule in

C.

A torsion theory (7, %) is said to be hereditary if 7 is hereditary, i.e., 7 is closed

under submodules.

By recalling Proposition[2.2.7] and combining Corollary [2.2.8]and Proposition[2.2.11]

we obtain the next proposition:

Proposition 2.2.13. |Stenstrom|(1975| Proposition 3.1) There is a bijective correspondence

between hereditary torsion theories and left exact radicals.
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At this point, we shall continue a few more propositions which will be useful in

Section[3.3]

Proposition 2.2.14. (Stenstrom, |1975, Proposition 3.2) A torsion theory (7 ,F) is

hereditary if and only if ¥ is closed under injective envelopes.

Proposition 2.2.15. (Stenstrom| 1975, Proposition 3.3) The torsion class T generated
by a given class C of modules closed under submodules and quotient modules is

hereditary.

Proposition 2.2.16. (Stenstrom, |1975 Proposition 3.6) A hereditary torsion theory is
generated by the family of those cyclic modules R/I which are torsion modules, where

I runs through right ideals of R.

As a consequence, a hereditary torsion theory is uniquely determined by the family
of right ideals I of R such that R/I is a torsion module; such a family of right ideals is
a family of neighborhoods of 0 for a certain topology on R. Due to this cause, it may
be suitable to remind some topological structures. A topological ring is a ring with a
topology that makes it a topological group under addition and makes the multiplication
RXR — R a continuous map. The topology of R is characterized by the filter S of
neighborhoods of 0 satisfying the following conditions (for the notion of filter, see

Stenstrom| (1975, p. 64)):

(N1) For every U € S, there exists V € S such that V+V C U.
(N2) If U € S, then -U € 8.
(N3) Forevery re R and U € S, there exists V € S such that ¥V C U and Vr C U.

(N4) For every U € S, there exists V € S such that VV C U.

A topological right R-module can be defined in a similar manner (see |Stenstrom;

(1975, p. 144)).

We pay attention to the topologies defined by ideals or submodules.
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Definition 2.2.17. A topological ring R is right linearly topological if there is a basis

of neighborhoods of 0 consisting of right ideals.

Recall that for a right ideal I and element r of a ring R, we may define the right
ideal (I : r), = {x € R: rx € I}. Similarly, for a left ideal /, we have the left ideal
(I:r)y={xeR:xrell.

If R is a right linearly topological ring, then the set J of all open right ideals

satisfies:

(T1) IfIeJandIC J,thenJ € J.
(T2) If I, Je 9, thenINJe 9.

(T3) IfIeJandreR,then(I:r),={xeR:rxel}e .
Conversely, if 7 is a set of right ideals of R satisfying (T'1),(72),(T3), then there is a

unique right linear topology on R with J as a basis of neighborhoods of 0.

Likewise, a linearly topological right R-module M over a right linearly topological
ring R with J as the set of all open right ideals can be defined (see Stenstrom| (1975,
p.144)). In particular, for any right R-module M, there is a strongest linear topology

on M whose open submodules are given by

JM)={LCM:(L:m) €9 forall me M}.

This topology is called J-topology on M. Besides, a module Mg is a linearly
topological module under its discrete topology, that is, the J-topology of M is discrete

if and only if the annihilator ideals

ann(m) ={reR:mr=0}=(0:m), €9 forevery me M.

Also, M is said to be J-discrete if the J-topology of M is discrete.

Lemma 2.2.18. (Stenstrom, |1975, Lemma 4.1) The class of J -discrete modules is a

hereditary pretorsion class.
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As a consequence of the above lemma, we can associate a left exact preradical 7 to

the class of J-discrete modules by Corollary [2.2.§]

Proposition 2.2.19 (Proposition 4.2). (Stenstrom, 1975) There is a bijective correspondence
between:

(1) Right linear topologies on R,
(2) Hereditary pretorsion classes of R-modules,

(3) Left exact preradicals of Mod-R.

It is benefical to stress that the hereditary pretorsion class we associate to a right

linear topology 7 is
{Mpg : ann(m) € J for every m € M},

that is, the class of J-discrete modules, whereas the corresponding linear topology for

a hereditary pretorsion class C is the following set of right ideals of R:

{IRCRr: (R/Dg €C}.

Adding the below new axiom (7'4) to the list (T'1), (T2), (T3), we obtain the
definition of a (right) Gabriel topology:

Definition 2.2.20. A (right) Gabriel topology on a ring R is a family J of right ideals
of R satistying the following axioms (7'1) — (T4):
(T1) IfIeJandIC J,thenJ € .

(T2) If1,JeJ,thenInJe 9.
(T3) If IeJandreR,then({:r),={xeR:rxel}ey.

(T4) If Iis arightideal of R and there exists J € J suchthat (/: j),={reR: jrel}eJ
forevery je J,thenl € J.

Theorem 2.2.21. (Stenstrom, 1975, Theorem 5.1) There is a bijective correspondence
between:
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(1) Right Gabriel topologies on R,
(2) Hereditary torsion theories for R,

(3) Left exact radicals of Mod-R.

By the preceding theorem, we obtain that for a Gabriel topology ., the corresponding
hereditary torsion class consists of all modules which are discrete in their J-topology.

These modules are called ./ -torsion modules.

The following serve as a useful tool.

Lemma 2.2.22. (Stenstrom, 1975, Lemma 5.2) If ] is a non-empty set of right ideals
of R satisfying (T3) and (T4), then it also satisfies (T 1) and (T?2).

Now, let us consider the class Top(R) of the topologies on R. We say 7| is weaker
than 7o, or equivalently, 7, is stronger than 71, if 71 € 7. Then, Top(R) forms a
complete lattice. Moreover, every intersection of Gabriel topologies is again a Gabriel
topology, and so there is a closure operator J on Top(R) which to each topology 7

associates the weakest Gabriel topology J(7) stronger than 7.

Proposition 2.2.23. (Stenstrom| 1975, Proposition 5.4) If T is a topology, then the
Gabriel topology J(7) is equal to the set

{IrCRg: forevery J2I, J+#R, thereexists r¢& J such that (J:r), €1}.

We shall note as an important remark that if 7 is a topology, then the corresponding
hereditary torsion class for the Gabriel topology J(7) is the class of modules generated

by the class of 7-discrete modules.
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CHAPTER THREE
ALMOST PERFECT RINGS

In this chapter, the notion of a right almost perfect ring will be introduced and
some properties of this class of rings investigated by Facchini & Parolin| (2011) will be

explained in detail.
3.1 An Overview of Almost Perfect Rings

As we mentioned before, we call a ring R right almost perfect if R/I is a right
perfect ring for every proper nonzero two-sided ideal / of R. One can define left
almost perfect rings similarly. This class of rings generalizes right perfect rings, in
other saying, right perfect rings are right almost perfect since quotient rings of right
perfect rings are right perfect by [Lam| (2001, Corollary 24.19) or |Anderson & Fuller
(1992, Corollary 28.7).

To begin with, we can say that the notion of almost perfect rings is not left-right
symmetric, in other words, there are left almost perfect rings that are not right almost

perfect as the following example shows:

Example 3.1.1. (Facchini & Parolin, 2011, §3 Example (4)) Let k be a field and k,,
be the k-algebra of all matrices consisting of countably many rows and columns with
entries in k such that each row has only finitely many nonzero entries. If we consider
the set N of all strictly lower triangular matrices in k,, with only finitely many nonzero
entries, then R = k+ N forms a subalgebra of k. In this case, E;; € N if and only
if i > j where E;; denotes the matrix units. Thus, the Jacobson radical Jac(R) of R
is N. It is shown that R is left perfect but not right perfect in Bass| (1960, p. 476).
As a result, it is a left almost perfect ring. Now we claim that it is not right almost
perfect. In order to show this, we take into account the principal ideal I of R generated
by E5 1. It can be seen that / is the vector space generated by all E;; with i > 2. Then
I € Jac(R) and so Jac(R/I) = Jac(R)/I = N/I. But, Jac(R/I) = N/I is not a right T-
nilpotent ideal: For the sequence {Ek,k_l};":3 =1{...,E54,E43,E32} of elements in N,

the products E;, ,—1E,—14-2--E43E32 = E, 3 are not in [ for every positive integer n.
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So the quotient ring R/I is not right perfect which implies that R is not right almost

perfect.

As a further information, there is no relation between almost perfect rings and

semiperfect rings:

Example 3.1.2. (Facchini & Parolin, 2011, §3, Example (5)) The ring Z of integers is
almost perfect inasmuch as every quotient ring of Z is artinian but it is not semiperfect,
the reason is that the ring Z/Jac(Z) = Z is not semisimple artinian, and so Z is not

semilocal.

Example 3.1.3. (Facchini & Parolin, 2011, §3, Example (5)) A commutative valuation

domain of Krull dimension > 2 is semiperfect, but is not almost perfect.

Recall that if R is a commutative almost perfect ring which is not a domain, then R
must be a perfect ring (see Proposition|[I.4.3)). As an analogue of this theorem, [Facchini
& Parolin| (2011) shows that for non-prime rings, right almost perfect rings and right

perfect rings coincide:

Theorem 3.1.4. (Facchini & Parolin, 2011, Theorem 3.1) If R is right almost perfect

and not a prime ring, then R is right perfect.

Proof. With the purpose of showing that R is right perfect, the proof of the theorem

separates into two cases depending on having nilpotent two-sided ideals or not.

First case: Suppose that R has a nonzero nilpotent two-sided ideal, that is, there
exists a nonzero two-sided ideal J of R such that J” = 0, where n is the smallest
positive integer with this property. Therefore, with the hypothesis that R is not prime,
it follows that there exists a nonzero two-sided ideal K with K> = 0. In particular,
K is nilpotent, hence nil. By Proposition 2.1.6] we have K C Jac(R), and so Jac(R)
is nonzero. Because R is right almost perfect, the quotient ring R/Jac(R) is right
perfect, and by Theorem[2.1.20] R/ Jac(R) is semisimple artinian. This gives us that R is

semilocal. Now we can conclude that R has no infinite orthogonal set of idempotents by
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Proposition [2.1.15] In order to obtain that R is right perfect by using Theorem [2.1.20}
(6), we claim that R is left semiartinian, i.e., every nonzero left R-module contains a
simple submodule. Take a nonzero left R-module M. Here, we have two observations.
Firstly, if KM = 0, that is, K C ann(M), then M is a left R/K-module. But R/K is
right perfect since R is right almost perfect. Therefore R/K is left semiartinian which
means every left R/ K-module has a simple submodule. Consequently, M has a simple
R/K-submodule which is also a simple R-module. On the other hand, if KM # 0, then
KM is a nonzero left R/K-module. On the ground that R/K is right perfect, and so
left semiartinian, the module KM has a simple R/ K-submodule which is also a simple
R-module. Thus, M has a simple R-submodule as required. Subsequently, R is left

semiartinian.

Second case: This time we assume that R has no nonzero nilpotent two-sided ideal.
Since R is not prime, there exist two-sided nonzero ideals I and J of R with 1J = 0.
Then (I N J)*> C IJ = 0 implies that /N J = 0 because R has no nonzero nilpotent two
sided ideal. Our first claim is that R contains no infinite orthogonal set of idempotents.
Suppose for the contrary that R contains an infinite orthogonal set E of idempotents
inR. Let E; ={e+1: e € E}. Then by Theorem [2.1.20}(6),E; must be finite due to
the fact that R/ is right perfect. Therefore, there is a partition of E into finitely many
subsets E1, E,..., E, with the property that for every e, f € E; e— f € I if and only if e
and f belong to same block partition E; of the partition. But E is infinite, hence one of
the blocks is infinite, say E;. Thus E; is an infinite orthogonal set of idempotents of R.
If we take the set E; j ={e+J : e € E;}, it will be an orthogonal set of idempotents of
R/J. As in the above argument, the set E; ; must be finite. Similarly, there is a partition
of E; into finitely many subsets E/l, e ,E;n with the property that for every e, f € Ey;
e— f € Jif and only if e and f belong to same block partition E'] of the partition of E;.
Since E; is infinite, one of these blocks must be infinite, say E; However, for every
e,f€ E;, we have e — f € J because e and f belong to the same block E; Also,e—fel
because both e and f are in E;. Subsequently, e— f € INJ =0, that is, e = f for every
e,f € E; It means that E; has just one element. This gives a contradiction with our

assumption on E; Now we pose our second claim: R is left semiartinian. For the proof
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of this claim, let M be a left R-module. If /M = 0, then M has a simple R/I-submodule,
hence a simple R-submodule. In the case IM # 0, IM has a module structure over the
right perfect and so left semiartinian ring R/J. Thus, IM has a simple R/J-submodule,

hence a simple R-module. As a result, M has a simple R-submodule in any case. O

By the above theorem, we understand that to investigate the structure of right almost
perfect rings, we should only focus on the prime case, because otherwise the ring R
will be a right perfect ring. For this reason, we state some properties about prime rings

which will be useful for the following theorems in this chapter.

Lemma 3.1.5. (Facchini & Parolin, 2011, Lemma 4.1) Every prime right perfect ring

is a simple artinian ring.

Proof. Since R is a right perfect ring, it satisfies the DCC on principal left ideals by
Theorem [2.1.20] In view of Theorem [2.1.13] and by considering the fact that every
prime ring is semiprime, we can conclude that R is semisimple artinian. Now we
need to see that semisimple prime rings are simple. Suppose for the contrary that the
ring R is not simple, i.e., R contains a nonzero two-sided ideal I properly. Since R
is semisimple artinian, /g is a direct summand of Rg, that is, Rg = Igr ® Br for some
nonzero right ideal B of R. But R is prime, hence Bl C BNI =0givesus/ =0or B=0

which contradicts with our assumption. Therefore R is simple artinian. O

Corollary 3.1.6. (Facchini & Parolin, 2011, Corollary 4.2) A nonzero two-sided ideal
of a right almost perfect ring R is a maximal ideal if and only if it is a prime ideal if

and only if it is a right primitive ideal.

Proof. We already know that every maximal ideal is prime. For the second implication,
suppose that [ is a nonzero prime ideal of R. Then R/I is right perfect. Besides, by
Lemma[2.1.12] R/I is a prime ring. Consequently, by the above lemma, R/ is a simple
artinian ring. Theorem gives us that R/ is semisimple artinian and all simple
modules over the ring R/I are isomorphic. For this unique simple right R//-module,
say M, anng,/(M) must be equal to zero as R/I is a simple ring. So anng(M) = 1.

As a result, [ is the right annihilator of the unique simple right R-module M which
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means / is a right primitive ideal. In an effort to see the last implication, i.e., to see
that / is maximal whenever it is right primitive, we consider the ring R/I. Since R/I
is a right perfect ring with a faithful simple right R//-module, we have Jac(R/I) =
(Nann(S) = 0, where S ranges over all the simple right R//-modules. It gives us that
(R/I)/(Jac(R/I)) = R/I is semisimple artinian. It follows that R/I is simple artinian,
otherwise R/ = B1® B,---® B,, for n > 1 where B;’s are homogeneous semisimple
components of R/I. But it requires that B;B; = 0 and B; C ann(B;) for every i # j. It
contradicts with R/l having a faithful simple right R//-module. Thus n must be equal

to 1. Therefore [ is maximal. O

Now, we can give our attention to the notion of h-locality. Matlis (1964) gives the
definition of this notion in the study of commutative domains whose torsion modules
admit primary decompositions and this class of domains generalize Dedekind domains.
Actually, the notion of i-locality had been studied first by Jaffard|(1952)) and then the -
local domain property was studied by many others for their own purposes; see Fontana,

Houston, & Lucas| (2012} §2.1) or|Fuchs & Salce| (2001, Chapter 1V, §3).

Definition 3.1.7. A commutative domain R is said to be A-local if

(1) R is of finite character, that is, each nonzero proper ideal / of R is contained in at

most finitely many maximal ideals of R.

(2) Every nonzero prime ideal of R is contained in only one maximal ideal of R.

It is worth to explain that in Definition [3.1.7] the condition (1) means that the
quotient ring R/I is semilocal for every nonzero proper ideal / of R. Indeed, for a
nonzero ideal I C R, there are at most finitely many maximal ideals M1, ..., M,, of R that
contains / if and only if the ring R/I has finitely many maximal ideals M /I,...M, /I if
and only if R/I is semilocal by the commutative part of Proposition [2.1.14] Likewise,
the condition (2) says that the ring R/P is local for every nonzero prime ideal P of R.
The reason is that, for a prime ideal P of R, we know that there exists a unique maximal
ideal M of R that contains P, that is, M/P is the unique maximal ideal in R/P if and

only if R/P is local since R is commutative.
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Facchini & Parolin (2011)) extend this notion to general (noncommutative) rings in

the following way:

Definition 3.1.8. A ring R is said to be h-local if

(1) The ring R/I 1s semilocal for every proper nonzero two-sided ideal / of R.

(2) Every nonzero prime two-sided ideal of R is contained in a unique maximal two-

sided ideal of R.

Moreover, we can easily see that local rings are h-local as follows. Suppose that R
is a local ring. Then R has a unique maximal ideal, namely Jac(R), and every two-sided
proper ideal I of R is contained in Jac(R). Then (R/I)/Jac(R/I) = (R/I)/(Jac(R)/I) =
R/Jac(R) by Proposition 2.1.7, and R/Jac(R) is semisimple artinian. Hence R/I is

semilocal. Also, for every prime ideal P of R, we have P C Jac(R).

We immediately deduce the following corollary:

Corollary 3.1.9. (Facchini & Parolin, 2011, Corollary 4.3) Every right almost perfect

ring is h-local.

Proof. It follows from Theorem that R/I is semilocal for every nonzero prime
ideal 7 and from Corollary [3.1.6/that each prime ideal is contained in a unique maximal

ideal P. d

We conclude this section by collecting the discussion appearing up to present. In
general, for an arbitrary ring R, one has two exclusive cases according to the ideal
0 is maximal or not. The case that the zero ideal is maximal corresponds to simple
rings. If R is not simple, that is, if O is not a maximal ideal in R, again we can separate
into cases whether R is semilocal or not. On the ground of these reasons, [Facchini
& Parolin| (2011) indicate that right almost perfect rings belong to exactly one of the

following three classes and give the conditions for a ring R to belong to these classes:

Theorem 3.1.10. (Facchini & Parolin, 2011, p. 201) Right almost perfect rings belong
to exactly one of the following three classes.

(1) First class: Simple rings.
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(2) Second class: Semilocal non-simple right almost perfect rings. A ring R belongs
to this second class if and only if R/ P is simple artinian for every nonzero prime

ideal P C R and every nonzero non-faithful left R-module is semiartinian.

(3) Third class: Non-simple, non-semilocal right almost perfect rings. A ring R
belongs to this third class, that is, R is not simple, not semilocal, and right almost
perfect if and only if Jac(R) = 0, every nonzero element of R belongs to only finitely
many maximal ideals of R, the ring R/ P is simple artinian for every nonzero prime

ideal ideal P of R and every nonzero non-faithful left R-module is semiartinian.

3.2 Examples of Almost Perfect Rings

In this section, we would like to collect a few more examples of right or left almost
perfect rings in order to make the notion more concrete and understandable. This

section is based on [Facchini & Parolin/ (2011, §3 and §5).

Example 3.2.1. Simple rings. Since simple rings have no proper nonzero two sided

ideals, they are trivially both right and left almost perfect.

Example 3.2.2. Nearly simple chain rings. In the first place, let us consider the
intersection of all nonzero two-sided ideals of aring R and call it A. Then the ideal A is
either the zero ideal or the least nonzero two-sided ideal of R. Now, suppose that this
second case holds, that is, R has a least nonzero two-sided ideal, A. In this situation
we have the following observation: R is right almost perfect if and only if the quotient
ring R/A is right perfect. It can be seen straightforwardly by observing that for every
nonzero two-sided ideal I of R, A is contained in / and R/I = (R/A)/(I/A). As an
example, take into account the case where R has exactly three two-sided ideals: 0, R
and /. Then R is right almost perfect if and only if the simple ring R/ is right perfect.
However, for simple rings we have that it is right perfect if and only if it is simple
artinian since semisimplicity implies being artinian. As a consequence, we obtain that
R is right almost perfect if and only if R/I is simple artinian, where R is a ring with
exactly three ideals. Particularly, such a ring R is right almost perfect if and only if it is
left almost perfect. An example of these rings with three ideals is given by the nearly

simple chain rings.
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Definition 3.2.3. A nearly simple chain ring R is a noncommutative right and left
chain ring (i.e., right ideals and left ideals are linearly ordered), with exactly three

two-sided ideals: 0, R and Jac(R).

On the ground that chain rings are local, R/ Jac(R) is a division ring, hence R/ Jac(R)
is semisimple which means artinian, and so both left and right perfect. Therefore,
nearly simple chain rings are right and left almost perfect. Note that nearly simple

chain rings belong to the second class in Theorem [3.1.10}

Example 3.2.4. Von Neumann regular rings that are right V-rings but not left V-rings.
For a field k and an infinite-dimensional vector space Vy, if we take into account the
endomorphism ring End(V) and its two-sided ideal S consisting of endomorphisms
of finite rank, then we obtain that the k-subalgebra R = k+ S which has just three two-
sided ideals: 0, R and S. Also, R is prime and clearly right and left almost perfect.
Moreover, the Jacobson radical Jac(R) is 0. Otherwise, Jac(R) = S which is impossible
due to the fact that we have 1 — E{; is not invertible (where E;; € S), and so Eq; ¢
Jac(R). This fact brings about that R is not semilocal. Consequently, this class of rings
constitutes an example for the third class of right almost perfect rings that we explained

in Theorem [3.1.10] Further, R is not right perfect and is not left perfect.

3.3 Main Results by Facchini

After we met the notion of (noncommutative) right almost perfect rings, we turned
our attention to the properties of commutative almost perfect domains (see Section|1.4)
that still hold in the noncommutative setting; we present them in this section from

Facchini & Parolin (2011)).

In the work of extending the characterizations and results to the noncommutative
case, at first, we need the notion of forsion module over a noncommutative ring. We
know that for each ring of fractions of a ring R, there is a notion of torsion for R-
modules which corresponds to the ring of fractions. However, the example of a nearly

simple chain domain R (hence an example of right and left almost perfect domain)
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which is also an Ore domain given by Puninski| (2001) indicates that the conditions
of Theorem [[.4.4] do not hold if we consider the torsion modules as those in which
every element is annihilated by a nonzero element of R and Q is the classical ring of
fractions of R, which is a division ring. In this torsion theory, we obtain a nonzero
torsion module whose socle is zero (for the example and explanations, see Facchini
& Parolin| (2011}, p. 195-196)). For these reasons, |[Facchini & Parolin (2011) uses a

different torsion theory as explained below.

Firstly, let us remind the following well-known notions:

Definition 3.3.1. A submodule N of a module M is said to be essential in M if for

every submodule LC M, NN L =0 implies L = 0.

Definition 3.3.2. Let I be a one-sided ideal of a ring R. The core of I, denoted by
core(]), is the largest two-sided ideal of R contained in /. Observe that core(/) is the
annihilator in R of the right R-module (R/I)g for a right ideal I of R. Similarly, this
holds for left ideals of R.

Lemma 3.3.3. (Facchini & Parolin, 2011, Lemma 4.4) In a prime ring R, every right

ideal with a nonzero core is essential in the right R-module R.

Proof. Assume that [ is a right ideal with core(/) # 0. For a nonzero right ideal J of R,
we know that Jcore(/) # 0 since R is prime. The inclusions Jcore(l) C core(/)NJ C
I N J show that the ideals I and J have nonzero intersection. Thus, I is essential in

Rg. O

On any prime ring R, we can define a natural topology, which is right and left
linearly topological, by taking the set B of all nonzero two-sided ideals of R as a basis
of neighborhoods of zero. The set D of left ideals of R that are open in this topology
satisfies the conditions (7'1),(72) and (T'3) that we state in Section[2.2] We have

D ={rl CRR: thereexists K €$B suchthat K CI}={grl CgR:core(l) # 0},

and so (T'1) is trivial. For K| C I and K, C J where I,J € D, it comes that K1 K, CINJ,
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and so (7'2) holds. (T'3) can be seen as follows: For I € D and r € R, clearly
KCc{U:ry={xeR:xrel}eD,

where K is some ideal in 8 chosen such that K C I by the definition of 9. As Facchini
& Parolin/ (2011}, p. 197) point out, (74) does not hold for this topology in general, and

so this left linear topology does not always form a left Gabriel topology.

For the next step, consider the class # of all left R-modules whose elements are

annihilated by an element of B, that is, the class of D-discrete modules,
P ={rM: forevery me M,there exisits K € B such that Km=0 }.

It is clearly closed under quotient modules, i.e., under homomorphic images and also
under submodules. In order to see that it is closed under direct sums, take a collection
{M}ren inP. Letme @ .\ M. Then m =mj +---+m, for some m; € My, and A; € A
fori=1,2,...,n. If we take K = K| ---K,, where each K; belongs to 8 and K;m; =0
for i = 1,2,...,n, then since R is prime, K is nonzero. Also, K C K; since each of
Ki,...,K, are two-sided ideals. So, we have Km; C K;m; =0 foreachi=1,...,n, and
so Km = 0. Thus, P is a hereditary pretorsion class. Therefore, by Proposition [2.2.12]
the torsion theory 7 generated by ¥ consists of all left R-modules 7" such that each

nonzero quotient module of 7" has a nonzero submodule contained in . Namely,
7 ={T : T/N has a nonzero submodule contained in # for every N C T}.

Also, 7 is hereditary by Proposition and 7 is the smallest torsion class that
contains . On the other hand, the torsion theory 7~ generated by # corresponds to the

left Gabriel topology J(D) by the last paragraph of Page 30} and we have the following

by Proposition [2.2.23}
J(©O)={gl CRR:forevery J2I, J#R, thereexist r¢J such that core(J:r); #0}.

Here, by the arguments in Section [2.2] J(D) is the weakest Gabriel topology stronger

40



than D, and so B8 C D C J(P). In addition, in this torsion theory, the module gR is
torsion-free. Suppose for the contrary that it is not. Then, #(zR) # O for the left exact
radical ¢ corresponding to this torsion class 7. It requires that there exists a nonzero
left ideal I of R contained in 7. So for a nonzero r € I, the cyclic submodule Rr is
torsion since 7 is hereditary. Then Rr contains a nonzero submodule K in P, that is,
for all x € K C Rr, there exists I € B such that /x = 0, which is a contradiction since R

1S prime.

In the rest of this and the next chapter, whenever we say a torsion module over
a prime ring, we mean a module in 7. We follow the proofs of Facchini & Parolin

(2011) by giving detailed explanations.

The following proposition is a noncommutative analogue of Theorem [1.4.4]

Proposition 3.3.4. (Facchini & Parolin, 2011, Proposition 4.5) The following conditions

are equivalent for a prime ring R:

(1) Every nonzero torsion left R-module contains a simple submodule,
(2) Every torsion left R-module is semiartinian,
(3) R/I is a left semiartinian ring for every nonzero proper two-sided ideal I of R,

(4) For every proper left ideal L with a nonzero core, the cyclic left R-module R/L

contains a simple submodule.

Proof. (1) = (2): Let M be a torsion left R-module. By Proposition[2.2.10] 7" is closed
under quotient modules, i.e., homomorphic images. So every nonzero homomorphic
image of M is torsion. The condition (1) says that every homomorphic image contains

a simple submodule.

(2) = (3): Assume that [ is a nonzero proper two-sided ideal of R. We claim that
R/I is a left semiartinian ring, that is, every nonzero left R/I-module has a simple
submodule. In order to show this, let M be a nonzero left R/I/-module. We can view

M as a left R-module whose elements are annihilated by 7, which is an element of 8.
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Therefore gM € P C T, hence M is a nonzero torsion left R-module, and so semiartinian

by (2). It gives us that every left R//-module is semiartinian.

(3) = (4): Suppose that L is a left ideal of R with core(L) # 0. (3) gives that the
quotient ring R/ core(L) is a left semiartinian ring, hence we obtain the left R/ core(L)-
module R/L is semiartinian. But it is also semiartinian as a left R-module which means

that it contains a simple R-submodule.

(4) = (1) : Let M be a nonzero torsion left R-module, i.e., M € 7. If M is simple,
then it is trivial, so assume that M is not a simple module. Then there exists a nonzero
submodule N of M such that N € # by Proposition 2.2.12] It means that for every
n € N, there exist I € 8 such that In = 0. Now, set L = ann(n). So L is a proper left ideal
of R containing /. In particular, L has a nonzero core. Therefore, by (4), the cyclic left
R-module R/L = Rn contains a simple submodule which means gM contains a simple

submodule. O

The next theorem gives the noncommutative analogue of Theorem [[.4.5]

Theorem 3.3.5. (Facchini & Parolin, 2011, Theorem 4.6) For a prime ring R, the

following statements are equivalent:

(1) The ring R is right almost perfect,

(2) The ring R is h-local and satisfies one of the equivalent conditions of Proposition

Proof. (1) = (2). Suppose that R is a right almost perfect ring. By Corollary 3.1.9] R
is h-local. For the remaining part, we will show that it satisfies the third condition of
Proposition [3.3.4] Let I be a nonzero proper two-sided ideal of R. Then the ring R/I is
right perfect, hence left semiartinian by Theorem [2.1.20]

(2) = (1). Let R be a h-local ring, and assume that every torsion left R-module is
semiartinian. Every left R-module M with a nonzero annihilator is torsion. Because
ann(M) € B, so clearly M € P which gives M € 7. Let I be a nonzero proper two-

sided ideal of R. We claim that R/I is right perfect. On the ground that every nonzero
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left R/I-module is a left R-module annihilated by the nonzero proper ideal I, every
left R/I-module is semiartinian. Thus, the ring R/I is left semiartinian. Besides, R/I
is semilocal as R is h-local. By Proposition R/I contains no infinite set of
orthogonal idempotents. We conclude that R/ is right perfect by Theorem [2.1.20}(6).

Hence R is right almost perfect. O

The following corollary is a noncommutative analogue of Corollary [I.4.6]

Corollary 3.3.6. (Facchini & Parolin| 2011, Corollary 4.7) Let R be a prime local

ring. Then, R is right almost perfect if and only if R satisfies one of the equivalent

conditions of Proposition

Proof. First part by Theorem [3.3.5] Converse part is obtained by the fact that local
rings are h-local and again by Theorem [3.3.5] m|

We shall state another characterization of right almost perfect rings by Facchini &

Parolin| (2011)).

Proposition 3.3.7. (Facchini & Parolin, 2011, Proposition 4.8) A ring R is right almost

perfect if and only if it satisfies the following conditions:

(1) Ris h-local,
(2) Every nonzero right R-module Mg with Rad(M) = M is faithful.

Proof. (=): The condition (1) is satisfied by Corollary 3.1.9] In order to see (2),
let M be a nonzero right R-module with Rad(Mg) = Mg. Suppose for the contrary
that it is not faithful, i.e., the two-sided ideal I = ann(M) is nonzero. Also, since
the quotient ring R/I is a right perfect ring by the hypothesis, it is also a right max
ring by Theorem [2.1.20}(2). But it means that every nonzero right R//-module has a
maximal submodule, and so Rad(Mg/;) # Mg,;. It contradicts with Rad(Mg) = Mg, so

I := ann(M) must be zero.

(<): Suppose that (1) and (2) hold. Let I be a nonzero proper two-sided ideal of

R. Since R is h-local, the factor ring R/I is semilocal. Now, we claim that R/ is
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right max. For the proof of the claim, let M be a nonzero right R//-module. Then M,
viewed as a right R-module, is not faithful because I C ann(Mp). So, by the condition
(2), Rad(Mg) # Mg, that is, Mg has a maximal submodule, as well Mg/;. Therefore,
R/I is right perfect by Theorem 2.1.20+(2). m]

Facchini & Parolin| (2011) also consider the left noetherian case for prime rings
and obtain stronger results for right almost perfect rings. Before we state this stronger

characterization, we shall explain the advantages of being left noetherian for a ring R.

Lemma 3.3.8. (Facchini & Parolin, 2011, p. 199) Let R be a left noetherian ring.
Then, R is right perfect if and only if R is left artinian.

Proof. If R is right perfect, then R is semilocal and Jac(R) is right T-nilpotent. By
Proposition [2.1.3] Jac(R) is also nilpotent. Then, by Theorem [2.1.4] we conclude that
R is left artinian. Conversely, if R is left artinian, it is also semilocal. Also, Jac(R) is

nilpotent, hence right 7-nilpotent. |

In the case R is a left noetherian prime ring, the set 8 of nonzero two-sided ideals
of R becomes a basis for a left Gabriel topology, so that the left Gabriel topology J(D)

turns out to be the linear topology O, and P = 7.

We are ready to state the following characterization for left noetherian rings.

Theorem 3.3.9. (Facchini & Parolin, |2011, Proposition 5.1) The following conditions

are equivalent for a left noetherian prime ring R:

(1) Every nonzero torsion left R-module contains a simple submodule,
(2) Every torsion left R-module is semiartinian,

(3) The ring R/1 is a left semiartinian ring for every nonzero proper two-sided ideal

I of R,
(4) The ring R/ is left artinian for every nonzero proper two-sided ideal I of R,

(5) R is right almost perfect.
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Proof. (1) & (2) © (3) has been shown in Proposition [3.3.4]

(3) = (4): Since R is left noetherian, the left Gabriel topology corresponding to
semiartinian modules consists of the left ideals A of R with R/A of finite length. If 7 is
two-sided and R/I is left semiartinian, then 1+ / is annihilated by 7, hence I belongs
to the left Gabriel topology corresponding to the semiartinian modules, and so R/I is

a left R-module of finite length. Therefore, R/I is left artinian.

(4) = (5): By Lemma|3.3.8] R/I is right perfect for every nonzero proper two-sided
ideal 7 of R.

(5) = (1): Let M be a nonzero torsion left R-module. We claim that gM contains a
simple submodule. Take a nonzero element m of M. Since M € 7 = P, every element
of M is annihilated by an element of 8. So, there exists I € B such that /m = 0. Thus,
I C ann(Rm). Moreover, the ring R/I is left semiartinian since it is right perfect. Then
the module g/;(Rm) contains a simple R/I-submodule, and so a simple R-submodule.

O

45



CHAPTER FOUR
ALMOST PERFECT RINGS AND C 7-RINGS

In this chapter, our main object is to state and prove the relations between almost
perfect rings and C-rings of Renault| (1964), and as well as C¢-rings of Generalov
(1978). In an attempt to declare the relations between these classes of rings, we divided
the investigation into two cases. First, we state the results related with C-rings and
commutative C-domains. Secondly, we show the relation concerning about C -rings.
Before anything else, we shall start the sections by presenting the concepts of C-rings

and of Cg-rings.

4.1 C-rings of Renault

Definition 4.1.1. (Renault,|1964) A ring R is said to be right C-ring, if for every right
R-module M and for every essential proper submodule N of M, Soc(M/N) # 0, that is,

the quotient module M/N has a simple submodule.

Proposition 4.1.2. (Renault, 1964, Proposition 1.2) A ring R is right C-ring if and
only if for every essential right ideal I of R, Soc(R/I) # 0.

A module Mp, is said to be singular if its every element is singular, that is, for every
m € M, ann(m) is essential in Rg. Also, we have the following proposition that will

provide an equivalence for the notion of C-ring.

Proposition 4.1.3. (Lam, 1999, p. 269) Let N be a submodule of the R-module M,
where M is a free R-module. Then, the quotient module M/N is singular if and only if

N is essential in M.

Since R is a free right module over itself and every cyclic R-module is isomorphic
to the right R-module R/I for some right ideal I of R, right C-rings are also defined to

be as those rings such that every cyclic singular right R-module has a nonzero socle.

A submodule N of a right R-module M is said to be neat if any simple module S is

projective relative to the projection M — M/N. Besides, a submodule N of M is said
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to be closed in M if it has no essential extension in M, or equivalently, if there exists
a submodule N of M such that N is a complement of N in M, that is, N is maximal
with respect to the property NN N "=0. For every module M and submodule N of M,
if N is a closed submodule of M, then N is a neat submodule of M. The converse does
not hold and indeed that characterizes C-rings. That is, C-rings are characterized as the
rings over which every neat submodule is a closed submodule. Similarly, left C-rings
are defined. For all of the above argument, see Generalov| (1978)), Mermut (2004, §3.3)
and Clark, Lomp, Vanaja, & Wisbauer (2006, §10).

A module M is called max-injective if for every maximal right ideal 7 of R, every
homomorphism I — M can be extended to a homomorphism R — M. A module M is
max-injective if and only if Ext(S, M) = O for every simple module S (for details see
for example (Ozdemir (2011, §4.2)). Smith! (1981, Lemma 4) proved that R is a right
C-ring if and only if every max-injective right R-module is injective (without using the

C-ring terminology).

By combining all of these results, we obtain a list of characterizations for right

C-rings as follows:

Proposition 4.1.4. (Hatipoglu, 2014, Proposition 3.3) The following are equivalent

for a ring R and if one of the equivalent conditions is satisfied, then the ring R is said
to be a right C-ring:

(1) For every right R-module M and for every essential proper submodule N of M,
Soc(M/N) # 0,

(2) For every essential right ideal I of R, Soc(R/I) # 0,

(3) Every singular module is semiartinian,

(4) For every cyclic singular module M, Soc(M) # 0,

(5) For every right R-module M, all neat submodules of M are closed,

(6) Every max-injective right R-module is injective.
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Clearly right semiartinian rings are right C-rings. Another example of right C-
rings are left perfect rings since left perfect rings are right semiartinian. Commutative
noetherian rings whose nonzero prime ideals are maximal are C-rings (see Mermut
(2004, Proposition 3.3.6)). In particular, commutative artinian rings and Dedekind

domains are such C-rings.

Recall that in a prime ring R, every right ideal with a nonzero core is essential in the

right R-module Ry (see Lemma [3.3.3)).

Proposition 4.1.5. If R is a prime left C-ring, then it satisfies the last condition of
Proposition that is, for every proper left ideal I of R with a nonzero core, the

cyclic left R-module R/I contains a simple submodule.

Proof. Let I be a proper left ideal of R with core(/) # 0. By Lemma|3.3.3] 7 is essential
in the left R-module R. Since R is a left C-ring, the left R-module R/I contains a simple

submodule. So, R satisfies condition (4) in Proposition [3.3.4] O

Corollary 4.1.6. For a prime ring R, if R is h-local and a left C-ring, then it is a right

almost perfect ring.

Proof. Since R is a left C-ring, it satisfies one of the equivalent conditions in
Proposition[3.3.4]by Proposition[d.1.5] Thus, R is right almost perfect by Theorem|[3.3.5]

O

Corollary 4.1.7. For a prime local ring R, if R is a left C-ring, then it is right almost

perfect.

Corollary 4.1.8. For a left noetherian prime ring R, if R is a left C-ring, then it is right

almost perfect.

Proof. 1If R is a left C-ring, then every nonzero torsion left R-module (in the sense of
Facchini) contains a simple submodule by Proposition Hence, R is right almost
perfect by Theorem [3.3.9] m]

Recall that a ring R is said to be right bounded if every essential right ideal of R

contains an ideal which is essential as a right ideal. Left bounded rings are defined
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similarly. Note that a prime ring R is right bounded if and only if every essential right
ideal I of R contains a nonzero ideal, that is, core(/) # 0 (see |(Goodearl & Warfield Jr

(2004, p. 156)).

Proposition 4.1.9. For a prime left bounded ring R, R is right almost perfect if and
only if R is h-local and a left C-ring.

Proof. Since R is a prime left bounded ring, we have core(/) # 0 for every essential
left ideal I of R. Thus, R/I contains a simple submodule for every essential left ideal 1
of R since R is right almost perfect. This means that R is a left C-ring. Converse part

holds by Corollary {.1.6] m|

Another situation that we obtain equivalence is the commutative case. For

commutative domains, we have:

Proposition 4.1.10. (Mermut, 2004, Proposition 3.3.9) A commutative domain R is a

C-ring if and only if every nonzero torsion module has a simple submodule.

Corollary 4.1.11. For a commutative domain R, R is almost perfect if and only if R is

h-local and R is a C-ring.

Proof. Straightforward by Proposition and Theorem m|

Corollary 4.1.12. For a local commutative domain R, R is almost perfect if and only

if Ris a C-ring.

4.2 Cg-rings of Generalov

Definition 4.2.1. (Generalov}, [1978) Let J be a set of right ideals of a ring R. A
submodule N of a module M is said to be J-pure if for any commutative diagram of

the form
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where I € J, i and j are injections, and f and g are arbitrary homomorphisms, there

exists a homomorphism 4 : R — N such that hi = f.

Definition 4.2.2. Let J be a set of right ideals of a ring R. A submodule N of a module
M is called J-dense if for every m € M the right ideal (N : m), = {r € R : mr € N}
belongs to J and m(N : m), # 0. In this case, the module M is said to be an essential

g -extension of N.

Definition 4.2.3. A submodule N of a module M is called a weakly J-pure
submodule if it does not have any proper essential J-extension in M, that is, if N

is J-dense in K € M, then N = K.

Let us observe the following conditions that we may want the set 7 of right ideals
of a ring R to satisfy.
(F1) If I € g and the right ideal J contains /, then J € 7.

(F2)y IfIleJandreR, then({:7), €Y.

(F3) If arightideal [ is containedin J € J and (I : r), € J forevery re J,then I € .
If the set J of right ideals of R satisfies all three conditions, then it is said to be a

radical filter.

Lemma 4.2.4. A set J of right ideals is a Gabriel topology if and only if it is a radical
filter.

Proof. (=) part is clear. Conversely, suppose that J is a radical filter. (7'3) comes
from (F2) easily. For (T'4), suppose that [ is a right ideal and there exists a right ideal
J € J such that ({ : r), € J for every r € J. We aim to obtain / € J. Since INJ is a
right ideal that is contained in J and (INJ :r), = (I : r), € J for every r € J, we obtain
by (F3) that the right ideal 7 N J belongs to J. Also, (F'1) implies that € J. Thus, it
is a Gabriel topology by Lemma [2.2.27] m]

From now on, let us suppose that J satisfies (F'1) unless otherwise stated.

Definition 4.2.5. Let J be a set of right ideals of a ring R. The ring R is said to be

a right C y-ring if for any proper J-dense right ideal I of R, there exists an element
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r € R such that (I : r), is a right maximal ideal. Left C s-rings for a set [ of left ideals

of R are defined similarly.

C g-rings generalizes the concept of C-rings. If 7 is the set of all right ideals of R,

then being a right C y-ring means just being a right C-ring.

We can state our main theorem:

Theorem 4.2.6. Let R be a prime ring and J = J(D) the left Gabriel topology in the
sense of Facchini. Then, R is a left Cq-ring if and only if it satisfies the following
condition which is one of the equivalent conditions of Proposition for prime
rings: For every proper left ideal I of R with a nonzero core, the cyclic left R-module

R/I contains a simple submodule.

Proof. Suppose that R is a left Cq-ring. We will show that the condition (4) of
Proposition [3.3.4 holds. Let I be a proper left ideal of R with core(/) # 0. Since
the core of I is nonzero, [ is essential in the left R-module zR by Lemma @], which
means (I : r);r # 0 for every 0 # r € R. Also, core(/) is a two-sided ideal, so it is
contained in 8 C D C J(D). By (T2), I € J(D). Moreover, for every nonzero r € R,
core(l) C (I : r);, and so the left ideal (I : r); is in J(D). So, I is J-dense in gR. Due
to the fact that R is a left C 4 ring, there exists r € R such that (I : r); is a maximal left
ideal, that is, R/(I : r); = R(r +I) is a simple left R-module in the left R-module R/].

For the converse part, assume (4) of Proposition holds. Let I be a J-dense
left ideal of R, i.e., for every r € R and for the element r+ I € R/I, (I :1r);=(0:r+1); =
ann(r+1) € J and (I : r);r # 0. Recall that the torsion class corresponding to the Gabriel
topology J = J(D) consists of left R-modules M such that ann(m) € J(D) for every
m € M. Thus, the left R-module R/I is torsion. By Proposition [2.2.12] R/I contains a
nonzero submodule N = U/I in P. Then, for a nonzero x = u+1 € N, there exists K € B
such that Kx =0. But, K C (I : u), that is, K C ann(x). It follows that core(ann(x)) # O.
By assumption R/ ann(x) contains a simple submodule, and then R/ ann(x) = Rx C R/I

implies that R/I also contains a simple submodule. O
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We end the section with immediate corollaries of Proposition4.2.6|

Corollary 4.2.7. For a prime ring R, R is right almost perfect if and only if R is h-local
and R is a left Cq-ring, where J = J(D) is the left Gabriel topology in the sense of

Facchini.

Corollary 4.2.8. For a local prime ring R, R is right almost perfect if and only if R is
a left Cq-ring, where J = J(D) is the left Gabriel topology in the sense of Facchini.

52



CHAPTER FIVE
CONCLUSION

In this thesis, we summarized and explained the motivation of the notion of right
almost perfect rings from the beginning. We investigated the work of Facchini and
Parolin and explained it by giving much more details. Furthermore, we remind the
notion of C-rings of Renault and C ¢-rings of Generalov. Finally, we pose their relation

with commutative almost perfect domains and right almost perfect rings.

In the study of right almost perfect rings, there is still some characterizations and
properties of commutative almost perfect domains that we do not have noncommutative
analogues such as in |[Bazzoni & Salcel (2002). The motivation to investigate
commutative almost perfect domains was to consider strongly flat covers. So, as a
major object, it can be dealt with the problem of generalizing the following theorem
proved by Bazzoni and Salce to noncommutative setting: ‘For a commutative domain
R; every R-module has a strongly flat cover if and only if every flat R-module is
strongly flat if and only if R is almost perfect.” Namely, the next step may be to find
a class of rings so that we can define the notion of strongly flat modules coinciding
with its commutative counterpart. For this reason, it is necessary to introduce an
analogue of the field fractions Q of a commutative domain for an arbitrary prime
ring. So, the question is: for which class of prime rings R, its maximal quotient ring
becomes a flat R-module and can we define the notion of strongly flat module over it?
Facchini suggests for a prime ring R that the candidate for Q is the ring of quotients
li_1>nHom(RI ,RR), where the direct limit is over gl € J(D), of the prime ring R with
respect to the Gabriel topology J(D). The first attempt for this may be to understand
the case for semiprime right Goldie rings. Because in this case, its maximal ring of

quotients will be a flat module over the ring.

53



REFERENCES
Anderson, F. W., & Fuller, K. R. (1992). Rings and categories of modules. New-York:
Springer.

Asano, K. (1939). Arithmetische Idealtheorie in nichtkommutativen Ringen. Japanese

Journal of Mathematics, 16, 1-36.

Auslander, M., & Buchweitz, R.-O. (1989). The homological theory of maximal
Cohen-Macaulay approximations. Mémoires de la Société Mathématique de France.

Nouvelle Série, (38), 5-37.

Bass, H. (1960). Finitistic dimension and a homological generalization of semi-

primary rings. Transactions of the American Mathematical Society, 95, 466—488.

Bazzoni, S., & Salce, L. (2002). Strongly flat covers. Journal of the London
Mathematical Society. Second Series, 66(2), 276-294.

Bazzoni, S., & Salce, L. (2003). Almost perfect domains. Colloquium Mathematicum,
95(2), 285-301.

Bican, L., El Bashir, R., & Enochs, E. (2001). All modules have flat covers. The
Bulletin of the London Mathematical Society, 33(4), 385-390.

Bland, P. E. (2011). Rings and their modules. Walter de Gruyter.

Clark, J., Lomp, C., Vanaja, N., & Wisbauer, R. (2006). Lifting modules. Frontiers
in Mathematics. Birkhduser Verlag, Basel. Supplements and projectivity in module

theory.

Dickson, S. E. (1966). A torsion theory for Abelian categories. Transactions of the
American Mathematical Society, 121, 223-235.

Dung, N. V., Huynh, D., Smith, P. E., & Wisbauer, R. (1994). Extending Modules. No.

313 in Putman Research Notes in Mathematics Series. Harlow: Longman.

Eckmann, B., & Schopf, A. (1953). Uber injektive Moduln. Archiv der Mathematik
(Basel), 4, 75-78.

54



Eklof, P. C., & Trlifaj, J. (2001). How to make Ext vanish. The Bulletin of the London
Mathematical Society, 33(1), 41-51.

Elizarov, V. P. (1960). Rings of quotients for associative rings. Izvestiya Akademii Nauk

SSSR. Seriya Matematicheskaya, 24, 153-170.

Enochs, E. (1963). Torsion free covering modules. Proceedings of the American

Mathematical Society, 14, 884—889.

Enochs, E. E. (1981). Injective and flat covers, envelopes and resolvents. Israel Journal

of Mathematics, 39(3), 189-209.

Enochs, E. E., & Jenda, O. M. (2000). Relative Homological Algebra, vol. 30. Walter

de Gruyter.

Facchini, A., & Parolin, C. (2011). Rings whose proper factors are right perfect.
Colloquium Mathematicum, 122(2), 191-202.

Farb, B., & Dennis, R. K. (1993). Noncommutative algebra. Springer.

Fontana, M., Houston, E., & Lucas, T. (2012). Factoring ideals in integral domains,

vol. 14. Springer Science & Business Media.

Fuchs, L., & Salce, L. (2001). Modules over non-Noetherian domains, vol. 84 of
Mathematical Surveys and Monographs. Providence, RI: American Mathematical

Society.

Gabriel, P. (1962). Des catégories abéliennes. Bulletin de la Société Mathématique de
France, 90, 323—-448.

Generalov, A. I. (1978). On weak and w-high purity in the category of modules.
Mathematics of the USSR-Sbornik, 34, 345-356.

Goodearl, K. R., & Warfield Jr, R. B. (2004). An introduction to noncommutative

Noetherian rings, vol. 61. Cambridge University Press.

Hatipoglu, C. (2014). Stable torsion theories and the injective hulls of simple modules.

International Electronic Journal of Algebra, 16, 89-98.

55



Jaffard, P. (1952). Théorie arithmétique des anneaux du type de Dedekind. Bulletin de
la Société Mathématique de France, 80, 61-100.

Lam, T. Y. (1999). Lectures on modules and rings, vol. 189 of Graduate Texts in
Mathematics. New York: Springer-Verlag, ISBN 0-387-98428-3.

Lam, T. Y. (2001). A first course in noncommutative rings, vol. 131 of Graduate Texts

in Mathematics. (2nd ed.). New York: Springer-Verlag.

Maranda, J.-M. (1964). Injective structures. Transactions of the American

Mathematical Society, 110, 98—135.

Matlis, E. (1964). Cotorsion modules. Memoirs of the American Mathematical Society,
49, 66.

Mermut, E. (2004). Homological approach to complements and supplements. Ph.D.

Thesis, Dokuz Eyliil University, Izmir.

Ore, O. (1931). Linear equations in non-commutative fields. Annals of Mathematics.

Second Series, 32(3), 463-477.

Osborne, M. S. (2000). Basic homological algebra, vol. 196 of Graduate Texts in
Mathematics. New York: Springer-Verlag.

Ozdemir, S. (2011). Rad-supplemented modules and flat covers of quivers. Ph. D.
Thesis, Dokuz Eyliil University, Izmir.

Puninski, G. (2001). Some model theory over a nearly simple uniserial domain and
decompositions of serial modules. Journal of Pure and Applied Algebra, 163(3),
319-337.

Renault, G. (1964). Etude de certains anneaux A liés aux sous-modules compléments
d’un A-module. Comptes Rendus Mathématique. Académie des Sciences. Paris, 259,

4203-4205.

Smith, P. F. (1981). Injective modules and prime ideals. Communications in Algebra,

9(9), 989-999.

56



Stenstrom, B. (1975). Rings of quotients. New York: Springer-Verlag. Die Grundlehren
der Mathematischen Wissenschaften, Band 217, An introduction to methods of ring

theory.

Trlifaj, J. (2000). Covers, envelopes, and cotorsion theories. In Lecture Notes, Cortona

workshop.

Xu, J. (1996). Flat covers of modules, vol. 1634 of Lecture Notes in Mathematics.

Springer-Verlag, Berlin.

Xu, J. Z. (1995). The existence of flat covers over Noetherian rings of finite Krull

dimension. Proceedings of the American Mathematical Society, 123(1), 27-32.

57



APPENDICES

NOTATIONS
R an associative ring with unit unless otherwise stated
M a right R-module unless otherwise stated

MeN the direct sum of modules M and N

Mod-R the category of right R-modules

R-Mod the category of left R-modules

objC the class of objects for a category C

Mor(A, B) the set of all morphisms from an object A to a object B in a
category

Ext(M,N) All the equivalence classes of short exact sequences starting

with the R-module N and ending with the R-module M

Z the ring of integers

= isomorphic

Ker the kernel of the map f
Im the image of the map f

ann(M) the annihilator of the R-module M

ann(m) the annihilator of an element m of the R-module M
Soc(M) the socle of the R-module M

Rad(M) the radical of the R-module M

ACC ascending chain condition

DCC descending chain condition

Jac(R) the Jacobson radical of the ring R
core(/) the core of the one-sided ideal /

J(1) the Gabriel topology for the topology
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J -dense submodule, 50 hereditary torsion theory, 26
J -pure submodule, 49

idempotent preradical, 23
X-cover, 5
X-envelope, 6 Jacobson radical, 15

X-precover, 5 )
local ring, 18

X-preenvelope, 6

h-local domain, 35 max-injective module, 47

h-local ring, 36
neat submodule, 46

almost perfect ring, 2 nil ideal, 15
annihilator of a module, 16 nilpotent ideal, 15
category, 22 orthogonal classes, 8

closed submodule, 47

] ] preradical, 23
commutative almost perfect ring, 2, 12

. . pretorsion class, 24
complete cotorsion pair, 8

pretorsion-free class, 24
core, 39

) prime ideal, 17
cotorsion module, 8

. . prime ring, 18
cotorsion pair, 8

) projective cover, 6
cotorsion theory, 8

cover class, 6 radical, 23

discrete, 28 radical filter, 50

radical of a module, 17
enough injectives, 8 right C-ring, 46
enough projectives, 8 right C g-ring, 50

essential submodule, 39 right T-nilpotent ideal, 20

faithful module. 16 right almost perfect ring, 31

functor, 22 right bounded ring, 48

right linearly topological ring, 28
Gabriel topology, 29 ) .
right max ring, 20

hereditary class, 24 right perfect ring, 20

59



right primitive ideal, 16
right primitive ring, 16
right semiartinian ring, 17

right semisimple ring, 14

semiartinian module, 17
semilocal ring, 18
semiperfect ring, 19
semiprimary ring, 16
semiprime ideal, 17
semiprime ring, 18

semisimple module, 14
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simple ring, 15
singular module, 46
small submodule, 6
socle of a module, 17

strongly flat module, 9

topological ring, 27
torsion class, 25
torsion theory, 25

torsion-free class, 25

weakly J-pure submodule, 50

weakly cotorsion module, 9



